
2204433 METHOD AND APPARATUS FOR DERIVING INSTANTANEOUS RECIPROCALS OF THE
HOMOGENOUS COORDINATE L FOR USE IN DEFINING IMAGES ON A DISPLAY. The
present invention relates to methods and apparatus for generating Images on
a cathode ray tube ("CRT") or other display device.  More particularly, the
present invention relates to methods and apparatus for the accurate
rendering of higher order curves and curved surfaces, vectors or objects on
a CRT or other display. Background of the Invention Ih many computer
systems, it is quite common to represent and convey information to a user
through digital images. These images may take a variety of forms, such as
for example, alphanumeric characters, cartesian graphs, and other pictorial
representations. In many applications, the digital images are conveyed to a
user on a display device, such as a raster scan video monitor, printer or
the like.  Typically, the images to be displayed are stored in digital
form, manipulated, and then displayed. Parametric curves and curved
surfaces are common functions which are used in the computer generation of
surfaces and objects cn a display such as, for example, in mechanical
computer aided design ("CAD") applications. Since high speed hardware
capable of rendering vectors and polygons is known in the prior art, high
speed rendering of curved lines and curved surfaces is usually done by
subdividing and rendering then on a CRT as a plurality of straight-lines or
planar polygons. (For a more thorough understanding of prior art methods
for rendering curves and/or surfaces, see:  Bishop, G. and Weimer, D., Fast
Phong Shading" pp 103-106 Computer Graphics Vol. 20, Number 4, August,
19866 Foley, J.D. and Van Dam, A., 1983 Fundamentals of 



Interactive Computer Graphics, Addison Wesley, Reading, MA.;    -2-
Gouraud, H., June 1971.  "Continuous Shading' of Curved Surfaces."    IEEE
Transactions on Computers, Vol. 20, No. 6, pp 623-628; Swanson, R. and
Thayer, L., "A Fast Shaded-Polygon Renderer,," Computer Graphics, Vol. 20,
No. 4, pp 95-101, August, 1986.) However,  with. respect to the rendering
of higher order curves, and surfaces,. prior a-rt systems employ
recursive   subdivision. methods  which   are expensive to implement in
computer hardware. because of the high speed stack-memory-requireukents.
~~~~~~~~.1                 .       .  . .  -.. .. _...  Ac~ording:. .to,
.the~ present. invention there is provided an.appqiattus foru obtaining an
approximation of -.th*, _-.reqiprocal of the homogenous coordinate w for
use ,.t,,he .rendering of images on a display device;  said apparatus
comprising;              ' a first look-up table means for receiving a
first portion of said w coordinate; a second look-up table means for
receiving said first portion of said w coordinate; a  register' means  for
receiving  a  second portion of said w coordinate; said first look-up table
means. outputting a first value corresponding to said first portion, said
second look-up table outputting a second value also corresponding to said
first portion,  said register means  outputting  said'  second  portion
which  is 



multiplied by said second value, the 'product of said ..second. value and
said second portion being subtracted _from said first value such that an
approximation of 1/w. is thereby obtained. Also according to the present
invention there is provided a method for obtaining an approximation of
-3- the reciprocal of the homogenous coordinate w for use in the rendering
of images on a display device;  said method comprising the following steps:
inputting  a  first  portion  of  said   vJ coordinate to a first look-up
table means; inputting  said  first  portion  of  said  w coordinate to a
second look-up table means; inputting  a  second  portion  of  said  w
coordinate to a register means; outputting  a first  value  corresponding
to said first portion from said first look-up table means; outputting a
second value also corresponding to said first portion from said second
look-up table .means; multiplying  said  second  portion  by  said second
value; subtracting *said  product  of  said  second portion and saidc
second value from said first value such that an approximation of 1/w is
thereby obtained.    



-4- SUMMARY OF THE iNVElTIotI The present invention overcomes the obstacles
and drawbacks contained in the prior art through an adaptive forward
differencing apparatus for rendering a curve on a display device (such as a
wCRTO) by actuating display elements definin n the curve.  The apparatus of
the present invention comprs!es .A. ameans for receiving a plurality of
data points representative of the display elements which define the images
and a means for -1incrementaily rendering the curve in substantially
uniform single The means for incrermentally rendering the image in
'substantially uniform single pixel steps includes X, Y, Z and W Adaptive
Forward Differencing Unit "AFDUH circuits for calculating x, y, z and w for
a point in homogenous coordinates. The V AFDU circuit is coupled to a l/w
circuit that produces the reciprocal l/w of the homogenous coordinate w.
The output of the 1/w circuit is multiplied by the x, y, z coordinates to
yield the rational cubics x/w, y/w and z/w.  The AFDU circuits are also
coupled to a pixel filter circuit which, in cooperation with the AFDU
circuits,'implements the AFD technique of the present invention by
reparameterizing the x, y, z and v cubic functions such that a curve is
generated in substantially uniform one pixel sized increments. The pixel
filter circuit of the present invention compares the current pixel location
with the previous pixel location calculated by the AFDU circuits and, if
the current x, y pixel location of the display means is greater than a one
pixel increment away from the previously defined x, y pixel location,
instructs the X, Y, Z and V AFDU circuits to reduce the step size of the
curve being rendered.   



-5- Similarly. if the calculated x and y incremants of thc curve being
rendered are less than a predetermined portion (i.e. 0.5 pixels.) the pixel
filter instructs the X, Y, Z and W AFDU circuits to increase the step size
of the curve being rendered. When rendering vectors, the AFDU circuit of
the present invention implements the Dresenham algorithm using many of the
same circuit components utilized by the Adaptve Forvard, Difference method.
The present invention also provides a means for defining clipping regions
on a CRT display, a means for mapping imagery onto curved surfaces and onto
curves, and a means for shading,,and 5rlcmng curved surfaces. Other.
features and advantages viii become apparent after a reading of the
foregoing specification.    BRTEF DESCRIPTION OF THE DRAWIIIGS Figure 1
illustrates an overall block dianram view of the present invention: Figure
2 is a block diagram of the 1/w circuit of Figure 1; Figure 3 is an
exploded block diagram view of the X AFDU circuit of Figure 1: Figure 4
illustrates a portion of the-ci-rdUtthdQi'iAi Figure 3 which is used-in
rendering vectors:- .  Figure 5 is a flow chart-illustrat-ing a sequence of
operations of the circuit.of Figur.e 4:-.                   - - Figures 6-
and. 6a. illustrate an aspect,-6oftthe prtsent' invention relating to.the
enabling of pixels onCa 'display: and 



Figure 7 is an exploded View of the pixel filter circuit of Figure 1. l.*
d- ! ! '    -7- DETAILED DESCRIPTIOU OF THIE IfIVEHTIOII The present
Invention discloses apparatus and methods having particular application for
use Inba computer system used for the graphic display ofimages. Although
the present .Invention La descrlbed with reference to specific circuits,
block dlacrasu, signals, algorithms, etc., It will be appreciated by one-of
ordinary skill in the art that such details are disclosed simply to provide
a more thorough understanding of the present invention.  It will therefore
be apparent to one skilled in the art that the present invention may be
practiced without these specific details.  in other Instances, wvel known
circuits are shown in block diagram form in order not to obscure the
present invention unnecessarily. In Figure 1 there is shown an overall
block diagram view of the present invention.  In order to define images on
a CRT display or other display device, it Is necessary to manipulate data
at a high speed in order to select the pixels of a CRT display that define
the curve, curved surface, vector or image that is desired to be displayed.
It is well known in the art that the location of each point to be displayed
on a CRT often Is represented by digital values stored In a memory device
which correspond to x, y, s andv homogenous coordinates. The coefficients
of the equations describing curves to be rendered by the circuit of Figure
I are calculated and supplied by a CPU 9 and are transmitted to the V, X, Y
and Z Adaptive Forward Differencing Unit ("A FU") circuits 10, 12, 14 



and 16 vhich, In response, output x, y, w and z coordinates, respectively,
for each pixel to be drawn on the display. The v coordinate outputted by
the H AFDU circuit 10 is coupled to the I/v circuit 1i which, in turn,
outputs the current value of 1/v. The x, y and a coordinates are divided by
the homogenous    coordinate w (i.e. multiplied by the current lw value In
order to obtain the ratio of two cubic functions), by the 1/  circuit 18
and the three multipliers 20, 22, and 24. More specifi-ally, the X AFDU
circuit 12 outputs the current x coordinate to a multLplier 20, wherein it
ls multiplied by the corresponding 1/v value outputted by the 1/w circuit
18, such that a current x/w value is supplied to pixel filter 30.  In a
siamlar fashion, y/w and z/v are supplled to pixel filter 30, respectively,
by W, Y, and Z AFDU circuits 10, 14 and 16, ./v circuit 18 and by the
multipliers 22 and 24.  In this fashion the x, y, and z coordinates of the
rational cubic functions are inputted to pixel filter 30 and used to select
the pixels defining images of the rational cubic functions on a CRT. The
pixel filter 30 of Figure 1 compares the current x, y and z pixel
coordinates which are fed thereto by multipliers 20, 22 and 24, with the x,
y and z pixel coordinates which were fed to the pixel filter 30 one clock
cycle previously and instructs the W, X, Y and Z AFDU clrcuits to "adjust
up" (iLe., advance the curve or curved surface in larger increments) by
multiplying the parameter t by two or to "adjust down" (i.e., advance the
curve or curved surface ln smaller increments) by. dividing the parameter t
by 2, or to "step forvard* to the next pixel such that the x, y and a
coordinates outputted by pixel filter 30 advance the curve being displayed
on the CRT 



substantially in single pixel increments.  The adjustment technique will
later be more fully described. The pixel filter 30 also detects and
replaces Nelbows" [wherein a curve section having, for example, the
coordinates (x0, yo0)  (xG# yl) and x1, yl) (see Figure 6), is replaced
with a curve section having the coordinates (xO, y0) and (x1# y1) (See
Figure 6a).1 This is done to improve the appearance of the rendered curve
by eliminating the corner pixel (i.e. pixel x0, Y shown in fiqure 6). The
pixel filter 30 is coupled, at outputs 33, 35, and 37, to a frame buffer
(not shown) whichk, in turn, is coupled toa CRT display (also not shown) or
other appropriate display device, for defining images by enaling, or
writing a color value at the pixels defined by the pixel coordinates
outputted by pixel filter 30 at outputs 33, 35 and 37. Arc length output 31
of pixel filter 30 is coupled to a paint section 150 (not shown) which
paints pixels in accordance with the arc length value outputted by pixel
filter 30 at output 31.  The arc length value is employed In the drawing of
textured (dashed, dotted, etc.) lines and surfaces.  The drawing of.
textured lines and surfaces does not, however, form an essential part of
the instant, invention as described and claimed herein and a more detailed
explanation thereof is not, therefore, necessary. In Figure 2 there is
shown an exploded view of the 1/w circuit 18 of Figure 1.  The 1/v circuit
18 of Figure I is an advancement over prior art circuits for obtaining the
reciprocal of v in that the l/w circuit 18 of the present invention yields
the reciprocal of w faster, with less computational overhead and less
latency than comparable prior art circuits. 



Prior art 1/w circuits typically use a Newton iteration algorithm employing
a single look-up table for the initial approximation of the reciprocal of
w.  These prior methods require a large multiplier and take several clock
cycles to obtain a result.  In direct contrast, the present invention
requires only one clock cycle for the iteration computation, thereby
greatly reducing latency as compared with prior art methods.  (For a more
complete description of prior art methods    -10- for division through
divisor reciprocdtion see:  "Computer Arithmetic", Kaik lwang, pp 259-264,
John Wiley & Sons, flew York, N.Y., 1979.) To achieve the above-described
superior results, the present invention uses a truncated Taylor series  x
approximation utilizing two-sraii took-uip tables 76 and 78 (i"e. in the
preferred embodiment,E--b1i te'h   814ha   entries and 20 bit output. while
tabloe -8-ha4s`8 bi it outpu'''iior computation hardware t- imoplement tbe
sawen-nrder to derive an ! pproximation...ot. 1/v without the costly-;
olower'computations required by the prior, art.- *    x e i,, -. -As-is
well known in the art, the-Taylor series approximation is used to derive
the reciprocal of the homogenous coordinate w. The Taylor series
approximation states: 1/w 0(1/Vo) (1-d/w0 + (d/w.)2- (d/w). + (d/wO)4 +
(d/wo)5 ... where wv  represents a pre-determined quantity of the most
cignificant bits of the w value and where d represents a pre- determined
quantity of the least significant bits of the w value. It has been
discovered that truncating the above listed Taylor series approximation to
include only the first two terms thereof (i.e. l/w- d (1/wv0J renders a 1/w
value which is sufficiently 



accurate for purpoase of obtaining the rational cubic functions x/w, y/w
and z/w for use in the rendering of images. The w value outputted by W AFDU
circuit"10, in the preferred embodiment of the present invention, comprises
21 bits. The 13 most significant bits (termed herein as "wv0'  of that 21
bit value are supplied to look-up tables 76'and 78.  Look-up table 76
outputs the reciprocal (11w0) of the thirteen bit value inputted thereto to
register 80.  Similarly, look-up table 78 2 outputs a (1/wo) value
corresponding to the thirteen most significant bits supplied thereto, to
register 82.  The eight    -1 1- least significant bits of the 21 bit w
value are supplied to an 8-bit delay register 84, which merely delays the
eight least significant bits a length of time sufficient to allow the
outputting of (l/w)2 by register 82, such that multiplier 87 multiplies the
eight least significant bits, (termed heroin as "d"), times the contents of
register 82 such that multiplier 87 2                                2
outputs d(l/wo)  to subtracter 89 where.d(l/v0)  is subtracted from (1/wo)
in order.to produce at register 90 l/wo - d (1/0)2. As stated, 1/10 -
d(1/wo) X0 1/w.  Register 90, in turn, outputs. the value 1/w to
multipliers 20, 22 and 2.4 as previously discussed with respect to Figure
i.  Delays 13, 11 and 15 are present to ensure that the x, y and z
coordinates outputted, respectively, by X, Y and Z-AYOJ-cdircuits 12, 14
and'16 arrive at multipliers 20, 22 and 24 substantially coincident with
the calculated coeresponding - /vialue outputted by Register 90. multiplier
87 is an 8 bit by 8 bit multiplier.  (11w0)2 



anded are S bit terms and are therefore propagated through to subtracter 89
and thus register 90 in only one clock cycle. It has been found that the
error in the above described approximation of 1/w is greatest when W  is
small and d is large (assuming that w is always positive).  More
specifically, ove. the w interval of .25 to 1.0 the error is greatest when
w is .25 and when d is at its maximum value. The error found in calculating
an approximation of 1/w can be reduced by storing certain values which'are
described-by the following equations in lookup tables 74 and 78.  These
values are: for lookup table 76: V0- [.S5 /(O+dmax) + .5/o - (wo(WO+dax)
(-1/2)1; and for lookup table-78:    -12- (1/ (w.d3~ax) - 1w0) / [(w ax0 .1
1/ w ew -         dX) Where d    is the difference between one value of w
and the max  next largest value of wo. Further, sLnce-it is not
desirable-to. calculate 1/w for w valuesawhere-.th  twomost
siqnl.ficant-bits are 00: a portion o' the storage capacity of each look-up
table is not used.  Also, in actual -practice it has been found that the
error will be greater when the.most significant two bits are '01'. When-the
most significant bit of w is 1, the first described method for deriving an
approximation of 1/w is used. Conversely, when the two most significant
bits of w are -01, the address which is sent to the two look-up tables is
the concatenation of the most significant bit of w and the third most 



significant bit through the 14th most significant bit of w.  In the later
case, the seven least significant bits of w are used for d.  This technique
halves the interval covered-by one entry in the lookup table when the two
most significant bits of w are. 01.  It will be appreciated that since the
maximum size of d is reduced, the approximation error is also-reduced.
-     : -        From the above discussion, it will be appreciated that by
employing the two look-up tables 76 and-78~which.iyield, a.- 2.
respectively, l1/o and (1/w0) and computing those values- to . produce 1/w
as previously described, the present invention avoids the long latency
producing computations which were previously required in the atoredescribed
prior art devices i thereby- increasing the speed with which 1/w is
derived.  In the preferred embodiment of the 1/v circuit, 1 produces a 1/v
value which has--- 20 significant bits, however, it will-be appreciated
that more or less bits may be used as long as the values stored in the
look-up tables employed are adjusted accordingly.    -
~~~~ ~ ~~-13-- tables eeployed are adjusted accordingly. In Figure 3 thare
is shown an exploded view of the X AFDU circuit 12 of Figure 1.  Y, Z and W
AFDU circuits 14, 16 and. 10 are identical in circuitry to the X AFOU
circuit 12, and therefore a thorough understanding of X AFDU 'circuit 12
vi4l also fully convey the circuitry and operation of Y.,  and W AFDU
circuits 10, 14 and 16  - - Each AFWU circiz4ecalculates a- parametrid
cubic functioan  t.Y representAW     --'     '' -        (1)  ft.- a83(t)
bt    C1(t) + dO%(t). 



-.For each x, y, z and w coordinate the parametric cubic function.f is:
x~t) - aKB.+bx82+C 9 +d B y(t) - ay34byD2+cyBIdyB0 . 3(t) - a a +b 32+c
B1.d a~ tt       32 bzB2  Y I  Y a0, w(t) - aw3+bwB2+cwBl+dwfO , .The above
functions D3(t), 32(t), Bi-t) and BO(t) are forward difference basis
functions which differ from-one another as t varies from 0 to l along a
curve. The dt step size for t Is automatically adjusted so that the curve
increments in approximately one pixel steps as explained below. The four
forward difference basis functions B., B2' B, and Do are listed 2~~~2
below: '      t3-t  + 2t, (2)  B3(t)-6 t2_t t3) B2tt)- (4) 31(t) - t (5)
BO(t) - 1    -14- The above cubic functions x(t), y(t), z(t), w(t) are
calculated separately by each AFDU circuit.  The four i/  coefficients a,
b, c, and d which describe a cubic curve are loaded into the four
coefficient registers 34. 50, 62 and 72 of each AFDU circuit at
initialization by the CPU 9.  At each clock cycle; the parameter t
increases by dt and the tour coefficients are updated to a', b', c', d'
while the four AFDU circuits 10, 



12, 14 and 16 generate the coordinates which correspond to a partiular
pixel on the CRT display. If the x, y coordinate currently calculated by
the-X and Y AFDU circuits 12 and 14 define a pixel location on the' AT
display which is more than a single pixel increk~ftt ftobathe previously
defined pixel, then pixel filter 30 ihsttutts each, AFDU circuit to divide
dt by two (adjust down), thereby reduci~ng the x, y increments so that at
each 'clock cycle each AFiUcilrcu'it outputs coordinates which define
pixels along the curve in substantially single pixel tncrements.  In a
mimilar fashion, if the x, y address step is less than a 1/i pixel
increment from the previously defined pixel, then dt is doubled (adjusted
up) to increase the change in the x, y coordinates such that again a
substantially one pixel step is incremented'at each clock cycle. To reduce
dt by half, the cubic functions x(t), y(t), act), w(t) are transformed as
follows: XI (t) - x(t/2)  a' x3+bxD2+c'xBi+dl 0 y' Ct) - yt J21 - a' 83ib'
82+c'Bl+d'B80 s.~~~~~           3  y.  2 .. I.. ..,Y..Y.   Y  .  0 a' (t)
-z(t/2)   a' 3+bI 32+0' 5+de'B W" (t)   w(t/2) ' aI"83+bew824c '8D+d wiD
The coefficients of the transformed set of cubic functions are given by:
-15- a' -a/SB b' - b/4 -a/8 -c'a-c/2 -b/8 4  a/16 -d'  d In order to double
dt, the coordinate cubic functions 



are transformed by: x'(t) - X(2t) y (t) - y(2t) Z (tl - Z(2t) v'(t) - v(2t)
In the case of doubling dt, the present invention utilizes the following
coefficient transformation: a' - 8a---  b'  4b+4a c- 2c+b. d' -d It the
current step size being used by the AFDU- circuits is correct, (i.e.
substantially a one pixel increment), then the AFDU circuits generate
coordinates .corresponding to a new pixel and step forward to that pixel by
calculating the following transformation: x'(t) . x(t+l) y' lt)   Y(t+l)
Z'(t) - 2(t+1) W'(t) - The corresponding coefficient transformation for an
-16- ';#   increment of one pixel is: a' - a b- b+a e- c+b d'- dc -*  ...
';- Returning to Figure 3, in order to inplement the above 



.          ...~~~~~~~~~~P transformations (adjust up, adjustdown, or
forward step) the - ';:,. .rfr ....                ,-,                 -
; ' -~ __ ,, pixel gilter 30 sends control signals to multiplexors 32, 44,
46, 54;, 56a       osleet an appropriate input into, respectively,
adder/subtracter 45, 58, and 66.  These multiplexors select the appropriate
transformed values for the a', b', ce  and d' coefficients.  As stated, the
values a, b, e and d are initially loaded by the CPU 9 into registers 34,
50, 62 and 72.  New coefficient values corresponding to the desired pixel
location are updated and loaded into registers 34, 50, 62 and 72 at each
Clock cycle, thereby incrementally computing the parametric function x(t)-a
U *+bxB +c 5B +d8    If the x, y and w coordinates X. 3  X2Xl
- - outputted by AFDU circuits 12, 10, and 14 correspond to a pixel
location which is greater than a one pixel increment from the previously
defined pixel, the coefficients of a', b', c' and d' are selected as
a'ma/B, bl-b/4-a/8, c'-c/2-b/8+a/16 and d' - d. The Ja Input to multiplexor
32 is wired with a left shift of 3 bits to give the value Sa for use in the
above listed equations. Similarly, the input a/8 is right shifted three
bits to obtain the value a/S. In general, dividing or multiplying by an
integer power of two is accomplished by a hard wired right or left shift.
The cosff'cients for an adjust down operation are obtained in two clock
cycles as follows: First clock cycle, pixel filter:30 places control
signals on bus 51, which cause multiplexor 32 to    select A/8, multiplexor
4 to select A/8, multiplexor 46 to select B/4, multiplexor 56 to select 0.
and multiplexor 54 to select 



C/2.  At the end of this clock cycle, A'wA/8, B9.B/4-A/8, and C'-C/2.
During the second clock cycle, pixel filter 30-places control signals on
bus 51 which cause multiplexor 32 to select a, multiplexor 44 to select 0,
multiplexor 46 to select b, multiplexor 56'to select B/2, and multiplexor
54 to select c.  At the end of this clock cycle, the result of the two
clock cycle operations is A'-A/8, B'-B/4-A/8, C'-C/2-(B/4-A/8)/2.
Adders/subtracters 45 and 58, as well as-adder 66, are controlled by pixel
filter 30 in order to perform addition or subtraction operations necessary
for the above-described transformations. Similarly, as previously
discussed, when a pixel increment calculated by the X AFDU circuit 12 is
less than 0.5 of a pixel step, the coefficients a, b, c and d are
transformed by: a' - Ba, b  - 4b+4a, c' - 2cab and d' - d.  To perform
these transformations, appropriate control signals from pixel filter 30 are
asserted at multiplexors 32, 44, 46, 54, 56 and 70 such that the Oa, 4a,
4b, And 2c are clocked into the corresponding registers in conjunction with
adder/subtracters 45, 58 and 66. Alternatively, if the AFDU circuit
calculates an x increment between 0.5 and 1 and a y increment between 0.5
and 1, then the a, b, c and d coefficients are selected by multiplexors 32,
44, 46, 54, 56 and 70 by appropriate control signals asserted by the pixel
filter 30 such that register 50 is updated by b' -b+a, regiuter.62 is
updated by c' - cab, d regLster 72 by d' -d+c and a register 34 remains
unchanged.  It will be appreciated that only the outputs from AFDU circuits
X, Y. and V are used by the pixel filter to control the adjustment of all
four AJDU circuito since the x/v and y/w coordinates sufficiently    -18 - 



.sS  define pixel location.  In such a fashion, the ArDu circuits 10, 12
and 14, In cooperation with the 1/v circuit 18. multipliers- 20, 22, 24 and
pixel filter 30 ns                         rendered are incremented in
substantnialy ona pixel increments. Hemory buffers 45  60 and 6B'are used
to store a sequence of the last K b, candd values, respectively, so that
the properly deiayei b coordinate values associated with the pixel filter
30 control signal are used.  This is necessary becau'se pixel tilter 30
determines control decisions several clocks after the AFDU generates the
pixel'addresses.  Memory buffers 48, 60 and 68 store a sequence of values
so that the b value having a delay equal to the number of clocks between
the AFDU and the pixel filter is used to compute b'.   o memory buffer is
necessary for register 34 since "a" does not change during a forward step
AFDU operation. Another important aspect of the present invention is
hereinafter described. A critical problem which typically occurs in prior
art forward differencing methods for rendering curves Is overflow or
overloading of the registers used for storing the' nteger of the
coefficient values of the parametric cubic function used for calculating
the curve.  of course, if a register used for storing a coefficient reaches
capacity and overflows, accurate calculation of the parametric cubic
function will become impossible.  The present invention provides a unique
method and apparatus for preventing such overflow from occuring, thereby
ensuring continuous accurate implementation of the parametric cubic
function for rendering the curve.. The following is an explanation of this
aspect of the present invention. In the present embodiment, registers 34
and S0 of Figure 3 have a capacity for storage of three-integer bits,  



which, for purposes of convenience, vill herein be labelled, respectively,
al, a2, a] and bN,  b2 and by  al and b1 are the most significant integer
bits.  The most significant fractional bit of register 34 will herein be
labeled a    Since Register 62 accumulates, on a forward step, the contents
of register 50, it has, In the preferred embodiment,-a-storage capacity
offsmore than three integer bits.  The sost significant integer bit of
register 62 is terme'd herein ''s-c- 'Registirs'34;-50'and'62 are coupled
to a control eircuit 92 of Figure 7 (a detailed description of the
operation of pixel filter 30 and'control circuit 92 as shown iniFigure:7
will later be described more fully) within the pixel filter 30 and outputs
thereto bits which indicate to the control circuit 92 that the Integer
storage capacity of registerif 34, 50 and/or 62 are in overflow or could
possibly overflow with the next calculation. Below are listed the
conditions in which registers 34 and 50. send a bit (termed herein as the
"warning bit") which instructs the control circuit 92 of the pixel filter
30 that the next adjust up will result in an overflow of the integer
storage capacity of registers 34 and 50. A warning bit is asserted if: a1 0
the sign bit (sb) of register 34 or: a2 0 sign bit of register 34 or: a3 #
sign bit of register 34 or; a4 3 sign bit of register 34 or: a  A sign bit
of  register 50 or: b2 # sign bit of register 50 or: b3 ' sign bit of
register 50. The pixel filter 30, as stated, sends control signals to
multiplexors 32, 44, 46, 54 and 70, which instruct each ADFU circuit to
adjust up, adjust down or step forward to the next 



-20- pixel.  When a warning bit is asserted at control circuit 92 of pixel
filter 30, pixel filter 30 instructs each AFDU unit to stop forward to the
next pixel (instead of adjust up) when an adjust up is indicated by
calculations made by the pixel filter 30. Adjust dow-i and forward steps
are not affected by assertion of the warnirg bits.  Instructing each AFDU
circuit to step forward does not cause registers 34 and 50 to overflow,
since stepping forward does not require multiplication of the coefficient
"a" term by 8 or multiplication of the Eb" teram by 4. The AFDU circuits
are thus prevented from adjustinC up until the curve It completed or until
the warning bit is de-asserted. Similarly, the bit which instructs pixel
filter 30 that the integer storage capacity of registers 34, 50 and 62 will
overflow with next adjust up or forward step (termed herein as'- the
"overflow bit") is asserted whenever al f sign bit of a; b, f sign bit of b
or cl u  sign bit of c.  When the 'overflow bit is asserted it instructs
control cri:ct 92   isrt  control signals to the AFDU multiplexors whi6cW
nstiiciict "eachAFDU circuit to adjust down, whether or not an adjust upior
a-step forward is indicated by the calculations made by the pixel filter
30.  An adjust down relieves the overflow0 pobiet in 'registers 34, 50 and
62, thereby causing do-assertion of the overflow bit.  The sign bit of
registers 34, 50 and 62 is  sdo thatthevarning bit and overflow bite will
be asserted if the integer portion of the number stored therein is getting
too large in the positive direction or too small in the negative direction
in two's complement representation. It will be appreciated to one skilled
in the art that 



registers having a storage capacity for more or less integer values *ay be
used in place of registers 34 and 50 without    -21- departing froam the
concepts of the present invention hereln disclosed. It will also be
appreciated from the above description that a critical proble which occurs
in prior art forward differencLng circuits (i.e. overflow of the curve
rendering units) is hereby avoided by the above described features of the
present invention,' The above-described functions of the AFDU circuit
pertain to the drawing of curves. Figure 4 shows a simplified circuit
diagram-of the X AFDU chip 12 (shown in Figure 3) illustrating only the
components which are used for drawing vectors.  Figure 5 is a flow chart
illustrating the operation of the circuitry shown in Figure 4 and
performing the example operation of drawing an x major vector using the
Bresenham algorithm which is well known in the art. When the rendering of a
vector is LnLtiated,-vthe Bresenham algorithm parameters dx (the change in
x), dy (the change in y), Err (the Dresenham error term), Inc 1 (a first
increment), and inc 2 (a second increment), which will later be discussed
more fully with references to Figure 5, are calculated by the CPU 9. The
CPU 9 loads registers 34, 38, and 50 with Inc 1, Inc 2, and Err
respectively.  The CPU 9 also loads register 72 with vector endpoint value
x0 and loads the a register 62 with the value 0.  The operation of the
circuitry of Figure 4 in the rendering of an x-major vector in conjunction
with the flow diagram of Figure 5, will now be explained. 



A conditional circuit 64 outputs a 1 bit whenever the sign bits of register
50 and 62 are the same. Therefore, circuit 64 will provide a 1 input to
adder 69 only when register SO and 62 have the same sign. As stated, since
register 62 is loaded with a zero at initialization time its sign is always
0. As    -22- such, circuit 64 will output a i to adder 66 whonever the
sign bit from register 50 is zero (i.e., the Err Is greater-than zero).
When the rendering of a vector is initiated, the CPU 9 commands the pixel
filter 30 to assert a control signal to the AFDU circuits so that
multiplexor 44 is control to the sign bit output of reglster 50.  When the
sign bit of register 50 ls o., multiplexor 44 then channels through the
output of register 38. When the sign bit of register So is 1, multiplexor
44 selects the output of register 34. Turning now to Figure 5, the
Bresenham parameters for a vector between beginning, and end-ingf curve
coordinates xo, yo and x1, yas..e tnar a   iz*d Py .PU3.as listed in block
160 of Figure S. The error term (Err) is calculated by the equation Err -
-1/2 dx + dy wherein dx - x -x0 and dy *            In block 162, the -'
"piiel havinLg the eurrent x and y coordinates (x is stored in register 72
of Figure 4 and y Is stored in the corresponding register of the Y AFDU
circuit 14) Is written on the CRT display. The flow then proceeds to step
164, wherein it is determined whether or not the Err (the value in register
50) is greater than 0. If the error is greater than or equal to 0, the sign
bit of register 50 Is also 0 and the flow then proceeds to step 168 wherein
Err is updated by adding Inc .2 to the previously 



calculated Err.  The sign bit of register 50 controls multiplexor 44 such
that the Inc 2 (input it sultiplexor.44 Which is storid in register 38), Is
selected then clocked through adder/subtracter 4S into register 50 whenever
the sign bit of register 50 is zero. in block. 168 the x and y coordinates
are updated In the X and Y AFDU circuits by addlng l to the contents of
register 72 in X AFDU 12 and the corLesponding register In Y    -23- AFDU
circuit 14. As described above, this addition is pertormed by adder 66
which adds the output of  ircult 64 to the previous contents of register 72
only when the sign bit of register 62 is equal to the sign bit of register
50. On the other hand, if the Err is less than 0, the flow then proceeds to
step 166, wherein the Err is adjusted to be equal to the previously
calculated Err (stored in register 50) plus Inc 1 (stored in register 34)
and x is incremented by one. (Note:  In this example operation, the y
coordinate im not incremented in step 166 because the adder in the Y AFDU
circuit 14 corresponding to adder 66 adds the output of circuit 64 (which
is 0) to the contents of the register in Y AFDU circuit 14 corresponding to
register 72.l Inc 2, which is stored in register 38, is selected by
multiplexor 44 and added to the contents of register 50 by adder 45
whenever the Err is greater or equal to 0.  When the sign bit of register
So is positive, adder 66 adds the output of circuit 64 to the contents of
register 72 and clocks it through multiplexor 70 into register 72.  The
flow completes at step.170 when x is greater than x1. - In view of the
above discussion, it will therefore be 



appreciated that, when drawing vectors, the AFDU circuit provides a unique
method for accurately implementing the Bresenhan algorithm, which algorithm
is wellknown in the art.  It should also be appreciated in view of the
above discussion that with appropriate initialization, the AFDU circuit may
also implement the well known generalized version of the Bresenham
algorithm which calculates the closest pixel to an ideal line in between
the beginning and ending points, yet generates only one pixel location x, y
for each unit increment in y. These generalized versions of the Bresenham
algorithm are widely used for    i:~~~~~~~~~~~~~~~~~~~~~~~:t -24-
incrementally stepping along the edge of a polygon in scanline order and in
anti-aliasing vector techniques.  (See Dan Field, "Incremental Linear
Interpolation," ACM Transactions on 2raphis, Vol. 4, No. 1, January 1985;
Akira Fujimoto and Ko lwata, "Jag Free Images on a Raster CRT," S!yputer
Graphics Theorv and Applications, edited by Tosiyasu Kunil, published by
Springer Verlag, 1983. ) In Figure 7 there is shown an exploded view of the
pixel filter 30 of Figure 1.  it is important to note that when drawing
vectors, the pixel filter 30 transfers control of the AFDU circuits to
perform the Bresenham algorithm, as previously described with reference to
Figure 4. In this case the 1/v circuit 15 and the W .AFDU 10 are not used.
Hovever, when drawing curves, pixel filter 30 controls the X Y, Z and w
AFDU circuits 10, 12, 14 and 16 as previously described with respect to
Figure 3 to perform adjustments and forward steps. Registers 102, 103, 104,
105 and 106 of Figure 7 store 



coordinate values xn to xn+4 which are supplied thereto by X A'D" circuit
12 and multiplier 20) (of Figure 1) in five consecutive previous clock
cycles.  Similarly, y registers 120, 121, 122, 123 and 124 store y values
Y. to Yn+4   Likewise, register 134, 135, 136, 137 and 138 store z value Z
to Z        Registers 148, 149, 152, 154 and 158, as well as adder 156, and
comparator 144, also operate in conjunction with the afore-described
components, as will later be discussed. Register 102-106 store,
sequentially, each x coordinate supplied thereto by the X AFDU circuit 12
such that xn+4 is the most recently calculated coordinate. At each clock
cycle comparator 94 compares the value xn+3 in register 105 with xn+4 in
register 106, and comparator 112 compares the value Yn+  in    register 123
with Yn'4 in register 124-    I  the absolute value of Kn+4 - xn+3 and the
abolute value of y+4 - Yn   are both less than 0.5 of a single pixel
increment, the controller 92 sends a control signal to all four AFOU
circuits instructing the sane to increase the step size (adjust up) as
previously described with respect to Figures 1, 2 and 3.  If the absolute
value of xn44 - xn+] is greater than 1 or the absolute value of Yn4 - Yn+3
is greater than 1, the controller then asserts a control signal at all four
AFDU circuits which instruct the same to decrease the step size (adjust
down), also as previously described with reference to Figures 1, 2 and 3.
Values zn+i and Zn+ stored in registers 1.38 and 137 are not used to
determine whether or not the atep'size should be adjusted upwardly or
downwardly because the x and y coordinates sufficiently define a pixel
location on a CR? display. However, registers 138 and 137 function as.
delay buffers so that values 



Zn+2D Zn+ and Zn (which are stored, respectively,, in registers 136-134)
will correspond to the values of yn+2' Yn+.l and yn (stored in,
respectively, 122, 121, and 120) and to the values of xn+2  xn   and xn
(stored in registers 104, 103 and 102). Alternatively, if the absolute
value of xn+4 - x    and the absolute value of y    - y +, are both between
0.5 and 1.0 pixel units, then the comparators 94 and 112 instruct control
circuit 92 to instruct all four AFDU circuits to perform a- forward step
operation as previously described. It is important to note that all four
AFDU circuits 10, 12, 14 and 16 of Figure 1 are adjusted upwardly,
downwardly, or forwardly in synchronicity by pixel filter 30.. Elimination
of redundant pixels in a displayed image will now be described.  Comparator
96 compares the value xn+2 which is stored in register 104, with the xn+1
value stored In    -26- register 103.  Comparator 114 compares the value
y,12 In register 122 with the value yfl  in register 121.  If xn+2 -nl andy
- Yn'l  comparators 96 and 114 assort signals at control circuit 92 which,
in turn, output an invalid pixel bit to paint section 150,. such that paint
section 150 invalidates the modifications corresponding to the pixel having
the coordinates corresponding to Xn+l and Yn. limination of "elbows* (se.
figures 6 and 6a) in a displayed image will now be disclosed.  Comparator
96 compares the integer part of the value x,+2 in reglister 104 with the
integer part of the value xn in register 102 and-the comparator 114
compares the integer part of the valu  nn+2 in register 122 with the
integer part of the value yn in register 120.  If the 



absolute value of xn+2 - x, is equal to 1 and the absolute value of Y    -
Yn is equal to 1 then comparators 96 and 114 assert signals at control
circuit 92, which, in turn, outputs an invalid pixel bit to paint section
150, such that paint section 150 will not paint the pixel whose coordinates
correspond to xn,+l and yn+,- Defining a clipping region in the displayed
screen will now be described, Preloaded into registers 100, 118, 132 and
146 are, respectively, x minimum and x maximum values, y mininum and y
maximum values, 2 minimum and a maxusim'values and t minimum and t maximum
values.  Comparator 98 is coupled to register 103 and compares the value x
+, with x maximum and x minimum.  If Zn+l is not within x minimum and x
maximum value, comparator 96 asserts a control signal to control circuit
92, which, in turn, instructs paint section 150 to invalidate the
modifications corresponding to the pixel defined by the coordinate xn11,
Ynli Zn+3, tn+l which pixel is outside of the window defined by x min
-27- and x max values stored in. reqlster 100. The same actlons occur wLth
respect to y minimum and maximum register 118, z minimum and z maximum
regiater 132 and t minimum and maximum regislter 146. Accordingly, Li Yfl,
which is stored in regLster 121, is less than the y minimum value or
greater than the y maximum value stored in register 11s, caiparatt 1.is
iLftL~tAis'bac6otrol signal to control circuit 92, which uiltl*at*Y
'Iniitructs the paInt section 150 not to paint the pixel CXnlD Tnvl' ZnlI
tn41) Similarly,'if zn1, which is stored in registe; 135, is less than a z
minimum value or greater than the a maximum value stored in register 132, a
comparator 130 asserts a control signal at 



control circuit 92, which in turn instructs the paint section 150 not to
paint the pixel (Xn+le yn+l' zn+l  tnl)   Finayif t,+1 which is stored. in
register 150, is less than t minimum or greater than t maximum stored in
register 146, comparator 144 asserts a signal at control circuit 92, which
in turn instructs paint section 150 not to paint the pixel (xnflw. Yn,1,
Zn+l' tn4,l,)  The minimum and maximum values stored in registersl100.,
118, 132 and 146 are preloaded by CPU 9 in order to define a desired
"window" or clipping region on the display screen. A pre-computed value dt
which corresponds to the a, b, c, and d parameters of the curve being
rendered (which are stored in register 34, 50, 62 and 72) ls calculated by
the CPU 9 at initialization time and loaded into register 158.  t is given
a value equal to O at initialization tin..  Since dt represents the
parameter step size, it must be adjusted upwardly or downwardly in order to
coincide with the adjustments to the X, Y. Z and W AFDU circuits which were
previously described with referenca-sto Figures 1 and 3.  Accordingly, dt
is' shifted one bit to the left to obtain 2dt at zultiplexor 153 when an
adjust up is required in order to correspond dt to an adjust up In the AFDU
circuits.    Bluilarly. dt Ii shifted one bit to the right In order to
obtain dt/2 at multiplexor ISp.  2dt or dt/2 are velected by appropriate
control signals asserted by contaol circuit 02 at multipiexor 153 in order
to correspond dt to the adjustments made to the X. Y. 2 and W AMVU
circuits.  The value of dt is outputted to adder 156 which adds t thereto
and stores the  aesult. thereof in register 1S94   The output register 154
In delayed several clock cycles in delay regilter 152 so that t    and t91
which fre stored respectively, in register. 150 ahd 149 coincide in time
with 



valuei angle and YTn4I  Yin' tn4l  and an so that the value tin  Viii be an
Appropriate value for comparator 144 to compare against values thin and
tmex. It vilI be appteciated that the Above-described invention may be
embodied in other specific forms Vithout departing from the spirit or
essential characteristics thereot. The present Embodiments are, therefore,
to be considered in all aspects to illustrative and hot restrictive, the
scope of ti. Invention being indicated by the appended claims tather than
by the foregoihg description, And ail changea which come within the meaning
ahd range of equivalency Use, thetefore, intended to be embthced therein,
In our copending U.K. patent application No. 8925215 (Divided out of the
present application), there is described and claimed an apparatus for
deriving a reciprocal of the homogenous coordinate w for use in obtaining
rational cubic functions x/w, y/w and z/w coordinates, said apparatus
comprising: means for calculating a Taylor series approximation of said
reciprocal -of said homogenous coordinate w; means for multiplying said
reciprocal of w by corresponding x, y and z coordinates, thereby obtaining
the rational cubic functions x/w, y/w and z/w.    -29- CLAIMS 1.  An
apparatus for obtaining an approximation of the reciprocal of the
homoqenous coordinate v Cor use in the rendering of images on a display
device: said apparatus comprising; a first look-up table means for
receivinq a first 



portion of said v coordinate: a second look-up table means for receiving
said first portion of said w coordinate: a register means for receiving a
second portion of said w coordinate; said first look-up table means
outputting a first value corresponding to said first portion, said seeonda
lookc-up table outputting a second value also corresponding to sai   irst7
portion, said register means outputting said second portion which- ls
multiplied by said second value, the product of said second .value and said
second portion being subtracted from maid first value such that an
approximation of 1/v is thereby obtained. 2.  The apparatus according to
claim I wherein said K. approximation of the homogenous coordinate w
comprises a truncated Taylor series approximation. 3.  The apparatus
according to claim I wherein said approximation of 1/w is obtained within
two clock cycles. 4.  An apparatus according to claim 1 wherein said first
portion comprises a predetermined quantity of the most significant bits of
the homogenous coordinate v and wherein said I I     L 111   liii! 1111111
second portion comprises a predetermined quantity of the least significant
bits of said coordinate v. S.  The apparatus according to claim I wherein
said first value comprises l/wo and wherein the product of said second 2
portion comprises d(l/wo)  wherein vw  corresponds to a predetermined
quantity of the most significant bits of said hosogenous coordinate w and
vherein d corresponds to a 



predetermined quantity of the least significant bits of said homogenous
coordinate v. 6 . A method for obtaining an approximation of the reciprocal
of the homogenous coordinate v for use In the rendering of Inageg on a
display device; said method comprising the following steps: inputting a
first portion of sald v coordinate to a first look-up table meanse I
nputting said first portion of said v coordinate to a .~ ~ ~~~~~~~~~~. .
.  .._.._... t-1S il  11 1|    - 31 - second look-up table means; inputting
a second portion of said w coordinate to a register moans; outputting a
first value corresponding to said first portion from said first look-up
table means; outputting a second value also corresponding to said first
portion from said second look-up table means: multiplying said second
portion by said second value:- subtracting said product of said second
portion and said second value from said first value such that an'
approximation of l1w Is Lhereby obtained.; - 7. The methrd according to
claim 6 wherein said method for rendering an approximation of the
homogenous coordinate w comprises a truncated Taylor series approximation.
8   The method according to claim  6 whereln said approximation of l/w is
obtained within two clock cycles. 9   The method according to claim 6
wherein said first 



portion comprises a predetermined quantity of the most significant bits of
the homogenous coordinate v and wherein said second portion comprises a
predetermined quantity of the least significant bits of said coordinate v.
10.  The method claimed in claim  6 wherein said first value comprises l/wv
and wherein the product of said second and third 2 values comprise d(l/wo)
wherein wv corresponds to a predetermined quantity of the most significant
bits of said l     11111111 111111 111111111111    .:          - 32-
homogenous coordinate w and wherein d corresponds to a predetermined
quantity of the least significant bits of said * ~<homoqenous coordinate W.
11,       An apparatus for obtaining an approximation of the reciprocal of
the honogenous coordinate w for use in the rendering of images on a display
device substantially as hereinbefore described. 12.      A method for
obtaining an approximation of the -reciprocal of the honogenous coordinate
w for use in.the rendering of images on a display device substantially as
hereinbefore described. l  I!1111 1111111111 111111    


