STABLEMETHOD AND APPARATUS FOR SOLVI NG S- SHAPED NON- LI NEAR FUNCTI ONS
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Newton-Raphson algorithms, and more particularly, to implicit solution algorithms

for solving non-linear equations such as S-shaped functions associated with transport

10 problems of reservoir simulators.

BACKGROUND OF THE INVENTION

Implicit solution algorithms are widely used to solve nonlinear time dependent
15 transport problems in computational fluid dynamic (CFD) applications such as
reservoir simulations. These implicit solution algorithms are commonly used to
overcome time step size limitations of explicit methods. Often a solution to these
transport problems for a new time level is obtained utilizing the well-known

Newton-Raphson method.

20
FIG. 1 schematically illustrates a simple execution of the Newton-Raphson method
for solving, or at least approximating, the solution for a function F = £(S). FIG. 1
depicts a graph of the function:

25 F = f(S). 1

Solving f(S) = F = 0 determines a root, i.e., where the function f(S) intersects with
the horizontal axis, i.e., /' =0. This intercept location for S is deéignated with the
letter A. If this location, or a satisfactorily close approximation there to, can be

30  determined, then Eqn. (1) is deemed to be solved.



the horizontal axis, i.e., F =0 This intercept location for Sis

designated with the letter A If this location, or a satisfactorily close
appr oxi mnavpanoddeese t o, can be determ ned, then Eqn. (1lpcCrasdeenastet o be
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The solution S is the horizontal coordinate of the tangent line when F = 0. Solving

10 for this coordinate:

=8° = f(S*)/ 1'(S") ®)

This coordinate is then used as a second guess or approximation for the solution of

15 f(S)=0 and is designated by S'. Accordingly,

S® =78 118" )

A better estimate of the root of Eqn. (1) can be determined by again taking a tangent
20 line at the coordinate (S, £(S")), i.e., point C, and determining its intercept with the

horizontal axis. This is accomplished using:
S*=S8'—f(SY/ f'(S) )

25  Itcan be seen that S*is a better approximation than S' for the solution of Eqn. (1). An
even better estimate is made by taking the tangent to point D, (S?, £(S?)), which

results in the intercept at S°. In general, if an initial approximation or guess for the

solution of F' = f(S)is S"the next approximation S"*' may be determined using:

30 S™ = 8" f(8")/£(S") (6)
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results in the intercept at S3.1n general, if an initial approximtion or
guess for the solution of F=f(S) is S"' the next approximation S " may be
det er m neaosIaNy9s96) Eqn. (6) provi des the basic fornul &Crars2406m09868

Newt on- Raphson net hod. By repeatedly applying the New on- Raphson Eqn. (6)
to a function f(S), a better and better approximation for the solution to
Eqn. (1) can be determ ned. However, this assunes that application of the

Newt on- RaphsBon.r6} prodides ttel bagicdosmilafirahe NewtonRaghson feaivdi B eqbiedlyst abl e.
Thi s case. In rﬁservoi r simulation, the function to be

I's not al ways t
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transport problemis solved for each cel'l 1n areéeservoir nodel in each
Newt on- Raphsthat appdicatianof the NawtoneReghison setiodas findiansoluioaon f®)dés a conver ged
solution is obtained after a nunber of Newton-Raphson iterations for a tinme
step, the sihefcaditignalldable, Husismet aways thecaprext tine step. This approach
is straightforward and unconditionally stable, if the flux function is
convex (shock) as shown in FIG 1 , concave (rarefaction wave) , or linear
(contact di shhomsdrmeir sigjulatisini the fissctioheo basavédis ofies ta tasguit plobleasivhich id d

ehcount or ed THEHGS HOI HEQT fof aie G- CRONG, e Ha R HBHIREBHER ot hod

does notj(cony¥&péh. The tABsgokBRoBILANS sASbERE 85LIALS ih %Ffeée?vfchemohél ih SR@ VOI 1

sinmulation, this problemis usually overconme by enpirical tine step control

t echni ques. MNewondRaphsén weratioreinratypicai meprvoinginstiapr. e aiconvogsksohatonve or

too large, obtained after a number of Newton-Raphson iterations for a time step, the

simulation then proceeds with the next time step. This approach is straightforward and

unconditionally stable, if the flux function is convex (shock) as shown in FIG. 1,

15 concave (rarefaction wave) , or linear (contact discontinuity), which is the case for
most computational fluid dynamics (CFD) problems. However, for S-shaped flux
functions, which are encountered in most oil reservoir simulations, the
Newton-Raphson method does not converge if the time steps selected are too large. In
reservoir simulation, this problem is usually overcome by empirical time step control

20 techniques. However, often the resulting time step size is conservative or too large,

resulting in redundant computation or in time step cuts.
Accordingly, there is a need for an implicit solution algorithm for solving transport

problems with S-shaped flux functions which is unconditionally stable, regardless of

25  time step size. The present invention provides a solution to this need.

SUMMARY OF THE INVENTION

A method is provided for solving a non-linear S-shaped function F = f(S) which is
30  representative of a property S in a physical system. The S-shaped function has an

inflection point S°and a predetermined value of F to which f(S) converges. An

initial guess S"is selected as a potential solution to the function 7(S). A Newton
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resulting in redundant conputation or in time step cuts. Accordingly, there
is aneed for an inplicit solution algorithmfor solving transport problems
wi th S-shapedoddossesf unctions which is unconditionally stwablus2ooeegmsesl ess of
time step size. The present invention provides a solution to this need.

SUMMARY OF THE '
S shaped ulEREBR (B & ppiegnaibon e fup Bt it 1 B8 H’*E‘%ﬁ%"ﬂﬁ T

physi cal syst yah 8 I and a

pr edet er m néfaﬁ’\‘?éll ﬁd?thﬁn?g Wgﬁ%}fh{%)@r ?gnvlgel?bég{s%ﬁ 2 ﬁlil;bt fgﬁgagfsgles Vis
sel ected as 1&1&§B§§Bin@§° ?9&1‘5&' st id B@até&@ﬁiﬂecﬁppbélﬁ)&de éf thewtfRoiider at i on
(T) is perforne the function f( S) at Sv to determne a next iterative
val ueS +1 . pbintifiont Sfenhaeser i3 sedo Wﬂetﬂmdrﬁeﬂ new estimateo dadetermgnationds th@pom te
si de of thelnflectlon point S from. Syv is located on osite
si de of 6he nhade|as ¢a Wbﬁthploﬁv“ ig Wﬁh@amﬁ@@ cqnyerggpee Qiterta. 1 ér‘ |ed new

estimate. efermn hen nmade as to t S svmthlna
plroedeterm ne%l BoRler en %??é‘evrelséepslaferﬁB?ateq‘\f{\fﬂﬁ %ﬂ S 1n£d(5) S v+i and the
above steps t o edet

conver gence CI’I { e%ﬁ)&% Q?ﬂ"&g%:dc?ﬁ\?gFegneadizl\l/lg%?J%‘é%gedhai&e?fggt hgr}ﬁiﬂe@lég%% eldasa?s a
sat i sf act or yagethatbiyahifiohdS tdtheS-simppefinttioe 17 o (F) “FieSpodifitheewodi fi ed new
estimate, S1, is preferably set to either the inflection point, S c , or to
an average \baﬂlmatebﬂlt sesfeiably sent éitherthe inflestipn point, Y5 (OB aiSaV(ﬁFﬂg)e value

Al ternatively, an under-relation factor gther than used, .such as

a val ue 18el detweenf §'oamdSY" ties-08 7= 0AE o SsVSDuNtEWaHY“gbrqnt%ﬁlﬁr'%laém&g%@?ﬁ bed
for two-phase argltljant&g may hase fl

other e used, sual as a varllue selected from 0.3 to 0.7.

Also, solution algorithms are described for two-phase and three-phase flow with

gravity and capillary pressure.

15
It is an object of the present invention to provide a method and apparatus utilizing an
unconditionally stable modified Newton-Raphson scheme to solve S-shaped
non-linear functions to approximate solutions for problems based upon physical
systems.

20

BRIEF DESCRIPTION OF THE DRAWINGS

These and other objects, features and advantages of the present invention will become
better understood with regard to the following description, pending claims and

25  accompanying drawings where:

FIG. 1 graphically illustrates the iterative solution of a function F = f () using a

conventional Newton-Raphson method;

30 FIG. 2 is a flow diagram for one time step in a conventional reservoir simulator
wherein the operator T represents solving a linearized transport equation using a

Newton iteration;
-4 -



gravity and capillary pressure. It is an object of the present invention to
provi de a nethod and apparatus utilizing an unconditionally stable nodified
Newt on- Rapb0oev/e3vene t o sol ve S-shaped non-1|inear funcPCors2006/089368 oxi mat e
solutions for problens based upon physical systens. BRI EF DESCRI PTI ON OF
THE DRAW NGS These and ot her objects, features and advantages of the
present invention will becone better understood with regard to the

fol | owi ng dd¥6r 3 showna ppreredbitity Beldikied adfck Hgidfamahipsteaaomhiph intlades: FI G
1 graphical Ly jllustrates the it ' olution of a function F = f(9S)
using a con\}%en‘tolc tgoeﬂs W%ﬂr-ﬁgﬁg%%anéﬁ%d; FIG 2 is a flow diagramfor
one tine step in a conventional reservoir sinulator wherein the operator T
represents sol vi Qg a linearized transport e(ﬂua,ti on_usi ng

. €¢ a_. Newt_on
i teration; FIFEGS34AntReand 46ethowathe satiiptipn disitdions afbthg peanebildy figld & 2D t est
case which i pﬁﬁ% giigégalfgg,%ﬁigp@mggte'ggj ector and producer wells; FIGS. 4A,
ow t

4B, and 4C s e saturation distributions of the perneability field k
fromFIG 3 after a fewinitial time steps; FIGS. 5A and 5B illustrate

and 68 dopi FHOS: S ap S RS H oD PoRec Rt P S S (0t bt e
functions f(S);
10
FIGS. 6A and 6B depict S-shaped flux functions and FIGS. 6C and 6D illustrate
corresponding convergence maps made utilizing a conventional Newton-Raphson

scheme;

15  FIGS. 7A and 7B illustrate convergence maps obtained using a first modified
Newton-Raphson scheme, made in accordance with the present invention, for solving

the S-shaped functions shown in FIGS. 6A and 6B;

FIG. 8 is a flow diagram of a second modified Newton-Raphson scheme for one time

20  step wherein solving the linearized transport equation is represented by operator T;

FIGS. 9A and 9B display convergence maps using a second embodiment of a
modified Newton-Raphson scheme for solving the S-shaped functions shown in
FIGS. 6A and 6B;

25
FIGS. 10A, 10B, 10C, 10D, 10E, 10F, 10G, 10H, and 101, respectively, show
saturation fields after time 0.5 Pore Volume Injected (PVI) for three ratios of

viscosities 4 / 1, and three time step sizes;

30  FIG. 11 illustrates convergence histories after time 0.5 PVIand z / u, =1 using first

and second modified Newton schemes and using a Newton scheme with constant

under-relaxation;



correspondi ng convergence maps made utilizing a conventional New on-Raphson
schene; FIGS. 7A and 7B illustrate convergence maps obtained using a first
nodi fi ed Wewv@mobphson schene, made in accordance w t hPClaSpeeseIsss
invention, for solving the S-shaped functions shown in FIGS. 6A and 6B;

FIG 8 is a flow diagram of a second nodi fi ed Newt on- Raphson schene for one
time step wherein solving the linearized transport equation is represented

by operator HIG.RRGSa (184 disgtaByiti 5 pdByoremY QSI0ERERelTERSonéSinestep SAcRAM
enbodi ment of .a nodi fi ed Newt on- Raphson schenme for solving the S-shaped
functions sHEWATE A PESEe egpationds wpresetessby theropenatys, P andsolwipgtheilowsrizad,

10G, 10H, an@anlspgﬁe?@ggﬁqggeﬁpésgme@pyme%ﬁ urptp.on fields after time 0.5 Pore

Vol une I njected (PVI) for three ratios viscosities nmkx In2 and three tine
step sizes; FIG 11 illustrates convergence histories after time 0.5 PVI
and mnR = i first and second nodif.ied . Newton schemes and using a
Newt on scherr%llé\?\,ilg Pgih%‘z%é?ﬁﬂqu}%ﬂ’@??‘ Séqr%‘fﬁﬁf P’&%@P@el’%?”i PP GHOR 4P am wi t h
a non- const gsdrfoyiabd KiithimddifedINERfonORE HsbiTBhe b RP a8 fifiid nB@n@ Pressure
equation is represented by the operator P and solving the 11inearized

transport edier-mhaxaton dpitegelhitergtivystepse operator T; FIG 13 shows the
convergence histories of one tinme step for three sinulations, two perforned
wi th nodi fi ed Newt on- Raphson schenes and a third using constant

10 FIG. 14 is a flow diagram of steps taken in a preferred embodiment of the present

invention to solve an S-shaped function, F = f(S), for a physical property S, such as

saturation;

FIG. 15 graphically illustrates the iterative solution of an S-shaped function F = 7(S)

15 using a modified Newton-Raphson scheme in accordance with the present invention;

FIGS. 16A and B illustrate fractional flow curves for phase 1:
(A)m=1and (B)ym=0.2;

20 FIGS. 17A and B show fractional flow curves for phase 2: (A)m =1 and (B) m = 0.2;

FIGS. 18A and B depict fractional flow between cells 7 and #: in the upper figure, cell
1 is in upwind and in the lower figure cell 7 is in upwind, (A) no counter-current flow;
(B) counter-current flow in cell i (C) counter-current flow in cell #; and (D)

25 counter-current flow in both cells 7 and #;

FIGS. 19A and B show oil phase (lighter fluid) fractional flow curves with

counter-current and co-current flows;

30 FIGS. 20A and B illustrate fractional flow surfaces with no gravity effect for
(A) phase 1 and (B) phase 2: m; = 0.2, ms= 10, and Cy1 =Cg = 0;



under-relaxation during all iterative steps; FIG 14 is a flow diagram of
steps taken in a preferred enbodi nent of the present invention to solve an
S- shaped wonotdmoe9sF =/ (S) , for a physical property S, pemais2@s/08®6&Ir ati on;
FIG 15 graphically illustrates the iterative solution of an S-shaped
function F :FIGS)ZPA'aHQBashH%Jch@HaI%‘OGQﬂfa@@doxk}ﬁﬁ’ SR eeRct 18y accordance with
the present invention; FIGS. 16A and B illustrate fractional flow curves
for phase 1:(A)nmhaseland (Bh@h4$)2 m50.2; mEFIEs Cell7A Gk 18; show fractional flow
curves for phase 2 : (A) m=1 and (B) m= 0.2; FIGS. 18A and B depi ct
fractional flow between cells i and n : in the upper figure, cell i is in
upwi nd and iRIGSh22A anéB dep@t factidlal flowistrfhdes WA mtfgralify effetgount er - cur r ent
flow, (B) counter-current flowin cell i (C counter-current flowin cell
n; and (B) dédmrhese-lcand(Bhphaseawmhin0Boms= e Ces™0: Grd®\ FI GS. 19A and B show
oil phase (lighter fluid) fractional flow curves with counter-current and
co-current flows; FIGS. 20A and B illustrate fractional flow surfaces with
no gravi ty d1G8c23 A and BAJepivh fiaetichabfiohw stfaqph adth sall dravtPefZectsrB= 10, and

Cgl = B show_ fractj onal flowsurfaces W th grawty
ef f ect for ((Agpfafﬁss‘ean]il/?gﬁagiseﬁ Bhadé B~ 10,&0— L= 1y =5, cg2 =

FI GS. 22A and B depict fractional flow surfaces vmth no gravity effects (A)
phase 1 and (B) phase 2 : m=0.2, nB=l 0. Cgi = Cg2 =0;
10 FIGS. 24A and B depict fractional flow surfaces with large gravity effects

(A) phase 1 and (B) phase 2: m;=0.2, m3=10. Cg; = 5 and Cg, = 10;

DETAILED DESCRIPTION OF THE INVENTION

15 L Theoretical Background and Numerical Studies for Reservoir Simulation

Consider the following hyperbolic equation:

oS
§+V(f”) = 0 on Q ‘ Q)

20
Eqn. (7) is a model equation which represents the transport of one phase in a two
phase subsurface flow problem. The dependent variable S is the saturation of that

phase (0<S§ <1), fis a function of S with 0 < /' <1, and u is a divergence free total

velocity field. For simplicity, but without loss of generality, u is considered constant,

25  and itisassumed that ¢f /05 >0.

The nonlinear transport problem of Eqn. (7) may be solved iteratively using a

conventional Newton-Raphson method as outlined in the flow diagram of FIG. 2. This
procedure results in the solution S™' at a new time level. An initial guess S” for the

30  solution to an S-shaped function is made. This guess may be the saturation value S”

from the previous time step. In each iteration v, the linearized transport equation is

-7 -



FI GS. 23A and B depict fractional flow surfaces with small gravity effects
(A) phase 1 and (B) phase 2. m=0.2, H3=10 Cgl = 0.5 and Cg2 = 1.0; FIGS.
24A and Bvdepismesosacti onal flow surfaces with | arge graertus@bhests (A)
phase 1 and (B) phase 2 :nl=0.2, nB8=10. Cgl = 5 and Cg2 = 10; DETAI LED

i cal K d i cal
Studies for PESERRGIE ol s TRaner msn rde ok ) CRbistoie e
equation: ( 2operdt8T) iichirSsults rﬂggﬁ&pdaﬂ:u%ﬁtiu%owﬂe@{ SWﬂPb%@fhE%néxg&gu&{ ansport

of one phase in a two phase subsurface flow problem The dependent variable
S i s the satahsaliosrtwhtiotheltanghfism qne iteragion o the rest dodsumoteicoedai S with 0 <

/ 1, d i . di f t.ot al locity field. implicity, but
i thout 1 os<srogiahy B AR s h 8 st hoat B Rigete s oo Sl and e
that df/dS OgThe,amme ﬂﬁ%lu%ﬁrssﬂogt&heoﬁée@{iﬁmlafel.Eqn- (7) may be sol ved

iteratively using a conventional New on-Raphson nmethod as outlined in the

flow diagramof FIG 2. This procedure results in the solution 5"'+ 1 at a
new tinme | ev I2 n_initial fguesz SVL’%E he solution to an S-shaped function
i s made. This QU §%ret11@é\3‘°88 AR (OB §P%n val ue 5" fromthe previous time
step. In each iteration v ,the linearized transport equation ispreferably
solved for each cell in a reservoir nodel or subnodel (represented by the

operator T) which resul tlim an gpc{fa/n,ﬂé’drﬁ/gakﬁlrati o Uﬂéld BV . Onceg8) he
Bom érid i
Y

maxi mum absol ut e satur ’ifoﬁS"dﬁémgj; i'ténar ./t o ihk/Vext does not
exceed an o o
y

10
which is based on implicit Euler and first order upwinding. For simplicity, Eqn. (8) is
written for the case in which both components of the velocity vector u = {uy uy}T are
greater than or equal to zero and an orthogonal, uniformly spaced grid is assumed.
Each grid cell can be identified by an index pair 4, j and the grid spacing in the two
15 coordinate directions is defined by Ax and Ay. The superscripts 7z and v denote the
old time and iteration levels, respectively, and At is time step size. In order to solve

Eqn. (8), the flux /™" in Eqn. (8) is approximated by the linearization

ntl v+l v [ O ’ vy
S o=f =f +(—a§) (S —S) ®)

14

f
20

Finally, an approximation S**' of $"*'is obtained by solving the linearized system:

Si‘:;' +c, (f;'jS:v;I - f;':fl,jSivjl‘fj) +c, (fx;va;] = i:;—lSi‘:;-l-l) = Si):j —C, (-f;‘j - f:lj) (10)
—c,(f = i) Fe (S = fih Sia )+ ¢, (f,:S;vj - fi:j'-lSi‘:j—l)
25  which is obtained by substituting Eqn. (9) into Eqn. (8). It is important to enforce
0< 8™ <1 every time Eqn. (10) is solved.

-8-



appropriately defined threshold e, this nonlinear |oop is considered
converged and S vi constitutes the solution S"+1 at the new tine level. A
2D di scr ewOzata/os9sf Eqn. (7) is studied: ($) which is pasab2en/oaspdicit
Eul er and first order upwi nding. For sinplicity, Egn. (8) is witten for
the case in which both conponents of the velocity vector u = {ux uy}t are
greater than or equal to zero and an orthogonal, unifornmy spaced grid is
g}fi’sgrn%‘dé1 Eagtor gmltnﬁri@a? |s{ud§b'sfpré§_enﬂedi enthi specifibstioana Boaed0 grad of dells js wadifarhe
spacing in the two coordinate directions.is defined.by Ax.an
super scri pt dnofeling KIGIdsbews & Rermsability Relddrndiinisetgr rlog\}%f well 4 Dy The
respectivel | i i . : i8ic the flux
et i Eioefae abEyld BecRbl S R IMARIET A8 PETIER clibhe
approxi ngt i Quapk Of S "+ is obtained by solving the |inearized system
whi ch is obtained by substituting Eqn. (9) into Egn. (8). It is inportant
to enforce 0 < Sv X <1 every time Eqn. (10) is solved. For nunerica
studies presented in this specification, a\30 x 30 grid of cells is yfed
for nodeling. FIG 3 shows a perneabiVRﬂyH)qﬁQDmQand i njector and Sthducer
wel | locations enployed to conpute the total velocity u = - Itf by solving
the elliptic equation: (n ) for the pressure;?. Here, | is the tota
nmobility here kX is the relative permeability of phase and n} is the
viscosity of the phase. The source term k. k
(—” +-12 | where k; is the
Ho K

for the pressure p. Here, A is the total mobcility A=

10  relative permeability of phase j and y;is the viscosity of the phase. The source term g
is 1 at the producer well and -1 at the injector well and §'= 0 is the initial condition for
the saturation. For the case of a simple quadratic function, an exemplary S-shaped

fractional flow function can be represented by

SZ
15 f(S)=—ST—?T‘_W (12)
wom

where 1 and u ; are the viscosities of the two phases (the injected phase is labeled

with the subscript 1). In order to demonstrate that the implicit solution algorithm
explained above, with respect to FIG. 2, is unstable for time steps which are too large,
20  results are presented for three numerical experiments for which u1/ u2 is chosen to be
1, 10, and 0.1, respectively. FIG. 4 shows the saturation distributions after a few
initial time steps. Although the time steps are relatively small in terms of pore volume
injected (PVT), the results show strong oscillatory behavior characterized by the
checkerboard-like pattern of the saturation front. The nonlinear loop of the solution
25  algorithm of FIG. 2 does not converge and the number of iterations is limited to 200.
The origin of this instability, or oscillatory behavior, will now be investigated and a
modification will be described which results in an unconditionally stable scheme for

use of the Newton-Raphson method.



is 1 at the producer well and - 1 at the injector well and S 0 is the
initial condition for the saturation. For the case of a sinple quadratic
functi on,weniemapsary S-shaped fractional flow functi omrctars2éme/oomsps esent ed
by (12) where m\ and m2 are the viscosities of the two phases (the

i njected phase is |abeled with the subscript 1). In order to denonstrate
that the inplicit solution algorithmexplained above, with respect to FIG

2, is unstabAekef to utdermamtigpthe whibillty fseestod@ohkiiege trafigpdtilprsblans iy gt ed
for three n ri.cal e %eri nt.s ftﬁ{;} which md / 2 is _chosen to be 1, 10, and
0.1, respectiR@rigatopasEdn. ) ghtherthx fyngtipna frgnthginnlingsrity ofibe sraworta f ew
initial ti ”epI%BEﬁl_Sf(S)Ailsri%?éi&h SeBénd, L qEte ﬁaﬁoffs%écfel(ﬂttﬁélsgls%rﬁ%ﬁués,' t er s
of pore vol une injected (PVI), the results show strong osci ory’ behavi or
char act erd zettie mange 9e< 8the d kfor lndghckn itdeatieathana fivfillt the contargatceon front. The
nonl i near Ioodpdc%f the solution algorithmof FIG 2 does not converge and
the nunber of ‘1€ &tions is linited to 200. The origin of this instability,
or oscillatory behavior, will now be investigated and a nodification wll
be described which results in an unconditipnally stable schene for use of

t he Newt on- Raphson net hod. A key to unq_&é;s*%@;pg the stability issugs)of
nonl i near transport problens lies in v neari zation of Eqn. (9) of the
flux function. First, the nonlinearity of the transport problemf(S) is

i sol ated. Second, a determ nation is nmade of those starting values, in the
range 0 < SO < 1, for which an iterative schepe fulfills the convergence
condi ti dfs: S+ fESNSY T -8V)=F. (14)

of f(S) around S”. The Newton iteration equation is obtained as follows:

Sv+1=Sv+F—f(Sv)_ (15)
S
15
In addition, 0 <'S <1 is enforced after each iteration. Now the combinations of S° and
F for which condition (13) is met will be investigated. The condition (13) is always
met if the function f is a linear, convex, or concave function.of S. Since the linear case
is trivial, only examples for the convex and concave cases will be shown which are,

20  respectively, represented by f(S) =S* and f(S)=1 - (1 - S)~.

FIGS. 5A and 5B show convergence maps of these convex and concave functions.
The convergence maps are created by selecting an initial value of S® and a target
value F for the flux function f. Then the number of iterations is determined which are
25 required to converge within a predetermined tolerance to target value F. The
horizontal axis represents the start value S° and the vertical axis the target value F.
This process is repeated for a large number of start values 0 < S° <1 at target value F.
The process is then repeated for a number of target values of 0 <F < 1. This
determination of the number of iterations required to achieve convergence for each

30 value (S, F) is then plotted to produce a convergence map.
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(14) of f(S) around Sv . The Newton iteration equation is obtained as
follows: (15) In addition, 0 < S < 1 is enforced after each iteration. Now
t he conbiwetnenm®9ss SO and F for which condition (13) i 2CratS2006l0b9she

i nvestigated. The condition (13) is always net if the function f is a

| i near, convex, or concave function of S. Since the |inear case is trivial,
only exanples for the convex and concave cases will be shown which are,
respecti vel )Fastro@pvergmwésirebyesmﬁﬁj by d8Renstadéy B white colgr shows Ble2egibhGS.  5A

and 5B show.c Cc oncave functions. The
conver gence ?rﬂ}‘? ‘Errsgﬁ‘fegj‘isﬂ’ B‘@‘é’gﬁ%ﬁﬁaﬁ Eﬂnamg}é:aﬁs DYLYQTCHEE SFRHd a
target val ugoRviiRirelidf pkdstit ih WIGS] M ahd 5B hRE thekdTBretHERE atioh sdHefieds | ONS iS
determ ned which aré required to converge within a predeterm ned tol erance

to targep vamgenditionply stableifpveanyiex and soncaps Buwetiens f{he start val ue SO and
the vertical axis the target value F. This process is repeated for a | arge
nunber of start values 0 < SO < 1 at target value F. The process is then

repeat ed forTha situsdieris affferéit detwevat, ithe Oux Gurctibn fislan Sehaped dtretiohnat i on of
the nunber of iteratigns required to achieve convergence for each val ue (S,

F) is then pre@pediungtion Mb@réctarlé%b»@hagyé%%cwlsx P8§t° NEGHPSPPEATE POFEON
represent ed mc}ﬁ@{) 5&%&8&% ﬂé’d?ﬁn:ﬂgh&@ﬁ &h u?iﬂfg;s; Ab@nd@@'ﬂ{ﬁnﬂébtfoﬂe

par amet er space I ch t e iteration oes not converge. There
i's no wiDt e poadiSHis qhamsmmzedasl’o‘ehl@he@mrmabloﬁazlmiﬂthehmﬁdﬁevath@s pf theat i on

schene is ur}ggcr%%}ltdsc;nmg)ychsé%ggslS?gfor convex and concave functions f(S).

The upper plots in FIGS. 6A and 6B show fdefined by Eqn. (12) for y;1 / y2 =1 and
w1/ = 0.1, respectively. The corresponding convergence maps are shown in

15  FIGS. 6C and 6D. The existence of large, white regions clearly shows that the
iteration scheme applied to the flux function f'of Eqn. (12) is not unconditionally
stable for these values of u; / u; . Convergence can be achieved if the initial guess for
SY is close to the final solution, i.e., if | f(S% - F | is not too large. This is consistent
with limiting the time step size or the maximum saturation change, if a transport

20  problem is solved.

Convergence maps in FIGS. 6C and 6D show that the iteration Eqn. (15) converges
for all possible target values F, if $%= S°, where S° is the inflection point of /. This
finding suggests setting S**' = S, if the second derivatives of f(S*) and f(S"*') have
25  opposite signs. If this is done at the end of each Newton iteration, a modified
Newton-Raphson scheme is produced which is unconditionally stable for S-shaped

flux functions.
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The situation is different, however, if the flux function/is an S-shaped
function. An S-shaped function is characterized by having a convex portion
and a cornweaveoqoeidgson whi ch are joined at an inflecti onPpoiuskoisoomss seen i n
FI GS. 6A and 6B. The inflection poi nt Sc is characterized as being the

poi nt about ond d hel f S
changes si gﬁg‘g’fﬁg‘ H‘B‘S@ﬁtﬂ%f%"’ ﬁge &Xﬁ%fxf’ f%ﬁwﬂﬁ\%g‘g’f ?lgﬁjﬁby Efqn) (12)
for | 2 FIES. ®Adardh 6B. Howded, thik einpecfisvebyificdNevwaon-Repirondthgneisnver gence
maps are shown in FIGS. 6C and 6D. The exi stence of Iarg i te regions

E | ear |( {Z)Shompltebaf sdtting iSt €r=abi 1ﬁme§gmdeieapmeé@f fcS"Diad (% hamet i on/ of

qan. I's not unconditionall or_these val ues of m Im.

Conver genceRATIH LAt i efve%lﬂ S el?‘gf"mbg.]ess for SO is close to the
final sojution, i.e., if | f(S) - F| is not too large. This is consistent
with limting the time step size or the maxi num saturation change, if a
transport problemis sol ved. Cofi¢eé¥3€Hc® Hep8 in FIGS. 6C and 6D SAW t hat
the iteration Eqn. (15) converges for all possible target values F, if SO=
Sc, where Sc is the inflection point of/ This finding suggests setting Sv+l

=Sc, 1Tt heySecand, Aely bl @y Alel Riloadit, Hei/s” dnd13v€ RSS! anS. | f

this is done e en Wwon-1teration, m)dl | ed wt on- Raphson

schene is pgidedieftle wlection poinn§ondi tional Iy st abl e for S-shaped fl ux

;unct!o&i. F][ GS. 7A and 7B show convergence maps for the S-shaped fl ux
unctiofs o

The horizontal axis represents the start value S and the vertical axis is the target
value F. Dark regions indicate fast convergence, and no convergence is achieved for
the parameter pairs in white regions. Note that no white regions are present in
FIGS. 7A and 7B and thus this first modified Newton-Raphson scheme is

15  unconditionally stable. The application of this modification to the solution algorithm

for the transport problem is straightforward and allows for arbitrarily large time steps.

It can be difficult to determine the exact location of the inflection point S°. This is
particularly true if a system of transport equations is solved, where the fractional flow
20  functions depend on multiple variables. In some instances, look-up tables may be used
to represent the fraction flow curve f(S) and the inflection points are not readily
computed analytically. Also, finding the inflection point S° of the complex fraction

flow functions can be computationally expensive.

25  Therefore, an alternative, and more preferred, second modified scheme is presented

which is easier to implement in a realistic setting. This second scheme differs from
the first scheme in the way S**' is modified at the end of each Newton iteration
where S” and S"*! are located on opposite sides of the inflection point S° of curve f.
Instead of setting S**' to S°, a selective under-relaxation method is applied. For

30  example, $"*! may be replaced by 0.5(S* + S**'), if the sign of the second

derivative, i.e., {"(S) = 8°f/ 6S?, is not the same at the old and new iteration levels.
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FI GS. 6A and 6B. However,
Is applied of setting Sv ]

S v+l ) haoeoappe®ste signs. This can be verified by calPculzteoamoostdo)
t he product of second derivatives is negative, then S and Sv+l are on

opposi te si @RkerdbvdlI6r felikh@sit map aEl@ bBhised? ;Th&irlﬁ, tH@ﬁﬁ&?ﬂél@ka}t%icﬁn 'b%g resents

the start value SO and the vertical axis is the target value F. rk

regi ons i ndigeagrelizedd®y: conver gence, and no convergence is achieved for the

paranmeter pairs in white regions. Note that no white regions are present

FIGS. 7A and 7B and thus this first nodified New on- Raphson schene is

uncondi tional ly stable. The applg/caggopgafyjdris nodification to th
solution algorithmfor the transport problemis straightforward an
for arbisrarily large tinme steps.

system of t meespSiT asquasiioate fos Ssehd ed ansndeerddetibn actfficieal. f | ow

functions depend on nultiple variables. In sone instances, |ook-up tables

| f

may be used to represent the fraction flow curve f(S) and the inflection
points are poflow@iadirdnd of GIPsHcEAU ailahydd ehéhy is dpRfed thiFdi RaSihde;t if | ection

point Sc of the conplex fraction flow functions can be conputationally
expensi ve. THaliwlpeasy tedetampiag the seoend deriyativasef grtbisseeand altsmetiveisohentief i ed

scheme 5Pt aRliedeabihha3h Bkishif biTRLERBR ikt b BhaklFisgs 1 NG

Thi s second sc

15

20

25

30

first modified scheme where S"*' is setto S° when S” and S"*' are on opposite

sides of S°.

Analogue to the convergence maps shown in FIGS. 6C and 6D and FIGS. 7A and 7B,
the corresponding convergence maps for the second alternative modification using
selective under-relaxation are shown in FIGS. 9A and 9B. The horizontal axis
represents the start value S° and the vertical axis represents the target value F. Dark
regions indicate fast convergence, and no convergence is achieved for parameter pairs
in white regions. As with the convergence maps of in FIGS. 7A and 7B, there are no
white regions showing that this second alternative modification leads to an

unconditionally stable scheme.

Both the first and second modifications work as predicted, if they are applied to the
solution algorithm for nonlinear transport equations. The first and second modified
schemes are almost equally efficient. Moreover, if the time step size is within the
stable range for the unmodified or conventional Newton-Raphson scheme, no
compromise in efficiency due to the modifications of this invention could be observed
in numerical studies. On the other hand, efficiency is heavily compromised, if
stability is achieved by applying under-relaxation everywhere at the end of each
Newton iteration rather than selectively as in the modified schemes described above.
Numerical results are presented in FIGS. 10A-I for the test case described above using

S-shaped fractional flow functions defined by Eqn. (12). All simulations were
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=Sc if the second derivatives of f( Sv ) and f(
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It can be difficult to determ ne the
exact |location of the inflection point SO. This is particularly true if a



the first scheme in the way S ] is nodified at the end of each Newton
iteration where Sv and S ] are |located on opposite sides of the inflection
poi nt S cwof2@umwy®s | nstead of setting Sv to S, a sel @CTiU8R006/009868
under-rel axation nmethod is applied. For exarrpl e, Sv+ may be replaced by

.5(S" ' h d S) =f
I %2, s notTREnduth e Eh g s nd R RRr SR at o Rat i worsrfied e of
rel axati on nmbitratyslargeeins@ebs c‘Eh@% applied. FEGSINAR-T, redpaxtatel ! @h&ﬂ@a‘cﬁfﬁtlon
general i zed fb%‘i il% .aSv+(l -a)S v (17). where Sl= a. new estimate for ; and

a= an under IPWfE?éé‘m‘iTpé IW"‘WOWZdT b@mﬁﬂ%fFi(ﬁ$sl%dQBda@1hanced
schene is depstad Lo El(ﬁh (ﬁemg!,n ]tdlf 108! &td ¥fhYag@sy to determne the

second derivatives' of I'S seco erna fve schene can easily be _
i mpl emenbed i uan Oekﬁbsttomgom—lr FBC&&OGQR@H,%HGMIO&). The asultoimthe bt ¢adurhhe first

dified sch re Svi t to n.Sv and S, ar p te sides
g? ISCI . Anal gﬁée Pg’tﬁﬁ%re&BWBfeaéﬁE‘g lﬁéﬁ?aﬁﬁm%ﬂﬂ?ﬁ ] /é%’%é)%gé’ ’%’B“é’hﬂl FI GS.
7A and 7B, taRemERdIRIDMIHOAR HREHCASNE BrdiRR o Bé)itaﬁlgﬁs %Holqgte%ét%&@t' ve
nodi fication using selective under-relaxation are shown in 9A and 9B

The hor i zonttEpe #gpsare baf esiveftimse ysedt to Qbmlmdlewnmdvergmg\remﬂnssh¢wam S

represents rK regi.Q i,ndi cat.e fast convergence, and
no convergeh@g@? ac |°éé{r\§/% or%ghga?lgﬁ@tg%f ﬁiﬁl@mﬁs i CEPPESOHE . As with
the conver geree). Meys and Ar # 0F8 BB rédheatiet]y’B, there are no white regions
showi ng that this second alternative no f| cation |l eads to an

FIG. 11 shows the results of using the above described first and second modified
Newton-Raphson schemes wherein S**' is selectively set to S® and 0.5(S" + S**1),

respectively, only when the signs of the second derivatives, f'(S") and f'(S**"),

15 change in an iteration step. Further, a third scheme, was investigated wherein
under-relaxation was applied at the end of every iteration, i.e., a naive under-relation
scheme. The vertical axis shows maximum saturation change in an iterative step and
the horizontal axis shows number of iterations. FIG. 11 is plotted for the case where
the time step size was 0.5 PVI and the ratio of viscosities u; / uy was one. For all

20  simulations performed, both the first and second modified schemes were tested and no
noticeable difference in terms of required iterations could be observed. While the
convergence rates of the first two schemes are essentially the same, the third scheme

with naive under-relaxation is shown to be much less efficient.
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unconditionally stable schene. Both the first and second nodifications work
as predicted, if they are applied to the solution algorithmfor nonlinear

t ranspor twequetivesys. The first and second nodifi ed schemres/isc@cahIsest
equally efficient. Mreover, if the tine step size is within the stable

range for t L g | I - S n

conprom se Pﬁli@@%@ﬁ& %{J%ﬁﬁ%&?ﬁ%ﬂeﬁ% ic?l%'\%l\z% ?gﬁ@ﬂ %P a?%ibzlﬁ?ﬁl erlﬂclk%ﬂr %oul d
be observed solutionrabgdrithah, §inobilasg factr 4 bea finbiken bk sateffibei BREK dfs heavi |y
conprom sed, if stability is achieved_by applying under-relaxation

ever ywher e &W%\i@réﬁtﬂreﬁ? %é%rPlNé‘th‘%‘ﬁ’- Fothg qugatiqreiive prapeabditacesevel y as
in the nodifi gd; - jjhed above. Nunerical results are presented in
FI GS. 10A-1 fgglﬁﬁeagﬂtgg?tlggglgﬂeéd%gécri bed above using S-shaped fractional
flow funétions defined by Eqn. (12). Al simulations wereperformed with the

first and second nodified schenes and it .is denonstrated that arbitrary
| arge tinme steps can be applied. ZFl S A-1, respectively, show saturation
fields obtained after tirrei:(k_.ia\/ 1/ nm2 - I (top row FIGS.(lgpA,_

10B, and 10C), //, [/.2= 10 (m|ddl e rgy |FIGS. 10D, 1Ck, and 10F), and m |
n2 = 0.1 (bottomrow FIGS. 10 10H, and 101). The results in the left
colum of these plots were conputed using 100 snmall tine steps, or At =

0. 005 PVI, for which an unnodified New on- Raphson schene proved to be
stable as well. Note that tHhase Kis aBRRy:are half the size of those used
to obtain the non-converging results showmm in FIG 4. The center and right
col ums of plots show resulYsseuraonedadistivhage; = 0.1 PVI and At = 0.5 PVI,

respectiyely.
P 1}5 y m= viscosity of the first phase; and

= viscosity of a second phase.

As a consequence of 4 being a function of the saturation, the velocity field u is no
longer constant and has to be updated by solving the pressure Eqn. (18), if 2 changes.

15  This algorithm is outlined by the flow diagram in FIG. 12. Note that the flow diagram
of FIG. 8 reappears in the dashed box within the loop required to update the total
velocity field u. This converged solution is identical to the solution obtained by a
fully implicit scheme, where the pressure and transport equations are solved
simultaneously.

20
FIG. 13 shows the convergence histories of one time step for two simulations, one
performed with the modified Newton-Raphson solution algorithm using selective
under-relaxation and the other one with a method using simple or naive
under-relaxation. The test case was the same as for the previous studies, the time step

25  size was 0.5 PVI and the viscosity ratio g1 / 42 = 1. With the modified algorithm, the
linearized transport equation has to be solved approximately 60 times and the elliptic
pressure equation only nine times (number of peaks in the convergence plot). Simple

or naive under-relaxation on the other hand proved to be much less efficient.
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FIG 11 shows the results of using the above described first and second
nodi fi ed Newt on- Raphson schenes wherein 1 is selectively set to Sc and
0.5(5" ' WO30a6/29395 respectively, only when the signs ofCrhs2@ecosds
derivatives, f '(S") and F (S v+l ), change in an iteration step. Further,

rivat and F | l _ |
The end of ESEPYITT ShsTon SORUE AN IRt fkEliod HEf PhyABTRpaRE, o &

vertical axis shows maxi mum saturation change in an iterative step and the
hori zontal axis shows nunber of iteratio FIG .11 i? gl otted for the case
X

where the t Thepisa) inepdoninsiugesa pgfhodfad aheATe iRt £ STy rlgusRoPdtem ) o
was one. Fog_ Fralal f | BLFIBR i fi
schenes Werg Sﬁ %ﬂsetd Z%Haéir?gg’n}g af%s?ﬁ%géf)ﬁﬂlgia?@é&erﬁlﬁrﬁpﬁ&?{é? %géj%f rqu:iarrrggI fhed
iterati ohs sotdn HI6. dbilkrstreds a Wriftreed dxemplary Soyetiagramafsteps Whithengy P&t t wo

schenes are essentially, the same, the third,scher it h .nav: :

under - r el ax3S0dRA CHLY SRR Ve iy pcrordance vah Prél?cﬁ? S\f%f?ﬁgn}gr;et%ldl |gfﬂ|leesdactwn

Newt on- RaphgQfe SEITE B Sr&iHically SRuddRtcd RRho B fe@Newtdhichéthelg bl ock for a
solution algorithm if nobility factor | is a function of the saturation.

This is of particular interest for the oil industry. For the quadratic

rel ative perneability case, Ility factor | jis.defin as: T S
per neabi | i t {2 hs @Oglgfﬁg\g‘f"ﬁ%‘ﬁﬁg?hsanﬁé%@mﬁﬁég yalug for 2 wﬁ%%rgﬁ?fyv%f ’Gf#e%tf i rst
phase; gnd g ?:]Mé& CQahitY oPEiaBilIBEEANE' RNAS Svenf\hediGRVT EMUROGR] ddrivhtital ng a
function of the saturation, thHe velocity field uis no

£'(8*) and £'(S"*") of the S-shaped function change between successive iterations.

The modified new estimate, or stability limit, S'is ideally selected such that the

modified Newton-Raphson methodology is guaranteed to stably converge.

15 A first step 110 is to obtain an S-shaped function f(S) which is representative ofa
property S in a physical system. For example, a physical system of particular interest
is that of fluid flow in a subterranean reservoir. The S-shaped function f(S) may be
expressed in terms of a mathematical function, such as Eqn. (12) above, or else by
way of a look-up table to capture the essence of the S-shaped function. As is well

720  known to those skilled in the art of reservoir simulation, an S-shaped function, such as
a fractional flow function, may be derived from laboratory tests based on relative

permeability measurements.

Those skilled in the art of solving non-linear problems for physical systems will
25  appreciate that the present invention, utilizing modified Newton-Raphson schemes,
may be used to solve S-shaped functions which characterize properties of physical

systems other than reservoir simulation.

The S-shaped function f(S) is characterized by having at least a convex portion and a
30 concave portion joined at an inflection point S* The function f(S) is to be solved to

determine a physical property S which satisfies the condition F = f(S), where Fisa

target value. For example, in a reservoir simulation, when solving an S-shaped

fractional flow function f(S) for a saturation value S in a grid cell in a linearized
-16 -



| onger constant and has to be updated by solving the pressure Eqn. (18), if
| changes. This algorithmis outlined by the flow diagramin FIG 12. Note
t hat t he wbawediveggsam of FI G 8 reappears in the dashedPohousasosiongses he | oop
required to update the total velocity field u. This converged solution is

identical to._t solutio t ai-ned b fully i.nplici che where the
pressure an aPirijg)ﬁtspﬁ?)@Fmegﬁgﬁ%hgx é{?lggﬁf%apg‘?" Stt%ee%ﬁélfﬂd%il@seﬁfss hows
t he conver gelitciergdet 4104 FeAlterhavidy, tthrget el RF ﬁﬁ? bt \86rabligied 8 nefdinegne
performed with the nodified Newt on- Raphson sol uti on al gorithm using

sel ective uMGEHIOR &) BwBecshsiandatie ot her one with a method using sinple or
nave under-rel axation. The test case was the sane as for the previous
studies, the tinme step size was 0.5 PVI and the viscosity ratio 1/ 2 = 1.

W th thesnodinfinRidl 8410061 flbsy St hesdléohrihisepd 20129 A PRNible B6MaAbA &t thas to be
sol ved approximately 60 tinmes and the elliptic pressure equation only nine

ti mes (nunbehysidal pewkgy iSrwhink sattfiee thgenoditiph 5t=) £(S BTy ieitat valay for S” is
under - r el axati.on, on t ot.her hand prqved to be nmuch less . .

ofTroi ont - Epsona PRyt B andaie Gutiiner eedtoim f pisedive SPER cal
Property Th i i -ncl s for stably
sol vi ng non%l@%géfﬁgs-%%%g%g’ @grlllil:lp ?Io%ggsfﬁpémfa ,alg‘é(;ﬁi%@? g‘?&f%}% a property S
r epr esent at interpofatian plefisidoairasdosdiesd méthéd. 14 illustrates a preferred

exenpl ar% fl ow di agram of steps which nay be used to carry out the
i nventi 6 in accordance with princi ples described in the section above.

FIG 15 graphieflontterdtlonssd s sstd BPEE bbad: RTI8C §9§§;erfbﬁnédﬁh%t podi fi ed
Newt on- Raphson al gorithm the valu€ for a next”iteration, S v+l , is set
130 on the function f(S) utilizing the value S” of the present iteration to determine a
next iteration value S**'. This Newton iteration corresponds to applying Eqn. (15) to
the S-shaped function f(S) to determine the next iterative value S**'. In FIG. 15, this

15 initial guess is S°.

An optional check may be made in step 140 to see whether S**' is within an
acceptable bound. For example, if the denominator in an S-shaped function, such as a
function similar to that of Eqn. (12), were near zero, the estimated value for S**'

20  could be quite large. If S**' exceeds certain boundary limits, such as saturation S
being less than zero or greater than one, then S**' may be set in step 150 to values
such as 0.0 or 1.0 to maintain the physical property S, within realistic bounds. In the
example of FIG. 15, the intercept of the tangent to point (8%, f(S%)) with the horizontal
line representing flow flux value F is seen not to occur within the upper saturation

25 limit, S°=1.0. Accordingly, S**'in the case of the first iteration in FIG. 15, is set to
the upper bound $”=1.0.

A determination is then made in step 160 as to whether S” and S**' reside on
opposite sides of the inflection point S° of the S-shaped function f(S). The preferred

30  manner of making such a determination is to check to see whether the signs of the
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to a new estimate or stability limt Slin the event the signs of the second
derivatives, f "( Sv ) and f"( S'"+ 1 ) of the S-shaped function change

bet ween swoceswi9y®siterati ons. The nodified new esti mat eCTarS2@basks t y
limt, Slis ideally selected such that the nodified Newt on- Raphson

met hodol ogy is guaranteed to _stap{@g converge. A first step 110 is to obtain
an S shaped S?QﬂﬂgtdﬁﬁﬁatW@Qf 1 e ') rad pY candrit &1 \age eppositp pepaathersThis o

physi cal syste For e I a si cal, syst em.of rti, ar .innterest is
A o i By AT b ot PFOdﬁﬂ&leesﬁégjé&“fiﬁggti n f(9)
may be expressed in terns of a mathematical function, such as Eqn. (12)
above, or else by way of a | ook-up table to capture the essence of the

S- shaped f ufitthe produssofi sscuel derivatives it negativs ehak ST hedl SV H arden apposiié side
reservoi r sinulatjon, an, S-shaped funciion, such as a fractional flow
funct 1 on® méy Hsanligiop Bainky SA R g RUGR J5F Bl ein SRHNEHP HAE b8 |

per neabi | i t VeRBARUAGARS SctudilPefclte thEBcatibnl dTehSintle@iorSRiv SYqnA @kl | near
probl ens for physical systens will appreciate that the present invention,

utilizing neek WhetterNsuah SRA pins omtiechmesirle of Y. The infedion@oinISYmagbshaped
functions which characterize pr rties of physical systens qgther than
reservoir Sicmplg{qggw_soﬁvmg é&)h‘a@gﬁ“? %XPPSH&P %@y‘}cé‘lllé@ﬁ‘%gfnép?%%)bgy havi ng

at least a %e?méfeﬁﬂp@frﬁélgg él_@é'né‘mﬁﬂ%l?’sfhe?@f(%ﬁ &rbohgiléié‘ijnﬁhte catk dMfstipct i on

point SO The function Is to be Solved to detérm ne a physical property
S whi chl18at ilafki-gstablego defink thie Gastiaped fupSlion Bk e iktinlgableodvglues foalf(®e,. For

exanple, in f?S)ra%a%(gg)}nray %Ie rgézlléirgtleg.nThevmo n—ulsa (%allb\fésnrga}?l &ner? Bg Q}%ﬁgged to
determine the location of the inflection point S°. In FIG. 15, values of S° and S° are

located on opposite sides of the inflection point S°.

15 If §” and S are on opposite sides of the inflection point S°, then to guarantee

unconditional stability in solving for S, S$**' is set to S, a new estimate or stability
limit, in step 170. This modified estimate & is selected to guarantee convergence of
the Newton-Raphson iterations. In a first preferred embodiment, the modified
estimate S is set equal to the inflection point S°. In a second and more preferred

20  manner as shown in FIG. 15, an under-relaxation method is used to calculate s

Ideally, S'is calculated in accordance with the following equation:
S =aS” +(1-a)St (19)
25 where 0 <a <1,

Preferably the range of a is 0.3 <« < 0.7, even more preferably 0.4 <a <0.6, and

most preferably, o= 0.5. With .= 0.5, $"*! or 8 is set to 0.5(S” +S™).

30 Ifitis determined that S* and S”*' are located on the same side of inflection point S°,
then S**' is preferably left unaltered rather than being set to the modified estimate s/ ,

ie., S°or$'=0.5(8" + ).
-18 -



fractional flow function f(S) for a saturation value Sin agridcell in a
| i neari zedtransport problem the flow flux value F froma previous tine

| evel is woeaddogsissed as the target value F. Alternativecyuscaocnedseyal ue F
may be established by non-linear iteration in numerical sinmulation. An
initial value or guess Sv is selected in step 120 as a possible solution
for the physical property S which satisfies the condition F =f(S). This
initial val lI? sfeﬁ]rl 88 a ddtSryRh&dn 18 Rlade %Eﬂ’:% fh%r&ﬁg ﬁ%te%iv'ervabiea.kwc%g sty on or
the results froma preceding tine step. t ougﬁ I'ess preterred, the
initial val peedetarmthed-tblermmye adrsidtidre Fonebaniple, snmanberqooired thantheetiffadnar
random zed nethod. A Newton iteration, as suggested by the operator (T) in
FIG 8, is pstyesneeBsechtivitgsativzoabiesohe famdel | ohe syfyiently pmgilng the val ue S

v of thespr q\g%ﬂgmgﬁ&hg}s%%%ép?%%géﬁ%&&a next iteration value 5 + 1 . This

Newton iteration corr prying Egqn. (15) to the S-shaped function
f(S) to determne the next iterative value Sv+1 . In FIG 15, this initial
guess is S . An optional check may be nade in step 140 to see whether S v+l
is within an acceptabl e bound. For exampiS&; -i¥|the denoni nator in &20)
S-shaped function, such as a function simlar to that of Eqn. (12), were
near zero, the estimted value for Sv could be quite large. If S v+X
exceeds certain boundary |imt such..as saturation S being |l ess than zero
or greater tvﬂ?ﬁe Srféf‘pf‘?féﬁf@e}wﬂi sl n step 150 to val ues such as 0.0
or 1.0 9 maintain the physical property S, within realistic bounds. In the

exanpl e of FIG 15, the intercept of the tangent to point (SO, f(S0)) with
t he hori zontAdfernatively, it may be required that;

e>|F-f(S"™") 21

15  in order to consider the solution S**' to be sufficiently close to the exact solution.

If $"*' is not considered a satisfactory solution, then S” is setto S**' in step 190 and

steps 130-180 are continued until a value of S"*' converges to within the
predetermined tolerance limit. FIG. 15 demonstrates how successive estimates for

20 saturation S', $? and $?, etc., converge toward the exact solution for saturation S.
When sufficient convergence is reached, the physical value S is considered as being a

satisfactory solution. In the case of a reservoir simulator, the saturation S in grid cells

for the next time level S"*' can then be set to S**' after convergence is reached for

each of the grid cells over which the modified Newton iterations are being performed.
25

The present invention further includes an apparatus or program storage device

readable by a machine, tangibly embodying a program of instructions. These

instructions are executable by the machine to perform method steps for stably solving

a non-linear S-shaped function, F = {(S), which is representative of a property S in a
30  physical system. The S-shaped function has an inflection point S° and a predetermined

value of F to which f(S) converges. The method comprises the following steps. An

-19-



line representing flow flux value F is seen not to occur within the upper
saturation limt, Sb=l .0. Accordingly, Sv+l in the case of the first

i terati orwOrodelo@s985, is set to the upper bound Sb=1.0. pATAB2@GMADISEL | ON | S
then made in step 160 as to whether S and S v+i reside on opposite sides of

the inflecti.on. poi,nt t he . S- d f i f(S The preferred manner
of mmki ng. sUBReL eIl & riphibe pERINE %ﬁ@&éﬂ%@i&@éﬁﬁ ﬁewewﬁé {710 lof

th d detd i } yovf nd_at Sy+l .afe,opposite
ongsgﬁg? her %drr%?xgxb%'g% ee%éﬁnfé(se)gn t’ft it? ?%%ﬁéa Elgx‘?l?eé?tlYeova 1 2ul e the

product of tdeermindtidh)is BRH ridde a¥ tolwhether! £+t If@b@e_[t@&'b‘xﬂhe@wg%ﬁfc% g&ht vatives

is negative, then Sv and Sv+i are on opposite side of t I nflection point.
Anot her, al tihfegionipess S5 fiehe St e, S namngt" afe onedgpogitd Hies, dehesi paki on is to
actual l'y calculate , the |ocation of the inflection point S and then see

whet her ~ 8v  £i98a1d0-5 agnedifipd news estimate. dVerd aghedsds neide to détbmaing omether ¥t *' Scmay

b | cul d by.sol vi f. ' (.S),, = 0. Thi be .d lytically if the
Functi on 19 PSP Isten Johmpiopot S b lmining oy SNGRE & (9 i s

lex. | ' kgt 0. define the S shapged
Funetson 1 ( retaRiedtonilk A @RIICEC BRbPd BBl o Bie B S5y e
gener ated. TBeeduable 1" 1B SovEBEps 518 ReRGe@ RN KEd i% intﬂﬁft?xé Oéagtﬁh{l%ed

| ocation of the inflection point Sc. In FIG 15, values o are
| ocat ed on apposgtreesritemn. Hhenlenvargdnee is weached) St Saelebfed QY aantkiftaly are on

opposite, sides of the inflecti point Sc, then to guarantee unconditional
stabi |l i 59 i PSRt efmgbl?s{ncf%‘i%&)-s set to S1, a new estimate or stability
limt, in step 170. This nodified estimate S! is selected to guarantee

convergence of
II. Algorithm for Two-Phase Flow with Gravity and Capillary Pressure

The effects of gravity and capillary pressure on the numerical stability of the

15 Newton-Raphson method will be examined for the non-linear transport equation for
two-phase flow. Gravity and/or capillary pressure effects in reservoir simulation can
incur counter current flow in cells of a reservoir. Such counter current flow can pose
severe numerical instability in conventional reservoir simulators. By extending the
method described above in section I, an unconditionally stable algorithm will be

20  derived for the non-linear transport equation for two-phase flow with gravity and

capillary pressure.

First, the gravity effect will be investigated on fractional flow curves. Then, fractional

flow curves will be characterized by a characteristic parameter. An unconditionally
25  stable algorithm for two-phase flow with gravity is then described. A modification is

also provided to the unconditionally stable algorithm to include the effect of capillary

pressure,
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t he Newt on- Raphson iterations. In a first preferred enbodi nent, the

nodi fied estimate Slis set equal to the inflection point Sc. In a second
and nor e woebemedsmanner as shown in FIG 15, an under PCceltiszawioosesret hod
is used to calculate S!'. Ideally, is calculated in accordance with the
foll owi ng equation: (19) where O < a<| . Preferably the range of ais 0.3 <
a< 0.7, even nore preferably 0.4 < a< 0.6, and nost preferably, a 0.5. Wth
a= 0.5, "+1 @yavilyiE¥f&et to 0.5(Sv+ v+l ) . If it is determned that Sy and
" 1 are located on the sane side of inflection point Sc, then Sv is
preferably | ef t unaltered rat her than being set to the nodified estinmate
S, i.e. termnation is nmade
whet her t he cur%%ﬁﬁv {eral Pﬁ%§¥§+Whhéﬂwa§%gn%§9mﬁ%?ggeternlned t ol erance
conditioA. For exanple, it nmay be required that the difference between
consecutive iterative values of Sv and S v+ be sufficiently snal

Mat hematically, this nay be expg;ss 6@? ?p eis a predeternlnegz)
tolerance limt. Alternatively, 1t gy be egﬁl ed that: in order t0
consider the solution S v to be suff|C|entIy cl ose to the exact sol ution.

If S v+} is not considered a satisfactory solution, then Sv is set to S
v+l in step 190 and steps 130-180 argAcontinued untiI a value of 5""* 1

converges to within the predeterlgn_n oler limt. FIG 15 demghsgyrates
how successi ve estinmates for k b £rE¥D) AR\ }

10 Here, kis permeability, u is phase velocity, £, is relative permeability, u is viscosity,

D denotes the depth and p is density. The subscripts denote phase properties.

From Eqns. (22) and (23), it can be readily derived that:
15 u; = [~ £,(5C, 24)
uy = fo(S)u+ f,($)C, (25)

where S denotes the saturation of phase 1 (i.e., water). The total velocity is defined as

20
u=u+u, (26)
/i =ﬁ‘—w¢ @7
25 1= ﬁ% 28)
£ 2% 29)
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saturation S1, S2 and S3, etc., converge toward the exact solution for
saturation S. Wen sufficient convergence is reached, the physical value S
i S consi d®oedoca®9tvei ng a satisfactory solution. In the easasedocmosseser voir
sinmulator, the saturation Sin grid cells for the next tine level 5"+ 1
can then be set to S v+1 after convergence is reached for each of the grid
cells over which the nodified Newton iterations are being perforned. The
present inqujgrg,qiqigﬂ;gtvn%si{}ng{i&dﬁ]zﬁan apparatus or program storage device
readabl e by a nmachine, tangibly e 6dying a program of instructions. These
instructions are executable by the machine to perform nethod steps for
stably solving a non-linear S-shaped function, F = f(S), which is

r epr esent at i W€ vefocHy gpe prrgrayitsiares i chapetedznd b wrishle, fhe S- shaped function
has an inflection point Sc and a predeterm ned value of F to which f(S)
convergeé. The nethod conprises the following steps. Aninitial value Sy for
the possible solution to F = f(9S) iskiélggtfd. A Newton iteration is
performed on the function f(S) af, S ¥Dnmine a next iterativg3@plue S
v+l . A determ nation is then nade as Hdt.whether S v+l is |ocated on the
opposite side of the inflection point Sc from5"" . If Sv and ! 1 are on
opposite sides, then 5"+ 1 is set equal to S1, a nodified new estinmate.

Next a_checkyjicts HEdS chradRBI TS NEHISS (R Yedn ot 1RALLREAEL Or ) asip! uti on

for the property S by m ning If v+i I1swthin a predeterm ned

conver gence i hghd f4)lahd B5hhrd A REnddALASERGLA Witk 1&PRYGs ged, then Sis
set equal toz'; ﬁﬁl .@'?‘he ?tl)sgvé s'?epsn are repeated urﬁﬁal Sv¥l is within the
pr edet engi ned convergence criteria. Wen convergence is reached, Sv+i is

sel ected as a satisfactory solution to the problemF = f(?.
It is instructive to examine fractional flow curves from Eqns. (24) and (25). In

FIGS. 16 and 17 the fractional flows are plotted for phases 1 and 2, respectively,

R ==t 31
u
15
F=22, (32)
u
with quadratic relative permeabilities,
20 k, =S? (33)

by =82 =(1-S)>. (34)

The fractional flow curves are monotonic if 0 < mC e <1 whereas it can become a
25 multi- valued function for mC, >1or mC, <0. Note that the fractional flow can be

smaller than zero or larger than one, depending on the directions of gravity force and
velocity. This can cause numerical difficulty if the Newton nonlinear iteration does

not take the actual pattern of theses curves into account. Note that the fractional flow

-22.



I1. Algorithmfor Two-Phase Flowwith Gravity and Capillary Pressure The
effects of gravity and capillary pressure on the nunerical stability of the
Newt on- Rapb=oev/09e3980d Wi | | be exam ned for the non-I|i neRCTIUSAWS(O0ISHS
equation for two-phase flow Gavity and/or capillary pressure effects in
reservoir simulation can incur counter cyrrent flowin cells of a

@G%Orﬁ ' g@

reservoir. P RTEEIVE Loy FEROSHIVE §f 13 e FRiend tQ ek HemRASERE Gl @nst abi 1 ity

in conventional reservoir simulators, By extending_.the hod, descri bed
above in sdweribve 4 In aractierl shavletighwith fixed ‘é‘kﬂrgméieéo?& Pﬁﬁ‘rg%t“?ﬂt aj&yderi ved for
the non-linear, transport equation for,ﬁwo- phase fl ow vvi]\hh g{avi. y and

capi | | ary proseiygy Rt ths mean velogityian br elfbmositive gF pegayxe. Nefs dat AMant on

fracti onal LW EHENRS: ERER: wht ACLak0B Heaf N NCTISERilchl e BRRIGRCT e i zed

by a characteristic paraneter. nconditionally stable algorithmfor

t wo- phase fpositiveinidangyeheity withmephttre Aglscsdldatidg ah appdpfiate @bowlinatestoal so
provided to the unconditionally stable algorithmto include the effect of
capi | | ary pnassthe enen swlotyy pésitbet Darcy's | aw for two phase flow with
gravity can be witten as Here, k is perneability, u is phase velocity, Kkr
is relative perneability, mis viscosity, D denotes the depth and p is

density. Theoayhsied Miig) SRAKELISRABSS BaGRBAAry 8guatiohOfbfdnh. ({53 2e and (23),
it can be readily derived that: where S denotes the saturation of phase 1
(i.e., wat esajuratidrewhat tle frationaltflow of dbphaseeasmidsrzero §)aroneh®:vi scosity
ratio, 1//, [ n2 . The velocity due to gravity force is characterized by
vari ablld, C,

Sy =1=4(lu|/ C, for u <0, and (35)

S; =1~ Jlul/mC, foru> 0. (36)

15 It mC,/ ‘ul <1for u > 0, the fractional curve becomes a monotonic curve; whereas if

u<0or mC, / [u' >1for u > 0, the fractional flow curve includes a domain where the

fractional curve becomes multi-valued (non monotonic). When the fractional flow
curves has a minimum or maximum point, then there exists a reflection point which
the saturation does not cross over in the non-linear iteration (see FIG 19). This

20  reflection point can be calculated analytically if the relative permeabilities are

quadratic as in Eqns. (33) and (34).

0=mS?—(1-8") +~C”— . (37)

g

25  The cubic equation can be solved analytically and always yields at least one real root:

S =a+ (38)

xm Vg* +4p’° R Vg +4p° i
2 2

2 2 ’
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where uc is a characteristic velocity and Dis the depth. Note that
velocities w,", and u2 in Egqns. (24) and (25) are al so nondi nensi onal i zed
W th respwot2oten9ss®s. It is instructive to exam ne fractiPpomals2606009868ir ves
fromEgns. (24) and (25). In FIGS. 16 and 17 the fractional flows are
plotted for_phases 1 and 2, respectively, (31) (32) wth quadratic relative
permneabiliti ' The fractional flow curves are nonotonic if 0 < nC 1
whereas it can becone a nulti- valued function for nC >lor nCv <0. Note
that the fractional flow can be smaller than zero or | arger than one,
dependi ng on the directions of gyily.force and velocity. This ca gause
nunerical difficulty if the Newton inoml’i near iteration does not take’the
actual pattern of theses curves into account. Note that the fractional

fl owcurve fromnegative Cg and positive u is equivalent to that from
positive Cg and negative u. In pragtical sinulation with fixed coordinates,
Cg can ke kept al ways positive, fout(3derdkan ojel ocity can be eit he(40)
positive or negative. Note that wi Bhout | oss of generality, the case with
negative nean velocity is equivalent to the case of positive nean velocity
w th negative Cg by selecting an appropriate coordinate to nake the nean
vel ocity positive. If oil (Iigh@e;ai%ybd}4aguaaapn is chosen as a piynary
equation, from Egn. (25) the saturation where the fractional flow of oi
phase becones zero S or one S*: (35)

3

b=~ ; 42
1+m “2)
10
c= ; and (43)
+m
1-u/C
g =Gy (44)
1+m

15  The saturation can be divided into two domains: (1) S > S’ and S <, . In general the
saturation does not cross over the reflection point, but if the cell is next to the
boundary with no-flow or next to the cell with the saturation of the other domain, the
saturation should be allowed to cross over. The fractional flow curve does not apply
due to the presence of the boundary that allows the fluid to accumulate without

20  counter-current flow,

Finite Difference Approximation

The fractional flow curves in FIGS. 16 and 17 indicate that two phase flow can be

25  co-current and counter-current, depending on the characteristic variable C, and the

viscosity ratio, m, and saturation S. As seen in FIG. 18, when the fractional flow in
cell i and the neighboring cell n does not incur counter-current flow, a general

up-wind finite difference approximation can be applied without ambiguity. However,
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(36) If nCg <1for u > 0, the fractional curve becones a nonotonic curve;
whereas if u <0 or nCg I\u > 1for u > 0, the fractional flow curve includes
a domai n wbere/wb®sfracti onal curve becones multi-val uedCnsR0NEONSEONI C) .
When the fractional flow curves has a mninmum or maxi num point, then there

exists a reflection point which the saturati gn does nat 0 over in the
non- | i near 1%?Qé’rné?r'rcé‘ﬁre(“sﬂ‘éwPP@ri%e.lﬁ‘fﬁ?éP’rcgchg& POHOBE 1HtF? alS 6% cal cul at ed

anal yti cal lypgirfard RE-Ha8l addeli8eRer Meabi lities are quadratic as in Eqns. (33)
and (34). (%,g)r Thﬁgg%c lJeequ%lti on can be solved analytically and al ways

yields at | east one real root:where (39) (40) (41) (42) (43) (44) The
saturation .gan.be diyi.ded.i nto, t domai L S >Sr *and S < * . In
general the eaqhﬁﬁ%ﬁﬁhx#ogb@g t?%gltveﬁcggscg%\k}%?edtléiﬁerParF R ?Oilrlr}loﬁlo?%%esgl&t if the
cel | issnexdntdiR atde@iled information of co-current or counter-current flow between cells 7 and

n. In FIG. 18 are depicted all the possible cases that can occur between cell i and its

neighboring cell #. It is assumed that the total velocity from the pressure solution, u,,

is the velocity at the interface of cells i and # and the total velocities inside cells i and

n are identical, say, u.

10
In cell i, the phase velocities that are co-current and counter-current are denoted with
the total velocity u by u; and u/ , respectively. These phase velocities can be obtained
from Eqn. (24) or (25). The equations can be expressed as
15 u, = fw,8',C,,m), (45)
U, =u—1u,. (46)
Similarly, the phase velocities in cell » are obtained by
20
u, = fw,S",C,,m), (47)
U =u—u, (48)
25  Ifcell iis upstream,
up =)+, (49)
and if cell » is in upstream,
30
Uy =) +u,. (50)
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boundary with no-flow or next to the cell with the saturation of the other
domai n, the saturation should be allowed to cross over. The fractional flow
curve doesonows/@ppPsy due to the presence of the boundarycrhmsbooalobwes t he
fluid to accunul ate wi thout counter-current flow Finite D fference
Approxi mati on The fractional flow curves in FIGS. 16 and 17 indicate that
two phase flow can be co-current and counter-current, depending on the
charact er i SNbf tMai @takﬁm&aa tAAch ﬁara@cu\rar?ﬁ@s% \reyocﬁ@tdaﬁ be Bb-caREnISACHEALLON . AS
seen in FIG 18, when the fractional flowin céll i and the nei ghboring
cell n doesmnumiﬂnnmdneamnbeﬂowwmdeﬁwwyM@WﬁuawgﬁwﬂﬁQMOEpCMPWaCWPnn&e

di fference ﬁg roxr tion f %F]Fﬂ ied without anbiguity. However,if

count er - cur dogs 1ok osEwd ert her cell i or cell n, as shown in FIG
18, the upstreamis phase dependent. The phase split fromthe total
velocity calculated in the pressure solution, as a result, entails a

detailed i nfrpthgﬁéqu@ﬂtlélflmﬁﬁclc HlichEihim, Me LOURGRT equdtiotre ftbativietueed cells |
and n. In FIG 18 are depict e§ all the_ possible cages t hat can occur

bet ween cel With thnigtal velogisy Gresbio nigseEes the gonsexvajign gkwasdcs AYEISERCE t ot al
velocity fr ﬁ N JPffls ng%?%tﬂﬁ ?%1? 9+ é’t\}/dé@ﬂfdr%rdly lnﬁgl&x&@nﬁé&’ };? ?ﬁé%ta%el%&%r Ay erface

of cells i e citre e ce n are
i dentical, ﬁracyuonul fléw fereddlationt Hewraharsﬁ)r\ﬂm ase bf emlntdna:urranteﬂm-thw rent and

count er - current red ed wt t ot al locity. u,b ' d,ur ' ,
respect I el grigipg] Eaétlﬁﬁagsf&’“{/@%’é%ﬁ eRtgh %%néﬁtsaalr“ n#i?%ﬁ‘%dﬂ?‘%?ﬂ}n or
(25). The egual{9ASinkAMmi& &LRESSRRI1ARe phase velocity u,is determined from the

upstream @ cell, the fractional flow of the cell ¢, can be expressed as:

ut =k 55 (Ap— p,gvD) 51
H
15
Then the total velocity can be written as:
at _ ki ki peg _ 50
u=Yy ul =kApy ~“—kgVD) ~I=(Ap—VD) (52)
7 T My T M
20 uo = i u+kgVD Z;rrf Py~ p)) (53)
g =t (54)
M
A= 2 (55)
£
25
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(45) (46) Simlarly, the phase velocities in cell n are obtained by (47)
(48) If cell i is upstream (49) and if cell nis in upstream (50)Note
that it iwoaseunyew®st hat a particul ar phase vel ocity canPo@/useeoswnIsent or
countercurrent depending on the flow and gravity directions. Furthernore,
count er - cur rent. h’l l\;\/eﬂ(ges not occur if O < nC 1. In the sequenti al
inplicit algg&?l{l rr¢f saturation equations are iteratively solved wth
the total velocity fixed to preserve the conservation of mass (i.

di ver gence free? Thi s alr(%orl t hm can be straightforwardly i npl errent ed by
the total vdhgstabilityisauasial@onbnegr ansparipsetiematie ahthemamﬂ?@?wn phthedhg case

of count er - GYHEAtN ﬂﬁ%t ﬂ’i&%u%ﬁ%l %E’%&{ RGP ﬁﬁlcﬂ&%%th?@éu kﬁuﬁﬁ%&%m on
a single saturation has to In or er To maintain

conser vabi onll thd ugstrearptvaH satvedtions.t Thedhineridad tsehemesddhvé besn @&ammqm@tsrteam X1
cell, the fractional flow of the cell a can be expressed as: Then the

total vel oc |W1th@mhetséhw¢smaer¢oager& fpm) the ipiigy satkration cstimple) P&S i shues of

nonl i near tr ort pr arization of. the flux
ce S, to th% f%al saturaJtlon .5J Hma% sa%shes the convergence criterion:

limF(S") = F,, (56)
10
where F, is a right-hand-side vector. In Eqn. (56) the saturations are expressed in a
vector notation. With the linearization of F(S) around S”,
F(S’ )+(6F) (S"M -8 =F,. (57)
os ),
15

one obtains the iteration equation

S =8"+(F,~F), - (ZZ ] (58)

20 Inaddition, 0 < SJ“.” <1for all j is enforced after each iteration.

In a 3-dimensional model of finite difference simulation, the gravity parameter, C,, is
dependent on the flow direction, (i.e., C, = 0 for horizontal flow F, , and C, = 0 for
vertical flow F)). As a result, two fractional flow curves have to be considered for

25  horizontal F, and vertical flow F,. The vertical flow F, may become a
non-monotonic curve for mC, >1. The lighter fluid saturation (:S;) equation is solved

and the other phase is computed by the saturation constraint (S, =1-35,).
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function. Note that the saturation equation is now a function of the cell
saturation and all the upstreamcell saturations. The nunerical schenes
have beerwexamimexdsas t o whet her the schemes can conver geTfusesmetoheses ni ti al
saturation estimate, 0 < S 1, for all cells, to the final saturation S Vd
t hat satlsf ony ence criterion: (56) where 0 is a right-hand-side
vector. énshj}%gfmli ﬂgbgg ations are e§<pressed In a vector notation.
Wth the Ilnearlzatlon of F(S) around S v , (57) one obtains the iteration

equation In _addifion < SJ < 1lfor ally is enforced after each iteration.
'n a 3-di merde cf‘#gif:t QFBB%PdCBFOHﬁl ﬁ@@sgieaatmm@f@w@ysﬁs pefentiallyraltering thy aV| ty

par anet er,

hori zont al fq% S%Oﬁﬁ ﬂ%%p&gggrﬁ 8%' %}d’@% Ellat%os cu?{% edu? Ig?ta]tn

fracti ongl fy |1@ﬂé&féh\cﬁ)%ﬁ1t¥$‘v%slt§3$é?ﬁ>e8 ﬂéx}ed@ eﬁﬂﬁ.%o ?%ﬁﬂ%e%l anfl'ls @%ﬂ perti Cal

flow F1,. The verti ecohe a curve

1. The | i ghtpspns f(ouy Qldseswn%ﬁﬁate&%&abﬁ%ﬂ% &10?1%{)1;1&9 ot her phase

i s conputed by the saturation coristrai nt nS|d rati on of
Gravity The effect of the additional consi deratlon of grawty S
potentially altering the fractional flow curve F =f( , Egns 31) and
(32), so t haP thefyset thatthers inag C@mratﬂrﬁpnéﬂpws ﬂ@cfrac@nnqiélqw ClSVeS*WI(UAs

descri bed at%gmglh, SFhescriY: 1ng Qx)onI wﬁﬁ‘ou(% yreef‘fjecta on p(i)lnt g’ eﬁowever if there is

10 countercurrent flow, then curves, such as seen in FIGS. 19A-B may contain a

reflection point S .

Regions I and IT may be defined as the regions bifurcated by the reflection point S’
with Region I being the region below the reflection point, 0 < S < S, , and Region II

15  being the region above S, < S <1.0.

In the event that a grid cell for which S"is being evaluated is next to a no

flow boundary, the above-described method of section I is applied without regard
to any reflection point S, . This is because countercurrent flow cannot occur

20 under these conditions. Alternatively, if S”in adjacent cells i and n are in different
regions I and II, then the above-described method of section I is used to allow the

saturation $**'to move across the reflection point S .

In the event grid cell i is (1) not next to a no-flow boundary or else (2) cells i and n

25  are in the same region, then S"*'is determined for the particular region in which S” is
located. For example, if S” is in region I, then S**' will be maintained in region I. If
S"(S") (') = 0, then no underelaxation is needed to ensure stability. S"*' will
however be set to either 0 or S, in the event S"*! falls outside of region I. If
SU(S")- f"(S**") <0, i.e. on the opposite side of the inflection point S°in that region,

30  then underrelaxation will be used to insure stability. Again, if S**' falls outside of
-28 - '



Eqns. (24) and (25) in ultimately establishing this fractional flow curve

F(S) . In the event that there is no countercurrent flow, the fractional

fl ow cur wee 20ad/d9939enai n, as described in section I, w tRowtuUS2a00g/00®h$ ecti on

point Sr *. However, if there is countercurrent flow, then curves, such as
contain_a Regions | and |

in FIGS. .19A:B .0 I flection point Sr *. _
rsrgsnblandef i ﬁ%%}o%fn‘t W@%e‘bil%ma‘ﬁﬁiﬁ it e 36/ totdne of gid lewter onuppst hourary: v th
Region | bei t regi on bel ow, t reflection point, Q < S <Sr * _  an
Regi on I bé@%&s’ ? RL S, g%ril%ﬁ‘) eo%c‘%%m o diaipdgted ormpireelansd et Sy grid

cell for whi .S, pe] | yat.ed is next to a no flow boundary, the
above-descr ib%{é&%%%%l‘r?ﬁeg’ g%'n(g'g@y?ro I)'i s applied without. regard to any

reflection point S*. This is because countercurrent flow cannot occur under
these conditions. Alternatively, if Sv in adjacent cells i and n are in

differenf r&yndady,in spibnl I, StoeinSthee alnoked degsif Bednastriied) of meaghion | is
used to allow the saturation Sv to nove across the reflection point Sr *.
side of the inflection point S°in region II. If s0, no underrelaxation is needed for
stability — only a check is made to insure the S**'is within the range of Region II. If
S"and S**'are on opposite sides of the inflection point S°in that region,
ie. f"(S")- f"(S"") <0, then underrelaxation is used, i.e. $**' =0.5(S” +S**).
10 Again, "' must fall within region II prior to doing the subsequent underrrelaxation

calculation.

Capillary pressure is easy to incorporate into the above steps. C, is simply set to

C, ~C,, as will be described below in Eqn. (65).
15

At this point S”*' has been determined for this iteration v +1 for this particular grid
cell i. As described in Section I, a check for convergence is performed on each of the
grid cells of the model or submodel to see whether convergence has been achieved in
all grid cells so that a time step should be considered complete and no further Newton

20  iterations are necessary for the time step.

Algorithm for Updating S” — $"* in Grid Cell
The following algorithm may be used for two-phase flow with gravity.
25

1. Check the directions of phase velocities and gravity force.

2. If the phase velocities are co-current, apply the regular stability analysis;

-20.



In the event grid cell i is (1) not next to a no-flow boundary or else (2)
cells i and n are in the sane region, then 5"+ 1 is determ ned for the
parti cul avonegimesosn which S v is |ocated. For exanpl e, PCT/US2006i08986% r egi on
|, then Sv will be naintained in region I . If f"($ v) f"(S v+l ) 0,
then no underel axatiaon is nee st abi. | it wi.l |.. however be
set to either 0 0 alg?latetﬁ %QG?JrﬁaC@ O?Vzilafl ltSS?%Pg %efrdlgr lﬁatbvﬁs 0 f
f"(Sv) f"(S v+l kF on the opposite side of the inflection point S
c in that region, t”hen Urzderrel axation will be used to insure stability.
Again, if S v+] faIIs outside ofregion | in which Sv is |located, v+1 wll
be set to one of the | ower or upper boundary limts, 0 or Sr *, prior to
the cal cul aton foCalttleteu@giar eettioal flavddpr kdrizostil daivu€,of 0)S and| bei ng

calculated, i.e. 0.5(Sv +S v+l ) . Simlarly, inregion lIl, Svand Sv are
checked5to see if Sv and V+I fall on the sanme side of the inflection point
Sc inregion Il. |f so, no underrelaxation is needed for stability - only a
check is made t o {RRYSaFation &t 0 @@?h n the range of Region Il. If Sv
and Sv+l are on opposite sides of the inflection point Sc in that region,
i.e. f"(Sv) f"(S v+l ) <0, then underrelaxation is used, i.e. Sv+ =0.5(Sv

+Sv+1l ) . Again, .8 RSt )\M(Id’rlFl (SEGIRGS )< @y dppty arouxdier-m@axdmenfmbsequent
underrrel axation calculation. Capillary pressure is easy to incorporate

into the above stgpgatiditdratici: MB), W 8et0 5@ Gx™)Ca , as will be described
bel ow in Egn. (65).
10

3. If the phase velocities are counter-current;
« Calculate the reflection saturation, S, ; and

15 « apply saturation limit: if the cell is not adjacent to the boundary or the

neighboring cell doe not belong to the different saturation domain,

0<S™<Slor SF <8 <1,else 0<8™ <1.

«If F, (S")F,(S*) <0 or F,(S™)F,(S") <0, apply an under-relaxation for

20 saturation iteration: i.e., S*"' = 0.5(S” +8").

Capillary Pressure

In multiphase flow in porous media, fluids tend to have different pressures due to the
25  wettability to rock and the surface tension between fluids. This capillary pressure is

often modeled by a simple function of saturation:

p.(8)=p,—p (59)

30 It is assumed that phase 1 is wetting and phase 2 is non-wetting. In general, the

capillary pressure controls micro-scale flow in pores, but it plays a minor role in
-30 -



At this point Sv+l has been determned for this iteration v + 1 for this
particular grid cell i . As described in Section I, a check for convergence
i s perforwedo@mmiemsh of the grid cells of the nodel or ®ahbrusd@s/0vws6see

whet her convergence has been achieved in all grid cells so that a tine step

shoul d be consi dered | et.e and no further n iterations ar

necessary for the: ﬁgléﬁ?l%}a‘b%?fg’f%‘ﬂ? ot %B%‘% ﬁ‘&t “SRP%EW Bfpasure ﬁf’e@gieﬂ Cel |
The fol | ow ngyadhg@eictibiasBEYhdRabiEStafcRlationdf paasRrtfdgauiod. th gravity. 1.
Check the directions of phase velocities and gravity force. 2. |If the phase
velocities are co-current, apply the regular stability analysis; Calcul ate
the directi ' [ o d-order derivatives (Fjand O
; Cal cul atce)Jﬁ Cy%g&%‘éﬁ??%g{deﬁ%wg&igﬁégﬁt al flow, nd Apply
saturation limt |If or pply an under-relaxation for saturation iteration:
i.e. 3. If the phase velocities are counter-current; Calculate the

reflection saturation, Sr *; and __apﬁﬂy tupatimn limt: if the ce i's
not adjacent to the boundary or %tl‘he g g)%or'lé’%g@ell doe not bel ongét)o t he
different saturation domain, |If (Sv < 0, apply an under-relaxation for
kk
U, =— u’z (Vp, — p,gVD) (61)
2
10 From Eqns. (59) - (61),
u =[S - f,(8)C, -C,) (62)
Uy = (S + f,(SNC, -C,) (63)
15
where
¢, =X vp, (64)
H

20 The transport equation does not change the characteristics due to the presence of
capillary pressure. The effect of capillary pressure can be included by modifying the
gravity parameter C,. For the case of total velocity and gravity having different
directions (i.e., phase 1 with Cy> 0), capillary pressure reduces the gravity effect. The
capillary pressure includes the spacial gradient of capillary pressure (V p.), and it is

25  expected that this term stays much smaller than the viscous term u or gravity term
C,. If there is any capillary force, the same stability algorithm may be used by
modifying Cg:

C,=C,~C,. (65)
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saturation iteration: i.e., Capillary Pressure In multiphase flow in porous
media, fluids tend to have different pressures due to the wettability to
rock and wbeoeumdmse tensi on between fluids. This capil IPaTyUSPrES8WsEE | S
often nodel ed by a sinple function of saturation: (59) It is assunmed that
phase 1 is wetting and phase 2 is non-wetting. In general, the capillary
pressure controls mcro-scale flowin pores, but it plays a mnor role
I nreservoi r HILMI AldoeithHCel ThréhPhadelIBw With Grabity afd ReGiRAyI_lsugapi | 1 ary
pressure changes any characteristics of the stability calculation of
transport equation. Darcy's |law may be witten with capillary pressure:
(60) (61) Fram.Eadsit - . ﬁﬁél spprt
equati on does not cﬁéoﬁljgg} Fﬁg&%%%okrgﬁg%ﬁ S I(psh\élgffg&;[véﬁ ﬁ]%rlgi‘fye%gcﬁ%gﬂ y
capi | | ary pressurewilllivey bé dectibed. Imméﬁvbﬁrsj&nﬂaé&ﬁmhxee-@hﬁseﬂmvf reglaidied 3)/
I fyi .avj . For the case of total velqgcity an

g? gi/:c %”y n% aE/ Pﬁiﬁ E}?r%llﬁeéﬁlréﬁ{%rn?o e& Slgd nclgre of?en &16 ﬁlree-phase regtion in the model oc%ur is

due to the combination of two two-phase flow. As a result, it is not clear that three

phase relative permeability measurements at laboratories can be directly applied for
reservoir simulation. Furthermore, measurements of three-phase relative permeability

10 are technically very difficult, M.J. Oak, L.E. Barker, and D.C. Thomas, Three-phase
relative permeability of Brea sandstone, 1. Pet. Tech., pages 1057-1061, 1990. For
given uncertainties in experimental measurements and the scaling issues of grid-block
relative permeabilities in a reservoir model, a simple power law model of relative
permeabilites for the stability analysis is applied. The general characteristics of

15  fractional flow curves for three phase flow will be examined. Based on the
characteristics of the fractional flow curves, an unconditionally stable algorithm has

been designed for three-phase flow with gravity and capillary pressure.

Three-Phase Flow

20
Three-phase flow in porous media is not well understood owing to the complexity of
physical phenomena and practical difficulty in measuring three-phase relative
permeability. However, in reservoir simulation, three-phase flow in a grid cell is often
seen that may occur mostly by the combinations of two two-phase flows.

25 Nevertheless, it entails three-phase relative permeabilities in reservoir simulation that
may be an averaged value of two relative permeabilities for water-oil and oil-gas

systems.
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directions (i.e., phase 1 with C > Q, capillary pressure reduces the
gravity effect. The capillary pressure includes the spacial gradient of
capi | | ar ywpnresae®s(Vpc), and it is expected that this trermssaapsssagich
smal | er than the viscous termmor gravity termCg. If there is any

capillary fopce. the sanme._stability.al gorithm my be d by podi fying
Cg:lll. Al ggjglfetrﬁﬂﬁﬁl?l&j g%??éimﬁ’ﬁ"ﬁgés %ﬁt l?%e%%yf"ﬁﬁ%%&’d{‘fvﬁggﬁﬂw essur e
An uncondi t i efagivt Yersicablliey Rlbedelddty { mplivara fakarpaalfogw Wi th gravity and
capillary pressure will now be described. In reservoir sinulation,

t hree-phase flow region is very limted in the nodel and nore often the
t hr ee- phase region in the nodel occur is d to the conbination of two
two-phase flow As a resulty Lt i$ + &l ﬁiﬁth@t)lkreqc hase rel at g
permeabil ity neasurenents at” | abordtgries dap be®diréctl™y applied for

reservoir simulation. Furthernore, neasurenents of three-phase relative
per nmeabi Pi ty are technically very difficult, MJ. Cak, L.E Barker, and

D. C. Thomas,{;Ihr ge- phase,rel ati wve per bility ofBrea. dstone, ., J Pet .
Tech. | pagediis5e1Be: it ot plirwBEL AR bt bR, ERp&R Ak THr
measur enent s, and_ t.he.scal ing iLssues of grid-block.relati.ve.permeabilities
in areservoir ﬁ%%‘zfﬁlastge&eﬁg‘faé’ﬁb%i?"ﬁns gﬁagg?u%lka’tvilegﬂ [5%?Wéeabi lites
for the stahjl] .Aana IS 1S lied, The.general characteristics of
fractional Pﬁ%@‘ﬁ%’&’?‘&é@@b‘%@fﬁy glgglpﬁ%‘gém fSO%P{ﬁP%?ﬁVC BS“%%?%@{Q}S&}H‘_’S‘%% ed on the
characteristj 0 i.onal. ncondi.tional I.v stable
al gorithm haggg%%léfgh%g%feé%@(gééso@g%ﬁ% égpﬁaﬁ%lgl\élg??rg\?vﬂe\méé{rﬁe %ﬁg%etgg}veéln% %é%f |l ary
pressurd0 Thhas: fkeae The o relative permeability of the modified Stone II method is found
to become negative for some systems. Scant experimental evidence does not warrant
employing a complex nonlinear functional form such as the Stone II method for
three-phase relative permeability. A. Heiba, Three-phase relative permeability,

COFRC Technical Memorandum, 1987, proposed a straight-line interpolation of %,,,
15  and k,, . For given uncertainties in experimental measurements and the scaling issues

of grid-block relative permeabilities in a reservoir model, a simple power law model
for the stability analysis may be used. The analysis can be further extended for any
reasonable three-phase relative permeability models (no negative values or
non-monotonic curves).

20
Three-phase flow with gravity will first be examined. As in two-phase flow stability
analysis above, capillary pressure will later be included by modifying a gravity

number.

25  Darcy's law for three phase flow can be written as:

Kk
Y =-Z;’—’(Vp - p,8VD). (67)

!

Here, k is permeability, u is phase velocity, £, is relative permeability, u is viscosity,

30 D denotes the depth and p is density. The subscript i denotes phase properties (i.e., i
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Three-phase flow in porous nedia is not well understood owing to the

conpl exity of physical phenonena and practical difficulty in measuring

t hr ee- phawe 2@lm@biose perneability. However, in reservoi PCTIUSR00a0)B6S

t hree-phase flowin a grid cell is often seen that may occur rmstly by the

conbi nat i ons. ¢f, t3 e t e hase
rel ative per rrg 7b| Y@t }K}eﬁ%r %F‘aﬁ@ ak\i}m rod) ﬁ?ﬁ%?@nﬁ{%ﬁqﬁg@g %ﬁ%é%g

val ue of twodarivkdthare perneabilities for water-oil and oil -gas syst ens. The
nodi fied Stone Il nethod is often enployed in many sinulators in which oil
relative perneabili ty is nodeled by a conplicated functional form (66)
Here, krO , km, g arge), ol t eryand e i ve perneabili
respectively. Theﬁ”}krocglg "of Jl[ g'\t’ngV CZ?I‘ nggghs’l'slrzt“{;ﬁ &fz’connate wat e
saturatign, krowis oil rel atlve perrreabl lity in oil-water system and krog
is oil relative perneability in oil-gas system The water and gas rel ative
permeabi lities are,=hg(Sa5eSas H f0SeSgbyeEn, byg(a*l,tsg\m3pmg$ﬁ1dsyst em Tdse) oi |
relative perneability of the nodified Stone method 1s found to becorre
negative for sonme systems. Scant experinent aI evi dence does not warrant
enpl oyi ng a conpl ex no I fun tional formsuch as the Stone Il nethod
for three-phase r#lati e"ge?r}%ébfs F183n:90C bisi b &S - Tnde¥-phase rel atiWE)
perneabi lity, COFRC Techni cal Menorandum 1987, proposed a straight-1ine

i nterpol ati on of krow and krog . For given uncertai nties in experinental

neasur ement sTiNekal PElosifak defindssaues of grid-block relative perneabilities
in a reservoir nodel, a sinple power |aw nodel

U=u +u, +u, (71)

and the fractional parameters are given by

15
K
= s 72
1 kr] + mZer + n13kr3 ( )
mZer
= 73
~ ky +myk,, +mak,y R
k
20 — msk,s 74
& k., +mk,, +mk,, 74
Mk k,y
= 75
& kyy +mokyy +mik,y )
Mk, ks
= 76
& kg +mykyy + mik, 70
25
7= Mk, k., an

ky +myk,y + msk,
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for the stability analysis nmay be used. The anal ysis can be further
extended for any reasonable three-phase relative perneability nodels (no
negat i ve wal2o0@&99395n0n- nonot oni ¢ curves). Three-phase f PoWwUsRa0G/ 0086 t Y
will first be exam ned. As in two-phase flow stability anal ysis above,
capillary pressure wll later be included by nodifying a gravity nunber.
Darcy's law for three phase flow can be witten as: (67) Here, k is

per meabi | i t ywheirelrs; ipheSescyatydatib Withkesgest toqhatis¥&ith OF BRARI 11 ¥ 11 MHes
viscosity, D denotes the depth and p i's density. The subscript'i denotes
phase proper télesity duetto gravity ¥orcd is chatRkeriéed BY va@iblesd @jg, .gas phases,
respectively). FromEgn. (67), it can be readily deri'ved that: (68) (69)
(70) The total velocity is defined as: (71) and the fractional paraneters
are given bywhere m is the viscositégratio Wi th respect to the viscosity
of phasesl, ml, / m The velocitﬁ dudgtd urdvigy force is charact er jzed by
variables, Cgl : where w is a c é‘racte;mlucstic Vel ocity. Note that
velocities u and ui in (68) - (70) are nondi nensionalized with respect to
uc. Since there is a constraint for saturations:

Cg, = k_g_(p__l_:p_l*)vp’ and (79)
luluc
Cos =Cgr —Cy, (30)
10
where u, is a characteristic velocity. Note that velocities # and #; in (68) - (70) are
nondimensionalized with respect to u.. Since there is a constraint for saturations:
1=8+S,+5; (81)
15

only two equations in (68) - (70) are independent. Equations »; and u are chosen for
independent equations and also S; and S; are selected as independent variables by

substituting S3 withl — 57— S,.

20 It is instructive to examine fractional flow surfaces from Eqns. (68) and (69):

u

F=" (82)
Uu

F,="2 (83)

25
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only two equations in (68) - (70) are independent. Equations ul and u2 are
chosen for independent equations and also S\ and S2 are sel ected as

i ndependewD 2@vivadsses by substituting S3 withl - Sl1- S2PCItuse@eionssss ucti ve
to exam ne fractional flow surfaces fromEgns. (68) and (69): An exanple is
chosen with ical, mohility. ratios, .= 0,2 and = 10 and quadratic
rel ative per%%ﬁﬁlﬁlﬁ’l‘? i‘secg‘,osq’h‘xﬁl? %@.‘C@W(’gﬁﬂy Bafiosy We:‘fqng?:‘ﬁ ’@?nﬁﬁofl‘ll Aresiiaticaces
are plotted . 4ty (Cgl= Cg2 = 0) and strong gravity (Cgl= 5 and
Cg2 - 10), H%@%égﬁ?@%ﬁgﬂ&%%e fractional flow curves are nonotonic for snal
Cgland Cg2, whereas it can become a nmulti- valued function for |arge Cgland
Cg2. Note that depending on the directions of gravity force and velocity,
the fractional flow can be snaller then=#éro or | arger than one. Thi8g)w I |
cause nunerical difficulty if the Newton nonlinear iteration does not take
into accéunt the actual pattern of these surfaces. From (68) and(69) the
boundi ng cur el ved. .. I f i w _becones zero: and
(85) (86) Fonr@gﬁggzrba‘{&ﬁcﬂr’ E}}eaiff%\t/@ﬂ%effor‘r’&egﬁﬁcgf ?fé@i’&%ér%" I90( %Y%Yﬁ%nd (86)
becone: and ((§A C88)Birdlitohg yraAital(fsi=s5 Asd Gpt-etD)afeopeetivelpe stability

i ssues of nonlinear transport problens lie in the

The fractional flow curves are monotonic for small Cg1 and Cy, whereas it can
10 become a multi- valued function for large Cq1 and Cy. Note that depending on the
directions of gravity force and velocity, the fractional flow can be smaller than zero or

larger than one. This will cause numerical difficulty if the Newton nonlinear iteration

does not take into account the actual pattern of these surfaces.

15 From (68) and(69) the bounding curves can be derived where the fractional flow

becomes zero:

0=u-mCuk,, —mC,,k,;, and (85)
20 O0=u+Cyk, —mCypk,;. (86)

For quadratic relative permeabilities, Eqns. (85) and (86) become:

0=u-mC,S; —-mC,,(1- 5, -5,)*, and (87)
25
0=u+C, S} —mC,(1-8 ~8,)". (88)
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l i nearization of the flux function. The nunerical schenes wll be exam ned
as to whether they can converge fromthe initial saturation estinmate, (89)
I n addi t iw0,205/0909851< 1 is enforced after each iterati orCTRIS2@6i009868 F| ow
Surfaces The fractional flow surfaces will now be exam ned to under st and

their gener alStzﬂhﬁfyaﬁfn?lgﬁt' cs. In FIGS. 22, 23, and 24 the fractional flow

isolines are plotte three cases with no graV|tyg~92~' weak
gravit%/ glland g2 ~ ' and strong grgwty (Cg] ioapd C?ﬁ = 1P)t on
respectively i S, MK = = or is plo ere
is no gravi t)jls‘,s n[oﬁeg q%gg%ttﬁ%ﬂ%l?lhm 15tcF 8% %E@ﬁarﬁmm%%bem&ilq lﬁéh% ane

di rection of lihbRiZkBb@bf hEFAG ifhetioh "BhEntnerk 8;?%519 in FIG
22, where_ iso-fractional flow coolrcl)t ours plo rt tgle%ﬁgﬁ % 8 t he

interval of Whethenther cameanvargedraye therisitiabsatemtion egpinase one and tvvo
saturation has very weak fractional flows (< 0.1). If the gravity is weak
as in the second case, the domain of negative flowfor phase 1 and 2 becones
smal |l er and t he absol ute nagni tuql&pf d%gw’:}clp@nal flow al so becones Il er.
In the positive fractional flow iaeF 23 and 24, the iso-fractio fl ow
curves are contoured fromO to 0.8 with the interval of 0.2; but in the
negative fractional flow domain, different contour values are used for each
figure: (-0.2,-0.4,-0.6,-0.8,-1,-2) for FIG 23A, (-0.05, -0.1 -0.15, -0.2,
-0.25,-0.3) for FIG 23B, (-0.02,-0.04,-0.06,-0.08,-1,-2) for FIG 24A, and
(-0.05, -0.1 -0.15) for FIG 24B(0H s@plotted are the contours of 1 =0

(upper dlootted line) and W2 E@(jg "E as, (s -8 F ) N
v v+ v |T « |» am
F) | ok ?ﬂ so-8 ) \E ©0)
as, s,
oF, R\
Slv+l) Slv] ES— _a's_ F* _F
» = + 1 2 1* 1 , 91
(Sz“ [S; oF, OF | \F -F O1)
as, as,

In addition, 0 <S*"' <1 is enforced after each iteration.
15

Fractional Flow Surfaces

The fractional flow surfaces will now be examined to understand their general

characteristics. In FIGS. 22, 23, and 24 the fractional flow isolines are plotted for

=Cp =0) (Cy 5 and Cea=1) and

strong gravity (C,, =5 and C,, =10), respectively. Also applied is m, = 0.2 and

20  three cases with no gravity Ca > weak gravity

my =10 for this plot. If there is no gravity, the fractional flow for each phase moves in

the same direction of the total velocity. There is no negative flow domain in FIG. 22,
where iso-fractional flow contours plotted from 0.1 to 0.9 with the interval of 0.1.
25 Note that a large area of small phase one and two saturation has very weak fractional

flows (< 0.1). If the gravity is weak as in the second case, the domain of negative flow
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dotted line). Due to the conplex contour curves in the negative flow

domai n, the Jacobian matrix of Eqn. (91) can becone singular. The loci of
si ngul ar Wwoizna699ker e t he determ nant of the Jacobi an marniszgocDe4sss beconmes
zero, are also plotted with solid lines. A successful unconditionally

stable al goi‘fg@tﬂﬁ Sf]%réir{gptake 'ngﬁ)eraagl d X Inshii MhaEHeor BALEmRI ﬁI)W‘%l?S%ObI an

m_atrlx beca on 1 I on cannot cross these si ngu ar
l'ines. The BeubAstalshRBer0tn tzher sifivafuétional 16w onFHGH 2Bengd|2dt thedsd-Gactipmake 1

(F1 = 0) and phase 2 ; d (92 93
i ntersecti oﬂo]g’cﬁu;‘{ees@mm%drﬁpgtn%@(% %’Vﬁg )mgr‘é?rxp gg%hﬁélg%)b%ﬁ%%g egf)e e
denoted as ?r | ﬁg%)df)ﬁﬁﬂl Qiff ££I{tgg}8§?§%l%és PRsddif¥etach Two points are

defined on tAESE“zer0 ux’curves and (Sf 2S2 2é for better
initial st ifigatee(-0f2, &aawréatol&}n -chfur R 23 Aod- QJ@%GOHr’rOﬂﬁe—O@Z g P5+0A) fsscri bed

oS (59) 8T 99 B Bk P A8 B T i For -

FIG. 24B. Also plotted are the contours of », =0 (upper dotted line) and u, =0 (lower

dotted line). Due to the complex contour curves in the negative flow domain, the
Jacobian matrix of Eqn. (91) can become singular. The loci of singular points, where
10  the determinant of the Jacobian matrix, Det, becomes zero, are also plotted with solid
lines. A successful unconditionally stable algorithm should take into account the
singular points of Jacobian matrix because the general Newton iteration cannot cross

these singular lines.

15  The boundaries of zero fractional flow can be plotted for phase 1 (F; = 0) and phase 2
(F2=0):

L,(8,,8,): 0 =1-Cpm,S2 ~C,,my(1- 8, = S,)*,  and (92)
20 L,(S,,8,):0=14Cp,S? = C pymy (1= S, = S,)*. (93)

From Eqns. (93) and (94) , the intersection point can be completed with S, =0 axis.
These points are denoted as S7 from (92) and S{** from (93), respectively. Two points

are defined on these zero flux curves, (SP'S”") and (S{2S5?), for better initial

25  estimate of saturation that will be used in the algorithm described later.

=2/38%" and SP*=1/35" (94)
L,(SP,8£"):0 =1~ Cpmy(S£")? = Cgymy (1S = S£')°, and 95)

30
L, (8?,84%):0=1+ Ca (8% —Cgamy (1 -S{% -8 (96)
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Al gorithmfor Updating n Three Phase Flow with Gavity and Capillary
Pressure 1. Check the directions of total velocity and gravity force; 2.
Cal cul at evano®@/09@@cul ate t he boundari es of zero fracti enaluskéoemodses phase
1 (Lx(Sx,S2)) and 4. Calculate the initial points for saturation, and on ,
respectively; 5. Check the sign of and 6. Fromthe initial estimte of
saturations , calculate the fractional flow estimte and nd the determ nant
Det of t he Jase@birdis deblel%n thé midtlestdhd @maih fo e ki, f @lo, sEds: -0t he
saturation does not yield the positive condition, take fhe point’ at s the
initial guesgs” ($F) (ier@iBeonhe BRE.o4ahi ons based on Eqn. (91); (c) | set
saturation at(d) If S1+S2 >1, nornalize the saturation to ensure S1 O ;
(e) | nder-relax the saturation iteration, i.e., S v+i =S V+ v+l )/2; 8.
If F1 * < 0,F2 *, 0, and Det Q0 %ﬁglthe initial_ saturation estinmte at

poi nt at 5 Igorithm for Updating S° — in Three Phase Flow with Gravity and
Capillary Pressure
1. Check the directions of total velocity and gravity force;

10 2. Calculate C,; and C,,;

3. Calculate the boundaries of zero fractional flow for phase 1 (Z,(S,,S,)) and
L,(S),8,) 5
15 4. Calculate the initial points for saturation, (S/',S52') and (S*?,S8/*)on

L (S,,S,)and L,(S,,S,), respectively;

5. Check the sign of F" and F; ;

20 6. From the initial estimate of saturations (S and SY) , calculate the fractional

flow estimate (F° and F,’) and the determinant Det of the Jacobian matrix;

7. I F >0and £ 20;

25 (a) If the initial guess of the saturation does not yield the positive

condition, take the point at L, (S/',S/") as the initial guess;

(b)  lterate the saturations based on Eqn. (91);

30 (¢) If A’ <0orF, <0,set saturation at Z,(S/',S7");
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as the initial guess; 9. If F1 * < 0,F2 0, and Det <0, or F1 * < 0,F2 * <
0, and Det <0, set the initial saturation estimate at point L1(Sf 2,S2 02)
as the i nwoizad6/ge®ss; and 10. If F1 * < 0, F2 * < 0, an#CDatS2008/08%868 t he
initial saturation estimate at point at (Sf 3,S 3) as the initial guess.
Alternative Algorithmfor Three Phase Stability Wen three phase flowis
nodel ed as a conbi nation of two two-phase flow domains (i.e., gas-oil and

oi | -water domai ngy) thesstgbihidoymaligaht shoratientdmsmeds fx @d as fol | ows. The
fraction of two-phase flow domain and their saturations (e.g., gas-oil and
oi | -water phases) are determned fromthree phase relative perneability
approximations (e.g., oil saturation is upiformin the two donains or oil

rel ative permeabiljty . j#’FdedFcal .indRe k6 domai . ility
anal ysis for two{phas }fg MV|5g;aﬁb%PEd§ﬁbrigﬁcﬁggghéﬁﬁepgqﬁ%%%%%@ phson
iterations. |If the unstable saturation éhangé occurs in either one of the

two dommins, an under felaxati ogwl - (5”4 §*)/2;

8. If F’ <0,F, >0,and Det > 0, set the initial saturation estimate at point at

L (SP',S7") as the initial guess;

10 9. If F]* <0, F; >0,and Det <0,o0r F;* <0,F, <0,and Der <0, set the initial

saturation estimate at point L, (S/,54*) as the initial guess; and

10. If F' <0,F; <0,and Det > 0 set the initial saturation estimate at point at
(S£3,84%) as the initial guess.

15
Alternative Algorithm for Three Phase Stability

When three phase flow is modeled as a combination of two two-phase flow domains
(i.e., gas-oil and oil-water domains), the stability algorithm can be modified as

20  follows. The fraction of two-phase flow domain and their saturations (e.g., gas-oil and
oil-water phases) are determined from three phase relative permeability
approximations (e.g., oil saturation is uniform in the two domains or oil relative
permeability is identical in the two domains). The stability analysis for two-phase
flow is applied for each domain in Newton-Raphson iterations. If the unstable

25  saturation change occurs in either one of the two domains, an under-relaxation

procedure is taken to warrant a stable convergence of the Newton-Raphson iterations.
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procedure is taken to warrant a stable convergence of the Newton-Raphson
iterations.Capillary Pressure In multiphase flow in porous nedia, the
fluids tewo 20w/ teswe different pressure due to their wet rabiuseaog/ovases ock and
interfacial tension between fluids. This capillary pressure is often

nodel ed by ggsi.ﬁgljg function of saturation. In three-phase flow, we have
two i ndepen Sl]?l]efsél,l’g pressure curves: The capillary pressure controls
m cro-scale flowin pores, but it plays a very mnor role in reservoir

sinulation. It is not expected capillary.pressure c jles _an
characteri st wlﬁiﬂhaﬁ?lﬂo‘é’lt?%ﬁ?qoiuﬁ 9‘13215‘# @’Glfﬁlﬂé)sotﬁmg?o klarvﬁﬂgg%?’?t péﬁ%%‘ieid&ﬁ.to Darcy' s
aw may be Wit befantfidy o FHRIdni 3hr RSB Gh bosh Tdidld T éabflleky pioshude wher e

(106) Note ansport equation do not change the characteristics
due to thBe psefenmedeiéd byppisinige Junstios efisaturativre lethrexphase fompive havg te essur e
can be included b he.gravit araneter Cg . For the case of total

vel ocity andn‘gerpﬁvalet“gcar%@aéy@?efsg‘érggmveﬁi rections (i.e., phase 1 with Cg >0 ),
capillary pressure reduces the gravity effect. Since the capillary pressure

i ncludes the spatial gradient of capillary pressure (Vp ), this termis
expectd to stay much snaller thap,theé,VFeeous, t8dmu or gravity ter@Xg. | f

there is capillary force, the sane algorithmof section Il can be used by
nmodi fying Cg : (107)WHAT IS CLAIMED I'S: 1. A nethod for solving a
non- | i negr S-shaped function F =p5263?,)52\5@l9c3h—}?1-s (98)

The capillary pressure controls micro-scale flow in pores, but it plays a very minor
role in reservoir simulation. It is not expected capillary pressure changes any
characteristics of the stability calculation of transport equation.

15  Darcy's law may be written with capillary pressure:

u =~ (v pgVD), 99)
1
Kk,
u, =——=%(Vp, - p,gVD), and (100)
2
20
kk
Uy = ——2(Vp, — p;8VD). (101)
Hs
Eqns. (97) - (101) yield:
25 = £088)u— £, (88,)(Co ~Ca) = 13(5158,)(Cy = C) (102)

Uy = (5,8, )u - fa(SI:‘S'z)(Cgl —C) - fs(Slasz)(Cgs —=Cp) (103)
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representative of a property S in a physical system the S shaped function
havi ng an inflection point Sc and a predeterm ned value of F to which f(S)
conver geswotbh@/aveiohod conpri sing the steps of: a) sel ecrrcmgisaeiondsss al
value S v as a potential solution to the function f(S); b) perform ng a
Newt on itera%hag (T) on the function f(S) at Sv to determ ne a next
iterative value S y+ ; c¢) determ ning whether Sv+] is |located on the
opposite side of the inflection point Sc fromSv ; d) setting S +i =Sl, a
nodi fied new estimate, if Sv+ is |ocated on the opposite side of the
inflection point of f(S) fromS v+l ;,e) déterni ning whether V+1 is within
a predeterm ned convergence criteri a,szl)—s—t Hgisv = Sv+] if S is(lédd
within a predetern ned convergence criteridal! g) repeating steps (b) - (f)
until d""1 1 i's within the predeterm ned convergence criteria; and h)
selecting S +] as a satisfactory solution Sto the S-shaped function F =
f(S).2. Ehe nethod of claim1l wherei thefc@odified new estimate S 1 is set
to S' =aSv +( -a)S +\ where 0 < a a2f;1‘ Des (105)

Cos=Cp—C

al’

(106)

Note that the transport equation do not change the characteristics due to the presence

10 of capillary pressure. The effect of capillary pressure can be included by the gravity

parameter C, . For the case of total velocity and gravity have different directions (i.e.,
phase 1 with C, > 0), capillary pressure reduces the gravity effect. Since the capillary
pressure includes the spatial gradient of capillary pressure (Vp,), this term is expectd
to stay much smaller than the viscous term u or gravity term C,.If there is capillary

15 force, the same algorithm of section II can be used by modifying C,:

Co=Cy—Cp. (107)

-4 -



3. The method of claim2 wherein a= 0.5. 4. The nethod of claim2 wherein
0.3< a< 0.7. 5. The nethod of claim1l wherein the stability limt S 1is
set to Scyvoth@/dapfosecti on point of the function f(S). 6PCThis20080be3d8 Of
claim1l wherein the S-shaped function f(S) is a fractional flow function
utilized in r r f &Eator 7. The nmethod of claim1l wherein the
S-shaped fu f tically conports with the foll ow ng

mat hemat i cal expressi on: where S = saturation of a first phase in a tvvo

fluid fl ow proble f(S) = a functiogn of_ satu an cosit

fluid in a 1? 1i r st Agnmﬁéd)fwlmge@@@%?qr E#Q‘PF"IE 5158“91?11'? gg%\?fﬁ’ﬁﬁ asey 8. The
nmet hod of claim I e p&PRYEli@eNce
criteriaif e > %dﬁ;@&ﬁ%@@mﬁfé(go %%Smrlg&% %?ﬁlsﬁg%f%lwes?ﬁ%ce limt.9. The
met hod of claim hamﬂngmllmﬂdsmﬂpomtﬁﬁaﬂaimpm&@erpne@tbv@umﬁ%tp whishdence
criteria if e >F-f( SV%??h eelssgqﬁet?lgterm ed tolerance limt. 10. The
met hod of cl ai m FORVFEHetCdd 94%9%1 f§P4% to an upper or |ower bound
Sb if S lexceeds those bounds in step (b). 11. The nethod of claim lwherein

the S-shaped function F=f(S) is characterized by one of a | ook-up table or
a general anal ytigal fseRefingan initial value S**' as a potential solution to the function

f(S);
10
b) performing a Newton iteration (T) on the function f(S) at S¥ to
determine a next iterative value S"*';
c) determining whether S**' is located on the opposite side of the
15 inflection point S° from S”;
d) setting S**' =S, a modified new estimate, if S**' is located on the
opposite side of the inflection point of f(S) from §"*;
20 e) determining whether S**' is within a predetermined convergence
criteria;
f) setting ¥ = §** if $*' is not within a predetermined convergence
criteria;
25
g) repeating steps (b) — (f) until S** is within the predetermined
convergence criteria; and
h) selecting S**' as a satisfactory solution S to the S-shaped
30 function F = f(S).
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12. A program storage device readable by a machine, tangi bly enbodying a
program of instructions executable by the machine to perform nethod steps
for sol viwg 2a0amm595i near S-shaped function, F = f(S), WRCThIS2@6/009868
representative of a property S in a physical system the S shaped function

havi ng an i ntl ecti©n I n and, a, predeternm pned value of F to which f(S)
conver ges, tfr%e netTﬁ]S&l?egfi‘)‘?ftﬁfiscéﬁuWSl i eg’ttgﬁgl@ff?eda‘)ev‘é"eﬁt‘é@tt"r g isset foni ti al

val ue Svas a pot engi_al osohut j\amt tion f(S); b) performng a

Newt on iteration ESET) %L% fhe o%)(égct?’g%@%(és§é%]t' S to determ ne a next
iterative value S ; c) determning whether Sis |ocated on the opposite
side of the inflection point Sc fromS ; d) setting Sv =S!,a nodified new
estimate, if35"' + lhemethascafickaimahwhereingppsi.t e side of the inflection point
of f(S) f¢omSv ; e) determ ning whether Sv is within a predeterm ned
convergence criteria; f) setting Sv = Sv if Svis not within a

predet er m ned. conitae getiee offcldi®rd wherinrfepeai mg. steps (b) - (f) until Sv is
wi thin the predeterm ned convergence criteria; and h) selecting Sv+l as a
satisfactory solution to the S-shaped function F=f(S).

5. The method of claim 1 wherein the stability limit S' is set to S°, the inflection
point of the function f(S).
10

6. The method of claim 1 wherein the S-shaped function £(S) is a fractional flow

function utilized in a reservoir simulator.

7. The method of claim 1 wherein the S-shaped function £(S) mathematically

15 comports with the following mathematical expression:

where S = saturation of a first phase in a two fluid flow problem;
20

1(S) = a function of saturation S;

4= viscosity of fluid in a first phase; and

25 4, = viscosity of fluid in a second phase.

8. The method of claim 1 wherein S**' is within the predetermined convergence

criteria if & >} SV gv

where & is predetermined tolerance limit.
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13. A method for updating a Newton's iteration on a fractional flow
function f(S) associated wth two-phase flowwith gravity in a grid cell of
a reservowo iameb®sor, the nethod conprising: (a) checkipng/ush@edasect i ons
of phase velocities and gravity force in agrid cell; (i) if the phase

I t [ a regul ar on stablllty anal ysi s;
(1ol co 207 R et S m@%ﬁe et
second- or der
flow (for horizon rgf]eh? %gﬁ\ﬁl%g_f@? W\(ﬁg Qﬁdf)f’ﬂfflﬁt)ﬁnﬁmg Cﬁ?ré’i“f ngnCﬁ1 mt 0 <

Sv+] 1 (i) if F;XSV)F;(SV) < Cor F (S V+1 )F (S V) <0, apply an
under-rel axation for saturation i terati on; (c) if the phase velocities are
counter-curremnt; ¢ [ & Yo #l ying a
aturati on |1 1 T AR 1 L SR b A0 an suplr o 180

nei ghborisng cel | blmﬁls’fcifsb*élesamdmowe di pheids M ste@fyyr ati on donain el se

11. The method of claim 1 wherein the S-shaped function F=f(S) is characterized

by one of a look-up table or a general analytical function.

10 12. A program storage device readable by a machine, tangibly embodying a
program of instructions executable by the machine to perform method steps
for solving a non-linear S-shaped function, F = f(S), which is representative of
a property S in a physical system, the S-shaped function having an inflection
point S° and a predetermined value of F to which £(S) converges, the method

15 comprising the steps of:

a) selecting an initial value S as a potential solution to the function f(S);

b) performing a Newton iteration (T) on the function f(S)at S" to

20 determine a next iterative value S**;

c) determining whether S”*' is located on the opposite side of the

inflection point S° from S";

25 d) setting $**' = ', a modified new estimate, if S"*' is located on the

opposite side of the inflection point of f(S) from S**';

e) determining whether S”*' is within a predetermined convergence
criteria;
30 y) setting §* = S** if "' is not within a predetermined convergence
criteria;
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and (ii) applying an under-relaxation for saturation iteration. 14. A

nmet hod for updating a Newton's iteration on a fractional flow function /(S)
associ at esownadnopivsee- phase flow with gravity in a gri dpcelus2ak/oessseser voi r
sinmul ator, the nmethod conprising: (a) check the directions of total
velocity and gravity force; (b) Calculate an ; (c) calcul ainge the
boundaries of zero fractional flow for phase 1; (d) calculating the initial
poi nts for saturahion, e P)E%ﬁft' by i 3 sign of and
; (f) Frominiti g%) estrieﬁr%tugg S%?gggt 3(r atlf(l)\rlllsg (lgvéﬁﬁd] %)Ia%géﬁce%;%l& gte
fractional flow esti nmadoavérigdnd® caitatiabE2nd)) and t he determ nant of a Jacobi an
matrix; (g) if FL. * >0 and F2 ' > 0 ;(h) if the initial guess of the
saturation does not yield a positive condition, take the point at as the

initial guess; (iy) |t eLkAng 18" SALUENARSS BATEH (OheEihaptd?)
function F={(S).

13. A method for updating a Newton's iteration on a fractional flow function

S (S) associated with two-phase flow with gravity in a grid cell of a reservoir

10 simulator, the method comprising:

(a) checking the directions of phase velocities and gravity force in a grid

cell;

15 ) if the phase velocities are co-current, applying a regular

Newton stability analysis;

(i)  calculating the directional fractional flows F, and F, and its

second-order derivatives (F, and F,);

20
(iii)  calculating C, for vertical flow (for horizontal flow, C, =0);
(b)  applying a saturation limit 0 < $™ <1;
25 @) if F(S™)F(S") <0or F(S™)F,(S")<0, apply an
under-relaxation for saturation iteration;
(c) if the phase velocities are counter-current;
30 calculating a reflection saturation, S, ;
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G i set saturation at (k) i normalize the saturation to ensure . _ , , if
< 0, under-relax the saturation iteration; (m if nd set the initial

sat ur at i onoesdd/0yp9e at point at as the initial guess; (mrTiusealcnoostet <O,
saturation estimate at point as the initial guess; and (0)

set the initial
if and Det >0 set the

guess.

10

15

20

25

14.

di)nI ti a%lplﬁr?é 8 ga‘%rla%(r)]n ﬁrsntitI ri’rtathg ceaﬁ ishot Qéjac?e%t %oht eI nitial
boundary or the neighboring cell does not belong to the

different saturation domain, 0<S™ <S7or S, < 8™ <1, else

0<S8™ <1;and

() i £ (S")E(S")<0 or F,(S™)F/(S”) <0, applying an

under-relaxation for saturation iteration.

A method for updating a Newton's iteration on a fractional flow function

J(S) associated with three-phase flow with gravity in a grid cell of a reservoir

simulator, the method comprising:

(a)

(b)

(©

(d)

(e)

®

)]

check the directions of total velocity and gravity force;

Calculate C,, andCy,;

calculainge the boundaries of zero fractional flow for phase 1;

(L,(S),83)) and L, (S;,S,) ;

calculating the initial points for saturation, (S/',S#') and (S/%,5/*)on

L (S5,,S,) and L,(S,,S,), respectively;

checking the sign of " and F ;

From initial estimates of saturations (S, and S7), calculate fractional

flow estimate (5’ and F,’) and the determinant of a Jacobian matrix;

if 720 and F, 20;
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if the initial guess of the saturation does not yield a positive condition,

take the point at L (S/',S£") as the initial guess;

Iterate the saturations based on Eqn. (91);

if /" <0orFy <0, set saturation at L (S/',S/");

if S; +, >1, normalize the saturation to ensure S, > 0;

2 120 B) v 2 vl a0 v

if _6_];“, 0 121 <0,o0r 0 1;; 0 };‘ < 0, under-relax the saturation
oS, oAy oSy, oS,

iteration;

if F <0,F; 20,and Det > 0,set the initial saturation estimate at point

at L,(S/',57") as the initial guess;

if i <0,F, 20,and Det <0,0r F <0,F, <0,and Det <0,set the

initial saturation estimate at point Z (S/?,S#?) as the initial guess; and

if F,* <0, F;_* <0,and Det >0 set the initial saturation estimate at point

(SP?,57%) as the initial guess.
1 292 g
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