METHOD FOR INTERPOLATING SEISMIC DATA BY ANTI-ALIAS,
ANTI-LEAKAGE FOURIER TRANSFORM BACKGROUND OF THE
INVENTION 1. Field of the Invention [0001] This invention relates
generally to the field of geophysical prospecting. More particularly, the
invention relates to the field of interpolating or regularizing traces in
seismic data. 2. Description of the Related Art [0002] In the oil and gas
industiy EJétphyseR! ¥ oERdthg I Nenthbril(sed foraitlY in thid-selaksl,
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techniques yield knowledge o subsurface structure of the earth, which
is useful for finding and extracting valuable mineral resources, particularly

hydrocarbon deposits; sigh-asihapddiatuial gespirMeiknown

technique of geophysical prospecting is a seismic survey. In a land-based
keismitislghoéyhalsspifasignal is generated on or near the earth's

potage and fhenJaysts Aeyrwarddniethe %H@SHH@C%fO%E%?ﬂ%%EHAi IBrBspecting.

marine seismic survey, the seismic signal may also travel downward
Mwsupticlsaly dhsiatspboeAsingHe BassifraEdbrrpdgpr Seasiging traces
BNargysQuiges are used to generate the seismic signal which, after
propagating into the earth, is at least partially reflected by subsurface

seismic reflectors. Such seismic reflectors typically are interfaces

hetwegn-suiariapeare iRematdons having different elastic properties,
S ecificallglsound wave velocity and rock density, which lead to
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or near the surface of the earth, in an Qverlying body of water, or at
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include explosives or vibrators. Marine seismic surveys typically. employ a .
SrgeduGiamE (ﬁfﬁce‘%owg’ﬂ%g}oé@h‘iﬁgg‘ﬁlﬂlﬂfeﬂ SRRy S Ay ting is

gensiatemeachuslisdavetiektisthie seiseyiaseivetcgenebiingtbeted on or near

avefield may be of several types, including a small explosive charge, a
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@nargenhe rdeisipartgialiyhiak, feftarpgepepating into the earth, is at least partially
reflected by subsurface seismic reflectors. Such seismic reflectors typically are
interfaces between subterranean formations having different elastic properties,
specifically sound wave velocity and rock density, which lead to differences in acoustic
impedance at the interfaces. The reflected seismic energy is detected by seismic sensors
(also called seismic receivers) at or near the surface of the earth, in an overlying body of
water, or at known depths in boreholes and recorded.

[0003] The appropriate seismic sources for generating the seismic signal in land
seismic surveys may include explosives or vibrators. Marine seismic surveys typically
employ a submerged seismic source towed by a ship and periodically activated to
generate an acoustic wavefield. The seismic source generating the wavefield may be of

several types, including a



currently the most common form of marine seismic source, [0004] The
appropriate types of seismic sensors typically include particle velocity
sensors, particularly in land surveys, and water pressure sensors,
particularly in marine surveys. Sometimes patrticle displacement sensors,
particle acceleration sensors, or pressure gradient sensors are used in
smylapelosive ishaditimelocigtivslvelority SEHsHIS Vibsatitlcvel dumydbngozan. The
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and hydrophones, respectively. Seismic sensors may be deployed by .
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distyaditionally: pressue sensenskandipartcteyelesityisensocalmpy Be for air guns,
deployed together in 8. marine survey, callocated in pairs or pairs of
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streamers, also called seismic cables, are elongate cable-like structures
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pressure sensors and particle motion sensors may be deployed in close
Thp sty O WERCaER FABARSBr P4 SF %raYS S6HG LEE-ANcTEAmEY of water by
thd Q0981 The e sy lting seismigdaia whtainediimpesiarming, tieostuNey ssismic cables,

processed to yield information relating.to the geologic structure and
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of seismic dafa processing Is to extract from the seismic data as much

thaméSetedion adipdssibtateyar dhegdinissbterraandanforrodtions ieflesteg tpterfaces.
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in the Earth's subsurface where there is a probability for finding petroleum

el ARSI ShIAFYBSNMEOBP HHARY £ BRbSYIBRA GethaRiRglty sensors such as
ge@ﬁﬁ)&%&iﬂ JaARE IEERNGHDE sSRisFkEiata. abbe Pracess,ah CRIARITACNE drophones.
t

The %rreesfslgr%t%rer?yg? Cfr% dgzg‘glc g trl;llgtisé%bts%g&)rrlse anQa%agQ deployed in close proximity,
collocated in pairs or pairs of arrays along a seismic cable.

[0006]  The resulting seismic data obtained in performing the survey is processed to yield
information relating to the geologic structure and properties of the subterranean formations in
the area being surveyed. The processed seismic data is processed for display and analysis of
potential hydrocarbon content of these subterranean formations. The goal of seismic data

processing is to extract from the seismic data as much information as possible regarding the

subterranean formations in order to adequately image the geologic subsurface. In order to
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layers of interest from the recorded seismic data provides an image of the
earth in depth or time. [0007] The image of the structure of the Earth's
subsurface is produced in order to enable an interpreter to select
locations with the greatest probability of having petroleum accumulations.
_To verify the presence of petroleum, a well must be drilled. Drilling wells to
idepfgfetpsrtowhatisr Petbretibstdpsshddretiresnm sraveblisvafreifidineRptroleum
accBMRENRING ARFLiITSCONSUMINGMNG@AdNgn FRIHAR JepeRBsdNEreid dnterpreting
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._made by a computer or a human, to assess the probability that an
time. . . . . .
accumulation of petroleum exists at a particular location in the Earth's
[00 M surfEloeifREOST Twoprobiems hbarfariss rvbhertoliastiopdofekismider to enable
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(aliased) or the data may be non-uniformly (irregularly) sampled. Physical

accypylatiorronie NRiifitiBRPIPs SR RMRUSITYBY DiteH satisdeshilitic Batang wells to
detbendrawitedeitheassndgssanmrled QEM-uhifos miyesamied 48008k ve and time-

Under-sampled data is commonly referred to as aliased data. From data ,
conSHMIERP ARG it S8t ePitt HE"SA R R LI BESEY TR Gtprocessing
ando@isflevter thanstikieectidetasampling ipielival. thenyisef the fealttoee of the Earth’s

corres ndin% to the embe qed V\%avelen th will nd%r-re olved.and
sugsuriace that wi dugarove € abl 1t§z ol a Bli ter, whetier the m e(gjﬁretatmn 1s made by
ence distorte e to the aliasing. ﬁ) us, the emporal allas

a cfraguienoy abwhich taliasing hegindathetNquist Aegoenaionisit pettojqthecxists at a
pa&f@ﬂﬂfﬁ%}{@@@%ﬁwﬁgﬁﬁ@&g&%@@- The spatial alias frequency at which

2At aliasing begins, the Nyquist wavenumber, is k = in the spatial '
[0QQrdinkress Pradlenst earHaisgxnsthmn prlertien e rsmerdtibetbrids iy land or in

wafdX 1S 11 Station RGO AN ALeIRFRA URIkes&UChAShENQIRES niRuUBearafdaiformly
sampling interval in the time-space (t-x) domain corresponds to a small

(irRgfeiay rregRkiky RAUIGHARE SrRPEmRlSH BRIt BorteShBHEiRY YR often cause
seiflommaina (002 btfieeardingrtheuseismiengdribonitbrimumifodaigensatapling
Intervals than ideally desired can lead to harmful effects,in subseque .
O T Rt COTERA o o X e Saiidy g e sampling
theduyring thelseisthihsuneysighificantinbelfisdoithéhcodtiof seismitedaban twice the
isifi arti | R suryeyi ' ..missi ,
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[0010]  Thus, the temporal alias frequency at which aliasing begins, the Nyquist frequency,

is f= ZLAI‘ in the frequency-wavenumber (f-k) domain. The spatial alias frequency at which

aliasing begins, the Nyquist wavenumber, is k = ™ in the spatial coordinates. Here At is the

sample-time interval in milliseconds and Ax is the station spacing in preferred units, such as
meters. Thus, a large sampling interval in the time-space (t-x) domain corresponds to a small
Nyquist frequency and Nyquist wave number in the corresponding f-k domain.

[0011]  Recording the seismic data with much larger sampling intervals than ideally desired
can lead to harmful effects in subsequent data processing. However, collecting data on a finer
sampling interval during the seismic survey significantly adds to the cost of seismic data

acquisition, particularly in the case of 3D surveying. So, instead, missing data can be
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extrapolating spatially aliased seismic data. [0012] Interpolation of traces

in unaliased, uniformly sampled seismic data is straightforward. The

interpolation can he performed, for example, by convolution with a sine

filter in the spatial domain or by extending the Nyquist wavenumber of a

band-limited signal through zero padding in the Fourier domain. However,
apritisivasiéfiacehintempdledidriasIhmesotmbehelintensolatisnididonégitielating or
emg%@gggg%%@ functions.Thegnergy of the signal in the data leaks to

the other frequencies when the trace interpolations are performed on in

[0078guIdniFRsgn grid irRes edergipdisRade KHRUBEY Syaméed  seismic  data s
strd(geauiaities pheamplng:rncanaindany aftacts: (B3] Miseonvolution with a sinc

non-uniformly sampled data needs to be regularized to gn orthogon E o4
g3 A TSR A A RHGIBAT SUIGHIC cAtA TR BRA St imited signa
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thamﬁesl% 'erc%laﬁgnr?scgcl)\/%r\%%?Igl%] N (C)leigall %ts}sa en@l‘%%%. .dll‘féégyglépe So%‘%?é"glgnal in the

survey. Th°other words. Seismic traces from the acquire ata on an
datirreglatatogrld dre irtterpbkatedhorexthapolhtetiaes drsguitatignisl oongformed on an

1rre!\élL"f}5'1@f éa%?)%lf g&%a ’ﬁ@%ﬁl&giﬁfeﬁﬁgésﬂad%é%%'%y iﬂ@gu%@? e sampling and
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e spatial directionsfor many reasons, including cable
bO‘Féé%ﬁé?fﬁ“@}%bstacle avoidance, editing of had traces, and economics.
[odigyevenhyeodiay-sampleddatiaraseduired fos sevesalisgiemieo an orthogonal

processing applications, including 3D surface-related multiple elimination . |
(reghiar 59558V e GURASHTRSIARENC PRECHELR (Y 85 Bt I TegigrRyine seismic
trasanpleshilaia ishtacabeuicquisier date willcenoaré redivadandyionskel not take place
cros%!lne direction and V‘fgho%l\é\f'dv?ér%'"s‘é‘g?nrign@%e?% this,,is eXﬁens

\Y;
durin .SCISIIIC _Survey. om. the acguir d gata on an
an%l ffflcuftr?o aclfue\}/e because of curient marine acquisition tec no?ogy.

irréphbreforerd atderpglatadizativinabelotathés are gripogtatht processing tool.

1) TR A5 S o et st i

thatis andn sampled. . Ny
thegs priia @S@§t§3ﬂ§rfafrﬁ@ﬂﬁ’o@%ﬁ%&@lﬁﬁ%%f%@%ﬁ/ﬁfléﬁeﬁ%%é? f@idance, editing

of SRergvdeakage duadqitegulansamplingindliases spigmicadateg BiRIEh: several
SUMMARY OF TILE INVENTION The invention iz?%ﬁeth d for

ST RS PRl i LeRs i AR NP niH 156 FOtF 4 R B s Slitpigfion and 3D
waBdguanounifomnliysampeleestAnestictaiad3iteqyenely-wavedaddibets to acquire more

da%ip%%tlrxu rr(‘)rlg %%?lgcrﬁ;[lgg 1@/ (P QJXSIJQI%Q glrrsetcénryélg i%%ealzwaégre 5%{%ﬂ§{35rrpge, but this
etnod 10 unaliased-requency components In emporal-trans orme

is seismivdatadaddBpptyngaahieecobet Aust-lebkageFourdantrangfosiion technology.
Th@%}gfjdg%qlé%ﬁ%%%%H%@ggrﬁ’&@f?%5%1'1@ ﬁﬁ%essing tool.

[0015] Thus, a need exists for a method for interpolating traces in seismic data that is both
under-sampled and non-uniformly sampled. In particular, a need exists for a method of trace

interpolation that attenuates the energy leakage due to irregular sampling in aliased seismic

data.

BRIEF SUMMARY OF THE INVENTION

The invention is a method for interpolating traces in seismic data that may be both
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temporal-transformed seismic data. The second Anti-leakage Fourier
transform method applies an absolute frequency-wavenumber spectrum
extrapolated from unaliased frequencies to aliased frequencies to weight
frequency-wavenumber components of the aliased frequencies. An
inverse temporal and spatial Fourier transform is applied to the estimated
frequency-wavenumber spectrum, generating trace interpolation of the

SRS BRIERLRESERIN 1OM Q8 THE D Féﬁ%ﬁéﬁ‘n@ésf@%l&k%ﬁavenumber
Invention, and its advantages may be more e 2%/ understpod

AT oG AR oLSr BTN A% & SHEATh AT R g hod to
unalihset: f{@DETEFIGniseflsvieemibustizairgoaniedt snibodidaehand teplying a
§5_ B@id Hi%@xﬂcpfledéaigéppm&@ ﬂ;@&ﬂ‘e}ﬁﬂ SRAEH Bl Et@%&ﬁeﬁb@t fée@@&lcy ﬁomponents in the
tinder-sam and non-uniformly-,sampled; FIG. 21

AR T SO S LA LA ol PR method
[

JRARAIEOIABINAPHAINES IHeSRISHI: HAYAHEPR bitFCHHERresdRnkticandrom  unaliased
finen:emifes iy Basep e 00dio FdGredebh dwguarilywehechiltubtratimgibeents of the

gm%ge'eﬂ%@@@&%yomfiﬁk}@@@%ﬁmﬁ@mm PHIRRIMMERHIM applied to the
interpolating traces in seismic data that was begun in FIG. 2.ILOOZC1L.IG.
erpolation of the

t
FURBIS o HSHE SRS P S Bor RERCEIING SEand

smivadita@nt of the invention for interpolating traces in seismic data that

was begun in FIGBRI[GORHICIRIB i®A flonThartiifusivating san

T ot e I EL 8 ; e -
L e
méwerestatsdating ing detpibdidrsstisrianend diehedrdstpeusghgn which:

[RIOEEd frétifenties inflomebaifalinbrsangpte fiseismbo diatarfrar tREGin8ention for

02 G frabawm asdiagranyAh A aHe B WAYRRUMRSESPERI WohAtniformly
the fwer, unaliased frequencies; [0024] FIG. 8 shows a diagram of the

pYlated frequency-wavenumber spectrum, used as a weighting
foa¢8bn fdflhe highetoatidredittetitrtmgidke [0028] PGS 9AagDeshdwrhediment
sretRad i nventiopoasiappied JonnssininetiorOata exBpIRlender-sampled and
non-uniformly sampled;
[0019] FIG. 3 shows a flowchart illustrating the intermediate portion of the second
embodiment of the invention for interpolating traces in seismic data that was begun in
FIG. 2.
[0020] FIG. 4 shows a flowchart illustrating the final portion of the second
embodiment of the invention for interpolating traces in seismic data that was begun in
FIG. 2.
[0021] FIG. 5 is a flowchart illustrating an embodiment of the invention for
processing unaliased frequencies in non-uniformly sampled seismic data from FIG. 2;
and
[0022] FIG. 6 is a flowchart illustrating an embodiment of the invention for
processing aliased frequencies in non-uniformly sampled seismic data from FIG. 3.
[0023] FIG. 7 shows a diagram of a frequency-wavenumber spectrum at the lower,
unaliased frequencies;
[0024] FIG. 8 shows a diagram of the extrapolated frequency-wavenumber
spectrum, used as a weighting function for the higher, aliased frequencies;
[0025] FIGS. 9A-9D show the method of the invention, as applied to a synthetic

data example;



[0026] FIGS. 10A-10D show a standard ALFT method, as applied to the

synthetic data example in FIGS. 9A-9D; [0027] FIGS. 11A-11D show the

method of the invention, as applied to a field data example; and [0028]

FIGS. 12A-12D show a standard ALFT method, as applied to the field

data example in FIGS. 11A-11D. [0029] While the invention will be
[0Q2&cribBHGA. ddknd @b rbaithatstandaet a8 Ebstindeatsanilioh] 19ethe synthetic data
exdiisleratpaddhad tlhgy invention is not limited to these. On the contrary, the

invention is_intended to cover all alternatives, modifications, and

1002 livalERESthht A Deeuthsainthid MheledpEptofe FvaRisH, s2 field data

exdgfiaeshby the appended claims. DETAILED DESCRIPTION OF THE

EN [Q030] Jhe most straightforward.trace interpolation method |
l:Odaglg\iD iﬁ@@olgggﬁlﬁﬁhg&%ﬁégf?& f‘(l)or‘llX g ea%ﬁ%?r?ltté g%rﬁ%’i%(g %dy eo%%eirllséld data
exmmisﬁmrﬂiﬁg.imlthemlavenumber (k) directipn, padding a large enough
[0 be r\’%i%ee 2 ?%Rﬂl%ﬁ' \Q{I}Pb'é‘}{%{&?b'é&’ H{'(‘?Jrﬁ{@&%g rmicﬂgts-la?gfe%g ®mbodiments,

~ Interpolation can equivalently be done in the frequency-wavenumber (f-k) =
it vidrhainfisrstershthrega dmepiiadofad Ataihie shetess isthse aitermibistizention is

intdaian RSEpRAIBNSINGI(RE SinsdicRrdINA) fHnctianaleaee interng o mdiisd within
process works well as long as the seismic data is not under-sampled

thesgrpsed) b BRI ARGHIS G5 thpYeds BRPERYRIEGRIRE grid). [0031] Trace

interpolation as seismic data regularization, which aims to estimate the

i?ézrgligr:;c’z_lgzrsng%@égﬁ%ﬂ)%ﬁ%?%ia |o§$&$§pﬁi¥c&e{g%%lem. The

Fourier transform plays a crucial role of estimating the frequency

[o@g po%%%‘&%Q%J{%%&Wawgvc%%@%%ﬁa%m%%@th%ﬁdiéta inyerse EQURSE in the

sform recreates the seismic data on the desired regular grid back in =~
spape diradiepateadbiamsamints fondametapropiretar heurmictrdnsssin direction,

pa@(ﬁﬁgq fa E%SQ&%HH&%@P 48 1Ba theQlabaldasisUnGHARSH MR A8 This trace

~ sine functions, are not orthogonal on an jrregular grid. The non- .

intgrpRBHORLIY BTtHEGIIBaPESORR b AR FEQRRS TAYALBHBRS fam daygein for cach

fref{@Eg NN RRRENTIRAKIBEONR dhedsicaniihBriondenomdaitedcispabttalor sine
l&?}éﬁﬁguioosz The iny ng)on . a n}‘ggggsd fg{{lsn;[)?rﬁglsalt(l)% 2t1rS eséellrémlc data is not

CAAEMIC Y lt%{ltﬁ ﬁ%&_ﬁ?’@é} Sofh 183r-samb¥eci and non-uriformiy

unampiesled hﬁim&c@@m@uﬂd&mﬂgm@}%@ﬂ%k&@ﬂﬁmﬁ@r transform"

[Oééll‘g n Jﬁ]&ectzg Ol(rj)ltg%g Ipatgggp g%tlg%s%lg"ggt%]ge%g&?&a‘g&% %E&V\é%s to estimate the
proposed 1o solve'the seismic data regularization problem by reducing the

seifeduieneys lenlagetlhersoae ol forlethsarmpied dreirbgeaplfidiate, is an

intzg%lwn%g{ﬁiﬁm%%%ﬁi' theOteR&er transform plays a crucial role of estimating

the frequency components in the frequency-wavenumber domain, and its inverse Fourier

transform recreates the seismic data on the desired regular grid back in the time-space domain.
The fundamental problem for Fourier transform based data reconstruction is that the global
basis functions, such as the sinc functions, are not orthogonal on an irregular grid. The non-
orthogonality of the global Fourier basis results in the energy from one frequency component
leaking onto others, a phenomenon called “spectral leakage”.

[0032] The invention is a method for interpolating traces in seismic data that may be both
under-sampled and non-uniformly sampled. The invention builds upon the “Anti-leakage
Fourier transform” (ALFT) method for interpolation of missing traces. The ALFT was

proposed to solve the seismic data regularization problem by reducing the frequency leakage
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Fourier basis functions on an irregularly sampled grid, which leads to a

good estimate of the signal's spectrum on the irregular grid. [0033] For

standard Fourier summation methods, the sequence of solving for each

Fourier coefficient has no effect on the final results. However, the order is

crucial in ALFT methods, because the Fourier coefficients with larger
phavpipeieiddaGrepmNAL ContAbURE Hisrerdnelly Addidage-widhpeorthiesentae global
roWith sioRller MagnitHdes:LBus: e Jadpea theilealkraaeihe GAUBRId estimate of the

. coefficients are estimated iteratively, at each point estimating the
sigpgcHBRSHTNIRT the HsgkiAi s denergy. After each estimation, the

[oozgpulated feslenty GompoenentitnonEbcoaflicieninadlfiediesat forzarh Fourier

ny updating the input dat athematically, it is equivalent to remoyi
oo, N R ST riGI ot ECIucie B TOD g T
beqaewlytsubtraictecoirffutdguset torgoivadonithdenere Foi ek coeffidietat more energy
lea PRI AP fttkl]c_ o0 1@%&%@%%%&”%%, I&Ed@@%@l@ﬂ? JWE Fourier

Is Tepeated until all Fourier coefficients are resolved, that is, until allthe
cosfiiRienysnaise wpithated ipativehd 1ot zeteh (praticaliyiemvihs thpesidray. with the
malﬂngﬁﬂeé%rg}.e 9'&9@11 Fakkiehasisflnglions aigealiQitegeakhd@nt (Fourier

reﬁ'gular grid, that is, for re uIarIy-s.amEIed data. The s%raction acts as an
OB Nl AREHSHECHEN BHTFERYRE PEIPRI 34 OFF STHEGHIA it qpyvalent ©
rerfShEL W 88 thecFamigsasiBoiunatongiant irpartbogonatized. This

hod |leads tq a practical solution for, minimizing the le e effectfrom ;
o R S DL S RS e
usiogmpenentsasedis suifieritetioen Tesfivattivpdateetinpit watatoh thil all Fourier

coeialflfriecgelﬂl? r gré.drg\éiéllygadt alz%,o Iﬁﬁﬁr 8&' %@ %Q}é@cﬁo@hgpﬁg@&@@% tt_tﬂé’ﬁd to zero
case, the reconstructed data from the obtained Fourier coefficients will

(prastiteh thédpigiralhiekadremienesneité dhehelrbaLifierisitd1ae o essivay are only
ortiigsRalation meihed.PO3e] khe preblemytininesstandanth Akt A8880R s as an

is In handling aliased data (in the presence of noise). An aliased
orBRRABHEHP A B YFBAIAILT Greste MRk T 4h Siiffalidsgtier words. the
FoGABRPRARE TuanhRayt€ Honei s Yaieddicked ot e uence Hyitheidl kdlution for

mianﬁ%%%}t 5‘%1%#%%2?? k%((:)}f f%Ien inve rtlon eX£%ng£OHPon the ALFT method by

ower, thahiased emporaﬁ'requencies, to help
[00d6]alial" e thigiher texhparad foédloeniciesoripopanticukad iheufivamtiothen the final

wpiSs #ﬁh@eu%ﬁg?%ﬁﬁé%e ugg@%ﬁ%iﬁ%eﬁ?dqga@a Arwelahting funetion dhattons. n

etermines w spectral components are calculated (and removed) first

thifnetise, AlePFeqnrststiutdarrEowdihtbiginsddiivning coribiizaie gy match the original
m&XHRRRIAtNG the frequanrmwavenumRer-sReetiivn@ithe-woaliased

frequencies to the aliased frequencies. [0037] FIGS. 1-6 are flowcharts

[00RAratihbeaprtidemmuits G rantvd fomgied i 1n handling aliased data (in the

presence of noise). An aliased component may be of equal or greater magnitude than an
unaliased component and may erroneously be picked out of sequence by the ALFT method.
The method of the invention expands upon the ALFT method by using information from lower,
unaliased temporal frequencies, to help ‘“de-alias” the higher temporal frequencies. In
particular, the invention uses the unaliased lower frequencies to design a weighting function
that determines which spectral components are calculated (and removed) first in the ALFT
procedure. The weighting function is constructed by extrapolating the frequency-wavenumber
spectrum at the unaliased frequencies to the aliased frequencies.

[0037] FIGS. 1-6 are flowcharts illustrating embodiments of the invention for trace
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interpolation. FIG. 1 and FIGS. 2-4, respectively, show two embodiments
of the method of the invention, while FIGS. 5 and 6 show further details of
the method shown in FIGS. 2-4. FIGS. 7-12 illustrate some of the
techniques described in the flowcharts discussed in reference to FIGS.
~ 1-6. FIGS. 6 and 7 illustrate the spectrums used in the weightin
intqgnetiige FitG S, agsi\lglg%n%’i@ﬁ&@[@‘iﬁbét?ﬁté"tIﬁ\éoré%?g%‘ﬁﬁgé frahs method of

theiAlﬁEeég@&%;i%mqalﬁs§.fsramﬁmhﬁm@@b%&hlaetaﬂgmﬁqneaaetm@ﬂ standard FIGS. 2—4.
respectively, for a synthetic example. FIGS. 11A -11D and .
PGS A ECH A e oL S B B8 R Bl N W BERb L Top i n reference
to Mehad ef e $nventionidosfos staspanduAls kiFeddspectieidiitifor adigidue. FIGS.
9Ag€ﬁﬁa%§ﬂwgl—%?ﬁ$ﬁ§ltrqt§.'t}{esngtss %if lt%\%v rlglgét i%‘é’:?%%l[?c%agcl)rcsetss for the method of
embodiment of the invention for interpolating fraces in an input seismic
thedatansenthat i©betndardexiddmplen et o fpunitonthisfiosexapield. [BOE8] MA-11D

anP XL ASUmARted § V%Hﬁ@%‘\{}(@\@&ém‘!ﬂ@ﬁﬁﬁ%ﬁ%ﬂ?d&% R&ratednéhod of the

first, standard Antl-leaka%e Fourier transform method is applied to

invepfiginaediifetardrsy Aompoisarnd b Yefapa ikl dasrerariseismic data
[omqi_ adﬁgeolr_lﬁ,sﬂd@{?xsst@m%&@tiﬂemgﬁg I?prtfrﬂgr e'Ef%&?flﬁ{é’ﬂt nethediis/ention for
_ applied to aliased frequency components of the temporal-transformed .
GRS T FREC SR Brick AV SR LR S AP arhge-omiformly
sarip@inod applies an absolute frequency-wavenumher spectrum

apolated fr typically lawer) unaliased _ frequenci (typi ,
oy Sk Rt HE e g o RSB NG e & oo
stahdudlBpacirivers & deriep traisémoh spettiall Foepidrad dn soriasis] dpgslisd o apraponents
of %é&ﬁb%%gxé RAMENGY-WaYRRURPET, SReGTURFAM X hha BN IAtNG ke Fourier

estimated data set. The estimated frequency-wavenumber spectrum is
trajfarsanytingfdrnien frdnictdared doseyrwavemamses (P tfofsaiposdiepsformed

seitRB MG SRAGE: LaoMBIN sEeskHliRG 0] dhenfe Jitrel dragendrierpalation @pplies an
the input seismic data. [0041] FIG. 2 shows a flowchart illustrating, the :
SLARNE SAIGH O - SEEU S BB E SRR igh T HRGIOIRg moiased

frelf@sReincRigNifgatrlibptisbeat frenaacisanpletantiadrsehifonmlycies.

pled. FIG. 2 expands upon the discussion gf the first embodiment_ ..
O bl Bl 1T AR R, OB AL o R sppplid 1o the
esttfateedsiohtaimadwine seismipdatanisiass tmebl @ beraxpres sedninttdalata set. The

estgirmi‘ta’e—& pﬁ%&@ﬁ’%%ﬂ)@ﬂﬁm@@?? cj:ls,{mﬁqd%a imRYee otk aliased andie frequency-

irregularly-sampled, as the method of the invention is adapted to handle

wayethrebndifi6hdoeon Spokt hoR R Emg tiSorab FeuR@int ufdnm iy Wglfsired trace
intQh1SinPyE Seispia dalmiohsained in box 21. Preferably, the Fourier

transform applied is a Fast Fourier Transf (FFT), f tati '
1O biend Gl Re e R TARHAGE HETANE A Spce S Sabodinent o

the invention for interpolating traces in seismic data that is both under-sampled and non-
uniformly sampled. FIG. 2 expands upon the discussion of the first embodiment discussed
above in reference to FIG. 1.

[0042] At box 21, input seismic data is obtained. The seismic data is assumed to be
expressed in the time-space (#-x) domain. The seismic data may be both aliased and
irregularly-sampled, as the method of the invention is adapted to handle both conditions.
[0043] At box 22, a temporal Fourier transform is applied to the input seismic data
obtained in box 21. Preferably, the Fourier transform applied is a Fast Fourier Transform

(FFT), for computational efficiency. The input data is transformed from the time-space (1-x)
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8 domain to the frequency-space (-x) domain. [0044] At box 23, it is
determined which frequency components from the transformed input
seismic data from box 22 are unaliased and which frequency components
are aliased. Typically, lower frequencies will be unaliased and higher
frequencies will be aliased. [0045] At box 24, a first number of iterations,
dorgeigihhelauseneyseIaets i i ameifirst ALFT method, which is to be

[ocaRpliedAp the unakiaseddiaauencios; detataivesy iR dgxodant] RoRUIMbafansformed
. N1 is empirically derived for the first ALFT meth g,cﬁ[0046 In an alternative .
DR S e PFedhd (TL RSBt Yo Shd HANEALF IO RGRG e cliased

Typsieadosidhedistoimbet bf iterhtiedsNihiEhentthecficstsAL benditvod is

lied, iteratiyel ach Fourier coefficient untjl the coefficient i
O el S AR TR YRR AL 96 RELIER I8 the irs LT
meiterxativnsh The hvethpldcdfielibeinveliniod fecilinemedefomiredembodihehbe number

N, %Sé'%ﬁfi‘&ﬁyHé?i%&’ff&'ie&%“f?ﬂ%?i%ﬁ*%ﬁ%HH? purposes 0”'3_/’ and this
choice should not be considered a limitation of the invention. [0047] At
(%%g]ég ALFT

[0048} 25 ImapERESST Srepbediayeabrpbib s beid ctels frelirigie ive

meGRINRARSALS Cete iNeahiache tinaliasas iN,bor:es. (ROAR) AThoX R8s applied
rocess proceeds to box 51 of FIG. 5 with the unaliased fr%%%enc

. Pr . : :

GRS RGA COIBRTEH SO 25 UHHGTE TATEIB! & St (SHAHare) A S threshold

¢, mgthabawitbbe sapplieddootnatiared. fréheendied. {0049hAdnitiox &7illastrated for the
stimated frequency-wavenumber. spectrum for the select ia - '

e e s b o L5 o I ES0i0] Af i 4 i

shdtié aeteemingddfehelenigliasddhiéqurstion.components remain to be

[0 @P} ?Cteg:t l%@?(o yile Qﬁll igsaf.fre AHENLEP r@&ﬁﬂgﬁgﬁt remaincenthe the frequency

process returns to box 25. If no more unaliased frequency components
COPRTEINS tHaeTTHEH OB Y EbAtRIUE PSR 33 the next box, 29. [0051] At box

[0(?&]?" tﬁg lf?&i'm@%@ H%b@s%ﬁdé’é?é%%b@l&ﬁ@l@ Rklie thelest@idsed frequency
unaliased frequency components from box 27 are combjned i n .
CoR AL St 2o G B S Sb TR T S A s s il b
apjpliedprogesieddectprid(s.2 and proceeds on to box 31 of FIG. 3 with the

liased estimated frequency-wavenumber spectrum from 29, 10 :
O e o b A R el hatoed
fregmbgdioreptisfithie ibventibfidortinte¥BolbliHg. thaces in seismic data that

[oq)@ljl begyn,in bYG;2 [a%@eﬁgﬁléhq?we the1RREesSHERINHES SFRRMRR RN to be

G. 2 with thé unaliase
selected. If more unaliased frequency components remain, then the process returns to box 25.

If no more unaliased frequency components remain, then the process continues on to the next
box, 29.

[0051] At box 29, all the estimated frequency-wavenumber spectra for the selected
unaliased frequency components from box 27 are combined into an unaliased estimated
frequency-wavenumber spectrum.

[0052] At box 30, the process ends for FIG. 2 and proceeds on to box 31 of FIG. 3 with
the unaliased estimated frequency-wavenumber spectrum from box 29.

[0053] FIG. 3 shows a flowchart illustrating the intermediate portion of the second
embodiment of the invention for interpolating traces in seismic data that was begun in FIG. 2.
[0054] At box 31, the process continues from box 29 of FIG. 2 with the unaliased

estimated frequency-wavenumber spectrum.



estimated frequency-wavenumber spectrum. 9 [0055] At box 32, an
absolute value is taken of the unaliased estimated frequency-
wavenumber spectrum from box 31, generating an absolute frequency
spectrum in the frequency-wavenumber (f-k) domain for the unaliased
frequencies. [0056] At box 33, the absolute frequency-wavenumber
[00&f ctrumi fetn Foxasabsdliraptigels e Qfalisd tredjarsidcrstimated frequency-
waSgneistingRpexrapatateskabsoldta dreguensy - wauan U E SR GeM AR in the
; the fre_quency-wav&&gober_gék) omain for the aliased frequencies.
reqM A R A e E e AR R O R BASS HAE HIGREF frequencies and
[00B8Yenumbess. Fhe textrapolatedspeetrayreffectively comiainsinformabion 32 is
from the unaljased lower.frequencies, and.this info i il gi
ethrﬁ? g@%tt\?gd'%ge%gtig%agﬁhg% Taliased E%Iﬁ:ﬁ%}ggor%%o%@n sglatlgltt %ée %%/i(ggtgd frequency-

wahighebfregeenciedn [003RIFIGS T« itusnkae(EXarmpreisger thmdiassd frequencies.
Tyﬁgegfgj, hﬁecﬁﬁg&ﬂt%%&%gﬁsc%%ﬁﬂﬁ 3Be FilFer ShQWSRHiagramRbambers. The

uency-wavenum ew%pectrum, as would be computed in box 32, at _
extippolgifd PresHuBhefEs! wﬁ%@laﬁ&i@éﬁaﬁlwé@sﬁ%w%%}a?f?foffequenm&
andhBiEXirBRRIARO ITEgHRNBLWAYE RUIFINIGH SITRBY Witk ASW GWlehBE components at the
computed in box 33. This extrapolated spectrum is used as a weighting

iR SRt AR er frequencies, some of which are aliased. [0058] In

[0qBMcipleldtelovidhufrequeraisslarpeexirapaliatediid thechigherdrequensidd and 33.

FI%nq Sﬁg&geq&{gn}é& E)% g ng eernga-g\gé/\\/"e%@ ] WG gg(«%b@d%@%%%uted in box
e lower frequency spectrum is interpolated ih both frequency and

32 wavenlombdiramieresesT hdittengolatiimahaylpchicwaverdgigrgroo! the extrapolated

fre Héﬁ%ﬂﬁgeﬂﬁbé SJ%%MY&IH? 5?5&%18]‘_@62&33%@(&9 lationx[GB59] ﬁ{ip%&trapolated

4, a’second number of iterations, designated N2, is selected for the ,
speséants e meeharingHiar e Belppred (brte shiaserffetiuhicleye aliased

[o6BEerMinesinchaX 2RINEE fréqubhei aumberig i e piricallyigetivie,fehcies and
the second ALFT method, In gne embodimegt, N = N2, although t}/(Picall%
coRgPaRR o ifefelt aTE RATH T HopE SFHB R entB PRI S ditferSht! Squency

spdtuinbes ofitigratiadsid\bde determipecdoweactufreguedoyscotfipomémpolation may
._thatis, that the number of | jons be frequency-dep. 0] Inan
e B G B B e R o
[008T mMethodihsteadoof thendueoddtauatiber dfsigreitidns, Naclrhed, finghe second

A%@F%‘?hA&FJhIHﬁE'?Q S a%g%lai IQ&%?QN&‘JH% hQuiigL sagtiicient¥adlin FiG,

e coefﬁment is decreased below the second threshold r2, rather than for

2. dhernuhmen of eritichy, dHb sadmdbesrtRadrVeRtigeiEodiuStte grigpdiment, N,
= fhe embadimentasing the Rumber.el derationsfunilkstadie @UIROBRSNtion that a
dif%%ﬁ%gg}bglgfﬁ?eorﬁ%gg %Igenc%tg?nicr%qsgodregaec% %Qg&iﬁt}ggi}(? rc‘o?rflg(r)]r?ent, that is, that the
number of iterations be frequency-dependent.

[0060] Inan alternative embodiment, a second threshold e is selected for the second ALFT
method instead of the second number of iterations, N,. Then, the second ALFT method is
applied iteratively to each Fourier coefficient until the coefficient is decreased below the
second threshold &5, rather than for a set number of iterations. The method of the invention is
illustrated for the embodiment using the number of iterations for illustrative purposes only, and
this choice should not be considered a limitation of the invention.

[0061] At box 35, an aliased frequency component is selected from the frequencies

determined to be aliased in box 23 of FIG. 2.
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[0061] At box 35, an aliased frequency component is selected from the

frequencies determined to be aliased in box 23 of FIG. 2. 10 [0062] At

box 36, the process proceeds to box 61 of FIG. 6 with the aliased

frequency component selected in box 35. There, in FIG. 6, a second

(nonstandard) ALFT method of the invention will be applied to aliased
[0Gf2duenticzn o6 Bpaptsssss Praseestimded fle gl A6y -avéntinpiased frequency

coriP&RifY R R spieaed Aliases) FRAUSRCKEH g eDfaned feMod of the
box 71 of FIG. 6. [0064] At box 38, it is determined if more aliased

VTR R R a s shitr 1 BeiSSelected. If more aliased frequencies

[006B)ain AheextlRe, piocesm seilMeiehex3heHuntberaiecaliasest the selected aliased
frequencies remain, then the process, cantj on to the next box, 39.

fref G5 APHSR %,‘Wgtﬁlr%ecéggg%n%ﬁgaf %%Ii s'a%r'sld proceeds to box 41 of

[0084. 4 wittbthel3§inaliaskdkestirmdtédireguimydtviagemmmbengpecttaremain to be

sc1{90 O 206 Al e SRllmaled, IR NN TRE SR K o more
selected aliased frequency components obtained from box 37. [0066]
alipspg fugronssadiovioribenilfissbratersy eeatfivgs paritohontkiebsscdhd

[oc¥Bpodimentofothginyentionfeninterpplating thacesds seimigidatatial with the
was begun in FIG. 2 and continued in FIG. 3. [0067] At box 41, the

unfidsicds§SHERHFL A RSB EPIBRE SRR thE URaligsed! ltinfitetie estimated

freffQAUEReyMaMeRL RHRel sPBCtHIRGndeal hieeastivaatedy components obtained from
bofrgﬂuency-wavenumber spectra for the selected aliased frequency
t6Mmponents. [0068] At box 42, all the estimated frequency-wavenumber
[0G&ctrafith tHesiselacidth attase dl frtgtiep tyedombenéntsdfdm froxmilcatediment of
combined.into an alias 1] ~eqy - . .
R o R RS RR R Rominued
FIfreduency-wavenumber spectra from boxes 41 and 42, respectively, are

[o6&fbinad it afotalestimateddreruenaswaysoumbgr rec U 08¢ Qlnaliased

At box 44, an inverse spatial Fourier transform is applied to the total
estiBfithtERHRBGUETTWENRSHitS AT Ehetttu Al it BERPIe difsiiy yavenumber
spdotal festipated e auanerspase yspaeitsehsl he inverse spatial Fourier

ransfonn is desig to transfoym traces to desired trace positions .
[Oé din‘éttlﬂgxp |%i]§r1i eoeisﬂﬂl%?ﬁ{ li?%%%%c%ﬁaovﬁ%%%oeﬁss Tl taareoéL%a\eré"o’lecmd aliased
fre(pidhogenalpogeids Rreferably, 4heainvesseirodrietdranstomred ppligdaisdartirequency-

Wa&]é/n%rr% spat@% Discrete Fourier Transform (DFT) or a Nonuniform Fast

ourier franston (NFFT), for computational

[0069] At box 43, the unaliased and aliased estimated frequency-wavenumber spectra from
boxes 41 and 42, respectively, are combined into a total estimated frequency-wavenumber
spectrum.

[0070] At box 44, an inverse spatial Fourier transform is applied to the total estimated
frequency-wavenumber spectrum from box 43, generating a total estimated frequency-space
spectrum. The inverse spatial Fourier transform is designed to transform traces to desired trace
positions, including the positions of missing traces or to positions on a regular (orthogonal)
grid. Preferably, the inverse Fourier transform applied is an inverse spatial Discrete Fourier
Transform (DFT) or a Nonuniform Fast Fourier Transform (NFFT), for computational
efficiency. The total estimated frequency-wavenumber spectrum is inverse transformed from

the frequency-wavenumber (f-k) domain to the total estimated frequency-space spectrum in the

frequency-space (f-x) domain.
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efficiency. The total estimated frequency-wavenumber spectrum is inverse
transformed from the frequency-wavenumber (f-k) domain to the total
estimated frequency-space spectrum in the frequency-space (f-x)
domain. tt [0071] At box 45, an inverse temporal Fourier transform is
applied to the transformed total estimated frequency-space spectrum
[0G7din bak 243 dénendtivierw totap@stiinateet tarafoan iPrpfdiesbly tidrimybnsecd total

esti'%r%lt'cré@ %Jé&@éf%%%@@'k%@éﬁﬂ‘ g&gg&rsgo;{e moé‘%hg@ﬁhg Oéjrf-gtraﬂ—ré%ﬂﬁ{%@@ data set.

FFT). The total estimated frequency-space spectrum is further inverse
Prefrapiio e fror Hinerifidiisiioy spakiedfsandbisain prrabtaresetegansform

(Fragtamet ipihestimersPacgudng) dpapaishe IR0H21AlteaativRlyscthaiBversfl from the
Fourier transform applied in boxes 44 anéie45 IS a.2-|gﬁ$temporal n?

freQue GRS U IRSR AR AR SRS e Al A P e e e P f s U R ™
[oah2] estithatedifraguenrcinveseseRouriberrspaotranmpslied énseetanddosmeds is a 2-D

(telgg(r)rr]a}.ha% rseﬂ% G Cyé%f: gerri]elzjrrqtéae{{sg}g. .inl?lae%&éf(r) thee ti{lrl]ee _e%%arce:gug_fé) that the
main, generating tnhe desired trace | _te( olation of the |hput selsmic
estueetmd T hisqtrerssy interpolation eptbievimpus seisenic-tanalonaydadtomplish frequency-

waogﬁﬁ%&m %{?}ci)vﬁ&rigﬁ'! uding fllipg ﬂﬂn@ﬁﬂ&g (KQ?%{%&QQI%&%?M!QQH@ Qesired trace

~ sampled traces. [0073] For the unaliased frequencies determined in box

intgrgabftionzoihg Brawdsimie fatas ppieac Blstne sHenveldfolRhatismic data may

acdimstiating a0 suyHadiviantialithe inventiomionpraerssingl wialiasedg the sampled
frequencies in non-uniformly sampled seismic data from FIG. 2. [0074] At

2§§8x 51, a selected unaliased frequency component is obtained from box

[0@BDPf HIG. (Re [OQTRFAL heyubidiandestimatedi fréqxefoy- WhUeALmbardard ALFT is

ct in the frequency- wayenumber (-k) . domain. is.established for the :
on g e ey A S I S G P Bocessing
ungstinddtedureceencyenandnunib senspledtseimmiis iddtiaflypvdtio. Zero. This

[Of?ﬂﬂ(:trum W&U{_tﬁq,f'ﬁ”s}éf\erct%ldiIﬁﬁ@i&%@%%l&@%ﬁéﬂmmﬁ{ed from box 26 of

components in box 55 below. [0076] At box'53, a spatial Fourier
Flrahsform is applied to the selected unaliased frequency component

[oigﬂwe@in%@; & ng@%fﬁ%ﬁhﬁeﬁgiﬁ@iwmﬁmeﬁdfﬁlai@i%e'f@equency-
ourier Transform (DFT) or a Nonuniform Fast Fourier Transform (NFFT),

P UBATELGR R Ger S RE ety S BorGHL S FanSrOlEd <olporert
obfiml theferBENGhspate{t) doquair fovienfrediue apyemauenunitaiy(fsk) to zero.

OO B 1 ST I SRS o
belyavenumber component is the Fourier

[0076] At box 53, a spatial Fourier transform is applied to the selected unaliased frequency
component selected in box 51. Preferably, the Fourier transform applied is a Discrete Fourier
Transform (DFT) or a Nonuniform Fast Fourier Transform (NFFT), for computational
efficiency. The frequency component is transformed from the frequency-space (f~x) domain to
the frequency-wavenumber (f~k) domain.

[0077] At box 54, the strongest wavenumber component in the transformed frequency
component from box 53 is selected. The strongest wavenumber component is the Fourier
component resulting from the spatial Fourier transform computed in box 53 which has the
largest magnitude (energy).

[0078] At box 55, the strongest wavenumber component selected in box 54 is added to the

estimated frequency-wavenumber spectrum, established and initialized in box 52, for the

12



component resulting from the spatial Fourier transform computed in box
53 which has the largest magnitude (energy). [0078] At box 55, the
strongest wavenumber component selected in box 54 is added to the
estimated frequency-wavenumber spectrum, established and initialized in
box 52, for the 12 selected unaliased frequency component. [0079] At
selgndsd3Bahasbdvieegrespatiaiboutivr transform is applied to the strongest

[odi@ﬁ'”erA‘E%@Pgl%‘,eQﬁ %@&@%%Q%ﬁﬁep releiaply 'iéha%#ﬂgg 8o E't'}i&{gest Fourier

transform applied is an inverse Discrete Fourier Transtorm (DFT) or an

conpparst NAisHitarhvradt FotlaeblvdRs R inEmicr frs&p aatisidas an inverse
DiRiigiangyiel hestrRraeS FoWienhGamnpRNRbhis ivyel $astirapsfRimesh e (NFFT),

the frequ,e%%/-vgﬁv,enumbfr (f-k) domain back to the frequenc -spac??sé(-x)
for B BT A58 57, eﬁ%&f&ﬁ%ﬁ%‘&&%‘ﬁ%ﬁe‘&%&ﬁi% Rfned from
thedbrgiperiedvinoxbbds(/Sybiraciedisanvtie ioqliassdsfreqyenryomain.

ponent obtained in box 51. These subtractions_iteratively generate .

O et i e e A S G IBIRPIR Box 56 5
subdeéerhined ifrhritetzson srofusoxe s 3 hrenghtédinsdvia bosuted Foesehrabtractions
itetNABSRA FaguencY . compRRsaLabLAIngdyin bex Bl,df N1 iterations have

not occurred, then the process returns to box 53 for another iteration. If N;

[00&thtiony Rev&bdbinfiséermartiie) pistricanp Fhexes E3sHiues Thiwypegcurred for

theﬁﬁgx[&@&haaésefcgl&m&h@@gﬁm%m?ﬁeﬁcrim Eﬁbﬂ@%%h@f;&ﬁ@t- E)'%x:ﬁrred, then
IS determined If the caorrected unaliased, req y,Compon nt from bo
theghr SR ISV BTG 1 Bt A IS e A bl o G BB ECGHBRC: the the

prdb@siroEBS sy eturits:to koo b3f@Panother iteration. If below the threshold

then the process in FIG. 5 continues on.to, box, 59 At.box 59,. ..
O ool B T i TR NG By 338 P i e chined i i
corestipdatedifired drmyppnynvenpomioet Spacixi Tos e selecfost dnafizddd; yet. If not

bel@%%gr%ﬁ%%%p&o p%tn W%‘W@éé’s Q»Q{%ﬁ}{yﬁ;%' é%%ﬁ%d%@%‘ﬂeﬁx%ﬁ?flf below the

aliased frequencies determined in box 27 of FIG. 2, a nonstandard ALFT
thrgsthepee pridsa fesrivestisind Hpplicenrs s HoR3 & owchart illustrating an

[ossppodimensokshendnyeptianfas prpgassingatiased {LeqUeRCIESIN FIG. 2 with the
non-uniformly sampled seismic data from FIG. 3. [ O85§,At %ogg 61, a

s Rk P A HE R TGRS BRI P Ts BhERITal dr SR iR 36 Sriney ogmponent
ite{A086] Anboxct, iarestithated frequency-wavenumber spectrum in the

[Oégﬁgéf dnlgf:r é_ Ct]%le: %1?:235%%1 #ﬁ%or?é% %io ¢ é%rir%}se%%%a g}%t}%dofq?(l@el,sglrelgﬁ% andard ALFT of
the present invention is applied. FIG. 6 shows a flowchart illustrating an embodiment of the
invention for processing aliased frequencies in non-uniformly sampled seismic data from FIG.
3.

[0085] At box 61, a selected aliased frequency component is obtained from box 36 of FIG.
3.

[0086] At box 62, an estimated frequency-wavenumber spectrum in the frequency-
wavenumber (f-k) domain is established for the selected aliased frequency component obtained
in box 51. The estimated frequency-wavenumber spectrum is initially set to zero. This
spectrum will be further built up by adding selected wavenumber components in box 67 below.
[0087] At box 63, a spatial Fourier transform is applied to the selected aliased frequency

component selected in box 61. Preferably, the Fourier transform applied is a Discrete Fourier

Transform (DFT) or a Nonuniform Fast Fourier Transform (NFFT), for computational
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in box 51. The estimated frequency-wavenumber spectrum is initially set

to zero. This spectrum will be further built up by adding selected

wavcnumber components in box 67 below. [0087] At box 63, a spatial

Fourier transform is applied to the selected aliased frequency component

selected in box 61. Preferably, the Fourier transform applied is a Discrete
efficsurier Thafisfoarc(BPMponeNS Haniformer ABT duriteuenesfopasNEF ymain to

the/RESRMRUAHANAN I3 BIREIRNEYinThe frequency component is transformed
from the frequenc?%space (f-x) domain to the frequency-wavenumber (14)

[0Qfthain’\fdusdiatiso satiecd ibspbiadierupasitte venumber spectrum ffoni box 33
of FFRQUSREYPNAVERYMD &S PRERIUMNTEqIRMYX3dhpohElCeomisuaaplietbiodhieto weight
transformed frequen%é com one?é{com I;ﬁed in box 63, to w: igtlt the le of thi
the NSRS MBS it HE A RERS S R r s P8 oneh AR Pl of this
ex@gﬁm&l@ fofdinacextrapolatdc: Fepguencyswavenuniier. 8pectrum is shown
[Oqgélile' §f %986%], '%f'{e.bs %(oggé?tth\%a%[erg&%%g} X%%\l/ﬁve&lre QE rtﬁg %%‘?&%!{‘ a‘iﬁ? weighted
ransformed and weighted frequency component from box 64 is selected.
freTivmstrongestavalienuhibeb tompltseiedt id ivestroarirorpepetitcomponent is the
FolfeH EB?QpUQéHt the spafiabFaseepranstanR compiad ohhx-a3hak BaShat has the
the largest magnitude (energy). [0090] At box 66, the unweighted
largpsl/@AEHIBE? CBFiEBhent in the transformed frequency component from

[oduq 63 ist oRtaipedibahoriesRpRdsdaunBsttongestvaigiiiedransformed frequency
wavenumber, component determined in box 6%.

, | 091] At box 67, th
ORI RS MU BT EBH N B POREy Pnk%%fté%}g%sgr}@é%lgﬁ(gi\rYévenumber
cofigptherstiengasiodayveouiier component, is added to the estimated
uengy- wav er spectr e lj initialized i 6

Ll P
coimnsposdispatiahfcurieretiansfonvnibappiiesbtsthe sedstegelst thmevegtigedioquency-
waselIBHE %&mgﬁgli&@@’ér@%ﬁfﬁi%é—%&%ﬂ]\f&f%ﬁe FSOMERH aliased frequency

transform “applied is an inverse Discrete Fourier Transform (DFT) or an
COi’f*ﬁlﬂ’/_@ﬁ@é-Nonuniform Fast Fourier Transform (NFFT), for computational
[o%@éfqueg%z}- The sisongeshunveighied qumpananhisoinvearsapsaasiasmad strongest

rom the frequency-wavenumpber (f-k) domain hack to the frequency-space
A TOB6% ACBERES! e THbeh e STl ot S oS, FOurEr fanstorm
applisieighiethesmponent Comjputecinfdox(B813 subirastesefdmuiigorm Fast Fourier

aligsed f component obtained in bo ) , ' .
L AR o O, SR v

inose TOyitfigdetdronédd fidqreiteyatianenombexeskbdomesugrckdoHgdrequency-space
(~LF&Hed. for

[0093] At box 69, the inverse-transformed strongest unweighted component computed in
box 68 is subtracted from the aliased frequency component obtained in box 61. These
subtractions iteratively generate a corrected aliased frequency component.

[0094]  Atbox 70, it is determined if N; iterations of boxes 63 through 69 have occurred for
the aliased frequency component obtained in box 51. If N; iterations have not occurred, then
the process returns to box 63 for another iteration. If N, iterations have occurred, then the
process continues on to box 71.

[0095] In the alternative embodiment described in box 34 of FIG. 3, it is determined if the
corrected unaliased frequency component from box 69 is below the second threshold e; yet. If

not below the threshold e,, then the process returns to box 63 for another iteration. If below the
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the aliased frequency component obtained in box 51. If N2 iterations have
not occurred, then the process returns to box 63 for another iteration. If
N2 iterations have occurred, then the process continues on to box 71.
[0095] In the alternative embodiment described in box 34 of FIG. 3, itis
determined if the corrected unaliased frequency component from box 69

threstsddoi the secoragatirésKifel € opatinfeper el He threshold 82, then

[00D6]Pro0gSR IeINALRRe%E3:{at anoier kerrRiqBIhRElPVOINE7 1A FIG. 3 with the
threshold e2, then the process in FIG. 6 continues on to box 71. [0096] At

estiAeR] RO SO RS RS e A b6 iS RS By Ha5Re FTedUsRfAH-omponent
1teﬁhﬁ/e¢§868ﬁ§ﬁ%dtémmcyfwaventmlber spectrum for the selected aliased

ue onent .iterative ced in 7..[0097] FI
Wg’}ql S@ﬁ%v?t& f@;u sof %ﬁee)érace in erpo STation | r?E)l%felss orlt %r elgllethOd of
theahwheiinvantitn staddford Md‘arﬁhﬁdoﬁ@afcsmorﬁb@ﬁs@ﬁ—ﬂmd%%Qih@lllustrate
the r%hés QRUIYERLG, tFF f&%ﬂt%r% ihe frace Inigrelalion RIOGRSR. RI@s. 114-11D

synthetic example, w HA-T1D and 12A-12D lllustrate the results

ancbizweriﬂdédlmmmmq%m%@@ ferca e dlativevapapie ofo1 GO Hpgigxample.

[oRAAD shaustheamatnochaf the inventios: &s aRrligdto @g%ﬁﬁh&ﬂ@od@t@mhem data
example. FIG. 9A shows the original s%fethetlc seismic data.. FIG. 9

xRl & inputhers Wirtisiedsyahe aetarﬂfoa%tﬁa|££€d9&3aﬁ&°ﬁﬁdhwpm data
wigheuedhenibtemalated dathaddl m@thheFm}Etb@dsﬁé‘WsetH&VEﬁét@ﬂlaEJ@d&@ using the

sho e difference n the o data in FIG. 9
Tl b AT A1 60 WNGHS 1 AT HIEISSED Daare ggin FIG. 94
ancagreemmumtﬁ(d]cmz] RIGE;. LOAWDTY Shomal steifdardeAtddateretivod pgisement.
[oﬁ?@"edﬁ?dgemﬂiﬁﬂc %%%Sym QJ@ 0 B IAORs f%%‘éﬁ‘ﬂﬁﬁ%(’%nthetm data

ows the origina etic seismic data, as In

ex @l ShoW& the iR .dea anitivarsess B0l tsheisel shepaisier arathelis seismic

daif) ESIQI P BIC. FRS siews.he dnterpelated datardsing Aciantard Al Fifased data,
method. FIG. 9D shows the difference between the orr)g%nal data |n FIG.

as o Kignd thelifterbYtatbaventacimn pis erbdaimeidnga flich@sthod. FIG.
9D@maﬁmifﬁ§eﬁ&sseagée@m@rﬁ@sﬂm Rte. RlFiabav e tdne metodted data in

the.i ion. 11A-11D show the method of the inve
it R RO s SIS PSS e TGS HET L 2D ebove,
fordatanEied b1 Bishowgithe input data with traces removed to model

fd2red R PR HSIONS he INBIRPISH MG RO J0G AR 8 seld dura

vention. ed| erence between the original data in

ex@f@lel G Atsbdnteliporatetd dieldrsiaicides: [163] FiGEowe Aiclippit data with
traBOW RS RNdard ALkhmethed. pecaRrted o thedigld d8ifed data, using the method

of the invention. FIG. 11D shows the difference between the original data in FIG. 11A and
the interpolated data in FIG. 11C.

[0103] FIGS. 12A-12D show a standard ALFT method, as applied to the field data
example in FIGS. 11A~11D, for comparison. FIG. 12A shows the original field seismic data,
as in FIG. 11A. FIG. 12B shows the input data with traces removed to model aliased data, as
in FIG. 11B. FIG. 12C shows the interpolated data, using a standard ALFT method. FIG.
12D shows the difference between the original data in FIG. 12A and the interpolated data in
FIG. 12C.

[0104]  The normalized root mean square (NRMS) difference between the original data in
FIG. 11A and the interpolated data in FIG. 11C (the invention) is 70%, while the NRMS
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example in FIGS. IIA-I ID, for comparison. FIG. 12A shows the original
field seismic data, as in FIG. 11A. FIG. 12B shows the input data with
traces removed to model aliased data, as in FIG. liB. F1G. 12C shows the
interpolated data, using a standard ALFT method. FIG. 12D shows the
difference between the original data in FIG. 12A and the interpolated data

diffgrerue batpeeotespriiashsitifaiiz  foot MeandsHitaiateroris) diterenEdG. 12C

(stapBRneRD e jorginal tala ine Rlndiroang thecnisrMairdeata tyktithan standard
11C (the invention) is 70%, while the NRMS 15 difference between the

ALSE@‘H{&PHQFA‘%H%@@X%W}%%Othe interpolated data in FIG. 12C (standard
[01BBFT) iBn84%i-khus, she-rathedrofite investtion shaiwsibettérerésultsithaprovides

standard ALFT for the field data ex al The antialias
e A B TSI WA Qoo s SR B oL e v s

of ¢ragerinienpslationafod abbsed séisitid. dalta thethahe fstemidaedtiRnFE disresed here,
can F%gﬂg@ GQR! f §R %‘dﬁﬁ%&éﬁ&éﬂﬂ‘%ﬁ%‘iﬂ&@n&e rYan % Themethod spatial

nvention, as disclosed here, can easily be extended

dinplifueibs ioral Hinbdithestsprial Bimgram witlusvbrapetns Wmeisitpg spatial
dinRihgdinene B niththees spataheineRsIans RN MaABCLD ByWHB F0)kind receiver

spatial dimensions plus time. The spatlal dimensions can includ

. KGN SOOI Pt eb RSP £ 1y Bt SRR by B DR BN A ofset, and

aziswasebeliinlins. nid anuaﬁaﬁn@sahaadmhdp@mheotffmetpmdxmmwyn be a frequency or
ordinates. In alternative embodiments, the time coordinate may be a

epﬂ% %é%r depth coordinate. [0106] The method of the invention may

[o*b]gb be Extendéddiede amdmiottixdimelisibnaixtended to one and multi-dimensional

pm@ 9468“%0&}&89@8@ ﬁ@@s(ﬂ%g%) ﬂ@@%&ﬁ%@g@ﬂ%@'gQfmémargm%s are also

ariations are also possible, including smoothing the

posrituendyding/anonibee shblarane prEUURETRSTERHEIIRTS BINEUSH iy Weights
an@gﬂﬁfy%%'gmg?%%}ﬁmg%l@m&r VariRloRs sHdac UE 258 et hieitaditel to, using

using higher frequencies, or | information from other gath?eé% or usi
1

highfrre FesttHfefioRf 5 o5BHiRR e R SACvaieREET S5Eath iR By o estimae

thelaveghdreguencinsnbechrstaleast Isquarasduoncles, vanstora. |f8d0utres Fourier
%} ould be understood that the preceding is merely a detailed description

trag °§B)euf|c embodiments of this invention and that numerous changes,

[01OdHificatisins;ldrict altdenativéslta the dissloded embodimentéetatedelescription of

spec@igeel %Lf%rqﬂ] %thwt&%giﬁgbo%{@ D&k niBous d%@@g fﬁ%mﬂ@ﬁlons and

scope 0 the invention. The preceding description, therefore, is not meant

alt@mhhﬂ@ﬁth@ ecfits b edeembeHtSAISRARE NEdesEofse S mesinEnthsriscigsure here
wilSuOSIEEINeH AR DY R aPRRNAREIRIMSIRNG ORI HNRISING, therefore, is not

meant to limit the scope of the invention. Rather, the scope of the invention is to be

determined only by the appended claims and their equivalents.
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16 MCSLLP CLAIMS | claim: [C1] A method for interpolating traces in
seismic data, comprising: generating an estimated
frequency-wavenumber spectrum by applying a first Anti-leakage Fourier MCSLLP
transform method to unaliased frequency components of
temporal-transformed seismic data and applying a second Anti-leakage
Fourier transform method to aliased frequency components of the
temporal-transformed seismic datagyRe(gin the second Anti-leakage
Fourier transform method applies an absolute frequency-wavenumber
spectrum extrapolated from unaliased frequencies to abased frequencies
to wei§KtHBguency-wavenumber components of the aliased frequencies;
and applying an inverse temporal and spatial Fourier transform to the

timate 0 U b :ating trace
‘%‘i‘érp%%a%sﬁﬁé?“tﬁé’%%%éﬁﬁ%{ﬁ%?‘{&§z‘%§$%§%§%’ e herein the

first ASEIERREGe FotHERHEh S A RTETRGY R BLrRS G WD AlRgeng a first
FourieAtansisage niethod. fastoTmemstihddofuskdinsel Whgrenstheomponents of
unaliaggdsequentifsaeg SURFRANIARY AL fpMah fracdensied iftith@kage Fourier
seismic data and the 8Ii(as d frg%uencies are substatntie}l%tl}e
ad 10 S,0 E,

higher
transStorm met alasc CYy CO onc € %a?—transformed
frequencies Iin the seismic data. [&: e method of claim 2, mitia y

comprisisgioBmmig ST ieisap At tke g irdeastormmethod applies
applying aatspiperafqueierytransioumie thedopubseismpaate] from unaliased

genergfing.Hansiarmedegaisaic Aata Aa g S AHERBY: components
compo#g %s%%gg#ransformed seismic data correspond to unaliased

freque TEAYTEHS components in the transformed seismic
data ceprdspendnoaiiaseddmerpureneiak saadeddplying threniforanty-ldakagemated

Fourief: frapsiarmvavethachte saehehtheedpaligsd Fiaguensy GamrReesor the

from tggistggps g{gned seismic data, [C5] The method of claim 4, wherein
the temporaf ourier transform is a Fast Fourier 17 IMCSLLP

[C2] The method of claim 1, wherein the first Anti-leakage Fourier transform method

is a standard Anti-leakage Fourier transform method.

[C3] The method of claim 1, wherein the unaliased frequencies are substantially the
lower frequencies in the seismic data and the aliased frequencies are substantially the

higher frequencies in the seismic data.

[C4] The method of claim 2, initially comprising:
obtaining input seismic data in the time-space domain;
applying a temporal Fourier transform to the input seismic data, generating
transformed seismic data;
determining which frequency components in the transformed seismic data
correspond to unaliased frequencies and which frequency components in the
transformed seismic data correspond to aliased frequencies; and
applying the first Anti-leakage Fourier transform method to each of the

unaliased frequency components from the transformed seismic data.

[C5] The method of claim 4, wherein the temporal Fourier transform is a Fast Fourier

17



Transform. [C6] The method of claim 4, further comprising: determining a

number of iterations Nt for the first Anti-leakage Fourier transform

method. [C7] The method of claim 6, wherein the determining a number of  yog1 1 p
iterations NI comprises: determining a threshold t1 for the first

Anti-leakage Fourier transform method. [C8] The method of claim 7,

Traserd?-comprising: initializing an estimated frequency-wavenumber
spectrum to zero for the unaliased frequency component; applying a
spatial Fourier transform to the selected unaliased frequency component;

[Ceng PesBrhrsyieetBn Swing £5 F\APEs Afions: selecting a largest
wavéseimbhengampoenent i thediansfornfed thealiasednfregui@eyFourier transform
comlgg%%gt; adding the largest wavenumber component to the estimated
frequency- wavenumber spectrum for the unaliased frequency
component; applying an inverse spatial Fourier transform to the selected

[CT955E WAYSRUMDSLLRIRRREA AR SR ACING fNEINYESEHARS g&ﬁgrises;

largest component from the selected unaliased frequency component,

genépigintanect bRy feq by Guinpbiidekape SprHe fHaoa bR eERt:

8, wherein the spatial Fourier transform is a Discrete Fourier Transform.
[C$CIO The methaod of claim 8, wherein the inverse spatial Fourier transform

d o IRBFROTHECRIR FIBHETFARRHSHRS: [C11] The method of claim 8,
whergitiathngpatiakfnauer transtaywsaonbanifpenrasto Fausiebr the unaliased
Traq?forrer}l.cl%OMCOSLlﬁg [C12] The method of claim 8, wherein the inverse
spatlaﬁqll—lour?/er transform is an inverse Nonuniform Fast Fourier

Trangigng[€ kit mettrodeos Claimid, tartheccdnupakised dovmninisigecomponent;
the ggfimated frequency-wavenumber spectra for the unaliased frequency

components, generating the unaliased estimated frequency-wavenumber
Spem{fﬁ{gning the following for N, iterations:

selecting a largest wavenumber component in the transformed unaliased
frequency component;

adding the largest wavenumber component to the estimated frequency-
wavenumber spectrum for the unaliased frequency component;

applying an inverse spatial Fourier transform to the selected largest
wavenumber component; and

subtracting the inverse-transformed largest component from the selected

unaliased frequency component, generating a corrected frequency component.

[C9] The method of claim 8, wherein the spatial Fourier transform is a Discrete Fourier

Transform.

[C10] The method of claim 8, wherein the inverse spatial Fourier transform is an inverse

Discrete Fourier Transform.

[C11] The method of claim 8, wherein the spatial Fourier transform is a Nonuniform Fast

Fourier Transform.
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taking an absolute value of the unaliased estimated

frequency-wavenumber spectrum, generating an absolute

frequency-wavenumber spectrum; extrapolating the absolute MCSLLP

frequency-wavenumber spectrum to unaliased frequencies, generating an

extrapolated absolute frequency-wavenumber spectrum; and applying the
[Cb@c&ﬁé M’Eh‘l’éa‘k%@@ilﬂb&iéY}ﬁﬁh%anIW%%‘@agﬁ%ﬁfh@aﬁﬁ gyls an mverse
Nofleqrsroy.sorpparentsiemithe transformed seismic data. [C141 The

method of claim 13, further comprising: smoothing the absolute

frequency-wavenumber spectrum before extrapolating the absolute
[CTRquURna:tWMaYentlmbes, Spekttuwmniprisaliased frequencies. [C15] The

method,of .claim 13, .further comprising: determinin number of iterations
N2 o7 R Ch B AR e G BRGSO 6B g ey
methodwhetainedEr atingréin uheidwed aviimagdaliregnebey-ofdvenationgs IpeRtrum;

compyises;, dgeiminng.a hreshold £ fortha 36 end Rty eaka8Gnber spectrum,

Fourier transform method. [C'17] The method of claim 8, further
comisisTABREHtahs B A CRITTASE FROGURKEFPREUERUMber spectrum to

zero.{@naealiased HeauensyrempoReRianklyisgeanspatialnausiRd frequencies,
transform at the selected aliased frequency com onegt; and 1ﬂ[J){;:-égforming

the RSRSTOITE B RITARHieh DS i B ACE AT RS St and
frequgsieyryvave seumherapettikmdoiiheidransfoimedalibsé ddreguhentythe aliased

component eneratlngS rwelgtgt%gngp&srﬁe% Sfé%%gg%%gwavenuunber

caquenc O on om . .
spec{rﬁm; eé?r%g fhe largest wavenumber component in the weighted
aliased frequency- 19 MCSLLP wavenumber spectrum; obtaining the

[CMA\{V &%%qlg\éagpa%b@: mgpmm%gorresponds to the largest
w

ighted wavenumber component; adding the corresponding unweighted
wavERapHEBg chesbRRiHito R SRtTTSIREN R flie PRSPy ePRIRTBefXirapolating  the

speciiun forthg-aliases, Hegnen ey Companenkli sRMpEtiithassinverse
spatial Fourier transform of the largest unweighted wavenumber

component; and subtracting the computed inverse-transformed largest
[CY®VERymbabEoMPaRerd, further comprising:

determining a number of iterations N, for the second Anti-leakage Fourier transform

method.

[C16] The method of claim 15, wherein the determining a number of iterations N comprises:

determining a threshold &; for the second Anti-leakage Fourier transform method.

[C17] The method of claim 8, further comprising:

initializing an estimated frequency-wavenumber spectrum to zero for the aliased

frequency component;

applying a spatial Fourier transform at the selected aliased frequency component; and

performing the following for N, iterations:
applying the extrapolated absolute frequency-wavenumber spectrum fo the
transformed aliased frequency component, generating a weighted aliased
frequency-wavenumber spectrum;

selecting the largest wavenumber component in the weighted aliased frequency-
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from the aliased frequency component, generating a corrected aliased
frequency component. [C18] The method of claim 17, further comprising:

applying an inverse spatial Fourier transform to the selected aliased MCSLLP

frequency component, generating interpolated seismic data back in the
frequency-space domain. [C19] The method of claim 18, wherein the
inverse spatiskRoubiarstregisform is an inverse Discrete Fourier

Transform, {20} I g Metirshafalaim.d Rupiareithibs.verrs %@t)onds to the

Fourier transformis an inverse Nonuniform Fast Fourier Transform. [C21]
The methodr&¢¢aR G AHSESIINIRG EMplying an inverse temporal

Fourier trapsfaraie tg-spleciag aliarechfrequangyindampanpitient to the estimated
generating interpolated seismic data back in the time-space domain. [C22]
The methadFBFEIS 2 AU P R S SRR FaHLRarh R Bt

inverse Fastnfpadrigr divainstasm.splial Fourier transform of the largest unweighted
wavenumber component; and
subtracting the computed inverse-transformed largest wavenumber component
from the aliased frequency component, generating a corrected aliased frequency

component.

[C18] The method of claim 17, further comprising:
applying an inverse spatial Fourier transform to the selected aliased frequency

component, generating interpolated seismic data back in the frequency-space domain.

[C19] The method of claim 18, wherein the inverse spatial Fourier transform is an inverse

Discrete Fourier Transform.

[C20] The method of claim 19, wherein the inverse spatial Fourier transform is an inverse

Nonuniform Fast Fourier Transform.
[C21] The method of claim 18, further comprising:

applying an inverse temporal Fourier transform to the selected aliased frequency

component, generating interpolated seismic data back in the time-space domain.

[C22] The method of claim 21, wherein the inverse Fourier transform is an inverse Fast

Fourier Transform.
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