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1 METHOD OF TEACHING MATH PROBLEM-SOLVING FIELD OF THE
INVENTION The present invention relates to teaching methods in the general
subject area of mathematics, and more particularly to methods and training
aids for 5 teaching students, especially thildren, to analyse and solve
elementary math
Math problem-SSingts-w eh 2 T ORRerH
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A conventional approach to mathematics teaching structures the subject
into a series of topics. One such topic may be, for example, “fractions”, and
within this topic area students would be expected to master skills such as basic
arithmetic (jie addition, subtraction, multiplication and division) of fractions, and so
forth. According to the conventional topic-oriented approach, word problems may
be set which require students to apply the new skills developed in association
with the topic in order to arrive at a solution. It will be appreciated, however, that
solving word problems involves a two-step process. Firstly, it is necessary for the
student to analyse the word problem, and formulate a corresponding math
problem that can be solved utilising previously acquired mathematical skills. Only
then is the student able to apply those skills in order to arrive at a solution. The
latter step may be straightforward for a student who has successfully acquired the
necessary skills in the relevant topic area or areas. In practice, however,
conventional approaches to math teaching are less effective in providing students
with the skills necessary to address the first step in the solution of word problems.
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30 necessary skills in the relevant topic area or areas. In practice, however,
conventional approaches to math teaching are less effective in providing
students with the skills necessary to address the first step in the solution of
word problems. 2 The most common a@proach to teaching word
problem-solving is repetition. In parti Ehar with t achl Vg structured around

math topi€, WS proBIEING aREPRAENEY 48 RI9n BB F8pIRg, s
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arrangements of information within such problems, thereby increasing the
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word problem- solvm students may come to see it as nothing more than a
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th%tlw’@fd%oﬂjMem 'If Ali eats 1/4 of a cake, Bob eats 1/4 of the rest, and
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problem relates to the math topic of “fractions”, and the skills_ required of the
SURRSAINS YA BERFBLRAN A SUERPIS B CRRGINSeeE 8§ nothing more
"nihapdioadtes sdriyantans' toa(amfémriggtmat:cesyemmml teacohingiampprosicihlettts

tmh\'éﬁs%‘gt e AR AR M M LRGN BISLIRRR SR RARS F3RIERSHding
approaches to solutions, may develop a fear of word problems and a general
feeling of disdain towards problem-solving.
By way of example, consider the word problem “If Ali eats '/4 of a cake,
Bob eats '/, of the rest, and Chen eats the remainder, how much of the cake does
Chen eat?” This problem relates to the math topic of “fractions”, and the skills
required of the student to solve the problem are “subtraction of fractions” and
“‘multiplication of fractions”, according to a conventional teaching approach. It
might therefore seem fairly straightforward for a student who has mastered these
calculation skills to be able to solve the word problem. However, even students
who have mastered both subtraction and multiplication of fractions may be unable
to successfully analyse the word problem, and thereby arrive at the correct
mathematical expressions leading to the solution.
The above example illustrates that, in accordance with conventional
teaching methods, word problems are typically provided as examples of the
application of skills associated with selected math topics, however there is no
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calculation skills to be able to solve the word problem. However, even
students who have mastered both subtraction and multiplication of fractions
may be unable to successfully analyse the word problem, and thereby arrive
at the correct 30 mathematical expressins leading to the solution. The
%{r e xampleﬁlﬁl‘istrates that |n ordance with conventlona teachin
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develop the necessa problem- solvmg skills over time. In fact, in the
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problem-solving, and the solution of word problems in partlcular here is
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student to solve math word problems of the type comprising one or more problem
statements including problem elements and problem values, the method including
the steps of:

defining a plurality of elementary concepts relating to possible relationships
between problem elements and/or problem values;

providing a plurality of visual aids associated with said elementary
concepts, wherein each said visual aid enables a corresponding relationship
between problem elements and/or problem values to be represented in
diagrammatic form;

teaching the student a plurality of fundamental math skills underlying said
plurality of elementary concepts;

presenting the student with one or more math problems comprising math
problem statements requiring application of at least a common one of said
elementary concepts; and

teaching the solution of each of said plurality of math problems to the
student by in each case identifying problem elements and problem values within
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providing a plurality of visual aids associated with said elementary concepts,
wherein each said visual aid enables a corresponding relationship 25
between problem elements and/or problem values to be represented in
diagrammatic form; teaching the studenf-a plurality of fundamental math skills

nderlying said plurality of elementary concepts; presenting the student with
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word problem, and the relationshijps 10 therebetween, rather than upon
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Students are further taught fundamental skills, independent of particular
tofie HEEE" dRHONIHHEARNARR Sbhg RGN Y rRPESHE ORI SASudhat
aidsdévlfzattioudtshieathrardagespts teaiurerafdbenttiaghirpianaibed A thatidularly

prga/\i/%%aagjoduesn%a\;[vdttjg At the teaching method is that it provides students with a
structured approach to problem-solving in general, and can therefore provide
improved learning outcomes and efficiency as compared with conventional
topic-based teaching, while being complementary to this conventional approach.

According to preferred embodiments, the plurality of elementary concepts
includes a Relativity Concept, a Basic Comparison Concept, a Redistribution
Concept, a Constants and Changes Concept, a Dual Variables Concept, and a
Systematic Testing Concept. While this list of elementary concepts may not be
exhaustive, and further concepts may become apparent, it is presently believed
that these six elementary concepts are the most important, and may be sufficient,
at least at a primary/elementary school level.

In accordance with preferred embodiments of the teaching method, the
visual aids are also known as “schemas”. In accordance with preferred
embodiments, the visual aids include a Relativity Schema, associated with the
Relativity Concept, a Basic Comparison Schema, associated with the Basic
Comparison Concept, a Redistribution Schema, associated with the
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structured approach to problem-solving in general, and can therefore provide
20 improved learning outcomes and efficiency as compared with

conventional topic-based teaching, while being complementary to this
conventional approach. According to preferred embodiments, the plurality of
elementary congepts includes a Relativity Concept, a Basic ComparisQn
BRI L VRSB R AE AP SEA e A AR B AE g ants
Daat\Vanhathyes,CongeMaraides, 2mn&\Systeatatid dsing GueptéVhilEhdisisual
s} QL elgmean-EoNGEPIRIRKOL B SRS e, B0 UHNGLENEAIRNAY o
become apparent, It is presently believe at these six elementary concepts
ardsuRl rAgEbieiporthnts apRTtiRAATbe BIARIESE, thatledsbak gymbols be provided
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of the teaching method, the 30 visual aids are also known as "schemas", In
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preferably represented using a plurality of visual symbols. It Is particularly |
prefRSFHaL ViR sSifiSolCheSSRAMSH ANGATGinG Hhed ARy W qlafroctty:
rehagiicipsipsopgtaten yailuasdditerarsetibg taret rearedugm g petatimoperty, and

p%ﬁ%mﬁoq_qﬁ%%a/ﬁlues (eg addition, subtraction, multiplication or division),
sums of valles, sequenced stages, and splitting of values. In accordance

with preféigieiaybodi®emadr thengurgtngsattpldd, itriudesdaimertal inairess
skilsrigraleAcEn OroRS rirsR BRI dprfborisRNSB b A AR op OrREAVIE SHRRO AN

for the structure of the teaching approach). Preferably, the fundamental math

skidMEPRIAoRRINeIc bR RatRAYAGIRARO U ISAHAER A9 GRS oL IR Rapisg ed
gairapdilngscoesiaiiog sctibneasrandingsaskisprapeitpcame dispatent from the
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examples, provided herein.

In another aspect, the present invention provides a method of solving a
math problem of the type comprising one or more problem statements including
problem elements and problem values, the method including:

identifying problem elements and problem values included within the
problem statement;

selecting from a plurality of predetermined elementary concepts relating to
possible relationships between problem elements and/or problem values those
elementary concepts which define relevant relationships between the identified
problem elements and problem values of the problem statement;

using one or more predetermined visual aids associated with said plurality
of predetermined elementary concepts to construct a visual representation of
corresponding identified relationships between the problem elements and/or

problem values;



10

15

20

25

30

15 than/difference", "proportion of", "proportion more than/proportion less
than", and "sum/total/altogether". Further advantageous features and details
of the preferred elementary concepts, schemas and scaffolds will become
apparent from the detailed description & a preferred embodiment of the
teaching m(?thod, and the example ,@rov_ide herein. 20 In another abspect,

the pres8?08nf8f JbVit¥S a GYPEBIVHECAMRAIA! pRBRntidighee the
tyjole ifiegnislatjooskios depietpdobl¢ne stadenreptssaatatiorgtopaotivenat a solution

elmﬁgﬁﬁng)pgﬁglﬁnhxglues, the method including: identifying problem

elements and problem values included within the problem statement; 25
selectin@feuiaiR0pha Sek i pASRAHINNEd elementary concepts relating to

possible;fejationeivies RepuaetharpRISEhElRRANGH RISy aPl§BIer HsiSsolving
those elementary concepts which define relevant relationships between the

idEiiRRiCRIBRAL K18 HEGSYRE"5B818RF I S PIREIFRO SHEH BE s FHYdIng
uprublene alemans pretiptebrmeadivissiathaidgsassoidictetingith said plurality

30 of predetermi a Vi Ttati
ek 5 R R R SRR bR
ardifler hsopleatapiedsics HislpnpesR of nerepastiaterristalyiuadaivalital of
mgtbgekiisindhecidasifiad relticnsbips saricle disstisvissialiprRIgse niativgen

to arrive at a solution to the math problem; and providing the solution as an

oY e R Bl SeR AN U PRBIEMHHESent invention provides a system for
solving medhgfoblpraseotitite dypleatemging rgridnei suanaids prokkesurdance with

frfc §r§?§ﬂ_&%§'§%i’%§é§% gé?é’é?%ﬁ db?ﬂ‘?&&*ﬁ@%%%‘ﬁ@p" Hﬁén{%@ %}Sﬁtce ts, and
g: a plurality of visual aids comprising a set of relational symbaols, said
vislgharefineirigleiriptalfdipnsdiparpetuasirdgessdndngroRaallyeteplersgitgnd
oo IBIE dalgER A EIREIR HIRBIGANSAALS relating to possible relationships
between problem elements and/or problem values; , _
wherein a solution to the math problem is determined by applying one or
more predetermined fundamental math skills to the relationships depicted in a
visual representation constructed using said presenting and arranging means.
Further preferred features and advantages of the invention will be apparent
to those skilled in the relevant art from the following description of a preferred
embodiment of the invention, which should not be considered to be limiting of the
scope of the invention as defined in the preceding statements, or in the claims
appended hereto.
BRIEF DESCRIPTION OF THE DRAWINGS
Preferred embodiments of the invention are described with reference to the
accompanying drawings, in which:
Figure 1 is a block diagram illustrating a schematic system for the solution
of math word problems according to the preferred embodiment of the invention;
Figure 2 is a flowchart illustrating a method of problem solution according
to the preferred embodiment of the invention; and
Figure 3 is a flowchart illustrating a teaching method accoarding to the
preferred embodiment of the invention.
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means for presenting and arranging said visual aids in accordance with
elementary concepts selected from said predetermined elementary concepts,
and which define relevant relationships between identified problem elements
and 15 problem values of the math proBflem; and wherein a solution to the

B R DESCEIRTIER o BRREEARER BvRGORENT el
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or in the claims appended hereto. BRIEF DESCRIPTION OF THE
DIRARENE 41198, R R RIRBIFY SAIMEShvention are described with
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a teaching method accoarding to the preferred embodiment of the invention.

7 PBEPART ERE3E SERIBH AT BIRSP PR ERREFPEIIBOD RIENTRES R eoally
blpalvidiegrame ilrstratingsyaalzdmaipeisyisle A0 Ghier tdwercrdodutain mbthathatics.
w I 2. 1n accaor e wl red iment of
e L e A oS RS HoBessary
inGRPERNS altrraity]atipfshredeitied RAbRIBIGtructured framework for the

solution g3nddraghingn s inblagisdying pilemantaath pEARIERr kinds of
concepts 104 are central to the schematic sgstem 100. By comparison with

comGeaiRRILtiRR IR eFadhR SHBIRRNoREMents or values in math word

problems. In accordance with embodiments of the present invention, mastery of
the varied structures that these interrelationships may take enables students to
comprehend, manage and solve a variety of math word problems.

It should be understood that it is not an object of the present invention to
replace the teaching, understanding and application of math topics. Rather, math
topics remain an important aspect of math teaching, and continue as an important
aspect of math word problems. For example, students will be unable ultimately to
arrive at a numerical solution to a math word problem involving the manipulation
of fractions, unless they are able to perform the necessary operations and
calculations on fractions. However, the introduction of math problem
concepts 104 as a central aspect in the solution of math word problems, and
associated teaching methods, refocuses the process on the comprehension and
systematic formulation and solution of word problems. Mastery of the
interrelationships in  word problems, utilising elementary math problem
concepts 104, enables students to comprehend and manage word problems
before performing the necessary operations and calculations required to arrive at

a specific numerical solution.
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elementary math problem concepts 104 displace math topics as the
organising 10 principle of the system 100. As has been noted above, math
topics relate to particular areas of math learning (such as "fractions"), and
have traditionally provided the primary 8rganising principle for the teaching
of mathematics. Mastery of e ch area, or Fj%c enables students to rform
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problems. 20 It should be understood that it is not an object of the present
in0tB S¥Pd RAREESthe teaching, understanding and application of math
topics. Rathehematimpopas ntadrs alncimgtar syt aspeen ¢f thathotesaclfiivigs 106.
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the introduction of math_problem concepts 104 as a central aspect in the
s&}hﬁaﬂyo‘ﬁ?ﬁﬁlﬂ%rﬁﬁ%61@‘1*1‘?”éf?’ilf%%&b“i’&t@&“t%a%NﬂWﬁe‘i‘F%&'?ad"a”taged
reifothisie stivgtprocssisomiir eamppebicesisrifahdy systeshaibn$oivoglatioarn the

f I h
e e S et e
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solution. 8 This focus on comprehension and management of word problems
in'gaiEgarraRlaetEs L?BSFitfH@t'BBeF&tuang%ﬁ%ﬁ?&ﬂ%ﬁoﬁH?&%ﬂ%cﬂ@*&mv@r
ateleureaticalmesulisris @roteel soldingique contribution realised in
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between topics
greater deta|I below, however it is noted at this point that the scaffolds 106

incorporate a specific math language 108 which is useful in the overall
development and operation of the schematic system 100.

The system 100 also includes a set of schemas 110. The schemas 110 of
the preferred embodiments are visual presentation techniques that enable
students to organise, track, process and manage the relationships in math word
problems. Each of the schemas 110, discussed and exemplified in greater detail
below, enable the visual or diagrammatic presentation of one or more of the
elementary math problem concepts 104. It is preferred to use a particular set of
relational symbols 112 within the schemas 110. These specific symbols 112
utilised in the preferred embodiment are described and exemplified below,
however it is noted that the particular set of signs or symbols disclosed herein is
not unique, and persons skilled in the relevant art will appreciate that alternatives
are available, or may be devised.
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5 problem concepts, students are able to work towards achieving mastery
over math word problems. A further component of the schematic system 100
is that of scaffolds 106. Scaffolds 106 deal with fundamental reasoning and
math skills that enable students to comBrehend the relationships in math

word problems. While many of 10 the fundamental reasoning and math skills
may apBeAGEHATE o B RAVHGOCH S B Rlo e TSR R ETE A0
cavopetpruteesisid2snaag disaahapsadedsimgtiied effostade 3dveembtilyitagdthe
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skilsorin theiseafingml Aol ssisrmatic systenTAO0dimarkey deatereof this
enabling the construction of a com&rehenswe structured system for

. f
clBIRERTAM FIAH G FRGRIEANOMARG Hire PRl lal RR RSB dfkare not
scheraigtidisystern di0dsara dielkctivatdrpagreededidetn dfetiate, hotveataeitpgovide
t thi int that i ifi t .
R B 1L A SRR Ao B BEAEER SRR 18 Vet in
scRatharier dyrhie meooThR: pateised oagkedinelogessad anefrsenaaass viaglly.

Theisghiemas LlélLfidasBraiererhrmtRdiIBen RISy SHRLAES Y BRS.

techniques that enable students to o}:(?ganise track, process and manage the
relation<MPYGALNAR WOR) SR EPl S EadhtoPiRR'SEh &R0 AP RISDE™
analezenipivitrddnigriatadyoheiaic hédanl, mpabbe tivativis uial4r eliég @enfreaticword

ong | 04.
T R R s T At T bl B TR R
schemad e 0diBREseApebil sufibblda 12 miflseddateiegraiesasigtion of the

enhafiaenbareAeseirehtly exatPpissidalandBdiewmererdf iheoiadlald
the particular set of signs or symbols disclosed herein is not unique, and

p&ETSORSEISHIE I ME TR ARt IR AR U Iciafe SRR BRS  ABVRS reference to a
avaitabée, sirwoayekieslanipid. O hereteidancoveithiitheotiethadeueoabiedag is

thgu%m%%%%c ﬁ%ﬁtﬁe%r]é%%é to Figure 2, and a corresponding teaching method is
described with reference to Figure 3.

Scaffolds

As shown in Figure 1, the preferred embodiment of the schematic
system 100 includes seven distinct scaffolds 106, or fundamental reasoning and
math skills. These are math language 108, reciprocity, multiples, comparing gain
and loss, restating and rearranging, the sets property, and direct comparison.

The math language scaffold 108 itself consists of four distinct elements,
namely “more than/less than/difference”, “proportion of”, “proportion more
than/proportion less than”, and “sum/total/altogether”. The elements of math
language 108 are most easily described by reference to examples.

“More than/less than/difference” is used to represent specific numerical
relationships between values or elements. Within the system 100, it is preferred
to use a smallest common unit amongst elements within a math word problem as

a basis for comparison, and to deal with positive operations wherever possible,
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word problems 102 may be analysed using the schemas 110 embodying the
elementary math problem concepts 104 in order to build up a dynamic visual
representation 114 of the relationships between various problem elements

and 5 problem values within the word pt@blems 102. The dynamic aspect of

this process js significant, since it should be understood that the s hemas
R ey SHABrA R Bt A A1AG (S o DG ST LN Ay, with

buteigdtien paodice gatr&ingl péatftars vidthtipe sitywea it eslatByn shap ob etvaedie, if
e'ﬁﬁ‘ﬁ&?g@“&o"%?& {Ramalb R 5‘?11{;&5]8&'%% tﬁ?ebs%&[ﬁi?ﬂr\/%ﬁ% “Eﬁ%kﬁrﬂerence is

processed and managed VISU is process Is clarified be
re$er8fcend tﬁ@l[ﬁ‘rﬂﬂ@ﬂé‘l“ﬂ/@ﬁ(bb%&&fﬁﬂégd pplication of the scaffolds 106
to the pro%amilgrqgnt and problem values depicted in the dynamic visual
representation 114, built up from word problems 102, utilising the schemas
110, enables solutions 118 to be found. The discussion now turns to a more
detailed dEgEr"ﬁl'En bf the 15 scaffolds 106 and elementary math problem

concept@g%;gg@/e,pmf %%{Q%z%ﬁt?é?ég”ﬂ?dﬂ B‘QHWM%PI RY RAaxBIRAIMRIRe

schemas 110 by reference to a number of worked examples. Thereafter, the
ox?’éflfﬁﬂeﬁﬁ?o'l%ﬁ%ﬁl&%ﬂ%@iﬁdﬁ%e@ﬂ%ﬁms%‘mﬁm% Figure 2,
and a corrggpandingsteaching method is  described with reference to Figure
3. 20 Scaffolds As shown in Figure 1, the preferred embodiment of the
schematch System O cludes seven distinct scaffolds 106, or fundamental
reasoning and math skilfs. These are math language 108, reciprocity,

mU|UD|e$t §ﬁ(%mﬂ%%gtﬁ€@s%w|ﬂ‘g&é _T_r@%@“ﬁtﬂho@'éder)@ﬁffﬁég'r?%hfr%@é&]out this

and direct comparison em an e scaffo | e

e T A e i R e

"mbpmtloaref"ndprapoalh:dnsrmjrescthmmpmpbra@elnas thain'radimet are symbolic
t ng 08

scrlgf%tadaby re erence-{:[%eg%?r'gnppjﬂsqégﬂ%lr%%rﬁllesﬁgﬁ)ﬁld|§ gﬁré%g p%aiéspédéor

toV@B?ééé?H%JkYeuflc numerical 30 relationships between values or elements.

Within the3yeieish 160, rélig s ate b S OH$RPSSHASFIaIRIMMNIENI By way of

arg)?an S} eI?IR ﬂgssv%lvl\}lrgg gorkralgtgn%%rr?t p,&ﬂ%%mg %:1. As a further example, if Ali
has °/4 of Bob’s amount, Ali:Bob is 3:4.

“Proportion more than/proportion less than” relates to differences
expressed as ratios or proportional relations. By way of example, if Ali has twice
more than Bob’s amount, Ali:Bob is 3:1 (ie 2 + 1:1). Similarly, if Ali has %/, more
than Bob’s amount, Ali:Bob is 7:4 (ie 3 + 4:4).

“Sum/total/altogether” relates to sums or totals (ie the three terms have
equivalent meaning). By way of example, if Ali has $2.00, Bob has $3.00 and
Chen has $4.00, Ali and Bob have a total of $5.00, Ali and Chen have a total of
$6.00, Bob and Chen have a total of $7.00, and Ali, Bob and Chen altogether
have a total of $9.00.

Turning now to the remaining scaffolds 106, reciprocity relates to
reciprocal relations amongst problem elements or values. At the level of
fundamental reasoning, reciprocity should be understood as a symbolic

manipulation, and should not be confused with the algebraic manipulation familiar
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a basis for comparison, and to deal with positive operations wherever
possible, 10 since experience suggests that beginning students have great
difficulty with negation, and negative values, than with positive values. By
way of example, if Ali has $2.00 more tHan Bob, then Bob has the smaller
value, the dlffE ence is $2.00, and the relationship can he eﬂaressed as; All

11 B9 9RBLPAP SRR /SRATPANHICS s3ETSLR RREIFRIBEY i lPRigsarea
thef stalgibwalue Aheexdifferienct iscigatit2s0tharitl the 2eladjomeniBcan b and

e>éor%sse|d %?”AH %Pﬁ %QPQ 1§ %r{tgh Id3b§ Y er§to%d that in the above

examples, and ughout thi specifi catlon elements or values indicated

by notatibtedifA seaffridchsr isthasiehveu tiptepoilipls 8T6f exnpaationseful in
algedsang Wiiakne %ecgﬁmpb%m'gﬁésééw&?&Iivofﬁ’a%'ﬂéﬁénand/or decimal

representing concepts, relationships and/or values visuall ortion of"
TR o G BTl R R tRy Gt PRSI RLARTS are
hasdniceoBitr sablaountd&diiBg bwit? : hake a riurtiver ©xihanplevith Abrdpastd/dsofor

Bg &%Hé?ﬂprrﬁé@"bé W S?r%RSFﬁa@B MR réheas”’r%ﬁ,pﬁé“ﬁaﬁﬁf?é& haé‘stabn

relates to differences pre sed as ratios or proportionia ons. By way o

etbatpieAll paishasnwmker braarRlas sisvarmiirkleRpostt 8:aqk 3 ther the
Simiiagn i Aboan ey matines BahinamauRbiAbe s 7:4 e 3 +

4:4). "Suml/total/a toigether relates to sums or totals (ie the three terms have

equivaleMIFnSSRIA. BY GRIGPSHIBRa gk APRIIRSS §23365 HBnTRRkEY canRes
Chﬂeﬂsa&ﬁét[}oofﬁdubanmﬁobahmw Atots) infrﬂiﬁcé)@pkl,l mwsﬁhﬁm&af/e;@fﬂpmlng

aI? % I?1§§Sha]z£1év %ét%%aﬁ f?$§ Eg‘ng § ing ndw toA% ﬁl% gl@@ff&%” the

1@1@‘1‘&@11990@&9/\(%@% respective amounts remains constant Alterna’uvely, if
Ali gains $12.00 and Bob loses $12.00, then their total remains constant. If Al

gains $12.00, Bob gains $8.00, and as a result their respective amounts become
equal, then their original difference is equal to the difference in their gains. If Ali
gains $12.00, Bob loses $8.00, and their values become equal, then the original
difference in their respective amounts is the sum of the gain and loss.

Turning now to the scaffold of restating and rearranging, restating refers to
the breaking up of larger values, while rearranging refers to the arranging of equal
values to enable students to make an obvious match between values. An
example of restating is as follows:

If *%* + 12 =27, it can be restated & rearranged as :

T +12

= 15 +12

The pupil can then understand that *i?i% =15

Similarly, an example of rearranging is as follows:
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reciprocal relations amongst problem elements or values. At the level of
fundamental reasoning, reciprocity should be understood as a symbolic
manipulation, and should not be confused with the algebraic manipulation
familiar 11 to persons already skilled inl hathematics, and more particularly
in the toplc area of "algebra". An example of remprocﬂy isthatif1 +2 =3,

e A Gl e (L
scaffold 106 Is that les. Mult|ples are especially S|st|ng

studentsitecomeiqarepestiansd and especially fractions and/or decimal
values, into whole numbers Experience suggests that beginning students are
more C)mfﬁﬁ& in de éﬁ@%iﬁ ith proportions or
fractional n @g“ @@/ applied to establish
that if Alihas a numngr of qurbIes being divisible byboth 2 and 3, then the
10 num i Psi le of 6. The scaffold

of comparing.gaianand Lgﬁgrgala{taﬁttﬁi?lérgg changes independently of
absolute values. Thus, for example, caffold of comparing gain and loss

requires gt il 03B AP Go A RARSRING 81 200 DB HEiaRR vt

between their respective amounts remains constant. Alternatively, it 15 A
gaRPSPIPDEAhABED R5diss 12 SfiplencherstatacandirRacmngiagt. rﬁ'%lﬁ’S to

gaaIsié, 00atReb grins &Rétar)dmarpiaatidiheiNesoeides anldRlRs who
beco rr]e equal, then their ori 6919 a| difference is ecflf?él al to the dlfferencef in their
&\Cﬂ%e foaf ERifsedsBenasl ighLesiaine Al RRiIADAIE Lh@ R GiAgE In
thﬂ!relthmaihgmatlaaﬂffemrncr@ imthe e dsittioguippedrits mdmesmm! tiehatizonle
and lass- er&”Pﬂa’P] Hﬁ%,s&%ﬁ'ﬁ'soéﬁﬁﬁ{%é %5@&5@%9&1tut?n and

restating reters to the a Ing up of larger va lle rearranging refers
toSlHBIRRHNg IR BT%QQ'&JF'%I%@Q%@EBI@@QW@%‘@iﬂk@ apesbvisiematical
madele ARfMveen values. An example of restating is as follows: If + 12 = 27, it

can be restated & rearranged +12 15 +12
?ﬁe sets propert ?ncﬁljded wit ';Ln the scaffolds 106 of the schematic

system 100 corresponds with the distributive property of addition. By way of
example, if a Box contains three Apples and four Pears, then:

1B --- 3A + 4P
2B --- 6A + 8P
3B --- 9A + 12P

As a further example, if five Boxes contain 30 Apples and 50 Pears, then:

5B --- 30A + 50P
1B --- 6A + 10P
2B --- 12A + 20P
3B --- 18A + 30P

The scaffold of direct comparison embodies the notion that, for example,
we can know how much six Apples cost when eight Apples cost $12.00. By
knowing that six Apples is ®/g of eight Apples. That is, direct comparison can be
established by drawing directly upon the math language term of “proportion of”.
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The pupil can then understand that = 15 25 Similarly, an example of
rearranging is as follows: 12 If+11=14and+ (I~ 111 ~I'1 =36, it can be
restated & rearranged as : vvv v 14 + 14 + 8 The pupil can then understand
that (K = 8 It is again important to undeistand that at the level of fundamental
reasoning and math skills, the scaffold of restating and rearranging_ relates to
oy B ORGP RIPYP U HSLTBIL AR HRRBRSHENP B ARG s MERLS HETEP e
devel dp tasolmteigdresthodiry of restating and rearranging at an early stage

in their mathematical learning may be better equipped to understand the
rational ' ' | ipns, | ons,
substitution angl agpmination, for the solution of egaatigsppreountered later in
their mathematical education. 10 The sets property included within the
scaffolds 106 afspgischématic system 100 chrréspends pith the distri
property of addition. By way of example, if a Box contains three Apples and
four Pears, then: 1B --- 3A + 4P 152B ---6A + 8P 3B --- 9A + 12P As a
further examplé, if §inze Boxgpleontain B0 Apples@and-50,Pears, then: |20 5B
--- 30A +50P 1B --- 6A + | OP 2B ---|12A + 20P 25 3B --- 18A + 30P The
scaffold|of direct comapaBsospiembodigs the satiggethatsfor example, |we can
know haw much six Apples cost when eight Apples cost $12.00. By B0
knowing that six Apples is 6/8 of eight Apples. That is, direct comparison can
be

B---C C--B
A—2xcC 2xC-—A
LxC—A A—-£xC
C--B B--C

Elementary Math Problem Concepts

In the schematic system 100, the elementary math problem concepts 104
consist of the Relativity Concept, the Basic Comparison Concept, the
Redistribution Concept, the Constants and Changes Concept, the Dual Variables
Concept, and the Systematic Testing Concept.

The Relativity Concept involves establishing the relative values and/or
locations of problem elements (eg subjects or stages). As will be demonstrated
by the examples presented later, the Relativity Concept can generally best be
presented linearly to enable students to obtain a visual understanding of the
relative values and locations of subjects or stages. The Relativity Concept is
most commonly embodied in differences, addition or subtraction operations,
and/or sequenced stages.
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established by drawing directly upon the math language term of "proportion
of". 13 The tables below illustrate direct comparison of this type for this
specific example, and in the more general case. 8 Apples --- $12 $12 --- 8
Apples 6 Apples --- 8 x $12 8 x $12 --- BtApples 8 x $12 --- 6 Apples 6

Apples -- 8 x $12 $12 --- 8 A les 8 Apples --- $12 B --- ---B A ---BxC
BXC --- AN x B3sI%, komgaf rb Gopegpr.. '&@'E‘?ém@ﬁﬁ%‘? 9h F@roBPe%ﬁ for
Coommsasbnthe subrapatc gydilem 1€entbete|dae siavieotsithwitlobdeatic values,

B%%Riésl%‘éhé’{jéstégutﬂionﬂg Wé"’d% ﬁ(t@‘?Bh %}ec%?gf Coﬂépﬂé'%%“above in

Concept, the ept, t onstants an hanges oncept,

theelBlien \tarisifedetonaeye dhanfessytiardifiereasant dheeptatto lrRguage
Relativiy, Goneart iy lvampantahlishingshengiive walesiand/st '@éémfi@%wth

of roblem elementsq(8 subjects or stages), As will be demonstrated by the

em?)tl'gg pPEsBREEd gadiafvity &g &%bt%ﬁf?%%r%ﬂlfﬁgsmesma”es’[
pmented linéanliyHio aqatﬂblemdms basibtéon covipasisondehstancingoef thiethe

r% Yeaé%ee? 80AdesaYR % PJ‘??IS 8 S§F§@§P J%‘?t&e{%té‘é 98&%%8%%(;

&t'common y embodi e fferehce ition or su rac

oﬁé?aﬂ@‘ﬁs CQW@ﬂsét!iUencé@l%ﬁé@'eslollthﬁrh@%lc@mﬁpaﬁ@,@n @Qnmt are

W@Bf%%@gﬁ\?@'ﬂéu%@ agis fﬁéﬁpmﬁ@ﬁ%’é‘ §9£%p%%9r9?|%@qmm3‘less
subjects) with static values, je values that are not undergoin

(eg sul
didtAButigH! 8%9&@8@&0H&%&’%b&f@ﬁﬂ%%ﬂl%%hrﬁ% teﬂfﬁ’p %Pé‘ﬁ‘?éﬁ/?@é&
thaotaliffenem cganiidheotsth lahguagesSusicaffalsicigr egsetaticompaiisba eBakic

toc?&%é%éé'ﬁdég?cé%%o'r%&‘?acl}QQr‘%‘i@ within the preferred embodiment, since
these relationships will also feature in word problems involving the various other
concepts.

The Redistribution Concept involves a unidirectional distribution (or flow) of
values from a single source problem element to two or more generations of
subject problem elements. The Redistribution Concept is embodied in the notion
that the value associated with the source is the sum of the values that the
subjects receive from it, whether directly or indirectly. While redistribution
involves a “movement” of values, it is not a change concept insofar as the total
value distributed between the source and subject elements is constant, and the
primary concern is with the static value each subject element finally receives from
the source element.

By contrast, the Constants and Changes Concept involves changes in
some or all of the subject element values which may result in changes in their
sum values, or in the difference between their values. Identifying a constant is
extremely useful, since it amounts to establishing an equality relationship in terms
of conventional algebra. The Constants and Changes Concept may usefully draw
on the scaffolds of comparing gain and loss, multiples, restating and rearranging,
and the sets property.

As implied by its name, the Dual Variables Concept involves a set of items
grouped according to two variables. The value of the whole set can be found
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negation, or even double negation, it is often preferable to use the smallest
common unit within a problem as a basis for comparison. In a number of the
examples set out later, the symbol "1 P", or similar, is often used to represent
the smallest common unit. Central to tH® Basic Comparison Concept are 10
relationships founded in the math |anguage scaffold, such as "more than",
G0 2SEHR KR U BB Br e ooRloARIBR: BB opTaAed
legdthhiadiidiatalearahtpartial total". As a result, mastery by students of the
Basic CompafisanRnTeatineaslABeIARR BN OR ARIATEE qiinquished
embodiment, since these relationshipS will also feature in word problenis
in{feNingnAeaiRslio G pleyaligusopeBRIs alrerRS R RuRietHival LS eept MG Al @
a ypidirectiongfigisidntgipn (or flow) of values from a single source problem
element to two or more generations of subject problem elements. The

R%%'ﬁér é‘éion Concept is embodied in the notion that the value associated

with the source is the sum of the values that the 20 subjects receive from it,
whether Alreotboqsrindingsitly thd lsidb gadistiibOitidnhénschessatic matem e eflate
values, it is cone insofar as the t val istri ,

o e e R R VA, BB R i oing e

capdenEhiRRHINMOEIRoRIame. chh sehgeraled ampinl g rliesioksyrhels 112
thR SAMECP FHSHRENT. PReBraisRNB &t IRA NSNS AR Nadesfol BiCRRAtional

involves changes in some or all of the subject element values which ma&/
reR(MAR'RAANYEESN LIS SFRSAIneLe i RdAY dife i dGetiatnan ity of the
valtlesmitendifgiom a constant is extremely useful, since it amounts to
establishing an equality relationship in terms of conventional algebra. The
Constants and Changes Concept may usefully draw 30 on the scaffolds of
oMiparlifgdgain and loss, multiples, Vékstatirey Bewdteearranging, and the sets
property—A® inT P18 HEfRES MEBULY P&1aPIEE Concept involves a set
flt%msg\rén PEs aSRIdING W0 variabies. The value of the whole set gan
e found 15 either by adding the value of each variable, or by adding the
aﬂlég—ééég'c a"lfgla denotes an operation

<

This denotes a sum
(except for sequenced stages where it shows the conditions for each stage)

—
:.; This denotes a sum of values
(usually used when the above is not suitable)

This denotes a splitting of values
(mainly used for redistribution schema)

The schemas 110 consist of the Relativity Schema, associated with the
Relativity Concept, the Basic Comparison Schema, associated with the Basic
Comparison Concept, the Redistribution Schema, associated with the
Redistribution Concept, and the Multiplicity Schema, associated with the
Constants and Changes, Dual Variables and Systematic Testing Concepts.

The schemas 110 and Elementary Math Problem Concepts 104, as well as
the relationships therebetween, are perhaps best explained by reference to
specific examples. Accordingly, a number of such examples are set out below.
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with individual elements. The Systematic Testing Concept involves a
methodical (as distinguished from random) testing of various combinations of
subject values to arrive at one 5 that meets a given criteria. Schemas As
noted previously, the schemas 110 of tH& schematic system 100 relate to
visual presentation techniques for tracking, processing and managing the
regiﬁfﬁg% s in word problems. The schemas 110 employ relational symbols

112 10 fopihisxaripesee|dies i@dﬁebﬁ@ﬁ’(iﬂ?tf"@%ﬁ&ﬁ)@%ﬁplﬂiFF@@‘W\%”F@Iativity

relational symbols, or signs, that is presen referred for use with the _
SCHUIARE- 10 PRURA IR HRIRVAILES, REE ARSI NRISGE R FREY B pliqwing

Thwsrdesrotgsra: matching or equality relationship This denotes a difference

+/-Ix/ Thy | isd
Stages W R T st A R SR L S T e

valeksstheshagyat sedisopent pleddSovea snalesuidese oThid @8no¥ead isplierapst
ofpyrlti8s #iBajal,used for redistribution schema) 15 The schemas 110

consist of the Relativity Schema, associated with the Relativity Concept, the
Basic CIMpHARRIEB FIRMents AULRIRY SRt AReB AR iR 4P RTeRIRER fraY
thieeReplistdiniitio nshul €re R elatioityaBet et dbdolRedistribution Concept, and
the-Muttiplicity-Sehema,-associated with the—Constants-and-Changes; Dual
VarlidbigscaHd systiidne adiiereiohéefrde s eherseieshi® 110 and
Eleme , relationships
therebetween, are perhaps be%lﬁkplained_by_neiemﬂg% tg specific
examples. Accordingly, a number of such &amples are set out below. 16

(b) Using ‘If he sells it at a discount of 40 %, he makes a loss of $10°...

|
|
w

|
|
60% SP T CP

(c) We shall finally see the following...

| | |
60% SP 0 CP 75% SP

w19 20

15% SP --- 30

Applying the relevant scaffolds, a solution may be found as follows:

CP --- 120 + 10 --- 130

Accordingly, the cost price of the bag is $130.00.

Example 2

This example again demonstrates the Relativity Schema. Consider the
following word problem:

If Ali gets $2.00 more and Bob spends $7.00, Bob has $15.00 more than
Ali. If Ali gives Bob $3.00, Bob has five times the amount that Ali has. Find Ali’s

amount.
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Example 1 This example relates to the Relativity Concept, and utilises the

Relativity Schema. In particular, it involves
the following word problem: 5 If Andy sells

an ordering of subjects. Consider
a bag at a discount of 25%, he

makes a profit of $20.00. If he sells thelBag at a discount of 40%, he makes

a loss ofE 0.
and probi&fn

0. What js the cost price of the bag? The em elements
R TR e R o e R

RpIabIet}n Sa:lluemasafslfautsws (a) Usmg “If Andy sells a bag ata dlscount of

2)/U ne |||ar\caa IUIIL UI n LU ldn/{.l QI' U) USI1 II IIC DCIID IL
o A AR, RS ey v 0h s LB (c) We ahal
fimally see the following... 60% SP 10 CP 20 #5% SP 15% SP --- 30 10
Applying the relevant.scaffolds, %‘golutlon be found as follows: 15% SP
30 60% SP 120 f)---+3120 +4r1'0 ---1130 ,&c;cordﬂ*igly(a giFost price of the
bag is $130.00. xa1 € aimgemonstrates the Relativity
Schema. Consider the 20 following Word problem: If Ali gets $2.00 more and
Bob-spends-$7-:060, Bob-has$15:60- morethan—Ali—if Alirgives Bob-$3:66;
Bplobhesfave fihgiset BratdoBelt ihal ihdatwhandlis . amount. 17
Ali Bob
(actual) (actual)
I I I I
(pf— '~ Asp)
If -3 +3 If
Ali Bob
gives gains
3 3
(c) We shall finally see the following...
If If
Ali Bob
Ali gains loses Bob
(actual) +4 4 7 (actual)
| | P |
1p—" S—5p)
If -3 +3 If
Ali Bob
gives gains
3 3
— I 4
4P --- 32

Applying the relevant scaffolds enables a solution to be found as follows:

4P — 32
P8

Ali---8+3-- 11

Accordingly, Ali has $11.00.
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The Relativity Schema may be applied to the problem elements and problem
values as follows: (a) Using "If AB gets $4 more and Bob spends $7, Bob has
$15 more than AB'... If if Ali Bob Ali gains loses Bob (actual) +4 4 157
(actual) (b) Using "If AB gives Bob $3, Bbb has 5 times of what AB has'... Ali
Baob (actual) (actual) (1P)c J'----0(5P) If -3 +3 if Ali Bob gives gains 3 3
(cTAPERIEA finally see the following... If if Ali Bob Ali gains loses Bob

(actual) tHi¢ eharh SREBERo R ates tTEBAsHE CotrbHrifdnBsdhdME 288 Pstated to

4P --- 32 Ap Igin the relevant scaffolds enables a solution to be found as .
foﬁ%?@%‘h OMPaSi$eN_ og\qu’[_.8_Ln3Q@_rt|ﬂjlar, the example involves a basic

comparison not involving proportion. Consider the following word problem:

Bob has $3.00 more than Ali while Chen has $7.00 less than Ali. They
have $35.00 altogether. Find Ali’s amount.

The Basic Comparison Schema may be applied to the problem elements
and problem values as follows:

(a) Using ‘Chen had $7 less than Ali’ (since Chen has the smallest amount among the 3)...
Ali —» 1P+7

Bob —»

Chen —» 1P

(b) Using ‘Bob has $3 more than Ali’...

Ali —» 1P +7

Bob— 1P+ 10

Chen —»

(c) Using ‘They have $35 altogether’, we shall finally see the following...
Ali —» 1P+7

35 Bob— 1P+ 10

Chen —» 1P

Applying the relevant scaffolds, a solution may be found as follows:

3P--35-7-10--18
1P 6

Alil === 6 + 7 <memenee 13

Accordingly, Ali's amount is $13.00.
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10 Accordingly, Ali has $11.00. 18 Example 3 This example demonstrates
the Basic Comparison Schema, and relates to the Basic Comparison
Concept. In particular, the example involves a basic comparison not
involving proportion. Consider the followfhg word problem: 5 Bob has $3.00
re thrzr?l Ali while Chen has $7.00 less than Ali. They have $35.00
%’ﬁféﬂ? 4ind Ali's amount. The Basic Comparison Schema may be applied

to the prokieraxalel Snééaﬂfﬂ%m@mh‘éaiy%@%m@%&ﬁ)%@&acﬁﬁﬂ ke
$7 less than Ali' mce Chen has the smallest amount, amon? the 3)... Ali 10

1892 BERAY " EH LA 1# I USRY PRI YRYRS RFRETHOMN Y th'?xﬁ"f@ﬁ’o"””g
B edmailriRyrdChamarig)ridsidpniiciey thavielbabngltegetieoblem shall finally see

e 1010 6 0,050 A US0 PABAR IR v s

relevant sca S, a solution ma oW P---35-7-
6 SANngsEwere $6.00 lpgs 1Bancéonilﬁgﬂwrmesoém@m1m|$13 othel seonshyyrek,

4 he saved $30.00 more than in the first week. In the third week, his savings were
$9.00 more than his total savings in the first two weeks. He was still short by
$7.00. Find the price of the bicycle.

The Basic Comparison Schema may be applied to the problem elements

and problem values as follows:

(a) Using ‘In the first week, his savings was $6 less than% the price of the bicycle’...
3 Bicycle — 1P+ 6
Bicycle ------ 8P + 48

(1 wk — 1P

2" wk —
8P + 48 <

39 wk —>

\Short —>

(b) Let’s now deal with ‘In the second week, he saved $30 more than in the first week’.

(1" wk —> 1P

2" wk — 1P + 30
8P + 48 <

3" wk —

\Short e
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15

This example again involves the Basic Comparison Schema, and once again
requires basic comparison not involving proportion, but this time involving
restating and rearranging. Consider the following word problem: 5 Ali wanted
to save some money to buy a bicycle. IAGhe first week, his savings were
$6.00 less tha 3 of the price © e bicycle. < d wee
$30:00smprte threthind weekfibstsadens astHempredharelik (i saipesgs thefiest $900
more th&Hhis total savings in the first two weeks. He was still short by $7.00.
Find the price of thé bieycl®. 10 The Basic Comparison Schema may be
applied to the problem elements and problem values as follows: (a) Using "In
the first week, |liS savings was$6 less than s the price of the bicycle'...
BlcycléE+= PP+ 6 Bicycle ------ 8P + 48 1"wk 1P 2"d wk 8P + 48 3'd wk
Short 0 (b) Let'shawdeglipithygln the second week, he saved $30 more than
in the first wegk'. 1Is'wk O 1P 2d wk 10 1P + 30 8P+48 1 3°'d wk Short 0 20
(d) Using "In thesthird week, his savings was $9 more than his total savings in
the first two weeks'... 1I1sS'wk 0 1P 2"dwkIN 1P+30 8P + 48

Nan O ne n e a ne econa A-‘. ne

(d) Using ‘He was still short of $7°, we shall finally see the following...

(1 wk — 1P

2" wk — 1P + 30
8P + 48 <

3" wk— 2P + 39

\Short —> 7

Applying the relevant scaffolds, a solution may be found as follows:
Bicycle ----- 8P+48-—-1P+1P+30+2P+39+7---4P +76

Using restating & rearranging, 4P --- 28

8P ----56

Bicycle --- 56 + 48 104

Accordingly, the price of the bicycle is $104.00.

Example 5

This example involves the Redistribution Schema, and Redistribution
Concept. Consider the following word problem:

Ali eats '/, of cake, Bob eats '/4 of the rest, and Chen eats the remainder.
How much of the cake does Chen eat?

The Redistribution Schema may be applied to the problem elements and
problem values as follows:
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1

3'd wk 0 2P+39 Short 0 (d) Using "He was still short of $7', we shall finally

see the following... 1ls1lwk01P 2-d wk 0 1P+30 8P +48 1 3'd wk 0 2P+39
Short 0 7 Applying the relevant scaffolds, a solution may be found as follows:

Bi
re
E
R
of
t

xample 5 ihj@imq@ involves the Redistribution Schema, and

cycle ----- 8P +48 - 1P+ 1P +30+2P + 39 + 7 --- 4P + 76 5 Using

ating & rearranaing 4P --- 28 8P 2 0B o --- KHH 48
Ste a aNging, = - S

-ta)Using-“Adi-eats $0fla Adeordingly, the price of the bicycle is $104.00.

edistriligtion 15 Concept. Consider the following word problem: Ali eats 1/4
cake, Bol @ats_1/4 afthe rest, and Chen eats the remainder. How much of
e cake does Chen eat? The Redistribution Schema may be applied to the

pi
a
(ST.

oblem el@ments qnd roblem values as TO||OV\(SZ ZJ. (a) Jdsin All eals a of
oL L inen ats  OE 4% (PR s e EA s it YL PRRHSE e

ats tHe'lF&f&inder', we shall finally see the following... Ali 1-4C

Ali —» 1C
Te <
Bob — ; Rest

Rest —» %C Y
3 3.3 9
Chen —» ZRest—bz X ZC _’RC

Accordingly, it may be seen that the solution is that Chen eats %16 of the

cake.

Example 6

This example again involves the Redistribution Schema and Redistribution
Concept. Consider the following word problem:

Ali, Bob, Chen and Deepak received some marbles. Ali and Bob received
%/s of the marbles in the ratio 3:4. Chen received 30 marbles more than Bob.
Deepak received 20 marbles less than Chen. How many marbles did Chen

receive?
The Redistribution Schema may be applied to the problem elements and

problem values as follows:

(a) Using ‘Ali and Bob received % of the marbles in the ratio3:4’...

32 6
A »5x 5T >3 T

4 2 8
B —»2xiT—> T

T C >
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15

20

1C Rester 4C Bob 4 Rest Chen 0 2 Rest 4 x 4C 0 -LC 16 Accordingly, it may
be seen that the solution is that Chen eats 9/16 of the cake. Example 6 5
This example again involves the Redistribution Schema and Redistribution

C
re
3

le
S
fa
A
re
T
W
T

oncept. Consider the following word p#8blem: Ali, Bob, Chen and Deepak

4(bChare r&benxeeeized piogee thamBBbh.. Deepak received 20 marbles
ss than Chen. How many marblgs Alid-Ghehx £0reseive?1The Redistribution
chema may epappliedio%theéélem elements and problem values as
llows: (a) Ysing "AB and Bob r iyeds..ogt}aé mar:blesf_imhe ratio 3:4'...
T35 A+B~4TBO7XST3T TCD22 (b) Using ‘Chen

0 marples more than Bob'... A 0 3x.5T% 6 T A+B0O- 2T<B P1xST'
T+30 D (c) Using ‘Deepak recefved 20 marbles less than Chen’,

see the following... A1~xsT06TA+B ST<B I-4xsT'T 35

Css T+30

(c) Using ‘Deepak received 20 marbles less than Chen’, we shall finally see the following...

D > = T+10

Applying the relevant scaffolds, a solution may be found as follows:
T 40

8 8
ST - 3x40--064

Chen --- 64 + 30 --- 94

Accordingly, the solution is that Chen received 94 marbles.

Example 7

This example demonstrates the use of the Multiplicity Schema, in
association with the Constants and Changes Concept. Consider the following
word problem:

The ratio of the marbles in Box A to those in Box B is 2:5. When some
marbles are transferred from Box B to Box A, the ratio is 3:7. What fraction of the
marbles in Box B has been transferred out?

Applying the Multiplicity Schema with the Constants and Changes
Concept, the problem elements and problem values may be represented as

follows:



D ss T + 10 Applying the relevant scaffolds, a solution may be found as
follows: 75T ---405s5T --- s x40 --- 64 Chen --- 64 + 30 --- 94 10
Accordingly, the solution is that Chen received 94 marbles. Example 7 This
example demonstrates the use of the I\,ﬁﬁtlplluty Schema in association Wlth

15 fﬁh@smﬁmh@f lﬂfe"?ﬁafb FéslluheBbif( tASm %s@m%éstn@ rbezegl WiseHagome
marbles are transferred from Box B7g) Bo) A, the ratio is 3:7. What fraction of

the marblesin Box B h
Schema with th

rred-out?-Applying the Multiplicity
}es_C.clilcept,_the problem elements
and problem valugsriay he represented as 20 follows: 23 (a) Using what is
given, we shall be able i@ see the folloyfing (since the total is constant)... (7U)
(11OS) AB At First 2U j( Later 3S 73\ {b) Treating the total sum as 70P...

7U - 70P U --- lgg,.2U *- 20R 5U ---|30OP 709 A B At First 2U (20P) SU
(SOP)

(b) Treating the total sum as 70P...

70 --- 70P
1U --- 10P
2U --- 20P
5U --- 50P 70P
N
~ ™
A B

At First / 2U (20P) / 5U (50P)

\ \

Later 3S 7S

(c) We shall finally see the following...

108 --- 70P
1S - 7P
3S - 21P
7S - 49P
50P — 49P - P 0P

A

' N
A B

At First (20P) (50P)
4 4

+1P —1P
Later 3S (21P) 7S (49P)

Accordingly, the solution is found to be that '/so of the marbles in Box B
5 has been transferred out.

Example 8

This example again applies the Multiplicity Schema and the Constants and

Changes Concept. Consider the following word problem:
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Later 3S 7S (c) We shall finally see the following... 10S --- 70P 1S ---- 7P

3S ---- 21P 7S ---- 49P 50P - 49P --- 1P 70P A B At First (20P) (50P) +1P

-1P Later 3S (21P) 7S (49P) Accordingly, the solution is found to be that 1/50

of the marbles in Box B 5 has been trakéferred out. Example 8 This example

again applies the Multl chema and the Constan g Change

Concept: oﬁ%‘i’&e?ftﬁg T?ﬁ E réblhingge MALRIS dPthePmaliel iR’

Baaflesthosaddddion Bw 2 5thé/ hetio 8 varbbliesl dine addiedItauBadeAptmearbles
i (? 3.7. Find the original number of marbles in Box A. Applying the

Multiplicity Schema and the Constants and Changes 5 Concept, the problem

elementARPI pFoBiem MaltiBkciyayIsa el e s8atethas Gonst@sigapusinghanass
'S%Y%@g)wq}%‘ gronckeiensaadhentolioyBigm VaiBedMrvd, tk?eUr@ dsBhted as

Lact)eg3S 7S (b) Treating the constant value of Box B as 35P
w

(a) Using what is given, we shall be able to see the following...

A B
At First / 2U 5U
\: 87
Later 3S 7S

(b) Treating the constant value of Box B as 35P...

A B
At First / 2U 5U (35P)
\: 87
Later 3S 7S (35P)

(c) We shall finally see the following...

5U - 35P
2U - 2 x35P - 14P

7S - 35P
3S - 2 x 35P — 15P

15P — 14P --—----—--- 1P oo 87 marbles
A B
At First / 2U (14P) 5U (35P)
+ 87 (1P)
Later 3S (15P) 7S (35P)

Applying the relevant scaffolds, a solution may be found as follows:
Box A (original) --- 14P ------—---- 1218 marbles
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15

At First 2U 5U (35P) + 87 Later 3S 7S (35P) (c) We shall finally see the
following... 5U --- 35P 2U --- s x 35P --- 14P 7S --- 35P 3S --- ~ x 35P --- 15P
15P - 14P ----------- 1P - 87 marbles A B At First 2U (14P) 5U (35P)
+ 87 (1P) Later 3S (15P) 7S (35P) AppBfng the relevant scaffolds, a solution
may be found as follows: 10 Box Aéori inal) --- 14P ----------- 1218 marbles
25 AccOtfog Me YASROH R kA PROK IR ARG IR B RIS
Example 9 This example again applies the Multiplicity Schema and the
Céwsrante And Changes Concept, to a case involving constant difference.

those n D T HE AL e b O ek I AR IS S one
béxiangaafieneept ToRxpree dnyRIINGraestaridtidesengdracrnaidethieedatnving

n%m}bmﬂ[@ﬁ{mes in the boxes. Applying the Multiplicity Schema and the
Constants and the Changes. 10 Concept, the problem elements and problem

values &y BRIRBHAABMEEPLES ToIRRIS™ 19) DRt WRRX 18 Given, WE'ShaANpeAual

ablenth seef thafolbevisngdded B sichitsd2 th8Uatio is 5:11. Express the marbles
added as a fraction of the original number of marbles in the boxes.
Applying the Multiplicity Schema and the Constants and the Changes
Concept, the problem elements and problem values may be represented as
follows:

(a) Using what is given, we shall be able to see the following...

A B
At First / 2U / 5U
Later &I- K:
(16P) 5P 11P

(b) Understanding the constant difference as 3U as well as 6P...

3U --- 6P
7U --- 14P
5P +11P --- 16P (3U) (6P)

A B

At First U 5U
(7U) (14P) / /

N, N

SP 11P

Applying the relevant scaffolds, a solution may be found as follows:
Marbles added --- 16P — 14P --- 2P

Accordingly the number of marbles added is %14, or equivalently '/, of the
original number of marbles in the boxes.
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Later (16P) 5P lip (b) Understanding the constant difference as 3U as well as
6P... 3U --- 6P 7U --- 14P 5P + 11P ---16P (3U) (6P) A B At First 2U 5U

(7V) (14P) Later (16P) 5P lip Applying the relevant scaffolds, a solution may
be found as follows: Marbles added ---266P - 14P --- 2P 15 Accordingly the
number of marbles added is 2/14, or equivalently 1/7, of the original number
of HaTHIES 1 the boxes. 26 Example 10 This example applies the Multiplicity
Schemarifs e ApMiER the MulpiajabiaskenceBmbrRaseRMitthe Dual

foIIowin?j ward problem: The ratio of the number ofé)upils in Class A to the

nUABRPIEE SINRERT: Sensidestie Jolowng MEETR BB Class A to boys in
Class B 1$héa:datithefr#io odngids of Glasis EntClgs AntClass Aural@:2 oiMinadils in

fragti f f ils.)i . JARY
LS eLE o eI RS I DA S
pi@Bfeim SlaseRtdaRaysrabletassalidss Jidy Menaigrastoncef ABerdnalsu@per of

Upisls THeneatin0 Beyss S esuis Rorsis Glass Bis 11 4'.. Since the
number of boys in Class A is divisible by 1 and 2, let's use the lowest

commor‘ﬁ“?ﬁmmeﬂzﬁ MHWRUQ%S@CR%%SQ@ the Dual Variables Concept, the

problem elements and problem values may be represented as follows:

(a) Using ‘The ratio of boys in Class A : boysin Class Bis1: 4°...

Since the number of boys in Class A is divisible by 1 and 2, let’s use the lowest common
multiple of 2 for it.

Class A Class B

Boys 2p 8P

Girls

(b) Using ‘The ratio of girls in Class B : boysin Class Ais 3:2"...

Class A Class B
Boys 2P 8P
Girls 3P
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Boys 2P 8P Girls (b) Using "The ratio of girls in Class B : boys in Class A is
3: 2'... Class A Class B Boys 2P 8P Girls 3P 10 27 (c) Using "The ratio of
the number of pupils in Class A : the number of pupils in Class B is 2:1'...

Class B --- U =--------emneemmee- lip Class# --- 2U -------------mmmnno- 22P Class A

the(foNowenghe rGirle the@iamhepol pupiipin gass A2l aygdsroglugh B (el is
[ B%)y% 2P 8P Girls 20P 3P Applying the relevant scaffolds, the solution

two classes. Exa ;!1(3 }\1 This ex aglﬁ once again applies the Multiplicity
Sthema and the ﬂfzz\g?ri le g; gpt. Consider the following word
problem: 10 A box contains balls and bats that are either red or blue. The

ratio of %% op 3P

Girls 3P

(d) We shall finally see the following...

Girls in Class A --- 22P — 2P --- 20P

Class A Class B
(22P) (11P)
Boys 2P 8P
Girls 20P 3P

Applying the relevant scaffolds, the solution may be found as follows:

Accordingly, the solution is found that the girls in Class A are ?%/s3 of the
pupils in the two classes.

Example 11

This example once again applies the Multiplicity Schema and the Dual
Variables Concept. Consider the following word problem:

A box contains balls and bats that are either red or blue. The ratio of balls
to bats is 2:1. The ratio of red to blue items is 3:2. The ratio of red bats to blue
bats is 1:4. What fraction of the items in the box are red balls?

Applying the Multiplicity Schema and the Dual Variables Concept, the

problem elements and problem values may be represented as follows:



to bats is 2:1. The ratio of red to blue items is 3:2. The ratio of red bats to
blue bats is 1:4. What fraction of the items in the box are red balls? Applying
the Multiplicity Schema and the Dual Variables Concept, the problem

elements and problem values may be r@ﬁresented as follows: 28 (@) Usmg

smgvsme?@ap@t@foﬁwrsbabat@ms 1oL Bats oo 1U o 5P Balls o 2U

lop Total --- 3U --pafl6P Balls Batss (2U) (I OP) (1U) (5P) Red 1P Blue 4P

() Ysing ‘Th': ratio-ofredr—blueitems+is 3 : 2'... Total --- 5S ---- 15P 1S 3P

Blue --Re@S -4-- 6P Red -+{--- 3S ip- 9P Balls Bats (I OP) (5P) Red 1P (3S)
(9P) Blue 4P [(2S) (6P) (d) We shall finally see the following... Red balls ---

9P -1Rs13: 8P 4p

(b) Using ‘The ratio of balls : batsis2:1’...

Bats ---- 1U ---- 5P
Balls --- 2U ---- 10P
Total --- 3U ---- 15P
Balls Bats
(2U) (10P) (1U0) (5P)
Red 1P
Blue 4P

(c) Using ‘The ratio of red : blue items is 3 : 2’...

Total --- 5S ---- 15P
1S e 3P
Blue ---- 2S ---- 6P
Red ----- 3S ---- 9P
Balls Bats
(10P) (5P)
Red
1P
(3S) (9P)
Blue
4P
(2S) (6P)

(d) We shall finally see the following...

Red balls --- 9P — 1P --- 8P
Balls Bats
(10P) (5P)
Red
8P 1P
(9P)
Blue
4P
(6P)
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Balls Bats (IOP) (5P) Red 8P 1P (9P) Blue 4P (6P) 29 The solution can
therefore be seen to be that the red balls are e/15 of the items in the box.
Example 12 This example again applies the Multiplicity Schema with the Dual
Variables 5 Concept. Consider the foll@®ing word problem: There are some
passengers on a train. The ratio of adults to children js 5:1. The ratio of

males to RESALUR0 £57 HH 1816 BPGHRETI e 1AL e TR o Hischbh aptRbne
passes getisedrothe train are women? Applying the Multiplicity Schema and

the Dual Variables Concept, the 10 problem elements and problem values
mayppdepresented as follows: (a) Using "The ratio of adults : children on it is
5:1"as well as "The ratio of males : females is 1: 2'... Since the total is
divisible BysexamBle@uginseptie sofe MeimeibnSesmmiendthaieruahMarigbles
(583 febperesubsRidViie idiomigwBRYsrduisnale (4S) Women Girls (b) Using
“The ratig of girls : men is 1: 4'... Adults (5S) Children (1S) M%IEH‘&ZSGMen
Boys (4U)HRRHeSUES RRATRMOETHILTIVIRE) THRARiIABINCh MBS o sBIdren

t0i96:1P The ratio of males to females is 1:2. The ratio of girls to men is 1:4. What
fraction of the passengers on the train are women?
Applying the Multiplicity Schema and the Dual Variables Concept, the
problem elements and problem values may be represented as follows:

(a) Using ‘The ratio of adults : children on it is 5 : 1’ as well as “The ratio of males : females is
1:2°..

Since the total is divisible by 6 and 3, let’s use the lowest common multiple of 6 for it.

Adults (5S) | Children (1S)

Male (2S) Men Boys

Female (45) Women Girls

(b) Using ‘The ratio of girls : menis 1: 4°...

Adults (5S) | Children (1S)

Male (2S) Men Boys
(4U)
Female (4S) Women Girls

(10)

(c) Treating the number of boys to be 1P...

Adults (5S) | Children (1S)

Male (2S) Men Boys
(1P +4U) 4U) (1P)
Female (4S) Women Girls

1u)




Adults (5S) Children (1S) Male (2S) Men Boys (1P+4U) (4U) (1P) Female
(4S) Women Girls (1U) 30 (d) We shall finally see the following... Since 1S
--- 1P + 1U Male --- 2S --- 2P + 2U So 2P+2U---1P+4U Using restating &
rearranging, 1P --- 2U 1S --- 1P + 1U -302U + 1U ----------- 3U Female --- 4S
e — 12U Women --- 121J - 1U --- 11U Adults (5S) Children
(1Sy) MalaaipBriess Boyalof@uy)-(4U) (2U) Female (4S) Women Girls (12U)
(11V) Q.n% A Ep]}{ir] thl%relevant scaffolds, a solution may be found as
follows, Q_t_ags-;;_-z $2‘O’ --------- 18U 5 Accordingly, it can be seen that
wpmen make up ii/is of the passengers on the train, which is the solution.
Example2k3 This-final 4kample illustrates the Multiplicity Schema applied with
the Systematic Testing Concept. Consider the following word problem: 10
Driver Al &L S iaravars VAse 17 delivered successfully to Shop A.
Howevgr, hg is requiyed t¢;compensgate his company $1.00 for every vase he
breaksangetherefore is unahble to deliver. If Ali finally earned $37.20 for the

300 vases he was supposed to deliver to the shop, how many vases did he
Women --- 12U - 1U --- 11U

Adults (5S) | Children (1S)

Male (2S) Men Boys
(6U) (40U) 2U)
Female (4S) Women Girls

(120) (110) (10)

Applying the relevant scaffolds, a solution may be found as follows:

Accordingly, it can be seen that women make up ''/4g of the passengers on
the train, which is the solution.

Example 13

This final example illustrates the Multiplicity Schema applied with the
Systematic Testing Concept. Consider the following word problem:

Driver Ali earned 20c for every vase he delivered successfully to Shop A.
However, he is required to compensate his company $1.00 for every vase he
breaks and therefore is unable to deliver. If Ali finally earned $37.20 for the 300
vases he was supposed to deliver to the shop, how many vases did he
successfully deliver?

Applying the Multiplicity Schema and the Systematic Testing Concept, the

problem elements and problem values may be represented as follows:



5

successfully deliver? 15 Applying the Multiplicity Schema and the Systematic
Testing Concept, the problem elements and problem values may be
represented as follows: 31 (a) Using what is given, we shall be able to see

the foIIowmg

%

contin

550,60 S50 -
Amowu)mgwm 3@102@ $60 ($60) ($0) (X) 299 1 $58.80 (59.80) ($1) (X)
$1.20 ($59.60) ($2) (x) (c) We shall finally see the

300 X 20$

shall be

$60 299 x 20$

 5(560) S0) (1) DO 158Dl (56:60) TASINEL (x) -$1 20 (b) AS We

le to see an emerging pattern...
%5 $1.20 Successful Broke Final (+ Amount)

$59.80 $60-$58.80

298 x 200

19 300-19---281

(_
208 -1 + 1 $57.60 4
foIIOW|ngSUCCz’3E§®l$37 o®roke.._|$22 FO$P2.80 = $1.20
281 x 200 21¢'%%1 C-W‘éb Amount
300 560
60 ($0) N\ o )
299 1 $58 80
(59.80) /o 1) /+ 1 J-s120

(b) As we continue, we shall be able to see an emerging pattern...

298 x 20¢ ---------- $59.60
$58.80 — $57.60 --- $1.20
Successful Broke Final
(+ Amount) (— Amount) Amount
300 0 $60
(360) (50) (x)
299 1 $58.80
(59.80) \ $1) \ (x) \
298 112 $57 60
($59.60) /-1 ($2) S /5120

(c) We shall finally see the following...

$60 — $37.20 ------- $22.80
$22.80 + $1.20 ----- 19
300 - 19 --- 281
281 x 20¢ - 19 x $1 --- $37.20
Successful Broke Final
(+ Amount) (— Amount) Amount
300 0 $60
s N 160\ e
299 \ 1 1 $58.80 \
(59.80) ($1) (x)
298 2 $57.60
($59.60) ($2) (x)
281 19 $37.20

By noting the emerging pattern,

it soon becomes apparent through

systematic testing using the visual aid of the Multiplicity Schema that driver Ali

successfully delivered 281 vases, breaking 19.
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15

20

25

30

Successful Broke Final (+ Amount) (-Amount) Amount 300 0 $60 ($60) ($0)
(x) 299 1 $58.80 (59.80) ($1) (x) 298 2 $57.60 ($59.60) ($2) (x) 281 19

$37.20 ($56.20) -19 ($19) + 19 (~) $22.80 By noting the emerging pattern, it
soon becomes apparent through 5 sys&matic testing using the visual aid of

th Iltipligity Schema that driver Ali successfully delivered 281 vases,
bé%ﬁ%é‘%‘iﬂ o@@ﬁp olution Method From the foregoing, it is possible

to genergiisig %HBeib%éﬂ‘g%OIV'@ d%@éib%“ﬁi' Hé?éﬂs@oé?'ﬁ@&ﬁh for solving
accordance with the LF‘%referred_ embodiment of the present invention. FI%}{J]I‘E 2

is A BABAL R SRR I CRGRINEACS MRS RIRIRI B BIRAYIEE M the

mmbmhtriwbmmdeﬁ@iyﬁe@ iz alflemciederae ot @sichmglilesmvethues: (step

200 thesRgclon Bl CluAM ABE Y Al A GRIBIEOIGERR (3 Broblern
), and the construction of a visual representation using relevant Schemas

(SHQITTETES. ANAURRRIEDT YBlHes SietrIIANE dted sk estinrbtd ety anésiezoantary
200a120% oskonre IHERRsaBRY 206 framdthefesrerRgisaMPlasu ATiFefYesentation

problem elements areﬂt%%mall the "actors", such as items, objects and
S

5108 REG G AR8198 6PBhore statements making up the word
problemAZadmbee pirpblaty staduds B en dieaoivwnedationkivothie)stapse®04, 206, 208,

B B O GO e R R Rl e

cavieieptvintoramipre’ reyalras iteasalgbiecthpeoibifoiRaanesivacrthethge or

ordersSh@YBments making up the word problem 202. The problem values are
(known or unknown) values associated with the problem elements.

The identification of problem elements and/or values, and the selection of
the relevant elementary math problem concept or concepts required to analyse
the problem need not occur in the order shown.

Furthermore, the construction of the visual representation using the
relevant schemas, at step 208, is a dynamic process which may be ongoing as
the problem elements and values are identified, and the relevant elementary math
problem concepts are selected. This aspect of the process is illustrated in the
flowchart 200 by allowing the steps 204, 206, 208 to be repeated in a loop, in
accordance with the decision step 210. In particular, the steps 204, 206, 208 will
be repeated until all of the relevant problem elements and problem values have
been utilised in the construction of a complete visual representation of the
problem.

Once the visual representation is complete, at step 212, the relevant
scaffolds are applied, if necessary, in order to arrive at the final output
solution 214. As will be appreciated from a number of the examples above, in
some cases the explicit application of particular scaffolds will not be necessary,
since the solution may be apparent from inspection of the complete visual
representation of the problem. Nonetheless, there will generally be an application

of fundamental mathematical reasoning and skills, however trivial, in identifying
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Furthermore, the construction of the visual representation using the relevant
schemas, at step 208, is a dynamic process which may be ongoing as the
problem elements and values are identified, and the relevant elementary
math 20 problem concepts are selected3This aspect of the process is
iIIustrat_e(%i in the flowchart 200 by allowing the steps 204, 206, 208 to be
rePEatdd WD, iFPRIEEERIAACe fn BRUYERIsiSRp B, ﬁPH&%ﬁﬁéﬁlaP{'S“a'
theestepsn2ittbri206, 208 will be repeated until all of the relevant problem
elements and problem values have been utilised in the construction of a
CofBRlmY MaH&@resentation of the 25 problem. Once the visual
representation is complete, at step 212, the relevant scaffolds are applied, if
necessaryiriresmrietokeriirseaoing fescontiom Gotheoplemanizsywmabe problem

ARBIREBIEA FOMIhBREDAM O] NIXRSRBINIGS, AR thd VAR ER8RDIES imply a

explicit application of particular scaffolds will not be necessary, 30 since the
s&GHsRNAMsaBpide eI pE dBR I EsHpRRPIRELSPIVINg. Figure 3
regitessntatiowehiite pooblidosiidtmetheteashthgrenetii@enerallydrdsace with a

applicati fi.f thematical reasoning and skills, however
tr%%f%ﬁ%@gﬁ}ﬁ)&@g%@?ﬁ@ﬁﬁ\r;r%%a{h%n representing the solution within the

completd Restirat st S8entation iershingny sifan ol P tehiemibeesigtadoiaydntih
d@r6HRIPNCBhEM RICRIHARE MiRh RSRBIPE $EPNRERFAOiTH RS IdRred

scaffolds 106, and the various examples, imply a general framework for the
StRTRGRI A GHinPoP RETAIG BT oty AR Ibh AL SIER0T0Eh aUsE0!S

illghtyaldngeagendddagwikrthpdropastokisudeaiish suqbrefenias sshbedsnerd aind
the i ion.. The firs p.302 in.t aching,method is to define th
eIg%ﬂ?gggéﬁ%&hﬁe[%ﬁé%&g%%(?)oér%%eh&g suc tLgdse {ﬁge C@H%e&fsgqo %lnﬁﬂggh the

wibaifeids prgdndigatanioonesnBo thehichdrrerides jree indedyind dirdaimental
at: sl ARG ahtienkRnsRMI ks PEaNRAgd MAhaRRERRTI ifoKIeHA 2IdAsSYUE be

as the schemas 110 and correqundinﬁj, relational symbols 112. Students
m@g@rﬁg@tsg,ténsh§ﬂ§glflc order in which the steps 302, 304 and 306 are

established is not important. Initially, while it may be possible and appropriate to
develop specific methods for teaching the scaffolds at step 306, a variety of
teaching methods are known and any appropriate and effective method may be
employed.

As in topic-based learning, students may be taught appropriate skills by
way of example and practice. However, in contrast to conventional topic-based
teaching, the development of examples and practical experience is organised
around the elementary math problem concepts 104, rather than around math
topic areas. At step 308, therefore, students are presented with example word
problems, structured such that the examples are arranged to include at least one
common elementary math problem concept which is to be taught, exemplified or
practised.

At steps 310, the general method of problem solution is taught, in relation
to the selected elementary math problem concept, and associated schemas,

utilising an embodiment of the general method represented by the flowchart 200.
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scaffolds, as indicated in step 306, which provide the underlying fundamental
15 reasoning and math skills for solving mathematical problems. As will be
appreciated, the specific order in which the steps 302, 304 and 306 are
established is not important. Initially, widife it may be possible and appropriate
to deve_ﬁﬁ) spegcific methaods for teaching the scaffolds at ste 5%306 avari etty
all

of teach ROASIER RABWRPHIRICS Y REPIIb AL IFaEHag Righdthaat!
maiythe réd6vampieyetlésdn gouticbgsetd érasrhiage sitele ntsnplayele taught
appropriate skills by way of example and practice. However, in contrast to

CRyRIpiRBAIapEnkasRRidraching, the development of examples and
practical experience is organised around the elementary math problem

concept¥Vhia, aarietiesneabadinenitai 2badpyeaiiond)ast keep gessrberbriieve
Stwﬂ&é\ﬁ%@ adRgeRiad ﬁé’f@?@?&r‘?@'ﬁw& PrRPIeEIR SYUGHY F BYUShEME 1 to

the examples are arran?e to include at least one common elementary math

probldUinkepeRRAt s BEEANgHEkYGdnnifRG Gt p}F?éuEHH‘eA%"‘teBEaCt'Ca'
31:@ptbm@aaeoabmﬁﬂmdtrbérprcﬂdmgpohﬁtbods tang hie doHielgtioet 3o they be

SHEBLE SIS D3I PIPhler SENGeRt 200 SosReReRSTHELISn may oo

ising an em e genera me hO represen
20BpRy ephwithigisiol adiio Al 2dasReRes RSYERNOIEDT, twématfhmrguep pgurs

ungtathidheyreleMamArasaeles CaRGE WIS PORIsBShaR %QtSOV‘sE%J@Feglds

Computer Implementation While a preferred embodiment of the invention has
bR &P ARG e WO THOgEHEr AIAENTR ARitt RGP ALty iigRpaLds gl the

anddoy way of Examples 1 to 13, it will be apparent to persons skilled in the

art that unetoys pracieal Juplenertations b protielh solipgansiiadsad

teaching me 10ds may pe prowded Within t scope of the'inve
exaatiplerablenisetviig previdss b simpedinienis aftthaineesaniliysoden may be

eMAIPEMEnt sV BEHIIERTMIREAEAHOHD W@F%%@PM@HEH@T@%@&GH&/ le@fing

with the use of a lﬁi propriate visual aids, mcludlng textbooks, waorkbooks

ﬂdgﬂka;dgr%ge Saermm@HBaFdéowtﬁ{ea'ded learning within the classroom.

In one possible approach, example problems (such as Examples 1 to 13 above)
may be implemented in the form of an interactive computer program, enabling
students to build up the dynamic visual representations associated with the
schemas employed in the solution of each problem on a computer display using
computer input devices, such as a keyboard and/or pointing device.

A computer-implemented system providing a graphical user interface
within which students are able to construct visual representations corresponding
with any given work problem, utilising the finite available set of schemas 110 and
relational symbols 112 is entirely feasible. Computer software products for
performing vastly more sophisticated mathematical manipulations, used by
advanced practitioners such as engineers and scientists, have been available
commercially for some time. A similar approach could therefore be employed in
order to provide a computer software product for use in the teaching and practice
of the schematic system 100.

Accordingly, while a particular embodiment of the present invention has

been described herein, by way of example, it will be understood that the invention



like. However, the systematic structured approach to teaching, learning and
math problem-solving provided by embodiments of the present invention may
be 15 well-suited to computer implementation, either as a complete
teaching/learning tool or through the endgloyment of computer-aided learning
within the classroom. In one possible approach, example problems (such as
E KRR [TTes B SO g B SRR IR Y B98O B R o
cappeneepiogrietnl, enabling students to build up the dynamic visual
representations associated with the 20 schemas employed in the solution of
each problem on a computer display using computer input devices, such as
a keyboard and/or pointing device. A computer-implemented system
providing a graphical user interface within which students are able to
construct visual representations corresponding with any given work problem,
utilising the finite available set of schemas 110 and 25 relational symbols 112
is entirely feasible. Computer software products for performing vastly more
sophisticated mathematical manipulations, used by advanced practitioners
such as engineers and scientists, have been available commercially for
some time. A similar approach could therefore be employed in order to
provide a computer software product for use in the teaching and practice 30
of the schematic system 100. Accordingly, while a particular embodiment of
the present invention has been described herein, by way of example, it will
be understood that the invention 35 is not so limited, but rather that the
scope of the invention is defined by the claims appended hereto. 36
CLAIMS: 1. A method of teaching a student to solve math word problems of
the type comprising one or more problem statements including problem
elements and problem values, the method including the steps of: 5 defining a
plurality of elementary concepts relating to possible relationships
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between problem elements and/or problem values; providing a plurality of
visual aids associated with said elementary concepts, wherein each said
visual aid enables a corresponding relationship between problem elements
and/or problem values to be represente?fin 10 diagrammatic form; teaching
the s l]Jd nt a plurality of fundamental math skills underlying said plurality of
elg#éMgry concepts; presenting the student with one or more math problems
comprising math problem statements requiring application of at least a

Cqmmom%%t%aags@ té&ﬁlﬁg‘Srﬁﬁfd(e@ﬁ’@S%ﬁéﬁﬂ@tﬁ%@?@%%ﬁéﬁ@gpmeﬁype
each of said plurality of math problems to the student by in each cas

h
BRI BrOBR A" e BRIE LR broiBle MK &CHRINE fﬂﬁ%b&fﬂe‘é'ﬁHe?ﬁﬂﬁg and
problsenstaiese e, seldcidniodhotingalit gheditf.of elementary concepts
h ich defi | ; ; dentifi |
elemen o AT e o RS R s

uhebreanepriaMafiRMRRIs Ak an PRIy slieselementary concept and by
correspRGiNGRPRAICAIRAIR oo GLiPraiat sakkbndamanidl il dlsediary

The method of teaching of claim 1 wherein the plurality of elementary ,
cSPOEERISnHNGES ™ R SRIACHRIERY BEERIGE ofh FAFSSRITING fEdionship
Redigtsiautiproblencepleradntstard anst ciemngesiGencept, i Drsgryesiablesin

Cqnce Systematic Testing Concept. 3. The method of teaching of
Ig%:?r;éﬁvﬁegi?anmtﬁ plurality of visual aids includes a Relativity Schema,

associat€aeingtte RIgevita Cbrigkiyt o4 Badameda paakoskdlenardearlying said
asneeMipdrwWBHBRI RIS feepparison Concept, a 30 Redistribution Schema,

associated with the Redistribution Concept, and a 37 Multiplicity Schema,

associatdETHNH teoHSERRE WD efaRHEBURRATLRINES A RTSY/SI Bt ARth
TestibierC ostaentserts Tleguitieihosbpfitagching oftclaimt Sawberervthenisusdl said

aigﬁe%reen{gﬁlrggﬁgé%gs;%snigg a plurality of visual symbols.
teaching the solution of each of said plurality of math problems to the
student by in each case identifying problem elements and problem values within
the corresponding problem statements, selecting from said plurality of elementary
concepts those which define relevant relationships between the identified problem
elements and problem values, and demonstrating the problem solution by use of
the visual aids associated with each said elementary concept and by

corresponding application of one or more of said fundamental math skills.

2. The method of teaching of claim 1 wherein the plurality of elementary
concepts includes a Relativity Concept, a Basic Comparison Concept, a
Redistribution Concept, a Constants and Changes Concept, a Dual Variables

Concept, and a Systematic Testing Concept.

3. The method of teaching of claim 2 wherein the plurality of visual aids
includes a Relativity Schema, associated with the Relativity Concept, a Basic
Comparison Schema, associated with the Basic Comparison Concept, a

Redistribution Schema, associated with the Redistribution Concept, and a
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5 5. The method of teaching of claim 4 wherein the plurality of visual symbols
includes visual symbols denoting matching or equality relationships between
values, differences between values, operations performed upon values, sums
of values, sequenced stages, and splitBdg of values. 6. The method of
teaching of clajm 1 wherein the plurality of fundamental 10 math skills,

o HHE D et g Ao BIAsH A N OB AL HENGEm D radables,
restatibgs sermateaiesinig g ansepssproperty, and direct comparison. 7. The
method of teaching of claim 6 wherein said math language includes "more
than/less than/difference", "propartion of", "proportion more than/proportion
les thar "B AP HldeaRhing ol ipm 3 Wharchathey 'éf’ébﬂiﬁﬁaé%ﬁmese”ted
prasiteyma @l dteity pe \isuapsiginigotene or more problem statements including
problem elements and problem values, the method including: identifying
problem_elements and Problem values included within the problem
statemeht'28'8K18L g FRFN 2O SR ot M%%f@i@rFHﬁmBH‘@@%@ﬁﬁé{?ya' symbols
conclapts relstiag $9wmmlmmlagonmwmbeweequarmblmmmp§ betVeen
prok lem values thos Smenigry. con efine relevan

o e B B D G B ES F esamamo
th‘éabmléﬁﬂsmﬂeﬂi@msr@ﬁdrﬁi@lﬁhmﬁdlbvpié@%termlned visual aids
associated with said plurality 25 of predetermined elementary concepts to
C(gwstru a VISU | rgpr]e%gnt |onoqf ?aolrrﬁe§poHd|n9' ent| gjad i Iat;fo]nu mgmental
between he pro S elementsandfor problem va ues Sly one or
movasipskilistenclirsas fmﬂmrienmlaga,thmrgwyuhmtdlmiaaedcmmmmw and
deplctaddnifg MinlararRaRpalondpaske Al BoiRdhR AN
problem; and providing the solution as an output. 5 9. The method of solving

a math problem of claim 8 wherein the plurality of elementary concepts
in¢ludesTa®Reletiviy Toieasping BasliaiCdimpaeisim Satheepth language includes

“more than/less than/difference”, “proportion of”, “proportion more than/proportion

less than”, and “sum/total/altogether”.

8. A method of solving a math problem of the type comprising one or more
problem statements including problem elements and problem values, the method
including:

identifying problem elements and problem values included within the
problem statement;

selecting from a plurality of predetermined elementary concepts relating to
possible relationships between problem elements and/or problem values those
elementary concepts which define relevant relationships between the identified
problem elements and problem values of the problem statement;

using one or more predetermined visual aids associated with said plurality
of predetermined elementary concepts to construct a visual representation of
corresponding identified relationships between the problem elements and/or
problem values;
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a Redistribution Concept, a Constants and Changes Concept, a Dual
Variables Concept, and a Systematic Testing Concept. 10. The method of
solving a math problem of claim 9 wherein the plurality of 10 visual aids
includes a Relativity Schema, associatéwith the Relativity Concept, a Basic
Comparison Schema, associated with the Basic Comparison Concept, a
oot ERUTECABR 0 e RS THE e O RRBIAL Bl o the
Midlksiptiibéty Stdtemships siepated witihéhésGansipretseatatihanges,datad solution
Vaui ematic Testing Concepts. 15 11. The method of solving a
mﬁétﬁ%ﬁ@alteﬁrﬁ%ﬁc aim'8 wherein the plurality of fundamental math skills
includesPieaifingniGeRpUteRiBscMPURUItiples, comparing gain and loss,
restating and rearranging, a sets property, and direct comparison. 12. A
system fgr solvi roble t C IS] I e ,

o piom IS Y o LS SRl hE S B Bty o
s\Biementa YrRsneaRis Hpludahtp Hielaiviy &105eeih R BRticaCsunpaisnionarept,
syUMRefsrRictivisunaldt beitgrdamed dar dia P eSsnebprPELBRRINGriables

visually a plurality of predetermined elementary concepts relating to possible
reRRIGRN PO Armbel ARG H8REERnd/or problem values; 25 means
for presenting and arranging said visual aids in accordance with elementary

ConeePtsRe/RIBHY %Ws%ﬁ%%r&qﬁé@rﬁ%%%%ﬁ{%%@ﬂﬁwcm%‘?&ﬁ RO BINVANEN of

define relevant relationn%gf)s, )etween Identified problem elements and
préBr&AIdT RS BHRRA AR Ibb RIS 38SQgintpdinEsBIGtOR 3 \ihe GreaerPt.
prolBesici€daipanioaGbyicnalyasgoeitce Wit eher Sdeierguneshfisodaoeiatgt, a

el o reslationships depidedip A uSuAliEIESENIaION o ang 4
constructed using said presenting and arranging means. 13. The system for

sdWuiiplioktSehshiamasspelalied 1ativiher éianblavis @adaiaar® el Daeldfrriables,
moke Syété%‘étﬂe%sﬁﬂm%ts@ set of flashcards, a blackboard or a

whiteboard. 14. The system for solving math problems of claim 12 which
includes a
11.  The method of solving a math problem of claim 8 wherein the plurality of

fundamental math skills includes math language, reciprocity, multiples, comparing

gain and loss, restating and rearranging, a sets property, and direct comparison.

12. A system for solving math problems of the type comprising one or more
problem statements including problem elements and problem values, the system
including:

a plurality of visual aids comprising a set of relational symbols, said visual
aids being adapted for the purpose of representing visually a plurality of
predetermined elementary concepts relating to possible relationships between
problem elements and/or problem values;

means for presenting and arranging said visual aids in accordance with
elementary concepts selected from said predetermined elementary concepts, and
which define relevant relationships between identified problem elements and

problem values of the math problem; and
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computer having a graphical display, and wherein the computer is loaded
with executable instruction code for displaying said visual aids on the
graphical 10 display, and for enabling a user to present and arrange the
visual aids in accordance with said selé@ted elementary concepts using a

raphical user interface provided on the hical displa
grap wherein a so? ’[IOIEI) to the math probl R1 IS detelpmn¥ed by applying one or

more predetermined fundamental math skills to the relationships depicted in a

visual representation constructed using said presenting and arranging means.

13.  The system for solving math problems of claim 12 wherein the visual aids
include one or more of a textbook, a workbook, a set of flashcards, a blackboard

or a whiteboard.

14. The system for solving math problems of claim 12 which includes a
computer having a graphical display, and wherein the computer is loaded with
executable instruction code for displaying said visual aids on the graphical
display, and for enabling a user to present and arrange the visual aids in
accordance with said selected elementary concepts using a graphical user

interface provided on the graphical display.



