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BACKGROUND

Linear transformations are commonly used for signal or data processing. A
linear transformation produce from an n-dimensional vector, considered as “input
vector” an r-dimensional vector, considered as “output vector”. In many applications
10 the input vector consists of digital samples of a given signal that requires processing.
However applications of linear transformations are not restricted to any specific
domain, they are essential to every field of science and technology and their efficient

performance is highly desirable.
A general linear transformation from the set of n-dimensional vectors (real,
15 complex or from any field of scalars) to the set of r-dimensional vectors (over the

same field of scalars), may be represented by a matrix of order rxn given by:
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A general input n-dimensional column vector is written in the following form:
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vector, y of dinension r, through the product of the matrix by the vector

which is given by followng formula: Y1 all a12 . . . . . aln x1 Y2 a2l
a22 . . .wWOo02/0zddm X2 Y Yr ari an, xn allxl + al2x2 + . PCI/US01/428at nX, ,
a2lxl + a22x2 + . . . . . + az2nxn 5 = arlxl ar2x2 +. . . . . + an,xn A

straightforward performance of the linear transformation requires, rn
products and r(n-1) additions. Binary matrix are of special inportance in
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transformation represented by O-1-matrix is cdl]ed a 0-1-transformation. In
t he above presemtati 0| r(n-1)/2 additions woll d|Be required, on average,
for a straightfogwand |performance of a 0-1-tyjansformation. In the current
text the term "bi
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above: U transforatli,ons and 0-1- 20
transf ormati ons. "ete the term nol ogy-int'foduction it would be
mentioned that the term U-vector would refgf toqja vector having 1 values in
its conponents and i kefizde” a vector havi rf’g'xe, 1 values in its conponents
will be called a Qalxyectgy, + 2 WO 02/.029611,RCT/ US01/ 42537 The processing
of binary transfonmations consi st of adding and|subtracti ng conponents of
the igput vector. |{Théy are’inplenented in hardwdre as an el ectronic
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A straightforward performance of the linear transformation requires, 7
products and 7+(n-1) additions.
Binary matrix are of special importance in the development and application of
the present invention. Binary-bipolar matrix are those containing only +1 values in
10 their entries. Henceforth they would be called U-matrix. A linear transformation
represented by a U-matrix will be called U-transformation. In the above presentation,
if the given transformation is a U-transformation then r(n-1) additions/subtractions
would be required for its straightforward performance. Another type of binary matrix
are those containing only 0,1 values in their entries. They would be called 0-1-matrix.
15 A linear transformation represented by 0-1-matrix is called a 0-1-transformation. In
the above presentation, r-(n-1)/2 additions would be required, on average, for a
straightforward performance of a 0-1-transformation.
In the current text the term "binary transformation" would consist of the two
types of transformations mentioned above: U-transformations and  0-1-
20 transformations. To complete the terminology-introduction it would be mentioned
that the term U-vector would refer to a vector having +1 values in its components and

likewise, a vector having 0,1 values in its components will be called a 0-1-vector.



Application Specific Integrated Crcuit (ASIC), requiring elenents such as
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i npl ementation of binary transformations with a | ow consunption of these
resources is of increasing need in nunerous fields of technology. There is
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In the CDMA transmission technique a multi-user data is send in a composite
signal and then multiplied before transmission by a Pseudo-random Noise (PN) code,
which is a U-sequence having random noise properties (such as low cross-
correlation). The spreading properties makes transmission resistance to noise,

20 including multi-path noise, jamming or detection. A scrambling code, longer than the
channeling code, is also applied. This transmission fashion of the second generation
(IS-95-B) and third generation (3G) wide band (WB) CDMA standards require the
receiver to perform multi-code detection. This is a task of despreading the combined
channels simuitaneously, each of which was previously spread according to a

25 different channeling code. It is done by application of U-transformations where the
spreading codes comprising the transformation matrix are often rows of a Hadamard
matrix. This is one of the many examples where effective U-transformation
techniques are desired for accomplishing the computational tasks with a low
consumption of resources.

30

There are several known mechanisms that improve the performance of specific

types of linear transformations. A few relevant examples chosen from a very wide



WO 02/ 029611 PCT/ USO1/ 42537 range wll be nentioned here. Toplitz
transformati ons which performconvolutions and are used as filters in DSP
can be dowe oefotdeei ently by the use of the classical Fast PEFIrSOE#253T ansform
(FFT) algorithmrequiring Q' nlog2(n)) addition and nultiplication
operations, where n is the dinension of the domain space. In 5 conparison
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and for every integer n, a power of 2:  Hy,= [Hn ]; }

A low complexity and energy preserving algorithm for performing this
15 transformation is the Fast Walsh-Hadamard Transform (FWT), which reduces the
number of additions/subtractions for nxn Hadamard matrix to nelogs(n). This provides
an optimal saving in these operations. The fundamental ideas underlining this method
are similar to those of the FFT
The U-transformation's aspect is modified by another feature of the invention
20 to accommodate for an efficient method and apparatus for the performance of and
toplitz U-transformations. = These transformations represents full or partial
convolution with a given U-sequence or a complex U-sequence. Wireless
communication applications of toplitz U-transformations include initial time-
synchronization and the searcher which use convolutions with a real or complex
25 pseudo-random (PN) or gold, U-sequences. A gold sequence is composed by the Z;
sum of two PN sequences.
The above binary aspects of the invention are generalized by another aspect of
the invention to an efficient method and apparatus for the performance of a linear
transformation, represented by an rxn matrix with a relatively small number of

30 different entries. Applications of this advanced aspect of the invention include



the invention to an efficient nethod and apparatus for the performance of a
linear transformation, represented by an rxn matrix with a relatively

smal | nunwer2ot9630 di fferent entries. Applications of thi®cadwsanezsd’ aspect
of the invention include -4 WD 02/029611 PCT/ US01/ 42537 conpl ex
U-transformations and |inear transformations represented by an matrix with
{0,1,-1}-entries. This broad preferred enbodi nent of the invention would be
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0-1- bi nary Lrapsformmtlon mmLelx, Accordl ng, LA FRhel St anpadiuent o
systems a reduction in current consumption used for linear processing is essential.
Applications of the invention the in the mobile phone technologies can prolong the life

of the battery, reduce circuitry and shorten response time.

20 DESCRIPTION OF DRAWINGS
These and other features and advantages of the invention will become more
apparent upon reading the following detailed description and upon reference to the
accompanying drawings.
Fig. 1 schematically illustrates the operation of updating the contents of a
25 memory employed by an apparatus which performs the transformation using the 0-1-
binary transformation matrix, according to a preferred embodiment of the invention;
Fig. 2 schematically illustrates the operation of updating the contents of a
memory employed by an apparatus which performs the transformation using the U-
transformation matrix, according to a preferred embodiment of the invention;
30 Fig. 3 schematically illustrates the operation of updating the contents of a

memory employed by an apparatus which performs the transformation using the



Fig. 2 schematically illustrates the operation of updating the contents of
a nenory enployed by an apparatus which perforns the transformation using
the U trwogkoeswati on matri x, according to a preferred enipetiusens2sef the
invention; 30 Fig. 3 schematically illustrates the operation of updating
the contents of a nenory enpl oyed by an apparatus which perforns the
transformation using the -5 WD 02/029611 PCT/ USO1/ 42537 Toplitz
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perform ngané | inear transformation wth a reduced nunber of additions,

according to a eferr enbodi nt of theln ion iIIustrates
an exanpl e an |Iﬁﬁ LS 8?%%lﬁgr8¥n(g%§ GORlAGFPR \{%ﬁ? Pfrﬁ%ffnr”?g( ﬁ?\ Py an

n- di mensi thaallsfdmaﬁ@{ wiihaqedudéd AGmber IAdRichs AeeRbing @6 a phfedEsent

i nvention. DETAILED DESCRI PTI ON 10 There are two new terns that are

f undarrent smYashimentof @@s’éﬁfﬁﬂnon of the nethod of the present invention.
The first is ”ﬁfg 9%11199&1!&5 | SRl SRl ﬁ@?eme]i‘f&?‘oﬁ%@ ai)?(f ct é(fea%t&ﬁ% T Sa”E
di mensi on are cafl equl a ent int t ext at ows I f each one
themis a pbgdnatdiofensibealotbior X atbordirigen onereybodineppodi thelptesertt Wo r oWs or two
colums of, a QEJ ven matrix. The second termis that of a | ead el enent of a
col umn i n BVeU®Ngi ven matrix. The definition used throughout the present
invention is the non-zero conponent of highest index in each colum of the
said matrix. This definition_depends on a redefi ned col ums i ndex-order
which is used uniformy int E&W%‘F Nedefinition of new or der
resulhs wiih a fREebicihblll efmdf Jﬁ@ﬁ.gld%!n@ﬂ@f'foﬁhe Lt AR the |ead

el ements of a given matrix may ttomost non-z el ements or
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0. 1 MATRI X SPHES B DE Bt prassshor i B0 MR TR tiofeds aRtpBRrBAg pfes an
ef ficient iBhOAGk OhrodB&IJIrWGHEL. mﬁk asnﬁ 3B dpbR&RHo tivoaBwh 8F RS | on.
Henceforth it wll be called al so

columns of a given matrix. The second term is that of a lead element of a column in a

15 given matrix. The definition used throughout the present invention is the non-zero
component of highest index in each column of the said matrix. This definition
depends on a predefined columns index-order which is used uniformly in the given
matrix. A redefinition of new order results with a redefinition of new lead elements.
For example the lead elements of a given matrix may be the bottommost non-zero

20 elements or the uppermost non-zero elements of each column depending on
whichever order it seemed convenient to choose as relevant for that purpose.

0-1-MATRIX
The present preferred embodiment of the invention provides an efficient method of
performing a 0-1-binary linear transformation. Henceforth it will be called also the

25 "0-1-method". The following example is an introduction to the 0-1-method and an

outline of its main ideas.

30



25 "0-1-

and an

Exanpl e:

1001
1011
that it
1011
1110

met hod". The follow ng exanple is an introduction to the 0-1-nethod
outline of its main ideas. 30 -6 WO 02/029611 PCT/ USO1/ 42537
wowen2®m10- 1-binary 4x14 matrix AA-. 0 1 1 01 1 0 @CI/WB004B31 1 A-
0110001110 0011220000101 1" 11220110
1' 1 and an 14-di nmensi onal input vector, x1 x2 5 x x14 Suppose
is desired to conpute the 4-dinensional "output" vector: x1 Y10 1

0 0 1 (Exhntplé: Gn»éaao_l-]bﬁuaﬂyqulnﬁnﬂlooo1110. = Y3001
0001011 AX 3)41111011010111 1 X4

According to a pr@fekréd(bnﬁomlﬁedl bf Ot h® Dnvéntlijon the matrix Ais first

checked

procedure io g
as a sum of the

vector coordinateyg. Hemce: @ 1 1} Q)llloo-p 11910110 Y=X
+x3 1 +x4 1 +x5 I +x6 1 +

10

for equallqliges. {Sigce qhq;e ame No;twy anes that are equal, the
to the next ste Rb %e out gyt vector y is expressed

& fim$ hulhlcébf9|@|@nt% Phat drle the respective input

0 +x2 0

+X7 0 +x8

and an 14-dimensional input vector,

X

X,

Y14

Suppose that it is desired to compute the 4-dimensional "output" vector:

_%_
b2 011011001O0O0O0 1 1jfx,
¥V, 1 001 01100O011 10
y= — = Aex.
Vs 0 011 110O0O0O0OT1O0 11
V4 111101101011 11
| %14

According to a preferred embodiment of the invention the matrix 4 is first
checked for equal lines. Since there are no two lines that are equal, the procedure
goes to the next step. Next, the output vector y is expressed as a sum of the columns

with coefficients that are the respective input vector coordinates. Hence:

0 1 1 0] 1 1 0 0
1 0 0 0 1 1 0
Y= X7 0 + x; 0 + x3 1 + x4 1 + x5 i + x4 i + x7 0 + xs 0 +

1 1 1 1] 0 1 1 0

1 0 0 0 1] 1

X9 0 + X710 0 +x11 : + X712 : +x131 +X14 0 .
0 0 1 0 1 1
1 0 1 1 1 1




11110110 1000110011120 X9 + x10 + x11 "F X12 + x13 + X14
001011 01111 -7 W 02/029611 PCT/US01/ 42537 At this stage, the
zer o col uwop/oadeong with their coefficients would be del etp€d/uSoha2sB7 r st
step done by a preferred enbodi ment of the invention with respect to the

I nput vector, is to collect and sum coefficients of any recurring non-zero
colum. Thus with the cost of 6 additions the follow ng reduced vector
equation is 5 Actiwghges tiedierdedluhng alonglwith theiroefibients WadldbdAklcfedt ( X2+
X9) O+(x3+x410+ (x4+ .x11 i +x501 11110 + (x6+x13) This

expr essi onliafirsh&teg; dameityi 2 arafsirechembedimens agtheanyentionorith vaspedt to thae' x12,

= X2+ hat
Vol o5 VIS Loty Ty oy ol fnd Y b it R ey WA ol g 4
+W5 1 .y DBhus4 withl the Icoft of Fhadklitiense thei \f@llcﬁmhgtmdmedg iveetbr pgakli@mibut w t h

a reduced nunbeé hof colums. However by now this type of reductions is
exhaust ed. 2¢¢MBETHur t her gains the vector

0 1 1 0 1
1 0 0 1 0
y= (x1+x7+x13) 0 + (X2 x9) 0 + (%3 + x14) { + (st x11 ) 1 + X5 .
1 1 1 1 0

+ (x6+x13)

o S N )

This expression may be simplified by the following definition:

Wi=xXp+ X7t X12,  W2= Xot X9, W3S X3t X4, WesXgt X1, WsSXs5, WS

10 Xstxi3,
that implies:
¥, 0 1 1 0 1 1
y="* [ =w T T D T A A v
s 0 0 1 1 1 1
v, 1 1 1 1 0 1

This is equivalent to original problem but with a reduced number of columns.
However by now this type of reductions is exhausted. To get further gains the vector

15 equation will be split to the following equivalent set of two vector equations:

7] 0] [1] 1 0 1 1
=wy +W2 + w3 +W4 +W5 + W
¥, | 1 0 0 1 0 1

8 T 2 2 4 O £ VS B B
=w W, w w. w w
R F I BT R Y e F R T R

Each of these two equations will be treated separately as in the first step of this

preferred embodiment. Thus coefficients of the same nonzero column will be
20 collected and summed. Hence the method arrives at this stage the following set of

two vector equations with additional cost of 6 additions:



15 equation will be split to the foll ow ng equival ent set of two vector
equations: [:] W +W +W+W+W+W 10010 [Y3001111-=
11,1 + V\we 098291V + W5 + W6 LY]4 1 1 1 0 1 Each of thes®Crmsosepsati ons
will be treated separately as in the first step of this preferred

enbodi nent. Thus coefficients of the sane nonzero colum wll be 20
col l ected and summed. Hence the nethod arrives at this stage the foll ow ng
set of two vec equations) Wit h additifgnal cpst of 6 additions: -8 WO
02/ 029611 PCT/ L%ﬁl =4@453M4)vmi+ﬁ@ww4{wp ]'-H(MZ +Ws) 0 +Ws 1 Y2 Y3/ 01
1+WO0 1+ (MBH W+ 1 1] Now it.0ifs apgarent that only 4 additional
additions are required to caonplete the conputation of the output vector vy.
Hence the desir resul t & qgé%ngjished iltth 5{the total of 16

addi tions. It cpy pe et | y | chetkdd’t hat’st|nd "CBhyght i onal prior art method
of doing this c ut ati ona rocess would require addi tions. The
proceedi ng descNbwtit BRppirehtthst ddilyeh addifiona ab@idoneat r@fuireld g tonipleteithe woul d
reveal a growing relative efficiency of the nethod as the dinensions of

the mat ri xCogragion of the Aetpat veater J0- Hemqerihe desited detulionas srsomplished; with i s an
effi ci;ent tﬂ@ttg'tgfj of"@@ addflicARPaf it Be fr&{dil&/' m%eage(adtﬂgél_rrl]lgfcoﬂv&ltﬂ)ﬁﬁlypr%rlér?at r ' X A
of dinmensions rxn by an n- dinensiona ector Xx. e matrix s given by:

all al2 . method of dbihg &34 ca@iputational procesa2ivodtd vdueire 28/ ad@itiods.foThal | 1 <_
i<

proceeding description of this preferred embodiment of the invention would reveal a
growing relative efficiency of the method as the dimensions of the matrix grows.
In general the 0-1-binary aspect of the invention is an efficient method and
10 apparatus for the product of a binary 0-1-matrix 4 of dimensions rx»n by an n-
dimensional vector x.

The matrix is given by:

a, a, . . . . . a,
Ay Ay . .« .« . . G,
A=| where ay= 0,1 forall 1<i <r , I
_arl arn_
<j £n
15 and the input vector is given by:
X
X3
x —
_.x"_

The entries of the input vector may be real or complex or belong to any field of
scalars (such as Z, for example). The goal is to compute the result of the product of

the matrix 4 by the vector x. This result will be denoted by:



and a¥Y" _< ] <_n. is and the input vector is given by: xlI x2 x= X12 The
entries of the input vector may be real or conplex or belong to any field
of scal awe ogwemesint as Z2 for exanple). The goal is to conpwCe/ushe42sesul t of
t he product of the matrix A by the vector x. This result will be denoted
by: -9 WD 02/029611 PCT/US01/ 42537 yl all a12 . . . . . al" xI .Y2 a2l a22
. az2n x2 y yY ayYl a., x,, The procedure that will be described is
recursive angy tih olbpmnng sequence , of rsteps or part of themwll be
repeat ed at |edch |itterat? on. "According™ p| & preferred enbodinent of the
invention, the (fifrcst ghep-is a cheek %pof |Bgual raws. Wien possible 5 this
step shoul d be |[done before any processipg of input vectors begins, as a
prelimnapy prefparation. If it is found/that the i-line is equal to the
j-line then|it |can- be deducted that yi||s pqual to yj. Therefore one of
the two equall .lfines would be omtted. Fpr. fhe sake of clarity the line
havi ng | arger_ijndex woul d al ways be the| jomtted one. Thus, if j > i then
the j-line wolrd &t oni tted. This i ni%isal™eberation 10 is anended at the
final step of tie Gxecitd @8 R Bgﬂe%cﬂﬁ&p J RButRETfd he WhioRind Sedsbpan _at
this stage (since’it is equal to yl) I's inserted back toits aébroprlate
pl ace i n tofietepy ec part oj th@mwlﬂlhegepﬂamlcpialach itesion.o iccondes tord plefdriedr e ar e

no two line.in. the rle at ua practice isS s

ki pped | FripRARSE chiertiop. {8 sl ot fuacPtioqh EnEARR e WIS SR8 onabl o
| i kel § hoogy;k Ogre d&%@ﬁml bBefone! befb2 ﬂﬁw&eﬁﬁﬁ% fo”ﬁ‘ﬂut Jv%ctmela Tglﬁg%g > n
since this condition ensures the existence equal |ines. avoi d

cunber songreloniapiygpreparhigomoldiif isddundhthet the idinglis fb(mjﬂ ftodhe f-Hipgthen it can
be deducted that y; is equal to Yj. Therefore one of the two equal lines would be

omitted. For the sake of clarity the line having larger index would always be the
omitted one. Thus,if  j> i then the j-line would be omitted. This initial operation

10 is amended at the final step of the execution of the invention where i which is known
at this stage (since it is equal to y;) is inserted back to its appropriate place in the

vector y. Omitting of equal lines continues until there are no two line in the matrix 4
that are equal. In practice this stage is skipped in many occasions. It is performed
whenever there is a reasonable likelihood for equal lines. It is always performed

15 when log,() > n since this condition ensures the existence of equal lines.

To avoid cumbersome notation, the modified matrix resulting from this
screening process will have the same name, 4, as the original matrix, and the names
of the dimensions rx» will also be preserved. In the next stage a summation process is
introduced to eliminate equal columns. This procedure will reduce the number of

20 columns in the modified matrix with a minimal cost in additions. First, the matrix by
vector product y=Aex is decomposed to the sum of the 4-columns multiplied by the

respective x-components. Hence:
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screening process will have the sane nane, A, as the original matrix, and
the nanmes of the dinensions rxn will also be preserved. In the next stage
a sumat iwo poeess is introduced to elimnate equal col eemaISoivinsg7
procedure will reduce the nunber of 20 colums in the nodified matrix with
a mniml cost in additions. First, the matrix by vector product y=Ax is
deconposed to the sumof the A-colums nultiplied by the respective

X- conponents. Hence: - WO 02/ 029611 PCT/ US01/4253% all al2 aln all a22
a2n y=Ax = x| | + x2 + |71 R "yn arl art an: Each

el enent of this sum congyy ppa colum vector of,,tthe matrix A,

mul tiplied by the correspd g scalar coefficient qf the vector x. This
sum may be wiysten=npre denpact||y.as..yzAX.=+x), |[M4 X2 V2., .. .. + 5 xn Vn
all a2l where vl (fon everyl|j) |is the j colum|of |A® vj _ an According to
a preferred enbodi nent |of [the|invention, zero colums, along wth their
coefficients are omtted 4 i s |stage. Next, identijcal nonzero colums are
grouped toget her and redri riher e each disti hftIcol um becones a common
10 factor, ‘mul tihi G0 bR fuis UtP koldits G974 SSRARALBA.SGR!AE HARLTLCT ents.
Hence, the resulting sunmation conprises the subsequence of a I'stinct
nonzer o cqhuitipBed W the. correspondingvgthlae xdafficientobffthe nedtbiex.orTids mah nsgopence of
nonzero colum by the omnm ssion of repeating colums. Each colum wl is

nul ti pl i edVEHEMBSSOMPALERES't |  which is a sum of YH& T vaspdudi ng

origi Qal cogfficients of all colums that are equal is to this colum. It
is cléar tRat m < n, and the gap, n-m is the nunber of repetitions in the

original sequence vi, V2 . ............. vn. Thel process descri bed above
can be formulated by the foll ow ng nat hemati cal Cgés;cri ption:
2j

where v; (for every /) is thej columnof 4: v;=

L% |
According to a preferred embodiment of the invention, zero columns, along

with their coefficients are omitted at this stage. Next, identical nonzero columns are
grouped together and rearranged where each distinct column becomes a common

10 factor, multiplied by the sum of its corresponding scalar coefficients. Hence, the
resulting summation comprises the subsequence of all distinct nonzero columns
Wiseeerennnn Wn extracted from the original sequence of nonzero column by the
omission of repeating columns. Each column w; is multiplied by a coefficient #

which is a sum of the corresponding original coefficients of all columns that are equal

15 to this column. It is clear that m < n, and the gap, n-m, is the number of repetitions in

the original sequence vi, V2, ..ccceeen , vn. The process described above can be

formulated by the following mathematical description:

y=do =01 o<y

[jjﬁkinijjmthMHj=Wk ﬁﬁ'
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y=Ax= M1<j<nxjvj 1 <k<nt j such that: vj = wk xjvj. -11 WO 02/029611

PCT/ US01/ 42537 "1 <k<m(” jsuchthat: vj =wk xj)wk Now for all 1:5 k<_m
define: twe02/0pd6such that: vj = w k Xi The conput ati onal tPasRiSov@sBar, is
this calculation of the new coefficients t1........... tm 5 as sums of the
original ones xl........... X,,. The cost is n-madditions. The product
y=Ax is thus given by: y=Ax= "1<k<ntkwk The management aspect of this
conput ation, of determning the Eﬁrtici ts in the reqw]red sums, may be
done once-per-matrix as a preli mnagypr ammhlﬂwnv})equrej YW the arrival of
i nput vectors. To summarize, let B be the rxmmatrix whose colums are
respectively w........... w,,, , and let: ti t2 t=1tilt then y=Ax= Bt
Thus the above process reduced the original problemof nultiplying the rxn
matri x A biNowhier all Vedt<on defire: t he m‘feﬂﬁ%gp pylj+g wi:ng the rxm 15 matrix
B by the mvector t. The gain enabled by this Vs ér when mis smaller.
The next s } t p} I ornmer stage to
two or m)’;fg@g!& &aqﬁdﬁ&y\%\h% £E§1 |Sr$élssoég%ctélt%§mﬁ%tf th P%ﬁgﬁefﬁ% i?té’ut')“rmt Bl x

wi || have as sedsiofdhe otigimel onés x0ws..and,.t ﬂ“ht: oosﬂ Is A-nCceédiiend Mhegabdudl the
above col um-cal |l.ecti.on rocedure in the next iteration. The lines of the
matrix B wbuld BEYS Yf’t“é?i’p ul, u2, 20 ............. Ur. The product
under consideration nay be then expreﬁsed by: -12 WO 02/029611

PCT/ USO01/ 42537 ul t u2t y= =py=4>x = 1<k<miKVk

The management aspect of this computation, of determining the participants in

the required sums, may be done once-per-matrix as a preliminary preparation before

10 the arrival of input vectors. To summarize, let B be the rxm matrix whose columns
are respectively wy,......... W , and let:
]
t2

]
then y=Aex= Bet . Thus the above process reduced the original problem of
multiplying the rxn matrix 4 by the n-vector x to the problem of multiplying the rxm

15 matrix B by the m-vector . The gain enabled by this is larger when m is smaller.

The next step is a horizontal split of the matrix B of the former stage to two or
more sub-matrix, where lines are kept unbroken. Each sub-matrix will have a reduced
number of rows and that will increase the gain of the above column-collection
procedure in the next iteration. The lines of the matrix B would be denoted by: u;, uy,

20 e , 4. The product under consideration may be then expressed by:

-12-



ur t ul t where each line is multiplied in scalar product by the vector t.
In view of this expression the task of conputing y=Bt is equivalent to the
conbi ned wasr/oz611 conputing the r scalar products: ult, uPCT/USN1/42537..., U,
et 5 According to a preferred enbodi nent of the invention this would be
done by conmputing the matrix by vector products: Blt and B2t where each of
the matrix Bl and B2 contains a subset of the lines of the matrix B and
these two subsets arg, nutually disjoint and their union conprise of the
set of all lines in B." wally, except for the first iteration, the two
sub-matrix woul d havg #:hé |sane or al nost the sanme 10 nunber of I|ines
However dependi ng on {the properties of the matrix A in sone special cases
the split mghty$erFnnto mire than two matri x. Such is the case when the
matri x A has no specilal “inner order, and its entries may be considered as
arbitrarily chosen. [Then|a preferred enbodi nent of the invention would
usual ly inply that t ;lrst line split that will bring all the split sub
matrix to the state éreJlogZ(nunber of 15 colums) > nunber of rows. The
proceeding iterations would then split the lines to two al npbst equal

hal ves. Th# ‘tase where the matrix |s con5|d§ arbitrary is_. essentially a
wor st case scendhers caglhlingis mutiplied in seales pypdugs by theswsctad | nsie of thiy

bef ore, Hing Ot p 1 \Z:TAWS I

Aocor di ng 5ransH FENHENE corling LRl BEbdygeht o el berbinaE il of

nment i oned Gmmmnﬂgtﬁﬂﬁkﬁhmpmkhwmsummuyt pn. twath; Rl <k<p tkwk + LI p+1 < k
< mtkwk -13 02/029611 P SO01/ 42537 ere i s, .chos bet ween 1 and
w1 hus for BRocoriat daddrsionnt savedment ob e dneton g Mo b G0

........... wp, and

for B2, t h&nﬁﬁftlrng)f é"’ﬁféﬁ@x B?tve&gr BRIJHEBSBj+Band™Bk where each -of thd¥malrfx BP! ds
t hat: Y = Bl -t B2-t where' t he correspondlng vectors are:

t'=(ti....and B contapis arsdbstet of (thep tines of the matrix tB and these two subsets are

mutually disjoint and their union comprise of the set of all lines in B. Usually, except

for the first iteration, the two sub-matrix would have the same or almost the same

10 number of lines. However depending on the properties of the matrix 4 in some

special cases the split might be into more than two matrix. Such is the case when the

matrix 4 has no special inner order, and its entries may be considered as arbitrarily

chosen. Then a preferred embodiment of the invention would usually imply that the

first line split that will bring all the split sub matrix to the state where logy(number of

15 columns) > number of rows. The proceeding iterations would then split the lines to

two almost equal halves. The case where the matrix is considered arbitrary is
essentially a worst case scenario.

Another step that might be inserted instead, or before, the above mentioned

horizontal split is a vertical split. According to a preferred embodiment of the

20 invention the above mentioned sum:
y=[]]§k§mQWk
is split in two:

y= ngkgp fgwg + Dp+]_<_k_<_mtkwk
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Hence by this preferred enbodi nent of the invention the two | ower

di nensi onal products, Blt' and B2-t" would be conputed separately and in
the end twe oezsits, which are two r-vectors, are summedPCogsSthes37 A
prelimnary rearrangenent of the indexes of the B-colums, wi...........
W' t, may enhance the effectiveness of this step. io The vertical split
woul d be used less frequently then the others procedures. Its nain use is
in the case thathdrhp inghben befwdeavisarsliast. aMhialdryBc#eaasisixtWieso gebef of

col ums, S|{uat|on | ess comon |n DSP apgllcatlons The fundanent al

dr awback &Plum ésastlé?p i g+i-zt O BB Be.o they MaliX 1 Weose etdth| ¢ls colummnselst wo
products Bl-t' and uBchh 1d consists of an additional set of r scalar
addi ti ons Wn} h has i Wﬁ‘| Fel in the above 15 horizontal split. Like i n
t he above hori zont al spllt depending on)#ﬁbﬁpfﬁweTties of the matrix |,

t he vertlcal spl i,nto npre thgn two mat |naIIy eacs of the

above’steps arée” @ﬁ)m qeﬁpqngglga\feg I§ & Gt¢lons: - 5 ﬁ’i“n@' {"htis - rldur si ve
mechani smydiextoy ﬁu@%fdré@ eRIbB&RIh e &f ttHe timnﬁ@ﬁ/ RO 198 a6k &d didenkdgalabove

met hod. For an "20 rxn O-1-matrix A such that r < log2 (n) the nunber of
addi t i ons preductse Batit end Sagé yvouweh@pemwd sepgrately and ini thegindethe ygsulthe

expr essi on; = n + tabl e gives. t bound to
t he nunber™ 13?% %dw Bk%ct?rg,rar dvﬁolg(tn{ﬁe }é‘ mﬁlﬂ% ggg Pﬁ? s*(2)
=-1 s*(n, jRdexedof the B¢dI8hns; w4,.35 (N, w;,’g,)ma}ﬂerm%ncesfhé 4ffectivendsd ,ofrihnﬂsté'p 13 s *(5)
=22 S*(n, 5 =n+ 49 There is the fol l owing bound to the worst case :

30 S18(r) < 2r Dhexprtical split would be ysed\gss dreqoergly therpie otises prooshiyes. e
standard ( o) ] is the
nunber 1 i e R RO et B b8, Uf Ry slbuBRy BSeas E LA
arbitr ar Y)coltY)s, sitfatior)legds2omBioncia BSK applicitionsapphe cldesedtabdrawbaekesf t o

infinity and r is . constant (o < | 1> 0) . thi t hod
is asyn%t dms(gsgpp?,n‘(gng,ne%tﬂﬁ(ygéup thgﬁas%ltcs)o tﬁe %wo pl%cigcts B;-z"c ande-t”whl% et ho

consists of an additional set of » scalar additions which has no parallel in the above

15 horizontal split. Like in the above horizontal split, depending on the properties of the
matrix 4 the vertical split might be into more than two matrix.
Finally each of the above steps are applied in repeated iterations, forming thus
a recursive mechanism.
Next, a bound is presented to the saving enabled by the above method. For an
20 rxn 0-1-matrix 4 such that » < logy (n) the number of additions in the worst case,
denoted by s*(n, r), is given by the expression:
s*m, r) =n+s*r).
The following table gives the bound to the number of additions for matrix with

a small number of rows.

25 s*¥2) = -1 s*¥tn, 2)=n -1
s¥(3)= 2 s*m,3)=n+2
s*¥d4)= 7 s*m,4)=n + 13

s*¥(5) = 22 s*im,S5)=n +49

There is the following bound to the worst case :

30 s*r) < 27+ 2 t2
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5 unbounded n) optimal. When Ais an rxn O-1-matrix and there are no
assunptions on the dinensions rxn of the matrix A then the nunber of

addi ti onswpeqg2gsed by the invention to conpute the produ®CTASOI/$25BDUNded
by (1 + *)nr/log2(n), where 1 >~ > 0, and » goes to zero when both, r and
n, gotoinfinity. In the case that r>n a tighter bound (with 10 respect
to this case) exist, which results fromthe application of the vertical
split: (1 + ") nrid eaddan.(pMbedrd rethod requites RAA - ARGRONEOWBGE MRt h, r
and n, go to infinity. To assess the efficiency of this process’it should
be observewmbeatl'nsHa the s A. i Puegveragn (byn expsidonnwhen dnsrarbitpan at(dpns and

and et r Ty oRRy Re R B Pk TR ks B EREY aREL s ki

|

Mor eover, d¥agh 0F Wheenhnageren) thigemathoanis @ymﬁt&mm@ qREeb@Rtded®t bh&
before the processing of data vectors begins. Thus the suggested nethod
subst ant i alnbyusdedes optiial. consunption and circuitry. The above 0- 1-binary
aspect may be particularly efficient when the given matri x has sonme degree
20 of sparsity. When & 15 angkr Onl-BREELFAIEE a5hBn SBWEPISRS PR M9 GRmegsions; s
enbodi nent.. | (oTapaTRIeL) ' ' [ rd tUChS iRt cr%g; tion of
t he producrtx;l%fE tHz:aé genlgrjgfh%trt%a nne'ltfrlrol?% ‘gg‘”gs Ij\?é@f%rﬂy;%ég{gég{rll té) I niﬁ?ﬁe

real - mat r itke psqlact 4eof istbvanded/Bntd enl)nnlaggdy)t wberet hi90 asentd Bfgdehdo
invention is applicable in algebraic codes (see: [Shu Lin, Daniel J.

Cost el | 0, zro Wwhen bothCorandat, g0ddiingnifiundarthecadeshatrrd-n 2 Sighiepbowat (witls "

Prentice-Hall, Inc., Englewoqd.Cif N,.J., 1983]) ere.in the process of
cod 1. and BRI caSDSXRIRISE RSP e paieRpion os SRt B
Z2n-vector). This is trug+maifosiduahbRn whese a Z2-matrix is nultiplied
by a Zen-vector. Finally, the above 0-1-binary enbodi nent and the next

U-bi nary enbodigm@nt gaéfioeafd whlen both almbangeeinenith, every field of scalars
except for fields ofg characteristic 2. In each_ 30 particular case the nore

ef fici ent enbodFerassessibaetfighency nddhis process ivsheuld beobsarvathetthymrasess7
o P e SRS A SRR SPER Rl SABSCRAAY, OhidRel ol vy

preferred i nent” o encef ort a al so
" U- mefs hod"3gdditkonk laee aanajepipart of the complexity and their reduction by the use of the

invention has a dominant effect. Moreover, most of the management operations are
done once per matrix before the processing of data vectors begins. Thus the
suggested method substantially saves power consumption and circuitry. The above 0-
1-binary aspect may be particularly efficient when the given matrix has some degree
20 of sparsity. This is often encountered when the application of this embodiment is
combined with distributed arithmetic's in the computation of the product of a general

real matrix by a vector as described in the real-matrix aspect of the invention.
In addition this aspect of the invention is applicable in algebraic codes (see:
[Shu Lin, Daniel J. Costello, Jr "Error Control Coding Fundamentals and
25 Applications" Prentice-Hall, Inc., Englewood Cliffs, N.J., 1983]) where in the process
of coding and decoding a Z,-matrix is multiplied by a Z,-vector (or Zsn-vector). This
is true in any situation where a Z,-matrix is multiplied by a Zyn-vector. Finally, the
above 0-1-binary embodiment and the next U-binary embodiment are easily
interchangeable in every field of scalars except for fields of characteristic 2. In each

30 particular case the more efficient embodiment would be chosen.
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of equival ence of vectors. Two non-zero vectors of the sane di nension would
be 5 called equivalent if one is a product of the other. In the context of
t hi s enbowloreeneyé1l note that two U-vectors are equival ent iPCTiUSey4248E equal
or if one of themis (-1) product of the other. The foll ow ng preferred
enbodinent is rather simlar in nost details to the above one. The main
difference is that in the followng text elimnation is done to equival ent
(rows or colums) vectors rather tiaMAPDPREYual vector. This io speeds the
elimnati on rate _and thus enhances the efficiency. This enbodinent is

i ntroduced B%Wﬁnc@%%%lwéénﬁﬁsthﬁadﬁﬁgpﬂm s thenékbigaryi psefeaeds:
Exanpl e: Xy b

di mensi on%?lqbg dnpu ntvec]tngEﬁgﬂﬁ%geﬁ%%}gﬂé%lggﬂl\%gﬁ b%smléi j Jf)%hi ?XCf%tl 11
-1 1 -1 1 oflequivalehcd of vediods. - TwoInch-zeto V&ct&rs dfﬁthé\%aﬂle Himénslon Wwould bd 1 -1
-1111 11111%- 111-1111

1 1
and the i rfgled Gawiedes i ogp %%P‘B’;?‘uc%f]fh?( chek lpl@le C‘PW&X’? %‘é@m emalpodi@ntyr oduct
is wittemdy thatYJong’ vedtoTs dre di\?%len¥4f ﬁ%y A6 N 0g/ QZ&fel&f B %24%42537

The first step in the process |s to check for equivalent |Ines. ractice
it is a ormoductef tipeotes. ohd dolbovieg praferrdthembedimeat isafthenpintilav éeigrss. A

scan dis CQUEHIR 0 T above one. The main difference is that in the following text elimination
is done to equivalent (rows or columns) vectors rather than to equal vector. This
10 speeds the elimination rate and thus enhances the efficiency. This embodiment is
introduced through an example, demonstrating the essence of its ideas:
Example: Consider the product of the following 5x13 U-matrix 4 by a 13-
dimensional input vector x.
The matrix is given by:
[-1 1 -1 -1 1 1 -1 1 1 -1 1 -1 1
1 -1 -11 1 -1 1 -1 -1 1 -1 -11
15 4=/1 1 -1 1 -1 -1 -1 1 -1 -1 1 1 1
-11 1 -1t-1t1 -11 1 -1 1 1 -1
-11 -1 -11 1 -1 1 1 -1 1 1 1

and the input vector is given by:

- —_

X

Xy

X13

The result of the product is written by:

g
Y2
y=|ys | =4A=x
Va
Vs
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occurrence of equivalent lines in the given matrix, line 2 is equivalent to
line 4, in fact Iline 4 equals to (-1) product line 2. It follows that y4 =
y2 Ther efwpe2iozdenpt necessary 5 to conmpute both y4 and y2pCharsog41sbe

conputation of y4 will be omtted. Thus line 4 is deleted fromthe matrix
A. The resulting matrix A" isgiven by: -11-1-111-111-11-11 1
-2-12121-2212-127-21-2-2212 A=21121-12212-1-1-21-2-111211-11"-1

-111-111 -fhelfickt de ep i ihﬁleq%de@mqa@hémt féHEcBH{ralé’rﬁan@é i 1%1’( ntya vyl
.y2 y'=y3 y5 10 an ds = his is t% first

reduct i on.onerfimp@pakion sdtoep bFﬁEe @haﬁdmmtal A!fxnm ‘@emrp%)%@ tligceverssomg of t he

A'-colunns mul tiplsd ed the re et|v ts r.ef o -11
AL 150 g oy it e 1 AR s SRIRPRA St ORI Y B sl 7 g
y5 -1 1 - Nineld dqukls to 1-13 plodutt Une 2. Il;folllowslthatlyﬂ— -y]_; Tlieréfoi'e ¥otrnec8sshrk 10 +
x11 + x12 +x13-11-11111 -111-11 Next, a nornallzatlon

of eaéh oftoremputs bath v @ad ap-dienss thEcompBiAEon efm §v111 baemitied- olus lsgch t hat
t he upper ; EPH{; pqg s the vector and its
coefficien gg?gﬁb ?5%|re E%%ﬁﬁy¥§&&ﬂkf%eg%%pggpconponent of the
vector is (-1). FbFeyeq naimogj fijcatj on.qi sjdone iLf; tlhe uppel conponent of
the vector 1 -1 -1 1 1 =11 =1 -1 1 =1 -1 1

A=/1 1 -1 1 -1 -1 -1 1 -1 -1 1 1 1
-11 -1 -t 1 1 -11 1 -1 1 11

The corresponding output vector is given by:

N
r_ Y2
y =
Y3
Vs
10 and it holds that: y'= A4'x.

This is the first reduction. In the next step the product 4'sx is decomposed to a

sum of the 4'-columns multiplied by the respective x-components. Therefore:

52 -1 1 -1 -1 1 1
2 L RO ot RO Lol U L RS I IR e
= b b X
). X] ) 2l 4 314 14 514 6l _q 7
Vs -1 1 -1 -1 1 1
-1 1 1 -1 1 -1 1
el sl el L LY x| 7Y
X x
_1 Xg 1 Xo| 10 4 11 12| 134
-1 1 1 -1 1 1 1
15 Next, a normalization of each of the column vectors in the above sum is

carried out, such that the upper component of each modified vector is 1. Thus the
vector and its coefficient are both multiplied by (-1) if the upper component of the
vector is (-1). However no modification is done if the upper component of the vector

is 1. The following normalized form of the above sum is derived:

-17-



is 1. The follow ng normalized formof the above sumis derived: -17 WO
02/ 029611 PCT/US01/42537 yl i i 1 11 1 Y2 (x1) +x2 +(x3) +(X4) +x5 +x6 +
Y3 y5 1 Iwbho2029611 (x7) 11111 -1-1-1-11 + X8 []PCTASB/42537 (410) +
7011 1 +(- x12) -1 + x13 111 -1 1In this normalized sumthe upper
conponent of each vector is 1 and the 5 nunber of different vectors is
reduced. The next step is to collect and sum coefficients of the sane
colum. Thus w pthe cpsgty of ditio t he foll oW n 1 guat i is
obtained: y, 1 [I'V2 = ( X)+ 4) +x+9)- (X2 (x7) +],x8+ (-x]O

+ x11) 11 + VY3[¥5 1,1 : o1
co)éffi)ci ent wou WC‘& qj i ﬁ d: Méfi %5”(44 4 6+3€9, _1) l;')@ e 74\)N + X8+

N
—
1

(-x10) +.x11, —-X3+ 13, | WM = - X12|Hence the abave |[equation
may be written i¥kthe folllbw nglf rm 111hi1 vali.11k]1
1
-1
X
(x7) i
1
1 1 1 1 1 1
+_1+—1+()—1+ _1+()1+1
X X X x -X x
5l 4 91 1 | |y 17| _4 1314
1 1 1 1 -1 1
In this normalized sum the upper component of each vector is 1 and the
5 number of different vectors is reduced. The next step is to collect and sum

coefficients of the same column. Thus with the cost of 8 additions the following

equation is obtained:

b2 1 1
323 -1 -1
= ((-x7)+ (~x4) + x5+ x9) v + (Xt (-x7) + xgt+ (<x10) +x12) | + (-

s _

Vs 1 1
1 1 1
1 1

x3) +x13) : ++ x5 1 + (-x12) 1
1 1 -1
10 New coefficient would now be defined:

W1=(-JC1)+ (—x4) + x5+ X9, Wy= X+ (-X7) + xgt (—on) + X1,
W3=-x3 t X3, We= X5, W5 = -X]2

Hence the above equation may be written in the following form:

» 1 1 1 1 1
2% VN o I IOV £ N (R O
¥, -1 1 1 -1 -1
Vs 1 1 1 1 ~1
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Y3 =W +W2 + B + W +W -1 11 -1-1 y51111-1 -18 WO 02/029611
PCT/ US01/ 42537 The coefficients: W, W, WB, W, Wb are known to the

pr ocessorwato2ibhesl st age. In the next stage this vector eqramiusni/¥sBt be
split horizontally to the following set of tw equation: vy, 11111 =
W +w+W+W+WVY21-111-1111 -15VY3 =W +W 1+ w3 1+ W -1
+ W -1 y5 11111 Noweach of these equation will be processed

separately in (i affRISBANET w005, bheut 1S kndwe kR tHeqRocekbst MRS sgguat i on
requires no normalization since it inherited the nornmal state of "the

previ ous &8 ik peKh stage ghis Meomesuaaen wall be aplithorizentalletp telfgllewing sehef second
equati on. ﬁgﬁ&aﬁope resultlng set is: 11111 10VYI W - +W - +\W +WM

+\W yZ 1 1/ 11 -W) +W +WB 1 +(W) + (-Wb) In the next
step the coeffifgj gntsof the e r ol l eqyed and sumred. Thus
with additional 6?&@}[“} jhe o&tmyﬁ vi’}lﬂt%j}j witw2) [-11 + (W8 +
WL+ VB)  y[: 14115 W) -1l Cl eanlty, the vector y' is
found with 4 e_addi_tions. obt t he or|g| naI out put vector y it is
only necessary |t |recatl now t1 fa% - e—lt otal of 18 additions
was required fdr, 1hi'd| procedsly %‘é ?I‘ivé aI prior art nethods
woul d require thé-total of 60- dd|t| S to co ute out put vector. 20

Now each of these equation will be processed separately in the same manner
of the first iteration. The upper equation requires no normalization since it inherited
the normal state of the previous equation, and thus normalization is required only for

the second equation. Hence the resulting set is:

S e R Rt
el ol o] veml) vl

In the next step the coefficients of the same vector are collected and summed.

Thus with additional 6 additions the outcome is:

- .
N = (w;+wy [ } + (wz +tws +ws
V2 | -1 1]
—y; 1 1]
15 = (-w; -wy + (w2 +wst-ws)
| Vs | -1 1]

Clearly, the vect.or ' is found with 4 more additions. To obtain the original
output vector y it is only necessary to recall now that y, = -y,. Thus the total of 18
additions was required for this process. Observe that conventional prior art methods
would require the total of 60 additions to compute the output vector.

20

The U-binary preferred embodiment of the invention is an efficient method for
the product of a rxm U-matrix 4 by an r-dimensional input vector x. It usually
provides more gain than the 0-1- preferred embodiment and has more applications.

The matrix A4 is given by:

-19-



The U-binary preferred enbodi nent of the invention is an efficient nethod
for the product of a rxmUmatrix A by an n-di nensional input vector x. It
usual | y WwOarizkes1 nore gain than the 0-1- preferred enbodiPpegniSommizhas nore
applications. The matrix A is given by: -19 WO 02/029611 PCT/ US01/ 42537
all al2 . . . . . al" a2l a22 a2,, A= 1 where ay=1 for all 1 < r arl
a,,, 1 <j <n and the input vector is witten by: x1 x2 X x" s The
entries of the input vector may be realq or conplex or belong to any field
of scalars with |char&eteristicc 1argé fhen 2. The goal is to conpute the
result of the prijoducwo; y. AX. .The fimgt| step is a nodification of the given
matrix by the elijmnation of 10 equivalent lines, a step which may be part
of prelimnary gsleparations. |f it is fountherd battthefot alli de<iis<equi val ent
tothe j-line thgn-it can be deducted that yi is equal to yj. Therefore a
preferred enbodi nent of the first step jof the invention determ nes that
one of two equivalent lines would be omtted. For the sake of clarity the
policy would be itfmat the |ine havi ngrdarger index would al ways be the
omtted one, .-Thus, if is it is supposed that j > i then the j-line would be
omtted. Thtd tnftial operation is reversed at the final step of the
process wheid th¢ inplit edttdrSs migteabat this stage is put back to its place in
the vector Y. This elimnation process continues until there are no two
line in the fed|fied matrix that are equivalent. This stage is performed
whenever thEI% s a practical probability of equival ent

2

X

n_|

5 The entries of the input vector may be real or complex or belong to any field of
scalars with characteristic larger then 2. The goal is to compute the result of the
product:

y=Aex.
The first step is a modification of the given matrix by the elimination of

10 equivalent lines, a step which may be part of preliminary preparations. If it is found

that the i-line is equivalent to the j-line then it can be deducted that y; is equal to
£y;. Therefore a preferred embodiment of the first step of the invention determines

that one of two equivalent lines would be omitted. For the sake of clarity the policy
would be that the line having larger index would always be the omitted one. Thus, if
15 it is supposed that j > i then the j-line would be omitted. This initial operation is
reversed at the final step of the process where y; which is known at this stage is put
back to its place in the vector y. This elimination process continues until there are no
two line in the modified matrix that are equivalent.
This stage is performed whenever there is a practical probability of equivalent
20 lines. This is often the case in multi-product (another aspect of the present invention)

applications of the U-method. This stage is always performed when log,(r) > n since

this condition ensures the existence of equivalent lines. However there are other
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20 lines. This is often the case in multi-product (another aspect of the
present invention) applications of the U-nethod. This stage is always

per f or medwatee2d6og2(r) > n since this condition ensures Ph@/uski/gisence of
equi val ent lines. However there are other -20 WD 02/029611 PCT/ US01/ 42537
conditions that ensures the existence of equivalent |ines and should be
taken into consideration. This for exanple, may be the case in sub-matrix
of the Hadgn@itidns MR dn¥ured Gheavdbtendd ofMByuiRAE@L iR, arldhghouRS bé tdkeg ifRdi f i ed
matrix will have the sane name, A, as the original matrix, and the nanes
of the di wensferagon.x This far exarwpleanaysbe thesease da . sulpmeatiis,of the Eadpmaydye

elimnati uj . I i -pe . L 0N

ai mens; on s FRESE BltknsGROMIRE, 1 teSytle o BRNIRR AN BBl L
cost in addhie, anss the briginal matragendthe hemed ofl tHeoditdeinsions e wéll aldehe as i n
the O0-1-aspect, one tinme per each matrix usually as prelimnary

prepafat i GKSSSFYeSr to the 10 arrival of data vectors. First, the product yAx
I's expressed asng ﬁéﬂ@s&E ik i SymfalishTos efbAILR! dfthi THiewhPHEpaRdi ng
X-component. alp a2l et v] (for every J) be the | colum of A vl= Then:
an Ax = >hbrivdntalX@ine@ssion (i.e the muivibeNexk tcolurhis) uplpthe slodiftadt mefrixeadth col um

vector of the trjXx LS exampned is an 0 lized to +1 . value,, if it is
ot al r eadyine sqshiuradiiraf LS ramERAG RIS Sepn et Asdi by
wher eas i fo_fladricl drldaiing PENBdchzAithiQMistifllyt Qd‘ﬁ%liﬁﬁﬁeﬁf? padprdtidg priofé @spondi ng
j-colum vector is nmultiplied by -1, as well as its corresponding
coef fib ci ermerival. of Mlatewesteysr eBiegis tei mwadust yelar aisovreressed haissm alitheott ai ned,
where the er_entry.of .each ve r bei ual to +1. In this
representépr ‘%ﬁﬁﬁ@@¥%§¥ﬂm%ﬁ”@%Fﬁ@ﬁ@“g?@ a &gvs equal . ldentical columms
are then grouped together, as in the above 0-1-e Qﬂinent, and rearranged
by taking each columm as a common factor, mnultipj i'e by the sumof its
correspondi ng scal ar coefficients. Hence, the reF‘bH ing summati on conpri ses
t he .

Letv; (for everyj) bethejcolumnofd:  v= Then:

L
Aex =x1 vit X3 vateeet X, vy

Next, the upper element of each column vector of the matrix 4 is examined
15 and normalized to +1 value, if it is not already +1. Hence, when a;=+1 then no
normalization is required whereas if a;;=-1 then normalization is takes place and the
corresponding j-column vector is multiplied by -1, as well as its corresponding
coefficient x;. A new representation of the above sum in is thus obtained, where the
upper entry of each vector being equal to +1. In this representation equivalent

20 columns are always equal.

Identical columns are then grouped together, as in the above 0-1-embodiment,
and reatranged by taking each column as a common factor, multiplied by the sum of
its corresponding scalar coefficients. Hence, the resulting summation comprises the
subsequence of all distinct normalized column vectors wry,......... W (having no

25 repetitions) extracted from the sequence of normalized column vectors by screening
out repeating normalized columns. Each distinct normalized column wy is multiplied

by a coefficient #; which is a sum of the corresponding normalized coefficients of all



subsequence of all distinct normalized colum vectors w........... W, ,,
(having no 25 repetitions) extracted fromthe sequence of nornmalized col um
vect ors byosenzmsni ng out repeating nornalized col ums. ERCh/usos4I5aTt
normal i zed colum w is nmultiplied by a coefficient tj which is a sum of
the correspondi ng normalized coefficients of all -21 WO 02/029611

PCT/ US01/ 42537 normalized colums that are equal to this colum. It is

cl ear thatofthslized cdM@nisat siel dg@AIERCHIs Coliini Tt iNEleAUNRE 7 Of 1f gREH{L i ONS in
t he original sequence of nornalized columms: all vl1, al2vZ

.......... differenge, v, is the Aerhern Afaepsfitions i thscwigingl sequenpg -ofapanakizgdyj 1 < k
< méE | hat i vio= wk (xjalj)aljvj 111 <k<In Eli such that aljvi
:wkauxj)\S/?J&J of al “]‘Ji’:‘ézvﬁ’<';"'m“dé ?"he: tk= A~ j such that: vj = wk al | X
10 The mai n conyathematicadlly theysocdsawol ved in this part of the invention is
this calculation of the new coefficients t1........... t,, as sunms of the
normaii zed origi nal ones. The cost dea= ﬁhzdi t'%,gjajs.is n-m The product AX is
t hus given by: Ax= ~1<k<i ntkWk The gain by—lt & /cbl ums el i ni nati on process
depends on the structureiﬂf t he iginal 15 matrix A It is significant in
sonme of the matrix that® efgggngi}ykmm@gjhy=g@d@ﬁQﬁ&@@f decodi ng signa
vectors in wireless comuni cation, such as certain types of submatrix of

t he Hadamard or the cyclic PN matr[::g. It is substantial al so, when r, the
nunber of lines in the matrix A skl jm&lahdtvgv}ﬂw,gﬁljx;h%er of rows
n. In particular when r < log(n), in such case mn >n - 2 r-1 >0. These
observations are largely true also for 20 O-1-matrix. The renmai ning part
of this preferred enbodi nent of the invention, horizontal and vertical

splitting,Fdrta@riat i OnS defiffie:€qui vgkdnt. to its 0-1p,ceunterpart. To view the
savi ng enabl ed by the use of the invéff Tth%’leno’f’é f57st that additions are

S L B B LS o} 7,
given by: i Rewlchefficlents £{1.)..... .5, as sums of the normalized original ones. The cost in

additions is »-m. The product Ae-x is thus given by:
Aox = D]ﬁkim TEwg

The gain by the columns elimination process depends on the structure of the original
15 matrix 4. It is significant in some of the matrix that are commonly used in coding and
decoding signal vectors in wireless communication, such as certain types of submatrix
of the Hadamard or the cyclic PN matrix. It is substantial also when 7, the number of
lines in the matrix 4, is small relative to the number of rows n. In particular when r
< log(n), insuch case m-n>n-2"">0. These observations are largely true also for
20 0-1-matrix.
The remaining part of this preferred embodiment of the invention, horizontal
and vertical splitting, iterations, is equivalent to its 0-1- counterpart.
To view the saving enabled by the use of the invention note first that additions

are the main part of the complexity. For a rxn U-matrix 4 such that r < logy (n) the

25 number of additions in the worst case, denoted by s(n, 7), is given by:
s(n,r)=n+s(r)

where:
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where: -22 WD 02/029611 PCT/US01/42537 S(1) -1 s(n n -1 s(2) =0 s(n, 2)
n5s(3 =3s(n, 3) nt3 s(4) =8 s(n, 4 n+8 s(5) =19 s(n, 5 10 n +
19 s(6) =wBd2m89116) n + 38 s(7)=75 s(n,7) n + 75 15 s(@LTASLAMRS3B( N, 8)
n + 144 s(9) = 283 s(n,9) = n + 283 The follow ng bound is al ways
valid: 20 s(r) < 2r-1 + 2r/2 + 1 - r The prior art conventional method
requires (n-1)r additions. Since s(n, r)/n approaches 1 as n goes to
infinity af¥ ¥-{s constant this nethod is asynptotically opti#@ul.J)Fhe nore
conpl ex nu,l,t_ij- product enbodi nent of the invention that will be described
| at er reqw(r preci se bound to the worst case nunber of additions. This
25 w || éhatt ed by the follow ng regression fornula. For evéd: 3(r) =
2'"-1 + 2sfr/2) For odd r: s(r) = 2" + s((r+1)/2) + s((r-1)/2) Wien Ais an
rxn U,matrix and there are no restrictions on the dimensions rx
") 5th3)

n+3
s(4) = 8 s(m4) =
n+8
s(5) =19 sn5) =
10 n+19
s(6) = 38 s(n6) =
n+38
s(7) =75 s(n7) =
n+75
15 $(8) = 144, s(m8) =
n+ 144
s(9) = 283 s(n,9) =n
+ 283
The following bound is always valid:
2 s(r) < or-1 4 2 %1 _

The prior art conventional method requires (#-I)er additions. Since s(n , r)/n
approaches 1 as n goes to infinity and r is constant this method is asymptotically
optimal. The more complex multi-product embodiment of the invention that will be

described later requires a precise bound to the worst case number of additions. This

25 will be enabled by the following regression formula.
For evenr: s) = 271+ 2542
For odd r: s@) = 271+ s(r+1)/2) + s((r-1)/2)

When A4 is an rxn U-matrix and there are no restrictions on the dimensions rx»
of the matrix A then the number of additions required by the invention to compute the

30 product A+x in the worst case is always bounded by: (1 + O)nsr/logy(n), where 1 > O

> 0, and O goes to zero when both, r and n, go to infinity. In the case that ¥>n a
tighter bound (with respect to this case) exist, which results from the application of

the vertical split:
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of the matrix A then the nunber of additions required by the invention to
conpute the 30 product Ax in the worst case is always bounded by: (1 +
Ayn. /1 ogeQrop/o2eshere 1 > ~ > 0, and * goes to zero when b®CE/US01/42%@7 n, QO
toinfinity. In the case that r>n a tighter bound (with respect to this
case) exist, which results fromthe application of the vertical split: -23
WO 02/ 029611 PCT/ US01/ 42537 (1 + ~)nr/log2(r), where 1 >~ > 0, and ™ goes
to zero when both, r and nz,+ggnt-;¢lo'g%(fr),mlieye1islqy\/§\o§r, if there is a specific
type of structure in the matrix A then the nunber of additions required by
the preferred eahbdigmento mio tvhen pothsedid d, poentdfinityt 0 5 conpute the product
Ax may drop drasticall The , nost ggineral conditions for it are beyond the

y !
scope of the cut'PBRY®L &b thegsis aoec1Es A3y &% e Be theemafishddthentbtever in
the cases wligha ofalitodiedRHaNBy thelfrefenel bbbt AOGAATN oiRhHX  then

only nlog2(n), additions, ‘and a{frre ry of n scalars, be required,
whi chsi s  opoputethe prodint ¢lx esmpelrop difkticlly e e mdsopeteralcendifions fonét are

O-1-matrix, 10 E%AI\/PLES 8: I NDUST?I ALt PPLI CATI ONS Ther re seyer
t echnol ogi 88°PA 1 iPPe Ene; FUrFmb dr¥ nﬁr’fem% SFBRCHOTId ben pueptioR
enbodi Ment Hekyetdien kVQRES WhRere JEIS Gk PRAaARAVSE oy MEpseHElrdn@6ANPNIRYatlis | Mage

processi ng whi ch enconpass several procedures which include thé product of
a U mat ritheppnly nrlaghGe). additionisy arldesmenornmfii ssalarso wodld\ig, refp@regb whrh isn t he
nore 15 advanced third generati on wi de band COVA, there are several

processes Opfinedl in @xprespecthEhispemeankthodds adsogonthed-kmsftia vect or. These

processes will be done with | ess energy consunption, circuitry and

somet [ mes phSGr [ ' gt?\?iﬁh invention. In the context of
mul til-og:odeE! n tﬁﬂeﬁ‘sg}ggvgﬁ I néch};)?R‘{féInQJ?ﬁe Hadamard- 64 20 conprise a
U-matri x whi ch iRerBlird iserfldebthofoIRChAT with B8fe(R Hdrh §SipRhfnBARR! FShef 2
signal. Another application is in neighbor detection ich done by a

despr eader prefeskedeemlbmslimbedr ef the nventindy descoibeds aheter i ©ne owply sedhnologf ey
Hadamard |ines b

a.data..vector. Another application i he searcher. It

cearches { v eRrptc<Rny oo ERbRpess SR oy SictBible hEATRE S1Re:
mut ual  scalahatpikasiugtvectbhe TOMWiIRIeBE @6mmunication CDMA, IS-95 and in the more
15 advanced third generation wide band CDMA, there are several processes which
employ the product of a U-matrix by a vector. These processes will be done with less
energy consumption, circuitry and sometimes also running time by the use of the

invention,

In the context of multi-code in the IS-95-B, 8 lines of from the Hadamard-64
20 comprise a U-matrix which is multiplied by a vector whose entries are samples of a
signal. Another application is in neighbor detection which done by a despreader.
Here too there is a product of a matrix composed of few Hadamard lines by a data
vector. Another application is the searcher. It searches for high correlation of
sequences by the computation of their mutual scalar product.  The correlator
25 sequences are extracted from pseudo random (PN) sequences, which are U-sequences,
and their scalar products by a data vector is the required computation. Initial

inquisition is one instance of a searcher.

GENERALIZED-ELIMINATION-METHOD

The above binary aspects of the invention are characterized by iterations of the

30 following processes: zero lines and equivalent lines (meaning that one is a scalar
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25 sequences are extracted from pseudo random (PN) sequences, which are
U-sequences, and their scalar products by a data vector is the required
conput at iwp.02kmelli al i nquisition is one instance of a se&CThisn1/42537
GENERALI ZED- ELI M NATI ON- METHOD The above binary aspects of the invention
are characterized by iterations of the 30 follow ng processes: zero |ines
and equivalent lines (neaning that one is a scalar -24 WO 02/029611

PCT/ US01/ 426@ikt ob id ber)Ofard bmiteddI9Edo dl8mAEThid Gdlittedellon Rt TS sed1g: omi tt ed
along with the scalar _conponents of the input vector associated with them
equi val entcoBWOReRS obithe ighus ypelar asgndiated wwibdhernrauinatens aelumive areegroiped s spl i t
hori zont al ) rii . hese. . f ures _.are exhaust ed.

Accordi ng ésg pF@#%?@@%h%ﬁﬁééﬁﬁgﬁngﬁhﬁﬁ@”?ﬁ%@ fF&%ﬂFﬁﬁ%aéﬁﬁﬁgﬁh Ve
sequence dtataifeg e BEaubdaMtdoading o amyrefofrod étibodimeiBbf the Myemel Bis 1 n any
field of scalars. This broader preferred enbodi ment of the invention would
be cafl ed ltefativegediansge Pf slgpemaibs 2pPlsHL teety gaoduetl matrixebys Vaetast inodyof
equi val ents §oLHIMS, 4 SThERIR it i rocess.
ot v -yl e, SR AR bRlenkd e e of rethvenifon syl B 2o
10 A and xb géneralZed-elimination-method (GEN).be t he i nput vector and the goal is
to conpute: Ax. _Suppose.that it. hol ds after an appropriate rearr enment of
the i nexes t haAiReREpagHon ph&TisRgHmeolgRRs is RndaRenly '« repelEly PR oo 2 <
k <n)is f@llé\ﬁﬁﬂlﬁgﬁo&rstE&th\;g, the. K-y,C0l thERolubRRf tR thREfdfmatidn Maftix

vj =zjvk. Then t n-di mensional vector x is replaced by the reduced

k- di mensi ohahd wegtior, 15..x!.~xIbe the input, vector and the gogdkisito, somputeshére x k =
xk +  xk+lo ZKk+l ... .. +XnZn and the rxn matrpx i.s.repl.aced.by.the
educed 1 SETRAYS gt iktiolgs alier SbnRnatg, BniifgRRt of the' R PYRR SlRdr | 1€,
hol ds t hatthé Retumod v,X;, .AX....AGLQEsH sbhd 0 & Rrefifns atkcaipestiveest tef k1 he
invention this process, including, if necessary a change of indexes, 20 is

repeat ed pelymn,ibattiséerdor imve #réve qbrspdhe prdimpprenali ve@prsr isgeplaesddys i s
simply a i Zad . on. process of normalization taken place in the
U matrix t@%%%&?%%%?ﬁ%$£¥ﬁél%%§%htion. In practice all the above

equi vial ent - col ums rgdagt ikgns....nay xhe gdhne si nulwhkereous! y. xWren this st age

is done it would be considered a first
b ANNLY R0 L U +x,°2,

and the rxn matrix is replaced by the reduced rxk matrix 4’ whose columns
are Vi, V2, veeeereennns , V. It then holds that that: 4"x'=4'x.  According to a preferred
embodiment of the invention this process, including, if necessary a change of indexes,

20 is repeated until no two columns are equivalent. Indeed this is process is simply a
generalization of the process of normalization taken place in the U-matrix
embodiment of the invention. In practice all the above equivalent-columns reductions
may be done simultaneously. When this stage is done it would be considered a first
iteration of the whole process. Then the matrix is split horizontally and in each split

25 the above column elimination repeats in a recursive manner as was done in the above
embodiments.

As is demonstrated by the U-embodiment and by next example an efficient
method to eliminate equivalent columns is by first dividing each column by the upper
most component and accordingly multiplying the corresponding coefficient by the

30 same uppermost component. It results with having 1 in the uppermost component of
the each modified column. However, sometimes in applications of the GEM the

uppermost component of a column in the transformation matrix is zero making this

25-



iteration of the whole process. Then the matrix is split horizontally and
in each split 25 the above columm elimnation repeats in a recursive manner
as was dowe om246he above enbodi nents. As i s denonstrat ed Poy/ushe42537
U-enbodi ment and by next exanple an efficient nmethod to elimnate

equi val ent colums is by first dividing each colum by the upper nost
conponent and accordingly nmultiplying the correspondi ng coefficient by the
30 sane upjesionsimpossiplenent sudht cdses thet sinipild Boltidon Agtol dividd bachupdeerpst
conponent oI t he each nodified col um. However, sonetines in applications
of the GEMOIHWEY RYppar HRRIMEHNPOM FRrO ofompoaghty mang rﬁ%??élf{glﬁé@ﬂéipﬁhtth%n
matrix is i I; - 7 [ Vi.Skon

i npossi bl e%ﬁfe%dggéﬁr%gg@éé}tt#g%g? gn%qmga 0 utg %tﬁlﬁﬁ%éf%% g'egc yérslgfrtlsgero

col um by is tlet dppeisnb st theappzmrast compan enmpancht af der etich ghodified Eolphy. t he
corresponding, coeffici.e by the sa uppernost non zeyo, copponent.. . The
resul fs ?Jlsl“gh%t‘fe ﬁgpgrq%ie C;L‘}/qs?ﬂ‘ieﬂ%e @%p ‘em%?ref@wafﬁahgbfg\gmo ed he each
nodi fied GRAMANE and ol & thaVaebh@idesi rabl e consequence that two colums are
equivalent in the nodifie matrix if and only if they are equal. To allude
to cases wher e Tillpderteicases exheemtbosdpredsrmed embodisneanhoEthe iioventinh anleamses t he
efficiency, consider a .matrix, having its entries,i.n.are i.vel y.spal |

Fini e serneERitRtT oofilBt s b iRl Syl RiaiPel s Tt ey,
subgroup Qjradtfee thibkét Phiagied 4 BRitGFEMMR Bilitd barolp S ethedtuRiplitatidnerbpset of a
field closed under nultiplication, and in greater enerality any finite

subsep of afieldepy.a fpite nabsteal el glesed wlse Indinkicationd and dy eZreqiper e

S={0,]}, ={.1, - i i ; = -1

ot 1,01 j Henstally iy gRRE si¥oBres ¥ Hal, CATRRRIG B BF St RE BBt dobve Y 20

]E het gene][ a,tJ]fé)erf, nsik?‘%;ml (\cl\ishSTﬁaﬂ é tai;é_o%{k/lgk@dcmnﬁmoh rsftuattw:mbavhe&_f Sagl(ﬂll,t-i' Jbos by a
actor o (n), 5.n is the nunmber of colums_in the given

transfor maﬁ'_l' 1‘71’] : fr?rx'S:Mﬂ’lJaﬁplT}&?agﬂl%fiecﬁ?ées ﬂ?_n%%ﬂ @S%P%ﬁ"ﬁeg_eg?f ar ed

for eff! clanaoi hil hOGEN TRheY DS SBORIAlIBAD AL E%%r%f}l«?fsgn){“\x}ﬂeré ater be

described. To illustrate the way this nethod works it wou € denonstrated

for asmat ri i thevrambereoft colesnsinghd givmm trassfemiation/Ieatew- Mhen-appligable, jthe cal | ed

e S RN R bRSHSH o R ARt S’ B EBEH S ind USRS
embodiments that will later be described.

To illustrate the way this method works it would be demonstrated for a matrix
whose entries are from the set: U 1=def={ 1, -1, j, ~ ]} called U;-matrix. Such type of

20 matrix appear often in practice. However, it must be emphasized again that the GEM
is not limited to any specific type of matrix. The number of additions is bounded by
C =n+4"1 + o(4)) for the product of rxn U}-matrix by a vector.
Example: Consider the product of the following 3x15 U;-matrix 4 by a 15-

dimensional complex input vector x. The matrix is given by:

25 A= [

-1 -1 j 1 o1 1 G o—j o= o= =) -1 =]
i 1 -1 j j j 1 -1t 1 -1 -1 - 1 j -1



isnot [imted to any specific type of matrix. The nunber of additions is
bounded by C = n+4Y' 1 + o(4r-1) for the product of rxn Ul-matrix by a
vect or. Bxemplozeé1Consi der the product of the foll ow ng 3xPETWISONMESBT X A by
a 15- dinensional conplex input vector x. The matrix is given by: 25 A= 1 -
jJj-11-3-1)-1-1) -1y 1311 -}y -} -1 -1-1-)p jJ1-1)7 7] )1
-11-1-1-j 1j -1 -26 WD 02/029611 PCT/ US01/ 42537 and the input
vector is givenaidthexhputwectoxis given byThe result of the product is witten
by: Y1 y=y2 =Ax Y3 5 All the additions that are done in this exanple are
conplex additions.|¥he first step is a check for equivalent lines. No
equivalent lines afg found. In the next step the product Ax is deconposed
to a sumof the A-£ol brms nultiplied by the respective x-conponents. Yl 1
-1 -1 1 -] YZEXL-1 +x2 ) +X3 +x4J+x51+X6) + ¥Y3J1-1JJ7J
10 x7 1 + X8 1 + X9 J|+ x10 - J +X11 - J +X12 - J + X183 - J + X14 -1 1 -1
-1 -] 11 -1+f<1S-j

*15 |

The result of the product is written by:

B3
y=|y, | =dAx
Vs
5 All the additions that are done in this example are complex additions. The

first step is a check for equivalent lines. No equivalent lines are found. In the next
step the product A<x is decomposed to a sum of the 4-columns multiplied by the

respective x-components.

B2 1 -7 J -1 1 —J
Vo |=xr| =1 +x2f J | +x3|=1| +xg| j| +x5 1| +x6| j| +
Vs J 1 -1] J J J
-1
10 x| 1| +
1
J -1 J -1 1 -7
xg| V| +xo| j| *xpo|—J vxp|—j| ‘xpz|—Jj| txi3|—Jj| +xu
-1 1 -1 -1 —-Jj 1
1 J
—1| +x55/—J
j -1

Next, a normalization of each of the column vectors in the above sum takes
place. It is done by multiplying each vector by the inverse of its upper component
15 and accordingly multiplying each coefficient by the (same) upper component of the

corresponding vector. Hence the upper component of each modified vector is 1. No
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] -1 Next, a normalization of each of the colum vectors in the above sum
takes place. It is done by multiplying each vector by the inverse of its
upper corwonerdc1ll5 and accordingly nultiplying each coef fPCaiusnt/41597 t he
(sane) upper conponent of the correspondi ng vector. Hence the upper
conponent of each nodified vector is 1. No -27 WO 02/029611 PCT/ USO1/ 42537
nodi fication is needed if the upper conponent of the vector is already 1.
The foll om)aglcamm Inéétﬂ:df ifrﬂmaOJf pEﬂ@oﬁ?@ﬁ@t DfNthé &ed@flly%ea&ga 11 ¥nd 111
Y2 =X1 -1 + (j)'x2 -1 + )x4 - j + x5 + (j)X6 Y3JJJJJ
+ (-1)x7 -Plprlnanqu@hzeAl r@ijthWOXewls)d@WBj +j'x10 - 1 + (1)x11 J +X12
- J + (J)x13 1 j -1-] -] ] 1 x14 + 2 5 -1 j-In this
normal i zed sum t Ke| upp # onpon of eafch| vecto 1l a the nurtber of
different vectorlsp, |Sx} wqqmg d-1gubska ﬁ'ﬁYUMw {ikp|the grpera
setting) the nu e of .cplums n i|s suf I |ent rge elatlve t? t he
nunber of rows { he kdqlirenent’ iIs: “THe ne {lstep LS't0

coll ect and sum f fficients of the sane colunn. Thus wth the cost of 7
additions the fgltgw ng reduction is obtained: y1 1 11 Y2 (x1 + N 'X2 +
2' Xx10 + X&)%, A5y +-X3 ] + ((-]1)X4+ x12) - j Y3 JJ-j 11111+
(x5+(J)x13) 1 + (g )x6+ (-1)x7 -1 ) +3'x8 - J + (1)x9 - J + (1)x11J j -1

j -1 1 New coef i i ent woul d now be defined:
1 1 1 1 1 1
5 Hjxg | = J |+ Dxo | =\ F x| -1+ Dxip | J |t x|t Gxs) 1]+
J -1 J 1 —J J
1 1
x14{—=1| +jx5]—1
J J

In this normalized sum the upper component of each vector is 1 and the number of
different vectors is thus reduced substantially when (in the general setting) the number
of columns r is sufficiently large relative to the number of rows r (the requirement is:
10 n>4""). The next step is to collect and sum coefficients of the same column. Thus

with the cost of 7 additions the following reduction is obtained:

3% 1 1 1
Vo |= G+ (@)Xt jxrotx1e Fjxis)| =1 Fixs| |t (CDxtx12) |-
2 J J —J
1 1 1 1 1
+ st | Vi (Gxst (Dx7 | —1|) Hixs| = j i+ (<Dxo| = j |+ (-Dx1r | J
J -1 J -1 1
New coefficient would now be defined:
15 Wi=x; + () X2t X0t X1 FJX1s,  W2=jx3
ws=(-Dxs+ xp2, wya= Xs5t(-j)x13, ws = (~))xg+ (-1)x7,
We=jXs, wr=(-Dxo,  ws= (-)x1

Hence the above equation may be written in the following form:

-28-



15 WL =x1 + (2)'x2+ j.x10+x14 +2' x15, W2=j'x3 WB= (1)x4+ X12, W=
x5+(-j)x13, W = (J)x6+ (-1)X7, W =-X8, W =(1)x9 , W8= (1)x11 Hence the
above equaDioem29smy be witten in the following form -28PADGA1/@EI611
PCT/US01/42537 Y1 111111 Y2=W -1+WJ+W-j+wl+w-1+
W -] +tw/ Y3 JJJJ-1J 11-J+ W | The coefficients: w,...... , W8
are known to the processor at this stage. -1 -1 Next, this vector equation
will be split hpprzontal{y to t fold pwing e 'valetl et oflwo
equation: Y1 1 17" 1 1|1 |5 Y2|=|W -{1"H W J |+ |WB -|]j WL +Wo + W - J
+ W 11 -1 V) T 3rlE wway | wau) A Wiy 1 +1 W[ W]+ M6 W} + wr[-1
]+ WB[I] In gen b, | both;are vectori I_]equati NS Howeyer in t}-’u pr esent

m niature exanple the setond ati i"s deg rate-to a scalar equati on.
The rule nowis thgat 10 each of these equation will be processed
separately| in|the| sane manner, as the first iteration. The upper equation
requires no hot | 7 zatosprediiciens: Wi i-nhey rieddopmdo by pigcessar aftthisgtagehe

previ ous ejguation{iand thus in any non degenerate application

normal i zattonis required only for the second vectorial equation.
ConsequentNyxt} fhés vectsquativn wiDbe spliv hofiesntillyetouhp ésllovdng equiadlegtetdf on i s:
Y1 1111 15 Y2 = (W +ws) + (w2+w8) J +(WB+ Ws+1017) - J + WA 1 The
amount of PVOfRSMBUYMdi ti ons where required for this step. The conputation

is conpleted now in a { i ght rwar nner ,-.gonsu '1 addi-tj gnal 13
additions for tlh equatijons. THus tjolal of 24 |additilohs wh rL used by the
prefesred enbodjyeirt wy =1 +wo|jl+ws|—j|+ wel|+ ws|=1|+ ws|—Jj|+ w;

1 1
—JjitwslJj

sl= wi [71 +w2li1+ wsl51 + wijl+ ws[-11+ ws [+ wil-11+ wsl{]
In general both are vectorial equations. However in the present miniature
example the second equation is degenerate to a scalar equation. The rule now is that
10 each of these equation will be processed separately in the same manner as the first
iteration. The upper equation requires no normalization since it inherited the normal
state of the previous equation, and thus in any non degenerate application
normalization is required only for the second vectorial equation. Consequently the
resulting reduction for the upper vectorial equation is:

N 1 1 1 1
15 yz =(W]+W5) _1 +(W2+w8) ] +(W3+ W6+1'V7) __] + Wy 1

The amount of 4 more additions where required for this step. The computation
is completed now in a straight forward manner, consuming additional 13 additions for
both equations. Thus total of 24 additions where used by the preferred embodiment
of the invention in this example. Brute force computation would have required 42

20 additions. In a larger scale the saving is far more substantial.



of the invention in this exanple. Brute force conputation woul d have
required 42 20 additions. In a larger scale the saving is far nore
subst ant iwD.020281WW0 02/ 029611 PCT/ US01/ 42537 TOPLI TZ MATRCX/URo1/eksaDnst r at e
this preferred enbodi nent of the invention an exanple would be presented.
Exanpl e: Suppose that a sequence of length 8 is given: 5 1) and it is
desired to check 3 consecutive hypothesis of the data vector: x=(xl, x2
.......... TOPLITZ MAT®RYX The purpose mght be a search for maxi mal
correlation. The following three suns are needed to be calculated. yl =
1x1 + 1 X2Tor démbhstéBe thi§ pidferxdd ¢mboditnent of e ins@nttorl ai ExamplelwouldSbd0 Y2 =
1x2 + 1 X3 + (-1) X4 + (-1) X5 + 1 x6 + (-1) X7 + 1 x8 + (-1) x9 Y3 = 1x3
+ 1 x4 + (P95°N%8- + (-1) x6 + 1 x7 + (-1) X8 + 1 X9 + (-1) xlo This can be
represented by l 1w L tld o X I A1+ -11-1
1-100 xz 15]&%‘%@() ipBe, AP bt qffén()gq@gfwgivgniél(lf% L ng 3t
Xio 3 1 -1 addlit-i5 desiredxko OcheckX23 IconseBtite +thypothedis+oXSZhe 1data XGeclor+ X7 -1
+0011-1-11 -100 x8,H11 +X9 -1 +gﬁ§[1](3) 0 -1h]f-1 Thelnextlstep isto
gat her corﬁ)—[(mnt'i'n'g"vea‘))or s g pygpose ny e a search Tor maximal correlation.

The following three sums are needed to be calculated.

yi = lexg + Texy + (-Dexs +(-1)exy +1loxs + (1) exs +1exy + (-1)e

xs

10 y2 = lexp; + lex; + (—1)°x4 +(-1)' x5 +1exs + (-1)'367 + 1exg + (-1)‘
X9

y3 = lexz + lexy + (-1)ex5 +(-1)exg +1ox; + Dexg+lexg + (-1)e
X10

This can be represented by the following toplitz matrix product:

_xl_
Xy
¥ 11 -1-11 -11 -1 0 O
15 »|=/011 -1 -1 1 -1 1 -1 0O
Vs oo 1 1 -1 -1 1 -1 1 -1
| *10 |
1 1 -1 -1 1 -1 1
= x/0| + x201] *+x3] 1 + x4l =11t x5|=1) +x6] 1] T x7/=1] +
0 0 1 1 -1 -1 1
-1 0 0
xgi 1 | tX9| =1 tx50{ O
-1 1 -1

The next step is to gather complementing vectors, thus:
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WO 02/ 029611 PCT/US01/42537 Y1 1 010 -1-1 Y2 =(xi 0 +x9 -1) (x2 1 +
x100) +x31+x4-1+ Y3010-1211 1-11-1X5-1+X6 1 +x7 -1 +x8
1 -1 -1 Iwob2aresthi s point consider the terminside each @®CTiuselimsacket s
and make use of the lemma that if x, y are scalars and v, u are vectors
then: 5 xv + Yu = (x +y) (v +u) +1 (x-1vy) (v-u hence: 101010
Xi 0 +x9 -1 =2 (xI +x9)( 0+ -1 ) +2 (xI - x9( 0- -1 00101 111
1 =2 (xi +xg) F371 - (xi Xgrohj-1 srplarly;71 0 1 14 X2 Ll x10 0 =
(x2 +xio0) 1 + 2] (xR x1p) i 0 P 1 henge w\th the ¢ost of
addi tions the oWxpime Vg|0yrp| 41 Y@W T esa| Ond) T3 | T oxB) | (K2 +xi 0)
+1 2222VY3|3r1 -1 |8/-13L-11 X2 xllo) 1 +x8 1 +|{xf|-1 + x5
-1 +X6 1 +X7 -1+ x8 1 ="1"11-Y -1 1 -1 but mow the above U bi nary nethod
can be appl i-e Thus_t he next step,is a nornmalization that will make the
upper conpo dn{ of|®hich dol ym {olbe equal to 1. -31

Xs{=1|+xg| 1 | +x7|=1|+xs8| 1

-1 |- 1 -1

2 —O

at this point consider the term inside each of the brackets and make use of the lemma

that if x, y are scalars and v, u are vectors then:

5 xv +yu= %(x ++uw + %(x-y)(v-u) hence:
1 0 . 11 [0 . 1 0
x| 0| o] -1 =§(x1+x9)( o +|-1])+ E(xl-x9)( 0f-]-1])
0 1 0] |1 0 1
) 1 ) 1]
=—2—(XI+JC9) ~11 + —2—-(XI-JC9) 1
1 ~1]
similarly:
1 0 ) 1 { 1
x2|1|+x10| 0 =5(x2+x10) 1|+ 5(x2—x10) 1
0 -1 -1 1
10 hence with the cost of 4 édditions the outcome is:
B2 . 1 | 1 1 1 1
Vo | = E(x1+x9) —1{ + —2~(x1-x9) 1 + —2~(x2+x10) 1|+ 5(
BE 1 -1 -1
(1 -1 -1 1 -1 1 -1
X2-x1)| 1] +x3] 1 |+ xg| =1+ x5\ 1| +xs| 1 | +x7|=1|Fx5] 1 |=
1 1 1 -1 -1 1 -1

but now the above U-binary method can be applied. Thus the next step is a

normalization that will make the upper component of each column to be equal to 1.
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WO 02/ 029611 PCT/US01/42537 Y1 1 11 Y2 =i (xi +x9) -1 + 1 (x1 - x9) 1 +
i (x2 +x10) 1 +i (x2 2222 Y¥Y31-1-1 1111111X10) 1+ (-x3) -1
+ (-x4) WRI2M2961K6) +x7 + (-xs) 1 -1 -1 -1 1 1 1 The nePCTAISep42537t 0
coll ect and sum coefficients of common colums. Thus with the cost of 6
additional additions we arrive to the equality: 5 Z = (1 x1 +X9) + (x6) +
X7 + (-X8)) it + (1 (xi - X9) + (x2 +x10) + 222 Y3 1111 4) +2
(x2-x10) 1 + (( + X) -1 1 ]1Thus if we ifine for con ; ence: WL=2

(x1+x9) +(x6) +X7+(%8) (xi x9 )t | (x2/x10) + - V\Bl— 2 (X2 -
x10) , Wk = (-X3 |[F X (mﬂcﬁ al u;qﬂamﬁ lils (wmj 1 —fx4- 1 Y2
—W-1+V\21+\&§1+ -1 y3-1 1Inthe n tstag_tlis ector
equation w || plit horiz nt lly to the-following se two equati on:
yl 1111 = W - [i] 1 L|1Wl- Z1 =W + + WB +(W)
Col I ecting ifenticalf calunns |[in|the firjst equation bt ai th two nore
addi tionsX0|1| t(xg)| 1|+ (x4 | 1 | + x5/ =1 |+ (xg)| -1| T 57| -1| + (-xg)| -1

1 -1 -1 -1 1 1 1

The next step is to collect and sum coefficients of common columns. Thus with the

cost of 6 additional additions we arrive to the equality:

1
7 1 | 1 1
5 Y, | = (—2—(x1 +x9)+(-x6)+x7+(-x8)) 1| + (E(xl - Xg) + E(x2+x10)+ (-
Y3 i 1 i
1 . 1 [17]
x4)) 1 +5(x2—x10) 1 +((—x3)+ xs) -1
-1 1 -1

Thus if we define for convenience:

1 1 1
w]=§ (x]+x9) + (-xg) + X7+ (xg) , Wo= 5 (x1 -x9) + 5 (x2+x10)+ (-x4)

1
w3 = E(ch-xzo), Wy = (-x3)+ x5

10 then the equality is written by:

bZ) 1 1 1 1
Vo | =wil=1] twz| 1 +ws| 1| +wel =1
Y3 1 -1 1 -1

In the next stage this vector equation will be split horizontally to the following

set of two equation:

Sl ol ol o

15 V= wrt (-wa) tws +(-wy)
Collecting identical columns in the first equation we obtain with two more

additions:
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-32 WO 02/ 029611 PCT/ US01/ 42537 (wi+ W) + (W2 + WB) 1 [:1 The desired
out put vector y can now be found with 5 additional additions. Thus the
met hod erwvodgiozngit he i nvention required 17 additions to d®CThise1/42537
conputation. A brute force nethod would require 21 additions. Clearly the
gain 5 obtained by this mniature exanple is not grand but as we shall see
the gain in large scale applications is conparable to the gain of the
above "square" P n-toplitz), net hodryNext is a description of the
general setup o lqh¥$WﬁBWQ%} %i%@ﬂequg{éFfion. Suppose a U-sequence is
given: 10 UL, 7% RN Fo? ¥ I U} and sequence of data of real or
conplex scalars;, X 1, X2 . ................. xn+m 1 The, el enents of the
data sequence ng‘}ﬁ gest éa‘? R ‘@B%Iyeﬁano?o‘ﬁ&eof;ﬁ’t}n‘i ity additiopal gditienst ar s of
char act er i pfisC I ; ford [ : alycu e 1s
tho. fol o ns ctmrotgd ey PRDIAGGh. Houliéa 96 duifioh® GTaETHALD) 2
Ul- x2 + U2cony@itation, . A brute force. method vRiubd reguire 212@1ditions= Wleariy theyin xmrl +

................ ey 1 1f | 0g2 then let r= t her wi i f
g2t 1o bY SRS PG Butni i pOFR ol R e e B Eh Ay
di vi di ng tdealeSqipliedtions S ¥Bmbarabledokific @hin oCHBHDOW I"'Yfiare? YnShlbdplitd)ere 1 <

l og2(n). Al the blocks are treated in an identical way so the nethod may
be dermonst®gthed on the first block. The first r suns can be represented by

opli te mat i x: v T aed bl TBERPLEH BB Ry s SR By bl
0 0 0 ul uSuppdse a U-dtquéhce.is given:. .

10 ULUDyeoiviiniiiiiinnns, y Uy

The elements of the data sequence may be real or complex or belong to any

field of scalars of characteristic larger than 2. Suppose that it is desired to calculate

15 the following sums:
Y; =upex; Furxs o + U, X,
V2 =urxy tuzxs o, + u,® Xy g
20
VYo = U T U Xl T o, + Up® Xytm-]

If m<logy(n) then let r=m, otherwise, if m > log(n), then a preferred embodiment
of the invention would start by dividing the set of m sums to blocks of » consecutive
25 sums where < Joga(n). All the blocks are treated in an identical way so the method
may be demonstrated on the first block. The first » sums can be represented by a

product of toplitz matrix by a vector. Consider then the rx(n+r-1) toplitz matrix:



OOwulwu2. . uv" 0. 00OuUul A~-00 O OO. . Owulwu2. . . u" andthe
(n+r-1)-di nensional vector: x1 x2 X 'xn+r-1 5 Then the first r suns are
gi ven by wbazeewtor: Y1 Y2 Y= .Yr where: y=Ax. The undecmiusongsstea of
this preferred enbodi nent of the invention is to reorganize the given
probl em such that the above U-nethod will be applicable. Let 10
Vi,V2........ Vn+r-1 be the colums of the matrix ,4 according to their
order. Cbserve that ,all the follow ng "m ddl g colum vectprgpre
U-vectors: - 34 W0202P029611 PCT/ US01/ 42537 "ur ur+1 un'ur-1 ur pn-1 Vr - |,
VE+l Oy vy ...+ ,Vn-ul @2Lﬁhr+1 Not e al-sp the
fol l ow ng surnsp angl sybtgactions, of matchl .ng" paiys @of "side" cplum
vectors are eI&o d}vgctors U1 0 u1 u1 0 0 Un Un "0 u"
u .

A=

o O

000 . . . .0 u u

&

and the (n+r-1)-dimensional vector:

R
Xy
x p=—i
_xn+r—l .
5 Then the first  sums are given by the vector:
e
Yo
y:
V]
where: y=Aex.

The underlining idea of this preferred embodiment of the invention is to reorganize
the given problem such that the above U-method will be applicable. Let
10 VI, V2o, Vi be the columns of the matrix 4 according to their order. Observe that

all the following "middle" column vectors are U-vectors:
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VI + Vn+l = + = un-1 VI - Vn+tl O un-r+2 un-r+2 O un-r+2 j L ul -u" - u"-1
5-un-r+2 ul 0 U1 U1 0 u2 0 ZI2 u2 0 U771 u" u" V2 + Vnt2 = + V2 - Vn+2
= - 0 uworoz@29emtr+3 - O un-r+3 _j L Ul U2 - u" - un-r+3PCTIVB27 029611
PCT/USOl/42537 ur-1 O ur-2 ur_j 0- U-20ur-2ur-2 0 Vr-1 + Vn+r-1 = +
Vr-1 - Vn+r-1 =ul O ul. u, 0 00O u" wur-1 U-2 UP - Un After working
the necessary prelinmnary preparations the method may be introduced. 5
Rearranging wit ccordarr(z:leﬁo the above: Ax # N 7<) < n+r-1 xjvj ~ 1 <)<
r-1 xjvj + xnqgvhtj + ~ "8} < n xjvj Next the¥snyention uses the rule
that if x, y arg,gcalars|and|v, u are vectorsftihgn] xv +yu= 2(x+y)(v+u) +
| (x-y)(v-u). Thus: ‘
V= > V1 = yensseeeerrnasereerenaarerares V=

| Y L% | R
Note also the following sums and subtractions of "matching" pairs of "side" column

vectors are also U-vectors:

ul 0 z‘ll ul T O W
0 u, U, 0 u,
— ) . _ un—l _ . . _
Vit Vpap = + = ) VI = Vnt = = =
L 0 . _un~r+2 i _un—r+2 i L 0 i _un—-r+2 N
Uy
—-u,
- un—l
5
Uy pi2 __4
Tul ( 0 U, u, 0 ]
U, 0 U, U, 0
. u u . u
n n _ n _
V2t Vpar = + = ) V2 - Vpiy = - =
L 0 J _un~r+3 a _un—r+3 . L 0 J _un-—r+3 B
U
U,
- un
un—r+3 n
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10 X =01 <) <r-12(x] +xntd) (M +Vn+) + 2 (xi - xn+) (M - V n+j)
+ A r <j <n Xjvj This process cost 2r-2 additions and the formthat was
acconpl i swed2ig6iin fact a product of an rx(n+r-1) U matr iPCTHIS0H42537
n+r-l-vector. This is so since by the above all the vectors: 15 W

JVeH Vn , VI + Vn+1 .. .............. ,Vr-1 + Vn+r-1 , V1 - Vn+l
................. Vr-1 - Vn+r-1 are U-vectors. Thus the rest of the
conput ati on..nay.. be done by the U-nmethod. All the aspects of this
nodi fication to U-form except for the actual -36 WO 02/029611
PCT/ US01/ 42537 summaf#ons/ syt nactiensf xj xn+j, are dme, &s [ap"|one time
job" prior to the arrjyal| off ghe ipput|vectors. The nunter of a€C|tions in
the worst case is giveld by the expressipn: st(n, r) = s Hapi1,[rY |+ 2r-2 =
n+3r-3 +s(r» 5q_the general| setting; where sups m are_ ¢omputed. gnd n»

| og2(n) the HuntyBr? addi tilons in|the/’worst cHY€ 'rg-/bolinded "y ((17+
A)(n+3|og2(n))n1|ogZ( ), Mherle > N >0, and » goes tofzerop erf both, m
and n, go to infinity.“Accorci% t of &mot her preferred enmpddi e t0qgf the
invention into the abpvk jmetheg| coppgnents of the GEM mayobe |@gegrated.
In such case sone of the "side" colums io0 remain unprocessed by the first
stage of co Blng side colums. (0,1,-1)-MATRIX. Toplitz matrix is part of
a nore genefal™ ¢lass of matrix: those matrix whose entries are 0, 1 or -1.
Such matrix|%euld be called in here (0,1,-1)-matrix. A broader 15 version
of the ideas related to the above toplits - nmethod woul d now be devel oped.
Suppose tha Alis (0,1,-1)-matrix of dinmensions rxn and x is an

n- di mensi onal “imput vector and it is desired to conpute the product: AX.
This product #yypy be expressed as a sumof the A-colums nultiplied by the
correspondi hg xlconponent Thus, denote by vl (for every j) be the ]

]

=)

col um of A; then: 20 Ax = x1 vI+ X2 v2+. . . .+ xn vn Sonme or maybe
all the col upasgfiiAy HRHALR:) p%lfrﬁfn?n%/ prg&&a‘c olﬁg tl?e%gth&tl m%(})ftb%tﬁlt? Nlced.
5 Rearranging with accordance to the above:

A=) i i

= <j<r Xj 45ty + Ursj<n vy
Next the invention uses the rule that if x, y are scalars and v, u are vectors then:

xv +yu=%(x+y)(v+u) +%(x-y)(v-u). Thus:

1 1
10 Ax= o0y = 5+ %) (3 + V) + 5 0= %) (V)= V) 4 U, cicn

Wi

This process cost 2r-2 additions and the form that was accomplished is in fact a
product of an rx(rn+r-1) U-matrix by a n+r-I-vector. This is so since by the above
all the vectors:

15 Ve oVt Iseneeennnns Vs VIT Vut] seiieennnonnns Vel F Viaral o VIm Vit] sevvernnnnenens Vg -
Vidr-1
are U-vectors. Thus the rest of the computation may be done by the U-method. All

the aspects of this modification to U-form, except for the actual
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sinplicity it mght be assuned that indexes are so arranged (nethodically
of course, wthout tasking the processor) that each of the first k-col ums

vl, v2...W0.02/029611.... vk contains a zero entry and all the/usen®ssi ng n-k
colums (if there are any), vk+l, 25 vk+2 ................ vn are U-vectors
(that is, without O entries). It is clear that each of the "m xed"
vectors: vl, v2 ........ .. ... ... vk, is an average of 2 U vectors. Hence for
each 1 . jsumnfatidREEEbLEALISAS X WOx, Lk RE HOKSash TondkimS 1M phibRty thY larrival ! (U,
+ wl). A preferred embodi ment” of the invention finds thé vectors ul, W1

........... of the ingt Ygetorss a prelininary once-per-matrix preparation.
Therefore by th 13 1. PCT/ USO1/ 42537. Ax 1 = 2 xj(u
S T 2 o She et Guanidhs MMOGOREIRE s e e oot

XK+]VK+ oo + sxm, Y= Hawesde) +WAh=thgrgpenig of the brackets we
find a representation of a product of an rx(n+k) U nmatrix by a

(n+k) Svect IR thogersral seHing, WeET 8RBT Pietic SRBBYIcAemd 8T logadn) Beinyuber 06n t hi s
k woul d Jyg; f ' ' h
task woul d Lgians BY &bSt @égi@gsﬁoq:d'gé\gd)@gf] P HhesIb DNEN b O8k Dl GnaRAE

toplitz aspect of the iInvent ecl al' cas obader ‘aspect.

EXAMPLES O bNDERI R Swg&b%‘ghbgy@’ylﬁld%%q@ﬁﬁmg@. usual Iy represented by
a

the product of a Toplitz matrix by a data vector. This is so both in CDVA
and wi debanbkcconling ta andi prafamRl xmbhodioredt fjtheaneantivh énto ghe hlerveadetbododi nent

of the invention, .the.n r of, ¢ t ati onal operationps ,nay, be reduced
for any rea ™ FOREN? Ofﬁhﬁx@\gw}?e&ﬁ%@%ﬁeﬂn&ggl ] SWSP?E’SU{;@% PPRfetic' s.
In the proge@dinngptcitsel by\Whd firsbGagddfl RUplidiEsidd @hmARL ri X- nethod”. The
linear transfornmation is represented by a matrix whose entries are real 15

nunbers, not necessarily integers, having a fixed nunber of binary digits.

The matrix wll be deconposed t0oq 3g_m§i§ﬁgnary matrix with binary
coefficients. In the next stage (t in hbodi ments of the invention

wi || be appli edTopliiz nitrieddpat bhasnogehadl clagséfthntrixhehdselnhak Rehosxanpl e.
Exanpl e: Consider the followi ng 3x8 U-matrijx, A, having (for the sinplicity
sake of entries are 0, 1 or -1. Such matrix would be called in here (0,1,-1)-matrix. A broader
15 version of the ideas related to the above toplits - method would now be developed.
Suppose that 4 is (0,1,-1)-matrix of dimensions »xn and x is an n-dimensional input
vector and it is desired to compute the product: A«x. This product may be expressed
as a sum of the 4-columns muitiplied by the corresponding x-component. Thus,
denote by v; (for every ;) be thej column of 4, then:
20 Avx =x1 v+ X2 Voot X, vy
Some or maybe all the columns of 4 contain O-entries. For the sake of notational
simplicity it might be assumed that indexes are so arranged (methodically of course,
without tasking the processor) that each of the first A~columns v;, vz, Vi
contains a zero entry and all the remaining n-k columns (if there are any), vy,
25 Vid2sneeeneessvanee ,v, are U-vectors (that is, without 0 entries). It is clear that each of the
"mixed" vectors: vz, Vi,.c.econnnes Vi, is an average of 2 U-vectors. Hence for each

1<j<k there exists two U-vectors u;, w;, such that:
v, =-;-( u;j + wy). A preferred embodiment of the invention finds the vectors uy,

Wieereersseeans , Up,Wg, as a preliminary once-per-matrix preparation. Therefore by the

30 above:
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20 this exanple) integer entries and witten in the decimal basis: 2 15 4
3045 A=50414712 2731450 3 The input, 8- dinensional
vector, iwogeessiby: X1 X2 X3 X4 X = X5 X6 X7 X8 P8F/UAN/@Z5D29611
PCT/ US01/ 42537 It is desired to conpute the 3-dinensional output vector:
yl Y= Y2 =Ax. y3 Since processors normally work on binary basis the
matrix A wll be represented in this basis and thus it is given by: 010
001 101 100 0117000 100 10} 5 A= 101 000 1004001 100 111 001 010 010 111
011 001 10({*161-00@; 61L) This:(uepresent.ati.on. sHggestiswi) Hexposstbility of
usi ng di stri but &d arithrretgc's to express theé matrix as a sum of three
binary matrix: A,%, ~ -A[0] + "~ "All] "~ "-A[21 VWere: 01101001
to A=10010110

However with the opening of the brackets we find a representation of a product of an
rx(n+k) U-matrix by a (n+k)-vector. According to a preferred embodiment of the
5 invention this task would be done by the above U-aspect of the invention. The above
toplitz aspect of the invention is a special case of this broader aspect.
EXAMPLES OF INDUSTRIAL APPLICATIONS
The searcher is usually represented by the product of a Toplitz matrix by a
data vector. This is so both in CDMA and wideband CDMA.
10 REAL MATRIX
According to another preferred embodiment of the invention, the number of
computational operations may be reduced for any real linear transformation by the use
of distributed arithmetic’s. In the proceeding text it will be called the "real-matrix-
method". The linear transformation is represented by a matrix whose entries are real
15 numbers, not necessarily integers, having a fixed number of binary digits. The matrix
will be decomposed to a sum of binary matrix with binary coefficients. In the next
stage the binary embodiments of the invention will be applied. To introduce this
method consider the following example.

Example: Consider the following 3x8 U-matrix, 4, having (for the simplicity sake of
20 this example) integer entries and written in the decimal basis:

215 430435
A=|5 0 4 1 4 7 1 2
27 31 45 03

The input, 8- dimensional vector, is given by:
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0111010
011 0 1

1o

1 1 OO0OO0OAI]=00000101 2212100001 O
0 1 Al 2] 01100 01001100 Thus the first step
t aken by wbiog/ozgsibodi f the invention is the construecCirarsooi2sshe
binary matrix AlQ, Al], Al2] conprising the bits of the entries 15 of A
according to their significance. The preferred enbodi nent under
consideration wll be a consequence of the equality: Ax = AAIQx + ~
LALT] x t N ARk désifdieroR8xlpuettBP3 IdiméRiGRIPapE: ded@r24x3 binary matrix A*
formed by horizontal chaining of AIQ, All], Al 2] -39 WD 02/029611
PCT/ US01/ 42537 »/ 0110100110001000=1001011000
000101 02 11010111100001 001100111010110
0 01001 1% d4a'l so to formthe 24-di nensional colum vector x*

00
10
ment

O Rk

n

conprised from3 [ B replicas of the vector x each with the correspondi ng
bi nary wei ght deduced fromthe _above sum This is done before the arrival
of input vect ordngse@rqrsssoss sprmally weprk pan bingry —basisy ¢he matrix A will be

represented in this basis and thus it is given by:

010 001 101 100 011 000 100 101
5 A=|101 000 100 001 100 111 001 010
010 111 011 001 100 101 000 O11

This representation suggests the possibility of using distributed arithmetic’s to

express the matrix as a sum of three binary matrix:

A= 0eA[0] + T%A[1] + O%4[2]

Where:
01101001
10 A/0]7 =11 0 0 1 01 1 O
01110101

—
<
o
<
p—
[}
[}

Af1]= 10 0 0 0 0 1

[
fa—

001100711
ARj=11 010110 0
01001100

Thus the first step taken by this embodiment of the invention is the
construction of the binary matrix 4/0], A[I], A[2] comprising the bits of the entries
15 of 4 according to their significance. The preferred embodiment under consideration
will be a consequence of the equality:
Aox = OsA[0x + D'A[1] ox + 0% 4[2] =x
The next step is to compose the 24x3 binary matrix 4* formed by horizontal
chaining of A/0], A[1], A[2]
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22x, 22x8 Note that multiplying by 21 requires only index shifting
operation. The key to this enbodinent is the assertion that: 10 y= Ax= A *Xx
* Thus i nwalta2denl | ows a conputation of A*x* through the @®CIAset/imsd7 woul d
take place. Hence the next job is to collect and sum coefficients of comon
nonzero colums, creating new coefficients and thereby reducing the size
of the matrix. Hence it holds that: 1 01 010 15y=W 0+W 1+ W1+
WHO+WO0O+W1 000111 where: -40 WO 02/029611 PCT/ US01{42537
wl= 22 X7 + 22 rxX8+2'+ XA4+2' X5 + 5 = 1+2 6+2 X1+2 X7 WB= 22
X3 w4=22 X2+21 X @r(;l[ )& é \?\Ifs:%léxg g&\g%xﬁzb(x éo 8 Ws=22 X1+21 X6+2
X1+2 X7 This was| HofRe Qi th0a todt Qfi 018 addilt ibns. ONekt, a row splitting of
the resulting riyx t akeg pj age. nce: 1yl O+W1+W1+ W
[0] [y2J 01 1 0-1 1101 aEd:% yi?,:@W1 V\B1 +1V\!9 K(Z)wé ;Ouv12 ng the coefficients
of common ¢gl ymg iin ghg fir equation vyields: yl 1 01 (\W2+ W) 0 +
(14'2 + W).1 + WB 1

1 01 01100

01 001100
and also to form the 24-dimensional column vector x* comprised from 3

5 replicas of the vector x each with the corresponding binary weight deduced from the

above sum. This is done before the arrival of input vectors begins.

(2°x]

0
2" x,

1
2'x,

27, |
Note that multiplying by 2! requires only index shifting operation. The key to
this embodiment is the assertion that:
10 y=Aox= A*sx*
Thus in what follows a computation of 4*ex* through the 0-1-method would
take place. Hence the next job is to collect and sum coefficients of common nonzero

columns, creating new coefficients and thereby reducing the size of the matrix.

Hence it holds that:
1 0 1 0 1 0
15 y=wi|l 0]+ wa|1]|+ws| 1| +wy0] +ws|0|+ well
0 0 0 1 1 1
where:
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.Y2 15 This step cost 2 additions. The rest is done with 2 nore additions.
Total 20 addition operations where required to conpute the transformation
in this ewamwplozeiiThe use of conventional nethods woul d haee/usequissed t he
equi val ent of 29 addition operations, where by "equivalent” we mean that
addi tions conprising product operations are also taken into account. 20
Qoviously this is not an exanple of outstanding saving. It is rather an

easy introduction,to the idea;of i Ss.emhedi nent of the invention. However
substantial saliT '?%"‘;%dc}ﬁxrgﬁ éﬁé%lgbyxi iventi on when the paraneters of
the matrix (dinension nd nupber aqf, digits for each entr are large. In
general , the pr‘@ﬁ-:?r%r'éfél e?rbﬁéif"r?gir?lﬂﬁfzot'ﬁé i nvention under ch\si der at i gn
relates to an 25 efficient conputation of a real, unrestricted, |inear
transformation.WsFhé& r¥m matrix A representing the transformation is
witten by: -41 WD,02/029611 PCT/ US01/42537 all al2 aln a2l a22 a2n A art
an, where the ew73d’ed20f2tKe it X8x are real numbers. It is desired to
conpute ,4-x where x is an n-dinensional vector of real or conplex scalar
entries wittemwhs2 -x1+202x2%=2%%142% - t3s2’agsuned that the entries of the
matrix ,4 are witten in binary basis with fixed nunbers of digits before
and after the pej=2’. Xive2'pretie2’r-ed+e2fbardi nents of the invention will be

presented as optional solutions and the choice t ween t hen, depend on the
structure of thERig s ffeniiich caﬁwﬁl 36 aﬁH@Oﬁ%-r Sitaa dgh HCEMS of-the

deconposi tliegtnﬁn%ﬂlgyﬁétaﬁgg%g& Gl .ed the U-deconposition. 10 It is presuned

that the entrie trix A are bounded by 2'zi and have accuracy of

il bl i e o] ¢

10 and:
ys=wrt+ws +ws
Now, summing the coefficients of common columns in the first equation

yields:

= (Wt ws) + (W +wg) + ws
Y, 0 1 1

15 This step cost 2 additions. The rest is done with 2 more additions. Total 20 addition
operations where required to compute the transformation in this example. The use of
conventional methods would have required the equivalent of 29 addition operations,
where by "equivalent” we mean that additions comprising product operations are also
taken into account.

20 Obviously this is not an example of outstanding saving. It is rather an easy
introduction to the idea of this embodiment of the invention. However substantial
saving is accomplished by the invention when the parameters of the matrix
(dimensions and number of digits for each entry) are large.

In general, the preferred embodiment of the invention under consideration relates to an

25 efficient computation of a real, unrestricted, linear transformation. The rxm matrix 4

representing the transformation is written by:
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n2 digits beyond the point for appropriate positive integers mL and nR.
This assunption does not restrict the scope of the invention, since every
scal ar enwounwersed by a processor has a finite nunber of pdirgisos41sef ore and
after the point. Put nenil+n2 +1. Distributed arithnetic's would be applied
to break the product Ax into a sumof m 15 binary products of the type
treated by the exanple above. First the invention is described in the case
that the entries of, the matrix are non ative and the deconposition is
0-1-based. A real piber? t “bdunded By ' and having n2 digits beyond the
poi nt may be repres®@nt @k i A t-he followbn way: t =" rn2 < k <rral tk.2k
-42 WO 02/ 029611 PCT/ US01/ 42537 where each tk is O or 1. This is the

st andard bi narydrepresentation. By a typical distributed arithnetic's
argunment A can be deconposed to a sumof {mrxn O-1-binary- matrix in the
following way: A=~ n2 <k <nl 2k.AlkJ 5 1n this sumAm] is the
O-1-matrix of the ppst significant bits (MSB), Al-n2] is the O-1-matrix of
t he | east significd%t bits (LSB). In ral, each of the matrix A[k] is a
0- 1-matri%shos ' £ ' t t-bits of the
entries of )&IK, mﬁgﬁtgfegéggﬁw% m?g%ﬁre%lzrggm?ens'i]?gs Jgeg?r?(z{s%éo}m&pu%gg % ¥ exBy t he
di stri but i wean rlEndnisiohal Veots of kdahibr cdmpléx scaldt entids writes bl 2k. Al k] x.  Thi's
is the basis for. the current enbodi nent of the invention. Next |et A* be
the rx(m) O-1-fafti x conposed by the horizontal |ining of the binary
matri x of the abgve sumin the order they appear in the sum Then, A*
=S[A[--mR21 . AlQl, . .............. [mM J] is This
woul d be done, dneltinme for any given matrix, before the arrival of input
vectors begins| In addition | et the m-dinensional colum vector x be

gi ven by: 2-n® 1 2-m2 +1 x x*= 2 X

xn

5 It is assumed that the entries of the matrix 4 are written in binary basis with fixed
numbers of digits before and after the point. Two preferred embodiments of the
invention will be presented as optional solutions and the choice between then depends
on the structure of the transformation matrix. The first is called the O0-1-
decomposition, the second is called the U-decomposition.

10 It is presumed that the entries of the matrix 4 are bounded by 271 and have accuracy of
my digits beyond the point for appropriate positive integers m; and m,. This
assumption does not restrict the scope of the invention, since every scalar encountered
by a processor has a finite number of digits before and after the point. Put m=m;+m,
+1. Distributed arithmetic's would be applied to break the product 4=x into a sum of m

15 binary products of the type treated by the example above.

First the invention is described in the case that the entries of the matrix are nonnegative

and the decomposition is 0-1-based. A real number 7 bounded by 2" and having my

digits beyond the point may be represented in the following way:

L= D-mzﬁkgmj tie2%
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2mi x The key observation underlining the enbodi nent under consideration is
that: 20 Ax= A *-x* The latter is a product of a rx(m) O-1-matrix by a
(mtl) n- diwengiozasal vect or which is conposed of shifted mpcealSovas3pf the
original vector. -43 WO 02/029611 PCT/US01/ 42537 The conputation of the
product A*x* is done with the O0-1-binary-enbodi rent of invention. Since
each nultiplication by an integer power of 2 may be inplenented by
shifting tWherBidash v eisy0 bt tit | €hididithé @ﬁﬁﬁard%r?&&?&sdn&tﬁﬂdeg alBipkcal
enbodi nent _of _the invention may reduce significantly the conp?ethy of the
5 product . diplaiputed-arithypeticaareumenied cag be deesgmasgd wrisune of o Ay d-bin&ynunber
of additiao i dnvention to conpute A *x *. If | >r then:
C(A) < n2 %ﬁg&;ﬁ%é%ﬂfgrynﬂéﬁgy r 10 Particularly we see that in this case
the cruder bound: C(A) < 2mn. Wen =d1‘_cyp t he asiy_ /g'on that | >r , it
holds that: C(A) < (1+*)nrn/l where X it gz S to zero as m and
r goes to infinity. is The conventional (brute force) prior art nethod of

conputi ng Inhbispuod Wl Ais thedhl -mesgrix obihe anast significantdiedMSB elftmdf isithen 2

addi ti ons, ere addi tions. ¢ ri.Si e, product .o ations ,are taken
Mo accoutit et e 188 SRR BlsIRShy IRHERHF eact B Ay 4 e
smal | anot hefanyarilaks @AtRE ddRompHsIGeoMBRL I eRRMI fRAROBIkITBN thediihiés BE 4

preferred, to enable further saving. Note that 20 in the case r=1 t he

probl em i swherdgeelibitas plaged bY itacaeaspending et t By dhadistibbtive vde itdpHowshi s
itself is of-at her common conputation in science and technology and its
efficient “pérformance is of nmuch use. According to this variation a matrix

A** is formed by the chaining the matrix,rA[-n2 J, Al;pRJ
..... O A[O],.....’.4.".7.1.3.6'\'."25,&@4%%4[]35'vertical

sequence. Thus it is
This is the basis for the current embodiment of the invention.

Next let 4* be the rx(men) 0-1-matrix composed by the horizontal lining of the binary

matrix of the above sum in the order they appear in the sum. Then,

15 This would be done, one time for any given matrix, before the arrival of input vectors
begins.
In addition let the men-dimensional column vector x* be given by:

T

2-m2 +1 X

L 2ml X a
The key observation underlining the embodiment under consideration is that:

20 Aex= A*ex*
The latter is a product of a rx(men) 0-1-matrix by a (m+1)en-dimensional vector which

is composed of shifted m replicas of the original vector.
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25 the r(mtl)xn O-1-matrix given by: -44 WO 02/029611 PCT/ USO01/ 42537
Al-M1 A** = AJO] Alm ] Next, the conputation of A **x is done by the
pr ef er r edwermboekement of the invention for O-1-matrix. Th@CprusdueissA **- X
contains all the products: A[- m2JIX ................ [OAX, oo
[ m] x. Hence, using shifts for the binary 5 nmultiplication's the desired
result is achieved by performng the sum Y = 11 -nR2 <k<m 2k. A[k]x This

concl udes tHe panputafioref the pyddubt AeaRelaiony Sk ihd S.-bMAETerhbiIEBAY bX A 1S
real, havi ng entries of both signs then the matrix A can be expressed as a
subt r act i o BUPRo reegh fultiplicatiercbwmen integen ppversof Jamay A implgnentetichy

Fol | ow ng tdaifins REEEM BTN 3 p%%ﬁ n%f i nvention under discussion
carries outS thgécal cufg%r?on oddzldbk y C%)Xl d?%@%dfi rst each of the products
yl =Alx and This-embogimens eyfathatiavention tay aedioetyigiticanty thdYeokie:aloye it hod.

Then the fnal Stﬁp is the carrying out of the subtraction: y =y, - y2.
The abdve 0- 1-bi QFi’S}CtoEFf'on of a preferred enbodi nent of the invention with

respect to is a real matrjix Li f4) ci ent when the deconposi ng
binary matrix: Al-M J, A[-Zd A lgg;(ﬁ’} Wf’?&@ ............ Al O
........... and letAT ()] beathe nuatbiee of sgtiticms. rediriresl byatheainvamnion e wempeteod *ihe
A-entries tiﬂggtgé .various sizes and havi ng non-uni form nunber of binary
di gits beyond—th rboi nt. In such cases the zero paddi ng necessary for the

above nmentioned uniform ghgi of Qr anuses a_higher |evel of sparsity.
20 Anot her form of the pr g{f‘(g?%?éne%bg’g%rrgnt of the invention, based on

U-binary dlastiquidolyt weel seerthatinhik cass therdrbderlboug®scri bed by the next text.
This formof the invention, has_the advantage of being nore adaptive to
matri x having entries of 1531‘1}?1%%”@'{15 and of being based on the faster

UoTebhes, AR BRSO a1 s (e above 01 -4 W0
C) < (1+0)smeren/l
where 1> 0> 0 and O goes to zero as men and r goes to infinity.

15 The conventional (brute force) prior art method of computing the product 4«x requires,
on average, the equivalent of nerem/2 additions, where additions comprising the product
operations are taken into account.

In some cases, particularly when =1, or when r is rather small another variation of the
above mentioned embodiment might be preferred, to enable further saving. Note that

20 in the case =1 the problem is reduced to that of a scalar product between two vectors.
This itself is a rather common computation in science and technology and its efficient
performance is of much use. According to this variation a matrix 4** is formed by the
chaining the matrix,

Al-my ], A[-my]...covirannn. A[O] .. ,A[m;] in a vertical sequence. Thus it is

25 the

re(m+I)xn 0-1-matrix given by:
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version when there is sonme uniformty in size and accuracy of the entries
of the matrix. The main features of the followng nethod are simlar to

t he 0- 1- nwDhowi296The fol | ow ng observation is required for PCRASpr/easeedi ng
description of the invention. A real nunber t bounded by 2m and having n®
digits beyond the point can be 5 represented as a U-binary sumin the
followng way: t = * mZ -1l <k <nl-1sk.2k + sm.(2n'1 - 2-nR2-1). where
all sk, for -nm2 -1 < kf r[x‘q,nlz 1 are 1 and snm =1 when t is non negative and
sm=-1 when t is negat Ilergafore an rxn real matrix Awth entries of
bot h sighs can be decorrposed toja sum io of U matrix in the follow ng way:
A=" _rn2-1<k<m]-12k.Alk] + (2m - 2-n2-1) .14 IM Were each of
the matrix ,4[k] is a [xn U-rratrix. Let A* be the rx((mtl)-n) U-matrix: 15
A = [AI-nm2 -1J, A[-n20 .. ... . AlQl,............... [ mL
-1J, Alm) }*¥his matri[x |§g[@]orrp<)sed as a one tine task per each matrix
before the arrival of |incomng|data vectors. In addition the

(mtl) - n-di mensi onal cof um ‘vector x* is defined by: 2-n2 -1x 2n2 x x*= 2 X
2ml -1 x (2nl -2"nmR-1)| x 20 It|holds that: A-x=A*-x* -46 WD 02/029611
PCT/ USO01/ 42537 This ijs a produ¢t of a rx((mrl)n) U-matrix by a

(m+1) n-di nensi onal vector. ‘The |conputation of this product is done by
application of the U nat rAB@llénbodi ment of the invention. As in the above

nmet hod pertaining to 0-1- &? deco osition, also here there is
vertical viPE: B cogpufatipn “%mﬂ |is Fion y the reefepsed ewbgdianeat okjhe men@%ne

described RPOVLI-matrix.  The product A**x contains all the products: Afl-
Mo %y LA[O]%,.............. Afmy]ex. Hence, using shifts for the binary
5 multiplication's the desired result is achieved by performing the sum:

y= Umy<t<m, 2% Al

This concludes the part of matrix with nonnegative entries.
When the matrix 4 is real, having entries of both signs then the matrix 4 can be

expressed as a subtraction of two matrix with nonnegative entries: 4 = 4; - 4,.

10 Following this representation, the aspect of the invention under discussion carries out

the calculation of y=4<x by computing first each of the products y;=A4;*x and y;= A,x ,

separately or in a combined form by the above method. Then the final step is the
carrying out of the subtraction: y = y; - ya.
The above 0-1-binary option of a preferred embodiment of the invention with respect to

15 a real matrix is particularly efficient when the decomposing binary matrix: A/-m; J,
Af-myFl] i VA[O] . ,A[m;] are rather sparse. This may a

consequence of the 4-entries being of various sizes and having non-uniform number of
binary digits beyond the point. In such cases the zero padding necessary for the above
mentioned uniform digital format causes a higher level of sparsity.

20 Another form of the preferred embodiment of the invention, based on U-binary
distributed arithmetic’s, will be described by the next text. This form of the invention
has the advantage of being more adaptive to matrix having entries of both signs and of

being based on the faster U-method. In practice it is more efficient then the above 0-1-



and there is no reason to repeat the details. Let | = log((mtl)n) =
|l og(m+1l) + log(n). It holds for I > r, that the nunber of additions
requi red wo opeedeor m t he above nmethod is bounded by 10 C(ApCFT/USHwdssr + 21' -1
+ 2f/2 + 1 - r As in the above text, C(A) is defined to be the nunber of

additions required by the above U enbodinent to conpute AX. In greater

generality, it holds that: C(A) < (1+")(mtl)rn/l where 1 >~ > 0 and " goes
t0 zero asydbd when #e is BRRSUAPrA ity and ée‘ém%&ﬁwf’ﬂﬁ%n%slo%@ié%ﬁ%&ﬁi

APPLI CATI ONS Li near transformations are commonly used in every fields of

t echnol ogy!kaagde @?Ht?éOfﬂﬁpfpﬂ?@@@ﬂ@‘?ﬁbodﬂetsﬁ@ﬂafé@ﬂlﬁfhlﬂm@th%pect of the

t f | £
dot et or | (MBRIHHE GBELAR0h SERAROPYor D BI4HEHRL QERTORLr Y BeHRE . | o
(MVBE) matA il ﬁMnBeIOﬂtH@uhdédeB$' ozmmindah@l@ﬁg) fl@@gﬁts 1I>éyoh§ 80 Rl OcAPRs | cabl e
in the calculations of |east squares. Finite lnpul se Response (FIR)

filtess whrepesditalaset &-Himary isern i thenfellowimg(Vi2yT) are fully or partially
conputed. Especially FIRfilters of partial DFT and those of snmall and
medi um si ze where FFT i g= Iﬁ)t, jykglngn} s@gle« @%lt.ggﬂéle.szme’ ne this feature of
the invention is appl i cable. 'Bi screté  cosine t+tansform DCT is anot her type

of linear trans t|on e conput at i roved b

i nvent i on. WH3F lsé’ b- ’gépg@glﬁ (/"I\rfrvﬁer?r?ti i %nr%Tyﬂhy p‘é[ﬁ?rf gll&i ?fonc%ﬁg@ﬁy%%% or
when its SI ze }%h ]?hsngatl‘%rge so that higher dinmension fast algorithns are
not very Ssnficlen I'n=somé digital signal processing applications, such
as proces F 4 tively
| ong vect ﬁ@@%%ﬁh’%’%ém&e o?’@h%‘?fodf\llgg Sléﬂg Eﬁ@%%&peg’%ﬁd@ap@ﬁ%f a

FI R fibl t erofithingdtrin petled faslowingawsyecond vector, representing an input that
should be filtered. Filtering operati on consisting of partial -47 WO

02/ 029611 PCT/ US01/ 42537 4 eo@/%l }i? 1 rzép{[@}enm?ﬂ bythﬂpAphgduct of a
Toplits matrix by a vector. Th|§ IS o efficiently by the real matrix

aspect of & |nv an X 'VAT Exanpl e: Suppose that it is desired
to conpute e 495 Pt%eﬁl&a’t&l 1s arxn matrl

Let A* be the rx((m+1)*n) U-matrix:

15 A% = [Af-my- 1], A[-M3]corvvvrerrrrerrereree AT .. Afmy-1], Afm;][

This matrix is composed as a one time task per each matrix before the arrival of
incoming data vectors.

In addition the (m+1)*n-dimensional column vector x* is defined by:

2™y
2™ x

2™y
(2™ -2 x|

20 Tt holds that:

Aex= A% ex*
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5Y = (14)xlI + (1-f). x2 + (-1-f)" x3 + (-1+) x4 + (1)) x5 + (-1 +j)
X6 Y2 = (-1+4)xi + (1+) x2 + (I +) x3 + (-1 j) x4 + (-1j)" x5+ (1-f) "'
X6 Y3 =wWwooppxdeit (- | j) x2 + (-1-f). x3 + (1+4))' x4 + @PCTAP1/AB3#F (1 +j)

X6 where the input scalars xlI, x2 ................... X6 are conpl ex
nunbers. The conventional prior art approach would require 66 real
additions. This is seen when 10 we take into account that a product of a
factor of tiings &Of brodhct 40 a D¥(@-COMD BXnattBt BPEN (4-E9Y)-EBRndi ok difjeons
and one addition %f two conp (ex ]%mnber sa reggl r(es Bt wo1 re n%]o a‘}cfc?’?or}[;ﬂe Two
mai n opt i ogempPtagpe € ﬂﬂ%ﬁr@lﬂb@d idoperby apflicatien iofi thentinmatrit embddimeyt dhils
conput atmnygho be presented. The first preferred enbodi nents of the
i nvention that %5 woul d be cal | ed phase rotation plus GEM it uses the
fact that: Ak {l tﬂe)aboﬁlémdtho&pbrtalﬂan%|td‘J@-(~1bin)iry—décom¥)o§111$h) 41d ﬁb})e ﬂaere is
1(14j)(-1-j) =. 20 Hence by nmultiplying all the above suns 1 +), act
which is cé(Flft’ééll ysien forgtzh provmallver K is a@ngl@tebcwﬂqg i thapae ﬂ¢8@nb@d1@bcs/et {1,
-1], x3 + (-1) (- x4 +1X5 +1) X6 2 (
i) 2 (l_l_agl&%reis(noﬂeagofljcorep%attf}(gdetalﬁs %3 + (j)' x4 + (j)' x5 + 1 x6 25 2
(I +j)Y3 = 1 xI +(]) x2 +(j) x3 +j x4+ (-1)" X5 +j x6 According to a

referred of the i ntion these sung are conputed in by the
(QJ‘EM Due t e¥ h rs%ﬁ () s ogg? T8 &xas-elttheddsqylor 4 1 §>n§'§1'f Hreretmbai afhi s
case Conp%ﬂﬁﬂoﬁé)re e Pk MAboWB netiRilis bbuldgapyPst antial in |arger

di nensi ons. Wen t nsions are small, as in this exanple, other nore
convegy i onal et hods of 3¢ @paALa) 40 R el ralhgd tble applied after the phase
rotation step. Finally the result of -48 WO 02/029611 PCT/US01/ 42537 each
sum i s nul #ispini the abyve texf,) Ce4 isldetingd tohee thesiumabbr rafsadiditionploequinefidiy the

guoljtels{)l li(r:rgt&%&%o?yetmﬂodf) exg t&lor%%lﬁe Aer gl%rgreza%rl g%ﬂgrlaﬂty, R%ro?dts tBat> requiring
C(d) < (1+0)s(m+1)sren/l
where 1> 00> 0 and O goes to zero as (m+I1)n and r goes to infinity.
15 EXAMPLES OF INDUSTRIAL APPLICATIONS
Linear transformations are commonly used in every fields of technology and science.
Applications of the real matrix aspect of the invention in communication technology
include products of multi-user detector (MUD) matrix (such as decorrelators or
minimum mean square error (MMSE) matrix) by a output vector of a despreader. It is
20 also applicable in the calculations of least squares. Finite Impulse Response (FIR)
filters where Discrete Fourier Transform (DFT) are fully or partially computed.
Especially FIR filters of partial DFT and those of small and medium size where FFT is
not efficient are instances where this feature of the invention is applicable. Discrete
cosine transform DCT is another type of linear transformation whose computation may
25 be improved by the invention. This is so especially when it is only partially calculated
or when its size is not too large so that higher dimension fast algorithms are not very
efficient.
In some digital signal processing applications, such as processing circuitry which
employs FIR's, correlation of two relatively long vectors is required. One of the
30 vectors may represent taps of a FIR filter which operates on a second vector,

representing an input that should be filtered. Filtering operation consisting of partial
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The second option of preferred enbodinent is called the conpl ex- U-net hod.
It breaks the sum by opening the brackets of each coefficient in the
fol | owi ngwaagm02s1lyl x| + (x1) + x2 - (JIx2) x3 - (JIx3) - XBCFUSLI/4A5BXK4) + X5
- (Jx5) - X6 + I (jx6) Y2 =- x| + (x1) + x2 + (x2) + x3 + (x3) - x4 - (x4)
- X5 - (jx5) + x6 - (Ix6)Y2 Y3 = x1 - Ox1) - X2 - (JIx2) - x3 - (/X3) + x4
+ (Jx4) - x5 + (x5) + X6 + (x6) The rest is done by applying the U nethod.

Thi s requiaoﬁ§ola£iom%p1%9erﬁ&%5y adHrdduRnst @Tppﬁtg%a@ﬁ’}@ﬁ% atv@Bbe Phis${ fore -
2% 3 = 15 wh h

since s(12 , 3) =1 , ere this i's the nunber of o0 conplex

addi t i ons.efiificily bicthsneal maatiin gspepleofiibgsingefionnci pl es by the above exanple it
woul d now be appropriate to give detailed description of the general case.
To describe the preferred enboSOMBLEXMARRIX hvention with respect to

g(irrpl ix et ¥ol Epr‘%d}%gﬁe%Q%iﬁ%iréd‘t@%o\f@u&eth@{olw}ﬁﬂg %ﬁ%ﬁ.oeg fici tents: Ul=
L N an = . J - | N - r ~Vvector or

U -matrix tave ARBM Enled ey T,Fn&bﬁ' xLi"k(é\)\n"rf:?éx‘UZL-d}d&'t’@rJroﬁ"iLUi-' Matri x have
the: r entnies i(nl-llja;]cl Su]i(hﬁlr)exzr il—x(laﬁﬁxyﬁe(ﬁgyaﬁre({lqmmmi (1-fve gl ﬁss ]
applications._ I n . what follows it .shou > ta iNat o a nt that the

pr oduct ofy3a—U2(THL % (ﬂi/l) axzw'séo Yo nu +éf xfeﬁﬁqusté ﬁggﬁkfaéﬂi tions while
the producvhwé the ibjiutscatsrc; by a....conpl ex amgdzmpleknumbvms a relatively small
amount of HRMheSdKal gt iCiphidash weAPRLAL Al RIGRLRMTHR ReeANEA | S
the foll owmng: suppose t %g ran U2- trix A_Tsr?glk/en %ﬁg’an

n- di fensi oMaltakeom ascoust thah & productyfct drcter ahthe sort s (e} ¥02 CBPiSput e
the produgiumbeftequlies 2CRSP addilions\HdCénd &dditisiestitvo 86@bRk rRInMEHCiequirss

i ncl uded. Two aﬂl g a\%ﬁroaches to this conputation will be presented. Each
woul d be PFEAEERhen suitable. The same processes, with slight

modi fi cat i Dwes, maire opfiphs adbprefer®dl \ehrbodinimtd atfathee ¢tventiors foeadloifg r this t he

phase rotation.nl : r e | WalVi | i

i ntroduce .omqllé logiwéﬁ%lj-%e%k%ghd%ggﬁgﬁ%ké}%}%i ?rﬁ}g%&lgleﬁé Ogﬁﬁér gl&e ] -nn%l? tri X and
z=Bx.15 Nextwoulfl de galbafuhase roitiongplesoipMt, éicses thefact fat: 30 GEM Once z is ,
conput ed, fthe _out{)ut_ vector y is found by the product: y=(1j) z. The gain
over convertitnall ik Folls resul ti ng fromthe initial phase rotation step is
the saving of 2r-(n-1) additions. This gain exists even in the case that
r=1, that Lgj+pRhegicpse- 1of scalar product,. Further gain results fromthe
applicatiod of the GEM

1 . .
S @)+ (1)) =1
1 . . .
5(1+J) *(l1-p) =9
20 Hence by multiplying all the above sums by %(1 +7), act which is called phase rotation

here, we get coefficients from the set
{19 '1= j: 'j}:
~;-(HJ')‘J’J = jexp + lexz + (exs F(Dexg + Toxs + (1)exs

%(Hj)'yz =D +jexy + jexs + 0 (@rxe F@)rxs 0 Lexs

25 %(Hj)% = Lo+ (e + (G)exs + 0 Jexs + (Dexs + Jj*xs

According to a preferred embodiment of the invention these sums are computed in by
the GEM. Due to the small sizes of this example the gain is marginal in this case
compared to the conventional way, but it is substantial in larger dimensions. When the
dimensions are small, as in this example, other more conventional methods of
30 computation may also be applied after the phase rotation step. Finally the result of

-48-



The second preferred enbodi nent of the invention is called the

U-conpl ex-nethod. 35 The first thing is to represent A as a sum A = A +
] A2 wher ewglozaemd1A2 are U-matri x. Then consi der the equalPCryuSotass7 Alx +
JA2x . This equality inplies that Ax can be -49 WD 02/029611

PCT/ US01/ 42537 conput ed through the product of the rx2n U-matrix A [ AL,
A2J wth the 2n- conpl ex-di nensi onal colum vector: x*=jx . This is

expressed isach sEn iomubipliad by (1-éyigaubtaiy thepdesirgd regult., Nwh&ﬂmukbi@ﬁm@l By - xx

woul d be ¢ 1§ 8re it | frgnad, thin
this pref e%rmggl anodf%ﬁ%aﬁ%@tﬁbgﬁﬁugﬁgsma E mgtotrfgiasong\é e enr is

smal | : Let LAe-se«andgption of preferr RS r?ﬁltlﬁ"q T)kle C‘I’W@}?Xa(pfml%ﬂlfﬂaét brgaks

U- met hod tah@mmbyepérﬁﬂgﬂfeddwk%ts oﬁ’éaé‘h@befﬂ’diérﬁ 1hmhéﬂ>fz‘lb Wiy ﬁt eﬁ bot h
roduct s = Al T e cess C ete th the

gurrmat%onyy *z(ﬁxg)z*y%% Aim fi hex"a% (/@’SSIF) },9\1 gffe arfed in

sone appl i gati '(N]S*‘t(ha) 4 me Hude) Hop} itt G.xg) ats 4 @xi)epr-esjent(ﬁcg) @nﬁ of (gl
correl ator i thi tting tri y ave zero
entries. ?cor di ngl Ie%p El%i BCS_L W ? " @JTgnd(alfﬂ %Q (’fe)

“1+ A U 1- Vdierest 1%)1&101!9 by aralyipg thmi/en@th@dr histredutitss phmEST30 keslditians by

U 2-vect or th¥ adeeZtam@tdflsxn PRt Beior | pntrbes 30 15 whkre i Mt@e RhbbXo 1S

glven and an n-di sional = conpl ex- col um i nput vector x. The goal is to
conput'® thé:o’fi’%e&t?gﬁq&?nﬁix The case r=1, which is indeed a scal ar product,

i s i ncl uded\ftet 5déhmnsprhtse thicobadic Qﬁmaip]m BENh@radbes erehnplebi divomat nef Behhe 5
I nvention f z=..2 then
IS an rxn \g‘pél]oﬁg%e% sgg%dé e%i&d deﬁéﬁ tm%n f tﬁe %fheg%]l éf‘geBx?? gie%cg'l?.galé eﬁll%%//'

appl i cat i osmbpdinkentapfihe rvepéorhwith resphréﬁo t:bmpldx mEtSX omnsn@r tevsetshiatrwille
convention | yq4 @nc N utput yvector y
I's found byetuﬁép%ﬁgggéti&ts ﬁlj]nqll 12? @cé?%?ﬁg{)mpo}] ijh?pﬁef]gr r edﬁc
enbodilfrent veftot he szmamilham% th!elr snttlles @t Urepribewise éld; vaestcm orslipmatkix=haile +j A2

wher ¢ Al akibei B 1 sudil pBE bt vRRSS a/mmg&k il firefRe Q}t)lﬁ%aﬁ&gs In,
equality: Ax = j pr.oduct e conputed through t
product what follows it should be taken into account that the product of a U number by a

complex number requires 2 real additions while the product of a U; number by a
complex number involves a relatively small amount of complexity.

20 The first computational problem to be solved is the following: suppose that an rxn U,-
matrix 4 is given and an n-dimensional complex-column input vector x and it is desired
to compute the product y=Aex. The case r=1, which is indeed a scalar product, is
included. Two main approaches to this computation will be presented. Each would be
preferred when suitable. The same processes, with slight modifications, are applicable

25 when the data vector is real
First the phase rotation plus GEM preferred embodiment of the invention is introduced.
Let

B=% (1+/)e4 and z=% (1+)y

then B is an rxn U;-matrix and z=Bex. Next, the product z=Bex is computed of by the

30 GEM. Once z is computed, the output vector y is found by the product: y=(1-j) *z. The
gain over conventional methods resulting from the initial phase rotation step is the
saving of 2re(n-1) additions. This gain exists even in the case that r=1, that is, the case
of scalar product,. Further gain results from the application of the GEM.

The second preferred embodiment of the invention is called the U-complex-method.
35 The first thing is to represent 4 as a sum: 4 = 4; + j4, where 4; and 4, are U-matrix.

Then consider the equality: Aex = A;*x + jd,ex . This equality implies that 4x can be
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25 of the rx2n (0,1,-1)-matrix A* _ [Al, A2] wth the

2n- conpl ex-di nensi onal colum vector: x *= jx . Lastly, the product A *x *
woul d be wormporesd: by the Toplitz or by x the nore generalPCitlisStt/dls3aspect
of the invention. Another (optional) preferred enbodi nent of the invention,
reflecting its non-toplitz counterpart, is efficient when r is small: Let
A**= Al thISIS 2r n(O,l,-%matrlx 2 30 Then apply the

(0, 1- 1) - asfREERUL nl?fﬁég ki REQAYRE b the rprre: B- mhfélXprzi)’auc{ApMz&mﬁrhﬁhs Im -50
WO 02/ 029611 PCT/ US01/ 42537 fact cal culfgt’es the products vy, Al x and y2 =
A2x. Fi nal ¢amplexdimensianeb CD@MUMJ@U&&L\;}AEh Tiie is expresged: iy the fdy@vinghe
conpl ex chapter would now be concl uded w a nethod for conputing the
product of e@ag@naﬁﬁ: A@‘QJ’FD| Nkswrﬂiélpﬂmhétw of¥ wohild U@)éoﬁlpﬁféa he EOABHSY.

n- di nensi o 0 erre odi ment of the

i nvention, ?%r% g}be %I??Ft“ff tg'%ﬁf‘%ﬂ*fe‘fﬂ%{’ ‘?%ﬁ ?@Vﬁﬂlﬁ(‘é‘nw e
real matrix the e I|ty*_A{-AI +JA2X|tfoIIowsthatAxcan
be corput e’ffaﬁli’flglﬁdﬁ ﬁ?’gﬁ K XD s @Rt/ rnatrix o« Thenragply tho] wi t h

t he 2n-di nensi onal col urm vector: x = fX , since Ax= A *x * x Finally
t he productU-nethad to wompatelibe pomipott el *y Thie in &t catatilnies boti ﬁ@ductiOyJ =

Accor di ng npxaaﬁahﬁ;r 91995"PH@!)]%C&*S@J@(ﬁﬁﬁ@tegmdch@ﬁﬁﬁm%mth?4)'»}V-? jion put A

* *= Al A2, Thi's is“an 2rxn real matrix. Then a]pply t he” r eal atrix
met hod to Admpigtien phshgatmyedroblemmighi aristrinsomalapplications thalalmhtddtmpmzyl =

Al x and Y 2yt A2%preEémiat dnk ,offPlﬂ?cchéMt@l%%n ichMmao nfﬁltﬁlts%gtqu% FhgixSH aDéo +

] y2. Flnallyaproduct 0 I X Wi th {2-coeffjcrents

vect of i s BRYS&CER/entiies. app forélaglbfo}?t ‘ot 'Jtr“r‘ﬁé) k ol it 27 § sBhA Fud: Hbbvk -/, Ei(N\/PLES
COVPLEX. MATRK HECH QOESCT 2 U et Shey ergnofe i M o
nunber of Hithgrizbavdthes engieatin dfis Amra Fhahdirigddggaphiand bmuahmansmml
si mul t aneoys) Me# 3B einpA Fecht XTeMe Hal is to compute the product y=Aex. The case
r=1, which is indeed a scalar product, is included.
15 The phase rotation plus GEM preferred embodiment of the invention will be discussed
first. Let

=% (14j)°4 and z=% (1+)y

then B is an rxn U';-matrix and z=Bex. Next the product z=Bex is computed by

application of the GEM, or perbaps, when the dimension is low, by more conventional
20 methods. Finally, once z is computed, the output vector y is found by the product:

y=(1) ez.

According to another preferred embodiment of the invention, 4 is first represented as a

sum: 4 = A; + jA, where 4; and 4, are (0,1,-1)-matrix, possibly Toplitz. Then by the

equality: Aex = A ex + jA,ex , the product 4ex may be computed through the product
25 of the rx2n (0,1,-1)-matrix A4* = [4;, A,] with the 2n-complex-dimensional column

vector: x*=[ x jl Lastly, the product 4*ex* would be computed by the Toplitz or by
jx

the more general (0,1-1) aspect of the invention.
Another (optional) preferred embodiment of the invention, reflecting its non-toplitz

A
1} this is an 2rxn (0,1,-1)-matrix.

counterpart, is efficient when  is small: Let 4 **=li
2

30 Then apply the (0,1-1)-aspect of the invention to compute the product: A**ex. This in
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20 spectrumfor transmtting data to nobile receivers. The manner in which
the data fromdifferent bases can be differentiated is by way of the PN
sequence whbiocl296s1 used to spread the transmtted data. E®RCh/usas€ssT ansmts
at a different phase of the PN sequence. The task of the searcher
mechanismin the nobile receiver is to identify the different pilot

signal s trfnsm tted by the surroundi ng bases by aligning with their PN 25
phase. 1t et caleyates, the pEpdugtsgivr redeti | 48€ bist Tebay-seVERlY. thel Rrogess Hs

signal s (nRaM188d weGNAESdmary Vi ng. %_r omthe sane base. A simlar process is
[ injti 'zgion A searcher is required

applied in_the injti synchr oni rocedure. >

to test anﬁlﬁﬁrﬁ%‘iﬂpiﬁf‘ %?QE?F hwewd nqyy bsasanchaded gvithe patpdiad ofor copwutiag dhe ed

si gnal , fpproemmfmy@g@&bmplw i BatkiReeECY” Beaatat @toRiSeAuansionkhe 30
sequence i S %henlghl 1[.ed for eafh gye%&t gesgﬁ]?, ¢ nd t he. Cgﬁﬁrsﬁlﬁﬂ%tlon IS

perf ormed FS1974- AGEOrIiRGLT Ot DIsTearrdienaodtiasy b Rernpefiony BrofEapFroRt s as

sear cher |&Sutegdiir4dttd2 sdgrecty ad 42 de reahpativh e by theeqyialitn 4w rdbw wher e
at each tipgql.pe FOREWS R A0S calbd EQHPRYD throudh '&ﬁ@ﬁ{ogﬁ&rof@&yrxbﬁ rdTRBFENT ed

in a DS System by constructing a matri x A, 02/ 029611
PCT/ US01/ 42537 : a: L€ N _shif t.ed PN
subsequenc%s. %g%zgg?}gﬁﬁr%égiﬁegﬂgggﬁﬁ%é{gggﬁ I n |tipe g\'}gg{%% yﬁAx)} where x

is a vectar, representing.the incomng sjgnal s | ed at single chip
peri ods. z%&%lfﬁﬁhﬁé’r‘?‘i?cﬁgﬁﬁgf@‘ﬁl‘gge C%Wg‘%‘i%éﬁ‘f’ TB*T?T‘F%XW ti on the above
mentioned inventive algorithns for efficjent 5 |jnear transformtligris are
i npl elent eficcosding Lo pthgsiaptipnahereferedsmbodiment ofdhg myenticwgt whpt L%jof
resources. Nunerous applications of the invention may al so be usefd in
t he sear chEhis &f anf hien sea gesdied Themasidy de rodl thditx wiedttodrarmpiiAhe product:

MULTI - PRODUGT fkﬁis%a&gll s B g@ﬁg@dﬂeﬁj@&sﬁ GRD L ABe FRYRNOBrILEL es 1o

a situation \Nﬁ'ere par the matri’X by“vector Pproduct are
desired. Tdongpletay withghe sum: GDRB +gopmuni cati on appl i cati ons when several

codes Wi t hg:di r a | dagh : t ¥ ngousl y.
St udyi ng t 1?1%1&32%1)@3»'@11&@”{)??5&%2? {rr%?%x?tél 9? gé&hglggﬁeggﬁmﬁgtﬁa@:& %ﬁr ggdy
acconiil i shawplisgtinanofiths PlizdaeRmidrePOYhe previ ous aspects is of the

i nventi on. EXAMPILESOF INDUSTREALAPRHECA PIONSIOB TOMMIEMATRIK Jovgs first

i dea of this rat herl)i-l{)L\AQf‘ﬂﬁgA% %ﬁ%%&ﬂk%@ﬁﬁi&%ﬁ detai | s.

Fowever no IS-95 Searcher: The IS-95 CDMA system allows a number of different base

stations in a small geographic location to simultaneously use the same segment of

20 spectrum for transmitting data to mobile receivers. The manner in which the data

from different bases can be differentiated is by way of the PN sequence which is used

to spread the transmitted data. Each base transmits at a different phase of the PN

sequence. The task of the searcher mechanism in the mobile receiver is to identify the

different pilot signals transmitted by the surrounding bases by aligning with their PN

25 phase. It is also applied to differentiate between several multipath signals (meaning

echoes) arriving from the same base. A similar process is applied in the initial
synchronization procedure.

A searcher is required to test a number of hypotheses, by partial correlation of

the received signal, for each hypothesis, with a locally generated PN sequence. The

30 sequence is then shifted for each hypothesis, and the correlation is performed for a fix

number of signal elements (chips). Normally the searcher is required to search all the

hypotheses in a given window Where at each time the sequence is shifted by 1. A

searcher may be implemented in a DS-CDMA system by constructing a matrix A,
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exanpl e of reasonabl e size can describe all the aspects of this enbodi nent.
The reader may also referred to the sumery of the invention, item6.
Exanpl e: vworngiogbsn1 t he following 5x8 U-matrix: 1 1 -1 1 1 PCTABOV425371 1 -1
-111-21 20A~~1-2111-21-2211-21-2-11-1 -1-111-11
-1 -1 and an 8-dinensional input vector: x1 x2 x3 x4 x= x5 x6 x7 x8
-52 WD 02/ 029611 PCT/ US01/ 42537 Suppose that it is said that (wthin the
mul ti - pr odykdse 81 46 |c©ﬁ?5bsédh@f R HB Abntiasddoshifi@f PN AfReduef®d. 2The 2 and
the spreading factor of Iines 3 and 4 is 4 and the spreading factor of
line 5 is sarchmesligarmthen igiveniin theheectdrpstd x whetd nissa vackonyrepigeensinog dessi ve
el ements are summed, .in t g%t¥ird.aqd the forth |ines .ever
|

el ements SUAVRINE,FREY SHOP he TTHY PRt - e ACPHEMES t‘g&;ﬁi@%@%‘ﬁgesy ve

convent i orenvisddirtledteofithatinvehtien s £hadé MgentiasddomvegiveQledRme 36 dfliciehbhat s
the spreading factor of each lines is equal or nore to the spreading
factop of linsar Fresfpepasions pec inpplementednbhas 6@ poigin thy Hecter v ethreslured| y

comput ed: RGO el SRV gpbtartof LA ITRGRCAES

x5 + x6 , inxle searoher of the suggested standards of the wide band CDMA.

MULTI-PRODUCT
10 Another preferred embodiment of the invention relates to a situation where partial
sums of the U-matrix by vector product are desired. This may occur in CDMA
communication applications when several codes with different rates (spreading
factors) are tested simultaneously. Studying this embodiment is more fruitful for
readers who have already accomplished substantial command of the previous aspects
15 of the invention. It will be introduced by the following example which gives first
idea of this rather involved method without the abundance of details. However no
example of reasonable size can describe all the aspects of this embodiment. The
reader may also referred to the summery of the invention, item 6.
Example: Consider the following 5x8 U-matrix:

1 1 -1 1 1 -1 =1 -1

20 4= 1 -1 1 1 1 -1 1 -1

and an 8-dimensional input vector:
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XI - X2 + x3 + x4, x5 - x6 +x7 -x8 x|l + x2 -x3 + x4 , -x5 - x6 +X7 - Xg

-xl - x2 + x3 + x4 - x5 + x6 -x7 - x8 15 First there is a split to four 4x2
U - mat ri xwateenzssthe hori zontal dinension reflects the | omestUuSeps2ani ng
factor. Then the U-nethod is applied, on an extrenely basic level, to

denonstrate how additions are saved by this new aspect. Thus, applying the
elimnation of equivalent lines, only two additions are required to conpute
the all figgtpose!iat @fis 846 hat (WRhin 2R Mlltitpréduct t&imifolbdy) the spreddng Mctck X2
-xI - x2 25 %t’pm larly only tvv(() addi ti ons ar eu? equilr%dg¥)or the se or?doJ?sum of
each |ine: oflgesil qud 2y82-and4he ggeading) factor Dfdines 330dd3is ¥ xutl ths 3piaBing

02/ 029611 P SQLL 4253 and. so_an. nce, the total of 8 additions is
required f oglc_éohji o%raer ? .lz Iig()u?ﬁgdlaﬁl}sotﬁgjﬁem glgdff‘ﬁs\egﬂ% th&?% CHEX 0T osgIve
conpl et e t helefnefitdiate Surathe8, @fthé tHIRBandl e 4ordl Unéd&ehe Four QUEces@vs tleieAa!
additions are required to coggute the required sumof line 5. Hence total

of 16 addi desHamgs andriadhs HER thyendike Hppis wmmesh Bre eonyeriay wedd deishati nent
of the 5in I.On: is Py .art ' f.onc hods
voul d have HEqEr AR YRk on SetRbafl i RANE WL ARRL GU8E BT bRE Bdl S
current aspeqial of miohetoi thy epreading favedruddse preldonmling. XThib adrmiih@bgy Bl 1aadr | ar ge
di nensi ons where, at Cg?ch | i ne sub-suns of equal intervals are required as
in the abolePE&Er¥I%iNghe i nput vector is real or complex. The matrix may

be sub io diw idfficl Yy thd'Sovk that B¥TOAbwRIRUMBEhod WO EbSBbtegach Of themis
conput ed by the

10 Xp +Xx3, =x3 t Xy, X5-X4, -X7-Xg
-JC1+XZ, X3 -X4, X5 +Xg, X7+ Xg

X; - X3 txztxy , X5-%5 +x7-Xxg

Xj + X2 ~X3 + X4, X5 - Xg +x7 -X8
X7 - Xy T x3 ¢ Xy -X5 + Xg X7-Xg
15 First there is a split to four 4x2 U-matrix where the horizontal dimension reflects the

lowest spreading factor. Then the U-method is applied, on an extremely basic level,
to demonstrate how additions are saved by this new aspect. Thus, applying the
elimination of equivalent lines, only two additions are required to compute the all
first sums of each line:
20 X7 + x5
Xy + X
7 B
X + x;
X] - X2
25 Similarly only two additions are required for the second sum of each line:
X3 + xy
X3 -Xy
X3 + Xy
X3 + Xy

30 X3 T X4
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met hod used in the above exanpl e separately and independently. Into this
enbodi nent a nethod is integrated that finds near-best subdivision in term
of savi ngwoadd2esiions and hence reduci ng conpl exity. The t ®clr/tfSo1/435871 s an
addi ti onal processor or apparatus based on dynam c progranm ng, which

anal yze the various subdivisions by 15 the use of the table, bound and
regressive formula of the conplexity, s(n, r), of the U- nethod. Very

preci se formy & Bﬂn_}ieﬁcé,ecﬁ(::’:tétﬁldoffS)Ecé&iggnsdﬁ‘%@gﬁféﬂ%} 2 phdp] %ogfg@@g{mm-

Several new definitions 'w be needed as prelimnary materi v=(vl,

V2, . ... , additionseraneasstany teacninpieta thromiiradestinm ejéres Bhay aidwindtsr fougi n

short: p 1| n),.. fi v to.be the vector of vectors. that is forned by
subdi vi di nga(ifh?(gl%g%‘icﬁﬁ%‘?%a?%fequgﬁﬁoe‘??&m‘% tth?ﬁ .reé [SB‘TL—Of?lP@B; tﬂf‘?,ce JFO.J[?‘ITE%. .
Vp), (vp+1, 1¢/Rdditions -were féduired by -an- application -of -a preferréd) embBditdent \GF theP +
2, ... , vn)). Denote the sections by: VIP, kJ="(v(k-1)p +

1,v2. 5 .. .. Invention inyentiony [fsior gy conventional bpuge-fops: Makoidshweyldrhage irequined
context is ?@orishfgr Iy itzgg. factor. Cbserve that nulti-vector is a
structure akin to the structure of a matrix. The next item

mul ti - scal afhepgnvitoninend of dulehi aspecttadrthe inventionCihokideds Undetixhbt mighpbeduct

and t he usuz%l scal.ar product. Take two _n-dinensiqgnal vectors . .
v=(vl, v2, . of large djmensions Wherget Gaeh line sub-supysof egpal futerelsargipquited as in

[, 50 by plpobe o1t il Y reck by WAL T Mt Bibl sub-

PCT/ Us01/ 42b@ided \byelisest tve sévetad rsnbimgirin dulotrsin aakh, df] thedopislcdmput¢d by 2hef p, 2J

o
Ol
[T

e re ysual  scal ar rogucts. te that the result of this
or oduct |5 st iearic: RV EERIPIE cepaalsDY s SRR wi A (s
Al......... embodfne@HImBHORIIP itegrated that Finlls Be@Aeht dubividibe B term \W¥GhPhe !t

woul d be said that p divides nif for every 1 <i<r pi divides n. This is 5
denot ed by:additions andh\benpesedusing ¢omplexity. nThertdob faarnit is-adiadditionhdmadcessrtonr x

20514l oy 0 R BB Y 1,

current emhpéusest theabliound and tepiestivt foinfili 6F thetddgnpléXifyUis @), OF tRd Lsuch
products in a setup that will be described henceforth.
method. Very precise formulation is required for the development of this

embodiment. Several new definitions will be needed as preliminary material.
Let v=(v},vy,......,v,) be a vector and p a positive integer that divides n (in short: pln).

Define v/p] to be the vector of vectors that is formed by subdividing v to sections of

20 length p. Thus:

V[pI= (ViVaisVp) (Vo iVpt 2o Vapheeinnicnens Vn - p +1Vn - p +
Deeeees V)
Denote the sections by:
v[p,k]= (V(k-l)p T DA ’Vkp) for I <k<n/p.
25 The integer p in the context is called the spreading factor. Observe that multi-vector is

a structure akin to the structure of a matrix. The next item, multi-scalar-product of
multi-vectors, is a cross between matrix product and the usual scalar product. Take two
n-dimensional vectors v=(v;,vj,.....,v,) and w=(w;w,,.....w,), then the p-multi-

scalar-product of v and w is defined by:

30 v'w[p]=(v[p, 1]wip, 1], v[p,2]*w[p2],....c.......... ,v[p,n/p]-w[p,n/p])
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10 A mul ti-product system A nulti-product system (or in short MP-systen)
is a setting that includes as paraneters the integers n, r and a positive

i nt eger wsotoow29PL = (P i'"P2. . . . . . . .Pr) such that: PCTIUSPR4253P2 | PS3,
P3J P4 ............... Pr-11 Pr and Prin. 15 The integers pi,P2,.......
Pr are called the spreading factors of the system The paraneters of the
MP-systemw || be witten in the following way: P= (r, n ,p) To these

par anmet ers agh WA } o . i7MENSi 0 I tor,
A N A G e T e R R R
MP- sy st em piodhictheNorOhgirthe tegnlt pfithidyerofiadt isoaw/pefimaysional Sectér: , n, p, A, x) Wen
all the in%etg [s PPP2. . .. .. ..hEr g are al so cEovllers of 2 then .the, selstem IS
cal l ed  bi Hard CRER VL RGHIED B0sst i or im WP v Lt st iaieger
M 1- et hod 1S f ; LNyt | [ raight - f agant.at i on
of 1he 25" Uhviet Roderk an b o ey Py 5 ARl (L SMIRE %, D508 S
it wll usu lied,to subﬁystem;o

exanple. In realjty | 1y be f

MP- sysSt em gffntoge% t%é"ﬁ'eﬁ*“%? e a%émw’%@gﬁn 7 fimengipngl Vesiop x apd ‘@gg‘éri bed.
-55 WO 02/ 029611 PCT/ US01/ 42537 G yen a -gystem S= (r, n , A, X). The
othod | o DEEOTHIRINCHI ATR aensted &Y dRphttokahe e n e BEtGh. et 11 X Wi t 1
respect to the smallest spreading factar pl, each sub- matrix is of width
pl. It begins by conputing t4t [lé]guﬁ] Q15 A1¥pel.p-j-rdatx ers of the
vector x with the U-coefficients of the matrix A This is done

si mul t aneolik¢ \euprantgembgdiment b t ingention; Wik ympeavisothe ¢amputatipngeésuely t he

next pl co 0] ontinues in this fashion until
b Pk g g AT dREARE S fencdbr

all the n Varrables ar aust e goes to each of the lines where
pj >p jo and conpletes the summation process in a trivial way. The first
step of the U nethod on each sub-matrix is to scan out lines that are a

strai ght fdnBHi-Brofishsysiemc shipubit-Pidnehsysemeer s Prystem) smppeiing t p
j=2, then ﬁlta'f MRRfudbdOas ﬁ%ﬁé@éﬁﬂ_@i R EinfeELed, AtaRGh 3R VEC IntefE9IRELLESS Of

r. In general no noret
p=({1.P2-......0;) such that:
pilp2. p2 | p3. p3 P D1 |pr and pfn.
15 The integers p;py......p, are called the spreading factors of the system. The

parameters of the MP-system will be written in the following way:

P= (rn.p)

To these parameters attach now an rxn U-matrix 4 and an »-dimensional real vector, x.
The goal is to efficiently compute the product 4+x/p]. The entire MP-system will be

20 written in the following way:

S= (r,n P ,A,x)

When all the integers p;,py,......p, ,n are also powers of 2 then the system is called

binary multi-product system, or in short, BMP-system.

The M-1-method This feature of the invention is a straight-forward adaptation of the
25 U-method to an MP-system. It is represented by the above example. In reality it will

usually be applied to subsystems of an MP-system after the near-optimal subdivision

that will later be described.



lines are considered by the U-binary nethod in every section. Mreover one
application intended by this text is when Ais Hadamard. In this case there
are no nowe 02okeemi p, non-equi val ent lines in each secti onPCThise1/423%61 her
source is inserted that is contains the bound on how many non-equi val ent
| i nes m ght appear in each sub-matrix. It wll be contained in a function
denoted by z (stored as a table) which is a consequence of the type of the

tri t d. t d Pt i itt Y. I, .
For - exanpl G anen ME PSR o Pano TBe et pasaon.ahormpnl dvifely
| U ix th 4, 40)=8. It al hol ds t hat |, < mn{2P1-1
T and Do e Sy WA HeSPeEda A SAShPPreRgne Fifarizs pachrb: The
tati ; f1t 2 ' t abl
R e s At R e i S o

U-bi nary ngat hector abamehe EDsoctieents PO tmhatelx N EESTs donB Wimelidn¥omss i) aty -
Recal |l al so that: < 2Y-1 + 2Y"'2 + 1 and this inequality is rather

s’ (Y) :
tight3 Thi lénegih)/e@ea@{-(hlmimqtb@.vﬁethﬁ@ goehto tm nexyri tegbiennst daing theosgmexi t y
in the next formula. The nunber. of addi.tions done the, M 1- hod, is
thus boundBaeBy t HeorBRFsI A e Goul iR Vi pes R g USRS
(n/ P242/ Plgges 19 edeh(ofHRd [ifsd Were pBp; and completes-the summation process-in a-trivial
............ + (n/pr) (PriP1-1)" "-56 WD 02/029611 PCT/ USD1/42537 = n(1

+(s(z(pl, roay.+r-1)/pi-(1/p2 +1/p3+ . ... ... .. .... +1/pr)) = n(l +
s'(z(pl,r)), /pi - (1/[pl + 1 + 1/p3 + ., .+ 11lpr)) Note sone
trivial bu%hen@i“ PRI Pgﬁw#—&r&ﬁ% issesh se g f5itd S¢aindniiines HAGAE uRIEhS  when

the jgatrig Q%%ﬁﬁﬂ% éd.g@g?f LiRef 1ihds  YHRALE, Ifoi cxan} g,: % SN thierPdt o T\?\;cgégl

The second is the cas uni f or m spreadi ng r, “‘t’hat Ts en
........... r then: n,r,p,z). .= n(l + s(ztpl,r)) / Qbvi qusl yp-t he
i 1 et hochdeBiagy o Sree et Fsipnirarrtit St Panpidepehio visre b 271 L T
10 I ar gel yliges ShePRoldHesdd By fHRr [AbinaE hRthodeidQtteM kéciidf. dousleoRgdomd it
foundations. This stronger mnethod works by horjizontally subdividing the
matrix andcer@pipttionrigtenfed by this text is when 4 is Hadamard. In this case there are no more

then p; non-equivalent lines in each section. Thus another source is inserted that

15 contains the bound on how many non-equivalent lines might appear in each sub-matrix.
It will be contained in a function denoted by z (stored as a table) which is a

consequence of the type of the matrix at hand. Its parameters are p; and » and it is

written by z(p;,r). For example when 4 is Hadamard then z(4,6)=4, z(8,5)=5, when 4

is a general U-matrix then z(4, 40)=8. It always holds that z(p;r) < nzz'n{2p1'1 , v} and
20 in the case that 4 is Hadamard: z(p,#) = min{ p;, r}.

The computation of the complexity of the M-1-method will be based on the table and

the regression formula of s(r) that appear at the description of the U-binary method

above. For every positive integer y put s'(y)=s(y)+y. Recall also that: s'(y) < 2¥-1

+ 292 *1 ang this inequality is rather tight. This gives an intuitive view to the

25 magnitude of the complexity in the next formula. The number of additions done by

the M-1-method is thus bounded by the following term:
Cinrpz = (Wp)lp; + sppr) + (WpJypr - 1) +  (Wpdpsp; - 1)

............ + (lp)(0/p1 -1)



M 1-nmet hod to each sub-matrix separately. To find with fewer cal culations a
subdi vi sion structure bearing a snmaller total nunber of additions it wll
be usefulwDm®2/otmve the foll ow ng shorter version of the alporassbous2sat a. So
define: 15 C(n,r,p,z) =1 + s'(z(pl,r)) /pi Subdivision of nulti-systens
and the generalized notion of multi-vector. Next, a fornmulation is nade to
command that subdivides a matrix on horizontal lines. This comuand wll be
represented by a subdi viédi ng vector r. The result will be breakipng of the
original probl emto 3 #éw SMZErEYI Biis 18P1 t H@xArkPnitdt-h-H /R i s
solved by the 20 above M 1-nethod. The subdivision wll |ater be attached
to an inventive al gotijlimito Y A fi ghency,, Take an i 14iyensi onal

i nteger vector, p=(pl ﬁpgm . ?.(Z.m)p{‘g]) ?]/%} gf’)j?eaéj'i@ﬁg ‘factor s?/]ignd an rxn

U-matrix: ﬁjiﬂe 3611?% A1 b&aot %%f%nlj]%cafllt instancéof thid fgﬂﬂngﬁl T}Erﬂs% 1@%@1651%% geerS

k, m where <in <r. De Irst a section of the vector

-57 WO 02/02ektbs PaTliustiat458Enr+1ithesi nply taki ng the conponents with

i ndexes k to m Defineasectign of the matrix A akl ak2 . . . . . a.,
ak+i , P ak+1,2 . . . . . ak+1,, ,(”’FIR)FH)' P1 a"", Likewise, it neans taking
the lines wth indexes k to.m .5 Next, .consider. gn integer vector:
(e he Second 5 iR cogs B St spisading P, 14405 (OB D 1Pro v By (1)
<r(t+l) = , Which is an instrunment to split to sections. First, r is a

tool to create a subdivision of p to a vector of vectors p[r], in the
foll owi ng manner: 10 PJrJ:((P)rd(l.. e r -, (Pr(2).......
Pr(3)-1") ............. I (Pr(t), 1.”.2).....’1. %’B_(S%‘%h’f)é{ﬁ])PThe sub-vectors are

denot ed byObviously, the M-1-method is by no mean efficient when r is large relative to p;. It1is

10 largely a stepping stone for a smarter method will be developed on its foundations.
This stronger method works by horizontally subdividing the matrix and applying the
M-1-method to each sub-matrix separately. = To find with fewer calculations a
subdivision structure bearing a smaller total number of additions it will be useful to
have the following shorter version of the above formula. So define:

15 C*mr,pz) = 1+s'(z(p1) /p;

Subdivision of multi-systems and the generalized notion of multi-vector. Next, a
formulation is made to command that subdivides a matrix on horizontal lines. This
command will be represented by a subdividing vector r. The result will be breaking of
the original problem to a few sub-problems of the same width - », each is solved by the
20 above M-1-method. The subdivision will later be attached to an inventive algorithm to

maximize efficiency.  Take an r-dimensional integer vector, p=(p;py,.......0y ), Of

spreading factors, and an rxn U-matrix:

q
fay @ . o . . . a,
a, 6122 . . . . . Cl2n
A=
_arl am _

and take integers k, m where I <k <m <r. Define first a section of the vector p:

25 Dk m)=Dpp-..-. D).
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Plr,1J =(Pr(1) ............. Pr(2)-1) P[r, 2]=(Pr(2)

.............. Pr(3)-1) 15 P[r, tJ=(Pr(t) ..............Pr(t+l)-1) The rows
of the nmewpiog/0296are simlarly subdivided with accordance tPeTiUse1/$258di vi di ng
vector r in the follow ng manner: 20 for all integers 1 <q <t: Ar, q]=

(au : r(gq) <i <r(g+l), 1 <§ < n) The Mnethod for a given subdivision.
This section is the nmain step in the formation of a nechanismthat finds a
| ow conpl ext {s\%iplR-taiking hOSbmPTREHE HitMlibak £its nPeDEﬁﬁ’el a 5Q¥ion LAHR matri

enbodi ment. Suppose we are given a line-subdivision of the matrix an
perform 25At he M 1-nethod on each sub-matrix separately. The goal woul d be
to estimate the total nunber of. additions so that a subdivision of fewer
additions will be found in the neft -%8 WD 02/ 029611 PE:T USO1/ 42537

stage. Fix an MP-system S=(r, n aQJx( hpz e "Pr)’ , z) and a
subdi vision vector r=(r(1).....[... ... r(t)) where I< f(”-: r(1) <r(2)
< <r(t) <r(t+1) l=|<r-+l . For 1 <qg<t the S§ MP-sub-systemis

given by: Sg=(r(qg+1)-r(& n,p[r,a]l, Alr,q]l,x,z) 5 The total nunber of
additions of all sub-systens is:] Cn, r, r,p,z) _ i <qf<t Cn, r(g+H) -

r(a) , plr, al,z) _ = n(" I<qg<jt s'(z(pr(q), (r(q+l) - r(&) /pr(a) -

(M pk + ... + 1/p r) + Jmntl) The next goal wl#&,,b¢ to devel op an
ef ficient t hod t hat f| E1p subd ion which mnimzes this term It
will be mo e@‘f“?el’&r%?ﬂnsf e%‘éﬂ &H Koo i t hout conputing at each

stage {he fgRetbidiyg aﬂngger%c@plwﬁrm...l.l.é(t-tz)) satjsfying: - + 1/pm and the

n-factor. ~Thus we define: gt s'(z(pr(q),
(r(g+l) - r(qg)))/pr(q) +t A neak wﬂvﬁmﬁksubdﬁv(t)sfwﬁﬁ]) #tmﬂu s stage we

shoul d stud he pr.o ert| sub VISIOI’I t hat mnlm .t.he anount
of additi oﬁi‘g“& @ﬁ foe ‘?Pcu?ns % 1738 2 QBLPSTeR] ?§ SIgPPEPan

abstract f@csgué@oﬂéfxte%rgwp%ﬂﬁffoﬂ&fdingln%ﬁeﬂmere the

10 p[l‘]= (CD,,(]), ...... ,,p,,(z),I), (pr(z) ...... ,p,.(_;)_],) ............. ’ (pr(,),p} ...... ,p,.(t_,.])_]))

p[l’, 1] =(pr(]), ........... ,pr(z)_])
p[l‘,2]=(pr(2), ............ ’pr(3)-])

15

plr, t]=(p,.(t), ............ ’pr(t-l-])-])
The rows of the matrix 4 are similarly subdivided with accordance to the subdividing

vector r in the following manner:

20 for all integers I1<g<t Alr.q]= (a,-j cr(g) <i<r@@tl), 1<j< n)

The M-method for a given subdivision. This section is the main step in the formation
of a mechanism that finds a low complexity sub-division, mechanism that is central for
this embodiment. Suppose we are given a line-subdivision of the matrix and perform
25 the M-1-method on each sub-matrix separately. The goal would be to estimate the total

number of additions so that a subdivision of fewer additions will be found in the next
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subdi vi si on has m ni mal worst case bound on a given subinterval of the
original 20 problem Consider then an MP-system S=(r, n

, p=(pl , p2V0.02/02961pr), A Xx,z) and integers k, in where | ®RCH/GSONM#283N.
Define: h(k,m = mn{C(n, m- k + 1, r, p(k,m,z) :for

r=(r(1)......... ,r(t+1)) where k= r(l) <r(2) <. <r(t) <r(t+1) =m+l} 25
h*(k,m = mn{O(n m- k + 1, r, k,m,z) :for r=(r(1).......... r(t+l))

where k=r (1) <r( t (t +1) -mtl} - 2/ 296 PCT/ USOl/ 42537
It holds t%jﬁ%é’( ﬁ’%"kﬂﬂ Mpéysﬁféﬁ)j% JFP{ 1 /%93 ....... a $u. \ _VIS-%OEIVBC %) The
followi ng recursive fa m K+l p(k . Z),

mi n{ h(k, g-"TE:ht-g; it )) %Ffeaif%‘ 2(121<r£2)<5 - }<rm%°é+4ﬁ T et L

n{h(k, h* (K, g- 1
rsf?(é Irr;] 'p{r)érya[zmé‘&mtremry%?um?se@nh% R bl ?et)z)_.rn“f.r'{n.t§ 1o Now t nese

expressions are used by tge(;@aL]?%qg_g[n (Hp@}ﬁAZ @ﬁ’g? where the substructures
[0}

are the intervals between% conplexity of this code
h* will replace h on the route to discover the best substructure. This has
no effect on the final result. To find the first step in the optimal

subdi vi si oThé@taMnlinbeOeiuddRicnb of 811 subadystemstis:m zes the expression

h(k, g-1)+h(qg, k) for every k and mwhere | < k <m< n, 15 which is the sane
g that mninizes the expression h *(k, g-1) +h *(qg, k). Thus define:

g(k,m = k when h*(k,mM= C(n,r, p(k,m, d ot herw se: qa’V),n) = smal | est
g, where k < q < mand h*Q/mpz =h I1<qr<:|¢)C? H’(flhl,)k)r@()m(bﬂi he opti mal
subdi vi sion code can be fornmed. A dynam c progranmm ng i nventive code that

finds the optimal swhdivisiom, Th | qu d ta,th
paranet or s of an b ayst e bLCHon! (6P P AR s S Bl

subdi vision r on which the Mnethod perfornms optimally. In
10 t

The next goal will be to develop an efficient method that finds the subdivision which
minimizes this term. It will be more efficient to do the calculations without computing

at each stage the repetitive additive sub-term: I/p; +........... + 1/p,, and the n-factor.

Thus we define:

1 Crnrrpz) =0 1< ger 5(elorg (@) -r@)iog  + 1
A near optimal subdivision. At this stage we should study the properties of the
subdivision that minimizes the amount of additions given by the term C(nrr,p,z)
above. First we give an abstract formula to the number of additions where the
subdivision has minimal worst case bound on a given subinterval of the original

20 problem.
Consider then an MP-system S=( r, 0, p=(O D2 P A,x,z) and integers &k, m
where I < k <m < n. Define:

hm) =min{C(n, m-k+ 1, ¥, plkm),z) : for r=(r(L),.......,r(t+1))
where k=r(1)<r(2)<.....<r®)<r@+1)=m+1}
25 h*(km) = min{C*(n ,m-k+ 1, r, plkm),z) : for r=@(D),........ JF(t+1)

where k=r(1)<r(2)<.....<r()<r(t+1)=m+1}
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addition it also returns the conplexity of the optimal M nethod. 25 To run
it efficiently we need to conpute and store beforehand a table of s'(r).
This is wore/okwsin fast code that cal cul ates this table ueCagsohes3?
regression formula: s'(r) = 2r-1 + s"'(r(l)) + s'(r(2)) Optimal Subdivision
Tables (n,r,p,z) -60 WD 02/029611 PCT/ US01/ 42537 for b going fromO to r-1
do for k going froml tor-b do m=k+b h*(k,m <----- C(n, mk+l

p(kr’r) z) Itﬁoﬂ(slfha@ <------ k for qgoingfromk+| tomdo d <-----
h*(k,g-1) + h*(q,m if d < h*(k,m then h*(k,nm <----- d and 10 q(k, m

<------ q returnth k. and Wat is now is to obtain from
t he tabl e q(km cons}?qcl%’?t egs(é’ (kt@n (ﬂ/?)(‘)cé'dij'r"é tl’@’"})opti mal subdi vi di ng
vector. code that create the set R which
cont ai ns t IZ %’gﬁg%%ere% %???%@h%sp vector r. 15 Optinmal Subdi vi si on

e T R, TR vl PR A

Fi nd Vect or k g-1) Return the set R Now that the optiml subdi VISIOI’] r
is foand tmaf M method will run on this subdivision.

where min(empty set)=infinity.

h*(k,m) = min{C*(n, m-k+1, p(km) ,z) min{h*(kq-1) + h*(gm): for allk < q <

m}}

where min(empty set)=infinity.

10 Now these expressions are used by the following dynamic code where the substructures
are the intervals between k and m. To reduce the complexity of this code ~* will
replace % on the route to discover the best substructure. This has no effect on the final
result. To find the first step in the optimal subdivision we will compute the g that
minimizes the expression A(k,q-1)+h(q,k) for every k and m where I < k < m < n,

15 which is the same ¢ that minimizes the expression 2*(k, g-1)+h*(q,k). Thus define:

qlkm) =k when h*(k,m)= C*n,rpkm),z)  and otherwise:
q(kbm) = smallest g, where k<q<m and h*km) = h*kq-I) + h*@qk)
20 Now the optimal subdivision code can be formed.

A dynamic programming inventive code that finds the optimal subdivision. The
following codes receives as data the parameters of an MP-system P= (rn ,p,z) and

produces as output the subdivision r on which the M-method performs optimally. In
addition it also returns the complexity of the optimal M-method.
25 To run it efficiently we need to compute and store beforehand a table of s'(r). This is

done by a fast code that calculates this table using the regression formula:

s'tr) = 2r-1 + s’ (1)) + s'((2)

Optimal Subdivision Tables (n,r,p,7)
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g ddsddddddaddddddadsidddsdsidiadisididsdgidddsdgddsdsdasdsdsdgsgudn:

25 -61 WD 02/029611 PCT/ US01/ 42537 | MPLEMENTATI ONS The fol |l owi ng preferred
enbodi merwe oef246lhe i nventi on provi de inventive al gorithns PCERISO428E
detail ed inplementati ons of the above nethods. They enabl e additi onal
reduction in menory and energy resources required to performthe above

net hods. 5 They have the dual goal of enhancing the above nethods and of
provi di ng tIf& b kélag freat 0 @s1@equired to build the apparatus. One
underlining assunption regarding these inplenentations is that the
transformation ﬁﬁﬂ?g%ngﬁngehéxrgdand may be considered as arbitrarily
chosen fromthe set of matrix having a given set of entries. Another is
that the nunber "6f "rows is small enough when conpared with the nunber o
of col ums such ht@ah) kKhe-- abtivig m¥ient | pikad),z yndanent al bound nunber of

rows<| og(nunber of colums) is satisfied. Hence sone of the steps that are
suitabl e i n ot h8kEYr Eumstances such a check for equivalent lines are
redundant here. The pp p%&géﬁg el Ref gbn the text that follows channelize
the flow of data from 5 [ocation to the next. Each |location is
assigned with a bi nadv-addtésg1rom*épmondi ng to a colum of the matrix at
a given iteration. In the,cas f matrix a (-1)-conponent of the col um,
corresponds to 1 in the aggﬁﬁggaggﬁaxpikemﬁse a 1-conponent of the colum,
corresponds to 0 in the agekgss<-A i fid ar correspondence is defined for
U- matrix. 20 The inplenentations that woul d be described include a first
step where the incomng sfkm) giral-sdare added to preset destinations

det erm ned thej 1, car,yespondi ng colums, where each xf may be multiplied
by a sign ﬁ%ﬁ?&ﬂaﬁ%ﬁﬁﬁﬁﬁ?ﬁal In the proceeding iterations, whenever a

colum is wHat is 16t Moves @) diA@efrd@ thd @bl @) eohstrlidied 8§ Shig peskedagtdhess of
each of the two Si‘lglits is lesser or equal to the address of the given

col urm. 25°ntimal whdividisg svelpy Thisds dane bYi the Silleaving cadeniiat ereateithe seifRt he
ey §© Bl R SRR SRRl 10 Processed and Jost. I
zer o, 15t he OpdinedSubdprisisr Vectug (hjiH colum will be
Set: R:=empty set and k:=1 m:=r
Find Vector (k,m):
if q(k,m) > k then
put g:=g(k,m)
20 add q to the set R
Find Vector (q,m)
Find Vector (k,q-1)
Return the set R.

Now that the optimal subdivision r is found the M-method will run on this subdivision.

SRR RS R RRERS RN RS RRRRERRRIERRRRRIRRERRRRERRRENRRRRERRERERRERERREZONERRRERREDRDNDN]

25

-61-



used for the next iteration. These properties are acconplished by a novel
construction of the data-flow maps which is set to mnimze the novenents
of data. WO oA2®ach iterati on maxi mal nunber of addressesPCEmson42581 ouched,
including all those whose present content can be used by the next
iterations. -62 WD 02/029611 PCT/ USO01/ 42537 The nechani sm of the follow ng
| npl ementations is better understood in view of the above described GEM

preferred enbodiINVEPLEMIENEATIORE i on. A finite set of nunbers, S, that
i ncl udes the nunber 1 is considered, and in this context a matrix of r

lines is tdhoddlewngnpbfetred Smbodimdnts ¥f ihe ihtention pirétid®fnvehlivd Meom@ssi bl e

nonzero 5 cgnfiqgurations, of normalized r-di mensional colum-vectors whose
conponent swq’b‘é} g‘i‘fg‘?ett%}?egﬁé‘l@@?e%?mﬁﬁé’rféhf‘e&E‘h"ec’é‘ﬁ@PQ%r dhepsnaile agditienalct | y

once and t R&iuches ﬁ@kﬁ&ﬁr&%d%@g?%&@?cés%%ﬁ it r R {AELBBR! 1 Bio8g" ©

el ement should be 1. ObsServe thé follown w di mensi onal ~exanp The
matrixs 1 @hey hbge Ghg dual igealaof enfpineing e, dhjove-methodsx and é prawiding: the -1 1

L Le 8 OS2 e L d bbbl £
111 these implementations is that the transformation matrix is generic and may be

considered as arbitrarily chosen from the set of matrix having a given set of entries.

Another is that the number of rows is small enough when compared with the number

10 of columns such that the above mentioned fundamental bound
number of rows<log(number of columns)

is satisfied. Hence some of the steps that are suitable in other circumstances such a

check for equivalent lines are redundant here.

The mappings described in the text that follows channelize the flow of data from one

15 location to the next. Each location is assigned with a binary address corresponding to
a column of the matrix at a given iteration. In the case of U-matrix a (-1)-component
of the column, corresponds to 1 in the address, and likewise a /-component of the
column, corresponds to 0 in the address. A similar correspondence is defined for U;-
matrix.

20 The implementations that would be described include a first step where the incoming
x;-signals are added to preset destinations determined by their corresponding columns,
where each x; may be multiplied by a sign and/or power of 2. In the proceeding
iterations, whenever a column is split with accordance to the invention, the assigned
address of each of the two splits is lesser or equal to the address of the given column.

25 This enables every information stored in some location of the memory to be sent to its
destination before being processed and lost. In addition, if it holds that one of the
split halves of a given column is zero, the address representing this column will be
used for the next iteration. These properties are accomplished by a novel
construction of the data-flow maps which is set to minimize the movements of data.

30 At each iteration maximal number of addresses remain untouched, including all those

whose present content can be used by the next iterations.



20 is a conplete {0,1}-3-matrix; the matrix: 1 -1j -j 1111 is a
conplete (1, -1,j, j}-2-matrix. -63 WO 02/ 029611 PCT/ US01/ 42537 The

i mpl ementwoioensthat fol |l ow are based on the assunption t rat/uSes42s6mber of
rows is small enough with relation to the nunber of colums so that |arge
proportion of all possible configurations appear in the colums of the
transformation matrix. Hence the first iteration nmade in all the

proceedi ngThéTﬁieellimﬁﬁn@-bf ﬂ{bsfoﬂsdﬁfgeiﬁlpﬂéiﬁerﬁﬁfmyﬁsaﬁét@ﬂ uﬁdér@co&d['ﬁl PleRiGhe of a
conplete S-r-matrix, a nodified vector. Consequently all the nore

advanced i #R9vst ﬁl%ﬁréb%ﬁ%ﬁl\fleplﬁf?éreér%mm@m af [teswdnveatipmnsAofinite (So’m@f ete S
matrix wt 0 d mann i chthe
col ums ap%ggrérlg?ot drélgigﬁe{) Lﬁ%&q lg)g(\l;/nemdee)?%iﬁp &Iﬁ{ﬁn AR agf‘?gtuﬁ "feature

of the addlnmsmmrnuedga cofnpldie sSer-imapri:e He it ameSof 'ﬂlaﬁhel possiblea RonZPo
addressing b ed on a%ﬁvconm stent rule of translating the colums to an
| SM base & doppalizepr-dimensiongl cofmm-yerieit e MIO8T CORWODRES or and

the LSB is o] I S

iteration ?éﬁgfge |Bs{hae E%t?%g@ﬁén‘??%%c% 0 atteltO![e1 téﬁﬁéf%{aﬁl%@gﬁé |S[§<le with a
uni form (am:lmahz&tﬁm C@bvcmm)ls ﬁﬂdﬂlesbs‘etom&nmn mbeezer o gleméhi shouldifeal. m mat ri x
depends onh?g %F n]? ot on the initial transformation matrix. This
| eads to u ?%Y?ﬁ 3 %Wlf“ﬁéo‘?’ UpensionaH&apiPstess and hence enabl es the
creation offhdabaarik! ow structures that are universal and independent of the
particular transformation matrix after the first stage. This is very useful
in hardware inplenentations and in the tgbnétrndcti on of apparatuses based
on th® present 20 invention, which is t @ [fﬂi goal of the current
chapter. Additional and separate aspect é e inplementations is a
reduction Rfy doBRI&E YT {)gqnathgad and wite nmenory allocation and the nunber
of additions for suita transformation matri x. Consequently, the energy
requi red fibe mdtex:performance of the process and the cost of the apparatus
are reduced. It should be observed that [he

1 -1
1 1

is a complete U-2-matrix;

15 the matrix:
1 -1 1 -1
1 1 -1 -1
1 1 1 1
is a complete U-3-matrix;
the matrix:
1 01 01 01
0110011
0001111
20 is a complete {0, }-3-matrix;
the matrix:

is a complete {1,-1,j,-j}-2-matrix.



25 efficiency of each of the follow ng codes is enhanced when it processes
the same initial transformation matrix with several input x-vectors.
Finally, woohaywin proper perspective, the follow ng inpl ecenisat/szsas shoul d
be read w th the understanding that they are a few exanpl es out of many
possi ble efficient inplenentations of the invention. 30 Exanple 1:
0-1-Binary-Matrix The foll ow ng sequence of steps describes an

i mpl ement aflihe implentehextiond thabfolloxw ﬂé B%éﬂ on@he AREmipAYE Hat MR- nuidbRr §RFARY

consi sts of an {xn 0 1-matrix A= i<r, g<n) and an -64 WD 02/029611
PCT/ Us01/ 4¥53mall enqugh wilprelagion de, I&mhﬁé@f eplumng %o that Jarge proportion. of>a11 1),

The col umm bib R sy AV S v Thi s
sequence o O%E epsgco%%al(%e&lss tpﬁéﬁl EQ%{JE&J}Q Oftﬁ? .ﬁja.héf.omaﬁonlljl?n/& XHel}ﬁe every
gi ven k- i t éredfiisbiterataarhmiade ot albuhe pooteading 1mﬂembﬁﬁtlolwredﬁ&ﬁm&@bnmﬁﬁn
dependi ng on,the yect The aII ate rea d wite nmenory 5 contalns
2r -1 addrg %é’@%ﬁ?ﬁ C‘?IPBlﬁjielg ’f H‘a FX ot ggﬁ%atvrsﬁ@rt fenggsugpthsall

partici pat ifdge iaBvdrded HePERAS c@ﬁ*lpﬁt%ci!ﬁe SERL 1097 om‘? dgﬂl:ﬁéggﬂc?f'gofﬁﬁ %“St i ons
are part of the description of the present pre erre I men

i nventi on. HE@“ﬂXWlthladﬂgDectMe)m%ﬁedleeﬂw all k-7 0, j -"1: 1(k,j) _[(J
-1)-(r/2k) Define f These ddy esses I
contain at Tz‘ﬁgrde? 4 BpngeR dn v 033%%%(9%5 ?:@?B’E)Wetﬁ% magx Pﬁfge BE‘P‘&RX%

y=(Yyo0, . . . . reflecyfindilel fediBretof Be ¥lstd sb@mg@sf ﬂ@ét%ﬁﬁane{taﬂ&s \ﬁhaw%LHf%be the

address of |, ezt. 3) For k---70 and j -il define as tfollows the functions
Fk, j 10 Gk a{idrggsingh basset pwla cpusistensvistee of drapslating ath¢ cohnascty hod8t-bae to the

't oger v HRHEP hbFerp 5B iSlne bl il G VErdef f0g B B {h@q 6?8?]

4) Define ke every vector v=(VOo ............. vr_I) e{0, 1}r: 20 7

=Lo"r 21 v code
Jl“he fun amental result is that after the first iteration there is a unique uniform

complete transformation matrix, with a uniform (and rather obvious) address-
15 numbering. This uniform matrix depends only on S and » and not on the initial
transformation matrix. This leads to uniformity in the rest of the process and hence
enables the creation of data-flow structures that are universal and independent of the
particular transformation matrix after the first stage. This is very useful in hardware
implementations and in the construction of apparatuses based on the present
20 invention, which is the main goal of the current chapter.
Additional and separate aspect of these implementations is a reduction of the required
read and write memory allocation and the number of additions for suitable
transformation matrix. Consequently, the energy required for the performance of the
process and the cost of the apparatus are reduced. It should be observed that the
25 efficiency of each of the following codes is enhanced when it processes the same
initial transformation matrix with several input x-vectors.
Finally, to have a proper perspective, the following implementations should be read
with the understanding that they are a few examples out of many possible efficient
implementations of the invention.

30 Example 1: 0-1-Binary-Matrix

The following sequence of steps describes an implementation of the 0-1-matrix aspect

of the invention. The data consists of an rxn 0-I-matrix A=(a; : 0-i<r, 0j<n) and an



1. initialization: Put zero in every address from1l to 2r-1 2. first

stage: for aj going fromO to n-1 do if v3A0 than add xj to the address
v=" (y) B o02029mi n part: for k going fromO to [log(r) 7PCTASAD4258Dr |
going froml1l to 2k do if I(k,j+1)-1 > 1(k,j) then for p going from1 to
21(k j+l') -1(k,) -1 do 30 put v=21(kj) p for (source) address v do -65 WO
02/ 029611 PCT/ US01/ 42537 if Fkj(v)-;~0 and Fkj(v)-7tv then add the val ue

resi di ng i mptheeal §P%rﬁ§l)exae€9t6€5:§=(¥ .t..Q...t..h.ex VAl tfe BIuhBR JrdRsS aRBl 40R

address CGkJ(v) and also add this vaI ue (of “source address v) to the value
in the (dedsnofpgt bBnYo-aderessvais Fle(ne)sequembt af rstepy compmmgha -praduct hi s

st age, ever;/ addr s _Y, cont.ains the aI ue.of t onent yl7 for
al |~ 0i <r.” Cofpli AJ? Bk\ AR BIVER lFeiaté%ﬁac?ﬁlof#'@%p?o ORSFSH 01 ogy i s
reading a wmmﬁalex nﬁmtbeii @deBerd@gabn @R veetorteThe AildchtedGahd 86 Sk ﬁﬁm d
adding it to a nunper placed in another |ocatign of the nmenory, called

dest i Aat i ofPnigaps aﬁpaﬂaﬁ%e%‘é%é@be&ﬁﬁi fiee dhdve code Wﬁ@tlﬂl@q@ﬁr@ms

fol |l owi ng 0 r e above
conput at i Mﬁi’[l@lﬂf@é @@ngaart%r()% gr +i&n 2r [’%gg‘%mﬁrh%ﬁ%iorﬁ %6 poefn ‘2 only
on r. The dsstiiptioncafithep@send praférrdikerhbodémeqfitiecimveitionpst t he total of

C 1nr CO''r

(c) Bei:'{nitlolns.
1) Define forall k= 0, j—1:  Ikj) =/G-1)-#/29]

10 2) Define for all 0-m<r ¥,= 2. These addresses will contain at the end of the
process the components of the output vector y=(g,......, V. ])T where ¥y would be the
address of yy, ¥; would be the address of y;, ezt.

3) Fork—= 0 and j —I define as follows the functions Fy; Gj; which control the
movements of data from each location to the next. First put: [ = I(k)), m=

15 l(k+1,2]), h=llkj+1)-1.

Next for each integer v—0 define:

Fr,(v)=2"[vw2"/ [Eq. 100]
Gyj(v)=v mod 2" [Eq. 101]
4) Define For every vector v=(vy,........... V) €40, 11
20 ' Om=2 og<r 2,

The code.
1. initialization: Put zero in every address from 7 to 2'-1
2. first stage: for aj going from 0 to n-1 do
if v;#0 than add x; to the address v=0(v)
25 3. main part:
for k going from 0 to [log(r) /-1 do
forj going from I to 2*do
if l(k,j+1)-1 > I(kj) then
for p going from [ to 2M*V-1KD 1 4o
30 put y=2"%).p

for (source) address v do

~-65-~



20 elenmentary steps. Chart 1: O-1-Binary-Matrix Fig. 1 schematically
illustrates the operation of updating the contents of a nenory enpl oyed by
an appar awo2ipdeeh perforns the main part of the above co@€I/uisophsaent i ng
thus in a preferred fashion the 0-1-binary aspect of the invention, with a
O-1-binary matrix 25 conprising 4 rows. A columm of each matrix at each
iteration is represented by an address in the nenory, in a binary way. The
bottom (0 or 1) conponent (the; r it a onponent in a

hori zontal presentation) is thge%égjaxﬁc?ngﬁgﬂ%)o% ?gergr 1) conponent (the
extrene | eddd tiendhlvonpsidiegtini the dsduved) zzaidtask wtoethentate dnkhd édestigatioBB. The

addresses Y t= ,,.0 m3, contain at the end of the process the conponents
?ﬁﬁi:r?fﬁtG’V@’étor y=(

of the 30 yO....... y3) T where Y woul d be the address of
y0, Y1 woukfh 8o hdtethifdsne 8t Blircd hddRSS v) thhBe 341 | @Bt of
taking the content of one g(gfdr ess and Y)66 V\%Qog?g%g%l@gél%}l{'?%ggaﬁﬁ%%w

sendi ig i tFt;0)be added to the content of another address. This is done with

accordance tl()) t he %der of the iterations and the (increasing) order of
the addrestePWUMPRLhe OUtDME *i'h cach iteration, as indicated by the above

code. ExangltRisZitage; iy | ¥ddest i chithing\thé19al6@ AP BRCAATt coiPpBRe §5 Got MBS an
i npl ementation of the U-matrix aspect of invention. The data consists of

an rxn U-n@dsix A=(ay : Oi<r, 0 j<n) and an input real vector x=(Xxo

Con lexxmtyl)' The columms of the matrix A would be denoted by wo
.............. PICXIYon 1. This sequence of steps conputes the product
Y=(YOio. - . . An.eVementaky Ftef) iXf the\preSne tmEHISY is r@ddaid HRuBB& R Gab 1QAtERNt ai NS
one real or_ conplex nunber, 10 depending on the vector x. The all ocated
read and withe mamasyycatledseurae apd adding it to a muehes plased iragnothey l9cemmoft o 2r" 1
+r - 2. T i ini:tions and those of the previous exanple are
required f@rgr%%é&g&a@rgﬁig?%tgﬁhg' the present preferred enbodi nent of the
i nvent i on. AhSappafdtus basedson the Rboveeacde mwodidreagiente follvetigo humbal v

............. r 1) define: Sign =ur | h = 0" yr-1|
elemgntﬁry) steps té pgq_lpﬁt,el_ﬂ% r_(ngl)n palflt of the éb%)ve cor(ngutatLljon of A-x:

e 2 o -2
This number depends only on r.
The entire computation of 4-x thus requires at most the total of :
., © n+C,
20 elementary steps.

Chart 1: 0-1-Binary-Matrix

Fig. 1 schematically illustrates the operation of updating the contents of a memory employed
by an apparatus which performs the main part of the above code, implementing thus
in a preferred fashion the 0-1-binary aspect of the invention, with a 0--binary matrix

25 comprising 4 rows. A column of each matrix at each iteration is represented by an
address in the memory, in a binary way. The bottom (0 or /) component (the extreme
right hand component in a horizontal presentation) is the MSB and the top (0 or I)
component (the extreme left hand component in a horizontal presentation) is the LSB.
The addresses ¥,,= 2", 0m-3, contain at the end of the process the components of the

30 output vector y=(yy,...... ,yg)T where Y, would be the address of yy, ¥; would be the
address of y;, ect. The arrows signify the act of taking the content of one address and
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2) Define a correspondence between the bi-polar binary set, U={l,-1} and
the logic- 20 bits binary set B={0,1}, by: (-1)' =1 F = 0. Accordingly
for an r-womengisonal U vector, u=(uo ............. ur-1), eefrruse1/4253T(u) =Eo
I<r-2"u. J. 25 3) Define Yo= 0, and for all 1 m-r-1: Y'2=2r"1 +m 1.
These addresses will contain at the end of the process the conponents of

t he_out put vector y=(yo, . . . ,Yr-1) T where Yo would be the address of
yo, I V\Dubfdldhfg it REb@ElHiea 36 thefcottlent §Zdnotih) adiRbssa }I|h15k13 ﬁoﬁ’e with a&drﬂéﬂ&@ rraps
F1,j, gnkj are defined as follows. Let Z= 1(Kk,]

=1 (K, j+1) tp thpd}rdeé\ﬁzirtbe itpratigay ang the (ereapiag) adeshjik nidiesses partIZ:‘.qia([mg rmd
2"y 2 3,67 VD 02/029611 PCT/ USO1/ 42537 v
mod 2 i eaCEEte”aIOS‘ éé)mdf“%id?%%%bp"e (v mod 2'") if Signkj(v) _ -1

5 The code 1. initialization: Euhmwn UaiVRwdxy address fromO to
2' " - 1+4r- %lrst stage: for j.gojng fromO to n-1 do add Sign (W)Xxj to
the addr es?h%fctl WL yequf@c%of %ﬁeéasﬁeffaw@s awnplﬁm@aﬁaﬁgn of the magix wesgqqt) 7-1

do for j gpm@mﬁ&p% 482 Qtsdacfreln(}w (Ml Jb&h @t g the

val ue resi In the (source ess variae'4
(destinati mp)lt redbvertiar es&, Yl.((k+1x,2).) The columns of the matrlx A would be denoted

[0) 20777/ S ,Wn.s.  This sequence of steps computes the product y=(yy,......, ¥
)T=Ax. At every given iteration each location contains one real or complex number,
10 depending on the vector x. The allocated read and write memory contains 2™ + r-1
addresses labeled from 0 to 2™/+ r- 2. The following definitions and those of the
previous example are required for the description of the present preferred embodiment

of the invention.

15 Definitions.
1) For each r-dimensional U-vector, u=(uy,........... ,Uy.7) define:
Sign(u)=uy.;
h(u) = (Ugtpfyeeeneeaneaann... JUp 1 Up ).
2) Define a correspondence between the bi-polar binary set, U={1,~-1} and the logic-
20 bits binary set B={0,1}, by:
-1y=1
I'=0.

Accordingly for an r-dimensional U-vector, u=(uy,........... ,Uy.1), define:
w)=2 og<r 2",

25 3) Define Yy= 0, and forall I mr-1: Y,= 2"4+m-1. These addresses will contain at
the end of the process the components of the output vector y=(vy,......,y,.))7 where ¥,
would be the address of yy, Y; would be the address of y;, ezt.

4) Forall k~ 0, j —I the maps Fy; Gy;, Signy; are defined as follows. Let /=
I(k)), m=Il(k+1,2]), h=I(kj+l)-1. For every integer v—0 define:
30 Signyi(v) = I - 2/ (v mod 2™)/2"™" /
Fy ()= 2"[v/2" ]
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2) for p going from1 to 21(kj+1) -1(kj)-1 -1 do put u=21(kj) p and for
source address u do if u) =u then add the value residing in the

sour ce- adwpar®29$1t 0 the value in the destination address PEE/URD(/K2637 2))
else if Fk j(u) =u then add the value residing in the (source) address u to
the value in the (destination) address YI(k j) else if & j(u) =0 add the
value residing in the (source) address u nultiplied by (-1) to 25 the

value in the (destination)gggdress YlI(k j) and al so add ;#hi s%kﬂg Cof
address u) to the value in the address Fkj(u). else add the e)residing

in the soudce-address u nultiplied by Signkj(u) to the value in the
destinati on-add(rﬁs.éj &Xj (u) and also add this value (of address u) to the
value in the add¥ és Fk j(u). A obtaining the output: every address Vi

contai ns now t he val ue of2v12’tq@,ﬁhjy@i<r. Conpl gxi t Wigy, 6 WO 02/ 029611
PCT/ US01/ 42537 i) An elenentary step Iin the U-setting w th the above

i npl enentation is reading a nunber fromone |ocation of the nenory, called
source, mukfl.RLYL.Ng it by a sign whichis I or -1 and then adding the
result to. pl aced in another |ocation of the nmenory, called

dest i nat i of. inftializatiohe Pudrplocixievyryiagdfess fromat el XM +4h2t he fol | owi ng terms.
For 0 k I r)y 7 -1 and for j. .2 k let: ukj=2l(kj+1)-Z(kj)-1 wuk k
uk/ ' k 2l %kﬁx%ftfgage:kjﬁ}r_]]gouig om toj”IZJ B®r k = 11-log(r) 7 and for 1 j .2 k

let: 10 ukj L21 (4l Bidrh4d, Ao thb adadefRMmemy)

10 3. main part:

for k going from 0 to ﬁog(r) /-1 do

for ] going from  to 2* do
if [(kj+1)-1 > I(k;j) then

1) add the value residing in the (source) address ¥z to the value in the (destination)
15 address Yg+1,2)

2) for p going from ] to 2+ -Iki-1_p g4

put u=2"%)-p and for source address u do

if Gyj(u)=uthen

add the value residing in the source-address u to the value in the destination address
20 Yiger1,2)

else if Fi;j(u)=u then

add the value residing in the (source) address u to the value in the (destination)

address ¥y

else if Gyj(u)=0 add the value residing in the (source) address » multiplied by (-1) to
25 the value in the (destination) address ¥4 and also add this value (of address u) to the

value in the address Fy;(u).

else add the value residing in the source-address # multiplied by Signy (1) to the value

in the destination-address Gj (%) and also add this value (of address u) to the value in

the address Fy;(u).
3. obtaining the output:

every address ¥; contains now the value of y;, for all 0-i<r.

Complexity.
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1 2k uk j =r. uk Eiii) An apparatus based on the above code woul d
require the foll ow ng nunber of elenentary steps to fulfil the conputation
of Ax. 15 wo)n2lezreit he first stage n el enentary steps are r@qgmiused425312) For
all -0 k /70g(r) 7 - 1and 1 j .2 k 2'ukj - uk+1,2j - uk+1,2j-1 + 1

el ementary steps are done in the (k,j) step. (3) Therefore for all 0 k
[log(r) 7 - 1 the k-iteration of the main part requires the 20 follow ng

nunber of @ AARINMAEaS! ERSin théKUSetlngKvith B Hbolé imPRBeABliBn PR tadlhe e
above conputation of Ax thus requires the follow ng nunber of e e%rent ary
steps: e, wupherfipm gue location of the awgiary, qalledsonrce] oyltinlying-il by a sign25 Thi s

nunber dep Iy, : fhe entire computation.of A-x thus.requires
the total g{ﬁg&l 1gr(]:u%r ?narll@ép érg%%dﬁe%fhaegﬁsuslﬁe@pasg UI%EES Rlfg5ee 3 G%ETllocatlon 0
PCT/ USO1/ 4=3embilyatcilled: dektiddtion) X Fig. 2 schematically illustrates the

operation of updating the contents of a nmenory enployed by a ;(pgftr at us
whi ch per f 8) ndeccempleity ipformudated wish shedoBowingderms; @Iremé’ntknﬁq v +ln a

preferred fa Ei on, 1 binary aspect of the invention, with a 5 U binary
mat ri x COTTBIPC? 9nd 4 krbgwté.t‘ A col um of each matrix at each iteration is

represented by a bin@kﬁgédﬂrﬂwé in the nmenory where (-1)-conponent of the
colum, corresponds to 1 in the address, and a 1-conponent of the col um,

corresponds to O in th addresgﬁﬁ bi WJyI)j;@;,erpret ation is applied, where
t he bottom conponent “t4ra;2e¥r enmes 1. hand conponent in a horizontal
presentation) is the MSB and the top 10 conponent (the extrene |left hand
conponent For & shfpgapht ahd foresent al'i tar) is the LSB. The special addresses
Yo =0, Y1=8, Y2=9, Y3 .51l0..,contain at the end of the process

' i St k-1 G P

then:

uk=2}j.2k Up; = T.

ili) An apparatus based on the above code would require the following number of
elementary steps to fulfil the computation of 4-x.
15 (1) For the first stage n elementary steps are required.
(2) Forall 0 -k -/log(r) /-1 and 1 -j - 2*
2 ugj- Uprr - g1+ 1
elementary steps are done in the (k) step.
(3) Therefore forall 0 -k -ﬁog(r) /-1 the k-iteration of the main part requires the
20 following number of elementary steps :
2+ 2wy
(4) The main part of the above computation of 4-x thus requires the following

number of elementary steps:

ftog() 7

'y © 2uptur+ upt.......u +2 -

log(r) I- 1
25 This number depends only on r.
(5) The entire computation of A-x thus requires the total of :
'@ n+,
elementary steps.
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t he conponents of the output vector y=(yo,....... y3) T where Yo woul d be
the address of yo, Yl would be the address of yj, ect. The arrows signify
t he act oWotcalewgl t he content of one address mnul tiplyi ngPCI/Uusg1/$35gh whi ch
is 1 or -1 and sending the result to be is added to the content of another
address. One spear arrow signifies that the sign is 1 and double spear
arrow signify that the signis -1. This is done wth accordance to the
order of the iterations and the (CRg92%-NEkrQr der of the addresses
participati ng in each iteration.Exanpie 37 U - Mtrix 20 The follow ng
sequence offigtpeheawticrlish dbistates thsl epesaticat ofoupdafing e @ENémtebAadnémoryt he

case Wnere trjes of the tr forpation matri x bel the set U
(c){l, -1, ?O}?e? Bgi’hl s dBRE? ﬁjﬁﬁsﬂeﬁg‘i f TeHe p&l\/Pﬁﬁg% f?%ﬁ Bhefieof t en
in appli catlmpmmenﬁhg tddha peeabs fahieh, &P Uﬁiﬁa{sﬂ asB@étr&>Ehe'°in(/éHﬁon0{m<th a O <N)
and an input_ conplex vector X=(X0 ............... X" _j). The col ums of the

mat ri x5 ar e {tbingemalx gemprising 4 rows. | A egiump of Pa¢ks nREIx egemhciteratiorsiseps

conmputes t L, ever iteration
each | ocat P%pngco%;d g[%yn%/B 3drpss in t}%éomn%%gwﬁngzrl) Cﬁ@Béﬁ%\t Hgﬁ}? Oﬁﬁﬁn’vect or
x. The al lcorredpedds t@aﬁmathd adﬂrbﬁsﬁaﬂd?:{mircymp&ﬁﬁrﬁbﬂme‘ébhﬂmn* cbrrdspefl@y ®IFRS

| abel ed frogmO Thi s exanpl e uses the definitions set in

4' r,- 2.
the previ ol% éQ‘iFﬁ?ﬂ &% bl%?é’y \A)éﬁerpr%tgtl%és aERheFloWhﬁ’& thef batiom epmpommt (the

Definition e

ot veen ¢ o ser® Ot Thadd FambaRAPALH A Ml MAELD0s HE NTERASRISER, |
PCT/ US01/ 426@ponchit (the ex‘@émd le(fb Hand<bdmpdhent in a hpx‘lz(ﬁ)xal Dtespntatiend,is ﬂié=LSB 5
Accor di ngl 5i“ for i mensj,onal JU svector, u=(uo ............

def i ne: @Lal(?éigfeS%S 01 2%1%&&%2% y@il ﬁ%‘ﬁ%‘?é‘ﬁg}e - Qfé{%‘i B‘iocesiﬁ (uo

Yo, Y; would be the address of y;, ect. The arrows signify the act of taking the content
of one address multiplying it by sign which is I or -/ and sending the result to be

15 added to the content of another address. One spear arrow signifies that the sign is /
and double spear arrow signify that the sign is -1. This is done with accordance to the
order of the iterations and the (increasing) order of the addresses participating in each
iteration.

Example 3: U;- Matrix

20 The following sequence of steps describes an implementation of the GEM method in
the case where the entries of the transformation matrix belong to the set U; ©f1, -1, j,
. This one of the subcases of the GEM which appear often in applications. The

data consists of an rxn U,-matrix A=(ay . 0i<r, 0j<n) and an input complex vector

XZ(X0yeeverranens ,Xn-1). The columns of the matrix are denoted by w,............ ,Wn.1. This
25 sequence of steps computes the product y=(vq......,yr.1) =4x. At every given iteration
each location contains one real or complex number, depending on the vector x. The
allocated read and write memory contains 4" + r-1 addresses labeled from 0 to 4~
I+ p- 2. This example uses the definitions set in the previous examples, as well as the
following definitions:
30 Definitions.

1) Define a correspondence (and inverse correspondence) between the set U; and the
set {0,1,2,3} given by:
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10 Sign (u) =ur-i g(u) = (uo. (ur-i) 1 ..... .. . .. ... U-i (ur-1)
1) 3) Define Yo= 0, and for all 1-nxr: Y,,,=4i-1 + m- 1. These woul d be
the addrwelemsiilthe conponents of the output vector. 4) PEarusal/h2skzi 0, |
-il the maps F, 7, &3 are defined as follows. Let 1 =i(k,j), m= 15

| (k+1,2j), h =l(k,j+1)-1. Take an integer v-,0, represented in the 4-basis
by: v=E 0.J r-2 4'-v; and define: Signkj(v) = (vmj) (L(v nmod 4")14m 1-1)
Fk/ (v)= 4nmpviAgn [ 20« Gkd(v) - ~1~",n 1 41" ((vl) *' ((v",-1) *) 1), The code.
25 1. initialization: Put zero in every address fromO to 4r-i+r-2. 2.
first stagel)'fob j §bFnd fromO to n-1 add Sign (w) xj to the address
(g(w)) 3..,main pard:_for k going fromO to [log(r) 7-1 do for j going
from1 to/2k db -7f \WB"02/ 029611 PCT/ US01/ 42537 i f I (k,j+1) -1 > 1(k,j)
then: 1) ady'+Be va*ue-residing in the address Yl (kj) to the value in the
address Yl (k+1,2j)) 2) for p going from1 to 41N+1) -1(k j)-1 -1 do put
u=41(?j) p and for source address u do: 5 if Gkj(u)=u then add the val ue
residing i )3 . § he _val ue in t estination)
address VI ‘?ﬁ%ﬁ’ﬁj‘ﬁﬁé’?qgfgg’ ?‘?“%ﬂ%ﬁ?ﬁu) :Iu‘tetg °t‘é’nei‘a<§%’"t'h"e'"V%I’E?e{rqg%i ding in the
(source) address u to the value in the (festi ation) 10 address Y1(kJ)
else if Gkj(u)=0 add the val ue resi@ﬁﬁﬁ A& source) address u
multiplied by Sign k(u) to the value in the (destination) address Y1(kj)
and al so add this value (of address u) to the value in the address Fkj(u).

2) For each r-dimensional U;-vector, u=(u,........... ,Up.1) define:
10 Sign(u)=u,.;
gu) = (uo-(u,.z)'l, .................... ,ur.I-(ur_J)'I).

3) Define ¥y= 0, and for all Im<r: ¥,=4" + m-1 These would be the
_ addresses of the components of the output vector.

4) For all k=0, j —I the maps F}; Gy, are defined as follows. Let [ =I(kj), m=
15 l(k+1,2)), h=l(kj+1)-1. Take an integer v—0, represented in the 4-basis by: v=2

0" r-2 4’ -v; and define:
Signi;(v) = (V) * = (Z(v mod 4™)/4™! J)*
Fr )= 4"[v/4"/

20 Giy()= 2 15 m1 #-(()*((om) ")’
The code.
25 1. initialization: Put zero in every address from 0 to 4"/ +r-2.

2. first stage: forj going from 0 to n-1 add Sign(w;)-x; to the address O(g(w;)
3. main part:
for k going from 0 to ﬁog(r) /-1 do

forj going from I to 2% do
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el se add the value residing in the (source) address u nultiplied by

Signkj (u) to the 15 value in the (destination) address Ckj(u) and also add
this val wwo(cefp2®mddress u) to the value in the address FkjpCwjusotd2sebt ai ni ng
t he -out put: every address YT contains now the value of yl, for all 0 i<r.
Conmplexity. 20 i) An elenmentary step in the U - setting with the above

i npl_enmentati on nmeans reading a conplex nunber fromone |ocation of the

menory, called sourceyfy bipt i ithePY @ conplex sign whichis 1 or -1
or j or -j and adding {ggLResu tngg aFcoanex nunber placed in anot her

| ocati on of)ﬂﬁ@ﬂWBwbmyeﬂdmguedxnééﬁﬁmXM@omnhwvﬂu&ﬁaheaabhﬁuﬂymlaﬁ formed by

the foll ow oA -RGL ) 1 and for 251 2k let: =
4101+1) 1(%?1%}15%?\%@{ Q"Ebl " ]df(kJ+I) 1(kl) 1 112 ~1j2 For k =
11-10g(r) Pubies dr hndforsaﬁrcbﬁadre%d&.dfl( kj +1)-1(k,1)-1 J 30 Usk L1 j 2k
VK] =r. -72 WD 02/029611 PCT/US01/42537 ii) An apparatus based on the

above tode would require tlf]erdévF@mqmg nunber of elenentary steps to

(0111 e TSl ] e L' o8 . B R GUar 7,

5 2'wkj - m&ﬁﬁgQﬁm;“M%+l 2j-1 + 1 elenentary steps are done in the (k])
step. (3) Tg i’?’e for all 0O k [log(r) 7 - 1 the k-iteration of the main
part requif (WFYMSwi ng number of el enentary steps: 2k + 2' Wk - Vk+|

10 (4) The aﬂ@'tﬂe Réafk REidCinARRYVEoGREPHIRECR 18 th&N Ak USHE e(ﬂggt{n%ﬁoﬁ)he

foll ow ng nunb
10 address Yinj)

else if Gy;(u)=0 add the value residing in the (source) address u multiplied by
Signy;(u) to the value in the (destination) address ¥z and also add this value (of
address u) to the value in the address Fj ().

else add the value residing in the (source) address « multiplied by Signy;(u) to the

15 value in the (destination) address Gy () and also add this value (of address u) to the

value in the address Fy;(u).

4. obtaining the output:

every address ¥; contains now the value of y;, for all 0-i<r.
Complexity.

20 i) An elementary step in the U;- setting with the above implementation means reading
a complex number from one location of the memory, called source, multiplying it by a
complex sign which is / or - or j or -j and adding the result to a complex number
placed in another location of the memory, called destination.

i) The complexity is formed by the following terms. For 0 -k —ﬁog(r) /-1 and for

25 1-j-2% let:

Wi = LT D-k)-1

= = e +1)-1(0kj)-1
Wy Z}j.zk Wi Z}j_zk 4

For k=/log(x)] andfor I-j-2F let:
yog =] 40T+ ]

30 M’k‘:Z}j'Zk Wi = F



of elenentary steps: CUr O+ 2wo + Wl + W2 +........ +wjog(r) 71 + 2
1-iog(r) 7 -1 - r. A nunber that depends only on r. (5) The entire
conput at iwo 00f0298x1 t hus requires the total of : 15 CU) n+@CI/usov/gdsement ary
steps. Exanple 4: Topiltz U-matrix The foll ow ng sequence of steps
describes an inplementation of the Toplitz matrix aspect of the invention
wth U coefficients. The data consists of a U sequence 20 to,....... to- |
and an inpyf) PeahpkatGo B8 on' A6 BbvE ThaL would M}E%’ m t he
U sequence an rx(r%%f-l) Toplitz-matrix AOWE“l requm Fhe follo ﬂ&@r)ljz§to
formed, wekmentapeiepsto fl ltke:GOmputkh(imfArhese steps corrput es the pr oduct
y=(yo ..... first stage differs fromthat of
0 Rgrth e St sEBieliory e i btied

the U-matrix ‘exa ere Ty to introduce only this
stage. All (jzjm‘oﬁlgi ioni & 1 /e8)s7)) st afd i n; f gripefot@pgnpl es of 25 inplenentations
are applicable here. The code. 1. initialization: Put zero in every address
from0to 2r-1 + r -2 2. first2wage 1) whogsg togbing fromO0 to r-2 add

1/2)t71 r+j + Fess Q. 2Z(h (tj, tj-l ............. tl, toO,
go- 1? to- Zele.n;e.nﬁr}.'%tgpg.%%d%ggn}@ J?Stegnd also add -(1/2)t"_r+j+1xj to the
address - (9 WRRAHO2N6AN PAT/ /Q@Q%V A253the £ ftérh@or{ Sf the tniau‘]- art requires fhe - - -
tl, to, -tn-1, -tn-2, ............ , -tn-r+ +1) oin romr-lto

n-1 add ti fellomagnumb@mfeé@n@réwstepz (| 2(tj, t] -| ....................
tj-r+1)) 3) forj going fromn t e n+§ add (1/2)-tj-r+lxj to the address 5

21 (h(tj-n, ti-n-1 ............. PO MY-1, tn-2, ... ... ot
! r +1?u) anmﬁTMn?lfl(i)aftg%fZ]}té %bdvi |cé$in%3t1@t2161|i1 ef AQQHqu?e@(tﬁe f&llo“ﬁ'mg number
-N- - -tn-2, ....... y - +1
J-n of elementary steps: " " to-r ))
[log(r) 7

C'r @+2wo+w.1+wz+ ........ +w/7 + 2 -l -r

g() I- 1
A number that depends only on 7.

(5) The entire computation of A'x thus requires the total of :
15 CUI ar© n+ CUIr

elementary steps.

Example 4: Topiltz U-matrix

The following sequence of steps describes an implementation of the Toplitz matrix
aspect of the invention with U-coefficients. The data consists of a U-sequence
20 £o,.......tn-; and an input real or complex vector x=(xy,............. JXn+r2). From the U-
sequence an rx(n+r-1) Toplitz-matrix A@ (a;Cty @ 04i<r, 0jn+r-2), is formed,
where #,©0 for all k<0 or k—n. These steps computes the product y=(y,,............ Vn-
1)=4-x. Only the first stage differs from that of the U-matrix example, therefore it is
necessary to introduce only this stage. All the definitions listed in former examples of
25 implementations are applicable here.
The code.
1. initialization: Put zero in every address from 0 to 27 + -2
2. first stage:
1) for j going from 0 to r-2 add (1/2)-t,.++1%; to the address
30 (10278 N 1,80, ultndyeeeenn... AP
and also add -(1/2)-t,+j+1°%; to the address
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3. main part: The algorithm proceeds now as in the U-matrix inplenenting
algorithms main part, and the output is stored in the sane addresses. 10
Conpl exi twoO o2)p29am1 el enentary step in the above Toplitz i npCanesat/&asson is
the sanme as in the U inplenmentation, that is, reading a nunber from one

| ocation of the nenory, called source, nultiplying it by a sign which is 1
or -1 and then adding the result to a nunber placed in another |ocation of
t he nenory 1| ed destination. 15 ii) An,apparatus based on the above code
woul d requfzggg[tr’ﬂ’é"'f'dl"r'?)’(/@’n;d'l’n{%ﬁ‘bé'r""'df)l”"éll”frrent ary steps to fulfil the
conput at i op) fok j feing fifoh) r-Fas nthadd k1.5t & dgaddrefy -1) + n - r +1 + 2-(r-1) =
n+ 3r -3 elenmentary steps are required. 20 (2) The main part of the
Toplitz coﬁfhﬁz&ﬁ-tl:i-on--of----Al}‘-x+1/?)s done by an inplenentation of the nain part

of the Uc Lt e | T i equires, e | enmentary steps. (3) The
entire Top%ﬁ%@%&i‘)ﬁi?gflng?'g%a?t{z/sjz'é‘dﬁi g)etée?%‘geﬁsot al of : Cn,r (c) n+
3r -3 st wh«f{@-_gﬁm.ar.y...s,,tr@|@,§,,tn_;,5...9h.ar..t....,3,:_,Jppl itz-Matrix Fig. 3

schemat i cal ifTlustrates the operation of sending the incomng data to

appr opri at acdhilsordd | (@EAvi-onsto hapildyessd by an apparatus which performs the
initial pa tt‘o;' t he apolye code, Witth@ Toplitz matrix conprising 4 rows.
Except for W& miniti&riogket Tdyvery ot ey aspect is identical to that of
the U-matr3x pihish 1 gthb 04l gGEM3 QrRBBAT AbWSas aNGhd NELABSE iinplhRAihpere is
appl i cabl e here. re too one spear arrow signify that the sign is’| and
doubl e spedlgoathpdsymgingrit gnd thaouireissiieyed insthe same Fddrease02/ 029611

PCT/ UgOl/ 4%%%&)1 ’Eé,arrpl e 5. Topiltz Ul-matrix The follow ng preferred
enbodi nent “of 'ThAe“invention is an inplenentation of the Toplitz matrix

aspect of phen elventarpstepiih hhdhboeeldpliei Baplemeribtort &t the GaMSiastis tigf ra Ul -
sequence to,....... tii-1 and_an input conplex vector x=
1

........... mplemgntation, fhat isy isading e mngher feayn one dogation of ﬁhq(* %nom plalled - mat ri x
A(C) (a]) t Zyrce, hudttiPlyin® il by'd bigf WwhidtSis I ¥ "Bad then adding the result to a number

placed in another location of the memory, called destination.

15 ii) An apparatus based on the above code would require the following number of
elementary steps to fulfil the computation of 4-x.
(1) For the first stage
2:(-1) +n-r+1+2(r-1)=n+3r -3
elementary steps are required.

20 (2) The main part of the Toplitz computation of 4-x is done by an implementation of
the main part of the U-code with r lines. Thus it requires o elementary steps.
(3) The entire Toplitz computation of 4-x thus requires the total of :
'@ n+3r-3 +C"
elementary steps.

25 Chart 3: Toplitz-Matrix

Fig. 3 schematically illustrates the operation of sending the incoming data to

appropriate memory locations, employed by an apparatus which performs the initial

part of the above code, with a Toplitz matrix comprising 4 rows. Except for this

initial part every other aspect is identical to that of the U-matrix implementation and
30 apparatus, and the description there is applicable here. Here too one spear arrow

signify that the sign is I and double spear arrow signify that the sign is -1.
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where tk(c)O for all k<O or k-,n. The sequence of steps listed bel ow

conputes the product y=(yo . . . . ..yn-1) =Ax. Only the
first staye odiotdeer s from t hat of the Ul- matrix exarrpl e, PogrEshoss3only
this stage needs to be described. Al the definitions Ilisted in previous

exanpl es are applicable here. 10 The code: 1. initialization: Put zero in
every address fromO to 4r-1 +r -2 2. first stage: 1) for j going fromO
to r-2 add (1/2)-tn-r+j +l xj tg ad . b, ti-1 oo
ti, to, to-1, to-2, ......... .. afn},i\ﬂ?n ?iﬂ%il%u’?ﬁﬂgﬁd al so add
-(1/2)tn-r T]h¢IfﬁllowmgtMGfealstdrm@dﬁnérg(Qf] the tipvehtion .is .an. implementatidnl of tH2,
-tn-1, -tn- + ing fromr-1to n-1
add tj-, +l xob]tltg gtk adpfetafthe *Rv(eﬁlf‘?l} W“il l} Qoe_ﬁ%_c_le_n_ts_ .hlec‘?t? aosistsf 4 G goi ng
fromn to quueﬁceadﬁi...(.. 4.2) thd 'éﬂ'll’f}buttc@nﬁat& Alress xo,OA( QQL gFroM i 1
......... ti, tO, to-1, to-2, ....... -r +1)§ and a d
(1/ 2) “%j - r Hirspquence e raddreds T0p1(itg(mqtrm A@j(a{@ﬂ.j) Qi<r, 04 n+,r-gu is formed,- t n- 1,
t] x to the address "

(5? tj-n, t hﬁref.k@?).f?l? all %10% et b, The ggq%eéw af behs fisted Deloyy capuigy theps 3.

main part: Rfdﬁ@teﬁg(yﬁ%..l.ﬂ...tﬂ“?)#ixmaUd f 1 BR% '5&% f%'ﬁbrﬂ%& @gﬁh tpe data

i's recelvedlnthe sane way ementar plnthe
above Topl magix mnmie,ntﬁlamf@n qni;Y thmstameeds to Fmetdesacribled |Mi)lt}£erm1hﬁ1ﬁcbmn t hat
is, readi nﬁ nl%Iex nunber from onE ocation of the nenory, 30 called
sour ce, fl%f%’ g0 exmples. g applicablefigtGni ch is | or -1 or j or -j and
then ;@addi Mhelcbge:r esult to a conpl ex nunber placed in another |ocation of
the menory, called destination. -75 WO 02/ 029611 PCT/ US01/ 42537 ii) An
appar at us_ beisitiplgatione Biiagre is stery wddicss freml rte &+l owi ng nunber  of

el enent ar yz.sﬁles%ta%g fulfil the conputation of A Xx.

1) for j going from 0 to r-2 add (1/2)t,.4j+1%; to the address
O(g(t, ity 1120, buelybydyeeeennnnns it 1)
15 and also add -(1/2)-t,+j+1°%; to the address
Ottt S T P RO s tnrrjr)
2) for j going from r-1 to n-1 add #,+;%; to the address
O(gtt-1,....... s brv)
3) for j going from » to n+r-2 add (1/2)t:+1x; to the address
20 O(g(tintint .. ..... 1L, Lol bndyennnnn. Jir+1)
and also add (1/2)-tj,+sx; to the address
O(G (G bndsevveeeos E 0, ~TrelyEdyereees=ti o 41)
and also add -(1/2)-tx; to the address
O(8(tnbintyeeeen.. N IR I T P N YY)
25 3. main part: proceed as in the U;-matrix algorithm's main part and the data is
received in the same way.
Complexity.
i) An elementary step in the above Toplitz implementation is the same as in the U;-
implementation, that is, reading a complex number from one location of the memory,
30 called source, multiplying it by a complex sign which is 7 or -/ or j or -j and then
adding the result to a complex number placed in another location of the memory,

called destination.
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(1) For the first stage 2-(r-1) + n - r +1 + 2(r-1) =n + 3r -3 5
el enentary steps are required. (2) The main part of the Toplitz conputation
of Ax is wore/npsian i npl enentation of the nmain part of tReTUSOvese7 with r
lines. Thus it requires CUr elenentary steps. (3) The entire Toplitz
conputation of Ax thus requires the total of : CI'n,r(c) n+ 3r -3 +CUr io
el ementary steps. Exanple 6: Real Matrix, binary 0-1 representation. The
fol | owi ng pi)efrer sgAread bsicaRmM thefabbie chdwv &t i3 | Lﬁg Lope of the
real natr?i% aspepci?rof t he invention_\?mb(%bh%g?]rﬁlg{égh%? ?gérfeogirees ?glglg%)rn&%f t he
mat ri x- ent elegentary gepy i Bilfldhe pernputationsaf 4xn real -matrix A= (ay : Oi<r, O
j<n) with g j ries 15 and an input real or conplex vector x=(xo0
¢ g%_ﬁé?s%ée al gorithm conputes Y=(Yo ............ Yn_1) =AXx.
It is assuned that tRerantyies+df+piie)ratr+ 3 age given by the foll ow ng
O-1-binary . representation, fqor all Oi<r, Q<n: ay " -n2 < k < mj tuk-2k
20 whete: FWGEE%YWP?@F%‘N“G@WQ kmi Only the first stage differs fromthat

f the 0-1 | at , H ' : ds to b
Gescr bed. VR Tt RaRp P OTE Bob AP o RO R Aptoftork U G RER L o

descri bed. the definition In

section ar eheapihipartdfehdet-Bodd WitRH dnts. %ug%ﬁkg\ﬁrés@”fe@édl Qis, 25
di nensi onal {0, 1}-vectors for all 0 j<n, -n2 knm: ,,"vjk = tfe}‘pﬁ t2) ?
.......... (3). The entire Top]itz/ computatiohiofildhziatis @Quiréithe ZRAQfi: N every address
fromO to 2'-1 2. firjst stage: 30 forUIa counter j going fromO to n-1 do
-76 WO 02/029611 PCTAUSP1P 4253F -F ot & going from-n2 to mM do add 2k-x3 to
the value in address » (vjk) 3. main part: It is proceed as in the

(0, 1) Y9rat r Plemenisrestentati on al gorithmis nain

Example 6: Real Matrix, binary 0-1 representation.

The following preferred embodiment of the invention is an implementation of the real
matrix aspect of the invention with binary 0-I-representation of the matrix-entries.
The data consists of an rxn real-matrix 4=(ay : 04i<r, 0j<n) with nonnegative entries
15 and an input real or complex vector x=(xy,............. ,%n.). The algorithm computes

y=0}0, ........... ’y}'l-]) :A.x-
It is assumed that the entries of the matrix are given by the following 0-/-binary

representation, for all 0-i<r, 0j<n:
Ay = D-ngkgm] by 2%

20 where: tj (0,1} forall -mjkm;

Only the first stage differs from that of the 0-/-matrix implementation, therefore only

this stage needs to be described. All the definitions listed in the 0-/-matrix

implementation section are applicable here. In addition define the following #-
25 dimensional {0,1}-vectors for all 0j<n, -mykm;:

Vit = (F1jks L2l eeerernnnnrernnnne R

1. initialization: Put zero in every address from 0 to 2-1
2. first stage:

30 for a counter j going from 0 to n-I do



part for r rows and the output is stored in the sanme addresses at the end
of the 5 conputational process. Conplexity. i) An elenentary step in the
above i npwereeetmlii on is the sane as in the 0-1-binary | nmpCemsnt/&sspn, that
is, reading a nunber fromone |ocation of the nenory, called source, and
adding it to a nunber placed in another |ocation of the nenory, called 10
destination.. ii) An apparatus based on the above code would require the

f ol I ow ng nunber fopf gotigefi®@nt afy sbeps,;t@ ful fil the conputation of A x. (1)
For the first stage (mj, #n2+1)-n_is elementary steps are required. (2) The
main part of the of taHd Zcede thesvalusia agjresnd(wmdi n part of the above

i mpl ement atgi oAk -l?i £y s pnes. . Thus it requires. Co", .

el enentary st eggl. pa 3;!?%%1‘63%2 érgelhg%%éup; PER lﬁpi?n?rﬁﬂéoq‘r%lﬁﬂiﬁp@ss PR ¢t ot al
of : e 0-1p@at-fof @) rowlandrthel putpCly stored 20 @k ARt AdYesSdCRSthe BHANDE Ghe/: Real
Matri x, binar .representation. The follow ng preferred enbodi nent of the

U
i nvention COMRHRHAPAL ORGSRt i on of the real matrix aspect of the invention
W th bi narCoshpepigsentation of the matrix-entries. The data consists of
an rxn real-matrix A=(ay : Oi<r, g<n) and an input real or conplex 25
vect or x=( DoAn elementary. step in the-abpve iinglembupatiort snthe Gagmeta€Sn the (-7-binar
y=(yo, . ... .n. ... YN-1) =A -X. It is . assunmed that the entries of the
matrix are gr 4R n&t}xflh{g% Br F%%\lﬂgga prmperfromoneJorasion ‘?fo&e apgmeyy<galleg j <n:
a# =0 -"12soukrce; dhd<adding # tb aKnudtbet pldeed in brdMdr Tochiotilotlth : k EU
for all —pogkes dad-adling & (b mialuct phickd in RASTHS, toediiPorthe pGRGE: olifed 5

this ﬂ‘bpreé@ﬁﬁn&'ﬁ@bn is already nentioned in the real matrix aspect of

i) An apparatus based on the above code would require the following number of
elementary steps to fulfil the computation of 4-x.
(1) For the first stage
(m; +my+ Dn
15 elementary steps are required.
(2) The main part of the of the code is done by the main part of the above
implementation 0-1-binary-code with r lines. Thus it requires C*/, elementary steps.
(3) The entire computation of 4-x thus requires the total of :
o (my +my+ Dn+
20 elementary steps.

Example 7: Real Matrix, binary U-representation.

The following preferred embodiment of the invention is an implementation of the real

matrix aspect of the invention with binary U-representation of the matrix-entries. The

data consists of an rxn real-matrix 4=(ay : 0-i<r, 0j<n) and an input real or complex
25 vector X=(Xg,............. ,%n-1). The algorithm computes y=(y,,........... In-1)=AX.

It is assumed that the entries of the matrix are given by the following U-

representation, for all 0i<r, 07<n:

ay =U ) 1 < k< my -1t 2% + tym o2 - 272

where: tj €U for all -mip-1kmy

30
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the invention. Only the first stage differs fromthat of the U-matrix

i npl enentation, therefore only this stage needs to be described. Al the
definiti oweokiogdeed in the U- matrix inplenentation secti orcCaresoapss? cabl e
here. In addition define the following 5 r-dinensional Uvectors for all
g<n, -nm2-1 -k-m: Zljk = (tljk, t2jk ........ ... .. ........ trjd 1.
initialization: Put zero in every address fromO to 2r + r -1 2. first

stage: 10 fae ekisgpidof tHiPBpstRationlisdreh 1 do
add 2k Si gn(UJedISXj to thefggdc?r egs rls i Wﬁn%&%?-%f%rﬁggé‘ %s%%‘ipo_f

2-n2-1)-Si §I¥ lpﬁ?r}tloaa, Quy ttheefivstispgssdi fzrs(l%wmjtke)t)of the5 Usmatmimi nn}}ﬂambntaiidsni s

Bnd the outisaroeoly Tt late IR TEAE Ryl B0 hRo0R fuffige’ & 1 7"

conput at i onmtrizpirplemsntaiondotivn tye applidably héve. ahemERHoAd6fRE efle itBlIWHRgabOvVeE
i npl ementation is t ane as in the above U inplenmentation, that rIs,

readi g a ﬂ%@ﬁl‘?‘}agr{a{w@oqsé‘@aﬁ“ gri<vf '”(l.hékr’f'ﬁnory cal l ed source,
multiplying it by a sign WhICh ;, ) -1 and thelg adding the result to a
nunber placed in another |ocal¥ r{’tff Ftie-renoryo¥ cal | ed destination. ii )
An appar atus based on the above code woul d requi re the foll ow ng nunber of
25 el ementiﬂlé‘t t]eps to fulfil the conputation of A x. (1) For the first
stage (m Hlga 1%!‘er%ﬁ?§ﬁ°9“§¥‘“é"ﬁ§d‘éﬁeé§ﬁ@a@itpe?d+r(zl) The main part of the
code is dopefRyY sia gg. main part of the above inplenmentation of 30 the U-code
with r lines. Thu requires Cu, elenentary steps. (3) The entire
conputoat i ofqufgoMg(froﬂmLﬁstorrei]dbres the total of : -78 WD 02/029611
PCT/ USO1/ 42537 P .

or k going from -my-I to my-1 do

add Zk-Sign(ujk) x; to the address 7(h(uy)

for k=m; do
add (2™ - 272°1).Sign(uy)x; to the address 7o(h(u)

15
3. main part: It is proceed as in the u-matrix implementation algorithm's main part
for r rows and the output is stored in the same addresses at the end of the
computational process.

Complexity.

20 i) An elementary step in the above implementation is the same as in the above U-
implementation, that is, reading a number from one location of the memory, called
source, multiplying it by a sign which is 1 or -1 and then adding the result to a number
placed in another location of the memory, called destination.

ii) An apparatus based on the above code would require the following number of

25 elementary steps to fulfil the computation of 4-x.

(1) For the first stage
(m; +my+2)n
elementary steps are required.

(2) The main part of the code is done by the main part of the above implementation of

30 the U-code with 7 lines. Thus it requires Cur elementary steps.

(3) The entire computation of 4-x thus requires the total of :
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CRe-U (¢) (M +n2 +1) -n + Cu, elenentary steps. 5 Fig. 4 is a block

di agram of an exenplary apparatus for performng a linear transformation
with a redooed2esunber of additions, according to a preferped/vSeniasdi nent of
the invention. The apparatus 500 consists of a multiplier 10 with two

i nputs and one output, a nultiplexer (MJX) 9 for selecting one of its

i nputs to be transferred to its output, an adder 11 with two inputs and
one output, followed e‘p anl dgrt ndom Access Menory (DPRAM 13,
havi ng two address bus I au T gdd) T &nd "add b" and two outputs, "data
a" and "datRnentary B@pM-JX activity is controlled by an address generator
501, which also enabPes the access to nenory addresses in the DPRAM 13.
The address generator activity is controlled by a counter 3. 15 The out put
of the multiplier 10 is connected to one input, "C', of the MJX 9. The
output of the MJX 9 is connected to one input "A" of the adder 11. The

out puts of Fidied dederbldck idtageon NEThe txbmpldie dppBiatusOfort PA{ERRRAMal Bncsine
out put , data a of th%u DPRAM 13 is connected to the input "B" of the

adder 11. BOpAion, Wity @ redyegdy mymber d?rf eaditippRaagcosling te omnetefestedt o the

i nput "E Qxfnb§d1%h bptHe%ﬁvéh%t)nTﬂfe M Longlts df 2 I%L]ttlgi}g%g}f 1’&1.?.' e

is connected to the output dress genera He output
of the mul iripuks &xd de Dstpubmmautt@dbmn(mﬁ()oﬁ Iﬁ@fseilwﬂug nB'ofdfs ipetsvb b8 9. The

counter 3 is dto two i S t he address generator 501, The
out put " H' T8RS ert‘ftgg %8‘1‘@%@@6@ tl ERtwe Ut gn Hée '°§¥P§Fx"f°i et bbra t he

mul ti g i er pligi PEHeRat&oﬁutAc'ééés Meﬁlotmmmt\t)awrhmg ta%gaaafé%%ﬁg t hel

control input "S" o the MJX 9. The output 25 ™J" ener at or
connect ed taid héahd ‘add_hddnéswo ionfputs, "‘d&tal a:hid ‘Glatat be Tlﬁma&mﬂyhﬂ ot her

tput "1" 501 d add t
"add b* of cwrraol%ﬁ.:t%re”er i, BeteatiEs 0T TSR ol PHaPTeneipe BRccst &f GUIPRTY o
opti onal RAMBREM fh thelhrEN /esdThe laedxegtcgeeeﬁtcﬁ%ﬁr@t fgrcoé%uéet By EdiRieeer i es

of codes %a row of bits in the matrix), Do, S, and’the multiplier
10, with the nost 30 significant bit Do. The |nput vector may be stored in

ot 29 SremERNLEN e bR PO T " Syt RG>
el i m nat edThé oefpenefithe MITXthie comppdted t€ oh®npatrth’t bthe addef9 1. The output of
the adder 11 is connected to the input of the DPRAM 13. One output, “data_a”, of the
DPRAM 13 is connected to the input “B” of the adder 11. The other output, “data b”,
of the DPRAM 13 is connected to the input “E” of a multiplier 12. The other input
20 “F” of the multiplier 12 is connected to the output “sign” of the address generator 501.
The output of the multiplier 12 is connected to the other input “D” of the MUX 9. The
counter 3 is connected to two inputs of the address generator 501. The output “H” of
the generator 501 is connected to the “sign” input of the multiplier 12. The output “G”
of the generator 501 is connected to the control input “S” of the MUX 9. The output
25 “J” of the generator 501 is connected to the first address input “add a” of the
DPRAM 13. The other output “I” of the generator 501 is connected to the second
address input “add_b” of the DPRAM 13. The transformation matrix may be stored in
an optional RAM/ROM 1, which feeds the address generator 501 with the series of
codes (a row of bits in the matrix), Dy, Dy,..., Ds, and the multiplier 10, with the most
30 significant bit Dy. The input vector may be stored in another optional RAM/ROM 2,
which feeds the multiplier 10 with samples of the input signal. Alternatively, the

storage memories 1 and 2 can be eliminated if elements of the input vector and their
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WO 02/ 029611 PCT/ US01/ 42537 corresponding elenents in the transformation
matrix are provides in synchronization into the apparatus 500. For

exanpl e, wbhag@®henents may be provided by an ADC or a sequarsog4zyener at or.
Al'l the conponents of apparatus 500, are controlled by a comon clock via
"clock in" inputs. s Using the same input set , {xi X2 . . . . . . xn] the
sane U matrix, (that conprises n rows) representing the sane different
codes, Do, ddtrespondi i IR r S . d ' bel ow.
The operation o thﬂe%g%lg%g?tgtng?%%&oﬂsmy Eg%ﬁ%tr\"i‘;?%%oﬂ %’glt:agé @vé?ﬁ gﬁ’@g{e}g&rﬁ he
first stageptid fhdiappareiys 460. Tor gyanple, tasd clements oty tbeerovidglivy saAD or €., t he
sanpl es [xl ... ..%xnl (is received and th 0 products of each
conponent asr?@?ntcg %]F]f:aé%rpd%%ith& QPR o?fdﬁwalt?%ﬁgéo%@%f%bﬁ& i's
cal cul at ed conagnei oloeiviarclddR PRMsI3; and the second stage, indicated as"
Stage 2", during which the received data is processed, while bl ocking
furthes input dasiag fthosanenimgui sg t[bce adder .9, The c RS sabacCOURASIxt he
accunul ated nunber of operations and the count (the odtput of the counter)
is used to Ehastconpuiseshr Femak espresenting theneanyt diféesent Tiodes;uby e, of Bpehat i ons

of "Stage 1. .I.8S: e . t ' t ctor... rations beyond this
nunber ar e%ijgks%lglhg? £ %%%uﬁé?g)aaeliﬁgcd Q"i@‘énﬁ‘? ?P&r?t@ng%g]?ee?p@?@% & ment
of the inventdiohledtihie madstags: gonesaide, iRdatePAPFEEES 18 ARFRAVRER thé
which is linked to the output of the counter 3. The conparator reads the
current 20 ioptpdataofiet, hthe comntlesr [8; xonpares it wi bin] t @ie récei@tihanyl @he t he

i nput vector, and _provides a corresponding signal, indicating whether the
currenf opdradyuchof saghcempeneny gndiifs caresgending slenant "oft thg grapsformhtian si gnal

is used to r; j S 9.1.80.a8s to swi.tch between the
i nputs "" C'rﬁ%ﬁ% lg{f?’l‘?ﬁ%ﬁ%gg%%tp s s}nglféen]éirang‘oI r% Ié’oaf dt %%ecc%cﬁrﬁt?g%é% 1%1%651%
asynchr onotagee?rdaring (vehigh theareceivedRah, is phoceksed! white byckigOmftBeMB@uy al ues,
and is used, as_.a Look-U -Taté)é@é(sqLUﬁ%?, for determ ning addresses in the

- dC

DPRAM 13 viHt Ham FREHD : ogntes iy couny ghepaccumplatest swmberi A t hei r
reo 1 ol (homoRCalt al8prhy Suplrgfiictlilye B0 &' G o BObRRH A PO°

three fields, a "Source I'na
For eaech opwepatigos The mumbeeat hparhtdais of yStage 1T derhicdehgtly ntofi eheciapntt wsictod) |,
ts?)ﬁ; g ea][ ie el e%%ip%g ibggcgt{detﬁg%rlllgﬁbgg arse%lélsro(éleattes(f \glr’gh Qgtggg f’?t Ination values. The

According to a preferred embodiment of the invention, the address generator

501 comprises a comparator 4, which is linked to the output of the counter 3. The
comparator reads the current
20 output of the counter 3, compares it with the length » of the input vector, and
provides a corresponding signal, indicating whether the current operation is carried
out in “Stage 1 or in “Stage 2”. This signal is used to control the input “S” of the
MUX 9, so as to switch between the inputs “’C” and “D”.
The address generator 501 also comprises an asynchronous memory 5 (e.g., a
25 ROM), which stores preprogrammed values, and is used as a Look-Up-Table (LUT),
for determining addresses in the DPRAM 13 via the input addresses “add a” and
“add_b”, for processing their contents. The Size of the LUT is (C-n)x(1+2r), and its
contents comprises three fields, a “Source” filed, a “Sign” field and a “Destination”
field. For each operation (i.e., each clock cycle, counted by the counter 3), there are
30 three corresponding source sign and destination values. The source field comprises

information related to each column of the transformation matrix that has been split
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information related to each colum of the transfornmation matrix that has
been split -80 WD 02/029611 PCT/ USO01/ 42537 (divided), as well as an

i ndi cati oworoelozdeed to nornalizing of the two parts of thaPCT4SeviFsBT
colum. The source field determ nes the value of the input "add-b" on the
DPRAM 13. The sign field represents the | ower conponent in each split
colum or sub-colum. The destination field determ nes the value of the

i nput " addrf¢iqem), bB&va %Bﬁ%&ém&p feehl '&gnEHanghoﬁhﬁ @ﬁf‘@% oPkndihe
correspondl ng address 1s sel ected or processing.  The address generator

al so conpr spediacdamnnoThs s¢wce ﬁueldlcjetemumstthc srﬁthﬁ]gfﬁhe inpud “gdd_bBamhthef whi ch

conpri ses nnect to the seri.es of bit X,

bt T v FIPRAN s THREE Bd rBurers e S onamint ek SBRSma o a
cor r espondii@cAGmIIEhE Idesimtise el d&Gerihds Mk &%RieSof the it “add 2 ohh@eseri es
of bits DI ., Dx are also fed .into the other input of a corresponding

MUX f riom aDPRAMf13s apagrdipgte xdich the eprtent of the corrqspending pddregst issalepteluX from
the set 71 is controlled by the value of the rost si gnificant bit
F%ﬁ% csptide,

Do, so as e“the transfer of the set D1,..., DS unchanged, or
inverted (i.e., The hddress gdﬁeﬁ)ﬁoﬂaﬂsd benprivgsih setast @ssr-4) imvkrteRes[IBRAKL,13. The
set DI,..., 15DS or D1,..., S) is input into one i t of a
correspondie‘r*@1 §§tWh1811 enpgfses annﬁﬂﬁ“f‘ prognested tq, thy %e%ldlfpgﬁ%rﬁll -muPpi pl exer

LUT. The o ut o arator 4 enables t tlon
arriveo f r oMUKerart sétlof/2multiplekerso?i,Tor oM. {Iihe smeE.of‘bhm DmnpuD; ateadsd &d (|

t he destination ontrols.the firs dat " of, the
W on s 1 o T eemangt oles Cgresprting MK ont S8 ¢t esBitoblSaRhay Pt aren -t om

the LUT NEX e.. QUL the Safu 0P thedhodthe
DPRAM 13, mﬁ?gﬁtp}l{;gfédgﬁ i nt oﬁ‘?ﬁtﬁlﬁ@ﬁ@%of ’Slegeaaﬁuul tipl |te$ 1%@-0 t| ch o

mul ti pli es sigaifleantabiieDgfso’ @amaeria'blebt}ledransfwr oéshosei PAg..".sPg nhchaagers or
extracted fromthe L an duct,,l of the
rruI tiplier Wsre ‘i‘ﬁee ]\?J;r t e25 ég% tlfl% f’sr§e Dﬂ%ﬁﬁm %L@yﬁgrpbndus

, 15 he e’ Ofqu?(i@lﬁiﬁlHlntbsoﬂéVﬁbW bf b%n@maﬂi n@ttswzhesg:bﬁ@k rate
(eg , when the cl’ock S|gnal rises). On the other

operation imulplexerpprithven addigonsl prtiplexss §s whichds fede%&ﬂl@dﬂﬁ%dfheu ”sthclﬂﬁnged at
the moment o‘f‘“‘%&d th arrléﬂl%r £3% HIPEDT Stie h@(ﬂ&?ﬁdof ﬁ{?eg@c;r%a?%r UNEn Bl CHre
selection of “add_a” to arrive from the set 71,7,...,7; or from the LUT. The input
“add_a” (i.e., the destination) controls the first output “data_a” of the DPRAM 13,
20 which is fed into input “B” of the adder 11. The input “add_b”, taken from the LUT
(i.e., the source) controls the second output “data b of the DPRAM 13, which is fed

8,. which E%Béﬁg,eg,y E[h %{ﬁgof Ldf vk R c%)mec‘?%]d to%ilg yut BF 5'08?%05%& t he

into input “E” of the multiplier 12, which multiplies each value of “data b” by a
corresponding “sign” value, extracted from the LUT and feeds the product into the
input “D” of the multiplier 12. The “write” operation in the DPRAM 13 is

25 synchronous, i.e., the contents of each cell is overwritten according to the clock rate
(e.g., when the clock signal rises). On the other hand, the “read” operation in the
DPRAM 13 is asynchronous, i.e., each output is changed at the moment when the
address input is changed, regardless the clock.

Operation at Stage 1:

30 At this stage, the counter 3 starts to count the first symbol time (» clock
cycles), during which stage 1 is performed. During stage 1, the MUX 9 enables data
flow from its input “C” to flow to its output and into input “A” of the adder 11, while
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Qperation at Stage 1: 30 At this stage, the counter 3 starts to count the
first synbol time (n clock cycles), during which stage 1 is perforned.
During stwg@e229the MJX 9 enables data flow fromits i npRCT/US01/4253T | ow t O
its output and into input "A" of the adder 11, while -81 WD 02/029611
PCT/ US01/ 42537 bl ocking input "D'. The input synbol [x1 X2 . . . . . . xn]
is provided into one input of the multiplier 10. The MSB Do of the code,

is provided,into.the.oth .input of rthe rmultiplier 10._ At this, stage, the
desti nati oﬁl"(c AnRH o Theinpt WSl T G er i Med by t R BvIdeddi®as i
extracted {homMAPRAMC Aufiiierd0etnd MSH®), HraALR ~ :

xn] of the I nput vector,u %lleti pl 1 ed by ihe I\/ISBQ(IIIZ%EC;)?§ ?ﬂ%@géﬁ%oeghefth%i ch
has been caiput @ thérenuttipliee rit0. s yAbibis $thge thg destindien goutpuindiataad’l)ahat 3 t he
address generator conmparator 4 and to the ROM5 that the current synbol

tic e Eas Ngé@ﬁn?i@%hya dnpencrddhe’s db giardedofrom BRRAMeS and afldgduto tisl ecti on
o] t he X 9 frominput "C' to the other inpput "D'. Simlarl. th
conparit or CAMEPRPES [xrl)oxﬁul't i pl exers Sxi"TB‘# HB Wput vgcten | 1ag lplig‘% i ﬁ}?m t he
LUT, rathe e %M‘ . hat | : 1S: .
counter 3 M%é@?‘% coun J';(’t Wém ﬁé%% bgé%n%gpé??%C&cf&f\%}ﬁ%@dmﬁr%ﬁ%g)g?%etsgg 2 1S
g

Fer ]1: f)r me?. i@[ikfdtibgtts tt?g addges_st gttaelfsﬁd% cﬁbngjaAﬁiﬁcbr?$ fﬁat(a‘a}fdel R}@Mlsagagi tlhs cigil‘remtt "D
o] owto i outp and into i pput "A" 0 e a r . ile ocki ng
iDan)pF)ex}w 1 g Syllagsaltm{lzgo%s ge@a@?m;%&:; 4B _tfﬂcegwa@ym‘*eivv%??e%tjﬁédlﬁ% S%lle@rﬁ in the

| $hE0E 58 : “ y : epy-e SO our ce
data is feglfrom t§he n)s{(Ilalc?:pcljlrt1déout pgtmrg%% ?%@%aﬁlg, %R":X ?rné}tgl%tf e i nput
"B" ofio t he mmltiplexdrs 81,8,12,8, tanseldet ddta ifoni the LA, rathéri fexin e RABL t.or r espondi ng

"sign" value, extracted fromthe LUT. This product is fed into the input
"D of the MJX m&&g—a&gée e L aring in the input "A" of the adder 20 11. At
the same tine, t§nigQniethe @burtthies Sifts RNoudefieiroRt dyaibol i daRReMhichl N t he
i nput B" of the adder 11. The two val ues are added by the adder 11, and

the resul Ij stage Qtiﬁp@@orrmd- Pheing stage 2.dbe d8EXrenables pprAiow Borpitsiiappt “D”

corresponds to the previous.destinati,o a At . th d of thi

summation Blé’stg,ltstor?ép‘g(?f"aé%tﬁd?ﬂ’rtn ror}tt?e\éﬁ(g‘%%);lﬁa‘?b’iﬁgloglgf“ﬁg@uf;l §$) are

storeq, in %R%Pé’ﬁgé{' d&éa&t cl@éi{jér?@?ﬁ §§el§&e?9&lﬁﬁ% in hd PRAM 1 3 s debessddivi 25
t1y t

process i s contintied conseque , unti e clock provides an 1 ndication
t hat st age“@dd b” which represents the source. The source data is fed from the second output

“data_b” of the DPRAM 13 into the input “E” of the multiplier 12, in which it is

multiplied by the corresponding “sign” value, extracted from the LUT. This product is
fed into the input “D” of the MUX 9, thereby appearing in the input “A” of the adder

20 11. At the same time, the content of the current destination value appears in the input
“B” of the adder 11. The two values are added by the adder 11, and the result is stored
at the same address in the DPRAM 13 (which corresponds to the previous destination
vaue). At the end of this summation process, the corresponding r transformation
points (y;°s) are stored in the DPRAM 13 at addresses #0 and #2" to (2"'4r-2). This

25 process is continued consequently, until the clock provides an indication that stage 2
is terminated (according to a predetermined count) after all the transformation points
(¥i*s) have been calculated and stored in different addresses in the DPRAM 13. At that
moment, the current symbol time has also been terminated, and the comparator 4
switches the input selection of the MUX 9 back from input “D” to the other input “C”,

30 and drives multiplexers 8;,8,...,8; to select data from RAM 1, rather from the LUT,
thereby driving the apparatus 500 back to operate again at stage 1.
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is termnated (according to a predeterm ned count) after all the
transformation points (yi s) have been cal culated and stored in different
addr esseswpm2oies1DPRAM 13. At that nonment, the current sPaipalSot/#ase7 has

al so been term nated, and the conparator 4 switches the input selection of
the MUX 9 back frominput "D' to the other input "C', 30 and drives

mul tiplexers 81,82...,8,s to select data fromRAM 1, rather fromthe LUT,

t her eby drivi ng gdeerabirBhRhtisf HOafRcdud BseaPSr AeAdR e Abovd Aol is- 82 VWO
02/ 029611 PCT/ USQO1/ 42537 One enbodi nent of the apparatus used to inplenent
t he above meemhidFigyresaeXiguie B ifysteates arringplemenation gf o maedust ghan rxn U-

i mpl enent atj f [ . Of i by..an _n-di mensi anal
vertor . it & pEabh Sl Sl FRdoE. whe IBGLabPYr A7 ot JERER Y

cor respondd wierd 0 cafrdspbndoto E2pdndsrresponds to5-1Ln thi s exanpl e the vector is
real and v bits _are dedicated to each conponent. I n the subsequent

constriiction t hdn ﬁlﬂﬁ pxamplethe wqctprets 3l aéﬂéfrﬁéﬁtar‘id?m#%@ RENFONIBPRENE. he
vector X gy %ﬂé).ﬂﬁg?%{%n? L&ERDE o HEAMAAL thieggﬁ eBidrk % (@Q\/It(ﬂq{@?gt or

may be generate m any i nternal or external device such as neno devi ce
or synchr and Zledvestarr X és storddeinAllhent 2@V e R@MG e Shg emeriataod she wicor 10 A
clock that conirol m)dgl es 1,2,3,13. s nchroﬂgée.s t he whol e sysiem Modul e

3 is a coum® bt BERERIGH A ARY AP OF eX P SUttef MENAUE dYIFfhs: C =
n + 2uo+ul 'Eyh@lfonized sourcet Hké RY(T or sbmk S‘eg,ﬁenceé’é‘énéraltorg,l%t@h( kii)-1(ki) T(kj) _
[(] -1) (r72k) 7 15 h(kj) _ /' (r/2k) -1 In stage 1 the incom ng signals
from et ements 1 AeXlegle thatseortieodl inpdwew|lehdAd sybghminizes dbe owbelaceystem.

addr esses at .are comn rom el enent . 3 er e, .eac dress contains the
Togon 1 st Moge s fe Sk G PLESERRD . VhEE SRl e ae an adar ess
generator of an asynchronous 2{0:30\42@#@;@@5+,_5,_,),+9} tpe-&j ze of (CGn)x(1 +
r +r). Al the bits of the counter go into el emenf®@ dhich is a
conparator that check if the currgnt couplis greater then n. El enment 5
enconpasses three fields: Sign%S r]€2§ Destirnati on. The order of the line
at the ROM shoul d be such that the first operation of stage 2 is induced by
the Ihkj) =1G-1@/2H]

15 hkj) = [j(/2% [ -1

In stage 1 the incoming signals from elements 1 &2 are inserted into element

13 with accordance to addresses that are coming from element 3, where each address
contains the logyn list significant bits.
In addition, the counter is used as an address generator of an asynchronous

20 ROM (element 5 ) of the size of (C-n)x(I +r +r). All the bits of the counter go into
element 4 which is a comparator that check if the current count is greater then n.
Element 5 encompasses three fields: Sign, Source, Destination. The order of the line
at the ROM should be such that the first operation of stage 2 is induced by the
counter after n cycles.

25 For syntax purpose we will define s = r-1. The data buses go from element 1
bits-D1-Ds into elements 6_1-6_s (which are inverters) respectively. Elements 71-7s
select between D1-Ds and the output of 61-6s according to the state of DO.

(D0=0 =>7_1-7_s=D1-Ds, D0=1 =>71-7s = 61-6s).
Elements 8 1-8 s selects between 7 _1-7_s and the lony(n) LSB's outputs of

30 element 5 (add a = Destination) according to the state of the output of the comparator
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counter after n cycles. 25 For syntax purpose we will define s =r-l. The
data buses go fromelenent 1 bits-Di-Ds into elenents 6 _1-6_s (which are
i nvertersworespstti vely. Elenments 71-7s sel ect between DPCDasand2sshe

out put of 61-6s according to the state of DO (DO=O => 7_1-7_s = Dl -Ds,
DO=1 => 71-7s = 61-6s). Elenents 8 i-8_s selects between 7_1-7_s and the
|l on2(n) LSB's outputs of 30 elenent 5 (add -a = Destination) according to

the state ah euéiﬁerﬁui@tatgepjzn?.h@td‘g@mp@ﬁmo% 8- B8 NQ 023029611 PG/ LSAL/ 42537
in elenment 4 (stagel 2n). Stage 1 Zn =0 => B _1-8_ s = add a, Stagel 2n =1
=> 8-1-8-B 3-88-7_ &7 &l enent 8-r select between "0" to the r bit (add -a

MSB) of el enent =0 => 8~ = add - B el,. 2n =1 => 8-r =
0. The out put fr]%ﬁqmegg g%ikﬁgéﬁ lﬁegvé’ ns0 1 f% U6 Fs@égag‘ﬁﬁ%s@gggé)fa%e%‘?%n%nt 13 ,
which is a Stagll o0 RAB A= siddea AISB2Btager2nBXEYS 06N) Thel BitpuBHhess
defines data _a bus Whitgh is an output from elenent 13 and al so the

dest i nat i orb-df8_f Haediasthe first gddregihusiplielement 1hpwhichds & duatmert RAB atame - b

(which is it , O : u isel.d i St he. sec ress 10
bus of el e(rqr)gjﬁlE 1-1:-))10%)%‘%/?62%% grs}(slg ggc}]r?% o{ie(siﬁlgéfl gﬂa__%)o%gvhﬁ |1cshaen| %%ta@g?put
from el emerdlemdr)13 #idgaisd theadestimegioa diithe dath pintbuk rvicteiseaeiniputld sibrerdt

mul tiply d?} a b at elenment 12 (which is a nultiplier). The data in bus
which is am-rnput with respect to elenent 13 arrived from 15 elenment 11,

which is an addefqd BatvSdE cuRREbPEEMERAI A(th&saRde h@ﬁgpﬁ&ﬂ@&ﬁﬁ&?#&é@m 9.

The data in goes to add -a destination in a synchrondus way, e the read
. oper abi on o ofiglement 15 (bhisl addressicontrolasiptac hbumwihich iPan ontpub fivimeelamenton of

el enent 13 i3é is initiated by insertion of zeros. Elenment 9 selects

bet ween the1 'ut puts of elenent 10, and elenent 12. Elenment 10 nultiplies

20 the data bus §ip@my alseipbit Juiplit Rotherkd?B 19twiBbIERRRpLYL dathf B 8F elémEMC! es
the resulting vector is stored at elenent 13 at address O and addresses

2r-1 to (2rl2(whichoy a mylHk@ls vari ati ons and nodifications of the invention

wi I becorre r eadf'ﬂey data_in bus which is an input with respect to element 13 arrived from

15 element 11, which is an adder that sums together data_a and the output of element 9.
The data in goes to add a destination “in a synchronous way, while the read
.operation of data_a and data_b is asynchronous.

Prior to the action of element 13 it is initiated by insertion of zeros. Element
9 selects between the outputs of element 10, and element 12. Element 10 multiplies

20 the data bus from element 2 with the LSB of element 1. After C cycles the resulting
vector is stored at element 13 at address 0 and addresses 2™ to (2" +1-2).

Numerous variations and modifications of the invention will become readily
apparent to those skilled in the art. Accordingly, the invention may be embodied in other
specific forms without departing from its spirit or essential characteristics. The detailed

25 embodiment is to be considered in all respects only as illustrative and not restrictive and
the scope of the invention is, therefore, indicated by the appended claims rather than by
the foregoing description. All changes which come within the meaning and range of

equivalency of the claims are to be embraced within their scope.



apparent to those skilled in the art. Accordingly, the invention may be
specific fornms without departing fromits spirit or
essenti alwohlhatwasteri stics. The detail ed 25 enbodi nent is PETRSITMIST der ed
respects only as illustrative and not restrictive and the scope of
the invention is, therefore, indicated by the appended clains rather than
by the foregoing description. Al changes which cone within the neaning
and range OVHADIS CUAMEDAS:the clainms are to be enbraced within their
-84 WD 02/029611 PCT/ US01/ 42537 WHAT IS CLAIMED IS: 1 1. A nethod

enbodi ed i n ot her

in all

scope.

for gnhancing the effj ci e%)ﬁeﬁfodtfgleetﬁ%éiﬂé HR'Y %{tglflciyaoftﬁe %érfb?ﬁl%ﬁce ofa .

transfornmati on represented by an rxn matrTx o
3V

storing i n?%%{)t;a?}?%‘f@
row, 6 onittin? zer g coltnns of sai d. mat

I npug

conpbnent s V&¢t0

east ne n-

ex or ni.t e ld co

akoviedhg tea

generating a nodified vector from groups of equal columms in the 10

norndl i zed matrix; 1FtQEedpaanygy & ratndbatveen epgh pmittedaony amizadipsedéatechg t he

I nensi onal

. | I j fi ising: 4
St bRk B o AR P o ol b ha B SRS,
i, x and .t he correspondi ng scal ar

g&og}gle%orﬁoﬁrﬁﬁti%i FYORAERE col uim of said matrix;

7
9

out put vector. 1 2. The nmethod of Cdaim1, further conprising splitting the

2 transformatvi on matrix into several
vector by 3 unifying the output vectors resulting fromthe products of

eachs sub-matrix. 1 3.opfithgdREQ@AmRhs 2 RidMarix¥A8HEI dbrilfoid chggl mat ri x

sub-matrices and obtai ning the output

2

enconpasses a subset of rows of said transformation matrix. 1 4. The net hod

of q aim 3’00%%#}{%%3@%%@.2&8013'[)' itting the input 2 vector into several

sub-vectors s ub-vector corresponds to a sub-matrix 3 and

wherein the output vector,.i.S obtai ped b%&glddi nlg t he out put vectors
L o R

resul ting from 4 thdOFPaliriRg sachco

9

10

1

12

Ha

generating a modified vector from groups of equal columns in the

X. -85

normalized matrix;
generating a modified matrix; and

obtaining the output vector.

2. The method of Claim 1, further comprising splitting the
transformation matrix into several sub-matrices and obtaining the output vector by

unifying the output vectors resulting from the products of each sub-matrix.

3. The method of Claim 2, wherein the modified matrix

encompasses a subset of rows of said transformation matrix.

4, The method of Claim 3, further comprising splitting the input
vector into several sub-vectors such that each sub-vector corresponds to a sub-matrix
and wherein the output vector is obtained by adding the output vectors resulting from

the products of each sub-matrix.
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WO 02/ 029611 PCT/ USO01/42537 1 5. The nethod of Caim1l1, further conprising
splitting a nodified 2 matrix into several sub-matrix, wherein an out put
vect or i swowrarsed by addi ng the 3 output vectors resulti RGTUSOMASHE
products of each sub-matrix, by the respective sub- 4 vector. 1 6. The

met hod of Caim1l1, further conprising normalizing each 2 colum of said
matrix by multiplying the colum by the inverse of a lead elenent. 1 7. The
met hod of Claim 1, wherei mpchetd PUt1ade ! RkthbSconRsRUGlitting Fhodifigd Mt ri X
and the input vector. 1 8. The nmethod of Caim1, further conprising
identifyin . =] ' I L .| nd
att gc hi ng gﬂag%)? %ﬁ‘z S?‘%(r:agts}ﬂg %&étﬁjci)x’ gglg EJHSXE? ggtﬁ P?‘?elceg 1%?'%}3%&9 Egg&(il% th%ppar at us
for perform a linear. transfarmtion 2 conprising: 3 first and second
pubs. i GG RestorR Tr st gt BT of el SiThinatid B ey e or s on
circuitry which acts on the input data and 6 predeterm ned data; 7 control
and ‘addr es¥e¢f@heration circuitry, connected to a first nemory, 8 which
generates correspondi ng addresses for accessing cells of said nenory, and
for . 9 controlling t sel ' LeGebvi ng I n which
data is received vi a%'elo &?@@%@&%@ﬁ}@%ﬁ%@@%%ﬁm ocg]s?%ﬁ%aacrlrlode, in
which the arrival,. of, i nconqin a via i said first i.nput, i s bl ocked; and
"85 W0 02/ SOBETOLEH TR Db R D okt it e MRy oF BRCUSIERTIY | ng 1 he
timng of the operations the 13 apparatus. 1 2 10. The apparatus of claim

9, wherein the transfor matiemi@hd Lol ¢lain 1 3whathini thé bﬁ?uﬁ%‘é{br@sl £pRabctof the
i nput data by a corresponding el enment of the 4 transfornmation data.

2 of the matrix and the input vector.

1 8. The method of Claim 1, further comprising identifying groups
2 of equal columns in the normalized matrix and attaching a unique location to each

3 identified group.

1 9. An apparatus for performing a linear transformation,

2 comprising:

3 first and second inputs which receive input data and predetermined

4 data;

5 transformation circuitry which acts on the input data and

6 predetermined data;

7 control and address generation circuitry, connected to a first memory,
8 which generates corresponding addresses for accessing cells of said memory, and for
9 controlling the selection between a data receiving mode, in which data is received via
10 said first input, and a data processing mode, in which the arrival of incoming data via
11 said first input is blocked; and
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1 11. The apparatus of claim 10, wherein the transformation circuitry 2
conprises a nenory which stores the result of the nultiplication. 1 12. The
appar at uswofo2otmiim 9, wherein the transformati on circuitrPCTASOU#MSBT ses
sunmmati on and accunul ation circuitry. 1 13. The apparatus of claim9,
further conprising a nultiplexer 2 circuitry which selects between the
data receiving node and the data processing 3 node. 1 14. The apparatus of
Cl aigm 9, wherei n t he coamtr dtcunflfR@eiesEng thedRMAk 3F tRMDpeiakicnd hey conpri ses:
3 a second nenory which stores pre-programred processing and control 4
dat g and; giﬁngggparator circuitry which swtches between the data

recei vi ng 8 node and the data processing node. 1 15. The apparatus of
Claim 14, wherein the control and address 2 generation circuitry further
conp%ises: 3 afirst set of multiplexers, each of which having at |east one
direct 4 input for receiving transfqorpmation dafa, and another input, into
whi ¢h said 5 transfori®ati oedapaafus of elamy PaWherety the &pesfermaiion sirevitd . sai d
first set being controlled -87 WO 02/029611 PCT/ US01/ 42537 6 to transfer
t r arssf or mamiwtipliksteacvelemenivedfrthe thput daie by a watrespandiag glentsnt of the edet er mi ned 7
val ue provided by said transformation data; 8 a second set of multiplexers,
eachs of whitehsfomaativg dita.| east one input 9 connected to the output of a
correspondi ng nul tipl exer selected fromsaid first set of 10 multiplexers,

and another input, caonnectyf dpBaraRis@f sRERNY, WEIBIYhe &alForiREBA dirsfitry 11
being controlled by said conparator circuitry to provide a first address to

Sai df 11 rst PR Ameiehy SAth Sitlfe 1A QLB ERER, T bPever trom said

second set or, to prqyide.gt |easi a rtion. 14 of the second.address to
the ¥irst menory by ﬁ'ansf PR PﬁggFBPeﬁhPﬁugﬁ?Hagg R SUHEry; and

16 a multiplexer, operating_in conbination with said second set of

2 comprises summation and accumulation circuitry.
1 13.  The apparatus of claim 9, further comprising a multiplexer
2 circuitry which selects between the data receiving mode and the data processing
3 mode.
1 14.  The apparatus of Claim 9, wherein the control and address
2 generation circuitry comprises:
3 a second memory which stores pre-programmed processing and control
4 data and;
5 a comparator circuitry which switches between the data receiving
6 mode and the data processing mode.
1 15.  The apparatus of Claim 14, wherein the control and address
2 generation circuitry further comprises:
3 a first set of multiplexers, each of which having at least one direct
4 input for receiving transformation data, and another input, into which said
5 transformation data is fed via a corresponding inverter, said first set being controlled
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17 multiplexers in said data processing node, having an unconnected i nput
and an input 18 connected to said second nenory and controlled by said
conpar at owoaoRtwitry, thereby 19 providing the renmai ni ngPg@risvo#Rsef said
second address. -88

6 to transfer transformation data or, inverted transformation data, by a predetermined

7 value provided by said transformation data;

8 a second set of multiplexers, each of which having at least one input

9 connected to the output of a corresponding multiplexer selected from said first set of
10 multiplexers, and another input, connected to said second memory, said second set
11 being controlled by said comparator circuitry to provide a first address to the first
12 memory by transferring the output of each multiplexer from said first set to the output
13 of its corresponding multiplexer from said second set or, to provide at least a portion
14 of the second address to the first memory by transferring data sfored in said second

15 memory; and

16 a multiplexer, operating in combination with said second set of
17 multiplexers in said data processing mode, having an unconnected input and an input
18 connected to said second memory and controlled by said comparator circuitry, thereby
19 providing the remaining portion of said second address.
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