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of the Invention.

The invention relates generally to methods for

modeling physical systems using finite element analysis

and, more specifically, to methods for solving finite
element models wherein the matrix that controls the
solution for the model is configured to maintain the

properties of monotonicity and linearity preservation.

Background of the Invention.

[0003]

Physical systems can be modeled mathematically to

simulate their behav1or underx certaln condltlons. There

‘are a wide. varlety of means to model these systems,

ranging from the very siwmplistic to the extremely
complicated. One of the more sophisticated means to
model physical systems is through the use of finite
element analysis. As the name implies, finite element

analysis involves the representation of individual,

Inite elenent analysis
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[0005]
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behavior of fluids.

Traditional finite difference techniques and finite
element techniques using streamlined, upwinding methods
are typically used to simulate the production of oil in
a reservoir. While each of these technigues has its own
advantages, it also has its own disadvantages.

Generally speaking, the finite difference techniques
produce physically realistic results, but they are not
very accurate. The finite element techniques, on the
other hand, are more accurate, but they produce results.

which are not physically realistic.

As a result of their respective disadvantages, both
the finite difference techniques and finite element
techniques which are conventionally used normally
require a great deal of computer resources. In the case
of finite difference techniques, reasonable accuracy can
be achieved, but this requires many more nodes then
would be necessary in a finite element model. This
increases the amount of memory and CPU time which are
needed to compute an accurate solution. In the case of
finite element techniques, comparable accuracy can be

achieved with fewer nodes, but the solutions may not be

many



I ncreases the anmount of nmenory and CPU tinme which are needed to conpute an
accurate solution. In the case of finite elenent techniques, conparable ;.
accuracy camobzosiechi eved with fewer nodes, but the sol utPoresamyranot be WO
02103103 PCT/ USOL/ 20742 3 realistic. F8r exanple, concentrations may be
nore than 100 percent, or perneabilities may be negative.
Consequently,.there may be probl ens-.for which the solution does not
converge, or forresiisbithe Bot uexampleynyoncentrgeiomns mayt dd yore than
These. t echni que re _therefore less.rel.iable and may require a |arge
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I nvention conprises systens and nethods for solving Tinite el enent nodels,
wherein the matrix that governs the solution is nodifjed sqo that it
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the amount of computer resources which are necessary to
generate acceptable solutions, it would be desirable to
provide a niethod for modeling systems such as oil
reservoirs which reliably produces accurate, realistic

solutions for these systems.
Summary of the Invention

[0007] ‘One or more of the problems outlined above may be
solved by the various embodiments of the: invention.
Broadly speaking, the invention comprises systems and
methods for solving finite element models, wherein the
matrix that governé the solution is modified so that it
satisfies the properties of monotonicity and
preservation of linearity; This is accomplished by
adjusting the weighting coefficients of the matrix so
that the elements which lie on the diagonal of the
matrix are non-negative and the eiements which are off
the diagonal are non-positive. This causes the solution
to be both more accurate than traditional finite
difference technigques and more reéiistic than

traditional finite element techniques.
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that the el enents which lie on the diagonal of the matrix are non-negative
and“the el enents which are off the diagonal are non-positive. This causes
the sol uti gy miSede both nore accurate than traditional pépigeRnedsfference
t echni ques ang nore realistic than traditional finite el ement techniques.
WO 02103103 PCTI USO01/ 20742 4 [0008] The prre&nt techni ques may provide
various advantages over the prior art. For instanceé, because the present

techni quegoabg) Mor eal Grudear thenhiahey iy pebfiddiwasiodd ch are required
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traditional finite element techniques. The present
techniques are therefore generally faster, more
accurate, less resource-intensive and more reliable than

prior art techniques.

{oo09] One embodiment of the present invention comprises a
method for generating a solution for a modeled system
using finite element techniques, wherein the system is
discretized on a finite element mesh and wherein the
contribution of each node to the discretization is
weighted based upon the direction of fluid flow across
each element. The contributions are weighted to favor
the nodes which are upstream from the other nodes of the
regpective elements. Weighting the contributions of the
nodes in this manner causes the resulting matrix to be
essentially diagonal. That is, the elements which lie
on the diagonal of the matrix are emphasized, while the
elements which are off the diagonal are de-emphasized.
Once the matrix has been modified in this manner, it is
solved using traditional techniques.

[0010] An alternate embodiment of the present invention
comprises a method for modeling the flow of multiphase

fluids in an oil resexrvoir. 1In this embodiment, a four



respective elenments. Weighting the contributions of the nodes in this
manner causes the resulting matrix to be essentially diagonal. That is, |,
the el ensgpeidibsh |ie on the diagonal of the matrix aperesphreskzed, whi | €
the elements which are off the diagogal are de-enphasized. Once the
matri x has been nodified in this manner, it is solved using traditional
techni ques. [00101 An alternate embodi nent of the present invention
conprises a my;hadshg aimé%iw d1ndrltoweah EB&:":éE%@ﬁ&‘i nd |46 dhd Bian oi |
reservoir. In thrs enmbodinent, a four WO 02/ 03103 PCTI USO1/ 20742 5
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then assenbl ielgment wbvahgrtmowﬁlmnn@ﬁﬁﬁgoﬁr bhetweplal ang itheme el enent

techni ques. In th| 0 Qﬁ%& e jhe finite

el enment oper atBee rrg‘gl g'lélgﬁg 1w"g§é§%1ﬂ I gg" hggﬁ%u?#%%f‘%ﬁg{%al ue of the
finite eIenFthmﬁﬁkahﬂemhnt Eechniquhﬁ diTmi &hng ehbediment ues into a set of
positive valu d,.a, set es tr] dual to
t he nodes %ﬁ%l’f&?ufén?hg{iﬂi hét‘f‘alg °e€r§§’te f% i g&ﬁ‘%asfgz&%aﬁ%?

of f - di agonal tsésanﬁoﬁcheachoa:pemem aompagény thpevalm dforthehe - :
mat ri x. [0011] Another al t ernat e enbogdi ment .of t.he res&b |nvent|on

conprises a sdfifide SHEEERE CRATRHCT sSFniife #°9Cn hese

readable
medi um The sofdM@lee iRiteddCbet of positive values and a set of

negative values, distributing the residual to the nodes

to emphasize the diagonal elements and de-emphasize the
off-diagonal elements and then computing a tangent

operator for the matrix.

[o011] Another alternate embodiment of the present
invention comprises a software product which is embodied -
in a computer readable medium. The software product
comprises a:plurality of instructions which are
configured to cause a computer or any other data
processor to perform the steps of a method in accordance
with the present disclosure. The computer readable
medium may comprise any of a number of different media, .
including but not limited to CD ROMs, DVDs, £loppy
disks, computer memories, magnetic tapes, etc. Still
another alternate embodiment of the present invention
comprises a computer system which is configured to
perform the steps of a method in accordance with the
present disclosure. The computer system may be
programmed to periorm such a method by instructions

which are contained in hardware, firmware or software.
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conprises a plurality of instructions which are configured to cause a
conputer or any other data processor to performthe steps of a nethod in

accordance wyobdsibde present disclosure. The conputer alq:tal%s% d| um may
conpri se any o? a nunber of different di a, |nclud|ng b not fited to

CD ROVs, DVDs, floppy disks, conputer nories, magnetic tapes, etc. Stil
anot her aIternate enbodi nent of the present invention conpri ses a conputer

syst em whi con uregto erf s of ,a et hod |n accordance
with the Egbe]szén F\ljug[e ﬁﬁ ﬁ’g veemet‘&?dﬁgl ‘8 to
perform such a peickdiblby |nstruct|ons whi ch are contained in hardmare,
firmvare or softmare WO 02/ 03103 PCT/ USQOL/ 20742 6 [0012]

Nuner o+s" al&ﬁrnat ?podlnents are also possible. Brief
Descrlptlon(ﬁ SR d@fﬁ CFHB? obj ects and advant ages of the

I nvention may becone apparent upon reading the follow ng detail ed
descri pti obotrsd upodthefeckjeetd (arfdhadaanbm)dfng:hedﬁ.awen’gﬁon [344] Fl GURE

1is a diagrami IIustratln S ces r.ee [ 0015]
FIGRE 2 1o a ESGPHR RPPOSeTL ey EReting fthe M Lot ER AL ual

val ues in the pligsiceaptiystad apda kefesehdd i )T hge aeEainpanyndJ
traditional finite elenent techniques and techni ques according to the

present i nvent SER¥IAgS-
[0014] FIGURE 1 is a diagram illustrating simplices in two

and three dimensions.

[0015] FIGURE 2 is a diagram illustrating the difference
between the actual values in the physical system and the
solutions generated using traditional finite element
techniques and techniques according to the present

invention.

[0016] FIGURE 3 is a diagram illustrating the flow of fluid

across a first two-dimensional simplex element.

[0017] FIGURE 4 is a diagram illustrating the flow of fluid
acrosa the first two-dimensional simplex element in a

direction opposite the flow illustrated in FIGURE 3.

[0018] FIGURE 5 is a diagram illustrating the flow of fluid

across a second two-dimensional simplex element.

{o019] FIGURE 6 is a diagram illustrating the flow of Ffluid
across the second two-dimensional simplex element in a

direction opposite the flow illustrated in FIGURE 5.

[0020] FIGURE 7 is a diagram illustrating a two-dimensional

projection of a time-space domain.



[0016] FIGURE 3 is a diagramillustrating the flow of fluid across a first
t wo- di nensi onal sinplex element. [0017] FIGURE 4 is a diagramillustrati'ng

the flowwéodhddosd across the first two-di nensional sinpé&fysalengnt in a
direction opposite the flowillustrated in FIGURE 3. [0018] FIGURE 5 is a

diagramillustrating the flow of fluid across a second two-di nensional
sinplex elenent. [00191 FIGURE 6 is a diagramillustrating the flow of
fluid a3y thergeoRRds tv®-«ifIRAS doBgkami DDl estRdEIRNla Meéthoddinect i on
opposite the flowillustrated in FI GQURE S. %20204 FIGURE 7 is a,diagram
illustrating 2°CREIANGRIEHhAne SMbrddireBh of the iRReasRic dTYSRELAT: WO

02/ 03103 PCT/ USOL/ 20742 7 [0021] FIGURE 8 is a flow diagramillustrating a

net hod ipo2agcor dRREEe Whé DRerfToadhBEBUbPéct heo preadiviis | nvention. [ 0022]
While the invention is, subject to variqQus nodifications and alternative

forms, specifPPAiEiERELARMIANY RditssakigeshotHe byPREEI TGS exanpl e in the

drawi ngs and th®ocasmeARa NhdEedteladiel @lolfiSEy| Way WE diamgkRouhdehe
under st ood, however, that the draw ngs and_ detailed description_are not
i ntended to | d¥pwinge and e jascampapydngadetaided degsadipbder-whifEh is

descri bed. ThisEOQFactgsmef&A&f,t eRMelBLeNERE: tOn& Wilwird afRdi fications,
equi val ents and alternatives falling mﬁtﬁin the scope of the present
i nvention as detradedbdesehniotinre aged notaintended 25¢ cblrbds d&hiept i on of a

Preferred EUbQiRRY h0P33nd SH:AiSHASS SHBBALABAL wiidiad nvention is

descri bed
described. This disclosure is instead intended to cover

all modificatibns, equivalents and alternmatives falling
within the scope of the present invention as defined by

the appended claims.
Detailed Description of a Preferred Embodiment

[0023] A preferred embodiment of the invention is described
" below. It should be noted that this and any other
embodiments described below are exemplary and are
intended to be illustrative of the invention rather than

limiting.

[0024] Broadly speaking, the inventidn comprises methods
for solving finite element models, wherein the solution
is guaranteed both to be monotonic and to satisfy
linearity preservation. This ensures that the solution
will be both accurate and realistic. The monotonicity
and the linearity of the solution are ensured by
generating a matrix for the solution of the finite
element model such that the elements of the matrix which
are on the diagonal are non-negative, and the elements
which are off-diagonal are non-positive. This matrix

can then be solved using conventional finite element



below. It should be noted that this and any other enbodi nents descri bed
bel ow are exenplary and are intended to be illustrative of the invention
rather than Jimting. [0024] Broadly speaking, the inventig ri ses

met hods ford’é@'{ﬁ‘ﬁg finite el enent nodels, wherein the S%FE}#@%'W“ S

guar anteed both to be nobnotonic and to §%tisfy | i nearity preservation.
Thts ensures that the solution wll be both accurate and realistic. The
nonotonicity and the linearity of the solution are ensured by , generating
a matrix for theteERRAGRRE J° Bﬁ@eFPF?tEPeeg%ﬁﬁﬁﬁﬁ1ﬁESEFa§%cHr?§k&éaﬂ?e

el ements of the gBiftXohich are on the diagonal are non-negative, and the
el ements which are off-diagonal are non-positive. This matrix can then be
sol ved using conventional finite el epgent WO 02103103 PCT/11S01/ 20742 8

t echni ques 92§dner atlee (B PEHBALR REAEAS @ PPEPEE oL AWMAHRIS0025)
The present net hggdsrPEAYAAS NUFRRI LT PANAY GRS FiAYES 4fSelddral finite
elenment and finite difference techniques. As indicated above, the present
met hods provi detedenb@ess acpsofindi aated have #beepeeesphtmethadmi ques

wi t hout the disa f | SEi L)oh atels o) | .
Simlarly, the pgggg%%gﬁg% 53%9&%? v§§35?ﬁ3's?§%P|??§98§ %y% Itional finite

difference techhequabqued Iwithouti theglismivantegesr ofcunrerlistig026] The
accuracy and reablsi pLoul I% QL L. P8R Yarif! BRESpkERthd Gty Onal

advantages in the U
provide the stability of traditional finite difference

techniques while providing much greater accuracy.

[0026] The accuracy and realism provided by the present
methods lead to additional advantages in the utilization
of computer resources. For example, the present methods
may allow for faster generation of solutions for
physical systems. This is a result of several things.
First, because the solution is physically realistic, it
does not oscillate, and consequently tends to converge
more rapidly. Further, because generation of the
solution using the present methods typically requires
less iterations and is faster than traditional finite
element techniques, less CPU time is required to
generate the solution. The present methods may also use
less memory than traditional techniques. Because the
present methods are generally more accurate than
traditional finite difference techniques, is not
necegsary to use as many nodes to model the physical
system. Consequently, less memory is required to store
the model (and less CPU time is required to compute a
golution based on these nodes.) the present methods may
also be more reliable than traditional techniques. The
oscillation of solutions generated using traditional



of conputer resources. For exanple, the present nethods may allow for
faster generation of solutions for physical systens. This is a result of
several $WiMses First, because the solution is physi C%k:‘r)ﬁsﬁﬁﬂuzs'[ ic, it
does not oscillate, and consequently dends to converge nore rapidly.
Further, because generation of the solution using the present nethods
typically requires less iterations and is faster than traditional finiter

el enent techni I ' S T ined to g he sol ution. The
pr esent nethg%s%%%§e%%%%ngsgggbgggﬁﬁ%nnsg f%%ﬁoﬁfagﬁgﬁgég é‘techniques.
Because the presmt anebloationr Erge moratdngimgr ataatlc atAstmatred tradi ti ona
finite difference technigues,.is not. necessary to,use a ny_ _nodes to
nodel the ph Ntk %&?s g e%n@%%}b%‘?ﬁ IRF,O"T:L S%REH‘BW?FS‘%P%%U% to store
tﬂe nrodeljI (a)rxbd#mi@wet.grre ir:]hzyedwimﬁﬂldsugaapat beaweeﬂlbféémr‘fsﬁiased on

t hese nodes.) the present. nmethods may , al so be more re]jabl e than

{radi t]onal 18R YHR S neh BOLUELORT AR SFes ook PORELhbact e iR ng
traditional \MIIRAiQGREOFiRETHLBOIBLP dohveddd.nite el enent techniques may, in

sone. i nstances, prevent a solution fromconverging at all. As noted
above, resent t hods Erovide splutions which are  realisti¢c (e.qg.,

he
t hey dobﬁﬁ sci I ddndEe el ameRt  pqeling the FRILIGRJIERAE A§ &R Bfhich are
not. possibl eynalsrddas sbkbhORS Mhitd dill-irallivneoByeleg. eldieds.i n finite

el ement nodeling, the region that is to be ,analyzed is broken up into
sub-regi ons cBHRPracERHEnPE. dividing the region into sub-regions may

be referred to as discretization oxr mésh generation.

The region is represented by functioné defined over each
element. This generates a number of local functions
that are much"simpler than those whidh'would be regquired
to represent the entire region. The ﬁéxt'step is to.
analyze the response for each element. This is
accomplished by building a matrix théﬁ defines the
properties of the various elements within the region and
a vector that defines the residuals aéting on each
element in the domain. Once all the element matrices
and vectors hafe been created, they are combined into‘a
matrix equation. After applying boundary conditions, the
matrix equation can be solved to obtain unknown nodal
responses. Intra-element responses can be interpolated
from nodal values using the functions which were defined

ovexr each element.

[o028] The following description of one embodiment of the
present method relates to the modeling-bf oil
reservoirs. This embodiment is intended to be
exemplary, and it should be noted that the present
methods may be applied to a variety of'physical systems,

such as flow over aircraft, weather prediction, flow




. This process of dividing the region into sub-regions may be referred to
as discretization or nesh generation. The region is represented by

functions defg@fgiaver each element. This generates a NUpERisdlzera9Ca
functions that are much sinpler than t{yse which would be required to

represent the entire region. The next step is to. analyze-the response for
eath elenent. This is acconplished by building a matri x that defines the

properties of trﬁl}%f*ghg ?&%ﬁ%%%r&%ﬂé%o’ﬁ %ggif‘%g{ Oéhd’"rlﬂ:he@ vect or that

defines the res cting on e enen he domain. Once all the
el ement matri cesindustniedt dluifabovreeThisedtist, of mpytemtdadonbi ned into a

matri x equation._Aft.er | yi.ng, boundary .conditi.ons, the trix, equation
can be sol ved to?%ﬁﬁ%ﬁqg%ﬁﬁﬁnngt$%xﬁﬁes 538%%@% s *?ﬂﬁé%ﬁ?ﬁ%ﬁeﬁ? ?%sponses
can be interpol at Ethstiragdwveogatheel tlem Udmigihge functions which were
defined over each elenent. [0028] The foll ow ng description of one

enbodi nent e esen thod rel ates tq the delin of oil )
reservoi rs.[8§%§£ en@g}ﬂ ﬁﬁgﬁ?ﬁg ? t%rﬁﬁfeef5e§ee%@?<‘gﬁﬁr§r ﬁl&nggi #*&houl d be
noted that the pfesgntbeldmthoms mEy Hee RAPEuR] howeavamr itet ¥ipktphysi cal
systenms, such gingOM/over aircraft, weather prediction, flow Wc)
02103103 PCTI US89 2 L8 ERFBRigh i nfal conbustion engines] and ot her

i ndustrial fluid flows. This list of potential applications of the present

met hods i s[pbotended A aidde ibl hupdind e spacber thafiditd Elegent
modeling, nodes form the vertices of the elements which
are modeled. The nodes also form part of a mesh of
nodes and edges which define the boundaries between

elements in the modeled space.

[0031] An edge is a line between two nodes which form
vertices of an element. The edges form part of the mesh
which defines the boundaries between elements in the

modeled space.

[0032} A simplex is a spatial configuration of n dimensions
determined by n + 1 points in a space of dimension equal
to or greater than n. 1In other words, a—simplex is a
geometric spatial element having the minimum number of
boundary points necessary to enclose a space in a given
number of dimensions. For example, in two dimensions,
a simplex comprises a triangle, together with the
interior area bounded by the triangle {see FIGURE 1.)
Two points are insufficient to form a simplex in two-
dimensional space because no area is bounded by the
points (and the lines which intercomnnect them.) While
four points may be sufficient to bound a two-dimensional
area, they do not comprise the minimum number of

boundary points by which the two-dimensional area can be



[0029] The details of a preferred enbodinent will be set forth below It
may be hel pful, however, to first define a fewterns. [0030] A node is-a_
poi Nt i Nyapawies! N finite el enent nodeling, nodes forpdyrgseyBess ceS of the
el ements which are nodel ed. The nodgg al so formpart of a mesh of nodes
and edges which define the boundaries between elenents in the nodel ed
space. [0031] An edge is a line between two nodes which form wvertices of -
an elenent. T, s.f rt S [ . £l e_boundari es
bet ween eIeneﬁ?%ﬁgﬁgthéﬂ&E%ggféggéﬁggg9ﬂ%bgﬁél k E?ﬁpog§§ﬁgég %patial

conf i gur at i ontetrahetirmnsiwhish det bounded My flowr veptiices i(aea space of

di nensi on equ r egter than n. in other rds, a-sinplex is a
geonetric sgag#gvk‘%ﬁé&en?f thﬂurxfgdtlﬁ“émﬁ%%? M \ébfr%onbmggﬁﬁa r? poi nts
necessary to hypévisetralsghon i(Bomeyiven refewsd ddo dismankhipasteEpr exanpl e,
In two di nensj ons , Sinplex conprises a triangle, together with the
interior areahﬁ ﬁﬂ%é%”ﬁ?qgﬁglFFﬁgﬁgle (see FIGU%E 1.) ngn points are
insufficient to forma sinplex in two- dinmensional space because no area is
bounded [op38he poimésh (ind dadlecbdéonwhf cél endrareC abidaectEilhesn ) While four
poi nts may be sufficient to.bound a two-di nensional area thegmdo not

conpri se the FPAFHuUmM RISMent s AbS  FeRT R AN Vih PEh 3t A¥St

t wo- di mensi onghidh efegideHan\Oha2/ 83488, PELdNEd 23eh2 elbhehpuagrd. in

t hree di nensi ons simlex ¢ ri,ses a
be deéﬁne Y a p Egality of nodes and/or the edges

between those nodes, a mesh may aiternatively be
congidered a collection of nodes and/or the edges
between them. At various points in this disclosure,
“mesh” will be used to alternately refer to collections
of elements or nodes/edges, depending upon the context
in which the term is used. The mesh may also be
referred to herein as a finite element model or simply a

model.

[0034] There is a fundamental difference between modeling
systems in which there is a single fluid phase and those
in which there are multiple phases. When there are
multiple fluid phases, there is a convection and
potentially a mixing of the phases. (It is assumed that
there is a pressure which drives the fluids and causes
the front between them to be transported.) The finite
element model must therefore include convective
operators or components. These operators would not be
necesasary if only one fluid phase were modeled, or if
the multiple £luid phases were completely mixed or

emulsified.



tetrahedron, which is bounded by four vertices (see FIGURE 1.) In four
di mensi ons, a sinplex conprises a hypertetrahedron (sonetines referred to

as a hypert ing five vertices. [0033] A nmesh is a | of
el enent s th@@"?’."%‘?ya space. These el e’ﬁ?%lts are repr esent%’i\]/%i:%q",%a system
ac

which resides in that space. Because e el enent can be defined by a
plurality of nodes and/or the edges between those nodes, a nesh may

alternatively be caonsidered a collecti n qgﬂ( t he edges

bet ween théﬂgéi% vaFFb@sSﬁﬁgﬁ?éh?ﬁuﬁhW@agﬁgi?oggggé ﬁ%%ﬁ" mﬁllgbe used to
al ter ?ﬁt ely [ef Séha{z%.c(\i:h%!::ﬁﬁai'ﬁﬁnéf tHe elyemant maprcheres ~ethye ebrdppiyidi ng
upon e context in ich the termis used.,Th . be .referred
to herein as a fThig #i&Vakdnp %dﬁr&‘fﬁtr&%ﬁgl §na§IMI£{WﬂT e:rLée is ae
fundamental dif fergneghetveast fRdod e QIEEEHEnte bdtwider hbreatsual singl e

fluid phase and those in which there are multiple phases. \Wen there are
miltiple fluid prades iphshe Plgml%h\ﬁéf@ttie&naﬁﬁdth%o?@rﬂe‘ﬁ%ﬂfﬁsy a mxing of

the phases. (lteié“éf‘%‘?é?qumgt rrddBlBorad #iRHE8SeTEnett dechinivyasst he

fluids and caus ont between themto be transported.) The finite
el enent nodel mend tteshaiquesi actemding teeEhpyBrespRly AENICNconpbnent s.

model e, or 11 GG e Eep EnpPUEGE Mty (TRONL MLIQY) e L ©

enul si fied. WO 08608 bAtPEE ©88&n20FUY a step function, changing from
a first value vl to a second value v0 immediately upon
reaching a distance dl1. In this example, the values vO0
and vl define the limits of the range of physically

realizable values.

[0036] When traditional finite element techniques are used
to model such a system, the solutiom will typically tend
to oscillate. It can be seen in FIGURE 2 that the
solution 12 generated using these techmiques oscillates
above and below the actual physical values which it is
attempting to model. Two of the most significant
problems with this solution are the obvious inaccuracy
(the solution does not closely track the actual values)
and the fact that, at some points, the solution is
greater than the maximum physically realizable value or
lese than the minimum physically realizable value. The
oscillationg which occur in solutions generated using
traditional finite element techniques may therefore
produce unrealistic results, or may even fail to

converge at all.

[0037] Methods in accordance with this disclosure, however,
do not suffer from these disadvantages because the

solutions are constrained to be realistic. This



12 (0035] In a systemhaving nmultiple fluid phases, characteristics of the
system may change very abruptly. This situation is illustrated in FI GURE

2. Fl GURyodesioza diagramillustrating the difference hepwReihotde actual
val ues in the physical systemand thgzsolutions generated using traditional

finite elenent techni ques and techniques according to the-present
I nventi on. can be seen that the actual ("real world") values 11 form

what i s essen& d-?étlr%.lgltsﬁ‘épafzﬂﬂ&{ré@rby Ceﬁfgﬁ%&g ERQE" chle Sk Qi tO 2

second val ue v atel y upon " reachi ng adi stance 'S exanple
t he val ues v@oma/rth@efspﬂ»utltm veettars (Gf. e.he thandacolpigmyeatxii®)y

realizable v é€§§f1£%0%g£ §QSB?%Ef5gtd q@hgkbﬁhkﬁtgigﬂﬁnt techni ques are

used to nodel such a € solution w ly tend to
oscillate. | tpmemats.mnofnlﬂn&ﬂa:ﬁ. t Hat wolre prhotiocal 1exmmer at ed using

t hese techni es 0sc tes. above. an ual cal  val ues
which it is r?&nisﬁg% ooﬁoﬁﬁ?urﬁ%%&a%t ﬁ‘\glrrggt E@ ﬁ???%%%e%lﬁobl ens With
this soluti orbrarwlet fﬁa@wnamuefl the onatacik afrehaoncheyabivd casd nMatcl osel y
track the actual val ues) the fact_that, .,at so ojnts, .the solution
is greater t Fﬁgtﬁﬁkcﬁﬁﬁg ﬁ§§?¥§ﬂ?{ﬁ 4&% d%&ﬁ?ﬁage?g the M3tIdX (han t he
m ni mum physifad Inon-plsizakee Vahete theenateis hhat thResewhi ch occur in
solutions generated using traditional, finite el enent t echni ques may

therefore prffeCteFisticsy the telution, repping, gaatirtie At &iver ge at

all. points, and more accurately tracks the behavior of the
physical system, as indicated by curve 13 in FIGURE 2.
The model is therefore more likely to:produce accurate

results and to reliably converge.

[0038] The Jacobian matrix is derived from the partial
differential equations that describe multiphase flow
through porous media based on Darcy's?law, and
representing conservation of mass and momentum in the
system. These equations are discretizgd onto the finite
element mesh, and the coefficients of the equations form
a matrix. Each coefficient will be either positive or
negative, depending upon whether the gradient of the
equation is positive or negative (i.e;, whether the
fluid flow is positive or negative). If the finite
element technique is applied to the differential
equations, a large set of algebraic equations is
produced. That set of algebraic equations is nonlinear.
The set of equations can be solved by using Newton's
method (which involves taking the first derivative of
the equations). The first derivative is the Jacobian
matrix. The coefficients of this maﬁrix are weighted to

obtain a matrix which has non-negative terms on its




[ 0037] Methods in accordance with this disclosure, however, do not suffer
fromthese di sadvant ages because the solutions are constrained to be
realistic. }?6§% 02/03103 PCT/ US01/ 20742 13 constralnth§ Qh%&ed by
ensuring tha e matrlx whi ch governs lhe sol ution vector ‘z[li.i

Jacobi an matrix) satisfies the properties of nonotonicity and
preservation. of linearity. In nore practical terns, this consists of

ensuring that all,of t copefficient t he di.agpna majri x are
non- negat i ve anddfﬁ?ngﬁlqﬁf’%ﬁgoﬁ?)%‘ﬁ gﬁeeﬂss °8?Q'f 9{{ edjoﬁ%od'ﬁidl E#’et he
matrix are non-gpsidpieatdheichbendBéf ithdaernBesfsueddrtaed aondtbase t he
solution remains r jstic at a%#, oipts, and nore accurately tracks the
behavi or of the 2P i’rr&%ﬁ r RFOPENT g.ogﬁ'ﬂ"fec&?@ﬁlﬁy curve 13 in FlI GURE 2.
The nodel is therefore nore likely to produce accurate results and to
reliably cqoespye. [THSSocHTdclantdi 6N s Uarocbsafdenat ek famm the parti al
differenti al equatlons that describe nultiphase flow throu h porous nedi a
based on Darcy' seF&&pt Y wedpBting | fRf EPTaePeh oF thefodkd Rbnent um

in the system ghesel&rliild QRStRserfii S AliehRArORtan! herd ivdada tishgrent
mesh, and the coefficients of the equations form a matrix. Each

coefficient willEbeite tolamnesdsterhoigies ndbst P‘Péesd@%eﬁfﬁh‘ﬂ@“l%naMet her
the gradient of Lhe:1PauAGHRRALS BOSIdaR1d, BR0A! LIS dindhoiotlet her the

fluid flowis positi negative). finite elenment technique is
applied to the delemgn#u|e§ch of the three nodes would be weighted by

1/3. If a three-dimemnsional element were used, each of
the four nodes of the element would be weighted by 1/4.
In the present methods, however, the nodes are weighted
to reflect the flow of the fluids in the modeled system.
This is illustrated with reference to FIGURES 3 - 6.

foo40] FIGURE 3 shows a single, two-dimensional element (a
triangle). The flow of fluid with respect to the
element is indicated by the arrows, which show that the
fluid is flowing from the upper, right-hand portion of
the figure to the lower, left-hand portion of the
figure. Using traditional finite element techniques,
each of nodes 21 - 23 would be evenly weighted (i.e.,
1/3, 1/3, 1/3). Using the present techniques, the nodes
are not evenly weighted. Because the fluid is flowing
generally from nodes 22 and 23 to node 21, each of nodes
22 and 23 is weighted by 1/2, while node 21 is weighted
by 0. Referring to FIGURE 4, it can be seen that the
weighting of the nodes is different when the direction
of the fluid flow changes. In FIGURE 4, the fluid flow
is generally from the lower, left-hand portion of figure

to the upper, right-hand portion of the figure.



equations, a large set of algebraic equations is produced. That set of

al gebraic equations is nonlinear. The set of equations can be sol ved by
usi ng Newojesies et hod (whi ch invol ves taking the firstpcirisbiyaidve of the
equations). The first derivative is {fie Jacobian matrix. The coefficients
of this matrix are weighted to obtain a matrix which has non-negative
terms on its WD 02103103 PCT/ USO /20742 14 di agonal add rnon-positive

terms off th 's%%%@ﬁltl Thgoad PP Llensekopt i dend L nsures the
nmonot oni ¢ a;tﬁl ear pyépe?t?es (%gt‘%tel%rratpl x.& Fgo‘g%ﬁ éFhe coé;? | ci ents of
t he Jacobi an arst 123x axeewedgbeed iy 10. wei ghting factors for each of the
nodes of the elements in the finite elenment mesh. In traditional finite

el ement [§Epfni QueReebhegodsse Rl o G ALe cRdeplVsdsl dliad. For

exanpl e; 1n"a two-di nensfonal elenent, each o ree nodes woul d be
wei ght ed by theSweiighkingr of- thewndemdls elepepfieereduspdkheaiiapef the

four nodes of d Q%eebggggéggﬁ&l‘gg\%giég% edte aP¥T 5! ntﬁ%leﬂg;%@

t
met hods, however, theé nodeés ar O reflect™thé Tlow of the fluids
i n the nodel eéllwiystiemappToximately Inexfpesiddduwlarhtoecérr edge ¢ HHeGURES 3 -

6. [0040] FI RE 3.sh .a -Si | t wo- di. i | | t i | )
e L ow of | (ANt niRsd BiPHEion A% FRIRCORE' ik (BF it B0 o,
whi ch show t hiat wHieh thehdof sthé modus fwhieh Rermppetes’ tight £dwnckqorti on of

the figure to ;he | ower, heft-hand porti.on of th figure. Usin
traditional f?‘#ﬂet é’fe\lggﬁeﬁ epeRh HYaR dteighted LY 172." ' In' that case,
the remaining node of the element was downstream from a

midway point on the forward edge of the element. In
FIGURE 5, the remaining node is instead directly
downstream from one of the first to nodes. 1In this
situation, the node 32 which is upstfeam from the last
node 33 is weighted by 2/3, While the other upstream
node 31is weighted by 1/3. In FIGURE 6, there is a
single upstream node 33. Nbdesisl'and 32 are both on
the trailing edge of the element, =so they are both
weighted by 0. The upstream node 33, the other hand, is
weighted by 1. |

[0042] In each of these cases, the weighting of the nodes
with respect to the direction of fluid flow effectively
emphasizes the diagonal elements of the matrix, while
reducing or eliminating the effect of the off-diagonal
elements. This, in turn, ensures that the matrix has

the properties of monotonicity and linearity.

[0043] Although the foregoing is sufficient to enable a
person of ordinary skill in the field of finite element
analysis to implement the present techniques, a brief

technical discussion of the techniques follows.




each of nodes 21 - 23 would be evenly weighted (i.e., 1/3, 1/3, 1/3).

Usi ng the present techniques, the nodes are not evenly wei ghted. Because
thé fluid i i generally from nodes 22 and 23 to n . ch of
nodes 22 aﬁﬁab%&‘u‘@gmei ghted by 1/2, while node 21 is wei 3’%?@%‘}1’28230.
Referring to FIGURE 4, it can be seen thEt the wei ghting of the nodes is
di fferent when the direction of the fluid flow changes. In FIGURE 4, the
fluid flow_1is generally fromthe | ower, |eft-handsportion of figqure, to
the upper, YA04# -hanﬂoﬂéé?wgoia phesiegl Y stRB 0%“6%16‘3 EU%’%P%G‘MZ 15
Consequent |y, nodgeRltime W&l HirBEeb¥]ldmenbidsinadeFiZdt avsidided Wei ght ed
by 0. [0041] Referring to FIGJRES 5 and 6, it can be seen that the

wei ghting of the (Rofles FRe ¥sbesy decfiacestiznd dmajpbe 8Pae®etid®} r espondi ng
el ement. In Fl GUgBmain} Ne fdWQhg EbUbfainfe 30PLOXWEBAShMnPEERANdi cul ar to
an edge of the elenent. This sitdation is simlar to that of FIGURE 3, in
whi ch each of thprabeesiomiah ther pinat spachaldmainaig idlgetxgtache el enent
was weighted by 1/2. in that case, the remaining node of the el enment was
downstream froma nipuey pq[@}T?n the forward edge of the elenent. in

FI GURE 5, tl#845dmai ni'ng nBYE i $ 1 nis cthe dpasetkjme ddowmzin dembler om one of
the first to nodes. In this situatio_p, the node 32 which is upstreamfrom
the last node 33 i s_weighted bc),,,,y,@,i whil e the other upstream node 31lis
wei ght ed by 1/ 3. "PASEPEUREIS® there isa single upstream node 33. Nodes 31
and 32 are both on

[0046] Q is broken down (segmented) into a plurality of

non-overlapping sub-domains Q.. Each of these sub-

uQe = Q e E {1’ ov‘,NB}
domains £ and ¢ comprises a four-

dimensional simplex (a hypertetrahedron). A linear
finite element basis is formed on each element (‘Qe) , and

trial functions and test functions are defined on each

element.

[0047] The flow of multi-phase fluids in porous media is
governed by the equation:
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trial functions and test functions are defined on each elenent. [0047] The
flow-of nulti-phase fluids in porous nediais governed by t he equation WO

02/ 03103 PCHd/ghakia30742 17 CIA W' IB) \Were: i = TMQM% )y =
K(VPi + pigvZ) Pl =P Pi = P - PG, i=2,44.., nphases L g ﬁy i =
Viscosity of i'th phase Bi = Formation Volune Factor of i'th phase p| =

Density of i'th phase 4 = Rock Por05|ty Z = Negative-.of Depth Si =

Saturation of i'th phase bas ws 0048 is [0049] A standard
Galerkin Finite El endpts Dyit] N]&Nk spthSBtII Bsi Nk) + VN|
J

K(VPi + pigVZ)l~ (1)In

f0052]

[0053] Referring to FIGURE 8, a flow diagram illustrating a
method in accordance with one embodiment of the present
invention is shown. As indicated above, when the
differential equations are discretized on the finite
elements, they are basically converted from differential
equations to algebraic relationships between the values
of the nodes. This is accomplished by assuming that
there is a linear varilation of the corresponding ,
property (e.g. saturation, pressure, permeability,
prostate, etc.) between the nodes, This restricts the
space of all possible solutions to only those solutions
which are linear. When this assumption is used, a set
of relations are derived from the differential equations
for values of the coefficients which are linear over
each element. When this is done, each element
contributes a certain amount of the discretization to
each one of its nodes. The contributions which are
summed at each node are the residuals. It is desired to
make the residuals equal 0 in order to solve the

nonlinear algebraic system.

[0054] To distribute the residuals of the finite element
Y
operator (77}, X; is first computed for each node of the

4-tet (hypertetrahedron). The resulting K; are divided

into positive (Ky') and negative (K;”) values. The

residual T is then distributed to the nodes, and the
tangent operator (Ty)} is computed. The gystem is then

agsembled and solved in the same manner as if an



this nmulti-phase flow equation gives, for each elenent: [0050] [0051] The
basi ¢ nmet hod of enploying the present techniques is defined by the way
that 1i o Brslged. The present method is therefore dgidmg foll ows: WO
02/ 03103 PCT/US01/20742 18 f i Nk +4 Nk G ~i) +(T J-s~ 422] [0053]
Referring to FIGURE 8, a flow diagramillustrating a nethod in accordance
with one enbodi nent of the present invention is shown.” As indicated above,

when the diff ' iQ?ém é%éﬂin. .z ( | niteqs nts,
they are basiog‘faﬁiﬁgt‘;1 oﬁ\%g'??ed ro%tgi er é%baﬁgdg%ﬁéﬁie%#s&to %ﬁlgie raic
rel at i onshi psHeetpweersshbyvwhiel figfittehelepgsts. sfatemésarxeconpl i shed by
assum ng that__ there . | var| atd th espondi ng property
(e.q. saturatalsosne, preg‘séﬁrge?ogg?ém:a i%eﬁtly, ogélés?gat%?ﬁét%% r}geet ween t he
nodes. This rdesaribed thefuspher détadlll heae$i.bl e solutions to only those
solutions which are linear. Wien this assunption is used, a set of

relatio e derhve remth [ t]al tions,. . for of the
coeffi cpée%fgs.l whi g[%' earg’SL ?%érg%ge;féﬂ@aéc!#e% g?nllgé'#ﬁ elr)letﬁ%'os‘yf%e%go% e, each
el ement contthebpireseatc éntranviomthaite deenhdedicxtbetli abdveowith each one of

It des. Th t i butions, whi ch , at h d th
Ire:i Sgafz. itrqu%% r§If’r éﬁgggglﬁaf!ﬁ@r’? r%"“&sﬁu'du_ ?gﬁ_qﬁgﬁeﬁfﬁ?ﬁeﬁ? 2r tg sol ve

t he advantagesa, and any elements or limitations that may
cauge them to chur or to become'moié'pronounced are not
to be construed as a critical, required, or essential
features of any or all of the claims. As used herein,
the terms "comérises," “comprising,":or any other
variations thereof, are intended to béfinterpreted as
non—exclusivély including the elementé or limitations
which follow those terms. Accordinglf, a pfocess,
method, article, or apparatus that comprises a list of
elements does not include only those elements but may
include other elements not expressly 1isted or inherent

to the claimed process, method, article, or apparatus.

[0056] While the present invention has been described with
reference to particular embodiments, it should be
understood that the embodiments are illustrative and
that the scope of the invention is not limited to these
embodiments. Many variations, modifications, additions
and improvements to the embodiments described above are
possible. Particularly, these variations may include
computers or other data processing devices, computer
readable media (such as floppy disks, CD-ROMs, DVD-ROMs,
etc.,) storage'devices, computer memories and the like
which contain software, firmware or other programming

embodying the féregoing methods. It is contemplated




nonl i near al gebraic system [0054] To distribute the residuals of the
finite element operator (TJ) , K is first conputed for each node of the
4-1 e:t (hypeﬁ@g)g{o?lla?dron) The resulting K are divided igi9udapsdzid ve
(Kj4') and I've (K3-) values. The ogesidual Tj is then distributed to
t he nodes, and the tangent operator (Tjk) is conputed. The Systemis then
assenbl ed and solved in the sane manner as if an WO 02/ 03103 PCT/ USO01/ 20742
19 ordinary finite ekggggt§%£§ggﬁéygf ng ?g@%%iﬁﬁﬁ# d&&ﬂ@ggnstgﬁdprocess by
which finite el éf ens are asse i and solved is well known, it
will not be desmpﬂmaémentéufalibmacbén@l l:hheﬁgype [@D58le TnveBEheRids and
advant ages mhlc b id by nventi on have been
described above W 1 §e85£§1?§8§p§%1 |c eébéggﬁg%ts These benefits and
advant ages, and any elenments or limtations that may cause themto occur
or to becone nore pronounced are not to be construed as a critical,
required, or essential features of any or all of the clains. As used
herein, the ternms "conprises,” "conprising," or any other variations
thereof, are intended to be interpreted as non-exclusively including the
elements or limtations which follow those terns. Accordingly, a process,
nmet hod, article, or apparatus that conprises a list of elenents does not

i nclude only those elenents but may include other el enents not expressly
listed or inherent { to the clained process, nethod, article, or
appar at us.



[ 0056] While the present invention has been described wwth reference to
particul ar enbodi nents, it should be understood that the enbodi nents are

i1l ustrafyioBrosdesl that the scope of the invention is ngbﬂﬂlﬁd¢%1tC)these"
enbodi ments. Many vari ations, nodifigations, additions and I nprovenents to

t he enbodi ments descri bed above are possible. Particularly, these
-variations may include conputers or other data processing devices, -
comput I dia.(such as floppy disks, CD-ROVs, DVD-ROM5, etc.,)
storage devices, conputer menories_ and.the |ike  which contain software,
firmark- or Potedhogk Serafei Ving erioiRiitiey el rrenl Bedeh corremmending | s
conte t JA0K L h il ons,

nodi f F&?i%%@%ﬁ&% @%gﬁ%ﬁé@é znﬁggn%%%sgggf{e gvlf'tgzlﬁcli nﬂt vg scope of the

i nvent i eempasisidet:ai l ed within the followi ng clainms. WO 02/03103

PCT/ US01/ 20744,.,21 s ni31Q! f!i.ﬁi&% AT AS matri mﬁ&%&%&&&&g'e’d igea finite
el enent nodel - corres ondi'ng 0 a systemin I C ere I's a nmulti-phase
fluid fl ow conpmicgiely: wheneint thg) nsatidinxi tenthénensd phuraldigorafespondi ng to
the nodel, mhereinfthe.naEer contains a plurality of coefficients;

adj usting the coé?*ﬁgﬁgﬁfg Fb obtain a matrix in which on- di agona

el enent s ar eadijurtisgatheccaafif béfentdd agowdacheaenasrix eimawhipdsi ti ve; and

on-diagonal elements are non-negative and off-
diagonal elements are non—positi&e;-and
generating a solution for the model using the matrix

using finite element techniques.

2. The method of claim 1 wherein adjusting the coefficients
comprises weighting the nodes of each element according to a

direction of fluid flow across the element.

3. The method of claim 2 wherein weighting the nodes of each
element according to a direction of fluid flow across the
element comprises determining the directipn of f£fluid flow
across the element and weighting each node more heavily if the
node is upstream from the other nodes of the element and less
heavily if the node is downstream from the other nodes of the

element.

4. The method of claim 3 wherein each node is weighted
more heavily if a gfeater portion of the element is downstream
from the node than from other nodes of the element and less
heavily if a smaller portion of the element is downstream from

the node than from other nodes of the element.
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generating a solution for the nodel using the matrix wusing finite el enment
techni ques. 2. The nethod of claim1l wherein adjusting the coefficients

cofpri ses w%hgahkﬁghthe nodes of each el enment according &ﬁg?g§ﬁ&&§§tion of

fluid fl ow across e element. 3. The ngihod of claim?2 ghting
t he nodes of each elenent according to a direction of fluid flow across
the el ement conprises determning the direction of fluid flow across the

el ement and wei [ ; . A I ot Hggg ' stream
fromthe o%ﬁer no%é%ggﬁﬁfggpgﬁgﬁggigggggﬁégﬁhﬁeg%ﬁﬁ§éi%l? e n8{§r#§
downst r eamcoresepiedotitera mysdtemoint wiel cleltheret ard. af hbeastt hord dEfluddai m 3
wherein each node is weighted nore heavily if a greater portion of the

el ement i sP§8RAEtream fromthe node than from ot her nodes of the el enent
and less heavily if a smaller portion of the elenment is downstream from

t he node than from other_naodes of the elenent. it W 02/03103 .
PCT/ USQ / 26742 Tb® ‘B?tq’ﬂ?e% §iMot whersiny thee FinAte ré%"i“’rﬂtt JatrdFent

Malrix COLLeSBepEsdd Gt a5 yEeB in Whhidh iHthere ake Shrieast moMe Ehuid

phases. 6. The nethod of claiml| wherein the finite elenent matrix
correspond®bfgeq- systemin which there are three or nore fluid phases. 7.
The nmethod of claim1l wherein the finite elenent matrix corresponds to a

four-di nensional finite el ement nodel. 8. The nethod of claim1 wherein the
syst em cor 7espo®de method of claim 1 wherein the finite element matrix

corresponds to a four-dimensional finite element model.

8. The method of claim 1 wherein the system corresponds to

an oil reservoir.

9. The method of claim 1 wherein the matrix is configured to
produce a solution which is not physically unrealistic at any

time.

10. The method of claim 1 wherein the matrix is configured to

produce a solution which is nom-oscillating.

11. The method of claim 1 further comprising discretizing a
model of the system to produce a finite element mesh and
generating the matrix based on the finite element mesh.

12. A wethod for obtaining improved accuracy in solving
finite element models comprising:
discretizing a model of a system in which there is a
multi-phase fluid flow;

I



an oil reservoir. 9. The nethod of claim1 wherein the matrix is configured
to produce a solution which is not physically unrealistic at any t ine .

10. The woldheskepf claim 1l wherein the matrix is confi g?bﬁﬁlsﬁf?zm&r oduce a '
solution which is non-oscillating. 13z The nethod of claiml fturther-

conprising discretizing a nodel of the systemto produce a finite el enent
mesh and generating the matrix based on the finite el enent nesh. 12. A

met hod for QiR RitA%g BPEMEHe AETMAY nat 3% YobdesbbRliify i@y nodel s
conprising: discretizing a nodel of a systemin whith there is a

mul ti - phase fl ui @ofedw; wherein jghe makrix 18] configured to|pnaducel & C L. M
S WD 02/ 03103 PCL. Y501 4204; 28, 46 af bpbLE g STpv F[ﬁ X
corresponding to to e ﬁodeﬁ,gChV\hesrel n t‘ﬂ%ﬁ%{% xb?sgcgﬁ%fgguree tf)ei}droduce a
sol ution which i @#ndonot oni c and preserves linearity; and generating a

whi ch cont aireRas, ol BoTEOF M e polida, BetBHRbhE A GREE] Tons are
configured to cause a conputer to performthe nethod for solving a finite
i d rFow domseues genarse gty M sPBkaRre a: PR Sfond g to
the noigstrwdtsions) whersnhr the cirdaturtongplateakbohfighired to cause
a computer to perform the method for solving a finite element
model corresponding to a system in which there ig a multi-
phase fluid flow comprising:
generating a finite element matrix corresponding to the
model, wherein the matrix contains a plurality of
coefficients;
adjusting the coefficients to obtain a matrix in which
on-diagonal elements are non-negative and off-
diagonal elements are non-positive; and
generating a solution for the model using the matrix

using finite element techniques.

14. The computer-readable medium of claim 13 wherein
adjusting the coefficients comprises weighting the nodes of
each element according to a direction of fluid flow across the

element.

15. The computer-readable medium of claim 14 wherein
weighting the nodes of each element according to a direction
of fluid flow across the element comprises determining the
direction of fluid flow across the element and weighting each
node more heavily if the node is upstream from the other nodes
of the element and less heavily if the node is downstream froq

the other nodes of the element.
o _—
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coefficients; adjusting the coefficients to obtain a matrix in which
on-di agonal elenents are non-negative and off- diagonal elenents are

non-positivakuﬁmgwgenerating a solution for the nodel usiﬁggﬁﬁﬁ rix

using finite el'enent techniques. 14. e conput er-reada of
claim 13 wherein adjusting the coefficients conprises weighting.the nodes
of - each el enment according to a direction of fluid flow across the

el ement. 15. The conputer-readabl e medi um of claim 14 wherein weighting

t he nodes of each el enent according to a direction of fluid flow across

t he el ementéconpr fhescaombperan-rcagabhe mediwastoforlaimf L8| vhéteais aaohss t he

el enent and ightin ach node, nore heavily if. the nqgde is _upstream from
t he ot her ﬂ8§§s§ Wﬁﬁ%h?ﬁ EPEﬁSR a¥£1¥| s& éﬁ%ﬁ??@quéﬁﬂﬂg ﬁgdgﬁ?s
downst r eanelement g AdwEtReERSERIm iR @b8sethan ffron dihelk’ holle§ bf WO

02103103 PCT/12SQ /20742 _24 16. The conputer-readabl e nmedi um of claim 15
wher ei n eathe ¢iRReEnts aRd; dase el hddvpl §mptler paxdon @6 Ehen of the

el ement i SefloMdld reAMGRARYERR ARSE dHRARCHE O Nefor (iR rOhoab B! enent

and less heavily if a smaller portion of the elenment is downstream from
the node tkB® ¢¥eMA¥t-her nodes of the el ement.

17. The computer-readable medium of c¢laim 13 wherein the
finite element matrix corresponds to a system in which there

are at least two fluid phases.

18. The computer-readable medium of claim 13 wherein the
finite element matrix corresponds to a system in which there

are three or more fluid phases.

19. The computer-readable medium of claim 13 wherein the
finite element matrix coxresponds to a four-dimensional finite

element model.

20. The computer-readable medium of claim 13 wherein the

system corresponds to an oil reservoir.
21. The computer-readable medium of claim 13 wherein the
matrix is configured to produce a solution which is not

physically unrealistic at any time.

22. The computer-readable medium of claim 13 wherein the

matrix is configured to produce a solution which is non-

AR

oscillating.




17. The conputer-readabl e nedi um of claim 13 wherein the finite el enent
matrix corresponds to a systemin which there are at least two fluid
phases. 3o o2Jd3paconput er -readabl e medi um of cl ai m 13 wWhFggddhdey finite
el ement matrix corresponds to a systggin which there are three or nore
fluid phases. 19. The conputer-readabl e nedi um of claim 13 wherein the
finite element matri x corresponds to a four-dinensional finite elenent
nodel . 28, Tige Coshplittir-readablie nediwief dladnmi3wnBesehnthde system
corresponds to_an oil reservoir. 21. The conputer-readabl e medi umof claim
13 wher BeRbe@ cfurkhery cqmprigssi diperetbzing fusedsls efuthensypreh ¥ not
physi ca | ¢844 %t | gé}% al L&y um of
claim 1%%‘\%2‘?%%% J‘k'Eﬁ{e'ltf\ern;li%:l'ri X itshgglﬁf%%red 't]%(%g?lgjggg gagg%te? on which is
non- osen| theifitpite |gdlement) meshy| | 1 111JL 1111 11 11 * ¢ s WD 02/ 03103
PCT/ USOL/ 20742 25 23. The conputer-readabl e nmedi um of claim 13 wherein the
nmet hod further conprises discretizing a nodel of the systemto produce a
finite el enent nesh and generating the matrix based on the finite el enent
mesh. 11111 t \ 2112122 [ \2122 (0 1 a2 trbrrlr ~~"'S
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