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TECHNIQUES OF OSCILLATOR STATE MANIPULATION FOR QUANTUM
INFORMATION PROCESSING AND RELATED SYSTEMS AND METHODS
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Control and Measurement of a Cavity-Encoded Qubit Register Mediated by a Non-

Linear Ancilla System,” which is hereby incorporated by reference in its entirety.

STATEMENT REGARDING FEDERALLY-SPONSORED RESEARCH AND
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[0002] This invention was made with U.S. Government support under Grant No.
WO11NF-14-1-0011 awarded by the U.S. Army Research Office. The U.S. Government

may have certain rights in this invention.

BACKGROUND
[0003] The ability to prepare and control the quantum state of a quantum system is
important for quantum information processing. Just as a classical computer memory
should have the ability to initialize bits and implement gates to change the state of a bit
from zero to one and vice versa, a quantum computer should be able to initialize the state
of the quantum system used to store quantum information and the quantum system
should be able to be controlled to implement logical gates that change the quantum state

of the quantum system.

[0004] Quantum information may be stored in any of a variety of quantum
mechanical systems. Conventionally, quantum information may be stored using
quantum bits, referred to as “qubits,” which are typically two-state quantum mechanical
systems. However, many-state quantum systems, such as quantum mechanical

oscillators, may also be used to store quantum information.
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SUMMARY
[0005] Some aspects are directed to a method of operating a circuit quantum
electrodynamics system that includes a physical qubit dispersively coupled to a quantum
mechanical oscillator, the method comprising applying a first drive waveform to the
quantum mechanical oscillator, and applying a second drive waveform to the physical
qubit concurrent with the application of the first drive waveform, wherein the first and
second drive waveforms are configured to produce a state transition of the circuit
quantum electrodynamics system from an initial state to a final state.
[0006] According to some embodiments, the physical qubit is in a ground state in
the initial and final states of the circuit quantum electrodynamics system, and the
quantum mechanical oscillator has a different photon number state in the final state of
the circuit quantum electrodynamics system than in the initial state of the circuit
quantum electrodynamics system.
[0007] According to some embodiments, the physical qubit has a state in the final
state of the circuit quantum electrodynamics system that depends upon a photon number
state of the quantum mechanical oscillator in the initial state of the circuit quantum
electrodynamics system.
[0008] According to some embodiments, the physical qubit is in a ground state in
the initial state of the circuit quantum electrodynamics system, and wherein the physical
qubit is in either the ground state or in an excited state in the final state of the circuit
quantum electrodynamics system.
[0009] According to some embodiments, the method further comprises
determining the first and second drive waveforms by optimizing a fidelity of the state
transition of the circuit quantum electrodynamics system.
[0010] According to some embodiments, optimizing the fidelity of the state
transition of the circuit quantum electrodynamics system comprises a gradient
optimization technique.
[0011] According to some embodiments, the first and second drive waveforms are
selected, based on the initial state and the final state, from a computer readable medium
storing a plurality of previously determined drive waveforms.
[0012] According to some embodiments, the state transition is a unitary state

change.
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[0013] According to some embodiments, the quantum mechanical oscillator is a
microwave cavity.

[0014] According to some embodiments, the physical qubit is a transmon qubit.
[0015] According to some embodiments, the dispersive coupling between the
physical qubit and the quantum mechanical oscillator has a dispersive shift y, and
wherein a duration of each of the first and second drive waveforms is less than four times
1/y.

[0016] According to some embodiments, the duration of each of the first and
second drive waveforms is less than 1 microsecond.

[0017] According to some embodiments, the application of the first drive
waveforms begins at substantially the same time as the application of the second drive
waveform begins, and the application of the first drive waveforms ends at substantially
the same time as the application of the second drive waveform ends.

[0018] According to some embodiments, a plurality of photon number states of the
quantum mechanical oscillator are selected as a multi-qubit register, and the first and
second drive waveforms are configured to perform a multi-qubit operation upon the
multi-qubit register.

[0019] Some aspects are directed to a system, comprising a circuit quantum
electrodynamics system that includes a physical qubit dispersively coupled to a quantum
mechanical oscillator, at least one computer readable medium storing a plurality of drive
waveforms, each of the plurality of drive waveforms being associated with an initial state
of the circuit quantum electrodynamics system and a final state of the circuit quantum
electrodynamics system, at least one controller configured to select a first drive
waveform and a second drive waveform from amongst the stored plurality of drive
waveforms based at least in part on a final state of the circuit quantum electrodynamics
system and the final states associated with the selected first and second drive waveforms,
and at least one electromagnetic radiation source configured to apply the first drive
waveform to the quantum mechanical oscillator, and apply the second drive waveform to
the physical qubit concurrent with the application of the first drive waveform.

[0020] According to some embodiments, each of the plurality of drive waveforms

is configured based at least in part on a desired state transition of the circuit quantum
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electrodynamics system from the initial state associated with the drive waveform to the
final state associated with the drive waveform.

[0021] According to some embodiments, the plurality of drive waveforms include
a first group of drive waveforms configured to be applied to the quantum mechanical
oscillator and a second group of drive waveforms configured to be applied to the
physical qubit.

[0022] According to some embodiments, the desired state transition is a unitary
state change.

[0023] According to some embodiments, the quantum mechanical oscillator is a
microwave cavity.

[0024] According to some embodiments, the physical qubit is a transmon qubit.
[0025] According to some embodiments, the dispersive coupling between the
physical qubit and the quantum mechanical oscillator has a dispersive shift y, and
wherein a duration of each of the first and second drive waveforms is less than four times
1/y.

[0026] According to some embodiments, the at least one controller is further
configured to cause the at least one electromagnetic radiation source to begin application
of the first and second drive waveforms at substantially the same time, and end
application of the first and second drive waveforms at substantially the same time.
[0027] According to some embodiments, a duration of each of the first and second
drive waveforms is less than 1 microsecond.

[0028] The foregoing apparatus and method embodiments may be implemented
with any suitable combination of aspects, features, and acts described above or in further
detail below. These and other aspects, embodiments, and features of the present
teachings can be more fully understood from the following description in conjunction

with the accompanying drawings.

BRIEF DESCRIPTION OF DRAWINGS
[0029] Various aspects and embodiments will be described with reference to the
following figures. It should be appreciated that the figures are not necessarily drawn to

scale. In the drawings, each identical or nearly identical component that is illustrated in
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various figures is represented by a like numeral. For purposes of clarity, not every
component may be labeled in every drawing.

[0030] FIG. 1 is a block diagram of a circuit quantum electrodynamics system,
according to some embodiments;

[0031] FIG. 2 is a schematic drawing of an illustrative circuit quantum
electrodynamics system, according to some embodiments;

[0032] FIG. 3A illustrates a change in photon number state of a quantum
mechanical oscillator when the illustrated drive waveforms are applied to the oscillator
and to a physical qubit to which it is coupled, according to some embodiments;

[0033] FIG. 3B illustrates a characterization of the state of the oscillator after the

change in photon number state shown in FIG. 3A, according to some embodiments;

[0034] FIGs. 4A-4D illustrate encoding of a cat state qubit, according to some
embodiments;
[0035] FIG. 5 is a flowchart of a method of determining drive waveforms to be

applied to a circuit quantum electrodynamics system to produce a desired change in the
state of the system, according to some embodiments;

[0036] FIG. 6 is a flowchart of a method of selecting and applying drive
waveforms to a circuit quantum electrodynamics system, according to some
embodiments;

[0037] FIGs. 7A-7D illustrate results of applying selected drive pulses to a circuit
quantum electrodynamics system in order to measure respective selected bits of a
quantum mechanical oscillator being treated as a multi-qubit register, according to some
embodiments;

[0038] FIG. 8 is a flowchart of a method of measuring selected bits of a quantum
mechanical oscillator being treated as a multi-qubit register, according to some
embodiments; and

[0039] FIG. 9 is a block diagram of a circuit quantum electrodynamics system,

according to some embodiments.

DETAILED DESCRIPTION
[0040] Conventional quantum information processing schemes couple a number of

two-level quantum systems (i.e., “qubits”) to encode information. However, quantum
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information tends to be fragile and susceptible to noise and decoherence processes.
Thus, error-correction protocols are frequently employed with a goal of prolonging the

amount of time for which quantum information may be reliably stored.

[0041] Some quantum error-correction protocols utilize a single logical qubit built
from a collection of physical qubits. For instance, the quantum state [i), of a logical
qubit may be represented by a superposition of the two states, |0) and |1), e.g., |Y) =
a|0) + B|1), where a and B are complex numbers representing the probability amplitude
of the logical qubit being in state |0) and |1), respectively. In some error correction
schemes, the quantum state of the logical qubit may be encoded physically in a plurality
of physical qubits, such as by entangling three physical qubits in a state with the same
probability amplitudes as the logical qubit: |{p) = a|000) + £|111), which represents

the entangled quantum state of three physical qubits.

[0042] Other quantum error-correction schemes utilize a quantum mechanical
oscillator to encode a bit of quantum information, since such oscillators tend to exhibit
longer decoherence times that qubits built from, say, Josephson junctions. Such
oscillators have a linear energy spectrum, however, making quantum control of the
oscillator’s state difficult due to the resulting degeneracy of state transitions.
Conventionally, a qubit may be resonantly coupled to the quantum mechanical oscillator,

which produces a combined system that has a controllable nonlinearity.

[0043] The inventors have recognized and appreciated that there are advantages to
forming a system in which a qubit is far off-resonantly, or dispersively, coupled to a
quantum mechanical oscillator. In particular, a dispersive coupling between a physical
qubit and a quantum mechanical oscillator may be selected such that control of the
combined qubit-oscillator system can be realized. The physical qubit may be driven with
an electromagnetic pulse (e.g., a microwave pulse) and the quantum mechanical
oscillator simultaneously driven with another electromagnetic pulse, the combination of

which results in a change in state of the qubit-oscillator system.

[0044] The inventors have analytically demonstrated that a suitable combination of
clectromagnetic pulses (hereinafter, “pulses”) separately applied to a physical qubit and
to a quantum mechanical oscillator to which the qubit is coupled may produce any

arbitrary unitary operation on the oscillator, and thereby provide for universal control.

-6 -
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This determination was made under a constraint that the qubit and oscillator were not
driven at the same time. However, while this analysis produces techniques for universal
control, the constraint causes substantive operations on the oscillator to require
application of a long series of pulses to the qubit and the oscillator, which limits the
number of operations that are feasible in the presence of decoherence of the system.
Accordingly, even if the fidelity of the operations is very high or even perfect,
decoherence of the system over the period during which the operations are applied may

nonetheless result in a less than desirable fidelity in the aggregate.

[0045] The inventors have recognized and appreciated that by relaxing the
constraint that the qubit and oscillator are driven separately, pulse waveforms that
produce desired system state changes can be determined via the use of numerical
techniques. The inventors have identified numerical techniques that can determine pulse
waveforms which, when applied to the system, produce very high fidelity state
transitions in much less time than would have been required under the constrained

approach described above.

[0046] According to some embodiments, the pulse waveforms can be determined
ahead of time for a particular combination of initial system state and final system state.
Then, when the system is in a particular initial state and a target final state is desired,
pulse waveforms can be selected from a library of preprepared pulse waveforms and
applied to the qubit and the oscillator to transition the system from the initial state to the

target final state.

[0047] According to some embodiments, pulses may be simultaneously applied to
a physical qubit and to a quantum mechanical oscillator to which the qubit is coupled,
thereby producing a change in the state of the qubit-oscillator system. In some cases, the
pulses may be applied to the qubit and the oscillator for the same amount of time and/or
may be applied during the same time period (i.e., with both pulses beginning and ending

at substantially the same time).

[0048] According to some embodiments, pulses applied to a physical qubit and to a
quantum mechanical oscillator may cause a change in a photon number state of the

oscillator. In at least some cases, the state of the qubit may change also.
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[0049] According to some embodiments, pulses applied to a physical qubit and to a
quantum mechanical oscillator may cause a change in state of the qubit that depends
upon the state of the oscillator. In particular, the inventors have recognized and
appreciated that the state of the oscillator may be mapped onto the state of the qubit via
particular pulse waveforms applied to the qubit and to the oscillator. Thus, by observing
the change in the state of the qubit as a result of application of these pulses, information
about the state of the oscillator may be determined. In at least some cases, the state of
the qubit may be measured to determine information about the state of the oscillator
without substantially changing the state of the oscillator. Thus, certain pulse waveforms
to be used as tools to measure a state of the qubit-oscillator system. In other cases,
measuring the state of the qubit to determine information about the state of the oscillator

causes a back-action that changes the state of the oscillator.

[0050] According to some embodiments, a state of the oscillator may be treated as
a multi-qubit register by considering the binary representation of its photon number
states. For example, the |5) photon number state of the oscillator may be viewed as the
|101) state of a 3-qubit register. Particular types of pulses that may be applied to the
qubit and to the oscillator may produce a change in state of the qubit that depends upon
the state of a particular “bit” of this multi-qubit register. For example, a pair of pulses
applied to the qubit and to the oscillator, respectively, when the qubit is in the ground
state, may transition the qubit from the ground state to an excited state when the least
significant bit of the multi-qubit register is equal to 1, whereas application of the same
pulses may result in the qubit remaining in the ground state when the least significant bit
of the register is equal to 0. Pulse waveforms may be determined and applied to the
qubit and to the oscillator to read any one or more of any bits of an n-bit multi-qubit
register. In some cases, a pulse applied to the qubit and to the oscillator may be
configured to measure the X value of a quantum bit in the register, corresponding to
determining whether the state is |0)+]|1) or |0)-|1); that is, determining the phase of the

coherent superposition.

[0051] Accordingly, by determining pulse waveforms via numerical techniques as

described herein, the state of the oscillator (whether acting as a multi-qubit register or
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otherwise) can be both determined and manipulated to a desired target state, thereby

providing universal control of the oscillator.

[0052] Following below are more detailed descriptions of various concepts related
to, and embodiments of, techniques for controlling the state of a quantum mechanical
system. It should be appreciated that various aspects described herein may be
implemented in any of numerous ways. Examples of specific implementations are
provided herein for illustrative purposes only. In addition, the various aspects described
in the embodiments below may be used alone or in any combination, and are not limited

to the combinations explicitly described herein.

[0053] FIG. 1 is a block diagram of a circuit quantum electrodynamics system,
according to some embodiments. System 100 includes a physical qubit 110 and a
quantum mechanical oscillator 120. In the example of FIG. 1, the qubit and the
oscillator are dispersively coupled — that is, the qubit-oscillator detuning is much larger
(e.g., an order of magnitude larger) than the coupling strength between the qubit and the
oscillator. An electromagnetic signal &, (t) may be applied to the physical qubit 110 and
an electromagnetic signal €,4.(t) may be applied to the quantum mechanical oscillator
120. Generally in the discussion below, application of such an electromagnetic signal or

pulse may also be referred to as “driving” of the qubit or oscillator.

[0054] In the example of FIG. 1, the state of the oscillator 120 may be represented
by a superposition of components, each component comprising an excitation number
eigenstate (also known as a Fock state), |n), and a corresponding probability amplitude,

Cp:
[Y)ose. = Znzo Cnln) - (Eqn. 1)

[0055] According to some embodiments, the quantum mechanical oscillator 120
may comprise a resonator cavity, such as a microwave cavity. In such embodiments, the

system 100 may be described using the Hamiltonian:

H(t) = Hcavily + Hqubil + Himeraction + Hdrive (t) (Eqn 2)

cavity

:wﬁ*&+§(&*)2&2 (Eqn. 3)
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H i = quSTbA"'%(bAT)ZbAZ (Eqn. 4)
interaction — &T&£T5 +£5T5(&T)2&2

2 (Eqn. 5)

H,.t)=¢e-(t)a+e&, (t)l; + (Hermitian conjugate) (Eqn. 6)

where  is a dispersive shift of the dispersive coupling between the cavity and the qubit,

the annihilation operator corresponding to the cavity and qubit modes is denoted by a or

b, respectively, w, is a fundamental frequency of the cavity, wg is the transition
frequency of the qubit, K is the cavity anharmonicity (due to the Kerr effect), and a is the

transmon anharmonicity.

[0056] As discussed above, drive waveforms g, (t) and €,5,(t) may be determined
via numerical techniques for a particular desired state change of the system 100. In
particular, suitable drive waveforms may be determined that allow g, () and £,4.(t) to
be applied simultaneously to the physical qubit and the oscillator, respectively. The
drive waveforms &, (t) and &, (t) may be applied during the same time period (i.e.,

may start and end together) or may simply overlap in time.

[0057] FIG. 2 is a schematic drawing of an illustrative circuit quantum
electrodynamics system, according to some embodiments. System 200 is an example of
system 100 shown in FIG. 1, including a transmon qubit 210 and a cavity resonator 220.
In the example of FIG. 2, the cavity resonator 220 is a A/4 coax-stub cavity resonator
coupled to the transmon 210 and to a read-out resonator 211. Input couplers (ports) 212
and 222 deliver the time dependent microwave drive signals £,(t) and €,4.(%),
respectively. The transmon may be dispersively coupled to the cavity with a dispersive
shift of between -1 MHz and -4 MHz, such as between -3 MHz and -2 MHz, such as -2.2
MHz. According to some embodiments, the microwave drive signals may be full in-
phase/quadrature (IQ) modulated microwave fields centered on either the fundamental
frequency of the cavity (when being input to port 222) or the transition frequency of the

qubit (when being input to port 212).

- 10 -
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[0058] FIG. 3A illustrates a change in photon number state of a quantum
mechanical oscillator when the illustrated drive waveforms are applied to the oscillator
and to a physical qubit to which it is coupled, according to some embodiments. The
example of FIG. 3A illustrates the evolution of a quantum mechanical system such as
system 100 shown in FIG. 1 or system 200 shown in FIG. 2 when drive signals £4(t) and
€osc(t) are applied concurrently to a physical qubit and a quantum mechanical oscillator,
respectively. At least one aspect of the change in state of the system in question as a
result of the application of the drive signals shown is to transition the number state of the

oscillator from the |0) state to the |6) state, as discussed below.

[0059] In the example of FIG. 3A, a number state of the oscillator is represented in
graph 310 at a series of times over the 500 ns period during which the drive signals &, (?)
and g,,.(t) are applied. In graph 310, the probability that a measurement of the system
would produce a measurement of a respective number state is represented by different
shades of gray, with darker gray or black representing a high probability of the particular

number state being measured and lighter grays representing low probabilities.

[0060] Graph 320 shows the drive waveform &4 (t) applied to the qubit of the
system and graph 330 shows the drive waveform €,4.(t) applied to the oscillator of the
system in the example of FIG. 3A. The solid lines represent an in-phase field component
of the drive signal whereas the dotted lines represent a quadrature field component of the

drive signal.

[0061] In the system’s initial state (at time t = 0 shown in FIG. 3A), the number
state of the oscillator is |0) as shown by a very dark gray block att =0 and n=0. In the
system’s final state (at time t = 500 ns shown in FIG. 3A), the number state of the
oscillator is |6) as shown by a very dark gray block at t =500 ns and n = 6. At
intermediate times during application of the drive waveforms, the number state of the

oscillator is generally a superposition of several number states.

[0062] Note that while the particular state of the oscillator between the initial state
(t=0) and the final state (t=500 ns) of the system may not be known, this has no direct
effect on the use of the drive pulses to transition the system from the |0) state to the |6)

state. That is, the drive waveforms shown in the example of FIG. 3A have been

- 11 -
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determined based on the criteria that the current number state of the oscillator is |0) and

the target final state of the oscillator after application of the pulses is |6). The numerical
techniques to be described below allow this type of determination so that the system can
be transitioned from an initial to final state so long as a suitable waveform for the

particular pair of states has been determined.

[0063] While FIG. 3A is an example of manipulating the number state of the
oscillator in a quantum mechanical system, the changes in the state of such a system that
may be effected by concurrent application of drive signals to a qubit and to an oscillator
to which the qubit is dispersively coupled are not limited to this type of manipulation.
As discussed below, one other type of system state change may be to produce a qubit
state that is dependent upon the state of the oscillator. This is merely one additional
example, however. The numerical techniques described herein allow constraints about
the initial and final state of the qubit-oscillator system to be provided as input to the
calculation such that shapes of the drive signals £, (t) and €,4.(t) to cause the state
transition as defined by the constraints to be output from the calculation. As such, the
types of qubit-oscillator state changes that can be produced is not limited to any
particular type of state change described herein, as the numerical techniques are not so

limited.

[0064] FIG. 3B illustrates a characterization of the state of the oscillator after the
change in photon number state shown in FIG. 3A, according to some embodiments.
FIG. 3B includes graph 360 which illustrates a spectroscopic view of the qubit after
producing the transition to the |6) state shown in FIG. 3A. As can be seen in graph 360,
the power is concentrated around 13 MHz, which in the example of FIG. 3B is
approximately equal to six times the dispersive shift x of the qubit-oscillator coupling
(i.e. ¥ = 2.2 MHz). Graph 370 shown in FIG. 3B illustrates Wigner tomography of the

oscillator state after transition to the |6) state as shown in FIG. 3A.

[0065] FIGs. 4A-4C illustrate encoding of a cat state qubit, according to some
embodiments. FIG. 4A illustrates operations U,y and Uz, which may be used to
coherently map between two distinct two-dimensional subspaces, represented by Bloch
spheres. The first subspace (left of FIG. 4A) consists of a transmon qubit’s ground and

excited states, |g) and |e), respectively, with a cavity to which the transmon qubit is

- 12 -
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coupled in the vacuum state. The second subspace (right of FIG. 4B), is given by the

oscillator-encoded states |[+Z,) and |—Z}).

[0066] FIG. 4B illustrates a sequence of operations that may be applied to the
transmon qubit (labeled “T”) and/or to the cavity to which the qubit is coupled (labeled
“C”). A transmon state is prepared by applying an initial rotation U; and is then mapped
to the cavity via the encoding operation U,,,.. A cavity displacement D, is then applied
to the cavity following a parity mapping operation II that provides for measurement of
the cavity Wigner function W (a). The parity mapping operation Il may be implemented
by determining a suitable drive waveform using the numerical techniques described

herein.

[0067] As shown in FIG. 4C, applying U, to the transmon states |g) and |e)
produces states whose Wigner functions are consistent with the encoded basis states

given by four-component cat states:
|+2,) =ﬁﬂa}+|ia)+|—a}+|—ia})

ZLZO‘_MW)
N < [@n)!

-2,) =(a)-lia)+|-a)-|-ia)

4n+2

1 o

=— ) ———|4n+2
Nzn:,/(4n+2)!| >

[0068] A transmon spectroscopy experiment (top panels, showing probability

densities for each number state of the cavity) illustrates that only photon number states

with n =0 mod 4 (n =2 mod 4) are present for logical state [+Z,) (|—Z.)).

[0069] As shown in FIG. 4D, applying U,y to superpositions of the transmon basis
states demonstrates that the relative phase is preserved and that U, is a faithful map
between the transmon and logical qubit Bloch spheres. These states, on the equator of the
Bloch sphere, are equally weighted superpositions of |[+Z;) and |—Z} ), and therefore

contain all even photon numbers present in the basis states.

[0070] FIG. 5 is a flowchart of a method of determining drive waveforms to be

applied to a circuit quantum electrodynamics system to produce a desired change in the

- 13 -
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state of the system, according to some embodiments. In method 500, numerical
techniques are applied based on the Hamiltonian of the quantum system in question (e.g.,
system 100 shown in FIG. 1 or system 200 shown in FIG. 2) with added constraints (one
or more of which constrain the final state of the system) to numerically determine the
parameters of drive waveforms that can produce a system transition that respects the

constraints.

[0071] Based on Equation 2 above, the capacity of known decoherence sources to
impact the fidelity of operations on the system can be simulated using a Markovian

Lindblad master equation of the form:

EI 1 prarepiire Los
o pt) = h[H(t)’p(t)]J{T D[a]+T D[b]+T D[b b]}(ﬂ(t))

Le Lr ¢ (Eqn. 7)
i 1oy
Dlal(p) =apa’ ——{a'a. p}
2 (Eqn. 8)
[0072] In the above equations and in the example described below, it is assumed

for the sake of example that the qubit of the system is a transmon qubit and the oscillator
is a resonating cavity. Non-limiting, illustrative values for the system parameters in the

above equations are shown in Table 1, below.

Description | Hamiltonian Term Illustrative Value
Transmon frequency a)TZ;*l; 5663.9 MHz
Cavity frequency w.a'a 4452.5 MHz
Dispersive shift XdT&Z;TZ; -2.2 MHz
- O~ 000 -236 MHz
Transmon anharmonicity E(b )b
. . K 10 -3.7 kHz
Cavity anharmonicity (Kerr) E(Cl )a
PN -17.7 kHz
Second order dispersive shift 7(a )"ab'b
1 N 170 us
Transmon relaxation — D|b]
1
1 ~ -
Transmon excitation —D[b']
T

- 14 -
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1 non 43 us
Transmon dephasing ? D[b'D]
¢
. 2.7 ms
Cavity relaxation —Dla]
1 ata -
Cavity dephasing T_D[a al
¢.cav
[0073] According to some embodiments, operations on the quantum system

performed via the drive waveforms applied to the qubit and to the oscillator may be
defined in terms of a set of simultaneous state transfers. That is, an operation, for each i,

takes an initial state of the system |y/f“'1)t> to a final system state |Vf(12a1>- In act 502 of

method 500, these initial and final states may be selected.

[0074] In order to prepare a desired operation on the joint cavity-transmon Hilbert

space, numerical techniques can be used to maximize the (coherent) average fidelity of

these state transfers over the drive waveforms &(t) = (€C(I),8T (t)):
maxi(rglize F(e(t)) (Eqn. 9)
e(t

where

F(e(0)) =\z<

2

: (Eqn. 10)

UT.e)y)

i

and where the unitary U defined by the waveforms &(¢) is given by the time-

ordered exponential of the Hamiltonian up to some final time 7 ,
U(T, () = Texp(— _LTdtH(e(t))j. (Eqn. 11)

[0075] In act 504 of method 500, the optimization of Equation 9 is performed to

determine the drive waveforms £(¢) = (EC (1).&; (t)) based on the initial and final states

selected in act 502. The optimization may be performed using any suitable numerical
technique(s), as the present disclosure is not limited to any particular numerical

technique or techniques.
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[0076] According to some embodiments, £(t) may be represented by a set of
parameters that characterize the drive waveforms. For instance, the drive waveforms
may be represented by parametric curves and the parameters of the curves optimized
within the context of Equation 9 to determine the shape of the drive waveforms.
According to some embodiments, £(t) may be represented as a piecewise constant
function with N =T/At steps of length At (e.g., Ar =2 ns), corresponding to a time

resolution of the waveform generation process.

U(Tr,e))=U,U,_--UU, (Eqn. 12)
iAt
U, = exp(7 H(s(kAt)] (Eqn. 13)
[0077] For example, using 4 parameters per time point (for the real and imaginary

components of each of the cavity and transmon drive waveforms) and N =550 time

points representing a 1.1 ¢ s pulse, there would be 2200 parameters over which to
optimize.

[0078] The optimization problem of Equation 9 may, in at least some cases,
produce multiple solutions of £(t) that achieve equally high fidelities when applied to

the quantum system. As such, in some embodiments, additional constraints upon the

system may be applied by adding additional terms to Equation 9:

M T~ ) Augi (2
(Eqn. 14)

where the constraints g; are each multiplied by a Lagrange multiplier 4;. Accordingly,
in act 504, Equation 14 may be optimized as an alternative to optimization of Equation 9
to determine the drive waveforms. While any number and type of suitable constraints g;

may be used within Equation 14, some examples are described below.

[0079] One illustrative constraint that may be included in Equation 14 enforces an
upper limit on the amount of amplitude that may be applied with the drive pulses, i.e.,

that £(t) < &gy for all t. This constraint may be written as:
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gamplitude(g(t)) = Id[(lg(t)| - Emax )2 ®(I‘9(Z)‘ - grnax )
= (eman|-e,, ) O(eman|-¢,,.)

[0080] Additionally, or alternatively, an illustrative constraint that may be included
in Equation 14 may be designed to minimize the bandwidth of the applied pulses (e.g.,
because interactions between the electromagnetic source of the pulses and the quantum
system become more uncertain as the pulses move away from resonance). This

constraint may be applied via the following “penalty term” in Equation 14:

9e)Y
8 derivative (8 (t )) = de (?j

[0081] Additionally, or alternatively, an illustrative constraint that may be included
in Equation 14 may be to enforce a hard cutoff on the minimum and maximum
frequencies allowed in the solution. For example, Equation 14 may be reparametrized in
terms of the Fourier transform of the pulses and conditions that the drive signals are
equal to zero above and below the maximum and minimum frequencies may be applied.

The fidelity may then be maximized with respect to the Fourier transform of the pulses.

[0082] Any one or more of the constraints above and/or any other constraints may

be applied in Equation 14, as the above are merely provided as illustrative examples.

[0083] In order to optimize Equations 9 or 14 in a numerically tractable manner, it
may be necessary to adapt the equation in light of the infinite-dimensional nature of the
Hilbert space. That is, since computer memory is finite, vectors or matrices of infinite
length cannot be represented without truncation or otherwise representing the vector or
matrix in a finite form. As such, act 504 may include such a step of truncation or other

manipulation of vectors or matrices of infinite length.

[0084] According to some embodiments, Equation 14 may be adapted in light of
the infinite Hilbert space by choosing a photon number truncation N such that the
operator a becomes a N XN matrix. When we do this, we are in effect replacing our
infinite-dimensional oscillator with a finite-dimensional qudit. This replacement is only

valid if all of the system dynamics relevant for the desired state transfers occurs within
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the {|O>,...,| N — 1)} subspace. For generic applied drives this is not the case, however,

such an approach may naturally fit with some approaches described herein (see FIGs.

7A-7D and FIG. 8 described below) or may otherwise apply in some embodiments.

[0085] In order to enforce this property, the optimization problem of Equation 14

can be modified to find a solution that operates identically under several different values

of N . Writing the fidelity as computed with a truncation N as Fp, we have:

e (mewn)— > digi ()
k i

(Eqn. 15)

[0086] Furthermore, to enforce that the behavior is identical in the different

truncations, the following penalty term can be included in Equation 15:

2
gdiscrepancy(g(t)) = z (TN+k1 (E(t)) - TN+k2 (E(t)))
ky#ky
(Eqn. 16)
[0087] The constraint of Equation 16 ensures that the determined fidelity of a space

of size N is equal to the determined fidelity of a space of size N+1, and to the determined

fidelity of a space of size N+2, etc.

[0088] According to some embodiments, the choice of a value of N may, at least
in part, determine a maximum photon number population that can be produced by a
pulse, and/or may determine, at least in part, a minimum time necessary to complete the
operation in question (e.g., faster pulses may be achieved with a higher value of N). The
approach of Equation 15, coupled with the constraint of Equation 16, ensures that the

truncation point does not affect the end result of the determined pulse waveforms.

[0089] Irrespective of which of Equations 9, 14 and 15 is optimized to determine
the pulse waveforms, the optimization may use any suitable numerical techniques,
including any nonlinear optimization techniques. According to some embodiments, the
numerical techniques may include one or more gradient descent methods, including but

not limited to, Broyden—Fletcher—Goldfarb—Shannon (BFGS).
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[0090] Once drive waveforms have been determined via the above-described
process or otherwise in method 500, the waveforms may be optionally stored in a
suitable computer readable medium for later retrieval. According to some embodiments,
method 500 may be performed a number of times for various combinations of initial and
final system states and the waveforms determined for each combination stored in one or
more computer readable media. As such, a “library” of pulse waveforms may be
produced so that any desired system state transition can be produced by retrieving and
applying pulse waveforms that will produce the desired transition. FIG. 6 is a flowchart
illustrating such a method of selecting and applying drive waveforms to a circuit

quantum electrodynamics system, according to some embodiments.

[0091] Method 600 may be performed within any suitable quantum mechanical
system such as system 100 shown in FIG. 1 or system 200 shown in FIG. 2. In act 602,
an initial system state and a target system state are identified. According to some
embodiments, at least part of the initial system state may be identified via application of
pulse waveforms to the system as described in relation to FIGs. 7A-7D and FIG. §

below.

[0092] According to some embodiments, the initial and final system states may
include information about states of the qubit, the oscillator, or both the qubit and the
oscillator. For instance, the initial system state may include a known photon number
state of the oscillator yet may not include any known state of the qubit (that is, in some
cases the state of the qubit may be irrelevant to the initial state for a particular system
transition). As another example, the initial system state may include only a known state
of the qubit. As another example, the final system state may include information about a

state of the qubit and information about the state of the oscillator.

[0093] In act 604, drive waveforms are selected based on the initial and final
system states identified in act 602. As discussed above, in some embodiments drive
waveforms may be precomputed and stored in one or more a computer readable media.
In such cases, act 604 may comprise a lookup into the media using the initial and final
states as a lookup key. In some embodiments, act 604 may comprise calculation of part
or all of the drive waveforms based on the initial and final states identified in act 602

(e.g., via the techniques discussed in relation to FIG. 5).
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[0094] In act 606, the drive waveforms obtained in act 604 are applied
concurrently to the oscillator and qubit of the system as described above in relation to

FIGs. 1 and 2.

[0095] As discussed above, certain pulses applied to a physical qubit and to a
quantum mechanical oscillator may cause a change in state of the qubit that depends
upon the state of the oscillator. Thus, by observing the change in the state of the qubit as
a result of application of these pulses, information about the state of the oscillator may be
determined. As such, certain pulse waveforms may be used as tools to measure a state of

the qubit-oscillator system.

[0096] To illustrate one example of pulses that perform such a measurement
technique, FIGs. 7A-7D illustrate results of applying selected drive pulses to a circuit
quantum electrodynamics system (e.g., system 100 shown in FIG. 1 or system 200
shown in FIG. 2) in order to perform measurement of a quantum mechanical oscillator.
In the examples of FIGs. 7A-7D, the oscillator is being treated as a multi-qubit register.
That is, since the photon number levels can be manipulated as discussed above, this state
can be used to store multiple bits of information by viewing the state as a binary value.
For example, when treating the oscillator as a two qubit register, the number states 0, 1, 2
and 3 may be viewed as storing the binary values 00, 01, 10 and 11, respectively. The

oscillator may be viewed as a multi-qubit register having any suitable bit depth.

[0097] FIGs. 7A-7D illustrate results of applying pulse waveforms to a qubit and
an oscillator to which the qubit is dispersively coupled, thereby measuring the parity of
each bit of the oscillator’s number state value. In the example of FIGs. 7A-7D, the qubit
is initially in the ground state (e.g., may be driven to ground or otherwise) and pulse
waveforms are applied to the qubit and oscillator. These pulse waveforms have been
produced via the numerical techniques described above such that the measured state of
the qubit after application of the pulses indicates the parity of a particular bit of the

oscillator when treated as a multi-qubit register.

[0098] In FIG. 7A, chart 700 illustrates results of measuring the qubit after
application of pulse waveforms designed to measure parity of the least significant bit of
the oscillator being treated as a four qubit register. After application of the pulse

waveforms, the qubit is in the excited state when the oscillator has odd parity and

- 20 -



WO 2017/065856 PCT/US2016/043514

remains in the ground state when the oscillator has even parity. That is, the qubit is in
the excited state when the photon number is odd, and is in the ground state when the

photon number is even.

[0099] FIG. 7B illustrates results of measuring the qubit after application of pulse
waveforms designed to measure parity of the second least significant bit. In this case,
the qubit is in the excited state when the photon number divided by 2 is an odd number
(ignoring remainders) and is in the ground state when the photon number divided by 2 is
an even number (ignoring remainders). FIGs. 7C-7D similarly depict results of
measuring the qubit after application of pulse waveforms designed to measure parity of

the other bits of the four qubit register.

[00100] FIG. 8 is a flowchart of a method of measuring selected bits of a quantum
mechanical oscillator being treated as a multi-qubit register, according to some
embodiments. Method 800 may be performed within any suitable quantum mechanical

system such as system 100 shown in FIG. 1 or system 200 shown in FIG. 2.

[00101] In act 802, the qubit of the system is driven to a known state (e.g., the
ground state or the excited state). As discussed above, pulse waveforms may be
produced that cause a change in the state of the qubit based on a state of the oscillator to
which the qubit is coupled; as such, it is desirable that the qubit be in a known state prior
to application of the pulse waveforms so the change in the qubit’s state can be

ascertained.

[00102] In act 804, drive waveforms are obtained (e.g., from a library of
precomputed drive waveforms) to measure a particular bit N of the oscillator when
treated as a multi-qubit register. N may have any suitable value. In act 806, the

obtained drive waveforms may be applied to the qubit and oscillator as described above.

[00103] In act 808, the state of the qubit may be measured and information about the
state of the oscillator (e.g., bit N of the multi-qubit register) may be determined. The
process of acts 802, 804, 806 and 808 may be optionally repeated any number of times to

measure multiple bits of the register.

[00104] FIG. 9 is a block diagram of a circuit quantum electrodynamics system,

according to some embodiments. System 900 includes system 100 in addition to
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electromagnetic radiation source 930, controller 940 and storage medium 950. As
discussed above, in some embodiments a library of precomputed drive waveforms may
be stored on a computer readable storage medium and accessed in order to apply said
waveforms to a quantum system. In the example of FIG. 9, controller 940 accesses drive
waveforms 952 stored on storage medium 950 (e.g., in response to user input provided to
the controller) and controls the electromagnetic radiation source 930 to apply the drive

waveforms £,4(t) and g,4(t) to the qubit and oscillator, respectively.

[00105] Having thus described several aspects of at least one embodiment of this
invention, it is to be appreciated that various alterations, modifications, and

improvements will readily occur to those skilled in the art.

[00106] Such alterations, modifications, and improvements are intended to be part
of this disclosure, and are intended to be within the spirit and scope of the invention.
Further, though advantages of the present invention are indicated, it should be
appreciated that not every embodiment of the technology described herein will include
every described advantage. Some embodiments may not implement any features
described as advantageous herein and in some instances one or more of the described
features may be implemented to achieve further embodiments. Accordingly, the

foregoing description and drawings are by way of example only.

[00107] Various aspects of the present invention may be used alone, in combination,
or in a variety of arrangements not specifically discussed in the embodiments described
in the foregoing and is therefore not limited in its application to the details and
arrangement of components set forth in the foregoing description or illustrated in the
drawings. For example, aspects described in one embodiment may be combined in any

manner with aspects described in other embodiments.

[00108] Also, the invention may be embodied as a method, of which an example has
been provided. The acts performed as part of the method may be ordered in any suitable
way. Accordingly, embodiments may be constructed in which acts are performed in an

order different than illustrated, which may include performing some acts simultaneously,

even though shown as sequential acts in illustrative embodiments.
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[00109] Various inventive concepts may be embodied as at least one non-transitory
computer readable storage medium (e.g., a computer memory, one or more floppy discs,
compact discs, optical discs, magnetic tapes, flash memories, circuit configurations in
Field Programmable Gate Arrays or other semiconductor devices, etc.) or a computer
readable storage device encoded with one or more programs that, when executed on one
or more computers or other processors, implement some of the various embodiments of
the present invention. The non-transitory computer-readable medium or media may be
transportable, such that the program or programs stored thereon may be loaded onto any
computer resource to implement various aspects of the present invention as discussed

above.

[00110] The terms “program,” “software,” and/or “application” are used herein in a
generic sense to refer to any type of computer code or set of computer-executable
instructions that can be employed to program a computer or other processor to
implement various aspects of embodiments as discussed above. Additionally, it should
be appreciated that according to one aspect, one or more computer programs that when
executed perform methods of one or more embodiments described herein need not reside
on a single computer or processor, but may be distributed in a modular fashion among

different computers or processors to implement various aspects of the present invention.

[00111] Use of ordinal terms such as “first,” “second,” “third,” etc., in the claims to
modify a claim element does not by itself connote any priority, precedence, or order of
one claim element over another or the temporal order in which acts of a method are
performed, but are used merely as labels to distinguish one claim element having a
certain name from another element having a same name (but for use of the ordinal term)

to distinguish the claim elements.

[00112] Also, the phraseology and terminology used herein is for the purpose of

description and should not be regarded as limiting. The use of “including,”

LR N3 LET3

“comprising,” or “having,” “containing,” “involving,” and variations thereof herein, is
meant to encompass the items listed thereafter and equivalents thereof as well as

additional items.
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