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Systems and Methods for Communicating by Modulating Data on Zeros in the Presence of

Channel Impairments

FIELD OF THE INVENTION
{0001] The disclosure relates generally to communication systems and more specifically to

blind communication schemes that transmit over unknown wireless multipath channels.

BACKGROUND

[0002] The huture generation of wireless networks faces a diversity of new challenges.
Trends on the horizon — such as the emergence of the Internet of Things (IoT) and the tactile
Internet — have radically changed thinking about how to scale wireless infrastructure. Among
the main challenges new emerging technologies have to cope with is the support of a magssive
number {(hillions) of devices ranging from powerful smartphones and tablet computers to
small and low-cost sensor nodes, These devices come with diverse and even contradicting
types of traffic including high speed cellular links, massive amonnts of machine-to-machine
(M2M} counections, and wireless links which carrying data in short-packets. Although inten-
sively discussed in the research commumnuity, the most fundamental question of how we will
communicate in the near {uture under such diverse requirements remains largely unresolved.
{0003] A key problem of supporting sporadic and short-message traffic types is how to

acquire, communicate, and process channel information. Conventional channel estimation

procedures typically require a substantial amount of resources and overhead. This overhead
can dominate the intended information exchange when the message is short and the traffic
sporadic. For example, once a node wakes up in a sporadic manner to deliver a message it has
first to indicate its presence to the network. Secondly, training symbols (pilots) are typically
used to provide sufficient information at the receiver for estimating link parameters such as
the chanuel coefficients. Finally, after exchanging a certain amount of control information, the

device transmits its desired information message on pre-assigned resources. In current systems
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these steps are usually performed sequentially in separate communication phases vielding a
tremendous overhead once the information message is sufficiently short and the nodes wake

up in an unpredictable way. Therefore, a redesign and rethinking of several well-established

o

system concepts and dimensioning of coraraunication layers will likely be necessary to support
such traffic types in an eflicient manner. Noncoherent and blind strategies, provide a potential
way out of this dilemuna. Classical approaches like blind eqgualization have been investigated
in the engineering literature, but new noncoherent modulation ideas which explicitly account
for the short-message and sporadic type of data will likely be required.

[0004] In many wireless communication scenarios the transmitted signals are affected by
multipath propagation and the channel will therefore be frequency-selective if the channel
delay spread exceeds the sampling peried. Additionally, in mobile and time-varying scenarios
one encounters also time-selective fast fading. In both cases channel parameters typically
have a random flavor and potentially cause various kinds of interference. From a signal
processing perspective it is, therefore, desirable to take care of possible signal distortions, at
the receiver and potentially also at the transmitter.

{0005] A koown approach to deal with multipath channels is to modulate data on multiple
parallel waveforms, which are well-suited for the particular channel conditions. A simple
approach that can be utilized for frequency-selective multipath channels is orthogonal fre-
quency division multiplexing (OFDM)}. When the maximal channel delay spread is known,
inter-symbol-interference (ISI) can be avoided by a suitable guard interval. Orthogonality of
the subcarriers can be achieved by a cyclic prefix preventing inter-carrier-interference. On
the other hand, from an information-theoretic perspective, randormn channel parameters are
helpful from a diversity view point. Spreading data over subcarriers can exploit diversity
in a frequency-selective fading channel. Buf to coherently demodulate the data symbols at
the receiver, the channel impulse response (CIR) should be known ab least at the receiver.

To gain knowledge of the CIR, training data {pilots) are typically added to the information
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baseband samples, leading to a substantial overhead when the number of samples per signal

is in the order of the channel taps. If the number of samples is even less than the number of
channel taps, it can be mathematically impossible to accurately estimate from any pilot data
the channel (assuming full support). Hence, one is either foreed to increase the signal length

by adding more pilots or assume some side-information on the channel, Furthermore, the

pilot density has to be adapted to the mobility and, in particalar, OFDM is very sensitive to

time-varying distortions due to Doppler shift and osciliator instabilities. Dense CIR updates
are often required, which can result in complex transceiver designs

[0006] Due to ubiquitous impairments between transmitter and receiver clocks a carrier
frequency offsei (CFO) is likely to be present after a down conversion to the baseband.
Doppler shifts due to relative velocity can also cause additional frequency dispersion which
can be approximated in first order by a CFO. This is a known weakness in many multi-carrier
modulation schemes, such as OFDM, and various approaches have heen developed to estimate
or eliminate the CFO effect. A common approach for OFDM systems is to learn the CFO in a
training phase or from blind estimation algorithms, such as MUSIC or ESPRIT. Furthermore,
due to the nnknown distance and asynchronous transmission, a timing offset (TO) of the
received symbol typically has to be determined as well, which will otherwise destroy the
orthogounality of the OFDM symbols. By “sandwiching” the data symbol between training
symbols a timing and frequency offset can be estimated. By using antenna arvays at the
receiver, antenna diversity of a single-input-multiple output (SIMO) system can be exploited
to improve the performance.

{0007] OFDM is typically used in long packets ({rames), consisting of many successive
symbols resulting in long signal lengths. In a sporadic communication, only one packet is
transmitted and the next packet may follow at an unknown time later, In a random access
channel, a different user may transmit the next packet from a different location. Such a

packet experiences an independent channel realization. Hence, the receiver can barely use
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any channel information learned from the past. To reduce overhead and power consumption,
again low-latency and short-packet durations are favorable.

[0008] A communicatinon system that supports sporadic packet communication at ultra low
latency can be useful in a number of applications including {but not limited to) critical control

applications, like commands in wireless for high performance (HP), ad hoc signaling protocols,

secret key authentication, or initiation, synchrounization and channel probing packets to

s

wrepare for longer or future transmission phases. At the sawme time, witra reliability is required
for snch low latency communications {URLLC), especially if dealing with industrial wireless
scenarios where the packets contain critical control data. The IEEE 802.11 standard for
WirelessHP specifies a target packet error probability of 1079 at scheduling units {SU) below
1ps for power system automation and power electronic control. Here, the SU is the actual
transmission time between transmitter and receiver. Furthermore, the next generation of
mobile wireless networks aims for large bandwidths with carrier frequencies beyond 30GHz,
in the so called mm Wave band, such that the sampling period is in the order of nano seconds.
Hence, even at moderate mobility, the wireless channel remains approximately time-invariant
only for a short duration, encouraging shorter syrbol lengths. Ou the other hand, wideband
chanvels resolve many multipaths due to the large bandwidth, which makes equalizing in the
time-domain very challenging and is commonly simplified by using OFDM instead. But this
can require long signal lengths, due to additional pilots needed to learn the channel. This
may not be feasible if the transmission time or scheduling unit requirement is tco short. Also,
the maximal CIR length needs to be known at the transmitter and if underestimated might

lead to a serious performance loss. Considering indoor channels at 60GHz, a delayv spread of

up to 30ns can still be present. Considering a bandwidth of 1GHz results in a CIR length of
30 and a signal length of 100 — 1000 to meet the SU requirement. Hence, exploiting multiple

OFDM symbols becomes more and more challenging if the receive duration approaches the

order of the channel delay spread. Therefore, one-shot symbol transmissions can become
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necessary to push the latency on the physical-layer to its physical limits.
[0009]  Another issue in transmitting at high frequencies can be attenuation, which can be
overcome by exploiting beam-forming with massive antenna arrays. For massive or mobile

users, this again increases the complexity and energy consumption for estimating and tracking

the huge amount of channel parameters. Furthermore, a bottleneck in mmWave MIMO
systems can be the blockage of line-of-sight connections which require wider or multiple

beams, resulting in a significant reduction of the receive power.

SUMMARY OF THE INVENTION

[0010]  Systems and methods in accordance with many embodiments of the invention
utilize timing-offset {(TO) and carrier frequency offset {CFO) estimation in a BMOCZ scheme
to communicate over unknown roultipath chanuvels including (but not Himited to) wideband
frequency-selective fading channels. In several emubodiments, the CFO robustness is realized

by a cyclically permutable code (CPC), which can enable a receiver to identify the CFO. In

a number of embodiments, an oversampled DiZeT decoder is utilized within the receiver that
is capable of estimating the CFO. In certain embodiments, CPC codes are utilized that are

constructed with cyclic BCH codes, which can provide the capability to correct additional
bit errors and can enhance the performance of the BMOCZ scheme for moderate SNRs.
{0011] Due to the low-latency of BMOCZ the CFO and TO estimation can be performed
from as few as one single BMOCYZ symbol. This blind scheme can be ideal for control-channel
applications, where a limited amount of critical and control data is exchanged while at the
same time, channel and bmpairments information needs to be communicated and estimated.
Communication systems that employ BMOCZ coded with s CPC in accordance with many
embodiments of the invention can enable low-latency and ultra-reliable short-packet commu-
nications over unknown wideband chanuels.

{0012]  One embodiment of the communication system includes a transmitter having:
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an encoder configured to receive a plurality of information bits and output a plurality of
encoded bits in accordance with a cycling register code (CRC); a modulator configured to
modulate the plurality of encoded bits to obtain a discrete-time baseband signal, where the
plurality of encoded bits are encoded in the zeros of the z-fransform of the discrete-fime
baseband signal; and a signal generator configured to generate a continuous-time transmitted
signal based upon the discrete-tirne baseband signal. In addition, the communication system
includes a receiver, having: a demodulator configured to down convert and sample a received
continuous-time signal at a given sampling rate to obtain a received discrete-time baseband
signal, where the received discrete-time baseband signal includes at least one of a timing
offset (TQ) and a carrier frequency offset (CFO); and a decoder configured to decode a
plurality of bits of information from the received discrete-time baseband signal. Furthermore,
the decoder decodes the plurality of bits of information by: estimating a TO for the received
discrete-time baseband signal to identify a received syrabol; determining a plurality of zeros
of a z-transform of the received symbol; identifying zeros from the plurality of zeros that
encode a plurality of received bits; and decoding a plurality of information bits based upon
the plurality of received bits using the CRC.

{0013]  In a further embodiment, the receiver receives the continuous-time transmitted
signal over a multipath channel.

10014]  In another embodiment, the modulator is configured to modulate the plurality of
encoded bits so that the z-transform of the discrete-time baseband signal comprises a zero
for each of a plurality of encoded bits.

{0015]  In a still further embodiment, the modulator is configured to modulate the plurality
of encoded bits so that each zerc in the z-transform of the discrete-time baseband signal is
limited to being one of a set of conjugate-reciprocal pairs of zeros.

[0016] In still another embodiment, each conjugate reciprocal pair of zeros in the set of

conjugate-reciprocal pairs of zeros comprises: an outer zero having a first radius that is
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greater than one; and an inner zerc having a radius that is the reciprocal of the first radius.
In addition, the inner and outer zero have phases that are the same phase, the radii of the
outer zeros in each pair of zeros in the set of conjugate-reciprocal pairs of zeros are the same,
and the phases of the outer zeros in each pair of zeros in the set of conjugate-reciprocal pairs
of zeros are evenly spaced over one complete revolution.

[0017]  In a yet further embodiment, the cycling register code is a cyclically permutable
code {CPC).

{0018]  In vet another embodiment, the CPC is extracied from a Bose Chaudhuri Hoc-
quenghem {BCH) code.

[0019]  In a further additional embodiment, the CPC is extracted form a primitive BCH
code.

{0020] In another additional embodiment, the CPC has a code length that is a Mersenne
prime.

[0021]  In a further embodiment again, the CPC has a code length selected from the group
consisting of 3, 7, 31, and 127.

{0022]  In anocther embodiment again, the CRC is generated by an inner code and an outer

code which are cornbined in a pon-linear fashion.

{0023]  In a still yet further embodiment, the outer code is a cyeling register code having a

s

fower code rate than the inner code.
[0024]  Tn still yet another embodiment, the outer code i3 a cyclically permutable code

(CPC).

{0025] In a still further additional embodiment, the CRC is an affine CPC (ACPC) code.
{0026] In still another additional embodiment, the ACPC is characterized by being attain-
able using a cyclic inner code having codewords of an inner codeword length, which is affine

translated by a given binary word of the inner codeword length, and then further encoded by

a cyclic outer code.
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[0027]  In a still further embodiment again, the decoder is configured to estimate the timing
offset by measuring energy over an expected symbol length with a sliding window in the
sampled signal.

{6028] In still another embodiment again, the decoder is confignred to measure energy
over an expected symbol length by convolving samples with a universal Huffman sequence of
the expected symbol length comprising two impulses at the beginning and the end of the
expected symbol length.

10029] In a vet further additional embodiment, the decoder is configured to estimate the
TO by identifving a set of three energy peaks that yield a maximum energy sum over an
expected symbol length.

[0030] In vet another additional embodiment, the demodulator is configured to oversample
the received continuous-time signel, and the decoder is configured to identify zeros from the
plurality of zeros that encode a plurality of received bits by identifying a fractional rotation
resulting from the carrier frequency offset.

{6031]  In a yet further embodiment again, the decoder is configured to determine a most
likely set of zeros for the z-transform of the discrete-time baseband signal used to generate
the transmitted signal based upon the received symbol.

{0032] In yet another embodiment again, the decoder is configured to determine the
phurality of received bits by performing a weighted comparison of samples of the z-transform
of the received symbol with each zero in a set of zeros.

{0033] In a further additional embodiment again, each zero in the z-transform of the
discrete-time baseband signal used to generate the transmitted signal is limited to being one
of a set of conjugate-reciprocal pairs of zeros.

{0034] In another additional embodiment again, the receiver comprises a plurality of
receive antennas and the decoder determines the plurality of information bits by combining

values derived from the samples of a plurality of continuous-time signals received by the
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plurality of receive antennas to perform decoding.

[0035] A transmitter in accordance with one embodiment of the invention includes: an
encoder configured to receive a plurality of information bits and output a plurality of encoded
bits in accordance with a cycling register code {CRC); a modulator configured to modulate
the plurality of encoded bits to obtain a discrete-time baseband signal, where the plurality of
encoded bits are encoded in the zeros of the z-transform of the discrete-time baseband signal;
and a signal generator configured to generate a continuous-time transmitted signal based
upon the discrete-timne baseband signal.

[0036] In a further embodiment, the continuous-time transmitted signal comprises a carrier
frequency modulated based upon the discrete-time baseband signal.

{0037] A receiver in accordance with one embodiment of the invention includes a a demod-
ulator configured o down convert and sample a received continuous-time signal to obtain
a received discrete-time baseband signal and over sample the received discrete-time signal

by zero padding, where the received discrete-time baseband signal includes at least one of

a timing offset (TO) and a carrier frequency offset (CFO);, and a decoder configured to
decode & plurality of bits of information from the received discrete-titne baseband signal by:
estimating a TO for the received discrete-time baseband sigual to identify a received symbol;
determining a plurality of zeros of a z-transform of the received symbol; identifying zeros from
the plurality of zeros that encode a plurality of received bits by identifving and correcting a
fractional rotation in the plurality of zeros resulting from the CFQO; and decoding a plurality
of information bits based upon the plurality of received bits using a cycling register code

(CRC).

BRIEF DESCRIPTION OF THE DRAWINGS

{0038] It should be noted that the patent or application file contains at least one drawing
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executed in color. Copies of this patent or patent application publication with color drawing(s)
will be provided by the Office upon request and payment of the necessary fee.

[0039] Fig. 1 conceptually illustrates multipath propagation of transmitted signals in a
wireless channel.

[0040] Fig. 2 conceptually illustrates a transmitter and receiver that utilize a binary
MOCZ scheme over an unkunown multipath channel distorted by additive noise implemented
in accordance with an embodiment of the invention.

[0041]  Fig. 3 conceptually illustrates carrier frequency-offset (CFO) estimation via over-
sampling the DiZeT decoder for X = 6 data zeros and without channel zeros by a factor
of ¢ = K = 06 in accordance with an embodiment of the invention. Blue circles denote the
codebook Z(6), solid blue circles the transmitted zeros oy, and red the received rotated zeros
&, The conjugate-reciprocal zero pairs are pairwise separated by the basis angle 8.

[0042] Fig. 4A shows the magnitudes of a Huffman sequence (BMOCZ symbot) for K=127,
as pictured by blue circles, and a Hutfman bracket or universal Huffman sequence, as pictured
with red crosses.

{0043] Fig. 4B shows the antocorrelation magnitudes as well as the correlation between

the Hudl

‘man and bracket sequences of Fig, 4A.

{0044] Fig. BA shows maximal interior Huffiman sarnple energies for K € {6,7, 10} over 1.

<

[0045]  Fig. 5B shows probability of wrong timing offset detection over SNR for ideal

5 - 10° runs per SNR point and Ny, = 270 for K € {1,4,5,127} with R, ()} in equation
(8} below.
{0046] Fig. 6 shows an iterative back stepping algorithm for estimating timing offset in

accordance with an embodiment of the invention.

[0047] Fig. 7A shows the absolute-square {energy) of the CIR samples {red cross

the samples of a BMOCYZ symbol (blue circles). The CIR experience only NLOS paths with

10.
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delay. The normalized BMOCZ symbol has K = 127 zeros with 62 outside the unit circle
(bit-value one).

{6048] Fig. 7B shows the corresponding received energy samples (blue-circles) at SNR =
18dB. An approximation of the CIR energy samples (red-crosses) |1/ |? can be observed as an
echo of the last BMOCZ coeflicient. The efficient CIR length is determined at L.; = 81 at a
timing offset of 7 = 77 with strongest path at 7, = 92 .

[0049] Fig. 8 shows an algorithm for estimating channel length based upon channel energy
in accordance with an embodiment of the invention.

10050]  Fig. 9 is a chart showing bit-error-rate (BER) over 1SNR for BMOCZ with DiZeT
for random ¢ € [0,8x/2) for L = K = 32.

{0051] Fig. 10A shows simulated results for & SIMO system for M = 1,2, 4 receive antennas
over 2000 runs per point at p = 0.95 and § = 42. In addition, results are presented for a
BCH code with no carrier frequency offset and timing offset and an ACPC code with a carrier

frequency offset and timing offset using the CIRED Algorithm and the CPBS algorithm.

{0052] Fig. 10B shows timing offset and carrier frequency offset estimation errors for

{00583]  Fig. 11 shows a comparison to two suceessive OFDM-DPSK blocks, one OFDM-IM,
a pilot and QPSK, and a BMOCZ block in time-domain. The solid bars dencte the nsed
subcarriers/zeros.

{0054] Figs. 12A and 12B shows BER respectively block-error-rate (BLER) simulation

results for arbitrary carrier frequency with an ACPC-(31,11) code for B = 11bits. The F,/Ny

averaged over the fading channel is defined here as 1/BN for B information bits.
{0055] Fig. 13 shows BER over Fy, /Ny with M = 2 and 4 antennas for BMOCZ-ACPC-
(31, 16) distorted by timing and carrier frequency offsets (green curves). OFDM-IM is shown

without carrier frequency offsets and timing offsets.

1L
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[0056] Fig. 14A shows simulated BER of blind schemes over instantaneous SNR corrected
by spectral efficiency.
[0057]  Fig. 14B shows random channel realizations with (Quadriga simulations at maximal
delay spread L = 41,
[0058] Fig. 15A shows a comparison of BMOCYZ to OFDM-IM, -GIM, -DPSK with 2

{06059] Fig. 158 shows a comparison of BMOCZ to OFDM-IM, -GIM, -DPSK with 2
OFDM symbols, and Pilot-QPSK for 1 and 4 antenpas at maximal CIR length [ = 4.

[0060] Fig. 16 shows MATLAR code for creating the generator and check matrices of an
ACPC-(n, k — m) code, as well as the binary codeword for the affine shift in accordance with

an embodiment of the invention.

DETAILED DESCRIPTION

[0061] Turning now to the drawings, communication systems and methods in accordance
with various embodiments of the invention utilize a blind (nonccherent) communication
scheme, called modulation on conjugate-reciprocal zeros (MOCZ), which can reliably transmit
sporadic short-packets of fixed size over channels including (but not limited to) unknown

wireless multipath channpels. In many embodiments, communication systems utilize MOCZ

schemes to transmit reliable and robust data with as few as one symbol in the presence of
timing and/or frequency offsets. As is discussed further below, a carrier frequency offset
{CFQO) can result in an unknown rotation of all zeros of a received signal’s c—transform.
Therefore, in several embodiments, a binary MOCZ scheme (BMOCZ) is utilized in which
the modulated binary data is encoded using a cyclically permutable code (CPC), which can
cause the BMOCZ symbol to be invariant with respect to any cyclic shift resulting {from a
CFO. In a number of embodiments, the communication systems can utilize technigues similar

{0 those des

ribed herein to achieve high spectral efficiency and/or low-latency.

12.
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[0062] In several embodiments, a transmitter modulates the information of a packet on
the zeros of a transmitted discrete-time baseband signal’s z—transform. The discrete-time

haseband signal can be called & MOCZ symbol, which is & finite length sequence of complex-

valued coefficients. These coefficients can then modulate a continuous-time pulse shape at
a sample period of 7 = 1/W, where W is the bandwidth, to generate a continuous-time

baseband waveform. Since the MOCY symbols (sequences) are veither orthogonal in the time

11 can be seen as a non-orthogonal multiplexing scheme.

nor frequency domain, the MOCY dest
After up-converting to the desired carrier frequency by the transmitier, the transmitted
passband signal can propagate in space such that, due to reflections, diffractions, and/or
scattering, different delays of the attenuated signal can interfere at the receiver. Hence,
multipath propagation cen cause a time-dispersion which can result in a frequency-selective
fading channel. Furthermore, a CFO is likely to be present after a down conversion to
baseband at the receiver.

[0063] Unlike OFDM, which is typically used in long frames, MOCZ can be utilized with
shorter transmigsions. In a bursty signaling scheme, timing and carrier frequency offsets
may need to be addressed from only one received symbol or a small number of received
symbols. In MOCZ schemes in accordance with a number of exnbodiments of the invention,
communication is scheduled and timed on a MAC layer by a certain bus, running with a
known bus clock-rate. Therefore, timing-offsets of the symbols can be assumed as fractions
of the bus clock-rate. Accordingly, MOCY receivers in accordance with many embodiments
of the invention can be designed to be robust to these impairments.

{0064] In a communication systemn that employs MOCZ, a CFO is likely to result in an

unknown comumon rotation of all received zercs. Since the anguler zero spacing in a BMOCZ

—
-

symbol of length A + 1 is given by a base angle of 27/J, a fractional rotation can be easily

w

obtained at the receiver by an oversampling during the post-processing to identify the most

likely transmitted zeros (zero-patteru).

13.
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[0065] Rotations, which are integer multiples of the base angle, can correspond to cyclic
shifts of the binary message word. By using a CPC for the binary message, which can be
extracted from cyclie codes, such as (but not limited to) Bose Chaudhuri Hocquenghem (BCH)
code, a BMOCYZ symbol can become invariant against cyclic shifts and hence against a CFO
present with a communication system. In several embodiments, use of a CPC to encode a
binary message can enable the operation of a communication system in a manner that does
not rely upon symbol transmissions for estimation of a CFO, which can reduce overhead,
latency, and complexity. In a number of embodiments, the communication system ig able
to provide a CFO estimation as part of the decoding process of a single BMOCYZ symbol.
In & number of embodiments, the receiver is able to estimate the cyclic shift that has been
introduced by the CFO based upon the mapping of the zeros of the z—transform of the
received symbol to bits and the CPC used to encode the transmitted message. Furthermore,
the error correction capabilities of the CPC can also improve the BER and moreover the
block error-rate (BLER) performance of the communication system tremendously.

{0066] By measuring the energy of the expected symbol length with a sliding window
in the received signal, a receiver in accordance with varions embodiments of the invention
can identify arbitrary TOs., The robustness of the TO estimation can be demonstrated
analytically, which reveals another strong property of communication systerns that employ
MOCYZ schemes. Once the TO I8 determined, the symbol can be decoded and the CPC
utilized to correct for any CFO.

{0067] In many embodiments, communication systems employ multiple receive antennas
and achieve robustness to CFO and TO using a CPC for error correction. By simulating
BER over the received SNR for varicus average power delay profiles, with constant and
exponential decay as well as random sparsity constraints, performance of communication
systems in accordance with varions embodiments of the invention in different indoor and

outdoor scenarios can be demonstrated.

14.
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[0068] Communication systems, transmitters, and receivers that can be utilized to transmit
data encoded using a CPC by MOCZ in accordance with various embodiments of the invention

are discussed further below.

Notation

[0069] In the discussion that follows, small letters are used for complex numbers in
C. Capital Latin letters denote natural numbers N and refer to fixed dimensions, where
small letters are used as indices. Boldface small letters dencte row vectors and capitalized
letters refer to matrices. Upright capital letters denote complex-valued polynomials in C[z].
The first N natural numbers in N are denocted as [N] = {0,1,...,N — 1}. For K € N,
K+ [Nl ={KK+1,... K + N — 1} is denoted by the K—shift of the set [N]. The

Kronecker-delta symbol is given by 4, and is 1 if n = m and 0 otherwise. For a complex

number x = a + jh, given hy its real part Re(z) = o € R and imaginary part Im(z) =b e R
with imaginary unit § = /=1, its complex-conjugation is given by T = a — jb and its

a N

] =T - . v . P
zi= /2%, For a vector x € €V its complex-conjugated time-reversal or

absolute value by

conjugate-reciprocal is denoted by x— |, given as T, = % for k€ [N]. The discussion
also uses A* = A for the complex-conjugated transpose of the matrix A. The N x N
identity is written as Iy and a IV X M wmatrix with all elements zero is written as Oy .
D, refers to the diagonal matrix generated by x € CY. The N x N unitary Fourier matrix
F = Fy is given entry-wise by fi, = e 72%/N / /N for I,k € [N]. T € RV*M denoted the

elementary Toeplitz matrix given element-wise as 8, _1,,. The all one and all zero vectors in

dimension N will be denoted by 1y and Oy, respectively. The Euclidean basis vectors in

CN are given by {eq,..., ey} elementwise as (e;); = &;; for 4, j € 14 [N]. The ¢,-norm of a

L ’ L

N-1
= (50 g

\Viak=0

vector x = {2q,...,xy_1) € CV is given by

%l = maxy|zg| and for p =2 {|x|
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is denoted by E[x]

System Model

[0070]  Systems and methods in accordance with many embodiments of the invention
involve transmission of data of an unknown multipath channel. Multipath propagation of
trapsmitted data is conceptually illustrated in Fig. 1. In the illustrated embodiment, the
comumunication system 100 includes a base station 102 that is acting as a broadeasting
transmitter and an arbitrary mobile station 104 that is acting as a receiver. In the illustrated
embodiment, the signal transmitted by the base station 102 can be received by the mobile
station 104 via six different 106 paths of propagation. Therefore, the signal received by
mobile station 104 is a superposition of the signals received via the different paths subject
to the various delays experienced by the signals. The chanuel also introduces noise. In the
illustrated embodiment, the message data is encoded using a CPC to provide robustness to
CFO aund/or TO. As is discussed further below, CPCs are just one exarple of a class of
appropriate code and the various embodiments described herein should be understood as
not belng lmited to a single class of code. Instead, systems and methods in accordance with
rarious embodiments of the invention can ntilize any code that enables a receiver to detect
and/or correct a cyclic rotation (permutation) of the transmitted message bits as appropriate
to the requirements of specific applications.

{0071] A transmvitter and receiver that utilize a binary MOCZ scheme over an unknown
multipath channel implemented in accordance with an embodiment of the invenfion are
conceptually illustrated in Fig. 2. The communication system 200 includes a modulator within
the transmitter 202 that performs a modulation operation f to transimit data over a multipath
channel 204 and a decoder 206 within a receiver that performs a demodulation/decoder
operation g. As discussed below, both the modulation operation f and the decoder operation

g rely on at least on shared zero-codebook 27, It is i principle possible that a receiver

16.
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can blindly identify the used zero-codebook taken from a predefined set of zero-codebooks
to allow for example multiple access schemes. As is discussed below, the transmitter and
receiver described herein are practical and can be implemented using logic devices including
(but not limited to) field programmable gate arrays, digital signal processors, and/or any of a
variety of conventional software defined radio platforms.

{0072]  The binary message sequence my, € {0, 1} can be chunked at the transmitter in
blocks of length K. Ag is discussed farther below, these blocks can then be encoded using
a code that is robust to cyclic permutations. In several embodiments, the encoding can
involve multiple codes. Tn certain embodiments, a combination of an inner code an an outer

code is utilized, where the Inner code is a cyclic code which is affine translated and an outer

e+

code which is a cyclic code that provides error correction capabilities and robustiness agains
cyclic shifts. As can readily be appreciated the specific code and/or combination of codes
that are utilizes within a transmitter are largely dependent upon the requirements of specific
applications in accordance with various embodiments of the invention.

[0073] For BMOCYZ, the modulator f encodes the block m to a normalized complex-

valued symbol (sequence) x = {zq,...,x5)7 € CEH

" by using the zero-codebook & of
cardinality 2. In many embodiments, when the block size K is small, the discrete-time
BMOCYZ symbols can be pre-generated using the methods described below for creating a
codebook, and is selected using a lookup mechanism such as {(but not lmited to) a lookup
table. The BMOCZ symbol x is typically modulated onto a carrier frequency f. with a pulse

or running at a sampling clock 7' = 1/W to transmit a real-valued passband signal

e}

genera
of bandwidth W o the receiver over an unknown time-invariant channel with a maximum
delay spread of Ty = (L — 1)T which resolves L equally spaced multi-paths (delays). After a
down-converting and sampling to the discrete-time baseband, the receiver observes the channel

output v under an unknown additive noise vector w. As noted above, the down conversion

can also introduce a CFO aund/or a TO. The demodulator /decoder 206 can obtain from the

17.
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received signal an estimated block codeword i by the knowledge of the zero-codebook 2.

£l

As

iscussed further below, use of a CPC in the encoding of the transmitted data enables

w1
o)
jm

is

G

the receiver to decode the transmitted data despite the presence of a CFO and/or a TO.

[06074]  Although a specific binary MOCZ scheme is described above with reference to Fig.
2, as is discussed below, a variety of MOCYZ schemes can be implemented as appropriate
to the requirements of a given application in accordance with vartous embodiments of the
invention including (but not limited to) communication systerns that employ M-ary MOZ
schemes, MOCYZ schemes, multiple receive antennas and/or outer codes to provide additional
error correction capabilities enabling recovery of message bits in the face of received bit errors.
In order to appreciate these different variants, a more compiex and generalized model of a

communication system that utilizes a MOCZ scheme is described below.

System Model ond Regquirements

{0075] Communication systems and methods in accordance with many embodiments of
the system utilize a biind and asynchronous transmission of & short single MOCZ symbol
at a designated bandwidth W. In this “one-shot” communication, it can be assuuned that no
synchronization and no packet scheduling occurs between the transmitter and receiver. Such
extreme sporadic, asynchronous, and ultra short-packet transmissions are often employed in
applications that include (but are not limited to): critical control applications, exchange of
channel state information {CSI), signaling protocols, secret keys, authentication, commands
in wireless industry applications, or initiation, and synchronization and channel probing

packets to prepare for longer or future transmission phases.

X

[

[0076] By choosing the carrier frequency, transmit sequence length, and bandwidth

accordingly, a receive duration in the order of the channel delay spread can be obtained,

which can reduce latency at the receiver (potentially to the lowest latency possible). Since the

next generation of mobile wireless networks aims for large bandwidths with carrier frequencies

1R
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beyond 10Ghz, in the so called mm Wave band, the transmitted signal duration of a signal
transmitted in accordance with an embodiment of the invention can be in the order of nanc
seconds. Hence, even at moderate mobility, the wireless channel in an indoor or outdoor
scenario can be considered as approximately time-invariant over such a short time duration.
On the other hand, wideband channels can be highly frequency selective, which can be
due to the superposition of different delayed versions {echos) of the transmitted signal at
the receiver. This can make performing equalization in the time-domain very challenging
and is commonly simplified by using an OFDM scheme. But conventional OFDM typically
requires an additional cyclic prefix to convert the frequency-selective channel to parallel
scalar channels and, in eoherent mode, it often requires additional pilots (training) to learn
the channel coefficients. As can readily be appreciated, this can increase latency for short
messages dramatically.
[0077] For a communication in the mmWave band, massive antenna arrays can be exploited
to overcome attenuation. Use of multiple receive antennas can increase complexity and energy
consumption in estimating channel parameters and can become a bottleneck in mmWave
MO systems, especially for mobile scenarios. However, in a sporadic communication one
or a small number of symbols are transmitted and additional symbols may follow at an
unknown later time. In a random access channel {RACH), a different user may trausmib
the next svmbol from a different location, which will therefore experience an independent
channel realization. Hence, the receiver can barely use any channel information learned
from past communications. OFDM systerns typically approach this by transmitting many
successive OFDM symbols as a long frame, to estimate the channel impairments, which can
cause considerable overhead and latency if only a few data-bits need to be communicated.
Furthermore, to achieve orthogonal subcarriers in OFDM, the cyclic prefix typically has to
be at least as long as the channel impulse response (CIR) length, resulting in signal lengths

at least twice the CIR length during which the chaunel also needs to be static. Using OFDM

18.
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signal lengths much longer than the coherence time might not be feasible for fast time-varying
block-fading channels. Furthermore, the maximal CIR length typically needs to be known at
the transmitter and if underestimated can lead to a serious performance loss. This is in high
contrast to communication systems in accordance with various embodiments of the invention
that employ a MOCYZ scheme, where the signal length can be chosen for a single MOCZ
symbol independently from the CIR length. As is discussed further below, communication
systems in accordance with many embodiments of the invention encode transmitted data
using CPCs to address the ubiquitous impairments of MOCY schemes under such ad-hoc
communication assumptions for communications involving signal fengths in the order of the
CIR length.

[0078]  After up-converting the MOCZ symbol, which is a discrete-time complex-valued

baseband signal x = (2g,71,...,7x) © C8 of two-sided bandwidth W, to the desired
carrier frequency f., the transmitted passband signal will propagate in space. Regardless
of directional or omnidirectional antennas, the signal can be reflected and diffracted at
point-scatters, which can result in different delays of the attenuated signal and interfere
at the receiver if the maximal delay spread T, of the channel is larger than the sample
period T' = 1/W. Hence, the multipath propagation causes time dispersion resulting in a
frequency-selective fading channel. Due to ubiquitous impairments between transmitter and
receiver clocks an unknown frequency offset Af will be present after the down-conversion to

the received continuous-time baseband signal

{0079] A phase shift ¢y can also be present after down-conversion, which can yield a

20.
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received continuous-time baseband signal

ST N J20tN fHd
Fit) = p{t)ed?rtdiTido

Y/ v/ 7

IZ3 )
{2)

{0080] By sampling 7, = 7(n7") at the sample period T, the received discrete-tite baseband
signal can be represented by a tapped delay line (TDL) model. Here the channel action is
given ag the convolution of the MOCZ svmbol x with a finite impulse response {5, }, where the
/th complex-valued channel tap h, describes the fih averaged path over the bin [¢7, (£ 4+ 1)T),

which can be modelled by a circularly symmetric Gaussian random variable as

CN(0,sp") 1€ (L]
h € . \/3\)
0 ,else

The average power delay profile (PDP) of the channel can be sparse and exponpentially
i ~ AP i coo i \i L1
decaying, where s, € {0,1} defines the sparsity pattern of 5 = lsnpp(h)j= >, s¢ =

non-zero coeflicients. To obfain equal average transmit and average recelve power the
overall channel gain can be eliminated from the analysis by normalizing the CIR realization
1

b= (hg,...,hy ) by its average energy >, o s;p' (for a given sparsity pattern), such that

= 1. The convolution output can then be additively distorted by Gaussian noise

wy, &€ CN (0, Ng) of zero mean and variance (average power density} Ny for n € N as

C K K K
v gk f(r— k) b7 -~ ‘s~ T 7
= g oIR8 g ke i Po Ny 410, = é T fonrgt+ Wn.

k=) k=0 k=0
)

Here ¢ = 20 A f/W wmod 2# € {0, 2r) denotes the carrier frequency offset (CFO) and 7, € N

the timing offset (TO), which marks the delay of the first symbol coeflicient zg via the

T+

first channel path hg. The symbol X = xM, € C in (4) has phase-shifted coefficients
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A 7 57, B
Ty == €77,

ro)dtide b, which will be also affected by a global
phase-shift @ + ¢q. Since the channel taps are circularly symmetric Gaussian, their phases
are uniformly distributed, and shifts will not change this distribution. By the same argument,
the noise distribution of w,, is not alternated by the phase-shifts.

[0081] Instead of modulating the information of a message m = (my, ..., mg) € [M

time or frequency coefficients, communication systems and methods in accordance with many

embodiments of the invention can employ & M-ary MOCZ. A MOCY signal’s z—transform is
s . - . {my)
a polynomial of degree K that is determined by exactly K complex-valued zeros v, ™ and a

factor x5 as

K %
A N : () -
X(z)=) rpt =2 | 12— a)™). (5)
k=0 k=1

[0082] In several embodiments, the MOCZ encoder maps each message m of length K to

; {m1) ? s P 1
the zero-pattern (zero-constellation) er(m) = (o}, ... ,a(h’“(‘) GR = G xS ¢ CF
which defines iteratively
V=2, Kixg = (0,%1) — (@)%, 1,0) and x; = (—a™, 1) (6)
G = I (€ TR g—1) (O U Hg—1, ) and Xy = vy 5, o)

the normalized MOCZ symbol {constellation) alter the last iteration step x = xx/|lxxll €
TR+ Since the convolution with the CIR in (4) for the noise-free case (no CFO, no TO) is
given as a polynomial product Y(2) = X(z}H{2), the transmitted zeros will not be affected by
any CIR realization. Moreover, the added random channel zeros will not mateh any zero in
ZN with probability one, such that the transmitted zero-pattern can be blind (noncoherent)
identified at the receiver. To obtain noise robustness, communication systems in accordance

with many embodiments of the invention utilize a Binary MOCZ (BMOCZ) constellation,

where each symbol defines the coefficients of a polynomial of degree K given by the zeros

D5)
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/ \ -G Ve —1 i | i . er s ° .
(roots) vy, & 24 = {R¥etel? imy, € Fo}, which are uniformly placed on a circle of radius

R or R, selected by the message bits my, see Figure 3 for K = 6. The filled blue circles
denote one possible zero constellation of a BMOCY signal. The basis angle, separating the
conjugate-reciprocal zeros pairs, is given by 8x = 27 /K. This constellation set can be given

; . e 2 P o
by all normalized Huffman sequences (6’;{ = {X cCht

all,n) =xxx 20 > 0}, ie., by

all x € CHH with positive first coefficient and "impulsive-like" autocorrelation

a=all,n) =xx = (=n0x,1,0x,~1) with g=yR K)=(R"+£ )" (7)

;

for some 7> 1. The absolute value of {7) forms a irident with one main peak at the center,

given by the energy |

=1, and two equal side-peaks of 5 € [0,1/2), see Figures 44 and
4B. Figure 4B shows in blue circles the Huffman trident, given by the autocorrelation {7) of a
Huffman sequence, and in red crosses the correlation of & Huffinan sequence, given in Figure
4A by blue circles, with the Huffman bracket or universal Huffman sequence, as pictured

with red crossed in Figure 4A. The BMOCZ symbols can be robust against noise if
Ruw = RUC) = JTTomGTE 1, K>2 (s)

{0083] Hence, the BMOCZ constellation set ¢/ = € with 5, = 9(R(K),K) is only
determined by the number K. From the received N = L + K noisy signal samples {no CFO

J

and no TO)

O o F o e (o By P v o [N {0
Yn = E Lpltp g+ Uy = (X% h)n o, , n &N | -\f—,‘)
k=0

the BMOCZ decoder can perform Direct Zero-Testing (DiZeT) for each reciprocal zero pair

N1
:

. on the received polynomial magnitude [Y(z)|= |3, #.2"| and can decide for the most
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likely one

[y

Wi = 4 . k=1, K,

0, otherwise

where the inside zero samples are weighted accordingly.

[0084] Therefore, a global phase in Y(z} will have no effect on the decoder. But the
CFO ¢ modulates the BMOCZ symbol in (4) and causes a rotation of its zeros by —¢ in
(5), which complicates the hypothesis test of the DiZeT decoder. Hence, communication

ystems in accordance with many embodiments of the invention estimate ¢ and/or use an
outer code for BMOUCY to be lnvariant against an arbitrary rotation of the entire zero-set
2K In many embodiments, before decoding can be performed, the TG of the symbol which
vields to the convolution {9} is identified. Due to the symmetry of the zero-pattern and the

energy concentration of the Huffman sequences, the BMOCZ design can address TO and

CFO robustness and estimation, as is discussed further below.

Timing Offset and Effective Delay Spread for BMUOCZ
{0085] In an asynchronous communication, the receiver typically does not know when a
packet from a transmitter (user) will arrive. Hence, in cornmunication systews in accordance
with many embodiments of the invention the receiver initially must detect a transmitted
packet, which is already one bit of information. It can be assumed that the receiver detects
the transmitted packet correctly and that in an observation window of Nays = Nogise -+ & + L
received samples, one single MOCZ packet of length K with maximal chanpel length of L is
captured. By assuming a maximal length L and a known or a maximal K ai the receiver,
the observation window can be chosen, for example, as Ny, = 2N, From the noise floor
knowledge at the receiver, a simple energy detector with a hard threshold over the observation

window can be used for a packet detection. An wnknown TO 73 € [N) and CFO ¢ € [0, 27)
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can also be present in the observation window

Ty = Wy o= (X« hT™), + @, , 1[Nl {11)
[0086] The challenge here is to identify 7 and the efficient channel length which contains

most of the energy of the instantaneous CIR realization h. In conventional communication
systems, the estimation of this Time-of-Arrival (TOA) parameter can be performed by
ohserving the same channel under many symbol transmissions, to obtain a sufficient statistic
of the channel PDP. As noted above, where only one or a small number of chservations are
available, obtaining a good estimation can be very challenging.

{0087]  The efficient (instantanecus) channel length Lo, defined by an euergy concentration

window, is likely to be much less than the maximal channel length 1, due to blockage and

attenuation by the environment, which might also cause a sparse, clustered, and exponential

decaving power delay profile. For the MOCY scheme, it can be beneficial to correctly identify

in the window (11) the first received sample hgrg from the transmitted symbol x, or at least

to not miss it, since it will carry most of the energy if hy is the line of sight (LOS) path. For

7 \

the optimal radius in BMOCZ, 24 typically carries on average 1/4 to 1/5 of the BMOCZ

symbol energy, see also Figures 4A and 4B. An overestimated channel length L. can reduce
overall bit-error performance, because the receiver can collect unnecessary noise samples.
{0088] Given an assumption of no CSI at the receiver, the chaunel characteristic, i.e., the
instautaneous power delay profile, is determined entirely from the received MOCY symbol. In
a nuraber of embodiments that utilize a BMOCZ scheme, the radar properties of the Huffman
sequences can be exploited to obtain estimates of the timing offset and the effective channel
delay in moderate and high SNR.

{0089] Huffman sequences have an impulsive autocorrelation (7), originally designed for

radar applications, and are therefore very suitable tc measure the channel impulse response.
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If the received signal r in (4) has no CFO and the transmitted sequence x is known at the
receiver, correlation can be performed with x (matched-filter) and decision made based upon

sample maximal energy

7/; o 4"’

= arg  ax
n<{ Novs

obs

{0080] The above approach can be referved to as the HufED (Huffinan Energy Detector),
since the filtering with the conjugate-reciprocal sequence will detect in an ideal AGWN
channel the noise distorted Huffman energy. When the transmitied Huffman sequence is
anknown at the receiver, the received signal cannot be corrvelated with the correct Huffman
sequence to retrieve the CIR. Instead, an approximative nniversal Huffman sequence can be

used, which is just the first and last peak of a typical Huffman sequence, expressed by the

impuldses (8y)p = g and (8x ), = Oy, for k€ [+ 1] as
sty = by + eV € CFH (13)

which an be referred to

coeflicients are

Ty = \/R2Hm§§;

typical Hufliman sequences, i.e., having same amount of ones and zeros, will have

lzol?= lzx|*=1n. (15)

{0091] By convolving the modulated Huffman sequence % with the Huffman bracket s,

26.
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the locational properties of the Huflman autocorrelation (trident) are maintained

— K h—) L iKo N
a=, %X = (¢ ¥ g + e EIT g % el Ty,
where X = 298y + 28 denotes the exterior signoture and ¥ = (0,21,..., 2% 1,0) the

interior sigrnature of the Huffman sequence x, see Figures 4A. Here, the interior signature can
be seen ag the data noise floor distorting the trident a in {7). Taking the absolute-squares in

(16}, the three peaks of the approximated trident can be obtained as follows

=] IR
1 Qi%)

m

[0092] Since e = 2|mj|, - K

. R :
[-K, K] we have 2 < R*+ R < R® + R™® and
20 < Fades < 1, where the lower bounds are achieved for typical sequences with € = 0 (having

the same amonut of ones and zeros) and the upper bounds for £ = K (all ones or all zeros).

55 i

o = 1/2 then the two coefficients {the exterior signature %} will carry all the energy of the

Huffman sequence. But then also B = 1 and the only Huffman sequences {real valued first
. 3 . f Iz \ .
and last coefficlent) are given by g = +1/v/ /2, 2 = 1 /2 and xy = 0 for k else, which are

the coefficients of polynomials with K uniform zeros on the unit circle. For R given by (8)
the autocorrelation side-lobe 9 is exponentially decaying in K but is bounded to 5 > 1/5 for
K =1.2,...,512. Hence, F 40 = 0.4, such that almost half of the Hulfman sequence energy

is always carried in the two peaks.
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[0093] H the CFO were known, ¢ = K¢ — 7 could be set to obtain the center peak in (17)

\

n

Feenter = ;5*)30 |2+ |1k|)+2

J—
e}
s

’

Xy

i.e., the energy of the center peak is roughly twice asg large as the energy of the side-peaks,
and reveals the trident in the approximated Huffman autocorrelation a. But, since the CFO
is noknown in many embodiments of the invention and K¢ — ¢ =~ 2n7w for some n € N
then zg + zx = § for typical Huflman sequences, such that the power of the center peak
will vanish. Hence, in the presence of an unknown CFQO, the center peak does not always
identify the trident. Therefore the positive Huffman bracket sy can be correlated with the
absolute-square value of X or in presence of noise and channel with the absolute-square of

the received signal £, which will result approximately in

— i w012 — . ie,i2 212,17 121342 ~ oy Nope+ FBTeY
d = 3¢, x| [Pz, kWi AP W T w e RO (20}
where w and w are colored noise and
w2 2 1992 ¢ G2, 2 Jeyan
al"= (|2o] ", [%]%, Baides, %%, 2|7 (21)

denotes the noisy trident which collects three times the nstant power delay profile {h)? of the
shifted CIR. These three echos of the CIR can be separated where K > L. The approximation

in {20} can be justified by the isometry property of the Huffman convolution. Briefly, L < K

?
‘ 1 /1 T . K K i
the generated (banded) L x N Toeplitz matrix Tk = >, o 2T, for any Huffman sequence

x € E(K), is a stable linear time-invariont (LTI} system, since the energy of the output

L. o B . T
satisfies for any CIR realization h € C~

:)‘

Rl*. (22)

%% h|[* = 0T ? = (W T TihY) = tr(h" Ayh) =
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[0094] Here, A, = T, T% is the L x L autocorrelation matrix of x, which is the identity

2

{7 it L < K. Hence, each normalized Huflinan sequence, generates an isometric

scaled by
operator T, having the best stability among all discrete-time LTT systems.

{0095]  In several embodiments, instead of or in addition to taking the absolute-squares
before correlating with the bracket sr,., the receiver performs an average over different brackets.
The receiver can then consider the average energy of alf F bracket-filters, defining the filter

P

| P )

Al ) = o % 2r, |= o FAT] /39N

Fpa(x) = B X* gl . n&lN| (23)
: p==(}

Forn = K

9 P 5
N 2 I S P oy
Fpi(x) = T x| —-'}Sliﬁ()g rx| ) cos(Kg— 2 ). (24}
) p=0 .
: ST ¥ S SR 2rpN { K¢ S P-1 o 2mp ; e - ™ . o
[0096]  Since 3 cos(K¢ — ) = Re (6’ Dopg €70°F ) for any K¢ & R the term
i i < - R ; . : s P- 2mp
will vanish for any 2 < P € N by the orthogonality of the Fourier basis JF Dy P o=

(Fpdo)Fpd, = 6518, = 0. To reduce the effort a selection of P = 2 can be made to yield to

zol*+{2x

the center energy

sdes = 21 for any normalized Huffman sequence. The other

filter outputs are bounded by

max £y, (%) = max = (% * 602 +]% 4 ) = max o) {(25)
ntlc O itk 2 b ' ke[K+1]

10097]  In fact, the filter F},, can be realized for any received signal y by taking the first

approach, i.e. by taking the absolute-square of the received signal and then filtering with the

\ P

bracket e, L., o, (y) =

A4

“%319),. Note, that it holds triviaily ma

29.
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for K > 2,n5€{0,1/2],¢ € [0,27) and any x € ¥°

[0098] Processes that can be utilized to perform timing offset estimation in accordance

with various embodiments of the invention are discussed further below.

Timang Offset Estimaotion
{0089] The delay of the strongest path [hs|= ||k can be ideutified fror the maximum

in (20)

AN

S

- K= argmax d; | — I, (27)

)
tE{Nope— K+ K

where the last equality follows from the fact that both peaks in 3¢ are contributing between
K and Ny, If the CIR has a LOS path, then s = 0 and an estimate for the timing-offeet
can be found by 7y = £

{0100] When the receiver takes an average over different brackets, simulations reveal the
existence of a typical sequence attaining an energy peak of 1 — 2#, for even K see Figure BA.
The maximal absolute-square value (peak-power) over 17 of all Huffman sequences is plotted
by a blue diamond line. Typical sequences, denoted by dotted line, achieve the maximal
peak-power, whereas atypical or odd-length Huffman sequences have a lower peak-power. Due
to the energy normalization, such sequences cannot have more than 3 non-zero coefficients by
(26). In fact, it can be shown that for even K the center coefficient 2 /9 carries the reraining
energy. Opposed to codebooks with K odd, where typical sequences have one more or one
less zero outside than inside, the bound in (26) is not achievable. If the receiver searches for

the energy of the trident the TO estimation of %, = xT, My can be improved by the average

30.
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Trident Energy Detector (aveTriED), which collects the energy of all three peaks

To = arg max £
ki3

i (%) 4+ 285 ok (R0) + Fogpsi{%:) (28)

forany K >2,meNoeR /22> 1/4andx & (7" . Here, the center peak is weighted
by a factor of two, since it carries the energy of both side-peaks. To increase the maximal filter
output further, a mazimal energy filter can be utilized in accordance with many embodiments

of the invention, which is defined by

) MAx, |X % o5,/ p 2 pn=K o
P () = (< 2= 20
pelP| )
Ty mod K! , T 6186,
where for n = K the center energy is increased by maximizing over the P phases
Fie(R) = max|% * oo, = |wol® 4|2k |* 2|20} win cos(2xp/ P — K¢). (30
KA i 2p/ P k o i 0 %)

velP] pE[F]

0101} Since K¢ is uniformly distributed, induced by the channel CFO, p can be selected

such that K¢ — 7 € {(p — 1}/F, p/P|2w. Hence, the worst case estimation {¢ = pa/KFP for
some p) would be —cos(n — xn/P) = cos(n/P) > 1 - 2/P + (x — 2)(P — 2)/P* > 3/4 for
P > 6, by the extended Kober’s inequality, such that for any x € C{j/" and ¢ € R it holds
s
2 20mg) g 7 > = (31)
472

[0102] Hence, for x € € and %, = xT, M, with 7 € N the mazTriZD) will identify the

true TO

Tg = 7= argmax F‘ﬁﬁl*{* e (XT) ZFU n+2K {Xﬂ" Fﬁ 1+ 3](\ (%2

31
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[0103] In Figure 5B the results of simulations are illustrated for the failure probability

/
08

for various K’s and fixed observation window Ny = 4K . = D08 of the maxTriED and

K. a CFO ¢ € 0,2m),

*

aveTriED over 5- 10° runs, by drawing uniformly in each run a x €

a TO 7 € [128], and i.i.d. additive noise w € CA(0, No)". Furthermore, performance was

simutlated over ideal AWGN channels and for multipath channels with L = 10 paths, with

estimation, a delta pulse §; was used as a transmit signal and the matched flter detector

del&D. In an ideal AWGN channel scenario at high SNR the same failure probability as delED

ig attained for maxTriED with P = 6 and Kyl = 127 at only 4.5d 5 more, see Figure 58.
The performance loss can be explained by the power distribution, since the energy on the two
peaks is roughly 7, ~ 1/5. Furthermore, the maxTriED can only influence the CFO of one
peak. If no CFO were present, and the Huffman sequence would be known at the receiver,
the HufED detector in (12} would obtain the same performance as the delED detecior. Tt
should be noted that a more sophisticated estimation can be utilized, which can detect an
error by a missing trident structure or by exploiting soft-threshold and/or repetition/diversity

methods, As can readily be appreciated, the specific detector utilized to detect TO largely

depends upon the requirements of specific applications.

{0104]  In case of NLOS or if the first paths are equally strong, then processes in accordance
with several embodiments of the lnvention can go further back and identify the first significant
peak above the noise floor, sinee the convolution sum of the CIR with the interior signature
might produce a significant peak. It should be noted that this might result in & misidentifica-
tion of the trident’s center peak by (27), for example if |h,]/|ho>> 1. Therelore, processes in

accordance with several emboediments of the invention can utilize a peak threshold

32
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which is the average power of the Huffman sequence distorted by the channel and noise. The

noise-dependent threshold can be set based upon the Noise Power Ny to

[0105] By using an iterative back stepping in Algorithm 1 as shown in Figure 6, the process
can stop if the sample power falls below the threshold pg, which finally yields an estimate 7
of the timing-offset. In line 3 of Algorithm 1 in Figure 6 the timing-offset estimate is updated,
if the sample power is larger than the threshold pg and the average power of the preceding

5ai1l

o]

fes is larger than the threshold divided by 1+ (logb)/3, which will be weighted by the
amount b of back-steps. We call the algorithim in Figure 6 therefore a center-peak-back-step
(CPBS) algorithm. As can readily be appreciated, any of a variety of thresholds and/or
algorithms can be utilized in determining timing offsets as appropriate to the specific MOCZ
scheme utilized and/or the specific requirements of particular applications in accordance with
various embodiments of the invention. Processes for performing channel length estimation in

accordance with certain embodiments of the invention are discussed further below.

Efficient Channel Length Fstimation

[0106] Since a communicatbion system that utilizes BMOCZ does not need any channel
knowledge at the receiver, it is also well suited for estimating the channel itsell at the
receiver. Here, a good channel length estimation is helpful for the performance of the decoder,
particularly if the power delay profile (PDP) is decaying. At some extent, the channel
delays will fade out exponentially and the receiver can cut-off the received signal by using a

tthreshold such as (but not limited to) a certain energy ratio threshold. The average received
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SNR is

ja
N

where £ = ||x||* = N is the energy of the BMOCZ symbols, which is constant for the codebook.
If the power delay profile is flat, then the collected energy is uniform and the SNR is unlikely
to change if the channel length at the receiver is cut, However, the additional channel
zeros can increase the confusion for the DiZeT decoder and may reduce BER performance.
Therefore, the performance can decrease for increasing I at a fixed symbol length K. For the
most interesting scenario of K =~ L the BER performance loss is only 3dB over £,/ Ny, but
will increase dramatically if L > K. The reason for this behaviour is the collection of many
noise taps, which can lead to more distortion of the transmitted zeros. Since in most realistic
scenarios the PDP will be decaying, most of the channel energy is typically concentrated
in the first channel taps. Hence, cutting the received signal length to Nog = K + Log, can
reduce the channel length to Log < L and improve the rSNR for non-flaf PDPs with p < 1,

since it holds

r N\
rf{ el i liett T‘L" Letr 1} U S| ; o L}
1N (4_4,4:@ Pp™iiz P ) NSy gty
N NN (K + LNy (K + L) Ng

[0107]  Since 1/E[|h|’] < N/ Ny a significant gain in SNR can be obtained if L > K
and p < 1. Henece, by cutting the received signal to the effective channel length, given by a
certain energy concentration, the SNR can be improved and, at the same time, the amount
of channel zeros can be reduced, which is dernonstrated in the simulations discussed below.
[0108]  Assuming knowledge of the noise floor Ny at the receiver, a cut-off time can be

defined as a window of time which, for example, contains 95% of the received energy. As
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can readily be appreciated, the cut-off time can be determined using any of a variety of
technigues appropriate to the requirements of a specific application in accordance with various
embodiments of the invention.

{0109]  In several embodiments of the invention, the estimation of the chanunel length Leg is
performed after the detection of the timing-offset 7o with Algorithm 1 from Figure 6. It can
be assumed that the maximal channel delay is L. Since the BMOCY symbol length is K + 1,
it is known that the saroples vy, = (ryono1, ..o, Prgrseern) of the received time-discrete signal
in (4}, which is the CIR correlated by shifts of x and distorted by additive noise (ignoring
here the CFO distortion since it is not relevant for the PDP estimation), see Figure TA and
78. Figure 7B shows the received signal in blue, given by the Huffman sequence in blue

circles and the CIR in red crosses, pictured in Figure TA. The last channel tap Ay, will be

s

multiplied by 2 xl?

, which can be as strong as

Zg|® on average.
{0110] There are many signal processing methods that can be utilized to detect the efficient
energy window N in the received samples, including {(but not limited to) total variation
smoothing, or regularized least-square methods which promotes short window sizes (sparsity).
In several embodiments, the process (i.e. Algorithm 2) shown in Figure 8§ is utilized, which

iteratively increases Leg starting at 1 and increasing untii enough channel energy is collected.

The estimate chaunel/signal energy can be set to

Ley
B o=l — LN (37
= lrnll” — LNo Sy

starting with the maximal CIR length L. By assuming a path exponent of p, processes
in accordance with various embodiments of the invention can calculate a threshold for the

,_]‘\m/u]:m

effective energy Fog =~ pf, with p = p The process can then collect as many samples

Leg of vy, until the energy F.g is achieved and set Nog = K + L. The extracted modulated
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signal can then be given by

~ /= -~ ~ F9QY
P (Fag Tign oo Pt Nag—1) (38)
which can be further processed for CFO detection and final decoding as is discussed further

below.

{0111] While specific processes are described above for performing channel length es-
timation, anv of a variety of techniques for performing channel lenght estimation can be
utilized as appropriate to the requirements of specific applications in accordance with various
embodiments of the invention. Processes for determining CFOs in accordance with various

embodiments of the invention are discussed further below.

Carrier Frequency Offset
{0112] When processes similar to those described above are utilized to estimate timing
offset, processes in accordance with several embodiments of the invention can attempt fo
estimate a CFO assuming that the down-converted baseband signal in (11) has no further
timing-offset and captured all path delays up to N = K + L. Under these assumptions, the
signal can furtther be assumed to experience an nnknown CFO of ¢ € [0, 2r)

- Yok
¥, = " (x * h), + w,

’

{0113] This is a comunon problem in many multi-carrier systems, such as OFDM, which
therefore often require CFO estimation algorithms as noted above. For a bandwidth of

W = 1/T, the relative frequency offset is

e=Af-T=Af/W. (40)
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[0114] Given a carrier frequency of f, = 1GHz with a drastic frequency offset of Af €

e € [—1, 1}, which is able to rotate all zeros by any ¢ = 2me € [, 2n) in the z-plane. Hence,
the received polynomial (noiseless) will experience a rotation of all its N — 1 zeros by the

angle ¢

N-—-1 N-1 N1
S \ ind e ; id
Y(z) = E G =S Yo" = Y(02) = yn E E (e7%2 — v} (41)
n==0 n=( re==]
N—1 K L-1
(N 1) 30 FH{N 1) b
s @I Jyn 1 E % (? — ne J(b) oI Dawhr E i(z — e J(T) % E‘/Z — Bre i
n=1 k=1 1=1

10115]  As Hlustrated in Figure 3 for K = §, each rotated zero (red) ay = ¢

. . o N P [ & oy -

does not leave the zero-codebook set (blue) 27 = Z(K) = { BTV % 1 kel ]} To
. L

apply the DiZeT decoder, decoding processes in accordance with many embodiments of the

invention find @ such that e’ € 2, ie., ensuring that all the K data zeros will lie on the

uniform grid. Hence, for 8y = 2n/K the CFO can be split into

=1l + 8

ﬂ\
N
N

22

—_ H

for some I € {K} and 8 & [0,8y), where [ is called the integer and 8 the fractional CFO.
When 8 = 0 (or is correctly compensated), the DiZeT decoder can sample at correct zero
positions and decode a cyclic permuted bit sequence m1 = m8’ of the transmitted message.
The eyclic permmtation is due to the unknown integer shift {, which can be corrected by use
of a cyclically permmutable code to encode the transmitted data in accordance with various

emnbodiments of the invention and as is discussed further below.

Decoding BMOCZ via FFT

[0116] In many embodiments, the DiZeT decoder for BMOCYZ can allow a simple hardware

3
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implementation at the receiver. In a number of embodiments, the received samples y, are

scaled with the radius powers R® respectively B

yDp =y

0 0 ... RV

[0117] By applying the N—point unttary IDFT matrix F* on the Ny zero-padded scaled

signal, where N = QK with ¢ = [N/K'|, the samples of the z—transforrn can be obtained

N1
ANz - x ™ n 72 NS ’(J:\
N v j»)ﬂ ONXQKW,N = E yn_R € =Y (‘Cl() }
===}
) (m), o qan9sl N o~ . o .
where a;; =a, (... e I ER ‘} € C¥. Hence, the DiZeT decoder simplifies to

X L yDrFgu-n< RY HyDg - F* gy ) N o
7y = , k=1 ... K (44

0 . else

’

[0118] Here, Q) > 2 can be seen as an oversampling factor of the IDFT, where each Qth
sample point is picked to obtain the zero sample values. Hence, in many embodiments the

decoder can be fully implemented by a simple IDFT from the delayed amplified received

signal, by using for example FPGA or even analog front-ends. The diagonal scaling matrix

(43) can be rewritten in the symmetric form

- (N—1)/7 —{N-1)/ V-1}/t
Dp = diag(RY 972 gV prNblp, (45)
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such that ;‘ = Dp-1 corresponds to a time-reversal of the diagonal, which results in

m
Lo
x
AN
-~
s |
o)
el
Bl
{_\ *
>
e
e
ﬂ\
.
5
oy
N
N

since the absolute values cancel the phases from a circular shift 8 and the conjugate-time-
reversal v~ = ¥ST', where T’ = F“ is the circular time-reversal, can be rewritten by using

T=F=F"

es!

Fractional CFO estimation via Oversampled FFTs

[0119]  To estimate the factional frequency offset, oversampling can be performed in many
embodiments of the invention by choosing Q@ > [N/K to add Q further K zero blocks to
;. This can lead to an oversampling factor of @ and allows quantization of [0,8x) in @

uniform bins with separation ¢g = 0 /@) for a base angle 9 = 2w /K. Hence, the absolute

values of the sampled c—transform in (39) of the rotated codebook-zeros are given by

i pdebe N v pdade o 00 Ty T
Y {20, 7)|= Y{eea ") Dr

/o
. 17
A s

QKIQkD 3¢ {47)

for each ¢ € [¥] and k € [K], where &y is addition modulo N. To estimate the {ractional

frequency offset of the base angle, the K smaller sample values can be summed and the
fraction corresponding to the smallest sum selected
5
q = arg 1’“.“?] § min{{¥DrFor|ore oo (¥ DrFoxlore o} and  §=
k=1

aei@)
;

1 r ‘ ) - S g0 ; ; ; ;
{0120] Then the recovered signal ¥ = yM Y will have the data zeros on the counstellation

grid Z7. See Figure 9 for the BER performance degradation of BMOCZ under a random

39.
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o

fractional CFO ¢ € |0, 655] and Figure 3 for a schematic picture of the fractional zero rotation.

Using Cyclically Permutable Codes

-

[0121] To be robust against rotations which are integer multiples of the base angle, an

i

P can be used for the binary message m € F2, which is invariant against

outer block code in ]

cyclic shifts, e.g., a bijective mapping on the Galois Field Fy = {0, 1}

51 K / \ "
G:FY 5 FK m— e =G(m) (49)

such that G (c8) = m for any { € [K]. The common notation for the code length n = K

can be nsed. Such a block code is called a cycling register code (CRC) €ere, which can be

counstructed from the livear block code FJ, by separating it in all its cyclic equivalence classes

[C}CHC = ’(CSZ | L€ [n} , €¢C F; (50)

where ¢ has cyclic order v i €8 = ¢ for the smallest possible v € {1,2,...,n}. To make
coding one-to-one, each equivalence class can be represented by the codeword € with smallest
A A

decimal value, alse called a necklace. Then F} is given by the union of all its Mege equivalence

class representatives and its cyclic shifts, i.e.

MoRe , .
ink3 ~ ol 5 A / \
Bl o= { WS =1, v(d) ) (51}
H A

[0122]  In a number of embodiments, the above expression can be utilized to generate in a
systematic way a look-up table for the cycling register code. Unfortunately, the construction

is non-linear and combinatorial difficult. However, the cardinality of such a code can be

40.



WO 2020/163759 PCT/US2020/017289

r

or any positive integer n to be (number of cycles in a pure cycling register)

proven explic

L
s

[oncln)l= =) )2/ (52)

where &(d) is the Fuler function, which counts the number of elements ¢ € [d] coprime to d.

10123] For n prime, the following can be obtained

S

= n-logy n N
2 T (53)

12

which would allow a transmitter to encode at least B = n — [logn|bits. For n = K = 31 this
would result in a loss of only 5bits and is similar to the loss in a BCH-(31,26) code, which
can correct 1bit error. Note, the cardinality of a cycling register code Gope is minimal if n is
prime. This can be seen by acknowledging the fact that the cyclic order of a codeword is
always a divisor of n. Therefore, if n is prime the trivial orders 1 and n are present, where
the only codewords with order v == 1 are the all one 1 and all zero 8 codeword and all other
codewords have the magimal or full cyclic order v = n. Heuce, extracting the CRC from I}
obtains the same cardinality (53). Taking from a block code of length 7 ouly the codewords
of maximal cyclic order n and selecting only one representative of them defines a eyelically
permutable code (CPC). If n is prime, only two equivalence classes in %¢g are not of maximal
cyclic order, hence the cardinality for a CPC if n is prime is at most (27 — 2)/n.

[0124] However, the construction of CPCs, even for n prime, is a combinatorial problem,
especially the decoding. Hence, to reduce the combinatorial complexity, many approaches
starting from eyclic codes and extract all codewords with maximal cyelic order. Since a cyclic
{(n, k,dyin) code corrects np to (dy;, — 11/2 bit errors, any CPC code extraction will inherit
the error correction capability.

{0125]  In wany embodimnets, a CPC can be constructed from a binary cyclic (n, &, duy )

41.
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code by still obtaining the best possible cardinality (2% — 2}/n if n is a Mersenne prime.
An afline subcode can be extracted from the CPC with maximal dimension, which can be
rveferred to as an affine cyclically permutable code {ACPC). This allows a linear encoding of
B =k —log(n+ 1) bits by a generator matrix and an additive non-zero row vector, which

defines the affine translation.

CPC construction from cyclic codes

{0126] Cyclic codes exploit efficiently the algebraic structure of Galois fields F,, given by

!

a finite set having a prime power cardinality ¢ = p™ . A linear block code over F, is a cyclic
code if each cyclic shift of a codeword is a codeword. It is a simple-root cyclic code if the

characteristic p of the field F, is not a divisor of the block length n. If the block length is

of the form n = ¢ — 1, it can be referred to as a primitive block length and if the code is
cyclic it can be called a primitive cyclic code. In a number of embodiments, binary cyelic
codes of prime length n = 2™ — 1 with ¢ = p = 2 are utilized, which are simple-root and

primitive cyclic codes. Due to the linearity of cyelic codes, they can be encoded and decoded

by a generator G and check matrix H in a systematic way. The cardinality of a binary cyclic

equivalence classes of maximal cyclic order and selecting one codeword as their representative

provides, leaves us with a maximal cardinality of

(54)

for any extracted CPC. Note, the zerc codeword is always a codeword in a linear code

but has cyclic order one and hence is typically not an element of a CPC. To exploit the

cardinality most efficiently, the goal is to find cyclic codes such that each non-zero codeword

has maximal cyclic order. In several embodiments, codes are constructed for prime code
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lengths of the form n = 2™ — 1, also known as Mersenne primes. For m = 2,3,5,7 this
applies to K = n = 3,7,31, 127, which are relevant signal lengths for binary short-messages.
Furthermore, several embodiments only consider cyclic codes which have 1 as a codeword.
Since 7 is prime, each codeword, except 0 and 1 has maximal cyclic order. Hence, each
codeword of a cyclic {n, &} code has maximal cyclic order and since it is a cyclic code all its
cyclic shifts must be also codewords. Heunce the cardinality of codewords having maximal
order is exactly M = 2¢ — 2. In a number of embodiments, the cylic code is partitioned in
‘fcp “':": M /G’.’, E

its cyclic equivalence classes, which leaves ®—2)/n. Note, this number

is indeed an integer, by the previous mentioned properties. The main advantages of the
construction described herein (also referred to as the Kuribayashi-Tanaka (KT) construction)
is the systematic code construction and the inherit error-correcting capability of the underlying
cyclic code, from which the CPC is constructed. Furthermore, combining error-correction
and eyclie-shift corrections can provide advantages in many systems that utilize BMOCZ in
accordance with various embodiments of the invention.

[0127] In a pumber of embodiments, an inner 4}, — (&, & — m) cyclic code is utilized in

/

corbination with an outer %, — (n, k) cyclic code, where the inner cyclic codewords are

affine translated by the Euclidean vector e = (1,0,...,0) € F%. In this sense, the CPC

construction is offine. This can be realized by an affine mapping from E‘“c " to FY

%, which
can be represented by the BCH generator matrices Gy, and G, together with the affine

translation e as

ko — 5o . e — T
G ™ 5 Chn + ey = Cow CF) o
(95)
m > 1= mGy + e 0= iGoy = Glm).
[0128] o derive the generator matrix the algebraic stracture of the cyclic codes can be

exploited, given by its Galois fields. By definition of cyclic codes, the following polynomial is
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factorized

I~
el
s

5

"1 e - BTV

dt—=1l={(xr-1) }__E Gelr)
s=1

in irreducible polynomials G {x) of degree m,, which are divisors of m. If n = 2™ — 1 is prime,

m = log{n + 1) is also prime and hence all the irreducible polynomials are primitive and of

degree my = m, except one of them, Gg(z} = » — 1, has degree one. Hence, it holds that

/ ; . . : s Ji
S = (n— 1)/m. As outer generator polynomial Go(z) = [1_¢ ,, Gilz) = > fout,grck

=v

several embodiments of the invention choose the product of the last 1 < J < & primitive

than n is then given hy

®
1]

-
il
-
—
&

S
»)

2

=

=

N
8
=
T
<1

1) € FE, which can be referred to as the

N

inner codeword. Similar, the codeword polynomial Clz} is represented by the CPC codeword

J

e -]

Lo b oy
2oyt of degr

A message polynomial M{x) = ee less than k —m and R{z) =1

will be mapped to the information polynomial

by the inner generator polynomial Gi{x) = Gy{x}, which has degree m.
{0129] Al possible cyclic equivalence classes can be mapped to M{x). For J = 1, all the
possible § — 1 primitive polynomials G,{z) generate § — 1 distinet inner codes. However, the

remaining S — 2 inner codes will only map < 2™ more message polynomials to codeword

polynomials and therefore are not enough to encode an additional bit, Hence, these other
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inner codewords can be omitted. This has the advantage, that (53) can be written with the

\ 7

subset of the CPC as an affine cyclically permuiable code (ACPC}, which is given by the

polynomial multiplication over F,

Clz) = Hx)Gow (2) = (M(2)Giu() + 1)Gow () = M(2)G(2) + Goul2).

T

{0130] Here, a third generator polynomial G(z) = Gy, {2)Gau{2) can be introduced which
will be affine translated by the polynomial Goy, (). This generator polynomial G(z) will map

surjective Fé "™ 10 & cyclic code in F§ and can therefore be expressed in matrix form as

mG + Bous = (éfACPC C %fﬂ(,-ut (\U:)

where gou, = (Gous,0, -+« s Gout—i, U, . .., 0) € FJ and the generator matrix {Toeplitz) is given

by & — m shifts of the generator polynomial coeflicients gq,. .., (b 85
b 2) FUL 0> » Bn—(k—m)

0 o o Gem—2 - Go—(k-m)y-1 YGn-(k—m) --- 0

G = e Fy ™. (61)

Jo R <o Gue(kem)

{0131] For linear codes, the Euclidean algorithm can be used to compute 2" " = ,(2)G{z)+

, oo,k —m, where the remainder polynomials S;(z) = > ; i, ;o0 will have degree

Si(x)fori=1,
less than n— (k—m}, which allows one to rewrite the Toeplitz matrices as systematic matrices.

Here, the check symbols 5;; define the & — m X n systematic generator and n—k+m x n
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check mairiz

Sk—m,0 - Sk—mp—kim-1

. Shyn—1.0 +»» Sheim—1.79— k17—
. R . o . _ fe—-m—10 k—m-—1n—kt+m-—1
3={-P L), H=Lgem PT] with P=

k—m}, |

S0 o Stpkimel

Ny T g : : i e m g
such that GH' = Op_ 0 p1m. This allows one to write the cyclic outer code as F) "G =

1]?2"{:—} Of conrse, each mG and mG can be mapped to different codewords, but this is just
a relabeling, Since FY ™ G defines a cyclic (n, k — m) code and n is prime, each codeword has
7 distinet cyclic shifts. The afline translation g.w separates each of these n distinct cyclic
shifts by mapping them to representatives of distinet cyclically equivalence classes of maximal

order. This can provide a very simple encoding rule for each m ¢ FY:

¢ =mG + g = G(m) € Cacro, (63)

and decoding rule. Here an ACPC codeword ¢ can be decoded by just subtracting the
affine translation g, and cut-off the last B = &k — m binary letters to obtain the message
word m € FZ, see (62). However, it can be ohserved that a cyclic shifted codeword v = ¢8/

and by construction that only one cyclic shift will be an element of Facpe and consequently

it holds

Vi#Al mod (n—1)¢ =v8 7 — g & Fh G e ¢ HY #0. (64)

[0132] Henee, it is only necessary to check all n cyelic shifts of the sense-word v to identify
the correct cyclic shift {, which is given if ¢;H? = 0. If there is an additive error e, process
in accordance with various embodiments of the invention can use the error correcting

24 {1

property of the ouler cyclic code Coy tn {59) to repair the codeword. The systematic matrices
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can be used G and Hy,: to represent the outer cyclic code in a systematic way. Note,

that each information message i which corresponds to a CPC codeword ¢ will be an element
of F5G,. Furthermore, all its cyclic shifts ¢S’ will be outer cyclic codewords. Hence, by

observing the sense-word

and determining its syndrome s = vHY ., which is looked-up in the syndrome table Topnd

of H,, to identify the corresponding coset leader (error-word) e, which recovers the shifted

codeword (assuming maximal ¢ errors, bounded-distance decoder) as

3

{0133] This can allow the receiver to correct up to ¢ = {n — k — 1}/2 errors of the ecyclic

codeword. From the additive error-free sense-word ¢ the process can, as described previously,

identify the correct shift [ from (64) and by taking the = k letters the original message
m. If the error vector e introduces more than ¢ bit flips, the error correction is likely to fail
and the chance is high that the receiver will mix up the ACPC codewords and experience a
block (word) error. In many embodiments, a low coding rate is utilized for the outer cyclic
code Gy to reduce the likelihood of such a catastrophic error. In several embodiments, the
rate of the outer code can adapt in response to measured channel conditions. In a number of
embodiments, the receiver can transmit a message containing at least one of a selected code
rate and/or channel measurement to coordinate changing the rate of the outer code in the

transmitter.

[0134] The identified cyclic shift and fractional CFO estimation {48) yields then the

47.
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estimated CFO

[0135] While specific processes are described above for estimating TO, and/or CFO in
addition to correcting bit errors, any of a variety of codes including CRC, CPC, ACPC,
and/or any other codes that can be utilized to detect cylic purmutations and/or receiver
implementations can be utilized as appropriate to the requirements of specific applications in
accordance with various embodiments of the invertion. Simulations of various communication
gysterns implernented using BMOCYZ schemes and employing eyclic codes to encode message
bits in accordance with a number of embodiments of the invention are discussed further

helow.

Implementation in Matlab

[0136] Simulations of communication systems employing MOCZ and cyclic codes can
be performed in Matlab by using the function primpoly{m,’all’) to list all primitive
polynomials for Fom. The first in the list can be selected for Gy, and the product of the last
{ for Gy, The Fuclidean algorithin is implemented by gfdeconv. Note, the decimal value
of the binary words can be given by m = m(2) = 5, m;2° and implemented by de2bi(vm).
The generator and check matrices can be constructed as well as the syndrome table Ty for
the error correction.

10137] Figure 16 shows the Matlab program {Code)} for creating the systematic generator
matrix G in line 20, defined by G in ( 62), and the systematic check matrix tH in line 21,
defined by H in (62), as well as the afline shift a in line 22, defined by g, after (60}, to
encode binary messages m of length B = & — m to ACPC codewords ¢ of length n = 27 — 1

by (63). Furthermore, a syndrome table Tsynd for the outer cyclic (BCH) code is created



WO 2020/163759 PCT/US2020/017289

in line 30 and the check matrix tHout to correct by the syndrome additive errors in the
sense-word v, as in (66). Note, that the value of & can be chosen from a list of BCH-(n,k)

codes to correct up to ¢ = (n — k — 1)/2 errors.

[0138] Decoding: First an additive error-correction is performed in the outer code G54,

which works as for cyclic codes via the syndrome-table Typ4 and the check matrix I, First,

the corresponding coset leader (error-word) e, which yields the recovered shifted codeword

(asswming maximal ¢ errors, bounded-distance decoder) as

c=v —e. (68)
[0139]  From the additive error-free but cireular shifted codeword € the process can construct
all n shifts, subtract the constant shift vector a = g, and apply the check matrix ZE;{OM to
find the one shift which is most likely the ACPC codeword
{0140]  Ezample 1. The most non-trivial example of ACPC is for m = 3 and [ = 1, which
gives

2 - » < » o
n=9'—1=7 k=T-3=4 B=4—1=] (69)

P>

{0141} This is also the Hamming (7,4) code with minimal distance d,;,, = 3 and hence
can correct 1 bit error. The code is also perfect.

10142]  Erample 2. For K = n = 31 it is possible to get for ¢ = 2 error corrections a
message length of £ = 21 in a eyclic BCH-(31, 21) code from which it is possible to construct

a CPC of cardinality

98 oth 918 w6750 > 216,

jo]
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[0143]

vs communication systems in accordance with several embodiments of

the invention to encode B = 16 = k — mbits. The cardinality can be optimal for any cyclic

(31,26) code (54)
‘ M, 9% 9% 5o \
Copcl= — = — ot S NT gl S gt L —ers0. (71)

[0144]  The next example would be for n = 127, which is also simulated in Figures 10A
and 10B. Unfortunately, the next Mersenne prime is only at 8191, which may not constitute
a short-packet length in many applications. However, other CPC constructions can be

utilzied in certain embodiments of the invention, which do not require Mersenne prime

lengths n or even binary alphabets. For example only prime lengths can be required or/and
non-binary alphabet extensions which allow the usage of M-ary MOCYZ schemes. In many
embodiments, CPCs are utilized with alphabet size g, given as & power of a prime, and block

length n = ¢™ — 1 for any positive integer m. Hence, for ¢ = 2 and a binary cyclic code

(ro=2" — 1, k,du;) the code can result in (2" — 1)/n CPC codewords. An example can be

[

given for 5 == 15 = 2% — and & = 8, d, = 4 where n is not a Mersenne prime number and
the maximal bound (54) of (2% — 1)/15 = 17 is achieved, allowing a transmitier to encode
B = 4 bits and a receiver to correct 2 bit errors, which is very close to the BCH code (15,7)
with 2bit error correction.

{0145] Counsideration should also be given to what may be the shortest non-trivial CPC|
which can be addressed without cyclic code construction, but also with no error correction
capabilities.

[0146] Example 3. For n = 3 the communication system may only have 2° = 8 binary words

of length 3 which have 4 different cyclic permutable codewords ¢; = 1,¢y = (1, 1,0), 5 =

{1,0,9), ¢4 = 0 allowing the transmitier to encode B = 2bits of information with no error
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correction. However, this code allows a TO estimation, as well as a CIR estimation. By
omitting ¢; and ¢y, i.e., by dropping one bit of information, an estimate can be obtained
with the DiZeT oversampling decoder for any possible CFO.

{0147] While specific codes and encoder and decoder implementations are described above,
communication systems in accordance with various embodiments of the invention can use
auy of a variety of codes that are rotation invariant and/or provide bit error correction
capabilities as appropriate to the requirements of specific applications in accordance with
various embodiments of the invention. The simmilation of specific communication systems in

accordance with a number of emnbodiments of the invention is discussed further below.

Simnulations

[0148] Monte-Carlo simulations of communication systems in accordance with various
embodiments of the invention were perforined using MatLab 2017a the bit-error-rate (BER)
over averaged F,/Ng and rSNR under various chanuel settings and block lengihs K. The
transmit and receive time was in all schemes N = K 4+ 1, over which the CIR h of length L
was assumed to be static, see Figure 11. Here, we schematic illustrate the usage of the N
sarmple resources of the BMOCZ, Binary PPM, QPSK with delta Pilot, OFDM-IM of order 3
and final OFDM-Differential PSK, atilizing two consecutive OFDM symbols with CP1 and
CP2 cyclic prefix. The blue marked area gives the data samples, where the black samples
denote the actual active samples for the data.Note, a Guard or CP requires always at least
L — 1 samples, where a Pilot requires L samples. Therefore, the energy per bit was i, = B/N
with B = ||m||, which is the inverse of the spectral efficiency p = N/B. In each simulation
run, the CIR coeflicients were redrawn according to the chaunnel statistic given by (3) with
decay exponent p < 1 aud support s. The CFO ¢ was drawn uniformly from [0, 27} and the
timing-offset 7o uniformly form [0, N]. Furthermore, the additive distortion was also drawn

from an i.id. Gaussian distribution CA{0, Ny), which was scaled to obtain various received

o
ot
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SNE and F./N, values, see Figure 12A. Here the oversampled BMOCZ-ACPC encoded

scheme in purple filled circles only loses 4dB in performance compared to the BCH encoded
MOCYZ in the low to mediocre SNR regimes. The fractional CFO can be compensated in

high SNR regime by increasing the oversampling factor, see gray squared line,

[0148] Due fo the embedded error correcting and a complete failure if a wrong CPC

codeword is detected, the BER and BLER (block-error-rate) are almost identical over

received SNR for BMOCZ-ACPC, see purple filled circle line in Figure 12B .

10150]  Of course, it would be also possible to detect a wrong decoding and request a

retransmit.

Multiple Receive Antennas

[01581] For a receiver with M antennas, receive antenna diversity can be exploited, since
each antenna can receive the transmit signal over an independent CIR realization (best case).
Due to the short wavelength in the mmWave band large antenna arrays with A/2 spacing can

be easily installed on swall devices. It was assumed in all simulations:
e The B information bits m € F¥ are drawn uniformly,

e All signals arrive with the same timing-offset 75 at the M receive antennas (dense

kAb

antenna array, fixed relative antenna positions (no movements)).

e The clock-rate for all M antennas is identical, hence all received signals have the same

CFO.
e The maximal CIR length L, sparsity level 5, and PDP p are the same for all antennas.

e Each received signal experiences an independent noise and CIR realization, with sparsity

c L

pattern s, € {0, 1} for |supp(s,,}|= 5 and h,, € C where h,,; = CA(0, 5,,,0').

The DiZeT decoder (44} for BMOCZ without TO and CFO, can be implemented in a straight

o)
[ 3]
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forward manner relative to a single-input-multiple-output SIMO antenna system:

1 ~M QK2 #12
HIED Dy VmDI:’s.F Q(% <R \> Lem=11 YDy F QE-1)

=3
<
B
i
[N

¢, else

CFQ Estimation for Multiple Receive Antennas
[0152] In many embodiments, the fractional CFO is estimated by {48) for M received

signals v,

K M M
G = arg min min VD nFor Qld g fy— Dni‘ oK ok pra s {73
o] E E , ) 54 E m J ,

k=1 m=1 1]

{01583] The effect of different coding rates on BER and block error rate (BLER) for the
BMOCZ-ACPC-(K, B) scheme with K = 31 transmitted zeros and channel lengths L = 16,3
with flat power profile p = 1 is shown in Figures 12A and 12B. If the coding rate is decreased

to B/K = 6/31 == 1/5, allowing up to 5 bit error corrections, a BLER of 107! can be achieved

if power is an issue, the coding rate can be decreased accordingly to approach a low SNR

regime, at the cost of data rate. It can be seen that for a very sparse and fast decaying power
delay profile, the performance loss will be 1 — 4dB, especially if the channel length becomes

in the order of the signal length.

Timing and Effective Channel Length Estimation
[0154] A random integer timing offset can be chosen in 7, € {0,1,2..., N — 1} in Figure
13 and with an exponential power delay profile exponent p = 0.8 and dominant LOS path. In

the CPBS algorithm (i.e. Algorithm I from Fig. 6) and ClRenergy algorithw (L.e. algorithw
-l N O <

2 from Fig. 8) the sum of all received antenua samples is used in combination with the sum

[y}
W
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of the noise powers

M
- g . .
[ |7 = > rmnl?  and % = MNg. (74)
m==l

[0155] Indeed, if the CTR length is larger with exponential decay, a wrong TO estimation
vields to less performance degradation as for shorter lengths, since the last channel tap will
be much smaller in average power. A simulation can be performed by choosing randomly for
each simulation, consisting of D different noise powers Ny,

{0156] Each binary plain message m will result in a codeword ¢ € F¥ which corresponds
K

to a normalized BMOCZ symbol x € CF7. The CIR can be normalized at the transmitter

, where the average energy of the CIR is given by (36) as the expected

4

power delay profile in s

L—-1
TR, 147 I
Esp = E[h|"] =3 _ s’ (75)
=0

[0157] For each selected sparsity pattern of the CIR, normalized CIR energy is obtained if
selecting random channel taps by the law of large numbers. By averaging over the sparsity
pattern, this can result in a large deviation of the CIR energy and would require many
more simulations, therefore the average power was calculated with knowledge of the sparsity

patterns, i.e., by knowing the support realization.

Comparison to Noncoherent Schemes

{0158] First, a comparison is performed without TO and CFO between BMOCZ and
OFDM and pilot based schemes, in Figures 14A and 14B with a single antenna where the
CIR is generated from the simulation framework Quadriga and finally in Figures 15A and
158 with multiple-receive antennas.

e
i

{0159] Pilot and SC-FDE with QPSK. A pilot impulse 1\/%50 of length P = L can

4.

(]
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be used to determine the CIR and K + 1 — L symbols to transmit data via QP5K in a
single-carrier (SC) modulation by a frequency-domain-equalization (FDE). Applying FDE,
QPSK or QAM modulated OFDM subcarriers & 4+ 1 — L can be decoded. The energy £ is
split evenly between the pilots and data symbols, which can result in better BER performance

for high SNR, see Figure 15

{0160] OFDM-Index~-Modulation {(IM}. A comparison can also be performed with

respect to: OFDNM
to OFDM-Group-Index-Modulotion (GIM) with @ = 1 active subcarriers in each group of
size GG = 4. To obtain an OFDM symbol a cyclic-prefix is added, which requires Kpyg > L.
For OFDM systems, the CFO will result in a circudar shift of the Ky subcarriers and hence
create the same confusion as for BMOCZ. The only difference is, that OFDM operates only

on the unit circle, whereas BMOCYZ operates on two circles inside and outside the unit circle.

Note, in OFDM-IM a eyclic permutable code is not applicable, since the information for
example with () = 1 is a cyclic shift, which is exactly what the CFO introduces. For more
active subcarriers ¢J > 1 and grouping the carriers in groups, 1CI free IM schemes can be
deployed. A group size of G = 4 seemns to perform the best for OFDM-IM. However, this will
require L < K which is not the proposed regime for MOCZ.

[0161] OFDM-Differential-Phase-Shift-keying (DPSK)}. Two successive OFDM blocks
can be used to encode differentially the bits via Q-PSK over K g subcarriers. To ensure the
same transmit and receive lengths as for BMOCYZ, the BMOCYZ symbol length K + 1 can
be split in two OFDM symbols with cyclic prefix ‘{2‘; and x(i of equal length Ny = N/2,
where IV = K + L is chosen to be even. Furthermore, to include a CP of length L — 1

in each OFDM block, it is required that Ngr = (K + L)/2 > 2L — 1 resulting in the re-

quirement K > 3L — 2. If L is even and K = nl for some 2 < n € N it is possible to

obtain Kar = Nag — L+ 1= (n—1)L/2 4 1 subcarriers in each OFDM block. The shortest

[
[
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subcarriers. Modulating them with Q-PSK allows to transmit (L + 1) log ) bits differentially.

To match the spectral-efficiency of BMOCZ as best as possible, it is possible to select

to encode 3bits per subearrier and hence B = (L + 1}3 = (K/3+ 1)3 = K + 3 message bits,
which is 3bits more than BMOCZ.
[0162] The encoding of the DPSK can be done relative to the first OFDM block i = 1,

0
] 1 i
which will trapsmit PSK constellation peints as with phase zero s, = 1 respectively data
phases 509 = @270/Q it} = bi2de(n 1 Miiog(oy ) for & =1 Kaie. Hence
PRases 5, LG = Uiadeiin (.. 13 log(@)+1s - -« 5 TMkiog(@) OF L, . gy, Hlence,

in time domain, it is possible to obtain

X‘(’% = (CPW® %), P = ,«3

for i == 1,2, Here x will be also normalized.
[0163]  After removing the CP at the receiver the received data symbols in frequency
domain via the mth antenna for the kth carrier is given by

RY = I{mk-sk +w (77)

™k TR

where it is possible to consider {Wm K} as independent circularly symmetric Gaussian random
variables and H,, ;. € C the channel coefficient of the kth subcarrier. Hence, each subcarrier
can be seen as a Rayleigh flat fading channel and the decision variable can be used for a

hard-decoding of M antennas

2 ;
- 5274 . (Z ) e e
SV T— I A T — , } A i rd lvd
Gy = e = iut 27 M 2 i ). im L1 omod Q) (78)
i

mn= /

{0164] Here int() rounds to the nearest integer. It is possible to ignore here a possible

(o]
p)
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weighting by knowledge of SNR.

o

Swmudations with Quadriga Channel Simulator

[0165] Version 2.0 of the Quadriga channel simulator was used to generate random CIRs

for the Berlin ountdoor scenario (“BERLIN UMa_NLOS"), with NLOS at a carrier frequency
fo = 4Ghz and bandwith W = 150Mhz, see Figure 14. In the simulation, the transmitter
and receiver are stationary using omuidirectional antennas (A/2). The transmitter might be

a base station mounted at 10m altitude and the receiver might be a ground user with ground

distance 20m. The LOS distance is then =~ 22m.

Computationally Complexity

{0166]  Since the ¢ times oversampled DiZeT decoder is realized by the QK -point IDFT,

-

S

7 an be reduced for | wes J, if the chosen oversampling

computationally complexi Aersenne pri

factor ¢ is relatively prime to K. Since K is prime, §J can be chosen to be not a muitipie of
K. Since N = K + L, L ¢ mH& need only be chosen for m € N so that ¢ == N i3 relatively
prime to K, i.e., only have one as a common divisor. In this case the QK-DFT can be
efficiently computed by the prime-factor algorithm (PFA), which is as efficient at the FFT for
lengths of powers of two. During simulation in Matlab, a speed improvement by a factor of
10 in the oversampled DiZeT decoder was observed for K = 31 when switching from L = 31
to L =32

[0167]  As can readily be appreciated, the simulations described above form a basis for
implementation of communication systems in accordance with various embodiments of the
invention using appropriate programmable and/or custom iutegrated circuits. While specific
simnulations are described above, any of a variety of simulations and testing processing can
be performed in order to finalize a transmitter and/or receiver design as appropriate to the

requirements of specific applications in accordance with various embodiments of the invention.

(]
!
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[0168]  Although the present invention has been described in certain specific aspects, many
additional modifications and variations would be apparent to those skilled in the art. If
is therefore to be understood that the present invention can be practiced otherwise than
specifically described including transmitters and receivers that communicate via any of a

variety of communication modalities using MOZ without departing from the scope and spirit

C

<

f the present invention. Thus, embodiments of the present invention should be counsidered in
all respects as tlustrative and not restrictive. Accordingly, the scope of the invention should
be determined not by the embodiments illustrated, but by the appended claims and their

equivalents.

[y}
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What is claimed is:

1. A communication system, comprising:
a transmitter, cormprising:

an encoder configured to receive a plurality of information bits and output a
plurality of encoded bits in accordance with a cycling register code {CRC);

a modulator configured to modulate the plurality of encoded bits to obtain a
discrete-time baseband signal, where the plurality of encoded bits are encoded in the zeros
of the z-transform of the discrete-time haseband signal; and

a signal generator configured to generate a continuous-time transmitted
signal based upon the discrete-time haseband signal;

a receiver, comprising:
a dernodulator configured to down convert and sample a received

continuous-time signal at a given sampling rate to obtain a received discrete-time

1

baseband signal, where the received discrete-time baseband signal includes at least one of
a timing offset {TO) and a carrier {requency offset (CFO);
a decoder configured to decode a plurality of bits of information from the
received discrete-time baseband signal by:
estimating a TO for the received discrete-time baseband signal to

identify a received symbol;

o~

determining a plurality of zeros of a z-transform of the received

identitying zeros from the pharality of zeros that encode a plurality of
received bits; and
decoding a phlurality of information bits based upon the plurality of

received bits using the CRC.

[}
©
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2.

The communication system of claim 1, wherein the receiver receives the
continuous-time transmitted signal over a multipath channel.

3.

o

The cornrnounication system of claim 1, wherein the modulator is configured to
modulate the plurality of encoded bits so that the ;
baseband signal comprises a zero for each of a plurality of

transform of the discrete-time
encoded bits.
4, The communication system of claim 1, wherein

the modulator is configured to

of zeros

modulate the plurality of encoded bits so that each zero in the z-transform of the
discrete-time baseband signal is limited to being one of a set of conjugate-reciprocal

pairs

5.

The communication system of claim 4, wherein:

each conjugate reciprocal pair of zeros in the set of conjugate-reciprocal pairs of
ZEros comprises:

an

&

]

cuter zero having a first radius that is greater than one; and

inner zero having a radius that is the reciprocal of the first radius;

where the inner and outer zero have phases that are the same phase;
the radii of the outer zeros in each pair of zeros in the set of conjugate-reciprocal
pairs of zeros are the same; and
the phases of the outer zerc
pairs

s in each pair of zeros in the set of conjugate-reciprocal
of zeros are evenly spaced over one complete revolution.
6. The communication syst

=)

m of claim 1, wherein the cycling register code is a
cvelically permutable code {CPC).

60.
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7. The communication system of claim 8, wherein the CPC is extracted from a

Bose Chaudhuri Hoequenghem (BCH) code.

8. The communication system of claim 8, wherein the CPC is extracted form a

primitive BCH code.

8. The communication system of claim 6, wherein the CPC has a code length

that is a Mersenne prime.

10. The communication system of claim 9, wherein the CPC has a code length

selected from the group consisting of 3, 7, 31, and 127.

11. The communication system of claim 1, wherein the CRC is generated by an

inner code and an outer code which are combined in a non-linear fashion.

12. The communication system of claim 11, wherein the outer code is a cycling

register code having a lower code rate than the inner code.

13.  The communication system of claim 11, wherein the outer code is a

cyclically perinutable code (CPC).

)l

14. The communication system of claim 11, wherein the CRC is an affine CPC

{(ACPC) code.

15. The communication system of claim claim 14, wherein the ACPC is

characterized by being attainable using a ¢

ic inner code having codewords of an inner

codeword length, which is afline translated by a given binary word of the inner codeword

61l
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length, and then further encoded by a cyclic outer code.

18. The communication system of claim 1, wherein the decoder is configured to
estimate the TO by measuring energy over an expected symbol length with a sliding

window in the sampled signal.

17. The communication system of claim 16, wherein the decoder is configured to
measure energy over an expected symbol length by convolving samples with a universal

Huffman sequence of the expected symbol length comprising two impulses at the

beginning and the end of the expected symbol length,

18. The communication system of claim 1, wherein the decoder is configured to
estimate the TO by identifying a set of three energy peaks that yield a maximum energy

&

sum over an expected symbol length.

19. The commuuication system of claim 1, whereit:

the demodulator is configured to oversaraple the received discrete-time signal by
zero-padding; and

the decoder is configured to identify zeros from the plurality of zeros that encode a

plurality of received bits by identifving a fractional rotation resulting from the CFO.

20. The coramunication system of claim 19, wherein the decoder is configured to
determine a most likely set of zeros for the z-transform of the discrete-time baseband

signal used to generate the transmitted signal based upon the received symbol.

21. The communication system of claim 19, wherein the decoder is configured to
determine the plurality of received bits by performing a weighted comparison of samples

of the z-transform of the received symhbol with each zero in a set of zeros.

n
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22. The communication system of claim 20, wherein each zero in the
z-transform of the discrete-time baseband signal used to generate the transmitted signal is

limnited to being one of a set of conjugate-reciprocal pairs of zeros.

23. The communication system of claimn 1, wherein the receiver comprises a
plarality of receive antennas and the decoder determines the plurality of information bits
by combining values derived from the samples of a plurality of continuous-time signals

received by the plarality of receive antennas to perform decoding.

24. A transmitter, comprising:

an encoder configured to receive a plarality of information bits and output a
plurality of encoded bits in accordance with a eycling register code {CRC);

a modulator configured to modulate the plurality of encoded bits to cbtain a
discrete-time baseband signal, where the plurality of encoded bits are encoded in the zeros
of the z-transform of the discrete-time baseband signal; and

a signal generator configured to generate a continuous-time transmitted signal

based upon the discrete-time baseband signal.

¥ T

25. The communication system of claim 24, wherein the continuous-time

26. A receiver, comprising:
a demodulator confignred to down convert and sample a received continuous-time
signal to obtain a received discrete-time baseband signal and over sawmple the received

discrete-titne signal by zero padding, where the received discrete-time baseband signal

o
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includes at least one of a timing offset (TO) and a carrier frequency offset (CFO);

a decoder configured to decode a plurality of bits of information from the received
discrete-time bhaseband signal by:

estimating a TO for the received discrete-time haseband signal to identify a
received symbol;

determining a plurvality of zeros of a z-transform of the received symbol;

tdentifving zeros from the plurality of zeros that encode a plurality of
received bits by identifying and correcting a fractional rotation in the plurality of zeros
resulting from the CFO; and

decoding a plurality of information bits based upon the plurality of receivec

bits using a cycling register code (CRC).



