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2226936 METHOD AND APPARATUS FOR | MPLEMENTI NG ADAPTI VE FORWARD DI FFERENCI NG
USI NG | NTEGER ARI THVETI C BACKGROUND OF THE | NVENTI ON 1. FI ELD OF THE

I NVENNJLKON: 5 ~The present invention relates to nmethods and
apparatus for evaluating a paranetric function. Mre particularly, the
present” invention relates to nethods and apparatus for the accurate
renderi ng of hi gher order curves and tdrved surfaces represented by

parametric f..& Lo 8 CR] other display. 10 2. ART_BACKGROUND: An
ef fective way PEL AN Al ALY, & ;‘i-'_‘ijfi‘.i, E FORWARD, PIFEERINCGING, \;se of
paranetric funethens—Paramrete—toRer oo —at-eHset—-r—raRy—app-eat | ons

areas such as seism c-geol ogjaead : ENTION | N the conputer
graphics area, parametric cUrves and curved surtaces. are common functions
which are used in the conputer generation of surfaces and objects on a

di splay such as, for exanple, in nmechanical conputer aided design ("MCAD")
appl i cati ons. 1Si nc EIELD)IOF FHEANVENTAONT 20 desi gned for rendering curved
lines and curved surfacgs is usuallgﬂdone b; subd V|d|n and ren erlng t hem

on a CRT a8 a plural ityTo® Peasest mventioncelatgs to, mathods,and apparatusor net hod of

botygons. i o pgvilialifo Bpdtamain findtas." Moraetic i, 168 Breksi HuehiBRT"
coordi nat es Oi'eléﬂe%%é?et%gs Qﬁa'apﬁﬂ swtg@gla@rawemhh of hm} ofdy of the

formf(t) = [err or war erenci ng t he end

poi nts of theclives @DCHTVeS suitacds représtntathby iparametyic fananmtcm mcmi oby
cal cul ating the values of the paranetric functions in constant paranetric

i rici/renents. i othesalisplayl e, the val ue of a function can be
‘ 10 | |

2. ART BACKGROUND:

An effective way to represent curves and curved surfaces is
through the use of parametric functions. Parametric functions are used in many
applications areas such as seismic-geological and computer graphics.

15 _

In the computer graphics area, parametri_c curves and éurved
surfaces are common functions which are used in the computer generation of
surfaces and objects on a display such as, for example, in mechanical
computer aided design ("MCAD") applications. Since high speed hardware

20 designed for rendering curved lines and curved surfaces is usually done by
subdividirig and rendering them on a CRT as a plurality of straight-lines or
planar polygons. On_e method of tessellating a curve or a curved surface into
line segments or planar polygons is by using the technique of forward
differencing. The X, y, and z coordinates of a curve are defined by three

25 parametric functions of the form f(t) = At3 + Bt2 + Ct + D. Inthe focward

| differencing technique, the end points of the line segments which reside on the
curve are determined by calculating the values of the parametric functions in

constant parametric increments. In each cycle, the value of a function can be



-2- derived increnentally fromthe previous cycle by three additions
performed using the coefficients of the forward .difference basis
‘representing the curve (a, b, ¢, d). The registers representing the stor,

of tihe coefficients, i.e., the a, b, ¢, and d registers, are illustrated n
Fig.-1” (For further information on forward 5 di fferenci ng, see Fol ey and
Van Dam Fundanentals of |nteractive Confuter Graphi cs, Addi son Veés| ey, -
Readi ng MA, pp. 531-536). Bartels, Splines for use in Conputer G aphi cs and

Geonetric Mdeling.d d f t f d-
e bnci ne” Herivad iagramentally o The resious o Pﬁﬁﬁtﬂ?ﬁﬁﬁ%%ﬁ%@? mes
tri .
par amel 116 UKy el cdaiite i e BTWARY IS A el e i (g, .
coefficients ¢ ¢ Bg ‘!‘Hég?aéﬁﬁé Aipreédilingthé drt:ggdodtﬁd‘@dﬁ'ﬁiéntbaﬁé Sthel&sp,

guard bits are'identifi as 15 a predeterm nber of | east srgnlflcant
bits in the fw,andd digistensearecillusteated én FigRdf {For fugtheo irformatidbn droforward
‘processing curves up to [err] forward steps, - n_guard bits are used |n t he
b, ¢, d fofwardifferencingcshe Folayiand-Yan Dam duindag Interactive: Computs

I's perforned th rd t at e befo gareglstertothe
-adj acent regr&f@pﬂg %%@% b?#?ﬁ 9 ﬁ§1 rd 20 difference '

matri x and resulting equatlons d 1 [err] 0 d =d+ (c >
n) c 0 1 [err] O c' =c + (b >>n) 0O O 1. 1
b’ =b +a 25 Bartdls, Splind o i and GeWhai " >>N"

represents that a right register shi nbits and the constant -nis a
scal e factor \Moddlingrdbsceibes anhmpsdveﬂtmagtodfoftmlplmcram foovard difieteineingef t

by n bits.
Y 10 technique using fixed point arithmetic for rendering parametric curves.

In the Bartels method, successive "guard bits" are identified in the
forward difference registers containing the values of the coefficients of the
-curve represented in forward difference basis. The guard bits are identified as

- 15  a predetermined number of least significant bits in the forward difference

register. Referring to Fig. 2, for processing curves up to 2" forward steps, n
guard bits are used in the b, ¢, d forward difference registers successively. A
forward step operation is performed with "n" guard bits truncated before adding
a register to the adjacent register as illustrated by the following forward

20 difference matrix and resulting equations.
d 1 2no o ' d-d+(c>>n)
c o 1 2o c=c+(b»n)
b 0 0 1 1 b =b+a

25 - al 0 0 0 1 a=a

Where ">>n" represents that a right register shift of n bits and the constant 2-N
is a scale factor which indicates the shifting of tha'binary point to the left by n
bits. ‘ |



-3- As aresult, a portion of the error accumulated in the "b" register is
truncated before added to the "c" register and a portion of the error
eaccu% ftat ed in the "c" register is truncated before added to the "d"

regi gtej, Thus the Bartels method provides greater precision than the
tradittropal nethod 5 as illustrated in Fig. 1 and the use of guard bits in
the registers significantly increases .4 he-nunber of forward steps all owable
ina 32 bit forward differencing technique by mnimzing the error through

the trancation of the 9?85’3 réd a Cﬂdi‘ti&f gﬁhet&dr?alﬁﬁhumtgé‘ﬁ{trﬁf‘ﬂ:“rre@gfeg‘r?rép

and surfaces, conputer grap systens typi y are required | oy

recursive subdrmcited beforé addedto the " eegister BAd \écpdrtion GPth@rmdr | N har dwar e
because of high speed stack nmenory requirenents and the increase in '

conput at i onal acoupiuatedyin thefc”registeris truncatedrhefonet added tothe "d” register.

Adaptive forward differencing is an_ increnental .techni que which has been
found to be usEiug theBanalg methed prayides greater pﬁ%ﬁ‘ﬂﬂﬁl"ﬁ'bﬂ'ﬁmgmﬁdﬂetmg

D1 11 or onci g 8% MuatrarBiin oo 93 fue e gddeis iR oliiolabidificary,

21, No. 4, Jul; 2 n ' ?m

with 20 Adapt'l}‘e/réggéﬁ\t/\% H&EBP # éfr @ﬂ?’n%gﬁe%?g%‘?’%%ﬁwg&p@gg@ [ nggfd}%kfﬁ?@
1988; and _ShaftbéhlﬁQUeb{,miHmﬂtzﬁ'@ th Bino? titolLgh the'fruheativni sfith&guard bk
047,696, filed May 8, 1987 for Method and Apparatus for Adaptive Forward

Differencing in the Rendering of Curves and Surfaces. In the adaptive

forward di fferencing technique, the paranetric equation of the curve is
transformed to an ident ﬁ%&(éhlé" ’EWQ’E“WQW’QQBW&@FW AHTRYES on,

T order tac rREfevstets SRIGT 4R ebBESERT By e RERaBlaER TS *Shch
as approxi nat ghytheas whictf bre>sRgeridiveto implement in hardware because of high speed
stack memory requirements and the increase in computational complexity over

polygon rendering methods.

15 : Adaptive forward differencing is an incremental technique which
has been found to be useful in rendering highér order parametric curves and
surfaces; see S.L. Lien, M. Shantz and V. Pratt, "Adaptive Forward
Differencing for Rendering Curves énd Suﬁaces". Computer Graphics, Voi. 21,
No. 4, July 1987; M. Shantz and S.L. Chang, "Rendering Trimmed Nurbs with

20 Adéptive Forward Differencin’g','Siggraph '88 proceedings, July 1988: and
Shantz et al., United States Patent Application Serial No. 047,696, filed May 8,
1987 for Method and Apparatus for Adaptive Forward Differencing in the
Rendering of Curves and Surfaces. in the adaptive forward differencing
technique, the parametric equation of the curve is transformed to an identical

.25 curve with a different parameterization, such that the size of the parametric
increments is increased or decreased in order that the curve proceeds in
substantially uniform increments such as approximately one pixel stepon a -

display CRT. This differs from ordinary forward differencing in which the
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dlspl ay CRT This differs fromordinary forward differenci ng i n which the
-4- paranetric increnent is a constant and the step size is non uniform
Lien et. al. described a nethod in which the curve increment is decreased{™
by dividing the paranmeter increnment by two and increased by multiplying th@
paranmeter increnment by two. This is inplenmented by nultiplying the forward
difference 5 coefficients by an "Adjust-lp- matrix "U'" or an "Adjust Down"
"D'" matrix prior to multiplying the coefficients by the forward step or

“forward differ %%ne%ﬂﬁcrém%& %ha ggfif?rlg]ar}!%stha @Fepnse&(et i O&nnltlnl | On%.tgf?_%t al 0

curve 1 0 O

¢ = (c << 1) + gésgrébéh aénetho& in v\thnch ﬁhe cua'bel g\trérﬂeiﬁ rg)a%irgas%d By d%imglﬁ\?

a' = a<<3
1/8 1/16 pa?améteﬁﬁ&eﬁenﬂby W énd Indeased by mutiplying the>pardimete’ 0 0
0 1/8 (c- b") > 1 Klassen, "ntialising Cubic Splines", ACM

TL ansactions ](c)n ugeramantb¥ @\MSA)I’hlsﬁs lmpblmemen bwmu!ﬂplylﬂgqurwa&ladlif)femmndeﬂ
LESCEZQZ%Q s Geeiciaris by ok Adissh U et 1t Aan SResEt BEwRR LT matkpicrso
Forward i 11 or elmuipfing e chBtipiefts BF ERNiRR b e ctarhhy ifeteBeiin o

guard bits in tRghikh Eeftrhﬁfﬂssthsrn%xﬂ é,ﬁ{a@ﬂ fihé‘ gt ment operation 25 such
down

that one guard bit is added after a adj us eration (illustrated-in
Fig. 3b), and one guard bit fis ggimgnategd ajter de,djdust up operation
(illustratedpin Fig. 3a) gfigng 2 hey ef f gt (dng<t1|)%ry point in
the registers. This is 0 0 4 4 =(a+b)c<c? -
al.o 0 O 8 a=a<<3 ./
- | 1 0 0 © (¢=ad
15 D={0 1/2 1/8 1/163 a=a>3
0 O 14 1/8 | - Jb=({b>>2)-a
LO 0 0 118_ C'=({C-b')>>1

| Klassen, “Antialiasing Qibic Splines”, AM Transactions an Graghics (USA);
20 Vol. 10, No. 1; Jaery 1990, exparded the carcept of adsptive forverd differercirg
by employing guard bits in the process. More specifically Klassen modified the
adjust-up matrix and the adjust-down matrix to incorporate the usage bf guard
bits in the adéptive forward difference (AFD) registers (b, ¢, and dj and to vary
the number of guard bits in the b,c.@ registers after each adjustment operation \J
25 such that one guard bit is added after an adjuét down operation (illustrated in ‘
Fig. 36). and one guard bit is eliminated aﬁer'an adjust up operation (illustrated
_in Fig. 3a) giving the eﬁe;:t of a fioating bih_ary point in the registers. This is
implemented using the adjust-up matrix Uk and adjust-down matrix Dk and the

resulting equations shown below:

30
20 o o rd‘sd»1
U= [0 1/2 2-n-2p. C'=(c>> 1)+ (b>> (n+2))
0 0 12 112 \b'=(a+b)>>1
35 6 0 0 1 a'=a
\and N=n-1




¥ npl ement ed using the adjust-up matrix Uk and adjust-down matrix Dk and the

resulti ng -equati ons shown below. 30 1/2 0 0 0 d =d>1
<[ ern =0 1/2 [err] O ' c' =(c > 1) + (b >>(n+2)) 0 0 1/2
1/2b / b’ = (a + b) > 1 35 o 0 1 1
a.==x"and n =n-1 2 0 0-59% d =d<< 1 [err] = 2 2
[err] «[err] b'=(b<<l)-a 0 0 2 -1 c'=(c<<l)- (b'>>(n+2)) 5

0 0 0 1 a'=a a N = n + leHoweverg in Kl assen's process

the binary point of the "d" 2egi®GtOr isOvarfed. T "d=pdi<n:t1 is critical
because in the hardwar eDgrpfonerg ata-on M- he 'r.-.em«tﬁr-accurrul ates

the result of the forward sygp qulgul ation [k IS c&lﬁpu(bvggqm,,lg? AFD
circuit angd is determnativggof 4 hg nexy pojnt¢ al ohg fhe curve. Thus, The

precision of the calculatiof is dependent on the erpQf nfrpcti onal
bits in the d register. This problemis particularly evi d'(‘ant when t he

par anet ric increment i SH@WeVéf,Qﬁ' l@ﬂﬁé@h‘ﬁ pfouowmé ﬁﬁﬁrfytﬁﬁnt_fmhét‘ﬁ!' fedister
shifted so far to the left that a m ninmal nunber of fractional bits renain.
‘I'n addition, fi$weardéd. Thisrpaintd$ criticaldecause insthedhardware impleineotation af AFD

format is dependent upon the nunber of adjust-up and adj ust-down operations
whi ch have ocdh® Bdagistaraccumulates therasultof the fasward step falgulationrwhighiginar e

|5 ofur L heg oCOMBLALE R g APDdieb'shi bERRHATVE 471 AOR Hoint Wdg fhe®
curve. Thus, the prec_:ision of the calculation is dependent upon the number of
W fractional bits in the d register. This problem is particularly evident when the

parametric increment is adjusted severely upward and the registers are shifted

so far to the left that a minimal number of fractional bits remain. In addition, the

15 format of the output is not constant because the format is dependent upon the
~ number of adjust-up and adjust-down operations which have occurred. Thus
the hardware which interfaces with AFD hardware is fuﬁher complicated with

circuitry to accommodate inputs having a floating binary point.



-6- SUVMARY OF THE INVENTION It is therefore an object of the present

i nvention to

provi de a nethod and apparatus for |nteger Adaptive Forward

Di fferencing enploying a floating binary point which provides for a highm{:

preci(si n out
oper at+ons. |
nmet hod and ap
di f f erenci ng

general ly use
systens. It i

put regardl ess of 5 the nunber of adjust-up and adjust-down
t is further an object of the present invention to provide
paratus for floating binarkys point adaptive forward i

in which the output is consistent in a 16.16 fract -fornat

d to execute 10 suNIMARY OF! THE | INVENTIGNOI t al conput er

s also an object © e present | 0o a nethod and

a

appar at us whi ch m ni m zjt4s tHereforerhn objdct ohtHecpresentihventionatbi provideanui red to
perform an adjust-up and adj ust-down operation in the adaptive forward 15

di fferencing
provi des for
technique in
of "d" coe%fi
during parane
the a, b, c c
shifted n bit

point is shifted to theltis fisthenanrobjact afithespresentipeentiando provide e methed and

mathed and appanatus dor integes Asdaptive FoowvandhRifierencing emplaying 8n
Rl inlnt Pt Yo Bfvices i a Hgh brasfso ol spomroféed W |

e RlmBer b Bty SHHdusl G GRS bl nar y poi ni. of

oefficicent registers of the paranetric equation are irnitially

s (i.e. the register contains "n" guard bits) and the binar

to the left when an adjust-down operatign iiﬁPZS erforned respectiyvely
tive thevyardsiipre

reflecting th
performed and
per f or med.

10

15

@"ﬁéﬂ?@éﬁ*”ﬁﬂ‘”a“%@ﬂo&ﬁ%f RatA jfoyarg PENEAR which

e

y
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integer instructions in digital computer systems.

It is also an object of the present invention to a method and
apparatus which minimizes the number of mathematical operations required to

perform an adjust-up and adjust-down operation in the adaptive forward

differencing process.

The method and apparaius of the present invention provides for
using a floating binary point adaptive forward ditferencing technique in which

| the binary point of “d" register, containing the value of "d" coefficient of the

20

25

forward ditterencing basis, is not 'shiftéd during parameter adjust-up and adjust-
down opérations. The binary point of the a, b, ¢ coefficient registers of the
parametric equétion are initially shifted n bits (i.e. the register contains "n”
guard bits) and the binary point is shifted to the right when an adjust-up
operation is performed and to the left when an adjust-down operation is
performed respectively reflecting the removal of a guard bit when an adjust-up
operation is performed and the addition of a guard bit when an adjust-down
operation is performed.



= 7 - BRIEF DESCRIPTION OF THE DRAWNGS FIG 1 illustrates the alignnment
and i-nteger format of the registers in the prior art nethod of forward
di ffergencing. 5 FIG 2 illustrates the alignment .and integer format of the
regigte}s in the Bartel's prior art nmethod of forward differencing. FIG
3(a) and,3(b) illustrate the alignnent and format of the 10 register's in
Kl assen's prior art method of adaptive fotward differencing. FIG 4(a),
4(b), 4(c) illustrate the novenent of the binary p0|nt in the regi sters
cont ai ni ng the coeffici er@ikn PDRSCQRIPA; ‘ it Jle present
invention. 15 FIG 5 illustrates the status of the coeff|C|ent registers .
after a plurality of adjust-up operation using Klassen's prior art

oot ot ere’ uaimg the ot K LARBHRlGE D MoRbAbY Bnd ubll BPRBLEEHE Tooistee,

6 illustrates esent invention utilized to
it the ﬁ&féﬁ%éiﬂif@éf {SPRArdditterRRCIAGS

.render curves in s ngl e pixel 1ncrements. FIG 7 illustrates the

‘organi zati gn of the elenments used to perform25 the adjust-up, adjust-down
and forward operations in the preferred enbodi nent of the present

i nventi on. FIG 8 il ﬂﬁtzalhstratasdhp.ahgnmam anrd injegeri fornat pfithe registers

ferred embqdi th ! 3
preterred emgtie Brdfs prior art met od oﬂ\é%‘ar'doéj esreggrr]lg.

FIG. 3(a) and 3(b) illustrate the alignment and format of the

- 10 register's in Klassen's prio'r art method of adaptive forward differencing.

FIG. 4{a), 4(b), 4(c) illustrate the movement of the binary point
in the registers containing the coefficients in the method and apparatus of the

present invention.

15
FIG. 5 illustrates the status of the coefficient régisters after a
plurality of adjust-up operation using Klassen's prior art technique, and FIG.
5(b) illustrates the status of the coefficient registers using the method and
. apparatus of the present invention.
B 20

FIG. 6 illustrates a preferred embodiment of the present invention

utilized to render curves in single pixel increments.

FIG.7 |llustrates the organization of the elements used to perform -
25 the adjust-up, adjust-down and forward operations in the preferred embodiment

of the present invention.



Fig. 6. -9- DETAI LED DESCRI PTION OF THE I NVENTION In the nethod and
apparatus of the present invention, the adaptive forward differencing
technique is utilized to conpute values of a 5 polynom al paranetric .
functisp which is typically in the formf(t) = [err] + C + D Although the
i nventi.on is described with respect to a third order function, the concepts
may be easily applied to different ordgrgparametric functions. The )
parametric function is first converted to forward difference basis using

known t echni ques, such as _that described, in Foley and . Van Dan, Prjnciplés
of 10 Interactive G aphfiGs8 'HBStSaJES%P'*?hﬁkﬂdgﬁgﬁai"\ﬂ%@ecﬂ’efﬂ@ arametric

function in forward. di f.fer i d d, are stored in
registers (ref E&ﬁ@g"??ﬁtzf? tﬁﬂ@?es%ﬂﬂn%gnﬁon ghmg?u "d" registers) and operated

on to generateFEpg val ues of the paranetric equation. 15

Referring to Fi 4b, the binary points of each of the a, b, ¢ and d
registers, 10, 20, 30 and 40, are |ocated such that the c register 30 is
shifted "n" bits to the right of the d register 40 and the a and b

sregisters 10, 20 are shifted n bits to the right of the c register 30 and

2n bits to the right of the d register 30. The nunber n, called
"tessellation nunber”, which is determ native 20 of the nunber of guard
bits, indicates the current |evel of subdivision which is related to the
‘instant velocity of a curve at the current position along the curve.
Preferably, the value of the initial tessellation nunber n is set by the
‘user. A user-may calculate the initial tessellation nunber by conputing the
magni tude of the first order derivative at the beginning point of a curve. -
Thus, it can be 25 said that the a and b registers 10, 20 contain 16 + 2n
fractional bits, the c¢c register 30 contains 16 + n fractional bits and the

d register 40 contains 16 :

iy



fractional bits. -10- If an adjust-up operation is performed to double
the paranetric increnent, the value n is decrenented by one and the binary
@oinkggg the-a, b and c registers 10, 20, 30 are accordingly right shifted
by one as illustrated in Fig. 4a. Thus, the result is that the a and b
regi sters 10, 20 contain 16 + 2(n-1) 5 fractional bits, the c register 30
contains 16 + (n-1) fractional bits, andgthe d register 40 maintains 16
fractiqnal bits. Slnllarly i f an adjust down operation |s performed to

hal ve t he paraneter ‘ d a3

4c The result is that the a, b, ¢ and d registers 10, 20, 30 and 40
contain 10 16 + 2(n+l), 16 + 2(n+l), 16 + (n+l), and 16 fractional bits
respectively. It shoul d I thexmethbd dnd appm'atnismirtlye present inventien,the egi st er 40
I's not shifted during the adjust-up and_ adjust-down operations. Thus the
out put of " the ﬂqaﬂt'té?? ard i %enmmtqmedssﬂ%%&mm vajuesphaai ned in

el a1 aou SorHRIemALPaaRElfE Rintion Fnici 8 %‘?@‘Vdﬂaﬁi iyl B EpR L8, °
bits such that, ﬁ‘eAlﬂ‘d{L%Ellttgﬁ fanJhﬁPﬁ V\iﬁaﬁénﬂeﬁl WitH F ?huﬂoﬁo&:@r function,

fract-format, a conpatl or na I'S nDS e uen

appl i cations QqR@'cdhepts mawbéﬁﬂéllyaépﬁlhﬂﬂbldiﬁeraﬁt order parametric f&moﬁé e
advant ages of maintaining the output in a fixed format is illustrated in

Fig. 5. Fig. farametriefuhatign :sffirstmmmaadsto Mrwané difrence basjs usingsknawm a
nunber of adj ust - &aoperat I ons occur, Is illustrative of the

g/cess descr it@enigyesc sich as mbqemevéncfaiewa@# VeanDan,Rinciplegaf current
pornt i

bocurred. 195 HeRe GRENEE pﬁéﬂﬁﬁm‘fﬁ? Bpptieris B BB FHebmBlHe §tton i

registers if ibQudrdidiidiéhcd Séﬁ?. %3& IcO&hd 4 "&Y8" st8del int PegiBférs (efirksti to as the -
oper ati ons have occurred.
a”, "b", "¢" and "d" regnsters) and operated on to generate the values of the

parametric equation.

15 Referring to Fig. 4b, the binary points of each of the a, b, cand d
registérs, 10, 20, 30 and 40, are located such that the ¢ register 30 is shifted
"n" bits to the right of the d register 40 and the a and b regiSters 10, 20 are
shifted n bits to the right of the ¢ register 30 and 2n bits to the right of the d
register 30. The number n, called "tessellation number'; which is determinative

20 of the number of guard bits, indicates the current level of subdivision which is
related to the instant velocity of a curve at the current position along the curve. -
Preferably, the value of the initial tessellation number n is set by the user. A
user may calculate the initial tessellation number by computing the magnitude
of the first order derivative at the beginning point of a curve. Thus, it can be

25 said that the a and b registers 10, 20 contain 16 + 2n fractional bits, the ¢
register 30 contains 16 + n fractional bits and the d register 40 contains 16
fractional bits. )



il lustrative of the status of the a, b, ¢ and d registers using the nethod

and apparatus of the present invention. Wile only 6 fractional bits, are _

‘mai nt ai ned in the a register using Klassen's nethod, 20 bits are ‘{:
nainkayned in the a register and a constant 16 fractlonal bits are o
mai n ned in the d register using the nethod and apparatus of the present

i nvention. Thus, the method and apparatus 6ﬁ the present invention provides
a nmuch greater precision than prior 5 ar% nmet hods. Utilizing the nethod

and apparatus of the p ali‘zed
By il {1 plyi ng ¢ he f or wiial abREE hbERuah ¥ paltiild Wudlitis g Bliaiuic

[rzﬁ H X o[ Uc]: Jiﬁcr&ﬂ\em hg value n is d?crﬁmeﬂtad)by oné and the bméi‘y p@ui%ﬂhe a.ob 1

2 a' = a’hd<¢.<iegi§(ers 10 20 30 are accordingly nght shifted by one as illustrated mn 1
 Wierein the value of n is decrenented by one and results in a set of new

coefficients dFig.4a., Thus,ahe resull'is that the a:and b I’QQJStﬁEQ:)'IstQQ\mtBMe" o+ a(mé)

. ht shift of th t ent t b 1
" epr esont ai v drashonALDIs, e <rpaister BOGBIRInR N8 (1Dl FaeBralbis, BER by one

bit. 20 Siml arl
mil i pli catt oot ﬁ%ﬁiﬁhq%@mﬂ%B%kf?'ﬁﬁfZ'*néﬁ%u%dmgﬁafaawsy the
gt rix 0[ Dfi] [ efp‘ﬁrfo[rmed to halve the parameter Incr Incrémefit, the bihary point of the a, i'c = a>>1
registers 10, 20 and 30 accordingly are feft shifted by one as illustrated in Fig.
4c. The result is that the a, b, ¢ and d registers 10, 20, 30 and 40 contain

10 16 + 2(n+1), 16 + 2(n+1), 16 + (n+1), and 16 fractional bits respectively.

it should be noted that the binary point of the d register 40 is not
shifted dim‘ng the adjust-up and adjust-down operations. Thus the output of the
. AFD circuit after the forward step operation is maintained in a constant format.
15 Preferably the binary point of the d register 40 is maintained between the 16
most significant bits and 16 least significant bits such that the output of the
circuit is a fixed point 16+16 fract-format, a cdmp‘afible format which is most
frequently used in applications operated in integer arithmetic.

20 One of the advantages of maintaining the output in a fixed format
is illustrated in Fig. 5. Fig. 5 is exemplary of the status of the 32 bit registers
when a number of adjust-Up.operations occur. Fig. 5a is illustrative of the
process described by Klassen when the velocity of the curve at the current
point is approximately 22 and a number of .adjust -up operations have o_ocurréd_.

25 For example, Fig. 5a may reflect the status of the registers if the original
tessellation number was 10 and 8 adjust operations have occurred. Fig. 5b is
illustrative of the status of the a, b, ¢ and d registers using the method and
apparatus of the present invention. While only 6 fractional bits are maintained



0 0 1 -1/2 c' =c- (b >(n+2))0 0 O 1

d =d = n+l 30 Wierein the value of nis increnented by one and
results. |n a set of new coefficients a', b, ¢c' and d -12- The forward
st ep QESratlon is performed sinmlarly to the ordlnary forward differencing
technirgde by the nultiplication of the forward difference coefficients a,
b, ¢ and d by the matrix [Fc] 5 -1l - 1 [err] O 0
output: (d>>16) Fc =0 1 [err] O d=d+ (c>>n) 0 0 1 1

c'=c + (b>>n) 0 0 0o 1 b':b+a10 Wherein the value of n
i s unchanged, imtheta registeposing Kidssehts method; 20 ditaase mairitaingddn thelaaegisterset
of coefficients b c' and d' are generated which are determ native of the

next step al ongndidcanstant. 164rastional bits.ar ragletasmed inethged mestamsmwm atus of
the present 15 i nti,on is.re zed onp ust - up
and ad uet - doneiiRd Aod 3PpRaIS LA Present iqvenfifn thus e Snethid sid

adjust down na

utilized int héb %%@%éfaﬁgepar%grﬁg uesdtoheé}hg'ag? gg"e‘ﬁpq F?\/aé%{?&g&i&ﬁr{)‘r&ﬁ |"ecvrver
oper ati ons sindaithwéthbds.e requires | ess conputational overhead and expense.
20 As stated earlier, the method and apparatus of the present invention may

be utilized in a variety of applications which enploy the conputing of the
val ues of parametric functions. However, it is preferred that

Utilizing the method and apparatus of the present invention, the
adjust-up operation is realized by multiplying the forward difference

W ' coefficients a, b, ¢ and d by the matrix [Uc]:

o/
10
1 0 O 0 '=d
U=[0 1 -2n-1 ¢ c=c+b>>(n+1)
o 0 1 1 b b+a
0 00 2 a=a<<t
15 n=n-1 __
Wherein the value of n is decremented by one and results in a set of new
coefficients a', b', ¢ and d’; "b >> (n + 1)" is representative of the right shift of
the contents in b register by n + 1 bits and "a << 1" is representative of the left
shift of the contents of the "a" register by one bit.
20
e Similarly the adjust-down operation is realized by the
| multlphcatnon of the forward dnffarence coefficients a, b, ¢ and d by the matrix
[Dc): | - )
25 | 1 0 O 0 §=a>>1
De=[0 1 -2-n-2 2-n-3| b=b-a
10 0 1 172 7 c-c (b’ >> (n+2)
.jo 0 O 1 d =d '
R nN=n+1

30 Wherein the value of n is incremented by one and results in a set of new

coefficients a, b, ¢ and d'.



this is applied to the rendering of curves and surfaces in conputer
generated 25 inmages, i.e. conputer graphics. In this regard, the use of
the Integer Adaptive Forward Differencing technique in the rendering of, ‘O
curvesyw | I be described below. Fig. 6 illustrates an overall block di agram
vi e the systemto 30 render curves and surfaces using the integer -
adaptive forward differencing  nethod of the present invention. In order
to define imges on a CRT display or ot red2 gi splay device, it is necessary
to mani pul ate data at a high speed in order to select the pixels of a CRT
di splay that define thyngysmard SiEp/ 6pbration REgerorfRiEimilarly 8 driary S
desired to be displayed. It is known that the 5 |ocation of each point to
be di spl ayed forward Gfferencing techriique byz]ﬂneﬂnﬂtipildalum of thet forward diferescer ed i n
a nmenory device which correspond to X, z and w honobgenous coordi nat es.
The coeffici casfficignts aebeqaaﬁmtme@amxdmg curves to be lo rendered by
the systemof Figure 6 are cal cuI ated and supplied by a CPU 100 and are

“transmtted to the W X Y| an apt eForvva ffe enq g Unit
("AFDU') €ircuits 110, 112 111 Jn16 n@ éﬂtput w, X, VY,
and z coordi nat es, resﬁﬁt‘th @ &mbn the di spl ay.
The w coordinate out putted|@y t(he WAFDU ci thuit 111@'133(5039) ed to the 1/w

circuit 15 118 which, in §0rn,0 out®ut sttihe currdnd stk of 1/w. The x, vy
and z coordinates are divi déd by the hofMdgenous coordinate w (i.e
nultiplied by the current reciprocal value in order to obtain the ratio of

125, a4 W3 tne Valud Bl UnBhdriies, e Bndl boiiCot Maiadrpidle 15, .

out puts the Mk Eéﬁﬁed(aﬁ@%rﬁﬁvﬁ‘%?of Soe”fﬂéwhtts'ﬂ" d:'%nd]@(hre‘qé%?étad iwhi¢tPare A/

nul tiplied by the corresponding 1/w val ue outputted by the 1/w circuit 118,
such that a cletarmmativevofthé nexi step along the curve.

- Another advantage of the method and apparatus of the present
15 invention is re_aliied by the comparison of the adjust-up and adjust-down
ma_trices of Klassen, Uk, Dk and the adjust-up and adjust-down matrices of the
pre'sent invention Uc and Dc. The matrices utilized in the method and
apparatus of the present invention empioy fewer operations and therefore
‘requires less computational overhead and expense.
20 |
As stated earlier, the method and apparatus of the present
invention may be utilized in a variety of applicatidns which employ the
computing of the values of parametric functions. However, it is preferred that
this is applied to the rendering of curves and surfaces in computer generated
2s images, i.e. computer graphics. In this regard, the use of the integer Adaptive
Forward Ditferencing technique in the rendering of curves will be described |

below.

Fig. 6 illustrates an overall block diagram view of the system to .

30 render curves and surfaces using the integer adaptive forward differencing



isupplied to pixel filter 130. In a simlar fashion, y/w and z/w are
supphtied -t-o pixel filter 130, respectively, by W Y and Z AFDU circuits

» 1105414, and 116, 25 1/wcircuit 118 and by the multipliers 122 and 124.
In thig .fashion the x, y, and z coordinates of the rational cubic functions
are inpytted to pixel filter 130 and used to select the pixels defining

i mges of the rational cubic functiong @n a CRT. - 14 - The pixel filter
130 of Figure 6 conpares the current x, y and z coordinates, which are

i nput to the phethbd of tHecpresdht iavention! i lnlorderto Wefine llﬁﬁ?eaod alCRT diéglay bhe X,
y and z coordinates, which were input to the pixel filter 130 one 5 clock -

“cycl e previ ousther display deviceci is neeessarydo manipuiate data atca high speeadbin
"adj ust-up" (i.e., adYance t he curvg %r pu%yed surface in Ia&ger
i ncrenents) oPreey to£qlect 1be;piyals ofia CRT display that dafing the cupwe, CUPNB surf ace

21 orwar o- st SHTBRbReidhor fhapB i BpKTSdTin b7 oiPRyBEn R R Pate °) "0
z coordi “aFes iBH 12 %oiﬁﬁo%kplﬁ?é& 8h ééﬁﬁgwgﬁéﬁ@%étdgﬁd %grve

bei ng di splayed on t substantialTy single pix e

adj ust up opedigitabvaluss Btorbdimacmomongitévicé which tdreespondao, ¢ kfandence
coefficients inthe a, b, ¢ and d registers by [Uc] nmatrix and the adj ust
down oper at i ofiomogearus ceodingtesdyl ti pl ying the forward difference
coefficients in the a, b, ¢ and d registers by [Dc] matrix. 15 The pi xel
filter 130 is coupled, at outputs 133, 135, and 137, to frane buffer (not

shown) which, in turn, i i wn) or
ot her appropriate displ !@" ggg‘lﬁh%%# gfrﬁaﬁﬁ%hégbﬁé‘éﬁe@@?“ﬁﬁééﬁ g, or
WH'ti ng aygol Fanditbd Byhe 'shSteRi SPFRUALS 6 dalkiitol i and XBboRAPBS BROPES100
outputted by 20 pixel filter 130 at outputs 133, 135 and 137. Furthernore,
arc | engt h ouapdtaré 3ansmitted to the W, X, Y, and Z Adaptive Forward Differencing Unit
("AFDU") circuits 110, 112, 114 and 116 which, in response, output w, X, y,
and z coordinates, respectively, for each pixel to be drawn on the display. The
w coordinate outputted by the W AFDU circuit 110 is coupled to the 1/w circuit
15 118 which, in turn, outputs the current value of 1/w. The x, y and z coordinates
are divided by the homogenous coordinate w (i.e. multiplied by the current
reciprocal value in order to obtain the ratio of two cubic functions), by the 1/w

circuit 118 and the three muttipliers 120, 122, and 124.

20 More specificauy. the X AFDU circuit 112 outputs the current x
coordinate to a multiplier 120, wherein it is multiplied by the corresponding 1/w
value outputted by the 1/w circuit 118, such that a current x/w value is
supplied to pixel filter 130. In a similar fashion, y/w and zlw are supplied to
pixel filter 130, respectively, by W, Y and Z AFDU circuits 110, 114, and 116,

25 1/w circuit 118 and by the multipliers 122 and 124. In this fashion the x, y, and
Z coordinates of the rational cubic functions are inputted to pixel filter 130 and
used to select the pixelé defining images of the rational cubic functions on a
CRT.



of pixel filter 130 is coupled to a paint section (not shown) which paints
pi xels in accordance with the arc |ength val ue outputted by pixel filterfhw
130 at output 131. The arc length value is enployed in the draw ng of A
textu (dashed dotted, etc.) lines and surfaces. 25 Each AFDU circuit
calc es a paranetric cubic function f(t) represented as: f(t) = [err]
- 15 - For each x, y, z and w coordinate the paranetric cubi c function f(t)

is: 5 _ x(t) =TJerr] y(t) =TJerr] z(t) [err] wWt) [err]
10 x(t), y(t), z(t) and W(t)are respectlvely cal cul ated in'the
X AFDU circuit 112, Y AFDU circuit 114, 12 AFDU circuit 116 and W AFDU 110.

F g 6.V, 2 and w ADUTBP PO Bien 14 ohfFiglia & Srpemainerpinan Y apaz O
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These funcki orcvoakr@,das pﬁd\ﬁqusﬁyefandadsuscts theWeX, ¥rand ZOAFDUtgirclitaltong a

curve. The dt step size or paraneter increnment for .t is autonatical Ii/
adj usted so t fladjushepc(iewcaguanca dhe purecer eurved surgcs in larger incrementsj or

to "adjust-down" {i.e., advance the curve or curved surface in smaller
increments) or to "step forward" to the next pixel by performing a “forward-step
operation” utilizing the matrix [Fc] such that the x, y and z coordinates outputted \J
10 by pixel filter 130 advance along the curve being displayed on the CRT '
substantially single pixel increments. The adjust up operation is performed by
muttiplying the forward difference coefficients in the a, b, ¢ and d registers by
[Uc] matrix and the adjust down operation is performed by multiplying the
forward différence coefficients in the a, b; candd registérs by [Dc] matrix.
" The pixe! filter 130 is coupled, at outputs 133, 135, and 137, to
frame buffer (not shown) which, in turn, is coupled to a CRT display (also not
_shown) or other appr_opriat'e' display device, for definidg images by enabling, or
'writ'ing a color value at the pixels defined by the pixel coordinates oufputted by \_)
20 pixel filter 130 at outputs 133, 135 and 137. Furthermore, arc length output 131
| of pixel filter 130 is coupled to a paint section (not'sho_wn) which paints pixels in
accordance with the arc length value outputted by pixal fitter 130 at output 131.
The arc length value is employed in the drawmg of textured (dashed, dotted
etc. ) lines and surfaces.
25
Each "AFDU circuit'calculates a parametric cubic function t)
represented as: -
f(t) = aB3(t) + bB2(t) + cB1(t) + dBo(t)



predeterm ned heuristic function. For exanple, the paraneter increnment nmay
be adj usted. such that the curve is incremented in substantially uniform
amouni g. or nore specifically, single pixel steps. To sinplify the

expl afatj on of the 25 system the heuristic in which the curve is
increnerited in single pixel step is used. However it is evident that any
heuri stic may be used. The four forward difference basis functions [err]
and [err] are |listed below 30 -16- [£i4]-5 [err] [err] =1t. 10 [err] =1
The coefficients of the integer adaptive forward differencing function a,

(6 +"(h S5 oo b PR 56 hdbobfidd e gyt pibicipcher ¢ ©

and D are the cWeficients of the cubic polynom al function. The integer
"n" is referred to as the tessellation nunber or the | evel of subdivision

and reflectg a val ue i npyjy Qva ) YHB2(t] BexBI &P ¢ dxBOItP"
y(t) = ayB3(t) + byB2(t) + oyB1(t) + dyBo(t)
z (1) = azB3(t) + bzB2(t) + czB1(t) + dzBo(t)
w(t) = awB3(t) + bwB2(t) + cwB1(t) + dwBo(t)

10 _ x(t), y(t), z(t) and w(t) are respectively calculated in the X AFDU
* circuit 112, Y AFDU circuit 114, Z AFDU circuit 116 and W .AFDU 110. F‘ig. 7
S is a block diagram representative of the X AFDU circuitry 112 of Fig. 6. Y, Z
and W AFDU circuits 114, 116 and 110 are identical in circuitry to the X AFDU
circuit 112, and therefore a thorough understanding of X AFDU circuit 112 will
15 also fully convey the circuitry and operation of Y, Z and W AFDU circuits 110,
114 and 116. |

The above functions B3(t), B2(t), B1(t) and BO(t) are forward
difference basis functions. These functions are usually defined as t varies from
20 0Oto1along acurve. The dt step size or parameter increment for t is
| automatically adjusted so that the curve is incremented according to a
~ - predetermined heuristic function. For example, the parameter increment may
be adjusted such that the curve is incremented in substantially uniform amounts
or more specifically, single pixel step's.' To simplify the explanation of the
.25 system, the heuristic in which the curve is incremented in single pixel step is

used. However it is evident that any heuristic may be used.

The four forward difference basis functions B3(t), B2(t), B1(t) and

Bo(t) are listed below:
30



nunber n indicates that a parametric curve can be tessellated into [err] .
nunber of 25 segnents using equal paranetric increments at [err] spacing.
The notations "<<" and ">>" represent a left shift and a right shift. B

- exapphe, the notation "A >> n" indicates that data Ais right shlfted by n
bi t The coefficients a, b, ¢, d and the tessellation nunber n are 30

| oaded into the four coefficient reg s ers 134, 150, 162, 172 and :
"tessellation register 147 of each AFDU circuit at initialization by the CPU
100. At each clock cycle, the paqang*zw i ncreases by dt and the four"
coefficients are updated C, while the four AFDU circuits 110,
1 12, 114 and 116 -17- tEg’éﬁerat coordi nates of the next point which
correspond to a particular pixel on the CRT display. If the x, y coordinate
currently calculated by the X andaY,AFDU 5 <circuits 112 and 114 define a
pi xel | ochtion on the ORngg( pl a 3 MAICh I's nore than a single pixe

I ncrenment fromthe previo @ pi xel , then pixel filter 130
instructs each AFDU circuit to d|v de t he paranetric i ncrement dt by two
(adj ust down), thereby'regﬁ 'ng the x, y increments so that at each clock
cycle each AFDU circuit o @E coordi nates which define pixels along the.
curve i m@o approxinatel¥gﬁ*ng‘e pi xel increnments. In a simlar fashion

if the x, y address step i ess than a 1/ 2 pixel increnment fromthe

previ ously defined pixel, then the paranetric increnent dt is doubled
(adjusted up) to increase the change in the x, y coordinates such that

agai n approxi mately orrm)bwrrcﬁhﬁooﬂtaeinmgerraaamweabmaumﬁemicmgyc| e. To

ranst or eq. functiohlasbs ¢ and(d pre KNaITIcac e byyCRU) 105 g8 olbest [or |\
15 4D
c=C+((B+(A>>n))>>n)
b=2B + (6A>>n)
a=6A>>n
20

The values A, B, C and D are the coefficients of the cubic
polynomial function. The integer "n" is réferred_ to as the tessellation number or
the level of subdivision and reflects é value input by the user. The tessellation
number n indicates that a parametric curve can be tessellated into 2" number of

25 segménts using equal parametric increments at 2" spacing. The notations
"'«" and "'»" represent a left shift and a right shift. For example, the notation

"A >> n" indicates that data A is right shifted by n bits.

The coefficients a, b, ¢, d and the tesseliation number n are
30 loaded into the fohr coefficient registers 134, 150, 162, 172 and teésellation
register 147 of each AFDU circuit at initialization by the CPU 100. At each
clock cycle, the parameteri incfeases by dt and the four coefficients are
updated to a', b', ¢', d' while the four AFDU circuits 110, 112, 114 and 116



2'(t) = z(t/2) = [err] 20 W (t) = wW(t/2) = [err] Coefficients

of the transforned set of cubic functions are given by: a = a>1»b =
b - > 1) 25 c' = c-((b-(a>>1))>>(n + 2)) n' = n+ 1
I'n 6§€§P to double dt, the coordinate cubic functions are transforned by:
-18- x7(t) = x(2t) y'(t) = y(2t) z'(t) = z(2t) w(t) = wW2t) 5 In the

case of doubling dt, the nethod of thejpresent invention utilizes the
foIIOW| ng coefficient transformation: ¢ = c + (b>> (n + 1)) 10

b’ =b’+ a a gererafe ﬁawmmdMaies' df thb‘?\e%‘bélﬁf‘hhﬂl%rﬁsbﬁné% apafidapy the

AFDU circuits |s 15 approximately a one pixel i ncrenent, then the AFDU
circuits gener pixel omthelCRT displags r espondi ng to a new pi er and step forward

to that pixel by performng the following transformation: x'(t) = x(t + 1)
If the x, y coordinate currently calculated by the X and Y AFDU
5 circuits 112 and 114 define a pixel location on the CRT display which is more
than a single pixel increment from the previously defined pixel, then pixel filter
130 instructs each AFDU circuit to divide the parametric increment dt by two
(adjust down), thereby reducing the x, y increments so that at each clock cycle
each AFDU circuit outputs coordinates which define pixels along the curvé in
10 approximately single pixel' increments. In a similar fashion, if the x, y address
step is less than a 1/2 pixel increment from the previous'ly defined pixel, then
the parametric increment dt is doubled (adjusted up) to increase the change in
the x, y coordinates such that again approximately one pixel step is
incremented at each clock cycle. To reduce dt by half, the cubic functions x(t)

15 ,y(t). z(t), w (t) are transformed as follows:

X (1) = x(V/2) = axB3(t) + b'xB2(t) + c'xB1(t) + d'xBo(t)

y'(t) = y(2) = ayB3(t) + byB2(t) + cyB1(t) + dyBo(t)

Z'(t) = 2(/2) = a'zB3(t) + b'zB2{t) + czB1(t) + d'zBo(t) -
20 w(t) = w(t/2) = a'wB3(t) + bwB2(t) + cwB1(t) + dwBo(t)

Coefficients of the transformed set of cubic functions are given by:
' a»>1

b-(a>>1)
c-((b-(a>>1))>>(n+2))
n+1 :

Ly 3 -

25

n

in order to double dt, the_ coordinate cubic functions are

transformed by:



20 y'(t) = y(t + 1) z'(t) = z(t +1) w(t) = wt + 1) and the
correspondi ng coefficient transformation for an increment of one pixel 25

is: a =ab =b+ac =c+(b>n) 30 d =d + (c > f)
'~ 19 - Returning to Fig. 7, in order to inplement the above transformations
(adj up, adjust-down, or forward-step) the pixel filter 130 sends

signals over bus 151 to nultiplexor 132,18144, 156, 170 and 146 to sel €ct.an
appropriate input into, pixel filter 130 controls the adder/subtracter 145,
5 158, 166 and registed(t)l4s; x@yel filter 130 controls the :
adder/subtracter 145, 13§t€n_g to performeither an addition or
subtraction operation; |S< I fi r 130 sends signals to multiplexor- 146
and incrementer/decremenf@y J49%(pf either increase or decrease the data in
‘register 147 by one or not to nodify the data. Barrel shifter 159 perforns
only a single bit right wlt)fs ow(2teft shift. Pixel 10 filter 130
ccontrols the direction of shifting on barrel shifter 159 to performeither
.a right shi¥t or a left shift operation. Barrel shifter 155 and 157 perform

only right shift operation. The data in reqi.ster 147.determ pes t‘ﬁ nunber
of bits to be @m’ﬁt"@&elﬁ}dﬂﬁpl_}@d‘s %F‘&ﬂ?f@é,ﬁeféﬁsﬁ Hyegﬁ?% lﬁzq,se gster 162
iIs input tob . Shi 3 %?ﬁaﬂgzé@% mght shifts the data by the nunber of
bits specifi eﬁ‘ﬁ“’r”gg‘:’ét erle ' (gr?ygom puts the data to nultipl exor
170. Simlarly, barrel shifter 157 receives input data fromregi ster 150
and produces a _ri ght shié-t egl= 0”&9"{6#%-&1)) '

10 ' b = b+a .
a = a<<1 - N/
n = .n-1

If the current step size being used by the AFDU circuits is
15 approximately a one pixel increment, then the AFDU circuits generate
coordinates corresponding to a new pixel and step forward to that pixel by

performing the following transformation:

X = x(+1)

20 yi) = yit+1)
M) = zt+1) -
wit) = wit+1) | | W/

and the corresponding coefficient transformation for an increment of one pixel

25 is:

a = a

b = b+a

¢ = c+(b>>n)
30 d = d+(c>>n)



_‘rru'lti pl exor 156. To perform an adjust-down transformation, the new

"coefficients

(b &&a >> 1)) >>(n + 2)) d =d 25 n'

1 Th mew coe
e(Frfst cl

mhlch causes

147 by one, b

132 to sel ect an |nput ﬂe&:mburtodmgsmmnedermmphmqmmeeahbw this clock

cycle, the re
cycle, pixel
i ncrenmenter/d
mul ti pl exor
145 to perfor
result of two
1) 15 [

20 are adjusted to be: a8 =a>1b" =Db- (a>1) ¢

fficients are obta| ned in three clock cycles as foll ows:

ock cycle, pixel filter 13Qgpl aces control signals on bus 151

Cc
n

i ncrenent er/ decrenenter 14 to I ncrease the data in register
arrel shifter 159 to right shift by one bit, and nultipl exor

+

sul t =a,>> 1 Duimeg ﬁﬂsecond cl ock

f'ﬁ’lslf?’"‘fﬂe"% Kqémgt %mw-dewgn ar forwardrstep ter {305

1 PoAg Siirdle vt B8 |t ARfipleafr 432,144 1580170 Hne 146, B v

ErcapptbbhidelihgiR: intd) pimf.ﬁ&dmﬁ &@fbﬁ Waédéf‘lﬂﬁ(ra‘éiéi'ﬁs the

cl ock operations Is:
158, 166 @ndgeyistert 147; qblxall tilté’r 130 tontrals tee aﬂdéﬂwbtrﬁ&(hr [l4sces

control signals on bus 151 which causes nultiplexor 156 to sel ect an input

frombarrel s

11i5Btand 166, to perform either an addition or subtraction operation; pixel filter

130 sends signals to multlplexor 146 and incrementer/decrementer 149 to

. either increase or decrease the data in register 147 by one or not to modify the

./ 10
15

N 20
25

data. Barrel shifter 159 performs only a single bit right shift or left shift. Pixel
filter 130 controls the direction of shifting on barrel shifter 159 to perform either
a right shift or a left shift operation. Barrel shifter 155 and 157 perform only right
shift operation. The data in register 147 determines the number of bits to be
shifted by barrel shifters 155, 157. The data in register 162 is input to barrel
shifter 155 which right shifts the data by the number of bits specified in register
147 and outputs the data to multiplexor 170. Similarly, barrel shifter 157
receives input data from register 150 and produces a right shifted output to
multiplexor 156.

To perform an adjust-down transformation, the new coefficients

are adjusted to be:
a=a>1
b=b-(a>1)
cC=c-((b-(a>>1))>>(n+2)
fed _ _
nN=n+1

The new coefficients are obtained in three clock cycles as

follows:

= a >> b'- (a >>



157 to performa right shift, adder/subtracter 158 to performa
subtraction, and increnenter/decrenenter 149 to decrease the data in, o
regi ster 147 by one. The results of the three clock operation is: 20 a',§‘@
> 1B ™=Db- (a>1) ¢ =c- ((b- (a>1) > (n+2)) d =d25
n' = A1, Simlarly, as previously discussed, when the pixel increnent
calculated by the X AFDU circuit 112 and e Y AFDU circuit 114 are both.
| ess than 0.5 of a pixel step, an adjust-up transformation is perforned and

(1,30, oot 1 Ao, Al 130 acyeciiht fhalton us 5 whicn™ © * (D
=n - 1 To perdfisgs %ﬁbr@ﬁiehférfdé%rérﬁ&gtlalf 939796 itfeadd the'data 4R Pégister @Y by €

obtained in three clock cycles as f ows: During the first clock cycle,

pi xel filter IgHe, bametshilten1Sdto rgiutrshifs by onewit, ahd niultiplexont8Zto selecten
increnenter/decrenenter 149 to increase the data in register 147 by one,
resul ting in tinputdpom dairrehshifter-159.+Atl therend etthisciocle the sesultigdl e n i xel

Lo oETenr g TR ST 2 A Y i oo, S e 4l i S
signals on bus 151 which causes incrementer/decrementer 149 to increase the
data in register 147 by one, multiplexor 144 to select an input from register 134
énd adder/subtracter 145 to perform a subtfaction‘._ At the end of the secon_d

clock cycle, ihe réSuIt of two clock'operations is:
10 - |
N=n+2
a=a>1
b'=b-(a>>1)

15 During the third cloeki cycle, pixel filter 130 places control signals'
on bus 151 which causes multiplexor 156 to select an input from barrel shifter
157 to perform a right shift, adder/subtracter 158 to perform a subtraction, and
incrementer/decrementer 149 to decrease the data in register 147 by one. The

results of the three clock operation is:
20
a=as»1
b=b-(a>>1) -\
c=ac-((b-(a>>1))>>(n+2))
d=d
25 ' . N=n+1.

Similarly, as previously discussed, when the pixel increment
calculated by the X AFDU circuit 112 and the Y AFDU circuit 114 are both less
than 0.5 of a pixel step, an adjust-up transformation is performed and the

30 coefficients a, b, ¢, and d are transformed by:



performa right shift, adder/subtracter 158 to performan addition,
mul ti pl exor 15 144 to select an input fromregister 134, add/subtracter
145 toperforman addition, and increnmenter/decrenenter 149 to decrease the
dat a™(n )regi ster 147 by one which results, at the end of two clock cycles
in the operations: b' =b +a 20 _ o _ ; c' =c + (b
>> (n+1)) n" =n. During the third clock cycle, pixel filter 130 pl aces
control signals on bus 151 which causes barrel shifter-159 to performa
single‘bit left shift, nultiplexoc 28 E>>{m+Id) ect an input from barrel
shifter 159, and increnenter/decr y'gip£f 149 to decrease the data in
regi ster 147 by one. Thus the resQQLEﬂg<?perations at the end of this clock
cycle are: a' = a << 1 30 ) _ b =b +ac =c+
(b>(n+1))n =n-1. - 28=dAternately, if the AFDU circuit
cal culates ¢an X i ncrenment betweenp=jh 4nd 1 and a Y increnent between 0.5
and 1, then the a, b, ¢, and d coefficients are transforned with the
f orwar d- st ep transf or natTe periormian-adjust-updransfornation-the new boefficientsoare= b +
aa =alo

obtained in three clock cycles as follows:

During the first clock cycle, pixel filter 130 places control éignals on bus 151
10 which causes incrementer/decrementer 149 o increase the data in register
— 147 by one, resulting in the operation n' = n + 1. During the second clock
cycle, pixel fiher 130 places control signals on bus 151 which causes
multiplexor 156 to select an input from barrel shifter 157. barrel shifter 157 to
perform a right shift, adder/subtracter 158 to perform an addition, multiplexor
15 144 to select an input from register 134, add/subtracter 145 to perform an |
additibn, and inérementerldecrementer 149 to decrease ihe data in register
147 by one which results, at the end of two clock cycles in the operations:
| b'=b+a _
20 | C =C+ (b>> (n+1))
N=n.

During the third clock cycle, pixel filter 130 places control signalé on bus 151

which causes barre! shifter 159 to perform a single bit left shitt, muliiplexor 132
25 to select an input from barrel shifter 159, and incrementer/decrementer 149 to

decrease the data in register 147 by one. Thus the resulting operations at the

end of this clock cycle are:

a=ac<<i

30 b=b+a
' C=c+(b>>(n+1))

n=n-1.



A forward-step transformation is perforned in one clock cycle as foll ows:
Pixel filter 130 places control signals on bus 151 which causes nultj pl exor
132 to select an input fromregister 134, nultiplexor 144 to select an {J
Fnput , fyom regi ster 134, nultiplexor 156 to select an input from barrel
shift 157. 15 nultiplexor 170 to select an input frombarrel shifter
155, barrel shifter 155 and 157 to performa right shift, and oL
add/ subtracter 145, 158, and 166 to perform an addition. The result at the
end of the clock cycleis: d =d + (c > n) 20 : -
c' =c +(b>n) b =b +a It can be appreciated that only the outputs
fromAFDU circuits X, Y, AMaMrléth%éﬁDb{/)CIM gaiculatesian XrineemeMtr ol t he

LTI o b i b b € S
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incrementedSin substantially one pixel increnments. 30 Menory
buffers 148, 160, and 168 are useq @ ${®s$n} sequence of the previous b, ¢
and d val ues, respectively, so thg} tche@%op’irl y del ayed -23- coordi nate
val ues associated with the pixel Pt D ¢ontrol si gnal are used. This

i s necessary because pixel filter bl®® H#& ermi nes control decisions several
clocks after the AFDU generates thf=@ xel addresses. Menory buffers 148,
160 and 16§%store a sequence of values having a delay equal to the nunber

of 5 cl OCks between ‘the AFDU and the pixel filter. No nenory buffer is
necessary for ' sfrMation i Q@mWﬁ,W@,Q@ L&l a3 thilgwer d step - -
operation. Ref fgf@ﬁ%@%&éﬁrgﬁ% tahgnf)élj el Trlter will -ngtv ge d'i-g‘(s:_ussed. ./
Regi sters Pixel filter 130 places control signals on bus 151 which causes multiplexor 132

to select an input from register 134, muitiplexor 144 to'select_a'n'_ input from
registef 134, 'multiplexor 156 to sélect an input from bariel shifter 157,
15 muliiplexor 170 to select an input from ba_rrel' shifter 155, 'barrél shifter 155 and
157 to perform a right shift, and add/subtracter 145, 158, and 166 to perform an
addition. The result at the end of the clock cycle is:

d=d+(c>>n)
20 | c'=c+(b>>n)
b=b+a

——~

It can be appreciated that only the outputs from AFDU circuits X,

Y, and W are used by the pixel filter to control the adjustment of all four AFDU
25 circuits since the x/w and y/w coordinates sufficiently define pixel location. In

such a fashion, the AFDU circuits 110, 112 and 114, in cooperation with the

1/w circuit 118, niultipliers 120, 122, 124 and pixel filter 130. ehsure that the

curves rendered are incremented in substantially one pixel increments.

30 ' Memory buffers 148, 160,,and '168 are used to store a sequence
of the previous b, ¢ and d values, respectively, so that the properly delayed



5202, 203, 204, 205 and 206 of Fig. 8 store coordinate values [err] to [err]
which 10 .are outputs supplied by X AFDU circuit 112 and multiplied by 1/W

»'by myftiplier 120 (of Fig. 6) in the five previous clock cycles. Sinilarly,
Y rgéigters 220, 212, 222, 223 and 224 store y values [err] to [err].

Li ke e, registers 234, 235, 236, 237 and 238 store z values [err] to
[err]~ 15 ~ Register 202-206"store, sequentially, each x

coordi nate supplied thereto by the X AFDU circuit 112 and nmultiplier 120
such t’hat [ er cpofdinataevalias assosiated with dhe pixel e b3 gontral signal asassed! ock -

Tegi stor 206, RIS erREPADPecsuss alfR) et T8 belalriieh Gorilol dRoislige saRraly
ith ' ' th
Bbsol Ute val USRS B! [FAECHL perdrales ing Bacy dpbregSosMmarg iier P8, oy

the control | ered%hd>t68Istore aXBqUehces bbv&lLes _haﬁh? d detay AGh&! 10 the Wimber of
.instructing the sane to increase the step size (adjust-up) as previously

-descri bed 8i t lclacks betwearothei AEDUandthe pixal flilteeNatremorycbuffdrie necegsary | i s
greater than gne pixel increnment or the absolute 25 value of [err S
greater than lﬁfefeﬁl%1341§'f‘69na%t‘?OQ%@M@PBSIqué'ﬂgtqr@ﬁ'”ﬁ%ﬂPPs"PQ@!S}ﬂ-roI
'signal to all four AFDU circuits which instruct the same to decrease the
step size (adjust-down). -24- Values [err] and [err] stored in registers

238 and 237 are not useﬁgmﬁﬁr@ E'eth\gtﬁ;éamepm,%dﬂbg% Ee&.i F\Peg%i‘é’:%' d

be adj usted upwardly or eca e X and y coordi nates

sufficiently @eRj 263,204,205 dric208 ofFign Bastéiélcabrdinbiy valtos\Ry ¢ xpJe®higher s
238 and 237 function as delay 5 buffers so that values [err] and [err]

(WHi ch ar @0st are outputs; supplieddiyy X ARDUY sifcuit 412 aneomattiplied\by 11/ \0oby suitiplier t o
t he val ues of rr nd [err sfored in, respgctijvely 222, 2 a 220)
and to the val1%§5‘°l)ﬁg[ Q?F’] tre é\‘f‘#dp%eg}quﬁ QK Fxsles- Simi arly, y registers %%0, 292'
222, 223 and 224 store y value_s ¥n 0 Yn+4. Likewise, registers 234, 235, 236,
237 and 238 store z values zn 10 Zp.4- |

15 Register 202-206 store, sequentially, each x coordinate supplied
thereto by the X AFDU circuit 112 and multiplier 120 such that Xn+4 is the most
recently calculated coordinate.- At each clock cycle_domparator 194
compares the value xn.3 in register 205 with xn.4 in register 206, and
comparator 212 compares the value yn.3 in regiéter 223 with yn.4 in register

— - 20 224, If the absolute value of xn.4 - Xn+3 and the absolute value of yn.4 - Yn+3
are both iess than 0.5 of a single pixel increment, the controlier 192 sends a
control _signal to all four AFDU circuits instructing the same to increase the step
size (adjust-up) as previously described with respect to Figs. 6 and 7. if the |

_ absolute value of xn.4 - Xn43 is greater than one pixel increment or the absolute

25 value of yn4q - yﬁ.,a is greater than one pixel increment, the controller then
asserts a control signal_ 1o all four AFDU circuits which instruct the same to

decrease the step size (adjust-down).



I.n registers 204, 203 and 202). 10 Alternatively, if the
absolute value of [err] and the absolute value of [err] are both between
0.5 and 1.0 pixel units, then the conparators 194 and 212 instruct contrth
circuyt™192 to instruct all four AFDU circuits to performa forward step
oper ati on as previously described. 15 It is inportant to note
that all four AFDU circuits 110, 112, 114 ﬂnd 116 of Fig. 4 are adjusted .
upwardly, downwardly, or forwardly in synChronicity by pixel filter 130. In

796 compar es the. | nt eger S 4 b oibrpd i tedsto R af gaT i forLbba
register 204, Wbidbtéfind WHdtiRdr didot tﬁg stbP%liéaéﬁduld’ Bb% ysted 8 hﬂﬂf gpi ster

203. Cowparator 214 then conpares the integer part of he va [err] in
regi ster 222 widdwrweardiynbecauserthe tx arid yoeowdihates [suffidently dd'glesaptxeMl | f
the integer parts [err] and [err] conparators 196 and 214 assert

si gnal s at contlooatgoznaon 8iCBTidisplay: Wowever,iragistars 238 ang?37funchion asdelaye|

b h th 250 | i d he -
di spl 2y of ”ishieqﬁ EF st Vakick. Btk 910 2 R aF0 S Se T s RV O  or ()

- 25 - 1t wil g g 2%?: %il%he&ﬁ@n@i&’ﬂﬁa V4ia6d bf?.g r%? P&h@?l {(ﬁ)glr'éEPm |

enbodi ed i n ot he orms W thout departing Rt s

essential char ggbpéctivelyc222, 21earid 230)cany Rethetvaiuds o X3! fndland i (steredr e,

to be considered in all aspects as illustrative and not restrictive, the
scope of the 5 iniragieters 204p2031gnd@82at ed by t he appended cl ai ns rat her

than by the foregoing description, and all changes which cone within the
meani ng and range of equival ency are, therefore, intended to be enbraced

therein. 10 Altematively. if the absolute value of xn.4 - Xn+3 and the absolute
value of Ynes - Yn+3 are bot_h between 0.5 and 1.0 pixel unité, then the
comparators 194 and 212 instruct control circuit 192 to instruct all four AFDU
circuits to perform a forward step operation as previously described.

15 It is important to note that all four AFDU circuits 110, 112, 114 and
116 of Fig. 4 are adjusted upwardly, downwardly, or forwardly in synchronicity
by pixel filter 130. '

In order to eliminate redundant pixels in a dish_layed image,

20 comparator 196 compares the integer part of the value xp.2 which is stored in
register 204. with the integer part of the Xn.1 value stored in register 203.
Comba’rator.214 then compares the integer part of the value yn,2 in register
222 with the integer part of the value yn.1 in register 221. if the integer parts |
Xne2 = Xnet N0 Y042 = Ynets comparatofs 196 and 214 assert signals at control

25  circuit 192 which, in turn, output an invalid pixel bit to paint section 250, such
that paint section 250 invalidates the dispiay of the pixel with the coordinates

correspdnding 10 Xnet @Nd Ynat.



"CLAI VS 1. An apparatus for rendering a paranetric function using adaptive
forward differencing and integer arithnetic wherein the output of the 5

“paranptric function is calculated in increnments according to a

predgt ej.mi ned heuristic function, said output is calculated in increnments
by adjtsting the size of a paraneter Lpg%enent of the paranmetric function,
sai d apparatus conprising: means for tr&nhslating the paranetric function
into a forward difference basis conprising forward:difference coefficients,
each 10 f orwar d Rtimilf be @ppeeciated thati thataboverdespribetd inyentiom may ber ent
order derivative of the paranetric equation such that a first forward

differ egc;a coﬁmgpéieffﬂ Wr@@ﬁlﬁﬁ;!gﬂ&%wﬁh@tmaimgfmméhgap@:rer P$$,9ﬂﬁghct i on,
der 1 vat | ve of SharacisnpiiERErcTy Theraent amasiRBat sig. Prolare e o ence
coefficients dgnsidered in ‘iﬁrdsgﬁa@% iilﬂ?ﬁéf%e‘é?ﬂ A6t rﬁgﬁﬁfivgqglg‘g%?bé’ %Mg the

paranetric function; register neans for storing each o or war

di f f er ences coipvéntiarebeingsindibatetdly theeagpentbdiclains: rttibirithan byahe dovebbing ent
is stored having a predeterm ned nunber of fractional bits, and succeedi ng
forward diff cdeseriptioncand all ghanges whichmompe withinthe-meaning andfranga®fi onal 20
bits equal to the predeterm ned nunber of frac ion@ bits plus a nunber of
guard bits eq@GHIVRIBNGY BF%&E%’@??FPnEﬁe'?f{ﬂ%@rb%P"@lﬁ? hereinny, i tiplied by a
mul tiplication factor, said nmultiplication factor value being zero for the
first forward difference coefficient and increnented by one for each
succeeding forward difference coefficient, the highest order 25 ' .
coefficient retaining the same nmultiplication factor value as the precedi ng
I r order coefficient; neans for calculating the output of the paranetric
function for a predeterm ned paraneter;
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-27- means for conparing the output with the heuristic function to
determ ne whether to adjust the paraneter increnent up, down or to advance
- by an anobunt equal to the current increnment to cal cul ate the next out put 9

the parametric_function, 5 ——— means. for adjusting the paraneter

I ncrement up, conprising neans for decreasing the nunber of guard bits in.
the register ne l““m‘m“““\(“ m f the multiplication factor; means for -
adj usting the pg t down, cemigpresing nmeans for increasing the
nunber of guard Bits ih t he regi ster nean .10 . the value of the °
mul tiplication factor; neans for advanci né-%ri sing updating the forward

di fference coefficients; whereby the first forward di fference coefficient
. consistently has the predeterm ned nunber of fractional bits with increased

preci si on due 15 toythe M‘FQP rafii&Hor r&"nzde?idd"Téhbafé?ﬁétﬁé‘fuﬁ&iohhﬁing |

succeeding forward difference coefticients. 2. e apparatus of claim1l

wher ei n t he heugadaptive forwaid ditferencing arebinteger aritirmetic whereinitheLoutpit bhhe
paranetric function in substantially 20 .uniformincrenments. 3. The _
~appar at us of5 c| parametric funation i ated én incrementsancording fo:fiprgdelempinedr
gener at ed | ROk il Crion, spi ouput ncalap IR rblReli i, aihefind e LS
approxi mat el y oge, Ma¥&hete? MdrdfBhEof the parametric function, said apparatus comprising:
meahs for translating the parametric function into a forward
difference basis comprising forward difference coefficients, each
10 forward diffefence'coefficient corresponding to a different order
derivative of the parametric equation such that a first forward difference
coefficient corresponds to the value of the parametric function, a second
forward difference coefficiant corresponds to the first order derivative of
the parametric function and succeeding forward ditference coefficients
15 correspond to succeeding order derivatives of the parametric function;
register means for storing each of the forward difference
coefficients such that the first forward difterence coefficient is stored
having a predetermined number of fractional bits, and succeeding
forward difference coefficients are stored having a number of fractional _
20 “bits equal to the predetermined number of fractional bits plus a number of
§uard bits équal to a predetermined number of guard bits multiplied by a
multiplication 1ado_r. said multiplication factor value being zero for the
first forward difference coefficient and inérememed by one for each
succeeding forward difference coefficient, the highest order
25 . coefficient retaining the same multiplication factor value as the
preceding lower order coefficient;
means for calculating the 6utput of the parametric function for a

predetermined parameter;



"-. 28 - 4. The apparatus of claim1 wherein the predetermnm ned nunber of
fracgional- bits is equal to 16. 5. The apparatus of claim1l wherein the

+first,forward ' fficient is stored in such a nanner that
one- tgp of thi,mmmmmym bits are fractional bits. 6. The
apparatys of clainrl ere @ predeterm ned nunber of guard bits is equal

to two, and the nunber of guard bits i n 1 R& succeedi ng 10 forward

di fference coefficients are incremental values ofi-two. 7.  The apparatus

of claim1 wherein the paeansforcomparingitba outpus withi the heugstic function te al

function. 15 tus-of claim7 V\,hergnthe nmeans

. 8. Th
for translating a pGPmmea‘f'hﬂﬁPEﬁ%e;lﬁagrt @ Parameter MCrRMENt Up, JOW QFIR

The. appar atus of o SPHAnEeCH.ph A glhal BapA PonBf bbrab el caipuare e ©
forward difference ﬁ@ﬂfgdtﬁﬁmqhéga@@ﬁéfﬁﬁ&iaﬁi that one-half of the total
oeftl

nunmber of bits representing the cient value are fractional bits; 5

stores the gecond forwarmedn$ forradjustingahé parameter increment up, fcompisirighat
one-half of the total nunber of bits representing the coefficient val ue

plus the predet er ni means dondacreasing theonusnber ofiguard bits inothel register;meansr by t he
third forward differenc cogffic' h in such a format that one-half of the

total nunber of bi ey o HHWQE'B GAUCHIREIO ent val ue pl us

means for adjusting the parameter increment down, comprising

means for increasing the number of guard bits in the register means by
10 the value of the multiplication factor;
| means for advancing compris_ing updating the forward difference
coefficients;
whereby the first forward difference coefficient consistently has
the predetermined nurﬁbér of fractional bits with increased precision dﬁe
15 to the use of guard bits with respect 1o the succeeding forward difference

coefficients.

2. The apparatus of claim 1 wherein the heuristic function
comprises calculating the output of the parametric function in substa_ntially

20 uniform increments.

3.  The apparatus of claim 1:
further comprising a means fdr displaying computer
generated images; and |
25 | wherein the heuristic function comprises calculating the

output of the parametric function in approximately one pixel increments.



10 t he predetermzﬁi nunber of guard bits nmultiplied by two are

fractional bits; and sto m' 'mm'l, ward di fference coefficient. in .
such a format that one-h LL nunber of bits representing the j.

coef fi.chent val ue plus the predete’?msned nunber of guard bits nultiplied by
two ake/fractional 15 bits. 10. The apparatus of claim?9 whereln
t he means for calculating the value. cg the paranetric function conpri ses
means for cal cul ating the val ue to bé equal to the output in the first '
forward difference register. The appar atus_of claim9

wherein the neans for addusti manpmsmphfaﬂewhemwm ptasmineses: neans

for adjusting the par r.enent t ugh the cal cul ation of the

fol | owi ng equa't“i"'Bhg"""'?T‘E °Ha“?f s is equal 1o, é;> (n+1)); b =b + a; a = a <<
1; and n' = n-1 wherein d represents the current first forward difference
coefficient c,b and a respectively represent the current second, third and

fourth forward differeng Coqhbla‘pp%?étﬁsoﬂcmﬁﬂeﬁnérbmﬂhbmrﬁmmu
tessel l ati on nunber; wherein " represents the first forward
difference &oedlﬁemneatcoaﬁmm wlstn_sed ingsugh, a manber thatl oae-half of the total

number of bits are fréctional bits.

6.  The apparatus of claim 1 where the predetermined number -
of guérd bits is equal to two, and the number of guard bits in the succeeding
10 forward difference ¢beﬁicients are incremental values of two.

7. The apparatus of claim 1 wherein the parametric function is

a third order polynomial function.

15 8. '_ The apparatus of claim 7 wherein the means for translating
a polynomial parametric function results in a forward difference basis having

four forward difference coefficients.
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respectively represent the second, thi rd-and—fourth—forward difference
coefficients after. adjusting up, and n' represents the tessellation nunber

«af t er jadj usting up; and neans for ﬂumw’ﬂ 'IH“' nmber of guard bits in
the second forward difference regi he third forward
difference register by two and the fourth forvvard "difference regi ster by -

two. 12. The apparatus of claim9_werein the neans for adjusting down
the paraneter increnment conprises: nearf§ Tor adjusting the paraneter

anrgm_an'z at ELOli)gh "[:he %gl cu( tgiaopr&@gtgtgg f ol B%ﬁ%ﬂ&’@%&&ér ng?ésg >z ﬁ+1
Soef f1cient . c.b and a JeSBRTsy %?&%P@éé*ﬁic%gﬂeﬁeﬂwéﬁkué'iéiﬁﬁ?a* 8 and
tessel | a1 on number a8t ieNlola FuRitiel of BRE réprb FMEATe Dobpigrt uaetare
di fference coeffi Qrm‘bnafbﬁ adJ usting up, c¢',b" and a' respectively
represent the second, third and fourth forward difference coefficients
after adj@sting up, andtores the second forward difference coefficient in such a format
that one-half of the total number of bits representing the coeficient value '
plus the predetermined number of guard bits are fractional bits;
stores the third forward difference coefficieht in such a format that
W, ' one-half of the total number of bits representing the coefficient value plus
10 the predetermined number of guard bits multiplied by two are fractional
bits; and o
stores the fourth forward ditference coefficient in such a format that
one-half of the total numbé( of bits representing the coefficient value plus
the predetermined number of guard bits multiplied by two are fractional

15 bits.

10. The apparatus of claim 9 wherein the means for calculating
the value of the parametric function comprises means for calculating the value
to be equal to the output in the first forward difference register.

20 |
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n' represents the tesselIatFU‘—ﬁuwber—after~adrust|ng up, and neans for

I ncreasing the nunber of gua ond forward difference,

regi ster by one, in the thir mmumm\ﬂmqﬁce regi ster by two and the<g
fourth forward difference regis The apparatus of claim?9
wherein the nmeans for advancing conprises: neans for updatlng t he formard
di fference equations according to the follomﬁng equations: d'=d + (c S>>,
n; cc=c+ (b>n); bb=Db + a; a° = & 3gherein d represents the current
first forward di fference coefficient, c,b and a respectively represent the
current second, third and fourth forward difference coefficients, and n
represents théleurrenThecapparatus nﬁnbéaimaﬁd whearesim ﬂhermpaaserﬁar t'he

first forwardg CQef | b and a'
respectively rggpgggﬁpc%ﬁEQggigﬁgéﬂﬁﬁ%%gqgh %&%t%% (fchfference
coefficients after adfgdfisng ey, AadJustingy, &hent ?Wet"@?selﬂ%r%?%nber

after adjustigHrbigh the ¥Alculbtion) of The! EO1Nk NG Eidtd chedar anet ric

functlon usi ng ar = a;
c‘ =c + (b > (n+l1));
b' = b + a;
a' = a << 1; and
n' = n-1 :
wherein 4 represents the current first forward .
dlfference coefficient, ¢,b and a respectively represent . \2

the current second, third and fourth forward difference
coefficients, n represents the current tessellation
number; wherein d' represents the first forward
difference coefficient after adjusting up, c',b' and a!
respectively represent the second, third and fourth |
forward difference coefficients after adjusting up, and -
n' represents the tessellation number after adjusting
up; and ‘

means for decreasing the number of guard bits in
the second forward difference register by one, in the
third forward difference register by two and the fourth
forward difference register by two.

12. "The apparatus of claim 9 wherein the means for
adjusting down the parameter increment comprises:
| means for adjusting the parameter increment
_ through the calculation of the following equations;
a' = a > 1;
b = b - (a > 1);
c!' =c - ((b~- (a>> 1)) > (nt2));
d! = d; and
n' = n+l
wherein d represents the current first forward



adaptlve forward differencing a net hod—f—er—l_mplﬁnm:m ng using integer
arithnetic .wherein the output of anetric function is calculated in
4 ncregent s according to a predeteyﬂﬂﬂﬁ @ " laﬂlfunctlon, said output is
5 calcul.ated in increments by ad of a paraneter increnent
of the parametric function, said nmethod corrpr|5| ng the steps of:
translating the paranetric function into a forward difference basis
conprising forward difference coefficientszyeach forward difference
coefficient corresponding to a different order of the paranetric equation
10 such that a first forward difference coefficient corresponds to
t he val ue of t kidfifmremte icodffitiemt, ac decamdl d arespectivéy anspresent
coefficient COM8SD t st r LS
function and succee%%%m%?%‘;#‘ff%r?{e%gearg%eﬁ(l?%éﬁée{%%%ﬁe‘gf% %ﬂé& ‘
succeedi ng or deceffricientas andt hergpresentsc thmcqumentla:essellatlon

storing each Ofn\fﬂlférfor“@h@rghﬁfer&nceré QEEleﬁ'tht StHd af’iEQ'tStefofW
whereby the first forward diff erence coefficient is stored

predet er mi ned QAFEreRAce r%%?f%e‘bﬁéf’éﬁﬁ agdustinggUPer \ﬁar' dgaf"fder%nce
coefficients arespeuteivdiyi nepressnter thle f sacohdpal thitd eamal fourtie

D Fo oo manta v, af EPEFeR0E cBEERiBIERLR, RATRE! oBifRing no, A
mul tiplied by an'rrureppe'seatcsorthqctesseéammnl tnynbemt afteraadjusting

bei ng zero f'oruym J{ dst forward difference coefficient, and increnmented by
one for each sucCceeding forward. dj fference coefficient, the hquhest order

efficient retaining (MARRKOTNANGTRASING Jthe nuRher; 9% guard el
pr edi ng | owerhd deecengf ftorwara &ﬁfﬁé&&twgrbaeseui-ptﬂy obné e marﬂi@t ric

function for a re%ettegrn‘}anr@&i gffflerencé register by two and the fourth
forward difference register by two.

13. The apparatus of claim 9 wherein the means for
advancing comprises:

means for updating the forward difference
equations according to the following equations:

d* =d + (¢c > n);
c! =c¢c + (b > n);
b'! = b + a;
a' = a; :
) ' wherein d represents the current first forward

difference coefficient, c¢,b and a respectively represent
the current second, third and fourth forward difference
coefficients, and n represents the current tessellation
number; and wherein 'd' represents the first forward
difference coefficient after adjusting up, c',b' and a'
respectively represent the second, third and fourth
forward difference coefficients after adjusting up, and
n' represents the tessellation number after adjusting

up.



a -33- conparing the output withthe heuristic function to determ ne

whet her to adju hewi NCrenent up, down or to advance by an
anount equal toﬂlmnagmmqmmm ment -to cal cul ate the next output of th@
paranmetyic functionye S w s s adj usting the paranmeter increment up,”
sai d cess of adjusting conprising the step of decreasing the nunber of.
guard bits in the register neans by the=-v3 ge of the nultiplication factor;
adj usting the paraneter increnment down, said process of adjusting
conprising the step of increasing the nunber of guard bits in 10 ‘t he
regi ster neans by the vafiue I¥askhstem for fendesingiaparameatis fungtien 8sing he fir st

f d diff coefficien ' he bred .1 ned nb f
fracti onal by BCagYe arMarL bRt IR » S0 oy Wb mendteCOGhS IR0 ol < wi 1 1
‘ethott of ol aots Anaein fie Bl bl 4 PEREHRINCRVT I Galedaetin, T, e

out put of the jRreMEnty ascording it @ predefarineth hewrstic function, SaidwitpueRt s. 20
16. The nethod of claim 14 wherein the systemis a device for the display

of conput es gealouldted in inerarments dytadiustingrthe tsize éfuapaiameteningrement of the
calculating the output of the paranmetric function in approxi mately one .
pi xel i ncr enepagametsic function, said methpd compsising thesteps ef:ai m 14 wherein the

predet erm ned nunbgr of trfarrlﬁg lﬁgo{}\ael pabr_lr«.l}nsetr'ics fu%%ﬁgr_li ir;tg alg'rward difference basis

comprising forward difference coefficients, each forward difference
coefficient corresponding to a different order of the parametric equation J
10 such that a first forward difference coefficient corresponds to the value of '

the parametric function, a second fomard.'differen.c_:e coefficient
corresponds to the first order derivative of the parametric function and
succeeding fbrward' difference coefficients correspond to succeeding .
order derivatives of the parametric function;

15 storing each of the forward difference coefficients in a register
means whereby the first forward difference coefficient is stored having a
predetermined number of fractional bits and succeeding forward
difference coefficients are stored having a number of fractional bits
equal to the predetermined number of fractional bits plus a number of

20 gpard bits, said number of guard bits equal to a initial number of guard
bits multiplied by a multiplication factor, said mu!tiplic'ation factor value
being zeroYor the first forward difference coefficient, and incremented by
‘one for each succeeding forward difference coefficient, the highest
order coefficient retaining the same multiplication factor value as the -

25 - preceding lower order coefficient;

| calculating the output of the parametric function for a

predetermined parameter;



“34- 18. The method of claim 14 wherein the TiTst Torward difference

coefficient- is stored in such a manne”"lmi" f the total nunber of
bitsgre fractional bits. 5 ' mmm |mt hod of claim 14
wher et Pe nunber of guard bits in the Sucteedi Mg Fforward difference
coefficients are one half of the total nu_n‘ggrq of bits plus an increnental -
anount* of the predeterm ned nunber of guard”bits. 20. The nethod of claim

14 wherein the paranmetric function is a 10 third order polynom al
function. 21.  The net . i ! Step of translating the
paranetric function resnﬁ]gaémrfdaﬁ'?@l{?xg¥tm§f ﬁee'?%ﬁ%gég'é@'gnﬁg\ﬂ%wm"&%r
forward difference ghgfhlerfd 88just th%%arawgte"ﬁncreﬁ%g} u Pgoxgﬁyf%' aBlafde by an’

wherein the step for storing: stores t first er ence

coefficient in suchamolintequal tdtie eurferitindrement toccdiQilate the MaRt o@pubbf fhe
representing the coefficient value are fractional bits; 5
stores the second fparamedrieifunctionnce coefficient in such a format that

one-hal f of_the total nunper of bits representing the coefficient value
pl us the predet erni ned ing dhe parameter incrament up.said pracassof adistings t he

thy i forberd o ¥ olamRP e o7 et BaBiB ing oh PRy gk S b otk e,
and stores the ToureeirsEf e PEp T BRS mRMELRch R & ° Loh a Tormat. € hat
- adjusting the parameter increment down, said process of
w adjusting comprising the step of increasing the number of guard bits in
10 the register means by the value of the multiplication factor;
whereby the first forward difference coefficient consistently has
the predetermined number of fractional bits with increased precision due
to the use of guard bits with respect to the succeeding forward difference
coefficients.
15 |
16.  The method of claim 14 wherein the heuristic function
- comprises calculating the output of the parametric function in substantialty

uniform increments.

20 ' 16.  The method of claim 14 wherein the system is a device for
' the displey of computer generated .images and the heuristic function comprises
calculating the output of the perametric function in approximately one pixel
increments. |

25 17.  The method of claim 14 wherein the predstermined number
of fractional bits is equal to 16.



one-half of the total nunber of bits representing the coefficient val ue
plus two multip I“term ned nunber .of guard bits are
fractional 15 ”m“”““mnﬂlmﬁ The net hod of claim 22 wherein the step/??g.f
“cal cutating the ValUe 'of " hé paranetric funct ion conprises calculating t
val ud¥o be equal to the output in the rst forward difference register.
20 - 36 - 24. The met hod of cl aiffZ2 wherein the step of adjustlng

up the paraneter increnment. conprises the steps of: adjusting the paraneter

i ncrenent through the cal&ul aTheomettiod dfeclim 14)w'mmﬂmtlisﬂmwadﬂ ditidrente’=

c+t (b >> (n+l)); b' =b +a; a =a<<1 andn = n-1wherein d represents
the current fi c@eﬁmgnmrs!oranﬂn sueh agmaansrithal ene-half obthertatal numhsw? bijs:| y
‘represent the cur{ éﬁ %fﬁ third and fourth forward difference
coefficients, on S.current tessellation nunber; wherein d'
represents the first forward difference coefficient after adjusting
-up, c',b and a' respectively represent the second, third and fourth

forward dif§erence coef fig.i ertife mbtiRid crdiaim 149/@heim thﬁf}ﬁhmber of guard bits in
the suoceedmg forward difference coefficients are one half of the total number

of bits plus an in_¢_remental amount of the predetermined number of guard bits.

20. The method of claim 14 wherein the parametric function is a _
10 third order polynomial function. . \J'

21. The method of claim 20 wherein the step of 'translating the
parametric function resul_is in a forward difference basis having four forward
difference ooeﬁfcients. |

15



4

n" represents the tessellation nunber after adjusting up; and decreasing
the nunber of guard bits in the second forward difference register by one,

i-n thethird forward difference register by two orward
difference register by two. 25. The appar at mmnmm’mmﬂer ein the
step of adjusting down the paraneter increnent c&npfises:* adjudting the

par anet'er increnment through the calcal3tion of the following equations; a'
=a>1 b =b- (a>1); ¢ =c¢c- ((b- (a>>)) > (n+t2)); d =d; and

: o= - - wh j d h . d
gi ffeggﬁccﬁ_ cge??hc}ente,r?é]b- ngégﬁgabietﬂf‘!e)&w'fégfﬂe‘bﬁgii{ﬁ’grs r ent
, t ! t '
current tessel | ati on nulieee ¥ stioraiiferdreE coeiiidt n Bih f sbinde it

difference coeffi cigig-half 8f th@'total AbMBS gﬂﬁits réfﬂ?esentﬁx;gdh'e coeflicibnt value are

respectively represent the second, third and fourth Torward difference
coefficients after feabtional bits;up, and n' represents the tessellation nunber

after adjusting up; and
-]

stores the second forward difference coefficient in such a format
that one-half of the total number of bits representing the coefficient value
plus the predetermined number of guard bits are fractionall bits;
stores the third forward difference coefficient in such a format.that
one-half of the total number of bits representing the coefficient value plus
10 two multiplied by the predetermined number of guard bits are fractional
bits; and | |
| stores the fourth forward difference coefficient in such a format that
one-half of the total number of bits representing the coefficient value plus
two multibliad by the predetermined number of guard bits are fractional
15 bits.

23. The method of claim 22 wherein the step of calculating the
_ value of the parametric function comprises calculating the value to be equal to
w the output in the first forward difference register.
20 |



i ncreasi ng the nunber of guard bits in the second formard dlfference
regISter'*ﬁkfﬁﬂ}—AA%—Phe—Ph+Ld forward difference register by two and the
fourth for e register by two. 26. The method of cl ai m,3gs
wherein th I ﬁ ﬂa ng conprises: updating the forward difference
equations follomnng equations: d° =d + (c >> n); c" c +
(b >>n); b =b + a a' = a; wherein d represents the current first forward
di fference coefficient, c,b and a respeséi~ely represent the current

second, third and fourth forward difference coefficients and n is the
current tessellation nunber; and wherein d' represents the first forward

di fference c23¢b-f fi CI cThe method ofdj gdmimg 22ypwhereinp'the ;g¢ep gof
respectivel y, 4 tup hene eﬁQPQme{-.QH fnéPeméAt tbm %Qiﬂféédtﬁéf Eeepace
coeff|C|ents ter adj usting Up, and n' represents the tessellation nunber
after adjusteh g up. -38- 27. An apparatus for rendering a third

or ger pol ynoni al paréd?ﬁétﬁnéumié opauamegegdamd:ranéﬁtvmdﬁdﬁ etheci ng
and integer Sa é&fﬁéign of' gﬂe £0%18 ERQ equatlons,

a' = d;

c' = c+ (b > (n+l1));

b* = b + a;

a''=a << 1j and

n' = n-1 , _
.wherein d represents the current first forward KJ.

difference coefficiént, c,b and a respectively represent
the current second, third and foufth forward difference
coefficients, and n is the current tessellation number;
wherein d' represents the first forward difference
coefficient after adjusting |up, c!,b! and a°
respectively represent the second, third and fourth
forward difference coefficients after adjusting up, and
n' represents the tessellation number after adjusting
up; and . '

decreasing the number of guard bits in the
second forward difference register by one, in the third
forward difference register by two and the fourth
forward difference register by two.

25. The apparatus of claim 22 wherein the step of
adjﬁsting'down the parameter increment comprises:
adjusting the  parameter increment through the
calculation of the following equations;
 a' = a > 1;

b' = b - (a > 1);

‘et =c - ((b - (a >>)) > (n+2));

d' = d; and C |
n+1

nl



of the paranetric function is calculated in uniforﬁTincrenents by
adjusting .the size of a paraneter the paranetric
function, said apparatus COHDrISInE“N ﬁ H@ slating the paranetric
function.nto a forward differen w conprising forward
dlfference coefficients d,c,b and a accordlng to the foll ow ng equations: -d
=D cc=C+ ((B+ (A> n)) >>n); b =2B + (6A >> n); a = 6A >> n;
mherein d represents t he first - fypward difference coefficient,
c,b and a respectively represent the second, third and fourth forward
difference coefficients and D,C,B and A are the four coefficients of a
cubi ¢ pol ynoni al functmnureﬂqﬁdtcepresantéomhn(nmrgpmachlntttMmﬂwxnﬁud
di fference coefyfi t hat fir

coefficient d Fis f(sflteg%%ﬁaﬁlawecnfgﬂ éﬁ pléﬂe]:de{%rbmtanme%d dnu %er (rizgcj efc?naﬁesr%&ts
second formardtbﬁfhyﬁﬁﬁnicﬁﬁ#ﬁm%dehblndlQnétSpeuthafpwyaxﬁﬂﬂﬂﬁﬁenﬁhce

fractional b't%d@@fﬂcﬂéhﬂé"%ﬁﬁeHeH@“EHE“h@HF@ﬁf €Es§é§§hk@6§'ﬂﬁﬂﬁéﬂﬂlﬁ
an initial nunmber of 2% bits, third and fourth forward erence
h

coefficients bwﬁ‘ﬁ&'e&‘\ea FARFESEh b dMeor TrEs | FoRW alf'd(s re5’4 he
predet erm ned eoefdicdfentr actafead biddjusiting heupni ti & ,mmberandd guetr d

bi'ts ”“'t'p"egegﬁééeTUelyp'E%iE %@n@aCEBE Oéeégﬁh third and fourth
forward difference coefficients after_adjusting up, and
n' represents the tessellation number after adjusting

‘ up; and
~ increasing the number of guard bits in the
second forward difference register by one, in the third
forward difference register by two and the fourth
forward difference register by two.
26. The method of claim 22 wherein the step of
advancing comprises:
updating the forward difference equations
according to the following equations: '
d' =4d + (¢ >> n);
c''=c¢c + (b > n);
b' = b + a;
o | a' = a;

wherein d represents the current first forward
difference coefficient, c,b and a respectively represent
the current second, third and fourth forward difference
coefficients and n is the current tessellation number;
and wherein d' represents the first forward difference
coefficient ' after adjusting |up, c',b! and a'
respectively represent the second, third and fourth
forward difference coefficients after adjusting up, and
n' represents the tessellation number after adjusting

up.



conprising: nmeans for adjusting down t e

- ., T/

* o

means for calculating the _euLpu%——e#——%he—pafanetric function for a
predeterm ned paraneter - l, S ans for calculating the
output to be equal to the vaIu u“ “ﬂ nﬂﬂi rward difference reglsterf“
means f or determning if the t han one unrfornrrncreneﬁ(,
| ess than one-half of a uniformincrenent or in t he range of one-half ‘of a
uni formincrement to one uniformincrenent; if the output is greater than
one uniformincrenent, neans for adjusting down the paraneter increnent
gafaneter increnent t hrough t he

calculation of the following equations; a' = a > 1; b = a'; ¢ =c¢ -
(b" >> (n+2)) er.ei resents te sel | tron
nunber and d' ?épreseﬁps1ﬁé}§ﬁ§§ﬁsfgfﬂﬁrd93PF &%xa%oe??ﬁf entk:
adj usting dopmlynomipl parametricedurctiion yuséipgesataptive ﬁmmarm .
third and fayeelr-ehl C!arrfﬁfiﬁéé &£ se&ftpan@cq@ Sutfdd in aéh&%h%%

sell a down; nedns for

and n' represents the te t 1 on. humber ter adjustin
i ncreasi ng t hefnUiiRr RATRAETLG fanction is calculated in uniform

‘increments by adjusting the size of a parameter
increment of the parametric function, said apparatus

compr151ng°
means for translatlng the parametric function
into a forward difference basis comprising forward
difference coefficients d,c,b and a according to the
following equations:
d = D; _
c=C+ ((B+ (A > n)) > n);
b = 2B + (6A >> n);
_ a = 6A > n;
wherein d represents the first forward
difference coefficient, c,b and a respectively represent
the second, third and fourth forward difference
coefficients and D,C,B and A are the four coefficients
of a cubic polynomial function;
register means for storing each of the forward
difference coefficients a,b,c d such that the first

forward difference coefficient 4 is stored having a ;;j

predetermined number of fractional bits, second forward
difference coefficient c is stored having a number of
fractional bits equal to the predetermined number of
fractional bits plus an initial number of guard bits,
third and fourth forward difference coefficients b and a
each having'a number of fractional bits équal to the
predetermined number of fractional bits plus the initial
number of guard bits multiplied by a multlpllcatlon
factor of two, .
means for «calculating the output of the

parametric function  for a predetermined parameter



%he second forward difference registér by one,mnmthe third forward

difference-register by two and th di fference register by
4wo; ~if. the output increment is IE“ mm I H:Mﬂ II of the uniform . |
i ncrerrent,, means for adjusting up thecpararmeter knhcrement conprising: neans

for adjusting the paraneter increment up through the cal cul ation of the

following equations; d =4d; ¢ =c¢c + (b3 {n+l)); b' =b + a; a' = a <<
1; and n' = n-1 ; A0 - wherein n r risents a_tessellation nunber and d
represents tm§9W3§ﬂS*QﬁW%?ﬂnﬁiF?Er@ﬂigu BEEPC bRt owtput 49 ke iequad,
c',b' and a' rtespshe ivelye ripresentitde fancond ,diff‘éféiacél%gi%ff‘t .
forward .difference c | Ll S . St up, a 'represents e
t essel | ati on number af e;rﬁ%djfﬁét F%%;%}%%’gnsiﬁg?h%eepggggnd‘ﬁ_ HEFFRiNBer of
guard bits inthan seagndurbformd inarenentue legsstehany coveshalf t bé taird
regioter by tum s g parcrensht \BrZth he' Pange’ T bhelnald SBEFa )y 4
ntf or m i nor eAEHESRR GMFARAGRE 3 1% HHEOrD increnent;

if the output is greater than one uniform
increment, means for adjusting down the parameter
“increment comprising:
' means for adjusting down the parameter increment
through the calculation of the following equations;
a' = a > 1;
b* = b - a';
c!' =c - (b' > (n+2));
d' = d; and

uniformincre

n' = n-1 .
wherein n represents a tessellation number and
d' represents the first forward difference coefficient
after adjusting down, «c',b' and a' respectively
represent the second, third and fourth forward
difference coefficients after adjusting down, and n'
represents the tessellation number after adjusting down;
' means for increasing the number of guard bits in
the second forward difference register by one, in the
-, ' third forward difference register by two and the fourth
forward difference register by two;
if the output increment is less than one-half of
the uniform increment, means for adjusting up the
parameter increment comprising: '
means for adjusting the parameter increment up
through the calculation of the following equations;

d' = 4;
c!' =c+ (b> (n+1));
b' = Db + a;

a' = a << 1; and
n' = n-1



means for advancing the forward difference equatlons accordlng to the

fol |l owi ng equations—d——=d—=+(c > n); ¢' =c¢c + (b > n); b b +.a; éi

a, wherein the . first forward difference coeff|C|engf

after advan ﬂ'l"”"lﬂ'l Wrmm ' respectively represent the second, third
fourth ®orwa ser ance coefficients, after advanci ng; mhereby t he -

flrst forward difference coefficient consist ntly has the predeterm ned .

nunber of fractional bits with |ncreased preci sion due to the use of guard

bits with respect to &ﬁ&réfﬁcﬁeq} da dltfefspsre?ﬂ%‘i:l%%e‘;ﬁﬁ@ 28.2

An apparatus for rendering par a tr|c unction usin ormard
dlfferenmrm)dhnHePrPﬁF§§§rQQQtﬁhﬁﬁtcﬁﬂMHﬁ§¢14*ﬁ£QﬁR¢Q& Gpefﬁécéanﬁnetrlc
function is C@f@éﬂ-aaa ugemacwn%t-s PAC GHdli 919 f@sﬁe&f@@iﬁrﬁ?ﬁdsﬁﬁﬁ“ stic
function qitantla ereuﬁgefgre gﬁscrlbed erence to
t he accorrpany‘i" D dtsﬁﬁq{ég. Enir 1 8 rretﬁrﬂﬂ’ %‘SPEﬁBﬁFi ng
adaptive f(Naﬁeftﬂciéntenefhgﬂnadnusnxngrnpntegdrnﬂlrepmesentssuhelng in

an increase | ngfiitfgn“ﬂﬁﬁg ?;%#QL?|QQJLQ€1H8HHSC of mat hemati cal

operations to e pertorned su
nmeans for decreasing the number of guard bits 1n

the second forward difference register by one, in the
third forward difference register by two and the fourth
forward difference register by two;

if the output 1ncrement is in the range of one-

half of a uniform increment to one uniform increment, “y)

means for advancing the forward difference equations
according to the following equations:

d' = d + (c >> n);
c' =c+ (b > n);
b' = b + a;

alt = a;

wherein Aa! represents the first forward
difference coefficient after advancing, c',b' and a‘
respectively represent the second, third and fourth
forward difference coefficients after advancihg;'

whereby the first forward difference coefficient
consistently has the predetermined number of fractional g
bits with increased precision due to the use of guard
bits with respect to the succeeding forward difference
coefficients. '

28. An apparatus for rendering a parametric function
using adaptive forward differencing and integer
arithmetic wherein the output of the parametric function
is calculated in increments according to a predetermined
heuristic function substantially as hereinbefore
described with reference to the accompanying drawings.



“as herei nbefore described

.
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29. 'A method for implementing adaptive forward
differencing technique in integer arithmeﬁic resulting
in an increase in precision while minimizing the number
of mathematical operations to be performed substantially
as hereinbefore described.




