10

15

METHOD AND APPARATUS FOR EFFECTIVELY PERFORMING
LINEAR TRANSFORMATIONS TECHNICAL, FIELD The present
invention relates to the fields of digital signal processing. It introduces an
improved method and apparatus for performing linear transformations,

N R SRS Y R VLY

corfhibIRHEIRDAIN RSN LGl b B AR STRANSFORMRTBIONS

produce from an ti-dimensional vector, considered as "input vector" an

r-dimensional vector, considW&t t c]S In many applications
io the input vector consists of digital samples of a given signal that

requ|reg%?@éé‘@h@vﬂi@mwéﬁ‘@pGhdha@@ebﬁ@mata@afmnem&gre&
aksaskic ad inApveEngelic domaln.aey e sseenl SRS el tions,

science and technology and their efficient per ormancesis hi

JedhEstaces @éwévﬁmq%@ﬂwﬁgf@matxwtmmnhﬁmldemgbwer
\ReiRraeal, 15 complex or from any field of scalars) to the set of
r-dimensional vectors (over the same field of scalars), may be

represented by a matrix of order rxn given by: a,, a,2 a,,, a22a22.....
az;, La,4 am A general input n-B@meIERAENDMN vector is written in the

foIIowmlg form; Xls)f(o Xé(&] -t The Ilne%r ransfglgatlowﬁroduce from the
input VECToT x AN oUreUt CONTraR GOmEoRY s TBROPLAF oI BRRcessing. A
dirozha ctrafsfoematitix o twe e dtor Whlnkdlmegmendbyvﬁ:dtowlngnwﬁmudﬁas ‘input

vector” an r-dimensional vector, considered as “output vector”. In many applications
the input vector consists of digital samples of a given signal that requires processing.
However applications of linear transformations are not restricted to any specific
domain, they are essential to every field of science and technology and their efficient
performance is highly desirable.

A general linear transformation from the set of n-dimensional vectors (real,
complex or from any field of scalars) to the set of r-dimensional vectors (over the

same field of scalars), may be represented by a matrix of order rxn given by:

A -
an G - . . - Iy
A=
Laﬂ am ]

A general input n-dimensional column vector is written in the following form:
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Ytallal,..... al"x, Y2a2laz2..... a2, x2 a~x alixt + al2x2 + T alnxn
a2l1.x1 _a22x2 +a2"Xn s =a,1X1+a2x,...... + arnX, A straightforward
performance of the linear transformation requires, rn products and r(n-1)
additions. Binary matrix are of special importance in the development and

application of the present.invention. Binary-bipolar matrix are those
contaRg B, THAIGBRTC R0 RGeS, TR RBYOAFEiFeg ot column

veated/binattbnsidnline ghtoagsfdimatisinee plesentedrby tey Whenedtiommiinieh is

calleéj lgéHgvr‘}gorpatioln. In the above presentation, if the given.

given

IShsformationTs a. U-fransformation then r.(n-1) additions/subtractions
would be reguiredafor itg,straightforward peeigrirange. Another type of
binary matrjx| ar hosg containing only 0,1 valuies in their entries. They
would be |cdlled 0-F:matffix. 15 A linear transférmation represented by
0-1-matrix is called a 0-1-transformation. In the|abqwe presentation,
r(n-i)12 additiopns would be required, on average, for a straightforward
performance pf a 0-1-transformation. In the current text the term "binary
transformation” %uld consist of the two typesiaf transformations
mentioned dbove: U-transformations and 0-17 20 tfansformations. To
complete the ferminology-introduction it woulg be mentioned that the term
U-vector would refefta a vector having -1 valués'in its components and

) ) x + R % AN+ .

likewise, a%rettdr hwifig 0,1 values in its confgsients will be called a
0-1-vector. The processing of binary transformations consist of adding
and. subtracting components of the input vector. They are implemented in
hardware jas an electronic Application Specific Integrated Circuit (ASIC),
requiring ¢lements such as adders and subtractors. The, usage of these
component<isiebstfyzdnd energy consuming &ndirtheir s construction
OCCUDIgS 2 HIAGIOHI AL DARRIANEIQ MUCHBANSMALINAIN requires, rn

transformations with a low consumption of these resources is of

rﬂm%iﬁ@dﬁégdlpnaddiﬁons. |

Binary matrix are of special importance in the development and application of

the present invention. Binary-bipolar matrix are those containing only +1 values in
their entries. Henceforth they would be called U-matrix. A linear transformation
represented by a U-matrix will be called U-transformation. In the above presentation,

if the given transformation is a U-transformation then r«(n-1) additions/subtractions
would be required for its straightforward performance. Another type of binary matrix
are those containing only 0,1 values in their entries. They would be called 0-1-matrix.
A linear transformation represented by 0-1-matrix is called a 0-1-transformation. In
the above presentation, r«(-1)/2 additions would be required, on average, for a
straightforward performance of a 0-1-transformation.

In the current text the term "binary transformation" would consist of the two
types of transformations mentioned above: U-transformations and = 0-1-
transformations. To complete the terminology-introduction it would be mentioned
fhat the term U-vector would refer to a vector having +1 values in its components and

likewise, a vector having 0,1 values in its components will be called a 0-1-vector.
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numerous fields of technology. There is a widespread usage of
U-transformations in various aspects of digital signal processing. It

includes a variety of communication technologies such as image 10

processing and wireless communication. Currently there is a growing

worldwide interest in direct-sequence (DS) code division multiple access
(CDMA&S}?I’@&W@%’&%% BN iresioomajeneniensibtedS a@fing and subtracting
[EoAdEdA¢Ss BT fhe ' Mobil@eatgtion af| jhility, Standard fo :
%alij%)de idge%)an% Spread s_pggf%§Ceﬁlﬂg%%%§%Hrﬁaﬁg€r§fsl%5]{6Ctr0mc
is'BReE lg%g\f/%e S HRSHE R OB R A EDMEwE peneiementres@BMAadders and

eex

trahsmigston Teefusiaieod Mim@%ﬁ%@&@%ﬁ&@ﬁép@%@n&%ﬁk‘ and their
an St@gcrﬁrgult(lj%léedigsefore trapsmlssmn by a Pseudo-random Noise (PN)
code. Which iS5 B&eqtiHEE PAViAG fandm BT o Jerbesqeigtiomso! binary
Ibansforsatonseiatibng. ThecspseagingroHINBEie s BakesANSMISSORing need in
r%@&gseﬁ&%oj}%e@&%i&tcluding multi-path noise, jamming or detection. A

scrambling code, longer Pt the channeling code, is also applied. This
transmithise fashidAcspitrel seepndigeeratformitR5mBY anshihisdects of digital

' ' i WB) CD standards require the receiver to
kN R S R G R e
@ﬁ%ﬁﬁﬁé@_&ﬂ@ﬂjﬂéﬁé%ﬁyp@m@hmw@jch was previously spread according
toa 25 @iﬁ%ﬂﬂr ‘Eﬂé}@%'ﬁ‘%&% i ?19%‘?6%&%%@'%1: ?rgc?gisgquence (DS) code

U-transformations where the spreading codes comprising
iR RERlmeaesc 8 E BEN remendipedadancanimmstisiof Isistsrone Diic 1S-
Ye[MeOEEXaRIDea whate &lfecliveg %ﬁé@@ﬂ%ﬂ@b‘iﬂﬁ{xﬁg%wg{%%@{% for Dual-

desired for accomplishing the computational tasks with a

Sl Mitiehrad Rizsad msonnny histipeSystemsl Relo@h h96h asienesettmnple of

mpaeveldpempadITIaNGe Siapecific types of linear transformations. A few
relevant examples chosen from a very wide _x_range will be mentioned

here. TBbS A0 HARSBRS Ivmitas it s i BoRv ORI slate Bngrddnusedragosite

Biters D SRcaubpHanBeifciembnlystbe 1ig Pidhedassicahiast - (PN) code,
F%Jri_ler.Tran rm (FFT) %Igonthm requiring. O(nlog2(n)) addition an
wheh 1s a U-sequence having random noise properties (such as low cross-

correlation). The spreading properties makes transmission resistance to noise,
including multi-path noise, jamming or detection. A scrambling code, longer than the
channeling code, is also applied. This transmission fashion of the second generation
(IS-95-B) and third generation (3G) wide band (WB) CDMA standards require the
receiver to perform multi-code detection. This is a task of despreading the combined
channels simultaneously, each of which was previously spread according to a
different channeling code. It is done by application of U-transformations where the
spreading codes comprising the transformation matrix are often rows of a Hadamard
matrix. This is one of the many examples where effective U-transformation
techniques are desired for accomplishing the computational tasks with a low

consumption of resources.

There are several known mechanisms that improve the performance of specific

types of linear transformations. A few relevant examples chosen from a very wide -
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multiplication operations, where n is the dimension of the domain space.
In s comparison the standard, straightforward methods, require O(n2)
addition and multiplication. For details see: [James W. Cooley and John
W. Tukey, "An algorithm for the machine calculation of complex Fourier
series”, Mathematics of computation, 19 (90): 297-301, April 1965.] A

spasficitilbdomentiansiormatiof udéd inadigitahaipngl WEOEe$siigm convolutions
inglyding,, jesis the Walsh-Hadamard Transformation
which is rge%egsgﬁgeédrgﬁ%hg%?g%r# §r§2)r}%1%terlxl.c f’ﬁgd% a?’m%?dlf‘ﬁ acfﬁﬁg@a‘f?aﬁ%mal Fast
dgﬁﬁﬁﬁfre&%ﬁf@%s folfiNg: laligasithin), HRuiting, afd-fareeue)y integesn and
N RINEA R dpeRnbht, Fvhdd" 7 Hs exityand eper

prese{r?/li\lng al oﬁ?hmt%or bel_v:‘{‘lé%ﬁinn ?ﬁl? %%@r%%@%r%aﬁﬁﬂ}g t@gr@é\t{& space. In
VEARRASRmntBs d Sfrafab it eiprvRreh vestheds thequitemb¥nf addition and
aﬁdiﬁqnfdﬁﬁkhﬂacﬁ@ﬂ%%@X&Haﬁﬁm%d\ma@%w'&%(”)ohﬂ{‘i%vprﬁl"dﬁ'ees "An
an optimal saving in these operations. The fundamental ideas underlining’
(RSB doR S FHELRRS fRHasiom o F pampiex erinstseriestion Washpeatrics of
iscoraslifiatbhy 13nehenfaatgre gfgmq%\ggption 20 to accommodate for an

efficient nethod and apparatus for the performance of and toplitz ‘
U-transfé‘?ﬁ?gﬁ h%b?ﬁé’fﬁféﬁmwﬁél?éﬁF@s‘@ﬁt&a]fﬁl%ﬁlrﬁﬂwsmg including
cOommAtieohnitiogigiietht Walhelae a5 R CURAENHaSRaUARES Y\iEplesSied by

comymunication lications of toplitz, U-transformations include initial
R SR e s S A e FRRTRERS e o
or complex ﬁ?@pseud jrand@m (PN) or gold, U-sequences. A gold
sequenéén"s mﬁés“%’« bxﬁle Z2 sum of two PN sequences. The above
binary aspects of the iivention are generalized by another aspect of the
invention to an efficient method and apparatus forgﬁ pertgrmance of a

linear tremsforrmetiyrintegerasenpestycdi2 rxn fHatsx with a relatively small
number of 30 different entries. Applications of this ancéd spect of the

inve ntio@xiwgﬁnﬁexity and energy preserving algorithm for performing this
transformation is the Fast Walsh-Hadamard Transform (FWT), which reduces the
number of additions/ éubtractions for nxn Hadamard matrix to nelogz(n). This provides
an optimal saving in these operations. The fundamental ideas underlining this method
are similar to thbsc of the FFT |
The U-transformation's aspect is modified by another feature of the invention
to accommodate for an efficient method and apparatus for the performance of and
toplitz  U-transformations. ~ These transformations represents full or partial
convolution with a given U-sequence or a complex U-sequence. Wireless
communication applications of toplitz U-transformations include initial time-
synchronization and the searcher which use convolutions with a real or complex
pseudo-random (PN) or gold, U-sequences. A gold sequence is composed by the 7,
sum of two PN sequences.
The above binary aspects of the invention are generalized by another aspect of
the invention to an efficient method and apparatus for the performance of a linear
transformation, represented by an rxr matrix with a relatively small number of

different entries. Applications of this advanced aspect of the invention include
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complex U-transformations and linear transformations represented by an
matrix with {0,1,-1) -entries. This broad preferred embodiment of the
invention would be called the generalized-elimination-method (GEM).
Wide band CDMA and probably other branches of advanced DSP future
S tech[l:?olo ies would benefit from the simultaneous analysis of an

incomig .&ﬁ%ﬁ%@?ﬁé?@ﬁ?%&r‘éﬁ%ﬁh&wéf@@aﬂiﬁwmmw Waytarstrix with
midifi-cbplerntiannaliizairaliawse thecginianaoys Eﬁ%@tiﬁ(}e%ggf%ﬁh be called

type of infarmation such as fax, normal phone conversation and interne

d%a%%%sﬂ rca)lcllj1 %%'é%brﬁur’&%th(fﬁﬁ’fﬁ%%{@gﬂﬁﬁ\nother aspect of the present
inventipMﬁlatnbeﬁiti@ﬂMAtm_n;ﬂzmdmpﬁ raﬁﬁrg%éhg%tmeagfvg?gﬁ{higsp future
0 t.comprises mogdified versions of the U-binary aspect of the _
inE\l:/f%eEr%[{l!()()i,r{)l1 lﬁ%h%é)@gc%ﬂ%nalgp?rrgcglsesg’lm?ﬁ@%(aﬁitﬂ%}a}f PrRleddperping signal in
irffffareniospedadingectomb@hisfvaddiigive reayited hythesais daBiNanhat allows

' iguration that applies.the U-binary method in
S NS AER 150 i aormal phone
appicesienciuhanisvetitidata voitidetvivetbeslmittimbelieet3H %y StaMsther aspect of
pasanelsaisllie mable sysame, GRS salelie-based locating systoms

mobi

and more. In the context of mobile communica iGRPaRd Sthdr MBHidpe of linear
cBRERItaIDNHI wampdses pedifisthvassivoiod theclFensmyorspenplicheiseehtion with
fonlineasHRCARRIAG S e38antakiARRISAINS,PIS inyention the in

mabile phoneﬁj[l;:%hnologies can grolongﬁth!e%?f%) QOL}%?eu%}lg eéy%/l,or% u(c“émﬁe number

cREdtdrtions Srewiesd rbEpbss E-HioEDERIR TIONCRBRAWHIG Sation that
Theseand @ﬂlﬁﬁ&%@%&'ﬂﬁ@ﬂ&%t%&foﬁgﬁé{;ﬁ BUPRWILRESPMS i ons.

more apparent upon reading the foIIowirég det escription and upon

referenceddi#9Bah By RTp aRRita tinaiv g e igvestinaningledny windesstanultimedia

thesennsaiasonhlipsialing HEWRNESieR] aGRE DRNABRAIYEHRY Whtems and
ar%%ara s.which perfogms the transformation usma the 0-1- binary

tPRRESorHh 400 RSO L S eBSi AT M Fation st ATbBtIReSHE opaRputational based,
inyeriionahighidbehamatierlly Busiinipsdheone AHoRRAMPIRING s essential.
cxnt nts%.ofa Enﬁgmor%/ emplg%ed by an apparatus which performs the .
trARRISHR DA (8T Y TRBHIR (5 W SRR srdtnne REH A PpREMIRELhe life
eofitivelvgsny pfedecinsientlon;add Rigridrsakpenatieatly. illustrates the

operation of updating the contents of a _

DESCRIPTION OF DRAWINGS

These and other features and advantages of the invention will become more
apparent upon reading the following detailed description and upon reference to the
accompanying drawings.

Fig. 1 schematically illustrates the operation of updating the contents of a
memory employed by an apparatus which performs the transformation using the 0-1-
binary transformation matrix, according to a preferred embodiment of the invention;

Fig, 2 schematically illustrates the operation of updating the contents of a
memory employed by an apparatus which performs the transformation using the U-
transformation matrix, according to a preferred embodiment of the invention;

Fig. 3 schematically illustrates the operation of updating the contents of a

memory employed by an apparatus which performs the transformation using the
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memory employed by an apparatus which performs the transformation

using the -5 Toplitz transformation matrix, according to a preferred
embodiment of the invention; and Fig. 4 is a block diagram of an

exemplary apparatus for performing a linear transformation with a

reduced number of additions, according to a preferred 5 embodiment of

tHORNE HRSHoERA P I RatEte egvwlingisle arefmptdrombtatiorent of e dksintion;
admh rxn U-matrix A by an n-dimensional vector X according to one
embodiment of the present invention. DETAILED DESCRIPTION 10

There ar&ewd el (e e HRraER AemHE PRy S pivfomofdhdinear

rethdehnbtive pEsentineAtiam TR fighiadhat Rl aivAS I MRIOLS:
-%VI\{lQDn n-zerg \ﬁeciors f the same dimension are called equivalent in the
text that Tollows 1f SACH BRE of them is a product of the other. This term

may beEigpfiéiiittraws anwenrpeercofipineehad\ @ Ratic: HPeS850dnatrix
tc?{ ii&'}k@&gﬁ{ a Iga&%ﬂggng fa Cglumn in a is_given matrix. The

efifiition used throlighout the presiBaOSETMEaEnsBhosdhs present
dorgpdrent of highest index in each column of the said matrix. This
definition depends on a predefined columns index-order which is used
uniformly in the given matrix. A redefinition of new order results with a

redefinition of new lead el&HdMELEBNESERIETHOWad elements of a
given mEiE B@)LE 186, RteIROS IR RIEMERQEINS, of the

gggg}g{@ t non-zerg elements of each column depending on ichever

b LSRR R chidbREsH Hea 04 sarivaieat parpose Two non-zero
Ordofu BRIB¢ Thaeniasentipreler e @reqeiman R HABSAVERIIRY RIREERh one

L R o R o B S aam RS B R
exdmple if apiirsadastionThebebnd-meihothansrane Lies Qfity M@ifmn in a
I(gjlev%% %Q‘m?( The definition used throughout the present invention is the non-zero
component of highest index in each column of the said matrix. This definition
depends on a predefined columns index-order which is used uniformly in the given
matrix. A redefinition of new order results with a redefinition of new lead elements.
For example the lead elements of a given matrix may be the bottommost non-zero
elements or the uppermost non-zero elements of each column depending on
whichever order it seemed convenient to choose as relevant for that purpose.
0-1-MATRIX
The present preferred embodiment of the invention provides an efficient method of
performing a 0-1-binary linear transformation. Henceforth it will be called also the
"0-1-method". The following example is an introduction to the 0-1-method and an

outline of its main ideas.
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Example: Given a 0-1-binary 4x14 matrix A:01101.100100011 1.
0110001110 A=0011110000210172"LI2110211012011r
t and an 14-dimensional input vector, Lx1 - x2 . s X_x14 Suppose that it
is desired to compute the 4-dimensional "output” vector: Ix1y('-01101
1001800 1 xZ%/Z100,10110001.110yy,0011110000
1011= ?(Ipé‘fl 1ye3 § Q5 lrbingty i lf matsizaliceording to a preferred
embodimef of the inyentiop the matyix 4 igfirgt checked for equal lines.
Since therg,arg ng two lines that are equal, the procedure 10 goes to the
next step= I\]lex‘?, tr?evc\)ﬁutpésjt ?/e?:l?or%y ige eypréssid ab a%im of the columns
with coefficlentd that hrelthé réspletide thplit vectdr cdardinates. Hence:
(0011~21M A 1DOH @ 111 Q@ y&xI0 X210 #X3 1k +X# 1 'r X5 1! +X6
+X70+X3011110110LI0O0011 001110

and an 14-dimensional input vector,

X1
Xy

[ X14 ]

Suppose that it is desired to compute the 4-dimensional "output" vector:

-
¥, 011011001000 1 1]x
¥, 1001011000711 10
y:“.. — =A.x.
Vs 001111000010 11
V4 111101101011 1 1
L %14 ]

According to a preferred embodiment of the invention the matrix 4 is

first

checked for equal lines. Since there are no two lines that are equal, the procedure

goes to the next step. Next, the output vector y is expressed as a sum of the columns

with coefficients that are the respective input vector coordinates. Hence:

0 1 1 0] 1 1 0
V=X 1 +x; 0 + x3 0 + X4 ! + X5 0 + x¢ ! + Xy ! + Xg

0 0 1 1 1 1 0
1 1 1 1] 0 1 1

1 0 0 0 1] 1

X9 0 +x70 0 +x11 1} +x12 : 4‘36131 +X14 o .
0 0 1 0 1 1
1 0 1 1 1] 1

o O O O



Xg 0 +X1010 +X111 + X120 + X1311 +x14 1 L1 LO]i, 1 it 1 -7 At this

stage, the zero columns, along with their coefficients would be deleted.

The first step done by a preferred embodiment of the invention with

respect to the input vector, is to collect and sum coefficients of any

recurring non-zero column. Thus with the, cost of 6 additions the following

reduced \ébtd Fagaatisrrese selssompliongdvol thdl wefficlents [ochild beYdeleted.

(Xhe FAst ) A2 b9 prddBrdaxd bbbkt %hge* Rl L LOL &

(x6+x)3) This ex resZ?onﬁr-%a be simplifie_dA%y t%e olxll(])\\fvelrrl{téoae‘ffﬁl igRepect to the

WL 17SC0Fx 1 19, SRiestxand oy e fimients Afypay: deduriil, WiB=seBo column.

Whs 10iu6+k3.cvet inpiieadain¥ni0 dd GdibllindZ LRGAL QN W0,

+W2 0 +'V\{33 (it+w4 1+ws 1 +W6yalil1ilO[L s eq%g}valeécnt fo cdtation 1s
’ oar?ﬁﬂP&PB? Bfem but with a reduced number of columns. However by now

this type of reductions [§@xhausted. {0y get further ggins the vector & 1

equation will be split to tp following lequivalent set of two vector .

equatiops: (x; + x+ x;,) 0 + (x2+ x9) N + (x3+ x14) i + (et xp ) ) + x5 ?

1 1 1 1 0

+ (xgtx13)

prood ki eed

This expression may be simplified by the following definition;

Wi=xpt X7t X2, W= Xt X, W3S X3t X4, We=Xgb Xy, WsSXs, WS

10 Xxgtxgs,
that implies:
b2 0 1 | 0 1 1
V2 1 0 0 1 0 1
= =w +w +w +w + +
Y ) ] 0 2 0 3 1 ¢ 1 Ws 1 Wg )
Y4 1 1 { 1 0 1

This is equivalent to original problem but with a reduced number of columns.
However by now this type of reductions is exhausted. To get further gains the vector

15 equation will be split to the following equivalent set of two vector equations:

N =W 0 +w 1] +w 1 +w 0 + ! + !
= w
v ) o) T o ‘11 o] "™

= Lol b

[y, ] 0] 1 1 1 1
=W +w +w + + +
v ] Ty T _1] e [1 "ol T

Each of these two equations will be treated separately as in the first step of this

preferred embodiment. Thus coefficients of the same nonzero column will be
20 collected and summed. Hence the method arrives at this stage the following set of

two vector equations with additional cost of 6 additions:
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[wJ[+w2[1 1] O] + w5 [O + W4 [0 + w5 [] + w6 [I.I [Y4i wl[o] +w2[OJ
+ws[1J +w4[1J +w5[O] +w6][l Each of these two equations will be treated
separately as in the first step of this preferred embodiment. Thus
coefficients of the same nonzero column will be 20 collected and

summe nce the method arrives at this stage the_following set of two
vector efubtians, with i%% tLpp@pg,;t@w (E?ngons L8 Y2 3) 1 (W7+ W) (N

2+ W3+ [] +W6E L[ = (Wi+ W2) (Wé“ 4 +W6) 1,] + WS
[01 Now it i apparentt t only 4 additional additions are required to
completeXh ??mp e out vect Hen d the desired result
was accomplished wﬁ? fal of 16 a&W? ive i be readily

o domg this computational

checke% at the conventlonal prior art metho

process WOl FetRRAss Bl inbhE A gl aslsitiog s crigtioeddbthisaplete the

m@ﬁq&t&ﬁh@ﬁlbﬁﬂhmeﬁfpﬁft SR dventionmwould deveal ?esngWHggaE%@Hegﬁs d with
|C|en thod a the djmensigns of the matrix grows. In g neral
of% f%r&?a% CﬁE‘PBf thi iFRPeRAITIdih drmekerttheé thsdcanventtonal prior art

pﬁmiueﬁoddhg phiductmbatkiioanl losaairivéuef dimansions 52{819&8” The
n- d|me SIO al ve tor %Fgé%ﬂrjnﬁ%m g|v nby:allal2..... al"l a2i a2

AZORE e?se"ﬁ% 18’3'1 Tfe m QPEHC% %@?H@Wﬁmw&eﬁgwam a
géx;@wihg:rekhtwe efficiency of the method as the dimensions of the matrix ZIrOWS.

In general the 0-1-binary aspect of the invention is an efficient method and

apparatus for the product of a binary 0-1-matrix 4 of dimensions rxn by an n-

dimensional vector x.

The matrix is given by:
Gy Gy . - Gy,
Ay Gy . . .. . Gy,
A= whereay=0,1 forall 1 <i <r , I
_arl am
<j <n

and the input vector is given by:

— —

X

Xy

Lxn ]
The entries of the input vector may be real or complex or belong to any field of
scalars (such as Z, for example). The goal is to compute the result of the product of

the matrix 4 by the vector x. This result will be denoted by:
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2 X X The entries of the input vector may be real or complex or belong to
any field of scalars (such as Z2 for example). The goal is to compute the
result of the product of the matrix A by the vector x. This result will be
dengted Hys ;9 yg.lzall alz.al"1x17 Y2 ?gl a,2a2,, x2 Y-I~ILyrarta~
~X ET e pgoce%ure that will be describied [is'recursive and the following
seqUénice df stefs or part of them wifebe f&peated at each iteration.
yaccordind to a preferred embodiment of the invention, the first step is a
check foriequal rows. When possible s this 'step should be done before
any processing of input vectors begins, ag a preliminary preparation. If it
is faun twgt the i-line. is,equal to the j-ling then it can be deducted that yi
is,eqlial t6 Yt Therefore one of the tforequial lines would be omitted. For

the Sakﬁ@ﬁﬁl@%%ﬂﬂ%ﬂ?ﬁ@ﬂé@dﬁﬁé&qg%dc\%%% aays r%él{g%%g sequence

ogmitted; one. Thus, if j > i then the j-line woul omitted.

FRRioh Rt ohthemdud harenmad rtrashtiteratiovutibnoofifingnicentipsrered
eitrbedenyint Riehtis ﬂﬁ%ﬁ%fbxé&ﬂ%@ﬂ@&%ﬁ%@&%ﬂ%&l?&”@#& y&iﬁl"%%é%"possible

back to itg appropriate place in the vector y. Omitting of equal lines
8 1B SRS RS (RS TAVS | rpASEHFRg 20 ihaubreestpral Hegins, as a
pribefiaeriireiage s SUPRAS 0RO LIRBCTO W iine then it can
b%vg‘e%never tH%ere is a reasgnable likelihood for equal lines. It, I1s dlways

BHHES TR HEH RSB 2 @aind8TFERL RaRioR Biestmosatieablistenweuld be
oﬁ}f\ﬁ&&'alﬂ@?%@-g&\@&} ‘EiHH @18 nf&%é‘ %‘tﬁa\ﬁlgg "1%%@0 g%%@%lél%gyﬁ.@e the

resulting from this _screening process w
igedaaraatikuaid the/ ramtherofiteliemeosid: Emm&am@ﬁ_Iﬁaloperaﬁon

ishiERaREO e REXL 3992 summAllon-process Is intrpduced to. . .

eliminate equal columﬁ% This g%gg%%%%%‘vl %r‘e "ﬂegég ﬁ?e"?%?ﬁ%‘ér% § s known

a‘ccﬂdmmtgsgm iacedtiiesnadttdx wjths dnsériedabaais ki iRARasiFEShIARE in the
matrix » :

vectar y. g)mitting of equal lines: continues until there are no two line in the matrix 4

that are equal. In ‘practic,e this stage is skipped in many\o:ccasions. It is performed
whenever there is a reasonable likelihood for equal lines. It is always performed
when log,(r) >n since this ccndiﬁon ensures the existence of equal lines.

To avoid cumbersome notation, the modified matrix resulting from this
screening process Willlzhavett‘he ‘same-name, 4, as'the original matrix, and the names
of the dimensions rom will also be preserved. In the next stage a summation process is
introduced to eliminate equal colums. This procedure will reduce the number of
columns in the modified matrix with 2 minimal cost in additions. First, the matrix by
vector product y=4<x is de,composed to the sum of the 4-columns multiplied by the

respective x-components. Hence:

«10-
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vector product y=Ax is decomposed to the sum of the A-columns

multiplied by the respective x-components. Hence: -loa 1 al2 a,,, a2l

a22 a2n Y=Ax=X X + ................. ...Fxn ari art J am Each element of this

sum consists of @ cojumn wector of the matrix A, multiplied by the

corresponding scalar coefficient of the vector x. Thi Su may be written

more compactly|&st y=Ax E%I v+ x2 v2+......+ 5 xn ¥n aij a2j where vj

(for ever é’l%_is the j column ofA! vj= a., According ta a.preferred

emboditient &f the inVelition, 2&ro-cotummns; atohd With their coefficients

are omitted at this stage. Next, identical nonzero columns are grouped

together and rearranged where each distinct column bedomes a common

10 factor, multipli€d_by the 8um of its corresponding stalar coefficients.

Henc e_resultin mmation comprises the subsequence of all distinct

o oo St G e St e B 4
mnbierd bylhmpobseshendingssiatotoeffedtingEchenvastdrach Thlymanwvhisy be
‘quwelti%lzil%g bc\é a c%%ﬁiggnt t; which is a sum of the corrg%a.oqging original

COSHICISnts OF Al Colunins that are equal is to this coldimf it s eRar i m "
¥, and the gap, n-m, is the number of repetitions in the original

sequence Vj, V2 . ............. v,,. The process described above can be

formulated by the following mathematical descriptigriY+ Ax=s T,1<n

X'VJ 1< k<m E jsuch that: vj = w k xjvj. -11 ri<k<m\such that: W

where v; (for everyf) is the f column of4: v;=

Ay

According to 2 preferred embodiment of the invention, zero columns, along
with their coefficients are omitted at this stage. Next, identical nonzero columns are
grouped together and rearranged where each distinct column becomes a common
factor, multipli_gd by the sum of its corresponding scalar coefficients. Hence, the
resulting summation comprises the subsequence of all &istinct nonzero columns
Wipearereenn Wn extracted from the original sequence of nonzero column by the
omission of repeating columns. Each column w; is multiplied by a coefficient z.;
which is a sum of the cer;esponding original coefficients of all columns that are equal
to this column. Itis clear that m < 7, and the gap, n-m, is the number of repetitions in
the original sequence v;, V2, weoveverem. , vn. The process described above can be
formulated by the following mathematical description:
S R O e b
= X

I<k<m z Jsuch that: v; =w i Vs

-11-
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Now for all | <_ k<_ m define: tk=j such that: ;1 = w k xj The

computational task, so far, is this calculation of the new coefficients

tl,.........,tnr s as sums of the original ones xf.......... X . The cost is n-m

additions. The product y=-4x is thus given by: 3'=A"x= hi<k<intkc'k The

management aspect of this cémputatidn %of dejesmining she f figipants in

the required sums, may be done once-per-matrix as 4 preliminary

preparation before io the arrival of input vectors. To summarize, let B be

the rxm matrix whose columns are respectively wf........... wm , and let: ti
Nqp for pfi 1 sy =fsfngat . Thusths ahoyespracess reduged the original

problem of multiplying the rxn matrix A by the nzvector x to the problem of
Thnaripiyitesiene rsankissmatnixiB this thaontarpetost Thaewineumblegby this -
acl en in.s_smaller. The next step,is a harizontal split of the matrix
=s SUBI6E IO e e i ot Ul AR BR LA i ARL 4pR3gte product
Y=dnbidKers Eueh syb-matrix will have a reduced number of rows and that

will increase the gain of the above column-collection procedure in the

next iteration. The lines afthé matrix B-weuldpedenoted by: uf, u2, 20

............. Ur. The product under consideration may be then expressed by:

-t2 uFheypengegrent gspegt of thisremmtitative o fidtiptiediin shalpa et in

ord. Jn.vi i ion. the task of computing y=Bt is

T T e A s T A N T A
the, pfival of inppt vectors. To summarize, let B be the rxm matrix whose columns

are respectively wy,......... Wi , and let:

tl
I,

t

n

e i

then y=4ex= Bet . Thus the above process reduced the original problem of
multiplying the rxn matrix 4 by the n-vector x to the problem of multiplying the rxm
matrix B by the m-vector £. The gain enabled by this is larger when m is smaller.

The next step is a horizontal split of the matrix B of the former stage to two or
more sub-matrix, where lines are kept unbroken. Each sub-matrix will have a reduced
number of rows and that will increase the gain of the above column-collection
procedure in jthe next iteration. The lines of the matrix B Wouid be denoted by:uy, us,

............ » 4. The product under consideration may be then expressed by:

-1
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5 According to a preferred embodiment of the invention this would be

done by computing the matrix by vector products: Brt and B2t where each

of the matrix Bl and B2 contains a subset of the lines of the matrix B and
these two subsets are mutually disjoint and their union comprise of.the

set of all lines i8B! Usually, except for the first iteration, the two

sub-matrix would,have the same or almost the same to number of lines,
However depending on the properties of the matrix A in some special
casesti&gplit might be into more than two matrix. Such is the case when

the matrix A has ho special inner order, and its entries may be considered -
as arbitrarily ¢hosen, Then a preferred embodiment of the invention

would usually jraply that the first line split that will bring all the split sub

matrix to the state where log2(number of Is columns) > number of rows.

@ he proceeding iterations would then split the lines to two almost equal
halvesyHdre easelivpdsanthiepliattiv iscadnsigetas: arpiliaRktisoesSeRtial: A f this
ey{voresstsjckzoase% sc%Q%(riod nothert.step @g.t might be [ﬂrl/%?rted instead, or

BRIST ROt & R HORRE RS oAl SpIRRIAEHI R Bitcomddngihgask of
ctorppiiefethed emabodirodinttafthe 2erinventiontke above mentioned sum:

Y= Z1<k<mitk'5k is splitin two: Y= I<k:~p t +Ep+1l<k<n;tkwk -Is where
pis ch%%%oﬁ e tge%%eafjﬁlae\r%(:- ﬂi%dgjﬁ# @%@‘%SW%%%@' guidype done by
conipmiing ithempatrix byvpecmdrfardBetsthiy matiik BynostisetatEQERMSHStrix B,
WB oo eneie w,,, it holds that. y=B.t'+B2-1; 5 where the cqrresponding

o0 - conpaill o' IBGE T TR B8 T Ol B R0 M psets e

maphikedlichierwiof dnd theantivontherhpridewEtitisw ndiefdingy dgBCtSJ&afly, except
" . uted . se je in the.end the results, which
f%?&%@s_%%%?xﬁ%éﬁ gl]%gmglc? fégg%%&er. @%greifﬁrﬁ an%sl rsélnaw?a%g%fr‘ﬁlg ﬁ{\»lgfe Same
nhebimdekEnast thE@vevtnrdersnding . on. thwQiropeatienbitize therix 4 in some
;fcggixg g ﬁlg, O- tigal split would be used less
S e é%/ t?]%er?%e éf?é%ﬁ?ts %r%){tggﬁ’?%% ﬁﬁz’sn % YRahD SSHRR 9585 case when the
matrix 4 has no special inner order, and its entries may be considered as arbitrarily

-chosen. Then a preferred embodiment of the invention would usually imply that the

first line split that will bring all the split sub matrix to the state where logy(number of
columns) > number of rows. The proceeding iterations would then split the lines to
two almost equal halves. ‘The case where the matrix is considered arbitfary is
essentially a worst case scenario.

Another step that might be inserted instead, or before, the above mentioned
horizontal split is a vertical split. According to 2 preferred embodiment of the

invention the above mentioned sumi:
y= zlgkngW%
is split in two:

y= E]f_kf_p g T Zp+]§_k_<__mtkwk

-13-
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main use is in the case that the number of rows substantially exceeds the
number of columns, situation less common inDSP applications. The,
fundamental drawback of this step is in the need to sum up the results of

the twehpreduisHBddnanehiRl Whighnconsistsabak Céﬂ&'%%ﬁ%ﬁéé set of

calar additions which has no parallel in the above i |s rizontal split. LI
9 -dfoveHorizontalaplitide p&ndiag B tﬁﬁaﬁﬁép%‘é%‘ioﬁ?heofna@ﬂmnm is
w}A;the vertica| silisldighitbe -into.more than two matrix. Finally each of the
above. steps is applied in repeated iterations, formin g thus a recursive
mechanism. Next, a bound is presentedyto t%é "Savitif enabled by

---------

faddl ns in the worst case denoted b en by the '
H%(%:léo Sio % (P %Oqol(z?e%e fo 8\/&%"@? }{ég’ﬁé ?2'{?13 ?fné%eﬂ?éonal
prodwebe rExf‘dddlﬂoﬂ_sﬁb wnmlm)bwnbn@smmemmdﬁy clndirs 125 &12)h? results,
4)n+13 * 5 =22 s*(n n+49
W%kagré)]%&ﬁg %?’I%%%ﬁ% %rb %rfmﬁ%ﬁ V\%)I‘S Phads P ?&%ﬁﬂeﬁt of the
indexesHfithe Semobiar{prior art). methooae quiasce () eﬁfaﬂdiﬁﬂm pivihéretep.
u(A) n aver ctation, when
A s ol R G R RS SRR AR 1
mifinieg aménr teecesstérat (Gernutoger (of wiwesreubstaptially thisenétithel immber of
coRppaiaRLooundeh RS MIhoURdd RRHNAl MRS b of

~rxn 0-1-matrix and there are no assurhptions on the dimensions rxn o

-4

- thin sieix I8 thékethesd donpn ubabiditrsnbiseduthed by phedimie Riet aod Bg‘f" Whmh

cosggmd%e aheRredugt Asx s Paunded iddnt & qp, SR a? Zabove

6 goes to zero when both; r and n, go to infinity 1e case
hmﬂpg‘tﬁbm@ﬁ bbiriipifp above horizontal spht depending on the properties of the

matrix 4-the vertical split might be into.more than two matrix. -

Finally each of'the above ‘stéps- is applied in repeated iteratiohs, forming thus
a recursive mechanism.

Next, a bound is presented to the saving enabled by the above method. For an
rxn 0-1-matrix 4 such that r < log, (n) the number of additions in the worst case,
denoted by s*(n, r), is given by the expression:

s¥n, r) =n+s*w).
The following table gives the bound to the number of additions for matrix with

a small number of rows.

s¥2)=-1 - s*¥m,2)=n -1
s¥(3) = 2 s*m, 3)=n+2
s¥d4) =7 s*¥m,4)=n + 13
s*¥(5) = 22 s*¥n, ) =n +49
There is the following bound to the worst case :
s*r) < 2 2R T2 g

14~
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to respect to this case) exist, which results from the application of the
vertical split: (1 + S)nrllog2(r, where 1 > S >0, and S goes to zero when
both, r and n, go to infinity. To assess the efficiency of this process it
should be observed that the present invention increases management

O]Per:aﬂbm&ériﬁdmﬁd@ﬁ&ﬁ afﬁtgiiﬂfmd-k@b\q@}éw i@fz@dgiﬁmﬁ&;@,mhﬁi% BRD is the
omplexity and their reduction by the use of the inyvention has a

m%%%??ngn Se%et)éﬁy W(%fm%}é\f%‘r, Q%satvgﬁﬁ% ﬁ%ﬁ%ﬁ%‘f’?ﬁ%ﬁéﬁdﬂsﬁéﬁﬁ@ﬁ@ u(4)
=(Onéerper fawix Ifeforerheproskssihgof data wetttrstagias. Floasthst (or r <
c'?i%?ae@[)em%h9d>9uP%@PU%?%é@ﬁlB@W?rﬁé‘}f%é#@&q%vﬁ%g }:5%%5% r and

ove 0- 1-binary aspett may be particu icien e given
wibatxdbs)somedegree 20 of sparsity. This is often encountered when
the a icatxi?c:{l of this embodiment is _combined with distributed

arithmetes i iHE EompurRon S AMe Prova: B ATemaLenieen hatdiaspgons
rumecfdhameeiscAlirehiththenrabbmatitidspeceahing by endigivdniaddiionmpute

thi t of the invention is applicable in algebraic cod * [Sh
e L A e R R o R
zePPRUESHI 9, Prartice-Fial, infrnolewond LUl Ehﬁ-ﬂéﬁi%%?’%h aP%E%ﬁ'& (with

the process of coding and decoding a Z2-matrix is multiplied Dy '
resprRGeadrfrsR sxsetabichirsulsiteikanpsiication ovitbee aroalapliix
is multiplied by a Zgj-xpegwq‘ﬁg?jm theaboves1gbinary embodiment

and the next U-binary embodiméht are easily interchangeable in every
field ahdcélareekceptiohfieltstbf chatagteristimSininyeach so particular

case the mare gfficient. embadiment would.be,c n. '-is U-MATR]X A
oS B e MO S CITRE il B e ren
ingembiodimantee$eh ciaregtimsith eopuidithcalied atshithe "widitéthed") iowever
JR6005ERt: heguialPRPel YBEgi T AqREeTRdREIGrSIAf e SAIEr e
dimension would be 5 called equivalent if one iIs a product of the other. In

inaidemiess aiignsrambedhsientyoreeythananod hecmragmmeglioptesians are
ddheYote el oOBESIINGR 5 dclsrgdueEt Qlne LIBR! . JdE0loWMAg the

preferred embodiment is rather Similar inmost details to the above one.
sugpestadmeninst sneastinly iPRHse ROTGWiPREERRSIRRiARGshrcuitry. The above O-

1-binary aspect may be particularly efficient when the given matrix has some degree
of spérsity-.. This is often encountered when the application of this embodiment is
cornbined with distributed arithmetic's in the computation of the product of a general
real matrix by a vector as described in the real-matrix aspect of the invention.

In addition this aspect of the invention is appliceble in algebraic codes (see:
[Shu Lin, Daniel J. Costello, Jr "Emror Control Coding Fundamentals and
Applications" Prentice-Hall, Inc., Englewood Cliffs, N.J., 1983]) where in the process
of coding and decoding a Z,-matrix is multiplied by a Z,-vector (or Zsn-vector). This
is true in any situation where a Z,-matrix is multiplied by a Zpn-vector. Finally, the
above 0-1-binary embodiment and the next U-binary embodiment are easily
interchangeable in every field of scalars except for fields of characteristic 2. In each

particular case the more efficient embodiment would be chosen.

- -15-
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is done to equivalent (rows or columns) vectors rather than to equal

vector. This 10 speeds the elimination rate and. thus enhances the

efficiency. This embodiment is introduced through an example,

demonstrating the essence of its ideas: Example: Consider the product of

the following 5x13 U-matrix A by a 13- dimensional input vector x. The

matrix is given by: -11-1-111-1:MAOTRIX1 1-1-111-11-1-11-1

-1 1 is1As -14=1-1:11.- 11-111-1-11-111-111-]-11

1 PR, S R o Do B 6, e WY s
FBaREMeR pfddacriswintethpycefirthzcalled vilser thg "UAdethbd' k-6 concept
Drecbist alapdbihepiasesTia chaek QL AINNVAIARE 08, 19 RAEIEe ldfid be
a gne time operation done before that arrival of input vectors. A'scan

GrRiler srualend db QAR fed Brosyahafidhe Rfss.inledey Rasientcefithiinerbisiment,

equivalenti inevécin-fask linpd asals iRy Broroguat dper2. L ighaws, i (1)
that y4 = y2 Therefore it not necessary s to compute both y4 and y2,
rﬁ’éﬂ@{é‘?fhg R tERtiohtGr A Oise R5R{RTEY. orabediment is wdhsteditribmn in most

theranatiixh. abaed eaultimuenasix AffsraivedBiar Intind tiloidglida bikmthation
113' done to equivalent (rows or columns) vectors rather than to equal vector. This
speeds the elimination rate and thus enhances the efficiency. This embodiment is
introduced through an example, demonstrating the essence of its ideas:

Example: Consider the product of the following 5x13 U-matrix 4 by a 13-
dimensional input vector x.

The matrix is given by:

-1 1 -1 -1 1 1 -1 1 1 =1 1 -1 1
i1 -1 -11 1 -1 1 -1 -1 1 -1 -1 1
4=y1 1 -1 1 -1 -1 -1 1 -1 -1 1 1 1
-1 1 -1 -11 -1 1 1 -1 1 1 -1
-1 1 -1 -1 1 1 -1 1 1 -1 1 1 1

and the input vector is given by:

*1

X

X13

The result of the product is written by:

M
Y2
Y=y | =Ax
Y4
Vs

-16-
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1-1-111-11-2-1-1-11 A=11-11-1-1-11-1-1111-11-1-11
1-111-1111 The corresponding output vector is given by: Yi Y =Y2

Y3 Ys io and it holds that: y'= 4-x. This is the first reduction. In the next

step the product A*x is decomposed to a sum of the A'-columns

multiplied by the respective x-components. Therefore: IFY,1~1111111

Y, 1 {1 9 fratsteminhe nrpoess istorcheek| fox quigent Twes. s prictike it is a

-bdel tithd bbelafibilddnd betbrd fdt! adivhilor bnptixSebi’® AXQ£x3L L
+x12 +x13 -111:1 f.g é ﬁils Next,1 a norlmalizatic?n of é&%ﬁsgo%ﬂ%acﬁ l%sngl%vers one

VOCESTET Y SHBVEIRHNINSs e £HiE SRR R Lpspeyadem sokiantiol fact
ehoh 4ropiifisdovedorrigificilinesother fegicios and s <opflicieatag Rath: necessary

ltiplied by (-1) if the. upper component of the vector is (-1). However no
mﬁéiﬁ%?ﬁé%y?é%c}’ﬁeaﬁﬁé’ L%B%? ShOBRERIRROE X stit &ig qmittpel. Thus line 4
fosl dwlirtgdibomatized oo Mirerahiuassuatris detiveidentt Y1 11111
Yz-1rl11~111 [Hﬂ +x2 +(x3) + (x4) +xs 1 +x6 Ys + _
~1 -1 - 1T 1 -1 1 1 -1 1 =1
1 -1 -1 1 1 =1 1 -1 -1 1 =1 -1
4=11 1 -1 1 -1 -1 -1 1 -1 -1 1 1

-1 1 -1 -1 1 1 -1 1 1 -1 1 1

[ S S G O 'y

The corresponding output vector is given by:

and it holds that: y'= A'x.
This is the first reduction. In the next step the product 4'x is decomposed to a |

sum of the 4'-columns multiplied by the respective x-components. Therefore:

» -1 1 -1 -1 1 1
Vs 1 -1 -1 1 1 -1
= + + +
5, ¥ 2| *s 4 X4 i + X5 _1 + X6 1 + X7
Vs -1 1 -1 ~1) 1 1
-1 1 1 -1 1 -1 1
! +x -1 +Xx -1 +x ! + |1 + -1 + 1
__1 8 1 9 1 10 —1 X1 1 X12 1 X3 1
-1 1 1 -1 1 1 1

Next, a normalization of each of the column vectors in the above sum is
carried out, such that the upper component of each modified vector is 1. Thus the
vector and its coefficient are both multiplied by (-1) if the upper component of the
vector is (-1). However no modification is done if the upper component of the vector

is 1. The following normalized form of the above sum is derived:

-17-
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,(11121:1212 LYWL j1~~211-2 (x7)1[I~[i111~1~ +xs1+x9
+(xlo) 1 +x11 +(-x11) +x13 11 1 1 -1 In this normalized sum the upper
component of each vector is 1 and the s number of different vectors is
reduced. The next step is to collect and sum coefficients of the same
column. Thus with the cost of 8 additions the following equation is

obtained: Xti |1 1 Yz—l( XN 4 (x4 ) + x64%D) -1. +[(k 2+ (- ¥ AV xs+ ( 1
x10) +pt, } + 1 3Y RO N1 XB) +x13) #+xs{11 + (14, t1 to |4
New coeffic | nt V%)L d nowB gl ine %04’(% +>1< +XFsW2= 25 2+x¢ +
+ x8+(X O)+ 11, W3=-Xx3 +X 3!r 4=xs, W5 -x11 Hence the abov =1
equatiorHfriay be written in the following fofm: Y, 1011 yz=1-1H111] !
=wl w27 +w3 +w4 +wsl 1 Ys 11jL 1 1L 11i-1 -Is The coefficients: wj,

w2, w3, w4, 14,3 are known to the processor at this stage.

(-x7) i
1

1 1 1 1 1 1

+xg| |+ B + (x10) o +xpg o (- x13) 1 +x !

1 -1 1 1 ~-1] i

1 1 1 1 -1 1

In this normalized sum the upper component of each vector is 1 and the
number of different vectors is reduced. The next step is to collect and sum
coefficients of the same column. Thus with the cost of § additions the following

equation is obtained:

Y 1 1
Yol -1 -1 |
= ((-x1)+ (-x4) + x5+ X0 ! + (et (<xg) + xgt (-xp9) + x5 1 + (-

) -

s 1 1
1 1 1
1 1

x3) +x13) ) ++ x5 1 + (-x22)

1 1 -1

New coefficient would now be defined:
Wis(-xp)+ (Xg) + X6+ %9,  Wr=xz+ (-X7) + xgt (-x10) + X711,
W3=-X3 + X3, W= X5, Ws = - X2

Hence the above equation may be written in the following form:

¥, 1 1 1 1 1

Y2 ~1 -1 1 1 1
=W +w +w +w +

¥, 1 -1 2 1 3 1 4 —1 Ws -1

s 1 1 1 1 ~1

~18=~
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In the next stage this vector equation will be split horizontally to the

following set of two equation: j[ ~1] +u2 [ ~1] +TV3 [1] +w4 [1] +wW5[] 2 [yi
5[Y51=wj[111 +w2[1] +W3L11l +W4 lI~ +ws_1 Now each of these

equation will be processed separately in the same manner of the first
iteration..The upper equation requires no normalization since it inherited

the normaF<iaf THE plavibasteqttativh, AAdaogiorthalizatiorsds at this stage.

réqtiredenltfes tthe seconshes@tion Hense e iosit 150118
Wi w2l11~ +ws-1] @Ew4r +V3]l ergg’ 13] 1Y9] %‘va%/%t%e%%f%?ﬂf% set of
w Tﬁ + (-W4) 11] + w) DI In the next step the coefficients of the same

vector afg,cpllected and su d. Thpgwith additional 6raglditions the
outcom 'is:If‘lV[WELJ:?(my )[Jl}’rw( 3wy 1” J(—W(l- 4)115[:1=
I+ (W2 W3-WSs 1} 11 CleaHy, the tory'i ¥dund with! 4 more

addition yT obt ipl e origipal outpytvector y it is only necessary to
recall n{w% atxy{z + WS the t@%};‘ l&)%ga'i ns ya TFequired for this
processLBbserv that convdational phior art methpds wautd equire the

total of &) additi mpute the ut vector. 20 The U-binary

preferred e@{ﬁ%&% %%e%%egg t%‘%#?ﬁggn‘ﬁg# % BHOSHIS n%%aéﬁﬁ?lja 1By game manner

prodhecfiattdtexationmEhéxuppey euatidineqsitsal snporiveigtion Mnsualyherited

REQVides Mora gkt -1- (g hodiment and has mare

atﬁplications. teo mat??;ll(e,qb’}?éggi \%%Et%gﬁ, %@%s NOralization 13 required only for
e second equation. Hence the resulting set is:

B B M R R
el el o] vero 3] v

In the next step the coefficients of the same vector are collected and summed.

Thus with additional 6 additions the outcome is:

[y, 1 1
N = (W1+w2) + (W3 + wy +W5)
B -1 1
y 1 1
Pl= (-wr-wy + (w2 +wst-ws)
Vs | -1 1

Clearly, the vector )" is found with 4 more additions. To obtain the original
output vector y it is only necessary to recall now that y, = -y,. Thus the total of 18
additions was required for this process. Observe that conventional prior art methods

would require the total of 60 additions to compute the output vector.

The U-binary preferred embodiment of the invention is an efficient method for
the product of a rxm U-matrix 4 by an n-dimensional input vector x. It usually
provides more gain than the 0-1- preferred embodiment and has more applications.

The matrix 4 is given by:

-10-
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allal2 aln 1 a2l a22 a27, A-="where aff=1forallISI1<_r artan,,1f
< n. and the input vector is written by: x1 x2 X IX-11 5 The entries of the
input vector may be real or complex or belong to any field of scalars with
characteristic larger then 2. The goal is to compute the result of the
product: y=.4-x. The first step is a modification of the given matrix by the
elimination , [o] B uivalent lines, a step which may be part of preliminary
preparations. It it i$ found that the i-line'ls equivalent to the j-line then it
can be ded adt'ed‘%f‘?at yi is equal to " yj *Fhierefore a preferred embodiment
of the firgt.step of the invention determines that one of two equivalent .
lines would be omitted. For the sake of clarity tha pdlicy wotfd Bk that thes 7
line having Ia'rge'r index would always be the omitted one. Thus, if Is it is
supposed that j > i then the f-line would be omitted. This initial operation is
reversed atfhe final step of the proceéswhere yj which is known at this
spagg—issggt back to its place in the vector y. This elimination process
continues until there are no two line in the modified matrix that are
eqBRbiBRInTH yegtnsdsiavpEraited whenever there is a practical
prob Qilﬁy of equivalent 20 lines. This is often the case in multi-product
(anothérlaspect of the present invention) applications of the U-method.
i ge is always performed when log/(r) > n since this condition
the existence of equivalent lines. However there are other -20
orfs that ensures the existence of equivalent lines and should be

D

The entries of the input vector may be real or complex or belong to any field of
scalars with characteristic larger then 2. The goal is to compute the result of the
product:
y=Aex.
The first step is a modification of the given matrix by the elimination of
equivalent lines, a step which may be part of preliminary preparations. If it is found

that the i-line is equivalent to the j-line then it can be deducted that ¥; is equal to
£y Therefore a preferred embodiment of the first step of the invention determines

that one of two equivalent lines would be omitted. For the sake of clarity the policy
would be that the line having larger index would always be the omitted one. Thus, if
it is supposed that j > i then the j-line would be omitted. This initial operation is
reversed at the final step of the process where »j which is known at this stage is put
back to its place in the vector y. This elimination process continues until there are no
two line in the modified matrix that are equivalent.

This stage is performed whenever there is a practical probability of equivalent
lines. This is often the case in multi-product (another aspect of the present invention)

applications of the U-method. This stage is always performed when log,(r) > n since

this condition ensures the existence of equivalent lines. However there are other -

20~
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consideration. This for example, may be the case in sub-matrix of the

Hadamard matrix. To avoid clumsy notation, the resulting modified matrix

will have the same name, A, as the original matrix, and the names of the

dimensions rxn will also be 5 preserved. The next step is the elimination

of equivalent columns. This will reduce the horizontal dimension (i.e the

ReRTbEeRT deitienyesf the mxixidfied ofatdxivatbnniinissalrebshim@dsitiensn into
dPRRAgERF I hi is;made, as inthe 0:1-aspec

?rt}g%?ne er'eaqgrﬁlg:ntfg%r%%%ntﬁletly %@F ;r}'%l iﬁn%%]lgrﬁép%relpsélrbé%ar]trb}?ig f t%‘?fﬁéaiiﬁmard

SPATAF of (et Ve cebrasFipstatirp el etu)tivg xris e Rpressedasill siame dfe same

thendt, oolusns miiketh By Ao TRSRRAND 8 OTBRRORANE 1 A3 ih iso be

vJ (for every j) be the j column of A: vJ = Then: L arJ AX =X

matrix A eXaMingis ¥ A BRRIRHRGH 2SRt AR UL LS ﬁ%@kﬁﬁ‘gg@ce the

+1. Hence, when a"-+| then no normalization is required whereas J=-1

HHEABIhHERTPRS (hRe L5I4RERERY fHe CRBYRRS oREItRS jworifin vaetox with
imimstipliediy lidapwell 45 e canrsRraRdingl A Hiciant 3dpANENe., as in the

(rfpiresentation of the above sum jn is thus obtained, where the upper’

i BFER G SRS EiRGCuArS HUaibiis PepedeARsePatiivaever to the
2ervaluoindatrevedisays Biwaltdaiiaabeokumns RredhRRSOMGum of the A-
tg(%ether, as#iln h§ gbrﬁ}/e O-l-embgdiment, and rearranged by taking
SCHEBITRARE%S GO Hin SRTERBPMERSIEPBY e sum of its

corresponding scalar coefficients. Hence, the resultiig, sgmmation

comprises the subsequence of all distinct normalize ¢olumn vectors
W3...oooeee W,,2 (having no 25 repetitions) extracted fr faithe sequence of
normali column, vector screenin it repeating nprmalized

columné.g gg&%ié#%&#ﬁo%na?ﬂeﬁ%ﬁ%ﬁ% is multiplied by FRoefficient

tj which is a sum of the corresponding normalized caefficients of all -21

a

7
Aex =7 v+ Xp Vateereot X, vy

Next, the upper element of each column vector of the matrix 4 is examined
and normalized to +1 value, if it is not already +1. Hence, when a;=+1 then no
normalization is required whereas if aj;=-1 then normalization is takes place and the
corresponding j-column vector is multiplied by -1, as well as its corresponding
coefficient xj A new representation of the above sum in is thus obtained, where the
upper entry of each vector being equal to +1. In this representation equivalent
columns are always equal.

Identical columns are then grouped together, as in the above 0-1-embodiment,
and rearranged by taking each column as a common factor, multiplied By the sum of
its corresponding scalar coefficients. Hence, the resulting summation comprises the
subsequence of 'all distinct normalized column vectors wy,......... ;W (having no
repetitions) extracted from the sequence of normalized column vectors by screening
out repeating normalized columns. Each distinct normalized column wj is multiplied

by a coefficient # which is a sum of the corresponding normalized coefficients of all

=21~
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normalized columns that are equal to this column, It is clear that m < it,
and the difference, n-n2, is the number of repetitions in the original
sequence of normalized columns: allvl,. al2v2 .............. alnvn,
Mathematically the process is: s ,q.x = E 1< <n X*vj 1 <k <mj such that

rRHNh A EXIRANRI R L Ko § h that a:j vi = wk al j x)WJc For all | S

k<ni define: tk= | such that. \%“zmvﬁ%%l% jc%émtoﬂ”rh%trhsa?ié% bitdfionab taRg the
HEBRRSE i i Hhe Sreméanvé neeriiitotssnciieutatinmbiethe e wor normalized

c@@gﬁiﬁientsc{}m;.auy;in as sumﬁﬁf the normalized original ones. The cost

............

in additions is n-m. The product Ax is thus given by: Ax=11<k<m
tkwk TFHE gﬁ%ﬁ%%ﬁlﬁ?ﬂ?@%}ﬁhinaﬂon process depends on the
structure of the original is matrix A. It isssignificant in some of the matrix
that are commonly used in codingﬁéﬁwa gcoding siGnal vectors in wireless
communication, such as certain types of submatrix of the Hadamard or

the cyclic PN maffix.ﬁt]ig ﬁQbﬁ%%QJ;ﬂﬁ%"’hﬁQ I th@i]@y. of linesin
t

the matrix A, is small relative to the numbéf &f rows it In paﬁiéular when r
<log(n), in such case m-n > it - 2" > 0. Thefe observations are largely
true also for 20 0-1-matrix. The refnaining pasof this:prefered; %)Wk
embodiment of the invention, horizontal and vertical splitting, iterations, is
equivalent to its 0-1- counterpart. To view the saving enabled by the use
Fof:q:i ir<1ve<ntion nate first that additions are the main part of the
® glleY{fyT’fioﬂﬁ R U-matfiCA Sucrattats 4092 N¥he as number of
additions in the worst case, denoted by s(n, 1), is given by: s(n, r) = n +
Therainsemmyatianal jagginyglved in thipparipof the invention is this calculation of

the new coefficients #4,......... JIm a8 sums of the normalized original ones. The cost in

additions is 7-m. The product Asx is thus given by:
Aex = Z]f_k_Sm W

The gain by the columns elimination process depends on the structure of the original
matrix 4. It is significant in some of the matrix that are commonly used in coding and
decoding signal vectors in wireless communication, such as certain types of submatrix
of the Hadamard or the cyclic PN matrix. It is substantial also when r, the number of

lines in the matrix 4, is small relative to the number of rows n. In particular when »

< log(n), in'such case m-n>n-2"">(0. These observations are largely true also for
0-1-matrix. v

The remaining part of this preferred embodiment of the invention, horizontal
and vertical splitting, iterations, is equivalent to its 0-1- counterpart.

To view the saving enabled by the use of the invention note first that additions

are the main part of the complexity. For a rxn U-matrix 4 such that » < log, (1) the

number of additions in the worst case, denoted by s(n, r), is given by:
s(n,r)=n-+s)

where:
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nss(3)=3s(n 3)_ nt3s(4)8s(n, 4) = n+t8 S(5) =19 s(n, 5) = io n+19

s(6) =38 s(n, 6) = n+38 s(7) =75s(n, 7) = n+75 cs s(8) = 144. s(n, 8) =

n+144 s(9) = 283 s(n, 9) = n +283 The following bound is always valid: 20

S(r)<2r-"+2r/2+ 1 r The prior art conventional method requires (n-l)er
s(ddeitidns. Since s(n, r)/n approaches t as n goes to infinity and ris s, 1) =
ncopstant this method is asymptotically optimal. The more complex

@uzl;ti-groduct embodiment of the invention that will be described later 5

fequires a precise bound to the worst case number of additions. This 2%”’ )
7Zwill be enabled by the following regression formula. Foreven r: s(r) = 2'-1 +
s@pEl2) Forodd r: s(r) = 2r 1 + s((r+1)12) + s((r-1)12) When A'is an rxndd, 3) =
»-Matrix and there are no restrictions on the dimensions rxn of the matrix A

en the number of additions required by the invention to compute the SP '

s é}oau t Ax in the worst case is always bounded by: (1 + S )n' /1og2(n), """ 9
nwhiere 7. > S > 0, and S goes to zero when both, r and n, go to infinity. in
sihe<age that r>n a tighter bound (with respect to this case) exist, whickn,5) =
n[gsjtyts from the application of the vertical split:

s(6) =38 s(r,6) =
n+ 38
s(7) =75 s(n7) =
n+75
§(8) = 144. sm8) =
n+ 144

s(9) = 283 sn,9) =n
+ 283

The following bound is always valid:
s(r) < o=l o o2 +1
The prior art conventional method requires (n-I)er additions. Since s(n , r)/n
approaches 1 as n goes to infinity and » is constant this method is asymptotically
optimal. The more complex multi-product embodiment of the invention that will be
described later requires a precise bound to the worst case number of additions. This

will be enabled by the following regression formula.
For evenr: str) = 271+ 256/2)
For odd r: st = 271+ s+ 1)/2) + s((r-1)/2)

When 4 is an rx» U-matrix and there are no restrictions on the dimensions rx»
of the matrix A then the number of additions required by the invention to compute the
product A+x in the worst case is always bounded by: (I + 9 Jnsr/logo(n), where 1> 8
>0, and & goes to zero when both, r and n, go to infinity. In the case that r>n a
tighter bound (with respect to this case) exist, which results from the application of
the vertical split:

23



10

15

20

25

30

-23 (1 + 8)r- -/log2(i). where 1 > 8 > 0, and 6 goes to zero when both, r

and n, go to infinity. However, if there is a specific type of structure in the
matrix A. then the number of additions required by the preferred

embodiment of the present invention to s compute the product Ax may

drop drastically. The,most, general conditions for.it are beyond the scope

of the current text b%?tr%o%%g 5?(%5%?25\%&1; geSmE:étioned, However in

the cases whese B ierorvHaslamard arcyclis Rseudarandom (PN) matrix

then anly nlo 2%){additions, ancii memory of n scalars, would be
requi%(%”{ﬁﬂ? h 5 Bptinial In TTSTES pRRE. ThilHSHEHChIRR BeBorthaen the

nQrbmatfixd iEXNANMPIES ORI DS i ARPLGATIONS Fhereraedtion to

several gachn%ir

logies that will benefit.fram implementation of the. .preferred
R e r A M e et Zooy :

the inven o RS S B ST R AR gFOr 1t are
bayage frocessiagoivtiich entempass Severahpreceduies whichiinelugerttiened.
of - ' Vi rednawireless communication CDM \
B e R B R RS A R R0 i
thhembre<eygral pidtissssuhichieemptof theeprog uev ot reptiizdpyvhaich is
vector. These processes will be done with less energy consumption,

ORHEIAtAR FHE SRS ISB I RIGHTE B the Ude™®Ae invention. In

the context of multi-code in the 1S-95-B, 8 lines of from the Hadamard-64

E20ASERIES 0 IS Ribddh APRL A EBA3YSa vector whose entries are
samplﬁ of a signal. Another application is.in neighhor detection which

done b EAEHRSYER!. 5BROIBBIER SRS RSGGEE SniTtRCEBESR PT the
peitterwdagianmneklines by-aidatativactossaethebapplicatiensisc@echnology is

. searcher. It searches for high. correlation of sequences by th

e RIS T hAOES Ao AP Ao P e of o8 L Htbapoguct of 2

[Areaexir agted feotor psdudwirahdo mdiRidpseatien CESMAIAS &% and in the more
-sequences, and their scalarpro a data vector is the required .

TR RS aarancn e, Desd CINC GRS Y BEBHCHRIURY whion

eBHNERA DIBER B Al MFhstAx HD A VRUEEH D19sT pecatrsee Willapg dspecstsh less

eSér%‘f ég\ﬁ?%%ﬁgg? cgp&rﬁ%}e% %&}{é{ﬁﬁﬁg%ﬁp&{gﬁng time by the use of the
invention.

In the context of multi-code in the IS-95-B, 8 lines of from the Hadamard-64
comprise a U-matrix which is multiplied by a vector whose entries are samples of a
signal. Another application is in neighbor detection which done by a despreader.
Here too there is a product of a matrix composed of few Hadamard lines by a data
vector. .Another application is the searcher. It searches for high correlation of
sequences -by the computation of their mutual scalar product.  The correlator
sequences are extracted from pseudo random (PN) sequences, which are U-sequences,
and their scalar products by a data vector is the required computation. Initial

inquisition is one instance of a searcher.

GENERALIZED-ELIMINATION-METHOD

The above binary aspects of the invention are characterized by iterations of the

following processes: zero lines and equivalent lines (meaning that one is a scalar

94
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30 following processes: zero lines and equivalent lines (meaning that one
is a scalar -24 product of the other) are omitted; zero columns are omitted
along with the scalar components of the input vector associated with
them; equivalent columns are grouped and summed together and the

or vertically after these two features are

matrix is split horjzontall _ .

e%?éiﬁg e%{.al(k%cc(’)&bﬁéwg SRSt ASLURRE rAre fomLtied, el Wil ¢he scalar

iteraxpre seguEieiopstepsionaysoeapp e thamy RIGRIERLBIAS Y. orouped
er preferred embodiment of the

vegian, in.any field of scalars. This broad .

ir%/%ntlon W%G?& leeéaﬁfle%gi Igfﬁén 6%%}%558%%}%%@%%9@@5% thage two
sieatnesiers chbquitedenticotuding is fm@eﬁbmeﬁataéiﬁm@a@ﬁifti%p @:th&ention this
f ing. . v V2 s " be the coJumns of the )
0BRSS oSl e aeptiol 1ty DO R o et in any
dirldied godanis 13lsrbrmatier Axe Buppesttidanitthafithafievan apRFORAAS called
r%&%ﬂ%@%ﬁt &%a@&%é?éﬁfg%i m&of the columns vk+1: v* (for some

2< of t

< %ﬁés a scalar product ¢ - cOlumn, that is fork < j < n: vj=zjvk.

Then thes-dienpdionapleaor sdenteptiwndsbis foedmducetik-direpasionads the
MBEKiHE Hroetst 2Lt vy, ;- XK1, XK) juhgre i = XK okl ZKL1 ..o :
+xn Z,, an% thesrxn ma?mz; 1s repIacéd" by t%e rcg liced ?)f:l‘{{ﬁr%%z;r rlxtfﬂ%]@&mamx
COIBRINE™ e ¥, -+ ). D/IEAGH tIRH [YsRIaTtiaat thizet: ghjak'shba compute: 4-x.
Aseprsioente A pesieriad: smhgslitpaatot i inyention fhis progess,

including, if necessary a chané%e of inde;es, ZOéls repeateﬁcji until o ttv}\ll%t each of

FURMLLRS Vedivatent. intre 8@ HRME proceds s Bimply seajenpradictiof the &-
eblompyaesss ehnommatization akerplacsd %%Ekmﬁ%%?%@%%ced by
f the jnvention. In practice all the above equivalent-columns reductions
gf%@%e '%‘??ﬁﬂ% YER*When this stage is done it would be
considered a firstidieragjon.of the whelexgyocess. Thegpthe matrix igsplit -

horizontally anqrin each+split 25 the above column elimination repeats in a
recursiva iatiner as wasdhe in the above embodiments. As is

demonstrdté byrtheatiierisheglmentntidyeaexse et paR Qﬁi@x}lﬁ&te columns
method to eliminate ‘e%l%ale tfé)sl%gg{l%bﬁ:b%&rst d|V|d|r§ceach column

ey ﬁpvé? ............ > Vi en ho '=4-x. cording to a pre¥erred
embodiment of the invention this process, including, if necessary a change of indexes,
is repeated until no two columns are equivalent. Indeed this is process is simply a
generalization of the process of normalization taken place in the U-matrix
embodiment of the invention. In practice all the above equivalent-columns reductions
may be done simultaneously. When this stage is done it would be considered a first
iteration of the whole process. Then the matrix is split horizontally and in each split
the above column elimination repeats in a recursive manner as was done in the above
embodiments.

As is demonstrated by the U-embodiment and by next example an efficient
method to eliminate equivalent columns is by first dividing each column by the upper
most component and accordingly multiplying the corresponding coefficient by the
same uppermost component. It results with having 1 in th(; uppermost component of
the each modified column. However, sometimes in applications of the GEM the

uppermost component of a column in the transformation matrix is zero making this
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most component and accordingly multiplying the corresponding coefficient

by the 30 same uppermost component. It results with having 1 in the
uppermost component of the each modified column. However, sometimes

in applications of the GEM the uppermost component of a column in the
transformation matrix is zero making this -25 division impossible. In such
cdbasionelsinopibsolutionsischo aisdd dleasimplnzelaieolima ¥ite each nonzero

u@&%fﬂ}p%gﬂ% AIg0 Bt 209 a%&%%%‘%':‘{ m%‘gpléf}g(%gm%nmlﬁply the

corresponding coefficient by the Same uppermost non z
THERSBORIING esfidsératisy thasenyppepamasishonrzeesocamponent, of 1 results

erCinano[if ( : i es| nsgquence that two
columng%h:éeeigc? l?iya%@ntl%wgt%&? (?nﬁ:)\{c%}?g% I%m(g%aﬁﬁ?nagr% %ﬁ yuen‘e i y“é?élﬁla%aﬂlmnn-

TORRIha%e the dssahirromrre iiade thad iplsolimentant duzivalentionthe modified

eﬁa&n@%ﬂ@g@ﬁigmﬁg@gﬁ a matrix having its entries in a relatively
small fintte set S. In practice this set S maybe a finite field a finite

subgroubPRe R RRSFE AHBR G ERis sty ad ranbedizmanitef dhbsevafimiietthances
cthseﬁﬂat&epmaﬁﬂ@&i@ﬁﬁ&ﬂa@ﬁ%ﬁv&@ﬁ&e&tﬁ%@‘?ﬁaéi%@ﬁ%ffé?i%ﬁif;%ﬁﬁ RS,
=Y, , Or

field. It includes the binary cases discussed above where

JuFcuss ﬁHﬁSS‘E PRARIRE e iHHiE Aleld mfiaite sHhareup-qE3he myldplisatian-grijup of
jpofifid{0: 2| finjtel hatgain cearerse ik thagize RhBRNd MG 9808 oreater
rule ho %‘%that e GE redtﬁes tlig nijmber of additions by a factor of _
|§g"’é‘ﬁ‘r?}, RBYe TS TRESh OB el clumAiass tHhe finanireassrotisersad above
rvelteve. S¥{@d appiiSatfls - fhenG biesheridoalaebe sREARRIAGRERTENGY. /) or

ith [%h_pjffggﬂ%lle§=a5&#§pe§| %@Pbodim nts that will later be described.
o AHISIAEl (55 Ve e fhdino P GRER ERCRTE DR LA ALY fofiane seneral
mialgiRoldhtse atfidMrednons themenbelisfletditiots byj) catos d45BAMIX- where
0.matrix appeay often in practice. However, it must be
B g g et 10 0% FSp e B Bpplicabl, the
rhiehk. shealdumiber bt adetitipmeds foousfliettioyy Gritin+his +cofdplekfamdieceneral
%@H&hﬁéﬁ%&%&k%ﬁid&@y@ Mg%gg.e xample: Consider the product of the
yalo-

following 3x15 U;-matrix A by Imensional complex input vector x.
The matxilBiginase the: wayAhis method works it would be demonstrated for a matrix

whose entries are from the set: U1=def‘={ . -1 j, - ]} called U;-matrix. Such type of

matrix appear often in practice. However, it must be emphasized again that the GEM
is not limited to any specific type of matrix. The number of additions is bourided by
C=n+4""+ o(4™) for the product of rxn U}-matrix by a vector.

Example: Consider the product of the following 3x15 Uj-matrix 4 by a 15-

dimensional complex input vector x. The matrix is given by:

|

-1 ; -1 Jj 1 j 1 1 j -j=j=j-j -1 =j
jol =1 7 j i 1 -1 1 =1 =1 -j 1 j -1

26~



1-jj-221- -1j-1j1j5j1-1jjjl-11-1-1-1j-1 -26. and the input vector
is given by: x1 x2 X The result of the product is written by: Y~Y =Yz =
Ax y3 s All the additions that are done in this example are complex
additions. The first step is a check for equivalent lines. No equivalent
lines are found. In the next step the product Ax is decomposed to a sum
of the A-2efuthminpwiNiptiedibyitren espective x-components. Y1 1-j1-11
-jy2=x11#X2J+xs1+x4j+xs1+x6j+ Ysj1-1JJILI 10x7 1+
-1j11j x8 1331 9.1+x10-j+x11-1+x12-J+x13-J"fx14-111-1 -
1 1j1+x/s 41 Next, a normalization of each of the column vectors in
the above sum takes place. It is done by multiplying each vector by the
inverse df its upper component is and accordingly multiplying each
coefficient by the (same) upper component of the corresponding vector.
Hence the upper component of each modified vector is 1. No

L %15 ]

The result of the product is written by:

B!
V=EI Y, | =dAx
Vs
5 All the additions that are done in this example are complex additions. The

first step is a check for equivalent lines. No equivalent fines are found. In the next

step the product Aex is decomposed to a sum of the 4-columns multiplied by the

respective x-components,

b2 1 -J J -1 1 -
Vo |=xp =1l Fxa| Jo| s | =1 +x4| J| +x5 (1] +x6| j| +
¥, j 1 -1 |J j J
-1
10 x7{ 1| +
1
j -1 1J -1 1 -7
xg | 1| +xol J| txp|=7| txu|-jl +xp|-J| vxpl-j +xn
-1 1 -1 -1 -J 1
1 J
~1] +x55]—J
7 -1

Next, a normalization of each of the column vectors in the above sum takes
place. It is done by multiplying each vector by the inverse of its upper component
15 and accordingly multiplying each coefficient by the (same) upper component of the

corresponding vector. Hence the upper component of each modified vector is 1. No

-27-
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-27 modification is needed if the upper component of the vector is already
1. The following normalized form of the above sum is derived: rY,~ | 1 | [ii
Ysxa-l+(j)xa~1+1x3j+ ()x4-j +x511+I)x6 Y311 (I11~1~1~
+(-1)x7 -1+ 1[iijxio11115-1"1'x8 + (1)x9 -1 + (-1)x11 j + xtz -j + (j)X13
1+ -11111~ X)411+43%5"1 11ilnthis normalized sum the upper

CAIBRRRARLAT ﬁ%@e\i@&t%‘ i Ih@o R&1:0f ¢ efx‘?e&vre%‘” S0P The
reduced substantial When |n eneral setting) the num

cHinTng @gﬁﬁl& Féftﬁi@fﬁlme%rﬁi?m‘t‘féi‘ of rows r (the

requirementis: 1 ") The tstep is oIIecta m coeffjcients
5 ) fe followi 1
hus WI'[ t cost of dditiong the follow }

reductionXs pBtainet
j H+ ((L)x#st] x32) -]] Y3 I LI 11173 fl (X +(7)xe=f i (()xCH- | (1)x7 ~1|
-1) +1'x8 - i +(-1)X9 - j + (- 1)x11 I j-1'i-1 1 New coefficient would now

be defingdlis wl=x! +(j)'x2+j-xro+x14 +1'x15, wz=j'x3 w3= (1)x4+ x11,

WAZ KbH(IMA3+WS = (j)x6+' (-1)x7, w6 =j'x8, w7 =(1)x9 , w8= (1)x11

Hence th > ghove equation may be written in the following form: -28

of the samé icolumn.
X (J sobefpotxta |+ixrs) 1| #1558 | —1

1 1 1 1 1 1
ixg | = J\t (Dxe | = J\rjxio\ =1+ (-Dxgp | jlF x| -7 (x| 1]+
J -1 J 1 -7 J
1 1
x4t —1 +JjX5 -1
J J

In this normalized sum the upper component of each vector is | and the number of
different vectors is thus reduced substantially when (in the general setﬁng) the number
of columns # is sufficiently large relative to the number of rows r (the requirement is:
n>4"7). The next step is to collect and sum coefficients of the same column. Thus

with the cost of 7 additions the following reduction is obtained:

Y, 1 1 1
= (x; ¥ (F)x2Fjxr0tx14 Fixi)| =1 Fixs| j|+ (Dxixn) | —j
Vs J J -7
1 1 1 1 1]
+ GesH(Dx) | LI+ ((G)xst (Dx7 | —=1|) +ixg| = j |+ Dxo|— j |+ (<Dxys | J
J -1 J -1 1

New coefficient would now be defined:

wy=x; + ()%t fxipt X *ixs, W2 jxs

ws= (-Dx¢t+ X2, W= xsH(f)x13, Ws = ()xgt (-1)x7,
W= jxs, wr=(-1)xy we= (-1)x1

Hence the above equation may be written in the following form:

78~
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Yil111.1 Yz=Wtws(-1w2)j+W3[-1j+tivli+-1wsl+-j+w, Y3]I
~j 1lii _j+ w8l 1l The coefficients: w, ........ w8 are known to the processor
at this stage. Next, this vector equation will be split horizontally to the
following equivalent set of two equation: Y11lirl 1111~ Y2=wrw2j+
W3]+Wa1+W5 -1~+ we - j~+ w7 1j+ws[Y3]=WI G7+W2[1]+W9

+ WA[7]+w5[-]3+ wel [j]+ W7[{]}- w8[11 Ih general p h are ngnal

equat?o Sy, Hlewgy Lipithe present i |a}u e§,e>§9 the e Ty
equatior] is degenerate to a scalar equatio Ther now |st { td'éach

of these'¢duation if e processed s pe{r tely in same ner asthe

firsyiteration; The upper equation requires no normalization since it

inherj ed the normal state of the previous equation, and thus in any non

degé er&’ pItiEPP TSI i 24tion- 4§’$eﬁ9ﬁ@9’8ﬁl§ﬂfﬁﬁmosewmdlt this stage.

vectbtial e ion. Consequently the resulting reduction for the upper
ég\%%s uatlon IS: 3’3{4 11 js Y2 =(wt+ws) -l +(t'2+W& j

+tw ) or F‘-?-‘\%OF h a?ﬁ]rgdiﬂrb?@&‘fﬁ%’réﬁa@é|ff€¥m¢eulvalent set of

reguiegdaigsithis step. The computation is completed now in a straight

forward manner, consuming additional 13 additions for both equatlons

Thus totia¥of 24 additions where| used by the prefdrtdd em ent of the
inventionym thisigxXaniple+Bryte forag compwtatign w e requjy; 421 v,

1 1
—Ji{twglJj

sl= wi ] + walil+ wsls]+ walil+ wsl-11+ we[j1+ wol-1]+ wsl 1]

In general both are vectorial equations. However in the present miniature
example the second equation is degenerate to a scalar equation. The rule now is that
each of these equation will be processed separately in the same manner as the first
iteration. The upper equation requires no normalization since it inherited the normal
state of the previous equation, and thus in any non degenerate application
normalization is required only for the second vectorial equation. Consequently the
resulting reduction for the upper vectorial equation is:

» 1 1 1 1
= (wrtws) | =1} + (watwg)| J |+ (ws + wst+wy)| —j |+ wyll

The amount of 4 more additions where required for this step. The computation
is completed now in a straight forward manner, consuming additional 13 additions for
both equations. Thus total of 24 additions where used by the prefefred embodiment
of the invention in this example. Brute force computation would have required 42

additions. In a larger scale the saving is far more substantial.

=20~



20 additions. In a larger scale the saving is far more substantial. -29

TOPLITZ MATRI To demonstrate this preferred embodiment of the

invention an example would be presented. Example: Suppose that a

sequence of length 8 is given: 1) and it is desired to check 3 consecutive

hypothesis of the data vector: X=(Xj,X2 ................... x1 . The purpose might

be'@Bé&leh Mdd @¥arimal correlation. The following three sums are needed

to_be calculated. YI = 1x1 + 1x2 + (-1)x3 +(-1)x4 +'Ix5 + (-1)x6 +1x7 + (-1)-

X89S §paonsite this preferysds sphgsimnenixefithel juventins an(-dJaxl 3vsuld be

1xBetedded+ (-1)X5 +(-1)X6 +1X7 + (-1)X3+1X9 + (-I)- X10 This can be

represented by the following toplitz matrix product: ~xi Fyl11-1-11-11

100X »’ﬁ%‘i*%é‘i‘ VHERGSE thaf apsqquence phlength § is givendusel,1,id.J,-1,1,-
5 1D1-and1litlis1desield %o Ochock 13 tarddcliftvedids T, R YA .

+ 00111-1-11-11[0{0X81+X9 -1 +x% oh-};lip é“*f,@ﬁﬁg r?ké%t Csl?g% vector:

i<'to g]a)fﬁ'e"r"éﬁmp'l'e%{@)ntin %&B;ggﬁﬁlggght be a search for maximal correlation.

The following three sums are needed to be calculated.

yi = lex; + lexy; + (~1)°x3 +(-Dexy +1exs + (—1)°x5 +1ex, + (-1)e

X8

10 Y2 = lexz + lexs + (Dexy +(-Dexs +1oxs + (<1) e x; +1exg + (-1)e
X9

s = lexg + lexg + (Dexs +(-Dexs +1exy + (1) exg+ loxg + (-1)e
X10

This can be represented by the following toplitz matrix product:

- -

X
X
¥ 11 -1 -11 -11 -1 0 0 2
15 » =101 1 -1 -1 1 -1 1 -1 o0
»l] 00 1 1 -1 -1 1 -1 1 -1
L %10 ]
1 1 -1 -1 1 -1 1
= x0T X1 Fxs 1] X =1+ xsi—1| Fxsl 1]+ xs 1] +
0 0 1 1 -1 -1 1
-1 0 0
xgl 1| +tx9)=1|+x70 O
-1 1 -11

The next step is to gather complementing vectors, thus:

~30-
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-3301r0n Yz~x1'0+x9_1) (x2 ~1'Fxio'0J~+H 11 +xil_ I+ LY301~
0-L11!'2J xs+x6 1 +x71-1+X8 1 L-1jl~1 -1 at this point consider the
term inside each of the brackets and make use of the lemma that if x, y
are scalars and v, u are vectors then: 5xv+yu=2Z (x+Y) (V +u) + (X
-Y)(v-u)hence: 1121+l 0°I[ir) =2x1 x9~+"'(xa-x9)(RLOL1LiOLI1011
1~ ~1 =P{xt+x9) + 2(x¥9), I pH L-1 si tarly: | giin x21 3(% 0=2 )
(x2 +xjo }+ 2(x X c? | -le' 1 ])Ylo ence with|the jcost of 4 additions| ™~

the outcome is: YY 1 T T4 Az 220k Hdp 10+ |2 (X130l 1 42 ftp—1] +
+x10) T+2BY, 11-1 (P-1 P 1]-2~]1 r--1 x4 0 kto) +Xx3-1+ X11 -L # X-5-1 | |
+X6 1 +x;-1+x811= LT 1i-1-d1i-1butnow the above U-binary

methbd can [belappligdl Thus theljext step is a normalization that will
nake the- Wpper compangnt of legch column to be equal to 1. -31

-1 | 1 -1

at this point consider the term inside each of the brackets and make use of the lemma

that if x, y are scalars and v, u are vectors then:

1 1
xv o+ yu = —2~(x+y)(v+u) + E(x-y)(v-u) hence:

1 0 ! 1 ¢ | 1 0
x11 0] +xo| -1 =§(x1+x9)( 0+ -1 )‘*‘ §(x1~x9)( 0|-]-1 )
0 1 o] |1 0| |1
: 1 . 1]
=—2—(x1+x9) -1 + E(xj—xg) 1
1 -1]
similarly:
1 0 { 1 i 1
X2\ 1{+xs0| 0 =~2-(x2+x10) 1]+ -z-(xz—xm) 1

0 -1 -1 1

hence with the cost of 4 additions the outcome is:

ﬂJﬁ { 1 ! 1 1 !
Y, | = E(x1+x9) 1]+ E(XJ-M) 1 + '2-(162+x10) 1]+ 5(
Bg) 1 -1 -1
1 -1 -1 1 —-11 1 -1

X2-%10)\1| +x3) 1 |+ xe|=1|+ 25| =1|+x6] 1 |+x7|=1]+x5) 1 |=
1 1 1 -1 -1 1 -1

but now the above U-binary method can be applied. Thus the next step is a

normalization that will make the upper component of each column to be equal to 1.

“31-
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Y;11111P1y2,=(x1+x9)-1+ (X7-x9) 1 + (x2+x10)I 1 + 2(x2-y3j1 11
-1Jh~d~~11~~11ilJ X10) 1 +(-x3) (x4) 1 + x5 +(-x6)i -1 +x7 -1 +(x) 1
-111L 111 The next step is to collect and sum coefficients of common
columns. Thus with the cost of 6 additional additions we arrive to the

equality: Y1 1 [il1 s Y2 = (~x1+x9)+(-X6)+X7+(-x8)) + (~xi-x9)+ Z(xz+xto)+

Y31 1x4]1[11] "B(x2xto) 4 x9)+‘(1 Thus if we define for conv i{a ce:
W7-1(X1 #%9) £ (XB)AXTH(-X&, w272 {X} -x9) + R(X2+x)0) (x4) W3 =2 (X21

- x10) , gf (x3)2+(:3<8(é%t-§9t é"rﬁhg eq aﬁft)'/licso) ritt n%yg 1 %2 wz |i]'2“(x2‘
+W2 1 +W4 -1 Y3 1 41141 In the next tage this vector equation will

be split horizo a{II to the following set of two equation: YIL fWi[j T W2 1

L1] 4 W3 [ii W4 “¥z Is Y3+ Wi + (-wR)l+w3 + (-wh)|L Colldcting identital

cotdnins i firbt éqlatbn e dbain-with twa)met itions: (3YLCY|

~ (W L W4) L 13,1+ (H~2 - W|3) I[ | L_The desired qutput yegtor y c ny

now be found with'5 additionalradditions” Thus the method embodying the
iSRS sEsgUIPEa $9llsaRnsriD ersffigients of common columns. Thus with the

cost of 6 additional additions we arrive to the equality:

Wi ‘ 1
1 1 '
Yy | = (—2-(x1+x9)+(—x6)+x7+(-xg)) -1 + (E(XJ - Xx9) + %(X:H‘xlo)*' (-
Ya 1 |
1 : 1 BN
x4)) 1 +§(x2~x10) 1 +(/(-x3)+ xs) ~1
~1 1 -1
Thus if we define for convenience:
1 1
WI-"E (x1+x9) + (-xg) + X7+ (-xg) , W= 5‘ (x1 -xg9) + %(xz +x10)+ (x4
1
w3 = E(xz-xm) , Wy = (-x3)+ x5
then the equality is written by:
W 1 1 1 1
Yo | =wri=1] +twa| 1| +wsl| +wy-1
Vs 1 -1 1 -1

In the next stage this vector equation will be split horizontally to the following
set of two equation:

Sl el e

ys=wit(-wg) tws +(-wy
Collecting identical columns in the first equation we obtain with two more

additions:
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computation. A brute force method would require 21 additions. Clearly the

gain s obtained by this miniature example is not grand but as we shall see

the gain in large scale applications is comparable to the gain of the above
"square" (non-toplitz) U- method. Next is a description of the general

setup of this aspect of the invention. Suppose a U-sequence is given: 10

ul, u2 ... Ppfeereseeeens un ppdisequence of data of real or complex scalars:

X1, XZC.LV..l.f.(wﬁ.%)rrEirﬁjl ?hmze‘iefmka& of the data sequence may be

real or cemplex or belo “} any field of-scalars of characteristic larger

than 2. SuppRsedhatitisdesigd, o salgHlate, i foltoyvi S/
“§%§§+ 12" X2 + Eﬂ ...... F1 %I xf?é YE?L:@ ffl%k@ %&%? %%ﬁ???%?ﬁimom
uh i+ dBeed 1 $pRvIng o theminyantion | requiredy 17 xedditianst i do  this
log2njatien let reneofheameahddrivoleg ahitben ARIRIGHEEd Clearly the gain
ergpcl)lgjég;gntth% trpne invention quld start by dividing the set of m sums to
bIocKS O SRUHGRTS SXATRE ihars frandlsi Ay, v thllnier kicagain in large

I‘}EZOHS

trealed ppliatidentisalagysblthenishedrmaythe demonsiaied aigpiit) o
f%settg(!%:k. The first r sums can be represented by a product of toplitz
matrix by a vector. Consider then the rx(n+r-1) toplitz matrix: -33 U1 U2

U3 114Ngx0 18 G Glesctip@ion of .the, @eneraD &obudfuibis 0aghBok b Sheliriéhtion.
'Sup%és’s]e g%j_séglugggetpseg n+r-1)-dimensional vector: '

[ o3 2 o SRRt »Xntm-1
The elements of the data sequence may be real or complex or belong to any
field of scalars of characteristic larger than 2. Suppose that it is desired to calculate

the following sums:

Y =urxy turxy b, + Uy Xy
Y2 FTUrEXy; U2 X3 b o, + Uy Xpr)
ym = u].xrn + uze x;nu)»_[ o + Un* xn+,"-1

If m<logy(n) then let r=m, otherwise, if m > log(n), then a preferred embodiment
of the invention would start by dividing the set of m sums to blocks of » consecutive
sums where r < loga(n). All the blocks are treated in an identical way so the method
may be demonstrated on the first block. The first 7 sums can be represented by a

product of toplitz matrix by a vector. Consider then the rx(n+r-1) toplitz matrix:



10

xt X, X x"+ra s Then the first r sums are given by the vector: YiY2 Y=
Yr where: y A*x. The underlining idea of this preferred embodiment of the
invention is to reorganize the given problem such that the above
U-method will be applicable. Let 10 V1, v2........ v,,+r.I be the columns of
the matrix A according to their order. Observe that all the following
"middtg" cglum,gl vegtors are U-vectors: -34 r ur ur+d lit,, 2lr ~21". un-i \Vr
VR LUNF U2 i J Note also the following sums and subtractions &
"matc¢h ng'upaifﬁ? of“side" column- vectors are alsé‘J-véctors: Ui 2 r O [ Ui |
rut O |Pu" @ 0" W+ Vrts{ +_ "=l yr vrt+r -U"sr+2 3 Lyll-rg2 0 lull-r+2 j u
u f‘fﬁt'mz 0 0 u

X

| nvr-1 |

Then the first » sums are given by the vector:

]
Y
y:.
| Ve
where: y=A4ex.

The underlining idea of this preferred embodiment of the invention is to reorganize
the given problem such that the above U-method will be applicable. Let
VIV 2ereenn ,Vn+r; e the columns of the matrix 4 according to their order. Observe that

all the following "middle" column vectors are U-vectors:

34~



UlOulrutrOU20uzliu210 U, u"u"V2Vn+2 urr-r+3 un-r+3 un-r+3 J
Uil U2 u"-u>-r+3-350-1U,r-'2 u2J0ur_ 2 20 =.1Vr_j+Nnrr-1
'~-~Vr-1'Vn+r-1=U10261. #1 {LQ211,2fn!L JLCn Ur-( 2Ir-2 U1.
u,r After working the necessary preliminary preparations the method may
be intraduced. s Rearranging with accordance to the above: (r)x -1 <j <
n+r-1 xj ¥A< j< r-1 xjvitxnt+jvn+ + r <j < n JvJ Nekt the ihvention uses the
rule thatdf x; y are scalars and v, u are vectors then;, XV tyu= 1 (x+y)(v+u)
+ | (x-y)(v-u). Thus: 2/2 10. AOx=EJ j<r'1 2(59 4>'+1’T(VJ+Vn+j) + X

Vp = 5 Vr*ﬁ-] =

U
L1 | Uy _J L_Hn-r+1_1

Note also the following sums and subtractions of "matching" pairs of "side" column

vectors are also U-vectors:

0 “, U, 0 u,
. . u,. . .
Vi + Vpiy = + = S VI Vnby = - =
L 0 . L¥n-re2 . L Yneraa _J L. 0 . | Yperia
ul
—u,
un—l
L un«—N-Z -
Ful 0 y U, u, ’- 0
U, 0 U, u, 0
. U u . u
V2 + Vpt2 = + n — n , Vo = Vg = - " -
L 0 J Ry a3 L 0 i L e
Lt
U,
-—.u!l
un—-r+3 A

..........
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I (xj-xn+-)(Vj-Vn+,) r<j<n xjvj This process cost 2r-2 additions and the
form that was accomplished is in fact a product of an rx(n+r-1) U-matrix:
by a n+r-I-vector. This is so since by the above all the vectors: 15 Vr

..........

done by the U-method. All the aspects of this modification to U-form;

except for the aetyal -36 S@Mmati mgishbtractions: x; xn+j, are[gpne asra, -
"one time job" gjgzr lo the gyrival of the input vectors. The num hef o
additions in the worst case is [giver By ’the expression: s,(n, j) = &mar-1,r
+ 242304363 +s(i)| svn the gereral sefting, wherq,gym;wjrr]ja_[e computed-
and m> log2(n) the number-of additions in the worst case Is bolinded by .
(1 + 5)(n+3log2(m))mllogk(m); where,j.> o > 0, and 3 does to zerq,when| -
both, m and'n, gaytoinfinity, According to another preferred embodiment o?
the invention into the above’method temponents of the GEM ma R
integrated. In. such case some of the "side" columns 10 remain
unprocessed by the first stage of coupling side columns. Toplitz matrix is
paft-ef a more general class of matrix: those matrix whose entries are 0, 1
or -1. Such matrix would be called in here (0 1,-1)-matr x. A broader 15
version of the ideas related to the above toplits - method would now be
developed. Suppose that A is (0,1,-1)-matrix of dimensions rxn and x is an
n{dffriensional input vector and it is desired to compute the product: Ax.
This#prpduct may be expressed as a sum of the A-columns multiplied by

tr]%ﬁcorresl%%%ﬁq x-component. Thus, denote by vi (for everyj) be the |

Umn OF & TSGCASATK PURHRATY Preparalion Sisis bodmypsdairireduced.
cBkamsgid Avritintaicofientees thosibgesake of notational simplicity it

might be assumed that indexes are so arranged (methodically of course,

Aex = Z]_<_j§_n+r—] Xvy

= Zi<j<rl %Y ¥t Lr<ien XY
Next the invention uses the rule that if x, y are scalars and v , i are vectors then:

1 .
o b= G Yoy + %—(x—y)(v—u). Thus:

o 1 1
Aex = Z]f_jf_?‘-l E(ch+xn+,)(vj+vn+,) +-:2-(xj—x,,+j)(vj-vn+_,) + Zr_<__j<n

T

This process cost 2r-2 additions and the form that was accomplished is in fact a
product of an rx(n+r-I) U-matrix by a n+r-/-vector. This is so since by the above

all the vectors:

Vhtr1
are U-vectors. Thus the rest of the computation may be done by the U-method. All
the aspects of this modification to U-form, except for the actual

«36-
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without tasking the processor) that each of the first k-columns Vj, v2
................ Vk contains a zero entry and all the remaining n-k columns (if
there are any), VK.+j, 25 Vk+2,.....M......V, are U-vectors (that is, without O
entries). It is clear that each of the "mixed" vectors: VI, v2 ................ vk, is
an average of 2 U-vectors. Hence for each 1 Sj <k there exists two

SERTREHERS SHRRESIRI that: virs 2R RSA phaferieg ehbagindntis fraval
omuentipi: ferglsdhe vectors uj, wr................ uk,wk, as a preliminary
once:per-matrix prepatation. Therefore by the so ahove: -37 Ax = 2 xr(rrl
+ " 177]%1%%65 :O_fe VJ\%?OHS 111 {}]le WOor ?X | I’g WK?I_}B%Z’%%R/WSIDE +

X11 v. However wittr the opénimg/ of thebacketSwe fingra representation
of.a product of an _rx(n+k) U-matrix by a (n+-)-vector. According 1o a
R e s T D B B e ot
adbitveraSpertatthesmisdntimded hg Above) teplitegspecrdidhemventonl >
s a special case of this broader aspect. EXAMPLES OF INDUSTRIAL
P LA PIESIT FEr S SHEh PR e aBfty r &8 risBHIRH by the product of a

Atepiizmpairbnbih e gﬁﬁﬂe@%bl(ijbiﬁl&ﬁ@fhﬁﬁiﬁ&%wifc@dt%@%@baa%?mod
CDMA, 10 REAL MATRIX According to another preferre qdiment
CRRPASHR G R RNBE OF O S R AR, B8 | SR ucnas
réphanrisRidieeat tratisfdeiatiar by dbeplisg i disfributed arithmetic's. In
the proceeding text it will be called the "real-matrix- method". The linear

transformation is represented by a matrix whose entries are real is
numbers, not necessarily integgts I AT RIKed number of binary digits.

The matrix will be decompgsed to a sum fgin ry-matrix with bi .
coeffri‘fc]:(lD r%’ttsz. %afﬁ%i rﬁse%ta;nét%%% %%r%%%%vae?rﬁ ag§ r%en %&é}f'mtemign%v%%%}r{] Vv\&/zﬁose

enhizajppiéd 1 To Htrdtiwbethisxmetiddeonludemtherfollbiirigraedmipleh. broader
BRI A IR0 st b e
Swpposeatmn 4 §s (0,1,-1)-matrix of dimensions 7xn and x is an n-dimensional input
vector and it is desired to compute the product: 4+«x. This product may be expressed
as a sum of the A-columns multiplied by the corre,sponding x-component. Thus,
denote by v; (for every j) be the j column of 4, then:
' ' Aex =% v+ X2 Voot Xy Yy

Some or maybe all the columns of 4 contain O-entries. For the sake of Anotational
simplicity it might be assumed that indexes are so arranged (methodically of course,
without ‘tasking the processor) that each of the first kcolumns vy, Vzeeeeeenens Vk
contains a zero enftry and 'all the remaining »-k-columns (if there are any), Vi+r
Vit 2sennssensmvases ,v, are U-vectors (that is, without 0 entries). It is clear that each of the

"mixed" Vectors: vz, Vaseeeeerieens Vi, is an average of 2 U-vectors. Hence for each

1<j<k there exists two U-veetors u;, wj, such that:
V5, =~1—( w; + w). A preferred embodiment of the invention finds the vectors uy,
2 .

W ireereersreanans , Wy, as a preliminary once-per-matrix preparation. Therefore by the

=37
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A=50414712 2731450 3 The input, 8- dimensional vector, is
given by: xi X2 X3 X x4 =X5 X6 X7 x$ -38 It is desired to compute the
3dimensional output vector: Yt Y=Yz =A X. Since processors normally
work on binary basis the matrix. A will be represented in.this basis and
thus it is given by: 010 001 101 100 011 000 100 101 A= 101 000 100
001 1004111 001 010 Q10111 011 001 100 101 POO 011 'T'his

reéfésegttém(m éug@e*st thepossibitity.of using-distriffutedasithmetic's 0. .. +
express the matrix as a sum of three binary. matrix: A= 2A[O]+2tA[I]+22A[2]

Where: -1’4 01001 toA[0]=1001D11001110101] 10001
%@fﬁg} Wﬁlptﬂe%ge%igglof the brackets we find a representation of a product of an
rx(n+k) U-matrix by a (n+k)-vector. According to a preferred embodiment of the
invention this task would be done by the above U-aspect of the invention. The above
toplitz aspect of the invention is a special case of this broader aspect.
EXAMPLES OF INDUSTRIAL APPLICATIONS
The searcher is usually represented by the product of a Toplitz matrix by a
data vector. This is so both in CDMA and wideband CDMA.
REAL MATRIX

According to another preferred embodiment of the invention, the number of
computational operations may be reduc,ed‘ for any real linear transformation by the use
of distributed arithmetic’s. In the proceeding text it will be called the "real-matrix-
method". The linear transformation is represented by a matrix whose entries are real
numbers, not necessarily integers, having a fixed number of binary digits. The matrix
will be decomposed to a sum of binary matrix with binary coefficients. In the next
stage the binary embodiments of the invention will be applied. To introduce this
method consider the following example.

Example: Consider the following 3x8 U-matrix, 4, havmg (for the simplicity sake of
this example) integer entries and written in the decimal basis:

21 5 43045
4=|5 0 4 1 4 7 1 2
2731 4503

The input, 8- dimensional vector, is given by:

-38-
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11100001 001100111A[2]_1101011.00 1010011001
Thus the first step taken by this embodiment of the invention is the
construction of the binary matrix A[0], A(1], A[2] comprising the bits of the
entries is of A according to their significance. The preferred embodiment
under consideration will be a consequen %h uality: Ax=2 A[0]
x-21 Iklﬁ%eﬁlr 0 ,&f‘é‘j‘R?ch en% D I s

Xt Step IS to compose the 24x3 binary

matrixAj,cQ med by horizontal chaining of A[0], A[1], A[2]-39011010
011000 %gl)vg)tfy:1001011000000.1010111010111
10000% 1001110101100 01001100 and also to form

the 24-d sional column vector x* comprised from 3 5 replicas of the

vectog;x each with the couesgoncing binanywsiobisdeduceshirem the will be
above sum."This is done before the arrival of input vectors begins. 2x, 20
regepsped jaipsdarspond Sous iR AT nultiplying by 21 requires only

index shiffing opgratjgn. The key {0 dhis empodimeant is the assertion that:
4=/101 000 100 001 100 111" 001 OIOT
010 111 011 001 100 101 000 O11]

This representation suggests the possibility of using distributed arithmetic’s to

express the matrix as a sum of three binary matrix:

A =200 A[0] +2" e A[1]+ 2% 0 4[2]

‘Where:
01101001
Ao =11 0 01 0-1 10
01110101
'10‘ 1 0 0 0]
Af1]= {0 0 0 0 0 1 0 1
111000 0 1]
Too0 1100 1 1
A[27= 110 101 1.0 0}
0t 0011 0 0]

Thus fthe first step taken by this embodiment of the invention is the
construction of the binary matrix 4/0], A[I], A[2] comprising the bits of the entries
of 4 according to their significance. The preferred embodiment under consideration
will be a consequence of the equality:

dox=200A[0] ox+2 0 A[l]e x +2° o A[2] ox

The next step is to compose the 24x3 binary matrix 4* formed by horizontal

chaining of 4/0], A[1], A[Z]
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10 y=A.x=A*x* Thus in what follows a computation of A*.x* through the
0-1-method would take place. Hence the next job is to collect and sum
coefficients of common nonzero columns, creating new coefficients and
thereby reducing the size of the matrix. Hence it holds that: 1 0rl0 1, 0
15y=wi0+w21+wsl+waO+wsO+w61 000111 where:-40
W2=22 X,+22 .Xs+21 X4+21 -X5+20 Xs w2=22 a:1+21 X6+2 Xi+2 X7 A% =
1'W3= 22X8 wW4=Dp2'%2H21X26211] KB 50WwH-20xSt+2 ¥2 + 2 ¥i+2 'x3+20
Xs w6 24 ixt4R1oX61+2 X: +12 X7qThig wgs glone thh t1 f16
additions. Next, a yro Q/\; gé)ft Iting matrix tlakes place. Hence:
IY2i = W! ol + 1,,2[5]Y 11 ¥ {01 w8 o dhdOv3s wi+ws3
+Wo Npwi sumrping the cefficients of common columns in the first
ulatlcan |e[gs [J IB + W5) [T+ (W2 +Wd [1+ W3[1J Is This step
cost 2 additions. The rest ?s done with 2 more additions. Total 20 addition
opetationd wherk réqupred)t compute the transformation in this example.

The use 5}( CQ{QXE‘{X[I t ould have required the equivalent of
29 addition o eratlor?é}%llwﬁgrg? Egy equivaght® W&ﬁe?ﬁ?ﬂ%ﬁ%d&‘?ﬁ&ﬁé*“’d from 3

carmbisamet phsdestape mnwﬁré}alsomndhtg aﬁ@yme%%%ukméalﬁom the

thg@ n 5#@‘,99 sal It| n easy
mtro%%ggg tg?%%@ﬁ? IS em%) imen I%% fﬁ Sﬁgﬁgﬂn—fowever

substantial [2°x, ]

0
2" %,
2'x,

1
2 x,

2%x,

| 2%x, |
Note that multiplying by 2/ requires only index shifting operation. The key to
this embodiment is the assertion that;
V= Aex= 4 *x*
Thus in what follows a computation of 4 *ex* through the 0-1-method would
take place. Hence the next Job is to collect and sum coefficients of common nonzero

columns, creating new coefficients and thereby reducing the size of the matrix.

Hence it holds that:
1 0 1 0 1 0
Y=wi| 0]+ wa i 1]+ws 1| +wg 0| +ws| 0|+ w1l
0 0 0 1 1 1l
where:

=40~
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saving is accomplished by the invention when the parameters of the
matrix (dimensions and number of digits for each entry) are large. In
general, the preferred embodiment of the invention under consideration
relates to an 25 efficient computation of a real, unrestricted, linear
transformation. The rxm matrix A representing the transformation is

written by: -4b a, al, > ’%Clét 22l %ﬁ_ aztlo %6%26where the entries of the

matrix are real numbers. It IS desir utd A*x where x is an
n-dimensjongt vectorof yeal oF complex scalar entries written by: X7 xz Xj
5 It is assumed that the entries of the matrix A are written in binary basis
with fixeehsaupibers of digits before and after the point. Two preferred
embodiments of the invention will be presented as optional solutions and
the choi@eﬁeé{wﬁeﬁ-mfencd&fﬁnds on the structure of the transformation
matrix.. The first is called the 0-1- decomposition, the second is called the
U-decormipasitions toaf istpregimeditt theterftrizs of the matrixA are
bounded by 2m] and rlwave acguracy 01(; m2 digits. beyond the point for
appropri%t&gosive tteersn1Xanddn2X This assumption does not
restrict g 3cARe AbRCRILTION AR HERLRAINENEOUNIEIEL VA, of e

processor has a finite number of digits before and after the point. Pu
nFefHting aHx trkesmides dFeRAsetic's would be applied to break the

product ;i toas f m is bigary prodeets of the type treated by the
example| above. Eij%?t eHnventio isdaﬁ? edyn %casemg)t e entries
of the ma#ix are nonf gative the decémpositidhl is 0-1-babed. Areal

number § bounded by 2ml and having m2 digits beyond the point may be
represented in the following way: t= Zm <k<n:1.tk*2k -42 where each tk is
0 or 1. TS Kuthevstandard binary representation. By a typical

Now, summing the coefficients of common columns in the first equation

yields:

Bj = (wz+ ‘W5) [(ﬂ + o (wz W) {(ﬂ + W{ﬂ

This step cost 2 additions. The rest is done with 2 more additions. Total 20 addition
operations where required to compute the transformation in this example. The use of
conventional methods would have required the equivalent of 29 addition operations,
where by "equivalent” we mean that additions comprising product operations are also
taken into account.

Obviously this is not an example of outstanding saving. It is rather an easy
introduction to the idea of this embodiment of the invention. However substantial
saving is accomplished by the invention when the parameters of the matrix
(dimensions and number of digits for each entry) are large.

In general, the preferred embodiment of the invention under consideration relates to an
efficient computation of a real, unrestricted, linear transformation. The rxm matrix 4

representing the transformation is written by:

-41-
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distributed arithmetic's argument! can be deromposed to a sum of m
rxn.0-l-binary- matrix in the following way: A =S _m2 <k<ml 2k.A[Kk] s In
this sum A[mi] is. the 0-1-matrix of the most significant bits (MSB), A,r m2]
is the 0-1-matrix of the least significant bits (LSB). In general, each of the
matrix A/k}is a O- 1-matrix whose entries are comprised of the ,
k's-signifigafit-bit§2of the entries of A,“where each bit is placed in its
correspongdiag efdry. By the-distributi¢g, rule it follows that: 10 .4-x=T -m2
<k <ml12kA This is the basis for the cufrent embodiment of the
inventi®i- Next let A* be the rx(m”~n) O-1+matrix composed by the
horizontallining of the binary matrix of the above sum in the order they
appear in the sum. Then, 7 A*=[A[-m2 1,

................ L Grie...A[O],eeeveene.. . AIm y J]dl,s [This would be done, one time for

any. githn matrilx, before the arrival of input vectors be%ns. In addition let

RS A REIRS  Sh AT L BIATHRA et FrreH bydesiiebtprappuie A x ghere x
ik X Thiikeysthet nationofnesrinngHfie:empdedimnent wadescopsideration

is that:_2Q, A"x= A *,x * The latter is a product of a rx(mn) 0-1-matrix by a
(m+1)n-dimensional vector which is composed of shifted m replicas of the
original mector. -43 The computation of the product A*x* is done with the
0-1-binaryrembodiment of invention. Since each multiplication by an

integern power of 2 may be implemented by shifting the bits, very little
additional complexity is added. This embodiment of the invention may

reduce significantly the complexity of the s product. Let:

_x"

It is assumed that the entries of the matrix 4 are written in binary basis with fixed
numbers of digits before and after the point. Two preferred embodiments of the

invention will be presented as optional solutions and the choice between then depends

on the structure of the transformation matrix.. The first is called -the 0-1-

decomposition, the second is called the U-decomposition.

Itis presumed that the entries of the matrix 4 are bounded by 21 and have accuracy of
my digits. beyond the point for appropriate positive integers m; and m,. .This
assumption does not restrict the scope of the invention, since every scalar encountered
by a processor has a finite number of digits before and after the point. Put m=m;+m,
+1. Distributed arithmetic's would be applied to break the product A«x into a sum of m
binary products of the type treated by the example above.

First the invention is described in the case that the entries of the matrix are nonnegative

and the decomposition is 0-1-based. A real number 7 bounded by 2™ and having m,

digits beyond the point may be represented in the following way:

L= Z—mzf_kf_m]- 12k

42
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| = logz(mn) = logz(m) 4- log (n) and let C(A) be the number of additions
required by the invention to compute A*r.*. If | > r then: C(A) <mn + 2r+
2rl2 +: _r. io Particularly we see that in this case the cruder bound: C(A)
< 2mn. When we drop the assumption that 1 > 7-, it holds that: C(A) <

w&f@mga/%hw&e@ 46 >R/and %Q%%W‘#ﬁe&l%&%%? t%rYg 3, typical

infinity. is The conventional sgfri;te force) prior art me of computi
dishdBied sekvagtifre Srymaveragen the SGARRRIEIP fawR Afdditiers)-1 -binary-
mather e adeitionsweempsising the product operations are taken into
account. In some cases, particularly when r=1, or when r is rather small
another variation of the above mentidred2emhadjraent rightbe
preferred, to enable further saving. Note that 07inthé case r=1 the
IronablemmisdpRycesie that aheiseH MO Gl REINLRLIWONEBIOrs /IS s the
itself is a rather common comEutation in science and technology and its

ARASHE BetiSrifhsh R F (fs8BAcED &RREF b BARDARE SrAR ALK is 2 O-
14ntisdarmead l@ﬁﬁa@oﬁmwﬁ@miﬂwg@g@ /k{’ﬂrszgﬁi;ﬁazm%ﬂts of %e entries of 4,

.......................... yeeseneeneen S, A(MYJ IN a vertical sequence. Thus it is
GBS B R AR B AT ATGERE T E follovs

theamputation of A* *-x is done by the preferred embodiment of the
invention for 0-1-matrix. The product A**x contains all the products: A-

M2JX ..oocvee. .Y (0] X S Almilz: Heilcs, sing ,gpiﬁ%dﬁr]ﬂxe binary
s multiplication’s the desired result is achievedzb performing the sum: 1"_

TANS thekbasie kek tAdkddrrent embodiment of the invention.
Next let 4* be the rx(msn) 0-1-matrix composed by the horizontal lining of the binary

matrix of the above sum in the order they appear in the sum. Then,

This would be done, one time for any given matrix, before the arrival of input vectors

begins.
In addition let the men-dimensional column vector x* be given by:
e T
2-!}12 +1 x
x*=| 2%
2™ x |

The key observation underlining the embodiment under consideration is that:
Aex= [ *ox*
The latter is a product of a rx(men/ O-l-matrix by a (m+1)*n-dimensional vector which

is composed of shifted m replicas of the original vector.

w43
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This concludes the part of matrix with nonnegative entries. When the
matrix A is real, having entries of both signs then the matrix A can be
expressed as a subtraction of two matrix with nonnegative entries: A = Al -
A2. io Following this representation, the aspect of the invention under

THiscUssioRaarss aul the salculation Qf ysdx byseqmpyting fir g%po ment of

_ the products yj =A 1x and y2= A2-x, separately or in a combin mby
¥ EBBy e IEtEaR THEHRHeAHRR i i tpeT AR g outemtive implemented by
sisataelionity, vy 1v2e Baeiabeye S-d-hinaryoption of a preferred
embodiment of thf invention with respect to is a real matrix is particularly
T SRR InG B oSANG BRGNS ATRERIA LR SOPPIeRI, of the
......... pro&iQ},. Let:...... Alm j] are rather sparse. This may a consequence
of the A-entries bei f various sizes and having non-uniform number of
binary digits beyonggfh%’ Tht n sff&f? sgf%%ero padding necessary
afdrighecalpe trentioted ocfufdditicdigital foiadicausasyantighes levebate 4+
IfSZ a;sé%. 20 Another form of the preferred embodiment of the invention,
baséd 6 ‘U-binary distributed arithmetic's, will be described by the next
text. This form of the ipvention -hag the psidhvantage,of being more adaptive
to matrix having entries of both signs and.of being based on the faster
Pyt bt Min SprBAE AT e R RT (AR e above 0-1- -45 version
when there is somegmjfermiynin size and accuracy of the entries of the
atrix. The main features qf the followjng method are similar to the
St REE @%mﬁﬁlgﬁe@@dﬁoﬁ Ed for the proceeding
description of the inggftian(Z-As pead-pumiber t bounded by 27"1 and having

2 djgits;beyond the point can be represented as a U-binary sum in the
W%ﬁg(\j/i\/%g 6W%l))(/):atnlg1 gm -isgﬁgﬁgﬁf%??zgsarﬁ; Gie a%ﬁ% v%%‘re all sk, for -m2
The <dnwdntodahferitaddrsen priowie micgod nfiegapivingnitie smadutivhentequires,
IS pegative. T 0 ' [th entd ' n
o o L TR, SRR I8 mrocucr
operktiond afedikan jntq2ageunt.m2"1).A[m1]. Where each of the matrix A[K]

H%&ﬂé%ﬁé@@%caimly when =], or when r is rather small another variation of the
above mentioned embodiment might be preferred, to enable further saving. Note that

in the case r=] the problem is reduced to that of a scalar product between two vectors.
This itself is a rather common computation in science and technology and its efficient
performance is of much use. According to this variation a matrix A** ig formed by the
chaining the matrix,

Af-my ], A[M3] i VALO] e A[m;] in a vertical sequence. Thus it is
the

re(m+I)xn 0-l-matrix given by:

.
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Let A* be the rx((m+1)n) U-matrix: 15 A* = [A[-m2 - |J, m2]
.......................... A[D; ............... [m1-1j AfmiJ] This matrix is composed as
a one time task per each matrix before the arrival of incoming data
vectors. In addition the (m+l)n-dimensional column vector r* is defined by:
2m x 2" Xx*= 2£x 2m,-'x (2. m' 2-m1j.x 20 It holds that: Ax= A*x* -46

 Thisis a produ tbﬁf%%@(mﬂ)n) U-matrix by a (m4-1)n-dimensional

vector. The computation of this product is done by application of the
U-matrix embodiment of the| invention. As in the above method pertaining
to 0-1- binary decomposition, also here there is 5 vertical version for r=1
or small r. It is complétely analog to the one described above and there is
no reason to r peaﬁ[@ details. Let | = log((m 1)n) = log(m+1) + log(n). It
holds for 1 > r, that the numper of additions required to perform the above
method is bounded by 10 C{A) < (m+1) n + 2r-1 + 2r/2 + | _r. Asin the
above text, C(A) is defined to be the number of additions required by the
above U-embodiment to compute Ax. in greater generality, it holds that:
C(A) < (1+ bj(m+1)sbmsdhere | > S > 0 and S goes to zero as (m+1)n and r

0 infinit |s EXAMPL F INDUSTRIAL APPLICATIONS Linear
N{%(ath%?ormg% 6%(5 are c%(()%\rdnon We%&@f#g ?“‘fé&ﬂ’rﬁ\ £ invention
foscidh¢enatypplicatidhs ofpiwlmeal rh&teix aspeatnef thtl indentigdducts: Af-

mSPMUNICAUPR (RENN0IOGY 4 Jex.  Hence, using shifis for the binary

multiplication's the desired result is achieved by performing the sum:

»= Zom,<k<m 2% Alk)=x

This concludes the part of matrix with nonnegative entries.

When the matrix 4 is real, having entries of both signs then the matrix 4 can be
expressed as a subtraction of two matrix with nonnegative entries: 4 = 4; - 4,.
Following this representation, the aspect of the invention under discussion carries out
the calculation of y=4+x by computing first each of the products y;=4;*x and y;= 45ex ,
separately or.in a combined form by the above method. Then the final step is the
carrying out of the subtraction: y = y; - ya.

The above 0-1-binary option of a preferred embodiment of the invention with respect to
a real matrix is particularly efficient when the decomposing binary matrix: A/-m, ],
Al Mg+l eevicininnnen. ALOT i ,A[m;] are rather sparse.  This may a
consequence of the 4-entries being of various sizes and having non-uniform number of
binary digits beyond the point. In such cases the zero padding necessary for.the above
mentioned uniform digital format causes a higher level of sparsity.

Another form of the preferred embodiment of the invention, based on U-binary
distributed arithmetic’s, will be described by the next text. This form of the invention
has the advantage of being more adap‘cive to matrix having entries of both signs and of

being based on the faster U-method. Inpractice it is more efficient then the above 0-1-

45
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include products of multi-user detector (MUD) matrix (such as
decorrelators or minimum mean square error (IviviISE) matrix) by a output
vector of a despreader. It is 20 also applicable in the calculations of least
squares. Finite Impulse Response (FIR) filters where Discrete Fourier

v&rans P BEE) i@r@ﬁ&wm&cﬁ%ﬁ@lm%&&ﬁ%c&%@%%ﬂe@ﬁﬂ@&f@% matrix.

Tg]%rtial_ DFT and those, of small and medium size where FFT is no

iTET SRSt Ah Cs AR e R T AS R IREh iR o Pris BRdable.

Thisfykteviagsibedtranisony Beukris dvothemtypeafilipedssdpnsiounaioRvention.
whose co puta%i?on may 25 be improved by the inyention. This is so

Ao SPRCTAI Rihen TR SRy Bargty BACHTAIE GovliEH O SimB% Ho Rgst o be
rdaraesedhatnignerdinensionastalagsithms are not very efficient. In

some digital signal processing applications, such as processing circuitry

which employs FlRsycorrelation of two relatively lapgrvectpreis required.

One of the 30 vectors rﬁ%ﬁ/ ép(%gsrghp{[aps of a F%I?-'i ilter which o{)erates
wA:8 sacpnebvepior;repgeseping andpnut thed Yould b llterad, Glieg e an

operation consust?ng of partial* -47 convolution isépresénted by the
Siglradywmn&ing&mtrix by a vector. This is done efficiently by the real

matrix aspect of the invention. COMPLEX MATRIX Example: Suppose
Thraefors desiredanl cxahpaté wishfohbueingl SuriissEams eafl by 'seeofipdsed +o a sum
of B AU (k)06 Y2 = (L) + (1)@ + ()3

+(-l))’x4 +(-1j)'xs + (1 j)’x6" Y3'= (171)'X) + (-1 j)' x2 + (-1 ))' x3 + (I+))' x4 +

(-1+j)" x5 + (1+))-x64 where the input scalarskxi g2 +.2m.... 37X, al 8y, .7

complex numbers. The Cor{%n]!('r?)%lalnf)[riér art aékgroac(h would req)u.ireﬁndg

@{,eaggd' ' Shd Nisidas yme;} to,we take into account that a product of

VZl(ﬁfactor gfqt)%e sort Eﬁﬁi) nga comp?lex number requires 2 real additions

and one addition of two complex numbers requires two real additions.

nggmgi@lgmm;@j.gje@jﬁ%gﬁmbodiments of the invention for doing this

computation will be’presented. The first preferred embodiments of the

~ inventigr thAy 15 yoyld pe galled phase rotatioppplus GEMitksesthgm, 7/

fact that: ,
This matrix is composed as a one time task per each matrix before the arrival of

incoming data vectors.

In addition the (m+.)*n-dimensional column vector x* is defined by:

por oy

o ly
27 x

xH= 2% x

e

2™ 7y
~('2m, . 2-m2 -1) *3

Tt holds that:

Asx= 4%ex*

-46-
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[(i+) (+) =) 1(+)(2-) =1 2 (1+) "' (-1+) _-1 2 (1+) ' (-1 -J) 20 Hence
by multiplying all the above sums b |y 2 (1+)), act which is called phase
rotation here, we get coefficients from the set{l, -1, j, -j}: 2 (I+))'Yt = j'xt +
Ix2 + ((1)'x3+ (-1)'x4 +1 xs+ (-1) -X6 12 (1+4))'Y2=(-1)xr +jx2 + | x3 +

A ¥4 DB A X6 AR L ALY B S XL 4 () X2 i (). X3+ x4 + (1) |
ﬂ)(g% édj& Eégc%c%o%inxjt@%éfgrréé) e%r‘ﬁr o@ﬁnerg{nc%%@ ﬁﬁ%ﬁﬁ‘éﬁ%&%&n The

COSPPHERHRS QS THEE T By 501G W APRlecas eheo§ibal Simesiof ¢hiseiamplef the
inthe®@ain is marginal in this case compared to the conventional way, but it
is,sué%?%:antial in larger dimensions. When the dimensions are small, as in

Afnie e HiEe JHeReA oPeTiBRREntRo Aal rikBfEH e BORasHiputatien ey there is
vealiaibeapplige:after thephase retatiensRRFinaly ihe BsullohA8683C00 ove

um is multiplied by (I -J) to obtain the desired result. Note that
m%%b?i?a’ﬁ%ﬁeﬁ@o?g? Feprehirogigiaiizational” operations requiring modest
amount of time and energy. The second option of preferred embodiment
[ lled the complex- U method. It breaks the sum by opening the
L"fr;?ke%%?f’gé*gﬁ £e7fic€%?'ﬁ {ﬁeff(?ﬁg g éjé 2 g & (Spt Lhgpnumber of
adfitidhs nBmifed)te yarfortixdetadde Hdho X bdubied By - X1 + (X 1) + x2 +

T (X2) + x3 + //(Ix3) - x4 - (x4) - X5 - 11);_) + x6r-z( )2 Y3 =x1- (ixl) -
X2 - VX2) - X3 - (X35 kLTl xS +2(?x3) 258 %?fG)"F’he rest is done by

Aapphtipgshed epetind) Thisramdires ¥ meshaygabadadiionsi ed by the
abO\@etheI\bl??le of s(n,r), since s(12 , 3) = 12 + 3 = 15, where this is the

bRy OB I GBI BT, ArEroataherREaling ¥oklsdhabrinciples
by the above example it wiyld<nquxbe) -gppropFate to give detailed

wISE9RU9 o 05 generalease o despiibe fpe preferred. .

EXAMPLES OF INDUSTRIAL APPLICATIONS
Linear transformations are commonly used in every fields of technology and science.
Applications of the real matrix aspect of the invention in communication technology
include products of multi-user detector (MUD) matrix (such as decorrelators or
minimum mean ,square error (MMSE) ﬁlatrix), by a output vector of a despreader. It is

also applicable in the calculations of least squares. Finite Impulse Response . (FIR)

filters where Discrete” Fourier Transform (DFT) aré fully or partially computed.

Especially FIR filters of partial DFT and those.of small and medium size where FFT is

not efficient are instances where this feature of the invention is applicable. Discrete

cosine transform DCT is another type of linear transformation whose c@mpu‘cation may
be improved by the invention. This is so especially when it is only partially calculated
or when its size is not too large so that higher dimension fast algorithms are riot very
efficient.

In some digital signal processing applications, such as processing circuitry which
employs FIR's, correlation of two relatively long vectars is required. One of the
vectors may represent taps of a FIR filter which operates on a second vector,

representing an input that should be filtered. Filtering operation consisting of partial

47~
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embodiments of the invention with respect to complex matrix consider the
sets that will be used as coefficients: Ul={1, -1, |, -j} and U2={ 1+, 1 -},
-1+j -1 -j}. A Ul is vector or Ul-matrix have their entries in Ul. Likewise
U2-vector or U2-matrix have their entries in U2. Such matrix and vectors
are common in wireless applications. In what follows it should be taken

m@*ﬁﬂ&ﬁbﬂhih&bi@&@ﬂ&ﬂb‘ﬁw b auner iR Iﬁg{ﬂQng RYEWRE! This is done

addl ions while the groduct of a Ul number by a complex

|re

AU eﬁ in gglve%rgare%?%ﬂsgﬁfél? m%%“FS‘F‘BBmpIexny 20 The first

computatlonal problem to be W@ﬂ’ﬁ e BL . suppose that an rxn
& om :

ma I’IX églve and a ensiona plex-column input vector x

da TR Gesiii s ‘f’ﬁlé @df@??utﬁ@q% eRdRe sMmhich is
Lhdeed o siar ]brcﬁéiul‘txzs tincllded:s To ginapprobghes to this+) « x,

sompuiationuil be(prgseniod. (ash wouldbs) preferrad yhenssyitabler,
hesa &ocgsiq thi'“gf] odlf_gﬁ 1S, are pI| able Zjﬁ
dat g?:tor s tedlFirdt th p(?;sé rot f)clﬁs M pritefrdd /) * %
AP Y RlaMEnton-is-introduckd. et @apExTHmbensd z= 2 (I+])y
thien Briventioral PrimatrbapprdahBro bl xtqilie: @O et tadd B is CIMPIKeEen when

@wm&e 120 %Mn@m % ip6a0PWed, theQuiRUkector yd$1f9‘ﬁ1%>b>é complex

roduct J ain ov r conventional methods resul
%n?r? e}{seéjrzo)fa RS %m§ i %%&/l?‘n%c{]tf% oh-SyuqamBlvE l‘r\vﬁ%,ba’éﬁﬁequﬂes
é‘k’%t’é? Viitiomie case that r=1, that is, the case of scalar product,.
Fﬂwthemgmncrﬁﬁuﬂs fegnptbfereplieatipdiaidng GEEMhI heaasaid for dom this

h |
e e
ec’&%%’i’d’@rﬂﬂé Gt uses th%f?éf('-éfﬁé\ZX This equality

Qi@ th uﬁf; cary be -49 computed through the product of the rx2n
leatrlx A* _ [Al1, A2] with the 2n- complex-dimensional column vector:
XY‘- u@ ressjed in the following [X] jx j equality: Ax= A*x*. Now the

uId be computed by the U-method. There is another
a_]_t?lraestl ?_Wlthln this preferred embodiment of the invention, which is

1 , , .
0 (A e Cl-)) =+
Hence by multiplying all the above sums by —;—(1 +7), act which is called phase rotation

here, we get coefficients from the set
{1: "1: j: 'j}:

1 , ’ .

SWDYr = joa+lexe + @Doxs F(Dexe + lexs o+ (1) exg
1 . . : .

-2‘(1+J)‘y2 =(Dexs + jexz + jexs + (Gexe +()exs + 0 lexs

1 \ , , ,
5(1+J)'y3 = lex;+()ex2+ (Fexs + Jexe + (Dexs + - jexg

According to a preferred embodiment of the invention these sums are computed in by
the GEM. Due to the small sizes of this example the gain is marginal in this case
compared to the conventional way, but it is substantial in larger dimensions. When the
dimensions are small, as in this example, other more conventional methods of
computation may also be applied after the phase rotation step. Finally the result of
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5 reasonable when r is small: Let A **=r A' this is an 2ixn V -matrix, Then
apply the iAz 1 U-method to compute the product: A**x. This in_ fact
calculates both products y1 = Al x and J)2=A2-X. T_he process is
completed with the summation: y =yl . Y2 A variation on the above

ications that include toplitz matrix
e bIBRCET TR SREB e drPnS Setihgeeeriatsevgtication by
aldd {o! %ave SEsarERiRAA\eperetionsy Tdauiting 0 dbst hnjouf afdime and energy.
UZEfe seeqnd optite ¢f 1ireferAedtmvectiorar td' aa'DI@F'HPfe% gﬂ%‘ I eUEES ANt brealcs

U' lggy\@eb § \ heir entr An rxn
1116"lr#atrlx TA bbgl\%ﬂg;]%%g? é%kﬁ%dﬁé%éﬁ% ?é&l)er% lex- v‘ﬂﬂﬁﬁ?"\%éctor

he gda comﬁute é) prodiuct YEAx: 'P%e‘*‘ca(é’ei) rt, whichiisindeed . (jxs)
a ééé’fa:rx@réd(l&) i ideluded2istThe pHase rotatiogxnius GEM prggg;red,% ()

S oo Ohihe imyenipayl Eegni)j@ﬁgszse qcxmeSéxI‘f B_ri)du zslﬁxﬁ@: = (o)
Zzﬁﬁ@:?@sY ihapB | b%/ %{gﬁﬁ“%#g‘ gﬁ %r% o §3‘WH8F1 B8inah gash gdditions by

db
Iow b ?%"&ga?:%%@éﬁ(fbﬁaﬁ%%élﬁad@ ﬁid&ll;i' dricé3z islmmhites, firenumber of
o&?@P@%&dﬂW@ﬁound by the product: J-0 -J) z. According to another

t i fir sented as a. sum:
?rg%ffe%eﬁﬁgg%%?? tg?i B%ie %Hﬁeli)}%gi %{osé%beve‘l'o fitz? ?thn% Id now be
the ¢ B% #{/ { o fetal 3\‘5 St édedh t ﬁmﬁfﬁbeaéSmBGtélSﬂﬂbﬁéﬁ preferred
th 8 rgg %Wygﬁtmmmma eofaplexAhmatitix tnsider the sets that will
2m@umplas<amf&mmmaz[f@el{xmnlvgctoy}x ané X7k {asly.jthe lD(Ig UCHA’?} AU
WQB'J:?OP%P?W%”& t%?“;r%P iz 0%)%51?3 the more gen g%g;@mc@f thanatrix have

the' |nven ion. re

t
(%ﬁrt BRI g %lﬂbm@éﬁﬁtznﬁveemmommmmm applications. In
smm tfetlws=it AR hisds aceR 5xPo(Qck ol Vg ithe Hddep 8PN Gumber by a

(Qedndprasnarh BEREFMYENHOR-19 GAMAYEE MRy %[ro ol IP 5 IEII number by a
complex number involves a relatively small amount of complexity.
The first computational problem to be solved is the following: suppose that an rxn U,-
matrix 4 is given and an n-dimensional complex-column input vector x and it is desired
to compute the product y=d4ex. The case r=1, which is indeed a scalar product, is
included. Two main approaches to this computation will be presented. Each would be
preferred when suitable. The same processes, with slight modifications, are applicable
when the data vector is real
First the phase rotation plus GEM preferred embodiment of the invention is introduced.
Let

B=—;—(l+j)-A and z=—;— 1+

then B is an rxn U;-matrix and z=Bex. Next, the product z=Bex is computed of by the
GEM. Once z is computed, the output vector y is found by the product: y=(1-f) ez. The
gain over conventional methods resulting from the initial phase rotation step is the
saving of 2re(n-1) additions. This gain exists even in the case that r=1, that is, the case
of scalar product,. Further gain results from the application of the GEM.

The second preferred embodiment of the invention is called the U-complex-method.
The first thing is to represent 4 as a sum: 4 = 4 1 +JAy where A; and 4, are U-matrix.

Then consider the equality: Aex = 4 1°x + jAyex . This equality implies that 4ex can be
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-50 fact calculates the products y = Alx and Y2 = A2x. Finally, the process
is completed with the sum: y =yl + j'y2. The complex chapter would now
be concluded with a method for computing the product of a general
complex rxn matrix A=Cx" by a real or complex n-dimensional s vector X.

AQ%?“’E[;Q{t e preferred embgPi ent of the invention, first represent A
as a sum: A%:S%gg PSS 2 néf‘]ﬂé te Fgﬁ?ﬂgfriﬁlﬁe&t[kﬂﬂzthézi with the 2n-

eg%-%&é&ﬁn:éké %ﬁ it follows that Axrcan pe.computed through the ’
produ&%t of the r2n Erde-aktl% matrlx.v%C Al ZhWith ﬁ??ﬁ-&%‘ﬁf@ﬁ%‘fén@l the following

c ayvector: x%=l X 1,,since Ax= A*(r)x:. LixJ Fipally the product A *-x*
wg%%% égo?np}éteé bylfﬁgv fg‘aﬁ %%C}?fﬁ(tr‘ﬁefﬁ%g@iﬁy STy e8 Bndiémethod.

(OB AT s atcaral g ifAErR ShiharpivardiombodimerDef Ih hisdatan, which is
2%51 Iea fnatgx. Then apply the real mdfrjx method to compute the

proolg etk ,&*g;(.a‘aﬁiéscsﬂc%ﬁaﬁégttﬁje pradyc sts-i9 an,2sre Yematrig-x Then apply the
Finally, the process is completed wit th sum:y =yl +jy2, Finally a

oHGRAPER 4G GORP WA TR U93- i s by fecioonbmis:dorbetbyprducts y, -
afiplicalidh drtielmsplitd Fsarnrase iatsoven] B3 WELES DRSS TRHAL + 5,
ARRGATIN SO TRPLLES: 11- . 1-MATRIX AND | . ,
COMP) LrEX-MA%th’IiE(ngE% b%?é%sf%g Qéég?g#égr:a?ﬁlécf’é-‘é‘? é%f\/}%‘flude toplitz
system aET'Por\?vSse%tanlt?r% &r 0 FRBRAPER R COMdndirthisFREing dbe rapisi may also
SRS Sipistardssesiingks dt sHhelSegméntiof- 2p appCttEnf 6o j, 1 -5, -1+
trangmifting t | el . r.in which the, data fror

djia ere n{Easgﬁégﬁggggeg§%§§§ |}s;58§ %gﬁ%%s Ehiéq%%ec@%ﬁ%%cmr or
i B davethaR entHRs iRikEY dhia e dChibatiubissgivenad diffextintensional
ptrasplet iR spgtiescer Thellasked hasearshar MRGIBAIENJBIE The case

mabilgregeivendsde ddenibyia,diffaranipilot signals transmitted by the
S rougdin anses 3,}3 aligning with'their PN_25 phase. It is also applied to
differ nﬁ%ﬁg RURR S ST mrifTRsd P aRpimanh oh thagrueniten yakkardjscussed

it teeame base. A similar process is applied in the initial
synchronization procedure. 1
y P B=(l4y4 and z=—;~(1+j)y

then B is an rxn U'}-matrix and z=Bex. Next the product z=Bsx is computed by
application of the GEM, or perhaps, when the dimension is low, by more conventional
methods. Finally, once z is computed, the output vector y is found by the product:
y=(1+) °z.

According to another preferred embodiment of the invention, 4 is first represented as a
sum: 4 =4 + jA; where A; and 4 are (0,1,-1)-matrix, possibly Toplitz. Then by the
equality: dex = Ajox + jdyox , the product 4*x may be computed through the product
of the rx2n (0,1,-1)-matrix A* = [4;, A,] with the 2n-complex-dimensional column

x
vector: x*= l:jx:]' Lastly, the product 4*ex* would be computed by the Toplitz or by

the more general (0,1-1) aspect of the invention.
Another (optional) preferred embodiment of the invention, reflecting its non-toplitz

4,

counterpart, is efficient when r is small; Let 4 **=[ J this is an 2rxn (0,1,-1)-matrix.

2 .
Then apply the (0,1-1)-aspect of the invention to compute the product: 4**ex. This in
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A searcher is required to test a number of hypotheses, by partial

correlation of the received signal, for each hypothesis, with a locally

generated PN sequence. The 30 sequence is then shifted for each

hypothesis and the correlation is performed for a fix number of signal

e%gc cu(IChI Nor ‘hty the searcher is required to search all the
hypothesedin a gl\Perr? Wit/ wheérs %t e tisve Thd 2squéiieall, dhistadocess is

bsompletsdavithehasaymbeyimplemented in a DS-CDMA system by

CURStEHPE:Q éﬂﬁffﬂé’r%oé@ WhRsed %ﬁéfﬁﬁe%? %ﬁsed ofihe ﬁfb or co\%]ﬁutmg the

[ﬁ?ﬁé@&e% ghlgeerzﬁl\clzc?rlr{b Ceq}ux%nc égﬁ resu S are e menslonal
e vector y= ?3’?1?‘(9‘6% ﬁ’ﬁgatﬁ@llﬁéﬁﬁmféeé’ighél

SKFRiet afCending éﬁ@ﬂﬁéﬁé@gre/imb@mglwtaqﬁrtéﬁemedltmnbﬁfhmem@ént 4 as

thewvedtion the/doovkemehtionkd iavertilentgoritvas tor wificiRati: 4o =

f
lingan HEnsbaonatians Ak I PEAIRH S, Qll?é?ﬂ)gﬁgt % YN Wat matrix

reduced consumption of resources. Numerous appli

ations
inVeRrtign Imayalﬁmbm@%tutm&msnwwhﬁﬁot%ﬁ%g%@} IRRAAAS g wayr
of the wide band CDMA. MULTI-PRODUCT 10 Another priferred

PO mrﬁr@aﬁbemvﬁﬂ%mtﬂb%t@&i@@eﬁtﬁfﬂ%r@é@%wm%é&ms of

the U-matrix by vector product are desired. This may occur in CDMA

chrenTditigatiencthpticatitmel) hetesedesalbooides with HifRrRALGNGE: 4+~ { = }

(spreading factors) are tested simultaneously. Studying this embodiment | 4,

iThiote gt fosl raasirs Whe AgyR alieady ﬁﬁﬁ@ﬂ}ﬁ&&ﬂﬁdcéu i3he product:
cormanchafdiedEeons RsREAS Jp-Okthe inygnton. |

by the followjng example which gives first idea ofthis rt er |nvo ve %He process is
At thtes W nY ah¥e of Yetails. However no example of

rEamdiyablesidect et desorilitz atithix asfpc & afdbif denbodimeniedbe is done by
regslalamayaiae Ifgfﬁ({@{éé eswg%ery of the invention, item 6.

TR S SHELGHION b doithniaeis, o

MATRIX AND COMPLEX-MATRIX TECHNIQUES
1S-95 Searcher The IS-95 CDMA system allows a number of different base

stations in a small geographic location to simultaneously use the same segment of
spectrum for transmitting data to mobile receivers. The manner in which the data
from different bases can be differentiated is by way of the PN sequence which is used
to spread the transmitted data. Each base transmits at a different phase of the PN
sequence. The task of the searcher mechanism in the mobile receiver is to identify the
different pilot signals transmitted by the surrounding bases by aligning with their PN
phase. It is also applied to differentiate between several multipath signals (meaning
echoes) armriving from the same base. A similar process is applied in the initial
synchronization procedure.

A searcher is required to test a number of hypotheses, by partial correlation of
the received signal, for each hypothesis, with a locally generated PN sequence. The
sequence is then shifted for each hypothesis, and the correlation is performed for a fix
number of signal elements (chips). Normally the searcher is required to search all the
hypotheses in a given window Whére at each time the sequence is shifted by 1. A

searcher may be implemented in a DS-CDMA system by constructing a matrix 4,
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and an 8-dimensional input vector: X1 x2 x3 x4 x5 x6 x7 x$ 52
Suppose that it is said that (within the multi-product terminology) the
spreading factor of lines 1 and 2 is 2 and the spreading factor of lines 3
and 4 is 4 and the spreading factor of line 5 is S. This means that in the
first two lines every two successive elements are summed, in the third

amiotiver forth dimesoavesyetb ot ShiC BB enelRIBRBES shidke N NBLARLILs. The
t's“é*arfé%hré@ tentire ine is summed. The conventiogn would be that the

spreading gscﬁ)rre iS oI dseradiR g HHIS the SHeisding fadePbresesenting the
Ibﬁé@rmnm;?qugbﬁz%mm‘}%l@itm sprfiaagil?gcf%pthp@idbs? pé%\d@éﬁgim; +J mf] preferred
term oA e recjsely defined..It is implied.by the above that
the following sums s omﬁ]‘go B?gi%:eo%éﬁ‘d?e%@ﬂ?% A+’5§%' oy %{ﬁkﬁ%% fow sficient
Jineas sransBoroations a6, ixibis@extbd, 62 ax3to #btaixStha6/dok K&ithlrgduced
Rl 3es8fitdd NindbiCuboatidds JBuk X6.X7 < X8 Firstthere

is a spIiPto four 4x2 U-matrix Wheégatﬂgﬁ%%tﬁ%%f)altgﬁrllré‘r’}%l}gﬂnrg}@'c? 3 e%e useful
|Bwae sspiduaingthecisesTyieh Maadacdn ofhibe widpbied GDMA extremely

basic level, to demonstrate how additions are saved by this new aspect.

Thus, applying the elimination of equivalent lines, only two additions are
required to compute the all firstMUNITPPEEOBITET20 X1 + X2 '

Another preferred embodiment of the invention relates to a situation where partial
sums of the U-matrix by vector product are desired. This may occur in CDMA
communication applications when several codes with different rates (spreading
factors) are tested simultaneously. Studying this embodiment is more fruitful for
readers who have already accomplished substantial command of the previous aspects
of the invention. It will be introduced by the following example which gives first
idea of this rather involved method without the abundance of details. However no
example of reasonable size can describe all the aspects of this embodiment. The

reader may also referred to the summery of the invention, item 6.
Example: Consider the following 5x8 U-matrix:

1 1 -1 1 1 -1 =1 -1 ]

and an 8-dimensional input vector:

—xlj
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X1 +xy X1-x2 X1+ x2 -XIx2 25 Similarly only two additions are
required for the second sum of each line: -x3 + x4 -x3 - x4 x3 + x4 x3 +
x4 30 x3 + x4 -53 and so on. Hence, the total of 8 additions is required for
this part. Four additional additions are necessary to complete the required
sums of lines 3 & 4 and another four additional additions are required to-

co ﬁ&ﬂ@ﬂf@% dirES et Orithinsheeniié-porsliet tesrautlitinsiveenercading factor
re(.]iﬂ[ﬁﬂ:@}' ﬁﬂcﬁﬂ@y@agﬂﬂl ﬂlfa%ﬂ}é%tﬁf{g]%mpé}ﬁﬁ%@@%"i&@%?s"&"&?é‘%{‘e spreading
Prigr art, conventional brute-force methods would. have required

ad A fol e & taSkisTREA8H\hahiR ke ofiet rfsin iaprevemtieo successive

invelstieatingudamabimatks thatmighibe ehlargs ABENRIAPSWBSIS At elements

each liné sub=sums qf e Idg;ervals are required as in. the above
exah S%I.llf’ﬁg ﬁﬁ’ﬁ@{\%& i PREdHp i trHaGhatfiResap satienould be that

divittedrhyalings facsaveraloubesedsioyhisein eashek iBORMBEESED lines is
by the .method I?IS in the aboye example separately .and independently.
I R B ey

It O S R S TB A8 T 28 G RREAE n b garunology Wil later

subdipisisein definedf saving additions and hence reducing complexity.

The.tool far if | diti [ t dond [
e SR L IR R TR 5 et of e

-programming, analyze

tabte, bound, antkrégressive formgila okthexgomplexity, s(n r), of the U-
method. Very precise formulation is required for the development of this

enfbodinfént. S&teral few definitiéns Wit Be*Seeded as preliminary
m@}erial. .et v;u()élgvz,.x o ’v,)gpe_ 3 g/eqt%a_rgggp a positive.integer that

divides n (in short'p f n). Define v[pj to. be the vector of vectors that is
fornet by subdiyidingyv, to segtienssoftxs - xg
Xy - Xy + x3 t x4 -Xs + Xg  Xy-Xg
First there is a split to four 4x2 U-matrix where the horizontal dimension reflects the
lowest spreading factor. Then the U-method is applied, on an extremely basic level,
to demonstrate how additions are saved by this new aspect. Thus, applying the
elimination of equivalent lines, only two additions are required to compute the all
first sums of each line:
Xy + xp
Xy Xz
X; - X
x; + x
Xy - X2
Similarly only two additions are required for the second sum of each line:
X3 + Xy
x3 -X4
X3 + x4
x3 + Xy

X3 t Xy
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o lengthp. Thus: v[p]= ((v1>v2,....... v~, (Vp+i,vp+2,....... V2,) v
....... (vn-p +l'vn-p 2,....... vn)). Denote the sections by: v[p,k]= (v(k-1)p+
M2 oo vkp) for | <k < n/p, !s The integer p in the context is called

atidesspsaadinen ok Qbsaive Watinudti-v S dArSrHa Rk R ditional

ycture of a matrix. The next item, multi-scalar-product of “multi-vectors,
R BT AR RO TR B LT SGHIMP BT it Yokemgte: foue
afddtivesisikiat yectoessaivdiM. compﬂt):aﬁ@féqtﬁﬁé!cv\é%m of Mhd, 4Nenetli® total of

scalar roduct.of v.and w is defined 30 v-w[p]=(v[P,IJ- [P 1.7
T R e e e Ao SFAp Hmast of the

ippreniticts: v[p,1]w[p Rﬂtm[pl;ﬂbufwélittonal bruﬁ&’diﬁﬂ&hé@@&i woatiliBtse required
2%' ac?d gt thte e}sult of thrskproduct is a nlp-dimensional vector. Let A be an

XA MAtAX With TiRes AL ......Arand p=(p1,p2........ pr) a positive integer
Thectovitonoend bécsmdntﬂ”@ppcdmﬂ’és mm?éntxewmylﬂx@&a rn'r/'dlmdﬁs tha¥hifpht be

t k .
o e I B R B et 0
tbh@h@‘&o@tﬂmglﬂorgm Xjpat ﬂéﬁﬁ@r[l’iﬂl&w&:{%mplex Thérxia:ﬂhi’ heay be sub-
e %a'neoetggégtreﬁr%v%m%dr g oye.hecom ut%t'ettgf S by fhe

pro n a setup that wi escribe nceatcorth 1 multi-pr

'mﬂsﬁénuﬁ@ﬂntﬂn @mmst@mmim strorerly-sysdennderembitily. tha{nto this

SR T A Sl

adgitigms 1and dame wedisdng FoRPIeKity. p'ﬂ?a«récz,eérﬁ@a itis epredeiifip prsiesssor or
aﬁf’é e RYSiesy: Jﬂ?ﬁ AR MPRRYS %\%g B WHES I8 MG visions by
OWII’] Way

)To these parameters attach now an rxn
the Jgaw ﬂiaﬁ%ivéﬁa oanﬁaaéré%awaw&mﬂﬁ of the complexity, s(7), of the U-

method. Very prectsc formulation is required for the development of this

—m

embodiment. Several new definitions will be needed as preliminary material.
Letv=(v;,vj,......,v,) beavector and p a positive integer that divides n (in short: p}n).

‘Define v/p] to. be the vector of vectors that is formed by ‘s'ubdividing v to sections of
length p. Thus:

V[D]= (V1 V2o Vp) (Vpt s Vpadseess: ,vzé), ..................... n o p 41Vn - p
Dpevenees Vbl
Denote the sections by:

v[p k= (v(k_;,)‘p_!~ L ,vkp) for I <k<np.

The integer p in the context is called the spreading factor. Observe that multirvectcr is
a structure akin to the structure of a matrix. The next item, multi-scalar-product of
multi-vectors, is a cross between matrix product and the usual scalar product. Take two
n-dimensional vectors v=(v;Vy.....,¥,) and w=(w;wy....., w,), then the p-multi-

scalar-product of v and w is defined by:
yew/p ]—-=( vip, 1] w(p, 1], v[D,2]*W[D, 2], verenee vipn/p]ow/p, n/p])
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The goal is to efficiently compute the product 4-x[p]. The entire
MP-system will be 20 written in the following way: S= (r,n,p,A,x) When all
the integers PJP2 ........ Pr ,n are also powers of 2 then the system is
called binary multi-product system, or in short, BMP-system. The
M-1-method This feature of the invention is a straight-forward adaptation

OWWCZ@QJjﬁét‘_hé]c_i médnqmpwémm_i’i regrezenterpy. the abawe usual scalar
crasmale Il el e aaen o subsyciems.of an

MP-system after the near-optim vision that wiil It b G&8eribed.
SEEREARA paalystarithdines 47, A, X} Fheambthodisghase g dositive integer

hotizgptalydivision of rix 1o sub-matrix with respect to the smallest
sprga?g]ingl?a%}%?%f%é%ﬁ ?&%}-Pmé%ﬁx % 8f1£v%fheﬁ?fylt gééﬁ{s By HsidputingThis is

thesi thel firs I f the.vector x with the U-coefficients
of the ?naz?t%x ;IITF%ES) IS %r%%gh?%?fﬂgbug%ﬁ a %’#%%V%‘@%?Mr?d define

niiedhehutihepsaeesto H}exﬂﬁ&&éd%“éﬂ%ﬁ%%é@ﬁ%% r §{‘ 9ce to?ft'szlt

continues in this fashion until all the n'v es are exhausted. Nex

goes to each of the lines whgpe pi¥Rl-a )ml@ﬁ?_;hgﬁgm '
6% the U-metho ’ r%%?matrix

process in a trivial way. The first step o d on eac
ity scameotitdinbedhatriref tisaightenitonr aiflegagyeveomy AfRtbatNNGES of such

?Q&&ctgoﬁ%%%%?g% vl?,liln‘-‘g t e%gn%teegal}?esﬁ'g St‘\"’ﬁ’) dditions are needed at

ach section, ssofr. In"gen than 21'1-1 lines are
considered by the U-binary method in every section. Moreover one

apRlicAHas-BHa RIS Ry,thi is when A is Hadamard. In this case there
are no m%%e thensp%l non-%ggéélgﬁétxﬁﬁ%ss}fﬁt%%c OSBLHER YU AIGIA & 2 setting
dbatcansindesrted tparametansaitisthintegersd o handmanyswitiveqditedent vector

F&%hx‘%”%ég gﬁgh sub-matrix. It will be contained in a function
enote e

by Z"(&tored as a table) which is a consequence of the type of

the matrix at hand. Its rﬁ;ame ers arerjPl andranditi WI’ittGé‘l by z(P1,r).
For example whenA I§FEdamMaErd the pz‘(ZI;B)‘fZl;"zf&sz%, vifien Rriida
ganerakibinatpx shen 2, 4Q)=8 ik AlwRys T INEEL
r)and 20in tt%%é;e?se tffgaﬁ A is Hadamard: g%g%glattﬁ%ém@ 1?’?).@6 ystem.  The
parameters of the MP-system will be written in the following way:

P= (rn.p)

To these parameters attach now an rxn U-matrix 4 and an #-dimensional real vector, x.
The goal is to efficiently compute the product A=x/p]. The entire MP-system will be
written in the following way:

S= ( ne.p ,A,x)
When all the integers pj,py,......p, ,n are also powers of 2 then the system is called
binary multi-product system, or in short, BMP-system.
The M-1-method This feature of the invention is a straight-forward adaptation of thé
U-method to an MP-system. It is represented by the above éxample. In reality it will

usually be applied to subsYstems of an MP-system after the near-optimal subdivision
that will later be described.
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The computation of the complexity of the M-1-method will be based on the
table and the regression formula of s(r) that appear at the description of
the U-binary method above. For every positive integer y put s'(y)=s(y)+y.
Recall also that: s'(y) < 2y-1 2Y'2 + 1 and this inequality is rather tight.
This gives an intuitive view to the 25 magnitude of the complexity in the

.- h 1. h is th
et iarmulap Jé??té?ﬂ rabey ’foﬁ%g%lhof% i@ﬂf (?%5}%&% f\_sf léﬂar;(g[wgg hgntzg]ftal division

bounded by the following ter

(kRRifa (RadBleo Ihis- kMRS RMPrashber to- the smallsst soreadin, QIPATIPI
D860+ (SEELY ) TR (ips' fpaLpet soreading, fagigr pl, cach sub-
1HHSIS Of i PIL(1 b begips iy somputing the supy))Nstelisarpe tealiabimbers of
bifenibasignifigankins! . i$ formula. The first is when the matrix
has one line, tr@?ls, Qﬁ%&?ﬁfﬁ@éﬁ?ﬂ? {é)ecf{lr?!trrlﬁ()fg IIL-LH/;BT %@egé@gﬁaqgously in all
tHEeasy Srukibinispresiing fdttbertimeistalthn RéxPAF columus Ming the same

t : l, = na=l +s(z(P1,r)/pl) Qbviously, the M-1-method is by no
R e AmAC 5 i, oS T e ey wrerogpmeee Next
sange foeackmbitherimeshuiewilp be denvélapepl crdthioundations proBiSs in a trivial

s%gnger method works by horizontally subdividing the matrix and applying
th& M-1-method to each sub-matrix separately. To find with fewer

caleufitiostspoStidiVisiethsirusterchheBrngt S HAYRE AR HMBLBLP re & straight
agrdgionsgiyfvill be us ulltlo rfave tI}%following shorter version of the

above Tormuta Sy dehife 5 8%, 9% 108 @mplenil sy Saothensisnmest two
muylti-systems and the generalized notion of multi-vector. Next, a )

s él%ls AsThade 8 eaﬁ?frfgﬁﬂoﬁfa’ieg RIRIEE & ntarasasieh8a ara than 271

formulation’is'made to co

lihess Tinés coonideeatt] Wil tie réphesantaddiyod SHbAVIEINGA@RIRT I NiBfover one
r f\%ﬂ) ki .the original problem to a few sub-problems of

G R s 2 i peersare no more
shiulivisionnatiuitelepe httecieddchasedtioentivEhalg efidiert@ource is inserted that
contains the bound on how many non-equivalent lines mi ght appear in eaéh sub-matrix.
It will be contained in a function denoted by z (stored as a table) which is a

consequence of the type of the matrix at hand. Its parameters are p; and r and it is
written by z(p;,r). For example when 4 is Hadamard then z(4,6)=4, z(8,5)=5, when 4
is a general U-matrix then z(4, 40)=8. It always holds that 2(pp,7) < minf2P11 r} and
in the case that 4 is Hadamard: z(p;,7) = min{ p;, r}.

The computation of the complexity of the M-1-method will be based on the table and
the regression formula of s(r) that appear at the description of the U-binary method
above. For every positive integer y put s'(y)=s(y)+y. Recall also that: s(y) < 2v-1

+ 2Y2 *1 and this inequality is rather tight. This gives an intuitive view to the
magnitude of the complexity in the next formula. The number of additions done by
the M-1-method is thus bounded by the following term:

Clnrpz) = (Wp)lp; + sE@r) + (Wpdsp; - 1) +  (Wpdyp; - 1

............................

............ + (p,) (/g -1)
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maximize efficiency. Take an r-dimensional integer vector, p=(p1,p2,.......
pr), of spreading factors, and an rxn U-matrix: an al2 ... .. al" a2l a22
a2l, a,, am and take integers k, m where | <k <m <. Define first a

section of the vector p: 25 P(k m)=(Pb...... ,P,,d. -57 It is simply taking the
components with indexes k to in. Define a section of the matrix A: akl

ak2 aloe ak,1L a,lﬁ(iizla}g@ km),a.3,an.n |ikewise, it means taki _
the lines with indexes k to in&é%ext,’cor@ljc}er(yﬁ ﬁwt-ggleéir)%fécm‘rf """ * ?/%f))
r=(r(1)...oovee. I_(H:ﬁlé) satisfying: k = r(1)<r(2)<.......... <r(t)<r(t+1) = m+l,

which is an instrdfrieht td éngﬁtfireps/é?éﬁ @ Fifst/R1s 5 4601 to create 4 1/2,))
S| vector. of.vectors p[r], in the follpwing manner: 10

?,{fr%% \]é_b?géz?g(’ﬁi tglgr?g)_lhs’l%ﬁ, 5'111? m%l%é')%_sl this form T(tjlj bzﬁrst is when the
PRecHx- b3y anisdisebthetom et rdenthen: by, P[r,1J =(Pro) ....... ...... Pr(2)-1)

P[r, 2J=(Pr(2) .............. Pr(3)qlgln ! Pirhtq:}g/Pr(t) .............. Pr(t+)-1) The

rows of the matrix A are similarly s)ubdlvideé)’(/vith accordance to the

stdideting ivaaocide sreaufplomngarpne e fonall inggars b<g<t’
Alr,qJ=(al: r(g) <t<r(g+l), 1 <j<n, The M-method for a giv A ‘82 Pr
db#Rivision. This section is the main step in the formation of a mechanism

that finds a low complexity sub-division, mechanism that is central for
‘ Clnrpz) = ne( 1 +s@@yr) /p;

Obviously, the M-1-method is by no mean efficient when » is large relative to p;. Itis

largely a stepping stone for a smarter method will be developed on its foundations.
This stronger method works by horizontally subdividing the matrix and applying the
M-l—method to each sub-matrix separately.  To find with fewer calculations a
subdivision structure bearing a smaller total number of additions it will be useful to
have the following shorter version of the above formula. So define:
C¥mrpz) = 1 +5'(z(p 1) /p;

Subdivision of multi-systems and the gemeralized notion of multi-vector. Next, a
formulation is made to command that subdivides a matrix on horizontal lines. This
command will bé represented by a subdividing vector 7. The result will be breaking of
the original problem to a few sub-problems of the same width - », each is solved by the
above M-1-method. The subdivision will later be attached to an inventive algorithm to
maximize efficiency.  Take an r-dimensional integer vector, p=(p P2y ), OF

spreading factors, and an rxn U-matrix:

r .
an 4dp a,
aZl a22 a2n

A =

___arl arn _J

and take integers k, m where ] <k <m <r. Define first a section of the vector p:

P(m)=[Dppe......Dy).
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sub-term: 11pkK +.......5.0 I/n

this embodiment. Suppose we are given a line-subdivision of the matrix
and perform 25 the M-I-method on each sub-matrix separately. The goal
would be to estimate the total number of additions so that a subdivision of
fewer additions will be found in the next -58 stage, Fix an MP-system S=(,
n,p=(P1,P2....... A-), A,x,z) and a subdivision vector r=(r(l).............
r(hwBR®<MiGHY) KRSz m . 1<r+1 <qg <.t the .
NIP-suBbf%ystem IS g{i(/?ﬁiﬁgméeél ]%q%%{%%%}r&%} ,E-%?ri?'z)d;e 8 %&gfﬁtﬁ%‘ﬁeﬁ (H)? matrix
aaditions of all sub-systems is: C(n, r,r,p,z)=11<q<tC(n, r(g+l) -
r(~g), p[rq] z) _ n(Z I <g<r s'(z{Pr(&J (r£(q+l) -)_(&)) Ipr(O - (Ilpk+........... +
+ io t) The next goal will be. tg débelop’dn efficient méthod tHat finds the
subdivision which minimizes tHfsternf«t.will-be-more efficiefitda ¢o the
calculations without co l% ing at each stage the repetitive additive
' and the n-factor. Thus we define; is
C*(n,r,r,p,z) <g<r s (z(Pr(q} (r(g+!) - r(q)))/Pr(~ + t A near optimal
subdivision. At this stage we should study the properties of the
subdivision that minimizes thetafmount of additions given by th,e,té' m
j I bstract formula to the number of

%{(}%\gﬁgg @hﬁ%éﬁgﬁgé\%%ﬁs F?gggr%ﬁg%% %vtc())rgf case bound on a given
SUBKitERRsi e BiRgPRY PR ohidh.. Considét fhesetsiesystem S=(r,
n,p=(P1,P2........ Pr)' A,x,z) ang_i m wh k<m<
Define: ,km) = min{C(n, m - krplqﬁﬁg%?r%i)forgﬁl%ﬁ“ —r-(t@d])]’h(

Re-pan dpptryenent torpplit(io-feriens 25 instkrniy 2mol @ (meate kstbdivision of p

gfcggﬂf)aé’aofxoéﬁ(égr)ors pfr],EEH M‘i@%'ﬁ{@aﬁé{r?) Serees <r(t) <r(t+7) =m-+|

=

pirI=(i @1y eeeessPr(2)-1s Op(2)-r e Dp(3)-Bs)eeesreionns Dy 2r-eome- :Pr(t+1)-]))
The sub-vectors are denoted by,
PITL] =@p(1)perrsensDr)-1)
PIB2]=@p(z)en e Pr(3)-1)

p[r, U=Cpr(t)» ............ rpr(t+l)-])
The rows of the matrix 4 are similarly subdivided with accordance to the subdividing

vector r in the following manner:

for all mtegers I<g<t Alrq]= (a,-j rg) <i<r@g+l), 1 _<_j__<_l1)

The M-method for a given subdivision. This section is the main step in the formation
of a mechanism that finds a low complexity sub-division, mechanism that is central for
this embodiment. Suppose we are given a line-subdivision of the matrix ‘and perform
the M-1-method on each sub-matrix separately. The goal would be to estimate the total

number of additions so that a subdivision of fewer additions will be found in the next

=58«
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It holds that: h(k,m) = n(h*(k,m) + (1/pk+............ + 1/P d) The following

recursive formulas holds: h(k,m) = min{C(n, m-k+1, p(kin), z) , min{h(kg-1)

+ h(g,ns): for all k < g < 5 m}} where min(empty set)=infinity. h*(km) =

min{C*(n, m-k+1, p(km),z) min{h*(kg-1) + h*(g,nn):for allk < q :S m}}
siheresinienpiy sablzinfinty. 1o ;\L;@?/ ese expressions are used.by the

following dynamié§code wﬁgre the stb; ﬁbctd%éz Jgs’rjé%:gﬂlrc\{télregﬁs%%mn vector

rbgiagen. k anginwheaseddoehegamplexity of this epde " will replace h
on th$ route to d‘:IH ggﬁghe est substructure. This has no effect on the

iscqv
Fohal fesbicTo fift e firsPLEpSiREnS BiMaY subdivision we will

compute the g that mipmi ;ttize expressi %f'(k -1)+h(q,k) for every k
and m where | <k g;ran@%%?v& %h”.sp[?{eqzoa & Hth&t minimizes the
expression h*(kg-1)+h*(qg,k). Thus define: gq(km) = k when h*(km)=
C*(n,r,p(km),z) and otherwise: q(km) = smallest g, where k < q < m and
TH*(‘@W?{) B 98 ad@itipnR)ofa NS -gvstemaisal subdivision code can be
formed. A dynamic programming inventive code that finds the optimal
subdivision. The following codes receives as data the parameters of an

P-system P= (L1Gprz)re9d) prodlyces @%@WW@PHP@!%JJ%Q =
e

which the M-method performs optimally-"In addition it also returns

Compute s S EAbleI R & it 5T LY hs o by st o

hat calculates this table using the regression formula: s'(r) = 21-1 +
2 '(r(1)) + s'(r(2)) Optimal Subdivision Tables (n,r,p,z) _60_ for b going

1 ‘tgoogfllwglﬁ fl?er ‘%oggé%gﬁ re];'nls 1c>rfgnfj z%e%é):c{(?-h%t finds the subdivision which
minirnizes this term. It will be more efficient to do the calculations without computing

at each stage the repetitive additive sub-term: I/p; +........... + I/p,, and the n-factor.

Thus we define:

Cnrrpd) = I 1 <g<i S(elrg (@) -r@))ory + 1
A near optimal subdivision. At this stage we should study the properties of the
subdivision that minimizes the amount of additions given by the term C(nrrp,z)
above. First we give an abstract formula to the number of additions where the
subdivision has minimal worst case bound on a given subinterval of the original

problem.
Consider then an MP-system S=(1", n ,pi@ 1D 2eenees D), A,x,z) and integers &k, m
where I < k <m < n. Define:
h(lom) = mt‘n{C‘(n; m-k+1,r, plkm)z) : for r=(r(l),....... Jr(t+1))
where k=r(1)<r(2)< ... <rO)<r(t+1)=m+] }
h*(km) = min{C*(n ,m-k+1r, plm)z): for r=(r(L),......,r(t+1))

where k=r(1)<r(2)<....<r()<r(t+])=m+1}
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h*oc,m) <----- C*(n, m-k+1 , p(lc,m),z) 5 q(km) <------ k for q going from
k+l to m do d =---- h*(k,g-1) + h*(q,m) if d < h*(k,m) then h*(k,m) <----- d
and io g(k,m) <----- g return the tables h* and q. What is left now is to
obtain from the table q(k, m) constructed by this procedure the optimal
subdividing vector. This is done by the following code that create the set R
Wb @ofains the components of the optimal vector r. is Optimal
Subdivision Vector (n,r,p) Set: R:=empty set and k:=1 m:=r Find Vector

(km): if a(k,m) 2k #pen ek eremfin 2Q add 9.tothgsseR Find Vector
(g,m) Find Vector (k,g-I) Return the set R. Now that the optimal
stbgifaionings foursivnt vhubethobiiwill run on this subdivision.
iweeeeessv eveaeegaaeeese eveeveseeeeeveeeyv 0a eeeevevve sesame
see el 5% -61’%&@MET@TAV{@N® Fhe TolidRiag-pietel@dn): for all k < g <
emhodiments of the invention provide inventive algorithms which are

iled implementations of the above methods. They enable additional
reduction in memory and energy resources required to perform the above
VSRS IELE erply Belvelmimiyal goal of enhancing the above methods and

of providing the instructions required to build the apparatus. One
undériffsg assﬂﬁ’fﬁgér%/ é@éﬂ’ﬂ‘f?{gp(]"’m) 2) min{h*(kg-1) + h*(qm): for all k< g <

m}}

where min(empty set)=infinity.
Now these expressions are used by the following dynamic code where the substructures
are the intervals between k and m. To reduce the complexity of this code 2* will
replace 7 on the route to discover the best substructure. This has no effect on the final
result. To find the first step in the optimal subdivision we will compute the g that
minimizes the expression A(kg-1)+h(q,k) for every k£ and m where ] < k < m <n,
which is the same q that minimizes the expression h*(kg-1)+h*(g,k). Thus define:
qlbm) =k when h*(k,m)= C*(n,r,p(km),z)  and otherwise:
g(km) = smallest g, where k<qg<m and h*km) = h*Fkq-1) + h*(qk)

Now the optimal subdivision code can be formed.

A dynamic programming inventive code that finds the optimal subdivision. The
following codes receives as data the parameters of an MP-system P= (rn ,p,z) and

produces as output the subdivision » on which the M-method performs optimally. In
addition it also returns the complexity of the optimal M-method.
To run it efficiently we need to compute and store beforehand a table of s'(r). This is

done by a fast code that calculates this table using the regression formula:

s'(r) = 2r-1 + $'(r(l)) + s'(r(2)

Optimal Subdivision Tables (1,r,p,7)

-60=
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these implementations is that the transformation matrix is generic and
may be considered as arbitrarily chosen from the set of matrix having a
given set of entries. Another is that the number of rows is small enough
when compared with the number 10 of columns such that the above
mentioned fundamental bound number ofrows<log(number of columns) is
safidiie gomedeensrierof dee steps that are suitable in other
CIrcCUMSBRReS, SnGheckdqf,equivalent lines are redundant here. The
mappings described in the text that follows channelize the flow of data
from onB*7&X[JRation to the next. Each location is assigned with a binary
addresshegerespanding 4o, grﬁqmpﬂ}g ’matrix at a given iteration. In
the case of U-matrix a (-1)-component of the column, corresponds to | in
the addf’é%é?%mﬁ“ﬁﬁéw&e a 1-component of the column, corresponds to 0
in the addressfof §igdiacesresRandends is defined for U- matrix. 20 The
implementations<that V\(kogld e de*scribed include a first step where the
incoming xj-s%né[l's’hl?e( dd *fc?p(ﬂaggt destinations determined by their
corresponding columifs] whefleaaetext may be multiplied by a sign and/or
power of 2. In the pr qga%ding iterations, whenever a column is split with
accordance to the in rq oW, The as i&ﬂ%d address of each of the two
splits is lesser or equaldmbhe<address of the given column. 25 This

les every infarmation stored in some location of the memory to be
2[8]@??0 |%ta§é¥s§tinrkllat%nn%§éfore being processed and lost. In addition, if it
8l ihdelbmoofiheo splitinafues dfeatgiien@olinonrsasied the adeRssedure the
r ng: thi will-be .used far the next iteration.. These
e s e Vo LR i g e set R
ek wenbhns Setaompiemeriteot tbaoptieralevtstar cata. 30 At each iteration
Op¥mal §Hﬂﬂi€fsﬂf§%@(§§?ﬁ ;?Zain untouched, including all those
whose present content can be’uSed by the next iterations. -62 The
e RamesIRsatens lbminaimplementations is better understood in view
of the ahpyevdersR&CLiyEM preferred embodiment of the invention. A
finite set of numbers, §, that includes the number 1 is considered, and in
this cortfed&matsddY lines is termed- a complete S-r-matrix if it consist

of all theessiiie mpnzero
add q to the set R
Find Vector (q,m)
Find Vector (k,g-1)
Return the set R.

Now that the optimal subdivision r is found the M-method will run on this subdivision.
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30

s configurations of normalized r-dimensional column-vectors whose
components belong to the set S, where each configuration appear exactly
once and the normalization convention is that the bottom-most nonzero
element should be 1. Observe the following low dimensional examples.
The matrix: 11 011 1001 11 is a complete {0,1}-2-matrix; the matrix: (I

-11 LI LI RICBNORNE WPHYRINX; isthe matrix: 1-11-1 11-1-1 111
1 is a complete U-3-matrix; the matrix:1010101 0110011 0001

1 1 Sledneonipfersompadinanie efidhnamizntbalpipvide Irkdntlsaalgorithms
Cﬁﬂw&ﬁt@r&dédiﬂ%dziﬁlﬁgﬁeﬁ%’éo—ﬁ@ eomf?éeggg%aﬂ%%ot it fﬂ%%/ﬁg%&%]ﬁhaddiﬁonal

basgd gn the assumption that the number of rows Is small en

reiSHET 8 tHe THEMRT BrCoRFkETSISePHat drgtised porterfafmlhe above methods.
They have the dual goal of enhancing the above methods and of providing the

instructions required to build the apparatus. One underlining assumption regarding
these implementations is that the transformation matrix is generic and may be
considered as arbitrarily chosen from the set of matrix having a given set of entries.
Another is that the number of rows is small enough when compared with the number
of columns such that the above mentioned fundamental bound

number of rows<log(number of columns)
is satisfied. Hence some of the steps that are suitable in other circumstances such a
check for equivalent lines are redundant here.
The mappings described in the text that follows channelize the flow of data from one
location to the next. Each location is assigned with a binary address corresponding to
a column of the matrix at a given iteration. In the case of U—mdtrix a (-1)-component
of the column, corresponds to 1 in the address, and likewise a 7 ~component of the
column, corresponds to 0 in the address. A similar correspondence is defined for U;-
matrix.
The implementations that would be described include a first step where the incoming
x;-signals are added to preset destinations determined by their corresponding columns,
where each x; may be multiplied by a sign and/or power of 2. In the proceeding
iterations, whenever a column is split with accordance to the invention, the assigned
address of each of the two splits is lesser or equal to the address of the given column.
This enables every information stored in some location of the memory to be sent to its
destination before being processed and lost. In addition, if it holds that one of the
split halves of a given column is zero, the address representing this column will be
used for the next iteration. These properties are accomplished by a novel
construction of the data-flow maps which is set to minimize the movements of data.
At each iteration maximal number of addresses remain untouched, including all those

whose present content can be used by the next iterations.

-6~
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possible configurations appear in the columns of the transformation

matrix. Hence the first iteration made in all the proceeding

implementations reduces the computation s to the product of a complete

S-r-matrix, with a modified vector. Consequently all the more advanced

iterations compute the product of a lower dimensional complete S matrix

withe arredipadtiveofiibdificdbwertpimphenerdeiens ok tnakiaddhan view of the

coldmNS aRpeaRing ix of.the abqve examples .reflect another .

feature of the ag(_jre%gl;]?@;t%?%rs%gf% (;i%s()eg%xr%% érﬁr’gn@%idﬂ?nﬁho& is gf dfpitgy set of

drbssing vhabinendet tesismherlésofomsidstatingnth s bl g det ammatrix of

Sirhase;addiesees whaskbesMSRiishe bptiom component of the vector

and the LSB is the top. The fundamental resu ﬁ%lst%é)f? a@gpt e RISt {586 Shonzero

itetRHgHtatons isod umemaligedforndimensinesd trahsiormetiors msbdse withngponents

usifery (@ndyather %?ngea%%ﬁs%o%@ggﬂng%ﬂ%s WRUQED ALY, 14 the
r

depends only on S and r and not on the initial transformation matrix. This
| BRHR I AFHRS ARy RtiRR Kebabihn Bqstorca sy e elament sawid be /.
arsten ohslasadiowgsiove bines isl-aes appiessal and independent of the
pirticular fransformation matrix after the first stage. This is very useful in
h P&“ﬁﬂplementations and in the construction of apparatuses based
on the present 20 invention, which is the mainygoal of the current chapter.
Additional and separate aspect of these ir{éalement tions is a reduction of
the required read and write memory alloc fonland the number of
additenspiefesutahle eamsformation matrix. Consequently, the energy
required for the performance of the process and the cost of the apparatus
FBBEEG. It should be observed that the as efficiency of each of the
following codes is enhanced when it procggses {he same initial
transformation matrix with several input x?ector , Finally, to have a
proper perspective, the following impleme ][ati& should be read with the
urdesshanidind tratthey,are a few examples out of many possible efficient
implementations of the invention. 30 Example 1: 0-1-Binary-Matrix The
f Wl?ﬂ’é'equence of steps describes an implementation of the 0-1-matrix
aspect of the invention. The data consistgpf any"xn;0-1-nratrix A=(al : 0_a
ci, O 1 <n) and an

1 1 -1 -1
1 1.1 1

is a complete U-3-matrix;

the matrix:
1 01 0101
0110011
0001111

is a complete {0, ] }-3-matrix;
the matrix:

is a complete {1,-1,j,~j}-2-matrix.
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-64 input real or complex vector X=(-0 ............... X,,.I). The columns of the
matrix A are denoted by vO .................. v".f. This sequence of steps

computes the product y- ....... ,Yr-u r=A x. At every given k-iteration each
location contains one real o- complex number, depending on the vector Xx.

Theeaflecated read ﬂ%@f\éﬁﬁ%@v%%’@%&%%%@é@% &%ﬁes Ia%ef of rows

from to 2r l, representlng the columns part|C|pat| g |nt e process a

1SR ERoEh. Tite TIRGRRNG detinnmehe sfccphivmas te e dergstivnmirthe of all

@eﬂﬁetd@&&igmaﬁ&ma ment efdheinvantignsPefinitions. A Pefing ok, .o
gf? 0j>1: 1%%% /(j ]ﬁ r/2k ilo2 Deflne for all Csm<r Y,n 2'n, These

étsgS%aWﬁ it & B CRaN RS FRsINER B OtaPation

totputrvéotons = Gmnplete - ;r)hwhﬁl.’;?@dﬁl\u@midﬁ@d%cﬁﬂd ressh@dfently all the
Woulg e the g ess of % For(l{;é‘# ‘PE 1 deflne as follows the

anectlona%gﬁj, Qie con Horrnsicarl sosmiste S

mgttbewuelxu Feispeqtinte hodiflg) vestod5 I(k+ 1,2)), h Next for each integer v?
K (V)= 2."LV, 2 Eq.,100 od 2", E 01
eP ﬁ ogr BVery vector v= ]{de qu ....... S .a\mgi} %’(6111 }%.e é)%%?@mpies
refllecEhe abdefdatimitiofi tatiedd st zatmis ef/dfysadﬂfﬁsmfiﬁmlﬂyﬁg) 2[Hatds of an
oin onsl d tha add to the addre
LB TRE DR HOTLIIREEE & W FdfhgSbase

affénepgesovdiexgotifel JLSB1s mb%;c)(lgq)uW@mﬁonqm%%fri@émmtmarﬂ(thﬁlsa( i¥ the

td;":.do 30 putv=2T7

The fundamental result is that after the first iteration there is a unique umiform

complete transformation matrix, with a uniform (and rather obvious) address-

numbering. This uniform matrix depends only on .S and » and not on the initial

transformation matrix. This leads to uniformity in the rest of the process and hence

enables the creation of data-flow structures that are universal and independent of the

particular transformation matrix after the first stage. This is very useful in hardware

implementations and in the comstruction of apparatuses based on the present

invention, which is the main goal of the current chapter.

Additional and separate aspect of these implementations is a reduction of the required

read and write memory allocation and the number of additions for suitable

transformation matrix. Consequently, the energy required for the performance of the

process and the cost of the apparatus are reduced. It should be observed that the -
efficiency of each of the following codes is enhanced when it processes the same

initial transformation matrix with several input x-vectors.

Finally, to have a proper perspective, the following implementations should be read

with the understanding that they are a few examples out of many possible efficient

implementations of the invexition. : | |

Example 1: 0-1-Binarv-Matrix

The foﬂowing sequence of steps describes an implementation of the 0-/-matrix aspect

of the invention. The data consists of an rxn 0-I-matrix A=(ay :0<i<r, 05<m) and an

G4
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for (source) address v do -65 if Fkj(v);~0 and F7-,,(i~)96v then add the

value residing in the (source) address v to the value in the (destination)

address GAj(v,) and also add this value (of source address v) to the value

in the (destination) address 5 Fkj (v) 4. obtaining the output: at this stage,
inevery.address pieconpiains thevalue of the outputcampenentyhforally, 4 are

OEi<r. Complexity. io An elementary step in the present terminology Is

depOLEfin g% Hidmber fromorie locatich GEHREfeRforeRaIsersBtiFse Bh@roduct
y=apling jii:te) B=aumber plaeed divandtherdeeationniidbeme memicalad real or
destination, An apparatus baged on the ahave code would requjre the

A A o S Ao GEBE T CLMAIE e 14 A OFfememors

contitme campltatidreafeAxidseCal, fotn+1- 26 -2. This neprbentepettds alnns
nr. The entire computation of Ax thus reguires at most the total of . 20

PEs g%ﬁ%%?grilns{i{éepg?%ﬁsés‘rt%f O—%- EAVE r&%%?‘i%gk%ﬂ%‘@we part of the

dedtuigitate o fribcqpeseatiopreferpd atingpthmenntétite of wentiemory employed

D éﬁ{l ), 2pparatus which performs the main part of the above code,

implemeénting thus in a preferred fashion the 0-1-binary aspect of the
1) iDenticior wlith a -1/ binary mafki 25 (comipr&fiy/4 rows. A column of

. each.matrix at each iteratjon ig,represented by an_agddress.in the, memory,
2 BBl THE Vot & or ESomBETRAPURELATORE HHPIAaer e
pregEptiRenip erkarizof thkpresentadins) isihg MSB,and thesteF{G@uld be the

omponpent.(the exireme left hand component in a horizontal presentation)
adlgﬁﬁeq_é)ﬁ. frP(S%%I&’ r%%%g T ?@%'??%ontain at the end of the process

3) tifocamponedts pbthe define as follows the functions Fy;, Gy; which control the
movements of data from each location to the next. First put: [ = [(kj), m=
Ik+1,2]), h=llj+1)-1.

Next for each integer v 0 define:

Fiy(w=2"[v2"/ [Eq. 100]
Gri(v)=v mod 2™ [Eq. 101]
4) Define For every vector v=(vg,........... ) {0, 1)

o ()=Logear v

The code.

1. initialization: Putzero in every address from [ to 27

2. first stage: for aj going from 0 to n-I do

ifv=0 than add x to the address v=0(y)
3. main part: |
for kgoing from 0 to /[log(r) 7‘- 1 do

forj going from 7 to 2* do

ifl(kj+1)-1 > I(kj) then -
for p going from J to 2RV 1 4o
put v=2 W) p

for (source) address v do

“H5=
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ao output vector y=(yo,....... y3)r where Yo would be the address of yo, YI
would be the address ofyj, ect. The arrows signify the act of taking the
content of one address and -66 sending it to be added to the content of
another address. This is done with accordance to the order of the

iterations and the (increasing) ogdey of heeag,dr ses participating in each
iteration, as indicated by theq%boﬁgggge@ xaﬁ’iﬁjgvz: %l-eﬁlatrix s The
foflowing sdopiencenfstepthddsorites addiryslementationbkthe than@sitination)
aﬁgg%s o(f;i_n??ntion. The data consists of an rxn U-matrix -4=(aU : O<i<r;

B)<n) and an input real vector X=(X0 ............... X The columns of the
raradripd o walitbibey dendidtsdwyomaddress v). to. tve Yalteisnségu@asinefion) address

sﬁﬁ computes the product y=(yo,....... y,_ ,) T Ax. At every given
ite tI)on each location contains one real or complex number, i0 depending

dn tleteitng sheletplbeated read and write memory contains 2" + r-1
addresses labeled fiom Qo2 dantin 2enENe following definitions andthoser,: anl

of the previous example are required for the description of the present
gtefefred embodiment of the invention. is Definitions. 1) For each

r@d%@&%al U-vector, u=(uo ............. u,_]) define: Sign(u)=u,.1 h(u) =
(uo'u,_ L ...0............... ,ur-1'ur.z) 2) Define a correspondence between the .

BMpGIRFISIHATY SR AmihmBrRSER- TN b, Fo B P RepyT o gpe location

Agspedinglynfor anedisaansional MueEor 413 HEember pladtdn 3888 Jocation of
sL(u)=1 47<r 21vj. 25 3) Define Y =0, and for all Yn,= 2r-1+m-1. These
dBeresmn frHEA AT ER2898-end of the process the components of the

%&p%p BRI YEAYEd: - on- Me  byvRetR 0wyl bguine addfREs Wi dumber of
g%%%%ﬁ?%%e{?g%%g%gg%@g)gggarrtagtjﬁeoéggvletggn%%?a%i&? Idf%Jc:’

M, =2 r -2,
This number depends only on ».
The entire computation of A-x thus requires at most the total of :

Pl = na O
elementary steps. |

Chart 1: 0-1-Binary-Matrix

Fig. 1 schematically illustrates the operation of ‘updating the contents of a memory employed

23

30

by an apparatus which performs the main part of the above code, implementing thus
in a preferred fashion the 0-7-binary aspect of the invention, with a 0--binary matrix
comprising 4 rows. A column of each matrix at each iteration is represented by an
address in the memory, in a binary way. The bottom (0 or I) component (the extreme
right hand component in a horizontal presentation) is the MSB and the top (0 or J)
component (the extreme left hand component in a horizontal presentation) is the LSB.
The addresses Y= 2", 0m 3, contain at the end of the process the components of the
output vector y=(yg,...... ,v3)7 where ¥, would be the address of yy, Y; would be the
address of y;, ect. The arrows signify the act of taking the content of one address and

=56



10

15

20

25

30

I(kj), m=T(k+1,2j), h =I*. +1)-1. For every integer v?0 define: 30 Sign,kf(v)

=/l - 2 L(v mod 2m)12'-~/ Fk/(V) = 2"n'Lv/2" 1 -67 v mod 2"1 if SignkJ(Vv)

G>tii(v) = 2™- 2' - (v mod 2") if Signi™N' _ -1 5 The code: 1. initialization:

Put zero in every address from 0 to 2'-1+r-2. 2. first stage: for j going from

Q n-1.dg add Si xJ fo the address ,4h(wJ)) to 3. main part: fork

S B RAt P LRor NP AP 15 24236 1 IR oy aesordance
towhﬁi? atien gﬁgdwi_mims? nochintsonos) sdkessdtid) 1 Gpatng
mvalue:in the (des i ress Y1(k+i,2J) 2) for p going from 1 to
el le fatiag ggﬁe oS oK

-1-1 olputu and for solirce address it do if GKk,j(u)=u

then add the value residingBaamplctircE-Midngss it to the value in the
THegIINANoR addiess: 29 Jekid.al£/sa Héj@%éé{g&ﬁ?” gﬁ%’éhcej-"aé%'e aspect
the AGdr eSS

residing in'the’(source) address u to the value in estination
ofynyrIjiese Fieljap=orasidtshef \aaluer ddidintyin tHe (8purer)addigssit and an
infaultintied by, (-1) 25thev Iug' estination) addres Yl‘gr and
mgt}so add thisrvalLfé% (of addré@é]) u)%gt’]hgg(i va use%n%]e()a%a re‘éi‘, ] ‘SJ))P%%%WM
byadhth the-value Yesidinghia trgumercefasdnsssatmpultpliad bydSignkXuyda..... v,

™8 YU every given iteration each location contains one real or complex number,

depending on the vector x. The allocated read and write memory contains 2™/ + r-J
addresses labeled from 0 to 2+ r- 2. The following definitions and those of the
previous example are required for the description of the present preferred embodiment

of the invention. .

Definitions.
1) For each r-dimensional U-vector, 4=(Up,........... ,Ur.;) define:
‘Sigrz (w=u,
Ch() = (U Uralyenrenieeeninna JUp]*Ur.1).

2) Define a correspondence between the bi-polar binary set, U={/,-I} and the logic-
bits binary set B={0,1}, by:

~Iy=1"

1'=0.

Accordingly for an r-dimensional U-vector, u=(uq,........... , U}, define:
ﬁ(u)=20_§<)- 2]71_')

3) Define ¥p= 0, and for all /<m<r-I: Y= 2'+m-1. These addresses will contain at.
the end of the process the components of the output vector y=(vq,......,y».))7 where ¥p
would be the address of vy, ¥; would be fhe address of y;, ezt.
4) Forall k20, j=z ! the maps Fy; Gx;, Signy; are defined as follows. Let /=
I&)), m=lk+]2]), h=Ilkj+1)-1. Forevery integer v2( define:

Signiv) = I - 2:L(v mod 2™/2™_/

Fi(v)= 2"[w2"/

-67~
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in the destination-address Gkj(u) and also add this value (of address u) to
the value in the address Fkj(u). A. obtaining the output: every address Yi
contains now the value of y;, for all Oi<r. Complexity. -6 B i) An

elementary step in the U-setting with the above implementation is reading

a number from one locajj the memory, called source, mult‘iﬁlying' oty s o)
by a sign whichis 1 o?ﬁ%gfthen adding the result to a numb place‘l%"nkd(v)
infanother location of the memory, called destination. 5 ii) The complexity

is formulz@%qg,y\glh the following terms. For o s k s [1og(r) 7-z and for

1:5j<2 k let ur.=21(kJ4-1)- ~ J 1 <j_<-.2 2" 1>rk/1l k 2Gk For k=llog(r)7

and for 1 7<-2k let: 10°ukj=Z21(® 724 y4¢k)-1J then: uk Zif<i ~ gt = -1

iii) An apparatus based on the above code would require the following

number of elementary steps to fulfil the computation ofA-x. 1s (1) For the
fiiﬂ@%&i{ elementary steps are required. (2) For all Osks/iog(r) 7 - 1
angliikisiz iz Midkr: URGE 2iro G ekdfylad el @mentary steps-are done in the

oA SR SRR A IAEL A elementary ateps - 2k + 2.0k -
uk+1 (4) dhesnainpae of theaadess egiyipyitation of Ax thus requires the
fosj[ovgligl% Sgrr?:ber of elementary steps:
for £ going from 0 to /Zog_f(r) /-1 do
forj ‘going from I to 2*do
if I(ej+1)-1 > I(kj) then
D add the value residing in the (source) address ¥z to the value in the (destination)
address Yyg+1,zy
2) for p going from J to 2%V -IRI-1 1 4o
put y=2"®.p and for source address u do
if Gpy(w)=uthen
add the value residing in the source-address u to the value in the destination address
Y12
 else if Fy,(1)=uthen
add the value residing in the (source) address u to the value in the (destination)
address Yy
else if Gy;(1)=0 add the value residing in the (source) address » multiplied by (-1) to
the value in the (destination) address ¥ju and also add this value (of address u) to the
value in the address Fi ().
else add the value residing in the source-address z multiplied by Signy;(12) to the value
in the destination-address G, (») and also add this value (of address u) to the value in

the address  Fi;(1).

z. obtaining the output:

every address ¥; contains now the value of y;, for all 0<i<r.

Complexity.

-68-
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Cnr = 2uo+ul+ u?+........ +urag(r) J- ,, + 2ing(r) -1 - r. 25 This number
depends only on r. (5) The entire computation of Ax thus requires the total
of: uCun,rnCr elementary steps. -69 Chart 2: U-Matrix Fig. 2
schematically illustrates the operation of updating the contents of a

mory employed by an apparatus whij erforms, the main part of the
F b%“\l}eegeo eel?&l’r?ﬁ%) %r%éﬁt%lﬁ ?f?ﬁss? T Wéﬁe%&%&?é’ﬁibﬁ?%ﬁ@@%ﬁ%y is reading a
nigpéer dtehe imvettiohowitf dls Wabinary, et comprjsingidniows, A by a sign
falumiLa gach datix 2LARLT 18Lalon S, TeRigsenied by.a pinar

b .
address in the memory where™(-1)-component e co‘ft%/r@%]rlf a(%)r%eesrr}gﬁ%%m of

teemsnEradeiedsiesiaatiancomponent of the column, corresponds to 0 in

e AdAESS ARNAYINEIISIalon 45.a8RlGd, YgTE the pott )
{cg)mponent'(thev extrgme right hand c%m%%?l%nné\l%%%gﬁcz}%ntg% ksl og(r) -1
prédentatioyyas tHetMSB and the top 10 component (the extreme left hand

component indakg_ rizentad;presentation) is the LSB. The special
addresses To =0,7Yj=8, Y2=9, Y3 =10, contain at the end of the process
the components gthe output vectorgy=(yo,..... %/)@.gl;)yvhere Yo would be

the address ojf”‘:yo, Yeworfidbe theatdrgssoof & he arrows signify

the actgi taking the content of one address multiplying it by sign which is
Hoprk T AEEandiriioTeduft tohe Radded to the content of another

addres%Qng}@peanm@w signifies that the sign is 1 and double spear

K I L .

arrow signify that the sign is -1. This is done with accordance to the order
$EtHe iterations and the (increasing) order of the addresses participating

in each itegation. Example 3: UZ - Matrix zo The following sequence of

steps d&s 'Qe%%dmg)emantation of the GEM method in the case where

the entries of the transformation matrix belong to the set U1 _{I, -1, j, j}.
iipisfnepmfaes Basad emoftih e {5Vt de choaip eequifécthinfaflphdagiongmber of

%gﬁ%ggia ggep%gri%sf&%r%h@(&%@%gﬁ(o —éa}y : O<i<r; O<i< n) and an input
(1) For the first stage n elementary steps are required.
(2) Forall 0<ks/log(r) /-1 and I <j<2*
2 Uy - U2 - Uk gt 1
elementary steps are done in the (%) step.
(3) Therefore for all 0<k</log(r)/ -1 the k-iteration of the main part requires the
followihg’ number of elementary steps :
2+ 2 -ty
(4) The main part of the above bomputaﬁon of A= thus requires the following

number of elémentary steps:
4 _ flogt)]
C, = Juptrup+upt..... et T2 -1 -
This number depends only on r.
(5) The entire compu’tation of A-x thus requires the total of :
Cun,r =n+ Cur

elementary steps.
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X=(XO .evvvvrvrnnnn X,,-J)- The columns of the matrix are denoted by wo,......

....... w,-j. This as sequence of steps computes the product y=(yo,.....
.Y,.))T=A-X. At every given iteration each location contains one real or
complex number, depending on the vector x. The allocated read and write
memory contains 4r'j + r-1 adqi. 556 I%}oﬁeg rom Oto4' j+r-2.This
example uses the definitions se%rn-ﬂirepmfvrotrs examples, as well as the
HenchvinhcaesinaonsiisepsiniionpetytDefifeadtmesheondenest{arfh memory
e&ﬁ}ﬂﬁf?@d(:@ﬁeﬁio Qﬁgsb%}%%ﬁnﬁgﬁoﬁts U&@}HTE,I arér QL Slﬂgﬁgncode

01'=0,0*=1"j =2, Z* =}, 3*=t 5 Accordingly Imensiona

‘IBPIGE&%?%%& ma pzfﬁ.fﬁyrq«)l Hehine; thyZipare @sgupcizc)»ﬂ:@p émvtntion, with a
U= Qiﬁ%?ﬁ%%iﬁk%&ﬁﬁﬁ%gufl%s"“k-coﬂmﬁ defingy 10319 Ja@ugacﬁrge%ﬁ}m is

= (u0 )bé! ..................... zr, t (ur_j)'7). 3) Define Yo= 0, and for a
fﬁPé%Fé’Fed{ AhipFy addrgiade %M%@héﬁdfelés‘éfm%@m of the column,

conBxponents ofiineo Ui Meatel o 4) FarhkR: Qfite bIRSMaRSH @%B 0in
are ggﬁged s follows. Let | = 1(kj), m=.15 1(k+1,2j), h Take an in eg

e TP B ). 9o Bei s A Befioe: SRRIGA (e
e(mﬂf) ﬂa(Mrﬁmﬂ"cdﬂa@dnéﬁt Bk A\5i4dids \ieahi2f0@ ki s IMEB and the top

*. h 5 1. initializatiqn: Put zero in every address
c]@ml% (Betrlx)c & \{m enl—e ?e%toh d2 complgrllent %n a%onl?zont presentaugn) 1s the LSB.

The special addresses Yy =0, Y;=8, ¥»=9, ¥; =10, contain at the end of the process

the components of the output vector y=(yy,...... ,v3)7 where ¥, would be the address of
Yo Y7 would be the address of y;, ect. The arrows signify the act of taking the content
of one address multiplying it by sign which is 7 or -/ and sending the result to be
a&ded to the content of another address. One spear arrow signifies that the sign is /

- and double spear arrow signify that the sign is -1. This is done with accordance to the

order of the iterations and the (increasing) order of the addresses participating in each
iteration.
Example 3: U;- Matrix

The following sequence of steps describes an implementation of the GEM methed in

the case where the entries of the transformation matrix belong to the set U; =71, -1,

3. This one of the subcases of the GEM which appear often in applications. The
data consists of an rxn U -matrix 4=(g; : 0<i<r; 0<<n) and an input complex vector
b T6 7 SO %n-1). The columns of the matrix are denoted by wg,............,W,.s. ThiS
sequence of steps cémputes the product y=(¥g,......yr.) =4dx. At every given iteration
each location contains one real or complex number, depending on the vector x. The
allocated read and write memory contains 4 + r-/ addresses labeled from 0 to 4~
!+ r- 2. This example uses the definitions set in the previous examples, as well as the
following definitions:

Definitions.

1) Define a correspondence (and inverse correspondence) between the set U; and the
set {0, 12 3} given by:

70~
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2. first stage: for j going from 0 to n-l add Sign (w,X; to the address a(g(w))
3. main part: for k going from 0 to ~log(r)-1 7do for j going from | to 2k do
-71if t(Ir,/+1) -1 > I(kj) then: 1) add the value residing in the address Yr(~:
j) to the value in the address Yrrk+1,2J 2) for p going from 1 to 4i~ +t) "

77 ~=") 1 do putuz4 ™) p and for source address u do: 5 if Gk-j(u)=u then
add the value residing in the (source) address is to the value inthe

(’Jfé?s{'matioznﬂﬁ “xdfdress Y/(k+z,21) else if Fk/(u) =u then add the value

7' regiding iy the {(source) address is to the value in the (destination) ;o0

)ad_dress YI(kj) else if Gk/(u)=0 add the value residing in the (source)

(4 a&d?ess id mufplied by Sign.(u) to the value in the (destination) address
Yr(7,f) and also add this value. (of address u) to the value in the address
Fki(u). else add the value residing in the (spurce) address js multiplied by

A°§?é%‘ﬁl%§$’tzf%t 2 7Ig%ﬁﬁsé%%ns@(gggﬁﬁat%%@é’dd‘ress'é‘k (W§HHFalso add
this value (of address u) to the \&alue_i he address F(u). 4. obtaining the
output: every address Yr contains Howrte vafb of y!, for all 61:5<r.
Complexity. 20 1) An elementary step in the Ul- setting with the above
implementation means reading a complex number from one location of

2) Hiee eaeniofjmeaninabliceesinitigfyitg. it by a¢carpfdiesign which is 1 or
-1 orjorjand, add esult to a complex number placed in another
location of the memory, called destination. iii The complexity is formed by
the following term&(¥or G4 eRlog(r) 7-1-and-for 882 <7k let;

3) Define Yy= 0, and for all /<m<r: Y,=4"7 + m -1  These would be the

addresses of the components of the output vector.
4) Forallk=>0, j>1Ithe maps Fy, G, are defined as follows. Let [ = [(%]), m=

I(k+1,2]), h=lkj+1)-]. Take an integer v—0, represented in the 4-basis by: y=2

0 -2 { ;- and define:
Signiy(y) = () * = (L(y mod 47)/4" )
Fyylvy=4"[v/4"/

Ges(9)= L1t 4-((0)* () )’

The code.

1. initialization: Put zero in every address from 0 to 4 +r-2.

2. first stage: for;j going from 0 to »n-1 add Sign(wy)-x; to the address a(g(w;)
3. main part:

for k going from 0 to /log(r) /-1 do

forj going from I to 2% do
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w~1= 4f(klft> t(k> t For Ic = /20g(r) 7 and for 1< <2kk let: 30 W/r 1] <ft
wk j; =r, -72 An apparatus based on the above code would require the
follow ng number e _ elementary steps to &tfli the computation of -I-x. (1)
Far the trst stage n eiementary steps are required. (2) For all Osk J2og(,2

7_landthet @%@YJ f- /Jogk &k J2j4-i elementary steps are done in
the (Icj) step. (3) Therefore f sfksﬂog(r) - | the k-iteration of the main

lbakﬂréaquraé‘setmlch@wm@emem Biwglemtmanyustaptie kd@ress Yigr,2p
9)2\%9-;1-%+%0§n(§)t3' heumiain part of the above computation of Ax thus

reqqu(gi)the ollowing number of elementary steps: CUB two + w1l + }v2
put #=4 "1 p bty JowasaABEsthed@epends only on r. (5) The entire

computation of Ax tﬁusﬁre%glr%stﬂgg total of : U U, Cn,r=N elementary

ste s. Example 4: Toailt? U-matrix The following sequence of steps

b dbsipedush weidies datdle d srEse) TakiresmaEix ta@,p\éaé%flﬂqéwémwnom

amyg; f% |ents The data consists of a U-sequence 20 tO........ t, , and

an mr%ut real of complex vector x=( From the U sequence an rx(n+r-1)
F& mtaj li : O<i<r, O <n+r-2), is formed, where tksO for all k<O

add kie RalesesiiRps Bomputesiite prodiist ir@0the - value Y0 thé\ (XesQABtion)
a&ggzegisr% %age differs from that of the U-matrix example; therefore it is
else if Gyy(w)=0 add the value residing in the (source) address u multiplied by
Signy;(u) to the value in the (deétination) address ¥y and dlso add this value. (of
address u) to the value in the address Fy ().
else add the value residing in the (source) address u multiplied by Sign 1) to the
value in the (destination) address G;g(u) and also add this value (of address u) to the
value in the address Fy;(w).
4. obtaining the output:
every address ¥; contains now the value of y;, for all 0<i<r.
Complexity.
i) An elementary step in the U;- setting with the above implementation means reading
a complex number from one location of the memory, called source, multiplying it by a
complex sign which is J or -/ orj or -/ and .adding the result to a complex number
placed in another location of the memory, called destination.
i) The complexity is formed by the following terms. For 0sksflog(r) /-1 and for
15<2* et

Yy, = 4D ‘

- e+l )-1
w":ZZSjSZk Wk = ZJS]‘SZ{‘ 4(@ IR

For k=/log(r)/ andfor I<<2* let:
—— e

w;FE J<j<ot Wiy = 7

T2
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necessary to introduce only this stage. All the definitions listed in former
examples of 25 implementations are applicable here. The code. 1.
initialization: Put zero in every address from 0 to 2. first stage: 1) for J
going from 0 to )--2 add . !1/2) tr_r~j+rzj to the address 30 2tth i, tj-1

1)...£0 afpanitn-hined. on. the. aboRd kb)) andialse add ﬂ?ﬁgﬁf}g #(ﬁa%ggg%ber .

addigss,+ Ig L978 © ti,to, to-l, tn-2,........... L tn-rtt+
from r-1 o.gr%%(aé(?dfgi-fighf; RS RHGRLS 0 (i, L oo j-r+)) 3)
ot § oty freniagto mele@ adery(H2htjard xe4oithe address 5 7r(h (G-n'

-r +1)) and also add

Ly Lb: s b VN Zoape g T

G(lyluzj)%f}%ﬂ@)é b {zgeg%ég?’ﬁi(ﬂéﬁu%ﬁ?ﬂ of{l -e0, -tn-1,tn_y,........

_tj-r+1J) 3. main part: The algayithm.proceads,now as in the U-matrix

ﬁimlﬁﬂ%g{%s%o&g ms @aié:{ art, and the output is stored in the same
1 DF S

e . .
addresses. 10 Complexity. e erﬁéntary step in the above Toplitz
C%p@%ﬁmﬁtiﬁﬂ iglthé Samémgein/the EThe implementatian, $§H%a@§9&[ﬂ%es the

@]Wﬁ one location of the memory, called source, multiplying i
by a sign VJ\/EF%%% Wflglrn- a?r%sﬁé’ﬁ'adding the result to a number placed

in another location of the m%mﬁr;&mlle@gestination: is i) An apparatus
ire the following number of

(bpsad paiths.abovg code would re ! ‘
elementary steps to fu ﬁ'ﬁecglénrﬁ%{%% ion ﬁigﬁ)r?ﬂq%%f@ﬂ@%ﬂg number
Oﬁﬁlﬁﬂ?ﬁm ¥2081) =n+3r -3 elementary steps are required. 20 (2) The
main part of Toplitz computation of Ax is done by an implementation of
&her = +5Wo+w,/‘r'w;'r ........ +w/70g(r}7.!+ gﬁrn-] -7

A number that depends only on 7.
(5) The entire computation of 4+x thus requires the total of :

u - Uy
C nr =“-=7‘Z+Cr

elementary steps.
Example 4: Topiltz U-matrix

The following sequence of steps describes an implementation of the Toplitz matrix
aspect of the invention with U-coefficients, The data consists of a *U-sequence
10,y fny and an input real or complex vector b &4 S En+r-2). From: the U-
sequence an  rx(n+r-]). Toplitzmatrix A=(a,=t, ' 0<i<r, 0<<n+r-2), is formed,
where %=0 for all k<0 or k>n. These steps computes the product y=(y,,............, y
))=4=x. Only the first stage differs from that of the U-matrix exampie, therefore it is
necessary to introduce only this stage. All the definitions listed in former examples of
implementations are applicable here.

The code.

1. initialization: Put zero in every address from 0 to 2™ + r-2

2. first stage:

1) forj going from 0 to r-2 add (1/2) byrsp+1x; 10 the address

T T S P N SO nriiel)

and also add -(1/2) 4, 4% to the address
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u the main part of the U -code with r lines. Thus it requires C ,. elementary
steps. (3) The entire Toplitz computation of .4-x thus requires the total of :
Tf Cn;ran3r-3+Cr elementary steps. 25 Chart 3: Toplitz-Matrix Fig.
3 schematically illustrates the operation of sending the incoming data to

ARRfORriate memory-lpcations..employed by an apparatus which performs
ng initial part of the above cqde, with a Toplitz matrix comprising 4 rows.
REhEPSF TSR DAH edstyrothsr SsPEAIERRSntical to that of the
ﬁpkma}_qi),(, .i,mpjg,m.em_al[gp and 30 apparatus, and the description there is
pplicable here. Here too one spear arrow signify that the sign is | and
dombles FR ATty Bt {f@‘@w-ﬁﬂ- ESERTBle 5: Topiltz
M{F}}}QHMIHQ iq[lg%nlg_pfrgj,e‘(_rgq_gmpg@imgp} of the invention is an

implementation of the Toplitz matrix aspect of the invention with

apt eberRe Nty 2 e aktd THITsRE®¥a U, - sequence to,.....and an input
RAPBRIEX YECIOr XZAXQs . 1ot o ..o XitI=2))FrOm the s Ui-sequence an -

........ I3

Ix(n+r-l) Toplitz-matrix 1 (a;/ t;_| fdé?<r, 0$f<n+r-2), is formed, where tk=0
Sor MARORTk2r 2Ph &l SRR CBTBF XD ¥ Te B Bloth T oAk tHEp lementing
aPFBEUEhY TN part; and W it Qnlyeths: fikst stagadlitiars from that of

the U--matrix example, therefore only this stage needs to be described. All
WalsHifions listed in previous examples are applicable here. 10 The

iFode elerRitialy ation iPteZ 6h0ve BuentAaarRSs it dh it 4t tdme a2-ifirfle T-
.Stage: 1) farj gc{glg from O,to r-2 addb(1/2§ tnr+J+]LxJ to the address a _
LppPTeTaOn, et s, GoRing ¢ BUber o CRe IOPANRR, Al e gnearpry, called

sl 29); ittt plyire Hieyadsdeswiadh (6, tod -1 and thentddd@g-thd result.to.a number
p] zrx]cerdﬂ.t-;la}zothcr location of the memory, called destination.
ii) An apparams based on the gbove cods would require the following number of
elementary steps to fulfil the computation of Ax.
(1) For the first stage

2(r-1) +n-r+l +2(r-1) =n+ 3r -3
elementary steps are required.
(2) The main part of the Toplitz computation of 4x is done by an implementation of
the main pai't of the U-code with r lines. Thus it requires Cu, elementary steps.
(3) The entire Toplitz cbmputaﬁon of A:x thus requires the total of :

CTn,r =p+3r-3 + Cu,
elementary steps.

Chart 3: Toplitz-Matrix

Fig. 3 schematically illustrates the operation of sending the incoming data to

appropriate memory locations, employed by an apparatus which performs the initial
part of the above code, with a Toplitz matrix comprising 4 rows. Except for this
initial part évery other aspect is identical to that of the U-matrix implementation and
apparatus, and the description there is applicable here. Here too one spear arrow

signify that the sign is I and double spear arrow signify that the sign is - .
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- Lprsdciehes panetthen addingithedesultioa

2) forj going from r-1 to n-1 add tJ.r+1'xj to the address a (g(tj, tj-1..........
tjr+l)) 3) forj going from n to n+r-2 add (1/2)tj_r+Ixj to the address zo a
(g(tj_,t1l n-1......... t1, to, to-L tn-1........ , fj _r+1)) and also add (112)tj_r+Ix]
to the address a (g(t_n tj.n.1,......... t1,-to, -tn-l,-tn-z,........ -iJ-r +/)) and

also add -(1/2) tjxj to thegad (NG - Prlsss oo tl,-to, ....... ,-J-r'tld) 25
. main part: proceed aS“in‘i%‘ &ng-ja' % d 92—,%%@%&” part and the
Tdardatoreesiseliare SaRRsimey OriléxityatipiisetenienterySafidn of the
Wiﬁbm&&fﬁ%b%tmp_@mﬂ Lté. e | %F&e@%%&gﬁg}.eﬂe daita copsists fpf a U
s|m&!gel(rzr\leentatlon, that is, reading a complex number from one ocation o
e mem@ry:?&’éal?éﬁisadhieé?ewﬁ%ﬂ%@{ Tty aecoiplex-signwhish Erom the
<o ~M%Wm@%f§ll@9-%t W formed,

V@gother location of the memory, called destindtion. -75 i) An apparatus
Eedat 95 aboves Bottekvsul dieysriehestolioviang Hetebéelofv computes the

préderieniay stens (g [yl ihe compytationof éﬁé&)ﬁﬁg@%ﬁt@@%‘f the U
' Z.tg%%l)+n-r+ +2J(r-1)=n+3r -3 _. elementaB/ steps are required. (2) The
LR BRESh TSt eakpltartreemerds te @srietsriRadmpiEdentstfimitions
lisbdhe praifveaskafibed irsogpiwithis ises. Thus it requires CU
Tg?&ggegary steps. (3) The entire Toplitz computation of A x thus requires
total of : CT',,,, =n + 3r-3 + C 10 elementary steps. Example 6: Real

1 Nnsittiaditiviary. OPintepresentasiomdiradotawingtpreferied embodiment of
lt@ﬁg’pggntggn is an implementation of the real matrix aspect of the

invention with binary 0-1-representation of the matrix-entries.
1) for j going from 0 to -2 add (1/2)tyrejer% to the address

a(g(t),t].], ............. tbto, rn.JJtn.z, ............ ,tn.r+j+]))
and also add -(1/2)*ty.pj+1°%; to the address
a (g(l}‘, fj.], .............. t], to, “'tn.], "'fn..z, ................ ,“z‘n.r-}-j-(-]))

2) for j going from r-1t0 n-1 add fir+r%; to the address
a (g(t: rj-»I, ........ R 5?_,.4_1))

'3) for j going from n to r-+r-2 add (1/2)t;r+1%; to the address

TEA (TR TEB RN 78 0 SR SO RO Y ) )
and also add (1/2)tj+1x; to the address

G e tity veveres 1B, ~FredyFayevrsesly o 41)
and also add -(1/2)tx; to the address
o (g(t}_m tj.n-], sevacacey f{, 'to, ’tn, “tn..],. ...... s "z_}‘ - +2))

3. main part: proceed as in the Uj-matrix algorithm's main part and the data is
received in the same way.

Complexity.

1) An elementary step in the above Toplitz implementation is the same as in the U;-
implementation, that is, reading a complex number frorm one location of the memory,
called source, multiplying it by a complex sign which is I or -/ orj or -/ and then
adding the result to a complex number placed in another location of the memory,

called destination.
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The data consists of an i nreal-matrix A=(a,: 0<i<r, 0 j<n)with nonnegative
entries IS and an input real or complex vector X=(X0 ............... The

algorithm computes Y=( Yo,.......... Yn-1)=4x. It is assumed that the entries

of the matrix are given by the following 0-1;binary representation, for all
i$<i <r ,aC:—a}i %&1: = E.m,ﬁlgm tUk-2k 20 where: tyk e(0,1) for all -m2-<i

n éﬁly The firet STATE AR HOM Thae St (D IR HpfaHsiag gRumber of
ctheyefom ostys thifusfdgeeneetsutothe: désexribed. All the definitions listed in

(?@g}-afgﬁgpgti@eolementation section are applicable here. in addition
“define the following r- zs dimensional {0,1)-vectors for all. off'<n, -rz<k<rnt

efearB 9 gfélps%lgrgcﬁ;ﬁ,gg_: so for a counter ,i going from 0 to n-1 do -76
fork going from -m2 to m1 do add 2" x; to the value in address 6(vfy) 3.

(iR BEh R CREdIaS . SRErBatmafi-irsplentebrativinatgorithtation of

. nd the.putput is stored in the sa dresses at the
A e R e e ey iep

(30 ecadaoive Toplamestiaiiantisdle same asdithes Gnd-Rinans ;
impiemmentation, that is, reading a nymber from one location of the
memory, called’~sodrce faft addingit to a number placed in another

'e{ot(’:laetign ogttShe memory, called It destination.. ii) An apparatus based on

& Above code would require the following number of elementary steps
to fulfil the coRmpatatibntoRzal M dteirdhadusy statjeenéselitd ¢idbin

The following preferred embodiment of the invention is an implementation of the real

matrix aspect of the invention with binary 0-I-representation of the matrix-entries.
The data consists of an rxn real-matrix 4=(a; . 0<i<r, (<j<n)with nonnegative entries
and an input real or complex vector x=(Xg......c..... ,%n.;). The algorithm computes

Y= 0w V1) =A%
It is assumed that the entries of the matrix are given by the following 0-/-binary

representation, forall 0<i<r, O<i<n:
a’j = Z-fﬂz 5](5_)71] t’Jk‘zk

where: fj €{0,1} forall -m,<k<nm,

Only the first stage differs from that of the 0-/-matrix implementation, therefore only
this stage needs to be described. All the definitions listed in the 0-7-matrix
implementation section are applicable here. In addition define the following r-
dimensional {0, 1}-vectors for all 0<j<n, -m<kSmi:

Vit = (FjksEjlo overeverernneenceene )
1. initialization: Put zero in every address from 0 to 2"~/

2. first stage:

for a counter j going from 0 to »n-/ do

76~
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.S elementary steps are required. (2) The main part of the of the code is
done by the main part of the above implementation 0-1-binary-code with r
lines. Thus it requires C" r elementary steps. (3) The entire computation
of Ax thus requires the total of : ate-0-1 {~ = (mt +m2T1)5n -C' 20
elemfentaryisgefosrExamples: Real datrix, binary U-representation. The

following pr {E@red embodiment og he invention is an implementation of
a ;10 the ﬁlllue.ma €35 O (Vi) .
the real matrix aspect of the invention with’Binary LT-representation of the

3. medtriperitrids SThe cdadaecongisty 6/ dnmrxmireabmatiixitita 20hirkh0<s<A)in
npL e O X=(XOQ s nr s spepenes X,..), T he algaqrith
By R S A S ared S e o e
compdgtierbrgiasasby the following U- representation, for all 05i<r, O i<a: ay
Confpfeiﬁ%z. -l <lc<ml-1tik-2k *tgi (2n 12 m? 1) where: tik er; for all mz
1 _9z_<ml 3D -77 The existence of this representation is already

1) Amelenerrdann fise idathn ahpyadpeieBeri pavisntisnsaeathie fihst Stdgenary
impRifiersfiem that af t%&ﬁ%@’ﬁﬁﬁ%@%@ﬂ@ o REIRTOFNIN RIS 51208 o

needs to be described. All the definitions listed. in the U. matrix
soutfidoferh SAEREH sk o arecaRRabie Rerthin kgativsh defivemsanory, called
destiQllowing 5 r-dimensional Uvectors for all 0$j<n, -nag-Is7r_<m:;.: urk =
..................... trik) 1. initialization: Put zero in every address from

o (tljk,C Iw . :
i) 3%&@@&@13 bagrd il 486 PRSI O GBI Hsotrdlorisngraiar of
elem®tZdry teeRal tol rlpraeeh 2saigifuikh ¥t 1oihe address 2r(h(ujk))

(1) For the first stage
(m; +my+ 1)n
elementary steps are required.
(2) The main part of the of the code is dome by the main part of the above
implementatiox; 0-1-binary-code with  lines. Thus it requires coe, elementary steps.

(3) The entire computation of 4-x thus requires the total of :
-0-1
CRE = (my +my+ 1)<+ C,

elementary steps.
EXample 7: Real Matrix, binary U-representation.

The following preferred embodiment of the invention is an implementation of the real
matrix aspect of the invention with binéry U-representation of the matrix-entries. The
data consists of an rxn real-matrix A=(a;: 0<i<r, 05j<n) and an input real or complex
VECIOr X=(Xp,-eererrerenes ,Xn-1). The algorithm computes y={g,........... D Yn1)=Ax.

It is assumed that the entries of the matrix are given by the folldwing U-

representation, forall 0<i<r, O0<<m:

-m -]
ay = 3 I<k<m;-1 I“,'J-;"Zk + r,-,-ml-'(Z”’J -2 m‘? )

-1 Y]

where: ty €U forall -m,-1<k<im,

77 -
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for k--m, do add (2m? - 2 -1112-1 } Sigx(uj x; to the address 2r(h(ujk)) 15
3. main part: It is proceed as in the u-matrix implementation algorithm's
main part for r rows and the output is stored in the same addresses at the
end of the computational process. Complexity. 20 i) An elementary step

Thincthierabovssimplemeniaionds Ihaisame As40dRePROMR thal matrix aspect of

implementation, that is, reading a number from one location of the ‘
e I RCalBl SRS, FRATOVIE (55 ShRAAICH 401 B mepaton,
theaddingitie resutigeanaedpherbplasediiranctilemlocaipmnehihaMemoye -

alled destination. ii) An apparatus based on the abgve cqode would .
R oA AU D P 52 i ary S G g 2 olloving
r-doompidatio/ofeAtors(I)ridir they first-5iageXrm +m2+2)n elementary steps

are required. (2) The main part of the code is done by the main part of the -

above implementation of“30 e ode with 1irfe&) Thus it requires C",
elementary steps. (3) The entire computation ofAx thus requires the total
.of; .-E%aRe-C}i' r=(in; +in, + )'n +a$: elementary steps. 5 Fig. 4 is a
= XB%I& |aﬁgor%‘m %’%%?%x%rﬁ‘ﬁ?ﬁ%%pﬁﬁ G858 D rfb*r)ﬁ/‘n'r‘%g a linear
2. firmhsfageration with a reduced number of additions, according to a

preferred e diment of the invention. The apparatus 500 consists of a
forrﬁ%l?f"él%e% %@%qm@%puts and one output, a multiplexer (MUX) 9 for

selediing poimpfivzinputs-fo be transferded to its output, an adder 11 with

two inputs anpd gng.output, follo dé) a to Pual Port Random Access.
Memory (DPRAM %fg%é}vfﬁé%v){/ﬁog & %reessss”@ﬁé’ﬁ)ris,
for k=m; do

add (2™ - 272)Signfuy)x; to the address m(fi(uz)

3. main part: It is proceed as in the »-matrix implementation algorithm's main part
for r rows and tﬁe output is stored in the same addresses at the end .of the
computational process.
Complexity.
i) An elementary step in the above implementation is the same as in the above U-
implementation, that is, reading a number from one location of the memory, called
source, multiplying it by a sign which is 1 or -1 and then adding the result to 2 number
placed in anothe; location of the memory, called destination.
ii) An apparatus based on the above code would require the following number of
elementary steps to fulfil the computation of 4-x.
(1) For the first stage

(m; +mz + 2)n
elementary steps are required.

(2) The main part of the code is done by the main part of the aboye implementation of

the U-code with r lines. Thus it requires c’ elementary steps.

(3). The entire computation of 4-x thus requires the total of :

=7 8=
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"add_a" and "add b" and two outputs, "data-a!' and "data-b". The MUX
activity is controlled by an address generator 501, which also enables the
access to memory addresses in the DPRAM 13. The address generator
activity is controlled by a counter is The output of the multiplier 10 is
connected t Input, "C", of t X 9. The output of the MUX 9 is
connected to one m;gﬁﬁ’ RBr ﬁdd 11. The output of the adder 11 is
eleznatestettis.the input of the DPRAM 13. One output, "data a", of the
DPRAM 13 is connected to the input "B" of the adder 11.. The other
output, "data b", of the DPRAM 13 is connected to the input "E" of a
multiplier 12. The other input 20 "P" of the multiplier 12 is connected to the

g t e iplier 12
R I e R R e e
trapsfeieentovive mpmétt@pﬂqenamss>§ epfediions0accPrdiegitpt 2Hpreferred
entBEI9R0E! e AtvaneRRNeted 0.t Si90" doputeTIhe mulipler ﬂ@wﬂaetwo

output "&" of the generator 501 is connected to the control input "S" of

innpyts- FdoonmevdRih L zsﬂﬁmiﬂﬁe%@a?ofw@&csaﬁr@&é& ﬂ@tﬁ@%ﬁo be
traRdieliess DAL cadna buphdaer PPRAM 43 Hhaothel eutPuikiuokiBwed by a

generator 501 is connected to the second address input "add b" of the

Dusb RARNACPH: SRS MEHOR AR MY Be stEraREn ™4 BtrsFPys Hines,
“» RAMRRIM diavbickfeesls e ré&@t@weaaaorcf@é Wﬂhmlsﬂlﬁe&‘aﬁivxty is

codes (g row o ts in the matri ultiplier 10, with
cop R e S e R P SR s s A8 s
adaptieand RAMIRBANE 1 3vHiEh iddcsdhematdtiplmtiltwithcsamples of theunter
input signal. Alternatively, the storage memories 1 and 2 can be
"eliminated if elements of the input vector and their -79 corresponding

elemEhésoimpie dfahs fonttition itatsixameeptalidemnisprtHichizdtion MAIK 9.
T 8 ARRALR IS PROX AL eXAMRR, esseaiaaeals Ma PERAMACE R bur of
,&B or a sequence generator. All the components of apparatus 500, are

theeddeiEdibpennestednortitdorwial SIodRTRAMEUL. @Ilggn@me“d@ﬁmé” of the
#5 X cdnected 1o m@aﬁﬂe&ﬂ@{ﬁ&&ih%ﬁ%@&[&%&gaew&am b,

representing the same different codes, Da, D 3, the operation of

of tthe APPRALMIS Fsieqormmeetsd &otie TRELSD PR @F@i@ﬁﬁbé?ﬁt@h%@@%éﬂpm
“Fb%ﬂm@ﬁ%ﬂ%wm@m&mw&ttﬁéaaﬁpmd@gi@doﬁhéaagﬁs% 'SRy 501,

The output of the multiplier 12 is connected to the other mput “D” of the MUX 9. The
counter 3 is connected to two inputs of the address generator 501. The output “H” of
the generator 501 is connected to the “sign” input of the multiplier 12. The output “G”
of the generator 501 is connected to the control input “S” of the MUX 9. The output
“T of the generator 501 is connected to the first address input “add a” of the
DPRAM 13. The other output “I” of the generator 501 is connected to the second
address input “add_b” of the DPRAM 13, The transformation matrix may be stored in_
an optional RAM/ROM 1, which feeds the address generator 501 with the series of
codes (a row of bits in the -mam’x), Dy, Dy,..., Dy, and the multiplier 10, with the most

‘significant bit Dy. The input vector may be stored in another optional RAM/ROM 2,

Whiéhb feeds the multiplier 10 with samples of the input signal. Alternatively, the

storage memories 1 and 2 can be eliminated if elements of the input vector and their

79
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input data (Le., the samples [xi X2 ... ... xn] (is received and the is
products of each component and its corresponding element of the
transformation matrix is .calculated andstored in the DPRAIvi 13;. and the
cofi2Sh Maﬁ%@& indicated.as' - 3aee. 2w SHng Which eﬂ?@&ass%e%ﬂe@dﬁmmn
processe . blocking further input data from, entering.the adder 9
It HBCBRRRE é&@n@%@‘é@éﬂﬁs\ @&ﬁé&m‘@ﬂ@m@p&m& by aen ADC ora
%E%&emﬁtehemt&ﬁé Hefie:ceuntep) ippaadio diRlingldsBReReN by o
is two stages. The number of operations of "Stage 1" is the lengtfrii of
cofﬂ@ﬁf’pﬁp\% 58 dtioPHEyond this.number are:associated Wlth
"Stagg:fn AcQtncin s fefred embodiment of the INeRlonctRe o7 manis,
address generator comprises a comparator 4, wh| nked to the
(ﬂ:xaﬂtpoMphﬁm CO toTtes) &eﬁfnaenbn@ﬂtatemads’ﬁlemucmhw@@u@)m of D, the
he.counter 3 compare of the.i ector. &
o B L Bl 500 may
beislibadeddnoutwo" Stegps: | ther firsStitage, 2hditiedigndiStgsdd tdwongretitieh the

input "S" of the MUX 9, so as to switch between the inpyuts-"'C" and "D"
mﬁ‘ﬁe%ﬁlr@s@géﬁ‘%r%ﬁﬁ .mprises an asyncﬁ%tcﬁﬁs FResHG gnd the

préﬁtgxts o?%ﬁ?wgdgaﬁmt%%sl&r%&egﬁs&mﬁg \aliesh 20 8188l RS hhation

Look-Up-Tab for determlnlngwaddresses in the DPRAM 13 via
mafEapetigakte @ési%taepdaméha DERAB 13y 316 be shrgaratiegsntadicgted as*

stdge HizgpiHbesuith imCribkiniZahtans Hoceee e RTNFSas M f@her input

fields, a "Source" field, a "Sign" field and a "Destination" field. For each

datip e ARG ABR AR SolBh SONEETY BB e Sy vRRl arggber of
opkHRRIEURASPe R W@@t@@bﬂ&%&h&@y@m@m@ diREauic8tween the

fleld -com rlses information relatedéi Q.each column ?ﬁx transformation

W R ARG, ShIRPCIaMPS 0T efpegslwaii e TGRS R estor.
oﬁer&&m;m@mﬁen&wﬁaeaaﬁe@fssbaia@aaﬁm g’ The source field

determines the value of the input "add b" o E% DPRAM 1837; £§§ %g .
field rapretng tha RRvETEShT Ao QLS TS IeS Bfperator

501 hevglasiination sielsheatarminasiche yalbleeafthehin puftpatids @ apdhes 3. The

DPRAM 13&% rding to which the content of the corresponding address
CORRAUORAF ’%Po@géf fg.

output.of the counter 3,.compares it with the length » of the input vector, and

e

provides a corresponding signal, indicating whether the current operation is carried
out in “Stage .1” orin “Stage 2. This signai is used to control the input “S” of the
MUX 9, s0 as to switch between the inputs “”C” and “D”.

The address generator 501 also comprises an-asynchronous memory 5 (e.g., &
ROMI), which stores preprogrammed values, and is used as a Look-Up-Table (LUT),
for determining addresses in the DPRAM 13 via the input addresses “add_a” and
“add_b”, for processing their contents. The Size of the LUT is (C-m)x(1+2r), and its
contents comprises three fields, a “Source” field, 2 “Sign” field and a “Destination”
field. For each operation (i.e., each clock cycle, counted by the counter 3), there are
three corresponding source sign and destination values. The source field comprises

information related to each column of the transformation matrix that has been split.
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The address generator also comprises a set of s (s = r-1) inverters,
61,62...,6,, each of which comprises an input connected to the series of
bits DlI,..., D,, respectively. The output of each inverter is connected to
one input of a corresponding 10 MUX from a set of s multiplexers,
71,72...,7,. The series of bits DlI,..., D, are also fed into the other input of a

C(ﬁdiekbdj)ths%W\de;ls‘r@miﬁc&%tﬁfrﬁr@l@ﬂ&@'%@ﬁ%g?éﬁ%g- -o?l, thg_l"lf%ﬁlf)tﬂ‘cg of that
0 >A MUX fro eset71,.72..7,is controlled by the value o the most
siﬁ%%ﬁn%%ﬁé%%ﬁ%easso chnfg%%% ‘%ﬁfee%f%g?eg‘&‘fﬁlé‘%&f e inpyt “add_b” on the
uRdHbhlyed3 o linveete di gid rePresentDhtd dheinputpageiess cactofihe column or
DER: The.set Dl (er.D'1..... D) is input into one input of a
ERAN R, THE: c?és%g%ﬁbl?éigfd 8%%6 irfe‘sq}i% vai{t]\#a# é&a%mxgﬁgl add_a” on the

corresponding set, 81 , of s-multiplexers, w
miditfredet B, agpieching ferividyichalv SB1gheaf tihditprofsimadi’ atdieiRds selected
frspdRRdsslie The output of the comparator 4 enables the selection of

~ "add-a" to arrive from the set 71,72.... 7, or from the LUT. The input

"add_a" The addecsrestnersen) demoorptirsSisssa bat(Sdataly infdhers, 61,6,...,6,,
DRBAM LA ebisdad iadgRL oS ghihe BIdRL Mblle MRL'Hld | p,

b", taken from the L (i.e., the Source) controls the second outpu
"deTREHivEIthEO PR aBearhitrsiteds semnaeird teors ihputmiltpieresgonding
wifcx rivelindies: Ragyvallis Slerdaia R’ by aTRQrESPOBEIRG B9 yalle,
extracted from the LUT a%% feeds the product into the input "b""'épt?wgg also fed

niBifSherotier tRRu ofia copesaeRing MUK hirmn 5¢f rf somyltpleensl, 7. - s

| ghdhatpantiicaivact sethimeverafiten accordingiRANS dRVAIADE the most
(ei%éwhen ﬁhﬁaélock signal rises). On the other hand, the "read" operation

8 {8085 iR TRl dhe dransten of b6t s6tcRangePatisbanged, or
niaveest \Wenihg. .adorgss iheuhisichadead, sedFHeSPRANIACK The set D;,...,
Operatian,at St 1. 30 At this stage, the cqunter 3 starts to count the
fifst &ﬁdmm?iﬁ? IO ARPEY Q) OBy AR R SOLERSPOR g Rt Bieha. - 85 of s
Duu'h’g)k!mgs:d iaithmrh/ﬁdﬂiﬁoa?abiehiglat&r fﬂowl&ril@miiifeid;) [lblytﬁ@ MSH@MdG-th bit)
its outRUt and inte input "A".0 r 11, while. 81 blocking input "D"
TR £ SRt o DO ol 55, ORI theenables the

e input symbol [X1 X2, ... .~ XnJ ispr

~ nseltigiien 10.“EHé RSB Dorivt tiemothe, sstpfoVidedinte fharmtherLiiPuTee input

RGPS, e H R AIBE SIS HO RN (2R k468192 ATBR AM 13,
which is fed into input “B” of the adder 11. The input “add_b”, taken from the LUT
(i.e., the source) controls the second output “data_b” of the DPRAM 13, which is fed
into input “E” of the multiplier 12, which multiplies each value of “data_b” by a
corresponding “sign” value, extracted from the LUT and feeds the product into the
input “D” of the multiplier 12. The “write” operation in the DPRAM 13 is
synchronous, i.e., the contents of each cell is overwritten according to the clock rate
(e.g., when the clock signal rises). On the other hand, the “read” operation in the
DPRAM 13 is asynchronous, i.e., each output is changed at the moment when the
address input is changed, regardless the clock.

Operation at Stage 1:
At this stage, the counter 3 starts to count the first symbol time (» clock

cycles), during which stage 1 is performed. During stage 1, the MUX 9 enables data
flow from its input “C” to flow to its output and into input “A” of the adder 11, while
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determined by the input "add-a", is extracted from DPRAM 13 and added
to the 5 components [x1 X2 ...... xn] of the input vector, multiplied by
the MSB Do. The counter 3, which has been counted the current symbol
time, provides an indication to the address generator comparator 4 and to
the ROM 5 that the current symbol time has been terminated, and the

coeeataioinmhwibeh ' ion ¢f the MUX 9 from ipput "C" to, ..
the other inpﬁut "D". Se?fél:;ﬁr )?ﬁ%?gg?n ara’t%f? 4 drives 10 m'ult?gﬂ’lfcsa%mvwed tnto
8P 1NpyEs 96 Seianriginlictdfh e INJSB rithef tloncalie, RAMovidaparastiahe other
at; At this stage, the r.3 starts to,count.the next symbol )
L e e T (R e s
edgisasigedatiiotherdmuits adsl”Dis texfimated ifs>oUPBRANM iNtOAAPUWART to the
ofcthe %ddetr 1 JtWhile blocking input "C". -1s At this stage, at each clock

cycle s salacted address in the DPRANMM Pfs WecH¥E(Aeora JaUtiRliGE DY the

repISBeDYSThe Gnuiee 3 ThaisR ueee data buled fram dhe SaSACL PHIRUL o vides an
"data-b". of the DPRAM 13 into the input "E" of the multipliér 12, in WhAICH 1t
isNGRITR Lo e dtsiTe SoBFTaNE cemgParaian 4, adri tha REMYItAethay the current

Thjanpisiciint adeddntiemshenineutaiy hé %W%o%t%{&%a@ﬁq&gﬁ@s@?ecﬁon of
thtﬁiml f the addg—;-&go ﬁ; At the same time, the content of the o
cliffe iﬁi’ﬂ%w&he appeAFLMHThEm UL B ariAdsadbr carparséor 4 drives
twondtlesnr8 ided by teadiis fbnamd eTesuHisriares: ARANE] .
same adgresst.in the DPRAM 13 (which corresponds to the previous
destinati ey d of this summation process, the
correspohtithiy stag aticer potaits (yj's)arethéored iy iieoDRRAMulBig which
a I Oan(?h " 1o (2" iUﬁIBéZ rqcess is continued | .
cgﬁggq%%srﬁgﬁrﬁ%? gjz%ligﬁspar%?/lzcrieas% Gnm iga%)ﬂé}?clﬁ‘?aaaﬁafg%“érh%m 1ts input “D
teofioated {momaplingnid iatprigeteilingdieosdipaiteralilB®locking input “C”.
tr§n§[.£§r ation oé?és }g}/i's) h?ve befn %i(q:éjlated,and stored in different )
2oL EeSR ASHPRIRK P30 isiorshadrtethdndhr LRROMobt ihagcessed via
héadads’ belsielarpiesied, tha ddiie < OThp ataiaseAdAuVilChB fdeni MY second output
selectian,of W §8fr m input "D" 1o, the qther input "C", 30 and, =~ .
dric\{/eae%-?'ﬁulﬁglqe%ers , (f 81 ostéé,\)é? ta roﬂ$ Ig}il\’/“flftfalt’ﬁér@oﬁ?twgwh 1t 15
Liultifiedby thevingeiimadiparatign 508y ek tapb faim agaiilaL Sfageproduct is
ﬁgﬂ?ﬁi?@%&qp%lj %tftt!ﬁ% M@} ‘%ﬁe‘%%ydatgp'éé‘ﬁhegmn? %et qu%PQXe’ of the adder
11. At the same time, the content of the current destination value appears in the input
“B” of the adder 11. The two values are added by the adder 11, and the result is stored
at the same address in the DPRAM 13 (which corresponds to the previous destination
vaue). At the end of this summation process, the corresponding r transformation
points (y's) are stored in the DPRAM 13 at addresses #0 and #2"/ to (2"1+r-2). This
process is continued consequently, until the clock provides an indication that stage 2
is terminated (according to a predetermined count) after all the transformation points
(i‘s) have been calculated and stored in different addresses in the DPRAM 13. At that
moment, the current symbol time -has also been terminated, and the comparator 4
switches the input selection of the MUX 9 back from input “D” to the other input “C”,
and drives multiplexers 8,8,...,8; to select data from RAM 1, rather from the LUT,
thereby driving the apparatus 500 back to operate again at stage 1.
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seen in Figure 5. Figure 5 illustrates an implementation of a product of an
rxn U- matrix A by an n-dimensional vector X. The representation of the
matrix contain O or 1 where 0 corresponds to 1, and 1 corresponds to -1.
5 In this example the vector is real and v bits are dedicated to each
component. In the subsequent construction the matrix A is stored in

element QR AmbodROM)ofititk thepszatos XsisistorgpRBement HRAMethod is

O ROM)- itrig; tar _may. be generated from any interpal
or externgl%%\ﬁ slililc astg| nil(gér%%é%/eaea\ﬁcgl rlgrsnye HiBnioka BEereet fken mxa U-

ABETF dohiesaydisneesiogeherator X ofEhd epredenitibatot et o188 in O or
L2fikaeyacheapizes 109 hele SYsiebnbladule 3 is a counter that
) (0}

counts from 0 to C, where C is defined as follows: C = n + 2uo+ul+

u2+....... o thisGersmapte. the yretpr | iprealiangt ksits (i dT{TE1E lejiticomponent.
h{f.jihe nteedguénil dohsiagach the i ing slanals t

are | eertegé%%o element ?1(3’11 W?t% g(%%ﬁ]ig{?l a{?gd@erglsge}g%%q e ot ROM)
Caﬂd] r%efr%?ﬁt%q%@rﬁtge\%lﬁ% rlesae 2ddadd woRMY tAddoyatitistnd the vector

sigiifi¢anibilsatedaddiionm inaeauter is S rator.of .
an as nchrogoetjs zo Ol\li{l:_igelement 5) (;(?félk?gl sﬁgfgf%ggﬁ?x 1%;%?%‘%59 Eﬁwce or

tHE BHEBHATE (BB 1HIS SToRIG S WRRISI Seneriapaitor that check

if the curendleduntis gteatel thesitleEeMEN D SNEIRRRICTHE Shole system..
fi%sa;u%i n, Source, Destination. . The order of the line at the ROM should
be SUCIT that ?h%oﬂ?g?rotgé?ﬁﬂ%t%frgﬂg%t? fe iWbered Iy afoed asrfdiomser n

cycles. 25 For syntax purpos€ we: Wil Zigfine-s:5+:1. The data buses go

........

from element 1 bits-DI-Ds into elements 6_1-6_s (which i h(/erters)
respectively. Elements 71-7s, select betweshdil-Ds and the output of
61-6s according to the state o DO’.Y(@O:O =>7 1-7_s=DI-Ds, DO=1 =>

I7olr127 (Sn)_ I_681 865 )(SuEt:)euTse@?é% gp(fﬁ@%t% ??;Z 3?2\,\/:6 eDr:-:-ZE r} ézafm)aggct)hr?jing to
the state of the output of the k@pypargtar283 -/

In stage 1 the incoming signals from elements 1 &2 are inserted into element
13 with accordance to addresses that are coming from element 3, where each address
contains the logyn list significant bits.

In addition, the counter is used as an address generator of an asynchronous
ROM (element 5 ) of the size of (C-n)x(1 +r +r). All the bits of the counter go into
element 4 which is a comparator that check if the current count is greater then n.
Element 5 encompasses three fields: Sign, Source, Destination. The order of the line
at the ROM should be such that the first operation of stage 2 is induced by the
counter after n cycles.

For syntax purpose we will define s = r-1. The data buses go from element 1
bits-D1-Ds into elements 6_1-6_s (which are inverters) respectively. Elements 71-7s
select between D1-Ds and the output of 61-6s according to the state of DO.

(D0=0 =>7_1-7_s =D1-Ds, D0=1 => 71-7s = 61-65).

Elements 8_1-8_s selects between 7_1-7_s and the lony(n) LSB's outputs of
element 5 (add_a = Destination) according to the state of the output of the comparator

-83-



10

15

20

25

in element 4 (stagel2n). Stage 1_2n =0=>8 i-8_s =add_a, Stagel_2n
=1 => 8-1-8-s=7-1-7-s. Element Sr _select between "0" to the r bit (add_a
MSB) of element 5. Stagel 2n =0=>8 r = add_a MSB, Stagel2n=1 =>

8 r=0. The output from 58 1-8 r used as the first address bus of

-element 13, which is a dual port RAM at size of (272 +r-1)x(V+log2n).

This elerenis4léfings! datg,_Siags Witeh-is an GUIRSE from aglemenidansh, —; -
alsp the destination of the data-in bus which is an input to element 13.”

Add_b (Which is output of element 5 (the Source field)) is the second

address FmgstoR eterplent 18t(Tevis A0dressivontrisils @dth abMSB WHICh]iSnent 5.
angespyt Srpamelement 13), Signigaisiggle bitoutput frgm element 13

which multiply data_B at element 12 wa?%%g‘g?nu tipﬁe%ﬁrTh : dafiifutput from
bub-Wiichusedrreibaiiitnddsie o cleropntl Barvibich froadisl lernRAM at size
Llomaichiis aikaddspihnt SmsIRgelalaaia S:and DR QYL of o0 ourpur from

element 9. The data-in goes to add_a destination n a synchronous way,
wiRHERAB 3 dnd pfatisndsemation ahdhaalatanins bisywihebrious. Bpior to element
thexaction of element 13 it is initiated by insertion of zeros. Element 9

selects bj\tween the outputs of element 10, and element 12. Element 10

multiplie 98 hEWHER BLRWRHh i elersab it theursefisid)dmtnt seodritbaddress
C bycistelomeasubinUhiamaress %tsx@é@ﬁ@é@_{s%%}ﬁ’é@gd&&%ﬁ%@ﬁom element
adlcgesses 2" to (2" +r-2). Numerous variations and modifications of the

inv P}'tion will become readily apparent to those skilled in the art.
Accordindigilie insiepliobinaaypae fesaberiaddn 0tRaLEPRGIHIPURS, b at clement
ngcxjtﬁeg?srtin& f[tom it§ spirit or essential characteristics. The detailed

25 Embodiment e (%%%3” onsidered in all respects only as illustrative and

" not restriiedaty itheuscepibfitheniriupntiontis rébssefasccingdisated Mfived from

e L e s
aréhe etemibragoes withidditreidesopeiondd L0 YRGB us way, while the read
.operation of data_a and data_b is asynchronous.

Prior to the action of element 13 it is initiated by insertion of zeros. Element
9 selects between the outputs of element 10, and element 12. Element 10 multiplies
the data bus from element 2 with the LSB of element 1. After C cycles the resulting
vector is stored at element 13 at address 0 and addresses 2™ to (27! +r-2).

Numerous variations and modifications of the invention will become readily
apparent to those skilled in the art. Accordingly, the invention may be embodied in other
specific forms without departing from its spirit or essential characteristics. The detailed
embodiment is to be considered in all respects only as illustrative and not restrictive and
the scope of the invention is, therefore, indicated by the appended claims rather than by
the foregoing description. All changes which come within the meaning and range of

equivalency of the claims are to be embraced within their scope.
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WHAT IS CLAIMED IS: 1. A method for enhancing the efficiency of the
performance of a linear transformation represented by an rxn matrix of at
least one n-dimensional input vector above the real or complex or a finite

field comprising: 5 modifying an initial rxn transformation matrix to produce LLOYD WISE
a modified matrix having reduced dimensions, said modifying comprising
identifying a group of equivalent rows if present, selecting a row from the

SY LA ISt Ciwe §EBEp Ee: retain, omitting one or more equivalent rows in

the equivalent rows group, and storing in memory a ratio between each
omittedlrow aAdmleérsdléutechd®mpthorfiitmmpee f dudurenfsrofasaicofitighear
transformation matrix; normalizing remaining columns of said initial
transfomativorrepetstuteyd byt phyingathis: réatdigsigooe lnrinsenyiimadispstofector
their lead elements, respectively, to produce a normalized matrix; 15
ahenvefilingeal grovpraflex eahdbtitmfislthetmapnisingalized matrix, selecting a
column from the equal columns group to retain, and omitting one or more
equal ooldifinsdnnHeitglmircnyayipdupmaiceivinpraduncdimedsimaanatrix
input vector corresponding to a signal on a channel; generating a
hrodiieddrsetbdfitomsthesnsaithendidyiak apupyistier according to 20 the
modified matrix by omitting elements of the input vector corresponding to

the omiterfifiins cofipmb<oinstangizigans ihpiesoetralesingtioyidpm the
elements of the input vector by the lead elements used in normalizing the
RSItHEARNG TOOTB ST DA BN AMEHAS ORMAIDR I SHHY HABL SOWhitnge equivalent
normalized input vector elements according to the identified equal
EONMBERVGr 60H SENHSEH DIy WABEbIBRaniper B mitadkiosions Batpriected
vector by multiplying the modified vector by the modified matrix, the

&btaining comprising accumulating sums of elements of the modified

vector according to the modified matrix, and _ .
omitting zero columns of said initial transformation matrix;

normalizing remaining columns of said initial transformation matrix by
multiplying the remaining columns by inverses of their lead elements, respectively, to
produce a normalized matrix;

identifying a group of equal columns in the normalized matrix, selecting a
column from the equal columns group to retain, and omitting one or more equal
columns in the equal columns group;

receiving an n-dimensional input vector corresponding to a signal on a channel;

generating a modified vector from the n-dimensional input vector according to
the modified matrix by omitting elements of the input vector corresponding to the
omitted zero columns, normalizing the input vector by multiplying elements of the input
vector by the lead eleménts used in normalizing the remaining columns of the initial
transformation matrix, and summing normalized input vector elements according to the

identified equal columns group; and
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5 generating elements of the r-dimensional output vector that correspond

to the one or more omitted rows using the stored one or more ratios in the )
memory. 2. The method of Claim 1, wherein modifying the initial rxn LLOYD WiSE
transformation matrix further comprises splitting the transformation matrix

into several sub-matrices and obtaining the r-dimensional output vector

further comprises unifying multiple 10 output vectors resulting from
productsHeficiaghsuhiingiiiioml Dhemetast o Glainiplywheieimn dbfied vector by
modified matrix encompasses a subset of rows of said transformation
mhatixdéficchaanethad obGlain 3ofupiengomprising splitting the input

vector into several sub-vectors such that each sub-vector corresponds to

a sub-raedrix alad vgheneino 18 dhe oy tfuhy echdi fie dbtatoe ddoyrdidding fiemodified
output vectors resulting from the products of each sub-matrix. 5. The
methiagaofl Claim 1, further comprising splitting the modified matrix into

several sub-matrices, wherein an output vector is obtained by adding

output geaetatmpedaltingtfrofmbprodintaddedchugub-matsixthay cespgetieto the
corresponding sub- 20 vectors. 6. The method of Claim 1, further

cam@rising noritedizings eaoke cbiustimedfosaic matiix djosninl tipd yingihe .

column by the inverse of a lead element. 7. The method of Claim 1,

wherei.the oliiputetiotdras @lpiroduetlefthenmdifixrentdhei tp utwveateformation
-96 LLOYD WISE 8. The method of Claim 1, further comprising

ideniiyimibhgr copspoifegsidiitiolg thasrimtfrematiomalized matei xeaved bitdehiagices

a unique location to each identified group. 9. An apparatus for performing
anihebtrinarnsfbemalioepsomp isitpyt & ¢irst fantsegonprisputsifhicg multiple
receive input data and predetermined transformation data from means for
redpdingotimsensidimsgof-amd prodwakiziheagenebamatat.and complex

matrices corresponding to linear transformations; transformation and
accumdlation theuitethadhizhCiets Gnwwhermptheatadifiedthetrix encompasses a

subset of rows of said transformation matrix.

4. The method of Claim 3, further comprising splitting the input vector into
several sub-vectors such that each sub-vector corresponds to a sub-matrix and wherein
the output vector is obtained by adding the output vectors resulting from the products of
each sub-matrix.

5. The method of Claim 1, further comprising splitting the modified matrix
into several sub-matrices, wherein an output vector is obtained by adding output
vectors resulting from products of each sub-matrix, by respective corresponding sub-
vectors,

6. The method of Claim 1, further comprising normalizing each column of
said matrix by multiplying the column by the inverse of a lead element.

7. The method of Claim 1, wherein the output vector is a product of the

matrix and the input vector.
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predetermined transformation data to produce an output vector of a linear
10 transformation corresponding to the predetermined transformation
data, wherein the transformation and accumulation circuitry comprises an LLOYD WISE
adder and a memory; and; control and address generation circuitry,
connected to the transformation and accumulation circuitry , wherein the
control and address generation circuitry generates corresponding
addresses for Becessingl cel(Slaihsajdurhaenmaridiferidemni®diiaceiups of equal
selection between a data receiving mode, in which the input data is
reteivedivithe aiok skt rpmbandaatbaee dhitigen nmeiopno Yoaatondingakeh identified
addresses corresponding to matrix columns, and a data processing
modp, in which accumulating operations add or subtract data from one
cell of the memory to another cell of the memory 10. The apparatus of
claim 99 wheredm tipp transféomstitmmaing admenutatic fordtitiraudtyn heither:
comprises a first multiplier that multiplies each element of the input data
by a cofmsspahdingrelenpent whitlertramstanpatidatdatd predag tienddta
receiving mode, and a second multiplier that multiplies data from the
tnarsionmatitbnadsig firout putas fhieredmntiog dindeadiressigaderatioal icinggigeperal
during the data processing mode. -87 LLOYD WISE 11. The apparatus of
ctaimndC;ontpdesimttaogsernoepmontipgsediacduadapsfomantions; access
memory. 12. The apparatus of claim 9, wherein the transformation
circuitryreosfiprisg®rsand mationuéaithacowmtiatidnoirauition thd Siptidata and the
apparatus of claim 9, further comprising a multiplexer circuitry which
peddetsr iverad nrthiomiatt ae detvittgpnoddecamdotitpuwl ates fonoces Simgpmode
based on an output of the control and address generation circuitry. 14.
Theséppwiatns ofrSipimddavh éheiprddeteonineidrah siddres ydatatiberein the
circuitry comprises: 10 a second memory which stores pre-programmed
proséysiag emandoreohudationnd ity rmparaiorscirc aitdgnahith meitchigsand;
between the data receiving mode and the data processing mode.

control and address generation circuitry, connected to the transformation and

accumulation circuitry , wherein the control and address generation circuitry generates
corresponding addresses for accessing cells of said memory, and for controlling
selection between a data receiving mode, in which the input data is received via said
first input and stored in the memory according to addresses corresponding to matrix
columns, and a data processing mode, in which accumulating operations add or subtract
data from one cell of the memory to another cell of the memory

10. The apparatus of claim 9, wherein the transformation and accumulation
circuitry further comprises a first multiplier that multiplies each element of the input
data by a corresponding element of the transformation data during the data receiving
mode, and a second multiplier that multiplies data from the memory with a sign output

of the control and address generation circuitry during the data processing mode.

-87-



10

15

20

15. The apparatus of Claim 14, wherein the control and address

generation 15 circuitry further comprises: a first set of multiplexers, each

of which having at least one direct input for receiving transformation data,

and another input, into which said transformation data is fed via a LLOYD WISE
corresponding inverter, said first set being controlled to transfer

transformation data or, inverted transformation data, by a predetermined

value pravidedrhy ssper2@drengtormesiomdain; @sesondSeidhprises a dual port
multiplexers, each of which having at least one input connected to the

eaiputofR@erasnending multiplexer selected from said first set of
multiplexers, and another input, connected to said second memory, said

secondiget being epptiatiedoby siaid compaiatae eiresithniaovieirfiredmprises
address to the first memory by -88 LLOYD WISE transferring the output

efieachitidinl exendraatisaidifiistset to the output of its corresponding
multiplexer from said second set or, to provide at least a portion of the

secondigddreShiafipadtitat ofamadry Qyirarsiesting datpasiamiipiexsaidrcuitry
second memory; and 5 a multiplexer, operating in combination with said

sedohdedettobmukiplakednin rsaitl datan piecessing daadeobeing atbde based on
unconnected input and an input connected to said second memory and

aaninighec byhsaicheaipar atiol eisqritistatherelyytoviding the remaining
portion of said second address. _89

14. The apparatus of Claim 9, wherein the control and address generation
circuitry comprises:

a second memory which stores pre-programmed processing and control data
and;

a comparator circuitry which switches between the data receiving mode and the
data processing mode.

15.  The apparatus of Claim 14, wherein the control and address generation
circuitry further comprises:

a first set of multiplexers, each of which having at least one direct input for
receiving transformation data, and another input, into which said transformation data is
fed via a corresponding inverter, said first set being controlled to transfer transformation
data or, inverted transformation data, by a predetermined value provided by said
transformation data;

a second set of multiplexers, each of which having at least one input connected
to the output of a corresponding multiplexer selected from said first set of multiplexers,

and another input, connected to said second memory, said second set being controlled

by said comparator circuitry to provide a first address to the first memory by
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transferring the output of each multiplexer from said first set to the output of its
corresponding multiplexer from said second set or, to provide at least a portion of the
second address to the first memory by transferring data stored in said second memory;
and

a multiplexer, operating in combination with said second set of multiplexers in
said data processing mode, having an unconnected input and an input connected to said
second memory and controlled by said comparator circuitry, thereby providing the

remaining portion of said second address.
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