LOOP AND LIBRARY FUSION

BACKGROUND
[0001] This specification relates to constructing and compiling computational graphs.
[0002] A computational graph defines sequences of operations by the types of operations, the
data that is input into and output from each operation, and computational dependencies. A
compiler translates a computational graph of operations to produce compiled code.

SUMMARY

[0003] This specification describes technologies relating to computational graph systems in
general, and specifically to systems and methods for representing computations as graph
operations that can be translated into efficient compiled code.
[0004] The computational graph includes nodes, connector directed edges, and parameter
directed edges. Each node represents a respective operation, each connector directed edge
connects a respective first node to a respective second node that represents an operation that
receives, as input, an output of an operation represented by the respective first node, and each
parameter directed edge connects into a respective node and represents a flow of one or more
parameters of a neural network as input to the operation represented by the respective node.
[0005] In general, one innovative aspect of the subject matter described in this specification
can be embodied in a system comprising one or more computers and one or more storage devices
storing instructions that are operable, when executed by the one or more computers to cause the
one or more computers to perform operations that implement an example method. An example
method comprises: obtaining an un-optimized computational graph comprising a plurality of
nodes representing operations and a plurality of directed edges representing data dependencies
between the operations; analyzing the un-optimized computational graph using pattern matching
to determine fusable operations that can be fused together, wherein each fusable operation of the
fusable operations is decomposed into an index function and a data function; transforming the
un-optimized computational graph into an optimized computational graph by replacing the
plurality of nodes representing the fusable operations in the un-optimized computational graph
with a fusion node representing the single fusion operation; and providing, to a compiler, the
optimized computational graph including the single fusion node that the compiler can translate as
a call that performs the single fused operation to produce efficient code at a code generation
phase of compilation.
[0006] Other embodiments of this aspect include corresponding computer systems, apparatus,
and computer programs recorded on one or more computer storage devices, each configured to

perform the actions of the methods. For a system of one or more computers to



be configured to perform particular operations or actions means that the system has installed
on it software, firmware, hardware, or a combination of them that in operation cause the
system to perform the operations or actions. For one or more computer programs to be
configured to perform particular operations or actions means that the one or more programs
include instructions that, when executed by data processing apparatus, cause the apparatus to
perform the operations or actions.

[0007] These and other embodiments can optionally include one or more of the following
features. The efficient code can be provided to computing devices for execution. Execution
can include executing the operations of the computational graph including the single fusion
call that performs all fused operations. Analyzing the un-optimized computational graph
using pattern matching to determine fusable operations that can be fused together into a
single fusion operation includes: comparing portions of the un-optimized computational
graph with patterns of operations that each correspond to a single fusion operation;
determining that a pattern matches a portion of the un-optimized computational graph; and
determining that the matching portion of the un-optimized computational graph can be
replaced in the computational graph with the single fusion operation corresponding to the
matching pattern. The single fusion operation may be an external code library operation.
The single fusion operation may be a loop operation. Analyzing the un-optimized
computational graph using pattern matching to determine fusable operations that can be fused
together into a single fusion operation may include: searching the un-optimized
computational graph for an input operation that requires computations to produce the input;
and determining that the input operation can be replaced in the computational graph with a
single fusion operation corresponding to the computations required to produce the input. The
fusable operations may be regular operations. The fusable operations may be regular
operations that are fused into non-regular operations. Analyzing the un-optimized
computational graph using pattern matching to determine fusable operations that can be fused
together into a single operation may include: finding a sequence of operations in a
computational graph using a sequencing algorithm; and determining that the operation
sequence can be fused together using composition into a single fusion operation.

[0008] The subject matter described in this specification can be implemented in particular
embodiments so as to realize one or more of the following advantages. An example
implementation produces efficient compiled code by merging operations into a single fused

operation that a compiler can translate as a single call, e.g., a loop or a library call. For the



purposes of this specification, efficient compiled code means code that is faster and
potentially uses less memory than the code compiled using a traditional compiler.

[0009] The single call to which the compiler translates the single fused operation performs
all the operations of the fused operation, at a code generation phase of compilation. This
translation allows the compiler to generate code that is faster than code generated by a
traditional compiler, which translates one operation at a time. Additionally, by using fused
operations that may use less memory than unfused operations, the compiler produces code
that is more memory efficient than the code produced by a traditional compiler.

[0010] By fusing operations, an example implementation can also provide programs of a
smaller size than a traditional compiler.

[0011] The details of one or more embodiments of the subject matter of this specification
are set forth in the accompanying drawings and the description below. Other features,
aspects, and advantages of the subject matter will become apparent from the description, the

drawings, and the claims.

BRIEF DESCRIPTION OF THE DRAWINGS
[0012] FIG. 1 illustrates an example compilation system.
[0013] FIG. 2 is a flow diagram of an example process for generating efficient code from
computations within a computational graph.
[0014] FIG. 3 represents a graphical chain of two regular unary operations.
[0015] FIG. 4 represents operations of non-unary operations that can be fused together.
[0016] FIG. 5a illustrates a subgraph of a computational graph representing a transposition
and a dot operation.
[0017] FIG. 5b illustrates an optimized version of the subgraph illustrated in FIG. Sa.
[0018] FIG. 6a illustrates a pattern representing backward filter convolution.
[0019] FIG. 6b illustrates a pattern representing backward input convolution.
[0020] Like reference numbers and designations in the various drawings indicate like

elements.

DETAILED DESCRIPTION
[0021] This specification generally describes a compilation system that compiles operations
represented by a computational graph. Particularly, this specification describes techniques
for generating efficient code from computations within a computational graph by fusing

together computations.



[0022] A computational dataflow graph expresses computations, e.g., of a machine learning
model, with nodes representing operations and directed edges representing data dependencies
between operations. An incoming edge to a node represents a flow of an input into the node,
i.e., an input argument to the operation represented by the node. If all arguments required for
an operation are available to the operation node, the node is enabled and can be executed.
[0023] An outgoing edge from a node represents a flow of an output of the operation
represented by the node to be used as an input to an operation represented by another node.
Thus, a directed edge connecting a first node in the graph to a second node in the graph
indicates that an output generated by the operation represented by the first node is used as an
input to the operation represented by the second node.

[0024] In some implementations, the operations represented in the computational graph are
linear algebraic operations, e.g., matrix multiply, neural network operations, or operations for
a different kind of machine learning model. A neural network is a machine learning model
that employs one or more layers of nonlinear units to predict an output for a received input.
Some neural networks are deep neural networks that include one or more hidden layers in
addition to an output layer. The output layer of each hidden layer is used as input to another
layer in the network, i.e., another hidden layer, the output layer, or both. Some layers of the
network generate an output from a received input in accordance with a current value of a
respective set of parameters, while other layers of the network may not have parameters.
[0025] The operations represented by the computational graph may be operations necessary
for the neural network to compute an inference, i.e., to process an input through the layers of
the neural network to generate a neural network output for the input. Additionally or
alternatively, the operations represented by the computational graph may be operations
necessary to train the neural network by performing a neural network training procedure to
adjust the values of the parameters of the neural network, e.g., to determine trained values of
parameters from initial values of the parameters using backpropagation. In some cases, e.g.,
during training of the neural network, the operations represented by the computational graph
can include operations performed by multiple replicas of the neural network.

[0026] By way of illustration, a neural network layer that receives an input from a previous
layer can use a parameter matrix to perform a matrix multiplication between the parameter
matrix and the input. In some cases, the matrix multiplication can be represented as multiple
nodes in the computational graph. For example, a matrix multiplication can be divided into
multiple multiplication and addition operations, and each operation can be represented by a

different node in the computational graph. The operation represented by each node can



generate a respective output, which flows on a directed edge to a subsequent node. After the
operation represented by a final node generates a result of the matrix multiplication, the result
flows, on a directed edge, to another node. The result is equivalent to an output of the neural
network layer that performs the matrix multiplication.

[0027] In some other cases, the matrix multiplication is represented as one node in the
graph. The operations represented by the node can receive, as inputs, an input tensor on a
first directed edge and a weight tensor, e.g., a parameter matrix, on a second directed edge.
The node can process, e.g., perform a matrix multiplication of, the input and weight tensors to
output, on a third directed edge, an output tensor, which is equivalent to an output of the
neural network layer.

[0028] Other neural network operations that may be represented by nodes in the
computational graph include other mathematical operations, e.g., subtraction, division, and
gradient computations; array operations, e.g., concatenate, splice, split, or rank; and neural
network building block operations, e.g., SoftMax, Sigmoid, rectified linear unit (ReL.U), or
convolutions.

[0029] In an example system, one or more sets of nodes in the computational graph may
represent operations that control the dataflow through a computational graph. The one or
more sets of nodes may, for instance, represent conditional, recursive, and/or iterative control
flow statements including: if statements, while loops, do-while loops, for loops for-each
loops, or nested control flow statements that include a combination of these statements.
[0030] The one or more sets of nodes in the computational graph may represent some
operations that can translate into operations of high performance libraries which contain high
performance, possibly machine specific, implementations of linear algebraic, e.g., matrix
multiply, or neural network operations, e.g., backward convolution. In some
implementations, the suitability of operations in a graph for translation into operations of high
performance libraries and possibly fusion as explained herein can depend on the underlying
hardware architecture and machine configuration.

[0031] In an example compilation system, the compilation system fuses multiple
operations, into a fusion operation that can be translated into a call at code generation time
that performs all the fused operations. This fusion process produces code that is faster and
potentially uses less memory for devices such as central processing units (CPUs) or graphical
processing units (GPUs).

[0032] FIG. 1 illustrates an example compilation system 100. The compilation system 100

is an example of a system implemented as computer programs on one or more computers in



one or more locations, in which the systems, components, and techniques described below
can be implemented.

[0033] The compilation system 100 receives an un-optimized computational graph as input
102. As described above, the computational graph represents operations as one or more sets
of nodes and data dependencies between operations as edges.

[0034] A graph analyzer 106 of the compilation system 100 analyzes the un-optimized
computational graph input 102 using a pattern matcher 104, e.g., improving efficiency by
matching a certain pattern in the un-optimized computational graph. The compilation system
compares patterns from the pattern matcher 104 with patterns of operations in the
computational graph. The graph analyzer 106 then provides the analyzed graph to a graph
fusion generator 108. For each matching pattern, the graph fusion generator 108 merges or
fuses multiple operations from the un-optimized computational graph 102 corresponding to
the pattern into a single fusion operation to create an optimized computational graph with
fusion nodes. The graph fusion generator 108 then provides the optimized computational
graph with fusion nodes to a code generator 114. The code generator 114 translates each
fusion node as a call, e.g., a loop or a library call, that performs all the fused operations to
produce efficient compiled code that can be provided to multiple devices (116, 118, 120, 122)
for execution. Since executing the fused operation in the optimized graph is more efficient
than executing the corresponding multiple operations in the un-optimized graph which are
replaced by the single fusion operation, the code generated from the optimized graph results
in increased efficiency.

[0035] Any devices performing the operations represented by the efficient compiled code,
e.g., devices 116, 118, 120, 122, can include a memory, e.g., a random access memory
(RAM), for storing instructions and data and a processor for executing stored instructions.
Generally, each device is a hardware resource that executes the compiled code independent of
other devices. For example, each device can have its own processing unit. The devices can
be graphical processing units (GPUs), central processing units (CPUs), field programmable
gate arrays (FPGAs), application specific integrated circuits (ASICs), or other operation
specific processors. By way of illustration, one machine can host one or more devices, e.g.,
multiple CPUs, GPUs, FPGAs, ASICs, or operation specific processors.

[0036] FIG. 2 is a flow diagram of an example process 200 for generating efficient code
from computations within a computational graph. For convenience, the process 200 will be
described as being performed by a system of one or more computers, located in one or more

locations, and programmed appropriately in accordance with this specification. For example,



an example compilation system 100 of FIG. 1, appropriately programmed, can perform the
process 200.

[0037] The system receives an un-optimized computational graph with nodes representing
operations and directed edges representing data dependencies 202.

[0038] The system then analyzes the computational graph using pattern matching to
determine fusable operations that can be fused together into a single fusion operation 204.
[0039] The system transforms the un-optimized computational graph into an optimized
computational graph by replacing fusable operations in the un-optimized computational graph
with a node representing the single fusion operation 206.

[0040] The system then produces efficient compiled code by translating the fusion node of
the optimized computational graph as a call that performs all the fused operations 208. The
efficient compiled code can then be provided to computing devices, such as graphical

processing units and central processing units for execution.

Loop Fusion

[0041] Loop operations are implemented by iterating through elements of an input array,
potentially multiple times, to compute an output array. Loop operations of a computational
graph are the form of regular or non-regular operations. A regular operation, e.g., add,
exponent, or transpose, reads at most one element from each input array for each element of
the output array. A non-regular operation, e.g., dot or convolution, requires reading more
than one element of the input array to produce a single element of the output array.

[0042] Regular operations can be decomposed into two types of functions: one function
which is applied to the input data and one function which is applied to the output index.
[0043] For example, a regular unary operation can be expressed as:

Alip, ..., 1n1] = fop(B[fingex(io, .., In-1)]), Where {io, ..., in.1) is @ multidimensional
index, f,p is the data function, e.g., exponentiation, of the operation which is applied to the
data element from the input, and fi,gex is the index function of the operation which maps an
index of the output array to an index of the input array. For example, for each iteration of a
loop, the example compilation system implicitly constructs the index function fj,gex of the
operation in order to determine which element of the input to read. The dimensionality of the
output of fipgex can be different than the input as in, for example, a broadcast operation.
[0044] By expressing regular operations using separate index and data functions, the
example compilation system can easily fuse operations using the composition of these

functions.



[0045] FIG. 3 represents a graphical chain of two regular unary operations, B = opyg(C) and
A =ops (B) 305. As shown, a first regular unary operation can produce the output array B
303b by performing op, on the input array C 303c. A second regular unary operation can
produce the output array A 303a by performing op¢ on the input array B 303b. The operation
opr has data function f,, and index function fi,qex and the operation op, has a data function g,
and index function gjndex-
[0046] The output array A 303a can be expressed as a function of C 303c:
Alio,i1] = fop(8op(Clgindex(Findex(io,11))])).
[0047] This expression fuses ops and op,. The expression is in the form of a composition,
which can be used to fuse any sequence of regular operations.
[0048] To fuse operations, each operation should decompose into data functions and index
functions. Some examples of regular operations decomposed into a data function f,, and an
index function fj,q. are:
(1) Element-wise unary exponentiation operations
fop(x) = exp(x)
findex(0, -+ 5 1n-1) = {0, -y In1}
(2) Transpose
fop(x) =X
finaex(io,11) = {11, Io}
(3) Slice (takes start and end indices)
fop(x) = (%)
findex(i0, --- » 1n-1) = {io+ starto, ..., in.; + start,.; }

[0049] As an example, suppose the code of Table 1 is code to be compiled.

C=..

B = op0(C)
A =opl(B)
D =op2(B)

Table 1
[0050] The compilation system analyzes the computational graph representing the code
using pattern matching. For fusing unary operations, the compilation system searches the
compilation graph and gathers as many regular operations together as possible for fusion. If
an operation selected for fusion is used outside of the fusion operation, the operation will
have to be computed twice - once inside the fusion operation and once outside the fusion

operation.



[0051] For example, the compilation system can use known patterns of operations or
algorithms to find chains of operations that can be fused together. In one example, patterns
may relate to operations provided by a programming language or compiler. In another
example, patterns may be provided with a high-performance libraries wherein the patterns
relate to operations included in the high-performance library. In the example of Table 1,
applying regular unary operation fusion yields:

A = (opl ° 0p0) (C)

D = (op2 ° op0) (C)
[0052] For a non-unary regular operations, e.g., A = op(B,C), the operations can also be
expressed as data functions and index functions. For example, A = op(B,C) may be
represented as:

Alio,..., in1] = fop(B[findexo(os -- -5 In-1)], Clfindgex1(ios ..., 1n-1)]), where fingexo and fingex
may be the same, e.g., in element-wise Add where the index function is the identity, or may
be different, e.g., as in a concatenate and binary operation with broadcast. The same rules of
composition apply to non-unary regular operations. For example, the code of Table 2 may

need to be compiled.

C =opu(D)
A =opiB, C)
Table 2

[0053] If op, has index and data functions gingex and gqp, and opy has fiydex and fo, then the
fusion operation can be expressed as:

Alig, ..., 1n1] = fop(Blfindexo(os - .- » in-1)], op(D[Gindex1Findex1(o, --. , 1n-1))])).
[0054] FIG. 4 illustrates operations of non-unary operations of Table 3 that can be fused

together. Non-unary operations form a graph rather than a chain.

D = Opp(B)

E = Opo(C)

F = Opr(D, E)

G = Ops (E)

A =Opr(F, G)
Table 3

[0055] As disclosed above, in order to find operations that can be fused together, the
compilation system analyzes the computational graph representing the code using pattern

matching. For fusing non-unary operations, the compilation system tries to fuse as many



regular operations as possible subject to a limit on the number of inputs to the fusion
operation. Too many inputs can increase memory usage and hinder performance.
[0056] For example, the compilation system can use known patterns of operations or
algorithms to find operations that can be fused together. In the example of Table 3, applying
regular non-unary operation fusion yields:
Aligs -+ » in-1] = top(Top(Pop(BIb_index]),
qop(C[c_index_0])),
Sop(qop(Clc_index_1])))

where:

b_index = pindex(rindex(tindex(i(), ceey in—l)))
c_index_O = qindex(rindex(tindex(i07 cees in—l)))
c_index_1 = qindex(sindex(tindex(i(), ceey in—l)))

[0057] In this example, Xingex 1s the index function for opy and X, is the data function for
opx. The compilation system constructs this fused representation by traversing all paths in the
graph from A 410 up to the inputs, B 401a and C 401b. Traversing upwards composes the
index functions, from A 410 to Opr405e to Opr 405¢ and Ops 405d and then to Op, 405a
and Opq 405b and finally to inputs B 401a and C 401b. Traversing down composes the data
functions.

[0058] Regular operations can also be fused into some non-regular operations for better
code efficiency. For example, consider the following implementation of column reduction in

Table 4, which is a non-regular operation:

1 linear_index = threadIdx.x + blockldx.x * blockDim.x
2 y_in_tiles = linear_index / width;

3 x = linear_index % width;

4

5

6 partial_result = init_value;

7 for (element_id_in_tile : range(0, kTileSize)) {

8 y =y_in_tiles * kTileSize + element_id_in_tile;

9 if (y in bounds) {

10 partial_result = Reducer(partial _result, input[y][x]);
11}

12 }

13 AtomicReducer(&output[x], partial_result);

Table 4

10




[0059] The column reduction algorithm divides an input matrix into tiles, each of which is
reduced by a thread. Each thread accumulates the partial reduction results to the output
vector. This reduction is not a regular operation because each output element is computed by
multiple threads instead of one. However, the operations that generate the input elements
may be fused into the column reduction if they are regular operations. For example, the input
into the reducer operation on line 10 may be a subtraction between two numbers, a left hand

side of the subtraction operation, lhs[y][x], and a right hand side of the subtraction operation,

rhs[y][x].

1 linear_index = threadIdx.x + blockldx.x * blockDim.x
2 y_in_tiles = linear_index / width;

3 x = linear_index % width;

4

5

6 partial_result = init_value;

7 for (element_id_in_tile : range(0, kTileSize)) {

8 y = y_in_tiles * kTileSize + element_id_in_tile;

9 if (y in bounds) {

10 partial_result = Reducer(partial_result, lhs[y][x] - rhs[y][x]);
11}

12}

13 AtomicReducer(&output[x], partial_result);

Table 5
[0060] Table 5 illustrates fusing the operations that generate the input element into the
column reduction. Line 10 shows the actual input element calculation. By fusing the
calculation into the column reduction, the compilation system generates code that does not
need a separate kernel for subtraction or extra space to hold the subtraction result.
[0061] As disclosed above, in order to find input operations that can be fused together, the
compilation system analyzes the computational graph representing the code using pattern
matching. The compilation system may, for example, fuse element-wise operations, which
are a subset of regular operations, into non-regular operations. Element-wise operations read
the input element at the same index as the output element. Therefore, fusing element-wise

operations does not change the memory access pattern of the non-regular operation.

Library Fusion

[0062] Some hardware vendors provide high performance libraries along with their
hardware. These libraries may contain high performance implementations of operations.

However, the libraries are often closed-source, and/or written with hardware insights that are
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not public. An example compilation system uses these vendor-provided libraries for certain
patterns of computations within a computational graph.

[0063] The example compilation system searches for operations of a computational graph
that can be fused together by analyzing the computational graph representing the code using
pattern matching. For example, the compilation system may improve efficiency by looking
for certain patterns of subgraphs of operations that match known library operations. These
subgraphs can then be replaced in the computational graph with fusion nodes that represent
library operations.

[0064] FIG. 5a illustrates a subgraph of a computational graph representing a transposition
and a dot operation. This subgraph computes an output array, C, by performing a dot
operation on an input array 501a and a transpose operation 505 that transposes an input array
B 501b. The subgraph has the form: C = Dot(A, Transpose(B)) as a pattern that matches a
known library call. This pattern may match a library call from a library provided by an
external hardware vendor.

[0065] FIG. 5b illustrates an optimized version of the subgraph illustrated in FIG. 5a. The
compilation system can use a pattern 525 of a library call that includes input arrays 502a,
502b, a transpose operation 515 and a dot operation to match patterns in the subgraph of FIG.
Sa. After the compilation system matches the pattern 525 of the library call to the subgraph of
Sa, the compilation system can fuse the subgraph into a single fusion library call operation.
The compilation system can then replace the subgraph 5a in the computational graph with a
fusion node 530 that represents the single fusion library call. During code generation, the
compilation system translates the fusion node into the library call that performs all the fused
operations to produce efficient compiled code.

[0066] FIG. 6a illustrates a pattern representing backward filter convolution. The pattern
matches a convolution operation 605 on activations A 601a and gradients G 601b followed
by a transposition operation 610. If a computational graph includes this pattern, the
compilation system can fuse the subgraph representing the backward filter convolution into a
single fusion operation and replace the subgraph in the computational graph with a single
fusion node that represents the single fusion backward filter convolution operation.

[0067] FIG. 6b illustrates a pattern representing backward input convolution. The pattern
matches a convolution operation 640 of gradients G 602a and a mirrored filter F 602b, which
is generated by the reverse operation 630. If a computational graph includes this pattern, the

compilation system can fuse the subgraph representing the backward input convolution into a
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single fusion operation and replace the subgraph in the computational graph with a single
fusion node that represents the sing fusion backward input convolution operation.

[0068] Once a compilation system replaces subgraphs within computational graphs with
fusion nodes, the compilation system can translate the fusion nodes into calls that perform all
the fused operations. This process produces code that is more efficient than code that is
compiled one operation at a time.

[0069] Embodiments of the subject matter and the functional operations described in this
specification can be implemented in digital electronic circuitry, in tangibly-embodied
computer software or firmware, in computer hardware, including the structures disclosed in
this specification and their structural equivalents, or in combinations of one or more of them.
Embodiments of the subject matter described in this specification can be implemented as one
or more computer programs, i.e., one or more modules of computer program instructions
encoded on a tangible non-transitory storage medium for execution by, or to control the
operation of, data processing apparatus. The computer storage medium can be a machine-
readable storage device, a machine-readable storage substrate, a random or serial access
memory device, or a combination of one or more of them. Alternatively or in addition, the
program instructions can be encoded on an artificially-generated propagated signal, e.g., a
machine-generated electrical, optical, or electromagnetic signal, that is generated to encode
information for transmission to suitable receiver apparatus for execution by a data processing
apparatus.

[0070] The term “data processing apparatus” refers to data processing hardware and
encompasses all kinds of apparatus, devices, and machines for processing data, including by
way of example a programmable processor, a computer, or multiple processors or computers.
The apparatus can also be, or further include, special purpose logic circuitry, e.g., an FPGA
(field programmable gate array) or an ASIC (application-specific integrated circuit). The
apparatus can optionally include, in addition to hardware, code that creates an execution
environment for computer programs, e.g., code that constitutes processor firmware, a
protocol stack, a database management system, an operating system, or a combination of one
or more of them.

[0071] A computer program, which may also be referred to or described as a program,
software, a software application, an app, a module, a software module, a script, or code, can
be written in any form of programming language, including compiled or interpreted
languages, or declarative or procedural languages; and it can be deployed in any form,

including as a stand-alone program or as a module, component, subroutine, or other unit
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suitable for use in a computing environment. A program may, but need not, correspond to a
file in a file system. A program can be stored in a portion of a file that holds other programs
or data, e.g., one or more scripts stored in a markup language document, in a single file
dedicated to the program in question, or in multiple coordinated files, e.g., files that store one
or more modules, sub-programs, or portions of code. A computer program can be deployed
to be executed on one computer or on multiple computers that are located at one site or
distributed across multiple sites and interconnected by a data communication network.
[0072] The processes and logic flows described in this specification can be performed by
one or more programmable computers executing one or more computer programs to perform
functions by operating on input data and generating output. The processes and logic flows
can also be performed by special purpose logic circuitry, e.g., an FPGA or an ASIC, or by a
combination of special purpose logic circuitry and one or more programmed computers.
[0073] Computers suitable for the execution of a computer program can be based on
general or special purpose microprocessors or both, or any other kind of central processing
unit. Generally, a central processing unit will receive instructions and data from a read-only
memory or a random access memory or both. The essential elements of a computer are a
central processing unit for performing or executing instructions and one or more memory
devices for storing instructions and data. The central processing unit and the memory can be
supplemented by, or incorporated in, special purpose logic circuitry. Generally, a computer
will also include, or be operatively coupled to receive data from or transfer data to, or both,
one or more mass storage devices for storing data, e.g., magnetic, magneto-optical disks, or
optical disks. However, a computer need not have such devices. Moreover, a computer can
be embedded in another device, e.g., a mobile telephone, a personal digital assistant (PDA), a
mobile audio or video player, a game console, a Global Positioning System (GPS) receiver,
or a portable storage device, e.g., a universal serial bus (USB) flash drive, to name just a few.
[0074] Computer-readable media suitable for storing computer program instructions and
data include all forms of non-volatile memory, media and memory devices, including by way
of example semiconductor memory devices, e.g., EPROM, EEPROM, and flash memory
devices; magnetic disks, e.g., internal hard disks or removable disks; magneto-optical disks;
and CD-ROM and DVD-ROM disks.

[0075] To provide for interaction with a user, embodiments of the subject matter described
in this specification can be implemented on a computer having a display device, e.g., a CRT
(cathode ray tube) or LCD (liquid crystal display) monitor, for displaying information to the

user and a keyboard and a pointing device, e.g., a mouse or a trackball, by which the user can
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provide input to the computer. Other kinds of devices can be used to provide for interaction
with a user as well; for example, feedback provided to the user can be any form of sensory
feedback, e.g., visual feedback, auditory feedback, or tactile feedback; and input from the
user can be received in any form, including acoustic, speech, or tactile input. In addition, a
computer can interact with a user by sending documents to and receiving documents from a
device that is used by the user; for example, by sending web pages to a web browser on a
user’s device in response to requests received from the web browser. Also, a computer can
interact with a user by sending text messages or other forms of message to a personal device,
e.g., a smartphone, running a messaging application, and receiving responsive messages from
the user in return.

[0076] Embodiments of the subject matter described in this specification can be
implemented in a computing system that includes a back-end component, e.g., as a data
server, or that includes a middleware component, e.g., an application server, or that includes a
front-end component, e.g., a client computer having a graphical user interface, a web
browser, or an app through which a user can interact with an implementation of the subject
matter described in this specification, or any combination of one or more such back-end,
middleware, or front-end components. The components of the system can be interconnected
by any form or medium of digital data communication, e.g., a communication network.
Examples of communication networks include a local area network (LAN) and a wide area
network (WAN), e.g., the Internet.

[0077] The computing system can include clients and servers. A client and server are
generally remote from each other and typically interact through a communication network.
The relationship of client and server arises by virtue of computer programs running on the
respective computers and having a client-server relationship to each other. In some
embodiments, a server transmits data, e.g., an HTML page, to a user device, e.g., for
purposes of displaying data to and receiving user input from a user interacting with the
device, which acts as a client. Data generated at the user device, e.g., a result of the user
interaction, can be received at the server from the device.

[0078] In addition to the embodiments of the attached claims and the embodiments
described above, the following numbered embodiments are also innovative:

[0079] Embodiment 1 is a method comprising: obtaining an un-optimized computational
graph comprising a plurality of nodes representing operations and directed edges representing
dependencies; analyzing the un-optimized computational graph using pattern matching to

determine fusable operations that can be fused together into a single fusion operation;
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transforming the un-optimized computational graph into an optimized computational graph
by replacing the nodes representing the fusable operations in the un-optimized computational
graph with a fusion node representing the single fusion operation; and providing to a
compiler the fusion node of the optimized computational graph that the compiler can translate
as a call that performs the fused operations to produce efficient code.

[0080] Embodiment 2 is the method of embodiment 1, further comprising: providing the
efficient code to computing devices for execution.

[0081] Embodiment 2 is the method of embodiment 2, wherein execution includes:
executing the operations of the computational graph including the single fusion call that
performs all fused operations.

[0082] Embodiment 4 is the method of any one of the embodiments 1 through 3, wherein
analyzing the un-optimized computational graph using pattern matching to determine fusable
operations that can be fused together into a single fusion operation includes: comparing
portions of the un-optimized computational graph with patterns of operations that each
correspond to a single fusion operation; determining that a pattern matches a portion of the
un-optimized computational graph; and determining that the matching portion of the un-
optimized computational graph can be replaced in the computational graph with the single
fusion operation corresponding to the matching pattern.

[0083] Embodiment 5 is the method of any one of the embodiments 1 through 4, wherein
the single fusion operation is an external code library operation.

[0084] Embodiment 6 is the method of any one of the embodiments 1 through 5, wherein
the single fusion operation is a loop operation.

[0085] Embodiment 7 is the method of any one of the embodiments 1 through 6, wherein
analyzing the un-optimized computational graph using pattern matching to determine fusable
operations that can be fused together into a single fusion operation includes: searching the un-
optimized computational graph for an input operation that requires computations to produce
the input; and determining that the input operation can be replaced in the computational graph
with a single fusion operation corresponding to the computations required to produce the
input.

[0086] Embodiment 8 is the method of any one of the embodiments 1 through 7 wherein
the fusable operations are regular operations.

[0087] Embodiment 9 is the method of any one of the embodiments 1 through 8 wherein

the fusable operations are regular operations that are fused into non-regular operations.
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[0088] Embodiment 10 is the method of any one of the embodiments 1 through 9 wherein
analyzing the un-optimized computational graph using pattern matching to determine fusable
operations that can be fused together into a single fusion operation includes: finding a
sequence of operations in a computational graph using a sequencing algorithm; and
determining that the operation sequence can be fused together using composition into a single
fusion operation.

[0089] Embodiment 11 is a system of one or more computers and one or more storage
devices storing instructions that are operable, when executed by the one or more computers to
cause the one or more computers to perform the operations of any one of the embodiments 1-
10.

[0090] Embodiment 12 is one or more non-transitory computer-readable storage mediums
comprising instructions stored thereon that are executable by a processing device and upon
such execution cause the processing device to perform the operations of any one of the
embodiments 1-10.

[0091] While this specification contains many specific implementation details, these should
not be construed as limitations on the scope of any invention or on the scope of what may be
claimed, but rather as descriptions of features that may be specific to particular embodiments
of particular inventions. Certain features that are described in this specification in the context
of separate embodiments can also be implemented in combination in a single embodiment.
Conversely, various features that are described in the context of a single embodiment can also
be implemented in multiple embodiments separately or in any suitable subcombination.
Moreover, although features may be described above as acting in certain combinations and
even initially be claimed as such, one or more features from a claimed combination can in
some cases be excised from the combination, and the claimed combination may be directed to
a subcombination or variation of a subcombination.

[0092] Similarly, while operations are depicted in the drawings in a particular order, this
should not be understood as requiring that such operations be performed in the particular
order shown or in sequential order, or that all illustrated operations be performed, to achieve
desirable results. In certain circumstances, multitasking and parallel processing may be
advantageous. Moreover, the separation of various system modules and components in the
embodiments described above should not be understood as requiring such separation in all
embodiments, and it should be understood that the described program components and
systems can generally be integrated together in a single software product or packaged into

multiple software products.
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[0093] Particular embodiments of the subject matter have been described. Other
embodiments are within the scope of the following claims. For example, the actions recited
in the claims can be performed in a different order and still achieve desirable results. As one
example, the processes depicted in the accompanying figures do not necessarily require the
particular order shown, or sequential order, to achieve desirable results. In some cases,

multitasking and parallel processing may be advantageous.

18



WHAT IS CLAIMED IS:

1. A method comprising:

obtaining an un-optimized computational graph comprising a plurality of nodes
representing operations and a plurality of directed edges representing data dependencies between
the operations;

analyzing the un-optimized computational graph using pattern matching to determine
fusable operations that can be fused together, wherein each fusable operation of the fusable
operations is decomposed into an index function and a data function;

generating a single fusion operation using a composition of the index functions and the
data functions for the fusable operations;

transforming the un-optimized computational graph into an optimized computational
graph, by replacing the plurality of nodes representing the fusable operations in the un-optimized
computational graph with a single fusion node representing the single fusion operation; and

providing, to a compiler, the optimized computational graph including the single fusion
node that the compiler can translate as a call that performs the single fusion operation to produce

efficient code at a code generation phase of compilation.

2. The method of claim 1, further comprising: providing the efficient code to computing devices

for execution.

3. The method of claim 2, wherein execution includes: executing fusion operations of the

optimized computational graph including the call that performs the single fusion operation.

4. The method of claim 1, wherein analyzing the un-optimized computational graph using
pattern matching to determine fusable operations that can be fused together includes:

comparing portions of the un-optimized computational graph with patterns of operations
that each correspond to a single fusion operation;

determining that a pattern matches a portion of the un-optimized computational graph;
and

determining that the matching portion of the un-optimized computational graph can be
replaced in the optimized computational graph with the single fusion operation corresponding to

the matching pattern.

5. The method of claim 1, wherein the single fusion operation is a loop operation.

19



6. The method of claim 1, wherein analyzing the un-optimized computational graph using
pattern matching to determine fusable operations that can be fused together includes:

searching the un-optimized computational graph for a node representing a fusable
operation that takes as input an output generated by a chain of operations represented by a chain
of nodes in the un-optimized computational graph; and

determining that the chain of operations can be replaced in the optimized computational
graph with a single fusion operation corresponding to the chain of operations required to produce

the input.

7. The method of claim 1, wherein the fusable operations are regular operations.

8. The method of claim 1, wherein the fusable operations are regular operations that are fused

into non-regular operations.

9. The method of claim 1, wherein analyzing the un-optimized computational graph using
pattern matching to determine fusable operations that can be fused together includes:

finding a sequence of operations in a computational graph using a sequencing algorithm;
and

determining that the sequence of operations that can be fused together using composition

into a single fusion operation.

10. A system comprising:

one or more computers; and

one or more storage devices storing instructions that are operable, when executed by the
one or more computers, to cause the one or more computers to perform operations comprising:

obtaining an un-optimized computational graph comprising a plurality of nodes
representing operations and a plurality of directed edges representing data dependencies between
the operations;

analyzing the un-optimized computational graph using pattern matching to determine
fusable operations that can be fused together, wherein each fusable operation of the fusable
operations is decomposed into an index function and a data function;

generating a single fusion operation using a composition of the index functions and the

data functions for the fusable operations;
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transforming the un-optimized computational graph into an optimized computational
graph, by replacing the plurality of nodes representing the fusable operations in the un-optimized
computational graph with a single fusion node representing the single fusion operation; and

providing, to a compiler, the optimized computational graph including the single fusion
node that the compiler can translate as a call that performs the single fusion operation to produce

efficient code at a code generation phase of compilation.

11. The system of claim 10, wherein the operations further comprise: providing the efficient

code to computing devices for execution.

12. The system of claim 11, wherein execution includes: executing fusion operations of the

optimized computational graph including the call that performs the single fusion operation.

13. The system of claim 10, wherein analyzing the un-optimized computational graph using

pattern matching to determine fusable operations that can be fused together includes:

comparing portions of the un-optimized computational graph with patterns of operations
that each correspond to a single fusion operation;

determining that a pattern matches a portion of the un-optimized computational graph;
and

determining that the matching portion of the un-optimized computational graph can be
replaced in the optimized computational graph with the single fusion operation corresponding to

the matching pattern.

14. The system of claim 10, wherein the single fusion operation is a loop operation.

15. The system of claim 10, wherein analyzing the un-optimized computational graph using
pattern matching to determine fusable operations that can be fused together includes:
searching the un-optimized computational graph for a node representing a fusable
operation that takes as input an output generated by a chain of operations represented by a chain
of nodes in the un-optimized computational graph; and
determining that the chain of operations can be replaced in the optimized computational
graph with a single fusion operation corresponding to the chain of operations required to produce

the input.

16. The system of claim 10, wherein the fusable operations are regular operations.
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17. The system of claim 10, wherein analyzing the un-optimized computational graph using
pattern matching to determine fusable operations that can be fused together includes:
finding a sequence of operations in a computational graph using a sequencing algorithm;
and
determining that the sequence of operations that can be fused together using composition

into a single fusion operation.

18. One or more non-transitory computer-readable storage media comprising instructions stored
thereon that are executable by a processing device and upon such execution cause the processing
device to perform operations comprising:

obtaining an un-optimized computational graph comprising a plurality of nodes
representing operations and a plurality of directed edges representing data dependencies between
the operations;

analyzing the un-optimized computational graph using pattern matching to determine
fusable operations that can be fused together, wherein each fusable operation of the fusable
operations is decomposed into an index function and a data function;

generating a single fusion operation using a composition of the index functions and the
data functions for the fusable operations;

transforming the un-optimized computational graph into an optimized computational
graph, by replacing the plurality of nodes representing the fusable operations in the un-optimized
computational graph with a single fusion node representing the single fusion operation; and

providing, to a compiler, the optimized computational graph including the single fusion
node that the compiler can translate as a call that performs the single fusion operation to produce

efficient code at a code generation phase of compilation.
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