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REDUCING TRACK MISREGISTRATION DUE TO DIGITAL-TO-ANALOG CONVERTER
QUANTIZATION NOISE BACKGROUND OF THE INVENTION 1. Field of the Invention.
This invention relates in general to a rotatable storage systems, and more
particularly to a method and apparatus for reducing track misregistration
due to digital-to-analog converter quantization noise. 2. Description of
Related Art. Rotatable disk data storage systems are widely used in
computer systems to provide rapid data file access for reading and writing.
These rotating data storage systems include disk memory media using
servo-actuator driven transducer assemblies that are driven by voice coil
motors (VCM) to access rotating platters. Rotating disk storage systems
also include optical disk memory employing a laser read-write head assembly
to access optical disks. The reading and writing information to the
concentric data tracks in a rotating storage device is subject to data
errors arising from head tracking errors that occur during data storage to
the file and during data retrieval from the files. For example, one method
known in the art for reducing both hard and soft errors during writing and
reading from a storage disk is to define a track centerline and establish
limited offtrack regions about each track centerline on the disk. The
offtrack method provides a threshold measure for     -. MAY 2002 2
inhibiting the read or write functions of the head assembly. That is, the
write function is inhibited (disabled) when the head position exits the
offtrack regions. Nevertheless, in hard disk drives (HDD) the digital to
analog converter (DAC) driving the voice coil motor (VCM) has limited
accuracy. Quantization noises (or roundoff errors) due to the finite
precision of the DAC can disturb the servo control loop and degrade servo
performance. In the digital servo control loop, the internal precision of
the digital signal processor (DSP) is typically higher (e.g., 16 bits) than
that of the DAC (e.g., 12 bits). As a result, the lower order bits have to
be dropped when the calculated control signal is sent to the DAC. This
dropping of the lower order bits, i.e., the DAC quantization noise, may
contribute a significant portion of the total track-misregistration (TMR)
Furthermore, for fixed mechanics and servo bandwidth in a HDD, the power
spectrum of TMR due to DAC noises is fixed, and the TMR does not scale with
the track 



density. It can be seen then that there is a need for a method that
effectively reduces TMR due to DAC quantization noise.    3 SUMMARY OF THE
INVENTION To overcome the limitations in the prior art described above, and
to overcome other limitations that will become apparent upon reading and
understanding the present specification, the present invention discloses a
method and apparatus for reducing track misregistration due to
digital-to-analog converter quantization noise. The present invention
solves the above-described problems by providing a ` quantization error
feedback method that compensates for the dropping of lower order bits from
a processor to a digital-to-analog converter driving a plant. A method in
accordance with the principles of the present invention includes providing
control signals for controlling a plant, the control signals each having a
precision of a first predetermined number of bits further comprising a
first group of most significant bits and at least one least significant
bit, providing each of the first group of most significant bits to the
plant to control operation of the plant, accumulating the at least one
least significant bit until a new most significant bit is generated and
adding the new most significant bit to a fast group of most significant
bits before being provided to the plant. Other embodiments of a method in
accordance with the principles of the invention may include alternative or
optional additional aspects. One such aspect of the present invention is
that the accumulating the at least one least significant bit until a new
most significant bit is generated further comprises feeding the at least
one least significant bit through a feedback loop having a feedback loop
gain until the new most significant bit is generated.   . 9 M AY 2002 4
Another aspect of the present invention is that feedback loop gain is z
1F(z) , where F(z) is a filter whose transfer function is assumed to be a
real rational function which is analytic and bounded in {z v ~~ z ~~z 1}
Another aspect of the present invention is that the feedback loop gain is a
single integrator. Another aspect of the present invention is that the
feedback loop gain is a double integrator. 



Another aspect of the present invention is that the filter F(z) provides a
power spectrum s ~ 1 ~ !o ~(s~B ~~))d~ _ Qg( ) of shaped noise that always
satisfies ~ K, where K is a constant. Another aspect of the present
invention is that the control error is track misregistration, the track
misregistration being measured according to a position error signal (PES),
the 2 E(PES2 (t)) z ~- ~ ho mean square value of PES satisfying 12 , where
q= 2 ~ with c being the quantization resolution in the processor, and 1
being a number representing the at least one least significant bit. Another
aspect of the present invention is that the control error is track
misregistration, the track misregistration being measured according to a
position error signal (PES), a minimum of the mean square value of PES
being derived according to a method includiilg constructing state space
matrices BZ ~ DZ , A) and B, solving   9 M AY 2002 5 L = W ~z r r ALA - L +
BB = ~ to get the solution ~~ ~2 , finding the optimal filter coefficients:
f = C2~z~ ~ and solving for the minimum of the mean square value of q
mfinE{PESZ{t)) = ~2 {Cz{Lza -~a~iW )Ci +ho)~ PES given by: Another aspect
of the present invention is that the mean square value of PES ~2 , h2 0
achieves the lower bound, 12 , by additionally feeding forward the filtered
QEF noise QN to the controller input when there is at least one sampling
delay in the servo loop. Another aspect of the present invention is that
the method further includes driving a state estimator with the most
significant bits and a position error signal to reduce the power spectrum
density function of the track misregistration at predetermined frequencies.
The quantization error feedback method and the state estimator method may
be used separately, or alternatively, may be used jointly to achieve even
more track misregistration than if either is used separately. In another
embodiment of the present invention the method includes providing control
signals for controlling a plant, the control signals each having a
precision of a first predetermined number of bits further comprising a
first group of most significant bits and at least one least significant bit
and driving a state estimator with the most 



significant bits and a position error signal to reduce the power spectrum
density function of the track misregistration at predetermined frequencies.
- 9 M AY 200Z 6 These and various other advantages and features of novelty
which characterize the invention are pointed out with particularity in the
claims annexed hereto and form a part hereof. However, for a better
understanding of the invention, its advantages, and the objects obtained by
its use, reference should be made to the drawings which form a further part
hereof, and to accompanying descriptive matter, in which there are
illustrated and described specific examples of an apparatus in accordance
with the invention.   - g MAY 2002 BRIEF DESCRIPTION OF THE DRAWINGS
Referring now to the drawings in which like reference numbers represent
corresponding parts throughout: Fig. 1 illustrates a schematic diagram of a
data storage system suitable for practicing the present invention; Fig. 2
shows top view of the system illustrated in Fig. 1; Fig. 3 illustrates a
simplified block diagram of a HDD servo system; Fig. 4 is an equivalent
circuit of the block diagram illustrated in Fig. 3; Fig. S shows the
frequency response from quantization error to TMR; Fig. 6 illustrates a
block diagram of a quantization error feedback (QEF) circuit according to
the present invention; Fig. 7 shows the ideal power spectrums of TMR due to
quantization error with single-integrator QEF (lower curve) and without any
QEF (upper curve), respectively; Fig. 8 is an equivalent circuit of the
block diagram illustrated in Fig. 6 wherein the double-integrator plant is
decomposed iilto two integrators; Fig. 9 is an equivalent circuit of the
block diagram illustrated in Fig. 8; Fig. 10 illustrates the power spectrum
density of the filtered disturbance QEl of Fig. 9; Fig. 11 illustrates a
block diagram of a QEF scheme with double integrators wherein more power
reduction may be obtained at the lower frequencies;   - g MAY 2002 8 



Fig. 12 is an equivalent circuit of the block diagram illustrated in Fig.
11, wherein the double integrator QEF scheme is the optimal feedforward
scheme and the prefilter is optimally chosen to minimize the mean square
value of PES; Fig. 13 is an equivalent circuit of the block diagram
illustrated in Fig. 12; Fig. 14 illustrates the power spectrum density of
the filtered disturbance QEZ of Fig. 13; Fig. 15 shows the ideal power
spectrums of TMR due to quantization error with the double-integrator; Fig.
16 illustrates a general structure for the QEF methods according to the
present invention; Fig. 17 is the feedforward block diagram of the block
diagram illustrated in Fig. 16; Fig. 18 is a three dimensional plot of
power spectrum density against the value a Fig. 19 illustrates the
variation of the power spectrum of GQE with variation of n; Fig. 20 is a
plot of the logarithm of power spectrum density of shaped quantization
noise demonstrating that the average is constant; Fig. 21 is a modified
block diagram of the QEF method wherein the TMR lower bound is achieved;
Fig. 22 is an equivalent circuit of the block diagram illustrated in Fig.
21; Fig. 23 is a block diagram illustrating a servo control method based on
state estimation; and   - 9 M AY 2002 Fig. 24 illustrates a block diagram
of a controller that is configured to execute the quantization error
feedback method in accordance with the present invention.   - g MAY 2002 ,o
DETAILED DESCRIPTION OF THE INVENTION In the following description of the
exemplary embodiment, reference is made to the accompanying drawings which
form a part hereof, and in which is shown by way of illustration the
specific embodiment in which the invention may be practiced. It is to be
understood that other embodiments may be utilized as structural changes may
be made without departing from the scope of the present invention. 



The present invention provides a method and apparatus for reducing track
misregistration due to digital-to-analog converter quantization noise. In
hard disk drive (HDD) servo control systems, quantization noises (or
roundoff errors) due to the finite precision of the D/A converter (DAC)
driving the VCM contribute a significant portion of the total
track-misregistration (TMR). The present invention provides a quantization
error feedback (QEF) technique to reduce TMR due to DAC quantization
noises. The QEF technique according to the present invention offers a
simple method of reshaping the spectrum of this noise to minimize its
contribution to TMR. In the digital signal processor (DSP) implementation
of the QEF schemes, the quantization error is monitored and accumulated in
the DSP; when sufficient error has accumulated, the MSB feeding the DAC are
modified such as to cancel the effect of the error. Despite the
nomenclature used herein, QEF is effectively a feed-forward technique which
means that it cannot affect or degrade the servo loop response. Fig. 1
shows a schematic diagram of a data storage system 10 suitable for
practicing the present invention. System 10 includes a plurality of
magnetic recording disks 12. Each disk has a plurality of concentric data
tracks. Disks 12 are mounted on a   9 M AY 2002 11 spindle motor shaft 14
which is connected to a spindle motor 16. Motor 16 is mounted to a chassis
18. The disks 12, spindle 14, and motor 16 include a disk 'stack assembly S
20. A plurality of sliders 30 having read/write heads are positioned over
the disks 12 such that each surface of the disks 12 has a corresponding
slider 30. Each slider 30 is attached to one of the plurality of
suspensions 32 which in turn are attached to a plurality of actuator arms
34. Arms 34 are connected to a rotary actuator 36. Alternatively, the arms
34 may be an integral part of a rotary actuator comb. Actuator 36 moves the
heads in a radial direction across disks 12. Actuator 36 typically includes
a rotating member 3 8 mounted to a rotating bearing 40, a motor winding 42
and motor magnets 44. Actuator 36 is also mounted to chassis 18. Although a
rotary actuator is shown in the preferred embodiment, a linear actuator
could also be used. The sliders 30, suspensions 32, arms 34, and actuator
36 include an actuator assembly 46. The disk stack assembly 20 and the
actuator assembly 46 are sealed in an enclosure 48 (shown by dashed line)
which provides protection from particulate contamination. A controller unit
50 provides overall control to system 10. Controller unit 50 typically
contains a central a processing unit (CPL)], memory unit and other digital
circuitry. Controller 50 is connected to an actuator control/drive unit 56
wluch in turn is 



connected to actuator 36. This allows controller 50 to control the movement
of sliders 30 over disks 12. The controller 50 is a connected to a
read/write channel 58 which m tum is connected to the heads of the sliders
30. This allows controller 50 to send and receive data from the disks 12.
Controller 50 is comiected to a spindle control/drive unit 60   -  9 MAY
1002 12 which in turn is connected to spindle motor 16. This allows
controller 50 to control the rotation of disks 12. A host system 70, which
is typically a computer system, is connected to the controller unit 50.
System 70 may send digital data to controller 50 to be stored on disks 12,
or may request that digital data be read from disks 12 and sent to the
system 70. The basic operation of DASD units is well known in the art and
is described in more detail in Magnetic Recording Handbook, C. Dennis Mee
and Eric D. Daniel, McGraw Hill Book Company, 1990. Fig. 2 shows top view
of system 10. A loading ramp member 80 is located at the edge of the disk
stack assembly 20. Member 80 automatically unloads the sliders 30 from the
disks 12 as actuator 36 moves the sliders 30 to the outer disk position. To
unload a slider or head means to move it a vertical distance away from its
corresponding disk surface. The ramp 80 is optional. Alternatively, the
sliders 30 may be placed permanently in the loaded position between the
disks. Furthermore, those skilled in the art will recognize that the above
magnetic storage system is present for illustration only and that the
present invention is not meant to be limited to magnetic storage systems,
but that the present invention is applicable to other types of storage
systems, e.g., optical storage systems. Moreover, herein a plant being
driven by a digital signal processor (DSP) will be described as being a
voice coil motor. However, those skilled in the art will recognize that the
present invention is not meant to be limited to applications involving a
voice coil motor but is equally applicable to other types of plants, e. g.,
a spindle motor or actuator.   9 M AY 204a 13 Fig. 3 illustrates a
simplified block diagram 300 of a HDD servo system. In this system, the
microprocessor (DSP) 310 has higher precision than the D/A converter (DAC)
312 does. Therefore, only the most significant bit (MSB) part 320 of the
calculated control signal 322 is sent to the D/A converter 312, the least
significant bit (LSB) part 324 is truncated (rounded off. The error (LSB)
324 due to the DAC truncation is referred as DAC quantization error
(noise), denoted as QE herein. 



The quantization noise QE(t) 324 can be viewed as a white random process
having a uniform probability density in [-ql2) q/2], where q= 2J ~ with c
being the quantization resolution in DSP, and I being the number of LSB
bits. The mean value for the quantization error is: E(QE(t))=0, and its
variance satisfies 2 ~QE - E~CQE - E(QE)) 2 ~ _ ~2 which is the mean square
value of the quantization noise. The auto-correlation function is given as
follows, 2 RQa (z) = E~QE(t)QE(t + z)} = g2 if r= 0; otherwise RQg (z) ~ .
Power density spectnun is given as follows: 2 Sg8 (~) = E RQ~ (z)e-'rw = ~~
(0) = 9 z--~ 12   -- 9 M AY 2002 14 Therefore, the power of the DAC
quantization noise is evenly distributed on a11 frequency ranges. The block
diagram 300 in Fig. 3 can be redrawn as the block diagram 400 in Fig. 4.
Therefore, the TIvIR due to quantization error of D/A can be represented by
PES(z) H(z) -QE(z), where H(z) is the (closed loop) transfer function from
QE to PES: H(z) - _ P(z) 1- P(z)C(z) P(z) 410 is the transfer function of
the plant, which is dominated by a double-integrator. Thus, assuming the
transfer function p(z) 410 is a double integrator, in the following, the
magnitude of TMR or position error signal (PES) 420 is measured by its mean
square value (or variance), which can be represented by E(PES2 (t)) = 1 ,(o
" SPas (~)d cv ~n where ~n is the Nyquist frequency, which is normalized as
wherein. Thus, the mean square value of TMR is the average power of the
signal, which is determined by its power spectrum density function. The
power spectrum density function of PES is then represented by: s'p~s (~) =
II H (e r~ ) II2 SQa (~) Therefore, the power spectrum of the TMR is
dependent on the frequency 



response of the transfer function from QE 402 to PES 420 and the power
spectrum of the   ;- 9 MAY ~~?2 15 quantization noise. In particular, if
the quantization noise is represented as white noise as discussed in the
previous subsection, then the shape of power spectrum of TMR depends solely
on the frequency response of the system: 2 SpBS (~) _ ~~ ~(erm) II2 ~2 The
typical frequency response of the closed loop system from QE 402 to PES 420
has a shape of a low pass filter. Fig. S shows the frequency response 500
from quantiza tion error to TMR. Thus, the power of TMR due to DAC
quantization noise 510 is concentrated at lower fiequencies. Therefore,
referring to Fig. 4, the reduction of the average power of PES 420 can be
achieved by reshaping the power spectrum density function of TMR, or
changing either the frequency response of the closed loop transfer function
or the power spectrum of the input noise. Since any alteration of the
frequency response of the closed loop transfer function may degrade other
desired properties of the servo systems, desirable techniques for TMR
reduction should be those that are able to reshape the power spectrum of
the input noise QE 402 and reduce the average power of PES 420 in the
frequency range of interest. The method and apparatus according to the
present invention reduces the power at the lower frequencies. The principle
of QEF is illustrated with the block diagram 600 in Fig. 6. With this
technique, the quantization (or roundoff) error 610 is monitored 612 and
accumulated 614 (integrated) in the DSP. When sufficient error has
accumulated, i.e., an MSB is generated 620, and the generated MSB 620 is
added to the original MSB 630   - 9 MAY 2002 16 feeding the DAC. Note that
in the first embodiment of the QEF scheme according to the present
invention, the QE signal 610 is integrated once. Hereinafter, this scheme
will be referred to as the single-integrator QEF. Fig. 7 shows the ideal
power spectrums of TMR due to quantization error with single-integrator QEF
(lower curve) 710 and without any QEF (upper curve) 720, respectively. The
TMR reduction is significant. In fact, if there is no QEF, then the mean
square value of TMR is 1.5827x 10-9 . 12 ~ while with single-integrator
QEF, the mean ~, a square value of TMR is 1.0965x 10 . 12 



To help explain the QEF technique, the QEF scheme discussed earlier with
references to Fig. 6 is equivalently (but unrealistically) represented as
the block diagram 800 in Fig. 8. In this block diagram 800, the
double-integrator plant is decomposed into two integrators: P(z)=kl Z(z)
810, and K(z)=I(z) 820, wherel(z) is a discrete-time integrator: 1 1~Z~ = 1
_ Z-~ QN~ 830 can also be interpreted as the truncation error (LSB) of QE
after integration in the above block diagram; as the internal signal 842
driving the block kl(z) should be MSB. Note thatQN~ 830 is exactly the same
signal as QN~ 510 in the block diagram S00 of Fig. 5. In the following
analysis, QN~ 810 is white noise with the similar stochastic properties as
discussed above, in particular,   j ~ ,~ MAY 20~~ 17 - ~, z Sue, (~) SQa
(~) 12 The control scheme shown in the block diagram 800 is actually
feedforward control which does not alter closed loop transfer function. As
the prefilter K(z) 820 in this case is a single discrete time integrator.
In the following discussion, the QEF technique 400 in Fig. 4 will be
referred to as single integrator QEF. In fact, the single integrator QEF is
an optimal feedforward control scheme in the sense that the prefilter
K(z)=I(z) in Fig. 8 is optimally chosen such that the resulting PES 850 has
minimal value with the given structure. To see this, PES is represented as
follows: PES(z) = kK(z)p~Z)C,~z~ z) QE(z) + 1- p(Zj~(z) QNl (z) As QE 802
and QN~ 830 can be viewed as two independent white noises) the power
spectrum density function of PES can be represented as: Spas (~) _~~ kK iel
p(e~~,)C(ep()j~) IIZ Sg8 (~)+ I~ 1- P(e~~,)C(e~~,) II2 SgN, (~) Therefore,
the mean square value of PES 850 is E(PES2(t)) _ ~ ,~SPES(~)dfJ 1 ,~ kK
(e~~')I (e~~') - P(e~') z kl (e~~') _ ~ .fo (~~ 1- P(e~~,)C,(e,~,) II SQE
(~)+ ~~ 1- P(e,~,)C,(e,~,) II SQN, (~))~1 ~ kK(e~m)I(eJm)-P(eId) 2 Cf2 ,~
kl(e.lm) a 12c ~ ~~ 1- P(e~~,)C,(e~~,) ~~ d ~ + 12~ f I~ 1- P(e~')C(e~') ~~
day.   9 MQY 2002 18 It is noticed that the second term in the above is
independent of the prefilter K(z) 



820; and the non negative first term takes the minimal value 0 if
kK(e~')I(e~')-P(e~') 2~0 ~I 1-P(ej~,~C,(ef~,) II which is achieved by
kK(z)I(z)=P(z) or K(z) I(z). In this case, the mean square value of PES 850
takes minimal value, which is  a q2 a ~(eJ~) z xunE(PES (t))- l2~Jo ~~
1-P(e~')C(e~w) II dw. The block diagram 800 in Fig. 8 is equivalent to the
block diagram 900 in Fig. 9. Comparing this block diagram 900 with block
diagram 400 Fig. 4, one can easily see that the disturbance entering the
system becomes: QEi (z) = Q ~Z~ ) _ (1- Z 1 )QN(z) , i.e., the quantization
noise QN 902 is reshaped by the filter wluch is now a discrete-time
differentiator. The power spectrum density of the filtered disturbance QEl
910 is as follows: 2 SgE, (~) _ ~~ 1- a '~`~ ~~2 Sga (~) = 4 sine (-) . q 2
12 Fig. 10 illustrates the power spectrum density 1000 of the filtered
disturbance QED 910 of Fig. 9. From this figure, the filtering process can
be observed as reducing the power at the lower frequencies 1010 up to 1 /3
of the Nyquist frequency 1012, and enlarging the power at the higher
frequencies l014. However, this results in the total power reduction on PES
710 as illustrated in Fig. 7.   g MAY 2002 19 Those skilled in the art will
readily recognize that other QEF structures in accordance with the present
invention are possible for different TMR reduction objectives. For example,
Fig. 11 illustrates a block diagram 1100 of a QEF scheme with double
integrators 1110, in which case more power reduction may be obtained at the
lower frequencies. In Fig. 11, the LSB 1102 from the DSP is integrated
twice 1110, and the resulting MSB part 1120 is added to the original MSB
1130 of the DSP output before feeding to the DAC. Upon closer inspection,
the double integrator QEF 1100 may be seen to again be a feedforward
scheme, and the block diagram 1100 in Fig. 11 is equivalent to the block
diagram 1200 of Fig. 12. In Fig. 12, the double-integrator plant 1210 is
represented as P(z) =k I2 (z) 1240, and K(z)= I2 (z) 1250, where I(z) is
again an discrete-time integrator: I (z) =1 /(1- z-~ ) QN2 1260 is
truncation error (LSB) of QE 1202 after integration. Note that QN2 1260 is
white noise with the similar stochastic properties as QE 1202 under the
assumptions discussed above. It can be shown that the double integrator QEF
scheme l200 is the optimal 



feedforward scheme and that the prefilter K(z) = I2 (z) is optimally chosen
to minimize the mean square value of PES 1270 in Fig. 12. The block diagram
1200 in Fig. 12 is equivalent to the block diagram 1300 in Fig. 13.
Comparing this block diagram 1300 with the block diagram 400 in Fig. 4, one
can easily see that the disturbance entering the system becomes: QEz(z) _ ~
~Z~ _ (1' Z ')ZQNa(z)   ~- 9 M AY 2002 20 i.e., the quantization noise is
reshaped by the filter which is now a double discrete-time differentiator.
The power spectrum density of the filtered disturbance QEz 1310 is as
follows: 2 Sgg2 (~) _ ~~ 1 ' a ~`~ ~~4 SgB (~) =16 sin4 ( ~ ) ~ ~2 Fig. 14
illustrates the power spectrum density 1400 of the filtered disturbance QEz
1310 of Fig. 13. From Fig. 14, the filtering process can be observed to
again reduce the power density at the lower frequencies 1410 up to 1/3 of
the Nyquist frequency 1412, and enlarge the power at the higher frequencies
1414. This reduction as well as enlargement is even greater than that with
the single integrator 1000 of Fig. 10 superimposed on Fig. 14. Fig. 15
shows the ideal power spectrums 1500 of TMR due to quantization error with
the double-integrator. The mean square value of TMR in this ~, z -n  case
is 2.5587x 10 . 12 Next, constraints on the QEF tecluuque with the
consideration of the general QEF structure in accordance with the present
invention needs to be considered. In the above discussion, single and
double integrator QEF schemes were introduced. A general structure 1600 for
QEF schemes is shown in Fig. 16. With this technique, the quantization (or
roundoff) error 1610 is monitored 1612 and accumulated 1614 in the DSP.
When sufficient error has accumulated, i.e., an MSB is generated 1620, it
is added to the original MSB 1630 feeding the DAC. Note that the feedback
loop in the error accumulation operation has at least one pure delay so
chat the operation is implementable.   ~ MAY ~oo~ 21 In the block diagram
of Fig. 16, QN 1640 is the truncation error (LSB) of QE after filtering.
Note that QN 1640 is white noise with similar stochastic properties to QE 



as discussed above. In particular, SQN (cv) = SQ$(cv) = q2 /12 However, the
constraints and the optimality of the general QEF method must be addressed.
Consider the general QEF scheme 1600 in Fig. 16. In this structure, the
feedback loop gain is z 'F(z) 1660, where F(z) is a filter whose transfer
function is assumed to be a real rational function which is analytic and
bounded in { z ~ ~ ~ z ~ ~>_ 1 ~ . To explore the limitation of the general
QEF schemes, the possible optimal choice of the filter F(z) should be
considered. With some block diagram manipulation, one can equivalently
transform the block diagram 1600 in Fig. 16 to the feedforward block
diagram 1700 in Fig. 17. It is noted that in Fig. 17, the quantization
noise QN 1702 is reshaped by the general filter, 1- z 1F(z) 1 ~ 10,
resulting in disturbance GQE 1720 entering the system as GQE(z) _ (1-
z-1F(z)) ~ QN(z) Therefore, the TMR due to quantization error becomes
PES(z)=1_ p( )C(z)GQE(z) H(z)~(1 z 1F(z))'QN(z)   - 9 ~I AY 2002 22 H(z) _
_ P(z) where 1- P(z)C(z) is the transfer function from QE to PES in the
original block diagram. As QN 1702 is white noise with similar stochastic
properties to QE and the power spectrum of PES is Spas (~) =IKl - a
~'F(e~'))H(el') II2 'SgIJ (~) . the variance of PES 1750 can be obtained by
the following formulation: 2 E(PESZ(t)) = 1 ,~SpBS(~~'~ = q ~IKl-a
~'F(e~')).~(e~~) (Iz dw ~c 12c One can see that a q 1-e-''F(e~'))H(e~') II2
dcv) = 0 min E(PES (t)) = min (12~ ,~ IK where the minimal is achieved
(mathematically) with F(e~') = e~' , or F(z)=z. Therefore, the
(mathematically) optimal filter F(z) is a forward shift operator. Thus, the
"optimal" feedback loop gain is identity without any delay. However, it is
not implementable because the QEF feedback loop should at least contain a
delay operator. In the following, whether or not the optimal QEF filter can
be approximated by an implementable filter must be considered. II 1- Z III
1 Given a > 0, for a11 z satisfying a , the following expansion follows: 



z= 1 -_ 1/a _ 1(1+(1-z-1)+(1-z-1)2+(1-z-1)3+~) i ~ 1- (1- z-1 / a) a a a a
In particular, the n-th order approximation F(z) to z yields:   g M AY 2002
23 1-Z 1F(z)=1-z 11(1+(1-Z 1)+(1-z-1)2+~ +(1-z-~)n) a a a a -1 -1 -1 -1 -1
-1 -1 -1 =(l.z )(1-z z (1-z )-z (1-z )a-A _z tl_z )n i) a a a a a a a a
=(1_z-1)n a In particular, if a=I , then the single and double integrator
QEF schemes as discussed above recover with n=1, 2, respectively. As n --~
~, the feedback loop gain 1- z-1F(z) 1 ~ 10 is convergent to the optimal
filter, 0, at the following frequencies: {cv:l~l- ~~<l,OScvS~c~ a Moreover,
if a=l, the convergent frequencies are [0, ~f3]. This interprets why the
power at the lower frequencies ( c~c~0, n`3)) is reduced and enlarged at
the higher frequencies ( td$ ~`3) ~) for both single integrator and double
integrator QEF. In addition, the larger a is, the bigger the convergent
set; in particular, as a --j ~, the convergent frequency set approaches [D,
~`2]. Next, an illustration of how the power spectnun is shaped by the
filter in different cases is provided. Notice that SQg (~) `~~ 1- a ~'F(e~'
) ~~2 SQN (w) , if n=1, then the z-' 1-z'F(z)=1- filter becomes a , which
is a scaled integrator, and Scge (~) =II 1- a a~ IIZ SQN (~) _ (1 + a2 - Q
~ cos m) ~ SQN (w)   24 Fig. 18 is a three dimensional plot 1800 of power
spectrum density against the value a. Fig. 18 reveals how the power
spectrum of GQE varies with the variation of a 1810. For a=1, then the
filter becomes 1- z ~F(z) _ (1- z-1 ) , which is a multiple SaQg(!.V) =II
(1-a !~)n 112 SQN(ClJ) = 4HSLl12n(~)~SQN(~) .. . integrator, 2 . Fig. 19
illustrates how the power spectrum of GQE varies with the variation of n
1900 (each plot representing a dii~erent value of n). In the following, it
is assumed that the filter F(z) used in the QEF filter has the following
expansion: F(Z) = fl + f2Z 1 + ~3Z From the discussion of Figs. 18 and 19
above, it seems that the reduction of the 



power of quantization error at some frequencies is at the cost of
enlargement of the power at other frequencies. In fact, this is a
fundamental limitation for implementable QEFs. This observation is stated
in the following Theorem. QEF Limitation Theorem 1 (Spectrum Shaping) For
all implementable QEF schemes, i.e., the filter F(z) in Fig. 12 is a real
rational function analytical and bounded in {z : ~ ~z~ ~ 21 }, the power
spectrum SoQB (~) of shaped noise, GQE(z) _ (1- z-1F(z))QN(z) with QN being
the white quantization noise, always satisfies: 1 "1nS co dcv= ~ ' ~o ( cQa
( )) constant, where the constant is independent of the choice of the
filter F(z). Proof of QEF Limitation Theorem 1 is as follows. As GQE(z) _
(1- z-IF(z))QN(z)   9 MAY ~~~~ 25 SaQB (~) =II 1-a ~'F(e~' ) 112 Sgrr (~)
=I) 1- a ~'F(e~~') IIZ . q2 12 Therefore, it follows that: ' 1 In S cu dcv=
1 In 1-a F a C aQa( )) ~,'!"o (II ~' C ~')IIZ)dcv+ln~q2) 2 = ~ ',~`~CII1-a
'~~'F(e~~') II)d~+~(~2)~ ~In the following, it is sufficient to show that
the first part in the above formula is constant. By assumption, the
function F(z) is analytical and bounded in {z : I Izl I zl }, so is 1-
z-~F(z) ~ ~~e~ore, the following function, G(z) = ln(1- z-~F(z)) ~ is also
analytical and bounded in {z : I Iz~ I zl }. It can be shown that G(z) _ ~~
- z 1F(z)) _ ~~ - z 1F(z)) _ ~~ - z 1F(z)) = G(z) Then summation of
residues of function G(z) inside the unit circle is a real number, denoted
as R. On the other hand, 1-e-jmF.(e~m)=eG(e~m) =eReC3(e~')elmG(e~') then I
I 1- a ~'F(e ~' ) I I= a ReQ(e~' ) and In ~~ 1-e-~'F(e~~') ~I= ReG(e~')
Therefore, .~ln(IIl-a ~'F(e''')II)dcv=.~ReG(e~')du~ = Re~`G(e~~')dco _
~Re~"G(e~')dcv _ ~ Re ~'yG(z~z   



- g MAY 2002 26 = 2 R~2~ summation of residues of G inside unit circle 'y)
- 2 Re( 2~Rj =0. Thus, 1 ' ,~ ~(Sc~a (~))d~ = 2 ' ,~ 1n(111- a ~'F(e~~' )
II)d~ ~' ~(~-2 ) = ln(~-2 ) 12 12 which is of course a constant. Frorn the
above limitation theorem, one can conclude that for white quantization
noises with fixed power spectrum density, the average of the logarithm of
power spectrum density of shaped quantization noise is constant, whatever
quantization error accumulation algorithm is chosen; i.e., for any QEF
scheme, the "+" 2010 and "-" 2020 areas are equal in Fig. 20. Next, the
constraints ori~TMR reduction will be considered. The PESwith the general
structure of the QEF filter is represented as follows: PES(z) = H(z) ~ (1-
z-~F(z)) ~ QN(z) _: O(z) ~ QN(z) where H (z) is the transfer function from
QE to PES in the original block diagram. The power spectrum of PES is SPES
(~) =IKl - e-'~'F(e'''))H(e'') IIz SQN (~) the variance of PES can be
obtained by the following formulation: E(PES2(t)) = q2 .~O`IKl-a
~~'F(e~'))H(e'~) IIZ dcv = q2 ,~O II~"~(e~~) IIZ dcv 12t 12~ If the
transfer function t~z) from QE to PES is represented as:   - g M AY 2002 27
~(z) = po + PiZ 1 '~' Pzz 2 +A i.e,, its impulse response is {p'}' 1, then
from Parseval's identity, one has ~, to Ip(e~') IIZ dm = l op; . Let the
transfer function of the closed loop system H(z) satisfies: H(z)=z-~(ho +
bk_lzk 1 +A +b~z+bo ):-z_,Ho(z) zk +ak_lz~-' +A +a~z+a for some nonnegative
integer n:; i.e., there are m pure delays in the closed loop transfer
function. Thus, b~_lzk-~ +!~ +blz+bo H (z) r h + zk + ak_1 z k-' + A + al z
+ a bkylz_1 +n +blz_~k_~~ +bz_k h + 1 + (ak_~ z-~ + ~ + a~ z-~k-~~ + az k )
= h + hl z-' + ~1 for some (h' ~'~~-1. From the above Parseval's identity,
one immediately has the following statement. QEF Limitation Theorem 2 (TMR
Reduction) For the QEF schemes considered in this section, the mean square
value of E(PES2 (t)) z ~2 ' ho 



PES always satisfies . ... Proof of QEF Limitation Theorem 2 is as follows.
As the filter F(z) used in the QEF filter has the following expansion:
F'(Z) _ .ft +.fzZ 1 +,rsz 2 +A   9 M aY zooZ Thus, the transfer function is
28 (z) = H(z) ' (1 ' z 'F(z)) = z mHo (z) ' (1- Z 'F(z)) =z-"'(h '+~'h~Z-'
+/\)(1_ flz 1 _.~ _ f"z ") _ ~OZ-pry., (hl _ ylOfl )Z-{i"+1) +!t Therefore,
the impulse response f p' }~' of ~z) satisfies p"~ - h , thereby providing:
1 -~0 Ip(e~~' ) ~~2 d lV = ~ pt Z prn - h0 7t t=0 from which the conclusion
follows. The above theorem gives a TMR lower bound using the QEF
techniques. Next, the optimal TMR reduction with a given QEF structure will
be considered. Next, an optimal QEF filter with a given QEF structure will
be determined to reduce TMR due to quantization noise. In this example, the
case where the QEF filter F(z) is an FIR filter will be considered. In tlus
example: F(z) = f + fez-~ +A + f"z"-1 ~ where f - ~f" f"-1 A f ~T An
optimal vector f is needed, such that 2 f = argminE(PES2(t)) = argmin( q
,o~~~(e~~') ~~2 dcv) f 12c Because of the structural constraints on the
filter, the optimal TMR mean square value will not be 0, and it has a lower
bound given by the TMR reduction limitation theorem as described above. To
find out the optimal solutions, how the mean square value of PES is
computed m terms of the Parseval's identity from transfer function must be
shown. First, the time domain (state space) equation for the transfer
function must be derived:   = 9 MAY 2002 29 O(z) = H(z) ~ (1- z 1F(z)) _
(1- z-1F(z)) ~ H(z) where the transfer function of the closed loop system
H(z) has m pure delays as given in the previous subsection: H(z)=z-~~t(h +
bk-lZk 1 +n +blz+b ):=z-~nHo~z~~ zk +ak-lzk-i +n +alz+a Denote: ~  (z) _
(1-- z 1F(z)) ~ H (z) 



then ~(z) = z-'"O(z) . Next, the system ~(z) will be examined; it is a
cascade i ' interconnected system. The first observation is that: 1-
z-1F(z) =1 _ f zn 1 + .~2zn 2 +n + fn Zn so its state space equation is as
follows: xl (t + 1) = Alxl (t) + Blu(t) yl(t) = Clxl(t) + Dlu(t) where 0 1
0 n 0 1 0 0 1 n o 0 A1 = M n ~ B1 = 0 ~ Cl _ -~n .~n-1 n f ~ Dl =1. 0 0 0 n
1 n ~ xn ~ nxl Also the state space equation for the closed loop transfer
fu11Ct1011 H  (z) is represented as follows: x2(t+1) = A2x2(t)+B2y1(t) y(t)
= C2xz(t) + D2y1(t)   9 M AY 2002 30 In particular, if HQ (z) is given by
the transfer function provided earlier, then its 0 1 0 IL 0 1 0 0 1 A 0 0
A2 = M A M , B2 = 0 , C2 = -~bk_~ bk-2 ~1 bo~, D2 = ho. 0 0 0 t1 1 ~ kxl
Therefore, the (n+k)-th order state space realization of the transfer
function Oo (z) _ (1- z-~F(z)) ~ Ho(z) can be represented as follows: x(t +
1) = Ax(t) + Bu (t) y(t) = Cx(t) + Du(t) x= where state x2 , and
coefficient matrix: A = o~ BA 2 , B = BB 2 , C = ~Ct D1C2 ~ D = DIDz 2 2
Now with the state space equation of ~ ~ (z) , one can calculate the
impulse response of the system, i.e., for the input {u(t)} with u(0)=l, and
u(t)=0 fox t >0, the output response ~y(t)} can be calculated as follows:
y(0) = D, y(1) = CB, y(2) = CAB, M y(i) = CA'-'B, M Therefore,   w 31 ~,
,~II(e'') 112 dcv = ~ ,~le-.t~~6o(e'') 112 dcv - 1 ~Il~o(e'')112 dtv= EP? `
EY2(1) 



;=o i=o =D2 + ~CAr ~BBT(AT)~ ACT i=1 =D2 +C(~Ai-iBBT(AT)i-i)CT w,.~. i=i _:
D2 + CLCT , where L = ~ Ar-tBBT (Ar )r-i i=1 Simple algebraic manipulation
yields that L satisfies the following Lyapunov equation: AI.A_T - L + BBT =
O Therefore, E(PES2(t)) = qz ,lo II (e~') 112 dcv = ~-z (D2 +CLCT ) 12c 12
where L is the solution of the Lyapunov equation, which is positive
definite as the system is stable. In the following, the above value will be
minimized by optimally choose the coefficients f of the filter F(z). Notice
that in the state space equation, the matrices A) B, and D are known, so L
can be solved in the Lyapunov equation; part of the matrix C depends on the
unknown, f, in fact, C = LCt DtC2 ~ _ ~- f Cz ~ Now , suppose the matrix L
> 0 is partitioned as   '- g M AY 2002 ~z ~1 '-22 32 also notice that D -
DtD2 - h , one has 2 E(PESZ(t)) _ ~2 (Dz +CLCT ) 2 .r - ~2 ~l.fT 2C2~z.fT
+CzLzzCz +ho). Then the optimal solution f ` minimizing the above value
satisfies: 8E(PaSz (t)) = q~ (2 f `W - 2Cz~z) = 0 or .~` = 02'-'12L11 , and
2 mfnE(PESz(t)) _ ~2 (CZ (L22 -~2~1~1)C2 +ho)~ i L is positive definite,
then ~z -~z~l~l ~ 0, so 2 2 minE(PESz(t)) _ ~-(Cz(Lzz -~z~ilzOCz +~o) Z q
'ho 12 12 



which again confirms the QEF TMR Limitation Theorem. In summary, to arrive
at the optimal reduction algorithm: 1. Construct state space matrices Bz
Dz , A, and B. L= W 2. Solve the following Lyapunov equation to get the
solution Lzi ALAT - L + BBT = 0 Lzz 3. Find the optimal filter
coefficients: f - Cz~z~~   - 9 M AY 2002 33 4. The optimal solution is
given by: 2 mfinE(PES2(t)) _ ~2 (C2('-"12 -~zLtiW )Ci +ho)~ Above, the
constraints of the QEF methods according to the present invention have been
examined, and a bound for achievable TMR reduction was given.._Next, it
will be shown that the lower bound for TMR can be achieved for minimum
phase systems where the loop transfer functions have at least one delay.
First consider the servo system block diagram in Fig. 4. Suppose the plant
considered has the following transfer function: P(Z) = Z'rn . Po (Z) := Z-m
Po (1 + z-' N(z-' )) 1 + z 1M (z 1 ) and the servo controller designed can
be represented as: C(z) - z-s c (1 + z-'R(z-1)) 1+z 1S(z ~) where rn and s
are some nonnegative integers, denoting the pure delays in plant and
controller, h and p are nonzero numbers, and N(~), D(~), R(~), and S(~) are
polynomials. The closed loop transfer function from the quantization error
is as follows: H(z) _ _ P(z) 1- P(z)C(z) z-m n" ll + z-' Nlz-' 11l1 + z-'
Sl z-' 11 (1 + z 1M (z 1 ))(1 + z-' S(z ' )) - z-~m+S) Poco (1 + z ' N(z '
))(1 + z-' R (z-' )) _; Z_m po , 1 + Z ' ~ (Z ' ) = hmZ-m + hnr+1 Z ~m+l) +
/~ 1+z~'~Y(z-')   = ~ M AY 2002 34 if m+s >0, where ~(~) and ~(~) are some
polynomials and hnt -Po . In the following, H(z) is assumed to have a
minimum phase. From the QEF TMR limitation theorem discussed above, the
mean square value of the TMR satisfies the following: E(PESZ(l)) z q2 'hn -
q2 ' Po 12 12 



if any of the QEF schemes introduced above are used. In fact, if either m
or s is a positive integer, then the above 'llvllZ lower bound is
achievable with a modification of the QEF scheme. In fact, the modified QEF
scheme 2100 shown iil Fig. 21 can accomplish this task. In that block
diagram 2100, Fo(z) is a filter has the same properties discussed above
with reference to Figs. 6-15. It is dependent on the plant as follows:
Fo(z) = M(z i) _ N(z_i) 1 + z-'N(z-') -> P(z) - Poz Note that 1- z 1Fo (z 1
) . A similar argument to that described above with reference to Fig. 8
implies that the signal QN 2120 in Fig. 21 is white noise and has the same
stochastic properties as the quantization error QE 2102; and q,2 SgN (~) =
sge (~) - 12 It is easy to see that the block diagram 2100 in Fig. 21 is
equivalent to the block diagram 2200 in Fig. 22. From the block diagram
2200, one can easily have that   ~- 9 MAY 2002 35 PES(z) = poz-"' ~ QN(z)
which is independent of the controller C(s), and is a white noise, and 2 2
E(PES2(t)) = 2~c ~ ~~ Poe-~"'~ ~~2 dcv = ~2 ~ Po which is the lower bound
given in the TMR reduction theorem. To see how this scheme is related to
the scheme described above with reference to Figs. 6-15, one can
equivalently represent the block diagram in Fig 22 with the block diagram
in Fig. 16 with F(z) = Fo (z) + Poz tm l~C(z) _ ~~(z 1 ) N(z ~ ) +
z-Vin'+s-i> , ~oPo (1 + z-'R(z-1 )) 1 + z-' N(z-' ) 1 + z-' S(z-' ) And the
noise filter in Fig. 17 is as follows -m -m 1- z 1F(z) =1- Z 1Fo (z) - Poz
"'C(z) = P~(z) - Poz 'nC(z) _ ~(z) Notice that if the closed loop map H(z)
has a miriuxium phase, i.e., it has stable zeros, then PES can be
calculated as PESz 1-z-Fz ~Hz Nz - nt~Hz Nz - z Nz ( ) _ ( ' ( )) ( )'Q ( )
- H(z) ( )'Q ( ) - Po -"'Q ( ) where the above zero-pole cancellation is
allowable because they are stable. From the above discussion, it can be
concluded that if the closed loop system is minimum phase and there is at
least one pure delay in the loop transfer function, it can be seen then
that the modified QEF scheme can achieve the lower bound for the TMR with
the QEF schemes introduced above with reference to Figs. 6-15, and the
resulting TMR 



is white noise.   ~- 9 MAY Z00 36 Fig. 23 is a block diagram 2300
illustrating a servo control method based on state estimation. In Fig. 23,
the state estimator 2310 is driven with the most significant bits 2312 that
are sent to the DAC 2320. The state estimator 2310 also monitors the PES
signal 2322. The state estimator 2310 generates a signal 2330 that then is
used to drive the controller gains 2340. In Fig. 23, the power spectrum
density function of the TMR is i:~duced at all frequencies of interest by
driving the state estimator 2310 with the most significant bits 2312 that
are sent to the DAC 23 20. Those skilled in the art will recognize that by
using both the quantization error feedback methods described above and the
DAC-output driven estimator method illustrated with reference to Fig. 23,
more even more TMR reduction is possible. Fig. 24 illustrates a block
diagram of a controller 2400 that is configured to execute the quantization
error feedback method in accordance with the present invention. The
controller 2400 includes a processor 2410 and memory 2412. The processor
2410 executes one or more computer programs, which are represented in Fig.
10 by the window 2414. Generally, the computer programs 2414 may be
tangibly embodied in a computer-readable medium or carrier, e.g. one or
more of the fixed and/or removable data storage devices 2416, or other data
storage or data communications devices. The computer programs 2414 may be
loaded from the data storage devices 2416 into the memory 2412 for
execution by the processor as 2410 discussed above. The computer programs
2414 comprise instructions which, when read and executed by the processor
2410, causes the controller 2400 to perform the steps necessary to execute
the steps or elements of the present invention.   k~ g MAY 200 37 Although
an exemplary controller configuration is illustrated in Fig. 24, those
skilled in the art will recognize that any number of different
configurations performing similar functions may be used in accordance with
the present invention. In summary, the present invention provides a QEF
method to reduce the TMR of HDD due to DAC quantization noise without
altering or degrading the other desired servo performances. The constraints
of the QEF methods have been analyzed, and a lower bound for the mean
square value of TMR using QEF schemes has been described. The optimal QEF
filter which minimizes the mean square value of TMR has been 



derived, and an algorithm has been provided. Moreover, the QEF method of
the present invention may be conveniently implemented in DSP without
significantly increasing computational time. The foregoing description of
the exemplary embodiment of the invention has been presented for the
purposes of illustration and description. It is not intended to be
exhaustive or to limit the invention to the precise form disclosed. Many
modifications and variations are possible in light of the above teaching.
It is intended that the scope of the invention be limited not with this
detailed description, but rather by the claims appended hereto.   ~9 MAY
~~~~ WHAT IS CLAIMED IS: 38 1. A method for reducing a control error for a
servo loop due to quantization noise of a digital-to-analog converter
driving a plant, the quantization noise resulting from the
digital-to-analog converter having a lower precision than a processor
driving the digital-to-analog converter, the method comprising: providing
control signals for controlling a plant, the control signals each having a
precision of a first predetermined number of bits further comprising a
first group of most significant bits and at least one least significant
bit; accumulating the at least one least significant bit until a new most
significant bit is generated; adding the new most significant bit to a
first group of most significant bits to generate a modified plant control
signal; and providing the modified plant control signal to the plant to
control operation of the plant. 2. The method of claim 1 wherein the
accumulating the at least one least significant bit until a new most
significant bit is generated further comprises feeding the at least one
least significant bit through a feedback loop having a feedback loop gain
until the new most significant bit is generated.   - g MAY 2002 39 3. The
method of claim 2 wherein the feedback loop gain is z 1~(Z) , where F(z) is
a filter whose transfer function is assumed to be a real rational function
wluch is analytic and bounded in f z v ~ ~ z ~ (Z 1 } . 4. The method of
claim 3 wherein the feedback loop gain is a single 



integrator. 5. The method of claim 3 wherein the feedback loop gain is a
double integrator. 6. The method of claim 3 wherein the filter F(z)
provides a power spectrum 1 "lii(S u~ d SQB (~) of shaped noise that always
satisfies ~ . ~ Q$ ( )) ~ K, where K is a constant. 7. The method of claim
1 wherein the control error is track misregistration, the track
misregistration being measured according to a position error signal (PES),
the 2 E(PES2 (t)) z `~ ~ ho mean square value of PES satisfying 12 , where
q= 2 ~ with c being the quantization resolution iil the processor, and l
being a number representing the at least one least significant bit.   - 9
MAY 2002 40 8. The method of claim 1 wherein the control error is track
misregistration, the track misregistration being measured according to a
position error signal (PES), a minimum of the mean square value of PES
being derived according to a method comprising: constructing state space
matrices B~ ~ D2 , A, and B; L = Ln Li2 solving ~T - L + BBT = 0 to get the
solution L21 Lz2 "' 1 finding the optimal filter coefficients: f = C2~2L~
1; and solving for the minimum of the mean square value of PES given by: 2
minE(PES2(t)) = ~2 (CZ(L2a -LlzLii~1)Ci +ho)~ 9. The method of claim 1
wherein the mean square value of PES achieves q2 , h2 0 the lower bound, 12
, by additionally feeding forward the filtered QEF noise QN to the
controller input when there is at least one sampling delay in the servo
loop. f 10. The method of claim 1 further comprising driving a state
estimator with the most significant bits and a position error signal to
reduce the power spectrum density function of the track misregistration at
predetermined frequencies.   



- 9 MAY zoos 41 11. A actuator system, comprising: a voice coil motor being
driven by a digital-to-analog converter; a processor providing a control
signal for controlling the voice coil motor, the control signals each
having a precision of a first predetermined number of bits further
comprising a first group of most significant bits and at least one least
significant bit; and a quantization error feedback circuit for reducing a
control error of a servo loop due to quantization noise of the
digital-to-analog converter driving the voice coil motor, the quantization
noise resulting from the digital-to-analog converter having a lower
precision than the processor driving the digital-to-analog converter, the
quantization error feedback circuit providing control signals for
controlling a plant, the control signals each having a precision of a first
predetermined number of bits further comprising a first group of most
significant bits and at least one least significant bit, accumulating the
at least one least significant bit until a new most significant bit is
generated, adding the new most significant bit to a first group of most
significant bits to generate a modified plant control signal and providing
the modified plant control signal to the plant to control operation of the
plant. 12. The actuator system of claim 11 wherein the quantization error
circuit feeds the at least one least significant bit through a feedback
loop having a feedback loop gain until the new most significant bit is
generated.   - 9 MAY 2002 42 13. The actuator system of claim 12 wherein
the feedback loop gain comprises z 1F(z) , where F(z) is a filter whose
transfer function is assumed to be a real rational function which is
analytic and bounded in f z ' ~~ z ~~>_ 1} 14. The actuator system of claim
13 wherein the feedback loop gain is a single integrator. r 15. The
actuator system of claim 13 wherein the feedback loop gain is a double
integrator. 16. The actuator system of claim 13 wherein the filter F(z)
provides a power 1 ~ ,(" ln(SG r~ d w = spectrum SGQB (~) of shaped noise
that always satisfies ~ ~ QB ( )) K, where K is a constant. 17. The
actuator system of claim 11 wherein the control error is track
misregistration, the track misregistration being measured according to a
position error 



2 E(PES2 (t)) z ~-' ho signal (PES), the mean square value of PES
satisfying 12 , where q= r 2 c with c being the quantization resolution in
the processor, and l being a number representing the at least one least
significant bit.   - 9 SAY Zaoz 43 18. The actuator system of claim 11
wherein the control error is track misregistration, the track
misregistration being measured according to a position error signal (PES),
a minimum of the mean square value of PES being derived by the processor
according to a method comprising: '"" constructing state space matrices B2
~ DZ , A, and B; W solving ACT - L + BBT = ~ to get the solution finding
the optimal filter coei~cients: .f ~ - C2~2~1; and solving for the minimum
of the mean square value of PES given by: 2 min E(PES 2 (t)) _ ~2 (CZ (fizz
- Bt2~ 1 Lzi)Ca + ho )~   - 9 MAY 200Z 19. The actuator system of claim 18
wherein the mean square value of PES 2 q .h2 0 achieves the lower bound, 12
, by additionally feeding forward the filtered QEF noise QN to the
controller input when there is at least one sampling delay in the servo
loop. 20. The actuator system of claim 11 further comprising a state
estimator, the drive state estimator being driven with the most significant
bits and a position error signal to reduce the power spectrum density
function of the track misregistration at predetermined frequencies. 21. A
data storage system, comprising: a data storage disk; a motor for rotating
the data storage disk; and an actuator system for moving a transducer
relative to the rotating data storage disk, the actuator system further
comprising: a voice coil motor being driven by a digital-to-analog
converter; a processor providing a control signal for controlling the voice
coil motor, the 



control signals each having a precision of a first predetermined number of
bits further comprising a first group of most significant bits and at least
one least significant bit; and a quantization error feedback circuit for
reducing a control error for a servo loop due to quantization noise of the
digital-to-analog converter driving the voice coil motor,   - 9 MAY 200Z 45
the quantization noise resulting from the digital-to-analog converter
having a lower precision than the processor driving the digital-to-analog
converter, the quantization error feedback circuit providing each of the
first group of most significant bits to the voice coil motor to control
operation of the voice coil motor, accumulating the at least one least
significant bit iuitil a new most significant bit is generated, and adding
the new most significant bit to a first group of most significant bits
before being provided to the voice coil motor. 22. The data storage system
of claim 21 wherein the quantization error circuit feeds the at least one
least significant bit through a feedback loop having a feedback loop gain
until the new most significant bit is generated. 23. The data storage
system of claim 22 wherein the feedback loop gain comprises z 1F~2~ , where
F(z) is a filter whose transfer function is assumed to be a real rational
function which is analytic and bounded in {z ~ ~~ z ~~~ 1} 24. The data
storage system of claim 23 wherein the feedback loop gain is a single
integrator.   r 46 25. The data storage system of claim 23 wherein the
feedback loop gain is a . double integrator. 26. The data storage system of
claim 23 wherein the filter F(z) provides a ower s ectrum SQB (w) of sha ed
noise that alwa s satisfies ~ 1 ~ ~(S~ (~))d tv = p P P Y K, where K is a
constant. 27. The data storage system of claim 21 wherein the control error
is track misregistration, the track misregistration being measured
according to a position error 2 E(PES2 (t)) z q ~ ho signal (PES), the mean
square value of PES satisfying 12 , where q= r 2 c ~",i~ c being the
quantization resolution in the processor, and l being a number representing
the at least one least significant bit. 



9 M,~Y zooz 47 ' 28. The data storage system of claim 21 wherein the
control error is track misregistration, the track misregistration being
measured according to a position error signal (PES), a minimum of thd mean
square value of PES being derived by the processor according to a method
comprising: constructing state space matrices B2 ~ Dz , A, and B; solving
~T - L + BBT = 0 to get the solution L2i Ez2 ; 1 fording the optimal filter
coefficients: ~ - C2~z~ i ; and solving for the minimum of the mean square
value of PES given by: 2 min E(PES 2 (t)) _ ~~ (C2 (L22 - ~2~ iW )Ci ~' ho
) 29. The data storage system of claim 28 wherein the mean square value of
q2 . h2 0 PES achieves the lower bound, 12 , by additionally feeding
forward the filtered QEF noise QN to the controller input when there is at
least one sampling delay in the servo loop. 30. The data storage system of
claim 21 further comprising a state estimator, the drive state estimator
being driven with the most significant bits and a position error   - 9 M AY
2002 48 signal to reduce the power spectrum density function of the track
misregistration at predetermined frequencies. 31. An article of manufacture
for reducing track misregistration,due to quantization noise of a
digital-to-analog converter driving a plant in a servo loop, the
quantization noise resulting from the digital-to-analog converter having a
lower precision than a processor driving the digital-to-analog converter,
the article of manufacture comprising a computer readable medium having
instructions for causing a computer to perform a method comprising:
providing control signals for controlling a plant, the control signals each
having a precision of a first predetermined number of bits further
comprising a first group of most significant bits and at least one least
significant bit; accumulating the at least one least significant bit until
a new most significant bit is generated; 



adding the new most significant bit to a first group of most significant
bits to generate a modified plant control signal; and providing the
modified plant control signal to the plant to control operation of the
plant.   - g MAY 2002 49 3 2. The article of manufacture of claim 31
wherein the accumulating the at least one least significant bit until a new
most significant bit is generated furthercomprises feeding the at least one
least significant bit through a feedback loop having a feedback loop gain
until the new most significant bit is generated. 33. The article of
manufacture of claim 32 wherein the feedback loop gain is z 1~(z) , where
F(z) is a filter whose transfer function is assumed to be a real rational
function which is analytic and bounded in {Z v ~~ Z ~~~ 1} 34. The article
of manufacture of claim 33 wherein the feedback loop gain is a single
integrator. 3 5. The article of manufacture of claim 3 3 wherein the
feedback loop gain is a double integrator. 36. The article of manufacture
of claim 33 whereili the filter F(z) provides a I . J"ln(S w dw = power
spectrum SQB (~) of shaped noise that always satisfies ~  QB ( )) K, where
K is a constant. 37. The article of manufacture of claim 31 wherein the
control error is track misregistration, the track misregistration being
measured according to a position error   - 9 MaY zoos 50 2 E(PES2 (t)) z ~-
~ ho signal (PES), the mean square value of PES satisfying 12 , where q=
2~c with c being the quantization resolution in the processor, and l being
a number representing the at least one least significant bit. 38. The
article of manufacture of claim 31 wherein the control error is track
misregistration, the track misregistration being measured according to a
position error signal (PES), a minimum of the mean square value of PES
being derived according to a method comprising: constructing state space
matrices B2' D2 , A, and B; solving ACT - L + BBT = 0 to get the solution 



r 1 finding the optimal filter coefficients: f - C2~2Li1; and solving for
the minimum of the mean square value of PES given by: 2 miliE(PES2(t)) _ ~2
(C2(Ez2 -~z~iL2i)Ci +ho2). 39. The article of manufacture of claim 38
wherein the mean square value of q2 , h2 0 PES achieves the lower bound, 12
, by additionally feeding forward the filtered QEF noise QN to the
controller input when there is at least one sampling delay in the servo
loop.   - 9 MAY 2002 -51 40. The article of manufacture of claim 31 further
comprising driving a state estimator with the most significant bits and a
position error signal to reduce the power spectrum density function of the
track misregistration at predetermined frequencies. 41. A method for
reducing a control error due to quantization noise of a digital-to-analog
converter driving a plant, the quantization noise resulting from the
digital-to-analog converter having a lower precision than a processor
driving the digitalto-analog converter, the method comprising: providing
control signals for controlling a plant, the control signals each having a
precision of a first predeterniined number of bits further comprising a
first group of most significant bits and at least one least significant
bit; driving a state estimator with the most significant bits and a
position error signal to reduce the power spectrum density function of the
track misregistration at predetermined frequencies; accumulating the at
least one least significant bit until a new most significant bit is
generated; adding the new most significant bit to a first group of most
significant bits to generate a modified plant control signal; and providing
the modified plant control signal to the plant to control operation of the
plant.   9 MAY 2002 62 42, The method of claim 41, wherein the accumulating
the at least one least significant bit until a ne~~ most significant bit is
generated further comprises feeding the at least one least significant bit
through a feedback loop having a feedback loop gain until the new most
significant bit is generated. pg ' ( ) 43. . The method of claim'.4?~
wherein the feedback loo ain is z F z where F(z) i~ a filter whose transfer
function is assumed to be a real rational function 



which is analytic and bounded in f z v ~~ z ~~>_ 1} 44 . The method of
claim' 43 wherein the feedback loop gain is a single integrator. 45. The
method of claim 4~ wherein the feedback loop gain is a double integrator.
,~11~`f '. 63 46. Z'he method of claim 43 wherein the filter F(z) provides
a power speotrum 1 ' to ln(Sc a (~))d ~ _ SGQe (~) of shaped noise that
always satisfies ~ Q K, where K is a constant. 47 . ' The method of claim
41 wherein the control error is track misregistration, the track
misregistration being measured according to a position error signal (PES),
the z E(PES z (t)) z q ~ ho mean square value of PES satisfying 12 , where
q= 2 ~ with c being the quantization resolution in the processor, and 1
being a number representing the at least one least significant bit. 48. The
method of claim 41 wherein the control error is track misregistration, the
track misregistration being measured according to a position error signal
(PES), a minimum of the mean square value of PES being derived according to
a method comprising: constructing state space matrices Bz ~ D2 , A, and B;
L = Lii Liz . solving ~T - L + BBT = 4 to get the solution ~' 'r'ZZ finding
the optimal filter coefficients: f - C2~2Li 1 ; and solving for the minimum
of the mean square value of PES given by' 2 min E(PES z (t)) _ ~2 (Cz (Lzz
'- L~2L~ tLzi)Cz + ho )~   g ~pY 2002 54 4g, The method of claim 4$ wherein
the mean square value of PES achieves ~2 , h2 0 the lower bound, 12 , by
additionally feeding forward the filtered QEF noise QN to the controller
input when there is at least one sampling delay in the servo 1"oop. 50. A
data storage system, comprising: a data storage disk; a motor for rotating
the data storage disk; and an actuator system for moving a transducer
relative to the rotating data storage disk, the 



actuator system further comprising: a voice coil motor being driven by a
digital-to-analog converter; a digital signal processor providing a control
signal for controlling the voice coil motor, the control signals each
having a precision of a first predetermined number of bits further
comprising a first group of most significant bits and at least one least
significant bit, wherein the processor reduces a control error for a servo
loop due to quantization noise of the digital-to-analog converter driving
the voice coil motor, the processor accumulating the at least one least
significant bit until a new most significant bit is generated, and adding
the new most significant bit to a first group of most significant bits
before being provided to the voice coil motor.
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