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The United States Government has certain rights

":to this invention pursuant to grants CCR- 91 14042 and

10

IRT-92- 12597 awarded by ‘the National SCience _
Foundation, and to grant AFOSR-91- 0347 awarded by the
U.S. Air Force.

. ngkgrggnd gf ;hg Invgn;ign

The invention relates to financial securities

'ftrading such as, e. g.,_trading in stocks, bonds and
ffinanCial derivative instruments, including futures,_”

'3'_options and collateralized mortgage obligations.
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In finanCial securities trading, which includes .

' the initial offer. for sale, the value of a security may .

be estimated e. g., based on expected future cash flow.,'

.Such cash flow may depend on variable interest rates,-

for example, and thele and other relevant variables may

‘be viewed as stochastic variables.'

It is well known that the value of. a finanCial

_security which depends on stochastic variables can be d_

estimated in terms of-a multi dimenSional integral

The dimension of such an integral may be very high.

In collateralized mortgage obligations (CMD), or .

'example, instruments or securities variously called '
. tranches, shares, participations, classes or contracts

have cash flows which are determined by diViding and
distributing,the cash flow of an underlying collection
or'pool'of mortgages on-a.monthly basis according to
pre specified rules. The preSent'value of a tranche
can be- estimated on the basis of the expected monthly
cash flows over the remaining term of the tranche, and
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2

- an estlmate of the present value of a tranche can be
'_'represented as a ‘multi- dlmen51onal 1ntegral whose
'fdlmens1on ‘is the number of payment perlods of the _
' tranche. For a typlcal 1nstrument with a 30- year term

and w1th monthly payments, this dimension is 360.
' Usually, such a hlgh dlmen51onal 1ntegral can be

'evaluated only approxlmately, by numerlcal integration.
' Thls 1nvolves the generatlon of polnts in the domain of

1ntegrat10n, evaluatlng or "sampling" the 1ntegrand at.

‘the generated polnts, and combznlng the resultrng :
'-jlntegrand values, e. g., by averaglng.f Well known for
) numerlcal integration in securltles tradlng is the so-

called Monte Carlo method in which p01nts in the domain
of 1ntegrat10n are generated at random._

With 1ntegrands ar1s1ng in f1nanc1a1 securltles
tradlng, ‘the computational work in ccmblnlng the

sampled values is negllglble as compared w1th produc1ng
"the lntegrand values. Thus,,numerlcal 1ntegratlon

methods in securlties tradlng may be compared based on '
the number of samples requlred for obtalnlng a

' sufflclently.accurate approxlmatlon to the.lntegral,_

< :..m £ The Inv e _ | |

A preferred method'for estimating the value of
a. flnanclal securlty involves numerlcal 1ntegratlon
unllke Monte Carlo integration in that an 1ntegrand 1s
sampled at deterministic polnts having a low-
dzscrepancy property. As’ compared'with ‘the Monte Carlo _
method, s1gn1f1cant advantages are realized with
respect to speed, accuracy, and dependablllty.

'_Br D ri Of Th Dr win

Fig. 1 is a. schematic of a programmed computer

fsystem 1n accordance w1th a preferred embodlment of the

1nventlon.
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_ 3 _
F1g 2 is. a graphlc representatlon of performance_'

"f data obtalned in computer tr1a1 runs with an exemplary

10,
:-:15-; means 13 e, g., a v1sual dlsplay dev1ce, for dlsplaylnq -
129f
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e. g., by averaglng or welghted averaglng.

'embodlment of. the 1nventlon as. compared w1th two Monte:
_Carlo computatlons.

Further 1nc1uded is an. Appendlx with two computer

'algorlthms in "C" source language, respectlvely for
”computlng Sobol polnts and Halton points. ‘For a "

descrlptlon of C, see B.W. Kernlghan et al., The

,;gg_amm;gg_ggnggagg_g Prentlce Hall 1978 .

Fig. 1 shows a stored program computer 11 con-

_ nected to input means 12, e. g., a keyboard for enter-..”

1ng flnanclal securltles data, and connected to output

an estlmated value of the financial securlty The .

f*computer 11 includes a worklng memory M, a low- _
L dlscrepancy determ1n1st1c p01nt generator P, an 1nte-
-grand evaluator E, and an 1ntegrand value comblner C.’

. In estimatlng the value of a. multi- d1mens1ona1 .
1ntegral in financial securlties tradlng, a

'mnltlvarlate 1ntegrand is- sampled at points
'corresponding to a low-discrepancy determlnlstlc

sequence of polnts in the multlvarlate unit cube as
deflned below.: If the multlvariate unit cube 1s also
the domaln of 1ntegration, the p01nts of the 1ow- '

_adlscrepancy determlnlstlc sequence can be used as
- sample points- dlrectly In the case of a more general-

domaln of . integratlon, sample polnts correspond to

points. of a low-dlscrepancy deterministic sequence 1n

the multlvarlate unit cube v1a a sultable

ttransformatlon or mapplng

‘When a sufflclently large number of. sampled values
has been computed -an approxlmatlon of the . 1ntegral is
obtained- by sultably comblnlng the computed values,-
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- In- the a- d:.men51onal unJ.t cube D= [0 1] , a low-

__-d:.screpancy determlnlstlc sequence Zys  Zas of
po:.nts in D can be character:.zed as: follows.

For a po:.nt t = [t, ..., td in D, define

10,8 = 10, £ x . k--m. ),

where [0, t;) ”denotes' a l_eft-'clo'sed, . _ri’ghb__o_pen

| intér_val_, and denote with. x[o,t,_(-;')  the ,chara'ct_'eris_tic ;
. or indicator function of [0, t). For points 1z, ...,

Z, :ingD', define -~ . , .
Ralt; 2yp «ev, Z) = (Ek x[o,)(zk))/n SR L

~and define the’ dlscrepancy of 2y, cees Zy as ‘the L,-
| -norm of the funct:Lon Ry(.3 Zys eeer Zg)s - I e.,-

||R,,(., z,, , z)l]., = supte,,|R,,(t, Z1, ';.., z)l
‘The: sequence Z1s, Zy, ... 18 sald to be a low-

_dlscrepancy determ:Ln:.st:Lc sequence prov:Lded '

Rt 2z eets z) e = O((20g n)é/n) .
B Low dlscrepancy determlnlstlc sequences are-
descr:Lbed in the publ:.shed llterature, see, e.g., _
H. N:Lederre,lter, ‘"Random Number Generation and- Quas:.-

‘Monte Carlo Methods", CBMS-NSE, 63, SIAM, Ph:.ladelphla,
' 1992 and S. Paskov, "Average Case Complexlty of .

Mult:.var:.ate Integrat:Lon for Smooth Funct:.ons n gggrnal

M, Vol. 9 (1993), pp. 291 312. Well known

examples of low- dlscrepancy determ:.n:.stlc sequences are -
the so- called Hammersley po:Lnts, Halton p01nts, Sobol :

po:.nts, and hyperbolic- cross points.

For 1llustrat:.on, 1n the case of Sobol points in a -

' 's"ingle d:.mens:.on (d=1), a constructlve ‘definition may
-be g:Lven as follows. Choose a prn.mltive polynom:l.al '

- P(x) x“+a1x""'+.._.+an1x+1__ o _
(whose coeff:.c:.ents & are’ either 0 or 1) and define

so- called d:Lrect:Lon numbers v,,'_ i>n by the follow:Lng '
' recurrence formula: |

v = alv,®a2v,_2®'... @a,,_,v,_,+1®v @ (Via/2%) ,

_ _where D denotes a bit- by b1t "exclus1ve or“'operatz.on. -
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"_I‘he-_._init_:'ial ‘numbers vy = m/2, ..., v,_,='m,/2“'_ can be
chosen'rreely provided ' m is odd and '0f< mig'zf for

i = i, 2, wesy R

' Using the direction numbers v; so defined now
define the one- dimensional Sobol sequence Xyo XKgyooeee

':q = by, ® bﬁg' e eatav;,- k=20

':where k = I W*ﬂbZ' is the binary representation'
_of k. '

" For higher dimenSions (d > 1), the _ _
first d primitive polynomials Py, By, .;.,-P¢-are_3

"-_used If {xk }e=r™ denotes the omne- dimenSional Sobol-
~ sequence. generated by the: polynomial P” the d—

dimensional Sobol . points are defined as xk = (xk xg '
S DR |

. While this definition can be implemented as a-

'-computer algorithm directly, faster techniques are
‘_known which produce theSe points. in a “shuffled“ or.
“permuted sequence.i In particular, this applies to the
~computer ‘algorithm given in the’ Appendix.

For speCifiCity in the folloWing, a preferred

.embodiment of the invention is described as applied to

a collateralized mortgage obligation known. as CMO FN,
89 23 “This has' thirty year maturity and conSists of

‘the following tranche5°-”

' PAC tranches 23-a, 23- _B, 23-C, 23'D, 23-E

_ supporting tranches 23- G 23 H, 23 J

 residual tranche 23-R

: accrual tranche 23-2
The monthly cash flow is divided and distributed
according to pre- speCified rules which are included in

a formal prospectus Some of the baSic rules. ‘may be
.stated as follows:

First from the monthly cash flow, the coupon is

35"-paid to the tranches. The remaining amount called

—_—

—_—
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":;Prlnc1pal Dlltrlbutlon Amount, 1s used for repayment of

Epthe pr1nc1pal. Prlor to a flxed date in the future,

- the. Pr1nc1pal Amount w111 be allocated sequentlally to
the tranches 23-G, 23-H, 23-0. and 23-Z. After. that |

date, - the Pr1nc1pal Distrlbutlon Amount w1ll be

_'allocated sequentlally to the tranches 23- A, 23-B, 23-
¢, 23-D and 23-E according to_a planned schedule. Any
 excess amount of the Principal Distribution.Amount over
' the planned schedule will be allocated sequentially to
10

the tranches 23-G, 23-H, '23-J ‘and 23-Z. A diStribution

'zizof pr1nc1pal of the tranche 23- R will be made. only

15,

g ~after all other. tranches have been retlred.

',_ In deriv1ng an estlmate for the present value of
the securlty at the. tlme of 1ssue, the follow1ng

._notatlon 1s used belOW‘

c - the monthly payment on the underlylng

o mortgage ‘pool;

25

30
N 'fwhere exp(.) denotes exponentlatlon and where .
1T Ez, “veey $ip are 1ndependent, nomally d:.str:.buted
'-random varlables with mean 0 and variance ¢, and Ko is

- 35"

.expressed as

is chosen.

i - the prOJected 1nterest rate 1n month k,
k=1, 2, ..., 360; - o
u&,'- the percentage of mortgages prepaylng in
month k; , ' : S
_&mg+,7- ‘the remalning annulty after month k.
"A remainlng annuity ak can be expressed as3 to
a =1 + Vg + eu. + VF 'k_=1 2, ..., 360,

”'w1th Vo = 1/(1+1°),r where' io“ is'the current monthly'

1nterest rate. Thus, after k months, - the remalnlng

:1amount of. pr1nc1pal borrowed 1s C-a;.

It 1s assumed that the 1nterest rate 1k can be

: i, ’E Ko exp (.51:);11-1"

a glven constant. For the present example,.a = 0.0004

" This Sheet Hag Been Repl
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7 : .
It 1s assumed further that vk_ as a function of i,
can be computed as . o '
'w,,_;-_ K, + K, arctan (Kglk + K,),
where K,, K,, K, K, are gn.ven constants.
Under these assumptlons. the cash flow in month k,

'.-_k.=,1 2y ey 360 is

C(l wl(zl) ) s (1 Wx.x(fu s .&.1)) (1 Wg(fl, e .,Ek)
* wt(fl' see 'Ek)a3m+1) ’
where
Wk(zu---rfk) = Kl + Kz arctan(K,K,,“:.oexp(gl-;-...-..gk) +K4)
. This cash flow is d:Lstr:.buted accord:l.ng to. the

- rules of FN, 89-23. Then, the cash flow for each . of

the tranches is multipl:.ed by the d:l.scount factor
' vl(s)...vk(il,...,fk), with
V($1.---a'<’, —1/(1+Ko’10exp(£,+.. +£)), J= 12,...,360

for each tranche T.
The expected or- estlmated value, o

E(PVT) = E(PV-r(fn LI .fm) ) '
_ .upon a. change of variables is represented by

E(PVT) ID PVT(Yl(xl)l-o'tY3so(xsﬁo))dx1-.-dxesol

-' where
% = (21ra)""$..," exp( t’/(26))dt.. =

Thus, for each tranche T, a 360- var:.ate 1ntegrand -

| has to be 1ntegrated over the 360 dJ.men51onal un:|.t

cube, e
After generatlng a po:Lnt .

(%, X5, Y xsso) .
of a low- d:.screpancy determ:.n:l.stlc sequence in the un:.t
cube, the point o _ _
' (Yll Yar e« s Yao) .
is computed by f:Lnd:Lng the value of the 1nverse normal
cumulatlve dlstr:.but:l.on funct:Lon at each xk Then, for

-_each tranche T, the funct:.on value ' : _/ .

—_—
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8
PVT(YU th ---.-:. Y3e0)

f:is computed-' These are the function values used in
'fnumerical 1ntegrat10n._

_ Fig 2 shows results from trial. runs for
CMD FN, 89- 23 with a preferred method us1ng ‘Sobol
points. generated by the corresponding computer

algorithm given in- the Appendix, as- compared with Monte
.,Carlo 1ntegration. ‘Two Monte Carlo computations were
. carried out, with different “seeds“ or starting values

of a congruential pseudo random number generator known

as RANZ; ~ see W. Press et al.,-N_ erical Recipes in C,
'_Cambridge University Press, 1992. It is*apparent'that
‘the preferred method reaches a steady value more

- rapidly In this" and other trial runs, w1th ‘typical

requirements of prec1s1on and confidence, a speed up. by

a ‘factor of 3 to 5 was realized as compared with Mbnte
_Carlo 1ntegration Much greater speed-up can be
'expected when hlgher prec1s10n or/and higher levels of

confidence are sought. : :
In a further trial -run w1th CMD FN 89- 23

| instead of Sobol points,.Halton p01nts were used as.

generated by the corresponding computer algorithm given“h~
in the Appendix. it is felt that Sobol points may be
preferred over Halton p01nts for 1ntegrals of high
dimen51on. However, ‘this preference may not apply 1n_.
the case of lower- dimen51onal 1ntegra1s, e.g.; w1th '
d1mens1on up to 5 or so. , '

A computation as described may be terminated after
a predetermined number of function evaluations. .
Alternatively, e.g., after every function evaluation or

~after a predetermined incremental number of function
'evaluatlons, a current approximation may be compared

w1th one .or several preceding approximations, for
termination once a suitable condition. depending on the

difference between approximations is met. ‘Such’ ter-

mination criteria may ‘be called automatic. 'AutomatiC"

' ThlS Sheet Has Been Repl
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9.

'-termlnatlon 1s partlcularly ‘reliable where a sequence

of approxlmatlons settles down smoothly,. see, e.g.,

',the curve in Flg 2 correspondlng to Sobol p01nts.

Advantageously 1n computlng function values, a

cluster or network of multlple parallel processors or
-‘yworkstatlons can be used. Thls may 1nvolve a master or
'-host processor prov1ding points of a low- discrepancy

sequence to slave processors. and comblnlng function .
values returned by the slave processors into an
approxlmate value for the. 1ntegral Thus,_the compu—

'.tatlon can be speeded up in proportlon to the number of
-,processors uged. - : :

: Advantageous further, in comblnatlon with .
numerical 1ntegration as descrlbed above, is the use of
error reductlon technlques analogous to varlance reduc-

f-tlon in Mbnte Carlo 1ntegratlon as descrlbed e.g., by

M. Kalos. et al., Monte Carlo Mg;hods, John Wiley &
'Sons, 1986.‘ This may 1nvolve a change of variables
,or/and varlatlon reduction, for example.

is Sheet Has Been Replaced
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void sobol {int n)

'rh:l.s is the funcl::.on sobol for generating Sobol pomcs. It returns the
n-th d-dimensional Sobel peint. (The point (0,0, ..., 0) is skipped.)
The -point is implicitly returned through the array x. The funct::.ou_z
sobseq from Numerical Recipes, 1992 was used as a baeis, but
changed :ignificancly to accomodate the parallel distributed approach.
The function scbol can generate Scbol points skipping an. initial
-part -of the sequence. The constant MAXDIM, scee Numerical Recipes, .
is extended to 360 which required adding more initialising data to
the axrays ip' (the imitive polynomials), .

- mdeg (their degrees), and iv (the initial direction numbers). The’

C polynmial. x is used to. generate the first coordinate of Sobol . points.

.t"iﬁit'i*tt't.t"i'*'i.t..'ttti"*'*.Q.I'tt"f.i...'iti..*'.'.'tt*it**/

#include *nrutil.h®
#define MAXBIT 30
#define MAXDIM 360

" extexn int 6;-- /* actual dimensi.on of tha points *f
extern double *x; ' /* This returns: :i.mpl:i.cil:ly the n- -th Scbol point: :Ln x */

a{roia'-obouine a)

int j,k,3; . . )

unsigned long :.,:un. :lpp,

static double fac; : )
static unsigned long in,ix(mn(u] *iumnn'ul .
scatz.c unsigned long mdagmmu]-{o MRAXBIT,1,2,3,3.4,4,

5,5.5,5,5,5, o
6.6.6,6.6,6, K _
7:7:7:7:7,7,7:7,7,7.7,7,7.7,7.7.7.7,
- f"16%/ _ - 8,8,8,8,8,8,8,8,8,8,98,8,8,8,8,8,
. ?,9,9,9,9,9,9,9,9.9,9,9,9,9,9,9,
9.9,9,9,9,9,9,9,9,9,9,9,9,9,9,9,
' . . 9,9,9.9,9,9.9.9.9.9,92,9,9,9.,9,9,
/*20%/ . 10, 10 10 10,10,10,10,10,10,10,10,10,10,10,10,10,10, 10,10,10,.

[ 4
10,10,10,10,10,10,10,10,10,10,10,10,10,10,10,10,10,10,10, 10,
10,10,10,10,10,10,20,10,10,10,10,10,10,10,10,10,10,10,10,10,
1,13,11,11,11,11,23,21,11,12,11,12,11,11,11,11,11,11,113,12,
31,11,11,13,11,11,11,13,11,11,11,11,11,11,11,12,12,11,11,11,

.. 31,11,12,11,12,13,313,21,12,22,31,11,11,11,12,21,11,11,11,11, .
11,11,11,11,11,11,11,11,1}1,11,11,121,11,12,11,12,11,11,21,11,
11,11,11,11,21,12,12,11,112,11,131,11,22,11,112,11,11,11,11,11,
‘11,31,11,11,21,11,13%,13,13,11,121,11,13,12,13,21,13,12,11,12,
‘11,31,11,13,11,11,31,23,121,11,13,311,11,12,121,13,11,11,11,11,
11,11,11,11,11,11,11,11,11,13,11,12,11,11,11,11,11,11,21, 1,
11,11,11,11,11,11,11,31,11,11,11,11,11,11,11,11, " .
'12,12,12,12,12, 12 12,12,12, 12,12,12,12,12, 12, 12 12,12, 12 12,
12 12,12

. /* The fi:st ceo:dinate is set to mxsrr, but it is never used */
stat.ic uns:.gned long ip[w\xnmul.{o MAXBIT,O,1, 1,2,1,4,

This Sheet Has Been Rep
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1
2,13,7,14,11,4,
: _ 1,16,13,22,19,25, " _
1,32,4,8,7,56,14,28,19,50,21,42,31,62,37,41,55,59,

14,56,21,22,38,47,49,50,52,67,70,84,97,103,115,122,

4,13,19,22,50,55,64,69,98,107,115,121,127,134,140,145,152,
830,832,841,847,849,861,871,878,889,892,901,908,920,923,942,949,950,954, - -

: 961,968,971,973,979,982,986,998,1001,1010,1012, . B
/*degl2+~/ 41,52,61,62,76,104,117,131,143,145,157,167,171,176,181,194,217, 236,

301,316,319,324,346,352,361,367,382,395,398,400,412,419,422,426,428,433,

i 446,454,457,472,493,505,508,. . _ .
/*degll*/ 2,11,21,22,35,49,50,56,61,70,74,79,84,88,103,104,112,115,1217,122,134,

'158,161,171,181,194,199,203,208,227,242,251,253,265,266,274,283,289,295, .
137,146,148,157,158,162,164,168,173,185,186,191,193,199, 213,214, 220,227,
236,242,251,256,259,265,266,276,292,304,310,316,319,322,328,334,339,341,
345,346,362,367,372,375,376,381,385,388,392,409,415,416,421,428,431,434,
439,446,451,453,457,458,471,475,478,484,493,494,499,502,517,518,524,527,
§55,560,565,569,578,580,587,589,590,601,607,611,614,617,618,625,628,635,
641,647,654,659,662,672,675,662,684,689,695,696,713,719,724,733,734,740,
747,749,752,75%,762,770,782,784,787,789,793,796,803,805,810,815,824,829,

- 103,104,109,122,124,137,138,143,145,152,157,167,173,176,181,182,185,
.339.262,283.285.307}

/*deg 9*/ 8,13 ,16 ,22-,25,44 ,47 ,52 ,55 ,59 ,62 ,67 ,74 ,81 ,82 ,87 ,91 ,94,
- 191,194,199, 218,220,227,229,230,234,236, 241,244,253,

/*deg 6*/ .
/*deg 7%/ .
/*deg 8%/
- /*deg 10*/
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1,15,11,5,3, 1 7,9,13,11, 1 3 7,9, 5 13,13, 11 3 15 5.3, 15 7. 9 13 9 1,11, 7 5,15, 1 15 11 5,3, 1 7 -
2 15,11,5,3,1,7.9, 13 11, 1 3, 7 9,5,13,13,11,3,15,5, 3 15,7,9, 13 9 1, 11 7,5.,15,1, 15 11 5,3,1, 7 '
'z 15,11, 5 3,1,7,9,13,11,1,3,7,9, 5 13 13 11, 3, 15 5,3, 15 7 9,13, 2,1,11,7,5,15, 1, 15 11,5,3,1, 7,
: 15,11,5, 3 1,7,9,13, 11 ,3,3,7, 9 5, 13,13, 11 3,15, S 3 15,7, 9, 13 9,1,11,7,5,15,1, 1§,1:1,5,3,1,7,
-i is,11, 5 3,1, 7 9,13,11,1,3,7,9,5, 13 13 11 3,15,5.3, 15 7.9, 13 9 1,11, 7 5,15,1, 15 11,8,3, 1,7,
i is,11,5,3,1,7,9,13, 11 1,3,7,9,5,13,13,11,3,18%,5, 3, 15 7.9, 13 9 1,11,7,5,15,1, 15 11,5,3,1,7,

8, .
1,15,11,5, 3 1,7, 9 13,11, 1 3,7,9, 5 13,13,11,3, 15 5,3, 15 7, 9 13 9,1,11,7,5,15,1, 15 11,8,3,1,7,

s, Jeend & */

9,31, 9 3,27,15, 29 21,23,19,11, 25 7 13, 11 1 25,29, 3 31,11,5, 23,27,19,21,5,1, 17 1
é 331,9,3,27,15,29,21, 23 19,11, ,25,7,13, 17 3, 25 29'3 31,11,5,23,27, 13,21,5,1,17, 1
ié é 31 3, 3; 27 15,29,21, 23 19,111,325, 7 13 17 1,258, 29 3, 31 11,5,23, , 27, 19 21,5,1,17, 1 
ig 5 31,9,3,27,15, 29,21,33,18, 11, 25 T, 13 17 1, 25 29,3,31,11, 5 23,27, 19 21 $,1,17,1

1,
1
ié §.31 9 3,217,158, 29 21, 23 19 11 25 7, 13 17,1,25, 29 3, 31 11,8,23,27,19,21,6,1,17,1
1 9,31, 9 '3,27,15,29, 21 23,19,11, 2s, 7,13,17,1,25, 29 3,31,11, 5 23, 21 13, 21 5,117,
ié é 31 9, 3 27,15,29,21,23, 19 11 2s, 7 13,17,1,25,29,3,31, 11 5,23,27, 19 21, 5 1,17,1

§,31 9 3,27,15,29, 21 23, 19 11 25,7,13, 17 1 25, 29, 3 3, 11 s, 23 27 19,21,5,1, 17 1
. /*ena 5'*/ ,

59 47,57,35,53, 19 51,61,37, a3, 7 s, 11 39 63, 27 17,15, 23 29 3, 21 13,31, 25 9 49,3
9,11,19,27,15,25,

61,43,51,59,47.57, 35, 53 19, 51 51,37, 33 7. 5, 11,39,63,27, 17, 15 23, 29 3,21, 13 31 25,9,49,3
29,11,19,27,15, 25.

1,
9
51
g, o
1,61,43,51,59,47,57, 35 53, 19 51 51 37 33,7,5,11,39,63,27,17, 15 23, 29 3,21, 13, 31 25,9,49,23
9,29,11,19,27,15,25,

1,

9,

1,

61,43,51,59,47,57,35,53,19, 51.51 37, 33 7+5, 11 39,63, 27 17, 15 a3, 29 3, 21,13, 31,2s,9, 49 3
29,11,19,27,15,25,

61,43,51,59,47,57,35,53,19,51,61,37,33,7, 5,11,39, 63 27, 17 15 23,29,3, 21 13,31,25,9,49, 3
9,29,11,19,27, 15. 25,

51,61,43,51,59,47,57,35,53, 19, 51 61, 37 33,7,5,11,39,63,27, 17,15,23,29,3,21,13, 31 25,9,49, 3
.19,29,11,19,27,15, 25:

.51,61,43,51,59,47,57,35; 53 19,51, 51 37,33, 7, 5,11,39, 53 27,17,15,.23,29,3,21,13, 31 25 9,49,3
«19,29,11,19,27,15,25,

,51,61,43,51,59,47,57,35, 53 13,8, 61 37 33,7, 5 11,39,63, 27 17 15 23,29,3,21,13, 31 25, 9 48,3
«19,29,11,19,27,15,25,

il .61,43,51,59,47,57,35,53,19, 51/51 +37,33,7.5,11,39,63, 27,17 15,23, 29, 3 21,13,31, 25 9 49 3
L4
B

S8 e e sewN e

29,11,19,27, 15 a5, /*end 6 *

167,49, 125 25,109,43,89,69,113,47,55,97, 3 37,83, 103 27,13,33,115, 41 79, 17 29 119,75,73,1
$,65,21,3,113, 61 89 45 107, '

7,49, 125 25 109,43,89, 69 113, 67 55,97,3,37,83,103,27,13,33, 115 41 79 17,29, 119 75,73,1-
9,65,21,3 113 61 89 45 107,

'S
5
+8
67,49, 125 25 109 43,89, 69 113,47,55, 91 3,37,83,103,27, 13,33,115, 41 79,17,29, 119 75 73,1
29 +65,21,3 113 51 89 (5 107.-
.5
46
5

”’ @i ﬂ‘

.~ o

7.49, 125 25 109, 43 89 €9, 113'47 88, 97 3,37,83, 103 27 13,33,115,41,79,17,29,119,75, 73,1
9.65,21, 3 113, 61 89 45 107, :

+67,49,125, 25 109 43, 39 69 113,47,55,97,3, 37 83, 103 27 13,33,115,41,79, 17 29,119,75,73, 1
S, 55 21, 3 113 81 89 45 107,-

oreroroHaw w#wuhuuwwpuuuﬁwnwﬂ

(14
~un~lm~nnqm-.un \ﬂ

~Q-
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: 1 85, 67 49,125, 25, 109,43, 89 '69,113,47,55, 97 3, 31 83,103,27,13, 33 115 41,79,17,29,119, 75 73 b 1
05 7.,59,65,21, 3 113 61 89 45, 107 :
1, 85 67,49, 125 25 109,43, 89 69, 1i3 47,55, 97 3, 37 83,103,27,13, 33 115 41 79,17,29%,119, 75 73,1
_05 7.59,65,21, 3 113, 61 89 45 107, :
1,85,67,49, 125 25 109, 43 89 59 113,47, 55 987, 3 37,83, 103 27,13, 33,115, 41 79, 17 29,119, 75 73 b
05 7.59,65,21,3,113, 61 89 45 107 :
1,85,67,49, 125 25 109,43, 89 59 1i3 47, 55 87,3, 37 83 103 27, 13 33 115 41, 79 17, 29 119,75,73,1

. 05,7,59,65, 21 3, 113 61 89 45, 107 /*end 7 /

1 255 79, 147 141 89,173,43,9,25,11S, 97 19,97, 197,101, 355 29,203, 65 195, 177, 105,17,47,169,109
,149 15 213 135,283,191, 155 175 63, 47 23 39.
1,255,79,147, 141 89,173,43,9,25,115, 97 19 97 197,101, 255 29 203 65 195 177,108, 17 47 169 , 109 -
,149 15, 213 135 253 191, 155 175 63,47,7 23 39, ’ ]
1,258, 79 147, 141 89,173,423, 9 25,118, 97 19 97 197, 101, 255 29 203, 65,195,177,105,17, ,47,169,209"
'-,149 15, 213 135 253 191, 155 175 63,47, 7 23.3 ’
1,255,79,147, 141 89,173,43, 9 25, 115 97,19,97,197, 101 2s5,29,203,65,195, 177 105,17,47,169,109
+149,15, 213 135, 253 191, 155 175,63,47,7,23,39,
,255 79 147 141 89,173,43,9,25,115,97,19,97,197,101, 255 29,203,65, 195 177,105,17, 47 159 109
149 15, 213 135 253 191, 155 175 63,47,7,23,39, :
355 79, 147 141,89,173,43, 9 2s, 115 97,19,97,197, 101,255, 29,203, 65, 195 177, 105 17 47 159 109
149, 15 213 135,253 191, 155 175 63 47, +23,39,
255 79 147 141,89,173,43,9,25,115, 97, 19,97,197,101, 255 29, 203 65, 195 177,105,17,47, 169 109
149, 15 213 135 253 191, 155 175 63,47,7,23,39,
355 79 147 141,89,173,43,9,25, 115 97 1%,97, 197 101,255, 29,203,65, 195 177,108,117, 47 159 109
+149,15, 213 135, 253 191,158, 175 63, 47 7. 23 39,
X, 255 79 147 141 89,173,43,9,25, 115 97 19, 91 191 101 255 29 203,65,185, 177 105 17, 47 159 109
.149, 15 213 135 253 191, 155 175 , 63, 47 23 39; /*end * :

p~'

1 257,465,439, 177 321 151 225,238, 103 411 233 59,353, 329 463,385, 111 475 451,263,19, 249 27s,

359 393 167 333 473,469, 101 21 451, 229 247 297 403 497 61, 351. )

. 257 465 439 177 321 181 325 235 103 411 233 59 353 329 463,385, 111 475 451, 263 19, 249 27s, .

) 369 393 167 333 473,469, 101 21 451, 229 247 297 403 497,51 351, .

-1, 257 465 439 177 321 181 225 235 103,411, 233 59 353,329,463,385, 111 478, 451 253 19, 249 27s,
369, 393 167 333 473 469,101, 21 451, 229 247 297 403,497, 51 361,

1, 257 465, 439 177 321 181 225 235 103, 411 233 59 353 329, 463 385 112,47S, 451, 263 19 249,275,
359 393 157 333 473 489 101 21 451 229 247 297 403, 497 51 351,

. 1,287, 465 439,177, 321 181 225 235 103, 411 233 59 353 329,463,385,111, 475 451, 253 19 249 275,
: 359 393 157 333 473 469 101 21 451, 229 247 297 403 497 51 351 :
1, 257 465 439 177 321 131 225 235 103 411 233 59 353 329 453 385 111 478, 451 253 19 249 278,
_389 393 167 333 473, 459 101 21 451 229 247 397 403,491 61,361, .

1, 257 465 439, 177 321 181 225 235, 103 411,233 59 353,329,463,385, 111 475 451,263, 19 249,275,
369 393,167, 333 473, 459 101 21,451, 229 247,297,403, 497 61 351,
i, 257 455 439 177 321 181 225 235 103 411 233 59 353 329 463 385,111, 47s, 451 263,19,249 275,

. 369 393, 157 333 473 459 101 21 451, 229 247 291 403, 497 61 361
1, 257 465 439 177 321 181 225 235 103 (11 233 59 353 329 463 385 111,475, 451 263, 19 249, 275,

369 393 167 333 473 469 101, 21 451 229 247 297 403, 497 51 351,
/*end g *f

1,772,721, 1013 759,835,949, 113 929 515 157 39 761, 159 983 657, 547 581, $05, 833, 139 147, 203 81
,337 829 989 375 365 131 215 733 451 447, 177 57 471,979,197,251, -

1,71, 721 1013 759, 835 949 113 929 515 157 39 751 159 983 557 647,581, 505 833 139 147,203, 81
+337, 829 989, 375 365,131, 215 733, 451 447, 177 57 471,979,197,251, .

1,77, 721 1013 759 835 949 113 929 615 157 39 761 169 983 557 647,581, 505 833,139,147, 203 81
4337, 829 989 375 365 131 215 733, 451 447 177 57 471 979, 197 251,

__1,771 721 1013 159 835 949 113, 929 615 157 39 761 159 983 657 €47,581,505,033, 139, 147,203,81
: i337 829, 989 375 365 131 215 733, 451 447, 177 57 471 979, 197 251,

m, 721 1013 759 835 949,113, 929 515 157 39 751 169 983, 557 547 581 505,833,139,147,203, 81'..l

337, 829 989 375 365, 131 215,733,451,447, 177 57 471, 979 197, 251,
771 721 1013 759 835 949 113, 929 515 157 39 761 159 983 557 647,581,505,833, 139,147,203,82

337, 829 989 375 365, 131 215 733 451, 447 177 57 471 979,197, 251,
,771 721 1013 759 835 949,113, 929 615 157 39 761 169 983 557 647,561, 505 !33 139,147, 203,81

"~ +337,829, 989 3a7s, 355 131 215 733 451 447 177 57 471 979 197 251
1,7, 721 1013 759 335 949 113 929 615 157 39 751 159 983 557 647 581,508, 833 139,147,203,81

,337, 829 989 37s, 365 i3, 215 733 451, 447 177 57.471, 979 197 251,
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1,771,721,1013,759, 535 949, 113 929,615, 157 39 751 169, 983 €57, 647 581, 505,833, 139 147,203, 81'

_,337 829,989, 375 365 131 215 733,451, 447 177, 57 471 979 197 251,
/*end 10 */

1, 1285 823 727,267,833, 471 1601,1341, 913 1725,2021,1905, 375 893 1599,415, 605, 819,975,915,171
. 5,1223, 1367 653 629 528, 469 981,1667, 1587 1251 451,481, 721 483, 1209 1457,415,1435,
1,1285,823, 727 257 833 471 1501 1341,913,1725, 2021 1905 375 893 1599 415, 605,819,975, 915 i7n
5,1223, 1357 663 629, 525 469 981,1667, 1587 1251 451,481, 121 483, 1209 1457,415, 1135. :
1,1285,823,727, 257 833,471, 1501 1341,913, 1725 2021 190S, 375 893,1599,415, 605,819,975, 815,171
5,1223,1367, 563 629 525 469 981,1667, 1587 1251 451,481,721,483, 1209 1457,415, 1435. :
1,1285,823, 727 267 833 471 1501 1341,913, 1735 3021 1905 375 093 1599 415,605,819,975,915,171
5,1223, 1357 563 529 525 469,981,1667, 1587 1251 451,481, 721 483 1209 1457 415, 1435, .
1,1285,823,727, 267 833 471 1601 1341,913, 1725 2021, 1905 375 893, 1599 415,605,819,975,915,171
$,1223,1367, 653 529 525 469 981,1667, 1587 1251 451,481,721, 433 1209 1457 415,143S,
‘3,1285,823, 727 267, 833 471 1501 1341,913, 1725 2021, 1905 375 893 1599 415,605,0819,975,915,171
§,1223, 1357 563 529 525, 459 981,1667, 1587 1251 451,481,721, 483 1209 1457,41S, 1435. :
-1,12885,823,727,267, 833 471,1601,1341,913, 1735 2021,1905, 375 893 1599 415,605,819,975,915,171.
5,1223, 1367 563 629 525 459 981,1667,1587, 1251 451,481,721, 483 1209, 1457 ,415,1435,
1,3285,823, 727 267 833 471 1501 1341,913, 1735 2021 1905 375 893 1599.415 605,819,975,915, 171
5,1223, 1367 853 629 525 469 981,1667, 1587 1251 451,481,721,483,1209,1457,415,1435, :
.1285 823,727,267, 833 471 1501 1341,913,1725, 2021 1905 375 893 1599 415,605,819,975,915,171
7.1::?11357 . 663, 529 525 469 981,1667, 1587 1251 451,481,721, 483 1209 1457 415,143sS,
a .

1, 3855 4091,987,1839, 4033 2515 579, 3863 977, 3453 2909 3379,1349,3739, 347 387 2881,2821, 1873,

;:33 »1929,2389,3251, 1149,243 3608, 1131 1701 143, 1339 3497,2499,1571, 983 4021 1625,3217,1163,
- '
1,3855,4091, 987 1839, 4033 2515 579, 3863 977 3463,2909,3379,1349, 3739 347 387 2881 2821, 1873,
;:gg ,1929, 2389 3251 1149,243, 3609 1131 1701 143, 1339 3497 2499 1571 933 4021 1525 3217,1163,
1, 3855 4091,987,1839,4033,2515,579, 3863 977,3463,2909,3379,1349, 3739 347 387,2881,2821,1873,
;;33 1929 2389 3251 1149 243 3609 1131 1701 143 1339 3497 2499 1571 933 4021 1625,3217, 1163,
. ) :
1,3855,4091,987,1839,4033, 2515 579,3863, 977 3463 2909,3379,1349,3739, 347 387,2881,2821,1873,
;;33 1929, 2389 3251 1149 2(3 3609 1131 1101 143, 1339 3497 2499 isn, 983 4021 1625 3217,1163,
. ’ :
" 1,3855,4091, 9&7 1839, 4033 2515 579 3863 977 3453 2909, 3379 1349 3739, 347 387, 2881 2821,1873,
. g:g; 1929 2389, 3251 1149 243 3509 1131 1701.143 1339 3497 2499 1571 983 4021 162s,3217, 1163,
o, 3855 4091,987,1839, 4033 2515,579,3863, 977 3463,2909,3379,1349, 3739 347 387, 2881 2821 1873[
. %ggg 1929 2339 3251 1149, 243 3609,1131, 1701 143, 1339 3497, 2499 1571 883, (021 1625,3217,1163,
1,3855,4091, 987 1839,4033,2515, 579, 3863 9877, 3463 2909, 3379 1349 3739, 347 387,2881,2821,1873,
;;33 .1929, 2389 3251 1149, 243 3509 1131 1701 143,1339,3497, 2499 1571 983 4021 1625 3217, 1153,'
<0 !
1,3855,4091,987,1839,4033,2515,579, 3863, 977 3463,2909, 3379 1349 3739,347,387,2881, 2821 1873,
;;33 1929 2389 3251 1149 243 3509 1131 1701 143, 1339 3497 2499 1571 983 4021 1625,3217,1163,
R 3855 4091,987, '1839,4033,2515,579,3863,977,3463,2909, 3379 1349,3739, 347 387,2881,2821, 1873,

1959,1929, 2389 3251 1149 243, 3609 1131 1701 143,1 7,
2977 /*end 13 */. 3,1339, 349 2499 1571 983, 4021 1525 3217,1163,

}i
u @ <0

!er(jslz j<-MhZBIT j++) iv[1+j*HAXDI!u=1, /* Initialila all di:ection
numbers for the first
coordinate to 1 */

for (j=1, k=0; :J <=MAXBIT;j++, k+=MAXDIM) iulj) = &ivikl:

for (k=13k<-HAZDIH;k++) .

for (j=1;jcamdegik] ;j++) i.u[j] (k] <<= (mzsrr-j).
- for (j=mdegik]l+l; j<-mrr,j++
ipp=ip k) ;
ixiu{j-mdeglk]] [k];
i “= (1 >> mdeg{k]);
-, for (l=smdeglk)-1; 1>=1 1--)° {

This Sheet Has Been Rep
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if (1pp & 1) Fi ‘o iu(j 1] [kl.
ipp_>>- 1.,

N u[j}] 113] =i=

%u{:-l 0/ (1L << MIT) H
:.n-o, - ] c.

elae

/* Che::k if the (n-1)- th number was genarated in the prevxous call
~to scbol. If not, update in and ix e/

if(in!-n-l) {
unsigried long gray;

~/* Set ix to 0 */
for (k=l;k<=IMIN(4, mm} k++) ix[k] =0; "
insn- ~1; ;
gray=in* (in>>1) ; /* Pind gray code of tn */
for (j=l;j<=MAXBIT;j++)
if (gray&l) (. /* Only digit:s ‘which are 1 are used */
- im=(j-1) *MAXDIM;
£or (kal k<.mm(d mm) ik++) ix(k] "o iv(im+k], )

}
- gray>>sl;

)

imain; Y A Calculate the next vect:o: in the uequence */
for (j=1; j<-m1'1‘ j++) { /* Pind the rightmost zero bit. */

-4€ (! {im & 1)) break; .

im >>= 1; |

if (1 > MAXBIT) nren:'or( wmxr too smn in sohleq') F
im-(j -1) *MAXDIM; : .
for (kel;k<=IMIN(dQ,MAXDIM); k++) {

ix[k] “= ur(i.lnkl :

x{k-1) =ix k] *fac;

n+e;

- #undef MAXBIT
$undef MAXDIM
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/tto't't-ici-...-v-.i-i'«_t-i'.'fﬁ.gttttt.tt-ii'ﬁt.wtttttttgimﬁwtf'lwttwtt_

" void hall:on(int ‘n)

‘Thie is the function halten for ganeraf.:mg I-la.lton po:.nts.
It returns the n-th d-dimensicnal Halton point. The point is implicitly
raturned through the array x.. The last two digits of n-1 in base plj]

" are kept in ql([j] and g2(jl. When both digits become plj]-1, the

- radical inverse functicn is computed again. That way the accumulation

of round-off error is avoided. 1In praccice, the:e are not any upper bounds
onthevaluesofdandn.- . .

t't..it"'ﬁttti."t*'**ﬁ'it.*t’t'ﬁ'.t"*’*"""t.-t'.ﬁ*'.*t'.*'.*'fiiit/

‘éxtern int d; /* actual dimension of the pe:.nes ./ .
‘extern ‘int *q1, *q2; /* q1lj] is the last digit of n-1 in base p[Jl- qzlj] is
S - the digit before the last one */ - . -
extern double *x; = /* This will contain the Halton po:.nt w/
. extera int *p; /* the first d prime numbers =/
extern int *p_1; /* first d prime numbers minus 1 */
‘extexn double *ine::.,*inc:2~ /* ineri (]l il 1/p[j] and 1/ (p[jl*plj]) >/

' double find_fi(int p, int n). /* -Ses below */

1{!61:1 halton(int n) '

" double a; - L ;
int j,mn; o T -
static int ins_ _n; /* The default value of ins n is 0 */
/' Check if the (n-1)-th number was genera:ed in the pmi.ous ca:l.l
" to halton. 'If not, update qi, qz, and x */ - .
if{ins_ni=n-1)

ing _nan-1;
for (3=0; jed; j++)

ql[jl=ins_n¥p(3]; '
q2[3)=(ins_ nlplil)l’pl:il: .
x[3] -find fi(p[jl ins n);
.ins_n++;
for(:_=p.j<d.j++)
' if(ql’t;kp 1030
/* It is easy to. updata vhen the last’ digu: is less than p[jl -1 */

q1 3] ++;
x[j] -x[:] +incr1 [j] H

else i£(q21[3]<p_ 1 [j]IJ
/* This is the case when the last digiu is p[j] -1 and the digi.t:
hefore the last one ig less r.han pijl-1
- q2 l:ll++-
x(j]-xtj]+1ncr:.[j]+inczz [j] 1 0;

else
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/* 'rhis is the case when t:he last digit ia p[j] -1 and the digi.t
before the last one is also plj]-1 */
E ql[jl=ol
q2{jl=0;
nn-n/(Pl:il*pti]).
a=nn¥p (il ;

nnsnn/p (:1
if (nn) x[jl-(a+£ind |£1(p[3) nn))*:l.nc:z[:il*inc::l.[j].
) else x{jl=a*incr2 ()] *incn [j
} _ _ . _
/i.t't'i.ttt.t'&i.'itt..tttit*tt*i'tiﬁtt'i.t'i.iitttfiit'*ttﬁttt'i.tit.t*t.#

find f£i(int p, int.n) -

This retuzns the radical inverse funeeion fi {p.n) at n for t:he ptime p.

: iit'*t*"**iiit't'&tt*tﬁt'.t..'QQQ'.'*..t.'*.*..*ittf.t*i.'iiI'.'t_'.’.ﬁ**t'tﬁ'*_/
t{louble find f£i(int p, int n)

int p2,nn;
. double s,fi, incr, .

" increl.0/p;
P2=p*p; :
nn=n/p2 i

£520.0;
- ssiner;
-while (nn > 0)

- Ei+m (Nnp) *s; .
nn=nn/p;
s*-inc:;

loss of precision */ -
£i=((n/ptp)+ £i)/ p2;
fi+=(n¥p) /- (double} p;
return £i;

"'/* The two largent compmnts of £i are added’ :I.at:er to avoid poss:i.hle
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Claims

A computer method in financial securities trading,
'for producing an approximate value for an estimated
value of a financ1al security,_comprising~-.

prov1d1ng the computer with financ1al security

produc1ng the approximate value by numerically

'integrating a multivariate integrand whose multi-

dimen81onal integral over a domain of integration

. represents the estimated value, wherein numerical

integration comprises-
evaluating the integrand at p01nts in the

'domain of integration corresponding to p01nts of a
_1ow discrepancy deterministic sequence, and

combining the integrand values to produce the :

'approximate value; and

producing the ‘approximate value as an output
for inspection or/and further proce591ng.

- The. computer method of claim 1, wherein combining
the 1ntegrand values comprises averaging

' The computer method of claim 1, wherein the number -
_of integrand values 1s predetermined. ' -

‘The computer method of claim 1, wherein the number"
of integrand values is determined automatically.

The computer method of claim 1, further compr131ng-
' allocating integrand evaluations among a plurality

of processors.

The computer method of claim 1, further comprising'

1'application of an error reduction technique.

HIIIIII A llll —
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1 7. The computer method of claim 6, whereln error
- 2 ' reductlon comprlses a. change of varlables.'
1 8. The: computer method of claim 6, whereln error

2 . reduction comprlses varlatlon reduction.

| 1 9. -The computer method of clazm 1, whereln the low-- |
2 dlscrepancy determanlstlc sequence comprlses Sobol
3 ' points.

1 10. ‘The computer method. of'claim-l, wherein the low-.
2 _dlscrepancy determlnlstlc sequence comprlses Halton
3 polnts. '

1 11. The computer method of claim 1, -whereln the low- =~

2. _adlscrepancy determlnlstic sequence comprises
3 Hammersley p01nts.ﬁf"'

1h-12.- The computer method of claim 1, whereln the 1ow~
L2 o ,d1screpancy determ;n1st1c sequence comprlses
3 ]hyperbolic cross points. '

1 13, ‘The computer method of claim 1, whereln financial
2 : securltles data comprlse derlvatlve 1nstrument data.

o1 141 The computer method of clarm 1, further comprlslng
§ _ ‘using the approxlmate value in offering the securlty
3. for sale. ' ' '

1 15.. The computer method of claim 1, further comprising '
2 - using the approxlmate value in dec;dlng whether to
-3 _ buy, sell or hold the security.

.1 16. A computer system for financial securities trading, -
2 - for producing an approximate value for an estlmated
3 o_va;ue of a f1nanc1a1 securlty, compr1s1ng-

: —_ _

BT - “ﬁﬁ‘iiﬂ‘iii,ﬂifi‘ |i] Il

SUBSﬂTUTESHEET( RUL EZE)



- R AT

- 13
14
‘15

16

17

‘WO 9ITATS

" PCT/US95/10363
: .20 - :
means for providing the. computer with. financ1al.

: c_;security data,.

10 -
11
- ya

-means for produc1ng the approximate value by

.numerically 1ntegrat1ng a multivariate integrand .

whose multi dimensional 1ntegra1 over a domain of

N 1ntegration represents the estimated value,
' comprising: '

. means for evaluating the 1ntegrand at points in

"._the domain of integration corresponding to points of_

17.

21.

22.

: i_means for a change of variables.-
—_— T

a low discrepancy deterministic sequence, and

“means for combining the 1ntegrand values to._
produce the approximate value; and |

- means for producing the approximate value as an |

_'output for 1nspection or/and further processing.

The computer system of claim 16, wherein the means
for combining the 1ntegrand values comprises
averaging means.:_

:The computer system of claim 16, wherein the number
:of 1ntegrand values is predetermined. -

The computer system of claim 16 further comprising
means  for automatically determining the nnmber of

'1ntegrand values,

The computer system of claim 16, further comprising

- means for allocating 1ntegrand evaluations among a
'plurality of . processors._."

_TheIComputer.system_of'claim'16, further comprising
- means for applying an error reduction technique.

The computer system of claim 21, wherein the means
for applying an error reduction technique comprises

——
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The computer system of claim 21, wherein the means
for applying an error reduction technique comprises
.means for variation reduction.

The computer system of.claim 16, wherein the means
for producing a low-discrepancy deterministic

 sequence comprises means for producing Sobol points.

' The computer system of claim 16, wherein the means

for producing a low~dis¢repancy'deterministic
sequence comprises means for producing Halton
points. ' '

Theé computer system of claim 16, wherein the means
for producing a low-discrepancy dete:miniStic
sequence,cqmprises means for producing Hammersley
points. '

The computer system of claim 16, wherein the means
for producing a low-discrepancy deterministic 
sequence comprises means_for producinQ_hYperbolicA'
cross points. | '

MmN
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