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1. FIELD OF THE I NVENTION This invention relates to the field of quantum

conputing and ' =T ataTal | ' GROUND | n
1982, Richar dcpg@méhmgﬂgé)@%ﬁﬁ@% mgﬁgﬁfﬁml could be
used to simul ate ot her quantum syspROCESSINGefficiently than conventional 15
conputers. See Feynman, 1982, International Journal of Theoretical Physics
21, pp. 467-488. This controllable quantum systemis now conmonly referred
to as a quantum conputer, and effort has been put into devel oping a general
pur pose quantum corGROSS REEERENGCESEO REICATEDAPRILECGATHMNSt um syst ens or
run specialized quantumalgorithnms. In particular, solving a nodel for the

behavi o of a qUBRtpHlicARorEH SR PricAI® United Stiies PASntXPplitationNdi f f erenti al
equation related to the Ham I tonian of the quantum system David Deutsch

observed t REO4Q4H filed acemberdh 2941 d be used to yield a tine savings, |ater
shown to be an exponential time savings, in certain conputations. If one
had a problem nodeled in the formof an equation that represented the

Ham | t oni an of the quantum sy END OFTHEIRVENTION t he system coul d 25
provi de information regarding the solutions to the equati on. See Deutsch,

1985, Proceedi 4R iffentibifreARYE ORI Yulthurh LOATiR AR hPReldf - 117 One
limtation in the quantum conputing art 1s the entification of systens
that ¢@n sypponductipgdévicesconput ati on. The basis for perform ng quantum
conputation is a wunit, which is hereinafter termed an i nfornmati on device.
I nformati on devi ces can have 30 many enbodi ments but nust fulfill several
requi rements. One requirenment is;tBAlCKOER ﬂmpor mati on devi ce nust be
reduci ble to a quantum two-| evel system v(\%n ch neans that it nust be able
to have two di sin b@8%, RidiatdFeymarn propdsed dmt & baitrallablebpianmadsystem cadghut at i on.
The infor rrgti on, deyvi ces nust al so be capabl efo uci n% uanLum effects

t

{
like 1 ent AYFUHERIMURL URFsSpARIEM SYSIAmS e Fifisiey 1;5;3 YUEOVALRDREr al , t he
quant Ufs | o BRltsO e e fifith, 11908 A TnlePAAIoNBI JolPndl S ThEGH A PHPYEs S0BP. NOt need

to be, cohere
467-488. This controllable quantum system is now commonly referred to as a

quantum computer, and effort has been put into developing a general purpose
quantum computer that can be used to simulate quantum systems or run specialized
quantum algorithms. In particular, solving a model for the behavior of a quantum

20  system commonly involves solving a differential equation related to the Hamiltonian
of the quantum system. David Deutsch observed that a quantum system could be
used to yield a time savings, later shown to be an exponential time savings, in certain
computations. If one had a problem, modeled in the form of an equation that
represented the Hamiltonian of the quantum system, the behavior of the system could

25  provide information regarding the solutions to the equation. See Deutsch, 1985,
Proceedings of the Royal Society of London A 400, pp. 97-117.

One limitation in the quantum computing art is the identification of systems that

can support quantum computation. The basis for performing quantum computation is a
unit, which is hereinafter termed an information device. Information devices can have

30 many embodiments but must fulfill several requirements. One requirement is that the
information device must be reducible to a quantum two-level system, which means that it
must be able to have two distinguishable quantum states that can be used for computation.

The information devices must also be capable of producing quantum effects like
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coherency has a quantum state that persists w thout significant degradation
for a long period of tinme, on the order of m croseconds or nore, One
non-limting exanple of an 5 information device is a qubit, also terned a
gquantum bit. A qubit is analogous to a bit in a classical (digital)

conputer, and js a t vRe of info ITB.tI dev ce that ujres coherence The
| oss of co gh@gnﬁ SRPLRGSEPTy g i‘b%%ﬁgrﬂé%@'g“ W ing power

of a quantygred RIHRAUARIMAIRIIRHSQSTaR Dut ddes aatsrie@d fRitiel ebitegent. bA @@\l’i@@ wiﬂmf or mation
devi ces, are coupled together in a controllable manner such that 10 the

quant um st@ﬂleremfylmequammnmmtbatpdmstsoreﬂ)aﬁfmﬁcam@gtﬂdamm@1oage of each of

th f tion.d f |
ofer red (B8 Of U SRSARIC! migTatand of bR s pop G AR Bormut | ng
art isg heinfdﬂﬂﬂﬁdﬂ‘deeﬁ& Es?:ﬂ%ubﬁf al SRERRAS qulRthmGAN Ab@ﬁfﬁ@dnauégoﬁ%tar&d ihabl'y

entangl e the states of ormation devices w thout introducing a
si gni f i candassioal(digitad) caamiircandric@typd 6f infotmatppr deaich dmit tequisanoherenc€onput i ng

There are several. gener al hes to, t he deS| gn and operation of a
quant um c@?f‘dﬁ?é’if C%lﬁﬂgfg’gﬁcﬂtot E?En‘??e@c‘ﬂ@ Dut forth is circuit nodel
quantum CO”DUt'T‘lgeconQJti% ibwBPEEA qEAR: ¥ pREPHEIdASk T8 G4 Ibh &S bhilldifg quant um

coherence, so the type 20 |nformat| on device used in quantum corrputers
t hat suppoblbclsummommtlappcuam agreouplgdivogeher wha c¢ntt§>}1abbfmanner mchsthaiul d

i deal | e |lon her gnce | mss rcu m .ng i s based
upon t1fe pPEapERnEE ot lorBR o Sericedstes B v alo GERERS fich 11 ke
bits, and maHmaBoRBALERTIRhidSi ik%o‘&ﬁféat oI5l 18 6f béhp%'hg% refféi‘red% REorm

cal cul ati ons. Research has been done to devel op qubits that can be 25
progr ammdemmgﬁmmMr Angthantimitatiayinghé guantum nempﬁmng mmpe alentiieati®hot , 2001,

arXiv.org: 0005003. wever . reduci dec rence ubits such
t hat many h?fféi*?tcﬁ*}g Eé‘ﬁe{g cag}rpl&q%wtggé]%} arﬁ?%‘?ﬁﬁ&’%ﬁ“%"c %rvé% in the
qubit is  dBgbMAsE a@rnlﬁ@ﬁ@sﬁge&myﬁér&&chl eved in the art. Another
approach to quantum cglgp ng, opti m zati on quantum 30 conputi ng,

invol vEs the use of a systemof information devices to sinulate a quantum
system This approach doe not e cr tical se of quantum gates and

circuits. Instead, it e@PHIB eE]H‘a HRpHRY ‘é‘EPE“‘Eg) mani pul ate the states
of a system of Tjdy Efeas%%rgggétn}@féi%ﬁ?rna@@s fehe Bgs"i%rﬁx?& %e‘i’&hJ

initial Ham|tonian so t state represe he Ha‘ﬁ”étoman of
t he physi calmmyat €neiapprpaels thao has been pht forth is circuit model quantum computing.

Circuit model quantum computing requires long quantum coherence, so the type of

20  information device used in quantum computers that support such an approach are
qubits, which by definition should ideally have long coherence times. Circuit model
quantum computing is based upon the premise that qubits can be acted on by logical
gates, much like bits, and can be programmed using quantum logic in order to
perform calculations. Research has been done to develop qubits that can be

25  programmed to perform quantum logic functions. For example, see Shor, 2001,
arXiv.org:quant-ph/0005003. However, reducing the decoherence of qubits such that
many calculations can be performed before information stored in the qubit is
destroyed has not been successfully achieved in the art.

Another approach to quantum computing, called optimization quantum

30  computing, involves the use of a system of information devices to simulate a quantum
system. This approach does not make critical use of quantum gates and circuits.
Instead, it relies upon quantum effects to manipulate the states of a system of
interacting information devices starting from a known initial Hamiltonian so that the

final state represents the Hamiltonian of the physical system in question. In this
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process, quantum coherence is not a requirenment, so general information
devices, and not just qubits, can be used as the conputational building
bl ocks. Exanples of this type of approach are adi abatic quantum conputing
and sinmul ated anneal i ng, whi ch are described in Farhi et al., 2002,

ar Xi v. org: quant - ph/ 0201031. 5, bits As mentio eg pr evi auslﬂ%% %[1e

possi bl e i RI%6Fite! Yag iy EQReLRNCE ds %Pt Byiremang, §o geRG UgR 4GRYIERH G . A
qubi t, whi L& ﬁﬁ%‘uﬁﬂéﬂéﬁn BQu?eddds%é &Jmﬁut&udnal rsdbﬁﬁfg GiBks. &@m@as far
nore conput atl onal potential than a digit Instead of only 10 encodi ng
one of twotype ofappreadtaxt ediabdtickpah@in eumbutmg aagd sinoulateld annezahdg, viigh bit, a
qubit can also he, placed i p osi tion nd That is, the
qubit can é‘i‘?l §°rll?’t‘?d“bg’l‘r ftffg %B&Jéﬁ{éfx‘)’qg ngrgtpgl/%O?{)%ﬂ sane time, and so can
performa quantum conputation on both states sinultaneously. In general, N
gubits can be in a superposition of 2N states. Quantum al gorithnms nake use

of the superposition 15 property toZSerHntsnp certain conputations. In

st andard notatlon t he (gﬂls st ates of S]i it are referred to as the 10)
cd

and 11) st at esASTRATIRBCHRIHIOUTH cBRossiPle dnomationdeyics 15p agbibalsa i n

general , N A0 has a nonzero
pr obabi I i t)%n%ﬁggé%g%@ﬂ%lbgh? ﬁ%%lpg‘g{élﬁgﬁiltg%@% tg(r%éﬁéa]létl Efthrrlﬁ ltggg?%t(l)us nonzer o

pr obabi | i t yoraputeschysyfamngoteniph}ativasl otaitial than Malﬁgltahhttj h&tdayl of an®0

superposition of basis states neans_ that the ”over the qublt
whi ch f@ gygqn@\)oftwcp,glyrfeprest;tsq;jhkp 6Rgnd. 1asd9 IBIEl ‘flglta 28'%tand b are

coefficien Qppaljjl b

respecti veFén 8%?15@@&9 c&%elhﬁgt)gﬁ gf b eag hllha(\ggatgigjt% iﬁkﬂt é@%bslt hnar y
conponent sbonlvhhe:‘l‘o ’adnldows statwatpllmeaimé tad qolban pérforhea qimtant eri zed. The
guantum nature of a qubit is Iarg y derjved fromits ability to exist in a
coherent 250EPWaHYHA b(ptg,qta(gqs SB&BL @eg‘ﬂséﬁfe@ge&ﬁ@ ’fN)Fl“l?lFfé@tbﬁt"éaof the qubit to
have a pha i te Wi i Vi oher ent

super posi ti nrp%fsgg’ascffs? stak % {elﬁn %l%gﬁtc}fg%rbé%esusggﬁ iC elﬁgflaorlgsol ated from

sour cess of pd@eﬂj‘flaf@w@upimﬁﬁmhpﬁtetlmscorrput ation using a qublt the state
of the qubit is nmeasured (e.g. read out). Typically, when a neasurenent of

the qubit is dohestandneirq%ﬂélﬁmh@h@tslﬂaéeselfaﬂh@t M@@f@fcﬂé‘lt@%%leﬂ%#p@lﬁhrl ly | ost
dth t f b t t th t

Srate or ¢ Eeb DR RaRun Ertyalnd BEuF i FEHR o' Bndie B sheFpestiph of 2"

convent i onghgiditdes shiit tlf%cifu hﬁl?otrﬁerefpr&bgﬁhﬂ%l?'o&cﬁgf grthé 10) BRR sar!ah@gsed

depends on the probabil 2 and Jb12 "i mmedr at prior to the readout
oper at i on. simultaneous nonzero probability of occupying the |1) basis state. Mathematlcally,

20  superposition of basis states means that the overall state of the qubit, which is denoted [\V'),
has the form |‘I’> = a| O) + b| 1) , where a and b are coefficients corresponding to the

probabilities |a|2 and |b|2, respectively. The coefficients @ and b each have real and
imaginary components, which allows the phase of the qubit to be characterized. The
quantum nature of a qubit is largely derived from its ability to exist in a coherent
25  superposition of basis states, and for the state of the qubit to have a phase. A qubit will
retain this ability to exist as a coherent superposition of basis states when the qubit is
sufficiently isolated from sources of decoherence.
To complete a computation using a qubit, the state of the qubit is measured (e.g.,
read out). Typically, when a measurement of the qubit is done, the quantum nature of the
30  qubitis temporarily lost and the superposition of basis states collapses to either the |0)
basis state or the |1) basis state, thus regaining its similarity to a conventional bit. The
actual state of the qubit after it has collapsed depends on the probabilities |a|® and |b[

immediately prior to the readout operation.



3 Informati on devices can have all the physical properties described above
for qubits. That is, the quantum state of an information device can be a
superposition of basis states, and can be described by the forml “If) = a$
o) + bll), where a and b are coefficients corresponding to the

probabilities 1al2 and Jb(2, respeciively. The quantum state af an 5

i or mmt | on deviEamaieshr b el fhhé PhialoredtS e B8amsa” rowever
as nmentio its.'maisﬁ%baﬁhxﬁnﬁstaie%ff%ﬂ%ﬂrﬁﬂoﬁd‘éﬂ&%ﬁnﬂ@aﬁ%rﬂ%@i‘ﬁ@n&ﬁa&i@' ngent
requi renent for quantum coherence, as opposed to qubits. 2.3

Super condusdtésngnhd dah e desctibadl tyaké fps |0 =Td 6} -eb(ay avieayardi § dreceufficierec hnol ogi es
that can be used to construct quantum conputers. One inplenentation uses
super cond L&iibﬁ}@nﬂiﬂ% & tha pebatigeatiafand iy ripetisely. 0T quaatuadstie bhan

super conducting. i nformati on devices have the advantage of scalability. The
possi bidl i tipfosmatiangdeviee algo rellagees seabasisstaigvhen raeaswrad e Heweawar g mentioned

super cond i iAnef I : i rom I hnol ogi es and
15 prOcesgﬁéﬁtgeﬁﬁ)\%.v%@}a‘t@ﬁ%&ﬁ%eg%ﬁ%aﬁ%ﬁ%@F@éﬁ%gﬁﬁpﬁgﬂfnﬁ({% ron devices are

sim | ar tcoohtlef@eastsppbseti@s qatgvent i onal conputers, for which there already
exi sts an established infrastructure of fabrication equi prent and
t echnol ogi cal know how. Such known fabrication techniques (e.g., chem cal

vapor deposition, plas anced .chem vapor. deposition, etc.) are
described, for exanpl eﬁ'ﬁ%&ﬁ"‘fgmlftl% or @&‘b@ﬁ?"ﬁ&zo Fabri cation, Fourth
Editiom MG avfidrd hre iNaW diffetent e€MiolG:aes th&QQA be Asé el ddhSBuc® uadwhhogr aphy,
The International Society for Optical Engineering, Bellingham Washi ngton;

Madou, 200@mpmigisiaReeiraplementatipie ness shpdreendueting 8atcoald. Eliantusn, CRC  Press

LLC, Boca Raton, Florida, apd Choudhur.y..1997 . Handbook of

Moy ol 1 ¢ nbr s SRS R R e i afriob 2R TR SR b edvanizge

M crol i t hogrsealability! MEnhel ptisSibliay bPfealizing trd dcafeQfuakitin Ecthpltb@iveR@r i ng,

Bel | i ngham Washi ngton. Toward the realization of such a conputer, Shnirnman
et al., 199percomhigting infoamation desiceeshpwapromse sineg the teghnelngiestiindn enbodi nent

of a suypercaonduct.in Uat um.conput er usin uper.conducting .inf ormati on
devi co comprrseil ueipebicaing shaertndtfippRafialig dragh e vilarkh oi o
quant um ef & sed &3 conPetoateaifulas, iforf Whidh theddald@ My eRistsCaeshBlisividar at ed
into several categories depending on the physical property used to encode

i nf or mat i omfragtrugbme phfabdcation egpipsient and tsehnalogical koo wehosy. sSyshrkaoes t hem i nt o
oA A e SR, dedGra S8y pofihE bledhal AnBh erk VBN 1 1 et

vapor deposition, etc.) are described, for example, in Van Zant, 2000, Microchip

20  Fabrication, Fourth Edition, McGraw-Hill, New York; Levinson, 2001, Principles of

Lithography, The International Society for Optical Engineering, Bellingham
Washington; Madou, 2002, Fundamentals of Microfabrication, Second Edition, CRC
Press LLC, Boca Raton, Florida; and Choudhury, 1997, Handbook of
Microlithography, Micromachining and Microfabrication Volume 1:

25  Microlithography, The International Society for Optical Engineering, Bellingham
Washington. Toward the realization of such a computer, Shnirman et al., 1997,
Physics Review Letters 79, 2371-2374, proposed an embodiment of a superconducting
quantum computer using superconducting information devices comprising Josephson
junctions in order to produce the required quantum effects.

30 Superconducting information devices can be separated into several categories
depending on the physical property used to encode information. A general division of
information devices separates them into charge and phase devices, as discussed in

relation to qubits in Makhlin et al., 2001, Reviews of Modern Physics 73, pp. 357



4 401. Charge devices store and mani pulate information in the charge states
of the device, where elenentary charges consist of pairs of electrons

cal | ed Cooper pairs. A Cooper pair has a charge of 2e and consists of two
el ectrons bound together by a phonon interaction. See, for exanple, Nielson
and Chuang 0Q0, antum 5 Copput atjon. and antum | nformati an, Canbri dge
i ver s £y eQirerliiites flnde aRdhanpilkloyarmaiis ih the chatee eI a Mees on t he

ot her hand%\ﬁé@%&éﬁl@fﬁ%&@%s EORiR BRSRrsF eléccg’dﬁsh SAIRHTDoBEr 8. devi ce.

More recently, hybrid devi ave been devel oped that can "use both the
char ge andCpbgxs pantdgs @ ebargé of 2eamdiorontistsof wo electrorisdround itagetheBbye  exanpl es

of hybrid devices are degcri.bed in S, Pat No. 38,694 B2 to Esteve 10
et al. as RBMONJRIICHON pigee AT EXBHPlce fqlmapaﬁhueas’i?gngaéwms/ 0082519 to
Am n etsal gogéuﬁ?ti@gggﬁ eRntnt Inﬁgnﬁki%d%, ERNBrideR UaHP&GS pfi'ééitdaﬁﬂ)rf‘dhé',?pdev' ce

desi gns ar scri in Bocko et al., 1997, IE ransactions on Applied
Super condud43-343.yPhase or fB&38evices, avethe odwer hadd)lstore foratatio @ the phage dRevi ew of
Modern Physics 73, .n. 357. ny ot her s rconduct i fl ux, deyice designs
have been §B§éﬁareﬁeéﬁlei43mcad- emf@nﬁwyggﬁéﬁw%ﬂwsﬁ?erqépaﬁelqpeéél@tR;Bbij et
al., 1999 ' : ' jih S Revi ew B 60,
15398, The“ﬁ?}@?@?@%@ggﬁ?ﬁﬁ? %Eﬁ,eﬁtﬁ%gﬁgﬁg Bhirg Fﬁoboilpnagpﬁ{'t pene

super conduetdnngeswfttybridldeviced ae dasrribdd byUth PetentiNe i 838)604 BRed Estede  The
critical current value of one Josephsgn 20 jupction is i gned to be |ess
Chan ¢ Rae *ghar, Heol 4 RaeDoABRIaBI PUiceribh 0. G237 kAR Ehe same
or very simlar critical currents. The persistent current qubit can be
built such that the | oop of superconducting material enconpasses a snall
area (e.g., an approxi mate 24 Sapertondueting PhiDuvicesiuar ed) . The persi stent
current qubit has coherence tinmes of between 10 nanoseconds 25 (ns) to 100
ns. See, for exgipdréonduklifgHex 8évidd desighd AR debtiteldGa BoeNs emiiB1697, 1EEB98, and
Il"ichev et al., 2003, Physics Review Letters 91, 097906. Sone ot her types
of flux déwinsedionsepripplied SureromddoénityTgpl H38sas welkas Makhby eiatlt, B001,nor e or

| ess than three sephspon.jugctiQps,,See,. e.g., Blatfer et ,al.., 2001,

Physi Y rRefPURY & é@’dg’p mBRIcE ek Mg tareonds s MRRAENE 406, 43. 30
G adi onet r ld@si%ﬂs‘lfﬁvé’ BYdrCRScribed, cRRR Bé P&rxia&nt)éurfdnmiulsievs&qeiow dfglare

i nsensitive o honpbgenous magnetic fields. That is, a magneticC field which
i s honmogendB?, dvience Z&klem;imgtquaoﬁo al @fr,d89DAysice Revienx Bdgﬁnlé@&vi The not

affect the pg-jzlrlél%{}ztrl%J pur?etn agbi%or}sps?s gf a loop of thick superconducting material

interrupted by three Josephson junctions. The critical current value of one Josephson
20  junction is designed to be less than that of the other two Josephson junctions, which
often have the same or very similar critical currents. The persistent current qubit can
be built such that the loop of superconducting material encompasses a small area (e.g.,
an approximate area of 1 micrometer squared).
The persistent current qubit has coherence times of between 10 nanoseconds
25 (ns)to 100 ns. See, for example, Orlando et al., 1999, Physics Review B 60, 15398,
and Il’ichev ef al., 2003, Physics Review Letters 91, 097906. Some other types of
flux devices comprise superconducting loops interrupt by either more or less than
three Josephson junctions. See, e.g., Blatter et al., 2001, Physics Review B 63,
174511; and Friedman et al., 2000, Nature 406, 43.
30 Gradiometric flux devices are a special type of flux devices that are insensitive
to homogenous magnetic fields. That is, a magnetic field which is homogenous over

the entirety of a gradiometric flux device will not affect the quantum state of the



device. An exanple of a gradionetric device is described in U S. Patent No.
4,937,525 to Daal mans. Gradionetric flux device are discussed in nore detail
below. 2.5 Information Device Coupling 5 Regardl ess of which type of
information device is used to construct a quantum conputer, it is desirable

that the infornpti on devices qQf the guant.um co. t interact with each
ot her i adevase: Al PRl Abmarefiometig devises descrighd BEY S BACRHRO- | nf or mat i on

devi ces of 4,9371%%&&&@@@@&@6 A6 S&i&@ar@%‘bs%ﬁ% i SlorRRRATBHIHG. ON
i npl enentat’ion, different coupling nmethods can be used. Furthernore, a

system 10 Ham | toni an can be used to describe the states of the information
devi ces of a quantum conpu esr s well ]SS .the interactions between the
i nformation devices. In couft ilﬂ‘?f)r%qu QIS 8WP e Ber conduct i ng i nf or mati on

devi cess t oget hegegaiigss o‘fivﬂﬂclpfg?)@ REifFOMPlioRAetiol B REH kP rstubtREquaNBHEM
Ham | toni an determ nes the enérgy |andscape of the system conprising the

two devi cesomp@dereitad dasjrabla¢hat chepinfarpaben devces b thequahiumx ctrapueter
super conducting i.nformation devices is eith erromagnetic or anti-
£ orr ommgneiead) sl ST Pinsh M GhruEHabls SpRar \ouch iU RERCH PEEREIE f espect i ve

magneti c i‘nl’f(%i'ﬁﬁﬁon 8b@tes ota cﬁlaﬁ{ﬁﬁ{‘&ﬁnl?lﬂerfik Feferrdll @18 cbﬁ'ﬁlﬁ{cgg?éﬁeﬂdiqg\ﬁ%lfe will

affect the flux of another” i nformation device that I's pl'ed t I n
f er r omagneimplementption diffarénticouplapemethddscanlby ubed: ofwatieembrer a aystdérange in fl ux

of a fjrst_inforpmation devjce to _produce a .20 .sjmlar change_.in the flux of
2 secolft | HRBHIARANSN Ry tot%aenhestﬁ%taﬁsﬁ eﬁt%@anﬁor?@atmiﬂtvwe Rf8r mat i on

device. POyt TBbfipu@ilad WOK SERE itPralhidhs eudeThd infindBhQewRLd, on devi ce

wi |l cause’an 1 ncrease In ux 1n the second 1 nformation device when they
are ferromagneln wapliyg teufiledased supdreomintiing mforarsign devicestagethert the coupl i ng
wi || cause the_ opposite effect on the coupl_id devi ce (e.gk.9 a flux increase
in the firdgngbthecauplngdaterastign ssthe|systery dtamilionian deteqaings s aeryupl ed

devi ce) be [ fed . i V. r . i y
Favor abl o, FWSEpd b oA GREHARE WiRotel RS Syl B SREIATRUGRNLY (1 ¢
conf i glg at ivanflinebasgd supdacoreinetigyinfamacive devicestif eitlsp €ardmagnetia bt giti-at i on t han
in other configurations. A f]exible coupling scheme provides the ability to
vary the sicromgenctissbecause fhyy deyicss typialsinierast Vinthoifasneehvei@ognedie, shut of f

coupling b e i t . i i.gn of the
coupling bgﬁ)yv\%éghgﬁg% %@ék@g‘:ﬂ“’gﬁ ogl\%l {l@ﬁflﬁb&l%geﬁ gr?tf%Pt t%ﬁ@@ggpl ing, it is
meant t hat ardtleertinfongtioncdevideithgy ibedupbato itdn ifertanagietiooouplidgi tés i s sw t ched
fromferromagnetic to anti-ferronmagnetic or. vice versa, Switching the sign

of the couptergssically Bverablefopagbanggum Ay ef & bag information deyigede prasuce a

20  similar change in the flux of a second information device that is coupled to the first
information device. For example, an increase in flux in the first information device
will cause an increase in flux in the second information device when they are
ferromagnetically coupled. In the anti-ferromagnetic case, the coupling will cause the
opposite effect on the coupled device (e.g. a flux increase in the first device leads to a

25  flux decrease in the second coupled device) because it is more energetically favorable.
By energetically favorable, it is meant that the quantum system prefers to be in a
specific configuration because the energy is lower in the specific configuration than in
other configurations.

A flexible coupling scheme provides the ability to vary the strength of the

30  coupling between information devices, shut off coupling between such devices
altogether, and/or switch the sign of the coupling between such devices. By switching
the sign of the coupling, it is meant that the type of coupling between two information
devices is switched from ferromagnetic to anti-ferromagnetic or vice versa.

Switching the sign of the coupling in circuit model quantum computing is useful for

6



6 constructing specific |l ogic gates, such as the CNOT gate described in
Plourde et al., 2004, arXiv.org:quant-ph/0406049. Sw tching the coupling
sign in optimzation quantum conputing gives greater flexibility to napping
problens that are to be solved by a quantun1conputer onto the gquantum
conmputer's information.devi rid terminformation device grid
Cofrs 1o SREHCE spRRG eSS b FRDT Ee ARsHbEbinbIPRe Phabun ch each
i nfor mat i opdeNiG€ otdlq ﬁéﬁ@pﬁmuosm¢%f&idgahé YouphinB s i in ?tlﬁ‘ﬁza'n%ﬁSt one ot her
information device in the set. In one representation of the Ham | tonian of

two flux iqfaotumecoroputievdivessgreateniidxellitydgendpping poblems thateprtedent s t he
"sigma z" l.ing between t devices Ovm h a,vari able J as a.pre-factor
o P cat SIYRPYSE BRI SO PYREORE i dptm APy b tofuSe Japer Rud o

anti - f 5 r ogBQN@k &m Wfér%aﬁoﬂ'd%@é grdd PSR OE sé& o‘«f‘iﬂf@ﬂﬁﬁfonad%lc% ff§ omagnetic
coupling. Wien J < 0, t he coupl |ng is ferromagnetic, with a lower J neaning

a stronger qliaetum) nerypeer in ol eachgnfovihetionidevice inlthe et isscomgroiahlpcoumded Thus,
swi t chi ng th s tches the . type of coupling. In the general case

n of J
of a two 1@ ﬁg@félﬁeéﬁ? tﬂmw&lpﬁpﬁhpl ing inplies it is energetically

favorable to hameoneﬁelsleééneiuofnldfmﬁﬁﬂtoﬁﬂhloffn% mm%atforp&wesng inplies
it is energetically favorable to have anti-parallel fluxes. An exanple of

f er r omagnetoupledridgeahdri of, @ oo regesehisthe Gignpd zhepuphing begoleengwddeviesn two f ux
devices with circulating currents in their respective |loops. 20 In

f er r onbynewith acetighle @s aprefastorid smh@tqotéﬁ swengile of thg couplingntWhen &>10; r st
information devi,ce wll .cause a.cla erconducting current to be nore
ener geti ca {fllef 'I’%}er%’i‘téf?%agé‘egfjdﬂﬁ'b‘%l@ﬁgct’%?%n%ﬁ té?%ﬁﬁﬁtétl ng current in
a second feﬁfoﬁfagﬁéﬁc%ugﬁﬂg CWHeh dt< 0,%hd w@gﬂgg%ﬁbﬁagﬁeﬁccwaIaﬂéwelo./t he first
device. Conversély, in ferromagnetic coupling, a counterclockw se

super conduneamyg e Siromrger farmnua‘meiﬁc; ccmphﬁg Whence= Wth¢reoan@eowlmguﬂ“hes,cl ockw se

superconductl t icall favor bl e n a cI ockw se
Suber ConduStHIIReE e HERofy ShehE b of GugAliog: TehedRacial sE oAy
anti - f g3 r oReNGLtefn, ’E’e%%dgﬂgmc é’o&@hﬂg k&iﬁ‘bl%é’s 1t§‘éHé‘r§€t?d&ﬂ%&¢d?90]€%ﬁ£v’ét i ” the

first 1nformation device W I ke”a countercl ockw Se superconduct i ng
current nopaaleldluget ar[dadﬂtlyfefranmgwice:ouplmg implieo ahnereg@idaly frvocabhaitoct i ng

current in,the sec nti-ferromagnetically coupl.ed.device. .Further, in
ant] <fer r WG RERTBISh B S AThC/GOUN o e BER YT 108 30K CHUTEETeHG current i n
the first Wlﬁgmdubhﬁ'%@t“%e&{&&hm 36 iSRATE AR n AT (8 eirOr ©

energetica
respective loops.

20 In ferromagnetic coupling, a clockwise superconducting current in a first
information device will cause a clockwise superconducting current to be more
energetically favorable than a counter-clockwise superconducting current in a second
information device that is ferromagnetically coupled to the first device. Conversely,
in ferromagnetic coupling, a counterclockwise superconducting current in the first

25  device will cause a counterclockwise superconducting current to be more
energetically favorable than a clockwise superconducting current in the second
device. On the other hand, in anti-ferromagnetic coupling, a clockwise
superconducting current in the first information device will make a counterclockwise
superconducting current more energetically favorable than a clockwise

30  superconducting current in the second anti-ferromagnetically coupled device.
Further, in anti-ferromagnetic coupling, a counterclockwise superconducting current
in the first device will make a clockwise superconducting current more energetically

favorable than a counterclockwise superconducting current in the second device.



favorabl e than a countercl ockwi se superconducting current in the second
devi ce. 7 Superconducting information devices can be inductively coupled in
a direct nmanner (e.g., without any intervening device), but this type of
coupling is typically not controllable, nmeaning that the strength of the

coupl i ng cannotreadi | be .a of, . cou ces is
through a super%léﬂ%ct%lfl ﬂ%’ﬁ?ﬂﬁ?q ﬁ?vé?qsé?%ﬁ%gldu%twcf&?% le A SQUI D
is a type ghnie(eh! WiohBa Qﬁt@f@hﬁl deViRE Bulangpd §f caplifiet 1

changes in magng{gc o g or r.ge;(aarrppeu u. §pPaten?ll\% setgfnca 916 to

Arin et amot cmletyalbb marpmg smpethmfrthﬂmuphgg Farmot readdy beplterad.by at

| east one ) 0 The urrent fl owi inth uper.conducti ng

L oop of "t ROMEORY BT SerolltE e iske oy ey Bt et LR Rer s, For
exanpl g tml&uqslrsxgungan be biased by an inductive flux positioned close to

the SQU D. In another the current can be biased using a current bias froma
wi re connect ed ACSQWED ES@JD’DF oﬂ‘Sms@xamge@omf:ter SehirlDmeanseit cati datest i n t he way

bi adod) . SDRCEBESS Bagpgts Bk 566 fobeRiele, IS5 o oy 683610 S e

flux devi C&%I.'&‘S gco‘ﬁh@sﬁb@bﬁpeﬁ&ﬂxﬁﬁétm‘g IbbpiRaTupediIAtledsy Bfe devi ce  can be
used to nediate the coupling, l'ike the schene suggested in Majer et at,

2003, ar qusephsgnuquorfrafh@@oﬁmﬂowwtmnﬁllmupatcon going | ﬁfrtbeSQ&HDf 1036, |
Dot veel? it Resgd o Bt Sttt fal BFerepR Bt ool Bt pSekedfibst 1 212 not

t he ferr onpggQtiyCandAGucdive 'ﬂt&gfo'éi%’ﬁélﬁﬁbéecto FRUSHUMD, Ty BRsthdriBE c@fit 8 t ched.
Rat her, a switch between and o 0 Qx coupling is acconplished.

Furt her, t bebiesddsising amyrembblem ﬁptneet wirg conneatedftd theRQUHdpTimogxampdsofj . The

i nductive D, ha bee 0sge t her, c l,i. n device in
C arke et g&&gﬁgﬁgdlf&& vagd %?rﬁ?”l%@fgg %@tﬁ%}lﬁe‘&t&ﬁgﬁgk&s h 25

swi tch theaﬁd’ﬂ?—%(?ﬁl[fs‘{ﬂﬁk%%ed)b@bm'dﬁn'arso'gén&% htinagenirsidupragnet i ¢ and
anti- ferromagnetic coupling.” It is possiblle to turn the I NSQU D coupling

of f, bl tmasndrs Simge fﬂfumiet/tcest mteatad’l iveatheir Mmagoetabilexek) aXQUIBrtgpodevice i s

descrlbed in Filippov et lEE ransacti ons lie

Super condu‘éat“il?ﬁutsﬁg%sm gj ?‘ln&rl the F‘J\ﬁ}{letsP&%‘éfc@ ajéfp‘g aéog(ﬁ?’l’i ppov et
al . reliesaSivh ccglﬁarﬂé %Ijgf nature of the enployed device. The
transforner itself 1Is a so gradionmetric, and tunability is achieved by

i ncorporating Mooijetal, 1999, Science 285, 1036, propose a type of coupling scheme

capable of switching the type of coupling between two flux devices. However, Mooij

20  has the drawback that it is not the ferromagnetic and anti-ferromagnetic coupling

types that are switched. Rather, a switch between o, ® o, and o, ® o, coupling is

accomplished. Further, there is no way to completely turn off the coupling in Mooij.
The inductive SQUID, or INSQUID, has been proposed as another coupling
device in Clarke et al., 2002, Physica Scripta T102, 173. INSQUID coupling can
25  switch the type of coupling, but again it is not between ferromagnetic and anti-
ferromagnetic coupling. It is possible to turn the INSQUID coupling off, but this is
difficult to achieve.
A tunable flux transformer is described in Filippov et al., 2003, IEEE
Transactions on Applied Superconductivity 13, 1005. The tunable flux transformer of
30 Filippov et al. relies on the gradiometric nature of the employed device. The
transformer itself is also gradiometric, and tunability is achieved by incorporating
compound junctions with variable couplings. Thus, the transformer can be biased to

couple or uncouple a flux device to a magnetometer or another device. However, the



conmpound junctions with variable couplings. Thus, the transformer can be
bi ased to couple or uncouple a flux device to a nagnetoneter or another
devi ce. However, the 8 large gain that is needed creates the probl em of
i npreci se balancing of the gradionmetric |oops of the transforner. This

| eads to ipaccuragy.in nt ai, ni fled rength. Also, the
t_ransforrneg’rgesga %ﬁ’%‘é‘rs nFéFSecrf(ai H%P?bkgg Prgﬁ«}ﬁf’ g}gﬁ@ﬁ%r ble in systens
with a | argadiouiEhed 108ps SEYe erafsfornds! Mhis 1601 t6 rﬁe&treémrméntaﬁnhg gtable, or
has two energy mnima, which is not preferred for coupling flux devices

t oget her. speoltﬁeércouglpg sofengthaddmmhertransfdrmzr isiratherf larges(l SOam < dH& poder ed i n
Cosnel | i 2004,. arXi v or cond- mat,' 0403690. |n snelli et al., each
ar m of theandg'ﬁaer 3’&méarﬁrﬁrnééw largé%}bg&e CVIRES i Lé“g’gmf tr%refqreﬁhbr e
el ementg i s I t her

5 15%1 A9t h escr%?%nﬂlﬂlhﬁ %hﬁ id fht i eﬁ %og%uﬂpﬁ'%s ev?c@?

rf-SQU D coup er ‘i's our e et "a I cal Review B
70, 140501togé11heﬂ3l ourde et al., the coupling is rredr at ed through a current
bi ased dc- SQUI D. Tedc gcan bﬁtune to switch of t he
coupl i ng. Howevepot srﬁyﬁeggj grediometictlux s ?wrfvesr%ﬁlrle 0 Gownell ghnot

provide fulJ T2|f0b$’2i 24, orgycohﬁ' 204636909 Th Q%s@%ﬁleé?% Neh afth Y l‘R:f the coupling.

15 Coupling evrc s together using a Josephson junction galvanically
connect ed gmdioﬁteterfcbupdesjeavommsljabam deees, mdoh@ﬁmdblereldn&mt isavsirgleal ., 2001,
ar Xi v. or g: cond- Ltr]_lrgt/01,08266E1 and Butcher, 2002 Graduat Thesi s Q[))elft

Uni ver K t yeorapound duncdion &%) thegspigal leg. eYeﬁee@egrfo%@HH%ngr g if érsgcebs grephson

; I
junction C%mde%aﬁ zdmaPi?ys‘?cf{kQ{Sz%B]ﬂ?%Gﬁﬂ”rfly ena Jl 'tﬁﬁ:e géleu? B on of

t oget her. wever, nelther erence 20 prope

t he coupl i mgdlaféldshrroughe ctiyrerst bﬁﬁseochSIQ[rI@ SIlggizs$S@UID | rcarn bhamed tefwitehnces i s
al ways "on" and cannot be shut off. 6 State of the Art As the above
descri pt i ofheisid A deeoupling, Hopeyer S‘H’E\W%}%‘@S f"i’ire"@%‘&?ﬂ)‘fqtﬁ dabricate gy conduct i ng

informatio peld is desired
in order tgh@gﬁ@g@#@g@%@ %prﬁﬂﬁlng ‘ﬂ%eg utr &tﬁ%&n{plhﬁ ere exists a
need iS5 the artCoopljgahixddevioes eogeﬂm usihg Q\I@Hephm jondtiohi gatyahizhligen
superconducting _information devices. Wat is desired is coupling that woul d

al | ow for 9‘?161‘3?"?@8&%@@" d@ﬁlge@l@asthe@n Bropesegtin Levitay ¢elof0@he coupl i ng
bet ween su i gxg* ?E! ty to
al t oget her ng gl clg%t/ l%fg% BH% tc:?lgr (3??‘? g(?da dﬁ% ‘fﬁ%l%?eﬁﬁg%h 1 ON OF THE
DRAW NGS of Technology. Both references show a single large Josephson junction coupling a
chain of three Josephson junction flux devices together. However, neither reference
20  properly enables the operation of the coupling. Also, the type of coupling suggested

in these references is always “on” and cannot be shut off.

2.6 State of the Art
As the above description indicates, there exist devices for coupling
25  superconducting information devices together. However, improvement in the field is
desired in order to realize cost effective quantum computing. Thus, there exists a
need in the art to provide more control over the coupling between superconducting
information devices. What is desired is coupling that would allow for the freedom to
change the strength or sign of the coupling between superconducting information

30  devices as well as the ability to altogether shut the coupling off when desired.

3. BRIEF DESCRIPTION OF THE DRAWINGS



9 Figure IAillustrates two information devices in a dual coupling schene in
accordance with an enbodi nent of the invention. Figures 1 B and 1 C
illustrate coupling devices or coupling elenents in accordance 5 with
enbodi ments of the present invention Figure 2 illustrates two information

devices in a d p h cor danc t h..anot her . enbodi nent of
the present i n\eélﬁ't“l %‘ h‘t%l%f%gw P?Ihgetwcgf %pg?gr%chglfl?)ﬁ]al array of
i nformati o&cmc@%ﬂltalﬁ@hlb@aﬁlengm Bledtidneach ot her using a dual coupling

schenme in accordance with an enbodi nent of the present invention. Figure 4
illustrates a two-di nensional array of information devices that are 15

another  embodi TRWES Up 45 R ElR o ean O Rl AePRT BUEP SR o wnal o

coupl i ng beineRBodimbnts SEKE pRSert fivasticRD rf-SQUID in accordance with an
enbodi ment of the present invention. 20 Figure 6 is a graph of the total

flux of an rf-SQU D versus the applied external fI ux in accordance with an
enbodi ment of the pre ent venti on ure.7 ustrat es anot her tunabl e
coupl i ng bet vveeﬁg'lﬂlg ‘bﬁé‘@?e&ﬁ% Wi%ﬁ%{l 1eHH) ﬁSuP#;P E?ﬂ‘%lﬁ’nce with an
e”bOd'”EntmﬁBm&ﬁ%\@ﬁﬁﬁ@ﬂkrhﬂMﬁﬁhhﬁBmebﬂH&ﬁnﬁ@hﬁnﬁ-graph of the nornalized
external current bias versus the external flux bias for a do-SQUID in

accordance with an enbodi nent of the present invention. 30 Figure 9

illustyates a tunabl,e coupling hetween .infor i on. deyi ces u3|ng direct
Joseph¥bn j unct F1ghreddlipitiaies 2 to- ﬂﬁﬂ@gawt{rﬁ}(’ Q‘i‘ﬁi‘ljﬁ’i" Fehe 8 t he present

I nvention. é@d R EHdh BthtPudidd u? FRALREN dobdiaftce M%lemdmﬁmen
|nfornat|on evi ces usi ng |rect osephson junction coupling In accordance
wi th an enthegiessminvefitianhe present invention. 5 Figure 11 illustrates a
fabrication nmethod in accordance with an enbodi ment of the present
invention. Like reference nunerals refer to correspondi ng parts throughout

the several VigpseQfilhdi@ted s Ab-Afensibal array of information devices that are

15  coupled to each other using a dual coupling scheme in accordance with another

embodiment of the present invention.

Figure 5 illustrates a tunable coupling between flux devices using an rf-SQUID in
accordance with an embodiment of the present invention.
20
Figure 6 is a graph of the total flux of an rf-SQUID versus the applied external flux

in accordance with an embodiment of the present invention.

Figure 7 illustrates another tunable coupling between flux devices using a dc-

25  SQUID in accordance with an embodiment of the present invention.

Figure 8 is a graph of the normalized external current bias versus the external flux

bias for a dc-SQUID in accordance with an embodiment of the present invention.

30 Figure 9 illustrates a tunable coupling between information devices using direct

Josephson junction coupling in accordance with an embodiment of the present invention.
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4. SUMVARY OF THE | NVENTI ON One aspect of the present invention provides a
structure conprising a first and a second flux device as well as a first
and a second coupling elenent. The first flux device has at |east a first
| obe and a second | obe that are in electrical com‘runi cation 15 with each
ot her. The sec | east. a, first. a second | obe

d fI t
That aro i n o Bewe SRS olis aftble SRRinSauhe St nb PR ke E R ol g
el enent lmeeémdse/;mk&l Jﬁﬁéﬁ%%uﬁl it 4dcSidah@BAtH 4N efnﬂ%dfﬂlérﬁbft% gfeséi@w ce to the

first | obe of the second evi ce. The second coupling el enent

i nduct i vel jivensiopl es t he flrst Iobe of the first flux device to the second
| obe of the second flux device. The first and second 20 coupling el enents
are not in electrical comunication with each other. The first and second

coupling el enentigRAqh ii@usteda HbABARDh A IRASn hdtdiah@NGith A @hbddiméiRbeen 0.5
and 2. In some enbodinents, the first flux device and the second fl ux device

are gradlﬂinptesﬂ:ntufwent)ondew ces. In sone enbodinents, the at least first and
second | obes of the first flux 25 device and the at |east first and second
| obes of the second flux device each hold a different circulating current

configuration. jike3CRNEERAHEARTERr td ERrekpdRBinLOHR 'thﬂ%ﬂgh&it%ﬁ%ﬂzeﬁ[ the
second coupling el enent couples the first flux device To the second fl ux

devi ce f erviewsgfitheidravings.or anti-ferronmagnetically. In one enbodi nent, the
first _coupling el enent has no coupling strength and the second coupllng
el ementl has a 30 finite coupling strength. In sonme enbodi nents, the

structure further conprisgsgpnVVIARY 'TEIEINVE TN confi gured relative to
M (g? t the svmtch can

the first and second flux devices su create a state
in which both tOsee ﬁspesttofathdpseﬂmmennorppnomgieehetmaug dmmmlsmg acfngpdnidng

strength. In so adi nent e st ucture furthe onp swi tch
di mensi onefjS¢coR HEI Qeii ?ﬁWF]ias?gF%ﬁl & Sgeand Geunling e“&"rﬂﬁ irb‘égﬁstﬁ Kux devi ces

such that &é\f?ce?ﬂsfaﬁéaﬁ%rﬁrstt 189951% P?éc\‘iﬁ‘@[bb@ tﬁdt %?et 1n%fle%‘?ca'l Botthhiufiftatitf h t he

first and second coupling el enents have finite coupling strength and a
secondl st awithieachdtherh Thetshcdrildlx deyicedmasl aislemb adirstdobepdridrgseebmhivbe thabave no

coupling strength.. 5 In sone enbodi I rst oup in elenent, t he
second couPFith ec%‘F%‘rFQH%m“IBFatWBthT??éH §tlilg?)hbgltf’ tand the second

e B i S b
and secondfloodgticardlte seoemt coupbnpelementindudtively couples the first lobe of the
first flux device to the second lobe of the second flux device. The first and second
20  coupling elements are not in electrical communication with each other. The first and
second coupling element each have a dimensionless inductance that is between 0.5
and 2. In some embodiments, the first flux device and the second flux device are
gradiometric flux devices.
In some embodiments, the at least first and second lobes of the first flux
25  device and the at least first and second lobes of the second flux device each hold a
different circulating current configuration. In some embodiments, the first coupling
element or the second coupling element couples the first flux device to the second
flux device ferromagnetically or anti-ferromagnetically. In one embodiment, the first
coupling element has no coupling strength and the second coupling element has a
30 finite coupling strength.
In some embodiments, the structure further comprises a switch dimensioned
and configured relative to the first and second flux devices such that the switch can
create a state in which both the first and second coupling elements have no coupling

strength. In some embodiments, the structure further comprises a switch dimensioned
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SQUID. In sone enbodinents, the structure further conprises neans for 10
controllably tuning the first coupling elenent, the second coupling el enent,
or both the first and second coupling elenments. In sone enbodinments, this
switch conmprises nmneans for tuning the first and second coupling el enents so

e RS T LESSaP R B BN © oo

super condughbie Getviddn aqTHE: s@ﬁmdwmﬁtb%thﬂ@(ﬁrslﬁnaibé&ﬁéh@@m@selérﬂauﬁmce of the
first and second coupling elenents is between O I n ot her

embodi rrentzsﬁmttm@tmimgﬁtwmth ma swdu@s@ﬁaamchmhthq@st @dcsés@tﬂond coupl i ng
elenments is_a odi nents, the structure further
conpri ses %OI’IBF& %W?tsg]fl¥? p?Dc(oup& :Tﬁ%%gqgt he pl ural i ty of flux devices
conpri sy ng the fyigosde e%%dﬁﬁ@rﬁmhé hgxc&@ﬁhg@&mene%&&bn@mhgents further
conprise a plurality of coupling devices. Each of one or nore coupling

devi ces i nelementponbradh theyfirstf complipg clngleumnddb@sacombcmgémgalqmam edmpyyseof
coupling el Furt her rst cou devi e i n the urality of
coubl i ng - HEUSPLED. Jirsome slpimaes e HiEruBlng Heeti e sl touRi¥ Gescli bed
above. |I'n gefBnt, SMRAK HERSScoubl %%d $5M Eouphihl Qﬁheﬁﬁrﬂéhip?ﬁé afirfsecond

coupl i ng device conprising 25 third and fourth coupling €l ements as well as
athird fIS@U(ﬂ[éviImmm@crpbochmegtsfihcstrucam fugker@othpris¢sameansfosuch enbodi nent s,

the thjrd i the fi f t f t devi
e U SRl shiRe dirsiRialieg Hmamy ftecetatd consngalrmant okl ng " O
el ement copp éﬁ?tlah% ‘ﬁﬁ%gplir%be@’ erfiéntd. NG oide O?&nﬁo‘dﬂﬁexﬁ?%ﬁ%ﬂ%ﬁ Bothlf? sei rst | obe

of the thir V|ce In sonme e i ments, one or nore ux devi ces
in the pl umaanstfpr tuhinfg the fick und second soqﬂnmgleknhdncs dovthat thhﬁmanabsecbmhr fl ux

devi ces th ough .different cou I|n vices int Iural .ty of caqupling
devi ces. | Pk deices pEroRRBdHCEVely Prgh*ﬂ?f%?ﬁcgﬁ ﬁliﬂﬂgw badiméngane §ifed can
be ”Bpped S Qedlienpl shales e ﬁ%elfcbl-la&lcﬁﬁg' fr?s%melgml%}ﬁﬁllaﬁf fgpect of the
present invention provides an aratus~conprising a irst and a second
infornki i omncbammh:smduﬁhﬂceaﬁ" thae fc‘mswpid segordiaoupling elementsiinbetecen @5 nore

coupling el nts The cou Ilng evjce js configqured to |.nductively couple
the. FirstanhbosLeher st dﬁ e@%né@nlféwéegtawg%ft% lrstﬂmlfL ling

device is fu thgEhﬁwﬁ%qgﬁ%HBQHuﬁa gwi tch the inductive coupling between

ferromagnet| anti - erronagnetlc coupling of the first and
second i nf or mat Imnrbeambmﬁ:nemts ,ahe striotwrk ifathee compriseara. plimatity efdiyx i ng el enent
'n the Cougcl,vllc?e% t?lee\{) u(;aeiltg% ﬂ%x (cjile{zrlggsséo%]plrgmsg the first and second flux devices.
20 Such embodiments further comprise a plurality of coupling devices. Each of one or
more coupling devices in the plurality of coupling devices comprises a plurality of
coupling elements. Furthermore, a first coupling device in the plurality of coupling
devices comprises the first and second coupling elements described above. In some
embodiments, the structure further comprises a second coupling device comprising
25  third and fourth coupling elements as well as a third flux device comprising first and
second lobes. In such embodiments, the third coupling element couples the first lobe
of the first flux device with the first lobe of the third flux device and the fourth
coupling element couples the second lobe of the first flux device with the first lobe of
the third flux device.
30 In some embodiments, one or more flux devices in the plurality of flux devices
is coupled to two, three, or four flux devices through different coupling devices in the

plurality of coupling devices. In some embodiments, a Hamiltonian of a problem to

be solved can be mapped onto the plurality of flux devices.
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I nductance that is between 0.5 and 2. In some enbodi nents, the one or nore

coupling elenents consists of two coupling elenents that are electrically

i nsul ated 10 from each other. In sone enbodi nents, the coupling device

further conprises a switch for switching the inductive coupling between

ferromagnetic c ng _and.anti ferro net| cou I|n of the. first and
Ruftheraip@lar e tiod

second i nf or mat’i PreseRY Gl tﬂr‘é“ COMBABEE T onpri ses
neans for ﬁ@ﬂﬁi&rm@sﬁdfm%ﬁfahegde&@é a@wém ﬁ§£ c&wﬁgldeglce @bﬁﬁﬁﬁh bRe e one or
nmore coupling elements to go from (i) first state in which %he 15 first

coupl i ng ememwplmelnmemeuﬁhe ngdpémg@ngmmstamnﬁgm)edao sei@gmblm:mpée the whi ch

the first | i h | ing,str th, .an cond

coupl i ng eﬁréﬁgﬁi[sef:&d[ang hgn g?“fﬁ) %Bﬁ?ﬁ% ipgﬁ%%@g %)IS?fl"‘Btﬁ‘F(l) a
third s at@nfiguhite bwité}ﬁthéeﬁ&i&qve GGlLﬂﬁhg'BGtv@eﬁﬁf&%m n@c&qmglaﬂa afifiy ength to
(i1i1) afourth state in which the secon coupling el enent "has no coupling

st rengt h. Roromageeiveouplingiofitbe fisst andsecbhnd stformadiopalevieds inrdf eantmetlalde devi ces
are gradionetri nts,. each ﬁoupl i ng el enent

Tl o S R T e Tttt T 0 il

el ements Cﬁﬂﬁéthr?c@iha% is Bwelh BanliD. %ﬂg&n@@%gdlﬁféﬁfssthe%%r GRpP! i ng el enent
inall or a portion of the coupling elenents in the plurality of coupling

el enent s ccmphngelemnnnsfco&w}s bf tworcapling elementsabiatmenelsctrically insulpted ng devi ce
conpri ses ans i,nductive etween the first and
second'" nf }bﬂtilﬂreaflégg’ﬁ “’g’i‘?ﬂl%efnlts l}erpoggﬁ.%é)deé/ P22 coupl i ng
devi ce congy;t ?Jh?n ctive
coupl i ng Bgé’glv@gﬁr t he %@% 1%(1'1@{12%8%1[@9?'B?t‘(\)@?}%ﬁr&ﬁﬂﬁ%\gtﬂggou gaggg er aspect
of the pr e&anmagmm:ruoup]mg)oﬁl\he fiest and mbhdndlforfm&twntdehlcagmaa cafrotieblpl i ng

bet ween 1 nf or mat JITE \Aqbdevi ces. In such enbodi nents, he t wo nf or mat i on
devi ces arBaRTpl 8¢S VHICILCMPIECH BIcapy,1of CRngyHen CRsiAee @Jﬁﬁr‘i%‘l’t’fb‘:’: coupl i ng
el enent s s evice is
turned offél&nhﬁq?:ﬁgeg}gggup r|I3 hg&h g%é%éng%tggoes at(lf)la?}sr%%t obicgg}feldr st of
the twd ififsocoplingaledent bassmomoupling sﬁtremgth tbghira sn‘condhetasaemovidcloﬂletﬁm t wo

I nfornmati on devi ces. 13 second co In | ement, in the coupl.i device is
t ur ned offcouPﬁ%g elemsR %&F&“P St@“@ﬁ’eﬁﬁg @S&ﬁf"‘é’é‘ t%éplFfP%%IFmF’E‘HBq%f the first
of the tvoodgd:ahsrRb@liriidhis W dd¥dnIHAARH t{af?:tlﬁ viictt i€ ss&sANd | nf or mati on
devi ces. % flrst coup |ng tra on and e second coupling

el enent i scauplihg eleingnolids.a c'BIuphrﬂg stecingthned (ﬁ)emfmnlthcsmn@in whickltlensendsd 5 are not

in electrical .comrunication with each other. Both coupling elenents have a
coupling element has no coupling strength.

20 In some embodiments, the first and second information devices are
gradiometric flux devices. In some embodiments, each coupling element in all or a
portion of the coupling elements in the one or more coupling elements comprises a
dc-SQUID. In some embodiments, each coupling element in all or a portion of the
coupling elements in the plurality of coupling elements comprise an rf-SQUID. In

25  some embodiments, the coupling device comprises means for tuning the inductive
coupling between the first and second information device on and off. In some
embodiments, the coupling device comprises means for tuning a coupling strength of
the inductive coupling between the first and second information device.

Yet another aspect of the present invention provides a method of switching a

30  coupling between information two devices. In such embodiments, the two
information devices are coupled to each other by a coupling device comprising
coupling elements. In the method, a first coupling element in the coupling device is
turned off. The first coupling element couples a first lobe of a first of the two

information devices with a first lobe of the second of the two information devices. A
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di mensi onl ess inductance that is between 0.5 and 2. In sone enbodi nents, the
step of turning off the first coupling elenment renoves a first coupling
between the first and second informati on devices. Furthernore, the step of
turning on the second coupling el enent introduces a second 10 coupling

bet ween the i devi | n. some. enbodi the first .coupling is
For 1 onagneFERLRIPLHE CEBIEGhS B GAHATHG SFOca R PER Dl ondiEtond CRRIEH hor

enbodi ment aemeﬁth:% rT%'e£ fife froMBbd 5'ﬁthb $ird O thel 1RO RITREBES Gevi Willea fR6R1
coupling is ferromagnetic. Still another aspect of the present invention

provi des alobevfihd sodondem&mnﬁ@redevmapﬂhmﬁrsbe@w;ﬂmg efenfiént s¢ initiadly ansed ond

I nformati on device. The first . and.sec 15.1 nfor mat i |ces are coupl ed
Lo each. ot PSSy SouRNi SoH 40 MR, TH st B Bl RSy n ¢ he
method,s a £ hst m%@é&%da'[‘%rﬁhﬁﬁ?c%or? @ghfascmﬂal IEYIh 461N e'le'inenttélﬁh%a The first

coupling el enent couples a first the first I'nformation device wth
a first | o<ﬂlmen§10nlless indodadeithdt as batveen0.0eud 2e. A second coupl ing elenent is

tuned. The second coupl.i el enent co pI es the flrst the first
i nf or mati on 20 W&W@%ﬂ@%&ﬁ%ﬁgpp WERS Ogﬁ]ée é@&ﬁ‘?’rﬂ’ ‘Inﬁfe i on devi ce.

The coupl '&%&EQQHF&% %ﬂﬁﬁtg}]ﬁeéﬁvée‘drihé‘ﬂrs??n& %@0 EirPoithafiBH RLYiREs, €l ement cancel s

t he coupling produce tunin |rst coupling el enment. The
first and Ewdmndoreoﬂmlstapgafehmrr@‘drsthasecondt:omﬂmgeellmém|1madducmmonxht ion with

each ot her. Bath coupling el enent ave_a di nmepsj.onl es |nduct nce that is
bet weet 0. &uRfng betwssn fheg a%%@wlﬁnirssom%@n?ﬂw@ t315| arﬁgoam it is a

dc- SQUI D aféﬁjromgneﬁc%dqge &fcoﬁc}l]goJrﬂlﬁl?tlsbﬁﬁfJféHoﬂﬁgﬁ{t d hg ortﬁé'?' Fl%oﬁlfmern@? second

coupling conpriSes tunin cur I as or a sone

enbodi nment the firfteolplirgt is tanmfénrasrgagieecram the se@mdrcbuplitgis I,ﬂ:rrcanwgrtetie. tuni ng of
the first coupliﬂﬂ or the tuning of the second coupll‘& nprises tuning a
flux bias. In s® am%b%ﬁsa%pgthetm@e@éemoemldtﬁga 1B8f ﬁéﬁ IGIROVANE3Y

do- SQUID. - aiih D BediPh B%ir8lank BSeldraTheorRHRI] AGi@" TRGicbtiaNEely L he second
coupling conprrses tuning a current bras or a flux bras. I'n sonme

enbodi nent forifation devioeh are ooupled® catleomet by & ceupling-dewck Comptising he tuni ng of
the first coupling or the tuning of the second coupling conprises tuning a

flux bias. cquplispaEmentsodn Hﬁmgthoql Hefinss q%lphn&@lamemrm the @P@Hﬂgééﬂﬁ Bs the
first and ﬁ:ﬁ&?”‘f‘m{ H&PE{[&thg’é}eﬂ%\ﬁk g&ﬁ)]l rtsh%é i é£tQH%?@§ﬁd Cihhoer and the

second cou pring el enen II‘S secon rhmati on devi ces
t oget her awith-affRitrlobegnat se‘e@hﬂ Ynfolhdtidn deiiet her seasmibeduplihg tlRtentig¢ent i on

provi des atu?lz:crl u’quleusre?:or(l:ci) cr:T(Purplhilgg emaen{ ::(guslaﬁese%lrllg first lobe of the first information

20  device with a second lobe of the second information device. The coupling produced
by the tuning of the second coupling element cancels the coupling produced by the
tuning of the first coupling element. The first and second coupling elements are not in
electrical communication with each other. Both coupling elements have a
dimensionless inductance that is between 0.5 and 2.

25 In some embodiments, the first coupling element is a dc-SQUID and the
tuning of the first coupling or the tuning of the second coupling comprises tuning a
current bias or a flux bias. In some embodiments, the first coupling element is an rf-
SQUID, and the tuning of the first coupling or the tuning of the second coupling
comprises tuning a flux bias. In some embodiments, the second coupling element is a

30  dc-SQUID, and the tuning of the first coupling or the tuning of the second coupling
comprises tuning a current bias or a flux bias. In some embodiments, the second
coupling element is an rf-SQUID, and the tuning of the first coupling or the tuning of

the second coupling comprises tuning a flux bias. In some embodiments, the first

coupling element couples the first and second information devices together
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second flux device as well as a first SQUI D coupler inductively coupled to
the first 5 and second flux devices. The first SQUI D coupler is configured
to provide ferronmagnetic or anti-ferronmagnetic coupling between the first
and second flux devices. The SQUI D coupl er has a dinensionl ess inductance
bet ween 0. S, the first flyx dg{ice onprises a

and 2.. | sqme enbodi nent s,
first | oopregomeghticallnand the sconteiphar elemest fanplksdaa,ruanq seéend ogepnson
junction apg,tffosaeARd tgéé{pgerdﬁw_fgﬁ%ég%&gmw_ses a second | oop of

superconducting material Tnterrupte a second Josephson junction. In
sone enbodi ment Stjll adehdriaspect 8L1He Ihventiph provides astméuBsQ@dniprisongpfist and N sone

enbodi nents, t rf-SQUI D upl er di nensi,onl ess i nductance between
o ana 1 seeand ke wabts ftsh SOHL0 CuPEL RGN Be coPIES & RRborer | ¢
switch 4 or | et ' 5 A field 15
st rengtsfh o?@&%gyd%)gﬁ“é& i terrlgﬁg%;g gb r%b;%otélgﬁ g%@?gjgﬁdiqﬁgﬁggﬁeve coupling

bet ween t hferrofagsdticaordint demomiagretix cdeplingd=tweenfthe fistragd sdcond flox
anti-ferronmagnetjc. | one _epbodi ments, the magnetic field h flux
close to 28mdeandhe ﬁ@ﬁlﬁmpl%gg%@mqnﬂanlem %W@twqqnsﬂfg a2 sbtond f1ux
devices is L& ' L8N ing field has
a flux cl oss(gﬁ% %m}if)(tﬁﬁlgglg@’% Egﬁksﬁ]gggﬁe@ggg%r& | %gfgg‘ %?a% %fee e{gﬁg&ﬁllrngt and
second f| umatteia] ineesmipted Hyer fistrhgagtison junctios amethe sbadidrfrxtdeyvicet he rf - SQUI D

coupler is nongstable. .In some enbodi nents, the structure further conprises
a bi astthg SURRTERS 8 s¢Aong leqaplisyperranductiag mraf-esetun@rw&ra%wa%ﬁw a flux close

to a nunbe I ' ' I is a
o- S D cosseRhshfificfon., b SHEERTRAALAELS it SOUID Ehplel it SIS
f er r omagnetiupledr Ivsime érebaodineancthe ef-SQUIUD Icouglebieds\wadimehdienlessr st and second

flux devices. In sone enbodinents, the dc- SQUID coupler is symmetric and is
tuned by aindpeangsibgtwesn . €and ha lnespmesgimbadiments.dag devdce fustheheRMRIEEH i nent s,

t he dc- SQU ' ] ' 1$+d ) [ device. In
some. enbodl MBS e 13, BRKHIFL Fafndichd g1 HEERSQUIB solbld, Ry OS0! EF,
devi ceBy t fifengthusfahé ndgndticffialk detemiaeswhéahgrandhd@tivbeoliplingtbeamebngheond f 1 ux

devices as wel| as a _plurality of SQUI D couplers. Each SQUI D coupler is
i nduct i vel {irst ardgscerd flax dedeesris fesrpmagagtic ¢rranti-fgromagnatiss Inpompe plurality of

];1:‘ lcJ))r(eSIrg\rlllt Fgr?\ﬂé %Fb%tethg%hg{i:éoﬁ%fi 21%5. §E§é ?oﬁ%%eﬁé g%du{é% gllril(ﬂ";ég‘s/é g&ﬁli%nsi onl ess
i nduct ancebdigyee MstandRecond flux oTes ikanfiifbRsagtis. Iiesshe SQUI D coupler in
the plural tlargl ocﬁrner?t%JtlhE nfa%ggtlicefri;d ihfls 2(1: (f)]{]lj( Icl%l;é E)dn and the inductive coupling
20  between the first and second flux devicess is ferromagnetic. In some embodiments,
the rf-SQUID coupler is monostable. In some embodiments, the structure further
comprises a biasing switch configured to bias the rf-SQUID coupler with a flux close
to a number of quanta.
In some embodiments, the first SQUID coupler is a dc-SQUID coupler. The
25  dc-SQUID coupler is configured to provide ferromagnetic or anti-ferromagnetic
coupling between the first and second flux devices. In some embodiments, the dc-
SQUID coupler is symmetric and is tuned by a flux bias device and current bias
device. In some embodiments, the dc-SQUID coupler is asymmetric and is tuned by a
flux bias device. In some embodiments, the structure further comprises a plurality of
30  flux devices, the plurality of flux devices comprising the first and second flux devices
as well as a plurality of SQUID couplers. Each SQUID coupler is inductively
coupled to a different pair of flux devices in the plurality of flux devices and the

plurality of SQUID couplers includes the aforementioned first SQUID coupler. Each

SQUID coupler has a dimensionless inductance between 0.5 and 2. In some
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to provide ferromagnetic or anti-ferromagnetic coupling between its
respective pair of flux devices. Another aspect of the present invention
provi des a structure conprising a first 5 and second flux device with a
first coupler galvanically coupled to each of the flux devices. The first

coupl er conpri I i of. Joasephson.,| QRS and i nfigured to
Coont Ge T camhddEn S, B SOUIDYeoRblef SER AR SR SOUAR RS soffilied’s

devi ces. |3 ppoVTEe RARAHABRY &r antidferrbnkgietiRRduplanpotedwedrlixs @epctee pAESF conpri se
three Josephson junctions in a superconducting |oop. 10 I'n sone

enbodi mentBux devécesi rst coupl er conprises three Josephson junctions in a
super conducti ng, | as _we as_an external f.lux hias that can t the fl ux
through the s ARestBhipesRn: it aihPrariity feffut e s |y
device § s gl séadtidolN deviceOniftes fied casplessalvnidall$ cowslé® R GeR of theGhixon of the
first coupler and the second flux device is galvanically connected across a
second Jos@gyiesenlhelfirst ¢avples ompeisesiarpdurality afdogsipbson juhetiansad ital 1 ux bi as
can be tuned.to Er ovi de zero cou Jingp{{)&t ween tﬁe filr stb ﬂn%ns[ECﬁnd flux
devi ces antPPgHre (R BTVl 8885‘!3%%“’1‘01’ TR YORRIGHEEP P18 SRS et Ponagneti ¢
and vice V@hsds. Ilson@nEsiiRehieBRE Sirst bhe@ sdcbhd Flug AevitebachQ¥RIpris€ghrée fi rst
intersection between a first wwre and a second wre, a second intersection

bet ween t hloséphsen jumctiensana sapeonductie®logpre, a third i ntersecti on bet ween

t he second wire, _and a foqté‘gthtvméée Sa?d (il f ourt.h it teszec i on bettvveen sai d
the wile and t & PBESTPAgipents g firshpoupler samprisessthree JSPRHYBACHINS R i on and
the second, ﬁlﬂér&ﬁﬂﬁ&in‘gﬂlécﬁﬁaﬁaﬁ% zﬁ?&&erﬁﬁlrfﬁfx Mhd t!ﬂ@t’éanft%é@h@ Qluxaﬁkoﬁgl?,c'f rical
contact. Each intersection is further in electrical comunication with a
current bi ths suparepndoetingliobp.dImsomesgmbduements,ghel fisst flux idevide cugalvamically as ar e

tuned to 25 provide curgents that.are o site to the rrent rovi ded by
the first CRICRELATRS AArT LePpaamefiaR DhER o soilsr s REar iy st - and
second fl UgevilRMs gRivhrsicallyeddnRBRENSIrbss-a deBorR JOSEPIREP ARCABNbBthe & third and
fourth current bras aretuned to provide currents that are opposite to the

currents peanplededhdyxteinal flux bias aaibeswwehtd provide eero doupBngbeiweeretheoupl i ng
between th irst and.second flux device is antj 30.ferromagnetic. In sone
erbod ment Gt HHESerEh ARG AR a6t e Sive Pl el BySHagHRdgAhGne b ac 1 s
equal . I'n &R BANRAINIR A Syerdale structure further conprises a plurality of
flux devices, Wwhere the plurality of flux devices includes the first and
second fl ux devinseme ehftmdahents,tthe Brsatauplaeomprisessa Arspintersdcitioy betweeoupl er s
incIudingtPefi.rst coupler,. with . . . .
a first wire and a second wire, a second intersection between the first wire and a third
20  wire, a third intersection between the second wire and a fourth wire, and a fourth
intersection between said the wire and the fourth wire. Each wire comprises a
Josephson junction and the second and third wires cross each other without forming
an electrical contact. Each intersection is further in electrical communication with a
current bias . In some embodiments, the second and third current bias are tuned to
25  provide currents that are opposite to the currents provided by the first and fourth
current bias and the coupling between the first and second flux device is
ferromagnetic. In other embodiments, the third and fourth current bias are tuned to
provide currents that are opposite to the currents provided by the first and second
current bias and the coupling between the first and second flux device is anti-
30 ferromagnetic. In some embodiments, the magnitude of the current provided by each
current bias is equal.
In some embodiments, the structure further comprises a plurality of flux

devices, where the plurality of flux devices includes the first and second flux device.

The structure also comprises a plurality of couplers including the first coupler, with
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16 each coupler galvanically coupled to a different pair of flux devices in
the plurality of flux devices, Each such coupler conprises a plurality of
Josephson junctions. In sonme enbodi nents, each coupler in the plurality of
couplers is configured to provide ferromagnetic or anti-ferromagnetic

DRl Y CReh RS et SallRRTS e R %ﬁ@%@%}& Bin SEARY Ui et B o5 1or

coupling ik @&i&dsi @ﬁclﬂ%h%ﬁpl@f@olﬂﬁﬂéhd ﬁ?’%'f'J@ééBHédnf]ﬁnd@YﬂsCBﬁ are
capabl e of tuning the 10 coupling o orna i on devices between an on

(coupl ed) sama @nbnmlrnanitsmafzh (:wpi@up Iﬂwl)lll@ﬂlébt of conplerscis gpnigghred tat provida be
ei t her ferf netlc tlve% r antl H2LLO netlgé 03| ve) The
coupl i ng dee\r/mg%§ %{:orbaél 12EHPP8 rfega ch}pH}%/ eg *¢ ”ﬁsﬂ'ﬁ%’gf v ytg i ncl udi ng

t hroughs a gagagtic flux source or a current source, such that the above
identified coupling reginmes can be realized. In accordance with the present
15 invention, an integrated circuit conprising many information devices and

coupling devices is useful j i or approxi mate sol utions
to optimzation problens. éfegSE@Rgﬂﬁﬂﬁg?@gﬁg{r!@BS Pat ent Application
Publi cation No. 3Z0Q&/0Rdted Gth thepresdrt Bl enbiRlcOfpl QRO e Fortoliplidguant um

Devi ces", filed Decenber 23, 2004. In accordance with the present inventi on,
an infor namf@mademdc‘ecwrppr@@drda Suzmc@up;bmgdowdm:arc agpd tuning theupt ed by

one or, Jror e J gse nctl ons i nformati.o Vi c apabl e of

ator i ntf b oo Rl BRRAYER dePREsear Bt (e ED Y R€anSaCent | nvent i on,
the i nf or MaincOEpIEH stAESTIRY Goul léd&tﬂ@ymp&selﬁﬁp&moﬁl ?Betﬁt @ebAtBeRbeantr 0OCeSSi ng
bi nary quantum’i nfornmati on. descri bed above, devices are well known

in the art feriomagoetic (@nbum)rréfdmoophngdavmegs@nbe mmt@ﬂed by any of anumbéron

devi ces 25 nd flu ces,conprisethe sane basic, conpone

devi ces i n®at&by Hﬁﬁ@@%ﬁ%@ﬁ n@%’r‘?ﬁ ¢ S SORTRR At & CigFent ﬁ%ur}%f égé}hﬁm ﬁ%%vent i on
function i ghdvRgdannifiad @o@lfnﬁ%@hﬁ chr{‘gé‘i%ﬁﬁﬁe%n tth Yc@rddree Witk tHe Breléntt he
infornmation devices that they couple. Flux devices in accordance wth sone

enbodi hent mveiitiarhen ptegratad cironitcompnising maRy infcvtataylon devicesmandmoupling he same
but. differ fromflux the .sense that they

o not noefoNitesdt bEEH (oL SamEHinE P BiRE: PRPEOTEPE D oPb SREHER ods. of
time. Remyjgbfeni &L déi {Rfted SQRS P%%?Aﬁﬂl‘?&tlbh PRBlIERRBHORS 1008/0205845, ai nts on
device f abr i cation and I nproves chip yiel
entitled “Analog Processor with Quantum Dev1ces” filed December 23, 2004.
In accordance with the present invention, an information device comprises a
20  superconducting loop interrupted by one or more Josephson junctions. An
information device is capable of storing binary information. In some embodiments of
the present invention, the information devices are flux devices capable of storing and
processing binary quantum information. As described above, flux devices are well
known in the art. In some embodiments of the present invention, information devices
25  and flux devices comprise the same basic components.
Coupling devices in accordance with the some embodiments of the present
invention function in the on and off states independently of the nature of the
information devices that they couple. Flux devices in accordance with some
embodiments of the present invention store binary information in the same manner as
30  flux qubits, but differ from flux qubits in the sense that they do not need to store
quantum information coherently for long periods of time. Removing the need for

long coherence times reduces the constraints on device fabrication and improves chip

yield.
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17 In accordance with the present invention, the coupling devices operate
over a range of tenperatures. In order to maxi m ze coherence tines,
superconducting devices are frequently operated in an ultra-Ilow tenperature
environment, ranging fromabout 5 mlli-Kelvin (nK) to about 70 nK. Such
| ow t enperatures. reduc omt he enwronrreﬂﬁ @ ence facilitate

bg ehv1ce|s

coherent stor agehh?ftfo 8%%’&5?@6 thesen&ti’é’ﬁ?ttﬂﬂ thereon RPEBI e bodi nent s

of the presfinbe biMéRipetadites. OMOr@ér tIHARimize cEBrai@dintds! Supetcondditidpi Si ng a
plurality of I'nformation devices and coupling devi ces (e.g., 10 or nore

i nf or mat i odevikey arselsequant neparatedireeh @l@aﬂowngnmtmﬁa@vmnme)ﬂ gangingoper at ed at

t enper at ur C 0] rcon uctl devi ces 10
are nor nal 9‘“(5’3 %I@ﬂ?ﬁ%ﬂ V&AB]{)ﬁRaﬁglﬂ?@dﬁft( % l?rf?)"?{a "’g&rﬁﬁfﬁ “CMSome
enbodi rsentﬁomtm@emnﬁfenm&leneé %ﬂﬁit@‘éolférérﬁlétdr%eaeﬁﬂ @&l’sﬁhgdf' n an
environment ranging fromabout 5 nK to about 4 en the infornmation
devi ces ar@uzmpem atfemnationt i somé embodimestsaf thea)rcsngmvemm onsonmaret um
effects,

h t. t tribut
o the tonfARFHRUTA EoBRtsdE AL TP opaRieel T GBI BR Sl ©
i ntegrat edgg | rR)Uértrﬁoﬂe%nfoﬁﬁ%érﬂ?&néeg'ﬁn&ﬁdsbh%ﬁ chEITRRIRVIES o) 4B

super conduct hg netals that make up the information devices and coupl ers of
the int egopetra:-tdd afi temperaturésoabors st et whikch wdomventional mupﬂncqnducm dryiagsed in

such integrated II‘CUIt These el enents. hgye_criti erat ures of
about 172 ¥eIRE" y?H@rat?‘i@ﬁ@Etth&e abPHtioong\SeﬁB’bﬂ? ?énégrg'f he present

| nvent i on, hbisiifnBh! B bhOBr HBY TR ARMIOLrcBUPKET i nltnbliEnil OF mOre
|ntegrated circuits are nade from f erent ercon ucting nmaterials, and
t he naxi mimngmg@ematboue SofK dpebattidda Wheadhe 1lnf/onrtaaon defioesnat bperateévi ce

and/ or cougﬂtﬁmﬁhhat is made from.a materi al haV| ng the lLowest critical

t enper at ur 15 TBPAETaRRS. IYaTiAs Prapluneffects, speh asdncohstrat A4antBt yres and
met hods T Ofunnelthe! B frelahf fld QRlfbukidthé B liamitp efifeQifing i {)]ér%megev' ces

are descri I'n sone enbodi ne I nve t|o
super cbihduef thagnejommbreniniegtaed dronits & lesbahiarcths c(1863.lllt@aperatuee ofstel to coupl e

two flux devices together in a tunabl e nne hat permts sw.tching of the
coupl i ng sPYpSIconteting matals ghas make yp hedp dertcasBd ceeRlpsiohde

fer ro”agnehhe?rétéd Eiddic. Trde eQ @ee?lhﬁnndn? P&%HP&B HRfu E&‘ﬁlédat{?r%%rgtéd fl UX 30
devi ce arrays conprising a plurality of Information ewces

nore inf omrfamsoffheke\eﬂmts Rive.ctitical tehperatuadslofabout IiDKtdndd. DK t he
information devices in the plurality of information de¥| ces are coupled to
at | east ofespPestinely. ,Irp,;quep@mb@ﬁnggt;,q{éhq pyesent invention, the information devices

20  and/or couplers in the one or more integrated circuits are made from different
superconducting materials, and the maximum temperature of operation is set by the
information device and/or coupler that is made from a material having the lowest
critical temperature.

In accordance with the present invention, novel structures and methods for

25  the controllable coupling of superconducting flux devices are described in detail. In
some embodiments of the invention, two superconducting quantum interference
devices (SQUIDs) are used to couple two flux devices together in a tunable manner
that permits switching of the coupling sign. The coupling sign dictates whether the
coupling is ferromagnetic or anti-ferromagnetic. In an aspect of the invention, flux

30  device arrays comprising a plurality of information devices (e.g., 10 or more
information devices, etc.) in which all or a portion of the information devices in the
plurality of information devices are coupled to at least one other information device in

the plurality of information devices by a tunable coupling devices are presented. In
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the plurality of information devices by a tunable coupling devices are
presented. In 18 an aspect of the invention, it is shown how to operate such
coupling devices in order to switch coupling sign and, when desired, to
shut off the coupling altogether. In an enbodi nent of the present invention

ler SQUID.i d_t two rf-S | t,
e 1T~ scutpes o tigvenstip £ By gy o cpBtit 9 sl st s OB or mat | on

devi ces ang s%ﬁt%hrcéuﬁﬁ{ges‘iigr{ shd@vhbh Hé‘sn‘éﬁVt'oCsﬁutr dff ﬁQébEﬁm Thfeediep! er SQUID can
either be a do-SQUI'D or an rf-SQU D. In an enbod |rrent of the pr esent
i nvention, a coubhmembecﬁn;‘tdntbﬁthe armmeabbmanouW@JIlbns useditat abl e

rf - SQUI D. t ;of the present ' oupl er - SQUDIis
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botween ¢ HETDIRnCR I Bresen iepign iUt R poure TR EE 5 Cuned
by an ext eérrh'ﬂ‘ﬂnstfabl‘é)ff-éélﬁDasln%H@nﬁ;%ﬁ]ﬁ(én%Gﬁth@ g?é&@ﬁ’tﬁﬁ@é]ﬁl‘éﬁtd &pr’lé?QlQ interrupted
by three Josephson junctions. |In sone enb nts, the’ coupling device
conpri ses SQUﬂDJosephmemcjdm%:@Uﬁhsramasymlgﬁdcdn-Sé)lo‘,IrD)ss wire design and is

t uned four external rrentﬁtﬁlases ) I‘adIOITEtHC fl.ux device is a type

of inf Bl mation db%PEEMPASmentof e BRsFitivweTfion, AfoNBYRREDECT YR i ¢ fi el ds
applied ov Vi

conpri ses gl[ur %llg}ggftjﬁ)\éﬁﬂﬁ?ﬁﬁ n%ﬁﬁ%slggg%ctg %ﬁ?%%ﬂﬁ@%ﬁ%ﬁ%pt ed by one
or nore Josepliagdeyivanptoviies eithaderrahagnetc at adtefstonmgactiooppling between

gradionmetric flu devi rise o e or nore | obes ch lobg in a

gi ven | oopt }Fé{“?‘l eyisesy %fuﬁﬂgsi?% ugeg tQy i%?é‘éﬂi‘@ coppling ﬁtwngﬁi@%@a ® that
super condu IR B di rection
in one Iobgﬁgg%lt ehg%nééslg@g%%}ﬁeg{éf fhg(ra?o}l lﬁl%Icﬂot cle e %?E?B%%%Eﬂgc aPFlg eina

gr adi oh®et r bias ﬁrhdeomkmﬂe@e sqmncdaﬂuctrngelbepintemqitecbbz,mm Joa¢phson junttionst he ot her

| obes, neapi ng that Iectr urrent can flo from ne | obe to another. A
magneti c fIeloMGem ﬁ%}sé 88 dAVIES FHBPTIES SOWRIPFEPNFRILIMEC NS ent to 1 ow

ina dire c field. In the
case v\,heregltcgfh%gdlirf]glt:rog??wrré %s@glag?rgstt?fﬂcﬁ){fogpdﬂ vrlntgg rg%gg{égécstly two | obes

form ng a | obe Aegradlamdtrfe&wx dRicefis 4 hgeefinformymnrdevive ¢hdtlis ppaditivettd r espect
to each other, a nag netlc ield hhat i's. honogeneous across_the flux device

will act ohm%g%ovwgnmc prEOYsAjthe 46&&%&{?&@ area. A gradiometric

20  flux device comprises at least one loop of superconducting material interrupted by one

or more Josephson junctions. Each of the at least one loops in the gradiometric flux
device can comprise one or more lobes. Each lobe in a given loop is flipped with
respect to adjacent lobes in the loop so that superconducting current flowing in the
loop will circulate in one direction in one lobe and the opposite direction in another
25 lobe. Each lobe in a gradiometric flux device can be in electrical communication with
the other lobes, meaning that electrical current can flow from one lobe to another. A
magnetic field threading a superconducting loop will induce current to flow in a
direction that depends on the direction of the magnetic field. In the case where each
loop of a gradiometric flux device has exactly two lobes forming a lobe pair and each
30 of these lobe pairs are flipped with respect to each other, a magnetic field that is
homogeneous across the flux device will act on both lobes of each lobe pair to induce
circulating current in the same direction in both lobes of each lobe pair. The resulting
currents in each lobe of each lobe pair oppose each other and hence cancel out,

resulting in no total circulating current. Conversely, an inhomogeneous or
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circulating current in the sane direction in both | obes of each | obe pair.

The resulting currents in each | obe of each | obe pair oppose each ot her and
hence cancel out, resulting in no total circulating current. Conversely, an
I nhonmogeneous or 19 asymetric magnetic field will induce a stronger current

I n one | obe of a.lobe pai sudch that the resulting persistent currents do
ot cancel yivnetrie SEpdtfiong vt ol Biipoker piiiht it Pk RBE BF EIPE vt he case
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contr o || neEICIGub RS bl i ormeh Raarish Sactl be S £ Brar eali ng

NOi se- Sensihbydif¥nBdtRE rebd? invehBEH, Al 2aliSb i flux deRice Oith ABRdinuRpes of the
I nvention, each |obe of each information device in a plurality of

i nf or mat i oof ldbes is @sed as idformation devieed on t he sanme |ayer in a superconducting

chi p. some epbodi nents.of th i nvent.ion,. each. l.obe is fabricated on the
same IL@er in as1PE D F‘?tﬁSﬁﬂﬁipﬁesﬁﬁttln‘t"ﬂ’élonc‘?aﬁgé%tgg?at( VEPd3S where the

L ob ; ; . . . her | |
obes are fHe'gP&ﬁ‘&nlétﬁiE%B%fg?uar%@?ﬁg&t@rﬁ?dr%g%.' A dr@RbERcROnfABuragittpisher | ayer

whi ch can be “usefu uct ances of the I obes. I n sone
enbodi nent ssefidl foheoninollengtthe nouptiag betvaser informattomi deaiceslandhfos egacaige | ayer s

such that one 20 Jobe from,each i nfornmati on device j.s fabricated .on one
| ayer of al§HERNSHNEY @etosgthe dnfegratedipincuit Hosoge embadiments OF fhedpyentioBa on a

di fferent le@c}ﬁ%beoéfefaa?gﬁwnpaﬁoh@e%gﬂ{ danegity W fnforal e edeEgt of the

present invention, gradionetric intfornmation devices are operated in
envi r ohfrenfabrieated on theesamerl agen i a supegiomdudinigwehéim latsonte embudimerds afthat 4 K
The operatjng tenperature of . the inﬁlegrated circuit is,less than the

critical 25VERiRSeraahIPRe isabrirated e SRk ey & 18 asHBErCRRduS TG CRiRSY Eegr at ed
cireull. Fhidssoler (MON8a AReRTROMLEERL ifhpddElaBIERAMN bIKBNS kMichl (fOUP! L N

two supercon ng in t1on devices using coupling ‘device 11 In FIG
1, coupl i nanothie\ayee WHiOh caniy useéd it balandngtheigdwetawendfahd libed hrsdnik10- 2 t hat
are not in el ecit ri caIf c,o\r/n‘ruini cati (m) V\ln t.h ieat%h ir?gehzeir ) 1'I'hi3 S Qc(:)hvt%lat tnype of
coupl i ng, eBhpdimeptsfihgonvention, each lobe 1s fabricated parate layers s orie
20 lobe from each information device is fabricated on one layer of a superconducting
chip, while the other lobe is fabricated on a different layer of the chip. In accordance
with an embodiment of the present invention, gradiometric information devices are
operated in environments with a temperature ranging between about 5 mK and about
4 K. The operating temperature of the integrated circuit is less than the critical
25  temperature of the superconductors that make up the integrated circuit.
FIG. 1A shows an embodiment of the present invention for coupling two
superconducting information devices using coupling device 110. In FIG. 1, coupling
device 110 comprises two coupling elements 110-1 and 110-2 that are not in electrical
communication with each other. This novel type of coupling, comprising two
30 coupling elements like in FIGS. 1 and 2, is referred to herein as the dual coupling
scheme. In some embodiments, information devices 101 and 102 are flux devices,
and may have the same structure and size. In some embodiments of the invention,

while information devices 101 and 102 have similar structures and sizes, they are not

identical due to fabrication imperfections. In some embodiments of the present
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30 coupling elenents like in FIGS. 1 and 2, is referred to herein as the
dual coupling schene. In sone enbodi nents, information devices 101 and 102
are flux devices, and nay have the sanme structure and size. In sone

enbodi nents of the invention, while information devices 101 and 102 have
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information device to information device on a single chip and between
chips. | n mforenatioh devioe Zisahterruped py eJesephsanjendtionnl, 20 denoted yr areXi on

devi ce se. nore than one Jose hson unction. .|l nf.ofmation devices 101
and 100 ar RCISGHIORPIIY: LBRRIPR§raR0h dacah bairian PO o iploRBEUoRt S al |y

bet ween fI q;élp,, vi ce 110
appl i es anféf(lgl1 uc?ﬁﬁdeﬂ:‘@% WSIE% H a%lal oéreﬁé:':ﬁ #pgnllgé?ﬁ%glgmi%l?ﬁgﬁ 102. In
sone errbodthmr&sentoﬁvdmmn,p]hemfnnnatmneieMCemcommq@Immg tiklevoredodeplisaonpri se a
plurality of SQUI Ds, such as dc-SQUI Ds or rf-SQU Ds. Each elenent (e.g., rf-
SQUI D or dBN8N-D) within coupl i ng device 110 can be operated i ndependently
of 20 the oth i | £138 J&]B&e 1 n devi ces
101 and 102 caﬁr ¥ cgﬁ?F§@%$ y co@%?g% gﬁgggééﬁ %dmﬁ%i?%gﬁ%? conpri ses
dc- SQU Ds, placmltdmgdnaby betweon flluk rdgvmml(hemdlmalasnemvhylmlﬁp} ylAngpcmplhngs current

to each re pectlve couplin el ement ere ea resp ctive
dc- SQUI D) ‘i‘? I‘E?y 10r7pRH ?Srﬂj‘ ma%ctﬁﬁ@ﬁé@mg hqt\ﬁ%nzsquxn@mm $Hhgss 1 @i 5 P?Te coupl i ng

el enent | opp ﬁgﬂ] ontroll abl e
coupling is ag}n eve ﬁﬁ hgﬁxeiﬁéés%{ftﬁg%oﬁe@@h fﬁew&f ! I n nl@hg%SQJI D | oop of
each respeplutaliey GDSIDU[]Dg satleaady-SQUID s oni-SEYIIaS, Rach lentene (e.g., rf-
SQUID or dc-SQUID) within coupling device 110 can be operated independently of
20  the others.

Using both elements 110-1 and 110-2, information devices 101 and 102 can be
controllably coupled. When coupling device 110 comprises dc-SQUIDs, controllable
coupling can be obtained by applying a bias current to each respective coupling
element (here each respective coupling dc-SQUID) or by changing the magnetic flux

25  within the respective coupling element loops. When coupling device 110 comprises
rf-SQUIDs, controllable coupling is achieved by changing the magnetic flux within
the SQUID loop of each respective coupling element. In some embodiments, one
coupling element in coupling device 110 is a dc-SQUID while the other coupling
element is an rf-SQUID. In such embodiments, controllable coupling is achieved by

30 applying a bias current or by changing the magnetic flux of the dc-SQUID and by
changing the magnetic flux within the SQUID loop of the rf-SQUID.

Exemplary coupling elements 110 in accordance with some embodiments of
the present invention are illustrated in FIGS. 1B and 1C. In FIG. 1B, an exemplary

coupling element 110 comprises an rf-SQUID that includes a loop of superconducting
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coupling elenent in coupling device 110 is a dc-SQU D while the other
coupling elenent is an rf-SQUI D. In such enbodi nents, controll abl e coupling
is achi eved by 30 applying a bias current or by changing the magnetic fl ux
of the dc-SQU D and by changing the magnetic flux within the SQU D | oop of

th f-SQU D. . i ts. 1 i d J th
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super condugicungl 0*agpo dslBuéh agboube] (Prdnp ahtieaB, ©fthelfux) geains OThe Alagt i on
110-B. In sone enbodi nents, superconducting |oop 110-A has a size ranging
f r om about requise terconirpbecynling elsment 1 0fGH0- 4B Wapendsionthmeharacierisgagof
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110-A is made of alum num 20 In sonme enbodi ments, superconducting | oop
110- A i s nsigerapging fem abat d bquare micfoalie abeittd 8,008 squase niietons.sisomeat e. FI G |

Cillustrate not her cqupling..el t, 110.in_accordance with .the resent
vent | on. eneltEnG TosgPtPa S THFBinarn aize TR RPANESD beitelfi o hat
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Josephson 25 junctions 110-Bl and 110-B2. The coupling elenent 110 of FIG

1C f urt her niohgimydlassome embodiments, superconducting loop 110-A is made of aluminum.

20  In some embodiments, superconducting loop 110-A is made of a superconductor
fabricated on a silicon substrate.

FIG. 1C illustrates another coupling element 110 in accordance with the
present invention. The coupling element 110 of FIG. 1C comprises a DC-SQUID that
includes a loop of superconducting material 110-A interrupted by two Josephson

25  junctions 110-B1 and 110-B2. The coupling element 110 of FIG. 1C further includes
two bias leads 110-C1 and 110-C2 for applying a bias current through the coupling
element 110. In some embodiments, the characteristics of the coupling element 110
of FIG. 1C are substantially the same as those of the coupling element 110 of FIG.
1B. Josephson junctions 110-B1 and 110-B2 can be the same size as Josephson

30  junction 110-B or different. The coupling element 110 of FIG. 1C can be controlled
by applying a bias current across leads 110-C1 and 110-C2 and also by a flux bias
(which is not shown) similar to 110-C of FIG. 1B.
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two bias leads 110-C 1 and 110-C2 for applying a bias current through the
coupling elenent 110. In sone enbodi nents, the characteristics of the
coupling elenent 110 of FIG 1 C are substantially the sane as those of the
coupling elenment 110 of FIG 113. Josephson junctions 110-Bl and 110-B2 can
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potential energy of the coupl ing element 110 onli/ has one m ni nrum whereas
bi st abi | i t therekeament.tandt ¢ héhpﬂueunMeﬂbc dim¢nsponlese induntanes caRmisotiee pur poses

of coupling, it is preferable t coupl ing elenents 110 are not bistable
in the presegiftenad ﬂm nt,iveere bﬂowe tlbealleﬂ\w Jdséplisdn ifidiRtanoseThd he
coupling strength, IR shoul d’ not much | ess than 1. I n sonme enbodi nents

of the res ntlon the dlnen onless in ance cou |ing elenments
P10 1o Ber i obihs Siersiiniqs) SRt TN ine NG e TR ot - on t he
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bistability means that the potential energy has two minima. For the purposes of
coupling, it is preferable that coupling elements 110 are not bistable in the present

20  invention. However, the lower B is, the lower the coupling strength, so B should not
be much less than 1. In some embodiments of the present invention, the
dimensionless inductance of coupling elements 110 is between 0.5 and 2. In some
embodiments of the present invention, the inductance of coupling elements 110 is on
the same order as their Josephson inductances, which means the dimensionless

25  inductance is approximately one.

Referring to Fig. 1A, in one embodiment of the present invention, coupling
device 110 is in close enough proximity to lobe 101-2 of information device 101 to
couple to the lobe. Coupling element 110-1 is in close proximity to lobe 102-1 of
information device 102 while coupling element 110-2 is in close proximity to lobe

30 102-2 of information device 102. Herein, elements or devices are in close proximity
to each other when the distance between the elements or devices (e.g., SQUIDs or

loops of SQUIDs) is such that the coupling strength between the two elements or

23



25 inductance is approximately one. Referring to Fig. IA in one enbodi nent

of the present invention, coupling device 110 is in close enough proximty

to | obe 101-2 of information device 101 to couple to the | obe. Coupling

el ement 110-1 is in close proximty to |obe 102-1 of infornmation device 102
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cl ockwi se circulating current 130. The sane applies to information device
102. configurations in each lobe, since the information devices are made of one loop of
20  superconducting material. For example, in information device 101, lobe 101-1 can
have clockwise circulating current 130 while lobe 101-2 has counterclockwise
circulating current 140, or vice versa. Conversely, for example, in information device
101, lobe 101-1 can have counter-clockwise circulating current 140 while lobe 101-2
has clockwise circulating current 130. The same applies to information device 102.
25  Thus, by using coupling elements 110, lobe 101-2 of information device 101 can be
coupled to a lobe of information device 102, which either has the same or opposite
direction of circulating current. Depending on whether the coupled current directions
are the same or opposite, ferromagnetic or anti-ferromagnetic coupling is achieved.
For example, consider the case in which lobe 101-2 has a clockwise 130 circulating
30  current configuration and thus lobe 101-1 has counterclockwise 140 circulating
current. Further, in some embodiments, lobe 102-1 has clockwise 130 circulating
current and lobe 102-2 has counterclockwise 140 circulating current. Thus, when

coupling element 110-1 is turned on while coupling element 110-2 is turned off,

information device 101 is ferromagnetically coupled to information device 102.
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25 Thus, by using coupling elenents 110, |obe 101-2 of information device
101 can be coupled to a |obe of information device 102, which either has
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However, these two couplings are equal in strength and therefore cancel each other
out resulting in a net coupling strength of zero, assuming that the physical parameters
of information devices 101 and 102 are the same. However, due to differences in the
physical parameters of information devices 101 and 102 (e.g., arising, for example, as
25  aresult of imperfections in device fabrication), the coupling between information
device 101-2 and one lobe of flux device 102 might be slightly stronger than the
coupling between lobe 101-2 and the other lobe of information device 102.
Consequently an appreciable residual coupling may exist between devices 101 and
102. This residual coupling can be made smaller by spacing devices 101 and 102
30  farther apart, thereby increasing .
When both coupling elements 110-1 and 110-2 are on, coupling cancellation is
also possible. In this case, coupling device 110 will facilitate ferromagnetic and anti-
ferromagnetic couplings. These couplings can be tuned so that they are of equal

strength and can thus be cancelled out. Tuning a coupling comprises tuning the
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of information devices 101 and 102 are the sanme. However, due to differences
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either coupling element 110-1 or 110-2, the strength of the ferromagnetic or anti-

20  ferromagnetic coupling between information devices 101 and 102 can be adjusted. In
the Hamiltonian of system 100, o, ® o, represents the “sigma z” coupling between

information devices 101 and 102 and J is a pre-factor that indicates the strength of the
interaction between information devices 101 and 102. When J > 0, the coupling
between information devices 101 and 102 is anti-ferromagnetic, with a higher J
25 meaning a stronger anti-ferromagnetic coupling. When J < 0, the coupling between
flux devices 101 and 102 is ferromagnetic, with a lower J meaning a stronger
ferromagnetic coupling. When J = 0, coupling devices 110 provide no additional
coupling between information devices 101 and 102. In some embodiments of the
present invention, the coupling strength of coupling devices can be continuously or
30  nearly continuously varied from J =1 to J=-1 by appropriate tuning of coupling
device 110.
Coupling elements 110-1 and 110-2 can also inductively couple to each other.

However, such coupling is negligible to operation of system 100. In some
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the Ham | tonian of system 100, o (r) o represents the "sigma z" coupling
between information devices 101 and 102 and J is a pre-factor that

i ndicates the strength of the interaction between information devices 101
and 102. \Wen J> 0, the coupling between information devi ces 101 and 102 is
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constraint imposed on the direction of current flow in 202-1 relative to lobe 202-2. In
20  contrast, in the lobes of information devices 101 and 102, current can only flow in
opposite directions in their two lobes. In some embodiments of the present invention,
the central leg of each information device (201 and 202) comprises a de-SQUID that
includes two Josephson junctions.
In a preferred embodiment of the present invention in accordance with FIG. 2,
25  information devices 201 and 202 have currents that flow in opposite directions in their
respective lobes. That is, each information device has opposing currents in its two
lobes, which can be used to represent the eigenstates, or quantum states, of the
information device. Since the physical states of system 200 have currents of this
form, a dual coupling scheme can be applied to this type of information device as
30  described below.
Coupling elements 110-1 and 110-2 couple flux devices 201 and 202 together.
The operation of system 200 is equivalent to that of the system depicted in FIG. 1.
That is, when lobes 202-1 and 202-2 have opposite current configurations, lobe 201-2

can be ferromagnetically or anti-ferromagnetically coupled to flux device 202. This is
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20 contrast, in the |obes of information devices 101 and 102, current can
only flowin opposite directions in their tw |obes. In sone enbodi nents of
the present invention, the central |eg of each information device (201 and
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20  Array 300 can thereby simulate the Hamiltonian and provide information about or a
solution to the problem. In some embodiments of the present invention, array 300 is
designed to solve only one Hamiltonian.

FIG. 4 shows a 2D array 400 of information devices coupled together using
the dual coupling scheme described above in conjunction with FIG. 2. Array 400 is

25  anexpansion of the system depicted in FIG. 2 and operates in the same way. Each
device in the interior of array 400 can be coupled ferromagnetically or anti-
ferromagnetically to all four of its nearest neighbor devices.

It can be appreciated that while arrays 300 and 400 are specific embodiments
of 2D arrays of information devices that employ the dual coupling scheme described

30 above, other types of arrays are possible. For example, in an embodiment of the
present invention, a 2D array of information devices with dual coupling to three
nearest neighbors is possible. In some embodiments of the present invention, the

number of coupled neighbors is greater than four. In some embodiments of the

present invention, the array is a linear array and each information device is coupled to
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couple to any one of its neighbors. In sone enbodinents of the present

I nvention, a Hamltonian of a problemto be solved can be mapped onto the
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ferromagnetic to anti-ferromagnetic or vice versa. In some embodiments of the

present invention, the information devices are flux devices, such as rf-SQUIDs or
20  persistent current qubits.

FIG. 5 illustrates three rf-SQUIDs 510-a, 510-b, and 510-c. Each rf-SQUID
consists of a loop of superconducting material interrupted by a Josephson junction
(denoted by an X in the loop). These rf-SQUIDs are depicted in a row for
convenience. In FIG. 5, rf-SQUID 510-b is a controllable coupling switch and is

25  disposed between rf-SQUID 510-a and rf-SQUID 510-c. In an embodiment of the
present invention, rf-SQUID 510-b can be replaced with a general coupling switch or
coupling device for controlling the coupling interaction between rf-SQUIDs 510-a
and 510-c. An example of a general coupling switch is a flux transformer. The rf-
SQUIDs couple to each other inductively. In some embodiments of the present

30 invention, rf-SQUIDs 510-a and 510-c are used as information devices. The rf-
SQUIDs 510 have circulating superconducting current as well as associated flux,
which can be labeled by its direction, such as 1 and |.

In embodiments of the present invention, rf-SQUID 510-b is monostable,

meaning that the potential energy of the rf~SQUID only has one minimum. This can
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i nvention, a single rf-SQUID or a single dc-SQUI D is used to couple two

I nformati on devices together in a way that allows the type of coupling to
be switched from ferromagnetic to anti-ferromagnetic or vice versa. In sone
enbodi ments of the present invention, the information devices are fl ux

devi ces, such.as rf.-SQJ or sistent. current qubits. FIG .5

11 st r at ¥ s Fieeyprs e s PURIHES Wi HitHse TR abiTer sl consi st
of a | oop @fquanthesCPMeatibARsIRMERS thitl 16N R LR1RA] PuddIRREMYIRN j unction
(denoted by an X in the loop). These rf-SQUI Ds are depicted in a row for

conveni enclesephsorFjuBctidy of f~SQUICDS HtH obfar any flow bias by mdkieg deRQPUIMGIGwW t ch and
is 25 disposed between rf.- |.D,510-a.and rf-SQJ D.,510Q- I n an enbodi nent
of the pﬁ?e% tthq%h%cﬁmegﬁgrﬁ%é_lg@jt@cgi%qrsu@h0{%5§@ﬁpgcg@ewi th a general

coupl i ' '@W?J' ' or r @l | [ i nt eraction
be?ﬁegggr?%%%s%gfg- a dgﬁ% %?l‘ébgﬁs gn g%%? @e}oelf Hg: %’gﬁgﬁgﬁﬁi’?ﬁl : ng sw tl:h

i's a flux 2nldndfponiere.L, il therihduciddt Bad Epispheldsepleanknaighef ri-HQUEDi vel y. | n
sone enbodi nents of the Béesent 30 invention, rf-SQUI Ds 510-a,and 510-c are

used as i nilOrrathisyalye of Bwdimensgionless ighotange carpbeachieved by sedicingdts

super condugi rr I ! | d, L€ be | abel ed by
Its di rec?‘?’ fél%mseg{éﬁﬁ tg‘gﬁnfgéﬁﬁﬁ&oqaﬁfrgm%% & )B[’eH%e"‘@? gﬁshé%@o? nventi on,

i f- SQUI D Séfiphing, sppresiablealiihe indudbadtAgplin ad conbiderrdtappiccableawigendy of t he
rf-SQUI D only has one mininmum This can 29 be achieved_ either by biasing
rf - SQUIOD soroduseg measurpblgeffettone dayicgrroupled it Husazes embediggntstod theor a

di mensi onl ess_| nduct ange | ess. than a.critical | ue define t he

Josephson Tenat ISHRGH AR she Brd SRz Y b HEst il SRS 1. squo
510- b suchicrdido dbbet t,000sguerR! hitfons NREGIARAE R, EGradpontizdo teduting@hé than 1.
The 5 di nensionl ess inductance is defined as (3b = 4e2LbEb (here, TI = 1; in

Sl units, itieal qurrent oidISQURRP K0-bb Fpsexamwld, metlvstiom ethg sritica) cugentiren Josephson
energy of rf-SQU 0-b, Thi.s val ue of the dinensionless i.nductance can be
ehi aved by feBE s S reduriets sy ent 0ot BT RaniaEHBE F 9 Son o

510- b, 152ndreBGdIfE the lteoss RB¢tInaV frea 6B |Jb§é§hso%?ﬁﬁ&ﬁ>hab ki rf-BURUID) diaGbinée
coupling is considered appreciable when it 10 produces a neasurable effect
on a devi cembaslipertsl thecritical perrens o therrb-SQUHPNS betgeen pboutdrpds end abawbent i on,

(12753 Suhe PRl eSS S RRISER o BRGS0 1
gL'r '; iﬁ\ﬁ?' C;j?]&hétﬁiﬁtian-SQUlﬁgﬂb[E RUep therPS NI tRe flaREEhMEON i n the critical
In an embodiment of the present invention, rf-SQUID 510-b has a
20  dimensionless inductance slightly less than one to ensure monostability and a strong
coupling. In an embodiment of the present invention, rf-SQUID 510-b has a
dimensionless inductance between about 0.5 and about 2. In an embodiment of the
present invention, rf-SQUIDs 510-a and 510-c have dimensionless inductances

greater than 1 but less than 2.
25 FIG. 6 shows a graph 600 modeling the total flux of an rf-SQUID, such as rf-

SQUID 510-b, versus the applied external flux (¢b0 versus % ). Such a graph is
hereinafter named the S-curve. The axes of FIG. 6 are in dimensionless phase units,
¢, and this is expressed in terms of the applied magnetic flux as ¢ = 2n*(®/Dy), where
@ is the applied external flux or total flux depending on the respective axis of FIG. 6.

30  The external flux is applied to the rf-SQUID loop, and the difference between the
total and external flux is manifested by the current in the rf-SQUID. For example,
curve 610 corresponds to the case where inductance is zero (B, = 0), and is a 45

degree line as expected for an open loop.
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be acconplished by reducing its critical current density during

manuf acturing, or by 15 reducing the cross-sectional area of the Josephson
junction in the rf-SQUID. In sone enbodinments, the critical current of the
rf-SQU D is between about 1 pA and about 10 mA. \Wen required, a shunting

it b t he,.J h j unction i - SQID 510- b
Lo keep the r1- o bR PHE G RRtesindt s ase 1 e iBhrt A Hoesont
i nvent i on, b isfsigafkib datlS 16k Rhdras (3 <201 GubBivt 86tb € $SlugisdeaN@ea fiips @il ¥ | ess

than one to ensure nobnost abi l [Iltgy and a strong coupling. In an enbodi ment of
t he presento |, theandueoio, the mug@lirdustancebatweensS QUIehk)-o andSL0-briliisct ance

bet bout ..0.5.and about 2. | ' foth t | tion,
- Sour o Sitstidels HEnET BoxGenal uB D FERRENT STRAE Bk AR sxbie Bl b han S b
less than Zero 2thefd-EarvOh& WM 18ssth@aPEnBRGhaMHRihd 8ask ipetstpattallyfshiexdedl an

rf-SQUD, such as rf- SQU 510-b, versus the applied external flux (ob
ver susob ) by StRQUED §1Cbls setf-flireinghe hdirectionatdas,tinsuch ¢roupstantererfaxes of FI G

6 are in dj iQpl.es h . unit $ this i dinterns of
Che. appli eNORIR AR cay S it R Birodigedfe "MberEs QD SIPHEPiafigks o
external fhixfedloniaghétc Jdu&%ﬁg@ﬁ&%% ASQUINS1 0-LERESTO-Y & i &s@f Whefs 6. 30
The external flux i's applied to the rf-SQUI D |oop, and the difference

bet ween t hm contrast) thaexiteenal Buxaf riFSQMID §10qbns Elesd ©dDHY, théphysical ent in t he
rf-SQU D. For exanple curve 610 corresponds to the case where inductance
is zer i ((BIgpertigs oPHrSRYID 510 wagk g the oppesitemanagh e Fhese the,p-ciFvedi3sn | oop. 30
Curve 620 | r e | 1A A 5 SQUI D 510-
b is signi %lp%é;é\rt@?tﬁpﬁhégg (E%Zéri:&ie éif)g%@é ﬂ %t)tﬁ%‘t' tlﬁ‘l:s15ér%g?l ugtg%gc t? fnfe {dua; devi ce
510-a fli pall butaittuallp cdoperatenwithtige inorehdedn Rutetiall flund Tahs tisecdupting efirfSQUI Ds
510-a and 510-b, this effectively increases the external flux of rf-SQU D
510-b. For SQFIRBrhehangespemiederramagneyic. the S-curve has sl ope | ess than

one so that thig | ' ' - I -b's
solfoflux in thd 4 ghbds Foﬁ&ﬁbr‘fﬁ@én?ln’lvéﬂ@@’g}ﬂ?%g% aﬁéié%l?‘q?f"?niéﬁf‘g 510-b
acts abs a tbproeide f@rondgmsticlevartiefebrbbragnetithusaplifig B hpdlying Anlexfeimli des

anti-ferromagnetic CE%HBI i ng bet ween rf-SQUI Ds 510-a and 510-c in this case.
Wien, in Bggagtigdicld torfhe sx$QEHA conples Iafaniembgdinent of theppresgntinyentiong xo/ 2,

t he physic e - ' 0Si t e manner.
There, t heﬁ%-e%%%ﬂﬁgééﬁcsﬁ%géa%é gg?g‘rop? ﬁ)an r(gaeéﬁsj{élg Céﬁ?lsl‘%eié%@of FIG 6) so
that the sfirfonfdghaticddasinraibodiheit df thie préseht invéntidal thalmagnevofielddiaes W th t he

increase in external flux. Thus, the coupling of rf-
flux close to ®¢/2 and the coupling is ferromagnetic. In an embodiment of the present

20 invention, a flux bias device is inductively coupled to the rf-SQUID coupler and the
flux bias device provides the external magnetic field described above. In some
embodiments of the present invention, a magnetic field is applied to the coupling
device that is between about —5*®, and about +5*®,, with an accuracy of about
+0.2*®, or lower, where @ is the flux quantum and @, = 2.067 x 10™"° Webers (Wb).

25 FIG. 7 illustrates two information devices 710-a and 710-c coupled by dc-
SQUID 710-b. Information devices 710-a and 710-c as shown in FIG. 7 are rf-
SQUIDs, but they can be any other flux-based information device. Dc-SQUID 710-b
comprises two Josephson junctions in a superconducting loop with two terminals 711
located between the junctions. While rf-SQUID coupler 510-b of FIG. 5 has only a

30  flux bias, dc-SQUID coupler 710-b of FIG. 7 can be flux biased or current biased.
Current bias can be provided by applying a current to dc-SQUID 710-b through
terminals 711. Flux bias can be applied by an inductive current loop in close

proximity to the loop of the dc-SQUID.
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SQUI D 510-b changes sign to ferromagnetic. In an enbodi ment of the present
invention, an rf-SQU D coupler is configured 15 to provide ferromagnetic or
anti-ferromagnetic coupling by applying an external magnetic field to the
rf-SQUI D coupler. In an enbodi nent of the present invention, the external
magnetic field has a.flux close to zero . and the coupling is antj-

f err omagneti c. PPTaRTIAF B HaRd TBK btaﬁéwg%ga@rﬁle(ilﬁkfiéﬁq seiling ﬁ@%@k&rwti c field

has a fl uyy. .WDO/ i i i n

embodi menttoy QRS 7o e of S cortRis i e foraft BORERNR e, WRURT )
coupl ed t ccoupking 6ff.S@dwch chepdign ofithel coldingf IQoxsiderathe deseiin evhyelothe des t he
external magnetic field described _ahqve. In sone_ enbodi nents of the present
i nvent i on, XA GHEERDIS Q) -§9Ué13m18éu8@ant£1b@adﬁhq ﬁﬁemaﬂe@%@aﬁ Bat is

bet ween about -5% Do and about +5*(DO, with an accuracy of about 0.2*(DO or

| ower , Swhedeaoteddsi.sFurther By ismuchdgssuhamh thoysyes the @ cail boedendpdder s (W) . 25

FIG 7 1L ISEEaLes, N | GRRnTRL LOSORA i€ SimddlianBlfind 10 f oo URLAGy DY de-
SQUI D 710- =09 or?‘rglg)n wceg -a " -¢ as saown in a}arerf-
SQUI Ds, budr eheidesindal Rsseplition Ghrteiond, thxdP8QEIUDIcAA pfdvadd RfrofA¥h&R. Dc- SQUI D
710-b conprises two Josephsonxj unctions in a ;&JMgekreconducti ng loop with two
termnal s colpli died thecveen bhe iypgl i D) e wHerSRl MeGeigealer 510-b
of FIG 5 hag n(l)énﬂ? a 30 fl qxg’t}i az_, lldg 1QlJI Eﬁ}égupl ber 7%-.811%)f eFI G 7 can be
fl ux bi asedirent afithe doseplnioagetttionCinr deeSQUHD §30-barif the fhixdiasdwak 1eyo,dhgi yi ng a
current to dc-SQUID 710-b throygh term nals,711. Flux bias can pe, applied
by an liondu@ﬁlie\}%n‘?:ﬁ%[f%ﬁ? thra&sgemﬁn@ thatevould gravide igrrpmagneiic| coupling: Antes

dc-SQUID. 31 Appropriate current and flux Rias tuning can nedj ake the
coupl i ng pfﬁaoma@wtwouﬂensw@emlmwsgﬂ’ue@)?Jluf%llq? T Whe&tﬂogj( urf® t he

t th of ling, t th | i ff i t i f th
coup! 1 ng. “Coheit pipiag s Sual e o= Bie rinetia i SRET! B¥hon de soui'D
710-b is dgprhestad etk B'Q?aﬁ%ﬁ&éﬂqh okdet%o Qgﬁ‘@n the sRndF It &fipg.- Further Pb

is much less than 1 (however, the case can be extends to hi ghér val ues of
Pb) - When the ddGSQullBtiagesshyapraph bEthe nempalitiestfhathe isymieesrid defQUERI  or
near-identical Josephs junctions, the dc-SQJ D can provi.de ferromagnetic
coupl il%g pqaéwb‘éaﬁ%?fo He i dss/tban aney ccrrmsmrﬁﬂpgt@t&s@%ams aboyfere . is
the critical . current .of the Josephson j¢unct ions in. dc-SQJD 710-b. If the
flux bias heeshorizeptal ik thoextampbilixdigs %y aMhide die odcal axisdhtiehi as t hat woul d

provi de ferromagnetic coupling. Anti- ferromagnetic coupli p%xi s achi eved
when cos2(msmalizedexgerng/cpirent bias bn (@uwe$@lbis/thg lower limit cos™(?s /2),

while curve 802 is the upper limit cos( By /2). Thus, the area of the graph inside curve
801 represents the range of flux and current bias that will provide anti-ferromagnetic

20  coupling, with the area close to the origin having the strongest anti-ferromagnetic
coupling. Curve 801 itself represents the contour of flux and current bias that result in
zero coupling. The area bounded by curves 801 and 802 represents the range of flux
and current bias that will provide ferromagnetic coupling. As the flux and current
bias moves away from curve 801 toward curve 802, the ferromagnetic coupling

25  becomes stronger. However, once the bias reaches curve 802 itself, the Josephson
junctions switch into the voltage state and the ferromagnetic coupling becomes

unstable. Therefore, the bias on the dc-SQUID coupler should not pass outside curve

802. As can be seen, a nonzero flux bias (¢;( # 0) is needed for ferromagnetic
coupling.

30 For an asymmetric dc-SQUID, a current bias is not necessary to tune the
strength and sign of the coupling, since the flux bias alone can switch the sign of the

coupling. As an example, when one of the Josephson junctions in the dc-SQUID is
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=1 Ib/2lc | , the coupling is equal to zero. Thus, for a symmetric
dc-SQUID, both current bias and flux bias are needed in order to switch the
sign of the coupling. FIG 8 illustrates the graph of the inequalities for
the symmetric dc-SQUID 15 case in the limt of !3b nuch |ess than one,

correspondin o the cal cul.ati ons abaov The Z .axis |§ the
ot or mor " An8ed S8 A dpien BhGed Bt i, then e & SALTD iessentiaDe dh ext r nal
current b'@Sd@ﬁ%wh%@‘b@egﬁ@évio%sl&@ O\IVRY@ﬁavle'tHé ﬁblﬁﬁrstg(s%cfl e m%ﬂ’\@ | e curve
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strongest ! IOPeﬁfcrﬁﬁgH@lﬁépmﬂg‘é%wm wglmw%dﬁﬁobqﬂegé}l?err @Bﬁi@gémaé t he
cont ours Ofppfghing eﬁﬁgdﬁﬁgnﬁse@thpb@eﬁthﬂenﬁ&?LﬂctS UID €64 em@% isng. The area

bounded by curves 801 and 802 represents 'the range flux and current bias
that will qsymmettec drxelroxﬂ;yrh@’eeﬂumbramuhi song. enﬂmdurhentﬁ bfithe pnetentinvention, bi as

noves away urv rd curve 802, .the ferro netjc coupling 25
becones st%%@@ﬁ maﬁewﬁ?o -b it QR0 fead eREde Stita el cipst InfaEialion e
Josephson 4dvidaet hansdsMpich into the voltage state and the ferromagnetic
coupling becones wunstable. Therefore, the bias on the dc-SQU D coupl er
shoul d not pasdnantegibddinent o€ the§Dcentsaveadionbéc-SQERD H Orflohawer o f | ux bias (ob

needed .far ferromagnetic I|n 30 For an asymmetric dc-SQU D, a
curt enlfo bi Hepsioniess ipdncianss siiehtly lpsiriaan o §fl$%5m°§ﬁlaﬁ frNge

coupl i ng, t felnr& h 0 coupling. As
an exanpl e&hag% I(l;)iﬁdg 0 td Eh&ﬁg?&%ﬂﬁgs%ﬂﬂgﬁ%tfo%hgé ?’?thﬁgﬂ(?gg g%_ﬁe[) is 32
shorted oulimessignlesstindubtaepbsioveenabsgy.i andiabburd.te), then the dc-SQUID is

essentially an rf-SQUID,  which has been previ ously shown to have the
abi | i ty to swi tleﬁomﬁ@ngqogﬂnws of the Presens invegtion.twhsaithe peupliag dsyice téyr r ent

bias. 1n sQIBSEROLGTRRISOUID bIEL PHSHR EIAS SR Y 0l difabRigAYP! e 710-b

IS symTet a curre n ’soOne e od| ments of

t he prisseniouplivgebdtiveéh thd Gnfofhhitidncdevides (5101Dand 3 19)-@ oy Mi®harand 7a0d).0l y has a
flux bias. In sonme enbodinents of the present invention, A dc-SQU D coupler
710-b is alo8w crhodimenteaf the presapf lﬁmntlpﬂéh@ledﬁ gtilbdirest indbictive ¢ QUi on  devi ce

710-a and e%\gee% th(!: féﬁ%‘ébfl&é‘&h@{ J‘tﬁﬁpgd?&lg@ls ff“’l%%fs% se, ﬂl% SQUID 710-b

has a 10 I mMensi on ess I uctance s an one to ensure
nmonost abi | dowh@gﬂdbvacesdamiegunedqu Rpédific vdlesaRirgdek biastewdée dh@irRhesiant

' nvention, de(\j/fce to %ﬂcg Zu]f(%hebdlrr]&% 1n%uct1ve coupling to zero.

20 In some embodiments of the present invention, an array of information devices
uses tunable flux transformers, such as rf-SQUID 510-b or dc-SQUID 710-b, as
coupling devices. In an embodiment of the present invention, the array of information
devices is two-dimensional and each device in the interior of the array is coupled to
its four nearest neighbor flux devices using rf-SQUID or dc-SQUID couplers. Inan

25 embodiment of the present invention, the array of information devices is a one-
dimensional chain with the rf~-SQUID or dc-SQUID couplers disposed between each

device. It can be appreciated that other arrangements of the array of information

devices and their respective couplers are possible.

30 Direct Josephson junction coupling
In an aspect of the present invention, one or more Josephson junctions galvanically
coupled (e.g., inductively coupled or capacitively coupled) to two information devices can
tunably couple the two information devices together. This tunable coupling can switch the

sign of the coupling from ferromagnetic to anti-ferromagnetic and vice versa. In some
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di mensi onl ess i nductance between about 0.5 and about 2. In sone enbodi nents
of the present invention, when the coupling device (rf- SQU D 510-b or
dc-SQUID 710-b) in either FIGS. 5 or 7 is turned off, there is no 15
coupling between the information devices (510-a and 510-c, or 710-a and

710-c). | ' ts .of t.h t .l L .th [ till di t
nduct i ve SRUBITSS o B eR yeatioh G RALY PR TR e Riitsh ot Sollshg devi ce 1
of f. In t RpgetiePtfing bdManicay BornB&ted RO AR RACtRAs.t uned to specific val ues
using a flux bias device or current bias ™ device to cancel out the direct

i nducti ve couplllfagd stowsearsystera @00 thas emplopssucildinsnicsepifson juactmameplingi nvent i on,
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- SQui b e e ygieng 67 e T devicss Sompsing e JCSePpondpreBiBIi ment of
the prgsenisupd/dalittRiy: lodp) ButtHeb Mot Dk rdsticRIdTE AN aftfieG&e. Couglitg- di mensi onal
and each device in the interior of the array is coupled to 1ts four nearest

nei ghbor fdeuxe 8E)¢anggisesson oséphSPjuitions atranSelind coassiddagrdesigh than 25
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one- i morealarRRAPE Tk drER1D Aikeds BedieratioRine BeBRLRIAAR dr sposed

bet ween eaghpritl\biiSvirds 01 £ Bt i AR AEAids T hotoRlindlsvrgament s of the
array of information devices and their respective couplers are possible. 30

Di rect Joslegiphsom jynetions incoummgldevige 911 aanlarpepe size afmpanel tp theslesephsamvent i on,

one or, nor.e Josephson j.unctijon | vani cal L. c | ed (e.qg.,. inductively
coupt 48 o Rt T el B O, o aepod et i enett ntictioB bers Snai o
coupl & 't el bl (N Thlch il B2 Chifie 10GEL ORT whlhiiahtMARhE coQURLG can

swi tch the0 sign of the co%ugﬁ ngﬁ%lgom Féerr(’)‘r?,agng?ei cto an%i -ferrrsomagnetic
and vi ce wenpling dewics Bhfear8 Babeindteditorberairsost bn topef pachothet, uhorediffeent a plurality
of infor malt I on devices are coupled together using galvanically connected
Josephson 'Mffttions. FIG 9 shows a system 900 that enpl oys such direct

Josephson | unctﬂea?nle%gféﬁlai glgfseg% ﬁmwégw%xh%ﬁ;%esd%g,m;s%@e%od%sf' ux

devi ces conprising three son junctions | sSuper conduct1 ng | oop,
but ndéd rdt-1hel -2 3 uetd tled sespdotivehy. dftehd it @ etidy mngeCsfuntabilgy fbewiree 910
conprises four Josephson junctiopns arranged in a cross-|oop design that
gal vani cal Ny, s thesumpqf gurrents in dhesfour wirgs faush boequalezarorduring paration 0gevi ce 910

o =0, COMaAERE Mg B ik N RS ST BRg, 1o hE
in size capplirgdietioe (91¢-1309¢ A Ric Versal9¢1-2a0191 BB of Vidx vetsa)octhsoughl theand 902.
'nane nbol?oirirzrgr{]t}ll V\(/)iIes to? tef‘le ?:(r)l?pslief‘lgtde\i/igg (%rl]{ -il %] 91 lt-g grr \?icé \fersa; 911-3t0911-4 or
20  vice versa). Depending on how the wires are biased, both ferromagnetic and anti-
ferromagnetic coupling can be produced. Current flowing through the cross-wires
produces an anti-ferromagnetic coupling while current flowing through the horizontal
wires produces a ferromagnetic coupling.
Two useful sets of current configurations arise. The firstis [; =-L=-L=1;=1,
25  where /is an arbitrary current value that is between zero and the critical current of the
Josephson junctions in coupling device 910. The magnitude of / determines the strength
of the coupling. When biased in this manner, no current flows through the cross wires but,
rather, current flows through the horizontal wires. In this current configuration, the
ferromagnetic interaction dominates over the anti-ferromagnetic interaction, and therefore
30  flux devices 901 and 902 are coupled ferromagnetically. The second configuration is /; =
L=-I;=-1,=1 Inthis scenario, the current flows through the cross-wires and not
through the horizontal wires. This produces a net anti-ferromagnetic coupling between

flux devices 901 and 902. Thus, by appropriate current bias of wires 911, coupling device

910 can mediate switching of the sign of the coupling between flux devices 901 and 902.
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no magnetic flux threading the coupling device 910, which neans that the
cross-wires of coupling device 910 are fabricated to be al nost on top of
each other, but on different |layers. Let the external current bias in the
wires 911 be denoted 11, and 14 for wires 15 911-1, 911-2, 911-3, and 911-4

respectively. There is,a.w de nge of.tunability for wires. 911 ut the
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devi ces 90ifornsticRQRvirée coupl ed ferromagnetically. The second configuration
isl, _ 12 =13 =-14 =1L In this scenario, the current flows through the
cross-w res andlfot0 shosaisgstern 80hihat inddndea kanatherembodimiest pirdimicices a net

appr opr 1 at BHnd AN Rare G Oy poxebd 0 e e eGSRt &

sw t chi ng &@ic&%d%hﬂﬂ?\@fm&ﬂ%iﬁé?&ﬁ Iaicnﬂecaﬁeg_o@%emﬂe,;alﬁwﬁs&dﬁ% ofpgl 902. 34

In sone enbodi ments of the present 1 nvention, not all the current bias in

Wi res 1911 infoauationalehiae €00 lhend5a i@0026g)the threkeJosdphsomjusdtiondiuridevice YHeambr r ect
sign. If t ﬁhurre {, ‘%II(SS magni tudes are close but not equal in magnitude,
t hen curr uptrated B RIGP. hot h the cross- wires and horizontal wires,

creating both adfifQIRAISI016 ol hekeIREBALRTINCAOR RI10AN B10%2, G4 T Omagnet i ¢

coupl i ng conmponen wever, t sign of t carrent bias w ensure that
t he coupl i 14036 a seperdontudtiag toop gdlvanicalytcopteefed tebath irfformatioe dévicea/ 1661 cur r ent
and therefore pe of coupling w cally do r&{ the other in

one. || typi
strength. 3 {00 WishipBerP P glmngfcoelalén&f*e&%ﬁblq PSRV FORaEKEAt bias of
wres L1 ﬁlﬁr&nﬁ-mrﬁa%ﬁetﬁ%ﬁﬂ)lh&%eﬂereﬁ BRtiRfoR¥ation devices. Coupling device 1010

is biased through its superconducting loop by an external flux bias @ . The Hamiltonian

of the interaction between the information devices when using coupling device 1010 is

‘ =£2_c_o_sﬁ]] (25)
" 4e’EE, “°

25  where E; is the Josephson energy of Josephson junction 1010-1 (), 1010-2 (£3), or 1010-
3 (£3), 1, is the critical current of flux device 1001, and 1, is the critical current of flux
device 1002. Therefore, depending on the value of the external flux bias, the sign of the
interaction can be switched from positive to negative or vice versa. This is the same as
switching from anti-ferromagnetic to ferromagnetic and vice versa. Also, the magnitude

30  of the coupling interaction can be tuned by tuning the external flux bias and can be made

. . . : . X
zero for certain values of the bias. The coupling strength is maximum when |cos®s | =
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appropriate tuning of the individual biases. In sone enbodi nents of the
present invention, 10 the current bias of wres 911 can be chosen to provide
zero coupling between two information devices. FIG 10 shows a system 1000
t hat includes another enbodi nment of direct Josephson junction coupling. In
FIG 10, boxes 1001 and 10Q2 represent information devices and can have
many di f f el,evhichaombspordst tords s beifan ietegerphwdtiple nfm.e Fhoatiupkng stehgthis Zfo

i nformati on device 1001 and/ or 10002xis the three Josephson junction fl ux
devi ce 90Iwkeds#D62), whidhwstrespoads tb ¥, Fbding PmulGiplepficitiger feirca/21010 conpr i ses
three Josephson junctions 1010-1, 1010-2, and 1010-3 in a superconducting

| oop gal vani cal Inpowme ambedimgnts of the pres¢m inyentian, & plurpdity efdasfomrp@ion dgyiges1002. Wt h

appropriate tuni oupl.in ev.i ce 10 ca rovi.de bot.h ferromagnetic 20
ot & b oueftY Bt P B o B R B R AR ™ Bl T
d_EVi ce 5101@xarﬂp$esl2{f m(il_e{rihés%ﬂ‘gﬂwiées)_léE&PH@QFAQ&'GWiMdIOQPFI‘G{_IO.nhﬁs‘éhﬁF nal fl ux
bias O . The Hamltonian of the interaction between the i nformation

devi ces whambodinents afdugpreseyt ideantion, bbdi@upkngrizvices U and 102Byre uped'in fw2E, E3
2 o ¢ Sk Sy OSBRSS B S RRISER WA NS
1001, and Jmppisésweldifbaddnalgtid Witk g décfv:idgi c%ﬁfe\ditg thetrQesrest h l?(fﬁgr e,

dependi ng on the value of the external ifas, the sign o
i nt er act i owsingatirettdosaphsantjeuttibn oonpliog devices. Inoother gmbbdimeots, the plraligrafa. This is

th i tching. f ti-f ic,ta f ti d vi
vor sa 10 s dses et Ag g mssipR BB A A ARV e ot DhCABSY B85t uned by

tuni ng t hepgatihgidabing bivect 1 BRfhinc@sh RepliRdRvic&ero for certain val ues of
the bias. The coupllin%g stresgig%sh ﬁlsn maxi n%m wh\e/lr(i | cos Ob I _ 35 1, which

corresponds to Kb being an integer nultiple of in. The coupling strength is
zero when cos OX = 0, i ch. corr onds to Kb being a multiple of either
in/2 or 3m2. In sone e ?fé‘?’f?@‘ﬁ(”sﬁ@%c@?é’%%e%{ﬁ‘g%ﬁ%éﬁti on, a plurality of
i nformation devyegshe %Bﬁcﬁ&ﬁ%a?%e}eoﬂ@%ﬁg\gﬁﬁthab?ic:Pcl: tHeBlalibys Of direct

Josephson junction coupling devices. es of such devices are device

910 i nl¥I Gmipdamehtdlefithcimvd@ivd. ThesE@thoil®of fhbrimtioare evellddowemt the aft. t he
present inventiqn, bath_coupling devices 910 and 101 re used in the sane
D Fou t. 1 SonneSrEO oA aopre HRGsiE Barsan b GRS SHViLE e PBREAal i ¢y of 11
devi ces  couBfiog st QF PRRSIRR 3 cofiing ddibdutfilztie 8 YyERS NeptREed to their
near est ne@g lorgssthﬁgénn girectéd@ggggﬂgo %n@?oﬁécoup?%y?ng]\?evfa és. In

ot her enbotle sgrtconduchieg fopoék cdupling device such as rf-SQUID 510-b of FIG. 5 and dc-

SQUID 710-b of FIG. 7 are fabricated on a single layer of a superconducting chip. That is,

20  the superconducting loop is solely contained on one layer of the circuit. A
superconducting loop fabricated in this manner may take up a considerable amount of
available surface area (real estate) on the chip where no other wires or devices can be
placed. Also, such a design is not fully advantageous because there exists a parasitic
capacitance between the superconducting loop and surrounding elements of the chip.

25  Thus, surrounding elements need to be positioned away from the superconducting loop,
which takes up even more of the available surface area (real estate) on the chip. To
address these drawbacks, in some embodiments of the present invention, a section of the
superconducting loop of a coupling device is fabricated on a separate layer on the chip.
For example, rf-SQUID 510-b is fabricated such that it comprises two small open loops on

30  afirst layer of the chip coupled to SQUIDS 510-a and 510-c. These open loops are
connected to each other by two microstrip wires, one on the same layer as the open loops,
and another on a second layer connected to the first layer by vias, thus creating one

continuous closed loop that couples SQUIDs 510-a and 5109-c together. A Josephson
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10 flux devices conprise a one-dinensional chain with flux devices coupled
to their nearest neighbours using direct Josephson junction coupling
devices. Variations in Fabrication of Coupling Devices It can be appreciated
that there are many ways to fabricate the various 15 enbodi nents of the

i nvention.. These net hads of .fabr.ication ar | | own inthe art. One
Spoct 11 o THTOR A IEHMGRBBAPHEA TP b SRR B EREH ) B TR SAE Bresent

i nvention fuBrida*@ v Rire@ly abah thé 8thbr dn SorkOstibddidele theCRcdtdilhyet isng t WO

|l ayers. Normally, the supérconducting |oop of a coupling device such as
rf-SQUI D Sgroung pidneof &hip. Imspnuecemtedinnedtsya plutaligyf oficpapling deyigesisfbricaieed on a
single layer,.of a superconducting chip. .That i.s, 20.the superconducting | oop
s Sol el y Bt BEREE AR B ANy e e oplte SRVCE EPSBRAEIRRG | oop
fabricat eddnﬁﬁnéthér%p@ﬁ%?'ﬁoﬁpéécﬁ 8fBe b@pﬁe\%%e@@é@?kﬁgmtla}@fintﬁé/ ai |l abl e
surface area (real "estate) on the chip ere no other wres ‘or devices can
be pl acedlualityof cauplihg devileesi gn i s not fully advant ageous because there

exi sts a parasitjic .capacitance between the superconducti | 00 nd
surroundi ng el V2R BEGPURliRE dEviFss arcigbrigtisd in (i PREL e N E o (o be
posT i onedyfeards G Biip FUASSERTAHGL lakth LPBPhe cHHIIRR dbAkSS dBcdyen mor e of
the avail able surface area (real "estate) on ‘the chip. To address these

dr awbacks, since tieompereordoctingdodsofdhe ¢duplipy devienthas effeetivalpbeendurnedt i on of t he

o s, TRy B S it S B oS a1 '
conpri ses I LhSE | oupled to
SQUI b5 510 e Ry CopRR e A Honforedi il Y HenfBh bttt 0 Rer byt vo

m cr ost ri ppredentiayentioe.  Alsofths cemfighrdtioy e¢dduas thdenameof pabajik, capaitahcanot her on a
second | ayer connected tqQ the first |ayer by vias tpéﬁgcreatin one

cont i nuous |male|sw0pﬁ%&tmg&9@mﬂlmbgg%%%m s aredelgdedher . A

Josephson s i j At 1d ae .enbodi ment s,
the two n1%@%@F@?%%Sg?ﬁﬁ“Q%§??@§¥é@“ﬁ??ﬁggﬁgg3??%5*?@“%%@5%9@ﬁ% other. In
sone erfbodbeteeeniwo HRSQUHB Alukldévdgeer is a ground plane of a chip. In sone
enbodi nents, a plurality of coupling devices is fabricated in this manner
wi th one open | oop fromeach of the coupling devices occupying one |layer 5
and anot her 0 - ] ' ' anot her
| ayer in thegﬂgﬁﬁ%g|9?@5@'cgﬁﬁgﬁﬁﬁé&g?@?@%@hhﬁﬁé%ﬁﬁﬁgeﬁgégﬁ#ﬁébﬁgbices are

fabricated in tFiG SiHuskes Hohethadghdntibs of thedel rE-SQUADs H0+d, §t@-basreia on t he
chip (real estate) that is taken up by the coupling device is reduced,

si nce the 3l%eirdvdiog therfgnabilify obthe ign elxieyplingy car be modpled byfanapalysis| y been
turnedy, beginning at the classical potential of the rf-SQUIDs. In this example, a, b, c-SQUID
or a, b, and c denote rf-SQUIDs 510-a, 510-b, and 510-c, respectively. Hereafter, in

this example a, b, and ¢ as a superscript, subscript, or connected to a value or term by
a hyphen denotes a value in relation to rf-SQUIDs 510-a, 510-b, and 510-c. Values
and quantities drawn to these rf-SQUIDs include but are not limited to:
25 L, the rf-SQUID inductance;

B, the dimensionless SQUID inductance (defined to be equal to 2nL//® in SI
units, when N =1 this becomes 4e2LE);

C, the rf-SQUID capacitance;

I, the critical current of the rf-SQUID,;

h
30 E, the rf-SQUID Josephson energy (defined to be 2_elc);

I;, the current of rf-SQUID 510-j, where j = a, b, or c;
®; , the flux of rf-SQUID 510/, where j = a, b, or c;
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10 vertically. Thus nore devices can be placed on the chip. This fabrication
nmet hod does not prohibit the resultant coupling devices fromoperating in
the fashion described in the present invention. Al so, this configuration
reduces the anmpbunt of parasitic capacitance that fromthe superconducting

| oops in the cogpl i ng, devj ces. What follows are detailed analytical

exanpl es of t he?edbpfimegsionless flunevheesiTRD. 0@ rf- SQUI D can facilitate 15
between two rf-SQUID flux devices. Exanple 1 - Tunabl e coupling of flux

devi ces t hr ough Panthefdisensionlessenteimal flux ‘XFapplied to rﬁwUﬁEtSéQ-jhwgﬁrﬂhé dynami cs
of three rf- %IJI Ds 510-a, 510-b, and 510-c, including the tunability of the
si gn of coﬁ’plfs’i h&, can be nodel ed by an anal ysis 20 begi nning at the

cl assi cal potent al, of .t rf-S In this exanple, a, b, ¢c-SQUD or a,
Yier gl a3 - SO

b, and c denot e ¥P- > and 510-c, respectively. Hereafter,

in this exanpl E’[ij?thel?mutﬁﬂqn@u&eﬁm@,\51'15?@!’,7&"&,92oré‘ébﬁ.cri pt, or connected to a
value or termby = a hyphen denotes a value in relation to rf-SQU Ds 510-a,

510-b, and 510- &s shewvmds Fl@nd thugenf-$QUESs 81 Grard 1t0eb, tand Sé0cfarsuumsisradnc| ude

but are not, | i/ to: . 25 he rf-SQUl Q i.ndu nce;. B, the i si onl ess
SOUI D § ndudbeHEMTHR P10k Aads ke Bl dseshm sl iy s ewets i STOfEn 07 °)
this becong U‘}B%El:é%p@in teldndt t2bdBIOb ¢ AP 8ekind 8 bias (ndt RBowh). ITCeHtaif Ur I €Nt
of the rf-SQU D, h 0 E, the rf-SQU D Josephson energy (defined to be 2e
1,); 1, t mgirectroosplinghetweersipfibrmation devicastfdOer gnd=514);c, it sufiices to binsjdet he f1 ux
of rf-féwlglﬂo-[%i, where j =a, b, or c; 37 o i, the dinensionless flux,
where U= Hengterfiglic. (p-  the dinensionl ess external flux "X applied to
rf-SQU D 510-j, where j = a, b, or ¢c; O tpt, the total flux of an rf-SQU D,
5 Mj, the mitsatE} osygt-aleos dyheflcos o+ Ao ) W 6h—@lc. As shtMn, in
FIG 5, three rf-SQUJ Ds 510-a, 510-b, and¥10-c are considered. The

rf- SQUI Ds Wrtﬂﬂ?eiﬂc’ﬂﬂfz?@@fnﬁ?-igre degenerately biased flux devices, while 510-b

rf- SQU D is a coupling elenent, tunable by an external flux bias (not
shown). To obtain indirect coupling between informtion devices 510-a and
510-c, it suffices to consid rr My 0

I - &l

L=|-M, L -M.|- (2)
0 —M, L,

That is, the direct anti-ferromagnetic inductive 510-a to 510-0c coupling is assumed to be
15  small. This can be achieved, for example, through the use of gradiometric information

devices described above. However, as long as M, is small, an interaction term M./, can

be added to the final result (9) below. In accordance with the roles played by the various

loops, as previously described, in some embodiments the flux biases are chosen as

7+ (Mos/ Ly ) (b —6%)
¢ - (3)
7+ (Mac/ Lo)(d5—¢3)

gl

20

X . . X X X X
where, {g is a column vector with elements #. , #» ,and #: . Thus, Pac compensates

externally for the shielding flux that loop 510-b couples into the a- and c-SQUIDs. See

equation (6) below for a definition of By .
If the 5-SQUID is to act as a passive coupler without introducing additional
25  degrees of freedom, the 5-SQUID should not be bistable. Therefore, in embodiments of
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10 the potential: 1 . U= -Eacos0. -Ebcos4b- E, cos4,+ aC4-~ )~~ a(d-d) (1)
with the inductance matrix La -Mab O L = -Mab Lb -M . (2) O -M L, That
is, the direct anti-ferromagnetic inductive 510-a to 510-Cc coupling is
assunmed to be 15 small. This can be achieved, for exanple, through the use

of gradionetric information . device ri bed above. as long as M
s Ol | B DR, BB M B AR SOLID e a0l ERECF RHIP T esul © (9)
bel ow. | n GeRALNANGRsMbleN MdMBstaBllifTak b&YGEEVEY eillREbY Bihiifg the rf-9QO as

previ ously described, in sone enbddi nents the flux biases are chosen as r+

(Mab/ Lb) ( cibs £akx &losc{% aﬁirﬂeéegﬁmnﬁérogf ql(agﬁr%/ éu’?;sn(aﬁ@%a?r aé? flePvibeye. W is a

columm vector wth el enents 0o , , 0a c conpensat es

ext er nal | yméking thh ef-SQUHED sichghdt thedimbaionlssoindbcthcb idessphanonenThatihie a- and
c-SQUIDs. See equation (6) below for a definition of on . If the b-SQUID is
to act jas & pdesive <bohsteem Wil inGlunitsnp Fadbidvy Hisdimensignlessndisgneses of
freedom the b-SQU D should not be bistable. Therefore, in enbodi nents of

38 the pre¥fcan beashisved byrrdueing Fewhile keeping the ag gfthe-laongnd heacedhaipl er, t he

f-SQUID i, ' je . _ plor, ¢
bi asing  HEoREVERpRRe XpPROGSHT R el R bk G REBINENER, T 2% o
smal | ), orjuhéfon@imng meuffit@ingdyr therersks @ctidhal dréa SFthd Jasephedh fuRéiontin the

di mensi onl ess i nductance is | ess than one. That is, 5 /je = 4e z LhEb <
' (here, TiMSQUID, gorispends tosredyeing the elmc,ale@@)entomh@fﬁ@wﬁémmr@%s i nduct ance

val ue n chieve r edugy E il I .ea. b-1 oop,
and heﬁge ﬁ%o%ﬁ?%n&%gllu\%n %ag% léa‘ﬁ%,ls 16%/:;3 gﬁgﬁﬁg%%ghd%gfuﬁg 1?@3%?? i cal P
current desipib in dddertdecep ARPHOUID in M} €lik S5pirble!r THCaFBAHbRGRLIOIIGSs isOr  t he

cross-sectional area of the Josephson junction in the rf-SQU D, corresponds
t o reduci neplidhecigher edse.qind gheirrelativegnerithwill e dixoussed afterwarskse In@ldéivboyerent s a

Shunti NG CABBEHY ARG kb bR AT AGEARR bt OBERRT Qe UBSLpBRhgor T~ S D
plasma oscillations. While these are outside the scope of the present semiclassical
15  analysis, the corresponding excitation energies should be different from any transition in
the a- and c-devices if the 5-SQUID is to remain passive.
Proceeding by expansion in M. Without suggesting that the regime of M/L is
much less than 1 (say, distant loops) is the most practical, this leads to a transparent result,

which can guide numerical studies in the general case. The b-mediated a-c coupling is

20  expected to be O(M %) so the junction phases will be written as
b5 =+ +& + 000, @

and can be determined by solving the equilibrium condition Vi=0. In leading order,
these are just the stationary phases of an isolated rf-SQUID,
Bising} +¢; - =0 (j=a,0), (5)
Bysingy, +¢p — 5 =0, (6)
25  where ¢, — 7 can have either sign. The inverse inductance mairix is needed to the same

order
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510-b in order to keep the b-SQUID in the flux regime. The cal cul ation that

follows is valid in either case, and their relative nerits wll be
di scussed afterwards. In addition, even a SQU D with a unique potenti al
mnimumw || have excited states, corresponding to plasma oscillations.

Wil e these are putside the scope of the present sem cl assical 15 analysis,
t he correspondi g/@@pmg?/tzjzg energij\e,g/ls,mpul d be ﬂjjiﬁ@;@,m[,f om any

transition jin dc Vi C ,th QJID t in.passive.
Proceedi ng By & pan@l’"ézﬂ V\/ﬁlﬁWﬁﬁgﬁk l@d’ggfezf’h Lf’ll?fe r icr’;(é‘?ﬂf ML is
much | ess than M&/MLﬁLant | oopm,)./L:8. t he rmsI/Lpn—aﬂ;,lzga} this leads to a
transparent resutt, which can guide nunerical studies in the gengrpl case.
The b-nedi at ed a-c coupling is 20 expected to be 0012) so the junction

phases wil{; (ydo}lgl?c@r%tﬁﬁieﬂs to S1F1Pﬁ%eﬁ% cahobllatio d&(al}s/%lscgbéad%elo@ n d can be

determ ned riumcon I n | eadi ng order,

these are j ust @ £ 0 S % ;% p3+0
--r=0 (7=a,c), )theﬂg:tha?{ﬁéeso t@ﬁ;g Si%éﬁ%gaﬁ B)’r‘?iu(f;elatﬁ have
ei ther si gpdoo fp@:krsu ﬁfe%ﬁeldﬂ%éﬁlx@@@ﬁh@ﬁél b‘énhl\goﬂib@&dﬂﬂa R-fhét6r 12A¢Bling @s der 39
1/ La + blza6/Lalb o/ LalL6 6Mb60/ LaL6Lc 6/ LoLb 1/ Lb+Mb26/ LSLa+IVa~/ LaL<

Mo&/ Lol +8epfibilivaéMedLal6L0 M, /LtL, 1/La + A f26c/L6L2 (7) Use of (7)
consistently leads to significan ancel | atiﬂ:&ls as Eescri bed below. N In

0011), one finds {hat Alsohoice of 0 x inpgy(3),
while the bIoop]Eplc[k ptﬁgs Ilag(l gj‘flu&teg he nei ghboring }E)nes

wth a pre-factor reflecting its 53uscept|b|I|ty. (hl ,"41 kb = ~1 Cbcos

001-1 L6( 7r - 0a) ¢aleiatinigtthe £ ) OB GthAlcfiry! 18nc8 bné SRR arbidhdunnecessary.
Si nce one expands around a

minimum of U, the & j does not contribute to the relevant order.

All that remains is to substitute (3)-(8) into Uin (1). Since, e.g., (¢f - ﬂ)2 does

10  not depend on the flux device state, one is left with

Mabec 3(, Cos ¢5b

u] 0
3L, LoL. 1+ Prcos (8a=m)(¢c—T) (9)

U = const +

The first factor contains the product of mutual inductances expected geometrically. The

last two factors are < I/, or O .0, in quantum computing terms. The second factor is:

Bocosgy ) Bpeosagy, B < 1, (10
1+ Bycos ¢} 1, B> 1. |

15  Thus, for small By , the coupling is anti-ferromagnetic, but it changes sign to

ferromagnetic as b >n (only attainable for B, < 1).

FIG. 6 shows a graph 600 modeling the total flux of an rf-SQUID such as 510-b
versus the applied external flux (@ versus @ curve), also known as the S-curve. The
external flux is applied to the loop of the rf-SQUID and the difference between the total

20  and external flux is generated by the current in the rf-SQUID. Curves 610, 620, 630 of

graph 600 can be generated by plotting equation 6 with # interms of % and Bs. Curve
610 corresponds to case where B, = 0, and a 45 degree line as expected for an open loop.
The behavior as modeled by equations 9 and 10, and the coupling mechanism in

general, have a transparent interpretation. Consider curve 620 for which B, (( 1, as an
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m nimum of U, the ~i does not contribute to the relevant order. ( Al that
remains is to substitute (3)-(8) into Uin (1). Since, e.g., 10a - z does

10 not depend on the flux device state, one is left with J%obAfk 3b cos wn
0aU=coast (Q-?r)(&7r) . (9) 4dezLalL6La 1 + rib cos The first factor
contains the product of nggg&[ I nduct ances ex& ected geonetricglly. The |[ast
two fact oriostamce of the|S3gurvep Yaf thenfragbaBQUIR cHithaa-tevacetfipniiom THe ¥s econd
factor is: /3b cos Ob 06 cos b, /3b <<. 1, :.. (10), 1 + 13b.cos r,"3b 1
136 15 Thuthen fwerto sireahitusinductahee -3 Dithig effectinely inciasasAvaghatsimall dbyt i t
changes sign to ferrorragnetlc as Kb -* Ti (only attainable for a6 < 1). FIG
6 shows a ghapmho 60MheidRis, the nidhtortedtSadurid hax slope REs thin GRAUKD),su et s 510- b
versus the applied external flux ((D, o, versus 4)x curve), also known as the
S-curve. Tinercassgets pagially Slueddttdsb)abpbd@ub StSdf-tﬂhJeln thop-difectidne Tnits SsouUte and t he

di fference between the total xtern ux IS nerated by the
currentsnl nlatt‘i"fefx‘vfequgbs 5.0 @c‘rtﬁ%%“@'i’@s 3 c- SB gyoring the, S‘B@&""&%ﬁ-gbe gener at ed
by plottin

corres pond%)pt%%%?g?% r&\ti\e}r?eeerﬁdtf”{']é% %VI%)JI %ﬁ%ﬂ% e%élagggr ee ufu?ﬁféur% %%B%lﬁ?e gé’ Yfor an
open | oop. thé bsse xet19ywhiere 5)) MPsiRdeakE MXxitMhadnti FaSorlaghetic Oponséid peifiect coupl i ng
mechani smin general, have a transparent interpretation. Consider curve 620
for whi ch $ieldig for Bas> en Thisoirespoadsde an finintsgumed supersonducting Wppof the free
b-SQUID. If the a-device flips fromT to .-, then due to the nutual

i nduct anceHewener,nedr Pihi=sn thé fugamientegrks maheermes'teldirectidﬁo ﬂ‘hsrre‘atlhh Seoxrve near
zero on the Kb axis, the nentioned S-curve has sl ope |ess n onehuéJ
A% x |n the

that tH's harSﬁ@p@g@éteg@ﬁ%Othr) 89 that, difleeanti@ly; B selfiflug dpgsdiet ghl értrail
1-directio I 0 T- bi as
for the c- mﬂhl? ?éap%rattéé Vaﬂ}thgﬁjféa‘lfeq{lgﬁewafﬁux' %ﬁs %Oﬁgﬂﬁ éh%%% ogl%ﬁgdqst ate of
the a-devi &ﬁomigneﬂcal so explains the bound of un| ty exenplified by the case
in (10) where nce the maxi mum antj -ferromag%et ic response is

perfect S 6l GRY) FGHOSFAES ons T8 DETRRLLL g 5 ) PR i P U PR o
iy ot h
oppost Lo AR PR, pb AT TR, Moy he FABRRAERTEIIRIE e 0 )

so that5 diThis esres’porak to/the 2616 stk deddmiratoio$10)0Thishis shodmas cave 6basf actual |y

cooperates With the increase in external flux. Thus, the coupling changes
sign to  graph600. On the one hand, the divergence is never realized in practice, since for any

finite M's one deals with finite differences, not slopes, on the S-curve. It should be noted
that the shielding current is the derivative of the energy with respect the external flux,
induced coupling strength is proportional the second derivative of finite difference of the
20 SQUID band structure. The potentially large ferromagnetic coupling makes it possible to
overcome any residual direct anti-ferromagnetic coupling through M,.. Since (10) shows

that the large-; regime is quite inflexible, and that for B, (( 1 the coupling strength is

limited by the small shielding flux, this case 3, Slis preferred in some embodiments of
the present invention.

25 With B greater than one the rf-SQUID is bistable. This corresponds to the case of
curve 640 in graph 600. The metastable states disappear at certain levels of applied flux,
and the state of the rf-SQUID transitions. As indicated above, a bistable rf-SQUID is used -
as a flux device in some embodiments of the present invention.

In some embodiments, the a- and ¢-SQUIDs are placed inside a large b-loop,

30  which changes the sign of both M,; and M., so that (9) is invariant. This design

modification makes it clearer that the b-loop is mostly a flux transformer, with a Josephson

junction providing the tunability. Moreover, the final result (9) depends only trivially on
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ferromagnetic. As ph approaches one from beneath (Ph < 1), the slope of the
S-curve at 71 increases W thout bound (a precursor to bistability),

allowing the ferromagnetic coupling to be large. 15 This corresponds to the
zero in the denomnator of (10). This is shown as curve 630 of graph 600. On

t he one hand, the divergence is never..realjzed jn.practi since for any
Fimi o w omgpebtiicy o Y 1R E-deVeRehpriar RSN b Bk SRR e Curve 11
shoul d be @@icescoupleastottieh-SQUED dHRAceCHhE g&i&aﬂzﬁt_idrh@ offRf fyped dffRix dbvitdye ener gy
Wi th respect the external flux, induced coupling strength is proportional

t he secondshauldibgappapentof finite difference of the 20 SQUI D band structure.
The potentially,lar f.erromagneti ¢ coupl jng .nmakes it sjble, to overcone
any residual di MREPCA e isen s bR e FAvIR RBbO Bt ce (10)
shows 5th?@QUDFSi(ﬁBG@g@mﬁ&_ﬂyﬂ&ﬂl&i\ﬂiﬁlé)@emﬂﬁ:h@ﬁtﬁ!ﬁxisﬁﬁsibéb&lanfa ouki b ((1
the coupling strength'is Ilimted by the small shielding flux, this case Ph
* 1 is prefoehmiimgidecoberenceenbodi nents of the present invention. 25 Wth R

greater than one the rf-SQUID is bistable. This corresponds to the case of
curve 640 in graph 600. The netastable states di sappear at certain | evels of

applied fluxgxgppd 2-NBmabRtBuplind %}‘?’lu&fd'eﬁi@él %Jﬂg@&&gmp imsfoRsikcat ed
above, a bistable rf-SQU D is use as a flux device Tn sone enbodi nents of
t he present i nvBséxampld analysesshe sdvop idepieted in Klge 7, specificilly B0 thw rhr e pl aced

that (4] i SOPRR ik ifces 71Pa S8 £ SRRBE SRR 208 PPl hat *t e
b-1 00p 1S ARIGWILRod, Wark!ARAGE HIROUINY 1o Ac-NRAGIDITAIOLD, ahURIQUID PICOVI i ng

the tunabil'ity. Moreodver, the final result (9) depends only trivially on 41
t he pr operd,irespectiVely hHemafternia this deanpes, b, ayplcasfa supdrboyipt, subsagpt, ethe | ux whi ch

th - d c- i | e. i t he b-SQUI D. .He t lizati t
B
i nventi on 7.6 had 71N Palhss A LAk ®HRA Lo RIS liflu® SQUI D 510-b be

gal vani cally coupled with external circuitry. i s maybe advant ageous for
i mitikg decohekldncS®QUE mdpttancg; - Tunabl e coupling of fl ux devices through a

dc-SQUID transfornmer This e e .anal t he .set - epicted,n FIG 7,
specifically t hgihrené?m‘?\ﬁ?“liﬁs-§(me%39%§%%&8€}°(¥§(1%89 g@f@" ‘7’1d% c coupl ed
with dc- SQJ.D -b_ 1At , a b, ¢c-SQUDor a, b, and c denote
rf-SQU D %@a\?ﬂ%ﬁs l{;%ﬁ%%g?‘ln >rf-SQUID 710- c, respectively.
Hereafter, in tQ]the SQUMPlcgpaditade; and ¢ as a superscript, subscript, or

I, the SQUID's critical current;

h
20 E, the SQUID Josephson energy (defined to be e L);
I;, the current of SQUID 710-j, where j = a, b;, b;, or c;
®; , the flux of SQUID 510-/, where j =a, b;, by, or ¢;
¢ ,, the dimensionless flux;

07, the dimensionless external flux <X’ applied to rf-SQUID 710+j;
25 @ o1, the total flux of a SQUID, ec.
In Fig. 7, dc-SQUID 710-b has two arms, each with its own Josephson junction. The left
and right arms of dc-SQUID are denoted as b; and b, respectively, and together they carry
a fixed bias current I,
Ignoring the mutual inductance between the a-SQUID and the ¢-SQUID, the coil-
30 to-coil inductance matrix of the system is
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connected to a value or termby a hyphen denotes a value in relation to
SQUIDs 710-a, 710-b, and 710-c. Values and quantities drawn to these SQUI Ds
include 15 L, the SQU D i nductance; /3 the dinensionless SQUJ D i nduct ance
(defined to be equal to 2nLI/W in SI units; when 11 = 1 this becones
4e2LE); C, the SQUI D capa itlance;é\g, thgéaSQJI D.s ¢critical current; h 20 E,
the SQUI D Josephson energy (defi nedast o~ bews2e IQ); lj, the current of SQU D
710 j, where j = a, b3, bp-My c; L,C, Mg flLue, of SQUD 510 j, where j = a,
bil, b2, or ¢; Oj, thed E%?SIOWSS flux; (R, ,|the dinmensionl esgl§xternal
flux "X applied to rf-sQUufan offe 2508 Lot Mehe total flux of a SQUI D,
etc. In Fig. 7, dc-SQUI D {109b hasywo-dfpys, elch/with its own Josephson
junction. The left and right arms of dc-SQU D are denoted as bl and b2

r espect i vehhere dnmipresatsttheindudtance ofithe yndivaddal Joeds &ida¥; wpresed the mutianori ng t he
mut ual i nducgt ance, bet ween the a- | D and the c-SQU.D, the coil- 30 to-coil

i nduct ancelHBERICK befverhlQoRs Aand jn HOvargr T = bl 50 TR ANRCUTent Resitsy 1 2
-Molc (i1)hea p@gé 0 -Mhlc -M2c Lc where L, represents the

i nduct anceﬂl(r)efevlt}!ﬁtgr’)si n |§1|n§u¥0a © 0 glss and My represents the nutual inductance
bet weens | oops i and j. However, |=pNF7Ib, so the flux-current ?%Qat es
the three vectors pertaining to the loops is 5 (D -4~ =L7 (12) =

(Dx+(-Mab2, Lb2? Mo2c)T (13%* <& + ({8, BADeMLDT (14) where 10 | {131x, 161,
la) T (15)

O = (@, By, D)" (14)
where
10 I'__(Ia’Ibl’Ic)T (15)
L, -M, O
L= “Mab Lb Mbc (16)
0 _Mbc Lc
M, =M, +M,,, M,=M, +M,, (17)
sz =L, +M,, ‘L~b1 =L, +M,, L,= Zbl + sz (1 8)

On the other hand, the four Josephson junction phases are all independent dynamical
15  variables.
Of the circuit equations governing system 700, four of them are the Josephson
relations ¢ = 2eQ;/C;, where Q; is the charge, C; is the capacitance, and @, is the phase
derivative forj = a, b,, b,, and c. The other four equations express current conservation

& =-2¢0H /8¢, . The total Hamiltonian of system 700 is thus

2
20 H= Z[ g
7| 2C,

forj= a, bj, b, and c. His actually symmetric in the two dc-SQUID arms. Hisa

e

function of the junction phases and charge only, and the asymmetric choice of J;; as the
loop current was merely an interim convention. That is, designating the last two terms of
equation (19) as “magnetic” and “bias” energy, respectively, is a bit arbitrary. Working out

25 L™, upto a constant, equation (19) can be rewritten as
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La - Mab O L =M Lb - Ma (16) 0 - M, Lc (17) NMc = Mlc +Mzc Mab =
Mabl +Mabz Lb2=Lb2+M>y12 L61=Lbl+Md12 Lb=L61+L62 (18) On the other hand, the
four Josephson junction phases are all independent dynam cal 15 vari abl es.
O the circuit equations governing system 700, four of themare the
Josephson relations |ei §22eQ'/O', V\/qere Q is the charge, C is the

capaci tance, and O g s\th&,ph rilyaf i Uy, L &= a7 bl, b2, andz@) The
ot her four equationjgI e Lass ﬁ?‘?sﬁﬁb\éﬁie%ﬁﬂg’n (D_)j@fé8H / 80 .((Th)e t ot al
Hani | t oni an of system 700 i’s thus z°i 20 H=J Q -EcosO +(ID- A)L' (~-mss)+l b~
(19) 2G | wRBerd@l, §a donipléx fan@ionldf thelgsterd diubtanddh endgabedl | y symmetric in the
two dc-SQUID arms. His a_ function of the junction phases and charge only,
and the asymet Fiom keioon ¢hegmalys lsgsgepﬁehzatl@la)gfthwfr%ﬁﬂmme,mgmé|V\§ﬂt1§g interim

conventiong T J esi ti.ng the.last . ef e of quation (19) as
"magnet i c"ﬂ‘aﬁga%%‘ing‘%e'%ﬂé’?%@,’@gé‘{aé&?F’a’eaf‘ %‘%%’aﬁ]ﬁf ea?rgfgrt F@%f}. r ki ng out
25 up tD adsquRs tidild beadidativefat dd&bheady) Wakch ¥k tHabtheid dwn ¢Rtethafiux O
-Ejcosj]+l (CD - ")L-"(0- ~)+H (20) where Ho is a conplex function of the
syst em i ndifphRiNe/peatt HNBSESO (M O Nthé SthforaR phadts oB&AthY Stadar® echiations
generalization of the rf-SQU D case, again witing the phases in the form
of Equat i ofor (he)isodatel devjsasidi ng Hb to the same order. The a- and c- 5 devices
shoul d be effectively at degeneracy, whigh nmeans that their own external
flux shoul d conpensate for Ib. I#H&BJP, ~F¥stationary phases obey @hp
standard equations for the isolated devices: ,8, s//in O,,//+0~ -)r=0 (21)
[1/~~"61 sin Cbl + 1'bl +8,isth@0fsb+ggeldl-hZel ), €B2) 10 /' b2 sin CbR2}Col
+2 - Oh +2elhLh, =0 (23) Here, P.(c) = 4e2L.(c)E.(c) is standard, but
note t{ipt the definitions BhisimgdedbbBILlp: £245 T2)=0 (23)

Here, By = 4€¢’LaEa) is standard, but note that the definitions By; = 4¢’LyEr; G = 1, 2)

involve the full loop inductance of the b-SQUID, not the individual arm inductances.

Like for the rf-SQUID case, it is best to leave the &; unevaluated in the M-
expansion of U, and one sees that their contribution cancels (to this order), since one
15  expands around a potential minimum. Taking advantage of further cancellation and

dropping all terms which do not depend on the flux device state, one arrives at

A{abec - ﬂblﬂbZ C(?)S ¢l?1 cos ¢l?2 - - (¢: _ n.)(¢3 —71') (24)
de’L,L,L, B, cosd, + By, c0s@y, + B,y By, COs P, COS Py

in which all tenability thus comes via the dependence of ¢,?1(2) on (¢, ,1,) as givenin

U = const +

equations (22) and (23). For a simple consistency check, take I — 0 and Ey; — . Then
20  (23) shows that ¢,, = 0 while (22) reduces to 3, singy, + @ —@; =0, and the large
fraction in (24) becomes f3,, cos ¢y, / [1 + B, cos ) ], which is exactly the result for rf-
SQUID coupling.
Another case is the symmetric dc-SQUID with negligible shielding, for which (22)
and (23) reduce to @ + B> =& and 21, cos(¢; /2)sin(gy — 4, /2) =1, . Even in this
25  case, one can have ferromagnetic coupling for cosz( ¢§( 2) < | /21, | < | cos( ¢§( /12) | )
While one thus needs a nonzero flux bias, tenability of 7 suffices for changing the sign of
coupling.
There are several notable features of this system. To achieve ferromagnetic

coupling, one needs nonzero flux and current bias, the denominator in (24) is always
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involve the full 1 oop inductance of the b-SQU D, not the individual arm

i nductances. Like for the rf-SQU D case, it is best to | eave the ~

uneval uated in the M expansion of U and one sees that their contribution
cancels (to this order), since one 15 expands around a potential m ni num

Taki ng advant age of fiuther cagncellation and dropping all ternms which do
not dependp%ﬁlvsmdf‘ioﬁ b @B (CREPee hges beaome nggativg sinuliangpugly UThe aegddera Movb, o

R i g L .Plﬂfs*‘o?m“ﬁ:e% st e

dependence 40 2 iven gu S22 (23). For a
si gpl e cong’i stqgh’( aé%@&&%ttg?gzsl%&tgn ”‘gtjg?o Ifflﬁ (23) shows
that Ob02 %en@ra]'i‘i@dlfﬁrtﬁe@%déﬂ% Ric I%13-18 ED&ﬁﬂalri'Stl@nf l?ﬂﬂ)asa@ ecdld the

| arge fracfion in(24)becomes PblCOS obl /T 1+/ Jb1COS X61] whi ch |s exactly the

resul t ¥ or cas¢,-anéQellidter canghediaje fetyontagnaticcagming svithhat zmym:mntbms dEheS®efiD wi t h
negl i gi bl e Shl eI

e ! S ol A 5y Biaf agf castily pyové%Zr)sygél%/gic%@%eﬁr%%%ﬁﬁ*&%%ﬁé%gﬁfi o
h f 2) < 21c < | 2) | .
V\ﬁ;llee gggogz}gsftn:agg%%%&%’on e repgrgﬁﬁé WVEET, %%QB?{ﬁs dg@?’ﬂslocgg FABes 120r _
changi ng tﬁ'ﬁuﬁé& 1rH¢;almﬁ93&We&?ﬂ1eW§HceS§Uﬁ)§ﬁﬂﬂaﬁ @Qh?erf)ﬁa% res of this
system To achieve ferromagnet | coupli'ng, one S nonzero qu and

current b| llom? denom nator in (24) is always 44 positive, and cos Obi
€
and cos CI) never becone negative sinultaneously. The need for a current

bi as i ) obvi ousFinglly, iR abacanlysie ofily¥HB thét thepctéddalparsdRgaatioa2d)b = 0 one
then has 0 = 00 b2 and for any ob there is a stationary state with Oei <_

2r | 2. Thengbleafmable s@lphggnethapliaml qage-t Hhat is, thergeeuld e degganepisidedts dc- SQUI D

For r omngnel e IR TR R BRERs Ry S e fuoBRie Ofas hE Bt Z 1 I bi as

i's again efé‘ﬁiénis?)aﬁwévﬁgf&fnf ﬁé’d%ﬁfs%ﬁesﬂ@iékﬁ%&téﬂb&aﬂ SedAVER & o8 /00BB I Ng, which
have Cei = -Cbi for general however, equations 22) and (23)

show t hat Bhiyswah@hycemakﬂﬂem %@57@ &eFM@tWtan@lyslmhmtesqm@ iseds can pl ay

the sa | e. ro cu 10..Finall t he .abov si s only shows
that tho pg[f“élﬂf dﬁ%Y %F imme czl%i;' tsed/ds a starting poin {1, %H %e nettiod
of M-expansion should again reduce the problem to one for the uncoupled, biased dc-

SQUID.

Example 3 - Details and fabrication of an rf~SQUID
20 In some embodiments of the present invention, rf-SQUIDs are used that
comprise a superconducting loop that has an inductor and that is interrupted by a
single Josephson junction such that the inductor and Josephson junction are in parallel
as illustrated in FIG. 11. For a given fabrication process, the Josephson junction is
parameterized by its critical current Ic, the amount of current it can carry without any
25  dissipation. The rf-SQUID design is then parameterized by the IcL product, where L
is the inductance, or its dimensionless inductance 2nLIc/®y, where @y is the flux
quantum.
The behavior of the rf-SQUID is described in terms of its response to
externally applied flux that is coupled into the SQUID's inductor. For a given applied
30  flux, a circulating current is induced in the SQUID which corresponds to a particular

flux state of the SQUID. For values of dimensionless inductance greater than 1, the
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enabl es tunabl e coupling in the classical case. That is, there could be
devices outside its regine of validity that are nonethel ess suitable
couplers, as long as the transfornmer remains passive, e.g., confined to its
| owest energy state/band. See Averin et al., 2003, Physical Review Letters

91, 057003, I ant um lysis, the interactin bi ased 15 Ham | toni an
deri vod anfss e A 5t R ina HaoR BdEbiendepep hEemATy ® he ot nod
of M expangiphied slaeUhére2aR b micétah ohb Stabledhixaaté 6f @Bef-8QUIDhe uncoupl ed,

bi ased dc- SQUID. Exanple 3 - Details and fabrication of an rf-SQU D 20 In

sone enbodi ment Mapy appleapienssiequirg theefluy envpledfingthy dsSQVED s sndictonat  conpri se
a superconglucting 1o th has. an j nductor. and that iss_i.nterrupted by a

Sinole JosEpebanRRntn on AT RE HRGioBRG ol ST nce 1 on ar e
i n paral | etonsAgint, hhd! Girb@dteMis therk Wl uddallytRrsomePonhihtaide@@dnitRd) process, the

Josephson éuncthon is paraneterized by its critical current Ic, the anmount
of current SQUIRandustanes: Hipariswdar applicagon el iypacallyalsoTieastrdin d@allowgdsi gn i s

t hen parangteri.z by .the Ic r , re L. is-the.inductance, or its
di mene: ont SEEnrRaEes Hielinsk b SR QU patbRTRT of lest DR O CHRRARES, The
behavi or ofietérifiné fiie AHIVEY kahg OF AlnchScritical SirEntof i1ts response to
externally applied flux that is coupled into the SQU D s inductor. For a

given applied Nodemfabrication o d¢ dwiorgnation) end rfi(ené-jvaaten) SQUIDsEs SQUI D whi ch
corre nds to,a rticular fl tate aof the, SQU D. For .val.ues of
Crenon! Botedf phRineain 3h alluttadird e miyBBaFer et g it o

mul ti - st abjs@esdidad] foPetdddile [ Fritze@lel %al?,ul|9i99, M@e%n%ctﬁ?ﬂ%’iéﬁ@é ky applied

flux, there can be nore than’'one stable flux State of the rf-SQU D. Many
appl i cat i ohehnelggy,réolt hatppf 880«882.upl tepicalfalricatien pfocg@unfludes nduct or  t hr ough

a transfor . efficlentl his.transforner. couples. flux. i§ a design 5
constr ai ntﬁg}ﬁﬁ)tm%‘i@}ﬁr fq{{}gt.)r{qq ?‘5—30 qSFp.r}]iglﬂl.i‘I"}Ci‘}O’.&%%Eec‘)ﬁ@.lec?glfjf)s(’t“%@?mg pl :iged on
the SQUI D la?&l{?érﬁ‘@fiﬁatexﬁl@,ﬁél{ ésCMb%rwﬁiEHHa‘}%ﬁ'sﬁ{é‘ttqéﬂjldlgbostiﬁéﬂh% iz al so constrain

the all owed” di nensionl ess i1 nductance of the often to | or |ess.
These t\w megstroaisputteringeamd ari addlitidnal metabwabnrlayaydoowirjngncltheon criti cal

curent, MRel S8l R eh S, (sl st on) gL Lonclungdon)
7191 LN AU IABEF S B et A IRy Finlsch o
t ypi cal f athdserain smoh pvayds sblancstredefreaniobium. The AlOy layer can be grown on
the base Nb layer by oxidation of a thin layer of aluminum (e.g. having a thickness of
20 70 Angstroms) deposited on the base Nb layer.
A sample layout is shown in Figure 11. In the layout, the X represents
Josephson junction 1106. The definition of the junction area can be made by a
selective niobium isolation process (SNIP). See, for example, Shoji et al., 1982,
Applied Physics Letters 41, 1097. Layer 1102 represents the base electrode of the
25  junction trilayer used as the lower wiring layer. Layer 1110 represents the upper
wiring layer. Square 1108 shows the area occupied by the Josephson junction which
is formed from the trilayer and contacted by upper wiring layer 1110. Region 1104
represents a via: a direct connection between layers 1102 and 1110. The SQUID's
inductance is made up of the loop formed by the connected structures on the lower
30 1102 and upper 1110 wiring layer. This inductance must typically be calculated in
some way, with either analytical formula or three-dimensional electromagnetic
modeling software. The critical current of the junction will be proportional to its area

and the critical current density of the particular fabrication process.
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No/ Al Ox/ Nb trilayer for fabrication of Josephson Junctions, one dielectric
insulating layer froma material such as Si 2, which nmay be sputter
deposited using rf 15 magnetron sputtering, and an additional netalization
| ayer for wiring. The netalization |layers are typically Nb, deposited using
dc-magnetron sputtering. The No/AIO/No trilayer can be deposited with
dc-magnetron sputtering, with paraneters chosen in such a way to obtain
stress-free niobium The AIO |ayer can be grown on the base Nb | ayer by
oxidation of a thin layer of alum num (e.g. having a thickness of 20 70
Angstrons) deposited on the base Nb | ayer. A sanple |ayout is shown in
Figure 11. In the layout, the X rep s Josephson junction 1106. The
definition of the junction area canb‘g‘éifgl‘sﬁde by a selective niobium
i sol ati onWerctuimss (SNIP). See, for exanple, Shoji et al., 1982, Applied
Physics Letters 41, 1097. Layer 1102 represents the base el ectrode of the 25
junction trilayer used as the lower wiring |ayer. Layer 1110 represents the
upper Wi ring l.ayerA siBiiure eothpfinghows t he area occupi ed by the Josephson
junction which iﬁﬂfor nmed fromthe trilayer and contacted by upper wring
layer 1110. ReYISHIPAYS epresents a via: a direct connection between
|l ayers 1102 anglseddddlfluxId&ice@ddD s i nductance is nade up of the |oop forned
by the connected structures on the |ower 30 1102 and upper 1110 w ring
| ayer. This i naiicst eonpingidevicetappipeisingy fiset conpling edaneant prd a sesped opuplingyi t h
ei t her angllffxﬁgriltc‘gi1 r]éi%r mul a or three-dinensional electromagnetic nodeling
sof t war e. ey 19 Cal current of the junction will be proportional to its
area and the critithéfirsefux aeMicclngprisys @ leabirefinelobé st asechablobetat on
process. 46 CLAINS W claim 1, A structure conprising: a first flux
devi ce; aargdreJpdrieal gemespication witly eachfothest coupl i ng device conprising a first
coupling elenent a i t i fii | ux
devi ce conpri ses a{} g? geé:g?&g&??%%oo es‘gng%gﬁs%e%rg\rﬁg{ %kigh %eﬁgr[d lbge?{ga{ n
el ect ri cadre ¢oeteatrical @bmornnivatién Wik bachtotiest; t he second fl ux device conprises
at least a first |ope_and a _second I,oge I hlat a}re i

uctively coup

conmmuni cation with Bglfst ERuPdipg element in es the rillrsef‘ llo%%torf ith%%{rst flux
device to the first lobe of the second flux device;
the second coupling element inductively couples the first lobe of the first
flux device to the second lobe of the second flux device; and

the first and second coupling elements are not in electrical communication

with each other.

2. The structure of claim 1 wherein the first flux device and the second flux

device are gradiometric flux devices.

3. The structure of claim 1 wherein the first lobe of the first flux device holds
a circulating superconducting current having a circulating direction that opposes a
circulating direction of a superconducting current held in the second lobe of the first flux
device; and

the first lobe of the second flux device holds a circulating superconducting current
having a circulating direction that opposes a circulating direction of a superconducting

current held in the second lobe of the second flux device.
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the first coupling elenent inductively couples the first |obe of the first
flux device to the first | obe of the second flux device; the second
coupling el enent inductively couples the first |obe of the first flux
device to the second | obe of the second flux device; and the first and
second coupling elenents are not in electrical conmmunication wth each
other. 2. The structure of claim1l wherein the first flux device and the
second flux device are gradionetric flux devices. 3. The structure of claim
1 wherein the 4.irstTHedhactfe dffotaii I wheréih the fkevdouplifpdieifentar Gersetdndt i g
superconducti.ng current having a circulating direction that opposes a

ci rcul at i f#RYPHNE @empwoavleat@é%%rf%ﬁawe% forfhe ssspnd Hux deiee ferrompgnetieadllynd | obe
of the fiB§&n¢$H5maQEME£§é and the first | obe of the second flux device

hol ds a circul ating” superconducting current having a circulating direction
t hat opposes a circulating direction of a superconducting current held in
t he second | obge of fhe secon lLux device. 47 4. The structure of claim!]l
wherein the fitst éﬁﬁﬁﬁ?ﬂgﬂaﬁé%%ﬁflﬁ?ﬂ?m %@Ebﬁﬂph@%ﬂﬁpﬁﬁéa%Wbﬂ¥Wf coupl es

the firstzdb by sGéhgtiPbdtgershie GRE filk U&viclealdaRe {RbAPIBONRAdCRli ke OF
anti-ferromagnetically. 5. The structure of claim1 wherein the first

coupl i ng sdcembenuphngelamentthas b finjte cauptiog ptréngth betweanghh fitse flwedevicdmmdf i rst 1 ux
devi ce ang the §G2 d .flux device and the second coupling elenment has a
finite co&ﬁﬁ?ﬁ@ nggﬁﬂf% bet ween the first flux device and the second fl ux
device. 6. The structure of claim11, further conprising: a coupling control
system di nensi oned and configured relative to the first flux device and the
second flux de®i ce Bhgstrueteg ofidipimclo figtheneprapsisings] system can create a state

in which the f] . ' i h i ength. 7.
The structure %@i§P§$§$tk€g%$%¥%ﬁgﬁgg%%ﬁgpﬁﬁgﬁlgﬁf%%Vﬁggg@gzg%gﬁ%rises at

| east oned@ficeantdiginetom flixideviveasactstatithecapiingcantiol systenbtascraatels sigteWner ei n
the coupling . control systemijs configured to gpply a bias to the first and
second colipVhigyths/festepuplingglevies Bassan abopiAero equPHNGStFRNEth. f ur t her conprising: a
coupling control system di nensioned and configured relative to the first
flux device and the second flux device such that the coupling control

syst em t oggl es7.bet viBerstructure of claim 6 wherein the coupling control system comprises at

least one of a magnetic flux bias source and a current bias source wherein the coupling

control system is configured to apply a bias to the first and second coupling elements.

8. The structure of claim 1, further comprising:

a coupling control system dimensioned and configured relative to the first flux
device and the second flux device such that the coupling control system toggles between
at least:

a first state in which the first coupling device has a finite coupling
strength; and
a second state in which the first coupling device has an about zero

coupling strength.
9. The structure of claim 8 wherein the coupling control system comprises at

least one of a magnetic flux bias source and a current bias source wherein the magnetic

flux bias source is configured to apply a bias to the first and second coupling elements.
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at least: a first state in which the first coupling device has a finite
coupling strength; and a second state in which the first coupling device
has an about zero coupling strength. 9. The structure of claim8 wherein
the coupling control systemconprises at |east one of a magnetic flux bias
source and a current bias source wherein the magnetic flux bias source is
configured to apply a bias to the first and second coupling elenents. 48
10. The structure of claiml1l wherein at | east one of the first coupling

el ement and t h@ seTlmndructupodf algmel whenin at teagtrone ef thedustSQUpIDg elehmenThe

structure aim1l wherejn at |east aqn the first coupling elenent and
t he seconﬂmI:%‘E5quﬂ‘éjc%‘fpélﬁﬁﬁle“5’8mrgl§eéﬁ Sth@ JD. 12. The structure of claim

1, further conprising: a coupling control systemfor controllably tuning at
| east one of the first coupling elenent and the second coupling el enent.
13. The struct bke ofhestaichreof eerhﬂFméﬂB@ﬂgmﬁn@ﬂ@éhﬂﬂﬁumsysﬂ@mm%onpr|ses

means for _tun the fi.rst coupl i n n;%:ké d t he second coupling el enent
such t hat art“ﬁtg ‘%londtco%hlr} e%f |ce arﬂﬁefa"'ﬁé second flux device are not

i nductively coupled to each other. 14. The structure of claim1 wherein the
first flux device and the second flux device are superconducting. 15. The
structure of cléi m The stiyetumeef @@M’if@Fh?@CO@PTHIQ&'aI ity of flux devices, the

prural ity of T Ly 66 SRRk BRINGIY ARk of el ondEMbE Brllaiag _Second

fl ux device; coupl1ng eV| es, the Gr al Ity of “coupling
devi ces cehpmnemd@mjumndmm@hngduphnng devi ce, and mhereln at | east one

coupling devices in the plurality of coupling devices conprises a plurality
of coupling elenments. 16. The structure of claim 15 wherein the plurality of

coupling devices C”PE@Jt%u’éﬁn?e@fcﬂﬁﬁPmNEé?éiH'tﬁé%u?ﬁ g&%nbﬂﬁlstéﬁi fnpisti 1 d
coupling elenent and a fourth coupling el enen wherein the structure

further cowpns fopgming thifirsticdupling dl@menteandcﬂmep@dr@ualmg ¢lementsheh thatdhey second
| obe, wher.ej el.enent r st e of the

cou n the . fj
Forer PR Bk Bgvits st SRPR BOPaSER horiRdRliFy SO Fas QB nh { he
fourth coupling el enent couples the second | obe of the first flux
14, The structure of claim 1 wherein the first flux device and the second flux

device are superconducting.

15.  The structure of claim 1, further comprising:

a plurality of flux devices, the plurality of flux devices comprising the first flux
device and the second flux device; and

a plurality of coupling devices, the plurality of coupling devices comprising the
first coupling device, and wherein at least one coupling devices in the plurality of

coupling devices comprises a plurality of coupling elements.

16.  The structure of claim 15 wherein the plurality of coupling devices
comprises a second coupling device including a third coupling element and a fourth
coupling element and wherein the structure further comprises:

a third flux device comprising a first lobe and a second lobe, wherein the third
coupling element couples the first lobe of the first flux device with the first lobe of the
third flux device and the fourth coupling element couples the second lobe of the first flux

device with the second lobe of the third flux device.
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device with the second | obe of the third flux device. 49 17. The structure
of claim15 wherein at |east one flux device in the plurality of flux
devices is coupled to up to four flux devices in the plurality of flux
devices through respective coupling devices in the plurality of coupling
devices. 18. The structure of claim 15 wherein the structure is configured
such that a Hamltonian of a problemto be solved can be napped onto the
plurality of flux devices. 19. The structure of claim 18 wherein the
plurality of flux devices is designed to solve one Hamltonian. 20. A

structure conprising: a first flux device; a secQnd flux device; and a
first SQU D colfpl er Thertfyetura i dainddpyhsaein at lest ong %&dfmwngmlwéfﬂand to the
second | bR isUBHIEA b S thar thlx AL DGR PENLY S AN/ ed o be
tuned to provide ferronmagnetic or anti-ferromagneti'c inductive coupling

bet ween t theoughrespedtivaxxoudingaleviaedinsecpnalify aficouplingi dewices.he first SQUI D
coupler is biased by a magnetic field. 21. The structure of claim 20 wherein
the first SQU D coupler is an rf-SQUID coupler. 22. The structure of claim
21, further commri stHeGtrusufediictdimt 3akherdin @REruEtUFES cbiighRil sclthapgnet i ¢
field to the rf-SQUI D coupler wherein a strength of the magnetic field

det er m neHamilonirarof amrobieuca bessolvedieph begpapiprstonéethe phuality p§flux dewicedevi ce and
the second flux device is at |east one of ferromagnetic, anti-ferromagnetic
and zero coupling. 50 23. The structure of claim?22 wherein the nagnetic
field has a flux ofTiR®ubtureZeciin IBIvIRNeiRgRPl@aNty ff flaRduticéd.id désifhedr | ess
and the inductive coupling between the first flux device and the second

fl ux devi@§0h§(@ﬁfhnﬂﬁmﬁﬁhagnetic. 24. The structure of claim?22 wherein the
magnetic field has a flux of about ¢DO/2, with an accuracy of aboutO.2*Do
or less and the inductive coupling between the first flux device and the
second flux deX.ce Astricireepmgrisihg:c. 25. The structure of claim 21 wherein

the rf-SQU D coypl ﬁr i.s .nonost abl e.
a first flux device;

a second flux device; and

a first SQUID coupler inductively coupled to the first flux device and to the
second flux device, wherein

the first SQUID coupler is configured to be tuned to provide ferromagnetic or
anti-ferromagnetic inductive coupling between the first flux device and second flux
device;

the first SQUID coupler is biased by a magnetic field.

21.  The structure of claim 20 wherein the first SQUID coupler is an rf-SQUID

coupler.

22.  The structure of claim 21, further comprising:

a switch that is configured to apply a magnetic field to the rf-SQUID coupler
wherein a strength of the magnetic field determines whether an inductive coupling
between the first flux device and the second flux device is at least one of ferromagnetic,

anti-ferromagnetic and zero coupling.
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26. The structure of claim?21, further conprising: a nmagnetic flux bias
source configured to bias the rf-SQU D coupler with a flux close to an

i nt eger nunber of quanta. 27. The structure of claim?20 wherein the first
and second flux devices are bistable. 28. The structure of claim20 wherein
the first flux device conprises a first |oop of superconducting materi al
interrupted by a first at |east one Josephson junction; and the second fl ux

devi ce conprises a second | oop of superconducting material interrupted by a
second at | easi3. oneThéceaghreaf cjmmalzivﬂmrelﬂﬂw midgaetid figld hay eflaf oftdbautm 20
wherein the first SQU D coupler is ré_lUID coupler. 30. The structure of
cl ai m 29 ZWFReVED AN agrairagy %@bﬂ%iedu@p &F leFSsa ]i‘ﬁr’éfi\“itb’e coupling-bgewvesh thict ur e of

cl ai m 29 yenl eGSRt FRURLEE utfaﬁsﬂgggn@t | east one of a

magneti c evice and & current bras Ice. 32. The structure of
claim 29 wherein the dc-SQUI D coupler is asymmetric. 51 33. The structure

of claim29 wherein_the do-SQUI D cqupler is tune nﬁ ic field bias
device. 34. Thé- st r etstpeiugsio laanr%ﬂzd\er%ﬂ@w&argne%%lﬂ g?-“n‘b éﬂbe\“al ity of
fl ux devi %0/? wittlbﬁq QJCHF&?*’ l)FXb +6 b"‘ﬁfo 3&5%3? th(éq 'tl% ?&gwfg&%é{ l ux

devi ce an he ‘secon EVI ce, ura COUp ers wherein

each SQUI ﬁ}scfbmpdi@ﬁcelalndltl’(aeﬁdmdrmjm deyiceﬁs feﬁ@dh@eﬁ@upl ers is configured to
i nductively couple a respective pair of flux devices in the plurality of
flux devices and wherein the plurality of SQUI D couplers i ncludes the first

SQUI D coupl er.s35. fﬂé%trﬁ&tﬁfé%ﬁé[aﬁn@fl »ﬂ“lef’éflmhél}f @Q@rﬂg'ceu Qo‘gtg)lgoum er in

the plurality of SQUI D couplers is configured une to provide at
| east one of ferrorragnetl c, anti- ferromagnetic and zero coupling between

each correspongi ng pair of ux . devi inthe plurality of flux devices.
36. The struct c;lﬁ’ St aﬁm%%%%ﬁ'“ﬁﬂecompﬂéw &f | ux device and the second

Ij' ux device & ﬁaéﬂeﬁ& fldk Biak Sourdd confighfell WS bid§ e ¢RBDUIDIcBEGpler With & flg% 1 ux
evi ce;
close to an integer number of quanta.

27. The structure of claim 20 wherein the first and second flux devices are

bistable.

28.  The structure of claim 20 wherein the first flux device comprises a first
loop of superconducting material interrupted by a first at least one Josephson junction;
and the second flux device comprises a second loop of superconducting material

interrupted by a second at least one Josephson junction.

29.  The structure of claim 20 wherein the first SQUID coupler is a dc-SQUID

coupler.
30.  The structure of claim 29 wherein the dc-SQUID coupler is symmetric.

31.  The structure of claim 29 wherein the dc-SQUID coupler is tuned by at

least one of a magnetic field bias device and a current bias device.

32.  The structure of claim 29 wherein the dc-SQUID coupler is asymmetric.
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a second flux device; and a first coupler galvanically coupled to the first
flux device and the second flux device wherein the first coupler conprises
a | oop of superconducting material interrupted by at |east one Josephson
junctions and the first coupler is configured to provide an inductive
coupling between the first flux device and the second flux device that is
ferromagnetic or anti-ferromagnetic. 52 38. The structure of claim 37
wherein the first flux device and the second flux device each conprise a
superconducting loop interrupted by at |east two Josephson junctions. 39.

The structure claim37 wherei.n the first co conpr.i ses; . a
super conduct i ng’l oo ‘?ﬁ'ﬁ“@?’t“h%{@ﬂ whereip he %@@gﬁéﬁﬁ“ﬂmdﬁ‘iﬂﬁ%’y% second
Josephson pjungici iR Baddéidehi rd Josephson junction; and an external flux bias

that is configured to tune the flux through the | oop of superconducting
material. 40. The structure of claim 39 wherein the first flux device is

gal vanical ly nnect ed across ,t.h i.r st Josephson junction and the second
flux device i sggal vﬁlﬁ Sgréllcﬁkrleo %ﬂﬂl;(i ggﬁ-ngwodg%rpsfr}ge second Josephson junction.
41. The struct apRrirdlity 6f finde3fcewfibe plurhliter Rt deiidad cdhptisindi ths fikss flaenf i gur ed

to provide zero inductive coupling between the first and the second fl ux
devi ce. 4deviqaanddhe seepnd Burpdevideapn 30 wherein the external flux bias is

bl £ tupi . . . Py ) . q
Fhe second 11 uj PREUILES $QEHTEbY At A e ROLBT LA i he Bkl ™ ragnet |
and zer o- SQUiDicogple3s cohffigus:t ol diductévebf coupliamespéctivegradr of flukeebicéssih coupl er

conpri ses: first wire; a secqond wire; a thi ire; a.fourth wire

wher ei n_t Heurlity 9F Mk deviecsaad avbersimise pbirality Af %{qﬂn iCP‘éRler\ﬂ/i‘ffci“d;iﬁg‘et he second
wre, a %gggeganbgﬁ@@ction between the first wire and the third wire; a
third intersection between the second wire and the fourth wire; and a
fourth intersection between the third wire and the fourth wire, and wherein

35.  The structure of claim 34 wherein each SQUID coupler in the plurality of
SQUID couplers is configured to be tuned to provide at least one of ferromagnetic, anti-
ferromagnetic and zero coupling between each corresponding pair of flux devices in the

plurality of flux devices.

36. The structure of claim 20 wherein the first flux device and the second flux

device are flux qubits.

37. A structure comprising:

a first flux device;

a second flux device; and

a first coupler galvanically coupled to the first flux device and the second flux
device wherein the first coupler comprises a loop of superconducting material interrupted
by at least one Josephson junctions and the first coupler is configured to provide an
inductive coupling between the first flux device and the second flux device that is

ferromagnetic or anti-ferromagnetic.
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53 the first wire is interrupted by a Josephson junction at a point in the
first wire that 1is between the first and second intersections; the second
wire is interrupted by a Josephson junction at a point in the second wre
that is between the first and third intersections; the third wire is
interrupted by a Josephson junction at a point in the third wire that is
bet ween the second and fourth intersections; the fourth wire is interrupted
by a Josephson junction at a point in the fourth wire that is between the
third and fouri& i riflerstecturecof]aimrd wheeeis thedist fnixrdevieadnd the sedond dluwi r e cross
wi t hout f%&m ng ,an el ectrical contact. . 44. TQ% stk#%turz of claim43

wher ei n t ffY19eiepgh COmAriSE 8 SERsrerrdpeling o inerrupted by AVE 35BN th a first
current bjuasionkhe second intersection is in electrical communication with a
second current bias; the third intersection is in electrical communication
with a third current bias; and the fourth intersection is in electrical

conmuni cation yth fourth r.e i as. .. IThe structure of claim44
wherein the second —QW&?'PﬁtWeao(}léﬁﬂ’mg?twb’ﬁeé%thﬁffgﬂé’ggﬁert‘iméoélsf% provi de

super conduct i negsufp_éﬂébﬁ(ﬁi&tiﬁg 1ddptintafr@ptePPPS fifseJ dsBpHibh Amclion) alsecdnie currents
provided by the first and fourth <current biases; and wherein the inductive

coupl i ng nserbsemjunpiéon gnda thigd dosephsominetion: asdvi ces is ferromagnetic. 46.
The structure gof ' . ' i ch of the first,
second, third %negg%@dﬁuﬁ%é%ﬁra&%%%ﬁ sggkg@gpg’&%%\{%’%ﬁ%g%il?%dg 47. The

st ruct ur esupkrcohdictingdatehiar.ei n the third and fourth current biases are tuned
to provide superconducting currents that are opposite in direction to
currents provided by the first and second current biases and wherein the

i nductive coupig N9 TIR&LNEER: mﬁmia@%eﬁaﬁiué%fmﬂ,xfdgg%ﬁ%%ﬂ&ahf

anti-ferromagnetic. 54 48. The structure of claim eln the currents
provi ded éynnecehaandss theefirst Josephsorsjmoctingh, antl ther stcamldlxadevich icgalvaarllpi ases are

equal in magni t(ﬂde. 49. The J%tr cture of claim37, further conprising: a
pl ural i t ySUReRedIErepshesssond JoseBFONNEHAR- of 1 ux devi ces conprising the
first flux device and the second flux device; and

41.  The structure of claim 39 wherein the external flux bias is configured to

provide zero inductive coupling between the first and the second flux device.

42.  The structure of claim 39 wherein the external flux bias is capable of
tuning the inductive coupling between the first flux device and the second flux device to

at least one of ferromagnetic, anti-ferromagnetic and zero-coupling.

43.  The structure of claim 37 wherein the first coupler comprises:
a first wire;
a second wire;
a third wire;
a fourth wire wherein there is
a first intersection between the first wire and the second wire;
a second intersection between the first wire and the third wire;
a third intersection between the second wire and the fourth wire; and
a fourth intersection between the third wire and the fourth wire, and

wherein

53



a plurality of couplers, each coupler galvanically coupled to a different
pair of flux devices in the plurality of flux devices, the plurality of
couplers including the first coupler. 50. The structure of claim49 wherein
each coupler in the plurality of couplers is configurable to provide at

| east one of ferromagnetic coupling and anti-ferromagnetic coupling between
a corresponding pair of flux devices in the plurality of flux devices. 51.
The structure of claiml wherein the first and second coupling el enents

each have a dithefisst aiireesmtarmgtedtbyraclesdphsin jusctipneas point inaghe fitsowire¢hab and | ess

t han about . two. 52. The strycture .of claim 20 wherein the SQU D coupl er has
a di rrensi'8#?%5“tqeﬁ‘ﬂffc,af‘aﬁ%cé’naI’fﬁ?rs?céloﬁsr’eater than about 0.5 and | ess than

about two. 55 the second wire is interrupted by a Josephson junction at a point in the second
wire that is between the first and third intersections;
the third wire is interrupted by a Josephson junction at a point in the third wire
that is between the second and fourth intersections;
the fourth wire is interrupted by a Josephson junction at a point in the fourth wire
that is between the third and fourth intersections; and

the second wire and the third wire cross without forming an electrical contact.

44, The structure of claim 43 wherein

the first intersection is in electrical communication with a first current bias;

the second intersection is in electrical communication with a second current bias;
the third intersection is in electrical communication with a third current bias; and

the fourth intersection is in electrical communication with a fourth current bias.

45.  The structure of claim 44 wherein

the second and third current bias are each tuned to provide superconducting
currents that are opposite in direction to the currents provided by the first and fourth
current biases;

and wherein the inductive coupling between the first and second flux devices is

ferromagnetic.

46.  The structure of claim 45 wherein the current provided by each of the first,

second, third and fourth current biases are equal in magnitude.

47.  The structure of claim 44 wherein the third and fourth current biases are
tuned to provide superconducting currents that are opposite in direction to currents
provided by the first and second current biases and wherein the inductive coupling

between the first and second flux devices is anti-ferromagnetic.
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48.  The structure of claim 46 wherein the currents provided by each of the

first, second, third and fourth current biases are equal in magnitude.

49.  The structure of claim 37, further comprising:

a plurality of flux devices, the plurality of flux devices comprising the first flux
device and the second flux device; and

a plurality of couplers, each coupler galvanically coupled to a different pair of
flux devices in the plurality of flux devices, the plurality of couplers including the first

coupler.

50.  The structure of claim 49 wherein each coupler in the plurality of couplers
is configurable to provide at least one of ferromagnetic coupling and anti-ferromagnetic

coupling between a corresponding pair of flux devices in the plurality of flux devices.
51.  The structure of claim 1 wherein the first and second coupling elements
each have a dimensionless inductance that is greater than about 0.5 and less than about

two.

52.  The structure of claim 20 wherein the SQUID coupler has a dimensionless

inductance that is greater than about 0.5 and less than about two.
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