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network. In particular it relates to & nethod and devi ce nmaki ng a deci sion
based on 5 the calculated price. TECHNI CAL FI ELD AND BACKGROUND OF THE
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as a with which partners for trades at a given price can be found. Geographical arbitrage means

that spot price development on point-to-point links cannot be understood in isolation from
price development on alternative paths with equivalent QoS. This implies some form of
price modification derived from load-balancing across appropriately specified QoS limited
20 alternative paths. Technological development continually pushes prices down as new
equipment is installed by competitors. So, unlike other commodities, the prices revert
towards a mean whose drift is strongly structurally downwards. Market liquidity is
quantified as the extent to which geographical arbitrage modifies link-prices. Thus price
development is modeled as a combination of link-price processes modified by prices for
25 equivalent QoS paths. The presented model covers the existence and value of arbitrage
opportunities together with its effect on price development and network present-value
(NPV). Application of this work ranges from network design to infrastructure valuation and

construction of real options.

Modeling of telecom prices is in its infancy which reflects the immaturity of bandwidth as a

30 commodity. In "Energy Risk: Valuing and Managing Energy Derivatives”, D. Pilopovic,



30 coommodity. In "Energy Risk: Valuing and Managi ng Energy Derivatives", D.
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exist in the forward market even with a no-arbitrage situation in the spot market. There is
vast computer science literature on price-setting for network resources in order to achieve
20 some aim, e.g. social welfare maximization, cost-allocation, congestion control, etc. Here
price dynamics are approached from a completely different direction in that it is started from
modelling the price process rather than modelling supply and demand and then solving for

the best price in some sense relative to a given network.
OBJECT AND ADVANTAGES OF THE INVENTION

25 It is an object of the invention to provide a method for calculating a price for using a specific
link in a network. The method can be used to model for the expected telecom commodity
price dynamics using a link-price process together with link-price modifications due to

network effects.



WO 02/ 085045 PCT/1B02/01187 3 According to a first aspect of the invention
as set forth in the clains a nethod is provided in which |ink-price
changes awe wabwus at ed based on a price difference, the |ipclApol/@esTthanges
are conbi ned over the network and the3result is nmerged with market-induced
price changes 5 in order to calculate the subsequent occurring price.
According to a second aspect of the invention a nethod is provided wherein
a decision whether to increase, decrease or namintain a transport capacity
dermand, the action of changing the demand accordingly, selling, buying or
hol di ng tAcamdprrth atfiroraspedt ditidtifvention e setrfeitivin theatlaims auhethed Wprdvitédmeof

is performed. 10 This nethod has the advantage that the price cal cul ation

t akes i ntdudickieiuprica ¢haressrare salcplatedgiased paye Rice Wifferange. thenlink-prirepdnasei
f ‘h . ce e _ AN
ther ot hoftq ombiied ey Mo b fesfil 3 isPeck VAl AR Ind e BRENIRNEE, O

model ed imwordenpraakelatthe SibseRiicht bongiih®psceof a  Browni an price-change, a
Levy price-change, an Ito price-change, a Poisson price-change, a 15

sem - Vr howoRlocs £RaR98 RNdA Q) (he (TRABLEY. hRuBETRIUS Aok LHOE 8clRlon

. 1
price-sp or “price junps, this provides a rélatively precisé picture

of the truhethpr it6 enclexse| dporeide bhahain@@C HI Bardsport &abadigt Merhkisd, théeacsidfof
reality aspect holds true for a change-cal culation step in which the
r el at i onchangingebyderandprecaidmahn gelhing caryig grdiokding trapgpottation bagdwiskth o thehange

i's nndelggy%ﬁgprg.lkggwgggh%%gggiﬁg%ﬁﬁg ion function that conprises a term
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PCT/ | Bozéggelﬁl?nps, this provides a relatively precise picture of the true price development that

occurs in real networks.

The same reality aspect holds true for a change-calculation step in which the relation
between the determined price difference and the link-price change is modeled with an

20 arbitrage-correction function that comprises a term for the quantification of market liquidity.

To set the link-price change on the specific link equal to the link-price change in the links of
the alternative path, is a model that makes the calculation relatively simple, assuming an
overall constant demand, which assumption is allowed for a time period that is shorter than

a predetermined time unit, being observable for the corresponding network.

25 The change-calculation step may comprise a shift-calculation step for determining an
amount of an existing transport capacity demand that is to be shifted from the specific link
to the alternative path in response to the determined price difference, and an
effect-calculation step for determining the link-price change effected by the determined

transport capacity demand, that is to be shifted, on the link-price for using the specific link.



4 This mechani sm of demand reacting on the price difference is a nodel that
gives a sinple but realistic picture of real-world network denmand
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transportati on bandwi dth on the network in response to the cal cul ated
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several of the subsequent calculated I'ink-prices, leads to a preciser and
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are discounted back to their present-value, thereby providing di scounted
price sercprigact, which is naturally oriented to be closed as cheaply as possible for the demander.
The demander may hence in a demand-change-step increase or decrease the transport
capacity demand for transporting the unit over the specific link or the alternative path in

20 response to the calculated link-price.

Another advantageous application would be an action-step comprising one of a buy/hold/sell
action for transportation bandwidth on the network in response to the calculated link-price,
making the bandwidth a traded good, allowing to make profit from the determined price

difference.

25 Executing the above method several times sequentially to provide a link-price series
comprising several of the subsequent calculated link-prices, leads to a preciser and timewise
longer price calculation which allows to look more into the probable future of price
development. This step can be repeated also to provide several of the link-price series. Such
series can then be used in a discounting step wherein the link-prices within the link-price

30 series are discounted back to their present-value, thereby providing discounted price series,

which in an integration step can be integrated for the network or a sub-network thereof, to



which in an integration step can be integrated for the network or a
sub-network thereof, to WO 02/085045 PCT/1B02/01187 5 obtain therefrom a
net wor k pweenssisl ue for the network G or a sub-network pcraBexxiiis’Such a
net wor k present-val ue can be advant agé&ously used as basis for a decision
step conprising one of a buy/hold/sell action for the network or the
subnetwor k. Yet another advantageous application would be an adaptation
step whepblam theeefronap splovark peseripabiet fpr B neheorkfacqra subtrietworsrthered. Stek ent
of the links in the network is_ chan in.r to,the cal cul at ed
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invention is directed to a nethod for calculating in a network that
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path in the network, which does not conprise the specific link, b) a
change- catonrkchpagity caip thegbydwet impao veidng gaby inckeapingdee a¢iwrgecapacithié pathee

for, using.the specific link, and a . link-price change in the price for
usilr(?g thg'ql?nhfgc?%e"fwg’ 18#1’%%%?{3@8‘ %eé?%!a‘ 20 in response to the determ ned
price difference, c¢c) a conbination step for conmbining for the specific |ink

the determned |ink-price changes on the price for using the specific link
fromall links in the network, to determne a total price-change for the

specific link, d) a nmergi nGEUSPARY OFErRENSVENTHONEr M ned t ot al
price-change with a market-induced price 25 change in the price for using

the specific link, .tg. calculate th rice f.or.using the specific .ljink
wher o - 0RE TREr 1 Asttebt P e R R Gar e g B BBl St EadrhErit
random yaed fRhSing WOpA O BRR APthE G iw 3R 21 e lhéRod Bomprises the following steps:

15 a) a comparison step for determining a price difference between the price for using the

specific link and the price for using instead of the specific link an alternative path in the

network, which does not comprise the specific link,

b) a change-calculation step for determining a link-price change in the price for using the
specific link, and a link-price change in the price for using the links in the alternative path,

20 in response to the determined price difference,

¢) a combination step for combining for the specific link the determined link-price changes
on the price for using the specific link from all links in the network, to determine a total

price-change for the specific link,

d) a merging step for merging the determined total price-change with a market-induced price
25 change in the price for using the specific link, to calculate the price for using the specific
link, wherein the market-induced price change is being driven by at least one random

variable.



DESCRI PTI ON OF THE DRAW NGS Exanpl es of the invention are depicted in the
drawi ngs and described in detail below by way of exanple. It is shown in
Fig. 1 arwexanpioes of a network with three nodes and threePedgBa/01387i g. 2a
a graph depicting for an edge the rel ati on between price p and quantity of
demand q 'under the influence of a price change renoving demand x fromt hat

edge, Fig. 2b a graph depicting for an edge the relation between price p
and quantity of denand qnﬁﬁﬁﬂlﬁmmrﬁ?}fﬁ‘ PRAWINGS ce change novi ng
demand x to that edge, 10 Fig. 3 a network with two nodes connected via

various EatiplesBE e ihition fatdi@piedin thelefmmtkssHt fdesdtded b etaifbaol BWvapar t
for the nethod of calculating a new price in a price-dynam c network
accor di n§f exanpleyJt s showgjiyy. 5a the arbitrage versus the side length ratio
for 10% (lowest line), 50% 100% 15 150% 200% (hi ghest |ine) of

short-teF.price ¥obanilé bya abtwth Wahghriece holdarandehreé & uncertainty, Fig.
5b the arbitrage versus the side length ratio for 0% (Il owest line), 10%

20%. 30%.._ 40% (hj ghest, |line).of |ang-term.price trend uncertai.nty.at 10%
of Short Tl or bt EEEDeniciRe i ansgBins TBUSY hES ot Bt BREAURNE O e
arbitrage in fig.d&fand dhfder Bk inhBedt@lof RpEiISE Bhanga rétfoVifg démendx Bohi dge 1 n
fig. 5b, Fig. 6a the nean price change on a fixed-length |link versus

short-termvol ati¢dgey, Fig. 6b the price change on a variabl e-length |ink
versus short-termvolatility, Fig. 6c the standard deviation SD of the

price chapgepon aa %tafﬁ@ebi@fiﬂ ForlahRigd BleSelatior Bet SO prideSs Qﬂd/%laatity ofty, WO
02/ 085045 PCT/ 1 B02/01187 7 Fig. 6d the standard deviation SD of the price
change on a vari aédrearndenynder thenkrflyence o a psihdehange maving demand ixyto tRitgdgga t he
rel ati ve NPV versus short-termvolatility, Fig. 7b the SD of the NPV

verigus shgy -t er m @kt WithYwo nodes connected via various paths under the influence of

demand shifting,

Fig. 4 a flow chart for the method of calculating a new price in a price-dynamic

network according to figure 1.

Fig. 5a the arbitrage versus the side length ratio for 10% (lowest line), 50%, 100%,
15 150%, 200% (highest line) of short-term price volatility at 0% long-term price

trend uncertainty,

Fig. 5b the arbitrage versus the side length ratio for 0% (lowest line), 10%, 20%, 30%,
40% (highest line) of long-term price trend uncertainty at 10% of short-term

price volatility,

20 Fig. 5¢ the net present value for the arbitrage in fig. Sa,
Fig. 5d the net present value for the arbitrage in fig. 5b,
Fig. 6a the mean price change on a fixed-length link versus short-term volatility,
Fig. 6b the price change on a variable-length link versus short-term volatility,
Fig. 6¢ the standard deviation SD of the price change on a fixed-length link versus

25 short-term volatility,



5 Fig. 7c the change in the NPV versus the side length ratio, Fig. 7d the
change in the SD of the NPV versus the side length ratio, Fig. 8 a conbi ned
contract wetoamsio4s opol ogy for Asia, USA and Europe, Fig. ®drsoe@ngy

hi stogranms of the triangle-side ratio7distribution for three different
cases, using 10%bins, 10 Fig. 10a forwards curves for DS3 capacity from
New York to Los Angeles (NY-LA), the delivery nonth starting in February
2001 and Figitdg t o tieastansesd deyopion § of thg peenehange odarvaripblerletivhek viersush.

Fig. 10b forwards for.DS3 capacity from New York to Los Angel es
(NY-LA), the deIf@%&égﬁﬁﬁ@ﬁﬂE{arting in February 2001 and going to January
2002, with 15 a contract duration of one year at a nonthly rate, Fig. 1 la
t he di st FidUei on #fe EatiyaNPVhvarsissboiditerey@atlitiet wor k si t uati ons and

wi thout a network, Fig. 1 Ib the option price versus the strike price for
a call omig.gp on tRrSmbOthBNEe vifstidishoar@miivblagiity, a network, 20 Figure 12
the percentage difference of the call option prices in two network cases
and .an isol-at ed- i case. figures, are for sake of clarity not
shov%n [ nIF?%a di rnkaﬂr?%lﬁ%rrlélgrﬁ%éﬁhgrvtev ?%lé tgeeﬁlg? %GSﬁt(s% %t ween the di nensions
shown in _a realistic scale. WO 02/085045 PCT/|1B02/01187 8 DETAI LED

DESCRI PTFaN7dr THEbe clmaerindre $1R of Hee WBV | vetsiup ghe side length retieenpl ar y

enbodi ments of the invention are described. In figure 1 a network, also
referredriggas grapbmbined c6RFARE h&ivdek BpbiogstfonAse @SAangEufspd, node b, and a
third node c is depicted. The first node a is connected to the second node

b vi irgt |i 5 ab. ., The fj d i. ted.tq t t hixd pode c
N g e b (N T
via a third link glesAshknov-path |1, leads fromthe first node a to the

second node b and conprises the first link ab. A second or alternative path
112 | eads. so fromthe first de a to.the, se d node, b.  Thj

al t%Qr nat %%ﬁe?b%lt h 1% r‘fﬂ?"le§gc§ ecapgg&yogamﬁ}lm%(ég( ?&’ﬁoost“h%gegeﬁ?mg’#ﬁ?\k ch.

On each of the |ifieAbory f?tﬁ)ntl?garti%%(iﬁf:élﬁﬁ&?%omgn@gbiﬁ td- Panb@R 2088 witfChb 1S
valid at a certain point in tinme. These prices pab, pay, pcb are the prices
char ged a contract duration of one month.

Fig. 10b forwards curves for DS3 capacity from New York to Los Angeles (NY-LA),
the delivery month starting in February 2001 and going to January 2002, with

15 a contract duration of one year at a monthly rate,

Fig. 11a the distribution of F(T,T) in three different network situations and without a

network,

Fig. 11b the option price versus the strike price for a call option on forward price with

and without a network,
20 Figure 12 the percentage difference of the call option prices in two network cases and an
isolated-link case.

All the figures are for sake of clarity not shown in real dimensions, nor are the relations

between the dimensions shown in a realistic scale.



to a network user by a service provider, who nmay be the network owner or
renter, for the service of providing at that point in tinme a specific
anount ofwoDroaf8ast capacity on the corresponding |ink alPCcTaso2/@nsich for
allowing transportation units over that |link ab, ac, or cb. The network
can be any transportation network, such as a street network, a mail
delivery 15 network, or as exe Iaril%gselected here, a comruni cati on

network. The units t PBEAILERRESCRIETION OFFHEINYENTEONon net work ar e

information units, e.g. data packets. A particular exanple could be data
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The bandwidth is a geographically distributed commodity and in real information networks
the major long-distance suppliers form an oligopoly. For understanding the factors that

20 influence the information-unit traffic and the pricing therefor in such a network, in the

following an overview is given.

Geographical arbitrage: This means that, given equivalent QoS, the cheapest of all
available paths will set the end-to-end price in a competitive liquid market. This is due to
the fact that the actual path is irrelevant with respect to information transport, as long as
25 certain QoS requirements are met. The set of paths connecting two given geographical

locations at the same QoS level are perfect substitutes.

Such arbitrage is not present in electrical networks because an electrical network is a whole
and individuals do not have alternative paths except in the sense that aggregate can be
logically divided in different ways. Thus an electricity network is a coherent whole, with

30 energy according to well-understood laws of physics. The bandwidth market has no



10 Suppl y/ demand di sassoci ation: This refers to the fact that the demanded
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Network effect: The network effect is the argument of increasing economies-of-scale,
20 which means that the utility of a service grows with the number of people - or devices - that
are attached. In general the utility grows with some power of the number of users, not
simply linearly. The increasing economies-of-scale, if it is present at all in electricity
networks, 1s a linear or sub-linear phenomenon. More users of electricity means a bigger
market for electrical devices, but there is little interaction. The openings for new
25 consumption of electricity are very limited. On the contrary, demand for bandwidth is
continuously increasing, largely due to network effects. Network effects will be used further

below to describe the effect of geographical arbitrage on price development.

Non-storability: Inventories act to smooth variations in supply and demand. When no
inventories exist, prices can jump if supply or demand changes suddenly. Prices can also

30 change suddenly when the perception or expectation of the supply- or demand status



Wth universal trading contracts, i.e. bandw dth deregul ati on and cont act
feature 10 standardi zation, and carrier-neutral pooling points, this is
expect ed wo oelossege and approximate the el ectricity nmarketPCruBoe/(mos7e
closely. Liquidity: Currently the bantdw dth market is less liquid than the
electricity market or many other commodity markets. Tradi ng-vol unes are
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is why in the analysis that follows it 'is 25 assunmed that point-to-point

demand i ¥Vidonewivereal, tiadimge aontgaoter 4k ybaddwiithl dereguwlatpaar tandulcantacts Ubattiret ut e
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barely 5% per year,” if that. This is ecause of Tncreasing
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from nostly closed proprietary et wor ks towards jnter rabl e nefworks.
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e.g. |IF, open public points of interconnection and universal trading
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mrror those from deregulation in the conventional utilities markets. In
t hese mafleskes trégmggqxppaspﬁgﬁleﬁbélemand inelasticity will be a feature of total point-to-point

demand on that time-scale. On an individual-link basis, demand will be elastic thanks to
automation technologies, such as software agents, electronic auctions and least-cost routing
20 which allow for fast switching between substitutes, 1.e. alternative paths. This elasticity will
exploit market liquidity and also contribute to it. Inelastic demand is a current feature of
short term electricity markets. In the assumption of inelastic point-to-point demand, some
care should be given to network effects which involve only demand-shifting between
substitutes, and not changes in total demand. This is why in the analysis that follows it is
25 assumed that point-to-point demand is conserved, whereas generally demand for a particular

substitute is fairly inelastic but not necessarily completely inelastic.

Growth: The Internet, and the available network bandwidth have had periods of 100%
growth every 3 to 4 months. In the last few years this has slowed to only 100% per year. In
addition, substantial amounts of dark fibers are being laid to take advantage of and push

30 further growth. The energy industry is growing at a much slower rate than the Internet or
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© wavelength-switching within the next 5 to 10 years. The combined effect of technological

development and competition leads to a continuous drop in the cost of transporting a

20 Megabit per second per mile.

Capacity expansion: It takes a relatively long time to build a new fiber network and many
months to put a new long-distance conduit in place. However, once the conduit is in place
new fibers can be added relatively quickly. Also, conduits can house dark fibers, i.e. cables
without the equipment that is necessary for transmission. In addition, with multimode fibers
25 and DWDM, more wavelengths can be added to those already present in a lit fiber. If new
equipment is required, this depends on manufacturers schedules. Thus, different amounts of
capacity can be added over a range of time-scales. This is different from electricity where

the shortest time-scale for adding significant new capacity is a year.

Supply elasticity: Suppliers of bandwidth may have significant flexibility in assigning

30 network resources for the fulfillment of different end-to-end contracts. This is due to
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of tradetceRntdrBeds cbiagestion are weather and equipment failure. The latter occur rather

frequently in data networks.

Term structure of volatility: In commodity markets in general one of the stylized facts is
that there is more volatility in the short-term forward market than in the long-term forward
20 market. It is also usual that for non-investment commodities this volatility does not
asymptote to zero. In the bandwidth market, whilst in some very long term there may be
stability, it appears more likely that in a reasonable planning horizon there are increasing
levels of uncertainty. So far prices are continuously falling, with rare exceptions, but even if
it is assumed that this trend will continue, there is significant uncertainty concerning the rate

25 of decline, both on a global and local level.

Positive prices: Prices for bandwidth are assumed to be positive. In energy markets, zero
real prices are observed because large thermal or nuclear plants cannot ramp down the

supply as quickly as demand can drop. Thus, when demand is very low and drops suddenly



initial link-prices p, also referred to as contract prices Cnit; a
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liquidity ti; stochastic process notsel s for each link. A contract Cis an
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nodgs a, b, markeBttizkesd pooling point is a facility for the exchange of
traffic at a particul ar geographi cal point anong trading partners in the
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nodes, al*ongiothastipptohess imddelsdoeedod limgw | i nk or nulti-link contracts. Thus,
the prices p between any pair of nodes a, b, ¢ may be observed on the
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processes are here not  nodel ed direct
pay a specific price p and the supplier agrees to in exchange supply a specific network

15 capacity to the buyer. The price development is such that observed prices, i.e. a
market-observed outcome, C,» may contain arbitrage opportunities. Market forces act both
to remove the existence of arbitrage and to disturb the link-prices via normal and unusual
information and changes in supply and demand. These two processes in general combine to
produce the next set of observed link-prices. The arbitrage removal occurs relative to the

20 observed state of contract prices. However, other market forces are still acting and this
occurs at the same time. Thus the new state may not be arbitrage-free, even with a high
liquidity, because there is always the potential for new arbitrage opportunities to be created.
In practice the two forces, geographical arbitrage removal and market-induced price
changes, can be modeled separately or in combination. For simplicity, they will first be

25 described separately and then a combined formulation will be given.

When considering bandwidth prices, i.e. link-prices, one should be precise on what exactly
are the underlying traded commodities. Price development is here modeled at a link level.

The links ab, ac, cb can be defined as indivisible contracts C offered between pooling



Li nk-price devel opnent is nodel ed as a conbi nation of three factors:
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until the next trade occurs. Liquidity is hence the factor that describes the ability of the
market to react e.g. with a demand shift to a price shift. The more liquid the market is, the
quicker a price shift is followed by a demand shift, adapting the demand distribution to the

price shift.
20 Independent Link Price Model

The subsequently described independent-link-price process models for the example of the
first link ab the evolution of the link-price pa, on this link ab as if it were isolated. It hence
describes the market-induced development of the link-price p,. Different forms of
dependence can be introduced. The realized link-price p,, in the market for the first link ab
25 is formed from this link-price-calculating process together with geographical arbitrage
arguments and liquidity considerations. The independent-link-price process represents, as
far as possible, the evolution of supply of and demand for link capacity that providers make
available in the form of indivisible contracts between the nodes a, b. First, the generating

equations will be described and then their rationale.
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X=log(e) [1] dX =i(X+ & - X) dt + adW+ GJU + HIV [2] 10 dX = -vdt +
pdZ [3] Uis a tw state {0, 11 sem -Markov process, wherein an

i denti fi ceDicansiogs nade between the states and the nunber czaBm/@ngy unity,
Wi th corresponding rate paraneters Xui5 u. Furthernore: G=r(gu, au) ifdU=+1,
[4] 15 G=Gif dU* +1, [5] wherein F stands for a Ganma di stri bution
wth a scale paraneter g and a shape paraneter a. Thus the distribution r
(g, a) hindepepden IjakBirices variance g2 (X Wen the seni-Mrkov process U
junps fromstate {0 } to state { 1 } then the logarithmc link-price X
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i ncreases by G Wen the 20 sem - Markov process U junps fromstate {{ 1} to
state {OVihee pddiden Ohnd Progesk -fpr ileng-iRngEepb a8RIke-pYd HEMB JFENS nbivited hat

it previ o . . 0 L t erm i an ga
s r opp e DO AR SAB ! BERARAIIREN, b Ul Bt TRRED D
in Sts cprocedt caf deetdrmed asy ax BhcckIREgihleyRelieqing prdcess AOSRR plocédsET RS
given by the rate paraneters ku, u 25 V is a Poisson process with a
cor r espoRrRakesSds Eudn thah ifethergrvegre me metyprk ggpundithg sipgle digk ghep) the dinkprisepp [ 6]
r (gdow IR A down WO 02/ 085045 PCT/1B02/01187 16 Junps may be
equal |y Bpg@ggkéobﬁsgggﬁmdirections or not as determ ned by the probability
of an up junp. These junps act additively on the logarithm of the
Iink-pri§é=b%dna hence represent a nultiplication of theldurrent
link-price p. '"qis the speed of |ink-price reversion to the average
l'i nk-pri gg knex $G- Khat seavme+dd@+ddwi ng 5 Browni an notijon dW of
short-termlink-price change increnents; v is the (positive) instantaneous
rate of average |lipk-price decrease and there is an uncertainty p about
t hil€ rat€X=WH86hpﬂg al so referred to as exponential inprovEment v. Since X
= log p, log-normal changes in the link-price p are hypothesized. dZ is a
Br owni anUniptait@o seite | @g-sesiiMlarkon sroeedse &heeamngeidemeficaion i Smudcodtivetathed
with the short-termlink-price change increnents.

states and the numbers zero and unity, with corresponding rate parameters Ay, L.

Furthermore:
G=T (gu, w) if dU = +1, [4]
15 G=G if dU = +1, [5]

wherein I" stands for a Gamma distribution with a scale parameter g and a shape parameter
o.. Thus the distribution I (g, o ) has a mean go and a variance g* o.. When the semi-Markov
process U jumps from state {0} to state {1} then the logarithmic link-price X increases by G
and the mean go to which the process U is reverting also increases by G. When the
20 semi-Markov process U jumps from state {1} to state {O} then logarithmic link-price X
decreases by the same amount that it previously increased by and the corresponding extra
term in the mean g is dropped. Thus a link-price spike is created. The link-price p will stay
in its current state for an exponentially distributed amount of time as given by the rate

parameters Ay, Lu.
25 V is a Poisson process with a corresponding Poisson rate parameter Ay and

I (gup-Qup) if jump up

H= { =T (gdownBdown) if jump down [6]



10 X is called here an average |link-price because it is the value towards
which the link-price p reverts. It is not an arithnetic average. Since
there i s womteslage there is no requirement that the proeesgaBizoias?
Martingal e under any particular risk-mweutral neasure. The link-price
process nodel is hereinafter described in nore detail. Since the process is
a sem-Markov junp diffusion with regime-swtchi ng, t he present determ nes
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Price junps are observed in oil prices. Gven that.the owners of

| ong- di sBecauee nimmodity ahakets often show a reversion to some long-run mean and

telecommunication is expected to be no exception thereto, an Orstein-Uhlenbeck process is
used as the model. However, in a departure from non-manufactured commodities, e.g. oil,
20 wheat, etc., there are non-zero expectations on the speed of telecom capacity development.
The long-run mean X, logarithmic in price-terms, is expected to mimic the technological
development of communication capacity with its exponential improvement v. The degree of
the exponential improvement V is not known, but an estimate may be used therefor. Whilst
single-mode fiber capacity has shown exponential growth, the development of multimode
25 transmission, e.g. DWDM, has radically improved capacity. Other such disruptive
improvements are possible, e.g. long-distance transmission with no repeaters, all-optical
switching, etc. This uncertainty is modeled with the scale p of the driving Brownian motion
dZ of long-term link-price change increments. These factors represent random variables

which drive the market induced price change dX.



10 forman oligopoly there is a potential for link-price junps. These junps
may be local to a single link or nore general. Junp occurrences are

nodel ed hwoe2m830m5 a Poi sson process with a given rate thacTdBexoiigres how
many junps are expected per unit tinel?7 These junps may be positive or
negative and again are nodel ed with Gamma distributions Dependent Link
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| i nks of e alternative represen &n i ndi visible
contract. Not all contracts offered on the narket may be indivisible in
gener al . DependemsiinkaReicehe fol | owi ng speci fication of geographi ca
arbitrage is given: Definition 2: A geographical arbitrage opportunity
exiist s waeforiu|dfi gdpendenat I RtiveerC diffdrent Enlbptitdsutatl beOmodelsd NgY entesuticingCt

and when the total price of the substituted contracts is |ess
correlations in the driving Brownian motion dZ for the long-term variation and the driving
Brownian motion dW for the short-term link-price variation, between different links. A more
network-specific form of dependence, namely geographical arbitrage, is however examined
here. The introduction of a correlation structure across a node allows to model the
20 introduction of a node on a previously undivided path. If the new node is actually redundant
and all demand and supply actually crosses it, perfect correlations can be used in the driving

processes on both sides of it. This does still permit separation of rare events on either side of

the node.
Geographical Arbitrage and Liquidity

25 Geographical arbitrage is the term that is used to describe the existence of at least two
different end-to-end link-prices between two nodes that are joined by a single link at a given
end-to-end QoS. These two end-to-end link-prices may each be formed from one or more
links but will both provide a minimum specific QoS level. In a liquid market this situation

will not persist when all other factors are equal. The following definition is given:



10 than that of the single contract. The QS is assuned to be equival ent
between the single contract and the end-to-end QS of the substituting
cont r act swoSRfgdoas geogr aphi cal arbitrage provides an i nmedcatiBoxawsmar d
pressure on the link-price of a singl8e |ink. How fast this pressure acts,
depends on hom1easy the substitute path isto identify, and hOM/quuid t he

mar ket ecrease in the |i ice of a sin lin lies t
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liquidity can act to increase the |ink-price under sonme conditions. I|f
soms of tAéinkeemoskntoin GRpeEsibleycomsrach donallsantraéts edfehyd o tiey matkiev @sayt e t he
single |link then, depending on liquidity, when the single link is the
cheapest irdipiaibla ip greewebdroritha) capripsifatlewingripecifioation ofigepgrapbicelasbitiagg lie
link. This increase of demand will act to increase the |ink-price of the
singl e | #h™ 25 The conpetitive situation on single links will also be

i mpor t ant . If there is only one provider, or if there is only one provider
left wit li)eé‘qmtm aa@agmgyaphtqabnrbumeomortunw sisisevhappimaiplp eerdegisecapnbe he
single-li he cheapest .path b endpoi nt s

nodas. ARSI Fr heet spuTet ard SHER I ol B ARG Bt BB issrty and
by fighe p'ﬂ'ta‘itethapf)f tHaes; @eeﬂﬁct AHee)bStié \Aeuﬂetihovuetéquﬁm&ﬁlyeweﬁ%e Ghrple WO
02/ 085045 PCT/1B02/011 19 In the follow ng these ideas are put together

On a gi vehntracnkndaélbweéﬂo b Qad @é the substitutgrg comitiacts. i ndi vi si bl e contracts are
available in the market, here exenplarily the first |ink ab, shall be

defined gimfle Ro m%tqp&taladrbu@gé B&vtdas,ant%&ﬁtmswntvm pressale BPEHR BniApdld he

second node b rovide at least a QoS q. The set of prices PA = {Pk
k E Aabqpf acsmgkr llalesHQ\héasotigerpmwreactSI dﬂpepda erowkeafsmheﬁmib@ptuwmdnh iegpect
to geogr ap ra e next link-price p' observed in the market
for this! q#f ?F lon ‘H?“P 'S qis given by p Eby = (1 + e -t ec f
(PA, Pabq)) Paby, [71 wherein pabq is the previous observed |link-price on
t hd3l i nk Aalecatase e th@olkgprice of a single link implies that some part of the total end-to-end

demand has shifted from that link to a cheaper alternative path. The increase in demand in
the alternative path should result in a link-price increase on all links of that path. The
question arising here is how to quantify the effect of movement of demand from a link to an

alternative path at the link-price level.

20 However this is not the only force on the link-price of the single link. Market liquidity can
act to increase the link-price under some conditions. If some of the demand for capacity is
being satisfied by alternatives to the single link then, depending on liquidity, when the
single link is the cheapest capacity between its endpoints demand will shift to the single

link. This increase of demand will act to increase the link-price of the single link.

25 The competitive situation on single links will also be important. If there is only one
provider, or if there is only one provider left with spare capacity, then there will also be
upward pressure on the single-link-price when it is the cheapest path between its endpoints,
i.e. nodes. This upward pressure will be limited by the elasticity of demand and by the price

of the cheapest alternative path with an equivalent QoS.



10 This will be conbined with the stochastic process for the first |ink ab,
as described further below Here e-' describes how fast the no-arbitrage
correcti owofoesso4pabqg), i.e. the devel opnent that servesPCa/IBemys t he
arbitrage situation, takes effect. Th® relaxation constant 'r is the
gquantification of the systemliquidity. The liquidity is the speed with
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pl ace. The case where there is just one cheaper alternative path 112 i.e. a
si npl e gésydiakiapcaithe @gS gripgivead¥ opportunity, is exanmined next in nore
detail. In figure 2a the dependence between the demand q and the price p
on the fiprst | ikrksalypl .59 The dependence shows t hat e |lower the
price p, Iptbﬁe(hi ghe(rmlps%)t hjg(%?émand g because a hi gher per cyr}t age of the

net wor k sers is willing tq buy nefwork c city at a. lgwer price. This
curve | s "OBIGTRRRih e SRePDS DBkaase pEfe A hd 1857086 curve. A
correction on the direct link, |abeled d here, fromthe observed price Pd
on that Link ..d to the ne [i.c '.on_th a [.nk has the effect of
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percentage that creates a demand for a specific price. The tot al

end- t o- eticht dawenth femavhehqetbimage Buatiors talsss efifebl. &ht orelagatianedcmstant Tiis thehe
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shays anngraspberaftion rébuftf.er ent graph in which between the first node a and
the 10 second node b four different paths are present. A demand shift

(-X-¥-2) R0 £0EOR ?t(ph,\, beJH Li§S referred to as network function, encapsulates the degree of the
arbitrage opportunities available relative to the observed link-price p for the first link ab and
the appropriate correction to the link-price p. The no-arbitrage correction function f also
embodies the speed and extent to which applications and electronic agents can re-balance

20 the flow in the network G, on the time-scale of network link-price development. The

link-prices p on the alternative path I, will also be affected.

If the observed link-price p is the cheapest alternative out of pa then there is no arbitrage

opportunity and no correction takes place.

The case where there is just one cheaper alternative path I, i.e. a simple geographical
25 arbitrage opportunity, is examined next in more detail. In figure 2a the dependence between
the demand q and the price p on the first link ab is shown. The dependence shows that the
lower the price p, the higher is the demand q because a higher percentage of the network

users is willing to buy network capacity at a lower price. This curve is called the demand



here in a corresponding total demand shift on the other, alternative paths,
in that one path receives a correspondi ng demand shift (x), another path
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G ven that the nodes will enploy the sanme or simlar technol ogies for

bandwi dt dppsamemalybnksriclenghgtthahe same padh.al supply on each |ink should be
dom nated by the sane set of |ong-distance providers, the factor is is

asgyned TR BEmAMY foR @GRS arfhd nlokiBlkd wilthe ceARafidktici®f hilicheh 8] =t Ag-=nodes
can be altered at the speed of bandw dt h managenent operations (very fast)

and t he wheeegenthalquentity defnandddeatiangpedifie lmktpraceymiRy iofhelmivdwladti¢ityi of thhi s
time-scale is close to zero. Therefore, the ,gupplx wi |l be{; very el astic and
bi gger t ndyqs and A is a scaling factor. Supporting evidence for the use of such a curve for
bandwidth is given, but a linear approximation of the type q4 = lsp + my can be seen as
sufficient. This is because link-price corrections resulting from geographical arbitrage are
20 small relative to the link-price level. So for each link d, the factor l4 is computed as the slope

of the tangent of the constant-elasticity function at the current link-price p.

The demand elasticity E, is uniform across several links and can be estimated from
real-world data. Since the time-scale is here relatively small and the elasticity Eq of the
demand qq is generally inversely proportional to the time-scale, values of Eq> 2 are plausible
25 including the case of completely inelastic demand qq where the elasticity Eq goes to infinity.
The scaling factor A can be estimated from market data (price and transaction volume), but
in the absence of such data, the scaling factor A can be assumed to be constant and uniform

across the links, with A=1.

Constant elasticity E; of supply is assumed, i.e. the market normally operates far from the

30 point of drying out, which is expressed as q; = sp + m,. In a short time-scale expanding the
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A simple arbitrage case can be resolved by treating the demand q4 as a network flow which
15 is conserved point-to-point, i.e. node-to-node while being allowed to shift from the direct
link d to an alternative path so as to achieve a load-balancing effect. The result of the

correction should be a state in which
Pa-ZeX = Zpi+ .21 zZX [8]
= =

where n is the number of links in the alternative path and z = (I, - 1y)"' is the change in
20 link-price p resulting from a unitary change in quantity demanded. In this state there is no

more arbitrage, so no more correction takes place. Solving this equation for x yields

n
Pd —ZIP.‘
iz
n
24 +Z|Z,'
i=

[9]

X =

Knowing x, the direct link’s price is corrected to
Ps’ = - ZaX [10]
25 and for every link on the alternative path it is corrected to

pi’ =p+ zZiX. [11]



hnnh10 pd - Zd iy- Xi =iEPi +iE ZiXk +i- F k Zki Xi [12] where Zki
=Zik =17 [13] jEkfli is the sumof z's for all links that the alternative
pat hs k awo o2/oBsv® i n common. The added conplexity in thecprmByi/aus
expression ari ses because the paths w2l | generally not be disjoint. 15
Also, x>-0. [14] Lk is the arbitrage size, i.e. the absolute difference of

pr oposed I ces between the first node a and tg s cond node b on one hand
and the ﬁ%‘ﬁraklyow ﬁ?ﬂgr‘i‘ﬂhllf@ll aghitfage FiHRAUQRS Mhase Myillghe t%\toepatﬁ%tﬁo‘b‘éec?‘%%w‘h? ten
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tk or revi ous expression
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equations, for all alternative paths k, using matrices: 25 Sx-D=0 [17] WO
02/ 085049emwe¢i BOb¢ @mhmosnm thighiatpdiex ﬂ(amaxszbsntmqn ®f S@ {lteg]ative pat her

S i b dirgds b i it byl s e wherttlei b 31 1 sl btk o paginb:
opt i m Za%it%at@vé)fi’zltﬁ'rﬂ. THfe HR5BeSo ndPto-End®Ho® oI &0Bstilite path IT even though

each link may have flow. Thus in general, end-to-end flow cannot move from a multi-link

substitute path IT to anywhere, which suggests this restriction. Then the no-arbitrage state

for the direct link d and the alternative path k can be written as

h n n h
10 Pd—2d X2 Xi =X pi+X ZiXp+_ X  ZiXi (12]
i=1 i=1 i=1 =1, ik
where
ki =2k =L} [13]
jekri

is the sum of z’s for all links that the alternative paths k and i have in common. The added
complexity in the previous expression arises because the paths will generally not be disjoint.

15 Also,
x>0. [14]

Ay is the arbitrage size, i.e. the absolute difference of proposed prices between the first node
a and the second node b on one hand and the path k on the other hand. The no-arbitrage state

can be rewritten as follows:

h
20 (Zd +Z z,) Xk +HE#k (za+z1) xi— A =0 [15]
or
h n
E] (za+zu) xi—= A =0, Zik =i§l Zi [16]

The previous expression is extended for the path k to the following (h by h) linear system of

equations, for all alternative paths k, using matrices:

25 Sx-D=0 [17]



is an arbitrage size matrix and Sis a price-change matrix, is the form of
a standard linear 10 programm ng optim zation problem where progranm ng

i s meant wio ihesiggnse of nethod, not conputer program Li mearBp/agsanmm ng
problens are typically solved by eith® interior point (polynom al worst
case) or sinplex (exponential worst case but very good in practice)

nmet hods. There is a practical problemhowever with the construction of the
matri x SY™Fecause this matrix requires all sinple paths with a price |ess
than the price of the direct link 15 pab to be found. Sinple paths are

t hose wi txh= O mepeat,ac>B8dges. Efficient algorithns for thdl8K-short est

sinmpl e path problem in the sense of being polynomal time in the worst
case, e>sls% +t(J£!))th? ngstyyefficient requiring K known in vance. However,
there is etter ternatlve that allows to avoid constructing the
price-change matrix S before starting the optimzation. Uslng t he

i terati verSEPdnti ab¥cri 844-HBél ow, the constraint x > 0 i 42@voi ded 20
because it always holds inplicitly fromthe construction, so the

| oad- bal apgi ng uses matrix inversion at each step. Algorithmfor Iterative
No- Arbitrage G ven is the graph Gh of link-prices p and the direct

l'ink- prlﬁ)e E% for,the direct link d. Wth 25 the expensi[¥ﬁ path set being
R=4d éfsz any path in Ris C(R) = pab. 1. Find e cheapest path
fromthe node a to the node b. It is supposed that the cost for this path
is pnext and the path is ynext. WD 02/085045 PCT/1B02/01187 24 2. If C(R
< pnext then the process is finished because no arbitrage possibility
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15 P to be found. Simple paths are those with no repeated edges. Efficient algorithms for the
K-shortest simple path problem, in the sense of being polynomial time in the worst case,
exist with the most efficient requiring K known in advance. However, there is a better
alternative that allows to avoid constructing the price-change matrix S before starting the
optimizatton. Using the iterative scheme described below, the constraint x > 0 is avoided

20 because it always holds implicitly from the construction, so the load-balancing uses matrix

inversion at each step.

Algorithm for Iterative No-Arbitrage

Given is the graph G, of link-prices p and the direct link-price p., for the direct link d. With
25 the expensive path set being R = d, the cost C of any path in R is C(R) = pyp.

1. Find the cheapest path from the node a to the node b. It is supposed that the cost for this

path IS Prex and the path is yaex.



entering path is | oad-balanced with the paths in R at each step rather than
| oad- bal ancing the direct link with all cheaper paths. This iterative

pr ocedur eworplos@is | y ensures that the final solution haspTaB®&/di1s7_ 0O

wi t hout having to inpose this explici2dy. 15 Conbined Price Process Two
sources of price changes for a link (contract) in the network contract

graph Gi,h been roposed. a ochastic roc
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(no-)arbitrage effects. This term enbodi es the network function f, and the
25 fact od. R¥ Bliys: the role of the previous liquidity termT. dN describes
a stochastic process that is zero whenever no geographical arbitrage
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stochastic process term dN gives the appropriate correction to renove
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measure since the un derlying good is non-storable. is woul d becone nore
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wherein 15 and Id are the factors derived

15 Combined Price Process

Two sources of price changes for a link (contract) in the network contract graph G, have
been proposed: an SRR stochastic process and a load-balancing process following
exploitation of geographical arbitrage. Both approaches may be combined to obtain the

following stochastic differential equation:

20 X =log(p) [22]
dX = n(X+GU - X) dt + 6dW + GdU + HdV + ydN [23]
dX = -vdt + pdZ [24]

These are the same equations as explained above, except for the term YdN to describe the
geographical (no-)arbitrage effects. This term embodies the network function f, and the
25 factor y plays the role of the previous liquidity term 1. dN describes a stochastic process that
is zero whenever no geographical arbitrage effects are present. When geographical arbitrage
effects are present, the stochastic process term dN gives the appropriate correction to

remove arbitrage from the previously observed prices in the contract network. The above



fromthe linear approximations for demand gqd = I dp + and and supply gs =
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Il for deweraziossongy a price 15 difference between the pricecuiBaoiugi ng t he
specific link ab, ac, cb and the pric® for using instead of the specific
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specific link the alt ative path. 11, ip response t he det.er m.ned
orrce df Prisrore i vl RS B8 oirusnanl R RER i, By LAY
cor r espoffien@aleion kheddt AckiBnEWamdengXaseN each of the links ab, ac, cb is
calculated (1V), i.e. WD 02/085045 PCT/1B02/01187 26 ZabXab, ZacXab,
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shifted, on the link-price p for using the specific link. .
conbi nat a specifiemomendl anhalse e iespesctive ghangedn dakeprive pergstlting fiom s@ndiynges

th [ f [ t ifjg link f |1 1inks i h t k G
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li nk. Thfr%rrfrﬁfénﬁnetahﬁg)pl%s?fmétféﬁs febr @dmard, ahi,}i hem %Hf%u%ﬁ?@b: 1,p Z2Bagre
ZabXcb are conbined to a conmmon termdNab (VI). Here thisS neans that the
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re resen'a]i{a demand f romt hat ter.ns,. st emi ng
fr

low 10 a f | {.nk, ,while t
A t heddferce |bF'ﬁ’Yf§“ éﬁeepré%?d%ﬁgrgqs%thf ﬁB?flﬂC imll(( ab, ac, b angeihe price for using
instead of the specific link ab, ac, cb an alternative path II in the network, which does not
comprise the specific link, is performed. For the first link ab this means that it is checked
whether pa, > pac + pev- If this is the case, this means that the alternative path I1 is cheaper to

use than the first path I1,.

20 As a next step follows a change-calculation step Il for determining a link-price change in
the price p for using the specific link ab, ac, cb, and a link-price change in the price p for
using the links in the alternative path IT,, in response to the determined price difference.

Therefor the equation [9] can be used.

n
Pd _le’i
i=

X = =
z,/+Z:|z;
&

(9]

25 This represents the demand shift x being effected by the determined price difference. It is a
shift-calculation step III for determining an amount x of an existing transport capacity
demand qq that is to be shifted from the specific link to the alternative path I, in response to
the determined price difference. This can be done for each link ab, ac, cb. Then the

corresponding link-price change zx in each of the links ab, ac, cb is calculated (IV), i.e.



represent demand flow comng to that Iink. This means here that: dNab to
(- ZabXah+ZabXac+Zabxcb) = g /)ab [25] and in general: -zabXab + L zabXij
dNab = t ogorop/ossemsb .r.rrab [26] 15 This termis then nul PCpliBexb1st h t he
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arbitrage is renoved. Next follows a nerging step VII for rrergi ng the
determ ned total price-change WiNab with a market-lndUﬁ g ri ce change in
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Br owni an .noti g dW dZ, a Poisson process dV and a seni-Markov process
du. This Wﬁ%‘?‘cﬂ‘ﬁﬁuced price change is nerged with the determni ned total
price-change dN to define the logarithm c price change dX and eventual |y
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ri(X+QJ t o+ rdN 23] . dX = -vdt + pdZ [.24
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t he equatij,on Z.k&l. albasoaibingl depeavdance tafn Ng (V) KHerecthispmeons tHae ther exrimous
price p on that Ilink and on the other |inks, and on the liquidity, of the
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alternative path 112. The new price p' is the price that based upon the
observed %Ja ]g)r s(wdafhzatxmzbb&w%t he previous price p on the cific 10 link.
Thi s newd P C canP$e cal cul ated for several of the Ii , formng a
subnet wor k of the network Gn, or for the whole network Gn itself. Since it
i s the nandingdendiabire of an entity

~ZabXab +i 'eAZi:abzainj
dN,, = log e [26]
15 This term is then multiplied with the liquidity term y, which embodies the factor that

describes how fast the arbitrage is removed.

Next follows a merging step VII for merging the determined total price-change ydN,, with a
market-induced price change in the price p for using the specific link, to calculate the price p
for using the specific link, wherein the market-induced price change is being driven by at
20 least one random variable. As described above, here the market-induced price change is
modeled as a combination of two different Brownian motions dW, dZ, a Poisson process dV
and a semi-Markov process dU. This market-induced price change is merged with the
determined total price-change dN to define the logarithmic price change dX and eventually

the new price p’. This means that by use of:
25 X =log(p) [22]
dX = n(X+GU - X) dt + 6dW + GdU + HdV + ydN [23)

dX = -vdt + pdZ [24]
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foll owed by an integration step wherein the discounted price series are
supplier, personal or business preferences, etc. This step can of course be automated by
giving the corresponding system the decision rule according to which the decision is taken.
20 This decision can influence only one unit, or also be applied to a stream of such units. The
decision-making unit can hence make a decision at any point in time, depending on the price

development, or make its decisions only at predetermined moments.

Once a decision has been made a demand-change-step can be carried out in which the
demand qq4 for transporting the unit over the specific link ab or the alternative path I, is
25 decreased or increased in response to the calculated link-price p. This step effects a

demand-routing in accordance with the calculated price p.

The price development is not only of interest for network users but, as it is the case with
stocks and stock options, may be of interest for entities who want to make a profit from the
price differences. Therefore, the price calculation can also be used by those entities and be

30 followed by an action-step comprising one of a buy/hold/sell action for transportation



integrated for the network Gn or a sub-network thereof, for obtaining
therefroma network present-value for the network G, or a sub-network
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wherein the transport capacity of the specific link or a different of the links in the network
G, is changed in response to the calculated link-price p, e.g. by changing transmission
equipment, such as switches, cross-connects, repeaters, multiplexers, amplifiers, fibers, or
20 settings thereof. This can be particularly done by using a network hardware that provides the
functionality of allowing to change network-specific settings, like a controllable transfer

capacity, damping, amplification or the like.
Price Development for a Simple Network

The combination of link-price processes with Geographical Arbitrage and Liquidity, referred
25 to as GAL, is considered as new. Hereinafter a study of a simple network is presented to
help build up intuition. Considering an undirected triangular network as shown in figure |
where two of the links, i.e. sides ab, ac start at the same price p and the starting price pe, of
the third side cb is varied over different simulations is taken as the most basic market setup
where geographical arbitrage can occur. This gives an isosceles triangle with respect to the

30 prices p. Varying the ratio of one side to the other two sides between 10% and 190%, the



10 In figure 5 the results for the existence of arbitrage, i.e. how nuch it
happens in this setup, and the Net Present Value (NPV) of these arbitrage
opport uniwoag/s®kati ve to the NPV of the whole network, @ca/Bowomsi zed.
For all NPV cal cul ati ons continuous cwnpounding with a constant 5%
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net present value for this arbitrage.

20 As expected, arbitrage opportunities increase in frequency with increasing volatility, as
depicted in the upper panels (a), (b) of fig. 5, whether this is short-term price volatility or
from the volatility of the long-term price trend. Short- and long-term volatilities have
different effects both in magnitude and in their relation with the shape of the network. This
may be because when arbitrage occurs, the price that is affected is the observed price p and

25 this feeds back directly into the process for p. Hence, when interactions with the long-term
trend contribute to arbitrage this long-term trend, the mean logarithmic link-price X is not
directly affected because it is the link-price p that is changed by arbitrage. Also in the base
configuration, i.e. with zero volatility, there is no arbitrage and hence the long-term trend
tries to keep it this way independent of any arbitrage effects. There is no connection between

30 . the long-term-trend price processes, so, if there was no arbitrage for them to start with, they



link-price X are scal ed down by the speed of the nean reversion B. 10 GAL
Effects on Qbserved Prices It is assumabl e that the geographical distance
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the ratio of the side lengths. For very
Figure 6 shows the percentage change in the mean spot price p after one year, here 252
trading days, and the standard deviation of the observed changes in prices after one year as a
percentage of mean prices. Fig. 6a shows the mean price change on a fixed-length link
20 versus short-term volatility. Fig. 6b shows the price change on a variable-length link versus
short-term volatility. Fig. 6¢c shows the standard deviation SD of the price change on a
fixed-length link versus short-term volatility. Fig. 6d shows the standard deviation SD of the
price change on a variable-length link versus short-term volatility. The numbers for the
different lines, at the right side of the panels give the number n for the sides relation n:10:10,
25 i.e. increasingly obtuse triangular networks. The crossed line gives in comparison the case

for an isolated link (iso).

There is a change in the mean price observed after a year even without network effects, i.e.
arbitrage-induced load-balancing. This is a common phenomenon in stochastic calculus for
processes involving logarithms where volatility affects the mean and is even seen in

30 geometric Brownian motion. It means that changes due to arbitrage effects are compared to a



acute triangles, either of the fixed sides can easily cause arbitrage,
whil st for very obtuse triangles only one side, the variable one, can
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effects on the prirce - price variations - geogr ap
ar bi t r agéhaapés are con51dered. Thus in the most acute case, 1:10:10, the arbitrage effects push the
20 triangle towards 2.5:7:7 after one year. In the most obtuse case, 15:10:10, after one year a
push towards 14:10.5:10.5 can be seen. The case 10:10:10 does, as could be expected from
symmetry, appear to be a stable configuration in that its observed mean price changes little
relative to the baseline. While arbitrage effects may push towards a symmetric situation, the
long-term price process will act to maintain the original side ratio. Thus the stable limiting

25 configuration for non-equilateral triangles will not be a symmetric 10:10:10 configuration

but will be some balance between the two opposing forces.

Effects on the standard deviation of price changes are also mixed. There is a clear
progression in the effect with increasing side ratio. For the variable side the standard
deviation (SD) of the observed price-changes decreases going from acute to obtuse. The
30 opposite is observed for the fixed side which approaches the baseline for increasing

obtuseness. The variable-side SD crosses the baseline and continues to move away from it.



be at least as inportant as the effects on the price fromthe stochastic
processes affecting each individual link. GAL Effects on Network NPV

Fi gure 7 wioaemsione ef f ect of geographi cal arbitrage |iqui ectyBaoiisee NPV of
a triangular 10 network. In its uppe32 left panel (a) the relative NPV
versus short-termvolatility is depicted. 1In its upper right panel (b) the
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of 12% f picodRFate MeladdRionkll eTfegl gﬁhe network, i.e. the connected links. 1T
This NPV is the sum of the NPV for each edge of the triangle. As before for price changes
on the individual links the baseline, isolated link, triangle NPV changes (increases) with
20 increasing short-term volatility, as shown in the right top panel. The difference between
different networks with different triangle ratios is less significant than the change in NPV
relative to zero volatility which is nearly 140% of the zero-volatility NPV. The spread on
triangle shape is less than 10%. There is even less difference for the triangle shape for the

SD of the network NPV in terms of the mean NPV for the same short-term volatility.

25 The lower panels (c), (d) of figure 7 show the additional effect of geographical arbitrage on
the network NPV. For acute triangle networks there is a decrease in the mean network NPV
of up to 10%, as shown in the left lower panel (c) of fig. 7. This gradually changes with
increasing obtuseness to an increase of more than 2% of the mean network NPV,
maximizing at around equilateral configurations, and then gradually decreasing. Changes

30 only become significant for short-term volatilities of 50% and higher. There is always a



5 Thus, network effects affect the total NPV around the triangle nmuch |ess
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Price Development on Network Market

A realistic international topology is used to analyze the applicability of the results.
Specifically, the potential presence of triangles of link contracts and their side ratio

20 distribution is quantified.
Contract Network Construction

Next, a real-world version of the graph of indivisible bandwidth contracts is constructed.
Since the market is today at a stage of expansion and transformation there is no single data
source at present, certainly nothing like a topology of the underlying link contracts. One can
25 construct a plausible future topology using information on commercial optical fiber
backbone maps, node operator deployment plans and trades on the OTC bandwidth
marketplaces. The result is a map of what could be offered by providers in the bandwidth

market as indivisible contracts.
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Contract Network Topology

Further above it was shown that network effects are found to be most pronounced with acute
angle triangles where the side ratio is 1:10:10. There are 187 triangular subnetworks.

20 Allowing the two "fixed" sides to differ by only 10%, 86 triangles remain, i.e. 46% of the
total. Loosening this requirement to 20%, includes 129 triangles (69%) and to 30%, includes
175 triangles (94%).

Fig. 9 shows frequency histograms of the triangle-side ratio-distribution for these three
cases, using 10%-bins. These ratios are constructed from geographical distance ratios, not
25 observed prices. However, at least some network costs are roughly linear with distance and
these will dominate the mean trend v for long-distance paths. The black bars are triangles
where two fixed-length sides are within 10% of the variable side, the grey bars are for 20%,

the white bars for 30%.

The most immediate observation from this subnetwork classification is that there is a big

30 number of acute-angled triangles (1-5:10:10) and that this does not change with a loosening
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observed prices by shifting the demand to cheaper alternative paths at equivalent QoS.
Geographical arbitrage is a common feature of even highly liquid markets occurring on up to

20 35% of trading days. The effect is most pronounced for highly acute angled triangles. The
short- and long-term volatility lead to different quantitative and qualitative network effects.
Short-term volatilities of up to 200% in the individual-link processes are mean-reverting
with a negative drift, so the actual observed short-term volatilities, without the network
effects, only go up to 80%. The arbitrage-NPV is up to 2.2% of the network value with a

25 high short-term volatility, but is insignificant (less than 0.1%) for a long term volatility p of
up to 40%.

In the simulation, the prices for network links decrease on average to reflect a decreasing
technology cost v. Changes in the mean prices for the network links are altered by network
effects (geographical arbitrage) and the difference increases with increasing short-term

30 volatility. The price-change could be in either direction depending on the triangle side ratio
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Instead Qfeate or sustain cartel pricing. In electricity markets, and possibly in bandwidth markets,
spikes are usually the result of a lack of overprovision for peak demand of the resource
20 combined with either equipment failure and/or some correlated increase in demand.
Geographical arbitrage is a new factor for price dynamics not seen in other commodities.
Load-balancing together with economic arguments can be used to move out of arbitrage

situations and thus have a network effect on the link-prices.

Many applications of the described method are possible, some of which have already been
25 illustrated herein: valuation of network infrastructure; design of network asset portfolios;
decision support tools for network expansion or new-node location; price-scenario
modelling. For example, recall that the value (NPV) of all three sides of a triangle is almost
self-hedging with respect to network effects. Without a method to generate price scenarios
for network infrastructure no quantitative optimization is possible and that is also an

30 application of the current work.
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02/ 085045 PCT/1B02/01187 38 liquid bandw dth_markets and shorter contract
peri ods 4 t%|f¢ll%ng,h@emgqume9& ther abpve pi@@crlbed method to forward contracts is

described. Derivatives, especially derivatives of forward contracts, are likely to be important
for risk management and hedging. However there is currently no method available to price
contingent claims where the underlying asset is a claim on some part of a network and
20 non-storable. To date, geographical (no-)arbitrage has not been included in the pricing of
contingent claims on forwards. Forward derivatives will be of larger importance for
bandwidth than for many conventional commodities because bandwidth cannot be stored for
later use. It is a non-storable commodity. Herein a method is presented to price a particular
set of forward-derivative contracts. A forward contract is defined as a contract in which
25 capacity is bought today to be used starting at a fixed date in the future and for a fixed
duration. Herein a method for pricing European-style contingent claims on forwards is

presented using no-arbitrage conditions and geographical no-arbitrage.

Today the instruments traded on bandwidth markets, mostly over-the-counter (OTC), are
typically forward contracts covering long (months to years) periods. This is partly due to
30 inefficient negotiation and contract settlement mechanisms. New switching technologies,

public pooling, and inter-connection points are expected to hasten automation towards more
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e.g. Anerijican,or Bernudan options. Herein . L
electricity where there 1s no storage capacity, e.g. in the USA and Australia, is that they are
both non-storable commodities. That is, there is no way to store bandwidth and use it later.
This has important technical and practical implications. This non-storability is the biggest
difference from conventional commodities although that machinery remains very useful.
The most important additional feature for modelling bandwidth, compared to other
25 non-storable commodities, comes from the network aspect in that, in general, several paths

are available at a given quality of service between any two points.

In the following it is shown how to price European-style contingent claims on telecom
commodity forward contracts combining previous work on non-storable commodities,
network effects and bandwidth spot-price modelling. An example calculation is given for a
30 call option on a forward contract based on realistic information. European-style claims have
a fixed date when they can be exercised. This is in contrast to more general-style claims that

may offer a range of exercise possibilities, e.g. American or Bermudan options. Herein
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Network Model

The bandwidth-trading market is represented by a contract graph G(V,L), where N are the
nodes of the graph and L are the links between the nodes. A link in the contract graph
20 G(N,L) represents an indivisible traded contract for the bandwidth between two nodes. For
concreteness one may imagine that a standard contract is for T3 (45 Mb/s) capacity with
deﬁnéd delay, jitter, packet loss, etc. and several time-scales of contracts are available with
standardised starting times e.g. every 15 minutes, hours starting at :00, days starting at
00:00, and lengths. This degree of liquidity is not yet present or at least not yet widely
25 observed for bandwidth trades but, considering how electricity markets developed, may be
an eventual situation. The nodes N are public pooling or inter-connection points where many
carriers are present with the capability to arbitrarily cross-connect between networks. Thus.

paths may be assembled in a supplier-neutral manner.

The bandwidth is offered for sale on the market in the form of point-to-point contracts that

30 will generally comprise several underlying links L at the network- or physical layer. Thus,
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is unique.

Herein the primary traded commodities in the bandwidth telecom commodity market are
futures contracts with fixed maturities and strike prices. The prices of individual futures
20 contracts over time are Martingales under the risk-neutral measure labelled O and being
equivalent to the real-world probability measure P, otherwise the futures market contains
arbitrage opportunities. The risk-neutral measure is a construct used in the pricing of
derivative contracts. This observation is independent of whether the asset on which the

forward is written is storable or non-storable because the forward contract itself is storable.

25 Because bandwidth is non-storable, there is no reason to expect that the spot price p will be
a Martingale under the risk-neutral measure. This does not mean that the market has
arbitrage opportunities because the spot is not a tradable asset. In fact the spot price process
does not exist in the sense that the underlying asset can be bought at one time and sold at
another time - which is usually the definition of tradable item. A spot price process can be

30 said to exist when it is possible to substitute the asset bought at one time for the asset bought



another tinme - which is usually the definition of tradable item A spot
price process can be 30 said to exist when it is possible to substitute the
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factor regfeedt.d) M%éﬁt%”&ﬂ lgfes equal . The fudge factor y is generally
rationalised as the 20 benefit fromactually holding the coomodity, e.g.

t he abi | Fuyures/Speh@iont)Linkaget enporary increases in the price p, also
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Eur opean res call "option is max(F(T, T) X,0) where Xis the strike
price, aWO I%()LT)mszguy,so al so the payoff is equal to max(%p X, 0).

where p(t) is the spot price at a time ¢; r is the (constant) interest rate; u are the storage costs,
which are a fixed proportion of the spot price p, and y is the convenience yield or fudge
factor required to make both sides equal. The fudge factor y is generally rationalised as the
20 benefit from actually holding the commodity, e.g. the ability to benefit from temporary
increases in the price p, also called shortages. A more sophisticated understanding of this
term is to do with long- and short-term price dynamics. This relationship does not hold

when the underlying asset is non-storable.
European futures options and derivatives

25 Futures options are relatively simple to price and herein futures call options will be
considered. At maturity, the payoff from a European futures call option is max(F(7,7)-X,0)
where X is the strike price, and F(T,T)=p(T) so also the payoff is equal to max(p(7)-X,0).
p(T) is not required to be a Martingale, although F(z,7) is with respect to t but not with
respect to T. So in effect the futures call option can be treated as a call option on the spot.

30 The Black-Scholes option-pricing formula is not valid here because it assumes storability of



p(T) is not required to be a Martingale, although F(t,T) is with respect to
t but not wwth respect to T. So in effect the futures call option can be
treated awoa2m8304s option on the spot. 30 The Bl ack- Schol eecagBomogr i ci ng
formula is not valid here because it @ssunes storability of WO 02/085045
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term ¢ converts this to the present value today.

The risk-free rate of interest r is known, which is assumed to be constant, the maturity T of
the futures contract F is also known. F(t,f) = p(?), so if one possesses a model for p(¢) then
one can calibrate that model to the market’s expectation as expressed by the Equation [27].
20 For example when the geometric Brownian motion dp/p = pudt +6dW is used to describe
stock prices, this calibration process results in the stock price drift term u being replaced by
the risk-free rate of interest r. After having calibrated p(f) to the market’s expectations, i.e.
choosing the risk-neutral measure Q such that the equation [27] holds, the expected price of

a call option on a futures contract F' with the strike price X is defined by
25 Eolmax(F(T,T)-X,0)] [28]
= Eo[max(S(T) - X,0)). [29]

Here it 1s not yet proposed a form for the price p(f), which is vital to these equations and the
option pricing. So far all network effects, i.e. geographical arbitrage, have been hidden

inside p(z).



Here it is not yet proposed a formfor the price p(t), which is vital to

t hese equations and the option pricing. So far all network effects, i.e.
geogr aphi walo2asssus r age, have been hidden inside p(t). WOPQZ/B8HA48T
PCT/1B02/ 01187 43 Equation [28] nay 4% generalised to obtain the price p
of any contingent claimC(0) that depends only on the distribution of the
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fromspot prices today to futures prices today and then to futures
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starting nths away Trom uary" 201 2001, i.e. 210
L1200, S5Ok DRSS B0 Ren oL K AOREL ARAE 0 BSCRSINS Mg e
Yorjs t0 losyAQaRhRRt (oD bBiwee thvd 168 iIoHE hAY Bfal thERMeB: Rl §bMcddhected set
of links, when this exists, may not always be the cheapest. The difficulty of discovering an
alternate and cheaper route leads to possible arbitrage opportunities together with the
dynamic nature of link prices. These arbitrage opportunities can be observed together with
pseudo-polynomial algorithms for their detection. This dynamic is contained within the spot

20 price process and already has been described above.
Example: Forward call option pricing

In this section the steps are performed to price a European-style call option on a forward
contract for a one-month DS3 capacity from New York to Los Angeles (NY-LA) starting 10
months away from February 2001 in December 2001, i.e. 210 trading days out, based on
25 data from Figures 10a, b and realistic assumptions. Fig. 10a shows the forwards curves for
DS3 capacity from New York to Los Angeles (NY-LA), with the delivery month starting in
February 2001 and going to January 2002, and with a contract duration of one month. Fig.
10b shows the forwards curves for DS3 capacity from New York to Los Angeles (NY-LA),
with the delivery month starting in February 2001 and going to January 2002, and with a



February 2001 and going to January 2002, and with a contract duration of
one nonth. Fig. 10b shows the forwards curves for DS3 capacity from New
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A constant interest rate was used for discounting the forward prices given in fig. 10 back to
the present. The used market-observed data were forward prices for December 2001, F(0,T),
and for February 2001, which were used as p(0). Having no observations of forward
20 volatility for December 2001, the value was set to 50% as a possible value. From fig. 10 it

can be seen that forward prices are expected to halve on this timescale.

Results

The risk-neutral probabilities O were obtained indirectly by calibrating the Equations [23]
and [24] according to Equation [27], i.e. the no-arbitrage condition, and to the given forward
25 volatility. Given that there are four equations and two constraints, the risk-neutral measure is
not unique. However, using the short-term volatility and the long-term trend as calibration
parameters should be the least ambiguous choice. Whilst this fixes the first two moments of

the distribution the higher moments are free and so is the shape of the distribution.



paranmeters should be the | east anbi guous choice. Wilst this fixes the
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i sol at edplefdibet AWk #ra&ﬁ QRfRIEqAABh: (29 F%u?e $i8 ICBﬁtaleSI e fo'wir &‘ﬂ the

15 forward price the difference in option valUes is | ess than 15% ove
thil® str opéorpraloes disccauppadrask tthale Sther(Q—F«sbrmrmam oaks oMEB((ED) With yespectoio ng

at Figure la, b confirms this i si on he opt on val ues are
becom ngStVéF)?“F%\}\P e samssnif: dis ‘%f{‘rg K Hhe U ges <of s‘%?r‘t"l’{ér“é‘ lj optioR v ‘H’étabfl}q ty

due to d{h‘féédlﬁﬂrelﬂt/ca%@?ép}pewEl%sehtm%cﬁ’BIHeP.” prices on 10-nmonth forward

contracts are very simlar to each other for the 20 networks considered,
i ncluding no network. It appears that for this case the inclusion of
geogr aphFigate B ﬁiawsatge pemehtagendiffdencanef thbealé npiiorepmes o the taometvotrkroasesssar y

- it suffi si.d |sol ed | i nk. prav ed hi accuracy i s not

- equi r eatafid b @ B roftediuk foe thikrames Bl Unioats i ARGt ien e
fongard Ry-haRr pride ﬁ’a@Rﬁﬁféx%ncé fh bftich ¢A8&, 1st19ﬁt m&h 4554 Amefthrsss&nké PRcdmeNt S
of the forward distribution is sufficient for network-independent option 25
pri ci ng. appeas tha theae hﬂemumm&:xbmsmblditybéoakmg ag Eggrea phi, babnimonsathisi impaggsions  a
hi ghly non- Ilnear conditi rese h+c) operat.or. The

reason iy UseoRfiay YERE s BEHoEnG VEY TPar i(es BER FIRLPEShe Chong is an
accumul afisQB; 1@ dhd'® I8 B9 ARNLAlbeAl bi trage condition falls

The option prices on 10-month forward contracts are very similar to each other for the
20 networks considered, including no network. It appears that for this case the inclusion of
geographical arbitrage and considering the entire network are not necessary - it suffices to
consider an isolated link provided high accuracy is not required and strike prices are not
extreme, e.g. less than twice the forward price. It appears, in this case, that fixing the first
two moments of the forward distribution is sufficient for network-independent option
25 pricing. This is rather unexpected because geographical no-arbitrage is a highly non-linear
condition, it resembles a a = min(a, b+c) operator. The reason may be that the forward is so
far into the future that the accumulation of the no-geographical-arbitrage condition falls
under the central limit theorem and results in a log-Normal-like distribution. If this is the
case then the small differences seen in forward option prices at ten months may be much

30 greater for shorter-dated options.



under the central limt theoremand results in a | og-Normal-1|ike
distribution. If this is the case then the small differences seen in
forward owbDicansimsces at ten nonths may be nuch 30 great @CTiIB02/01187
shorter-dated options. WO 02/ 085045 PGT/1B02/ 01187 46 It has hence been
shown how to price European-style contingent clainms on futures contracts
of the sanme maturity. This involves calibrating the spot price process,
whi ch r egt kasdienee beenrsbaws thowalgl peice divnengan-ptyleocantiageni ckems obSeturasFohtraets es

price, a tingal e under, the .risk-neutr negsure O The spot pric

P ocoss Skl Sk gy ubs Rerbis e Biethe SRR Poothoul R rafiteeht =
geogr aphinealstatlé tdontRedifNe the niBk&edbServe® TRRRSE ptie, S4 Magi@psle tifieS the

t hrough | oad-bal ancing. "For a European call option on a 10 nonth forward,

it is fouisknehmal mersursp@i The spotipsiss pavassy exidisihydaatudes nethvork effess, kptably
consi der al t hough the presence of, geoqr bcal no-arbjtrage requires
i T Pl oI TR A BHP SR RO EEe. Pk T8, P Bn (e RRMRoPic LB, Sr 5o E e
di ff er engei-BHlghcRHL F6M4 EGtopesn édliodhtiba%h.a WEonmth fbsy5@8EHIfahROhANAE opies e
differences may 10 increase for shorter-dated contingent clainms. Equally

t hi s respricesdaresindeniendens exf she ineywarkp cgnsidenga: plithnygh bbe praserceRefr gapgeaphial/| e

claims - th eneral ly .are affected b i fferepnces, in rice trajectories
or by t hapr g Baetes Rl SUbEiisS e L FHRRR dSyetk o8fipksd SaP
cont i ngenffGbtiedTrd frobest N6s REE ASYA! ¥nd Gt IO§RIulatdaCthhOiRE GiffdteN®s may
devel opment explicitly because one could rely on F(T, T) p(T) at maturity.

15 I nodedreasofer goner-dated nentingennelgimsuEqually s regulo doesomsy, netessavaly dmply ve
nodel I in uld, be used. The st, di rect extension of.thi rk is to
o o no. dPBRIEcARy L BRE EHiRRRAT-SPE el st SRR, e e o e epgy et o
forward pricEgafettoMes sl envdlope. dF(1, T) with respect to t. This
nodelling is non-trivial because then Fab(t, T) for each link (a, b) nust

be a Martingale and 20 the forward contract graph as a whole nust also have
no geogr dpti was chosen torfages on Eutogeaipstyle sontingenegipimsgt wasnpotyneresgary 40 fndghr d
curve nodel . w t hout dification.fromthe |literature a 1D it. These
odel s Wt B0 SO pRrioh PR ipet §erdiSe phd SRRLI Eof P rREEDy gharort)
geow aphimeahod bhdre aeeritodbteuiiéhts Sl dsawiﬁ@b%mn@pwmaﬂdmw@mbmlih@mwal e
property. This property would then have to be restored. 25 In conclusion

it has béemssgghown how to price European-style contingent clainms on forward
contracts of the sanme maturity using no-arbitrage considerations. Forward
pri ces wdhe musedirect extension of this work is to pricing arbitrary contingent claims. This uses

explicit modelling of forward price curve dynamics, i.e. dF(¢,T) with respect to t. This
modelling is non-trivial because then Fu(#, T) for each link (a, b) must be a Martingale and
20 the forward contract graph as a whole must also have no geographical arbitrage. It is not
sufficient to simply take a forward curve model without modification from the literature and
apply it. These models would have F,(t,7) as Martingales but then corrections for
geographical arbitrage would be required which would remove the Martingale property. This

property would then have to be restored.

25 In conclusion it has been shown how to price European-style contingent claims on forward
contracts of the same maturity using no-arbitrage considerations. Forward prices were used
as an input because bandwidth is not storable. Network effects are included via the spot
price process on which no-geographical arbitrage is imposed over the network at any point

in time and F(T,T)=p(7T) is used to make the link between spot and forward prices.



as an input because bandw dth is not storable. Network effects are included
via the spot price process on which no-geographical arbitrage is inposed
over the wetoaosio4mt any point in time and F(TT)=p(7) is wsadBoxmingke the
i nk between spot and forward prices.4MD 02/ 085045 PCT/|1B02/01187 47 The
descri bed enbodi nents are conbinable in part as well as in whole. It is

obvi ous f.or ihe. erson. skilled in.t art th t he ent. i hventLon, can
oo’y oar's A3 delineREREBAinEb 48 SotBind D R phrr ool in RIBRE s SBVIRIL K20

be i nmpl epepbedkilled & GRAN tAA (B Preb@t Miv@ntion cans: 2hlgdan haRINRL, 86ftwiiBt 6M Or
in a distributed fashion where different el enents are spread across 5
several icAmbinagan@étteasecHifputietas by inpiemented i peatiglizediashsen omwpe singde of a
conmput er __system - _aor other .ap t . d a i ut _t ods
Geseri bedomERif e of i Fey SRR MBS o R G UEHLNG o Sprb 08 4fFRN

sof tynar e sewfhidinRechnB@EE kampRiefPOS EorfiPipL ERtemss WetepdByWarlyhkiad GINPBéBputer
program that, when being | oaded and executed, controls the conputer system

such t hasystemc#r pthss apparatuhedaptedforearaerc oyt teimatiods fescribred pareigens suited.

i nventio 0.can al.so be embedded in onput e rogram praoduct, which
compr 1 sed AERTMANER S RENNER b SafOFR 1Bl R ot B PG et e
descri bedydiemhewith ArGmphiet hrograe that,0aes! Hethgaloaded Ml edxesited, eBdntrdl$ thd! e
to carry out these nethods. Corrput er program neans or corrput er programin

t he pres&pmpaighsysiam prckirihatriycassipy e sheomethofndesanibeddingeingkhe prospat twvention
notation, of.a . set pof.instructions intended to, cause a_syste avin 15 an
or B rat 81 PoEevePrise b s BRERY ared e p2ER BrRSHCAL AR o Breher

di rect|y epiblRlzttBE inShIEMEAta@6n HOHB ni¥thddiQict@ited Wertth, thd GHIMEY Whé@lohdedinod her

| anguage, code or notation; b) reproduction in a different material form

Any di sclcomputeesistsai nmisrblontgyrani osbibgsenaethels h one or several of the other
enbodi nents shown and/or described. This is al so possible for one or nore

f eat ur es @mpube RIRORIHRAL Sr coBPutkf profra@bii e preséiticonteREMEANarSKdxpk@iohn t he

art can nodify the shown arrangenents in many ways w thout departing from

t he gi st imany l%egliagvemdis@n nefatien ¢fsx sghebinsuscimas btended to salssagystam fuivangrs.

WO 2/08504%.PCR[|BOZ/01187 1&.C&AIN§ 1. gﬁthﬁﬁfoQ cahéuh?tin9 inﬂa

netWor k (B3 CFRACNIRETFUE SAPIONKY T RETTOR @ PEfjcHTaL TWSHER cftpyr directly or after
either or both of the following a) conversion to another language, code or notation; b)

reproduction in a different material form.

Any disclosed embodiment may be combined with one or several of the other embodiments
shown and/or described. This is also possible for one or more features of the embodiments.
20 It is obvious that a person skilled in the art can modify the shown arrangements in many
ways without departing from the gist of the invention which is encompassed by the

subsequent claims.



5 for using a specific link (ab) in said network (G ,), said nethod
conprising, a) a conparison step (Il) for determning a price difference
bet ween twe okiosdo4pri ce (Pab) for using said specific |inkcfaB)/amgy t he

price (pac, pch) for using instead of48said specific |ink (ab) an
alternative path (112) in said network (G ,), which does not conprise said
specific link (ab), 10 b) a change-@% Igtion step (11, I'V) for
determining a |ink-price change (Zcb aW|n the |link-price (pab) for using

said specific link (ab), and a link-price change (ZacXab, ZcbXab) in the
l'i nk-price (Pac, pcb) for using the links (ab, cb) in said alternative path
(112), in lrMephodder ¢cadeudating inax ratwprke(Gaptiak eorgprises diaks &b, eF, eb)copben@) on

step (V) for.conbining.for .sai,d.specific. |li h he determ ned 15
PR pr 1 ce. ciREATEE | DA BRI B MG S e hOE RSB RER. (Patny T or
using said specific link (ab) fromall links (ab, ac, cb) in said network
(G,), to 4 e&&fnﬁ\ﬂaﬁ@or( Q{EQ (B tBPB&Ermihln:)gka'ﬁf&%@ff&@ﬁd&%t&é@}m@é 1i£19-gri§@{ ) for
specific li'nk (ab), d) a nerging step (VII) for nmerging said determ ned
total |i nk- prsingesaihspegefiq HiNaly)b)vandhthe pricapetp.d) fduseg postaad aftsaniyspetificp) i n
said link-price ?)gab) for using said specific link 20 (ab), to calculate
sai d |ink- priitel@ arb)alt?la?nwsm{g (Ela) 19 sapbpstyPEk (GopWhigh yloes Bptromprise said

mar ket - i ndu BL: ange (iLp) being driven by at |east one random

vari abl e (d&?gClgé?lﬁg\(fAde). 2. Method according to claim1l, wherein said
mar ket -i nduced price change (iLp) conprises one or nore functions of:

Br owni an price-change (dZ, dW, Pqisson 25 price-change (dV), sem - Markov
r . chantied Corgge-cAEylpIGh isted WaRyeeeier Bt f dukIR Gon gz srbtn biic
price (p). 3inKh di =4 aj: lands ' ket z1yyduced
price changgim(k:\@pcgaq? ag%?rg%% g%d%gecg%ﬁ%ﬂ ésag?’aan? Sr%igﬁf%}ande? 8%6%#?%{626? y;&gl
and/ or pri ceh¢ uinkgpric\QpR2p N80 AGifCIHe| IBOR/ @b,18H) ind&id altddahtived pabc@r,3iing t o
one of clainms 1 to 3, wherein for the change-cal culation step (EIl, 1V)

the rel ati orfetRonsgeteaidlcteaminadhrics diffsIFReE. di f f erence and the |ink-price
change (ZabXab, ZacXab, ZcbXab) is nodel ed using one or nore of: a term

("r) for the quantif.icatio f market liquidity, .an arbjt e-gcorrect.ion

funtti on (PChronpulats Samlvpdor, FBnERing 58y SbeeiBl 1l 08 ERMAGY, o

ongsof cl ai Mmklprice chanREEEKD £.5€., iRk o tieelifhpAEe (.4 abx abihg @Ridt dpecific
link (ab) from all links (ab, ac, cb) in said network (G,), to determine (VI) a total

link-price-change (dN,) for said specific link (ab),

d) a merging step (VII) for merging said determined total link-price-change (dN,,) with a
market-induced price change (iLp) in said link-price (pa.) for using said specific link

20 (ab), to calculate said link-price (p.) for using said specific link (ab), said
market-induced price change (iLp) being driven by at least one random variable (dW,

dz, dv, du).

2. Method according to claim 1, wherein said market-induced price change (iLp)
comprises one or more functions of: Brownian price-change (dZ, dW), Poisson
25 price-change (dV), semi-Markov price-change (dU), Levy price-change or Ito

price-change, the previous price (p).

3. Method according to claim 1 or 2, wherein the market-induced price change (iLp) is

modeled to comprise a function for price-spikes and/or price-jumps.



specific link (ab) and the |ink-price change (ZacXab, ZcbXab) in the |inks
of the alternative path (112) are all based on a conmmobn demand change
(Xab) . 6.wkbRhem4mccording to one of clains 1 to 5, whereiPCTIIB&2/01187
change-cal cul ation step (111, V) cosprises 10 bl) a shift-cal cul ation
step (I1l) for determ ning an anmount (Xab) of an existing transport
capacity demand (qd) that is to be shifted fromsaid specific link (ab) to
sai d al t er AaMiethod ageqrHing10 e of elaitess b &» 3 ewheremalod theethenge-¢pdarlasionesgep (101,

di fference, an effect-calculation.step.(lV).for determning.th

i nkepr oo, oRaNGE TeBlpS iy e el igor Brdcqdbicheen A S Bkariet Fgnes 1
demand (qd), (4 Ratzixs, Lox.08s Stdele@ i@ o hbRksrA tet@ zglﬁx(m@&)qnfn@ieaw ng
said specific link (ab) and on the link-price (pac, pc for using the

i nks (ab, cfxpaikat squidityaht erbitaigevrpation {ubt@dn (f(pa, a)hthe predausdirivg (P
claim®6, wherein the transport capacity demand (qd) is nodeled to have a
price elasticity (Ed). 8. Method according to claim6 or 7, wherein the
tradsport éalMgtiod\acersdimgdo Caelpf ¢laimspbtappristindhelnkwpriee ¢hanps CaXa) ahehd on
(ldp + md). 9. Meth ccor di t ne.of clains_6 taq,8,. L m.on_the
ks (b, ” aecly MR RERRLE: P bRol Moo (Gt oo S inis B4 GRS g
constant el asdth e1})Vard Based On a¥Bihsh RGEAEEhakkel(R,pne of clainms 6 to 9,

wherei n the anount (xab) of demand (gd) to be shifted fromthe specific
link (ab) to the alternative path (112) is positive. W 02/ 085045

PCT/ | BO2/ 06.1€éthoBGcddtdinlyled bodlofdaiarsdi tngsS,twhentie tiaf chahge-oaculation st€ph (IWhEY)ei n
the steps a) to d) are carried out for each of said |links (ab, ac, cb) in
sai d net wor k°QEER{}S®S 12. Met hod according to one of clainms 1 to 11, wherein
said network (G) is a comunication network (G ,). 5 13. Method according

to gne of B{ azii gl%ft;caiﬁ%}ia[%lég sFe:IJ:):] efor%%%;rﬁr}éj gr\}\%g}%ﬁétlr It’"’g B¢ 2h %QiinR J tr&gse %i di ng

inView of )he calcu -price I ncredse; "decrease
or mai ntai ncaphéity dentRB QG i@ RAGibe)shiiesaEsn 68id spdcdfic LAl e §did glténatiiet |,
preferably an information unit, over said specific link (ab) or a said
al ternati ve pdh (1)1in2ysponst tolveididgte raenedipdicadiffesensae of clainms 1 to 13,
further conprising a demand-change-step 10 in which the transport capacity
demand (qd% for transporting the ufni t over said -sgecj fi g
2) an effect-calculation step (IV) for determining the link-price change (z.,x.) effected
by the determined transport capacity demand (qq), that is to be shifted, on the link-price
15 (pa) for using said specific link (ab) and on the link-price (pac, pe) for using the links

(ab, cb) in said alternative path (IT;),

7. Method according to claim 6, wherein the transport capacity demand (qq) is modeled to

have a price elasticity (Ey).

8. Method according to claim 6 or 7, wherein the transport capacity demand (qq) is

20 approximated with a linear function (lgp + my).

9. Method according to one of claims 6 to 8, wherein on the links (ab, ac, cb) a transport

capacity supply (qs) is modeled as having a constant elasticity (Es).

10. Method according to one of claims 6 to 9, wherein the amount (X.,) of demand (qq) to

be shifted from the specific link (ab) to the alternative path (I1,) is positive.



link (ab) or a said alternative path (112) is decreased or increased in
response to the calculated link-price (pab). 15. Method according to one
of cl ai mrew0 o845 further conprising an action-step conpCrgaBmplesre of a
buy, hold, or sell action for transpo¥tation bandwi dth on said 15 network
(G1) in response to the calculated lIink-price (pab) 16. Method according to
one of clains 1 to 15, being executed several tines sequentially to

provi de a HilnMeprddeascemdingete aerfciamad tedPewhbrent the staps a)ibsdnaresarried out

cal culated Link-prices.. b) 17., Methqd accordiing to claim 16, being
execut ed sevE‘?raﬁad{)i)%éﬂ‘é}%gf’%\ﬁcd8b)s'8\§%’gé’F%6cfrgéél‘)d 20 link-price series.
18. Method according to claim17, further conprising - a discounting step
wherein thgsli [ Lt ' | nl- poi SEf: b hSgount ed
back 10 helr araaL (EEIER ot L RR T Ui ne: B AAEn TR SRR (DTECMILG
WO 02/ 085045caambhBoé0dct®érk @3,).- an i ntegration step wherein said

di scounted price series are integrated for the network (CGe) or a
sub-network thereof, for obtaining therefroma network present-val ue for

t he 5 net worlR- Meghodogccgrding,thereef klaimed dofl2, fathquconpaismecoAenisign stepcloai m
18, further [LS] L Si <) mri.sikn f. buy/ hol d/ sel |
action for sgig lﬁétd\}\oq’fq?(&(oggtﬁé %?1%{3?15 f:trcliel I\’/\k/cc)ig)l{gpe @O".)’ %Q? tﬁg{jpoaéngéerag?’n%e\éfegs% PRi m
19, further gRM¥MihShedraBpétappRity ddentdndP(gRhedreirinspbRingt & ARRP Prdfe@BRAGH t Y
of the specific link or a different of said links in said network is
changed in r edpormsionupitt oner saifl spesifeailink (@) pr 4 sad alierytiveepagh (Iky. changi ng
transm ssion equi pnent, such as sw tches, cross-connects, repeaters,

mul tipl exers, anplifiers, fibers, .10 or settings thereof, 21. Conputer
progr am pr dAuddet Sﬁﬁ?qréina&ﬁp%@? ROl e dNEhargompes g AfeRzng-Ghapgsorer
accgyding to; - Qf | i ) g%g;% 0

accgfr di ng tol o gﬁc%tzél?gésg?rlg% |C§ d,‘[é ghpr d)gfogr%ac e %@gﬁfs&g{vg%ﬁ&gﬁ&gﬁc
conput er - r ealabkab)roedi saidl altbrndBive Path gTlapskderidasédgr thevdassl orPpOBE NG the a
conput er program product, according to claim 22,

calculated link-price (pab)-
15. Method according to one of claims 1 to 14, further comprising an action-step
comprising one of a buy, hold, or sell action for transportation bandwidth on said

15 network (G,) in response to the calculated link-price (pav).

16. Method according to one of claims 1 to 15, being executed several times sequentially
to provide a link-price series comprising several of said subsequent calculated

link-prices (pab)-

17. Method according to claim 16, being executed several times to provide several of said

20 link-price series.
18. Method according to claim 17, further comprising

- a discounting step wherein the link-prices (ps,) within said link-price series are

discounted back to their present-value, thereby providing discounted price series and



- a processor for executing the nethod, - said processor having access to
network i nformation conprising for the network the 1|ink-price (pub) and

t he pricewppenssoptb) for using instead of the specific |imcT(IRti®Y01387said 20
alternative path (112), 24. A network8lpricing device according to claim 23,
further conprising a first network interface via which the processor has
the access to the network infornmation. WO 02/ 085045 PCT/1B02/01187 52 25.
A net wor k- puanentﬁgraa@n/iswe vearein dridgdisepuaiediprice Senes 21, infegratasetor dhmpetvaiag a

T anspor 11 ngtigr Bt nespul Re R obPfitg AR » RARK DYl FERIG (it 0

(112) can benae@ﬂ@@wrmuﬁ_mweﬂ@m&ebﬂ response to the cal cul at ed

| i nk-price (pab) and/or via which the buy, hold, or sell action 5 for
transportati on bandwi dth on the network (Ge) or for the network (Ge) or
subnet wor k 19.0dnthbé aeddrdiog el claite 18 Auntbenmomiprisingoi drgisieviteceropasing age oba one

of cJains 23t urthe r|S|n controller via which the
trar#sport calblﬁ' Cf%é/ ﬂia‘ft’r?é‘ frgb ‘T’tg’oflf &56?8?5 WY ent of said links in
said network i s changeabl e.

20. Method according to claim 19, further comprising an adaptation step wherein the

transport capacity of the specific link or a different of said links in said network is
changed in response to the calulated link-price (pa.), €.g. by changing transmission
equipment, such as switches, cross-connects, repeaters, multiplexers, amplifiers, fibers,

10 or settings thereof.

21. Computer program product comprising program code means for performing a method

according to any of the preceding claims.

22. Computer program product according to claim 21, comprising the program code

means stored on a computer-readable medium.
15 23. A network-pricing device comprising
- a computer program product according to claim 22,
- a processor for executing the method,

- said processor having access to network information comprising for the network the
link-price (p.) and the price (pac, Pe) for using instead of the specific link (ab) a said

20 alternative path (I'),

24. A network-pricing device according to claim 23, further comprising a first network

interface via which the processor has the access to the network information.



WO 02/085045 PCT/IB02/01187
52

25. A network-pricing device according to claim 23 or 24, further comprising a second
network interface via which the transport capacity demand (qq) for transporting the unit
over the specific link (ab) or the alternative path (Il) can be decreased or increased in
response to the calculated link-price (p.) and/or via which the buy, hold, or sell action
for transportation bandwidth on the network (G,) or for the network (G,) or subnetwork

can be effected.

26. A network-pricing device according to one of claims 23 to 25, further comprising a
controller via which the transport capacity of the specific link or a different of said

links in said network is changeable.



