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Estimation ME!thod And Sys em · . . .· . ·. / 
· · Financial Securities Trading · · 

The _United States Government has _certain rights 
to ~his invention pursuant to grants CCR-91-14042 and 
IRI-92-12597 awarded by·the National Science 
Foundation; and to grant AFOSR-91;..0347 awarded by t·he 

5 U.S.· ·Air :Force. 

Background of the Invention 
The invention relate~ to financial securities 

·. trading such as, e.g. , . trading in stocks, bonds and 
10. ·. finci.ncial. derivative instruments, inclµ_ding futures, 

options and collateralized mortgage obligations. 
In financial securities trading, w]lich includes 

the initiai.offer. for•saie, the value of a security may 
be estimated, e.g. I based ·on expected future cash flOWo. 

15 Such cas)l flow may d_epend on variable intere~t rates, 
f o.r . example, and these" and other relevant variables may 
be viewed as stochastic variables~ 

· It is well knOWn that the value of a financial 
security which depends on stochastic variables can be 

20 estimated in terms of ··a multi-dimensional integral~­
The dimension of such an integral maybe very high. 

In collateralized JROrtgage obligations (CMO), for . 
. . . . 

example, instruments or securities variously called 
. tranches, shares, participations, clas~es_or contracts 

25 have c:ash_ flows which are determined by dividing and 
distributing .. the cash fiow of an underlying collection 
or pool of mortg~ges on a monthly basis according to 
pre-specifiecj ru,les. The present value of a tranche 
can be estimated on the basis of the expected monthly 

30 ca~h flows over the remaill:ing.term of the tranche, and 
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-- an estimate of the present vaiue of a tranche can be 
represented as_ a·multi.;,dimensional integral whose 

· dimension is the number of payment periods of the 
tranche~ For a typical instrument with a 30-year term 

5 and with-monthly payments, this dimen~ion is 360. 
Usually; such a high-dimensional.integral can be 

·evaluated only approxiniately,.by numerical integration. 
. . -

This involves the generation of points in the domain of 
integration, evaluating or "sampling" the i~tegrand at 

10 the.generated points, and. combining the resulting 
integrand values, e.g.'· by .averaging. Well known for 

. - . 

numerical integration in securities trading is the so-
called Monte Carlo method in which points in the domain 
of integration are generated __ at random. _ 

·15 With integrands.arising in financial securities 
trading, ·- the computational work in combining the 
sampled values is negligible as 'compared with producing 
the integrand values. Thus,.numerical integration 
methods in securities trading may be compared based on 

20 the.number of samples ·required for 'obtaining a 
suf f:iciently ·accurate approximation to the integral. 

SUll!ID§.ey Of- The-Invention 
A preferred method·for estimating the value of 

25 a financial security involves numerical integration 
unlikeMonte Carlo. integration in thclt an integrand is 
sampled at determin.istic points having a low~ . 
discrepancy property~- As-. compared with the Monte Carlo 
method, significant advantages are realized with 

.. 30 respect to speed, accuracy, and dependability. 

· Brief Descri;ption·of .The Drawing 
Fig. 1 is a.schematic of a programmed computer 

syst·em iri accordance with a preferred embodiment of the 
35 invention. 

N1iii1iOii 
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3 
Fig. 2 is a graphic representation of performance 

data obtained in cempl.iter trial runs with an exemplary 
. . 

embodiment of t.he invention as compared with two Monte 

Carlo computations. 
Further included .. is an .Append.ix with two computer 

algorithms. in ncn source ·language, respectively for 

cemputing-Sobol points and Halton points~ For a 
. . 

description of C, ·see .B.W. Kernighan et al.,-~ 
Ptoar;pmning.Language c, Prentice-Hall, 1978. 

Detaileg Descri-gtion Of· Preferred EIDbodiments 
.·Fig. 1 shows a stored_-program computer 11 con­

nected to· input means· 12, e~g., a ·keyboard, for enter-
. "• . . 

ing financial securities data, and connected to output 
--1s means i3 , e.g. , a visual display device,· for displaying 

an estilnated ·value of the financial. se~urity.. The 

computer ll·includes a working memory M, a low• 
.. . . 

discrepancy deterministic point generatorP, an inte-
grand evaluator E, and an integrand-value combiner C. 

·20 . In estimating the value of a multi-dimensional 
integral·in financial securities trading, a 

·multivariate. integrand i:s sampled at points 
ca.rresponding to a low-discrepancy deterministic 
sequence of points inthe multivariate unit cube as 

25 defined below.· If the. multivariate unit cube is also 

the domain of integration, the points of the low-· 
·discrepancy deterministic sequence can be used as 
sample points directly. ·In the case.of a more general 
domain of integration·, sample points corr~spond · to 

30 points of .a low-discrepancy deterministic.sequence in· 
the multivariate unit cube via a suitable 
transformation or mapping. 

When a sufficiently large number of sampled values 
has been computed,.a:p. approximation.of the integral is 

35 obtained.by suitably combining the computed values, 
e.g., by averaging or weighted averaging. 
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In .the d-dimeI1sional unit. cube D = [O, l] d, a low­

- discrepancy· determinif!Jtic sequence z1, z2, . . . of 

points in D can be· character'ized as follows: 

For a point t = [t1, .... , · td] ·in D, define 

5 ·co,t> =Co, ti> x ••• x [o,.tdl, 

w:tiere [O, ti) denotes a left - closed, ri'ght- open 

interval, and denote wi~h . Xco, 0 ( ~} the characteristic · 

or indicator function of [ O , . t) . . For points · z., ... , 

Zn in. D, define.· 

10 R,.{t; z1, •.. , Zn) = (~=ln Xco, 0 <zt)l/n - t 1t 2 •.. td, 

and def.ine the discrepancy of z1 , ••• , Zn. as the L. -

noi;m -of the function R,. ( . ; z1, - •.. , zn> , . i. e ~ , : 

llRn< • ~ Z1, · · ·, z~) II. = sup,enlRu.Ct; Z1, • • ·, Zn) I -
The sequence z11 z2, . • • is said to be a low-

15 discrepancy deterministic sequence provided 

llRn ( ·; z1, .•• , zn> II. == 0 ((log n) d/n) . 

Low:-discrepancy. det.erministic sequences are · 

described in the published literature; see, e.g., 

H. Niederre.iter, naandom Number Generation and Quasi-

2.0 ·Monte Carlo. Methods", CJ3MS:;.NSF, 63, SIAM; Philadelphia, 

1992 _ands. Paskov, 11Averag~ Case Complexity of 

Multi variate Integrat·ion for smooth -Fu,nctions II' Journal 

of Complexity, Vol. 9 (19~3), pp. 291-312. Well-known 
. . ' . . . 

examples of low-discrepancy deterministic sequences are 

25 _ the so-called ~ersley points, Halton points, Sobol 

._points, and hyperbolic-cross points. 

For illustration, in the case of Sobo.l .points in a 

single dimension (d=l),. a constructivedefinition may 

be given as fo11·ows: Choose a primitive polynomial 

30. · P Cxl = x!1 + a 1x°"1 + • • • + Cln-ix + 1 -

(whose coefficients ai are either o or 1) and define 

_ so- called direction m.lmQers vi, i > n by the following 

recti,rrence formula: 

vi = a1vi-1 E9 ~vi-2 E9 • • • .e a,.1vi-n+l E9 vi-n E9 (vi-n/2n) , 

35 where E& ·denotes a bit-by-bit "exclusive or" -- operation •. 

----·----------·-------
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The initial numbers v1 = Ini/2, ..•• , vn..;,m,/2n can be 

chosen freely provided Ini.· is ·odd and O < Il1i < · 2i for 
i ~ 1, 2, ~.i, ~-

Using the direction numbers vi so defined, now 
5 define the one-dimensional Sobol_ sequence. x1 , X11 . •••. 

by. 

io 

15 

X.: = b1V1 E9 ~V2 E9 • ·• • E9 bwvw, · k :ii!: 0 

where k = l:i./logtlbi2i . is t~e binary_ representation 
of k •. 

. . . 

For higher dimensions(d > 1), the 
first d · ·primitive polYnomials P1 , ·P2 , ••• , Pd · are 

· used. If {x.:ih=iGll denotes the one-dimensional Sobol 
. . 

sequence generated by the polYnolnial Pit the d.;. 
dimensional So):>ol points are . defined as x.: = fx.:1, x.:2 , 

. d . 
• • .; I x.: .. ) • .· . . . . 

. While this definition can be implemented as a 
. . 

computer algorithm directly, faster techniques are 
known which.produce these points in a "Shuffled" or 

· permuted seqlience. In ·particular, . this applies to the 
20 computer algorithm given in the'Appendix. 

For specificity in the :~allowing, a preferred 
eMbodiment of the invention is_described as applied.to 
a collateralized mortgage obligation known.as CMO FN, 
89-23~ This hasthirty-year·maturity and consists of 

25 ·the _following tranches: 
PAC tranches 23-A, 23-Bi 23-C, 23-D, 23-E 

·supporting tranches 23-G, 23-H, · 23-J 
residual tranche 23-R 
accrual tranche 23-Z 

30 The monthly cash fl.ow is divide_d and distributed 
according to pre-specifieq. rules whi~h are included in 
a f orma.l prospectus. Some of the basic rules may be ·· 
stated.as follows: 

First from the mo~thly cash flow; the coupon is 
35 ·paid to the tranches. The remaining amount, called 
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-Principal Distribution Amount; is used for repayment of 
the principal. Prior to a fixed date in the future, 

· -the ·Principal Amount ·will be allocated sequentially to 

the trancheE;I 23-G, 23--H, 23-J and 23-Z. After. that 

5 date, the Principal Distribution Amount will be 

allocated sequentially to the tranches 23-A, 23-B, 23-

c, ·23-D and 23-E according to a planned schedule. Any 

excess amount of- _ the Principal Distribution. Amount over 

the planned schedule wiil be allocated Sequentially to 

l.o. the .. tranches 23-G, 23-H, 23-J ·and 23-Z._ A distribution 

of principal of the tranche 23-R will be made only 
. . 

·. after all other tranches have been retired. 
. . 

In deriving an estimate for the present value of 

the security at the. time of issue, the following -

15. nqtation is used below: . . 

C - the monthly payment on the unde.r;Lying 
mortgage pool; 

it - ""· the projected interest rate · in month k, 

k = 1, 2, ••. , 360; 

2 O Wt - the percentage of mortgages prepaying in: 
month k; -

. ·• 

~+1 - the remaining annuity after month k. 

·A remaining annuity· at cal'l be e:x:P_ressed as3 t_o 
at= 1 + v0 ·+ ••• +·v0t-1 , k = 1, 2, .•• , 360, 

. . . . . 

. 25 with Vo = 1/ (l+io} I where io .· is the current monthly 

interest rate. Thus, after k months,- -the remaining 

amount of_ principal -borrowed is c · ai:. 

. It is assumed that the interest rate it can be 

expressed as 

30 it = Ko exp <ft> 1i-11 · 

where exp ( . ) denotes expon~ntiation and where . 

fl 1 f 21 . • • • I . f360 are -independent I normally. distributed 

·random variables with mean o and variance_ a, and Ko is 

a given constant.. For the present ·example~ a = 0.0004 
35 is chosen. 

_SUBSTITUTE SHEET (RULE 26) 
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·· It is aesumed further that wt as a function · of it 

c~n be computed as -
wt.= Ki + ~ arctan· (K,it + K..>, .. 

where K11 . ~' K3 , ·~·are given constants. 
5 Under these assumptions. the cash flow in month k, 

k = 1, 2, ... , 360 ~s 

where_ 

cc1-wi<fi)) ..• (1-w~_i(fi, ••• ,ft-1>> (l-wt<f1, ..• ,ft> 
+ Wt (f 11 ~~·.I ft> a,60-t+l> I 

10 Wt(f11 ••• ,ft> = Ki + ~ arctan(K,K0tioexp<f1+ •• •+ft)+K4). 
This.cash flow is distributed according to the 

. rules of FN, 89-23. Then, the cash flow for each of 
the tranches is multiplied by the discount factor 

Vi(f1)-•.• vt<fi1···1ft), with 
15 vj(f1, ••• ,fj) = 1/(1 + Kjioexp.<f1+ ••.. +fj)), j=l,2, ••• ,360, 

to f ~nd the present value for month k. suloming of the 
present values for eveey month gives the present value 
PVT, for each tranche T. 

The expected or estimated value, 
20. E (PVT) = E.(PVT (f1, ••• , fMO)) , 

upon a change of variables is represented by 

E (PVT) = Jn PVT <Y1 <x1> , • • ·, Y360 (Xs6<))) dxi • • • dx,60, 
where 
Xj = (2'Jl'a)·'hJ_.Yi eXp{-t2/{2a))dt. 

25 Thus, for each tranche T, a 360-variate integrand 
has to be integrated over the 360-dimensional unit 
cube, . 

After generating a point 

(X1 1 •X2 i • • 0 1 JCs60) 
30 of a low-discrepancy deterministic sequence in the unit 

ctibe, the point 

<Y11 Y21 • ~.I Y360) 
is. computed by finding the value of the inverse normal 
cumulative distribution function at each xt· . Then, for 

35 each tranche T, .the function value 

SUBSTITUTE SHEET(RULE 26). 



W097/07475 PCT/US95/103°63 · 

8 

PVT(Y11 ·. Y21 . •• ~, . Y360) 

is compute.d. · These are the function· values . used in 
: numerical integration. 

· Fig. 2 shows results from trial runs for 
5 CMO FN, S9-23 with a preferred method using Sobol 

. . . . . 

points generated.by the corresponding computer 
algorithm given in the Appendix, ascompar~d with Monte 
.Carlo integration~ Two Monte Carlo computations were 
carried out, with different "seeds" or starting values 

lo. of Ci congruential pseudo-random number genera~or known 
as ~; see W •. Press et al., Nµmerical Recipes in C, 
Cambridge University Press, 1992. It is appaz:ent that 
the pref erred method reaches a steady vaiue more 
rapidly. In this and ct.her trial runs, with typical . 

. . 

·15_ requireinents of precision and confidence, . a speed-up. by 
a factor of 3 to 5 was realized as compared With Monte 
Carlo integration. Much greater speed-up can be 
expected when higher precision or/and higher levels of. 

. . 

confidence are· sought. 
20 In a further trial .run with CMO FN, 89-23, 

instead of· Sobol pc:>ints, . Hal ton points were used as . . 
generat.ed by the correspondin,g computer algorithm giveri 
in .the Appendix~ It is feit•· that Sobol points may be 
preferred over Halton points for integrals of high 

25 dimension. However, this preference may not apply in 
the case of ·lower-dimensional integrals, e.g.i with. 
dimension up to 5 or so. 

A computation as described may be terminated after 
a predetermined_ ntimber of function evaluations. 

30 Alternatively, e.g.,·after every function eva:1uation or 
after a predetermined incremental number of ·function 

· evaluations, a current approximation may be compared 
with one or several preceding. approximations, .for 

. . . . : . 

termination once a suitable condition depending on the 
35 difference between approximations is met. Such ter-

. . 

mination· criteria may be. called automatic. Automatic· 

'----·--
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· termination ~s particularly ·reliable where a sequence 

. . . 

of approximations settles-down smoothly;. see, e.g., 
.the curve in Fi9. 2 corresponding to Sobol points. 

Advantageously in computing· function values, a 
5 cluster or network of multiple parallel.processors or. 

workstations . can be used. This may :involve a master or 
host processor providirtg points of a low-discrepancy 
seqUence to slave processors and combining function: 
valu~s returned by_the slave processors into an 

10 approximate value.for the integral. Thtis, the coinPu­
tation can be speeded.up_ in proportion to the nmm>er of 

· . processors used.· 
Advantageous further, in combination with 

numerical integration as described abO:ve, ·is the use of 
15 error ·reduction techniqUes analogous to variance reduc­

tion in _Monte Carlo integration as .described~ e.g., by 
M~ Kalos. et al. , Monte Carlo Methods, Jolm Wiley & 

·Sons, 19 8 6. · This may involve a change of var.iables 
or/and variation reduc.tion, ·. for exampl.e. 

1iiiffi~f 
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·/************••••••••••••••·•~··-~·······~··~··*"!"**************'.********** 

void aoboUint n) 

Thia iii ·the function aobol for generating so1:>c)1 points. It returns ·the 
n-th d·dimensional Sobol point.· (Tha point (0~0, ••• , Ol ia skipped.) 
The point ia implicitly retumad t:h%ough the array x. The function 
ilobaeq frcxn Runlaricial Recipes,_ 1992. was used as a basis, but .. ' . 
changed significantly to accaaodate the p-..:allel distributed approac::h. 
The funct:ion aobol can generate Sobol points skipping an init:ial 
part:·of the sequen0e. 'l'he constant DJD>DI, aee .B\mlerical Recipes, 
is extended to 3~0 which required addiilg more initialising.data tO 
the arrays .ip • (the imit:iva polyncmiala) , . . 
mdeg (their degrees), and iv(t:he initial direct:iott numberal. Tha 
polynomial x ia uaedto generate the first coordinate of Sobol.points, 

. . 

•••••·-~··••••••••••••••••••••••••••••••••••••*•••••••••••••••·~···~··•I 

iinclude •nrutil.h• 
idefine MAZBIT 30 
#define MUDIM 360 

ext:em·int d; 
extexn double 

/*actual dimensiori.of ·the
0

points */. 
•x; /•.Thia returna·implicitly then-th Sobol point in x •/ 

void.aobol(int n) 
{ . 

int :J,k,l; . 
unai~d lcmg i,im,ipp; 
static double fac; . . 
static unsigned long in; ix CDXDDl+ll , *iu CliADIT+11 ; .. 
static unsigned lolig mdeg[DXDIM+ll•{O,llAD?T,1,2,3,3,t,4, 

. ~iS,5,5,S,5, . 

'·'·'•'i'•'• 1,1,1,1,1~1.1,1i1,1~1i1,1,1,7,1,1,1, 
/*16•/ 8,8,8,8~8~8,8,8,8,8,i,8,8,8,8,8, 

'·'·'·'·'·'·'·'·'·'·'·'·'·'·'·'· . 

'·'·'·'·'·'·'·'·'·'·'·'·'·'·'~'· . '·'·'~'~~.'~'·'·'·'·'·'·'·'i'~'~ /*20* / 10,_iO, 10, i0, 10, 10;10, J;O, i0,10, 10·, 10, 10, iO, 10, 10, 10, 10, 10, 10,. 
10,10,10,10,10,10.10,10,10.10.10,10,10,10,10,10.10,10.10.10, 
10,10.10,10.10.10,10,10.10.10.10,10.10,10.10,10,10,10~10,10, . 
11·, 11.11, 11, 11, 11.11, 11, 11, 11.11.11.11, li~ 11, 11, 11, 11.11, 11, 
11,11,11,1i,11,11.11,11,11,11,11,11j11,1i,11,11,11,11,11,11, 

. 11, 11, 11.11, 11, 11, 11; 11, 11.11, 11, 11, 11.11,11, 11111, 11, 11.11, . 
_ 11.11, 11, 11.11, 11, 11, 11·, 11, 11, 11, 11, li, 11.11,11 •. 11,11, 11,11, . 
11,11,11,11.11,11,i1,11,11,11,11,11.11.11,11,11.11,11.11,11, 
u,u,u,u,u.u,u,u.u,u,u;u.u,u,u,u,u,u.rt.u, 
11,11.11,11,11,11,11,11.11,11,11,11.11,11,11,11,11,11,11,11. 
11,11.11, 11, 11,11;_11,11, 11, 11, 11, 11,·11,11, 11, 11, 11, 11,11; 11, 
11.11.11,11,11,11.11,11,11~11,11.11.11,11.11.11,· 
u,u,u,u,u,u,u,u,u,u,u,u,u,u,u,u.u.u,u.u, 
"·"·" ·. . } ; . . . 

I• The first coordinate is.set to DDIT, but itia nne~ uaad •/ 

atati.c unsigned long ip[MAXDIM+1J•{O,DDIT,0,1,1,2,1,.4, 

This Sheet Has Been Replaced 

11111111111111111111 1111 
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/*deg S*/ 2,13,7,14,11,·4, 
/*deg 6*/. ·1,16,13,22,19 ,2S,. . 
/*deg 7* / · 1, 32;4, 8,·7, S6, 14, 28, 19, so, 21,42, 31, 62, 37 ,41, ss, S9, 
/*deg 8*/ 14,56,21,22,38,47,49,SO,S2,67,70,84,97,103,115,122, 
/*deg 9*/ 8,13 ,16 ,22·,2S,44 ,47 ,52 ,SS ,Sg ,62 ,67 ,74 ,81 ,82 ,87 ,91 ,94, 

103, 104.1.09,122, 124, 137,138,'143,145; 1S2, 157, 167, 173, 176,181,182, 18S, 
. 191, 194, 199. 218,220, 227 ,229 ,230,234,,236 ,241, 244 ,253, 

/*deg 10• I . . 4, 13, 19 ,22, so,ss, 64, 69,:98,101, 11s, 121, 121, 134, 140, 14s, 152, 
. 158,161,171,181,194,199,203,208,227,242;251,253,26S,266,274,283,289,29S, 
301,316,319~324,346~3S2,361,367,382,395,398,400,412,419,422,426,428,433, 

. 446,4S4,457,472,493,SOS,S08,. . ·· . . . . 
/*degll*/2,11,21,22,35,49,50,56;61,70,74,79,84,88,103,104,112,115,117,122,134, 

137,, 146, 148, 1S7, 158, 162, 1641168, 173, 185, 186, 191, 193, 199 ,213, 214,220,227 '· 
236,242,251,256,259,265,266,276,292,304,310,316,319,322,328,334,339,341, 
345,346,362,367,372i37Si376,381,38S,388,392,409i415,416,421;428,431,434, 
439,446,451,453,457,458,471,475,478,484,493,494,499,S02,517,518,524,527, 
5551S60,S65 ;569. 578,580,587 ,$89 ,590,.601, 607, 61.1, 614, 617. 618,625, 628, 635, 
641, 647, 654, 659, 662, 672, 67S, 682·, 684, 689, 695, 696, 713,719, 724, 733, 734, 740, 
747,749,752,755,762,770,782,784,787,789,793,796,803,8051810,81S,824;829, 
830,832,841,B47,H9,861,871,878,i89,892,901,908;920,923,942,949,9S0,954, 
961,968,971,973,979,982,986,998,100i,1010,1012,. . . . . . . 

/*deg12*/ 41,52,61,62,76,104,117,131,143,i45,157,167,171,176,181,194,217,236, 
239,262,283,286,307}; . 

static unsigned lang iv(DXDrif*MuaIT+11={ 
· O, /* 40· elements in a row •/ 

1,1,1,1,1;1,1,1,1,1,i,1,1,1,1,1,1,i11;1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1.1,1,1,1,1, 
1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,i,l,1,111,1,1,1,1,1,1,1,1, 
l,1;1,1,1,1,1,1,1,1,l,1,1,1,1,1,1,1,1;1,1,1,1,1,1,1,1,1,1,1,1i1,1,1;1,1,1,1,1,1, 
1., 1,1, 1, 1, 1,.1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1,1, 1, 1, 1, 1,1, 1, 1, 1,1, 1, 1, 1, 1 .• 1, 1, 1 .• 1, 1;·1, 1, 1, 1, 
1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1;1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1, 
1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1~1.1,1,1,1,1,1,1,1,1,1~1.1,1,1,1,1, 
1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,i,1,1,i,1,1,1,1,1,1,1,1,1,1,1,1,1i1,1,1,1,1,1,1; 
lil,1,1,1,1,1,1,1,1;1~1.1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1.1,1,1,1;1,1,1,1,1,1,1, 
1,1,1,1,1,1,1,1,1,1,1,1,1,111.1,1,1,1,1,1,1;1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1, 
*/ . 

. . 
1,3,1,3,1,J,1,3,3;1,3i1,3,i,3,1,1i3r1,3,1,3:1,3,3,1~3,1,3,1,3~1,i,j,1,3,1,3,1,3, 
1,3,1,3,1,3,1,3,3,1,3,1,3,1,3,1,1,3,1,3,1,3,1,3,3,1,3,1,3,1,3,1,1,3,1,3~1.3,1,3, 

. 1,3~1,3;1,3,1,3,3,1,3,1,3,1,3,1,1~3,1,3,1,3,1i3,3,1i3,1,3,1,3,1,1;3,1,3,1,3,1;3, 
1,3,1,3,1,3,1;3,3,1,3,1,3,1,3,1,1;3,1;3,1,3,1,3,3,1,3,1,3,1,3,1,1,3,1,3,1,3,1,3i 
1,3,1,3,1,J,1,3,3,1,3,1,3,1,3,1,1,3,1;3,1,3,1,3;3,1,3,1,3,1~3~1,1,3,1,3,1,3,1,3, 
1,3,1,3,1,3,1,3,3,1,3,1,3,1,3,1,1,3,1,3,1,3,1,3,3,1,3,1,3,1;3,111,3,1,3~1,3,1,3, 
1,3~1,3,1,3,1,3,3,1,3,1,3,l,3,1~1.3,1,3,1,3,1,3,3~1.3;1,3,1,3,1,1,3,1,3,1,3,1,3, 
1,3;1,3,1,3,1,3,3,1i3,1,3,1,3,1,1,3~1,3,1,3,1,.3,3,113,1,3,1,3,1,1,3,1,3,1,3,1,3; 
1,3,1,3,1,3,1,3,3,1,3,1,3,1,3,1,1,3,1,3,1,3,1,3,3,1,3,1,3,1,3,1,1;3,1,3,i,3,1,3, */ . . . . . . . 

1,S,7,7,5,1,3,3,7,5;5,7,7,1,3,317,5,1,i,S,3,3,i,1,5,1,3,3,7,S,1,1,S,7,7,S,1,3,.3, 
1,S,7,7,5,1,3,3,7,5,S,7,7,1,3,3,7,5 11,1~5,3,3,1,7,S,1,3,3,7,S,1,1,5,7,7,S,1,3,3, 
1,5,7,7,5;1,3,3,7,5,5,7,7,1,3,3,7,S,1,1,S,3,3,1,7~S,1,3,3,7,5;1,1,S,7,7,5,1,3,3, 
1,S,7,7,5,1,3,3,7,5,517,7,1,3,3,7,5,111,5;3,3;1,7,5,1,3,3,7,S,1,1,S,7,7,5,1,3,3, 
1,5,7,7,5,1,3,3;7,5,5,7,7,1,3,3,7~5,1,1,5,3,3,1,7,5,1,3,3,7,5,1i1,5,7~7,S,1,3,3, 
1,5,7,7,S,1,3,3,7,5,5,7,7,1,3,3,7,5,l,1,5,3;311;7,5,1,3,3,7,5;1,1,5,7,7,5,1,3,3, 
1,S, 7, 7,5.,1,3,3, 7, 5,5, 7, 7 ,1,313, 7,5,1,1,5,3 03,1, 7, 5,1,3,3,7,5, 1, 1,5, 7, 7,5,1,3,3, 
1,5,7,~,S,1,3,3,7,5~5,7,7,1,3,3,7,5,1,1,5,3,3,1,7,5,1 1 3,3,7,5;1,1,5,7;7,5,1,.3,3, 
1,5,7,7,5,1,3,3,7,5,S,7,7,1,3,3,7,S,1,1,S,3,3,1,7,5,1,3,3,7,5,1,1;5,7,7,5,1,3,3; */ . . . 

·/•end 1 

/*end 2 

/*end 3 

1, 1s, 11, 5, 3, 1, 1,.9,13, 11, i, 3, 1,9,5, 13, 13,11,3, 15,5, 3, 15, 1,9,13., 9, 1, 1i,·1, 5, 15, 1, 15, 11,5, 3, 1, 1, 
9, . . . . . . i: 15, 11,5, 3 •.. li7,9,13. 11, 1, 3, 7~9,s,13,13, 11,'3, 15,5, 3·, 15, 7, 9, 13, 9.1 .• 11,1, 5, 15, 1, 15, 11, s, 3, 1 , 7 , 
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.1, 15, 11, 5, 3, 1, 7~ 9, 13,11, 1, 3, 1. 9, 5, 13,.13,11, 3~ 15,5,3,15, 1, 9, 13,9,1, 11, 1I5, 15, 1, 15, 11, 5, 3, 1, 1 • . 
9i . .· . . . . . . . 
1,15, 11·, 5, 3, 1, 7, 9, 13, 11, 1, 3, 1, 9,5,13, 13, 11, 3, 15,5, 3, 15, 1, 9, 13, 9, 1, 11, 1, 5, 15, 1, 15, 11,·5; 3, 1, 1, 
9, . . . . . . 
1,15,11,5,3,1,7,9,13,11,1,3,7,9,5,13,13,11,3,15,5,3,15,7,9~13,9,1,11,7,5,15,1,15,11,5,3,1,7, 
9, . . .· . . . . . . 
1,15,11,5,3,1,7,9,13,11~1,3,7,9,S~l3,13,11,3,15,5,3,15;7,9,13,9,1,11,7,5,15,1,15,11,5w3,1,7, 
9, . . .. . . . .. 

. 1,15,11,5,3,1,7,9,13,11,1,3,7,9,5,13,13,11~3,15,5,3~15,7,9,13,9,1,11,7~5,15,1,15~11,S,3,1,7, 9, . . . 
1~15,11,5,3,1,7,9,13,11,1,3,7,9,5,13,13,11,3,15,5,3,15,7,9,13,9,1,11,7i5,15,1,15,11,5,3,1,7, 
9, . . . . 
1,15,11,5~3,1,7,9,13,11,1~3,7,9,5,13,13,11~3~15,5,3,15~7,9,13,9,1,11,7,5,15,1,15,il,5,3,1,7w 
9, /•end 4 */ . 

1;17,13, 1·, 15. 9 ~31,9. 3. 27, 15, 29I21,23~19, 11, 25,.,, 13'1"1' 1,25,29 ,3. 31,11, 5, 23,2"1,19I21,5,1, 1"1,1 
3,7,15,9,31j9, . 
1,1"1,13,"1,15,9,li,9,3,27,15,29,21,23,l9,11,25,?,13,17,112S,29;3,31,11,5,23;27;19;21,5,1,17,1 
3,7,15,9,31,9, . . . . .. · . . . 
1,17, 13, 7 1·15,9 I 31, 9 ,3·; 27, 15,29 ,21,23,·19Iil,25,7I13, 17, 1, 25,2913, 31, 11,·5,23,·21,19,21,5,1,17I1 
3,7,15,9,31,9, . . . . . 
1,17,13,7,15,9,31,9,3;27,15,29,21,23,19,11,25,7,13,17,1,25,29,3,31,11,5,23,2"1,19,21,5,1,1"1,1 
3,7,15,9,31,9, . . . . . 
1,17,13,7,15,9,31,9,3,27,15,29,21,23,19i11,25,7,13,17,1,25,29,3~31,11,5,23,27,19,21,5,1,17,1 
1,1;15,9,31,9, · . . . · 
1, 11, 11·, 1, 15,9, 31, 9 ,3 ,27, l.5,29. 21,23,19, 11,25, 7, 13,17, 1, 25, 29 ,3, 31, 11, 5, 23. 27, 19I21,5,1, 17, 1 
3,7~15,9,31,9, . . . . . . 
1~ 17,13o7,15,9., 31,9 ,3, 27, 15,29,21,23,19I11,25I7I13, l 7I1,25 ,2913,31,11~5,23, 27, 19,21,5,1, 17, 1 
3,7,15,9,31;9, . . . . . . . . 
1, 17, 13, 7, 15,9·, 31, 913127I15,29 ,21,23,19I11, 25, 7I13, 17I1,25129 ,3f31,11, 5,23,27, 19 ,21,5, li 17 ,1 
3,7,15,9,31,9, . . 
1,11, 13, 1, 15, 9, 31,9, 3,27, i5,29 ,21, 23, 19, 11, 25,.,, 13, 11, 1,25,29,3,31,11,5, 23,21·, 19,21,5,1, i 1, 1 
·3,7,15,9,31,9, /*end 5 */ . . 

1,s1~61,43·, 51, 59 ,47, 57 ,35,53• i9 ,51, 61,37,33,1, 5, 11, 39, 63, 21, 11, 15,23,29, 3,21, 13, 31,25, 9 ,49, 3 
3,19,29, 11, 19,27,15,25, ·. . . . . . . 
1,51, 61, 43·, 51, 59. 47 ,57 ,35, 53,19. 51, 61,37, 33, 7 I 5, i.1,j9,.63,27,17I15,23, 29. 3,21,13,31,25, 9,49, 3 
3,19,29,11, 19,27,15,25, .· . . 

.. 1,51,61,43,51,59,47,57,35,53,19,51,61,37,33,7,5,11,39,63,27,17,15,23,29,3,21,13,31,25,9,49,3 
~.u,u,u,u,n,u,2s. · ·. . . 
1,51, 61.,43, 51, 59 ,47,.57, 35,53,19, 51, 61, 37 ,33, 7 ,.5 ,11,39, 63, 27, 17, 15,23 ,29, 3,21,13 ,31,25, 9 ,49, 3 

. 3,19,29,11,19,27, 15,25, . . . . .. . 
1,51,61,43~51,59,47,57,35,53,19,51,61,37,33,7,5,11,39,63~21,17i15,23,29,3,21,13,31,25,9,49,3 
3,19,29,11,19,27,15,25, . . . . 
1,51,61,43,51,59,47,57,35,53,19,51,61,37,33,7,5,11,39,63,27,17,15,23,29,3,21,13,31,25,9,49w3 
3, 19,29,11,19,27 ,15,25, . . . . . . 
1,51,61,43,51,59,47,S7,35;53,19,51,61,37,33~7,5,11,39,63,27,17,1S,23,29,3,21,13,31,25,9,49,3 

.3,19,29;11,19,27,15,25, . 
1,51,61,43,51,59,47,57,35,53,19,51,61,37,33,7,S,il,39,63,27i17,15~23,29,3,21,13;31,25,9,49,3 

. 3,19;29,11,19,27,15,25, . 
·1,51,61,43,51,59,47,57,35,53,19,51r61,37,33,7,5,11,39,63,27,17,15,23,29,3,~l.13,31~25,9,49,3 
3,19,29,11,19,21,15,25, /*end 6 */ 

1,85,67,49,125,2S,109,43,89,69,113,47,55,9"i,3,37,83,103,27,13,33,115,41.,79,17,29,119,7S,73,1 
05,7. 59, 65, 21, 3, 113, 61, 89,45,107, . . . . . . . . 
1,85,67,49,125,25,109,43,99,69,113,;a7,55,97,3,37,83,103,27,13,33,115,41,19,17,29,119,1s,'l3,l 
05,.7, 59, 65, 21, 3,113, 61, 89,45,107, . . . 
1, 85, 67,49,125, 25, 109 ,43, 89. 69' 113,,7, SS, 97 I 3' 37·, 83' 103, 27. i3,33' 115, 41, 79' 17' 29' 119 '75, 73, 1 
05,7,59,65,21,3,113,61,89,45,107, . . . · . . 
1, 85, 67f49I125, 25, 109 I 43 f 89 I 69,.113 ,47, 55,97 I 3 ,·37I83,103f27,13, 33, 115,41, 79 ,17I29I119 f.75, 73, 1 
05,7,59,65,21,3,113,61,89,45,107, : . . . 
1,85,67,49,125,25,109,43,89,69,113,47,55,97,3,37,83,l03,27,l3 033,115,41,79,l7,29,119;75,73,l 
05,7,59,65,21,3,113,61,89,45,10'1, . 

-----··---·---·-----
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1, 85, 67, 49, 125;25, 109,43, S9, 69, 113 ,47, 55 ,97, 3, 37, Bl, 103_, 27, 1l,3l, 115,41, 79, i 7, 29, 119, 7S' 73, 1. 
OS,7,59,6S,.21,l,113·,61,89,45,107, .. · . · ' 
1,85,67,49,12S,2S,109,43,89,69,113,47,SS,97~3,37,83,103,27,13,33,1l5,41,79,17,29,1l9,7S,73,1 
05,7,59,65,21,3,113,61,89,45,l07, . . . i,85,67,49,125,25,109,43~89;69,113,47~55~97,3,37,83,103,27,13,33,11S,41,79,17,29,1l9,7S,73,l 
05, 7,S9, 65,21,3, 113,61, 89,4S,107, . . . . l, 8S, 67, 49, 12s,25·, 109 ,43, 89, 69 ,113, 47, ss, 97, 3, 37, &3, 103,27,13, 33, 11s, 41, 79, 17,29,119, 7S, 73, l 
OS, 7 ;S9, 6S,_21,3, 113,61, 89,45,107, /*end 7 */ 
i,2ss, 79, i47, lt1, 89, 173, 43, 9~2s,11s,97, 19;97;197 ,-101, 2ss,29 ,203, 65, 195, 177, 1·os, 17, 47, 159; 109 
, 149, 15,213, 135, 25l, l9l,155, 17S, 63,47, 7 ,23,39' . . 
1,_25S, 79r147r141, 89 r il.73 ,43 ,9,2S,115,97' 19 ,97,-197,101,255, 29 I 203, 6S, 195 ,177IlOS,17,47,169, 109 
,149,l5,213,13S,2S3,191,1SS,17S,63,47,7,23,39, . - . 
l,2SS,79,l47;141~89,173,43,9,2S,115,97,19,97,197,101,2SS,29,203,6S,19S,177,105,17,47,169,109. 
,149,1S;213,13S,2S3,191;l.55,175,63,41,7,23,39, . . l,255,79,147,141,89,173,43,9;2S,115,97,19,97,197,101;255,29,203,6S,195,177,105,17,47,169,109 
I 149r15,213i135, 2S3,-19.1; 155,17S, 63,47 ~'7 ,_23,39 I . . · . 1,25S,79,147,l41,89,173,43,9,25,i15,97,19,97,197,101,255,29,203,6S,19S,177,105,17,47,169,109 
I 149, 15,21J, 135,2SJ, 191,1SS, 175r 6J,47; 7 f 23,39 I . • 1,255f79r147, i41, 89, 173, 43, 9,25,115,97, 19I91_1197I101, 255; 29.,203r65,195, 177, 105, 17r47,169I109 .. 
,l49,15,213,1l5r253,191,155,175,63,47,7,23,39i . 1.2~5, 79,147,141,89,173 ,43;9·,25,11s,97 ,19 ,97 ,197 ,101,255,2·9 ,203 ,65 ,19s;.177, 1os,11 ,47 ,169 ,109 
, 149, 15,213,135,253' 191, 155, 17S; 63 ,47. 7. 23~39. . . . 1,255, 79, 147, 141, 89,173,43,9,25;115,97,19 ,97,197,101-,255,29,20316S,l95,177,105,17,47, 169,109 
t 149, lS ,213, 135,253r191, 1S5,175 f 63 ,4'7 f 7 I 2·3,39 r . . . . . . . 
1,255,79,147,141,89,173,43,9,25,11S,97,19,97;.197,101,25S,29,203,6S,195,177,105,17,47,169,109 , 149, 1S,213, 1lS,2S3,19l,155,l7S,63,47, 7~23,39. /*end • */ . . . 
i12s7,465,439,177,321;181,225,235,103,411,233 ,59 ,353 ,32J,463; 385, 1i1, t75.,451, 263, 19 ,249, 275, 
369, 393, 16? ,333 ,473,469,101,21,451;229 ,241, 297, 403 ,497, 61,361, .. 
1,257,46S,439,1771321,181;22S,235,103,411;233159,353,329,463,385,111,475,451,263,19,249,215, 369,393,167,3331473,469,101,21,451,229,247,297,403,497,61,361, . 

. 1,257. 46S, 439, 1_77' 321, 181,22S, 235, 103,411, 233. 59. 353,329, 463,385,111,475,451,263, 19. 249,275, . 369,393,167,333,473,469,101,21,451,229,24'7,297,403,497;61,351, 
1,257 I 465I439'177' 321, 181,225' 235,_103' 411, 233 ~ 59 r 353' J29' 463,385,111, 475,451, 263 1.19 r 249 I 275, 369, 393, 167, 3J3,47J ,469 ,101,21,451,'229;247, 297 I 403 ,497 r 61,361, .. . 
1,257I465,439I177I321,181,225,235,103,411,233159 ;.353, 329,463, 385;111, 475,451,263 ,19 ,249 ,275.f 
369,393,167,333,473,469,101,21,451,229,247,297,403,497,61,3&1, . 1,257,465,439,177,321,181,225,235,103,411,233,59,353,329,463,385,111,475r451,263,19,2491275, 
.369,393 ,167. 333,473,469, 101,21,451,2291247,297,403, 497, 61,361, . . 
1,257,46S,43t,,1-77,32l.,181,225,23s,103,ol11~233 ,s9 ,353 ,329 ,463 ,38s,11.1,o11.s ,451~253·,19 ,249 ,21s, 
369,393,167,333,473,469,101,21,451,229,247,297,403,497,61,361, . . 
1, 25'7, 465,439I177r321,181, 225, 235' 103 ;,411, 233 I 59 I 353 I 329 r 463I385·,111, 475, 451, 263, 19 I 2.49 I 275 I 
369,393,167,333,473,469,101,21,451,229,247,297,403.-497,61,361, 
l,257,465,439,177,321;181,225,235,103,411,233,59,353,l29,463,385,1i1,475,451,263,19,249,275, 
369,39l,l67,33l,473~469,101,21,451~229,247,297,403,497,6l,361, . . /~end 9 */ · · · · . · · . 

1,771, 721,1013, 759,835 ,949,113,9~9,615,i.s7,39, 76l, i69,983,657,H7,S81,soS, 833,139; 147,203, 81 ,337,829,989,37S,l65,131,215,733,451,447,177,57,471,979,197,251, . . . . . 
1,771,72l,1013,7S9,835,949,113,929,615,157,39,76l,1&9,983,6S7,H7,581,505,833~139~147,203,81 
• 337, 829, 989' 375,365,131,215, 733,451, 447, 177, 57 ,471, 979, 197 ,251,. . . 1,771,721,1013,759,835,949,lll,929,615,157,39,761,169,983,6S7,6ol7,581,505,833,1l9,147,203,81 
·,337,829,989,375,365,131,215,733,ol51,447,177,57,471,979,197,25i, . 
1, 771, 721,1013, 7S9, 835,949,113,929, 6151157, 39. 761, 169,983; 657, 647, 581, sos, 833_, 139 ,·147 ,203, 81 , 337, 829 ,989, 37S,365, 131,215, 733, 451,447, 17=7 ,57 •• 71, 979, 197 ,251, . . .. 
1,771,721,101l,759,835,9.49,1ll,929,615,1S7,39,76l,169,98l,657,647,5i1,50S,833,139,147,203,81 
I 337, 829,989r375,365,131,215,.733,451~447I177,57 ,471, 979I197 ,251, . 
1,771,721,1013,759,835,949,113,929,615,157,39,761,169,983,657,647,581,S05,833,1l9,l47,203,81 
I 337, 829 ,989' 37S ,36S,.131,215,733,•151, 447I177, 57 ,471,979 ,197 ,251, 

· 1, 771, 721, 1013, 759, 835,949, 1131929, 615,157,39, 761, 16!1,983,657. 647, 581, 505, 833, 139, 147 ,.203, 81 r 337 r 829 I 989 I 37S ,J65, 131,215f733,451,447r177 I 57 I 471, 979I197, 251, ' . 1,771,721,1013,759,835,949,113,929,615,157,39,761,169,983,657;647,581,S05,833,139,147,203,81 
,3l7,829,989,37S~365,1ll,21S,733,451,447,177,57,471,979,197,2S1;. . . .. 
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1,771,721,1013,759,835,949,113,929,615,157,39,7&1,169,983,657,H7~581,505,833,139,1n,203",a1· 
i 337. 829, 989. 375,365, 131,215, 733 ,45.1,447,177, 57,471,979, 197, 251, 
/*fmd 10 */ . . .. . 

1, 1285, 823, 727,'267, 9·33,471, 1601, 1341,913, 1725, 2021, 1905, 375, 893, 1599. 415, 605, 819, 975, 915, 171 
5, 1223, 1367, 663, 629 ,525, 469, 981, 1667,·1587,1251,451;481,7211483,1209·,1457, 41511435, . . 
1, 1285, 823, 727, 267, 833, 471, 1601, 1341,913, 1725,2021,1905, 375, 893 ,.1599 ,415160.5, 819 ,975,915,171 
5, 1223, 1367, 663, 629 ,525 ,469,981,1667,·1517;1251,451,481, 721,483·, 1209, 1457,.415,1435, 
1, 1285, 823,,727, 267, 833,471,1601, 1341, 913, 17~5,2021, 1905,375, 893, 1599 ,415; 605, 819,975,915,171 
5, 1223, 1367, 663, 629, 525,469,981•1667, 1587 ,1251,451,481,, 721,483, 1209, 1457 ,415,1435, 
1,i285,823,727,267,833,471,1&01,i341,913,1725,2021,1905,375,893,1599,415,605,819,975,915,171 
5,1223,13.67, 663, 629,525,469,981,1667,1587,1251,451~481, 721·,483,1209, HS7, U5, 1U5, . 
1,1285,823,727,267~833,471,1601,1341,s13,1125,2021,1905,375,893,1599,415,605,819,975,915,111 
5,1223,1367,663,629;525,469,981,1667,1587,1251,451,481,721,483,1209,1457,415,1435, 
·1~1285, 823, 7271267, 833, 471, 1601,13411913, 1725~2021, 1905, 375, 893, 1599, 415, 605, 819 ,975,"915,171 
5, 1223, 1367, 663, 629,525,469,981,1667, 1587, 1251,451,481, 721,483, 1209, 1457,4·15,1435, . 
1,1285, 823, 727, 267, 833,471, 1601,1341; 913, 1725; 2021, 1905, 375, 893; 15.99, 415, 605, Bis·, 975, 915,171. 
5, 1223, 1367, 663, 629., 525 ,469,981,i'67 ,1587,1251,451,481,·721,483,1209, 1457,415, 1435, . 
1,1285,823,727,267,833,471,1601,1341,913,1725,2021,1905,3751893,1599,415,605,819,975,915,171 
5,1223,1367,663,629,525,469,981,1667,1587,1251,45i,481,721,483,1209,1457,415,1435, 
1,1285,823,727,267,833,471,1601,1341,913,1725,2021,1905,375,893,1599,415,605,Bl9,975,915,171 
5,1223,1367,663,629,525,469,981,16&7,1587,1251,451,481,721,483,1209,1457,415,1435, 
/*end 11 •/ · · . 

1, 3855, 4091, 987, 1139 ,4033, 2515,579, 3i63, 977, 3463,2909, 3379, 1349 ,3739, 347, 387 ,2aa1,2a21,.1873, 
1959, 1929, 2389,3251,1149 ,243,3.609,1131,1701, 143, 1339 ,3497, 2499, 1571,983,4021, 1625,3217, 1163, 

. 2977, . . . . 
1, 3855,4091,987,1839~4033, 2515,579 ,3863 ,977, 3463 ,2909, 3379, 1349, 3739, 347, 387 ,2aa1,2a211·1873, 
1959, 1.929, 2389, 325i~ 1149 ,243,3609,1131, 1701, 143 ,1339 ,3497, 2'.99, 1571,983,4021, 1625,3217, 1163, 2977, . . .. . . . . • 

1,3855,4091,987,1839,to33;2515,579,3863,977,3u3,2909,3379,1349,3739,347,3a7,2111,2a21,1873, 
1959, 1929 ,2389, 3251, 1149,243,·3609,1131, 1701,143,1339 ,3497,2499,1571,983,4021, 1625, 3217 ,1163,. 
'2977, . . . . 
1,;3855,4091, 987i1.839, 4033 ,2515, 579, 3863, 97.7, 3463 ,2909,3379,1349, 3739, 347,387. 2881, 2821, 1873, 
1959, 1929 ,2389, 3251, 1149. 243,360911131,1701, 143 •. 1339 ,3497,2499,1571,983,4021, 1625, 3217, 1163, 

. 2977, •, . . . .. . . . . 
. . 1,3855,4091, 987, 1839 •. 4033, 2515,579, 3863 ,977, 3463,2909, 3379 ,1349 ,3739~ 347, 387. 2881,2821, 1873, 

1959, 1929, 2389, 3251, 1149. 243, 3609 •. 1131;1701,, 143, 1339, 3497, 2499, 1571, 983, 4021r1625, 3417, 11.63. 
2977, . . . . . . .. 
1,3855,4091,987,1839,4033,2515,579,3863,977~3463,2909,3379,1349,3739,347,387,288i,2821,1873, 
1959,1929,2389,3251,1149,243,3609,1131,1701,143,1339,3497,2499,1571,983,4021,1625,3217,1163, ""· . .· . . 
1,3855,4091,987,1839,4Q33,25i5,579,3863,977,3463,2909;3379,1349,3739,347,387,2881,2821,1873, 
1959,1929,2389,3251,1149,243,3609,1131,1701,143,1339,3497,2499,1511,983,4021,1625,3217,1163, "" . . . . . 
1,3BS5,4091,987~1839,4033,2515,579,3H3,977,3U3,2909,3379,1349,3739,347,387,2881,2821,1873, 
1959, 1929, 2389. 3251, 1149., 243, 3609, 1131, 1701, 143, 1339, 3497, 2499, 1571, 983, 4021, 1625, 3217, 1163. 2977 . . . . . . . 

1,38S5,4091,987,1B39,4033,2515,579,3863,977,3463,2909,3379,130,3739,347,387,2aa1,2a21,1873, 
1959,1929,2389,3251;1149,243,3609,1131,1701,143,1339,3497,2499,l571,983,4021,1625,3217,1163, 
2977 /*end. 12 */ 

}; 
if. (n c 0) { . . . · 
· forCj•l2;jcaMAXBIT;j++I iv[l+j*MAXDDIJ-1; /* Initialize all direction 

· · · numbers for the first · 
. . coordinate to 1 * l 

for (jsl,kaO;jc..-Un';j++,k+iitlmXDIM) iu[j) = &iv[k]; 
for (kal;kc-MAXDDl;k++) { . · 

for (J•l;jc-mdeg[k];j++I iu[j) [k] <C• (BAXBIT-j); 
. for (j=mdeg(lc]+l;jc..-UIT;j++) { · 
ippa:lp[k]; 
iaiu (j -llldeg (le] ] (k) ; 
i ... (i >> llldeg [k)) ; 
for Cl-mdeg(lc)-1;1>•1;1--1 { 
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if Cipp & 1) i ~- iu[j-lJ [kJ; 
ipp »• 1; 

lu [j] [kl .. 1; 
. . } 

} . 

} 

fac.i. O/ClL cc KAXBIT) ; 
in.o; · 

else 
{ 

PCT/US95/10363 
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/* Check if .the Cn-1)-th number was generated in the previous call 
to. sobol. If not, update in and ix • / 

if(inl.n-1) { 
unsigned long gray; 

/* Set ix to o •/ . 
for (kml;kc-IKIR(d,MAXDIM) ;k++) iX[k]•O; · 
in.n-1; 
gray.in .. Cin>>l); /* Pind gray code of in•/ 
for (j•l;jc-MAXBIT;j++) { · 

if Cgray&l) { /* Only digits ·which are 1 are used • / · 
im-(j-1) *MAXDIM; 

} 
for (kml;k<•IMIR(d,MAXDIM) ;k++) ix(k] ... iir[im+k]; 

·gray>>•l; 
. } . 

} . . . 

. im-in; ,. calculate the. next vector in the aeqwmc:e • / 
for (j .. l;jc..-XS.IT;j++) { /* Pinet the rightmost zero bit •/ · 

·if (!(im & 1)) break; 
im >>• 1; . 

lf (j > KAXBIT) n~rror( 11MUBIT ~oo. small in aoblleq•); 
im•(j-l)*MAXDIM; . 
for (k•ltk<•IKIR(d,KAXDDll;k++) 

ix[k] ... iv[im+k] ; · 
x[k-l]•ix[k]*fac:r 

ln++; ·. . 

} 
l . . 
thmdef lmXBIT 
iundef MAXDDI 
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1·······················~·········~·······························~······ 
· void halt:cm(int: n) 

Thia ia t:he functicm halt:cm for generating Halton points.: 
It retuzna the n·th d·dimensiemal Halton point. The point ia implicitly 
retmned thr~h the array x •. The last two digits of n-1 in base p[jJ 
are kept in ql[j] and q2[j]. When both digits become p[j]-1, the. 
radical inverse functien ·is ccmputed again·. Th&t. way the accumulation 
of round-off error ia avoided. In practice, .there are not any upper bOUDds 
cm· the values of d and n. 

···················~··························· .. ·······;.~ ... ~·········i 
8xt:exn int d; /* actual dimension of the points:*/. . 

·ext:exn'int *ql,*q2;. /* ql[j] is the last digit of n-1 in base p[j], q2[j] is 
·.the digit before the last one .. , 

ext:exn double •xt /* 'l'bis will contain the. Halton point •/ · 
ext:eni int *p; /* the first d priaie numbers • / · · · 
exteni int •p_l; /* first d·prime numbers minus 1 •/ 
ext:eni double *incr1,•incr2; /* incrl[jJ is 1/p[jJ and l/(p[jJ•p[jJ) */ 

double find_fi(int p, int.n); /*See below•/ 

void halton(int·n) 
{ 

double a; 
int j ,nn; 
static int inia-.n; /•The default ,;.~l~ of ins_n is O·*/ 

. . .. 
/* Check if the (ri.-1) '-th number was generated in the previous ca.11 

to halton. ·If not,· update ql, q2, aad x •/ 

if C:lns ·nt •n-1) 
. { -

· ins n•n-1;· 
{ for~(j=O; jcd; j++l 

} 

ql(j J •ins_ntp [j] t . · 
q2 [jJ • Cina'""n/p [jJ) tp [jJ ; 
x[j] ·find_fi (p[j] ,ins_n); 

1
.ins_n++; 

for(j s:O rj<d;j++) 
.( . . . . 

if (ql [j] <P_l [j]) 

/*It is easy to update when t:helast digit is less than p[j]-1 */ 

ql (j] ++; 
x[jJ •x[jJ +incr1[j] ;. 

} 
{ else if (q2 [j J cp_l C:j) ) 

/*Thia is.the case when the la~t digi~ is p[j]-1 and the digit. 
before the last one is leas than p[j] -1 •/ · 

q1 (j] •O; 
q2(j] ++; 
x[j]_ .. ~(jJ+incr1[jJ +incr2 (j] -1.0; 

else 

i11i1i1fi1Mii 
. - . . 
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/*Thia is the case when the last digit is p[j)-1 and the digit 
before the last one is also p [j J -1 *I · · 

ql[j]•O; 
q2 [j) .o; . . 
nn-n/ (pm *p (j)) ; 
a•nn'P[jJ; 
DDllDD/p [j) ; . · . . 
if (DD) x [j) • (a+find_fi (p [j J , DD) ) *incr2 [j l *iDCrl [j.] ; 
else x[j]•a.*incr2(j]*incrl[j]; · 

} . 

} 

PCT/US9S/10363 

. , ................... ~ ........•.•.. ~ ... ~ ..........•............... ~········..: .. · .. 
find_fi(int P•. int n) 

Thia returns the radical inverse function fi(p,n) at n for the.prime p. 

····························~··············~····················~···········•./ 
ruble find.:._fi(int p, int D) 

int p2,~; 
double a,fi,incr;. 

·incr.1.0/p; 
P2•p*p; 
nn-n/p2; 

fi•O.O; 
S•incr; 
while (rm > 0) { . 

fi+• · (nn'P) *s; . 
nn-nn/p; 
S*•incr;. 

/* The two· largest ccmpananta ~ fi are added later to avoid possible 
loss of precision */ · 

fi= ( Cn/p'P> + fi)/ p2; 
fi+•(n'P)/ (doubl~) p; 
return fi; · 

ii1iii11iftii 
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A computer method in financial_securities trading, 
"for producing an approximate value for"an estimated 
·value of a financial security, comprising: 

providing the computer with financial security 
data; 

producing the.approxillla.te value by numerically 
integrating a multivaria~e integrand whose multi­
dimensional integral aver a domain of integration 
represents the _estimated value, wherein numerical 
integration comprises: 

_evaluating the integrand at points in the 
·domain of.integr~ti:on corresponding to points of a 
low-discrepancy deterministic seq\ience, and 

combining the integrand value~ to produce the 
approximat.e valuei and 

producing the approximate ~alue as an output 
for inspection or/and further processing.~ 

The computer metho.d of claim 1, wherein combining 
the integrand values comprises·av~raging. 

The computer method.of claim l, wherein the number . 
of integrand values is predeterm:i.ned. 

The computer method of claim 1, wherein the number 
of" integrand values is determined automatically. 

The computer method of -claim 1, further comprising. 
allocating integrand evaluations among a plurality 
of processors. 

The .computer method of claim. l, further comprising 
application of an error reduction·technique. 

. .11111111111111 11111 1111111 1111 
* C L M S * 
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The compu.ter method of claim 6, wherein error 

reduction comprises· a.change of variables. 

The computer method of claim 6,. wherein error 

reduction comprises variation reduction. 

The computer method of claim 1, wherein· the low~ 

discreparicy.deterministic seqtieilce comprises Sobol· 

.~oints. 

1 10. The computer method of claim 1; wherein the lew- ·. 

2 discrepancy deterministic sequence· comprises Halt·on 

3 points. 

1 11. The computer method of claim i, wherein the _low-

2 · ·discrepancy deterministic sequence comprises 

3 Hammersley points. 

. . 

1 12 . The computer method of claim 1, wherein the low-

2 .discrepancy deterministic sequence comprises 

3 hyperbolic-cross ~oints. 

1 13. 
2 

1 14. 
2 

3 

The computer method of claim 1, wherein· financial 
. . . . . . ·. 

securities data comprise derivative instrument data. 

The computer method of claim 1, further .comprising 
using the approximate value in offering the security 

for sale. 

1 15. The computer method of claim ·1, further comprising 

2 using the approximate value in deciding whether to 

3 buy, sell or hold the security. 

1 16. A computer system for financial s~curities trading, 

2 for producing an: approximate value for an estimated 
. : . 

3 . value of a financial security, comprising: 

· 111111111111111111111111111111 
C L . M S * 
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4 means for providing. the. computer with. financial. 
S . security data; . 
. 6 means. fo;- producing the approximate value by 
7 .nmnerically integrating a multivariate integrand 
8 whose multi-dimensional integral over a domain of 
9 integration. represents the estimated value, 

10. comprising: 
· 11 . ·means for eva~uating the integrand ·at points in 
·12 ~he domain of· integration corresponding to points· of 
13 a low-discrepancy deterministic sequence, and 
14 ·means for combining the· integrand·values to. 
15 produce the approxiniate value; and 
16 means fqr producing the approximate vaiue as an 
17 output for inspection or/and further processing. 

1 17.. The. computer system of claim 16, wherein the means 
2. for combining the integ.rand values cOiilprises 

· 3 averaging means. · 

1 · 18 . . The computer system of claim 16, wherein the nlllllber 
2 of integrand values is predetermined. 

1 

2 

3 

1 

2 

3 

19. 

20. 

'!'he computer system of claim.16, further·comprising 
means for automatically determining the number of 
integrand values·. 

The computer system of claim 16, further comprising 
means for allocat.ing integrand ·evaluations among a 
plurality of processors. 

. . . 

l 21. The computer system of claim 16, further comprising 
2 means for applying an error reduction technique. 

1 22. The computer system of claim· 21, wherein the means 
2 for . applying an error reduction technique comprises· 

3 · .. means for a change of. variables.· -·------~---

· I If Ill~ /Ill~ 1111111111111111 
M S * 
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The computer system of claim 21, wherein the means 

for applying an error reduction technique comprises 

·means for variation reduction. 

The computer system of claim 16, wherein the means 

for producing a low-discrepancy deterministic 

sequence comprises means for producing.Sobol points. 

The computer system of claim 16, wherein the means 

for producing a low-discrepancy deterministic 

sequence comprises means for producing Halton 
points. 

The computer system of claim 16, wherein the means 

for producing a low-discrepancy deterministic 
sequence comprises means for producing Hammersley 

points. 

1 27. The computer system of claim 16, wherein the means 

2 for producing a low-discrepancy deterministic 

3 sequence cemprises means for producing hyperbolic-
4 cross points. 

I lllllll llllll lllll lllll I\ \Ill 
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