-1 Interpreting coded surfaces having cyclic position
codes FIELD OF I NVENTION This invention relates to
error-detecting and error-correcting cyclic position
codes and their use in the position-coding of
surfaces. CO PENDI NG APPLI CATt NS Vari ous net hods,
systens and apparatus relating to the present

i nvention are disclosed in the foll owi ng co-pendi ng
applications filed by the pllcant or assi gnee of. the

EE:??'M&'B‘?!? "Bgr%gdxy 01446 PCT/ Ph(;llwwc Ic

PCT/ AUOO/ 01450, PCT/ Ap@Sl tion eo / 01448,
PCT/ AUOO/ 01447,  PCT/’AU00/ 01459, PCT/ AU00/ 01451,
PCT/ AUOO/ 01454, PCT/ AUOO/ 01452,  PCT/ AU00/ 01443,
PCT/ AUOQ 01455, PCT/ AUOO/ 01456, PCT/ AU00/ 01457,

P PCT/ AUOQ 01449. The di scl osures of
'ﬁmkgﬁgﬁ@ |ications are incorporated herein

by cross-reference. Various nethods, systens and

dibfreinsention relates tomgrorxde&eﬁéflgmﬂés?@ﬁ{'c?ffﬁ?%& PYsHic apaition codes and their

dISC| f PbPWehg co- pendi ng applications
JR%§Q¥%e app |ga&? or assignee of the present

|nvent|on on 20 Cctober 2000: PCT/ AUOO/ 01273,

PCT/ AUOO/ 01279, PCT/ AU00O/ 01288, PCT/ AU00/ 01282,

PCT/ AUOO/ 01276, PCT/ AUO0O/ 01280, PCT/ AUOO/ 01274,

GO-RENDINGAPPHGATIONS 1275, PCT/ AU0/ 01277,

PCT/ AUOO/ 01286, PCT/ AUO0O/ 01281, PCT/ AU0O0/ 01278,

PCT/ Avafib ek #ithod§EysRnfSOarktl aﬁia,ratﬁxzfe&lath@mﬂgsprm invention are
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- pFel&it iNVRhESIEALET NoWiieb 2008 - 2- Varl ous met hods,
systens and apparatus relating to the present

P@w&vo?mmel;@lrmjmdu JPATIAU00/0 446; R TAUPFHOI46 )
apR! A U00/0T450, P(IIT/AU00/014S3 PR S804 pRIAGOSG 145, the

PCT/AUOO/01459 PCT/AU00/01451, PCT/AU00/01454, PCT/AU00/01452,
PCT/AU00/01443 PCT/AUOO/01455 PCT/AU00/01456, PCT/AU00/01457,
PCT/AU00/01458 and PCT/AU00/01449. '

The disclosures of these co-pending applications are incorporated herein by cross-reference.

Various methods, Systems and' apparatus relating to the present invention are
disclosed in the following co-pending apﬁlications filed by the applicant or assignee of the
present invention on 20 October 2000:

PCT/AU00/01273,4PCT/AU00/01279, PCT/AU00/01288, PCT/AU00/01282,
PCT/AU00/01276, PCT/AU00/01280, PCT/AU00/01274, PCT/AU00/01289,

PCT/AU00/01275, PCT/AU00/01277, PCT/AU00/01286, PCT/AU00/01281,
PCT/AUOO/01278 PCT/AU00/01287, PCT/AU00/01285 PCT/AU00/01284 and

PCT/AU00/01283.

The disclosures of these co-pending applications are incorporated herein by cross-refgrence.
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present invention on 15 Septenber 2000:

PCT/ AUCO' 01108, PCT/ AUOQ 01110 and PCT/ AUOCO 01111.
The di scl osures of these co-pending applications are

i ncorporated herein by cross-reference. Various

met hods, systenms and appar at u€-rel ati ng to the present
invention are disclosed in the follow ng co-pending
appl i-cations filed by the applicant or assignee of the
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PERAICHNIOT 68! 1SCTepiestizyr089003 PCHAHRUAPHoPFE/AUC0/01110 and

S AN 000 ARy ARSI e mrmorsors

Skeforéiied. 72, PCT/ AU00/ 00754, PCT/ AUOQ 00755,
PCT/ AU00O/ 00756 and PCT/ AUCO' 00757. The di scl osures of
t hesevatousanethods, apgbs aini cappamtus tielatiog fortht euiedent divention are

by crqoss-reference. Various. nethads, t d .
disgased te herteloing so-pendipe applicaings THohar e aRplipdl or assignee of the
Pﬁeﬁ@geﬁ&ﬁmhr&n 3blignd Wobowi ng co- pendi ng appl i cations

_ by the applicant or assignee of the present
; B84 789 3 ST/AUC

BW&S’%E&T“ %@?’ﬁ%f &E)}gs;zr%, PCT@%U@’ Oggg/fomo,

ECT/ANB00006% PLT/AAC00/0Q58; BOTL2FJ00RSTOARET/6JHOH0765,

N

BT/ AI0000 06 PLT/RCT0/00100, DB ARI00RCT7 6ABOD A0S 80777,

e M R T e e

RET/AA0095% 9T/ AG0/66933] BOBAII00/00336 IR DRTAR/00757.
PCT/ AUOQ 00543, PCT/ AUOQ 00544, PCT/ AUOQ 00545,

Teldiddd 0 9Pthése B RRatiéhs aRGhédpblated Bofth by cross-reference.
PCT/ AUOCO 00556, CT/ A 00557, PCT/ AUOO 00558,

?%@%&Q%g&cm?gd 10D Rffling &G0 prekont BR6MIon are disclosed in
PCT/ AUOQO/ 00562, PCT/ AUQO 00563, PCT/ AUOQ 00564,
the folluydm copemlingenplicainysoiisd dy ﬁeﬂpﬁi&m 6pBesjenee of the present

iReHibSI 2 VRS B000:NPTO51- AU - 3-

PCT/AU00/00518, PCT/AU00/00519, PCT/AU00/00520, PCT/AU00/00521,
PCT/AU00/00522, PCT/AU00/00523, PCT/AU00/00524, PCT/AU00/00525,
© PCT/AU00/00526, PCT/AU00/00527, PCT/AU00/00528, PCT/AU00/00529,
PCT/AU00/00530, PCT/AU00/00531, PCT/AU00/00532, PCT/AU00/00533,
PCT/AU00/00534, PCT/AU00/00535, PCT/AUG0/00536, PCT/AU00/00537,
PCT/AU00/00538, PCT/AU00/00539, PCT/AU00/00540, PCT/AU00/00541,
PCT/AU00/00542, PCT/AUQ0/00543, PCT/AU00/00544, PCT/AUQ0/00545,
PCT/AU00/00547, PCT/AU00/00546, PCT/AU00/00554, PCT/AU00/00556,
PCT/AU00/00557, PCT/AU00/00558, PCT/AU00/00559, PCT/AU00/00560,
PCT/AU00/00561, PCT/AU00/00562, PCT/AU00/00563, PCT/AU00/00564,
PCT/AU00/00565, PCT/AU00/00566, PCT/AU00/00567, PCT/AU00/00568, -
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PCT/ AUOO/ 00569, PCT/ AUD0100570, PCT/ AUO0O/ 00571,
PCT/ AU0O0100572, PCT/ AUOO/ 00573, PCT/ AUOO/ 00574,
PCT/ AUCQ' 00575, PCT/ AU00100576, PCT/ AUOCO 00577,
PCT/ AUOO/ 00578, PCT/ AUO0O/ 00579, PCT/ AU00100581,
PCT/ AU0O0/ 00580, PCT/ AUD0/ 00582; PCT/ AUOO/ 00587,
PCT/ AUOO/ 00588, PCT/ AUOO/ 00589, PCT/ AU00100583,
PCT/ AUOO/ 00593, PCT/ AU00O/ 00590, -PCT/ AUO0O/ 00591,

ST S e
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. these co- pendi nog applications are
POTHANNGA5ET, RET/AUR0O)S 8; BET/AWEG0Q0572.d CT/ ANONEREEIND

YRR A G R85 B AR 0BT pET RSk f RAIABOIOBIERS O

Igt’mugoozm_ y,:?/agsommssmm%mmm ROT/AUDHGOS90,
alr code I N e n

e b O Op B B0

?d;?‘&ﬁﬁdd{éﬂ%%,ypq) APB0/B6597Y BEEAUNRO0TRS PCTIRU00/00516,

eract!i Vi a printed docunent nore seani ess, and
POT/AI(9H0e051 7 ad RCEARHI0L0SElat ed functi ons such as
handwiting entry, it has been proposed to code the
This diaciesueds of thesxceonpemtlingiapplicptieristareincdrperated hengip byycross-reference.
function-indicating data which is effectively

BACKGROWND he unai ded human eye. The docunent
typically includes data visible to the user, and the

V585usOSheRa Rive batheprapdssd Wb tdadt idsgreé Of blierderivitytisb ng printed
a sensing. device which in reality detects and decodes .
ddvemientvinsiohjuactivodeith d spmputeh aysteagt ddhesainglude, pripfing; bargodes in the
orce of,.di scr. : ] Y & t&“h links”
855 h SRR B AS8 oL IS 4 oot
dbeaadtivatdil.STo efake tlrgmteractivisy fof msprintedcéesyment mere seamless, and to

identif the discrete ta nd.it ientatj ;
sugpart sk eop S S Rof 4 baddirBine i) 3 been proposed 1o
d0ae thel safthétsifadobiménd v positionsiridivatng omfundtiontindjcatingidata which is
‘add to the overall size of each tag. ,Targe . .
feetitalyimesiblgyfopbe SHAEY HBER: 1 SRR fpieqly includes data
ViGHIGE thd'GsetldnBGhd YRr OMBsHLY ikbraéts Sfithethistvisiblagata@ing a sensing
drawback of 'discrete tags is the need ({egr t he sensing
dewige adighdn eplity detectsand degodes the iRiiile godeddaen jts fiel d |
of view.  Coupled wth the possible nee p.allowthe -
Brernodeddate viay be in therfarm of digatetyitigs, 5468 ﬁ_g Bfﬁ“%nf%‘ss tal sparately
fodth | ﬁ'{e?dis%x@ét %s.e Q,deéodx ViR inf iSor& Bk s Giest in@s&my to identify
heed to ‘be significantly larger than'the tag size, as,
thé disusteetdg and {therigntationrelatiysptol the sensiag dsvise ridiinigualircgequires the
irwes!icln? (6)1{' {aggrét \slglc%)t/ez%ztﬁg tag, which add to the overall size of each tag. Target
. structures may be shared between adjacent tags to reduce the effective overall size of each
tag. One drawback of discrete tags is the need for the sensing device to have at least one
complete tag in its field of view. Coupled with the possible need to allow the sensing device
to be tilted with respect to the surface, the field of view of the sensing device may need to

be significantly larger than the tag size, as discussed in the present applicant’s co-pending

PCT Application WO 00/72249.
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NPTO51 AU -4- Schenes have been proposed which use
self-registering patterns and thereby di spense with
explicit targets. Wen using a self-registering
pattern, the pattern of the daAta itself can

implicitly support operations normally supported by
explicit targets, including determ nation of the
orientation of the pattern with respect to the sensing

evi ce.an deternipation of .t he al.igngent .
SRV MR bost BrEfoned Fhof a3 Biis 284 clenfby e wit
%ﬁ%ﬁcitr fets! WheACushp! § SEIRraNGing! sattein, the' pattet G Rl da®d itself can
other regular grid_ of glyphs. Each glyph is spatially )
FBPRIGK cBIPPPIS OPETations; giRpBY sYipPeriRd (BY ceplipe targels, including
gééﬁﬁiH&iHnS{leﬁxef&%}dﬁBﬁ JFhIBRAER - willh rSspBt X1 HE Serslify device and
Irst level of registration. Gid [i1nes can. then be
fletetmaiiationrof thytalighme oif ttesladerithie thetpptierhe gl yphs to
identify the oriented (and possibly
breits gimptest/forml)j stetfiregisering pitenyednaistsgf iadectaitgular pr otherdegular grid
t he second.l eyel of regjstration,. allown | yph 0
56 2501 Bacty @ GostHlR ol o o tefindls HB0Rehdt can be
BRiih@fisRed BoM isQiighbbrs. Phik prodRies BRifiret1BveMof fogistr@ishe Grid lines can
| ocated, allows the orientation and translation of the

they b figged drough thepaints defined by therglyrhs i identifydhe prientadi(angd possibly
i k- | i st l: OWi.N . .

PR Ab N Pl BA1 TTUP BroRuicelShotnd/ Rk 8F Fegistation,

8tovdeg Elophsto be quepled sclatiye tcaths eeridf Thewelfrregistering pattern must contain
xi mal - | engt h and,cygl.i erties. ) .

st Bl B SR e o3 BRE tenBlipn S8 BBl of e e gid

todi deteriined ditigprpeidesthe thirdHnd fmehlevel of sapibtratitns atjoseing glyph data

decodi ng.of. a position-codin tger n a surfage m .

(g Ssrpbuch infoofaly paskel g et gheled Splied o Soieed epiog of their

A8tinel-RAsMaad IElid bfdp¥rties;tlabe begH ploPbicdths tHabheas fsr Widious self-

not directly support the detection and/or correction

ISEISEFiRHPeSitiontgoIRR PAtFSTHE | NVENTI ON An arbitrary

nunber. of copies of a codeword of aiﬂ%: ary cyclic (n

e watiag end spbsgient Beroding it BOY P diASPAISHL B desipice may be

sAbfebt toRrbr,| RRIFIR exdmpleAANE Qrfitl ARing daﬁiage& B9 ISanFBistering

I's then guaranteed to yield a codeword of C. If the

retieras fle nofalifegfhiesippert therdetertipnegndor fcgrrestion ofiew@ss.ds, t hen

the "di mension” of the code is k = loggn If the code

SUMMARYOFSTHE N INVENTIQNc odewor ds bel ong to the

same and only cycle, then the window will yield n

Ahi bftife tnumbed 6Mvebsies af arcodenesrdsell ¥ §-dop ytlic (15 . k) Jod€ &€ can be

there is a_direct cor rgs ondence_ bet wegn a_. .codeword v

capatenatsd &9 forgp seAuqnRe 0 ggm'én%%em QY of @iz onto the sequence

i€ QLR \WRArEnte&NtoAeld Y &vdevlrd of C. If the code is designed to contain exactly n

codewords, then the “dimension” of the code is k = loggn . If the code is designed so that
all n codewords belong to the same and only cycle, then the window will yield # different
codewords at n successive positions. Since there is a direct correspondence b_etween a
codeword and a position in the sequence (modulo n), each oodeword can be uniquely

mapped to one of n (relative) positions. We refer to such a code as a cyclic position code.
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mapped to one of n (relative) positions. W refer to

such a code as a cyclic position code. NPTO51 -AU -5-

When the code is designed to have a m ni mum di stance

of dn''n , any nunber of errorg up to dmn -1 can be
detected, and any nunber of efyYors up to L(d nin -

1),12 J can be corrected. Accordingly, the invention

provi des, in one broad form a nethod of deternining a
first offset, nodulo n, of at |east ong point wth

r' Whpe the code ia désigret] te bayeanviainnim distaneasft "Y1, spyrbarhber of errors up to
the fijrst sequence consisting of a regggt.i ng ;i;st
e roedn bé detedtéd, ahd ayahinbeposiiornup toGd2m™" t e 4 carefe corrected.
cyclic position code having Iength n and m ni mum -

A cordingty, thainvehtion provides] in on€ bivdil rform, abinethod 0§ dettdfiing a first-

t first sequence and at a_position corresponding to
t"R:getaf“"a%‘aé‘t ogﬁﬁeasbmerm}nt ity repectdn g dicy ae%eceoqdfjar gﬁﬂmymbols,

h HFPQlqBenc¥BSHsRtiNg Of & repediingdififst SodewBRPBE Nirst ERI1E pésition code, the
subsequence to a codeword of the first cyclicC position

GREE cydiB Dhosfiieh SEdde nféd%%ga[bngﬁhxzz%gg ihitll®: Bistaate ©

min - the method .
sequehce, of the codeword b

5 ' tained, and thereby
dedleding:ni ng the first offset. Mapping the first
subsequence preferably includes selecting a codeword v
of t hebtainingt fromahé first seguénce emd g agesiibn chrraspacdingdo theat least one
first subsequence. If there is no match, Refwgen tjhe
f i r spoint aliisst quseqeEnenaf lengttosisywobals,twhere an er r'éf mgy be
flagged. Alternatively, mapping the first subsequence
i ncl udeppisgthedirstsgbsequandetoar adedort é theifirsttcyclaoypokition code; and
posi tion code nost likely to match the first
Subséeieraming amofidee ip thetistcequehice,pf the codewpeththns ebtdiped] 2sd
symbgl errors .in the first subsequence. This may
i ncl g‘a'éggg?t‘é‘m‘?‘ﬁéﬂ%ﬁﬁr&ﬂ%ﬁbrd of the first cyclic

sition code.closest in nm.ng distance to the fjrst .
i i, 3¢ S rob s RO BeA endgpi of the Bist cycic
pfiticiechde vaich'n&oRdsCth &<t Subidbqiehee. fIf thefe is @¥Ghdtéh between the first
g'gsiti on code. The first sequence_is preferably

BraveRssaad 2 sgdeyvord thep ap sxrordpay b flagg8edd or forned on
rate, and the nethod preferabl

of in.a, first subs :
Afﬁ@ﬁﬁ%@éﬁ SAPRING fﬁs f{rﬁes peasFnce jplBdfietslosting a cadeveqrtljafghe first
%‘Sli(@ PositicD céile ﬁ)@ﬁﬂkegafot m#th Refifst SibkeqdRhdeSinthe presence of up to

ccessive synbols of the first sequehce are

hetet BSPy camiopsonketh i BHE GRBRENGCOATHS My Idfide selecting a
first pattern arranged in a substantially |inear

godemprgnof the first cyclic position code closest in Hamming distance to the first
subsequence. The Hamming distance is preferably déﬁned over w coordinates of the first

cyclic position code.

The first sequence is preferably represented by a first pattern disposed or formed on orina
first substrate, and the. method preferably includes obtaining the first subsequence by
detecting or sensing at least part of the first pattern. Successive symbols of the first
_ sequence are preferably represented by successive parts of the first pattern arranged in a

substantially linear fashion.
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NPTO51- AU -6- To allow a m ni num degree of error
correction, it is preferable that . To allow a
greater degree of error correction, it is preferable
that w> n The nethod may i ncl uge obt ai ni ng addi ti onal
subsequences from addi ti onal 3eguences, and thereby
addi tional offsets. The nethod may further include
deriving differences between offsets obtained from
pairs of adjacent sequences. The invention alsQ>,_g4 . +2
prooallate s minimuan degres oberoudofreetion, # isrprefieseble that min
determning a first coordinate value of af |east one
pHpwta gpater degrep et errargomegsiony ihjsi prgfergblefthat st~ sequences,
each of the first sequences consisting of a repeating

;’I!'hp gmeﬂ@,qgidgs_ymipqlu@? o:btahﬁnggdd@gﬂ!sgbng@nws&?}? _gé;&t,ionat feguences, and
rtﬁ%?é&%d&%olsn Sty g .n?e?l?cﬁieﬁgiltﬁﬁ‘g\g} %ﬂ}cﬂgudgpﬁl‘glg q}ifferences between

. To

ahce do I'nc
olfifséts nbtamed fromrpairaohadjdcett se@dentdse first sequences and
at a position corresponding to the at |east one _
[Tk Mbhvendioh edgeepiovides,f inr &otifed 64U &G aOfelh0d FfMdetérmining a first
symbol s, where hl 22 and W>nt -dmn, +l_ mapping each
gordinateryafugiof gt lagt pne pews With respeeldp @ Plyrality 0b fiEshssquerses, each of
o¥ f s{gt :Eeﬁfx%rﬁ%!s‘r:]%dnglgtrn?%gfp%h i %tg éf| rts‘fd\ﬁggg@eér?care@sg%;elggﬁsmm code,
odewor d,.t hus.. obt ai ned nd, ther eby. det er mi. ni NEmen
RNk Befot Pod BtheRRRy o iR e T the method
gichdda@gst one point; deriving, for each of hl - | pairs
of the first sequences, a difference between the
rst.of fsets,

Gor | vitgaer Subgadh e EAStooR i & Bt copresponding to

di fferences; and deriving, .fromthe pluraljtw, of firs

di 1 £8P &t leastone pint & fespechybfist sibpeauignde ot lengiho ‘o sympals, pere

| easj, ope ofy,bhg fdlst+differences is interpreted as a

di gi t' of ande first cdordinate value. Preferably al so,

at | east one of the first differences is interpreted :
as a mappingreacksefthe first supsequenéesite 2 raspestisle pedewordefithe first cyclic
frorpogﬁﬁoglg(j,d%g:ent coordi nate val ue. NPT051-AU -7-

determining an offset, in the correspohding first sequence, of each codeword thus
obtained, and thereby determining a respective one of a plurality of first offsets of the

at least one point;

deriving, for each of =1 pairs of the first sequences, a difference between the
corresponding pair of first offsets, and thereby deriving a respective one of a plurality
of first differences; and

deriving, from the plurality of ﬁrét differences, the first coordinate value.

Preférably at least one of the first differences is interpreted as a digit of the first coordinate
value. Preferably also, at least one of the first differences is interpreted as a marker

separating the first coordinate value from an adjacent coordinate value.
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This di fference codi ng approach can al so be used to
encode both an explicit position and a codeword,
where the codeword is used for error detection. The
codeword may be encoded using one bit of each

di fference, for exanple. Such‘a codeword, if cyclic,
can also be used to determne registration of the
position data, obviating the need for an explicit

: lf f n ral cyel i | £J.©n.

B et o8 Upfop AR R el BB} el O on na
podewottt whereettie ﬁbd?&drd)t’s &b«gj fotleriop deté%t;’bh. The eodeﬂgﬂ iy be encoded
more col unps or rows) per coordinate nmy he

T {JE?acf] N 5 e’aﬂm?% Sughy p goderyped, R@m&a can also be used
B B4t Yegishaliot 68 tHACHRItEh Haly) oBviafe Mt £RA11dH BRlefplicit marker
value of the at least one point with respect to a

gifferenre. iy gerferal cenelic pesitiemends carebe mbgddedin (oeewlogated with) other
| St i d cod d

SRR FABRRRL (il Q20 19 Seoond codevir

R o 3% FERat PO rPtlcien sP0ToRPg by MPrSRT ER dfion-specisic

&ata.0f the second sequences and at a position
corresponding to the at |east one point, a respective

TRE MBthod pRFEablQ Mtudtt deRAfiinthg\Wsebdit&losdinaty WEILE of theat least one
2 .and w2 > .+ 1 mappi ng each of the second

. -~ n2 - d. + ,
RUBs By erEet toaplielifeet swond caevmee orch RE thesepd sequences
&o¥Sikliy HOS irdgeMiheC¥MEnd H5deiord BE g ge&adcéytﬁcegosm {dad8, the second

correspondi ng second sequence, each”codeword thus

oht.ai ned, and, t hereby. det er m. ni n respbed,i ye one of
Qoo S RIS Rn of PEL Purispth Satal T e 6 miffgd Snctuding:
poi nt; and deriving,hfron1the plurality of second

of f s @bminihd)droreenoh df Coof e saord vajuertces Riddt apakitiyn catesponding
| east one of the second offsets is interpreted as a

di gitd thefat lelse ofepaifigla rpatise Bbad sibsstpenddldf tengat 1'% synybols,
the nethod further includgs, deriving, for each of h2 -

1 ggagﬁxﬁzgﬂfwg€8@n mgquences, a difference between
‘the correspondi ng pair of second offsets, and thereby

ar e_ﬁﬁﬁfﬁlg ¥EchWTeheNecdhdubdeghircys 18a régeomnit diéda 8P@Second
and includes "deriving, fromthe plurality of second

di f Fxsligpedtion ¢ade; second coordi nate val ue. NPTO51- AU -8
Preferably; each of the plurality of first sequences

i s feprminiag e affss), in theeopmesnondiag serond seqyence, of each codeword thus

obtained, and thereby determining a respective one of a plurality of second offsets of

the at least one point; and
deriving, from the plurality of second offsets, the second coordinate value.

Preferably, at least one of the second offsets is intefpreted as a digit of the second

coordinate value. Alternatively, the method further includes deriving, for each of hy=1

pairs of the second sequences, a difference between the corresponding pair of second
offsets, and thereby a respeqti\)e one of a plurality of second differences; and includes

deriving, from the plurality of second diﬁ'ereﬁces, the second coordinate value.
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plurality of first patterns disposed or fornmed on or
ina first substrate, the nethod including obtaining
the correspondi ng first subsequence by detecting or
sensing at least part of the corresponding first
pattern. Preferably al so, suct®ssive synbols of each
of the first sequences are represented by successive
parts of the corresponding first pattern arranged in a

FEDRLEDL bl o bt Bl B8 B B 5l SRV one of
it fo"l}rﬁwh ggtterﬂ—sf@s dosEBdr BRRkASEERNE a%rsﬁ’&sﬁﬁfee&e ARhod including

efin onal coordinates, for exanple x and Y
mbtaudng] ateeqomespoadmg rfirstssubsequense &y riigtesting en sepsinggeleast part of the
cycllc position codes wused to encode

iR S5T B0
6‘??56’@5 $ 1EOBT T hat es may be of the sane or different

SRRl Hrharpecesiin et O B ot th TS eair e gprgeented by

|s€6&§§ikfe PRHS 0P thé @BrrésporldiRg BrsBpatfhtarrdng¥®inSesubstittially linear fashion,
onpl enent and the reverse conpl enent. of the godes

/and thedirptpatterss waBrangsrian a sfpsyntiallyparalichand s am@?hm

cyclic position codes also satisfy the criteria of th

Tl dixstiand secomd ipgordjstatermaycdsfiag oghegoaplooedinaiese o5 exqrnréle x and y

f

fcg%( aﬂfaieg'?n §r@z{14ef19§ c?@rﬁfnﬁ{e Jg/g\gﬁ q%l? ﬁst a?n@ '%ctfdg & llc posmon codes

emluﬂlenmdesorthbgdﬂabcomdmates way be Dﬁthle same endiffetrept hhgh, and may be
r aw n BRI EF SCRI PTI ON OF THE DRAW NGS Fi gure 1

%BQ’iﬂ[efeé‘ &todi ng usi ng a 7-bit cyclic position

R B LT 3 L B e
Févgi'éé Ethd 05 gl@ﬁleﬁ! S{Phk Sre\ggrsedéoﬁﬂﬁérﬁé?ﬁ Qf GRdéddes YHstbd sh ﬂle table are

ItCCI OSItIOI’]COG gure4sovvs an arra
Nﬂaﬂv @ehms!e Mﬁ@ﬁ other gyclig ppsitipr cedes lalse splésdy theitaris the mventlon

?@gt%?al'cgdesca?é&i extcg;d%nabl e di fference coding of

coord igure 5 shows derivation of a

Hlé g'fver(ft%r glt'a %%%a&@ﬁﬁ&de&ibfoﬁf ok d ffilﬁhg%gﬁoxpﬁmﬁ&}%, descnptlon of

the arra
ﬁneﬁpmeé etbedioents o€ theum:tenom with zeferenartd theolsawiingat e
position froma second one of the wi ndows onto the -

BRIEF XESCRIRTION OF THE DRAWINGS
Figure 1 shows position decoding using a 7-bit cyclic position code;

Figure 2 shows position decoding using a 7-bit cyclic position code in the presence of
€ITorS;

- Figure 3 shows elements of difference coding using a 7-bit cyclic position code;

Figure 4 shows an array of thirteen sequences of a 7-bit cyclic position code arranged in

columns to enable difference coding of horizontal coordinates;

| Figure 5 shows derivation of a first coordinate position from a first one of the windows

onto the array of Figure 4;
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Figure 7 shows derivation of a second coordinate
position froma third one of the windows onto the
array of Figure 4; Figure 8 shows an interl eaving of
two orthogonal one-dinmensional position codes; Figure
9 shows the interleaving of FPgure 8 represented using
the presence or absence of a single undifferentiated
gl yph; Figure 10 shows the interleaving of Figure 8

R e et A o o

one-dimg%gg&b%@i&mw@es; Figure 12 shows the

interleaving of Figufe 11 represented using three

ﬁ%gﬁei THowd d¥RNRioR B? a g&:on@ BRrdinktk é@ﬁﬁoﬂ: #r 6 2 ShifPor MW windows

interleaving o Igure 11 represented using a
si ngl eoninthefafray efiFigateey gl yph of fset in one of four
directions fromits nom nal position; Figure 14 shows
Bigwresi shoos an amérlegviag bé ywderttioggnat oherdinsensiodal posioroéodes;
| ocation-specific data;, Figure 15 shows the mapping
Figurd @t sholvs i@ thtefl edviirgg ofHigre 8 réprésohtedusingithd preseyce ionaliskmce of a

array .of Figure 14 jntqQ tag-centered

| ocat i BrEle ﬁ%*??%%%é%ﬁFds; Fi gure 16 shows the

mappi_ng. of data fron1|g§ation-specific,colugns agg ]
Figite 10 shqwsdhe pntegleavige ofFighred repressiied ysiedwe disfipchielyphs;

| ocati on-specific _codewords; and Figure 17 shows the
Figye b shpwson atemativeinterlegiing afgwarorthpgqnal @&rcil@gwr&r pRyition

| ocatiggs.on the surface. DESCRI PTI ON OF PREFERRED

_AND, OFHER’ E!\/BQDI I\/ENFS. The eyrbpdi ments of t he _
. 3 ‘e I - -
AAHER! Wi Bl RUE b g RSBttt gt

sur f acewty gyplaci pal |y in the form of self-registering
patterns. NPTO51- AU -10- PCSI TI ON CODI NG USI NG

RiguRE QUENGE Shetinterlesving dERigadll represented esing & singleluR@Rkrenfiated

| engt h. k i.st k_ 1-bj.t mbered. 0. to k-1
QRS TR N e
Fiegt B oo o b n-e 38R R D i B B oy oG G oo dats

F {gulre:S 14 shfogv% %%atﬁzli(pping of data from location-specific columns and rows in the array

of Figure 14 into tag-centered location-specific codewords;

Figure 16 shows the mapping of data from location-specific columns and rows in the array

of Figure 14 into interstitial location-specific oodeWOrds; and

Figure 17 shows the codewords of Figures 15 and 16 at their corresponding locations on the

surface.

DESCRIPTION OF PREFERRED AND OTHER
EMBODIMENTS

The embodiments of the invention utilize cyclic position codes in the encoding of positional

and functional information on surfaces, principally in the form of self-registering patterns.
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bit cal cul ated by addi ng together nodulo 2 the
previous contents of a fixed subset of the stages of
the register (see Menezes, A J., P.C van Oorschot and
S. A, Vanst one, Handbook of Applled Crypt ogr aphy,

1997, CRC Press). A nmaxi mum1¥@ngth LFSR produces as
output k a so-called msequence with a length of 2 1
, in which every possible non-zero register value

é\g ears_once befiﬁgthe sequence repeats. Because each
NZARNG UPINEM-SEQVENEES,  once in the m sequence,

k- blt VVI ndow i nto. a known equence ds,.a uni que

e il mwxo??lq oot Ll mqsgnamagredom
i qgue position wth uence

the 9?*613? Rk (B oenthf e ciRums e Sy bip ol B KRG eauence, the

recurrin sequenge el ds W Due
ﬁ"lﬂ{ Ploveeeit 1% mo%%l% Isgigf he P @ﬂ%thﬁ nﬁwoc%n{eﬁ{:&; Jmée quen (E:'s w2 feedback
tﬁie&@anmagbya ﬁddulig? fgEthbmM@odals 2qte pafoud contahts of k fixe satset of the

pseudo- noi se sequences. The characteyjstics
stagas of fénetr%%ﬁerdfeem@éefuéw‘eé’s o Qorsehgtandss éxt"éﬁ%‘?‘&?e(d‘fflndbook

éﬂp@%"@égw@%@g& 1§BzféRc BeGl)S WehaPRAHERASA 'LFé\RQﬁé’dhces as output

e contents of whi ch are herein

A T R

vah@ pm o befodé iyt quents epestsli Begausef eat:lln ¢-bittakie dgpéars exactly

64, . 12, Decenbe the gontents of whi.c are
o & fhi ‘Héﬁ‘i“ﬁb‘featae[ﬁ‘g‘by"‘?‘g’f‘”el“é%é‘ OWB PSRNy @ nique A-bit

sBhRRENEY whichTh %ﬁ'ﬁ%&x‘i‘ﬁ@ tépretddens aee&h@ﬂsd?iﬁlﬂoﬂ Witk the m-sequence.
di ménsi ons by folding an msequence into a

Begensd pfithe sydieaiatuse pfap mppquenge; g #-bif windpyyoptogr regysgng m-sequence

(?seg %%nyeurﬂﬁ%t pcggxogf i.d. ?x?o’dfug{ﬂgb rleerﬁgtl'nzrlt \?g the m§%$é1 Rlepeating or

rqmeratm-seqmce]i ar€Tdiso knowmas psgude-nofsel{PN) awqugly:es .Sheicharaeferistics
n m sequence down t-he maj.n 0

aP‘%é’o 9 'gr?gqﬁ%r??ﬂ'ﬁ FHig®Fr %ﬁ%“tsﬁcg eansé‘éﬁl e Si ogg}lnb SW., Shi

R@Q@Jbﬁﬂéqrueﬂdas extgear Bark BAst)d 682, Alse cabaemtsl dfexhi¢har@hskein incorporated

‘?*J i cation WO 92/17859 (J. Buns and S. LI oyd), the
WHEEWitng property can al so be extended to two

Ascleiived B & o s hod oL R Sloah e e er o Seuences and
ARl St (PrSce¥dihss gf#:e BERIVER 4, Nb. B December IN?G_QEél-chtbnts of which

-1 col umms. e columms are shifted cycllcally
afgr eaei viacarprrated by anefenge), Shis pEndawing PreReEWapf m-Sequences can be

- extended to two dimensions by folding an m-sequence into a two-dimensional array The

: k
=2k‘k2 1 =2"'-1

length of the m-sequence must be of the form ” ~ 1, such that " and

= n/ Xn )
"2 T T gre relatively prime and greater than 1. The output "2 it array is filled by
writing the m-sequence down the main diagonal of the array and continuing from the
opposite side whenever an edge is reached.
As described in PCT Application WO 92/17859 (J. Burns and S. Lloyd), the Windowing

property can also be extended to two dimensions by arranging a recurring m-sequence into

columns and encoding a second m-sequence into the relative vertical alignment of adjacent
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array. Assum ng the two m sequences have | engths 2kl -

1 and 2k: -1 respectively, a kt x (k2+ I) wi ndow into
the(2k'- 1) x 2kZ-bit array yields a unique k1l x (k2+

1) subarray. Each ki-bit colum of the subarray

yields a relative k,-bit positli-on, and each pair of
columms yields a one-bit difference for a total of k2
~bits and hence a k2-bit horizontal position. Once the

hor i zont al position is known, the cunulative vertical

. s. Abe eRljgngaye sbsﬁpqﬁqulfealwotm%ﬁﬁvsﬂwprs@ﬁgulfﬁ shagg ohyidie overall
added to the first colum's relativesyerticalsposition

atrfay Wis@inting the be® nseuerses ihawd lepghis t3 onl &d encddidspectively, a
‘ ’a’ &:@L;ﬁrat her than oneéblt m{Jo the relative vert:kcal(k H
% t G 2068 1)eq S y zkny (e +
the full r“g‘ﬁ%g‘?op gtlve)shl fpg %{T"i 50931 bf}%@e

subargdyh Each & it cohan bf:&le sti)aslfag lymmsea reldti®e k;-bit position, and each pair
can he expanded

p05|t| on- cod| ng densjty of the arr
qfpolymns yields g ope-P fiferegee feng ﬁotﬂl Ol it g0l henceiokaif hrizontal
ﬁogﬁﬁnr ORéLhE %ﬁzﬁﬂﬁ $IsBIRNE KAbWAR e cBilatiPe verRCHIQRTCassociated

recover bits in both di mensi ons, the
w:iﬂf the herigantal pabitign appboaddad b the firgtreofunen’s redative yetisa! position to

}gélmgﬁsgn,tec\ae%&g ey utilized for the vertical
recurring msequence

I menston, I. y arfanging a

ér)P% cf)ﬁlggﬁcéPﬁlsn ngdtheqJ ?bagl Jid b@nin{onﬂl? ?éi&&ﬁfé‘%%ﬁcﬁf Qhélﬁx%nt of each pair of

nment - of
colummnie. aryduﬂilmmg mn:smllhengqoaf reddtive shiﬁseallmdelﬁy the langth of the
known nmanner to allow decodi ng. An m sequence can ok
#d'!

vERICHI maBYue e IRy Péyindnwmm gdehfityothe Qe {dan 6 Ex;faﬁ«‘l@d

produce an overa attern of sufficient size.
hgzantallye Eachy ki3bjt plifferences valeg thepi reprosnts pae é%pr@pt af p, ki-ary m-
&{l]lw&gonal coordi nates can be encoded using

I n-sequences placed in parallel to each other. Each

i n-sequegnge is replicated every second row, wth
Tewesovaunber & dits imdbothudimessonse kthe differsate tadingoinpsoatio usddefor the

odd- nu ered L CeSSLV of f set
hosfobtef Qitpendion; R AReL GO RERAL £3t 5 Rl oim@iiofte. i farrppeine a
reciufiidg nofseqnmhﬂtatrowa ahd entinigah rﬂsequm mddhmmﬁee adgxunent of
.(&owsdefl e |lines of onst@a coorﬂ& f\ 'gé F‘i} -
feeBhrops. SEIR-SEYTare. dAVDHUE Stpa‘i“ﬂ ydpterleaved,ina known
mbhiRr €N AR EDHIRE. AR ni-YEuetcBRAS teiPdnyRfUBiblet S/ tim&OFiRIS & column

the angles are i'nduced by offsetting nultiple copies
(ogrow)tp @rqucesw@r?é'e@ttemwé subisieBbdze- i s hi ghly

inefficient. NPTO51-AU -12- A drawback of any pure
Asrdewsibeh it USpPatent 92087 L AR Ag daredh &t R eithagand) sepidingtes can be
enlRb &L lﬁig&r}n-sequenoes placed in parallel to each other. Each m-sequence is replicated
every second row, withAeven-numbere,d TOWS succesSiVely offset two bits to the left and
odd-numbered rows successively offset two bits to the right. Even-numbered rows. thereby
define lines of constant coordinate at 45°, and odd-numbered rows define lines of constant
coordinate at —45°, i.e. at 90° to each other, with each of their intersections thereby defining
a two-dimensional position. Because the angles are induced by offsetting multiplé copies o'f_

the m-sequences, the approach is highly inefficient.
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increases, it is increasingly expensive to translate a
gi ven subsequence (or subarray) into a position. As
described in PCT Application WO 00/ 73887 (P

Eri csson), the difference codlng approach can be used
to code a coordinate dlrectly, i.e. the relative
vertical alignnent of a set of recurring msequence
col ums can code adj acent parts of a horizontal

ositio oQrdi nat e andtherel Y rj

A" g, oL RSLAeE oo PR a8 Bogigon precsion
aiReRsadlit 3¢ Mbteadidly Sxpehsife Wetrdnsiagd a Qoen fubsequeneer(di subbeay) into a
Unl.i ke a pure m sequence approach, a marker value (or
PES™ nust then be used to indicate which col unn (or

ro separates the |east-significant part of on

Asotaserifed einf PE Aprlicatingy YO JRY 1388 AP sog), the, éilﬁ@%tce coding
gﬁpgﬁ%gr%tl Scre 8%?#8%0 cf’«jt E%Bﬁélﬂ&t% %ﬂg@t&ai Qethg l’Jlé nggﬁﬁal ah&nment ofa
‘Seheofdneélfrﬁng rm-eeqnenhengalm'pm oax:bodev\kdjdtwnt ba'tsobﬁerhonzontal position

di nat di Th bl
SRR PN B shBTblfinent At P RODRBR IR RS rows cn
B Qldjabéht padtd Y WRIticaPhositid doBfitiald. NRLIRE & ARANGEfucHdY Hbroach, a

code the ortho onal coordinate is known, rather than

matker valeg (or ft-!lga)t myst then; herisedhto, indligate wlichecolymn, (o row) separates the
t t
B0, B R 50 AR 5w 1

c@pdmeﬂea Ms agoptirsisatinint to thadiffengnce ceding lapprgighy hnkyhingreoordinate is

e SRR SRt Sl e IR ioHE il o Rier SRR B8k dircty

"Hhﬁ)yid)possilﬁle csikde eshce Othé adifferehe-dvd 6k guarduae isadedoded, the absolute

tilized in various ways to ensu hat th orr
Aiermittaar; R recgring @ﬁﬁ‘ﬁlﬁﬂaﬁf i Godebr ol Sograinate is known,
@fte® thha Rls B thehr TR WigninntC B @b deketiBsl %réd&ﬁt thi tw¢ brthogonal sets
contains a particul ar subsequence then it does not

Qfowwunnqeh arerepbingd boffpatrwe sgert?élwe@ﬁ@ént bityned rmmng each bit

Sﬁ@é@g@/{] ﬂl&u{ |arreter 0 atgs‘??lgfgglt iNFZ is

Ase‘aééchﬁéh ‘i&("lﬁ?ﬁ Aﬂlf.r,gcé%{ oh WA G228 (§. hﬁuﬁkf%iﬁ Wi %'(T]br\yd), so-called

respect to the sensor 1's constral ne
dﬁéﬁtﬁm m@mm@emﬁlm iAsauiows wiys tol ensure fbattibe mtjonentatxon

aak 3ub b%?}? 8%{“)% @f{g?@ 1%1? | ﬁg@f%g%g&cgl oéng()%‘ that if it

cahtlamp agartular kulisegiease then it doe® potndontain. th,e rﬂvefse) of the subsequence.
fornms a vector space over G-(q), contai Q ng a possi bl e
Whest isragingsan: amaye whish deqres [aowiadowr sizsr of 5 e @ Geld| afrdew with a

n consi sts of B set of Mn-synbol codewords (co,, cl,
diameter @fnat Jeast\\|{et & required unless the orientation of the array w1th respect to the

image sensor is constrained.

ERROR DETECTION AND CORRECTION .

Assume the data to be coded is broken into k-symbol blocks, with the q-ary symbbls taken
“from the Galois field GF(q). The collection of all possible k-tuples m = (mq, my, ..., My-1)

o k
forms a vector space over GF(q), containing ¢ possible vectors. A corresponding block

error code C of length n consists of a set of M n-symbol codewords {cg, ¢, ..., €u-1}, Where
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NPTO51-AU -13- M= q and n > k, with each codeword of

the formc = (co, ci, ..., cc-j). Gven a data bl ock

to be encoded, the encoder maps the data block onto a

codeword in C. Since the collection of all possible

n-tupl es over GF(q) containsi§-vectors, but there are

only M= gk codewords, the code contains redundancy.

This is expressed logarithmcally by r =n - |oggM =

n- k R = k/n or by the code rate . The code Cis a

M I eqar ?x&lcd’ek' %tlil Each' ﬂéWbré‘ oP &6 st SUPSPACE 8,".? Gitda(adata block
osed under addition and und

taﬂnletengided:,atho; ercotbsr maps ¢zl data Blackdontd usom@lm@ Sihce theeaqllection

vector). The code is then said to hgyve dinension k

NGl possfler hahlésO Aer aBF(g, chntaifPde. Jdttorlamui Mhere are only

di stance between two codewords is the nunber of

My T0 | Sqeurgdh 'ttfehcogig eﬁoﬁiﬁﬂ}s ﬁ&g@é\%‘l’z’d 2’8% i fep s-gi‘ g?{saw}hngct:ally by

m ni mum di st anc eis

Ham g MiFst akice n%tl?enéﬁdg%té RFE ﬂf&tmﬁodeqﬁgsygrégetzr Lble if it

t he- code. The rmX| m di st ance dnax i s
folmmsriangectbrs subspaee advenrGF(pRi ice. df idiistdlosed wderewdditien iand under

oL e PR i S5 R i i o e

diménsidnXeand 4§ eEred to SYHNIIR) A cbde. COrrupts. For an error
pattern to be undetectable, it nust cause a codeword

e He@Hink ilsBn8di&n thOEBUGHGHds 1 tifeitenbet bfsymbBlsith With the two

distance of d,Rin can thus detect all error patterns
cB8ew RO et ATR rhifBhurR diseed | mt0oftDblogk tode 18! thdSH&llkstBHamming

given code can detect many error patterns with

ABERE B aryB6istnld oABNBRYS dethe Rodd. Thé n@Rinkle dRhGTre i the
for which a code can detect all error patterns. Gven

laggest Hpinmingdistancs of snyopajr efslistinprcedewnrdsin the eade- patt ern,
the decoder maps the sanpled word onto a codeword in
Ag qrrer pijtem itradyces symul erprsiiite @ cofewasd dbistshpraetprizerl dy its weight,

I.L.QEC n \6@5 ﬂo?s 1? b&'t’l.ﬁ%? @'h z]:rf %r?gﬁﬁg Rgﬁé’\ﬁ}{dgtectable 1t must cause

ori gl na Itten en map codeword

@ﬁ(ﬁ Jtl?oc K;ok llﬂ}e taﬂ@th &ﬁgﬁ&dofﬂ dEBidh as@ﬁﬁﬁlﬁfncdlstanﬁ:e of Dmin can
ar ac

erization, 'S assums tha ower - wel

(35 ot B ChSF el g%ﬁgﬁt lebd ol of B3R idgherL wggn%h s given code

error patter error patterns
canedetpivt manye exeammttbzyns wiithegreater Mrrights thisprovidek ellnrrhtmjﬂle weight for

us the codeword which is
W}é\{hg 3@ ‘f?%&?ﬁﬁﬁ °&P%‘F£‘hce to the sanpl ed word.
Given a sampled word possibly corrupted by an error pattern, the decoder maps the

V ‘sampled word onto a codeword in C in such a way as to minimize the probability that the

codeword is different from the codeword originally written, and then maps the codeword
onto a data block. In the absence of a more specific characterization, it is assumed that
lower-weight error patterns are more likely than higher-weight error patterns, and that all
error patterns of equal weight are equally likely. The maximum likelihood written
codeword is thus the codeword which is closest in Hamming distance to the sampled word.
If the sampled word is closer to an incorrect codeword than the correct (written) codeword,

then the decoder commits an error. Since codewords are by definition at least a distance
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If the sanpled word is closer to an incorrect codeword
than the correct (witten) codeword, then the decoder
commts an error. Since codewords are by definition at
| east a distance NPT051-AU -14- dm n apart, decoder
-errors are only possible if tHe weight of the error
pattern is greater than or equal to dmn 2 . A
maxi mum | i kel i hood decoder can thus correct all error
atterns of weight less than or equal to L (dmn - 1)
Bin hpart, @ebodat exmdrt yire dniepabeibledé theowight off thecetrot patternois greater than
2t < dmn sg long as The m ni num di stance of a |inear
al © vt edl n’ih}tnfuhﬁ ieTilgodtdetodes bardithus Kbmeck all Rrrer patterns of
+ 1 Codes which s ISfyanf Si ngl eton bound with
\%gigﬁd leds)thaH 6t @l t6 & Bduiviléntly S@p decvdbrecah MBSt ¢ errors
Ree -SoI ormn codes (see W cker, S.B. and V. K
Edh ‘é»dts., Reed- Sol onon Codes and Their
Appllcatlons | EEE Press, 1994, the contents of which
are herein_ |ncorporated by .reference). he <n- k+1
Eesrmvmyn distancrpia Haess sodeap ligjikapy etafli.v “ﬂé'gg%
5 RS Wkt %a@sf? WD @mé’éto@ voanP valh WRlaflt2 aRUBRRd trﬁaﬁﬂmﬁ-dlstancc

een corrupted. Since its position in the codeword is

dcpambiﬁ (MDSOaRleddeSqlgnm cailes (see Wiekqgru$, Bogatt V. ]@j@@gﬂﬁ,@s Reed-

t her an t ed e
ARG ol BB DT Sl SRS AR 08 R A ap b
r?oralféﬂi by lrefefente) @SPdiedn oy c&)iﬂibﬂlly-uséd MES)d@dm.rIdo bmanycdodes are
|nc uded In the Hamming distance used as the basis

~maxi mum | i kel i hood decodi ng. Each erasure t hus
effect ively reduces the mnipum di g one, od. Si
- An grasure s @hyymhob of doempled: ward; asspmed t% a‘feo (ERupted s Since its

1t1/03 in tHe! doBEWordas KRG, af EALbE fénox%ﬂ b ﬂie%hio)ﬁes éfftRcoding rather
decoder can correct t errors andferasures so |on
than YeingeratedrasNDSEW8 & oF Iekamplectherdistappe; petyyeqn, the Afaé?s’g%ﬂﬂbgl in the

s§1¥x§fe§ (% Gnd the ?@'?égp&{dlﬂgt Bpﬁ%géw&rﬁrﬁ Qétrix?olud%tuh@x@ tHammmg

I on, correspondi ng data block at a fixed
 distanat lusnd aslthe basist ﬂoemapmssm bkélhpod d@@ﬂh@gﬁ&@lﬂ@@m@mﬁwwﬂy

di
ridtie i Ay pfil ) v o it G5 B s HE LGRS wo o
. |W(d}, 6 -9t 137 BJ neaf dqe & %‘%ct%g E{]u%a?gﬁl tll%ydfe% EaH EdiRet ¢ errors

‘the code, i.¢€ ng one*or

heiundancy gygg%cﬂ( 1S LS e s 20470 K1

A code is systematic if each of its codewords contains, without modification, its

corresponding data block at a fixed location. It is then possible to distinguish between the

data (or message) coordinates of the code and the redundancy (or parity) coordinates of the
code.

The rate of a linear code can be increased by puncturing the eode, i.e. by deleting one or

more of its redundancy coordinates. By the deletion of g ‘coordinates, an (n, k) code is

" transformed into an ("~ &, k) code. The minimum distance of the punctured code is

Dnin =& . Clearly, if Fmin =8 <2 , puncturing destroys the code’s ability to correct even one

error, while if Amin=g<1 , it destroys the code’s ability to detect even one error.

NPTO051-AU



transfornmed into an (n-g, k) code. The m ni mum

di stance of the punctured code is dmn - g. Cearly,
if dmin - g < 2, puncturing destroys the code's
ability to correct even one error, while if dmn - ¢
<1, it destroys the code's alitity to detect even one
error. NPTO51-AU -15- Equivalently, the length "A =
n -g of the punctured code nust obey w? n - dnmin + 1
to be error-detecting, and w? n - drain + 2 tqQ be

HuRValeh A5 ¥ The—SeraiasuntRFedoldmastobgyl ™ Toabmin 1 b
can sinp y treat del et ed. coordi nates as erasures with

eRSR8&Ectin &ﬁew&"f TFnal" L eglge efolbdktin0 dhe Gebdicfor a punctured

cyclic code if for every codeword c = co, cl..
codexcansimply jreqt deletediseprdinates anprasures vuﬁnrsmpﬂo ¢he original code.
(cn-i, co, cl, ..., cn_Z) EC, i.e. ¢ is aright

@ybibblccadhiﬁis aadyclic cdde iff fot evenp codewbriat = édo) c1...cH1C) d':,,q) € C there is
shifts of ¢ are also codewgrds in C. If the nunbhe

als9 8 \hererord cex deeid s cb e NG Ch LBFC tiha righigerche sttlﬁ@ﬁc It follows
the code contains a nunber of distinct cycles, with
tathll ceptlic shlftsoﬁ n e akfongdSivords ingl.dlf theshembest, coddveards &i exceeds

t t t h t
oSy bl B By b BB ol ot
PO} t decodi s d t
FERTROFR:) Wi ARG 7 5 e SN BB v,
thleh €W Z&f0 VeEtol €3rmi6 itk 0Bm @ycle.or rect i on. However, position
decoding via an n-synbol w ndow onto a recurring

CcyeLicPospisNebeeef | ength- n does allow error detect iton
and correction. An arbitrary nunber of copies of a

ES¥iteoR0decodingaviay 6! k-6yrhiBbl %inde@dento &afecfing OMCRG RN length
to forma sequence of arbitrary length. A w ndow of -

3128 0 OE0nd iR AP Gl of BRbcuGH AL EE o] héing via an

a codewor code 1s desl td contaln

resoaiahdl ywndo“cwempmng tyestic tchéevdxrdreﬁlxngth rodoess lalow edter detection

finition, k = toggn If the code is designed
anﬁc?ﬁ&ttl%gll n codevvords beI ong to the sane and only

AL 8t 5T 0? IR Paeparddrichul & bLGUf Rgmn op onpatonted

tdlfbﬂﬁ:ta sbquernes mﬁmﬂﬁﬁtﬁ@ lelgth. & ewindow adasiwer 4l oardthe sequence is then
03|t| he sequenc on each codeword, can
araniggy 3& ofi§/ n‘bﬁﬁ%g""tr ocefné "3? Ltjlw 693@| it § %%neg&g. PR exactly n
éeq’vorfisl Ctﬁ‘e%t !h% dlmerPs%c’nl (t)% 813 coge is %y definition, k= logq . If the code is
designed so that all n codewords belong to the same and only cycle, then the window will

yield n different codewords at n successive positions. Since there is a direct correspondence
between a codeword and a posi_tion-in the sequence (modulo 7), each codeword can be

uniquely mapped to one of n (relative) positions. Significantly, a position can be

~1)72]

code as a cyclic position code. Any codeword of a cyctic position code defines the code. A

determined even in the presence of up to [ @mia symbol errors. We refer to such a

cyclic position code is not a linear code, since it does not contain the zero vector. However,

it is useful to use the terminology of linear codes in the following discussion- and
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determ ned even in the presence of up to L (drain - 1)

"I J synbol errors. W refer to such a code as a

cyclic position code. Any codeword of a cyclic

posi tion code defines the code: A cyclic position

code is not a linear code, sint it does not contain

the zero vector. However, it is useful to use the
term nol ogy of |inear codes in the foll ow ng

di,scussj on and NPTO51-AU_ -16- characterisation of .
cch@ﬂaﬁgntq?&mclmgm waks- o8y sesreyclic pesition ehes:ase igear codes
ayvfth e YRR veb@RERSnovdit h the zero vector renoved. Note

that the k cyclic shifts of a binary m sequence of

length 2 -1 constitute all of the non- ki zero '
Notewhat e aytliashiftsefa binary ni-sequenbe offengtardythl nomstiitelall of the non-
dimension /y and m ninmum d =2k-t distance mn (see

Fzedo coddeavids| ofanEneansydic tode ofSlefahe =" PselidanRansoR) and minimum
Sequences and Arrays”, Proceedi ngs of the |EEE,

Vol . 64, d\g.42* bece 78).... A bi m gequenge
t‘ﬁ%or e defi nes&ﬁg‘géil @C%gﬂqs‘oﬁmﬁg{ji‘f&: I\%??g‘ea! gﬁﬁ“dO“Ra“dom
IRuBREs add Ay ie PoceBfys g,?ehéom, Va4, N2 BhcBfiber 1976). A
schenes described earlier do not use m sequences as

iRasyB-yequense fheeefprealpfinese qyclis pepitionsiode Nitte plse, dpwerer, that the m-

&E@%ﬁé&%‘&% %Wsiﬁb& eoo@i&xg nsscg%mésed np{dal:alrﬂer a5 %%ﬁ‘_#g@ fif2Sequences as

set of t of sinplex codes.
spdprards, sinogithsy hsevaewindoytsize of & ratinar thaf aawiddow sizerofw.
distance d N=(n + 1) i2 =2 mAs inplied by the
More, genérally; aneempredsesafefiac si subbehof cthel setdeff simplek hedes. The simplex
equi di stant vertices of an n-sinplex. The m ’il_ri_nw}%r;dz
weddsniavediesgtantes a8t~ sncmhiesmuo dlistaice THer ef'or e’the ™. As
sane... For n prine, the Paley gonstruction can be used
PP byt piing g Ridew o a8 p SmiBtish o5 8F e thcatsapEvertces of an
naihplee The aesinvac Wd hadmBm distdncefbfh dinpleR co® £3 BRrefdrd the same.

;irheory, of Error- Correcting Codes, North-Holland,. .
o7y primqthgyEaleyrconsirystion ean be ugsdre constpta exgliciipplex code using

hadidtia reGianTEU (Yo AVaOWilBAHs, SE9F a0 N.PAC Mo, Thé | Theory of Error-
995, the contents of both of which are Kk herein .

foreeriser aedes Dyrthdiclieadc )77, mod Wicker §eB.o Error=Cantrol Systems for
bhgii F&nﬁhﬁ’@&tﬁ?& cﬁc@dﬁ%’g&, Pr&lHcE Hat oo NBE oAk IRt EPwhich are

a cyclic position co
= 9k :
- herein incorporated by reference). For n prime or * = 2 -1 , then, a simplex code is cyclic

and therefore defines a cyclic position code.

A cyclic simplex code of length * = 41 defines an optimal cyclic position code in the
sense that it has the largest minimum distance possible not.only for its length but for any

length n<4(m+1)-——l'

The “dimension” of a cyclic position code is fractional unless the length of the code is an

~ integer power of the symbol size. We consider a cyclic position code “systematic” if all of -

its codewords are distinct in k=T log, n] symbols. An m-sequence defines a systematic

cyclic position code, whereas a cyclic simplex code in general may not.
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A cyclic sinmplex code of length n = 4m - 1 defines an

optimal cyclic position code in the sense that it has
the | argest m ni mum di stance possible not only for its
| ength but for any length n < 4(m+ 1) - 1 The

"di mensi on" of a cyclic positildn code is fractiona

unl ess the length of the code is an integer power of

the synbol size. W consider a cyclic position code

t f I ts., codewords are_ distinct
S 1 mag‘ﬁ pog'gwpogq is mlpqlwétgd)@g QE gmae:zfxm{@g‘s algg s;'stemaulcally deleted

%b‘ﬁ{ 84t doBewdrl ©Of itke BRR! HoRBver O8lRce chited @y&%‘ﬂv\hﬁm code is not

l'ex code in general may not NPTO51- AU
@yfdlcb the poigingal epdewordds tdl wdm oonsthict dresarbitraryolergth yodeckquence on
are systenatically deleted fromeach codeword of the
edbirk. Punstaeserosition ieeodingisrhesest dtitheynunctureg woile hama tepgth of " &,
i.S not %ycll the original codeword is still used to
gt?ﬁéf‘r(uc Ysaebal windpw iy Used pgtcha exsHmingsyelimecdeward affiength # from
aP&bdgaosi tion decoding is based. If the punctured

cod as a length of n-g, then an (n-g)-synbol w ndow
CHelieFREitioRtedeEdafifpw i Ng cycl i c codeword of length n
from the original code. Cyclic Position Code Exanple
By wag\ofekarpla, btk 1 Slswsethé 7 $0@Weords\6f a/7-Bid Gy éiﬁ:h@fpos'itlon code.

bit. binary cyclic position code., The code is
@%F‘i’d& is angyiclis Simplex sqdg and is gustematic; & hasa mipimgm “(and maximum)
Bis13hEBUTA(AAB thePBrSeMBYs ol SHRNG Ge S ﬁ?i‘”d therefore
all ows one error to be corrected. Table 1. 4°B ~ s
0001011 0 0010110 1 0101100 2 1011000 3 0110001 4
HH0910 5 1000101 6 Table 2 shows the Hamming
yrst codeword of the code and

00010;1

0010110 1

0101100 : 2

1011000 v ' 3
- 0110001 a
1100010 [

1000101 6

Table 2 shows the Hamming distance between the first codeword of the code and each of
the other codewords of the code, computed with a one-bit error successively in each of the
seven possible locations ih the codeword. In each case the corrupted (i.e. inverted) bit is
indicated by ¢. Whereas the distance between the corrupted codeword and its uncorrupted
. Qriginal is exactly one in each case, the distance between the corrupted codeword and each
of the other codewords is never less than three. Since the code (by definition) only contains
a single cycle, the table demonstrates the ability of the code to correct any one-bit error in

any codeword.
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the other codewords of the code, conputed with a
one-bit error successively in each of the seven
possi bl e | ocations in the codeword. In each case the
corrupted (i.e. inverted) bit is indicated by

Wher eas the di stance between-f!fi2 corrupted codeword
.and its uncorrupted original is exactly one in each
case, the distance between the corrupted codeword and
each of the other codewords is never |ess than three.
S%a.eithe code (by deflnltlon) onIy contalns a single

o2 >3 . 000401
3 08018¢1 ()0. 2013 153 5 333 5 530+p1041 [ 553 b
0 [ 5.5 3 5,3 Fi.gurje SNpWS_ & FeqUeT
Q%@llécllfl ngof fhp fi rqt3 C dp\f\snrd (‘)f t he 7§Jbi
cyedeoe [position3code rsepeat ed nult:ple tines.
1,84.5Q $hoys @i ght gajgcent 7 bir W ndpws_ 52

eguence,—each vielding alcodewodrd of the co

orCororeotre

theﬂé%y a shi{t val Ue 34 accordi ngg to] Tabl e 1.sFi;ure'

,§J191yl\5 the sane sequence [0 N [Ne presencef ot t
e errots—-60 62 lrespedtively eve of 1he

TTTT

eight 7-bit wi ndows 52 onto the sequence therefore
al so contain one-bit errors. These errors are

Rigiredcibgms @ sgguance §8 toprsistingiaf thebise codewopd ef thieritybit binary cyclic

5
fod {Uﬁg%% d 1#1 F‘E%e?.}’ﬁn%ﬂ% &a?ﬁo%ggg% B ta%zacé} (fe it pipdows 52
ontsy thet sequriee, |®nlgwt§diagld eylewold of thescodeand thidreéty a shift value 54

j ticul th and .
SR 299001 Rl ot e o0 G085 B proone i
etmst 60 aht 62 hespaamty Sevasof dfe €pkt TBit wWinde\Wsy 52 Xﬁid the sequence

QN codes of, vario engths, together with
R Fbtel T Rt pRcbil SRpris, e, OO i foreestabls o Mgt Table 2,
| yleRiifg éotreSponlRIBRAIIE codeRordsBBEhH theloy bhinAihed 34 3s DG bre.

Optimal Cyclic Position Codes

For modest code lengths and symbol sizes, an optimal cyclic position code of a particular
length and symbol size can be found by exhaustive search. Table 2 lists the characteristics
of optimal binary cyclic position codes of various lengths, together with specific exarhples. :
Al‘thpugh in most cases the optimal code is systematic, for lengths of 11 and 12 a non-

systematic code is optimal. Note that the optimal codes of length 7 and 15, and generally of

_ ok
length * = 2~ 1 are defined by m-sequences, as discussed earlier.

Table 3.

0001011

8 3 4 6 1 2 00010111

9 4 4 6 1 2 000010011
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systematic code is optimal. Note that the optinmal
codes of length 7 and 15, and generally of length n =
21, are defined by msequences, as discussed earlier.
Table 3. 7 3 4 4 2 0001011 8 3 4 6 2 00010111 9 4 4
6 2 000010011 NPTO51-AU -19 000010111 000100111 10
4 4 6 1 2 0000100111 8 0000101111 6 0000110111
0001010011 11 4 4 8 1 2 000010Q1111 6 00001010011 8
00010100111 5' 6 6 j 2 4 00010010111 12 4 48 1 4
00010011c111 5. 6 8 2 4 000010110111 13 46 8 2 4

0000100110111 14 4 6 10 2 4 00001001101111
00010011010111 |15 4 |8 § 3 4 [0000101001106bdie1116 4 8 10
3 40000100110101111 000101100111101 17, 5 8 12 3 4
000G01+906031040411 1022 18 5 8 12 3 6
00090i10blor1011% | ' | 2 0000100111
8 0000101111
6 0000110111
0001010011
1] 4 4 8 1 2 00001001111
6 00001010011
8 00010100111
5' 6 6 2 4 00010010111
12 ) 4 4 8 1 4 000100110111
5 6 8 2 4 000010110111
13 4 6 8 2 4 0000100120111
14 ] 4 6 10 2 4 00001001101111
00010011010111
15 | 4 8 8 3 4 000010100110111
16 4 8 10 3 4 0000100110101111
00002011002111101
7] s 8 12 3 4 00000100011010111
10,12
185 8 12 3 6 000001100101101111
000010011011110101
14 000010101101001111
12 _ . 000010101111001101
19 6 10 10 4 8 0000101011110010011
20 5 10 14 4 6 ‘ 00000100101011001112
12 00000101011110010011
00000101011110011011
00001010111011001111
21 | 5 10 12 4 8 000001010111100100011
22 {5 10 14 4 8 0000010001101010011111
0000010011000111101101

'Not systematic.
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000010011011110101 14 000010101103001111 12
000010101111001101 19 5 10 10 4 8 0000101011110010011
20 5 10 14 4 6 00000100101011001111 12
00000101011110010011 00000101011110011011
00001010111011001111 21 5 10 12 4 8
000001010111100100011 22 5 10 14 4 8
0000010001101010011111 00000LQ011000111101101 Not

systemati c.

NPTO51- AU -20 0000010011011000111101

0000011001110110101111 23 5 10 14 4 8

00000100011001110101111 14,16 7 12 12 5 10
000001j0100110Q110101111 24 5 12 160odocoBo11011000121101
00001001¢110141010001111 ~ 25 5 12 18,5, 8,000
00000400¢+06431011d1ud 1411618 16510
00008520001 1'01010011 111019.1 27 5 1200@6100511399110101111
000001100101101e1900100111 1
0000011IoT1Iq [T101Tg01Ig101 1286
00000d1 nm F%)n J'1 n%1 nnf, 111 0%0001019011001{'0‘:{01111
0000901911021001910131108011 29 5 3Peporp@o110811010001111
0000610010%91111:4001400041101 0000010001100101011011111
14,161
8
61| 5 12 16 5 10 00000100011010100211110112
27 5 12 16 5 10 000001100101101010001001111
000001101100121101001010111
28 | 6° 14 16 6 10 0000001001010111010011001211
0000001.0121011001010211100011
29| s 14 10 18 00000100101011111002200011101
00000100101611111010001100111
13* 14 12 6 16 00000100111110010101100101011
8° 00001110001000100101101210111%
e 16 16 7 0001001000011101010001211011011
437 22 22 10 20 6011010110001000001110100011111011100101001
47 | @ 24 24 11 22 00000100001201010001101100100111010200111161111
59 9 30 30 14 28 001000101011011000100001100000111110011110111001
00101011101

For coding purposes, a code is considered equivalent to its reverse, its complement, and its

reverse complement, so only one of these is included in the table in each case.

Although the table (mostly) lists systematic cyclic position codes, for code lengths greater

than 7 there are many more non-systematic codes which are also optimal (indicated by

ellipsis).

A particular cyclic position code can be punctured to reduce its length and hence its

position-coding precision (and corresponding window size). Table 2 shows that the

punctured code is superior to any other code of the same length when the code being
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00000100101011111010001100111 13' 14 12 6 16
00000100111110010101100101011 8
00001110001000100101101110111 31 7' 16 16 7
00010010000111010100x1111011011 43 7' 22 22 10 20
001101a110001000001110100011431-01u00101001 47 9' 24

24 11 22
00000100001101010001101100100111010100111101111 59 9

30 306i4 28 | :
18 £Yelio siowieroensie sioe eack 1ayetie simplex) sodgoim the table has a

AR i B ISR RIS GARE b, COT! der o

equi val ent t |ts everse, s conplenment; and its

s
a leggth of\I§t mrsupérior ¢y tHei fourpaptintal oasdes ofl Eengthf 1(8r1n d:hmlteble The optimal.

t 7 th .
GRS SRR e & SO i oo, e TS diAaesapel and 6

1e3pecEiely, PFliik) the AuBdtifedCleh@h-19YoHé had @SR rifHGint Adtance and
be punctured_to reduce its I ength and hence its

‘B’@é‘?‘t‘fpéﬁ”f’e@@d‘iﬁ‘?@cﬁ)ﬁﬁ%m brespestivelsor r espondi ng wi ndow
size). Table 2 shows that the punctured code is

Thefisst colummnofaplect shews thedkd eoflewards efthe optima) témgthhEhcodh én Table
T
30%11@ s@&fnﬁgtglugﬁn Qfaf‘ab%J4 sﬁ Cyc n@t ésjoldr%rp WOLds og S%ép%lrﬂﬁtlﬁ%gth 18 code

nplex ¢ S hce eac

obaiuiedbly@&naunngmemmmeﬂ%(todace greater by two than its
predecessor in the table. For exanple, the optimal
length 19 in the table, when

is superior to the four
e table. The optinma
I stance and m ni mum
pectively, while the

(cyclic sinplex) code of
a length of 18,

pabnct. ured to

pemetewnediok@ngt h- b@oomdenbrama superi or m ni mum
LA Ao T o O 2 3oer e % ohave the 10
CHABWG @S oGfRo0t hie opPicmgtoctaenigt - 19 code in Table 3
Tﬁ@m%?o@ﬁ@u@@'% oREmIﬂ&HﬁnﬂioShOV\B the 19 COdeW_Or ds of
af—ept—ral—-en cede—eobtai ned by puncturing the
| SR B8te .| TaBE 0001000

0101111001001100001 . 010111100100110000

1011110010011000010 101111001601100001

0111106100110000101 011110010011000010

1111001001100001010 111100100110000101

1110010011000010101 111001001100001010

1100100110000101011 110010011000010101

1001001100001010111 © 100100110000101011

0010011000010101110 0010011000010#0111

'0100110000101q11110 010011000010101111

10011000010101113100 100110060i01011110

0011000010101111001 001100001010111100

0110000101011110010. 011000010101111001

1100001010111100100 110000101011110010
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0.9(x. g~"-"" ngt 8 ~FW@Mrd 7 y_
0000101011110010011 000010101111001001
0001010111100100110 000101011110010011
0010101111003001100 001010111100100110
0101011110010011000 010101111881 oouo0
"1010111100100210000 101011110010011000
0101111001001100001 010111100100130000.
011110010011000010 101111001001100001
13°P9D 029080 0[1 0 10°0°E 9P 0T1T0 1 1/000010.
1111001001100001010 111100100110000101
-1110010011000010101 111001001100001010
010N AAA0NEEA Hd: P @ HARERRPRAChLALE  matic code is the maximization of
10010013 0001010111 100100110000107011
TyoPen ot bitd im the codereuds: b0 ocdevrntif the presence or absence of an

GAERALGHROLEADN s AR AR o i o iy

\J

discenD he Gtrict@e of HedYeBld lyphard 10111100
0110000101011110010 011000010101111001

S3in0OHOAE ﬁds'iﬂd%ﬂi@ of ].Efl@g 8%@%11?% Jlaﬂllgg%bge\;vﬁlg{ %%m&&ést @de lengths
0000 | ool 001 0 1 e desi

fébsa‘i' %a%f e iap égwcﬁle\hlﬁ%m Aagyaing distangs between the

Saftipfediviord BRI EWRN b&e@@l'd ﬁrl'ul‘ﬁf and thén éﬂéﬂ'ﬁﬁé tHelclo3&d chewdrd. For very

the codewords. This is relevant if resence or
shag <ades piookyp talilesant alsoebe ksede 41gsbiaih dmdmsxantbo used for longer
({og&r §§@chl€e?t°%8b'§rror J}&I%l g#rst%r%nefag% ifgl Z@og?%ca?w gg;X Storage,

I'scern ’the struc
Peemtice Hallc 295, ang Bsrlekamp, EddsAlgbbﬁa@mg‘b&‘mg\ Theoy AN Efea® Padk Press,

ewor.d r dest code ] ength [ |stractable
1B RABERRLs oL R TR R0 e Behmete] boiereanih Hghe sampled
wibird isosqaiistant e RItwo e more codewords, then it is preferable that decoding should
report an error. Encoding can similarly be performed directly (e.g. by lookup) or
algebraically.

The search for an optimal cyclic position code of length # and-symbol size ¢ can proceed by
generating all possible 4" codewords in tumn, and for each codeword defining a code which
. contains the n cyclic shifts of the codeword. The minimum distance and minimum reverse
distance of the code are then calculated. If the code is the best found so far then it is
recorded. All optimal codes can be found in two passes, i.e. a first pass to determine the

characteristics of the optimal code, and the second pass to enumerate the codes which

exhibit the optimal characteristics.

If the optimal cyclic. position code is a cyclic simplex code then a corresponding

construction technique can be used, i.e. the Paley construction for n- prime, or LFSR

— _ ~k
construction for " = 2*-1 . Note that for some % (e.g. 5), the length n=2-1 (e.g. 31)

is prime, and the Paley construction can be used.
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sanpl ed word and each codeword in turn, and then
choosing the cl osest codeword. For very short codes a
| ookup table can al so be used. Al gebraic decodi ng can
. be used for longer codes (see Wcker, S.B., Error
Control Systens for Digital €&munication and Storage,
Prentice Hall, 1995, and Berlekanp, E. R, Algebraic
Codi ng Theory, Aegean Park Press, 1984, the contents
X which are herein incorporated by
?%¥€?gﬂfg§§m??e?ﬁg sanpled word is equidistant from
two or npre codewords, then it is preferable that
Qe i N EfiRsition codegfdenstihn e rean be Eonstiustedybieoncatenating g distinct

i f & (i e 0. I 4 .
i’f‘é‘é%f‘%{}%?@j%?@@%%d it ARenl S BHEloRs cqul o s
pti ofn@oUed Mt S 8n L, sLze
%?%ﬂc}’eiééé by generati %@’Q’ﬁﬁ o‘?%g%xﬁ lg’Flgab%f'é é’@d"gv%@e?ﬂ godeyords of a 7-
tur.n, .and for each codewprd .defining a cad ich _ 4m
DL pldle poRpen RICHIth fubiGn Wateg EvBhen Tnd = 2 1, the
SHichit PUsTtion SbdNis qaivdlent mJQJ, rlZ‘R%B@-Soloﬂ{oﬁt&HQ %iff tht B&o vector
code are then calculated. IT the code is the. best .
eBgNKed. dhereade imEsble & qogrespordsotocetl, IAReedSoloman codeider example.
¥ i: ' LI S to
e 1 S A pgnlfRrBa il chuufln it deld SheBRIR eBiggro codewords
ofrad (.o Reed-Snltmoasedd wor'ticortaintle Zefesyarbdl sinebihe zero symbol only

xhi bi.t .t he opti mal ar eristigcs. . Jf the optimal )
BPoT it il Ferd e BB n REITolghan tods vl med Cpictly e 4 different
sgmbolag@deaingi ng construction techni que can be used,
i.e. the Paley construction for n prime, or LFSR
construction for n - 2 k- 1 Note that for sone k (e.g.
Bdpes he length n = 2k 1 (e.g. 31) is prine, and the
T eE be used. NPT051-AU -23- Qary
o g-ary cyclic position code of
| erti*he’n ={q can® be constructed by concatenating q
di stiseet  g$ynbol s 1Tntd a codeword. The mi ni num (and
Freod-ru—ai-stanee—oef—the code is equal to its |ength,
i.e¥®ftin { dnmax® - n. |By way of exanple, Table 5 shows
t hessfizodeywrds of a 4- synbol 7-ary cyclic position
Lugﬁnﬁﬁth .iuiu%..distance 7. Wienn =9 . 2m- 1 the
cyCfT®*position ‘ode ils equivalent to an (n, 1)
Reete8el onpn code with the zero vector renoved. The
Cogg,lp Tapre 5 corregponds to a (7, 1) Reed- Sol onon
eode—ior—bx . ereas a (g-ary cyclic position
code may contain the zero synbol, the non-zero
codewor ds a
A g-ary cyclic position code of length ” = ¢ can be punctured to obtain a g-ary cyclic

position code of arbitrary length " < 7 . No matter what the punctured length, Dmin = Mp_

A g-ary position code of length " > ¢ can be designed, or derived from one cycle of a g-ary

dmi

~ cyclic code such as a Reed-Solomon code {where k> 1). When #> 9, “min <n . For MDS

codes such as Reed-Solomon codes, for example, Dnin = n—k+1 .
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of an (n, 1) Reed-Sol onon code won't contain the zero
synbol, since the zero synbol only appears in the
zero vector. A Reed-Sol onon code will also typically
have a different synbol ordering. Table 5. 1234567 O
2345671 1 3456712 2 4567129243 5671234 4 6712345 5
7123456 6 A g-ary cyclic position code of length n = q

can be punctured to obtain a g-ary cyclic position
No matter what the

de of ,arbitrary.l ength.np.< q .

Ig'ﬁﬁ'@f'ﬁer%°d{'?9e‘f?ﬂ{%¥c¥f‘ﬁ‘é?ﬂs@°'ﬁ%°dﬁ g-ary position code of

engt.h n > ca e.desj. gne or._deri v faro ne .
TSy el BbRE BFRAOT SflineCipitSet B bILRE gy e retized
Bige fevdifing chdewbld frfhercyblic positibéi doderather tan NoépeatitithifSsequence,
such as Ree?- Sol gnon codes, for exanple, drain n - k +
a tﬁpﬂmwm sampling Mogs LBk G¥aPHg toSHARPTh SR fistection and error
RBesttddpon Code The vari ous m sequence-based position

codi ng approaches described earlier can be realized

BiPwiPofexafn! }ég Firgg% §%W&e@%ﬂ;§eﬁyﬁjdc&t@9@eﬁée@ 3 (e gfebit code

rat her tha eatl ng m seque , at the expense _
g bp laligngd nBirase proaidelths Yasimelememnss furpipfierencercoding. The differences 72

.detectiion.and eyror, .correction. By way of exanple,
Vet POSERD e SO beltWsodfir SF 5ol Scent sequences of

he 7-hit code c be. al i gned. Th rovide th .
¢ & Slosfreer f AN AIGrLRE oot T oTHEe drir eot e into
céRmnis NtoV @hdddeAlas PuSE-b1 BiffefdnBess NAYNIiBIR OF ®RF BudBistveOhorizontal
colums. Figure 4 shows fourteen ( 15% agld acent i
cegrdingtcs.chesergings 108 ks andpi0d 13soapeindicstet glet2 andd 04 sepestivsly. The
iR r&MIBRS shdtn RORE HBurdi dré RICRINEE B erdaBIR tHE Flall& 19 TeadiN h
_suécesgiré\glg hori zont al coorcdi' nat e%, these being 1 3196 ¢
ingtance oBthe sefergncd endlewandedn practigoniythe bitivalues jgescencodady As can be
seEll€in the figure, the codeword 0001011 is repeated end on end in each column. A
difference of 6 is used as a marker value (denoted by e in the figures) to separate the least-

significant digit of one coordinate from the most-significant digit of the next coordinate.

Figure 4 also shows three 7x7 windows 106, 107 and 108 onto the set of columns. Figures
‘5, 6 and 7 show the contents of the windows l106, 107 and 108 respectively. Each 7-bit
column within each window can be interpreted as a codeword of the 7-bit code, in turn
| yielding a shift value and hence a relative position according to Table 1. Since a sampled 7-
‘bit codeword may contain errors, it is first decoded to yield a valid codewbrd, e€.g. using a
maximum-likelihood decoder as described earlier (i.e. either directly or algebraically). In
Figures 4 to 7 a number of sampled bits within each window .are indicated, by way of
example, as errors. Each bit denoted by ¢ indicates an eﬁor, i.e. the corresponding bit has
been inverted. Since in the example there is at most one corrupted bit within a given
codeword, each such error is fully correctable (as described earlier). After decoding each
codeword, the difference in shift values between each pair of adjacent columns then gives a
digit of a coordinate value. The difference between anyvtwo adjacent shift values, modulo 7,
_is invariant of the vertical positiqn of the window, since the offset of the codewords in each

‘column does not change in the vertical direction.

NPTO51-AU



thin rectangl es shown in the figure are included to
enabl e the reader to easily discern each instance of
the reference codeword. In practice only the bit
val ues are encoded. As can be seen in the figure, the
codeword 0001011 is repeated-@Ad on end in each
colum. A difference of 6 is used as a marker val ue
(denoted by in the figures) to separate the |east-
{gnificant digit of .one coordinate fromth

bl Prebciow e S pleth o e S ApTials or fomyfreyadiacent
odHdnites NRWRIIRGRRYbfe Whidpws 106, 107 and 108 onto
the set of colums. Figures 5, 6 and 7 show t he

egty ' '

%ggbhkﬁ{;ﬁlg’llgﬁr hﬁm%@qﬁw’ﬁtleg‘cggglc V\lﬂl h'i,gs‘;ﬁ £ 13 Y F¥ the seven
icolugmp lssnﬁdd,ashea aampbd/(frain dife top eioWnbaltdsc'ﬂmkw in turtt wiekd difference

| d ue and hence a relative position.
§%@8?Hﬁq6q93¥ a Ie Since a sanpled 7- bit codewor d
contain errors, s first decoded, yield a
B b atintes 1 assamﬂﬁa el COSRERIR YR 40P s goan two adjacent

deanies, as ifeeChidRih Bt wiRlokd 165 arfd id?eThéjhbﬁféiérNﬁ&fxt digits to
algebralcally . In_Figures 4 to 7 a nunber of sanple

etrighhpf the maskes iaregimplyprepeadedhigi the leadt-signifioapt digifs to the left of the
ple, as errors. Each bit denoted by indicates an

erron,_'.e. t he corresponding bit has been inverted.
B Dn 9 157l OB PR R MRS g1t

mhe amtieh den()md bgedn Itheh@u@a rThue It})e. firéf windoweGegqlieAt of difference
gogeﬂo g gﬁe dlff rence in shift values bet ween
1& P> il Zf dhfreed anio Thesqughope 40,335 ld?}gw’cd U geparated
E)Oﬂhé haiedr &, Hiidd lié%ce Q‘l%‘voddot)fcﬂﬁa?@ £ 8eR&h\FRR, a1 "l“ﬁ’ese tarheeconverted

adj acent shift values, nodulo 7, is i nvari ant  of

t9 @rqoprdinateyvakie 119rofd 03 12s &y wmultdphing shensseond-fzagnfentles the precision of
5SB! BRSO3 TN s mens
and pdding thiedtagments d(l)@ﬂtes If adsling h® thah‘nstesmﬁhanaﬁ&grmt would résult
ih SR, e 8 b8 sR00F) @”?—s iR e ﬂ@feféi‘CLL.Vf e

ﬂ%‘éé&%dl&&dé?{, 13)’7 m%lds i’ Vﬁluég ot 102k, 15 E'F}? S in turn yield

colums sa he™ 0
dTﬂﬁ:&s:e:elvahtesl fofi {{tj 2) 6, dld fae}rz&ﬂcaa cootdinaltESVahin)fOfm{l@s alsy. The third

Bpdehy W ugPinibateterr £aeti §f phRegRT Bty wtuor 0,0,

3¢ D@, 6} Bad £6oordifiate valub6f 10838 W t h both w ndows 106 and
107. The nost-significant digits to the right of the

marﬂeemoﬂroe thé Wiriver h QR MABGLW Qah MR Us8@ 36 -geh&it¥eld BmRér-precision
’ coor {ntat“:’: w.'taloue,t sr}gcel 1?];'§ﬂegtfs tltxclc1 reelatxve alignment of the window with respect to the
coordinate. As shown in Figures 5 to 7, the length of the subsequence to the right of the
marker is used to generate an additional fractional digit, i.e. when the marker is adjacent to
the right-hand edge of the window, the window is defined to be aligned with the coordinate.
Other nominal alignments are of course possible. In the first window 106 the second
subsequence has length 1 and the fractional coordinate value 116 is thus .1¢. In the second

window 107 the second subsequence has length 3 and the fractional coordinate value is thus
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marker. In the exanple shown in Figures 4 to 7, and as
mentioned earlier, the difference of 6 is used as the
mar ker (denoted by in the figures). Thus the first

wi ndow s sequence of difference values 112 (0, 3, 1,
2, 6, 1) is treated as two swu®equences {0, 3, 1, 2}
and {1}, separated by the marker 6, and hence as two
coordi nate fragments 03126 and 16. These are converted

to a coordinate value 114 of 103126 by multiplying the
dbg {higdwindopy, 108, ghe, second; jsybsegyence has flmgﬁx §'and the fractional

s
f toalile 0 |
SRRl U5 UG8 sk L ERPe i o
ftheaglatime positogpedfitbe senkéd @ded daa in the fiehkof view of the sensing device, the

| east -.si gni ficant fra nt Id result, in carry, )

PRERCCive Hausfoy AF the P oredRolRL Ol £205 G AP A g4pmety of the sensing

deAGdTETHis iJ hRseRe@nia WioRdawtail Of iHeCprdSent Niphlica®d ¥pemling PCT

(0, 6, 4, 5 4, 4, 1) which in turn yield difference

PaplieatiopV@00/7328% 1, 0, 3) and a coordinate val ue of

103126 also. The third w ndow 108 yields shift val ues

&he mmrker may bg ang, diffe®hcanmialud; attheugh didiffenencecef wal iseparticularly

of {1, 0. 3,1 3, 6} and a co j.nate val u f

SRy Eent s is21 s 5P e SRR NEP L dORRuelnf-2, each of

R8s bE Qir8Shapped o HbABGL1 QUG P bral Sb aisd] @y prefetermined

value, since it reflects the relative alignnent of the

mapriogvirointdifferergseatues to coondinatovalek cratbe utiigedshown i n

Figures 5 to 7, the length of the subsequence to the

$rayipt Aangement narker 'is used to generate an additional

%r.act '_onal.ﬁ%hgi t,.i.e.. when the par kEr. is adjacent to .
h¥Or{IBITPSIPRA POSIFR OAMEnETRY ARSI Ph&W i FrEgPal one-dimensional

piaftioReshding Beayd! JpafAE Ybrhbindd18r GRENGAVERT & - threldiRénsional position

nom nal alignments are of course possible. In the

qodpngtarigy vgavists 06 thrercorthogenal one-diseengionricpositien cpdingatays spatially

. f. i.apal rdi pat I 16| h . -

Phibid o RALRE A A BPHEHE lifepbibhs £ (himeBual positon

dodingtatra@ ney beteneoded mota surfate. Aothregidimensioml pesition dolling array may

b@PTQO%leaAU ‘2,51 .36. In the third wi ndow 108 the second

STBSEGUERL L REE 1 ength 0 and the fracti onal

coordinate value is thus .06. Still higher-precision >9

A pRs-dimensiana) ppsiten eadingriequense may sentringaryshimbels) where/ &= <. It is

ol f : ' [ .
S0AASD S USERE EnOLBEE T WL Sl e o
thereed émdesermingirsdistiation ataimdsynibe! levelwGonyewsedy, ty redficet the number of

S R0 p i, S5 A5y g e

ho@¢vez,2ddrger symbol size provides more efficient error correction.

To avoid the need to distinguish symbols belonging to orthogonal sequences, symbols may
be paired and concatenated at each point of intersection between two orthogonal position

2
coding sequences, and represented by one of a set of ¢ glyphs.
In the approach of PCT Application WO 92/17859 (J. Bums and S. Lloyd), the two

orthogonal one-dimensional arrays are spatially interleaved and are represented by different
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The marker may be any difference val ue, although a
difference of n-1 is particularly convenient since it
| eaves a contiguous range of difference values 0
through n-2, each of which can be directly mapped to
a base n-1 digit. In general ;26f course, any
predeterm ned nmapping fromdifference values to
coordi nate value can be utilized. Spatial Arrangenent

A two-di nepsi onal position coding array consists of
color peitsHe gho Is*ﬂzfﬁ%“e&? sPAStio Arthogengl sedymnces aTRfsoabe dagxgxgmshed

%{ﬂ,ﬁh Hlﬂg%ﬁ??]g e terI eaved. A three-di nensi onal

ay consi sts of three orthogonal

%odaﬁg% Sﬁmr g@egg ‘&ﬁgj()g% on tﬁé o orthogonal one-

dinmsnﬂnarray% tawe - chintbimeli myalcomeanhumgw Spﬁtﬁlﬂiyn @omblﬂa)t bits and

may be. encqded an . a sur ree-di mensio

FLSSER iR SEQUHBEAPY A7 A S WBE ULIHe 476 0] e poskble vlues.
Qﬁ@f&h%@ﬁl’)l@ nﬁiuepﬁﬁé Feb&@exﬁ&fjbﬁg RRGYORE Sf THY fRitoA! Relative to a
g-ary synb where q - is advantageous to use

porgingk grtddzosglloyp]?f@ atlrenmelpiroe éhsmndt itrelfds dntermiinadibydfittingstraight lines
the need to determ ne registration
M?&#ﬁzm§§ﬁgn€3$%vel Cbnversely, to reduce t he nunber
r i red m ni
Bl S Uy bR ol P . b ghfona iy one

mmms&aral pésitiar geiys 130rhed 1221 7e anﬂ\ﬂhdi%d It@ﬂletuiﬁufslh@:lq@dﬁnt glyphs,
IS

ror rrec . To.a oi d e ne 0 dlstln

rﬂS‘EfF%“baé\% aﬁ’d?‘lfﬁ ‘%fos ; ‘EHB‘& wptale g&g’ﬁbe‘?ﬂ ‘%?y ¢118 Rlagg of two
SPlibidiglypBs, A8 Gh6wi ¢ FRiued SUARSmAREIY, PRb Histinbt gly%hs can be used, as
i ntersection between two orthogonal position codi ng

sheyndnkigare 19nd represented by one of a set of g
I'n the approach of PCT Application WO 92/17859

| yphs v
l%gureédr showsran gternatiyp spatial Hatetlogyingol 34 0 ia orthogonal binary one-

9GP ke K SRS, TR SR8 s o

tbatwosartaas havledmﬁxscdmlgnpde ﬁtguesepsimaﬁlt%nmgeﬂemngmpedsented using three
GRFCRETS 58 30 uufy el T H A0S o higenyingidpresented wsing o

sigpe undliffdremiatdd gdph7aBRYT in( dhe oY tbdeim@blonstmng hmé)ménal position (as
: th - di ' rrays are conbine

SREAFT AT AgPLsgHPR SO Y0P cdont bi ts ang o
SRR RS gL LR Y0

into its two constituent orthogonal one-dimensional position coding subarrays. Each

subarray of glyphs can be assigned to a set of one-dimensional position code sequences in
four ways, i.e. corresponding to the four possible orientations of the subarray. Since the
one-dimensional positi_oni code contains redundancy, it can be designed so that a correct
assignment generates fewer errors than an incorrect assignment, even in the presence of
errors due to other factors. Once the orientation of one subarray is known, the orientation of

the other subarray follows. Alternatively, errors can be minimized across both subarrays to

choose a correct orientation.
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The four possible values are represented by a dot in
one of four positions relative to a nomnal grid
position. The alignment of the grid itself is
determned by fitting straight lines through the
off-grid dots. Figure 8 shows 28-possible spatia
interleaving 118 of two orthogonal binary one-

di mensi onal position arrays 120 and 122. To avoid the

gﬁgd tq di stinguish. different, glyphs t he presence

OF eBprening fRm ¢oraincneorEck assignmshts afre pibarray can be
NN, P 3530 Mo doffle (FSRYE! ki irafts oF 4R dirensional cyeli
wpesition gede. shown in Figure 10. Figure | | shows an
alternative spatial interleaving 124 of two orthogona
Jiha areyersmof adcadenisi @watle gostainingnthar symbel-¥26 m@uetsel 28 each of the
where spatially coincident synbol valu from the two

aodewmdshaf/ therede Tienhirnimdm foverse disBneh 87 tdfe code is the smallest
di stinct_glyphs

interl eavin epresented using three

Yamming Sistance Brtlysen @ eodawond itheicaye and,e cpdepord iwahb eyerse of the
cegy esented using a single undifferentiated gl yph

offset in one of four directions fromits nom na

BOfhelabQicé 86 i ' ' i
00/ 73887) . A%‘é&u*r%aﬁﬁﬁ’i fiber Bctble 60 éﬁﬂe&%\rxs\e/%‘fl?nggfr%ﬁ correct
assieineat f esubagex i @gro. i Thecaymbips gfaerrors ireswitihg framoincorrect an
its two constituent orthogonal one-dinensiopal,
prsignmient due salingerrest raatiomyof 180wl a lawdrdonadofot . g1 %/bhs

.can be assigned to a set of one-dinmensional position
esyan es in four ways, i.e. corresponding to

%he four possible orientations of the subarray. Since )
e O-CGREnstnAeRAsItioRcrding spray éviveisully eeatadria isolated fragments, with
aBH WAEABR Yodih} tHe@BoRMnatEah SREH a Sheld\Alade bk hES Ph sical page. For
assi gnment generates fewer errors-than an I ncor ect

RIQRAr geentindity befween ifragmentgr ths shife obfthe émitidr®wdard column in each

f r i ion .of .ong subarray is
Pleihe SO cerecLRE bl I pRBed 0 4 Plst R sSws ana
calumgrsnHowenet, \since comingity betwleen fragmeniteis dobgricBsrefpited, the first row
aéggg@%3¥§a%% cQoosE a correct orientation. NPTO51-AU
_ e nanper B rHSE %% ting fromcertain
j ct .assignnents of subarr a an be . ] L
THE £Rlowing e g pssimss Cofiniiiyebetyeeh, KEnaals is;dsidmPor clariy it
deils tvdthcthe ebdiag @fiandi oeurdinatealsingydifferencdd WetwdeAtoh@EIR: The same

The reveyrse Qf a code is a code containing the
a m appligsdo Bg\f@glgg ogf Yy &9eudingte using dlﬁ'erencmg between rows.

For a given x coordinate, each difference between a pair of earlier columns contributes to

the accumulated shift and thus to the shift of the first column which encodes the coordinate.

Assume each pair of columns encodes a difference between zero and b - 1 Further assume
that the x coordinate x is represented by p base b digits a;, each encoded by a difference,
such that: -

-1
i
x = Ha,-b

(EQ1) =0
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codewords of the code. The m ni mumreverse distance
drnmt" of a code is the smallest Hanmm ng di stance
bet ween a codeword in the code and a codeword in the
reverse of the <code. In .the absence of errors due to
ot her factors, the nunber of -8rors resulting froma
correct assignnent of a subarray is zero. The nunber
of errors resulting fromincorrect an assignnent due
to incorrect rotation of 180 has a | ower bound of n x
Assurre thatadjaoend centdighles aresepamtedibynamerken ddigifowith vadue v.
coding array is typically generated in isolated
fragnents, with each fragnent coding t he coordinate
DRSm i %Hﬁ s a physical page
E@? prg%gﬁs@gggkﬁaﬁgi&ggﬁ en ;aagnents the shift of
the initial row and colum in each fragnent should
reflect the accunul ated shif{Eaassociated with al
previous rows and columms. However, since continuity
between fragnents is not strictly required, the first
row and col-uim of a fragnent can have zero shifts.

ol l,ew di seus | Su cqntinuity between
%@%g*e b E?Gesﬁ?edﬁ @2 —?Fig—qs/kdeals with the
codi ng of aaox coor di nat e using di ffermg&ugg;ay@%ﬁlﬁA(ahb i)

I approach applies to the codi ng of
&gé%gg ﬁ%tgbzslng di fferences between rows. For a

gi ven x coordi nate, each difference between a pair of
earlier colums contributes g3 the accunul ated shift
and thus to the shift of the first colum which

encodes the coordinate. Assune each pair of colums
encodes a differeace between zero and b - | . Further

that th di ted b
AabS niaflend s SR adlbloMala B ioronce, ston
that: p-t JJay bj EQ 7} f=0 NPTO051
b@;ﬂg}; a;( ad a%n? C(OOI‘QdI 1%at es are sepgﬁgt e%%t%ated shift up o

ﬁ%ﬁf? WFPK val ue v. The accunul ated shift
B(b, z) due to b' is given by: (EQ 2)
' (EQ 4)
p-1
v+ 3 (4(a, b, i)) + a(x mod b))
i=0 . These functions for efficiently computing

accumulated shift can be conveniently implemented in a device which prints position-coded
surfaces, such as described in the present applicant’s co-pending PCT Applications WO
00/72126 and WO 00/72127.

Position Coding \(ariations

As discussed earlier, a difference coding approach can be used to encode a position
explicitIy or via an m-sequence. It can also be used to encode a position as a codeword to

allow error detection and érror correction.

A difference coding approach can also encode both an explicit position and a codeword,

where the codeword is used for error detection. For example, the codeword may be encoded
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b-1 B(b,i) =ib'-1 2z =1ib"-Ib(b-1)/2 =ib'(b-1)/2 j=0
The accunul ated shift A(a" b, 1) due to a;b” is given
by: (EQ3) a,-1 Al(a,, b, i) = alB(b, i) + b j =
alB(b, i) + b'al(a; - 1) /2 j = 0 The accunul at ed
shift up to but not includirgxis given by: (EQ 4)

P-1 xv + >2 (A(a;, b, i )) +a, (xnmd b)) j =o0
These functions for efficiently conputing accurrul at ed

shift can be conveniently inplenented in a devic
WHng nnepblﬁ At each gifferense.- Jush arodenrd i éxclws%rals&sbe used to determine

AR Ae hdslfon B SR %%%%%%5@%%‘5%@%&8

%ged%gal,;%%*cgig Cpﬁﬁtci éjé S Oe %gbe%ﬂ&l efo’r cg-lgea ‘ﬁﬁ other data to

e use enco a pPosii

pnopidecairegiwaﬁbnvigmldmthatshquence. It can also be used
to encode a position as a codeword to allow error

Embedded bunctind Flegs or correction. A difference coding
ap roach can al so encode both an explicit position and
iferenasrcdding wpprpachtzise s¢ dats wot wakesit easydo ﬁmbe(bloca'jlon-spemﬁc data,

%%#%%M@P% 060 GRS AR SRRl Y e PeRRAE PEE apptcation

W@ 0t@vensy., inithe oye-Uintensiondl pakision leedikig attay, GiktRtthe Eﬂfdlﬂlmensxonal

regi stration of t osifion, data, obviating the nee
&wanco 188 38yt d ey bro-dimensions] ceositions Jenugty fhe latemctlon of two

Eb&l@ﬁ@ﬂ:ﬁeﬁﬁox%@ﬁ@sﬁcﬁﬁo@%g%?@ded in (or co-located
) other data to provide a fegistration signal for

Wi

Hid\advef @@ -or i€ E618FNE YA FoRR) Ferd@drdinate may be reserved for location-
specific data. In this case the difference coding approach must ignore those columns (and
rows) for difference coding purposes. Conversely, the location-specific data must not be

allowed to induce false registration, e.g. by impersonating the marker difference.

If the differences between a set of columns (or rows) encode a codeword for the pﬁrposes
of error detection and registration, as discussed in the previous section, then the codeword
provides sufficient information for data columns to be ignored. However, since the data
columns may contain arbitrary data, they may induce errors in the codeword. If the
codeword is error-correctable and, during error correction, the only symbols in error are
found to be associated with the data columns, then all is well. If errors also lie elsewhere

then the posmon data itself is suspect, and the decoder should report an error.

If only a few bits are required for encoding location-specific data, then the adjacent bits can
be chosen in such a way as to avoid inducing a marker difference in relation to adjacent
columns. This needs to take into account that the data will be error-corrected before being

interpreted. This approach can obviate the need for a registration codeword.

To allow errors in location-specific data to be detected and possibly corrected, redundancy
must be introduced. Since a continuous redundancy scheme based on a cyclic code doesn’t _
support arbitrary data, location-specific data is best arranged into codewords of such a size

that the sampling window is guaranteed to contain at least one complete codeword. If the
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A difference codi ng approach per se does not nmake it

easy to enbed |l ocation-specific data, such as

function flags (as discussed in the present

applicant's co-pending PCT Application WD 01/41055),

in the two-di nensional positi-dfi-coding array, since

the two-di nensional position coding array defines

t wo- di nensi onal positions through the interaction of

two orthogonal one-di nensional position coding

aampling witdomhas a size@f 3 ices tc wbrknin sofjandion avith)a g of orthogonal

coordinate may be reserved for |ogation- specific

¢a¢lic pasitiontviodescefdength &), dhdrf the eize & ©f dhanlgcatioprspenific dates todeword

|gnore th Q@g ocolums (and rows) for difference coding

nversely, the |ocation-specific data nust

not be allomed to induce false registration, e.g. by

RATRF FRAHaviNG tWoSinadpeli®nt dbddwdr R Sdendth " hif the two orthogonal one-

di fferences between a set of colums (or_ rows) encode

SUnGionsr BosiEnn coding ARIYS edorresponding odaty) drase tthe iwanarays can be
i [ t

PRARTHLD By admy SAGRER o p BrCRAR Y. SHp (IRE R derseion and

dta‘rca:tlom Icapabdlty of ithe suwie larder dddeweardris bsiterdbart thet dﬁatha two smaller

in itr ata, they |
ERIeSPE, i B2 kot st Pl gt s o ibsed Betohs
rror rrectab r er.r o correctlon th
i L obR & et Fffots bo-Aehtion) phator Sl hiehencodes
fd&e telldaméRlonanpositidheNi.@ | dortesponiing -to Ifburerthgr s13a) $34, 1136 & 138
sewher then the position data itself 1s susp ect
e stk aRings O 180 FAAYr @vesACkanb e, colARy 140, dhand rows
r O4He " f 0 S f )
P 48, SHBUE (88 (0 1enSRRDRL o PEE BB i Bl coding
differgpesisd i nducing a marker difference in relation to
adj acent columms. This needs to take into account
l__wl;ttaz-héghtancuﬁm bf aldatacgolwnn (ortagwtidh pogionr & dhdatagow) is shown
ﬂr&zeﬁr %%) cg‘é’zi\‘,\‘gi‘ &f ?.g Iﬂle ?Pd chxaré&‘tlss t[be%emgg go fﬁlgureeb where

regls
g mwaandcmhmpemteﬁect miaheacdmerkné adetie tstmdmlrtd cpabiae ﬁicy:orrespondmg
ed, Since

t ed du t r.odu
BEIRRES o PR R EY o B R Bt G R 1 S Bafatly combine
folraparters 152184 15 &D1SY Bb fohart diffeleMGdtvs Qd $H1afInS iffo a codeword

? ta i s best arran nt o .codewor ds - of such a size
15 TR GRE T el AL P RESTD TR SBoN it IR 1 ity the arrows
indicksin @I@soﬁ%ﬂa@tﬁaﬁ&d&m&%ndi’n@ t$ chh iNersH&d-datd qu%f'ter The result

sanpllng w ndow has a size of (i.e. to work

i@ 10Bsioh QPedifid fatdishibkied & a 954&9@%&1[ (S ictag ﬁédldehé’;n Figure
codes of length n), then the sizé n of

17 shawrs oMy sbﬁéefl?wda Ea0andokfdhse rdgrives sbown wesberpos@.ow tp which they

correspond.
Using this scheme, location-specific data can be only be recovered at an arbitrary position if

the size of the samphng window is expanded to : 3n72 , assuming the size of the combined

location-specific data codeword is .
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Rat her than having two i ndependent codewords of |ength
n' in the two orthogonal one- dinensional position
codi ng arrays, corresponding data fromthe two arrays
can be conbined to forma single codeword of up to
l ength n. The burst error det-88tion and correction
capability of the single |arger codeword is better
than that of the two smaller codewords, but at the
cos of | arger area, as discussed
cwpé% REBIEBING BATIBRMS on 130’ of o
nsi opnal paosition coding array whi ch encodes
eﬂs 2 BIEHIOHS FHaR cprideredihs usp Of subseueBess o FYFRF seguences as
SRl a8, 1 5o SllelviblO i dng® SRAR Pk AP BGR pavem. 1 s
xﬁmraltmz)t gnssitlotosuselupure 148, povifiinodf the everalb dattem ese tefget pattern,

RS o SHRARS el B et e 4?%#5%35%9 Bt

Y ol P e Pl O af%@evg@stﬁv St Rt lomaBsods B used to

g&aucd%@fﬁof-b&gectablﬁrﬂwﬁg dfthewhrgre a row and col um
|ntersect in the center of atag it is natural to

| B) RebdiSoleMoh @8M0HR ShitfctedAl %y%%ﬂgﬁf ﬁ' ahd GitheflsiSl RAME symbol
co eword 150. El sewhere it is natural
§?%1@ﬁ@@ﬁ@&ﬂ$@vgbhblne four quarters 152, 154, 156 &
158 fromfour different rows and columms into a
codeword 160 corresponding t %2*[ terstitial
| ocation. This is showgas| '@ ¢ 16, with the arrows
i ndicating the source data quarter corresponding to
"each interstitial data quarter. The result is that
Theoadiionmspebef dfcotdadtable srromdetkiwin by: f r equency of
times the tag frequency. Figure 17 shows only the
codewords 150 and 160 so derived shown in the
"positions to which they corf®8pond. Using this
schene | ocati on-specific data can be only be
ove at an arbitrary position if the size of the
%#LﬁgghﬁgdeM/ls expanded to 3n /2 assum ng the. size
particulirocude vorfd, Ihe aliber Sfataiaseet aviReH carS bé ldecoded
e AichondMh G an LB A ST MR RATT ERNS

Wher éas t he previ ous section”consi dered

subsequences of cyclic sequences as target patterns,
it is also conceivable to usm@m non-cyclic pattern as
a target pattern. It is generally not possible to use
a pure data portion of the overal |l pattern as a target
pm%ern

1+ “c, (27 - 1)
i=1 . This is approximated (and bounded) by:
(EQ8)
"¢

The number of distinct codewords containing no errors is given by:
(EQ9)
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since, as explained below, the probability of a fal se
match is insufficiently ow W assune for the

pur poses of the follow ng anal ysis that a Reed- Sol onbn
code is used to produce an error-correctable encoding
of the data. An (n, k) Reed-Sadnon code is
characterized by its length n and di nension k. The

syrrbol size g of the code is given by: ( Q) g =
2(n + 1) The maxi mum nunber of correctable errors

tzq artic
2B 0 e 58 B planbr of i ofiBfs B Bl e
correctly, i.e. which contain no nore than t synbols
inerror, is given by: (EQ 7)gafy 1+ "Ci(29-1)i i =)
This is apprOX|nated (and bounded) by: (EQ8) qt Cf
2 The nunber of distinct codewords containing no
qkﬁujs given by: (EQ 9) NPTO051-AU -33- 2gk From

E& 8) ik tbalnnb Bp&,dgwgg% ? v',zgl d codewords is
appr oxi mat edgg‘ e(rEQ 10) 152§ r The total
nunber of codemords is given by: (EQ 11) Zgn From ( EQ

10) and (EQ 11), the probabilgdsyy P of a false match is
t herefore approxi mated by:

2™ From (EQ 10) and (EQ 11), the probability P of a false match is therefore approximated
by:

R hqlkte)
p C2

qn
(EQ 12) 2

From (EQ 6) this simplifies to:

(EQ 13)

qf ‘ : v
2 From (EQ 13), for a (15, 5) code, P has an approximate upper bound of 1/256.
Using (EQ 7) as a more accurate basis for (EQ 10) and hence (EQ 13), P is approximately

1/341.

The probability of a false match whén a data codeword of arbitrary value is used as the

target pattern is therefore insufficiently low.

From (EQ 8) and (EQ 11), the probability O of a false match when a target pattern of
specific value is used is approximated by:

"cp®
27"

0=

(EQ 14)
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) 4C2 q(k+t I, e Zgn (EQ 12) From(EQ 6) this
simplifies to: (EQ 13) nc, P= 2q From (EQ 13), for a
(15, 5) code, P has an approxi mate upper bound of
1/256. Using (EQ 7) as a nore accurate basis for (EQ
10) and hence (EQ 13), P is approximately 1/341. The
probability of a false match when a data codeword of
arbitrary value is used as the target pattern is
therefore insufficiently low. From (EQ 8) and (EQ 11),
the probability Q of a fal sd*¥# ch when a target
patte,[n of specific value is used is approxinated by:
gt GQr 2gn (EQ 14) NPT051-AU -34- (EQ 15) nC 1
éF qtn—8) From (EQ 15), for a (15, 5) code Q has an
approxi rTEanL(;E@eﬂSb(med (85, Snexis0Qdrs,ap0dpprogiinate uppstbkound of

PEER o Sihitn B e APRa6Fn BBy cplighom ous T

|cat|ons riations
It wﬂi {>e apparent to ose s ?led ?n the art that many obvious modifications and variations
may be made to the embodiments described herein without departing from the spirit or

scope of the invention.
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may be made to the enbodi nents described herein

W t hout departing fromthe spirit or scope of the

i nvention. NPTO51-AU -35- CLAIMS: 1. A nethod of

interpreting a coded surface including capturing an

i mage of the coded surface a®¥r determning a first

coordi nate val ue of at |east one point on the coded

surface wth respect to a plurality of first

sequences, each of the first sequences consisting of a

repeating first codeword of a first cyclic position

cpMs:he first cyclic position code having Ilength nr
and m ni num di stance, dmint the step of determning

ﬁhe A'n{ onQ?ﬂtgf'ﬁfh%h a\eaaéa%urfa&qhaéalﬂgcapam@aamgge dfftRéRoded

each of frrst sequences and at a positiron
swface stpiﬁm@gnng)a fitse ceprdinatg selue néat;i@rsmne paint es ghecoiledsurface

fL st s se

0a ﬁg‘rf#?f r{ﬁx?t s%%éfeﬁgg%%éﬁﬁig ?ir%? ﬁeq\ﬁ?ﬁgeg thsxstmgof a
fepélftﬁglﬂ'ﬂsl(w@e“to@d af 4 fisperlic pesitarwdeythk fifst ¢ytic positidn code having
cyclic position code etermning an offset, in the

ogg&»ae&ggaméﬁg] bt TeNGE st %fsaamlﬁgmrg coBtl?lﬂﬁ%e value

eby detern1 ng a respective one o
mclotingal i ty of flrst of fsets of the at |east one
poi nt; ‘deriving, for each of hl -1 pairs of the first

sequences, . a.0i ff 3 nai r
of it SpRilhe RLFGESof L BERR ohitCelidet BRPRY LB
one of eomrgponding toythodt 1édst ete pubuftf aaieqmctm:; firstrmtbsequence of length
deriving, fromthe pl uraI ity o; fir gl fferences, the
first cdorgdipalsewhad te a},d“fh "hefhiod (ij claiml

further including interpreting at |east one of the

first g' fn(_{g pifpeach SFahéndi afbgeqqénaeb@ Jaegp%t:nceo&aéw&ato@me first

val ue. thod of claim. 1 further including

i nt er pr eydliagosition eadet one of the first differences as

a marker separating the first coordi nate value from an
adj acendetorounigg ampHset,in theecormefpppding Mgt sequence, of each codeword

 thus obtained, and thereby determining a respective one of a plurality of first

offsets of the at least one point;

deriving, for each of b1 pairs of the first sequences, a difference between
the corresponding pair of first offsets, and thereby deriving a respective one of a
plurality of first differences; and

deriving, from the plurality of first differences, the first coordinate value.

2. The method of claim 1 further including interpreting at least one of the first

differences as a dlgxt of the first coordinate value.

. 3. Themethod of claim 1 further including interpreting at least one of the first
differences as a marker separating the first coordinate value from an adjacent coordinate

value.
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-36- 4. The nethod of claiml|l whereinw nt _d'"'", +
2 5. The nethod of claim1 wherein W > nl 6. The

nmet hod of claim| wherein the first cyclic position
code is a sinplex code. 7. The nethod of claim1l
wherein the first cyclic posit3¥on code is a code
listed in Table 3, or is the reverse, the conpl enent,
or the reverse conplenent of a code |isted in Table 3.
8. The method of claiml fugther inghfding det erm ni ng
3, SeaRDheARAT LR ¢ wikkyte 8 Wi¢ma feast one poi nt
wth respect to a plurality of second 'sequences, each
of the second sequences consisting of a repeating
second codeword of a second cyclic position code, the
second cyclic position cogdeshaving | ength n2 and

% ni Fhemethed aficdeim 1 svheretr? t helmet hod 1 ncl udi ng:
obt ai ning, fromeach of h2 of the second sequences and
at a position corresponding to the at |east one

poi nt, a respective second subsequence of Ilength N 2
$y MhPhsmethb@ofcllizh RwhadiniRe it cydli@position éodeRdiMgleR 36de.
of the second subsequences to a respective codeword of
the second cyclic position code; determ ning an

of fset, in the correspondi ng second sequence, of each

¢.odeThy Hethédofclaht BiviGdin thérst BRIE PYsifeH @dBisH ddde fsted in Table
respective one of a plurality of second offsets of

f:rf8 1 the Fevgise, theeomplement, onithe feaense Fomplemens of @ pede listed in Table 3.
- plurality of second offsets, the second coordinate
value. NPTO51-AU -37- 9. The nethod of claim8

further including interpreting at |east one of the
& ec obhe nefthaskafslaimd farth¢rgnaluding détermining adeaod catirdiaste value of the
- TF r.Jdncludi.n

3 3eone ot NG rEPEARY' Blorft Pb ek leb sy P b ldecopd

segudness @egistingtof agepehtingwcantcodewondi af atsecond keyelicipositiv@ tode, the

adj acent coordinate value. 11. The nmethod of ¢laim8

sbttridRgelid poeitiodicode KMRiHgMedsh "and RRGhutl difignce 1 BRI the mthod

iéaeg second sequences, a difference between the
Pdi8&pondi ng pair of second offsets, and thereby

deriving a respective one, of a plurality of second

di f f er encestaindizd FeRdath o2 $ftA8econd sequences and at a position
corresponding to the at least one point, a respective second subsequence of

>2  wy2n,—d,. +1
2 and 2 2 .mmz. .

2

length *2 symbols, where h

mapping each of the second subsequences to a respective codeword of the

second cyclic position code;

determining an offset, in the corresponding second sequence, of each codeword
thus obtained, and thereby determining a rcspectivé one of a plurality of second

offsets of the at least one point; and

deriving, from the plurality of second offsets, the second coordinate value.
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the plurality of second differences, the second

coordi nate value. 12. The nmethod of claim8 wherein w2
>n2 - dm"2 +2 13. The nethod of any one of claim8
wherein W2 > n2 14. The nmethod of claim| wherein
each of the plurality of first3sequences is
represented by a respective one of a plurality of
first patterns disposed or forned on or in a first

sybstrate, . th t i ncl udi ng obt aj ning the

c%r re %d&orqé’%{yf’g?%gﬁ% fstprefmeat ?qaﬁgme of the second offsets
s3nsdigifofthe $e@dfd cdoRfihatOValidle corresponding first

pattern. 15. The method of claim 14 wherein successive
synbol s of each of the first sequences are

represented by successive parts of the correspondi ng

figr s ' i al line

10, i ToR el Of i #ighet ot Tk Bbind o Ko gh G sccond offsts
<8 b snagker iseflabaping threcsetald caodimpaabe frpaai adji®@sdooflinate value.
NPTO51- AU -38- 16. The nethod of claim 14 wherein each

of the plurality of second sequences is represented

by a respective one of a plurality of second patterns

diysp r . fornne n.,or.i.n, the.fir subsikate, the
17 P3REeBba bPYERR RRmRl ingfSeing d85PE Syt Ry e ate of the
setoaé uqeanes, alyffaaiedkiwign e coR8poRdIng pait 6FtorddsetSfand
t.he correspondi ng second pattern. 17. The method of

thergbpderving a Fespertive preefs Riwrality ot seoond fliffesenigeso and deiving, from -
BRGARAlty SEHIEIC A TreRnes! BO E%%E@E&Qdimfte SHigEessive parts

of the correspondi ng seco pattern arranged in a
substantially linear fashion; the second patterns are
arranged in a substantially parallel and spaced apart
fashion; and the first pgjteynsyand. gecond patterns

b e Bhemagtapaibfichuira 8 vgheoait alft | 4l | y’”@rt%ogonal fashion to
each other. NPTO051- AU _

13. The method of any one of claim 8 wherein "2 2n,

14.  The method of claim 1 wherein each of the plurality of first sequences is represented
by a respective one of a plurality of first patterns disposed or formed on or in a first
substrate, the method including obtaining the corresponding first subsequence by detecting

or sensing at least part of the corresponding first pattern.

15.  The method of claim 14 wherein successive symbols of each of the first sequences are
represented by successive parts of the corresponding first pattern arranged in a substantially
linear fashion; and the first patterns are arranged in a substantially parallel and spaced apart

fashion.
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-38-

16. The method of claim 14 wherein each of the plurality of second sequences is
represented by a respective one of a plurality of second patterns disposed or formed on or in
the first substrate, the method including obtaining the corresponding second subsequence

by detecting or sensing at least part of the corresponding second pattern.

17.  The method of claim 16 wherein successive symbols of each of the second
sequences are represented by successive parts of the corresponding second pattern arranged
in a substantially linear fashion; the second patterhs are arranged in a substantially parallel
and spaced apart fashion; and the first patterns and second patterns are arranged in a

substantially orthogonal fashion to each other.
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