METHODSAND APPARATUSFOR CALCULATING ELECTROMAGNETIC
SCATTERING PROPERTIESOFA STRUCTURE AND FOR
RECONSTRUCTION OF APPROXIMATE STRUCTURES

FIELD

[0001] The present invention relates to calculation oftetenagnetic scattering properties of
structures. The invention may be applied for exanp metrology of microscopic structures, for

example to assess critical dimensions (CD) perfoneaf a lithographic apparatus.
BACKGROUND

[0002] A lithographic apparatus is a machine that ap@ietesired pattern onto a substrate,
usually onto a target portion of the substratelitfographic apparatus can be used, for example, in
the manufacture of integrated circuits (ICs). Imatthnstance, a patterning device, which is
alternatively referred to as a mask or a reticlay toe used to generate a circuit pattern to beddrm
on an individual layer of the IC. This pattern che transferred onto a target portion (e.g.,
comprising part of, one, or several dies) on aates(e.g., a silicon wafer). Transfer of thetqat

is typically via imaging onto a layer of radiatisensitive material (resist) provided on the substra
In general, a single substrate will contain a nekwaf adjacent target portions that are succesgivel
patterned. Known lithographic apparatus includeated steppers, in which each target portion is
irradiated by exposing an entire pattern onto #nget portion at one time, and so-called scanmers,
which each target portion is irradiated by scanriheg pattern through a radiation beam in a given
direction (the “scanning’-direction) while synchoarsly scanning the substrate parallel or
anti-parallel to this direction. It is also possilib transfer the pattern from the patterning devec
the substrate by imprinting the pattern onto tHestate.

[0003] In order to monitor the lithographic process, inecessary to measure parameters of
the patterned substrate, for example the overlay &etween successive layers formed in or on it.
There are various techniques for making measuremeinthe microscopic structures formed in
lithographic processes, including the use of scapeilectron microscopes and various specialized
tools. One form of specialized inspection toohiscatterometer in which a beam of radiation is
directed onto a target on the surface of the satesand properties of the scattered or reflectagnbe

are measured. By comparing the properties of darbbefore and after it has been reflected or
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scattered by the substrate, the properties of ubstsate can be determined. This can be done, for
example, by comparing the reflected beam with dabaed in a library of known measurements
associated with known substrate properties. Twanntgpes of scatterometer are known.
Spectroscopic scatterometers direct a broadbandtiad beam onto the substrate and measure the
spectrum (intensity as a function of wavelengthYhe radiation scattered into a particular narrow
angular range. Angularly resolved scatterometeesaumonochromatic radiation beam and measure
the intensity of the scattered radiation as a fonadf angle.
[0004] More generally, it would be useful to be able tonpare the scattered radiation with
scattering behaviors predicted mathematically fraodels of structures, which can be freely set up
and varied until the predicted behavior matches dbserved scattering from a real sample.
Unfortunately, although it is in principle known Woto model the scattering by numerical
procedures, the computational burden of the kneehrtiques renders such techniques impractical,
particularly if real-time reconstruction is desireahd/or where the structures involved are more
complicated than a simple structure periodic in-dimeension.
[0005] CD reconstruction belongs to a group of problemsvwknunder the general name of
inverse scattering, in which observed data is neatdb a possible physical situation. The aim is to
find a physical situation that gives rise to thesa@ived data as closely as possible. In the case of
scatterometry, the electromagnetic theory (Maxwedjuations) allows one to predict what will be
the measured (scattered) data fogien physical situation. This is called tlierward scattering
problem The inverse scattering problem is now to find gh&per physical situation that corresponds
to the actual measured data, which is typicallyighllf nonlinear problem. To solve this inverse
scattering problem, a nonlinear solver is used tis&s the solutions of many forward scattering
problems. In known approaches for reconstructitve, monlinear problem is founded on three
ingredients:

* Gauss-Newton minimization of the difference betweeasasured data and data

computed from the estimated scattering setup;

e parameterized shapes in the scattering setupagligs and height of a contact hole;

» sufficiently high accuracy in the solution of therward problem (e.g. computed

reflection coefficients) each time the parameteesugpdated.

[0006] Another successful approach that is documentede@ent literature to solve the
inverse scattering problem is the contrast-soureersion (CSI) [14]. In essence, the CSI employs a

formulation in which the data mismatch and the natah in the Maxwell equations are solved
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simultaneously, i.e. the Maxwell equations are swved to sufficient precision at each step of the
minimization. Further, the CSI employs a pixilatethge instead of parameterized shapes.

[0007] The success of the CSI is largely due to the refdation of the inverse problem in
terms of the so-called contrast soudcand the contrast functiopas the fundamental unknowns.
This reformulation makes the mismatch in the mea$diata independent gfand a linear problem
in J, whereas the mismatch in the Maxwell equationsaresinonlinear due to the couplingyrand

J. The CSI was successfully combined with a voluntegral method (VIM) [14], a finite element
method (FEM) [15], and a finite difference (FD) [X6ethod. However, all the underlying numerical
methods (VIM, FEM, FD) are based spatial formulations and spatial discretizations (i.e.gbsxor

meshes).

SUMMARY

[0008] It is desirable in the field of semiconductor pregiag to rapidly perform accurate
calculations of electromagnetic scattering properti

[0009] According to a first aspect of the present invemtithere is provided a method of
calculating electromagnetic scattering properties gtructure, the structure including materials of
differing properties such as to cause at least diseontinuity in an electromagnetic field at a
material boundary, the method comprising: numdsicablving a volume integral equation for a
contrast current density by determining componehtfie contrast current density by using a field-
material interaction operator to operate on a ocowtis component of the electromagnetic field and a
continuous component of a scaled electromagneticdensity corresponding to the electromagnetic
field, the scaled electromagnetic flux densityngeformed as a scaled sum of discontinuous
components of the electromagnetic field and of domtrast current density; and calculating
electromagnetic scattering properties of the gmmgctusing the determined components of the
contrast current density .

[0010] According to a second aspect of the present inoenthere is provided a method of
reconstructing an approximate structure of an abjemm a detected electromagnetic scattering
property arising from illumination of the object bwdiation, the method comprising the steps:
estimating at least one structural parameter; oheténg at least one model electromagnetic
scattering property from the at least one strutpeeameter; comparing the detected electromagnetic
scattering property to the at least one model mle@gnetic scattering property; and determining an
approximate object structure based on the resultthe comparison, wherein the model

electromagnetic scattering property is determirgdgua method according to the first aspect.
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[0011] According to a third aspect of the present invamtithere is provided an inspection
apparatus for reconstructing an approximate stracif an object, the inspection apparatus
comprising: an illumination system configured tlnhinate the object with radiation; a detection
system configured to detect an electromagnetidesaag property arising from the illumination; a
processor configured to estimate at least one temalcparameter, determine at least one model
electromagnetic scattering property from the astl@me structural parameter, compare the detected
electromagnetic scattering property to the at least model electromagnetic scattering property and
determine an approximate object structure fromferdince between the detected electromagnetic
scattering property and the at least one modeltreleagnetic scattering property, wherein the
processor is configured to determine the modeltrelsBagnetic scattering property using a method
according to the first aspect.

[0012] According to a fourth aspect of the present imantithere is provided a computer
program product containing one or more sequencesachine-readable instructions for calculating
electromagnetic scattering properties of a stregtthre instructions being adapted to cause one or
more processors to perform a method accordingadirt aspect.

[0013] Further features and advantages of the inventowedl as the structure and operation
of various embodiments of the invention, are désdiin detail below with reference to the
accompanying drawings. It is noted that the inents not limited to the specific embodiments
described herein. Such embodiments are presestethtfor illustrative purposes only. Additional
embodiments will be apparent to persons skilledthe relevant art(s) based on the teachings

contained herein.

BRIEF DESCRIPTION OF THE DRAWINGS/FIGURES

[0014] The accompanying drawings, which are incorporateckih and form part of the
specification, illustrate the present invention atmbether with the description, further serve to
explain the principles of the invention and to daad person skilled in the relevant art(s) to make

and use the invention.

[0015] Figure 1 depicts a lithographic apparatus.

[0016] Figure 2 depicts a lithographic cell or cluster.

[0017] Figure 3 depicts a first scatterometer.

[0018] Figure 4 depicts a second scatterometer.

[0019] Figure 5 depicts a first example process using rahogliment of the invention for

reconstruction of a structure from scatterometeasngements.
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[0020] Figure 6 depicts a second example process usimgnéiodiment of the invention for
reconstruction of a structure from scatterometeasugements.

[0021] Figure 7 depicts the scattering geometry that neayebonstructed in accordance with
an embodiment of the present invention.

[0022] Figure 8 depicts the structure of the background.

[0023] Figure 9 illustrates use of a Green’s function #icalate the interaction of the
scattered field with the layered medium.

[0024] Figure 10 is a flow chart of the high level methof solving the linear system
corresponding to the VIM formula for the contrastrent density.

[0025] Figure 11 is a flow chart of the computation of afglvectors using the VIM formula
for the contrast current density as known in thergrt.

[0026] Figure 12 depicts an embodiment of the preseniitive .

[0027] Figure 13a is a flow chart of the computation oflaie vectors in accordance with an
embodiment of present invention.

[0028] Figure 13b is a flow chart of the matrix-vector gwot for the contrast current density
used in solving the VIM formula with contrast sagiraversion in accordance with an embodiment of
present invention.

[0029] Figure 13c is a flow chart of the operation of mialeand projection operators used in
the matrix-vector product of Figure 13b.

[0030] Figure 14 is a flow chart of a method of calculgtialectromagnetic scattering
properties of a structure in accordance with anaafimbent of present invention.

[0031] Figure 15a is a definition of globdk, y) and local(X", y') coordinate systems for the

rotated ellipse with offset,.

[0032] Figure 15b illustrates a NV field for the ellipticaordinate system.

[0033] Figure 15c illustrates conformal mapping for arpsk.

[0034] Figure 16a illustrates continuous NV field for tleetangle.

[0035] Figure 16b illustrates discontinuous NV field foetrectangle.

[0036] Figure 17 illustrates meshing a ‘dogbone’ in eletagnshapes.

[0037] Figure 18 illustrates building the normal-vectaldi of a prism with a cross section of

a rounded rectangle from smaller rectangles araecgegments in accordance with an embodiment
of the present invention.

[0038] Figure 19 illustrates rotated and shifted triangith NV field and local coordinate
system.
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[0039] Figure 20 illustrates a rotated and shifted tragbemath NV field and local coordinate
system.

[0040] Figure 21 illustrates rotated and shifted circlgment with NV field and local
coordinate system.

[0041] Figure 22 depicts a procedure to approximate @oselby a staircased approximation;
and

[0042] Figure 23 depicts in schematic form a computeresystonfigured with programs and

data in order to execute a method in accordanteam embodiment of the present invention.

[0043] The features and advantages of the present invewilbbecome more apparent from
the detailed description set forth below when takenonjunction with the drawings, in which like
reference characters identify corresponding elesnémboughout. In the drawings, like reference
numbers generally indicate identical, functionaignilar, and/or structurally similar elements. The
drawing in which an element first appears is ingidaby the leftmost digit(s) in the corresponding

reference number.

DETAILED DESCRIPTION

[0044] This specification discloses one or more embodis#mt incorporate the features of
this invention. The disclosed embodiment(s) meetgmplify the invention. The scope of the
invention is not limited to the disclosed emboditi@n The invention is defined by the claims
appended hereto.

[0045] The embodiment(s) described, and references in gpecification to "one

embodiment”, "an embodiment”, "an example embodifesic., indicate that the embodiment(s)
described may include a particular feature, stmector characteristic, but every embodiment may not
necessarily include the particular feature, stmgtar characteristic. Moreover, such phrasesate
necessarily referring to the same embodiment. hEurtwhen a particular feature, structure, or
characteristic is described in connection with artbediment, it is understood that it is within the
knowledge of one skilled in the art to effect sdehture, structure, or characteristic in connection
with other embodiments whether or not explicithscigbed.

[0046] Embodiments of the invention may be implementetldardware, firmware, software,
or any combination thereof. Embodiments of theemtion may also be implemented as instructions
stored on a machine-readable medium, which mayaeé and executed by one or more processors.
A machine-readable medium may include any mechafosistoring or transmitting information in a

form readable by a machine (e.g., a computing @gvid-or example, a machine-readable medium
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may include read only memory (ROM); random accessnory (RAM); magnetic disk storage
media; optical storage media; flash memory deviets;trical, optical, acoustical or other forms of
propagated signals (e.g., carrier waves, infrargdass, digital signals, etc.), and others. Furthe
firmware, software, routines, instructions may kesaibed herein as performing certain actions.
However, it should be appreciated that such desonig are merely for convenience and that such
actions in fact result from computing devices, pssors, controllers, or other devices executing the
firmware, software, routines, instructions, etc.

[0047] Before describing such embodiments in more debalyever, it is instructive to
present an example environment in which embodimesftsthe present invention may be
implemented.

[0048] Figure 1 schematically depicts a lithographic appeas. The apparatus comprises: an
illumination system (illuminator) IL configured tmondition a radiation beam B (e.g., UV radiation
or DUV radiation), a support structure (e.g., a knable) MT constructed to support a patterning
device (e.g., a mask) MA and connected to a fiositpner PM configured to accurately position the
patterning device in accordance with certain patarsga substrate table (e.g., a wafer table) WT
constructed to hold a substrate (e.g., a resisedoaafer) W and connected to a second positioner
PW configured to accurately position the substiat@accordance with certain parameters, and a
projection system (e.g., a refractive projectionslesystem) PL configured to project a pattern
imparted to the radiation beam B by patterning ceWIA onto a target portion C (e.g., comprising
one or more dies) of the substrate W.

[0049] The illumination system may include various typésoptical components, such as
refractive, reflective, magnetic, electromagnetiectrostatic or other types of optical componeaits,
any combination thereof, for directing, shapingcontrolling radiation.

[0050] The support structure supports, i.e. bears thehweify the patterning device. It holds
the patterning device in a manner that depends®mwitientation of the patterning device, the design
of the lithographic apparatus, and other conditieush as for example whether or not the patterning
device is held in a vacuum environment. The supptmicture can use mechanical, vacuum,
electrostatic or other clamping techniques to hbkl patterning device. The support structure may
be a frame or a table, for example, which may kedfior movable as required. The support structure
may ensure that the patterning device is at a etbgdosition, for example with respect to the
projection system. Any use of the terms “reticle™mask” herein may be considered synonymous
with the more general term “patterning device.”

[0051] The term “patterning device” used herein shouldimadly interpreted as referring to

any device that can be used to impart a radiate@mbwith a pattern in its cross-section such as to
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create a pattern in a target portion of the sutestiaishould be noted that the pattern imparteithé¢o
radiation beam may not exactly correspond to tisérele pattern in the target portion of the substrat
for example if the pattern includes phase-shiffie@tures or so called assist features. Generaky, t
pattern imparted to the radiation beam will cormgpto a particular functional layer in a device
being created in the target portion, such as agyrated circuit.

[0052] The patterning device may be transmissive or réflec Examples of patterning
devices include masks, programmable mirror arragd, programmable LCD panels. Masks are well
known in lithography, and include mask types suelbiaary, alternating phase-shift, and attenuated
phase-shift, as well as various hybrid mask types.example of a programmable mirror array
employs a matrix arrangement of small mirrors, eathvhich can be individually tilted so as to
reflect an incoming radiation beam in differentedtions. The tilted mirrors impart a pattern in a
radiation beam, whichi®flected by the mirror matrix.

[0053] The term “projection system” used herein should tr@adly interpreted as
encompassing any type of projection system, inalgidefractive, reflective, catadioptric, magnetic,
electromagnetic and electrostatic optical systeangny combination thereof, as appropriate for the
exposure radiation being used, or for other facsoich as the use of an immersion liquid or the use
of a vacuum. Any use of the term “projection lehg€trein may be considered as synonymous with
the more general term “projection system”

[0054] As here depicted, the apparatus is of a transneistype (e.g., employing a
transmissive mask). Alternatively, the apparatus/ rba of a reflective type (e.g., employing a
programmable mirror array of a type as referreditove, or employing a reflective mask).

[0055] The lithographic apparatus may be of a type hatww(dual stage) or more substrate
tables (and/or two or more mask tables). In suchltiple stage” machines the additional tables may
be used in parallel, or preparatory steps may b#edaout on one or more tables while one or more
other tables are being used for exposure.

[0056] The lithographic apparatus may also be of a typeraih at least a portion of the
substrate may be covered by a liquid having aivelgthigh refractive index, e.g., water, so asilto

a space between the projection system and theratéasin immersion liquid may also be applied to
other spaces in the lithographic apparatus, fomgia, between the mask and the projection system.
Immersion techniques are well known in the artifmreasing the numerical aperture of projection
systems. The term “immersion” as used herein do¢snean that a structure, such as a substrate,
must be submerged in liquid, but rather only metdwag liquid is located between the projection

system and the substrate during exposure.
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[0057] Referring to Figure 1, the illuminator IL receivasradiation beam from a radiation
source SO. The source and the lithographic apmamty be separate entities, for example when the
source is an excimer laser. In such cases, theesainot considered to form part of the lithogiaph
apparatus and the radiation beam is passed frosotlree SO to the illuminator IL with the aid of a
beam delivery system BD comprising, for exampleitable directing mirrors and/or a beam
expander. In other cases the source may be arrahtegyt of the lithographic apparatus, for example
when the source is a mercury lamp. The source SOtt@nilluminator IL, together with the beam
delivery system BD if required, may be referrecsoa radiation system.

[0058] The illuminator IL may comprise an adjuster AD fmtjusting the angular intensity
distribution of the radiation beam. Generally, eddt the outer and/or inner radial extent (commonly
referred to aw-outer ando-inner, respectively) of the intensity distributiona pupil plane of the
illuminator can be adjusted. In addition, the ilimator IL may comprise various other components,
such as an integrator IN and a condenser CO. Turaiflator may be used to condition the radiation
beam, to have a desired uniformity and intensisyriiution in its cross-section.

[0059] The radiation beam B is incident on the patterrdegice (e.g., mask MA), which is
held on the support structure (e.g., mask table, Mgl is patterned by the patterning device. Having
traversed the mask MA, the radiation beam B pa#isesigh the projection system PL, which
focuses the beam onto a target portion C of thetsate W. With the aid of the second positioner
PW and position sensor IF (e.g., an interferometeigice, linear encoder, 2-D encoder or capacitive
sensor), the substrate table WT can be moved detyr&.g., so as to position different target
portions C in the path of the radiation beam B. ifairly, the first positioner PM and another pogitio
sensor (which is not explicitly depicted in Figurecan be used to accurately position the mask MA
with respect to the path of the radiation beam.§,, efter mechanical retrieval from a mask library
or during a scan. In general, movement of the niaisle MT may be realized with the aid of a long-
stroke module (coarse positioning) and a shorkstrmodule (fine positioning), which form part of
the first positioner PM. Similarly, movement of thebstrate table WT may be realized using a long-
stroke module and a short-stroke module, which fpamt of the second positioner PW. In the case of
a stepper (as opposed to a scanner) the maskNblmay be connected to a short-stroke actuator
only, or may be fixed. Mask MA and substrate W rbayaligned using mask alignment marks M1,
M2 and substrate alignment marks P1, P2. Althodgh dubstrate alignment marks as illustrated
occupy dedicated target portions, they may be éutat spaces between target portions (these are
known as scribe-lane alignment marks). Similarly,situations in which more than one die is

provided on the mask MA, the mask alignment marky tve located between the dies.
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[0060] The depicted apparatus could be used in at leasbtbiie following modes:

1. In step mode, the mask table MT and the sulestadlle WT are kept essentially stationary,
while an entire pattern imparted to the radiatiearn is projected onto a target portion C at one tim
(i.e. a single static exposure). The substrateets¥I is then shifted in the X and/or Y direction so
that a different target portion C can be exposedstép mode, the maximum size of the exposure
field limits the size of the target portion C imdge a single static exposure.

2. In scan mode, the mask table MT and the sulbstadtie WT are scanned synchronously
while a pattern imparted to the radiation beamrggeted onto a target portion C (i.e. a single
dynamic exposure). The velocity and direction af gubstrate table WT relative to the mask table
MT may be determined by the (de-)magnification andge reversal characteristics of the projection
system PL. In scan mode, the maximum size of thpsxe field limits the width (in the non-
scanning direction) of the target portion in a #ndynamic exposure, whereas the length of the
scanning motion determines the height (in the sognirection) of the target portion.

3. In another mode, the mask table MT is kept dgdbnstationary holding a programmable
patterning device, and the substrate table WT igsedar scanned while a pattern imparted to the
radiation beam is projected onto a target portiotn@Ghis mode, generally a pulsed radiation source
is employed and the programmable patterning desicgdated as required after each movement of
the substrate table WT or in between successivatiad pulses during a scan. This mode of
operation can be readily applied to maskless litaplgy that utilizes programmable patterning
device, such as a programmable mirror array opa s referred to above.

[0061] Combinations and/or variations on the above desdrimodes of use or entirely
different modes of use may also be employed.

[0062] As shown in Figure 2, the lithographic apparatusfbAns part of a lithographic cell
LC, also sometimes referred to a lithocell or @dusthich also includes apparatus to perform pre-
and post-exposure processes on a substrate. QGumadly these include spin coaters SC to deposit
resist layers, developers DE to develop exposedtreshill plates CH and bake plates BK. A
substrate handler, or robot, RO picks up substifates input/output ports /01, /02, moves them
between the different process apparatus and delibhen to the loading bay LB of the lithographic
apparatus. These devices, which are often colldgtreferred to as the track, are under the céntro
of a track control unit TCU which is itself contied by the supervisory control system SCS, which
also controls the lithographic apparatus via littagdpny control unit LACU. Thus, the different
apparatus can be operated to maximize throughpup@tessing efficiency.

[0063] In order that the substrates that are exposedéjlittitographic apparatus are exposed

correctly and consistently, it is desirable to Exspexposed substrates to measure properties such a
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overlay errors between subsequent layers, linknlegses, critical dimensions (CD), etc. If errors
are detected, adjustments may be made to exposfirsgbsequent substrates, especially if the
inspection can be done soon and fast enough that stibstrates of the same batch are still to be
exposed. Also, already exposed substrates mayrippexi and reworked — to improve yield — or
discarded, thereby avoiding performing exposuresustrates that are known to be faulty. In a
case where only some target portions of a subsaratdaulty, further exposures can be performed
only on those target portions which are good.

[0064] An inspection apparatus is used to determine tbpepties of the substrates, and in
particular, how the properties of different subistsaor different layers of the same substrate vary
from layer to layer. The inspection apparatus tmayntegrated into the lithographic apparatus LA or
the lithocell LC or may be a stand-alone devic®. efiable most rapid measurements, it is desirable
that the inspection apparatus measure propertiéseirexposed resist layer immediately after the
exposure. However, the latent image in the résista very low contrast — there is only a very smal
difference in refractive index between the partghef resist which have been exposed to radiation
and those which have not — and not all inspectppagatus have sufficient sensitivity to make useful
measurements of the latent image. Therefore meesnts may be taken after the post-exposure
bake step (PEB) which is customarily the first stepried out on exposed substrates and increases
the contrast between exposed and unexposed patte ofsist. At this stage, the image in the tesis
may be referred to as semi-latent. It is also iptesso make measurements of the developed resist
image — at which point either the exposed or unsgg@arts of the resist have been removed — or
after a pattern transfer step such as etching. |&ftter possibility limits the possibilities forwerk of
faulty substrates but may still provide useful mfation.

[0065] Figure 3 depicts a scatterometer which may be usad embodiment of the present
invention. It comprises a broadband (white liglaiiation projector 2 which projects radiation onto
a substrate W. The reflected radiation is paseed spectrometer detector 4, which measures a
spectrum 10 (intensity as a function of wavelengthjhe specular reflected radiation. From this
data, the structure or profile giving rise to thetetted spectrum may be reconstructed by processing
unit PU, e.g., conventionally by Rigorous Coupledawy’ Analysis (RCWA) and non-linear
regression or by comparison with a library of siatetl spectra as shown at the bottom of Figure 3.
In general, for the reconstruction the general fofrthe structure is known and some parameters are
assumed from knowledge of the process by whichsthecture was made, leaving only a few
parameters of the structure to be determined florstatterometry data. Such a scatterometer may

be configured as a normal-incidence scatterometan @blique-incidence scatterometer.
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[0066] Another scatterometer that may be used in an emimdiof the present invention is
shown in Figure 4. In this device, the radiationitted by radiation source 2 is focused using lens
system 12 through interference filter 13 and pataril7, reflected by partially reflected surface 16
and is focused onto substrate W via a microscopecte lens 15, which has a high numerical
aperture (NA), preferably at least 0.9 and mordepably at least 0.95. Immersion scatterometers
may even have lenses with numerical apertures tverThe reflected radiation then transmits
through partially reflective surface 16 into a d¢be 18 in order to have the scatter spectrum
detected. The detector may be located in the pagjected pupil plane 11, which is at the focal
length of the lens system 15, however the pupi@laay instead be re-imaged with auxiliary optics
(not shown) onto the detector. The pupil planthésplane in which the radial position of radiation
defines the angle of incidence and the angulartipasdefines azimuth angle of the radiation. The
detector is preferably a two-dimensional detectothst a two-dimensional angular scatter spectrum
of a substrate target 30 can be measured. Thetdef8 may be, for example, an array of CCD or
CMOS sensors, and may use an integration timepgXample, 40 milliseconds per frame.

[0067] A reference beam is often used for example to mea#e intensity of the incident
radiation. To do this, when the radiation beanmn@dent on the beam splitter 16 part of it is
transmitted through the beam splitter as a referdmeam towards a reference mirror 14. The
reference beam is then projected onto a differaritqf the same detector 18.

[0068] A set of interference filters 13 is available tdesé a wavelength of interest in the
range of, say, 405 - 790 nm or even lower, sucB0fls- 300 nm. The interference filter may be
tunable rather than comprising a set of differeitters. A grating could be used instead of
interference filters.

[0069] The detector 18 may measure the intensity of geattgght at a single wavelength (or
narrow wavelength range), the intensity separa&élynultiple wavelengths or integrated over a
wavelength range. Furthermore, the detector magaragely measure the intensity of transverse
magnetic- and transverse electric-polarized ligit/ar the phase difference between the transverse
magnetic- and transverse electric-polarized light.

[0070] Using a broadband light source (i.e. one with aemidnge of light frequencies or
wavelengths — and therefore of colors) is possisléch gives a large etendue, allowing the mixing
of multiple wavelengths. The plurality of wavelengtin the broadband preferably each has a
bandwidth ofAA and a spacing of at leastA2 (i.e., twice the bandwidth). Several “sources” of
radiation can be different portions of an extendsiation source which have been split using fiber
bundles. In this way, angle resolved scatter specéin be measured at multiple wavelengths in

parallel. A 3-D spectrum (wavelength and two déf#r angles) can be measured, which contains
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more information than a 2-D spectrum. This allowsennformation to be measured which increases
metrology process robustness. This is describednare detail in EP1,628,164A, which is
incorporated by reference herein in its entirety.

[0071] The target 30 on substrate W may be a grating, lwkscprinted such that after
development, the bars are formed of solid resigsli The bars may alternatively be etched into the
substrate. This pattern is sensitive to chromdigrrations in the lithographic projection apparatus
particularly the projection system PL, and illuntioa symmetry and the presence of such
aberrations will manifest themselves in a variation the printed grating. Accordingly, the
scatterometry data of the printed gratings is useckconstruct the gratings. The parameters of the
grating, such as line widths and shapes, may bet itqpthe reconstruction process, performed by

processing unit PU, from knowledge of the printstgp and/or other scatterometry processes.
Modeling

[0072] As described above, the target is on the surfatbeo$ubstrate. This target will often
take the shape of a series of lines in a gratingubsstantially rectangular structures in a 2-Dyarra
The purpose of rigorous optical diffraction thesria metrology is effectively the calculation of a
diffraction spectrum that is reflected from thegetr In other words, target shape information is
obtained for CD (critical dimension) uniformity araverlay metrology. Overlay metrology is a
measuring system in which the overlay of two tasgetmeasured in order to determine whether two
layers on a substrate are aligned or not. CD umifyris simply a measurement of the uniformity of
the grating on the spectrum to determine how thmsxre system of the lithographic apparatus is
functioning. Specifically, CD, or critical dimensipis the width of the object that is "written" tire
substrate and is the limit at which a lithograpdpparatus is physically able to write on a substrat
[0073] Using one of the scatterometers described abowenmbination with modeling of a
target structure such as the target 30 and itsadiibn properties, measurement of the shape and
other parameters of the structure can be perfoimednumber of ways. In a first type of process,
represented by Figure 5, a diffraction pattern Oase a first estimate of the target shape (a first
candidate structure) is calculated and comparel thig observed diffraction pattern. Parameters of
the model are then varied systematically and tHfeadtion re-calculated in a series of iteratiotuts,
generate new candidate structures and so arrigéast fit. In a second type of process, repredente
by Figure 6, diffraction spectra for many differex@ndidate structures are calculated in advance to

create a ‘library’ of diffraction spectra. Then tdifraction pattern observed from the measurement
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target is compared with the library of calculatpedra to find a best fit. Both methods can be used
together: a coarse fit can be obtained from aryhrallowed by an iterative process to find a bigst
[0074] Referring to Figure 5 in more detail, the way theasurement of the target shape
and/or material properties is carried out will Escribed in summary. The target will be assumed for
this description to be a 1-dimensionally (1-D) pdic structure. In practice it may be 2-
dimensionally periodic, and the processing willdoapted accordingly.

[0075] In step 502, the diffraction pattern of the actteabet on the substrate is measured
using a scatterometer such as those described .abloemeasured diffraction pattern is forwarded
to a calculation system such as a computer. Thruledilon system may be the processing unit PU
referred to above, or it may be a separate apsaratu

[0076] In step 503, a ‘model recipe’ is established wldefines a parameterized model of
the target structure in terms of a number of patarag (p;, P2, ps and so on). These parameters may
represent for example, in a 1D periodic structtine, angle of a side wall, the height or depth of a
feature, the width of the feature. Properties @& thArget material and underlying layers are also
represented by parameters such as refractive ifdexa particular wavelength present in the
scatterometry radiation beam). Specific examplds vei given below. Importantly, while a target
structure may be defined by dozens of parametegsritheng its shape and material properties, the
model recipe will define many of these to have dixelues, while others are to be variable or
‘floating’ parameters for the purpose of the follag process steps.

[0077] In step 504: A model target shape is estimateddtng initial values { for the
floating parameters (i.e.®, p©, p:® and so on). Each floating parameter will be geteeravithin
certain predetermined ranges, as defined in thpeec

[0078] In step 506, the parameters representing the dstinshape, together with the optical
properties of the different elements of the modet, used to calculate the scattering propertigs, fo
example using a rigorous optical diffraction metlsath as RCWA or any other solver of Maxwell
equations. This gives an estimated or model dififoagattern of the estimated target shape.

[0079] In steps 508 and 510, the measured diffractionepatand the model diffraction
pattern are then compared and their similaritied differences are used to calculate a "merit
function” for the model target shape.

[0080] In step 512, assuming that the merit function iatis that the model needs to be
improved before it represents accurately the actrget shape, new parameterS'pp,™, p:, etc.

are estimated and fed back iteratively into stef. Steps 506-512 are repeated.

[0081] In order to assist the search, the calculationsteép 506 may further generate partial

derivatives of the merit function, indicating thensitivity with which increasing or decreasing a
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parameter will increase or decrease the merit fonctn this particular region in the parameter
space. The calculation of merit functions and tbe of derivatives is generally known in the argl an
will not be described here in detail.

[0082] In step 514, when the merit function indicates that iterative process has converged
on a solution with a desired accuracy, the curyeestimated parameters are reported as the
measurement of the actual target structure.

[0083] The computation time of this iterative processaigély determined by the forward
diffraction model used, i.e., the calculation of #stimated model diffraction pattern using a gsr
optical diffraction theory from the estimated targ&ucture. If more parameters are required, then
there are more degrees of freedom. The calculitiom increases in principle with the power of the
number of degrees of freedom.

[0084] The estimated or model diffraction pattern caledatt 506 can be expressed in
various forms. Comparisons are simplified if thécakated pattern is expressed in the same form as
the measured pattern generated in step 510. Fon@&aa modeled spectrum can be compared
easily with a spectrum measured by the apparatusigeire 3; a modeled pupil pattern can be
compared easily with a pupil pattern measured byaffparatus of Figure 4.

[0085] Throughout this description from Figure 5 onwatte term ‘diffraction pattern’ will

be used, on the assumption that the scatterometggure 4 is used. The skilled person can readily
adapt the teaching to different types of scattetemer even other types of measurement instrument.
[0086] Figure 6 illustrates an alternative example processvhich plurality of model
diffraction patterns for different estimated targdtapes (candidate structures) are calculated in
advance and stored in a library for comparison aitteal measurement. The underlying principles
and terminology are the same as for the proceBgafe 5. The steps of the Figure 6 process are:
[0087] In step 602, the process of generating the libiaperformed. A separate library may
be generated for each type of target structure. [livary may be generated by a user of the
measurement apparatus according to need, or mpsekgenerated by a supplier of the apparatus.
[0088] In step 603, a ‘model recipe’ is established wldefines a parameterized model of
the target structure in terms of a number of patarmey (p1, P2, Pz and so on). Considerations are
similar to those in step 503 of the iterative pgse

[0089] In step 604, a first set of parametet®pp,?, p?, etc. is generated, for example by
generating random values of all the parameter$) wétbin its expected range of values.

[0090] In step 606, a model diffraction pattern is calteda and stored in a library,

representing the diffraction pattern expected feotarget shape represented by the parameters.
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[0091] In step 608, a new set of parametefd, .Y, psY, etc. is generated. Steps 606-608
are repeated tens, hundreds or even thousandmes$,tiuntil the library which comprises all the
stored modeled diffraction patterns is judged sidfitly complete. Each stored pattern represents a
sample point in the multi-dimensional parametercepdhe samples in the library should populate
the sample space with a sufficient density that ray diffraction pattern will be sufficiently clely
represented.

[0092] In step 610, after the library is generated (thotiglould be before), the real target 30
is placed in the scatterometer and its diffracpattern is measured.

[0093] In step 612, the measured pattern is comparedthaétmodeled patterns stored in the
library to find the best matching pattern. The cangon may be made with every sample in the
library, or a more systematic searching strategy beaemployed, to reduce computational burden.
[0094] In step 614, if a match is found then the estimadedet shape used to generate the
matching library pattern can be determined to be approximate object structure. The shape
parameters corresponding to the matching samplewpait as the measured shape parameters. The
matching process may be performed directly on tbhdehdiffraction signals, or it may be performed
on substitute models which are optimized for fasti@ation.

[0095] In step 616, optionally, the nearest matching sangplised as a starting point, and a
refinement process is used to obtain the finalrpatars for reporting. This refinement process may
comprise an iterative process very similar to #etwn in Figure 5, for example.

[0096] Whether refining step 616 is needed or not is aenaff choice for the implementer.

If the library is very densely sampled, then iteatrefinement may not be needed because a good
match will always be found. On the other handhsaidibrary might be too large for practical use. A
practical solution is thus to use a library sedaha coarse set of parameters, followed by one or
more iterations using the merit function to deterena more accurate set of parameters to report the
parameters of the target substrate with a destedracy. Where additional iterations are performed,
it would be an option to add the calculated diffi@t patterns and associated refined parameter sets
as new entries in the library. In this way, a lifgraan be used initially which is based on a reédyi
small amount of computational effort, but whichltsiinto a larger library using the computational
effort of the refining step 616. Whichever schemesed, a further refinement of the value of one or
more of the reported variable parameters can atsmbiained based upon the goodness of the
matches of multiple candidate structures. For exentpe parameter values finally reported may be
produced by interpolating between parameter vablids/o or more candidate structures, assuming

both or all of those candidate structures haveyh matching score.
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[0097] The computation time of this iterative processaigély determined by the forward
diffraction model at steps 506 and 606, i.e. tHeutation of the estimated model diffraction patter
using a rigorous optical diffraction theory frometastimated target shape.

[0098] For CD reconstruction of 2D-periodic structures R&EW commonly used in the
forward diffraction model, while the Differential éthod, the Volume Integral Method (VIM),
Finite-difference time-domain (FDTD), and Finitemlent method (FEM) have also been reported. A
Fourier series expansion as for example used in R@wd the Differential Method can also be used
to analyze aperiodic structures by employing pdéisffematched layers (PMLS), or other types of
absorbing boundary conditions to mimic radiatiowaads infinity, near the boundary of the unit cell

on which the Fourier expansions are used.
Normal-vector Fields

[0099] In rigorous diffraction modeling it has been dentoated [1] that convergence of the
solution can be drastically improved by introduciag auxiliary intermediate field= that is
continuous across material interfaces instead ef Eh and D-fields that have discontinuous
components across these interfaces. Improved cgenee leads to more accurate answers at less
computational cost, one of the major challengespiical scatterometry, in particular for 2D-periodi
diffraction gratings.

[0100] This vector fieldF is formulated using a so-called normal-vectordfjed fictitious
vector field that is perpendicular to the materigkerface. Algorithms to generate normal-vector
fields have been proposed in [3,5], within the eahtof RCWA. Normal-vector fields have been
used not only in combination with RCWA, but alsaccombination with the Differential Method.

[0101] However, one of the major difficulties of the notraactor field concept is the actual
generation of the normal-vector field itself oviee entire domain of computation. There are very few
constraints to generate such field, but at the stame there are many open questions related to its
generation. The normal-vector field must be gererddr the full geometrical setup and one cannot
operate on isolated domains without taking careafnecting material interfaces. Solutions have
been proposed using Schwartz-Christoffel transftiona [3], but all these methods suffer from
either a lack of flexibility to generate normal-tecfields for arbitrary shapes or a flexibilityath
comes at a high computational cost [5]. Both areaditing for fast reconstruction since for a
reconstruction it is important to keep track of @tinuously varying normal-vector field under
varying dimensions of a grating structure. Thisingortant because a discontinuously evolving
normal-vector field may disrupt the convergencetled overall nonlinear solver that guides the
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reconstruction process. A further issue is the tmeguired to set up a normal-vector field. This

computational overhead should be as low as possth&low for fast analysis and reconstruction.
1. Volume Integral Method

[0102] One of the major problems of RCWA is that it reqsira large amount of central
processing unit (CPU) time and memory for 2D pedatructures, since a sequence of eigenvalue /
eigenvector problems need to be solved and coratginFor FDTD and FEM, CPU time is
typically also too high.

[0103] Known Volume Integral Methods (as disclosed in [9§ patent no. 6,867,866 B1 and
US patent no. 7,038,850 B2) are based either ¢y dphtial discretization schemes that exhibit slow
convergence with respect to mesh refinement orpectsal discretization schemes that exhibit poor
convergence with respect to an increasing numbehasmonics. As an alternative, a spectral
discretization scheme that incorporates a heurisgéthod to improve the convergence has been
proposed [9].

[0104] The linear system that has to be solved for VINhisch larger compared to RCWA,
but if it is solved in an iterative way, only theatrix-vector product is needed together with the
storage of several vectors. Therefore, the memeage is typically much lower than for RCWA.
The potential bottleneck is the speed of the mateistor product itself. If the Li rules [10,11] veer

to be applied in VIM, then the matrix-vector protiwould be much slower, due to the presence of
several inverse sub-matrices. Alternatively, therlles can be ignored and FFTs can be used to
arrive at a fast matrix-vector product, but thelyeon of poor convergence remains.

[0105] Figure 7 illustrates schematically the scatteriegrgetry that may be reconstructed in
accordance with an embodiment of the present imwent A substrate 802 is the lower part of a
medium layered in the z direction. Other layerd 8ad 806 are shown. A two dimensional grating
808 that is periodic in x and y is shown on toghs layered medium. They andz axes are also
shown 810. An incident field 812 interacts wittdas scattered by the structure 802 to 808 regultin
in a reflected field 814. Thus the structure isigmic in at least one directiow, y, and includes
materials of differing properties such as to caaskscontinuity at a material boundary between the
differing materials in an electromagnetic field", that comprises a total of incider", and
scatteredE®, electromagnetic field components.

[0106] Figure 8 shows the structure of the backgroundFigdre 9 schematically illustrates
the Green’s function that may be used to calcullageinteraction of the incident field with the
layered medium. In Figures 8 and 9, the layerediunme 802 to 806 corresponds to the same
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structure as in Figure 7. In Figure 8, they andz axes are also shown 810 along with the incident
field 812. A directly reflected field 902 is alshown. With reference to Figure 9, the point seurc
(X, Yy, Z) 904 represents the Green’s function interactiotih the background that generates a field
906. In this case because the point source 90dbave the top layer 806 there is only one
background reflection 908 from the top interfaceB06 with the surrounding medium. If the point
source is within the layered medium then there béllbackground reflections in both up and down

directions (not shown).

[0107] The VIM formula to be solved is

E™(x,Y,2) =E"(XY,2) - “'J'E(x X, y,y',2,2) (X, Yy, z)dx dy dz (0.1)
J°(x,y,Z) = x(X,y, Z)E* (X, Y, Z) (0.2)

[0108] In this equation, the incident field™ is a known function of angle of incidence,

polarization and amplitud€™ is the total electric field that is unknown and ¥ehich the solution is

calculated,J® is the contrast current densité Is the Green’s function (a 3x3 matrix),is the
contrast function given byofe(X,y,z)-e0(2)), wheree is the permittivity of the structure amglis the
permittivity of the background mediunis zero outside the gratings.

[0109] The Green’s functionE(x, xX,¥,Y¥',22)is known and computable for the layered

medium including 802 to 806. The Green’s functishows a convolution and/or modal

decompositionrfy, ny) in thexy plane and the dominant computation burden aloeg@ #xis in E

are convolutions.

[0110] For discretization, the total electric field is exgled in Bloch/Floquet modes in the
plane. Multiplication withy becomes: (a) discrete convolution in theplane (2D FFT); and (b)
product inz. The Green’s function interaction in tig plane is an interaction per mode. The
Green’s function interaction imis a convolution that may be performed with oneehsional (1D)
FFTs with a complexity Q{logN).

[0111] The number of modes ky is M;M, and the number of sampleszis N.

[0112] The efficient matrix-vector product has a comphexdt(M;M:N log(M1M,N)) and the
storage complexity is ®{1:M2N).

[0113] The VIM solution method foAx=b is performed using an iterative solver based on a
Krylov subspace method, e.g., BiCGstab(Stabilized BiConjugate Gradient method), which
typically has the steps:

Define residual error as = b — Ax,

Compute update vector(g)via residual error
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Update solutionxp+1 = Xnt+ ah Vi

Update residual erraf.+1 = rp- an Aw,

[0114] Figure 10 is a flow chart of the high level methofl solving the linear system
corresponding to the VIM formula. This is a methoid calculating electromagnetic scattering
properties of a structure, by numerically solvingadume integral. At the highest level the firstst

is pre-processing 1002, including reading the irgnd preparing FFTs. The next step is to compute
the solution 1004. Finally, post-processing 109@erformed in which reflection coefficients are
computed. Step 1004 includes various steps al@arsiat the right hand side of Figure 10. These
steps are computing the incident field 1008, comguthe Green’s Functions 1010, computing the
update vectors 1012, updating the solution andlvesierror (e.g., using BiCGstab) 1014 and testing
to see if convergence is reached 1016. If convexgés not reached control loops back to step 1012
that is the computation of the update vectors.

[0115] Figure 11 illustrates the steps in computing updatgors corresponding to step 1012
of Figure 10 using the volume integral method aevkm in the prior art, which is a method of
calculating electromagnetic scattering properti€sa structure, by numerically solving a volume
integral equation for an electric field,

[0116] In the spectral domain, the integral representatiescribes the total electric field in
terms of the incident field and contrast curremgity, where the latter interacts with the Green's

function, viz
e (m,m,,2) = e(m,m,,2) - [G(m,m,,z2)j(m,m,2)d (1.1)

for my,m, O Z. Further,E denotes the spectral Green's function of the backgt medium, which is

planarly stratified in the direction,e(my,m,,z2) denotes apectralcomponent of total electric field
E(x,y,2), written in a spectral base in thgplane, ang(my,mp,z) denotes a spectral component of the
contrast current densifif(x,y,2), also written in a spectral base in #ygplane.

[0117] The second equation is a relation between the ®&édgltric field and the contrast
current density, which is essentially a constititrelation defined by the materials present in the

configuration, viz
J°(xy.2) = jade(x,y,2) - £,(D]IE(x Y, 2) (1.2)
whereJ° denotes the contrast current densityis the angular frequency,(x,y,2) is the permittivity

of the configurationg,(2) is the permittivity of the stratified backgrounalhd E denotes the total

electric field, all written in &patial basis.
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[0118] A straightforward approach is to transform Eq. JHi2ectly to the spectral domain, as
proposed in [9], i.e.

] My, My

jm,m,,2)= % > x.(m-km,-¢,2)ek/,2) (1.3)

k=My (=My

whereMy andMgy are the spectral lower bounds digh andMyy, the spectral upper bounds that are
taken into account for the finite Fourier repreaéion of E andJ. Further,xs(k,|,2) are the Fourier
coefficients of the contrast functigtx,y,z) with respect to the transversegj)(plane.
[0119] Step 1102 is reorganizing the vector in a four-disi@nal (4D) array. In this array

the first dimension has three elemeds J; and J;. The second dimension has elements for all
values ofmy. The third dimension has elements for all valoésn,. The fourth dimension has
elements for each value nf Thus the 4D array stores the spectral (inxihelane) representation of
the contrast current densi(J;,J;, J;)(m, m,, z). For each mode (i.e. for all sample pointg,iat

the same time), steps 1104 to 1112 are perforrmée. three dotted parallel arrows descending from

beside step 1106 correspond to computing the iategrm in Equation (1.1), which is the
background interaction with the contrast curremtsity. This is performed by a convolution of

(J5,Jd5,37)(m, m,, z)with the spatial (with respect to tiredirection) Green’s function, using a
multiplication in the spectral domain (with respexthez direction).

[0120] In detail, in step 1104 the spectral contrast eurcensity (J;,J7,J;)(m,m,, 2) is
taken out as three 1D arrays for eachxol, andz In step 1106, the convolution begins by
computing the 1D FFT forward for each of the thaeeays into the spectral domain with respect to
the z direction to produc (J;,Jy,J;)(m, m,,K,), wherek;is theFourier variable with respect to the

z direction. In step 1108 the truncated Fouriengfarm of the contrast current density is multiglie
in the spectral domain (with respect to #alirection) by the Fourier transform of the spaGaken’s

function Efree. In step 1110 a 1D FFT backwards is performed ihé spatial domain with respect

to thez direction. In step 1112 background reflection® (868 in Figure 9) in the spatial domain
with respect t@ are added. This separation of the backgroundatedins from the Green’s function

is a conventional technigue and the step may bempeed by adding rank-1 projections as will be
appreciated by one skilled in the art. As each ensdprocessed then the update vectors for the
scattered electric fieldg, Ey, E;)(m, My, 2), thus calculated are placed back into the 4Dyarratep
1114.
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[0121] Then for each sample point (i.e. for all modeghatsame time), steps 1116 to 1122
are performed. The three parallel dotted arrowseateding from step 1114 in Figure 11 correspond
to the processing of three 2D arrays, one eaclk{oE, andE; respectively, by steps 1116 to 1122
carried out for each sample poiat,These steps perform the convolution of the spk¢in thexy
plane) representation of the scattered electrld {ig, E,, E,)(m, ny, 2) with the material properties

to calculate the spectral (in thg plane) representation of the contrast currentidensth respect to

C
X

the scattered electric field(J¢*, J;°, J7°)(m,, m,, 2) . These steps correspond to Equation (1.3) in

the sense that only the scattered field is now ferd, instead of the total electric field. In detail,
step 1116 involves taking out the three 2D arrdlys {wo dimensions being fom andnmy). In step
1118 a 2D FFT is computed forward for each of tHred arrays into the spatial domain. In step 1120
each of the three arrays is multiplied by the spatipresentation of the contrast functigry,z) that

is filtered by the truncation of the Fourier reeation. The convolution is completed in step 1122
with the 2D FFT backwards into the spectral (in xlggplane) domain yielding the spectral contrast

current density with respect to the scattered etetield (J;°,J;°,J7°)(m;,m,,2). In step 1124

the calculated spectral contrast current densiyaised back into the 4D array.

[0122] The next step is reorganizing the 4D array in aaret126, which is different from
step 1102 “reorganizing the vector in a 4D arrayh that it is the reverse operation: each one-
dimensional index is uniquely related to a four-disional index. Finally in step 1128 the vector
output from step 1126 is subtracted from the ingedtor, corresponding to the subtraction in the

right-hand side of Equation (1.1) multiplied by tb@ntrast functiory(x,y,z). The input vector is the
vector that enters at step 1102 in Figure 11 amdagos (J¢,J7, J7)(m, m,, 2).

[0123] A problem with the method described in Figure 1that it leads to poor convergence.
This poor convergence is caused by concurrent jumpsrmittivity and contrast current density for
the truncated Fourier-space representation. Asugsed above, in the VIM method the Li inverse
rule is not suitable for overcoming the convergepagblem because in VIM the complexity of the
inverse rule leads to a very large computationati®u because of the very large number of inverse
operations that are needed in the VIM numericaltemi. Embodiments of the present invention
overcome the convergence problems caused by cemtyumps without resorting to use of the
inverse rule as described by Li. By avoiding theerse rule, embodiments of the present invention
do not sacrifice the efficiency of the matrix-vecfmroduct that is required for solving the linear
system in an iterative manner in the VIM approach.

[0124] Figure 12 illustrates an embodiment of the presemnention. This involves

numerically solving a volume integral equation #ocontrast current density, This is performed by
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determining components of the contrast current itlend, by using a field-material interaction
operator, M, to operate on a continuous componénthe electromagnetic fieldE®, and a
continuous component of a scaled electromagnetix fllensity, D, corresponding to the
electromagnetic fieldE>, the scaled electromagnetic flux densiy, being formed as a scaled sum
of discontinuous components of the electromagrfigtid, ES, and of the contrast current density
This embodiment employs the implicit constructidraavector field,F>, that is related to the electric
field, E, and a current density, by a selection of components®fandJ, the vector fieldF, being
continuous at one or more material boundaries, sstoadetermine an approximate solution of a
current densityJ. The vector fieldF, is represented by at least one finite Fourielesewith respect

to at least one directiorx, y, and the step of numerically solving the volumeegmal equation
comprises determining a component of a currentifgens by convolution of the vector field;,
with a field-material interaction operator, M. Theld-material interaction operator, M, comprises
material and geometric properties of the struciar¢he at least one directio®, y. The current
density,J, may be a contrast current density and is repteddy at least one finite Fourier series
with respect to the at least one directigny. Further, the continuous-component-extraction ajoes

are convolution operators;; Rnd R, acting on the electric field;, and a current density, The
convolutions are performed using a transformatischsas one selected from a set comprising a fast
Fourier transform (FFT) and number-theoretic tramsf (NTT). The convolution operator, M,
operates according to a finite discrete convolytgmas to produce a finite result. Thus the stinect

is periodic in at least one direction and the carmdus component of the electromagnetic field, the
continuous component of the scaled electromagtiletic density, the components of the contrast
current density and the field-material interactoperator are represented in the spectral domaat by
least one respective finite Fourier series witlpees to the at least one direction and the method
further comprises determining coefficients of treddFmaterial interaction operator by computation
of Fourier coefficients. The methods described iheege also relevant for expansions based on
continuous functions other than those of the Foudemain, e.g. for expansion in terms of
Chebyshev polynomials, as a representative of émemgl class of pseudo-spectral methods, or for
expansions on a Gabor basis.

[0125] Figure 12 shows the step 1202 of solving the VIMtem for a current density, by
employing an intermediate vector fiele, formed using continuous-component-extraction afoes,
with a post-processing step 1204 to obtain a teledtric field, E, by letting the Green’s function
operator act on a current density, Figure 12 also shows at the right hand side arsaktic
illustration of performing an efficient matrix-vextproduct 1206 to 1220 to solve the VIM system

iteratively. This starts with a current densilyjn step 1206. The first time thats set up, it can be
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started from zero. After that initial step, theirsites of] are guided by the iterative solver and the
residual. In step 1208 the convolutions and ramkejections between the Green’s function, G, and
the contrast current densityl, are computed to yield the scattered electricdfid®. Also,
intermediate vector fieldF, is computed in step 1214 using a convolution viitle continuous-
component-extraction operators 81d R acting on the scattered electric fielf, and the current
density, J. Thus the first continuous-component-extractiorerafr, R, is used to extract the
continuous component of the electromagnetic fi€d,in step 1210 and the second continuous-
component-extraction operator,, Hs used to extract the continuous component ef shaled
electromagnetic flux densityp®, in step 1212. In step 1216, the field-materidbriaction operator
(M) operates on the extracted continuous compon&tép 1214 represents forming a vector field,
F°, that is continuous at the material boundary ftbencontinuous component of the electromagnetic
field obtained in step 1210 and the continuous aomept of the scaled electromagnetic flux density
obtained in step 1212. The step of determining aomepts of the contrast current density 1216 is
performed by using a field-material interaction i@er M to operate on the vector fiels. Steps
1210 to 1216 are performed for each sample poiatwith the convolutions being performed via
FFTs. The convolution may be performed using asfiamation such as one selected from a set
comprising a fast Fourier transform (FFT) and nurtheoretic transform (NTT). Operation 1218
subtracts the two computed result$rom J to obtain an approximation df* in 1220, related to the
incident electric fieldE™. Because steps 1206 to 1220 produce update setiten the post-
processing step 1204 is used to produce the fadakvof the total electric field.

[0126] Rather than a separate post-processing step 18&uth of all the update vectors may
be recorded at step 1208 in order to calculatestiagtered electric fields® and the post processing
step becomes merely adding the incident electeid fE™, to the scattered electric field. However,
that approach increases the storage requirementseomethod, whereas the post-processing step
1204 is not costly in storage or processing tinoepgared to the iterative steps 1206 to 1220.

[0127] Figure 13a is a flow chart of the computation oflaie vectors in accordance with an
embodiment of present invention. The flow chart~gjure 13 corresponds to the right hand side
(steps 1206 to 1220) of Figure 12.

[0128] In step 1302 the vector is reorganized in a 4Dyarra

[0129] Subsequently, the Green’s function’s interactiothwie background is calculated for
each modem, my,, by steps 1104 to 1114 in the same manner asibedawith reference to the
corresponding identically numbered steps in Fidire

[0130] Then for each sample point in(that is, for each layer), steps 1304 to 1318 are
performed. In step 1304 three 2D arrays are tak@nof the 4D array. These three 2D arrays
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(E,, E,, E,)(m,, m,, z) correspond to the Cartesian components of theesesdtelectric fieldE, each

having the 2 dimensions correspondingmpand m,. In 1306 the convolution of the continuous

vector field, represented t(F,,F,,F,)(m,m,,z) begins with the computation in step 1306 of the

2D FFT forward into the spatial domain for each thfe three arrays, represented by

(E,, E,,E,)(m, m,,2). In step 1308 the Fourier transfo (E,,E,, E,)(X, Y, 2) obtained from step

1306 is multiplied in the spatial domain by the tsglamultiplication operato/MP; (X, y, z), which

has two functions: first it filters out the contous components of the scattered electric field by
applying the tangential projection operatef, thus yielding the tangential components of the
continuous vector fieldF, and second it performs the multiplication by ttwmtrast functiorM,
which relates the continuous vector fidkdto the contrast current densiy regarding only the
scattered fields.

[0131] The scattered electric fielde(, Ey, E;) (mp, My, 2), placed in the 4D array at step 1114
is fed into both step 1304, as discussed aboves@pdl310, as discussed below.

[0132] In step 1310, for each sample pointifthat is, for each layer) a scaled version of the
scattered electric flux densith, is formed as the scaled sum of the scatteredrieléeld, obtained
from step 1114, and the contrast current denséy,férward from step 1302, after which three 2D
arrays are taken out, corresponding to the Cartesienponents d in the spectral domain. In step
1312 the 2D FFT of these arrays are performed,diyigl the Cartesian components

(D,,D,,D,)(X,¥,2) in the spatial domain. In step 1314 these arragsnaultiplied in the spatial

domain by the multiplication operatdviP,, which has two functions: first the normal companef

the scaled flux density, which is continuous, Igefed out and yields the normal component of the
continuous vector fieldE, and second it performs the multiplication by twntrast functionM,
which relates the continuous vector fidkdto the contrast current densiy regarding only the
scattered fields. Then in step 1316 the resulth®fsteps 1308 and 1314 are combined to yield the
approximation of the operation® for all components of the continuous vector fi€ldi.e. both the
tangential and the normal components. ThéniMtransformed in step 1318 by a 2D FFT backwards
into the spectral domain to yield the approximatioh the spectral contrast current density,

represented bbMF(m,,m,,z). In step 1320 the spectral contrast current tensiated to the

scattered field, is placed back in the 4D array.
[0133] In step 1320 the resulting spectral contrast cairdamsity related to the scattered
field, is placed back in the 4D array and subsetiyéransformed back to a vector in step 1322. This

means every four-dimensional index of the 4D arsayniquely related to a one-dimensional index
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of the vector. Finally in step 1324 the calculatairthe approximation of the known contrast current
density related to the incident electric field°, is completed with the subtraction of the restilt o
step 1322 from the total contrast current densityforward from the input of step 1302.

[0134] With reference to Figure 14, the vector fidfd,s formed 1404 from a combination of
field components of the electromagnetic fidid,and a corresponding electromagnetic flux density,
D, by using a normal-vector field, to filter out continuous components of the elettagnetic field,

E, tangential to the at least one material bound&sy, and also to filter out the continuous
components of the electromagnetic flux denditynormal to the at least one material boundBxy,
The continuous components of the electromagnetdid,fiEt, are extracted using a first continuous-
component-extraction operatory.PThe continuous component of the scaled electrometag flux
density, D, is extracted using a second continuous-compogengction operator, P The scaled
electromagnetic flux densityp, is formed as a scaled sum of discontinuous coeusnof the
electromagnetic fieldi, and of the contrast current densty,

[0135] The normal-vector fieldn, is generated 1402 in a region of the structufae@ with
reference to the material boundaries, as deschieein. In this embodiment, the region extends to
or across the respective boundary. The step ofrgeng the localized normal-vector field may
comprise decomposing the region into a plurality seib-regions, each sub-region being an
elementary shape selected to have a respectiveahwaator field with possibly a corresponding
closed-form integral. These sub-region normal-vedtelds are typically predefined. They can
alternatively be defined on-the-fly, but that reeqs additional processing and therefore extra.time
The sub-region normal-vector field may be predefin® allow numerical integration by
programming a function that gives the (Cartesiamhpgonents of the normal-vector field as output,
as a function of the position in the sub-region i(gsut). This function may then be called by a
guadrature subroutine to perform the numericalgiratton. This quadrature rule can be arranged in
such a way that all Fourier components are compwiddthe same sample points (positions in the
sub-region), to further reduce computation timelogalized integration of the normal-vector field
over the region is performed 1406 to determinefments of the field-material interaction operator
which is in this embodiment the convolution-and+oipeof-basis operatog (C, in Equation (4)). In
this embodiment, the material convolution operakdr(jo[cC. - &,C.] defined in Equations (4) and
(5)), is also constructed using this localized ralrrrector field. The step of performing the localtiz
integration may comprise using the respective gneel@ normal-vector field for integrating over
each of the sub-regions.
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[0136] Components of the contrast current densﬁf}j,,\];,\];), are numerically determined

1408 by using the field-material interaction operatl, to operate on the vector field, and thus on
the extracted continuous components of the electgmetic field,Et, and continuous component of
the scaled electromagnetic flux dendty The electromagnetic scattering properties ofsthgcture,

such as reflection coefficients, can therefore ddeutated 1410 using the determined components of

the contrast current densit‘df,J;,Jj), in this embodiment by solving a volume integrqli@ion

for the contrast current density, so as to determine an approximate solution ottmrast current

density.
[0137] The region may correspond to the support of thérashsource.
[0138] The step of generating the localized normal-vefiedd may comprise scaling at least

one of the continuous components.

[0139] The step of scaling may comprise using a scalingtfan @) that is continuous at the
material boundary.

[0140] The scaling function may be constant. The scalimgction may be equal to the
inverse of a background permittivity.

[0141] The step of scaling may further comprise using alisg operator (S) that is
continuous at the material boundary, to accounafasotropic material properties.

[0142] The scaling function may be non-zero. The scalimgcfion may be constant. The
scaling function may be equal to the inverse oaekiground permittivity.

[0143] The scaling may be configured to make the contisu@momponents of the
electromagnetic field and the continuous componeotsthe electromagnetic flux density
indistinguishable outside the region.

[0144] The step of generating the localized normal-vedteld may comprise using a
transformation operatofT{) directly on the vector field to transform the i@cfield from a basis
dependent on the normal-vector field to a basispeddent of the normal-vector field.

[0145] The basis independent of the normal-vector fieldynise the basis of the
electromagnetic field and the electromagnetic texsity.

[0146] Further, for two-dimensionally periodic forward #eaing problems, a spectral-
domain volume-integral equation for the electrieldi may be used to compute the reflection
coefficients.

[0147] It would be desirable to have a spectral formutatwailable for the volume integral
equation based on the contrast current densityighaith accurate and efficient. Accuracy and speed

improvements may be obtained in a "continuous-veattd VIM approach” by employing Fourier
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factorization rules rewritten in the form of FFTisdaby introducing a new basis for the fundamental
unknown in the form of a mix between the electi@ldf and the electric flux density, which is
continuous at material boundaries. However, sucbréinuous-vector-field VIM approach cannot be
applied directly in a CSI formulation since the ieoof the fundamental unknowis prescribed by
the CSI. Moreover, all the components of the cattcarrent density are always discontinuous at a
material boundary. Therefore, the speed and acgwfisuch an approach cannot be utilized for a
CSl-type of formulation.

[0148] The key point in a continuous-vector-field VIM appch is to express the electric
field E and the contrast current densityin terms of an auxiliary field=. In embodiments of the
present invention we are able to first expressatinaliary field F in terms ofJ and then to use the
previously established relation df in terms of F. The former step is based on the integral
representation for the scattered electric fielé, tblation between the electric field and the elect
flux density on the one hand and the contrast otrdensity on the other, and the projection
operatord?, andPr. For the simplest case of isotropic media, weiabta

J = MF = M(P; E+0P,D)= M[Pr (E"+GJ)+aPn(g,E " +e,GI+I/(jw))]

where G represents the Green's function operator.

[0149] After rearranging terms, we end up with

M[Pr E"+aP.g,E™] = J - M[Pr (GJ)+aPn(e,GI+J/(jw))],

which is a volume integral equation for the corttasrent density. This integral equation is diéfietr
from the classical one by the presence of the ptioje operator®, andPr. These operators, likd,
have an efficient matrix-vector product in the foofnfFFTs. By combining the projection operators
andM to single operators, i.8Pt andMP,, the amount of FFTs in the full matrix-vector puctis
reduced. Since FFTs are the major computationad lofathe algorithm, this contraction step

translates directly into reduction of computatione.

[0150] The corresponding matrix-vector product for thetcast current density is shown in
Figure 13b.
[0151] The operatord!Pr andMP,, can be implemented as shown in Figure 13c.

L ocalized nor mal-vector field

[0152] As mentioned above, the concept of normal-vecteld$, as introduced in [1], has
been adopted in several computational frameworkparticular in the differential method (DM) and
the rigorously coupled wave analysis (RCWA). Theibadea behind this concept is that normal-

vector fields can act as a filter to the componefithe electric fieldE and the electric flux density
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D. Via this filter, we can extract the continuousmgmnents of bothE and D, which are
complementary, and construct a vector fiéldthat is continuous everywhere, with the possible
exception of isolated points and lines that comesipto geometrical edges and corners of the
scattering object under investigation. After a gah&D treatment, Section 3 provides a detailed
analysis for 2D normal-vector fields (in tlig, y) -plane of the wafer). The latter is compatible wath
slicing strategy of a 3D geometry along the wafermmal (z-axis), similar to the slicing strategy
adopted in RCWA.
[0153] An embodiment of the present invention providéscalizednormal-vector field. This
enables a cut-and-connect technique with basidiogilblocks that allows for eapid and flexible
generationof a normal-vector field for more complicated sésepEmbodiments of the present
invention address the above issues regarding denhg and continuity under parameter changes
mentioned above, by employing parameterized buglditocks with normal-vector fields that vary
continuously as a function of the parameters, sischarying dimensions of a grating structure during
iterative reconstruction.
1. Normal-vector field formulation
[0154] A suitable starting point for the discussion isridun the paper [1]. One of the main
ideas put forward there, is the introduction ofoanmal-vector fieldn(x, y, 2 over the entire domain
of computation. This normal-vector field satisftes conditions

» Itis pointing orthogonal to every material interéa

* It has unit length at every point in space.
[0155] Apart from these, there are no other restrictianddfine this vector field, although it
is convenient to include other properties, suclsase form of continuity. Once the normal-vector

field has been constructed, two tangential-veawds t,(x, y, 2 andt,(X,y, 2 can be generated,
such that{n,t,,t} forms an orthonormal basis at every point in tbhenputational domain. For
example, letn, and n, be thex and y components of the normal-vector field, thgncan be
constructed as

t,=-nu,+nu, (1)
where u, and u, denote the unit vectors along theand y direction, respectively. Finally, the
vector fieldt, is generated via the cross product betweemndt, .

[0156] The vector fieldn can be used to filter out the discontinuous corepbrof the

electric flux density that results in the continaascalar fieldD, = (n,D), where (LI)) denotes the
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scalar product. The tangential-vector fields caruded to extract the continuous components of the

electric field as

E, =(E,t)t, +(E,t )t.. @)
[0157] Following [1], we now construct the vector fiek as
F=E, +Dn=(Et)t, +(Et)t,+(n,D)n=Ft +Ft,+Fn, (3)

which is continuous everywhere, with the possibkeeption of isolated points or lines that
correspond to edges and corners in the geomethegdermittivity function.

[0158] The key merit of this vector fieldr is that its continuity allows for field-material
interactions in a spectral base via conventional/otution rules. Therefore, it is of prime importan
to establish relations betwedn and D on the one hand an@ on the other, i.e., in the notation of

[1], the idea is to establish the relations

E=C.F, 4)
D =£C,F. 5)
2. Towards local normal-vector fields
2.1. Projection operator framework
[0159] To formalize the procedure of filtering out compotseof the electric field and the

electric flux density, we introduce the operaRras
Pv=(n,v)n, (6)
where v is an arbitrary 3D vector field. From the propestof the normal-vector field, we observe

that P, is a projection operator and therefore it is idetept, i.e. PP, = P,. Similarly, we can
introduce the operatd®. as
PV = (V) + (W)L, ™)

which is also a projection operator. With thesggqution operators, the vector fiekl is constructed

as
F=RE+PD. ®)

[0160] Besides the idempotency property, the projectioaraiprs P, and P, have some

other useful properties. First of all, we ha#=1-P,, where | is the identity operator. This

property shows that the normal-vector field itgslSufficient to generate both the operaRyrand
the operatorR;., which was already observed from the constructibthe tangential-vector fields.

Second, the operatd?. is mutually orthogonal t&®,, i.e. BP,= PR =0.

2.2. Introducing a scaling function
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[0161] The first improvement that we introduce to the @picof the normal-vector field
formalism [1] is the possibility to scale the compats of the vector fieldr. This scaling can take
many forms, but for the sake of simplicity we vdiscuss the scaling of the normal component of the
vector fieldF, i.e.

F=E;+aDn, 9)
where a is a non-zero scaling function, which is continsioacross material interfaces. The
consequences of this scaling are two-fold. Fitstan bring the scale of the components of theorect

field F to the same order of magnitude. This will improlre conditioning of the linear systerts
and £C,. Second, and more importantly, it has far-reachengsequences for the locality of the

normal-vector fieldn, as will be demonstrated below. In fact, the sdcaspect is so important that
it will usually guide the choices for scaling, evéit results in a sub-optimal conditioning.

2.3. Field-material interactions
[0162] We will now show how these operato and B can be used to construct the
operators in Eq. (4) from the vector fiekl. To this end, we start from the spatial-domaimtrehs

between the electric field and electric flux depgih the one hand and the definition of the vector
field F on the other. We have

D=M,E, (10)
E=M_.D, (12)
F=RE+aPpD, (12)

where M, is the spatial multiplication operator that muigp by the, generally anisotropic,
permittivity tensore and M _, is the multiplication operator that multiplies liye (pointwise)

inverse of the permittivity tensor.

[0163] First, we establish a relation betweEnand F . Since we have
E=PE+RE, (13)
PF=RE, (14)
2PF=RME=(RMRE+(RMRE=(RM PE+(RM RBF. @9
a
[0164] After rearranging the latter equation and employimgidempotency oP,, we obtain
RE=(RM.R)"| 2 R~ RM AR, as)
a

where (P,.M_P)™ is the inverse ofP,M_P,) on the range oP,, i.e. (P,M,P)™*(P,M, P) = P.

n
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[0165] Hence, the linear operat@; in Eq. (4) is given by
E=CF>= F%+(F;MEF;)‘1{1 R-RM F%HF- a7)
a
[0166] Further, we employ the relatio®® = | =P, and (P,M_P)™(P,M, P) = P, to arrive at
41 1
C.=1+(PM,P)"|=P-BM =1+ MP = 1-M,| (18)
a a

where we have introduced the notatiovi.P, = P,M, =(P,M,P)™, where M, is a scalar

multiplication operator.
[0167] In a similar way, we can derive a relation betwé®sn electric flux density and the

vector field F:

D:PnD+PTD:1 PF+ RD, (19)
a
RD=RME=RMRE+RMFE= RM FF+ RM IE (20)
[0168] In the second equation, we can now employ Eq.td8)iminateE, i.e.
RD=RMRF+RM(RM Fﬁ)‘l[i R- B M F@}F. @)
a
Hence,
1 a1
D=eCF=—R+RMR+RM(RMR) {— R- RM PHF
a a 22)
= 1F:]+ PTMECJF.
a
[0169] By again employing the relatioR, = | — P, and the expression f&, in Eq. (18), we
have
1 1
ECS = Mscs+ Fr)1 —I- Mscslz M£C£+{_ I:n>_ ENL (;‘J
a a
1 1 (23)
=M£Cs+_P - Fr)1M£+ Fr)1M£ MEFr)1 — 1= M‘s”
a a
[0170] Owing to the property
PMMF=RM.EM,=(EM.R) RM = R (24)
[0171] we finally end up with
1 1
ngzMsCs+_Fr)1_PnMs+Frz_|_ MSJzMSQ" (25)
a a
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[0172] In the latter operator representation, it is esaktitat the operator produd?l .C, is

considered as aingle multiplication operator. Otherwise, the rationdlehind the Li rules is not

maintained sinceM, and C, have concurring jumps in the spatial domain.

[0173] From the representations . and £C, in Egs (18) and (25), we observe that the
projection operatoP, (including its appearance i ;) only occurs in combination with the operator
-1 -M, . Hence, in principle, the support of the latter ogter determines the domain over which
the normal-vector fieldh is required to generate the coefficients of therapors C, and C. .

2.3.5. Boundary-conforming anisotropy

[0174] In other modeling approaches for electromagnetittedng, directions of anisotropy
of medium parameters are expressed in terms ablmbtoordinate system, not taking into account
the geometry of scattering objects.

[0175] One important application in which anisotropic nezedre used concerns line-edge
roughness (LER) or line-width roughness. AlthougkRL can be modeled as 3-dimensional
variations along a line, this rigorous modeling ra@eh is usually very time consuming. Therefore,
LER is typically modeled via an effective mediumpegximation, in which a transition layer
captures the part of the line that contains th@hoess. This transition layer is best modeled as an
anisotropic medium. The directions of anisotropgegelly depend on the geometrical features of the
roughness, see e.g. [12]. Since a line is autoaibtialigned with the Cartesian coordinate system,
boundary-conforming anisotropy is automatically &do anisotropy along the coordinate axes.
[0176] In other approaches, anisotropy is defined independf the scattering geometry.
Regarding edge roughness, anisotropic effectiveimednodels are known for lines but not for
other geometrical shapes, e.g. contact holes wattcalar or elliptical cross section.

[0177] Embodiments of the present invention employ nomealor fields to arrive at better
numerical convergence. Embodiments may have thigyaoi model bi-refringent media with respect
to the horizontal and vertical directions. It isspibble to handle more general anisotropic media in
which the directions of anisotropy are pointingrgdhe boundary and normal to the boundary of a
pattern, i.e. the anisotropy is boundary-conformikgllowing the line of reasoning for a LER
effective-medium approach [12], such types of anigry provide a natural extension to effective-
medium approaches, which are e.g. used to model. INESteover, no additional processing is
required, since the normal of each boundary isadlredetermined within the normal-vector field
approach used as described herein.

[0178] We define the vector field as per Equation (12):
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F=PE+aPD (25.1)
and we have the relation between the flux densitiythe field strength as

D=M,E (25.2)

[0179] Further, we define theoundary-conforming anisotrodgr the permittivity as

M, =¢,P, +& R, (25.3)

which can be interpreted as a permittivity along miormal direction of a geometry and a different
permittivity along the tangential directions of tlsame geometry.
[0180] The flux densityD and the field strengtk on the one hand, can be related to the

auxiliary field F on the other. We obtain

E :P +(i—1jpn}|: (25.4)
ac,
1
Dzé‘{l +( - ]PJF (25.5)
ag;

[0181] These formulas maintain the freedom to define nonreator fields locally and have

and

only small changes in the multiplying factors foe tpermittivity, as discussed herein.

[0182] For binary gratings or staircase-approximated casethe vertical direction, the
boundary-conforming anisotropy can be further edéehby splitting thd>r operator into a vertical
and a horizontal part, i.€1 = P+Pr;, where the latter two operators are mutually agtmal. The

permittivity can then have even three directionbadndary-conforming anisotropy, given by

M,=¢ P +&R, +&,P, (25.6)
[0183] The formula to expresi in terms ofF remains identical to equation (25.4) above.
The expression fdD becomes
D :[lpn +£TPT1+gZPZ}F (25.7)
a
[0184] Assuming that this type of anisotropy is only loredl to a layer along the boundary,

the normal-vector field remains local and the ofmsPr; andP; are already available.

[0185] Thus the electromagnetic flux density is relateth®electric field using, in the region
in which the localized normal vector field is gestedd and local to the material boundary, a
component of permittivitye, normal to the material boundary and at least oinerp different,
component; , ¢; of permittivity tangential to the material boungar

[0186] This embodiment widens the range of effective-medmproaches, e.g. for edge

roughness on curved boundaries. Moreover, no extreessing is required to set up this model since
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all ingredients are available. Hence no extra tirmespent in setting up the corresponding
mathematical and numerical problem.

[0187] Since boundary-conforming anisotropy is a suitablay of dealing with edge
roughness, it leads to significant speed-up of ar€donstruction process involving edge roughness.
2.4, Choice of the vector-field basis

[0188] Above, we have observed that the normal-vectod tiels the potential to be localized
by choosing a proper scaling between the comporantise vector fieldF. However, for typical
Maxwell solvers, the tangential-vector fields amatmal-vector field are not representative for the
components of the solver. In many cases a Cartésisis is more suitable, e.g., within VIM, RCWA,
or the Differential Method. Since a projection ager does not change the basis of the vector field,
an additional transformation of the electric fieldd the electric flux density may be required, to
arrive at the required basis for the Maxwell solve&rsimilar remark holds for the permittivity

operatorM,, which is typically expressed in terms of Cartastaordinates. Therefore, if the basis is
different, the operatoM, must be transformed too. We note that the opersitpralso contains the
operator M, . However, sinceM, is ascalar multiplication, its final form isindependenbf the

chosen basis. Further, the definition of the prtapecoperatorP, as given in Eq. (6) is independent

of the chosen basis, although its actual matrixesgntation does depend on the chosen basis for the
normal vector field. Therefore, we choose to wifteas a basis-independent operator.

[0189] Let us now introduce a transformation operafpr which transforms a vector field

expressed in terms of the normal and tangentiat ba® e.g., Cartesian vector fields that are used

for the electric field, the electric flux densignd the permittivity operatoM,. Then we can write

for the electric field, expressed in Cartesian dowtes

E=TCF=T, I+ M, PR, l I—Tn_lMgTn F=T+TM Fr{i - 'I;l M T/ F, (26)
a a
[0190] where we have assumed thatis written in the normal and tangential basis.
[0191] The immediate consequence is that the normal-véetior and the tangential-vector

fields are required on thentire computational domain, due to the presence ofdeetity operator in

C.. However, we can also rearrange the above fornowag to the fact thaM, also contains the

same basis transformation, as
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E=T.CF=T+TM Pn{l I-T'M -EHF
a
1 (27)
= Tn +TnMg‘ R\Kl(g |- MsJTn F :ésTrF = és( TrF)’
[0192] where we have introduced the operagr=1+T,MR,T.*(2 1-M,). This indicates

that the transformation operator can act directty F, which has again the potential to lead to

localized normal-vector field, as long as we coesifjF as the unknown, i.e. we directly write in

the basis o andD. A similar derivation foreC, shows

D=TeCF=T(T'MT)GF= M T CF= MC, TF=¢C.( TP (28)
[0193] owing to the relatio,C, =T, as shown above.
2.5. Isotropic media
[0194] A very important class to consider are isotropicdiae For such media, the

multiplication operatorM, is a scalar multiplier that acts on each compoménhe field equally.
Therefore, the transformatiofy, has no impact oM, . Further, the formulas fo€, and £C, are

significantly simplified. For the isotropic casegwow consider the consequences of expredsiing

Cartesian coordinates, as welllBsand D . For this situation we have

E=GF=1+TRT(M, -1)F, (29)
D=eGF =M, +T,RT*M, (M, - I]F, (30)
[0195] where we have introduced the multiplication opearatd, as the point-wise

multiplication by the (scalar) functioly (a€), which results in a scalar multiplication of tiuintity

operator. Hence,

M, —I :(i—ljl. 31)

[0196] There are now a number of choices for

. Choosea to be a constant equal td &, i.e. the inverse of the (local)

background permittivity. This leads to the consegedahat the normal-vector field is
only required in regions where the permittivity ddéferent from the background
permittivity, i.e. in the regions where the contrasction is non-zero. This choice is

particularly interesting if there are only two megiresent in the grating structure, one
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of which is the background material.

. A second choice is also to choose as being constant. However,
depending on the grating structure, it may be naoheantageous to choose a different
constant. An important case is a grating where pthemittivity of the background
occurs in a domain that does not cross the bowslari the unit cell. This is for
instance the case for a circular contact hole sistewhere the filling material of the
contact hole is chosen as the background mediuns. dioice then leads to simpler
formulas for the normal-vector field on a circle, @posed to a normal-vector field
for a unit cell with a circle left out, for which is much harder to compute the
resulting integrals.

. A third choice is to leta be a continuous function, such that it is a
smoothedversion of the original inverse permittivity furan, e.g., via tri-linear
interpolation or averaging by a Gaussian windowthht case, the normal-vector field
is only required in the direct vicinity of the intece between materials and it becomes
even more localized. However, the resulting integthat have to be computed are
typically more difficult. By selecting where to gtaéhe transition to gradually change
from one permittivity to the other, it is possilbbeend up with localized normal-vector
fields that are needed on only one side of thefexte between two media.

[0197] In general, it is more complicated to go outside loundary if other close structures
are present, since that will make the cut-and-consgategy, as will be discussed later on, much
more complicated.

2.6. Expressions for the field-material interactoaefficients for isotropic media
[0198] Let us now take a closer look at the field-maternétraction operatorg, and £C,.

We assume that the electric field, the electrig thensity, the vector field, and the normal-vector
field n are written in terms of their Cartesian componeiiteen, we have the following spatial

relations, obtained from Eq. (29),

Ex c:xx Q(y Q(z I:x
E |=C, C, C, F, (32)

[0199] where

2 1 B
C,=1+n.(xYy Z)Lr(x, YL 1}, (33)
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Co=n(Xx¥%IN(xykx

1

-1 ,
a(x,y,2e(xy 2 |

1

Co=n(xYy2In(xyHX

C,=n(Xx¥2n(xy¥x

-1 ,
a(x, ¥y, 2e(xy 2 |

1

-1 ,
a(x, ¥y, 2e(xy 2 |

C,, =1+n(xy, 2){

1 _1}
a(x,y,2e(xy 3 |

1

C,=n(xyIn(xy}x

a(xy,2e(xy 1 |

1

C,=n(xy2an(xyHx

-1 ,
La(x,y, 2e(xy 2 |

1

C,=n(Xx¥%2In(xy}x

-1,
La(x,y, 9e(x y 3 |

[0200] and
D, eC,, ECXy eC,II K,
D,|=1eC, €C, €C,|F,
,) |€C, €C, €C | F
[0201] where

1 _1}
a(x,y,e(xy 3 |

eCo=e(x ¥, I+ f(xy ){#—5( X ,y)Z}

eCy=n(x%In(xyHx

EC,=n(XY9In(XyFx

EC,=n(Xx Yy In(xXyx

1
La(xy, 2

1
La(x ¥, 2

1
La(xy, 2

a(xy, 2

_g( !X !y);,
—&( Xy,

—&( xy)2,

eC,y=e(x v+ (X y ){#-5( X ,y)Z]

a(xy, 2

(34)

(39)

(36)

(37)

(38)

(39)

(40)

(41)

(42)

(43)

(44)

(49)

(46)

(47)
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C,= , —-&( xy)z, 48

eC,, ny(xyZ)r;(xy)Z_a(x,y,z) £( X Y)Z (48)
o _

ngx:nx(X’y’ZQ(XyY __8( ,X,y)Z, (49)
La(x Y, 29 |

C,= , —-&( xy)z, 50

eC,, ny(xyZ)r;(xy)Z_a(x,y,z) £( xy)f (50)

1
£C,,=e(x Y, 9+ A xy ){——s( X ,y)z] (51)
a(xy,?
[0202] Since all components of the electric fiekl, the electric flux densityD, and the

auxiliary vector fieldF are expressed in a spectral basis with respé¢beta and y direction, e.g.,

Ex%2) . ., ([(mmE
E(x%2|= > > | ¢(mmeexm{- [(R"+ R x(k"+ B (52)
E(xy3) "™ e(mmx

[0203] wherek*™ and kj*™ depend on the directions of periodicity akidand k‘y depend

on the angle of incidence of the incident field.thms spectral base, the field-material interaction
above become convolutions in tlig plane. For example, farj O{x,y,Z we have

My, My

QX% A=G(XYXR xy)e @ mm)z > D .m0, A, ) Afl,),

£1=My, £,=My,
(53)
[0204] where

6, (m, m, 2)=ﬁﬂ COxyrxp (R™ x k™ ) dxd (54)

where S denotes the unit cell in they plane and|S| denotes its area. This means that we have to
compute the Fourier integrals in thg plane of the coefficient€; and eC; for i, j [{x,y,z}. For

certain combinations of normal-vector fields anatsring geometries, this can be performed in
closed form, e.qg., for circles and rectangles asvshin Section 3. For more general shapes, these
coefficients can either be approximated by a megshirategy (Section 4) or by numerical quadrature

(Section 5).
2.7. Bi-refringence in binary and staircase grating
[0205] A second important class of problems is the casehich the grating material(s) have

birefringent material properties, where the axismkotropy is thez -axis, i.e.



XX gxy & &r 0 0
E=\&, &, £,=0 & 0], (55)
Ex €y €, (0 0 &
[0206] where &, and &, are, in principle, functions of, y, andz.
[0207] We now consider the case of a binary grating, whigé invariant cross section along

the z-axis over the intervak[J[ z, z], as well as permittivity profile independent bf For such a

binary grating, we choose one of the tangentiateretields to be aligned along the-axis, i.e.
t, =u,. This means thah andt, are two-dimensional vector fields, i.e. thercomponents are
zero. With this choice, the normal-vector field Ipleam in thexy plane is again an isotropic problem
and the considerations for the scaling parameterre now quite similar to those in Section 2.5,,e.g
for a two-media problem one should scale the etefitrx density with respect ta;, of the interior
or exterior of the object, such that the scaledtateflux density becomes identical to the elextri
field in a dedicated part of the unit cell.

[0208] For more general grating geometries, one can apstaircase approximation of the
grating, with respect to the direction. Then, the grating consists of a segeefdinary gratings

and for each of these binary gratings the strategjned above can be followed.

3. Localized normal-vector fields for binary gragnwith elliptical and rectangular cross
sections
[0209] In this section, we shall derive the spectral repngation ofC, and £C, for two

elementary 2-dimensional shapes: the rectanglettenellipse. These shapes are often encountered
as an integral or elementary building block in 2Bfev metrology structures. This derivation will
show the construction of a normal-vector field (NAf)d the subsequent computation of the Fourier
integral of the matrix elements @, and £C, . For a given contour, there is not a unique normal
vector field. Infinitely many NV fields can be cdnsted that have unit length and are perpendicular
to the contour. We shall see that an important vatibn for a particular choice is the possibility t
derive an analytical expression for the Fourierffocients of C, and £C,. Also the number of
singularities in the NV field should be minimizes dptimize convergence of the Fourier series. The
ellipse and the rectangle are so fortunate to haadytical expressions for the Fourier integral.

3.1. Fourier integral for an arbitrary unit cell

[0210] In two dimensions, the periodicity of a latticedisscribed by its Bravais lattice vectors

(a,,a,) . A shift over

R=na, +na,, (56)
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[0211] leads to an equivalent lattice position. A planevevavith the same periodicity as the

Bravais lattice will have a wave vectir answering the condition

@il = g — @R =1, (57)
[0212] The space of all wave vectors that fulfill this ddion is called theeciprocal lattice

This space is spanned by two primitive vectors

2 %2y
b, = -a,, |, (58)
(a2, —a,a,) 0
b, = 2 -;y (59)
T @a,ma,a)|
[0213] that answer the orthogonality condition
b, (&, =27, (60)

!
from which Eq. (2) can be proven. The Fourier indgn an arbitrary 2-dimensional lattice is now

defined with respect to the basis of plane wavel wave vectors in the reciprocal lattice.

00

— si(mby+mb )@
Fixy)= > f e : (61)
m, Mp=-c0
[0214] where the Fourier coefficient is obtained from ithtegral
fml,n’b = J.'[ F(r)eiZ”(”hb1+”‘2b2)m d,71 d72' (62)
[0215] where 0<7, =a,/|a |[<1 is a dimensionless number spanning each Brav#isela

vector. Transforming to a Cartesian coordinateesysgives
1

f = F (r)g?™MmPmo2)0 gy dy (63)
e (alvay - a1y a2x) uﬁ[it-([ell
[0216] The 2-dimensional integral in Eq. (54) can now b#ten as
_ 1 Ry, 1y) X+ 1B D) Y
G (m,m, 3= S(xyx'® dxd  (64)
: (alx a2y - a1y aZX) unjit-([ell q;
[0217] where
+
be:[mqu nmx}, )
mh, + mb,

[0218] is the reciprocal lattice vector projected on tlet€sian axes.
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[0219] Referring to the expressions @ , Egs (33) - (41), we see that the diagonal elesent

contain the Fourier integral of unity over the uod@ll and the Fourier integral of the product of

normal-vector components and a position-dependerdtibn of the scaling factar(x, y, 2 and the
permittivity £(Xx,y, 2. The first integral, i.e. the integral of unity ewvthe unit cell, is equal to
O 09m.0- The second integral can be substantially singalifior the case of an isotropic medium
when the scaling factoer is chosen equal to/ &, . This function is then zero outside and constant
inside the support of the contrast source. TheiBouoefficientsc; (m, m, 3 can now be expressed

in terms of the integral
1

M(m,m, 3= n(xy)n( xy)zZEmmeunny gy (66)
J (alx a2y - aiy aZX) su'['g[ort ]
[0220] This simplifies the spectral representatiorf (Egs (33)-(41)) to
&
¢ (m,m, 3=9 Ornl,oo_mz,o'*'(g_b_l)rij( mmx (67)
[0221] and the spectral representations@f, (Egs (43) - (51)) to
[ngx] = Eb 5rr1,05r’rg,0 +(£r_£t) r yy (68)
lec,,| =leC 1 =(g,-€) T, (69)
I.‘Eny] =& 5m,05®,0 + (Er _gb) r X< (70)
[0222] In the following sections, closed expressions Wit derived for thel’; integral

(Eq. (66)) for the case of the ellipse and theamgle, but first the integral will be further sinf@d
for translation and rotation of the scattering chje

3.2. Translation and rotation of the scatteringeobj

[0223] For the case of elementary shapes like ellipsegecrtdngles, the computation of the

[, integral can be further simplified by transformiioghe local coordinate system.
[0224] Figure 15a is a definition of globdk, y) and local(X", y') coordinate systems for the
rotated ellipse with offset,.

[0225] For an arbitrary offset, , this amounts to a translation

(M
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[0226] and a rotation
X cosp, - Siry X
()t )L
y) [sing, cog, \Y y
[0227] The NV field of the scattering object is only affed by rotation. The product of NV

components in Eq. (66) in the globék, y)- and local (X, y')-system are related by a linear

transformation

n? cos ¢, - 2sig, cog, SkY, 2
nn, |=|sing, cosp, (codp,— sity, ) — sid, ca@g | n"n'y|. (73)
nZ sin’ @, 2sing, cog, COY, 'y )
[0228] Combining Egs. (71), (72) and (73), we can tramsfdhe y integral tor"; as

computed in the local coordinate system

[ "
oy |=Mog| Ty |- (74)
My My
[0229] whereM ., is the coupling matrix from Eq. (73) and
Fr (M, m) = glb! H oy &R Y g g 75)
(@@, ~ 8y ) sippon
[0230] Here we have introduced the effective wave vectors
(kex(m, rq)jz cosp,  sirg, [Qx( m m)j 76
KoM, m) ) [-sing, cog,){ b(m m)
[0231] The "; integral is still computed over an area that isaédo the support of the

contrast source (translation and rotation do nainge that), but in the local coordinate system the
integral is more easily evaluated - as we shall $eethe ellipse and the rectangle.
[0232] Summarizing, the effect of transforming to the lag@ordinate system is threefold:
» a constant phase factor to describe the effeah offfset
» an effective wave vector describing the orientabbthe object with respect to
the Bravais lattice

« [, becomes a linear combination of all thrgg; in the local coordinate

system
3.3. The ellipse
[0233] There are two well-known methods to generate thefibld of an ellipse,

» through the elliptic coordinate system



-44-

{imt)A)
bsing esing

* wherea is the radius along the horizontal symmetry akighe radius along

the vertical symmetry axig# the azimuthal angle anel=2 the ellipticity.

» through the conformal mapping
(xj (acoshu cosvj
= ' e (78)
y asinhusinv
* Forconstanu (O<su<w) and0<v< 277 this gives an elliptic contour.
[0234] Figure 15b illustrates a NV field for the ellipticeoordinate system and Figure 15c

illustrates conformal mapping.

[0235] The elliptic coordinate system has the advantageah analytical expression for;
can be derived and that the normal-vector field/drads a singularity a0, 0) while the conformal

mapping has singular behavior over the line conngcehe foci. We shall later see, for the casenef t
rectangle, that despite the presence of singwdaritjood convergence can still be obtained. The
presence of singularities alone is therefore nmravincing argument to reject a normal-vector field
The possibility to derive analytical expressionstfte Fourier integral is a much stronger argument
since it will result in fast computation of the matvector product. The normal-vector field can be

derived as the vector perpendicular to the tangewtictoror / d¢

1 [ecos¢j
n= , : (79)
Je cog ¢+ sirtp | sing
[0236] For this expression, we write the normal-vectomjoieis that are required for Eq. (66)
n2(4) . & cos ¢
nn(9) | == : ecosp sing |. (80)
€’ cos ¢ + sirt ¢ .
n’ (¢) sin® ¢
[0237] Rewriting ther”; integral to the elliptic coordinate system gives
F"--(ml r@) — ei[bEO] j'zj'” n(¢) n(¢) ékex(mlv”b) rcosg+ ek, (m, ) sing | erdr ¢ 81)
ij ’ i i ’
(B8, = 8,3, 5 g ’
[0238] Fortunately, ther - and ¢ -dependence can be further separated from the dfouri

exponent by using the identity [2, p. 973]

7009 = Jo(z)+zi (-1 J, (Icos(2k W zﬁ €1 Jo. (2cos[(2k B, (82)
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[0239] where J,(2) is the Bessel function of the first kind with ige ordern. By rewriting

the argument of the exponent in Eq. (81)

Ko (M. m) rcosp+ ek, (m m) sig= {f (k,(m m)f+ (ek( m 1 cosp- (83)
where c = arctaﬁmj,
Ka(M, M)
[0240] the identity in Eq. (82) can be applied to the exg@u in the integral in Eq. (81)
resulting in the following expression for
gllPeL] a T dcogy
MM, m) = { (3 erd — @
N e, a8 “ '-1 €cos g+ sirt g
i F T efcoS ¢
+2; (—1)".([\]2,( (z)erer'O Foodpr Srig cos[2k ¢ - c)]
+2i% 1f [ g ar[ €S ¢ X+ 1)¢ -
% (W Saa@erdr] oo g COSIA Dol @0
[0241] where
2= r/(k,(m, m))*+( ek( m ). (85)
[0242] The expressions for”,, and”,, can be obtained by replacing the numerator in the

angular integrals bysing cosp resp.sin’ ¢ . The efficiency of this approach for the ellipsarides

from the fact that analytical expressions for thdial and angular integrals can be found. These

expressions for the radial integral of the Besaatfion are derived in Appendix A. For the angular

integrals they are derived in Appendix B, whereythee labeled®] (k,¢,,4,) and &} (k,4,,4,) for
the angular integrals running frog, to ¢, for index k in resp. the summation over even and odd
terms. For the full ellipse, the evaluation of E&¢) is simplified by the fact tha®] (k,0, 277)= 0.

The angular integral for the even terms is



-46-

k-1
2ne2 cos(xc 1-¢€
(1+e) 1+e
®F (k,0, 277) -
o (k,0,271)F =1~ sin(zke) = (86)
. (1+e) 1+e
o7 (k,0,2m)

2711
1+e
=: 0 ((for k=0).
2r

l+e

(87)

[0243] Note that for the case of a circle£1) only the k =1)-terms are non-zero.

[0244]

The radial integrals need now only be evaluatedef@n ordem. In Appendix A, a
closed-form expression is derived for the indeéinittegral

[23.,(2 dz=-2 03 p 1 20 )24 AOR-CYT X

(88)

[0245] where the summation is only computed for1. Substituting Eqgs (86) and (88) in
Eq. (84) gives

[ oM, m) =

gllbeCl {ea@

RS ( k=0,0 27)
(a,8,-a,a,) R o
oL ap1- 3, (R, (0 ko, (0, 2m)+ 258 (R 0%, (k0 21

e
W25,

k=m+1

_NZb (-1 kS, (kQ 27)- € 1) mZb . (k0 27%} (89)

[0246]

where N, is the number of terms that is retained in the reation over the even
Bessel functions and

R=a/(k(m m)*+( ek( m 9)°.

(90)
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[0247] Note that in the last term the summations okemand m have been swapped to

prevent multiple evaluations of Bessel functionshef same argument. For the computationrof
andr’,,, ®; only needs to be substituted by the expressian®fp and @7 (see Appendix B).

3.4. The rectangle
[0248] The generation of a continuous NV field for thetaagle is less obvious than for the
ellipse. It has been proposed [3] to use the Sdlawiristoffel transformation for this purpose [4].

A NV field that closely approximates this solutifam the rectangle is

[nx N
= . (91)
ny y\/ a2 - X2
[0249] Figure 16a illustrates a corresponding continuoWs fiéld for the rectangle. This

expression, however, does not lend itself for deg\an analytical expression of tliig integral. For

this case, we choose to derive a NV field thatelpsesembles Eq. (91), but is discontinuous along
the diagonals of the rectangle, constant withintttangles formed by the diagonals, and normal to
the edges of the rectangle .

[0250] Figure 16b illustrates a corresponding discontirsuby field for the rectangle. This

normal-vector field is constant for each triangleicih makes thg™"; integral particularly simple to

calculate.
. (m, m) = et nn ” Gromom) k() Y g g (92)
| (B, = 3,30
[0251] The evaluation of the surface integral is straightard. For triangle), (see Fig. 16b)
it gives

[.= raeéike*ra%[e%ik“rbsinc(% K, b+ 1k, n)— €2 sinck k,r-4 keyrb)}. (93)

n, IKey
[0252] For triangle A, we only need to swap, - r, andk,, « k.. The result for triangles
A, andA, is simply the complex conjugate of the integralriesp.A, and A, .
[0253] For this NV field ' , =0 for trianglesA, andA,, ', =0 for trianglesA, and A,

andl, =T =0 for all triangles. Note that for the limk,, - O Eq. (93) becomes

lim ...:rarbe%ikexr{sinc(ik r )_i(cos%kexra)— sinc%kexra)ﬂ' (94)

2 tex a 1
2 kexra

key”o
Al
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4. Cut-and-connect strategy
[0254] The previous section on the NV field generation floe rectangle, shows a very
powerful method for generating the NV field for raoarbitrary shapes. These shapes can be

decomposed in elementary shapes for which fheintegral has a closed form suited for fast
computation. By summing up the relevanf integrals for each elementary shape at a particula

Fourier mode index, the spectral representatio@.0nd eC, can be easily obtained. Of course, the

class of elementary shapes must be large enougénterate all relevant more complex shapes. The
class of elementary shapes comprises: (A) triangids a constant NV field: if one interface is a
material interface, the NV field must be perpentdicuo this interface. If there is no material
interface, the NV field can be chosen arbitrari{) trapezoids with a constant NV field (the
rectangle is a special case): if one interfacensterial interface, the NV field must be perpentiic

to this interface. If there is no material intedathe NV field can be chosen arbitrarily; or (Gtle
segment with a radial NV field and material intedalong the circle edge.

[0255] Any arbitrary shape - or approximation thereof A @a principle be decomposed in a
mesh of these elementary shapes.

[0256] Figure 17 illustrates meshing a ‘dogbone’ in theleenentary shapes.

[0257] Figure 18 illustrates building the normal-vectaldi of a prism with a cross section of
a rounded rectangle from smaller rectangles 18@R2cacle segments 1804 in accordance with an
embodiment of the present invention. Note that nbemal-vector field shown by the arrows is
perpendicular to the physical interfaces at thdgesigal interfaces.

[0258] In an embodiment of the present invention, theneravided a method to construct a
normal-vector fieldocally (i.e. over the scattering object or parts ther@wdjead of over thentire
unit cell. This simplifies the generation of a natmector field and even gives mathematically very
simple expressions for basic shapes like circlépses and rectangles.

[0259] For more complicated shapes, a cut-and-paste ngeshohnique is provided where
the normal-vector field of an arbitrary shape ismposed of the normal-vector fields of two or more
elementary shapes selected from: a prism with ahewing cross section: a triangle; a rectangle; a
trapezoid; or a circular segment; a tetrahedrobara

a hexahedron with two parallel faces; an apex atattpyramid with truncation face parallel to the
ground plane; and spherical segment.

[0260] For these building blocks, the normal-vector fielah be very simply and rapidly

generated.
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[0261] Alternatively, for other complicated shapes, it may advantageous to generate a
normal-vector field directly from the shape, with@pplying the above meshing strategy to avoid a
high mesh density. This results in the use of pukation methods to generate normal-vector fields,
which are then used to compute certain Fouriegnale. An embodiment of the present invention
breaks up the Fourier integrals into several irglsgover the support of the various media in the
computational domain. For each of these domaiteslicated quadrature rulesre applied in
combination with an interpolation algorithm to geate the normal-vector field on this domain.
Interpolation is applied based on basis functionth yweriodic continuation to avoid artificial
discontinuities in the integrants, due to a paléicahoice for the boundaries of unit cell. Furtheis
possible to further limit the support of the normattor field to a direct neighborhood of a materia
interface. This leads to an even more parsimonapmoach to generate normal-vector fields for
more complicated shapes.

4.1. Elementary building blocks

[0262] In this section, closed expressions for the integral will be derived for the three

elementary building blocks expressed in the coatgis of the shape vertices.
4.2. The triangle

[0263] Figure 19 illustrates rotated and shifted triangiéh NV field and local coordinate
system.
[0264] Figure 19 shows an arbitrary triangle with verticks B and C. The vertex opposite

to the material interfacgB — C) , is chosen as the local origin. Note that théices are ordered in a
counterclockwise direction. First we translate ovector A to obtain vectorsB'=(B-A) and
C'=(C-A). Then we rotate over anglg to get to the local coordinate system. In thigesys B"

andC" are given by Eq. (72)

B" co [ '
— .S¢O Slr¢0 B ' (95)
C"| |-sing, co%,||C
[0265] where
C,-B —(C -
cosg, = ( y2 ) = and sig, = (C: B) = (96)
J(C,~B)*+(C,- B) J(G-B)+(G- B)
[0266] With the expressions for the coordinatesBéfand C", we obtain
i (boA)

b DX |
n r]]j éex(ml,mz) >(J' byx " éey(mlvnb) y dy ds
(B, — &y &,) 0 G

ry(m, m) =
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_ RICREN an b, éikexbx( e""sincl (K, h+ 5 G)]
By =2y ik, 2

—e*Psinctt (kb + kb)) (o7)

[0267] In caseB"C" is a material interface, the NV field &, ,n, ) =(10) leaving only

X 1 y

"« as anon-zero componeit, in the global coordinate system is obtained thhokg. (74).

4.3. The trapezoid

[0268] Figure 20 illustrates a rotated and shifted trapbwrath NV field and local coordinate
system.

[0269] For the trapezoid, the same line of reasoning @ifllowed. First, the coordinates

are translated oveA giving

B’ B-A
C':=<C-A (98)
D' D-A
[0270] and subsequently rotated owgy to give
B’ cosp, Siyp, B
C" :[ . 0 0 T (99)
D" _S|n¢0 CO¢O r
[0271] where
C,-B —(C -
cosg, = ( - ) - and sig, = (sz B =.  (100)
J(C.-B)*+(C,~ B) J(C- B +(G- B)
[0272] In the local coordinate system
g ®e® 2 HHOEDX e (mumy) Y
r"i.(n'&, n‘b)_ éex(ml I'T‘Q) éey m, m dy d)
! (B, ~ 8, ) ol I("”X
gl () b

= TS nn ikxe e%ikexbx( & sinctt (k b+ k(c— Q)]

- sincs (K, b, + kb)) (101)
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[0273] This result can also be obtained by decomposingrdpezoid in two triangles and
adding Eq. (97) for both triangles. Also for thaptezoid the NV field is(n,’,n,') = (1,0) in case
B"C" is a material interface, leaving onfy,, as a non-zero componeffit, in the global coordinate

system is obtained through Eq. (74).

4.4, The circle segment

[0274] The circle segment is defined as a section fronrckecwith origin A, lower radius
endpointB and section anglé, .

[0275] Figure 21 illustrates rotated and shifted circlgmnsent with NV field and local
coordinate system.

[0276] The NV component”; can be computed along the same lines as for thellipse

in Section 3.3. The main difference is that theudagintegrals are now evaluated frobnto an

arbitrary angleg,. This has the effect that the angular integralrdbe odd terms in the Bessel

summation®; (k,0,¢,) # 0. Also for the odd terms, the radial integral otree Bessel function has

an analytical expression (see Appendix A)

[Z3. (D de=2 w))[" J() dz 1) 20)

23 3,0, (DI2NF D+ (27 (2 ) (102
m=1
[0277] where the summation only applies to the casel. Substitution of Eq. (102) in
Eq. (84) gives
gllbe ol
MM, m) = { J(RPL( k=0,04;)
(@, —a,a,) | R

+%2 41- 3, (RIY. (1) ks, (KO g) + 252 q(az @5, (k04,)
RSy JZm(R){ > (1) ks, (KOg,)- C1" MY ¢ix(k0¢s)}
-5, <R)zq> (k0.9,) + 4i [Z Jm(R)jZ(—l)k (2k+ 1P, (k 0,

ZJZm_ (R){Z( 1 (2k+ b, (k 0g, »+ € 1) (2~ 12% k 0p, }} (103)
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where N, is the number of terms that is retained in thersatron over the even Bessel functions

and

R=a/(k,(m m)*+( ek( m 9)°. (104)
[0278] The primitive of J, has been rewritten using ([2, p. 633])

[9:2) 02=2)" 3., 2 (105)
p=0

[0279] For r",, and r",,, the NV components can be easily found by sultstguthe
appropriate expressions for the angular integsse Appendix B).
5. Generation of normal-vector fields for more gahshapes
[0280] For certain situations, e.g., cases with exotidtedag geometries or cases where

multiple materials have connecting interfaces betweach other, it may be difficult to apply a
meshing strategy that leads to a low number of mgstiements and that exhibits rapid convergence
in the spectral base of the electric field and teledlux density. For such cases, a more general
approach may be needed to generate the Fourieficieetfs of the field-material interaction
operators. One such approach is to employ numegigatirature to evaluate the integrals of the
form (54). A quadrature rule then invokes the fiorcivalues of the integrant at a number of poiats t
arrive at an approximation of the desired integtblwe take a look at the integrants under
consideration, we notice that we need to evaludasepermittivity, the exponential function, and the

Cartesian components of the normal-vector fieldratarbitrary(x, y) point. This is trivial for the

former two functions, but non-trivial for the latté@Owing to the scaling introduced earlier on, the
normal-vector field is only needed in regions where#1. Further, we note that the Fourier

coefficients for all Fourier indiceém, m,) can be obtained via the same quadrature rulewaradibn

evaluations, except that the exponential functoevaluated for all Fourier indices. Therefore, the
main concern is to evaluate the normal-vector faldn arbitrary position (assuming thet #1).

[0281] Several recipes to generate normal-vector field® fieeen discussed in [3,5]. The first

article discusses the generation of two-dimensiapainal-vector fields within the context of RCWA

based on Schwarz-Christoffel conformal mappingsviar solving an electrostatic problem. The
second article discusses the generation via thersevdistance interpolation algorithm, which is a
particular example of a so-called scattered-dat@polation algorithm with radial basis functions.

However, both articles teach generating the noweater field on a regular grid, without taking into

account the possibility that normal-vector fieldymanly be needed locally. Further, regular grids
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may yield slow convergence for permittivity profiléhat do not fit to this regular grid, i.e. for
piecewise constant material properties with ints$athat do not coincide with the regular mesh.
Consequently, a very large number of grid points/ ha needed to reach a converged solution.
These two observations make these procedures estyrexpensive in terms of CPU time.

[0282] According to an embodiment of the present inventwa use localized normal-vector
fields and apply quadrature rules that take intvoant the domain of integration of the scattering
object, i.e. work with integration domains thatdakto account the shape of the material interfaces
As a consequence, the integration over the uniti€ekplaced by a sequence of integrations over
domains that have constant permittivity. Quadratudes that integrate over more complicated
domains have been studied in e.g., [6,7,8]. Sitee germittivity per domain of integration is
constant and the exponential function is continudlis only possible hurdle is again the normal-
vector field. Hence, to maintain the convergencethaf quadrature rule, we need to generate a
sufficiently smooth normal-vector field over thdeagration domain of the quadrature rule. This can
be achieved by a scattered-data interpolation @lfgoy for which the input data is generated from a
description of the boundary of the integration domend a corresponding normal-vector field at this
boundary. For example, if the boundary is describwec piecewise linear approximation, then the
normal is locally a constant vector. By providinguficiently dense sampling of the normal-vector

field along the boundary, sufficient data is geremtato apply a scattered-data interpolation

algorithm.
5.1. Periodic continuation of normal-vector fields
[0283] Standard scattered-data interpolation algorithnes agscalled radial basis functions,

i.e. basis functions that only depend on the distdretween a data point and the interpolation point
In a general interpolation problem, this is usuallgood idea, since it allows nearby data to have a
higher impact on the interpolated data as comp&oedata far away. However, in a periodic
environment, the distance between a data pointaanichterpolation point also becomes periodic. If
we do not take this into account, the interpolaggnoss a periodic boundary can introduce artificia
discontinuities, which may deteriorate the conveoge of certain quadrature rules or even the
convergence of the solution of the electromagnéélds projected on the normal-vector field.
Therefore, we look for alternatives for the scattiedata interpolation with radial basis functions.
The key idea is to generate a periodic-distancectiom that exhibits the periodicity of the
configuration and to let this function replace th&tance function.

5.2. Periodic distance functions
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[0284] In the regular Euclidean spa@€, the distancer between two points andr' is

given by

r =y (x=X)?+(y=y)* +(2- 2, (106)
which is non-negative and only zero when the twimsacoincide.

[0285] Let us now first consider a 1D periodic case altregx-axis with periodp >0. For

such a case, we first introduce the modulo(p) floncas
xmodp= x— {1—| p——p, (107)
p 2

Whereﬂ denotes the ceiling operator. Hence, we have

P, p
-—<xmodp<—. 108
5 p 5 (108)
[0286] With the above definition, the Euclidean distartes X =| x- x| betweenx and X

becomesd (X X) =|(x- X)mod p, for the periodic case. However, there are al$wrotvays to

sin(ﬂx;xlj‘ (109)
p

also satisfies the basic criteria for a distancasueed(x, X) , i.e.

define a distance measure, e.g.,

d,(x,x) =

1. d(x X)=0 (non-negative),

2. d(x X)=0if and only if x=X (identity of indiscernibles)

3. d(x X)=d X, ¥ (symmetry),

4. d(xX)<sd x X+ d X X (triangle inequality).
[0287] For a space with two directions of periodicity, gigiation is more complicated. Let
us denote the periodic lattice vectors &#yand a,, then we can indicate any point= (X, y, 2 in
space as

r=xu +w +2a,=na+7a,+ 1, (110)

wherer, andz, are the coordinates in the transverse plane ¢fetertox andy as

(Xj:((ux'ai) (ux'aZ)J
y (uy'ai) (uy'aZ)

/71} (111)
7
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[0288] Further, we note that the scattering configuratroperiodic ins, and 7, , both with
period 1. The Euclidean distance functiorkihcan be expressed i anda, as

d(r,r')y=4(r=r",r=r")

> > (112)
:\/(’71 —/71)2”&1” + (172—/72)2”82“ + 2(’71_/71)(’7 21 2)(& 1@ )+ (z- z)z-

[0289] To arrive at a periodic distance function, we ne@placern, —n, and n,-n, by a
periodic function f () with period 1 andf (0) =0, such thaf f (]| gives rise to a one-dimensional

periodic distance functions, i.e.
d,(r,r)

=Vt -m)al + (-0 ) fa ) +2F @m0 ) @ -0 Ya )+ (2- 2, =

where f (x) is for example equal t&amod1 or sin).

5.3. Periodic scattered-data interpolation

[0290] In a scattered-data interpolation algorithm, a$asnctiong(r), r =20, is introduced,

e.g., #(r) =exp(pr?) with B>0. Further, a set of data pointg and corresponding functions

valuesF(r,), nO{l,..., N} are provided. Then, the algorithms determinesfimberfits ¢, such that

F(r,) =Y G (d(r,r ) 114

forall n=1.., N, whered(r,,r,) denotes the distance between the data pojnendr,, . If this set
of linear equations is non-singular, the coeffitéen, can be determined and the scattered-data

interpolation algorithm leads to the following irgelation of F

N
F(r) =) c.a(d(r.r,)). (115)
n=1
[0291] For the periodic case, we substitute the distancetion d(LI) in the above two

formulas by the periodic distance function in EdLY), and we arrive at a periodic interpolation of
the data, which can be used to generate the Gartesmponents of the normal-vector field from the
Cartesian components of the normal-vectors fietdbea material boundaries, in a similar way as in

[5], i.e. we first find the interpolated componeats

ﬁj(r):icl,jnj (r)o(d, (r.r)), (116)
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where j{X,y,2 . Then we normalize the normal-vector field at posi r to 1, i.e.

n(r) =A(r)/|ar)| .

6. Localized normal-vector fields in arbitrary asti®pic media

[0292] In the preceding sections, the concept of localiredmal-vector fields in the
construction of a continuous vector fiekl was achieved by introducing a scaling function and
basis transformation in the vector field defined Bgpov and Neviére. The localization of the
normal-vector field was demonstrated for isotromiedia and for birefringent media with a fixed
extra-ordinary axis that is orthogonal to the ndruegtor field everywhere, e.g., due to a staircase
approximation of the geometry of the grating. Thaaept of localized normal-vector fields will now
be carried over to the most general case of arpitraisotropic media. However, scaling by a scalar
function is not sufficiently flexible to deal witthe most general case. To tackle the case of genera
anisotropic media, we start by modifying the defom of the vector field=. This renewed definition

of F is given by
F=RE+aP(D- SPE), (117)

where S is a additional scaling operator amd is a non-zero scaling function, which are both

continuousin the vicinity of material discontinuities. Sinbeth P.D and R.E are continuous vector

fields, the vector field= is again continuous under the requirementsafaand S.

[0293] With the previously outlined algebra for the praojexs operators, we obtain
E:{I +(PnM€Pn)’l[Pn(1I—S) P- P(M - S}}F. (118)
a
[0294] The operator between square brackets can be madelamally, for example by
choosing S= M, , i.e. equal to the medium parameters in a ceréaéa that does not involve

discontinuities (e.g., a constant permittivity tensof the filling medium), and by choosing

aP, =(P,SP)™ (to be understood on the range Bf), which is a non-zero continuous function
owing to the choice forS. For a, this amounts te=1/(n,Sn. Hence in a region wher#, =M,

holds, the normal-vector field is not required,\pded the basis of the vector fiekl is independent

of the normal-vector field, e.qg., it is expressedartesian coordinates. Another choice for S iss®
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a smoothed version of the permittivity distributidfor this choice, the region where the normal-
vector field is required is shrunk even further.

[0295] For isotropic media, the above modification of tleetor field F is consistent with
the previous definition, sinc& will then be a multiple of the identity operatandahence it will

commute withB, and P,. ConsequentlyP, SR is identically zero and the choice far reduces to

the previously defined cases.
[0296] The main merits of the localized normal-vector djel.e. the possibility to pre-

compute expressions of the coefficients for therajoes C. and £C, for each object separately and

the possibility to apply the cut-and-connect stygteare still valid in the general anisotropic case
However, the coefficients of the operators aredsity more complicated, since the directions of

anisotropy mixes with the direction on the normettor field. This can for example be observed

from the operato(P,M,P,)™*, which was independent of the normal-vector ffeldisotropic media,

whereas it does depend on the normal-vector fiettithe direction of the anisotropy in the general
case. Therefore, finding closed-form expressiongHe Fourier integrals that define the coefficgent
is typically harder and a quadrature approach #smed in Section 5 can be a useful alternative. A
notable exception is the case where the anisotod@n object is constant over the support of the
object and the shape of the object is describethdésh elements with a fixed direction of the normal-
vector field, e.g., the triangular or polygonal imedements. For this case, the derived closed-form
expressions remain valid, except for a constarliingcéactor that depends on the angle between the
(constant) normal vector field and the (constamt¢afions of the anisotropy of the permittivity
tensor.

[0297] We have described a projection operator framewarkamalyze the concept of
localized normal-vector fields within field-matdriateractions in a spectral basis, in isotropid an
anisotropic media, which may be used in for exanfp&VA, the Differential Method, and the
Volume-Integral Method. With this framework, we lkaveen able to demonstrate that a scaling and
basis transformations can lead to the localizeanabrector fields, which enable us to work with
normal-vector fields for dedicated shapes and pyag meshing strategy to construct normal-vector
fields for more general shapes. This greatly impsovhe flexibility of the normal-vector field
approach and also leads to significant saving dfl @me to set up these fields. We have illustrated
the examples of closed-form solutions for a numgtding blocks and the generation of vector
fields for more general shapes, including a pecialistance interpolation algorithm.

[0298] Embodiments of the present invention allow for stéa and more flexible setup of

normal-vector fields in 2D and 3D, which resultdaster CD reconstruction times and faster library
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recipe generation. For a simple example, we hawerobd speed up from several minutes to sub-
seconds on the same computing hardware.

2 Alternativesto normal-vector field formulation

1 Li rules and alternatives

[0299] It should be noted that the above formulation sefey the normal-vector field
formulation. However, the above can also be exténdea Li formulation that is suitable for a
rectangular geometry. The corresponding operatottsis Li formulation are described below.

2. Alternatives for the modified Li rules and notmactor-field formulation that maintain a
convolution structure

[0300] In the preceding sections, we have modified thecadled k-space Lippmann-
Schwinger equations (0.1) and (0.2) to construcefficient matrix-vector product for the field-
material interactions while retaining its accurdaya spectral base. This may be achieved by
introducing an auxiliary vector fielé that has a one-to-one correspondence to the ieldigid
denoted byE, such that wherr has been computed th&nis obtained with very little additional
computations. In essence, we have derived a gsgjuzitions of the form

E™=E-GJ (2.69)
F=RE+P(sE+J/ jw) (2.70)
J=jweC, — ¢ [T,)F = MF (2.71)

whereE™ denotes the incident fiel@ denotes the matrix representation of the Greem'stibn of

the stratified background mediuV], Pr, P, C: and €C;) correspond to efficient matrix-vector
products in the form of FFTs.

[0301] In the above case, the relations betwegh andE allows for a compact and efficient
formalism. However, other routes exist to achidwe goal of high accuracy together with efficient
matrix-vector products. It is the aim of the preassection to further explore and document these
alternatives. The existing formalism can be extdnaedropping the one-to-one correspondence, i.e.
via the invertible operatdz,, betweerkE and the auxiliary vector field. This is for example the case
when we introduce more degrees of freedom in theliaty vector field F than there are in the
electric fieldE, as we will e.g. show in Section 2.2. Without feit measures, the resulting set of
linear equations for the vector fiekdwill then be underdetermined and hefkcis not unique, which

is typically undesirable when iterative solvers ased, since it will typically lead to a large nuenb

of iterations or breakdown of the iterative procebs overcome this situation, we allow for an
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additional set of linear constraints between thangtiesF, E, and/orJ. With this rationale, we

arrive at the following generalized set of modiflagpmann-Schwinger equations

I -G 0 B E'
Cnn Cip Cp3 0
- J| = . 2.72
Cy1 Oy Oy F 0 ( )
C31 Csp Cgg 0

where each of the operators in the matrix equasibave allows for an efficient matrix-vector

product implementation, e.g. by means of FFTs.

2.1 Rules by Lalanne

[0302] Prior to the rules derived by Li for periodic sttwes with 2D periodicity, Lalanne
[13] proposed a weighted-average formula for thengévity matrix M, (denoted in [13] a&) and
the inverse matrix of the inverse-permittivity niwthmv(s))'l (denoted in [13] a®™). For this way
of working, we can work with the combination of thlectric fieldE and an auxiliary vector field.
The latter vector field is introduced at points weheve encounter the product betweMM(s))'l and
E, to achieve a fast matrix-vector product to comapilite contrast current densilyor its scaled

counterpart.
J = juw { [a]\lg . a)(MmV(&.))*]} E - ng} = jwla(M. — e,)E + (1 — ) F], (2.73)

whereF satisfies

My F = E. (2.74)
[0303] Both M andMiny) have efficient matrix-vector product implementasosia FFTs.
[0304] The result of Eqs (2.73) and (2.74) can be impldsteas a larger linear system in the

form of Eq. (2.72). There, the first set of equasioinvolving the operators and G, remains
untouched. The second set of equations would byirigthe relation (2.73) betweehon the one
hand andE andF on the other, i.eCy1=jwa(Mg-€pl), Ci2=-1, and Cis=ju(1-a)l. The third set of
equations then relat&sandF as in Eq. (2.74), i.€C1=-1, C,,=0, andC,3=Min(). Finally, the last set
of equations, involvingCs3;, Csp, Csz, and the last row of the right-hand side wouldabsent. This
may be implemented in calculating electromagnetattering properties of a structure, by including
numerically solving a volume integral equation flee current densityl, and the vector field;, that

is related to and different from said electromagnéeld, E, so as to determine an approximate
solution of the current density, Here, the vector field;, is related to the electric fiel&, by the
invertible operatoMiny(e).

2.2 Concatenated Li rules
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[0305] For crossed gratings, Li [10,11] has shown thatfigld-material interaction is better
captured in a spectral basis when the corresponiditegaction matrix is composed of sums of
products of (block) Toeplitz and inverse (block)epbtz matrices. The (block) Toeplitz matrices are
usually referred to as a representation of the feaurule”, which corresponds to a standard discret
convolution. The inverse (block) Toeplitz matricae usually referred to as the “inverse rule”. The
inverse rule should be applied whenever a field moment is discontinuous across a material
interface and the Laurent rule is applied whenfilel component is continuous across a material
interface. These rules are often referred to aslthmiles”. The (block) Toeplitz matrices allowfo
efficient matrix-vector products in the form of F&Tout the inverse Toeplitz matrices do not have
the Toeplitz form and therefore a fast matrix-vegiooduct is not easily formed. Therefore, by
extending the idea of auxiliary vector fields, wenantroduce additional auxiliary fields together
with constraints, to arrive at an efficient matvgetor product that also takes into account thense

of (block) Toeplitz matrices.

[0306] Let us consider the case of isotropic media foinary grating, i.e. a grating for which
the permittivity is independent of the directiorthmgonal to the plane in which periodicity occurs,
which we indicate here by thedirection. Then the Li rules require modificatiomsly for the field
components of the electric field, in the transverse plane, i.e. theplane, since the z component of
the electric field is continuous at the materiaéiface of a binary grating and hence we can dyrect
apply the Laurent rule represented by an efficraatrix-vector product. We build the permittivity
function out of a number of rectangular blocks, eithmay or may not be adjacent. In particular, we

write the permittivity function and the correspamglinverse permittivity function as

i I J
e=gy |14+ > > xi I (@)(y) |, (2.75)
i=1 j=1 |
- L .
=g |1+ Z Z Xi i 10 (@) (y) | (2.76)
| =Ll j=l |

wherel® is a pulse function in the directighwith support on the full interval associated witle
labela. A pulse function is a function that is one onassociated interval and zero elsewhere. In the
x direction, there aré non-overlapping intervals and in thealirection there ard non-overlapping
intervals. Furthery;; are continuous scalar functions on the suppotheffunctionf* (x) M’ (y),

and x; ; =-xij/(1+x:))-

[0307] From the standard field-material interaction relatE,=¢ ‘D, for thex components of

the electric field and flux, we obtain
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I J
—1 ~
E:E =& 1+ Z ZX'L,]HELC(:E)H?]J(:U) Dm? (277)

i=1 j=1

where, according to Li's line of reasoning [10,1T1]; Dy is factorizable in Fourier space, Buif’ Dy
is not, adDy has a discontinuity in the y direction at a matenterface. Since the functiok can
be interpreted as projection operators, we can@yrtpke following.

[0308] Let| be the identity operator ad be a sequence of bounded operators that commute

|
with the mutually orthogonal projection operatés then the operatot +ZAF’i has a bounded
i=1

|
inversel + > B,P,, whereBi=-A(I+A)™.
i=1
[0309] The proof follows by working out the algebra ankinig into account the idempotency
of the projection operators.
[0310] With this result, we can now express the electtig tomponent in terms of electric

field component as

1
D, =g, 1_ZZX23 (I+ZijHk )) E,, (278)

i=1 j=1 k=1

where the commutation property &fandB; with P; has been used.

[0311] Analogously, we have for thecomponents
I J J -1
D, =g, [1-Y > % 107 (2)I1Y(y) (1 +> gi,gng(y)) E,. (2.79)
=1 j=1 =1
[0312] Now each of the multiplication operators are Faufactorizable after the inverse-

matrix operations that operate directly on the congmts of the electric field have been performed.
This means that in the spectral domain, the inveyserators become inverse (block) Toeplitz
matrices to represent the inverse rule and the batibn of projection operatorsl," become
(block) Toeplitz matrices to represent the Laurané. From these relations, we can derive the
contrast current density in the usual way,J®w[D-g,E].

[0313] From the above relations it becomes clear thatyevwserval along thex andy
direction gives rise to an inverse operator, i.total of I+J inverses. Each of these inverses can be

avoided if we introduce auxiliary variables (vectields) to the intermediate matrix-vector products

I -1
that involve inverse operators. For example, thdrirygector product(l +2)A(k‘jl'lﬁ(x)j E.in
k=1
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Eq.(2.78) is replaced by the auxiliary variablds; and the linear equation
|

(I +Z)A(k’jl'lﬁ(x)J F,.; = E,, which has again an efficient representation ®hitatrix-vector product
k=1

in the spectral domain, is incorporated in thedmeystem (2.72). In that way, we preserve the
efficiency of the matrix-vector product in the fowhFFTs, at the expense of more variables. This is
especially the case IfandJ are larger than 1, since each of the inversegases the amount of
auxiliary variables, thereby increasing the sizéheftotal matrix-vector product.

2.3 Reducing the number of inverse operators irLtheles

[0314] The conclusion of Section 2.2 is that each prajectperatol,® introduces a new
auxiliary vector field, which makes this procedua¢her inefficient for geometries that require more
than a few projection operators. Hence, the questises whether there is a way to work with fewer
projection operators than the staircase strategyoduaces initially, without sacrificing the
geometrical flexibility of this strategy.

[0315] The main effort lies in rewriting Eq. (2.75) as @rsthat involves fewer projection

operators, i.e. to rewrite

I J
el=g 14> ) 4 (@) (y) | - (2.80)
i=1 j=1
[0316] We are inspired by the famous “four-color problemvhich allows a flat map to be

colored with only four different colors, such that two adjacent areas of the map have the same
color. In the present case, the situation is somaéveimilar: projection operators with adjacent

support can only be merged if their multiplying étions y,, are continuous across their

interconnecting boundary. In general, such congsaare not met by the geometry. Therefore, we
introduce a grouping such that we merge projectiperators thatlo not have adjacent supparts
This allows us then to construct continuous muttgilon operators that match the multiplying

functions ), ; on the support of the merged projection operators.

[0317] Let us first demonstrate this in one dimension. thet (periodic) interval in the-

direction be given as [8], and let us divide this interval into an even n@mbf non-overlapping
segments§ i=0,...,4, such that the union of the segments spans thedieinterval [0a] and the
segments are indexed according to their positi@mgalthis interval, i.e. segmeis.; proceeds

segmen. Then we can write the inverse permittivity fuoctias
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21
el =g [14)) X)), (2.81)
i=1
where the support éi;(x) corresponds to thi¢h segment.
[0318] Let us now introduce the (mutually orthogonal) @ahdl even projection operators as
I
Ho = ZH2I€71($)7 (2'82)
k=1
I
M, =) Tay(x). (2.83)
k=1
[0319] Further, we introduce the (scalar) functiofaéx) and f(x). These functions are

continuous on the interval @], have periodic continuity, i.d;(0)=f,(a) andf,(0)=f¢(a), and satisfy

fe(®) = Xog z € Sy,
for k=1,...]. Owing to the fact that the even and odd projecbperators do not merge projection
operators with adjacent support, the functignandf. can be constructed as continuous functions,
e.g. via linear interpolation on segments outsisestupport of the even and odd projection operators

Hence, the inverse permittivity function can betten as
-1 —1
e =g [14 fo@)l,(x) + fe(2)(z)] . (2.85)

[0320] We now extend this idea to two dimensions, i.ahtotransverse plane of the grating
structure. We introduce (mutually orthogonal) eward odd projection operators in tlkeandy
direction on a Cartesian product grid with an emember of segments per dimension. Further, we
introduce four periodically continuous scalar fuors on the periodic domain f)x[0,b], denoted
foo(X,Y), fodX,Y), fed(Xy), andfedX,y). These functions can be constructed by bi-linetarpolations
outside the support of the projection operatorswitych they are multiplied. The procedure is
demonstrated in Figure 22.

[0321] Figure 22 illustrates a procedure to approximateehipse 2202 by a staircased
approximation 2204 in the transverse plane by toing odd 2206 (white support) and even 2208
(solid/shaded support) projection operators peredsion. By multiplying a projection operator in
one direction by a projection operator in the ottiieection, a pattern of isolated boxes appearss Th
allows for the construction of a continuous functibat has the proper behaviour on the support of
each isolated box.

[0322] Then the inverse permittivity function can be verittas
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et =gy (1 foo(, YIS (2)IIL (1) + foe(, )15 ()1 (3)

+ feo (@, ) (2)II5 (y) + fee (2, y)ITe ()T ()],

which shows that there are only four two-dimensigmajection operators (colors) involved.

(2.86)

[0323] Following the method outlined in Section 2.5.2,aveve at the following Li rule
D. =

x

€ {1 — [foo(@, )T () + Foe (@, y) ()] TI5 (@) [T+ foo (2, )L (Y) + foe (@, y)ITE(y)] (2.87)

— ool D) + fee o, LW TEE) 1 + fool DL ) + fee o, T } B,

and a similar expression for the relation betwBgandE,.
[0324] To finalize the procedure, we introduce two auxjlidields F® and F°, with x

components satisfying
[+ 0NN+ F(X MUY ] R(x 9= E(x Y  (@89)
[1+ 1,06 NN+ f(x YTUD] F(% 9= E(X Y (2:89)

and similar relations for thecomponents. With these conditions, we finally abta

D, =g {Ea: - [foo(m: y)Hg(y) + foe(x7y)H:g(y)] Hg(CE‘)Ff
- [feo(x7 y)Hg(y) + fee(xv y)Hg(y)] Hg(x)Ff},

and a similar relation for thg components. Note that the operators that knknd E have a two-

(2.90)

dimensional character, as opposed to the inversgts in the preceding section. Nevertheless, all
operators are now multiplication operators that ehaan efficient matrix-vector product
implementation via 2D (or repeated 1D) FFTs. Frbese relations, we can again derive the relations
between the contrast current density in the usuat, we. J=jo[D-g,E], and compose the linear
equations in Eq. (2.72).

2.4 Li rules for a single brick

[0325] We now consider the specific case where the cressos of the grating in they
plane consists of a single rectangular block (aeldted a brick) of isotropic permittivity embeddied

the background medium with permittivigy. With the definitions described before, we cantevthe

permittivity function and inverse permittivity fation for this case as

£ =&, (1+ XN 00N (Y) (2.91a)

£t= gi(lmlﬂf(x)nf(y)), (2.91b)

b

from which we obtain for the contrast current dgnsi
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J = jae, X NN (VE = —jax, N (YN (y)D.  (2.92)

Further, we have the relations

E=E™+GJ, (2.93a)
J

D=—"+¢E, (2.93b)
Jw

whereG denotes again the Green’s function operator. We Iook specifically at thex- component
of the electric field and flux density to arriveafactorization rule for the contrast current digns
thex direction, i.e.
J J i
L+ E =—2+¢|E+(GI) | 2.94
Ja) b—x JC() b[ X ( )X] ( )

D =

X

The second term, between square brackets, is connalong thg direction for fixedx. Therefore,
the productl'lly(y)[EiXnC +(GJ)XJ is Fourier factorizable, i.e. the product betw#es pulse function

and the total electric field, which is given betwesgjuare brackets, can be computed via a Laurent
rule in the spectral domain. Subsequently, we clamghe sum

e +(00),) (299)

Which is continuous along thedirection for fixedy. Hence, multiplication by1;(x )n the spatial

domain can be represented by the Laurent rule ensgfectral domain, i.e. the product is Fourier

factorizable. From the spatially valid relations

3, = =ik, N7 (D, ) (2.96)
and

J, =N{(y)Jd,, (2.97)
we obtain

J = -jw)?l,lﬂf(x){f—;)+ €b|'|1y(Y)[El"c + (GJ)X]}, (2.98)

which can be rewritten as thecomponent of an integral equation, i.e.

HPEy X Jx H kY X inc
I+ jax Mg (X){ jw+€bﬂ1y(y)(GJ)x} = —jarp Y M (YN (Y)ES, (2.99)

and an analogous equation for theomponent of the contrast current density. No&t the incident
electric field is continuous everywhere and therefihe Li rules do not play a role for the incident

field. For thezzcomponent, we can immediately write down the stathdntegral equation, since the
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z-component of the electric field is continuous &tirx andy for fixed z and therefore all products

with M (x) andM/;(y )are Fourier factorizable, i.e.

3, = jar, XN (N (N(GI), = jar, NN (YE™. (2.100)

[0326] An advantage of embodiments of the present invenisothat they allow for a
contrast-source inversion (CSI) algorithm for restoumcting the grating profile in a metrology
application.

[0327] Embodiments of the present invention avoid discmaus operators operating on
discontinuous vector fields and the associatedopmdnce penalties, thus providing improved
convergence accuracy and speed.

[0328] Figure 23 shows in schematic form a computer systemfigured with programs and
data in order to execute a method in accordande avitembodiment to the present invention. The
computer system comprises a central processing (@) 2302 and random access memory
(RAM) 2304 which is used to store the program ringions 2306 and data 2308 during execution of
the program. The computer system also includds stisrage 2310 that is used to store program
instructions and data before and after the executidhe program.

[0329] The program instructions 2306 include Fast FouFransform routines 2312, matrix
multiplication functions 2314, other arithmetic @iions such as addition and subtraction 2316 and
array organizing functions 2318. The data 2308 msas the 4D array 2320 and 2D arrays 2322
used during calculation of the solution of the Vélystem. Other conventional computer components
for input and output are not shown.

[0330] In embodiments of the present invention a Fouregies expansion can be used to
analyze aperiodic structures by employing perfectigtched layers (PMLs), or other types of
absorbing boundary conditions to mimic radiatiowaads infinity, near the boundary of the unit cell
on which the Fourier expansions are used.

[0331] Embodiments of the present invention may be impigete in accordance with the
reconstruction methods described with referenceriggures 5 and 6 to provide a method of
reconstructing an approximate structure of an dbfexm a detected electromagnetic scattering
property arising from illumination of the object gdiation.

[0332] Embodiments of the present invention may be impteet by implementing the
methods described herein on the processing unitdd¥dribed with reference to Figures 3 and 4 to
provide an inspection apparatus for reconstruamg@pproximate structure of an object.

[0333] The processors described with reference to FigBirdsand 23 may operate under the

control of computer programs containing one or ns@guences of machine-readable instructions for



-67-

calculating electromagnetic scattering propertiésa structure, the instructions being adapted to
cause one or more processors to perform the mettesitsibed herein.

[0334] Although specific reference may be made in thist tex the use of inspection
apparatus in the manufacture of ICs, it should meetstood that the inspection apparatus described
herein may have other applications, such as theufaeture of integrated optical systems, guidance
and detection patterns for magnetic domain memofiaspanel displays, liquid-crystal displays
(LCDs), thin film magnetic heads, etc. The skiletisan will appreciate that, in the context offsuc
alternative applications, any use of the terms &awafor “die” herein may be considered as
synonymous with the more general terms “substratétarget portion”, respectively. The substrate
referred to herein may be processed, before or akposure, in for example a track (a tool that
typically applies a layer of resist to a substramel develops the exposed resist), a metrology tool
and/or an inspection tool. Where applicable, tlseldsure herein may be applied to such and other
substrate processing tools. Further, the substnate be processed more than once, for example in
order to create a multi-layer IC, so that the teubstrate used herein may also refer to a substrate
that already contains multiple processed layers.

[0335] The methods according to embodiments of the preseantion described above may
be incorporated into the forward diffraction modtal reconstructing an approximate structure of an
object (not limited to 1D-periodic) from a detectelbctromagnetic scattering property, such as a
diffraction pattern, arising from illumination ohe object by radiation, as described above with
reference to Figures 5 and 6. The processing whidléscribed above with reference to Figures 3 and
4 may be configured to reconstruct an approxim@atetsire of an object using this method.

[0336] Although specific reference may have been madeeabmthe use of embodiments of
the invention in the context of optical lithograplhiywill be appreciated that the invention may be
used in other applications, for example imprinbhdgraphy, and where the context allows, is not
limited to optical lithography. In imprint lithogpay a topography in a patterning device defines the
pattern created on a substrate. The topographeqgbatterning device may be pressed into a layer of
resist supplied to the substrate whereupon thetresscured by applying electromagnetic radiation,
heat, pressure or a combination thereof. The patigrdevice is moved out of the resist leaving a
pattern in it after the resist is cured.

[0337] The terms “radiation” and “beam” used herein encasspall types of electromagnetic
radiation, including ultraviolet (UV) radiation (g, having a wavelength of or about 365, 355, 248,
193, 157 or 126 nm) and extreme ultra-violet (EWadiation (e.g., having a wavelength in the range

of 5-20 nm), as well as particle beams, such akvé&ms or electron beams.
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[0338] The term “lens”, where the context allows, may rdfe any one or combination of
various types of optical components, including aefive, reflective, magnetic, electromagnetic and
electrostatic optical components.

[0339] The term “electromagnetic” encompasses electricraagnetic.

[0340] The term “electromagnetic scattering properties’coenpasses reflection and
transmission coefficients and scatterometry measemé parameters including spectra (such as
intensity as a function of wavelength), diffractipatterns (intensity as a function of position/ang|
and the relative intensity of transverse magnetitd transverse electric-polarized light and/or the
phase difference between the transverse magnetictransverse electric-polarized light. Diffraction
patterns themselves may be calculated for exanguhg weflection coefficients.

[0341] Thus, although embodiments of the present invension described in relation to
reflective scattering, the invention is also apghie to transmissive scattering.

[0342] While specific embodiments of the invention haverbelescribed above, it will be
appreciated that the invention may be practicecerotise than as described. For example, the
invention may take the form of a computer programtaining one or more sequences of machine-
readable instructions describing a method as diedoabove, or a data storage medium (e.qg.,
semiconductor memory, magnetic or optical disk)iingguch a computer program stored therein.
[0343] It is to be appreciated that the Detailed Desaipsection, and not the Summary and
Abstract sections, is intended to be used to indefie claims. The Summary and Abstract sections
may set forth one or more but not all exemplary edmnents of the present invention as
contemplated by the inventor(s), and thus, areimended to limit the present invention and the
appended claims in any way.

[0344] The present invention has been described above thathaid of functional building
blocks illustrating the implementation of specifiédnctions and relationships thereof. The
boundaries of these functional building blocks hdween arbitrarily defined herein for the
convenience of the description. Alternate bouretartan be defined so long as the specified
functions and relationships thereof are approgsiggterformed.

[0345] The foregoing description of the specific emboditsenill so fully reveal the general
nature of the invention that others can, by apglyinmowledge within the skill of the art, readily
modify and/or adapt for various applications sucpec#fic embodiments, without undue
experimentation, without departing from the gene@hcept of the present invention. Therefore,
such adaptations and modifications are intenddxk teithin the meaning and range of equivalents of
the disclosed embodiments, based on the teachidggaidance presented herein. It is to be

understood that the phraseology or terminology ihegefor the purpose of description and not of
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limitation, such that the terminology or phrasegiaj the present specification is to be interpreted
by the skilled artisan in light of the teachingsl gyuidance.

[0346] The breadth and scope of the present inventionldhmat be limited by any of the
above-described exemplary embodiments, but shoeldddfined only in accordance with the
following claims and their equivalents.

[0347] The claims in the instant application are differdragn those of the parent application
or other related applications. The Applicant tifeme rescinds any disclaimer of claim scope made in
the parent application or any predecessor apphicaith relation to the instant application. The
Examiner is therefore advised that any such previdisclaimer and the cited references that it was
made to avoid, may need to be revisited. Furtiher Examiner is also reminded that any disclaimer

made in the instant application should not be retlor against the parent application..
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Appendix A

Radial integrals of Bessdl functions

The radial integration amounts to finding closegressions for the following integrals

| 73, (2) dzand | “2)..("3 ddor ( m0). (AL)

These can be found by employing the following resuice relations for Bessel functions ([2])

23,4(2+ 20, ¥=2 X % 82
3a(D- 3,3 =2922 »3)
dz

Substituting n+1= 2k in EqQ. (2) and integrating gives a recursive retatfor the even Bessel

integral

[23,(2 dz=22 ke 1) I, (¥ dz[ 21,()z (Ad)

The second integral in this equation can be resvritising Eq. (A3). Substituting+1=2k-1 and

integrating gives
[Vaa(D d2=["3 (9 dz2 3 (% (A5)

Both recursive integral expressions can be expliaititten

[Z3,(2) dz=(-1)" 2X )z+2ﬁ_ D@2 m1) ), ('y d ()

[3usD d2=- 4 3-2%. 3.0¥ )

Substitution of Eq. (A7) in Eq. (A6) gives

[23,(2) d2=(-1 2X -2 L)} (-1 (2 *
k= (A8)

-3 (-1 (K1) %, 2)

The disadvantage of this expression is that thes@danction has multiple evaluations of the same

argument. Since this is numerically an expensiveatpon, the double summation is switched giving
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[23,() do=(10 20 P21 X B (-1 (2 L

n-1 n (A9)
—4(-11')3,,(2) >, (-1 (2k- D).
m=1 k=m+1
The last summation over the-index can be shown to be equal to
> (DK== 'n- c1'm. (A10)

k=m+1

giving the final closed-form expression for theighthtegral over the even Bessel functions
z n-1
j 73,,(2) dz==2 ng( o+ (-1 zl)z 4, J(O " v @A
m=1
where the summation only appliesro 1.
The same reasoning can be applied to the radegrialt over the odd Bessel functions. Substituting

n+1=2k+1 in Eq. (A2) andn+1= 2k in Eq. (A3) and integrating gives the followingcuesive
integrals

[ 7 3,,(2) d2=2(2 ] “3.(92 dz | EEANG) A (A12)

[D(2)d2=["3.,( 9 dz2 J.( ) (AL3)

Writing both recursive relations explicitly gives

[ 73, .,(2) dz=(-1)" [ “2X 'y dz zzn: (-2 jk (' d (A14)

[9u(2) dz=["4(9 dz=2Y. 4% (a15)

Substituting Eq. (A15) in Eq. (A14) and swapping tlouble summation gives

[ 732 dz=(2r[ 203 624" U2 F (-1

-8 3,1 (DD (1) k (A16)
m=1 k=m

Using the relation

n

> (1)K :%[<n+§)+ (—1)*'“(m——;)} , (A17)

k=m
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and partially integratingJ,( 2 in Eq. (A16) gives the final expression
[73,1(2) dz=@ m2)[" 39 dz ) L)

—2zn: Jpma (D] @0+ D+ 27" (2m- 1)

m=1

where the final summation only appliesria 1.

(A18)
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Appendix B

Angular integrals

The angular integral in its most general form igten as

. | €cos'e . 1
I esing cosp r— , cos[R¢g—c)] ; dp, (BL)
0| sipg | € COSPTSITO G+ 1p-c)

where all combinations of the terms between théydurackets are possibldp<e=2<1) is the

ellipticity, @, is the angle of the ellipse or circle segment ani$ an angle offset following from

geometrical input parameters (see Eq. (83)). Algioa closed expression for this integral can be

derived, we shall focus for this report on two [garr cases,

* the circle segment

* the full ellipse

For the circlee =1 which substantially simplifies the integrals
o, | cose
o5’ :j sing cosp {

be,’y" °| sinfg

(B2)

cos[Xk @ —c)] dg
cos[(X+Dg-c)]

where e refers to the even modes andto the odd modes. Furthermore, all combinationtewhs

between the curly brackets are possible. Straigh#al integration gives

¢ (k,0,0.) :&%_l)(sin[Z(k— 1), — Xc}+ sin(c)

+4—1k(sin[2k¢S — 2kc]+ sin(2kc)

+ Bk 1)(sin[2(k + 1), — Xcl+ sin(c) (B3)
RPN g -
= 2[¢s + 25'n(2¢s)](k 0) (B4)

_1 L lin@.— 2 ¥ sin@ "
= 4¢S cos(Z r+ 7 [sin(®.— 2 } sin(2 |
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+%[sin<4¢s - )+ sin(@)]k= L (©5)

e - 1 —_ —_
@5 (k,0,0,) = 8(k_l)(cos[2Q< 1P, - Xkc} cos(kc))
_8(k+1)(cos[24<+ 1p, - kc}- cos(kc) (B6)
1, . 21 _ - -
=7 9.sin(@)-[cos(4.~ 2} cos@ )K= : (B7)

! (sin[2(k— 1)p, - kc}+ sin(2kc)

@5 00.0) =g

+4—1k(sin[2k¢S — 2kc]+ sin(2kc)

_8(k+1)(Sin[2(k+ 1), — Xc]+ sin(2kc) (B8)

L1, 1. _

= 2[¢5 25|n(2¢s)](k 0) (B9)
- 1s cos@pisin@.- 2 ¥ sin@ "
- 4 s 4 s J

- [sin(4g, - )+ sin@)Ik= 1) ©10)

Similar expressions can be derived for the odd @ngnitegrals

1

Ok 0.4)= 55

(sin[(2- 1)p, - (k+ 1K} sin[(Z+ 1))

+ (sin[(2k + 1), - (k+ L} sin[(x+ 1x)

2(2k +1)

+

2o 3) (SNl 39, (@ e sin(2+ 1x) (B11)

@3 (k,0,4,) = (cos[(x—- 1§, - (X+ 1p} cos[(X+ 1¥)]

42k - 1)
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_ e 3)(003[(2< +3p, - (X+ 1k} cos[(x+ 1) (B12)
o -1 . .
) (k,0,4,) = 2k 1)(S|n[(2k— 19, - (%+ 1ck sin[(k+ 1x)
* o (S g, — (3 el sinf(er 1)
2k )\ SN+ 3, - (A Iple sin[(Ze+ 1x) (B13)

For the case of the full ellipse, is arbitrary in Eq. (B1). The even angular intégg, (k,0, 277) can

be written

e’ cos ¢
e’ cos @ + sirf ¢

5, (k,0,277)= | Ozn cos[X ¢ - c)]dg

62 1 carm
- —cos(kc ) |
e +1 2% {1+ acos()

L+ costt) )j cosku )u

+eze_2|_15in(2kc)12.[:n[]ﬁc—osmj sinku)du (L= 2 ) (B14)

1+ acos( )

where the double-angle trigonometric relations Haeen used to rewrite the squares of the sines and
cosines. Further use of the sine - cosine produes rand the fact that all trigonometric functiavé
27T periodicity, gives

2

¢, (K, 0, 277) = —— cos(Xc jozn(%cos[(k_lp J+ cosku )1 cos[k+ 1)1} i

e’ +1 1+ acos(u)
2 . _ . 1o
N 2e sin(2kc)J'2” ssin[(k —1)u]+ sin(ku)+ 3 sin[(k+ 1)u] du (B15)
e"+1 0 1+ acos(u)

Exploiting the symmetries of the integrands, it bershown that

T sin(ku) du=0.

= (B16)
1+acos()

0

2

J- cosku) du:2(—1)"]z coskv) dy

p 1+acos() ' Facos()
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(a® <1),

T {ﬁ - 1}k
V1-a? -a

where an elementary integral has been used inBaq) (see [2, p. 366]).
With the same symmetry arguments, it can be shbamn t

e’ cos ¢

Fcod g+ st cos[(k+ 1)¢p-c)ldp = 0O

s (k,0,2m)= [

H H H elo e/o
Patiently repeating this work fab, > and @\ > shows that

®° (k,0,277)= ®°, (k, Q 27)= 0,

o (k,0,27)
@2 (k,0,277)} =
85, (k,0, 27)

=4 0 (for k=0).

Note that for the case of a circle£1) only the k =1)-terms are non-zero.

(B17)

(B18)

(B19)

(B20)

(B21)
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WHAT ISCLAIMED IS:

1. A method of calculating electromagnetic scattenmmgperties of a structure, the structure
including materials of differing properties such #s cause at least one discontinuity in an

electromagnetic field at a material boundary, treghod comprising:

€)) numerically solving a volume integral equation frcontrast current density by
determining components of the contrast current idersy using a field-material
interaction operator to operate on a continuouspmrant of the electromagnetic field
and a continuous component of a scaled electroniaghex density corresponding to
the electromagnetic field, the scaled electromagrieix density being formed as a
scaled sum of discontinuous components of the rel@etgnetic field and of the

contrast current density; and

(b) calculating electromagnetic scattering propertiethe structure using the determined

components of the contrast current density.
2. The method of claim 1, further comprising the stefs

(@) using a first continuous-component-extraction ojerdo extract the continuous

component of the electromagnetic field; and

(b) using a second continuous-component-extractionabgeto extract the continuous
component of the scaled electromagnetic flux dgnsitherein the field-material

interaction operator operates on the extractedruaomis components.

3. The method of claim 1 or claim 2, wherein the stites is periodic in at least one direction
and the continuous component of the electromagfietd, the continuous component of the scaled
electromagnetic flux density, the components of d¢betrast current density and the field-material
interaction operator are represented in the sgedtraain by at least one respective finite Fourier
series with respect to the at least one directind t#he method further comprises determining

coefficients of the field-material interaction optar by computation of Fourier coefficients.

4, The method of any previous claim, further compgsiforming a vector field that is
continuous at the material boundary from the car@us component of the electromagnetic field and
the continuous component of the scaled electroniagifieex density and wherein the step of
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determining components of the contrast current ilens performed by using a field-material

interaction operator to operate on the vector field

5. The method of claim 4, further comprising:

(@)

generating a localized normal-vector field in aioaegof the structure defined with

reference to the material boundary;

(b)  constructing the vector field by using the normettor field to select continuous
components of the electromagnetic field tangeribalhe material boundary and to
select continuous components of a correspondirgretaagnetic flux density normal
to the material boundary;

(c) performing a localized integration of the normatitee field over the region to
determine coefficients of the field-material intettan operator.

6. The method of any of claims 1 to 3, further compgs

(@ generating a localized normal-vector field in aioagof the structure defined with
reference to the material boundary;

(b) using the normal-vector field to select the discamdus components of the
electromagnetic field normal to the material bougdand the discontinuous
components of the contrast current density norm#ié material boundary;

(c) performing a localized integration of the normatitee field over the region to
determine coefficients of the field-material intettan operator.

7. The method of any of claims 5 to 6, wherein theaegorresponds to support of a contrast
source.
8. The method of any of claims 5 to 7, wherein the gié generating the localized normal-

vector field comprises scaling at least one ofdttinuous components.

9. The method of claim 8, wherein the scaling is aqunfed to make the continuous components

of the electromagnetic field and the continuous ponents of the electromagnetic flux density

indistinguishable outside the region.
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10. The method of claim 9, wherein the step of scatiogprises using a scaling function that is

continuous at the material boundary.
11. The method of claim 10, wherein the scaling funtigconstant.

12. The method of claim 10, wherein the scaling funti®equal to the inverse of a background

permittivity.

13. The method of any of claims 8 to 12, wherein thep sif scaling further comprises using a

scaling operator that is continuous at the mateoahdary.

14. The method of claim 5 or any of claims 7 to 13 whependent on claim 5, wherein the step
of generating the localized normal-vector field @ives using a transformation operator directly on
the vector field to transform the vector field frarbasis dependent on the normal-vector field to a

basis independent of the normal-vector field.

15. The method of claim 14, wherein the basis independethe normal-vector field is the basis

of the electromagnetic field and the electromagniix density.

16. The method of any of claims 5 to 15, wherein tleg stf generating a localized normal-vector
field comprises decomposing the region into a pilyraf sub-regions each having a respective
normal-vector field and the step of performing ealized integration comprises integrating over each

the respective normal-vector field of each of the-segions.

17.  The method of claim 16, wherein each sub-regioani®lementary shape selected to have a
respective normal-vector field having a correspogdiclosed-form integral and the step of
performing a localized integration comprises usthg corresponding closed-form integral for

integrating over each the respective normal-veigtat of each of the sub-regions.

18. The method of any of claims 5 to 17, further comipg relating the electromagnetic flux
density to the electric field using, in the reginrwhich the localized normal vector field is gested
and local to the material boundary, a componemteofmittivity normal to the material boundary and

at least one other, different, component of pemitigttangential to the material boundary.

19. A method of reconstructing an approximate structofean object from a detected
electromagnetic scattering property arising frolmmiination of the object by radiation, the method

comprising the steps:
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(@) estimating at least one structural parameter;

(b)  determining at least one model electromagnetictextiad) property from the at least

one structural parameter;

(© comparing the detected electromagnetic scattenogegpty to the at least one model

electromagnetic scattering property; and
(d)  determining an approximate object structure basethe result of the comparison,

(e)  wherein the model electromagnetic scattering ptgpsrdetermined using a method

according to any previous claim.

20. A method according to claim 19, further compristhg step of arranging a plurality of the
model electromagnetic scattering properties inbmaty and the step of comparing comprises

matching the detected electromagnetic scatterioggsty to contents of the library.

21. A method according to claim 19 or claim 20, furthmmprising iterating the steps of
determining at least one model electromagnetictestag) property, and comparing the detected
electromagnetic scattering property wherein thecstiral parameter is revised based on the result of

the step of comparing in a previous iteration.

22.  An inspection apparatus for reconstructing an apprate structure of an object, the

inspection apparatus comprising:
(@ anillumination system configured to illuminate thigect with radiation;

(b)  a detection system configured to detect an ele@gm®tic scattering property arising

from the illumination; and
(c) a processor configured to:
0] estimate at least one structural parameter;

(i) determine at least one model electromagnetic stajt@roperty from the at

least one structural parameter;

(i)  compare the detected electromagnetic scatteringepnp to the at least one

model electromagnetic scattering property; and
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(iv) determine an approximate object structure from féerdince between the
detected electromagnetic scattering property arel ah least one model
electromagnetic scattering property, wherein thecgssor is configured to
determine the model electromagnetic scattering gutgpusing a method

according to any of claims 1 to 18.

23. A computer program product containing one or moeguences of machine-readable
instructions for calculating electromagnetic saattg properties of a structure, the instructionsge
adapted to cause one or more processors to peafonethod according to any of claims 1 to 18.



