19 OCT 2005 WD 02/ 085045 PCT/ 1 B02/ 01187 *166166* METHOD AND DEVI CE, FECR
CALCULATI NG A PRICE FOR USING A SPECI FI C LI NK | N A NETWORK The i nveni] HAbCT 2005

relates to gv Jagoqsand a device for calc ce f%rrllpﬁlog
and

specific |/nanetwork In particylar

devi ce ITB.kI ng a decision based on 5 the cal culeaxtoed pr| ce TECHNI CAL FI ELD
AND BACKGROUND OF THE | NVENTI ON Bandwi dth is becom ng commoditi zed and
markets are st apiETIHIODA NP PEVICEPORCABCUIRANNG nrml@fnrbﬁsesmhets are
not understood because these markets are still in the early stages of

devel opment. This is refl ect SEECAFIGRINKIN HSNELWPRK research on the
structure and 10 dynam cs of network commobdity market prices. A nethod is

present ed fDhe ivemiohUelaicH® a hehiexdaind aodaviedifoycagdatitin i prRe [FOOBRRSE Specific
Bandw dth, |ike electricity, is not storable, so inspiration is drawn from

el ectrici t ylip inceretwory. hcvamcglar estaieeto a mﬂheﬂj@dm@w& fakimg #dgeision baged on

tel eco ni gathiom re specific inclusion. These are: geographi cal
substi?m-ll oﬁg fon ?tgéﬁﬁ%f’to as arbltrage quality of service (QS); and the

conti nui ng pace of,.t | 0 idity acts
as a further corrpltrﬁéml‘g rqlu &%%&@%QP&%@@W‘%ﬁ%. ch
partners for trades at a given price can be foun ogr aphi cal arbitrage
t f trad t . c be f d. Ge hi cal bi t
means t hat Beltidthr isceecdenngl cpmenditied pod rmarkes IW’F rstartlirignk@ apaeanoPotsatial
under st ood | on fr Li hs with
equi val ent @gv'%:%hﬁithcse "i'ar?erg grgrré)g %&?ﬁ\{%}d%)e@?d}& thcse ngé({:sa rleoS}rlﬁd’E)?tE & r om

| oad- bal ancstms@cw&mp&ﬁmr Thisiiatefleyted nemeflace@f @ﬂ'&nlt tmatradoeﬁwatrhamadmdve
pat hs. Tec_hnol ogi ce} devel opnent continual |y pushes prices down as new

equi pint i o e ol Q?BWW‘V trerket prjges. u‘hl"iwddts HREFseRIg I PansEuctingh e

prices rev oeg?,{"q,}l ?@,a#,} t t

downwar ds. etl%/g | qwtg %ﬁg\a st fBE cfj “ggtﬁ’t Lgéqgif&grﬁw qg n\%?{? h%le, 50
geogr aphi cainspirdioh nsa@nwnﬁmdnf tleﬂnd:xtyr‘qmcps mbmodcTeh Howenere eniqde uaivorknfeaturdss
nodel ed as ?nblnatjon of link-prjce processes nodified E% prices for 25
equi val ent o€lgsampunicaiinos fequire, sregify WD’(&E]PSIBBV hese a5 geopraphiselesubsifuton.ue of

arbitrage @pRRHNtYAL hibRfagtQERLNT skividd (QbS); @hd BRtcoRtnug SRedeYRhANsEBSI and
net wor k present-val ue
15 development. Developing liquidity acts as a further complication. Liquidity refers to the ease

with which partners for trades at a given price can be found. Geographical arbitrage means
that spot price development on point-to-point links cannot be understood in isolation from
price development on alternative paths with equivalent QoS. This implies some form of
price modification derived from load-balancing across appropriately specified QoS limited
20 alternative paths. Technological development continually pushes prices down as new
equipment is installed by competitors. So, unlike other commodities, the prices revert
towards a mean whose drift is strongly structurally downwards. Market liquidity is
quantified as the extent to which geographical arbitrage modifies link-prices. Thus price
development is modeled as a combination of link-price processes modified by prices for
25 equivalent QoS paths. The presented model covers the existence and value of arbitrage
opportunities together with its effect on price development and network present-value
(NPV). Application of this work ranges from network design to infrastructure valuation and

construction of real options.

Modeling of telecom prices is in its infancy which reflects the immaturity of bandwidth as a

30 commodity. In "Energy Risk: Valuing and Managing Energy Derivatives”, D. Pilopovic,
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Apart from link-price processes in isolation there is the question of network effects in the
sense of interactions. The most important network effect here is geographical arbitrage, i.e.
20 the existence of many prices for end-to-end capacity at equivalent QoS. This has been
observed in the market. Detection of such arbitrage opportunities is in general an NP
complete problem based on shortest path algorithms with side constraints. A variety of
pseudo-polynomial time algorithms exist that result from quantification of these constraints
as is to be expected under commoditization. Geographical arbitrage opportunities could
25 exist in the forward market even with a no-arbitrage situation in the spot market. There is
vast computef; science literature on price-setting for network resources in order to achieve
some aim, c.é. social welfare maximization, cost-allocation, congestion control, etc. Here
price dynamics are approached from a completely different direction in that it is started from
modelling the price process rather than modelling supply and demand and then solving for

30 the best price in some sense relative to a given network.
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The same reality aspect holds true for a change-calculation step in which the relation
between the determined price difference and the link-price change is modeled with an

20 arbitrage-correction function that comprises a term for the quantification of market liquidity.

To set the link-price change on the specific link equal to the link-price change in the links of |
the alternative path, is a model that makes the calculation relatively simple, assuming an
overall constant demand, which assumption is allowed for a time period that is shorter than

a predetermined time unit, being observable for the corresponding network.

25 The change-calculation step may comprise a shift-calculation step for determining an
amount of an existing transport capacity demand that is to be shifted from the specific link
to the alternative path in response to the determined price differencc; and an
effect-calculation step for determining the link-price change effected by the determined

transport capacity demand, that is to be shifted, on the link-price for using the specific link.
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The demander may hence in a demand-change-step increase or decrease the transport
capacity demand for transporting the unit over the specific link or the alternative path in

20 response to the calculated link-price.

Another advantageous application would be an action-step comprising one of a buy/hold/sell
action for transportation bandwidth on the network in response to the calculated link-price,
making the bandwidth a traded good, allowing to make profit from the determined price

difference.

25 Executing the above method several times sequentially to provide a link-price series
comprising several of the subsequent calculated link-prices, leads to a preciser and timewise
longer price calculation which allows to look more into the probable future of price
development. This step can be repeated also to provide several of the link-price series. Such
series can then be used in a discounting step wherein the link-prices within the link-price

30 series are discounted back to their present-value, thereby providing discounted price series,

which in an integration step can be integrated for the network or a sub-network thereof, to
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depi cti ng freiwerk cappgidy methweb)ahq improyedyion bynGreasing thi BetyOE2PRGjLYdR Pale mand
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Fi g. an e e relation between price p and
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The invention is directed to a method for calculating in a network that comprises links, a

price for using a specific link in the network. The method comprises the following steps:

15 a) a comparison step for determining a price difference between the price for using the
specific link and the price for using instead of the specific link an alternative path in the

network, which does not comprise the specific link,

b) a change-calculation step for determining a link-price change in the price for using the
specific link, and a link-price change in the price for using the links in the alternative path,

20 in response to the determined price difference,

c) a combination step for combining for the specific link the determined link-price changes
on the price for using the specific link from all links in the network, to determine a total

price-change for the specific link,

d) a merging step for merging the determined total price-change with a market-induced price
25 change in the price for using the specific link, to calculate the price for using the specific
link, wherein the market-induced price change is being driven by at least one random

variable.
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Fig. 4 a flow chart for the method of calculating a new price in a price-dynamic

network according to figure 1.

Fig. 5a the arbitrage versus the side length ratio for 10% (lowest line), 50%, 100%,
15 150%, 200% (highest line) of short-term price volatility at 0% long-term price

trend uncertainty,

Fig. Sb the arbitrage versus the side length ratio for 0% (lowest line), 10%, 20%, 30%,
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price volatility,

20 Fig. 5¢ the net present value for the arbitrage in fig. 5a,
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Fig. 6b the price change on a variable-length link versus short-term volatility,
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25 short-term volatility,



Fig. | lathe distribution of F(T,T) in three different network situations
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third node Fgi& deptletrelativeNRY férsistshorotemavolasilippnnect ed to the second node
b viaafirst link 5 ab. The first node a is connected to the third node c
via a seco l4ihk a 1 ted to the second node b
via a thi rgqﬁljr?ﬂ cb&cgwrtg{w%gtvﬁg Sh%fté%ns@élg ‘the first node a to the
second_nod n npri ses b. A second or alternative path
112 | edds e%ss froﬁ%"tchaé‘gﬁ"’r ?ﬁ’ﬁg)d‘@’%fsf'ﬁstdﬁ igBA% node b. This
alternative path 112 conprises the second link ac and the third Iink cb.
On each of Higeld i nkéheghangain the 6D of thedWResersvdhngjdplengtd rate. pab, Pac, pub is
valid at a certain point in tine. These prices p.b, p,c, pcb are t he prices
charged t crig $1et wonkoriiegd doyitract aetworic@pglogyiot asia, UBA arrwutm@e,t he network
owner or renter, for the service of providing at that point intinme a
specific a of i ac, or
b for ali iy tranchsraiofRRaGt b ubilgldRe rARiARORA DA ARt 12
network can be any tasesysgng 1Q%-bos, net wor k, such as a street network, a mail
delivery 15 network, or as exenplarily selected here, a conmunication

net woggs. Thgg Uiat S bwhis el ansness &Qaaworﬁ RewCriWILSsShngeles eV MLk are
i nformation unlts e.g. data packets. particul ar exanple coul d be data

traffic over the | ntbeudnle\tersom@hs@rt@emmamﬂwl and goisgteldangam 2092,avith

geographi cal l'y di st;l ?Lchuga? Flbﬁeym@rﬂl? in real information networks the
maj or | ong-di stance supp ers orman i gopol y. For understanding the

factors that 20 influence the informatio t fic a h r|C|ng
therefor i FIBUOR a FROVAIGH RIVGSIOLARS CapRFiv i e‘aﬁ*togwrws aei? §‘1‘3
the delivery month starting in February 2001 and going to January 2002, thh

15 , a contract duration of one year at a monthly rate,

Fig. 11a the distribution of F(T,T) in three different network situations and without a

network,

Fig. 11b the option price versus the strike price for a call option on forward price with

and without a network,
20 Figure 12 the percentage difference of the call option prices in two network cases and an
isolated-link case.

All the figures are for sake of clarity not shown in real dimensions, nor are the relations

between the dimensions shown in a realistic scale.
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electricity markets, thé demand is e.g. for power at one |location but the
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of increasing econom es-of-scale, 20 which nmeans that the utility of a

servi ce gr @ks bandwidthtie a geogoaphically ¢iswiblited commodigvandas real infermation networks
the major long-distance suppliers form an oligopoly. For understanding the factors that
20 influence the information-unit traffic and the pricing therefor in such a network, in the

following an overview is given.

Geographical arbitrage: This means that, given equivalent QoS, the cheapest of all
available paths will set the end-to-end price in a competitive liquid market. This is due to
the fact that the actual path is irrelevant with respect to information transport, as long as
25 certain QoS requirements are met. The set of paths connecting two given geographical

locations at the same QoS level are perfect substitutes.

Such arbitrage is not present in electrical networks because an electrical network is a whole
and individuals do not have alternative paths except in the sense that aggregate can be
logically divided in different ways. Thus an electricity network is a coherent whole, with

30 energy according to well-understood laws of physics. The bandwidth market has no
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Network effect: The network effect is the argument of increasing economies-of-scale,
20 which means that the utility of a service grows with the number of people - or devices - that
are attached. In general the utility grows with some power of the number of users, not
simply linearly. The increasing economies-of-scale, if it is present at all in electricity
networks, is a linear or sub-linear phenomenon. More users of electricity means a bigger
market for electrical devices, but there is little interaction. The openings for new
25 consumption of electricity are very limited. On the contrary, demand for bandwidth is
continuously increasing, largely due to network effects. Network effects will be used further

below to describe the effect of geographical arbitrage on price development.

Non-storability: Inventories act to smooth variations in supply and demand. When no
inventories exist, prices can jump if supply or demand changes suddenly. Prices can also

30 change suddenly when the perception or expectation of the supply- or demand status
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automation technologies, such as software agents, electronic auctions and least-cost routing
20 which allow for fast switching between substitutes, i.e. alternative paths. This elasticity will
exploit market liquidity and also contribute to it. Inelastic demand is a current feature of
short term electricity markets. In the assumption of inelastic point-to-point demand, some
care should be given to network effects which involve only demand-shifting between
substitutes, and not changes in total demand. This is why in the analysis that follows it is
25 assumed that point-to-point demand is conserved, whereas generally demand for a particular

substitute is fairly inelastic but not necessarily completely inelastic.

Growth: The Internet, and the available network bandwidth have had periods of 100%
growth every 3 to 4 months. In the last few years this has slowed to only 100% per year. In
addition, substantial amounts of dark fibers are being laid to take advantage of and push

30 further growth. The energy industry is growing at a much slower rate than the Internet or
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equi prent failure. The |atter occur rather frequently in data networks.
wavelength-switching within the next 5 to 10 years. The combined effect of technological

development and competition leads to a continuous drop in the cost of transporting a

20 Megabit per second per mile.

Capacity expansion: It takes a relatively long time to build a new fiber network and many
months to put a new long-distance conduit in place. However, once the conduit is in place
new fibers can be added relatively quickly. Also, conduits can house dark fibers, i.e. cables
without the equipment that is necessary for transmission. In addition, with multimode fibers
25 and DWDM, more wavelengths can be added to those already present in a lit fiber. If new
equipment is required, this depends on manufacturers schedules. Thus, different amounts of
capacity can be added over a range of time-scales. This is different from electricity where

the shortest time-scale for adding significant new capacity is a year.

Supply elasticity: Suppliers of bandwidth may have significant flexibility in assigning

30 network resources for the fulfillment of different end-to-end contracts. This is due to
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factors driving congestion are weather and equipment failure. The latter occur rather

1

frequently in data networks.

Term structure of volatility: In commodity markets in general one of the stylized facts is
that there is more volatility in the short-term forward market than in the long-term forward
20 market. It is also usual that for non-investment commodities this volatility does not
asymptote to zero. In the bandwidth market, whilst in some very long term there may be
stability, it appears more likely that in a reasonable planning horizon there are increasing
levels of uncertainty. So far prices are continuously falling, with rare exceptions, but even if
it is assumed that this trend will continue, there is significant uncertainty concerning the rate

25 of decline, both on a global and local level.

Positive prices: Prices for bandwidth are assumed to be positive. In energy markets, zero
real prices are observed because large thermal or nuclear plants cannot ramp down the

supply as quickly as demand can drop. Thus, when demand is very low and drops suddenly
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pooling 19 mvezl(l;\@?acm (d! MBS tHRGEAIE RN i Sahdwiith Bﬁéd@tlﬁ gcrﬁl‘aﬁ(?la(/cef)&'hr ed
to as the nodes a, b, c. Such a pooling point is a facility for th

exchan§e of deserbed: In the foaowalgtli ig dessribegichoyr theseifectars panbine trgivespeeifig mgiels
partners in conbl ne the link contracts
Cto form eﬁy}tgcclfac&g (% ract'ﬁ)%séo &%ltoﬁymgérrty buyi ng such an

end-t o- end contract ma be able to spllt it 5 according to the pooling
points, i.e’ Addadh Gt H‘Efdtcﬁ%"aﬁﬁt% Il to create new link or nulti-Ilink
contracts. Thus, the prices p between any pair of nodes a, b, ¢ may be
observed on*t hmﬁtialrihlk{qmitcc;s ihalkso tdfiered taprecohtvaatpdedsCam t he | i nk-pri ces.

Mul ti-link-price processes are here not nodeled directly. Link-price

devel opnentsi g ﬂmexlkefdmaﬁmaf hRER EdrdsSd 1w tafbieRe f sipbRtmitiesl hréKreRioVEE by
changes, 10 geographical arbitrage, and liquidity. If the market is

conpl é@el y i | Imagketforessen i f a geographi cal -arbitrage opportunity appears,
there will be no action by the market participants affecting the

| i nk- pri cese p attinedvistarit fier thedr temiovali.eathdintagicdt liquidityor;r enove the opportunity.
Thi s rreans traffic, being the flow of transportable good follow ng a

contract \gh,lcl,asggém[,ﬁ él?fo‘?@&%ﬁﬁ:ﬁt avai l able path P if the market is
e oth

illiquid. On a 15 corrpletely conpetitive, i.e. liquid,
mar ket arbltra ortunltl a t he next
trade oceur & CORTERATLR &) aﬁ?‘ﬁ“éﬁf?&“‘i“ﬁ‘é“ﬁ‘épﬁ{ 7 TG SUFEBL L BERET Y. of
the market pdyoa spaffic fice.p ¥dd the SuplivRAgresNtof fn dxBhahgPlsh % béific heEvdiRr €
|IC|UId the market is, the a}wcker a price shift is fo by a demand
shi ft ,15adaptaPAgitn e theerbper dihst prdsu devslopmeny e sughr ithas %bﬁFIWFd prices, ie. a

market-observed outcome, C,» may contain arbitrage opportunities. Market forces act both
to remove the existence of arbitrage and to disturb the link-prices via normal and unusual
information and changes in supply and demand. These two processes in general combine to
produce the next set of observed link-prices.. The arbitrage removal occurs relative to the
20 observed state of contract prices. However, other market forces are still acting and this
occurs at the same time. Thus the new state may not be arbitrage-free, even with a high
liquidity, because there is always the potential for new arbitrage opportunities to be created.
In practice the two forces, geographical arbitrage removal and market-induced price
changes, can be modeled separately or in combination. For simplicity, they will first. be

25 described separately and then a combined formulation will be given.

When cohsidering bandwidth prices, i.e. link-prices, one should be precise on what exactly
are the underlying traded commodities. Price development is here modeled at a link level.

The links ab, ac, cb can be defined as indivisible contracts C offered between pooling



20 I ndependent Link Price Mddel The subsequently descri bed 19
I ndependent -l ink-price process nodels for the exanple of the first li nQCTa@05

the evol uti f link-price pab on this link ab as if ,j I sol at ed.
It hence dgg)cér%lmggeoggt he mar ket -i nduced,,devel opment of theprm -{gﬁsl{:e p, b.

Different forns of dependence can be introduced. The realized |Iink-price
p,b in the market for the first link ab 25 is forned fromthis

| i nk- pri ce-poalts; Uit iefgreprtocRSthe hodmt e, aniSubh gepwiiapipoimalis arfacilityafe the
argunents and |iquidity considerations. The i ndependent-]|ink-price process
r epr esent s,eXgkangs Hf 'é%f%ﬁc?ésq lBP‘é‘F“‘%ée%%HIlYH BRINGRMORE Hrading Pé‘ﬁ%e’ﬂéﬁalﬁﬁ f or
li nk capacidonndidl RERU dalySpdGKfay DéAblneDhe 1k EdiGradi® M8 folf dindliSlehl ©
contracts bet WeenS't e nogg{g %mb a%i rst ,n t he gnenera'?i ng teqaat [ gns v?nh{il be
descri bed awodtridise Equilli, any paitp hagieg s8@B dan0endad-cAd @BntrapDn@R/ @satdel 5o split it

PCT/1B02/ 01187 .15 I ndependent Link Price The link-price I.s, nodel ed for
cach 13k dECogig (e RASHE Wi caodrt AmE A i IS et by GoF bk
addi tion ofcof QRS thObrit@NPbdtRER MBABhir SPAHRs a2B e InhiThel SsBBved lohMhi €d
regi me-switching, induced by spike terns on the effective nean, are also
i ncor por at evarkethbwy thespraee: fosmed ampibe igk-prieksabiudti-BhkopliceRergeasses Rey bereinog

process or S rocess. The hypothesis is nade that if there were no
net wor k ardﬁ?ﬁlc{%ﬁge%?yngl e link then the Iink-price p would devel op as

follows: X=log(e) dX=1(X+GQJ X)dt+adW+ CGJU + HIV 10 dX = -vdt + pdZ [1]
[2] [3] U ildnkgprigodeyelgpmentgs mofeled 3¢ 2 \pamRipationy obics, fagtast BpkrpEge changes,

o 141 R R, SRR ) g MBSO AL Y
dU = +1, 1geGpraphidaiiaibitrage opportunity appears, there will be no action by the market
participants affecting the link-prices p to move the market in a direction to remove the
opportunity. This means, traffic, being the flow of transportable good following a contract
C, will not take the cheapest available path P if the market is illiquid. On the other hand in a
15 completely competitive, i.e. liquid, market, arbitrage opportunities will only last at most
until the next trade occurs. Liquidity is hence the factor that describes the ability of the
market to react e.g. with a demand shift to a price shift. The more liquid the market is, the
quicker a price shift is followed by a demand shift, adapting the demand distribution to the

price shift.
20 Independent Link Price Model

The subsequently described independent-link-price process models for the example of the
first link ab the evolution of the link-price pa on this link ab as if it were isolated. It hence
describes the market-induced development of the link-price pw. Different forms of
dependence can be introduced. The realized link-price p. in the market for the first link ab
25 is formed from this link-price-calculating process together with geographical arbitrage
arguments and liquidity considerations. The independent-link-price process represents, as
far as possible, the evolution of supply of and demand for link capacity that providers make
available in the form of indivisible contracts between the nodes a, b. First, the generating

equations will be described and then their rationale.
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[4] [5] wherein r stands for a Ganma distribution with a scal e par t?r
and a shape paraneter a. Thus the distributionr (g, a) has a rreaﬂg‘;]& 49[8
a variance en the sem - Markov process U junps fr 0 to
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got to which the process Uis reverting also increases by G Wen the 20
sem - Markov process U junps fromstate (1 } to state (0). then logarithmc
| i nk- pri celdependenedddsPiige t he sane anount that it previously increased by
and the corresponding extra termin the mean ga is dropped. Thus a
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of an up junp. These junps act additively on the |logarithm of the

| i nk- pri cehppathegishemade thatdbthesserare ao pgiveskarund theosingle linky thep therlinkeprice p

l'i nk-price ol peed of link-price reversion to the average

i nk-pri cev&ﬂ;d dév{:lgp{) el@gsgl e of a driving 5 Brownian notion dW 019
short-term.|link-price change increnents; v is the (positiyge) instantaneous
rate of av@r%{j’é(i’? nk-price decrease and there is an uncer[\t(ﬁi nty p about
this rate which is also referred to as exponential inprovenent v. Since X
= log p, | d¥g=meGU -XAjahgedW n Gdile+ HANk- price p are hypd@hesized. dZ is a
Br 0\r/1vn| an notion of | ong[(term | i nk-price change increments uncorrel ated

W t e shert s i nk-price change increnments. 10 X i al l ed here an
averaltgg Iigfg- prvlhl?([aﬂé)iecause it is the value towards whi chS{t3 e link-price p
reverts. It is not an arjthnetic average. Since there.is. no Stbgé'{%ge t here

is no requihEfenp skajeal0: 1} WWH&%‘_@%’%@ VGEEIT AhigeRtiRcatifbls mady P ar
ri sk-neutr @'Jate[qgﬁdsﬁlé ﬁumﬂ;ﬂ?zéré e Lﬂﬁt&,c\eittpéd?&%fﬂl'\ﬁg‘iiﬁb pArimBeFsQi,N@f.t er descri bed

in nore detal Since the process’is a sem rkov jump diffusion with
regi me-svm%ch'n , the present determnes the future. It is

urthermore:
G =T (gu, Ow) ifdU = +1, (4]
15 G=G ifdU = +1, [5]

‘wherein I' stands for a Gamma distribution with a scale parameter g and a shape parameter
o.. Thus the distribution I' (g, o) has a mean go and a variance g? o. When the semi-Markov
process U jumps from state {0} to state {1} then the logarithmic link-price X increases by G
and the mean go to which the process U is reverting also increases by G. When the
20 semi-Markov process U jumps from state {1} to state {0} then logarithmic link-price X
decreases by the same amount that it previously increased by and the corresponding extra
term in the mean got is dropped. Thus a link-price spike is created. The link-price p will stay

in its current state for an exponentially distributed amount of time as given by the rate

parameters Ay, JLu.
25 V is a Poisson process with a corresponding Poisson rate parameter Ay and

r (8up'aup) if jump up
H= { =T (8down-down) if jump down _ [6]



15 assuned that ordinary market news nove the link-price conti nuousl1y and
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quickly by a simlar decrease in l'ink-price. During the spike the nean for

reversi on e aracessdg aMariingaleyaderany parigiartriskacyfal measwsi ke, This change in
regine is reversed when the spi ke ends. Spike sizes are nodel ed exenplarily
Wi th a Gamrehe Kiliksprice pudcessnmaded] isgersinafieedesentedsn inloze d¢teib Sitvanbgeprocess ihe

link-price p. Price junps_are opserved in oil prices., Gven that the owners
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di stri but i oB&audeepemnmedity lmatketProfe® show a reversion to some long-run mean and

telecommunication is expected to be no exception thereto, an Orstein-Uhlenbeck process is
used as the model. However, in a departure from non-manufactured commodities, e.g. oil,
20 wheat, etc., there are non-zero expectations on the speed of telecom capacity development.
The long-run mean X, logarithmic in price-terms, is expected to mimic the technological
development of communication capacity with its exponential improvement v. The degree of
the exponential improvement v is not known, but an estimate may be used therefor. Whilst
single-mode fiber capacity has shown exponential growth, the development of multimode
25 transmission, e.g. DWDM, has radically improved capacity. Other such disruptive
improvements are possible, e.g. long-distance transmission with no repeaters, all-optical
switching, etc. This uncertainty is modeled with the scale p of the driving Brownian motion
dzZ of long-term link-price change increments. These factors represent random variables

which drive the market induced price change dX.
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Brownian motion dW for the short-term link-price variation, between different links. A more

network-specific form of dependence, namely geographical arbitrage, is however examined
here. The introduction of a correlation structure across a node allows to model the
20 introduction of a node on a previously undivided path. If the new node is actually redundant
and all demand and supply actually crosses it, perfect correlations can be used in the driving
processes on both sides of it. This does still permit separation of rare events on either side of

the node.
Geographical Arbitrage and Liquidity

25 Geographical arbitrage is the term that is used to describe the existence of at least two
different end-to-end link-prices between two nodes that are joined by a single link at a given
end-to-end QoS. These two end-to-end link-prices may each be formed from one or more
links but will both provide a minimum specific QoS level. In a liquid market this situation

will not persist when all other factors are equal. The following definition is given:
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the alternative path should result in a link-price increase on all links of that path. The
question arising here is how to quantify the effect of movement of demand from a link to an

alternative path at the link-price level.

20 However this is not the only force on the link-price of the single link. Market liquidity can
“act to increase the link-price under some conditions. If some of the demand for capacity is
being satisfied by alternatives to the single link then, depending on liquidity, when the
single link is the cheapest capacity between its endpoints demand will shift to the single

link. This increase of demand will act to increase the link-price of the single link.

25 The competitive situation on single links will also be important. If there is only one
provider, or if there is only one provider left with spare capacity, then there will also be
upward pressure on the single-link-price when it is the cheapest path between its endpoints,
i.e. nodes. This upward pressure will be limited by the elasticity of demand and by the price

of the cheapest alternative path with an equivalent QoS.
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path 132 anrhiaaEbe édnbiked WigTe dtobhas@@pidcess B tBE firs€ link Bb,td AescRiBED fukthéf
resulting in a shift of the correspondi ng denmand curve to the right by the

same anpuntbelow. Herecs gpseribes how fastdhe moarbitrage cogregtinmfpraPrabst &1iP¢ devsfopment

di fferent ph_ L0, wWhich. het nthe fir : n cong, node b
four diff e%@%tserﬁ'g osregr%é’e &%%E‘ﬁ?@ y. E’a‘édr'rla?%eg%?%f' ar(h -%xr-glﬁ%gzgﬁ%nc? %9%%"3 Tp' ﬁ tﬁe

resul t s hergantificati®oof e Besieth Niguiday aihedaymixiiy is kel dpead with ewltiéh @éagraphical
alternative paths, in that one path receives a correspondi ng demand shift
(x), anot he¥bifsagePPPRIEUities sreFempyedeenpaisnd iin HetimanePns@ps % {t cay be defived fion) r d

path jecei ﬁkf}iog%g\;agép%gﬁgg demand shift (z). These shifted demands

appear on el onging to the sane path. 15 The demand for bandw dth
can be nodelj'h%qur\{gti%p f ?pA,Cg.?q ,ta?sgtré c:xl'ré’jldS ttoi ag in;[zt\(vofrku %Et;o(r)lpen%gpsﬁla'taé% tﬁeEcllég’ree of the
arbitrage opportunities available relative to the observed link-price p for the first link ab and
the appropriate correction to the link-price p. The no-arbitrage correction function f also
embodies the speed and extent to which applications and electronic agents can re-balance
20 the flow in the network G, on the time-scale of network link-price development. The

link-prices p on the alternative path I'l, will also be affected.

If the observed link-price p is the cheapest alternative out of pa then there is no arbitrage

opportunity and no correction takes place.

The case where there is just one cheaper aiternative path IT; i.e. a simple geographical
25 arbitrage opportunity, is examined next in more detail. In figure 2a the dependence between
the demand q and the price p on the first link ab is shown. The dependence shows that the
lower the price p, the higher is the demand q because a higher percentage of the network

users is willing to buy network capacity at a lower price. This curve is called the demand



where qd is the quantity demanded at a specific link-price p, Ed is the
price elasticity of the demand qd and A is a scaling factor. Supportﬂ 80T 2005

evi dence fo of such a curve for bandwidth is gi | i near
appr oxi rratié‘ﬁdgﬁosﬁﬁg type qd = | dp + afhd can be seen as \ﬁﬁﬁl??@?bte&a} Thi s
u

I's because |ink-price corrections resulting from geographical arbitrage are
20 small relative to the link-price level. So for each link d, the factor

I d is compuued. Ascotrbaiosilonfie: dikt lirfkelabaa@élhbrepﬁromlﬂﬂ: aboersedyrice gl as that lihk
function at the current |ink-price p. derran elat|C|tLj?/ Ed is uniform
across sevéhigthe next pricgpy’ @rpthe B‘ﬁ“’e'ﬂl‘i ‘ﬁﬁ‘lse‘ae ehieshot 3 lefy shifbx phthg demandseuve + he

time-scal e g brsthg'tqfxﬁufFé&ﬁéevo%ltﬂatﬁﬂﬁhlth@tﬁgl% la%ﬁa{at &Je£l¥s tﬁgd%antdh reddégnd qd

is generally inversely proportional time-scale, values of Edz 2 are
pl ausi bl e %dhmdeuhhpegcehtagemaseeands axbmh@fmhypﬁcdmmml c demand qd where the
el asticity Ed goes to infinity. The scaling factor A can be estimated from

mar kets dat arfeRbtaCéndabednd GRMAGH {HR MeMRIkIGR is, asftiniablel th bt iR 18GSANRELAE-s84IE h
data, the scaling factor A can be assuned to be constant and uniform

across t he examksgd, which issshort egnrone day, selthis tsawg tdymeld sfdizcateg Ity thesaltgmative d,

whi ch 15 ofpiteds B waeq o B8 Beendorichin ACAR kBT i pRE TR A F he vo
001 685055 2 46eCich 3 By RETIBAINET, 16 8 ket 5 S50 0B O 56

the only relevant factor here is the speed at which the capacity suppl i ed

on a set of s at an? C he
net wor k rrarrééoj;rélhcfw t ec%’ghl%ﬁ%gcg?/foa ﬁ% e%t ctheJ gxgecg}gé ?lrs?%ﬁ@é"gr OVi éer s'
net works. -setondmotié atfourhiifferan epSthWa}eI pr&ﬂﬂ] @;ydetn’mad Shifie(-6y-z5 bmbheﬁpath results

technol ogi es for bandw dth 5 nagengnt and that the tot on each
link shoul d*effelncﬂn?ﬁf??é&@emsvmt‘l@"?gﬂém en e otheg r?b‘e'af‘%‘teal???e ‘55‘. hihe

factor 1, i§efRs ‘d%ﬁ&p@n&]ﬁg HE}hixﬂréﬁ‘i@%{)O%t&F |pat|h'r9&$ves -Ert%n@ﬁiéﬂ&ih% Ylelefuf er ed
at the nodes can be altered at the spéed of bandw dth managenent operations

(very fastshifafydande thmdmaéh@mws acosesponding flernandghifh@). e’Sheﬁ@asmfmdt degfands
bandw dt h | o0 zero. Therefore the supply wll
éap bt ﬁghgﬁgb;e?o%kﬁﬁ zti% thF gz;rgiﬁattﬁz ne supply

be very ela I'c a or the supply elast|C|tyE and
demand elasticity Ed no curate estimtes can be obfained from market

dat a. 15rhe o Necleand e TRB AN R 06, I8i5g Uk U RAVHBTOR SIREO S AR
rar Eﬁg | O\QC"“%&&V .,nlgféﬂsc' Juafifly dbmidaea hON et iR 1R PrEABCEAL tHER e RI2bEGS SHURe t O

demand qq¢ and A is a scaling factor. Supporting evidence for the use of such a curve for

bandwidth is given, but a linear approximation of the type q4 = lsp + my can be seen as

sufficient. This is because link-price corrections resulting from geographical arbitrage are

20 small relative to the link-price level. So for each link d, the factor ly is computed as the slope

of the tangent of the constant-elasticity function at the current link-price p.

The demand elasticity Eq is uniform across several links and can be estimated from
real-world data. Since the time-scale is here relatively small and the elasticity Eq of the
demand qq is generally inversely proportional to the time-scale, values of Eq4> 2 are plausible
25 including the case of completely inelastic demand qq where the elasticity Eq goes to infinity.
The scaling factor A can be estimated from market data (price and transaction volume), but
in the absence of such data, the scaling factor A can be assumed to be constant and uniform

across the links, with A=1.

Constant elasticity E, of supply is assumed, i.e. the market normally operates far from the

30 point of drying out, which is expressed as gs = Isp + m,. In a short time-scale expanding the



A sinple arbitrage case can be resolved by treating the demand qd as a
network flow which 15 is conserved point-to-point, i.e. node-to- nodd 06T 2065
being allo hift fromthe direct link d to an alter h so as
to achi eve% oag baI ancing effect. Thg result of the co??{é/(i:l%loﬁgﬁ%shoul d be
a state in which nn pd - zdX=E p,+i7 z;x [8] where n is the nunber of
links in the alternative path and z = (1, - Id)'" is the change in 20

| i nk-pri ce netwakubitis mffed moropdonrsotthe pnlyelavpat factayare istthe sipoediati@diichl thet hi s

state there is.no rre arbit SO ho ,nor.e corre io akes ace
St ng ¢ hicapa P Raeh st oF B e RueREh St Sediteral ThiS PRl Fprc
di rect |inknepwotki fifhap@mdn®@ tEéBRGIBEY tnapuasied at tﬁ’@ nodefdarki 1id] tha efr@rne@o&w l'i nk

on the alternative path it is corrected =p+z; X. 9 OCT 2005 WO
02/ 085045 Fgiven Bba/ the 1exes 2willcemploy| thg sam grecs hicelmolquﬂ@u for glppadwidth

t uat | t t
i oo b crnafmt sho 8 e fy BB0n SAANER' b e Bon B 6y e S B o)
shifting friemg-iiQne ﬁr@ﬂﬂerb | thK fadtof 1§i:iskuxhddﬂb$3e(nh1fblh13a@d>stseﬂﬂmk!t The papdaiti e

{A* | (a, M_If xk is permtted to be only positive this inplies that a
substi t ut i d¥fessd atike nadeseande) ajiered chfsawdtqﬁ@arsi‘ﬂﬂﬁhéeqnagqmﬂ@t gpsrations (YRR d,

but not th I

al ternatlv%&i Erﬁtﬂﬂ@tlﬁl;htﬁn&ﬁﬁlilo& Oeftc(rPlf(gﬁe%dﬁcs to-en I ({f%vﬁ%‘{llggl lglr} E{?ﬁeustcgleﬁg h n
even thougrcloseao:tcrd) |'Fhlerefmytﬁeasug>ly wilhbe Velnpielastio agebiggeaxithandnd- t 0- end fl ow
cannot nmove froma nmulti-link substitute path Il to anywhere, which
suggeshs thecy me%%%;ﬂy Stabtﬂ:'i‘tﬁ E] Aeidehidfd BastRitP Ef md&Schirat estinkddds callBe Bbtained | 1 nk

d and the alternative can be witten as h it it h 10 Pd - zZd E xi =1
Pi +E ZI Xk fronr rracket; da{qg’]ihere is more information on long-term behavior of the bandwidth

market, which is utilized in the long-run decrease of mean prices due to technology

advances.

A simple arbitrage case can be resolved by treating the demand qq as a network flow which
15 is conserved point-to-point, i.e. node-to-node while being allowed to shift from the direct
link d to an alternative path so as to achieve a load-balancing effect. The result of the

correction should be a state in which
Yo+ 3 8
Pa- ZaX = Zpi+ L 27X (8]

where n is the number of links in the alternative path and z = (I, - Ly)" is the change in
20 link-price p resulting from a unitary change in quantity demanded. In this state there is no

more arbitrage, so no more correction takes place. Solving this equation for x yields

Pi =2pi
X = - ;::z’ [9]
Knowing x, the direct link’s price is corrected to
Pd’ = - ZaX [10]
25 and for every link on the alternative path it is corrected to

p’ =p +zix. (1)



=1 1i=1i=11i=1, i*k where Zki=Zik=1Z; [13] JEK( i is the sumof z's for
all links that the alternative paths k and i have in common. The adH8dCT 2005
conpl exity revi ous expression arises because the |

general ly n\gtaoglgﬁgf?sj oint. 15 Also, %30. [14] Ck is the gr |t%}gnggJ’si Ze,
I.e. the absolute difference of proposed prices between the first node a
and the second node b on one hand and the path k on the other hand. The

no- ar bi t r agenealy,cin geagrapldcal eanbitrageesitvagorfsathérowsill bet hh> P0pafiddconbecing thk +. Z
(zd + zki) X3 - Ak, = Qor hit "Il (zd + zki) X, - =0 kk =l Zi [151
[16] The pPRWPISH AR SHEAPrGG Hh&h"@i%‘f‘é& b fpl d%ﬂ%ed&ét‘@(%“‘f‘lﬁﬁ Pﬁ‘&‘\”i&'ikl ng (h

by h) lineg.: fa ﬂ“,gﬁp Jar d b ' th Usgd
matri ces: g@f@g %@g]tfel%e%% glbgéﬂv%q&?]%%§4§§%y/ I ggaﬁ?)(fl{%y ﬁfgq%er e
x(x1 X2... peitted B beSorty posiiverthisZimplies ihat a subsfitufion ofithe afbrngtinNe; pathuforhe Vi , | E
{|...ry 5 and [18] [19] [201 ) .
direct link d is allowed, but not the alternative path Il to act as substitute for another
alternative path IT. There may be no end-to-end flow on a substitute path IT even though
each link may have flow. Thus in general, end-to-end flow cannot move from a multi-link
substitute path IT to anywhere, which suggests this restriction. Then the no-arbitrage state

for the direct link d and the alternative path k can be written as

h n n h
10 Dd—2d Ex Xi =,-§'1 Di +.Z‘1 ZiXx +:=12i o L {12]
where
Jekny

is the sum of 2's for all links that the alternative paths k and i have in common. The added
complexity in the previous expression arises because the paths will generally not be disjoint.

15 Also,
x20. [14]

Ay is the arbitrage size, i.e. the absolute difference of proposed prices between the first node
a and the second node b on one hand and the path k on the other hand. The no-arbitrage state

can be rewritten as follows:

n h
20 (Zd +‘.§| Zi) Xk +,,=§# (za+z1) xi—=Ax =0 [15]
or
h n
X @a+z) xi— 0k =0, zu =X zi (16]
i=l =1

The previous expression is extended for the path k to the following (h by h) linear system of

equations, for all alternative paths k, using matrices:

25 Sx-D=0 {17



D=(A A2...An)T [21] This is a linearly constrained |linear optimzation
problem The formSx = D, x z 0, where D is an arbitrage size matribd 868 2685
is a price-ghpoagsggtrix, is the formof a standard |inearpckgpy@granm ng
optim zation problem where progranm ngg is neant in the sense 01[ met hod,

not conputer program Linear progranm ng problens are typically solved by
either interior point (polynom al worst case) or sinplex (exponenti al

wor st case BMrevery good in practice) methods. There is a practical

probl em however with the construction of the matrix S, because this matrix
requires alit=gixmpl.e xpakjrsOwith a price less than the pricgl8f the direct
link 15 p.b to be found. Sinple paths are those with no repeated edges.
Efficient ri thoe h K-shortest sinple path probl in the sense
of being po 3%6%*3 ! flr’?ré{itl'ﬁﬁg he worst case, exist with't Zéﬁ]rmst ef ficient
requiring K known in advance. However, there is a better alternative that
allows to oG @iodnst Wdcﬁgb--’!)he price-change matrix S befléfle starting the
optim zation. Using the iterative schene descri bed bel ow, the constraint x
> 0 i8S avainded 20 because it always holds inplicitly fromthe
construction, so the |oad-bal ancing uses matrix inversion at each step.

Al gorithm flgg(lél%q'gme No- Arbitrage G ven is the graph G[ng | ink-prices p
and the direct link-price p.b for the direct link d. Wth 5 the expensive
path set being R=d, the cost Cof any path in Ris CR) = Pb 1. Find the
cheapest path fromthe node a to the node b. It is supposed that the cost
for this path is p.ext and the path is y",x,. 19 OCT 2005 WO 02/ 085045
PCT/ | B02/ 01187 is linearly ¢dnsigimdd linepiviptintization phoblepr. $be fmi Sx £ Dok SHidvhieecRuse

bi t i bilit ins.. 3. | oad- bal. apci bet ween R and
VoK, the- Df AR ppirees ian mAGR dnd Sijs 3:prisf eRangf Bl i P fOmPhe Siapoa SRR on
the paph ynR¥gramthing-bpdtizatibnréblerh Swht¥/prtraifing & fdart iR thel RRseBbrHREthdIM

termnates and is correct. To denonstrate termnation, it is to be noted
that at eadotcompeies pagremelinpar@rograramingtnobleras arosypiceie aplaed beither intsriopat h

et et B A0 055, B BBk 195 AR o i f el
have t he sanethadssThemds tahpraetidab prublent thewperr weitht drenadnstvection hafsthéionaribis, r age
has been acbrl,icaeagg ﬂxisa rrrllgtrig( r}eequ{flrleggl[ één?ai? piaaxscvvq{hraepcrltcé less than the price of the direct link '
15 Pw to be found. Simple paths are those with no repeated edges. Efficient algorithms for the
K-shortest simple path problem, in the sense of being polynomial time in the worst case,
exist with the most efficient requiring K known in advance. However, there is a better
alternative that allows to avoid constructing the price-change matrix S before starting the
optimization. Using the iterative scheme described below, the constraint x > 0 is avoided
20 because it always holds implicitly from the construction, so the load-balancing uses matrix

inversion at each step.

Algorithm for Iterative No-Arbitrage

Given is the graph G, of link-prices p and the direct link-price pa, for the direct link d. With
25 the expensive path set being R = d, the cost C of any path in R is C(R) = pg.

1. Find the cheapest path from the node a to the node b. It is supposed that the cost for this

path is paex and the path is Yaex.



10 Next, it is explained how the | oad-bal ancing and |ink-price quﬁt-d(ggZ'@S
done. This is achieved by applying the precedi ng equations, so Sx“= i
solved at e However the entering path is |oad-b i.th the
paths in R ea‘?agg/g!ﬁ&sst ep rather than |ogg-bal ancing the d%@@ﬁgﬂqlmz W th
all cheaper paths. This iterative procedure inplicitly ensures that the
final solution has x = S'D z 0 without having to inpose this explicitly.
15 Conbi ned2Hf CR) Ppecibesthprocess iy firished egausecrp arbitagpemossibilityareinkink
(contract) in the network contract graph G have been proposed: an SRR
stochasti ¢ Briaaassd-bdishcing! stpbelided RCANAY, R HIRCIEKSpriced 40 WhatGed el 10Kk %Llh%” of
geographi cal arbitrage. Both approaches may be conbined to obtain the

fol [ owi ng sP%M&ﬁ?'@g@itf‘?%@M@al equation: 20 X = log(p) [22] dX =
ri(Xx+@J - X) dt + adw+ GU + HdV + yrdN [23] dX = -vdt + pdZ [24] These
are the sant RgqRafiypis as expl ai ned above, except for the termyYdN to
descri be the geographical (no-)arbitrage effects. This term enbodi es the
net wor k f ungti : fiac oy rql e j ous
Taun doy T o geaaa, 3 WRCh Rl Rk ' ) . T8aMIRE,
no geogr aphievainatignpiittis &ybe adtéd thatatarach pierei@nene Athmate pathgthatplbds Chkapar thahr age

ffect t, the st ] 1 dN gives.th pri at
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equations express the fact that market forces are acting at the sanme tine
as ar bi t r ag@igrrer alternatiyeThyg ne arbjteage hes beempehieygd ardthoalgomithmiiseortept. pr of i ti ng
fromthem |Indeed they are part of the market, just nodeled explicitly in
this d@se. Nextgé@nisredplaimedbhdw alye lvad-bahintidg tank dinkrprice apdalngt is adopecTisd is
novenents of .t he rket as 5 epbodied in the expected value E [li( X+ QU -
X)] in the %"P%"do‘gyaﬁﬂi’gﬁ“?g ‘ZI&PTCB ng qquafiens IR X B dt tokved gheach slep-dlaxsuerthe e

Wi th respecdntdiiglpah if RRH-bIRASHWAhThOFAhS R AREGT dof) hdbalanci
non- st or abl é]. T'itpg \./:/oul d becone nor .eE.i rrpl_ortant vét%ﬂﬁ&?%'\%vgﬁﬁaﬁg?l%nfl%eﬂ&%use
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Two sources of price changes for a link (contract) in the network contract graph G, have
been proposed: an SRR stochastic process and a load-balancing process following
exploitation of geographical arbitrage. Both approaches may be combined to obtain the

following stochastic differential equation:

20  X=log(p) (22]
dX =1(X+GU - X) dt + 6dW + GdU + HdV + ydN [23]
dX = -vdt + pdZ [24]

These are the same equations as explained above, except for the term ydN to describe the
geographical (no-)arbitrage effects. This term embodies the network function f, and the
25 factor y plays the role of the previous liquidity term 7. dN describes a stochastic process that
is zero whenever no geographical arbitrage effects are present. When geographical arbitrage
effects are present, the stochastic process term dN gives the appropriate correction to

remove arbitrage from the previously observed prices in the contract network. The above



a specific nonent | and al so the respective change in link-price p

resul ting froma unitary change in quantity demanded, z = (I, - Id) 19s0CT 2005
known, wher g}, d Id are the factors derived fromth i

appr oxi rratlons %or gemand qd = ldp + apgd and supply q, = q)clmg&&rm&re
known. (1). For each such link ab, ac, cb a conparison step Il for
determning a price 15 difference betvveen the price p for using the

speci fic |ieguatdns eapresccthe fadthttumariel forses are aotngg the samtectimie tm‘arbxhegeﬂpsearbf ic
l'ink ab, ac, .cb an alternative path. 1 n.t.he i ch does not
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that it is gh&eKfd meBEEd&pliRuPimthRcaser Pth. If this is the case, this
means that the alternative pat 1Z2 is cheaper to wuse than the first path

2 1 nkoprt o EensempiaenRt Sl @R, oS reder BosBree of thacmaekel 2. o,
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alternative path 112, in response to the det'erm ne price erence.
Therefor t macpeqamtm Eme@gi'oudxhbn wish usspett t¢ Bl 24 ridasuwe sippe emexnﬂalyhﬂgeg@eriand

shift x bein b determ ned rice

shift-cal CLﬂ(’g‘[ ﬁ? ﬁ% %utk{%?co&éct &/ HP g?aatn Wégrolﬂﬁt [‘?u’g'fy Qﬁca&ﬁ g’FP e
transport qaﬁmﬂdoftﬁlﬂﬁﬁiﬁdnﬂdommahebﬁ,to be shifted fromthe specific |link
to the alternative path I'1, in response to the determ ned price

di fference. In u?e Qaapblg& ﬁii ffgtr arﬁﬂg&nhﬁ)rfﬁ ?a?cu{eﬁﬁg tﬁé)?(ex-trgﬁ& (;n ffie n twork
corresponding 1ink-price ¢ ange ZX Fn eac e”l &BY

cal cull@t ed G, ¥ depicted in ¥ig. DEEh&OﬂToVﬁc@Zinﬁ&E&&ScPﬁfédrﬁﬁQ}ir{klﬂxﬁi p.uZpﬁc,ﬁabxab
ZacXab, ZcbXab, ‘{ZabXac é Zcbxagc, ZabXch Hlea GgXch, ZCbXﬁrB which is
done in an TR ‘E‘%[P%IIQ’E 50 thedpsppave shange dn Npk-Rricp feswlting femp pritarg hange
zx ef f ect ecthige i QuarflRy SdniinB&L z ' BN OistknERR Mtetein ﬂ%ﬁ@ﬂ%&ﬂe fat:lta?stdeh%& o be
shifted, on the link-price p for using the speC|f|c i 5

conbi nat i orfram ébe \ngag rappresimatiens; for demprrk a4 Hdapdetreyr andrﬁelaplm Qe bp wcnes. @hanges

th k
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fromthe other Iinks are added since they
whether pus > pac + pa. If this is the case, this means that the alternative path I1; is cheaper to

use than the first path IT;.

20 As a next step follows a change-calculation step I for determining a link-price change in
the price p for using the specific link ab, ac, cb, and a link-price change in the price p for
using the links in the alternative path T1,, in response to the determined price difference.

Therefor the equation [9] can be used.

Pd = iﬂl
L7} +ZZI

X = [9]

25 This represents the demand shift x being effected by the determined price difference. It is a
shift-calculation step Il for determining an amount x of an existing transport capacity
demand qq that is to be shifted from the specific link to the alternative path I1, in response to
the determined price difference. This can be done for each link ab, ac, cb. Then the

corresponding link-price change zx in each of the links ab, ac, cb is calculated (IV), i.e.



represent demand flow comng to that link. This nmeans here that: dNeP :d?%
Zabxah+Z ac+Zab cb [25] and in general: Zabsab + E Zabz(j dNeb = | og q CLZ005
baJwb [ 26] i ermis then nultiplied with the liquidity termyi,

whi ch errbodij\g(s)-g%%o“tfsact or that descriVP s how fast the ar S’icgrﬁgtggu}sg

removed. Next follows a nmerging step for nmerging the determ ned total
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i ncrease/ decrease or maintain the demand gd for transporting a unit,

pr ef er abl y w®ares¢nyflemandiflogrcoming to thatdink.tThés mepse hére thaki nk ab or the
alternative path 112. The new price p' is the price that based upon the

obser ved fm,peso@(ﬁﬁ'ﬁgf%#‘—%he previous price p on the gpgcific

and in general;

—ZabXab +', . AZJEMbZalej
dN,, = log s [26]
15 This term is then multiplied with the liquidity term y, which embodies the factor that

describes how fast the arbitrage is removed.

Next follows a merging step VII for merging the determined total price-change ywdN,, with a
market-induced price change in the price p for using the specific link, to calculate the price p
for using the specific link, wherein the market-induced price change is being driven by at
20 least one random variable. As described above, here the market-induced price change is
modeled as a combination of two different Brownian motions dW, dZ, a Poisson process dV
and a semi-Markov process dU. This market-induced price change is merged with the..
determined total price-change dN to define the logarithmic price change dX and eventually

the new price p’. This means that by use of:
25 X =log(p) [22]

dX =n(X+GU - X) dt + 6dW + GdU + HdV + ydN [23)

Pard

dX = -vdt + pdZ [24)
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wherei n the;lihp Iﬁiepcro'rrgﬁa%nanﬂ}swnpthg R€cision rule according to which the decision is taken.
20  This decision can influence only one unit, or also be applied to a stream of such units. The
decision-making unit can hence make a decision at any point in time, depending on the price

development, or make its decisions only at predetermined moments.

Once a decision has been made a demand-change-step can be carried out in which the
demand qq for transporting the unit over the specific link ab or the alternative path I1; is
25 decreased or increased in response to the calculated link-price p. This step effects a

demand-routing in accordance with the calculated price p.

The price development is not only of interest for network users but, as it is the case with
stocks and stock options, may be of interest for entities who want to make a profit from the
price differences. Therefore, the price calculation can also be used by those entities and be

30 followed by an action-step comprising one of a buy/hold/sell action for transportation
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drivers enbGdisechangedt iteresporsd @Sthe Ccalculated link-price p, e.g. by changing transmission
equipment, such as switches, cross-connects, repeaters, multiplexers, amplifiers, fibers, or
20 settings thereof. This can be particularly done by using a network hardware that provides the
functionality of allowing to change network-specific settings, like a controllable transfer

capacity, damping, amplification or the like.
Price Development for a Simple Network

The combination of link-price processes with Geographical Arbitrage and Liquidity, referred
25 io as GAL, is considered as new. Hereinafter a study of a simple network is presented to
help build up intuition. Considering an undirected triangular network as shown in figure |
where two of the links, i.e. sides ab, ac start at the same price p and the starting price pe of
the third side cb is varied over different simulations is taken as the most basic market setup
where geographical arbitrage can occur. This gives an isosceles triangle with respect to the

30 prices p. Varying the ratio of one side to the other two sides between 10% and 190%, the



processes for the links. Arbitrage Exi stence and Net Present Val ue 1I09 1087 2005
figure 5 the results for the existence of arbitrage, i.e. how nuch it
happens i n ty p, and the Net Present Val ue (NPV) of bitrage
opportunitie‘gbr%ze/ al&#ve to the NPV of the whole network, al’rctelj/\tgﬁ2 Vi zed.
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di fferent eplog&hss Bth®lime. magnitude and in their relation with the shape of
the network. This nay be because when arbitrage occurs, the price that is

affected is,the observed pri and..25 . this feeds back directly into the
process forAﬁb'Frﬁgﬁgél,sye\Rﬁee’ﬁ"#Iﬁﬁéﬁ%ﬂ’?Xﬁ@ewth the long-term trend
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net present value for this arbitrage.

20 As expected, arbitrage opportunities increase in frequency with increasing volatility, as
depicted in the upper panels (a), (b) of fig. S, whether this is short-term price volatility or
from the volatility of the long-term price trend. Short- and long-term volatilities have
different effects both in magnitude and in their relation with the shape of the network. This
may be because when arbitrage occurs, the price that is affected is the observed price p and

25 . this feeds back directly into the process for p. Hence, when interactions with the long-term
trend contribute to arbitrage this long-term trend, the mean logarithmic link-price X is not
directly affected because it is the link-price p that is changed by arbitrage. Also in the base
configuration, i.e. with zero volatility, there is no arbitrage and hence the long-term trend
tries to keep it this way independent of any arbitrage effects. There is no connection between

30 . the long-term-trend price processes, so, if there was no arbitrage for them to start with, they



This is probably because the scale of arbitrage opportunities, i.eqqt @@p 5005
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effects here, firstly there is the si| i
Figure 6 shows the percentage change in the mean spot price p after one year, here 252

trading days, and the standard deviation of the observed changes in prices after one year as a
percentage of mean prices. Fig. 6a shows the mean price change on a fixed-length link
20 versus short-term volatility. Fig. 6b shows the price change on a variable-length link versus
short-term volatility. Fig. 6c shows the standard deviation SD of the price change on a
fixed-length link versus short-term volatility. Fig. 6d shows the standard deviation SD of the
price change on a variable-length link versus short-term volatility. The numbers for the
different lines, at the right side of the panels give the number n for the sides relation n:10:10,
25 i.e. increasingly obtuse triangular networks. The crossed line gives in comparison the case

for an isolated link (iso).

There is a change in the mean price observed after a year even without network effects, i.e.
arbitrage-induced load-balancing. This is a common phenomenon in stochastic calculus for
processes involving logarithms where volatility affects the mean and is even seen in

30 geometric Brownian motion. It means that changes due to arbitrage effects are compared to a
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20 triangle towards 2.5:7:7 after one year. In the most obtuse case, 15:10:10, after one year a
push towards 14:10.5:10.5 can be seen. The case 10:10:10 does, as could be expected from
symmetry, appear to be a stable configuration in that its observed mean price changes little
relative to the baseline. While arbitrage effects may push towards a symmetric situation, the
long-term price process will act to maintain the original side ratio. Thus the stable limiting
25 configuration for non-equilateral triangles will not be a symmetric 10:10:10 configuration

but will be some balance between the two opposing forces.

Effects on. the standard deviation of price changes are also mixed. There is a clear
progression in the effect with increasing side ratio. For the variable side the standard
deviation (SD) of the observed price-changes decreases going from acute to obtuse. The
30 opposite is observed for the fixed side which approaches the baseline for increasing

obtuseness. The variable-side SD crosses the baseline and continues to move away from it.
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starts at around a 20% decrease tor acu riangles a % short term
volatility This NPV is the sum of the NPV for each edge of the triangle. As before for price changes
on the individual links the baseline, isolated link, triangle NPV changes (increases) with
20 increasing short-term volatility, as shown in the right top panel. The difference between
different networks with different triangle ratios is less significant than the change in NPV
relative to zero volatility which is nearly 140% of the zero-volatility NPV, The spread on
triangle shape is less than 10%. There is even less difference for the triangle shape for the

SD of the network NPV in terms of the mean NPV for the same short-term volatility.

25 The lower panels (¢), (d) of figure 7 show the additional effect of geographical arbitrage on
the network NPV. For acute triangle networks there is a decrease in the mean network NPV
of up to 10%, as shown in the left lower panel (c) of fig. 7. This gradually changes with
increasing obtuseness to an increase of more than 2% of the mean network NPV,
maximizing at around equilateral configurations, and then gradually decreasing. Changes

30 only become significant for short-term volatilities of 50% and higher. There is always a
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Price Development on Network Market

A realistic international topology is used to analyze the applicability of the results.
- Specifically, the potential presence of triangles of link contracts and their side ratio

20 distribution is quantified.
Contraét Network Construction

Next, a real-world version of the graph of indivisible bandwidth contracts is constructed.
Since the market is today at a stage of expansion and transformation there is no single data
source at present, certainly nothing like a topology of the underlying link contracts, One can
25 construct a plausible future topology using information on commercial optical fiber
backbone maps, node operator deployment plans and trades on the OTC. bandwidth
marketplaces. The result is a map of what could be offered by providers in the bandwidth

market as indivisible contracts.
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Contract Network Topology
Further above it was shown that network effects are found to be most pronounced with acute
angle triangles where the side ratio is 1:10:10. There are 187 triangular subnetworks.
20 Allowing the two "fixed" sides to differ by only 10%, 86 triangles remain, i.e. 46% of the
total. Loosening this requirement to 20%, includes 129 triangles (69%) and to 30%, includes

175 triangles (94%).

Fig. 9 shows frequency histograms of the triangle-side ratio-distribution for these three
cases, using 10%-bins. These ratios are constructed from geographical distance ratios, not
25 observed prices. However, at least some network costs are roughly linear with distance and
these will dominate the mean trend v for long-distance paths. The black bars are triangles
where two fixed-length sides are within 10% of the variable side, the grey bars are for 20%,

the white bars for 30%.

The most immediate observation from this subnetwork classification is that there is a big

30 number of acute-angled triangles (1-5:10:10) and that this does not change with a loosening
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Geographical arbitrage is a common feature of even highly liquid markets occurring on up to

20 35% of trading days. The effect is most pronounced for highly acute angled triangles. The
short- and long-term volatility lead to different quantitative and qualitative network effects.
Short-term volatilities of up to 200% in the individual-link processes are mean-reverting
with a negative drift, so the actual observed short-term volatilities, without the network
effects, only go up to 80%. The arbitrage-NPV is up to 2.2% of the network value with a

25 high short-term volatility, but is insignificant (less than 0.1%) for a long term volatility p of
up to 40%.

In the simulation, the prices for network links decrease on average to reflect a decreasing
technology cost v. Changes in the mean prices for the network links are altered by network
effects (geographical arbitrage) and the difference increases with increasing short-term

30 volatility. The price-change could be in either direction depending on the triangle side ratio
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20 combined with either equipment failure and/or some correlated increase in demand.
Geographical arbitrage is a new factor for price dynamics not seen in other commodities.
Load-balancing together with economic arguments can be used to move out of arbitrage

situations and thus have a network effect on the link-prices.

Many applications of the described method are possible, some of which have already been
25 illustrated herein: valuation of network infrastructure; design of network asset portfolios;
decision support tools for network expansion or new-node location; price-scenario
modelling. For example, recall that the value (NPV) of all three sides of a triangle is almost
self-hedging with respect to network effects. Without a method to generate price scenarios
for network infrastructure no quantitative optimization is possible and that is also an

30 application of the current work.
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for risk management and hedging. However there is currently no method available to price

contingent claims where the underlying asset is a claim on some part of a network and

20 non-storable. To date, geographical (no-)arbitrage has not been included in the pricing of
contingent claims on forwards. Forward derivatives will be of larger importance for

bandwidth than for many conventional commodities because bandwidth cannot be stored for

later use. It is a non-storable commodity. Herein a method is presented to price a particular

set of forward-derivative contracts. A forward contract is defined as a contract in which

25 capacity is bought today to be used starting at a fixed date in the future and for a fixed
duration. Herein a method for pricing European-style contingent claims on forwards is

presented using no-arbitrage conditions and geographical no-arbitrage.

Today the instruments traded on bandwidth markets, mostly over-the-counter (OTC), are
typically forward contracts covering long (months to years) periods. This is partly due to
30 inefficient negotiation and contract settlement mechanisms. New switching technologies,

public pooling, and inter-connection points are expected to hasten automation towards more
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This has important technical and practical implications. This non-storability is the biggest

difference from conventional commodities although that machinery remains very useful.
The most important additional feature for modelling bandwidth, compared to other
25 non-storable commodities, comes from the network aspect in that, in general, several paths

are available at a given quality of service between any two points.

In the following it is shown how to price European-style contingent claims on telecom
commodity forward contracts combining previous work on non-storable commodities,
network effects and bandwidth spot-price modelling. An example calculation is given for a
30 call option on a forward contract based on realistic information. European-style claims have
a fixed date when they can be exercised. This is in contrast to more general-style claims that

may offer a range of exercise possibilities, e.g. American or Bermudan options. Herein
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The bandwidth-trading market is represented by a contract graph G(N,L), where N are the
nodes of the graph and L are the links between the nodes. A link in the contract graph
20 G(N,L) represents an indivisible traded contract for the bandwidth between two nodes. For
concreteness one may imagine that a étandard contract is for T3 (45 Mb/s) capacity with
defined delay, jitter, packet loss, etc. and several time-scales of contracts are available with
standardised starting times e.g. every 15 minutes, hours starting at :00, days starting at
00:00, and lengths. This degree of liquidity is not yet present or at least not yet widely
25 observed for bandwidth trades but, considering how electricity markets developed, may be
an eventual situation. The nodes N are public pooling or inter-connection points where many
carriers are present with the capability to arbitrarily cross-connect between networks. Thus.

paths may be assembled in a supplier-neutral manner.

The bandwidth is offered for sale on the market in the form of point-to-point contracts that

30 will generally comprise several underlying links L at the network- or physical layer. Thus,
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technical details to do with the fact that this only makes sense when the risk-neutral measure

is unique.

Herein the primary traded commodities in the bandwidth telecom commodity market are
futures contracts with fixed maturities and strike prices. The prices of individual futures
20 contracts over time are Martingales under the risk-neutral measure labelled Q and being
equivalent to the real-world probability measure P, otherwise the futures market contains
arbitrage opportunities. The risk-neutral measure is a construct used in the pricing of
derivative contracts. This observation is independent of whether the asset on which the

forward is written is storable or non-storable because the forward contract itself is storable.

25 Because bandwidth is non-storable, there is no reason to expect.that the spot price p will be
a Martingale under the risk-neutral measure. This does not mean that the market has
arbitrage opportunities because the spot is not a tradable asset. In fact the spot price process
does not exist in the sense that the underlying asset can be bought at one time and sold at
another time - which is usually the definition of tradable item. A spot price process can be

30 said to exist when it is possible to substitute the asset bought at one time for the asset bought
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where p(¢) is the spot price at a time ¢; r is the (constant) interest rate; « are the storage costs,
which are a fixed proportion of the spot price p, and y is the convenience yield or fudge
factor required to make both sides equal. The fudge factor y is generally rationalised as the
20 benefit from actually holding the commodity, e.g. the ability to benefit from temporary
increases in the price p, also called shortages. A more sophisticated understanding of this
term is to do with long- and short-term price dynamics. This relationship does not hold

when the underlying asset is non-storable.
European futures options and derivatives

25 Futures options are relatively simple to price and herein futures call options will be
considered. At maturity, the payoff from a European futures call option is max(F(T,T)-X,0)
where X is the strike price, and F(T,T)=p(T) so also the payoff is equal to max(p(7)-X,0).
p(T) is not required to be a Martingale, although F(z,T) is with respect to ¢ but not with
respect to T. So in effect the futures call option can be treated as a call option on the spot.

30 The Black-Scholes option-pricing formula is not valid here because it assumes storability of
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prices, this calijbration process results in the stock price drift termu
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% Qquauon [2’?] the forward contract F(0,T) is observed today, i.e. at time zero, on the
15 market. This forward contract F(0,T) is the amount to be paid at the time T, wherein the

term ¢~ converts this to the present value today.

The risk-free rate of interest r is known, which is assumed to be constant, the maturity T of
the futures contract F is also known. F(t,f) = p(¢), so if one possesses a model for p(t) then
one can calibrate that model to the market’s expectation as expressed by the Equation [27].
20 For example when the geometric Brownian motion dp/p = pudt +0dW is used to describe
stock prices, this calibration process results in the stock price drift term u being replaced by
the risk-free rate of interest . After having calibrated p(r) to the market’s expectations, i.e.
choosing the risk-neutral measure Q such that the equation [27] holds, the expected price of

a call option on a futures contract F with the strike price X is defined by
25 Eglmax(F(T,T)-X,0)] [28]
= Eg[max(S(T) - X, 0)]. ' [29]

Here it is not yet proposed a form for the price p(r), which is vital to these equations and the
option pricing. So far all network effects, i.e. geographical arbitrage, have been hidden

inside p(1).
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non-storability and the poténtial for geographical arbitrage present in a
networ k. 10 [iNeHis Slefioaldk bive ’ ?my - ' en
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from spot punigEe chasargristies df handvwidthphave dsert wddyin theddevelbpmentcbebanisel these are
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ce this 1o el bl dadolied” B Brosl Rl RPN isaden Porabilh P 7]
Ceogr aphi calpowntidl foragegriphicababirragisgesehOindaneidribe the fact that at a given
Q@S there may be 15 many equi val ent routes between two | ocations and that

the diloect Noutserabilitg, asale@BERsERE, redks (8 lidK Mﬁeen\’h’ﬁ@ﬁriéé"}}@? fnd @b FuwfRY not
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cheaper roufntras8.1) thuseneqannat gg Aiseqtly Sipm speppsicestoday lodutumgetinesrtodeytand t he
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Thi s dynamni 8 is thegmaydp assurelituie bandwidthsand tead9® Fguatim [pTlocess and al ready has
been described above. Exanple: Forward call option pricing In this section
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of links, when this exists, may not always be the cheapest. The difficulty of discovering an
alternate and cheaper route leads to possible arbitrage opportunities together with the
dynamic nature of link prices. These arbitrage opportunities can be observed together with
pseudo-polynomial algorithms for their detection. This dynamic is contained within the spot

20 price process and already has been described above.
Example: Forward call option pricing

In this section the steps are performed to price a Européan-style call option on a forward
contract for a one-month DS3 capacity from New York to Los Angeles (NY-LA) starting 10
months away from February 2001 in December 2001, i.e. 210 trading days out, based on
25 data from Figures 10a, b and realistic assumptions. Fig. 10a shows the forwards curves for
DS3 capacity from New York to Los Angeles (NY-LA), with the delivery month starting in
February 2001 and going to January 2002, and with a contract.duration of one month. Fig.
10b shows the forwards curves for DS3 capacity from New York to Los Angeles (NY-LA),
with the delivery month starting in February 2001 and going to January 2002, and with a
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forward pri eesinclidingepessitlc alitifaties Site vie BuDFlncidoySF), 86 sheWietwork 82 highly
different forward rpri feﬁi with different observed volatilities in theée
mar ket . These dPteittiggledy ¥ diypE Where thesidedapis s¢tdo &Rtlelit of geogr aphi cal
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cases et S Bri t hel e Lt S ile this is
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forward pri feswardaprices rwithudifferent thsenved wolatilitiesfifigbe market.chirse avill Hendtongist
rate was us of . di,scount i t he .f.o r.d price iven in.fig. 10 back to
t he present S{F & b Ly ﬁ)ég{}&?%g&r@%&%&g@%mg?ret g‘?"\ﬂ%ﬂsas Bf F%‘ggar’f"(groﬂﬂééenber
2001, F(0, 7yaluesanahds® thréesstuativhy itd9Reke ashiinéditheeihe foISAM picePibted faaT thkeNO
observations of forward 20 volatility for Decenber 2001, the val ue was set
to 50% as aC3IELAF Hhesapgapdso grp thejrobgervedyofatilitiesy While this isartificiel if doenatiow
pricegsare C{e AN e Shktl ult.s; | Sk- al
or obabiliti g;)s;&% E\?eglé&t%t%‘?@% bl ‘fl%llmrs'eg%tl @H%gﬁmggq Py H?gmgiﬁg‘cé]égt@%%&[ 23]
effects.

A constant interest rate was used for discounting the forward prices given in fig. 10 back to
the present. The used market-observed data were forward prices for December 2001, F(0,7),
and for February 2001, which were used as p(0). Having no observations of forward
20 volatility for December 2001, the value was set to 50% as a possible value. From fig. 10 it

can be seen that forward prices are expected to halve on this timescale.

Results

The risk-neutral probabilities O were obtained indirectly by calibrating the Equations [23]
and [24] according to Equation [27), i.e. the no-arbitrage condition, and to the given forward
25 volatility. Given that there are four equations and two constraints, the risk-neutral measure is
not unique. However, using the short-term volatility and the long-term trend as calibration
parameters should be the least ambiguous choice. Whilst this fixes the first two moments of

the distribution the higher moments are free and so is the shape of the distribution.
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pricing. This is_ rather unexpected because geographical no-arbitrage is a
hi ghl'y non- e apfion prices on 10-month forward contracts are very similar to each other for the

20 networks considered, including no network. It appears that for this case the inclusion of
geographical arbitrage and considering the entire network are not necessary - it suffices to
consider an isolated link provided high accuracy is not required and strike prices are not
extreme, e.g. less than twice the forward price. It appears, in this case, that fixing the first
two moments of the forward distribution is sufficient for network-independent option

25 pricing. This is rather unexpected because geographical no-arbitrage is a highly non-linear
condition, it resembles a a = min(a, b+c) operator. The reason may be that the forward is so
far into the future that the accumulation of the no-geographical-arbitrage condition falls
under the central limit theorem and results in a log-Normal-like distribution. If this is the
case then the small differences seen in forward option prices at ten months may be much

30 greater for shorter-dated options.
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literature b#igsedapply it. These nodels woul d have Fab(t, 7) as Martingal es
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explicit modelling of forward price curve dynamics, i.e. dF(t,T) with respect to t. This
modelling is non-trivial because then Fas(¢, T) for each link (a, &) must be a Martingale and
20 the forward contract graph as a whole must also have no geographical arbitrage. It is not
sufficient to simply take a forward curve model without modification from the literature and
apply it. These models would have F,(t,T) as Martingales but then corrections for
geographical arbitrage would be required which would remove the Martingale property. This

property would then have to be restored.

25 In conclusion it has been shown how to price European-style contingent claims on forward
contracts of the same maturity using no-arbitrage considerations. Forward prices were used
as an input because bandwidth is not storable. Network effects are included via the spot
price process on which no-geographical arbitrage is imposed over the network at any Ipoint

in time and F(7,T)=p(T) is used to make the link between spot and forward prices.
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| AVENDED SHEET J- 06-2003 ) . )
Any disclosed embodiment may be combined with one or several of the other embodiments
shown and/or described. This is also possible for one or more features of the embodiments.
20 It is obvious that a person skilled in the art can modify the shown arrangements in many
ways without departing from wthe—gist—ofs the invention which is encompassed by the ]

subsequen! claims.
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conprises a specific quantity of the commodity, where the networKk-

comodity is defined by the property ii 5 that constituent commbdities are

represented by |inks (ab, ac, cb) of a % (G,), the links having

nodes (a, b, c) at their end points, and the constituent commobdities are

usabl e to.-construct further network commodities provided that the -
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the network, where the alternative constituent commodities form an alternative p.at_h
(JZ;) between the same nodes (g, b) as the fitst constituent commodity and excluding
the first constiment commodity,
b) 2 change-celculation step (OL, IV) for determining a link-price cha}mgc (zabXuw) for the
20 market price (pa) for one unit of the first constituent commodity defined by the

specific link (ab), and a link-price change (ZoXab, 2e5X,) for the market prices (Puc, Pie)
for one unit of each of the alternative constituent commodities defined by the links (ab,

vb) in said alternative path (TT), in response to said determined price difference,
¢) a combination step (V) fox combining, for the market price (pa) for one unit of the first
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from the market prices (D Pbe) for one unit of the first

for one unit of each of the
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changes (ZawXsh ZiKses ZobKeb)
constituent commodity defined by the specific link (ab) and

ent cornmodities defined by the links (ac, cb) of the network

altenative constitu
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chéﬁ)éoe%z?%\Xab, Zaby' U, 4bXcb) fromthe market P'CeS (P.,, pb,) for one [B02011
unit of the first constituent commodity48efined, by the, specific Ii?k.
(ab) and for one unit of each of thgepjatdngngticeve constituent commodi { #e@CT 2005
defihed by the links (ac, cb) of the nhetwork AVENDED SHEET .. J-06-2003
| BO2011 - 48a Replacenent sheet 19 O C T 2005 conmogi.t to de eémh@?' o
. . . . . t st
(V) a total IW@E&@H&B&M& R, d to)alﬂlfnkijch%ﬂSP( :mi’ﬁ)é qnie;lgi .
constituent co y “defined by the speci fl,g bl nébé’ab), d) a nerging step
(VI1) for nergidgmssment cetreeditydsfnedbpribeispeitap M ¥%hange (d\b), for one
unit of the first constituent comobdity defined by the specific I|i méxi( ab),
wth a for one unit of the first 5, ma Net,- 2 LR likepidescipngd i(N3).i for
the market priye d\@@)ﬂ&mﬁyﬂh&tmﬁf&ﬁ%iﬁw%&?@ﬂg?ﬂcuI atgptq_e flew rket
price (p'th) for oneitgﬂggh glfr _tcEg rfr%é:ﬁtconﬁﬁm i defieed by chnsRECHIF, iR, ()
mar ket -i nduced PRY U8 Y ?tl p3 elng driven by at Ieaﬁl,orvﬁréqnﬁggpl%g first
variable (AW g ieY.intided plice Wartpeclilap)ciorthie meake RACEi Gl OVE S “sa d
mar ket -1 nduced price change (iLp) 10 co r'@%ﬁarg&ﬁﬂ‘ﬁ& eorfone el tosfsthe ffjrst
Br owni aR pri C(e;jelj?ﬁ“'gmL x(tdmeM}_ ty, tpGACUHE igrnf e-lc ah%ega(;g@%% b;i;g%%ggiaggglc%t
pri ce-change , Lev i cas hﬁﬂﬂ? t-Ind@cednsricee -
price (p). 3. !\/@Pﬁﬁﬁ“ﬁﬁ&gmnﬁb@'tp [0 % 1 or d? wherein the market-induced
price change (iLp) hsiopiPatedbRe(dif d¥odds dB8 a function for price-spikes
and/ or price junmps. AVENDED SHEET 19 OCT 2005 WD 02/085045 PCT/|1B02/01187
49 4. Method according to one of clains Q I

j 1 to 3, .whereln t hange (iLp)
change- cal cul agj Methddpecorting 1o Waimhé, PHEET osﬁldb&a\ﬁlgcéﬁnnc{tﬁ%éd c};gﬁgr%’iaﬁed Gl

price difference and the link-pric DaR0Es: KBikaab prigachange @2 xBK), Peisson
nodel edOusi ng oneomaprised e T 'ﬁ"?e@ﬁ?‘?@)% 0

or the quantification, of k
liquidity, an ar ﬁ};é%a%g-gom\gptgeaﬂ-ntmmi pricetdhapge ctéqu)Lf?’Ytﬁ%%‘?bé\?‘igBHgf fib
price (p). 5 5. 0 gccor Ing to one_of clains 1 to 4, wherein the

li nk-price changgri¢eclmngh)theprevioys price (p)-

3. Method according to claim 1 or 2, wherein the market-induced price change (iLp) is
modeled to comptise a function for price-spikes and/or price-jumps.
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specific link (ab) and the |ink-price change (z,cx, b, zabxab) in the,inks

of the alternative path (112) are all based on a conmon denand chand@ OCT 2005
(xb). 6. Metyhedresearding to one of claims 1 to 5 wherei pdifiBo201187
change-cal cul ation step (111, 1V) conggises 10 bl) a shift-ca cufatlon
step (I1l) for determning an anount (x,b) of an existing transport
capacity demand (qd) that is to be shifted fromsaid specific link (ab) to
sai d al t er nat4.\Methpdibdeofdirg) oné of dEmpANSES, vhersiaifor e tieinps-caehlfion Gep (11,

di fference, b2)_an effect- cal cul Ftlon ste for determning, the

link-price charlye the 5Lion)betsyqen "eé‘eteW“?‘EB“QFefthWPWe@dt ‘l"‘ﬁrl%‘btﬂ”@e By ty
demand (qd), thaix.l %@E ZQ? p'nfo'ﬂﬁgdr Bltﬂ:eorlr’n tgr?n %t?f rgﬁ@%’uafnﬁficatlt'l%hng

said specific Nk on t -price

links (ab, cb)ofmmrlmhdundtlt)t en anbitra‘gerc@@édﬂoxi ilihZDlon (Y(p,‘,M%})htlﬁ }ﬁ‘M@qu:lnGQ(ﬁ)O
claim6, wherein the transport capacity demand (qd) is nodel ed have a
price eI asticity 8. Method according to claim6 or 7, wherein the
transpért caph Netgo%@ﬁarﬁwg(te;eye Pfs:lallzl@lé@ﬂrwl}tqfﬁﬁﬂ*@dmhmhe ehangh@akaf amidei on
(ldp + nd). 9. i on . the
links (ab, ac %ﬁ&ﬁn@@%@%@r@gnm@ rg%:scthgrﬁggﬁkq{ )§n th@h::ié‘é‘d&*’ tﬁe gﬁé gn%lg\“ ng a
const ant el astlpmht(j?'IzX&)lll bdsed oxh/&bdmdomdaﬂdrﬂlchglgbg(,gne of clains 6 to 9,
wherein the anount (x,b) of demand (gd) to be shifted fromthe specific
link (ab) to the alternative path (112) is positive. 19 OCT 2005 WO

02/ 085045 P %@%ﬁwmgwomof clams b do acthsrdn ty changersalcwation siaprdLIIVi o 10,
wherein the stepg ﬁgeto d) are carried out for each of said links (ab, ac,
cb) in said netvvoP (s 12. Method according to one of clains 1 to 11,
wherein said network (G, ) is a comunication network (G,). 5 13. Method
accordbdng to tdhe shfft-cdlcailatbnktepc(nmzor deseriniveng moafpmirﬁi(x].g oaadezﬁsﬁﬁgnmaxﬁp&p for
deciding in view of the Wgz% ggﬁat ed |i nés ice ﬁ@ ther to .increase,
decrease or  mafRAFLY ficand (@) DREIS LR be dufteddrqmy s3 ’P& lighy “@Eﬂsafdr‘ﬂ??ﬁ'ﬁﬁfl%l ng a
uni t, pref er ablythan,) nnn%%mttbeadaaeﬁmneavpﬂfrceamegnépemflc link (ab) or a
said alternatlve path (112). 14. Method according to one of claims 1 to 13,
further conprising a demand-change-step 10 in which the transport capacity
demand (qd) fb@) an effectisalcolatian stepe(IVinfar deleeninggithe Epepriceichange (zaxa) effected

by the determined transport capacity demand (qq), that is to be shifted, on the link-price

15 (pav) for using said specific link (ab) and on the link-price (., pe) for using the links
(ab, cb) in said alternative path (IT,),

7. Method according to claim 6, wherein the transport capacity demand (qq) is modeled to

have a price elasticity (Eq).

8. Method according to claim 6 or 7, wherein the transport capacity demand (qq) is

20 approximated with a linear function (lgp + my).

9: Method according to one of claims 6 to 8, wherein on the links (ab, ac, cb) a transport

capacity supply (q,) is modeled as having a constant elasticity (E,).

10. Method according to one of claims 6 to 9, wherein the amount () of demand (qq) to

be shifted from the specific link (ab) to the alternative path (I1T,) is positive.



link (ab) or a said alternative path (112) is decreased or increased._in
response to the , calculated link-price (Pb). 15. Method according {d 66E 2005
of clains 1ww@oddssofsurther conprising an action-step cong;ci[ﬁh&% ?:)e of a
buy, hold, or sell action for transporigati on bandw dth on sal 1 net wor k
(G) in response to the calculated link-price (p,b). 16. Method according

to one of clains 1 to 15, being executed several tinmes sequentially to

provide a |inkipviethed seotditg NP b Slaitg SOV, #herefn tB@ktEpsSd) BS 8148 Bhrried out
Met hod according to claim 16, being

calculated |Ii n*<- prch%gs éP b). 17. Met h

execut ed sever alor £35h04 s3id lipksdgh. g6, cbd inesaigd neyork . 20 1 nk-price seri es.

18. Method according to claim17, further conprising - a discounting step
wherein the |ink ~qe 1) WL i id linkypri.ce.ser.i.es. a { scount ed
back to their lg'r gglieﬂr?tg - ?/Cgf)@le'& %°\ry8{r‘4;6’5 C?;a‘r’i‘]l(l)l\gllildit(pnig;1 ldivéshg%ﬁ"nt% ‘rle'g %’W crg gcgi it and
20- 06- 2003 1B02&bimdnicabidn ndt@oR{G,2005 Repl acenent sheet - an integration
step Werein said discounted price series are integrated for the network

(Ge) or_a sub- et\/\@rk t hereof , for_ obtaini [}]&therefroma net wor K

pr esent? val ue 1$-0¥etpd acoeding foconecef)claims 4 ouls. futhgp prmprsinged decision stp forod

according to cl@cMnkSin Jithvidt8he EQALMLLE 1 deci sj ri.si one of

a 5 buy/hol d/ sell ";gg't"i on for sa f}nr%ée‘fdoﬂgﬁﬁc(ecﬁj"b?ﬁ%%k‘ghﬁé%gp dsfre e hod

accordi ng to clmtimaiothef wansprat camnity dehang () Eodapmsgoridag stunfy, pleferebly anhe

transport capaci of the specific link or a different of said links in

sai d network. i'§¥°¥'8?1té%g"é'bf’ ?Jr??r faéiﬁ’&ﬁ‘géﬂf"é?‘ibhgr ‘b%‘?l"Lﬁ“’HlaEHe H"‘l“hﬁlz?ari ce (Pub),

e.g. by changing transm ssion equipnment, such as sw tches, cross-connects,

repeaters, muld iNKROEISordRERS bhd S chaimé it BRE1S furtkP c&ﬁp&%g;d Mfin -Pﬁe{n%g-fstepzj“

Conput er program product conprising program code neans for performng a

met hod'® accor diingvhich thafransport prpagityedsaang (ol fon trraspogiag tiGomiaver sajxt spgeifin

gr ggﬁgb t 2???;232& (tgg) n%lj d‘l? 'lsjz{rlnzi %ﬁema&%%lhsérﬂ%t Qc%regsreg%rrq‘rqgrga%g in rréﬂsap%rx]]ge ?ot t%[:ed on
calculated link-price (pu).

I5. Method according to one of claims 1 to 14, further comprising an action-step
comprising one of a buy, hold, or sell action for transportation bandwidth on said

15 . network (G,) in response to the calculated link-price (pa).

16. Method according to one of claims 1 to 15, being executed several times sequentially
to provide a link-price series comprising several of said subsequent calculated

link-prices (pab).

17. Method according to claim 16, being executed several times to provide several of said

20 link-price series.
18. Method according to claim 17, further comprising

- a discounting step wherein the link-prices (p.s) within said link-price series are

discounted back to their present-value, thereby providing discounted price series and



15‘4%'86%91%% wor k- pricing device conprising - a conputer program product IBO201 1¢
according to claim?22, - a processor fogjexecuting the program code neans,

- said processor having access to ﬁge&)‘f\&?:%ehmx@ét”ation conpri sing for 1t98CT 2005
network the 1link price (pb) and t price (p,d, pa,) for using instead of

the specific link (ab) a said 20 Plternative path (LIla), 24, A

net wor k- pri ci ng device according to aim 23, .further CioEdied ftg the fietvwork
network i nt er fAgeegyitionvitepcwhema %@%@59%‘5}“’@8%5%{?@%5&"255 "to the network

i nformati on. AVENDED SHEET 1 t?%?n%/tﬂ%ﬁé& PEEHDBOPEEDLgFluesor thp
A net wor k- pri ci(fig) M@SM%WQ&‘E&%%E?QP% aim23 or 24, further conprising a

second network interface VB nMWdh thidweoft ransport capacity demand (qd) for
E‘a) n

transporting t RETERS ( “o@earsluphe specific link (ab) or the alternative path

(112) can be decreased or increased in respons

e to the calc o
Link-price (PyfIvamelaccordiag Wlain L Bdfutsher, COMRAINEGy LB e dtidinfthg one of a

transportatiof”batddw dth on the network. Hort.he network (G ') or
subnet wor k canb\bﬁhﬁﬂﬁseﬁawﬂf%s.m o Pﬁb&%é?%f]ntg orevi ce according to one

of claims 23 to 25, further conprising a controller via which the

tsgiﬁgsgg{ &ofﬁp{azg Eﬁqﬁé@g&e 1 ge (Ecla fc.a‘i\’mI id:'kfuﬁﬁcracd?ﬁﬁﬂsﬂ{gem adéptstiindstep iwheseinthe

transport capacity of the specific link or 2 different of said links in said network is

changed in response to the calculated link-price (Pw), &-g- BY changing transmission
repeaters, muitiplexers, amplifiers, fibers,

equipment, such as switches, Cross-connects,

10 or settings thereof.

21, Computer program product comprising program code means for performing a method

according to any of the preceding claims.

. . . 4
22. Computer prograrm product according to claim 21, COmMpnsing tbe program code.

means stored on 2 computer-readable medium.
15 23, A network-pricing device comprising
- a computer program product according to claim 22,

- a processor for executing the program code means,

i i ing f rk the
- said processor having access to network information comprising for the nctwo

N . caid
link-price (p) and the price (Pac, Pa) fOr USING instead of the specific link (ab) a sal

20 ‘alternative path (TT),

. . K
4. A network-pricing device according to claim 23, further compusing a first networ

interface via which the processor has the access to the network information.

_ AMENDED SHEET



19 0T 2005

WO 02/085045 PCT/IB02/01187
52

25. A network-pricing device according to claim 23 or 24, further comprising a second
network interface via which the transport capacity demand (q4) for transporting the unit
over the specific link (ab) or the alternative path (IT;) can be decreased or increased in
response to the calculated link-price (ps) and/or via which the buy, hold, or sell action
for transportation bandwidth on the network (G,) or for the network (G,) or subnetwork

can be effected.

26. A network-pricing device according to one of claims 23 to 25, further comprising a
controller via which the transport capacity of the specific link or a different of said

links in said network is changeable.



