WO 2007/ 008382 PCTRI S2006/ 024713 -1 METHOD FOR PREDI CTI NG THE BEST AND
WORST |IN A SET OF NON-UNI QUE SOLUTI ONS [0001] This application clains the
benefit of U S. Provisional Application No. 60/698,760 filed on July 13,
2005. FIELD 20 #JEIVENTI ON [0002] This invention rel ates ener al |7¥ to the
f1eld of geophy T8 odel i ng, although the invention haS g aldes 713
application. Specifically, the inventionlts a C nethod for predicting best
and worst sol utions when nodel inversion yields non- unique solutions.
BACKGROUND OF THE | NVENTION [0003] In the oil industry, it is common to be
faced with a set of data fromwhich one wishes to infer sone sort of

information of intere } i %tND -nver se

probl ens are non-uni q%@lﬁ%]?%}dé#ﬁgﬁg@?jelﬁggo: iu@ [ (S)?s exfww—j“?he dat a
equally well. Wile it is isg‘ﬁt fal Lngl e solution that
the user considers "nost ISIH(SI 6&%@%&#3@66&&?0 know t he "best"
and "worst" case solutions that fit the data in addition to the "nobst

l'i kely" one, tjo0etlequghiel applicsids ciimBdhd Béhefit 6KY. & PRow\ i@l ApuesRndfo.
action. An exanple of this sort ofgg)robl em in the oil industry is the

predi cti on of G8eAdilecher By bBi2005.di stribution in a reservoir where one
woul d like to knogw the | argest and snal | est hydrocarbon volunes (i.e., the
best and worst case scenari 0s) ' ' Lk o the "nost |ikely". An
accurate understanding of the ﬁ@—ﬁ@ﬂ ﬁed in draining a
potential reservoir should reduce total costs (correctly sized platforns,
optimal drai nif0002] r aThgyinvéition) reldié0 dtlerafly CONTHRNfieTe t $T0 dedphiysickd trasdeling,ng
alternative scenarios is to do forward sinulations of many different nodels
i n_which the \Alihrugh &y dendian bes Sraeden apmlisatioma) Spepifisellt the dueswberds at

adom {1 om < SERE o BlSH: U3 AP Rl S BT IRARn U BOED

unique solutions.

BACKGROUND OF THE INVENTION

[0003] Inthe oil industry, it is common to be faced with a set of data from which
one wishes to infer some sort of information of interest. It is also fairly common that
such inverse problems are non-unique, that is, different solutions explain the data
equally well. While it is straightforward to obtain a single solution that the user
considers “most likely”, it is often desirable to know the “best” and “worst” case
solutions that fit the data in addition to the “most likely” one, to adequately
understand the risks of a given course of action. An example of this sort of problem
L in the oil industry is the prediction of the sand and porosity distribution in a reservoir

where one would like to know the largest and smallest hydrocarbon volumes (i.e., the

bést and worst case scenarios) possib.le in addition to the “most likely”. An accurate

understanding of the potential risks involved in draining a potential reserveir shouid

reduce total costs (correctly sized platforms, optimal draining strategy, etc.).

[0004] A common method for determining alternative scenarios is to do forward
simulations of many different models in which the variables deemed to affect the final
result are chosen at random from some pre-defined distribution. The forward models
are then compared to the observed data to see which of the various forward models

match, A distribution of the parameters fitting the data is then exiracted from the set



‘match. A distribution of the paraneters fitting the data is then extracted
fromthe set WD 2007/008382 PCT/ US2006/ 024713 -2 of nodels that are deened
to fit the data well. Fromthis distribution, a best and worst case can, in
principle, be determ ned. This nmethod is tinme-consum ng because it requires
a-l arge nunWEr208H008H2war d model s. I n addition, it suffer PCTAUSAOEERTIDI as i n
that the only nodels tried are the ones that the user has thought of or
deened relevant. [0005] Another method iS$“to take the nost |ikely nodel and
simply scale it up and down by sone anmount and call that the best and worst
case. This met hod produces results that generally do not match the observed
data in a forward qn ng, sense and _are not neﬁ“% arily the " and

"worst" case ShBREe! af @P@’G@fmﬁﬁiéﬁ 11 the daseweld Fromy WsW@I@ﬂgWéfsbest

and worst cas ne t t:
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of Fig. 1) deter g th argest and snal | est, of_ the ossi bl'e oI utions
of a matrix e {EF(S’ Ytlﬁail E’r?d@ée@ﬁﬁ?@é%fé@l‘i%eﬂﬁéthﬂgm?ﬁp fdﬁﬁ‘*m@%e%‘{tdat al,
mN where ml ... inN are physical paraneters to be solved for and Gis a
matri x based moglels of t

nmeasur ed dat am\/ﬁgr ein ée} Héq u&{%% &% th% %?%%?%déﬁ@ S%ﬁﬂveg%{lmé u%%.nd
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which fit the data substantially equally well and fromwhich a nost Ilkely
sol ution can Kaulicthat gansedly degio mfﬁéﬂlﬁ}éfd"l@%’ﬁﬁi Aafp iy a deryvard mensieEense gn

Fig. 1) orthoggr &f Q-5 7ze the G matrix, and u5|ng
said vectors oﬂag{l%cgon ﬁﬁ@ E&E %&d step 3) athr eshol d bel ow

wh("éh t he val ues of the
: [0006] What is needed is a method in which the best and worst case scenarios are

cbtained as mathematical solutions to the inverse problem.

SUMMARY OF THE INVENTION

[0007] In one embodiment, the invention is a computer-implemented method for
(see box 1 of the flowchart of Fig. 1) determining the largest and smallest of the

possible solutions of a matrix equation that can be expressed in the form

where m; . . . my are physical parameters to be solved for and G is a matrix based on a
model of a physical system that relates the #; to measured data, wherein the equation
may be non-uniquely inverted by numerical methods yielding an infinite number of
possible solutions ail of which fit the data substantially equally well and from which a
most likely solution can be determined, said method comprising (2) finding (step 2 in
Fig. 1) orthonormal basis vectors that diagonalize the G matrix, and using said vectors
to diagomalize G; (b) selecting (step 3) a threshold below which the values of the
elements of the diagonalized G are considered insignificant in terms of their effect on
the most likely solution to said matrix equation; (c) identifying (step 4) from the

orthonormal basis vectors those vectors (the “null” vectors) associated with the



el ements of the diagonalized G are considered insignificant in ternms of
their effect on the nost likely solution to said nmatrix equation; (c)
identifying (step 4) fromthe orthonormal basis vectors those vectors (the
"null" vectors) associated with the WD 2007/008382 PCTI US2006/ 024713 -3

i nsi gni fi camo déoagesasd el ements; (d) choosing (step 5) arpdy;domidigimBsi cal
normwhere p e lop co]; (e) determning (step 6) an upper and | ower bound
for possible solutions m, n2 .. , M by-8unm ng correspondi ng conponents
of said null vectors according to the chosen norm said | ower bound being
given by the negative of said suns; (f) finding (step 7) a linear

conbi nation of the null vectors that nost closely approaches said upper
bound, and r epeagriifigant Hiagorfal sidiviegtsf ﬁl% chavstihg|(steyeS) rolndathemeakidabhoriciatharg
(step 8) each of _sai,d two |inear conbinations in tamto the nost likely
solution to yreldie=d; (e dgernining(stepdiran upper ang| loWrbpounddar pesible soleticed t o
el i m nate any physi cal l unreal results. BRI EF DES?RI.PTI OF THE W NGS
[ 0008] The pré’%’e}ﬁ/’@'i' n{f Vi SUFRERE CPEesP gompposeyts of sd Pl vedprs A5eRT 8B ood by

referring to t | ' Mol gE t ngs in
whi ch: [ooog]tgﬁfé;a{df%&g” 3 ?E‘i‘%ﬁﬁ’??a?ﬁ?&‘“%gé‘ﬁ%s?’?ﬂlgﬁe%%@ﬁ t e %ﬁ*‘eﬂ%

i nventive net Hfoding (ated 7) @Gih6dr doindinatidgAoCtirrmellpicctors that mbstldelyrapgmaches oduced
by the present .jnventive  method showi.ng the "worst' 'case (2 nd,"best"
case (20) scerfaifi gpef 5P A0 BERIFRRE i Dadine rf%w@ow&qv@dwﬁ; ,agéaﬁsre
Fig. 2B shows | 111 I nv ' i i bed

i n connection (&Qfﬁ?}%?%h Jf)fr% eﬁ‘ggﬁ&g%%g%?\égsﬁ t;'llll(c)h\/\/e?d\jlf'aﬂre ,qﬂ?%nl{léﬁl %3( eﬁﬁ 5t hat
the foll ow ng yitdd arlingtst and iasnsflesti sbiutioh,Oscalingday rideded ar clitninaigiane phydivaila
particular use of the invention, this is intended to be illustrative only,
and”is not toBEeebsAdiS ued as Iimiting the scope of the invention. On the
contrary, it is intended to cover all alternatives, nodifications and

equival ents that may be iadSASPRIPITON RS TR bRAWENESOPE Of the

i nvention, as defined by e

[0008] The present invention and its advantages will be better undersiood by

referring to the following detailed description and the attached drawings in which:

[0009] Fig. 1 is a flowchart showing basic steps in the present inventive method;

and

[0010] Figs. 2A-C are pictures of 3-D images produced by the present inventive
method showing the “worst” case (2A) and “best” case (2C) scenarios for sand bodies

in an inverted vshale volume, where Fig. 2B shows the most likely case.

il '

- [0011] The invention will be described in connection with its preferred
embodiments. However, to the extent that the following description is specific to a
particular embodiment or a particular use of the invention, this is intended to be
iltustrative only, and is not to be construed as limiting the scope of the invention. On
the contrary, it is intended to cover all alternatives, modifications and equivalents that
may be included within the spirit and scope of the invention, as defined by the

appended claims.

DETAILED DESCRIPTION OF THE PREFERRED EMBODIMENTS

[0012] The present invention is a method for obtaining the “best” and “worst”

case solutions by solving a system of equations that relate the observations (data) fo



i appended clai ns. DETAI LED DESCRIPTI ON OF THE PREFERRED EMBODI MENTS [0012]
The present invention is a nethod for obtaining the "best" and "worst" case
solutions by solving a system of equations that relate the observations
(data) to WD 2007/008382 PCT/ US2006/ 024713 -4 paraneters of interest. For

t he |ithol oy jrrEBE2i on probl em nenti oned above, these requmstioensi7may, for
exanpl e, include the convolutional equation, the Ald & Richards (1980)
reflectivity equation, and a |ineari zed, otk physi cs equation. (See U. S.
Patent Application filed June 24, 2005 by Saltzer, Finn and Lu.) In matrix
notation, they take the following form a] (1) G ][Vh]=dlat { where 0 and
vsh are the porosity aqq vshal e (shal e volune fractjon) values as a

function of t i PREametsEs 01 Jplerest eF%féP% lithelagy ag@ct@ﬁeblmewm ahgvecthesst
SO ¢ 5! YChpe 455 B0 ST Ll RGE R,

parameters (vs orosit S~ exanpl e appi I cation
paraneters, ty(bs@efledtiwits eijeationf dndct liresrifbd] fock phimie\egnatidoh (SeVS) Phteit May
be applied to any, physi i:al system where a physic nodel exists to provide

: 'si cal .
a G matrix thatPRlicpHen flsdolier 2aldlifebeSaltzer ing gad fugs dr awrigs nostiers thayse
obt ai ned dat a,taj(@%lm&n:%gg@&gpl case eqn. (1) can be witten as Gn = Dat a.
R

The G matri x may be par ‘into two pieces: a first region characterized
by sensitivity of the data to the nodel paraneters and a second region with
little sensitivity. These two regipns aré€] found by defining orthonormal
bases that diagonalize the G matrigK. cel téh 'S’ﬁ b%fes have been foualc}, a
cut-off value is chosen below which tHe el ggen @m t he di agonal i zed/G
matrix are insignificant. The orthpnormali{-vectors associated with these

i nsignificant conponents of the diagonalized Gnmatrix are the "null"”
veetors.: Thus if the basis vectors are uk and vk, they can be used to
construct mat rivhers dJaaddvs¥ astgcthe tphmisitGand yshale heleevdbiha Sracthon) values as a

function of time, data are the seismic traces associated with different source receiver

apertures and G is a matrix that relates the model parameters (vshale and porosity in

this example application) to the data parameters, typically seismic reflection data.

However, the invention may be applied to any physical system where a physical

model exists to provide a G matrix that relates model parameters m to the measured or

otherwise obtained data, in which general case eqn. (1) can be written as Gm = Data.

The G mairix may be partioned into two pieces: a first region characterized by

sensitivity of the data to the model parameters and a second region with little

sensitivity. These two regions are found by defining orthonormal bases that

7 diagonalize the G matrix. Once these bases have been found, a cut-off value is chosen
C : below which the elements of the diagonalized G matrix are insignificant. The
orthonormal vectors associated with these insignificant components of the

diagonalized G mairix are the “null” vectors. Thus if the basis vectors are u; and vy,

they can be used to construct matrices U and ¥ such that G = USY’ where S has non-

zero elemenis only on its diagonal. Persons familiar with linear algebra will know

that the matrix S, which may be called the diagonalized G matrix, can be found.

Typically, G and hence S will not be a square matrix, but the elements G;; and S§;; are

considered to be diagonal elements when i =j. If the diagonal elements of § are called

ALy A2, .+ . . A, and if Ay is below the threshold selected for significance, then vy is a oull

vector. Mathematically, the null vectors correspond to the



- zero elenments only on its diagonal. Persons famliar with |inear al gebra
will know that the matrix S, which may be called the diagonalized G matri x,
can be found. Typically, G and hence S will not be a square matrix, but the
elements G,i and SSA are considered to be diagonal elements when i =j. If
t he di agonawosdoeriaeaiss of S are called 2i, 22, ... AN, amrd1ifs2@dk/ez4s10el ow
the threshold selected for significance, then ok is a null vector.

Mat hematically, the null vectors correspond to the WD 2007/ 008382

PCTf US2006/ 024713 -5- Gm0 (2) solutions (as stated above, mis a colum
matri x or vector whose conponents are 4 and vsh values in the enbodi nent
represented by eqn. (1)). Consequently, {She_yocan be added to the "npst

li kel y" solution wthout changing the fiY¥™f"that nodel to the neastred
data, because they do not project onto the data space. An underlying theory

of the presentsolufiufias QfitddSatioRal mliHe chibinthatfix i Wagbr Whosdosigogetls &gyt fit
the data al nost. equal |y well due to the non-uni queness of the solution can

be regarded a#nd ybvelgepiathe pubedimenigeprossntedibyeny. @)1 Gonsequentlydthen san behe
perturbations_ar riven by.the, different possi.ble |i.near. conbinations of
the nul | vect%(fdggttﬁadf’e cglr?s%gft%%ngﬂ}‘%g .Oufhc%g“gl‘?%ﬁ‘%\% Q?r _ 1{1?1496? 28 t hat
the null vect gesufideiat, BaGinse &8y dOhotyREee chitS e MataNPack. POK th®RFlying theblie

rel evant space. Thus, the part of the equation that does not aifect the nost

| i kel y sol ut i @fthe prepen inveatiowts thtdhelinfinde nwmbsr of solntiens thalfitghe data slotost | on
and the nost _|1ikel olution, (0013]. The pr em then becanes ong ,of
finding the C‘Eﬂ%ﬁ%a‘%\a@n&‘gf 0P gcgléxg%g%ene:isv Qf%ﬁaﬁcﬁ 9y ogy ey TREREteq r&at est
porosity and pafsbatiohs BF the(iBst IiRely soiliibs mathAehe PXBIBARAS afBdrieABY kAl | y as
null nbfgg,,, akv (3) where (ak) is a vector of coefficients that weight

t h(g rel ative {iffigrnt pessiblelineaneimbinitions ofbe onll veqtorsitlat basbe pusiidigde Thisdel of
t he-

subsurfacg i $s 5o he 2Rt e ol vebfdrsare a basis set of vectors spanning a portion

of the relevant space. Thus, the part of the equation that does not affect the most
likely solution in fact causes the differences between any given solution and the most

likely solution,

[0013] The problem then becomes one of finding the combination of nuil vectors

(¥, ) that will yield the greatest porosity and sand volumes (7, ). This can be

expressed mathematically as

- — ,
mbfggesl = Z a.‘cv;:m (3 )
k

( _ where (¢, ) is a vector of coefficients that weight the relative importance of each null -
vector. If the best possible model (7,,,,,, ) of the subsurface is known g priori, itis a

simple matter to obtain a least squares solution of the appropriate weighting factors

(a,). The more difficult part is determining the upper bound on the porosity and

vshale perturbations (i.e., knowing what model of 7, to solve for).

[0014]  The upper bound of possible perturbations (1, ) can be determined by

summing the elements or components of the orthonormal basis vectors that are
associated with the portion of the diagonalized G matrix that have been determined to

be insignificant (the null vectors v, ). This summing operation is done according 1o



sinple matter to obtain a | east squares solution of the appropriate
wei ghting factors (ak ). The nore difficult part is determ ning the upper
bound on the porosity and vshale perturbations (i.e., knowi ng what nodel of

nbi g, e, , [ 0014] The upper bound of possi bl i,0Ns
(inn,gu,) cgﬁgﬁéﬁgggé%nlned by summ ng the elements or cgﬂgﬁﬁgﬁlgﬁ% ¥ the
ort honormal basis vectors that are associatged with the portion of the

di agonalized G matri x that have been determned to be insignificant (the

nul | vectors vk). This summ ng operation is done according to WO 20071008382
PCT/ TJS2006/ 024713 the particular normchosen to apply. An L, noun is

conputed wt h he 5%% nt
or t honor nal vecF@Pm@%?gﬁ%ﬁb&ﬁ?%\B{X AJ?4§‘ ?&n?se ‘ﬁ% R;'Pul'?@‘a\?‘g%oueélof
the first el ematueobf B3R dmendI e Rvafl d8Hod@mAbeRtdrhie first el ement of
the perturbation vector and the absolute value of the second el enent of

each null vector is added to make the second el ement, etc.) whereas an LZ
normis the conputed using the square qof th ange el ements. An L3 noy.
comput ed using the cube of the absol ut&sgeal 6f t he conponents andﬂgg on
for p e [0, 00. An L. normwould use the maxi nrum absolute val ue of the
sane elenents (i.e., the maxinmmof the first elenent of each null vector

is taken as th élthé 'fabﬁhnﬁ@%ﬁlhe Qff tiie st PEMEM! LR BulY 964:6f mga[aﬂe& RemARipEum of

t he second el e nt of each vector is taken as the second enent, etc.).
The | ower bouncﬁrstselemmtrwgl&t parturiodtion vectsuandctberpixobide fralne of ke asperclémemd.
Next, one solve e conbination of null vectors that nopst

cl osely approa é@gj{] Vﬁ?ﬁﬁé& a‘%‘{é\%ﬁak‘b@lﬁﬁ?"&ﬁ& lement, StrakWhgreas @ fonBerae
et |1 kel y" sl PORPISHERGR e saHars PERS SHAE HEMAFE: A 15 RHGWSFOEROUS FOE
form of sqn. (15° cﬁqﬁy bfefilsﬁﬁroiufeﬁf@ﬁasg oflcrrpesne fud g 8%P8X§°ﬁ 20080 M fnods
I(Eggéel?!ohyr?\:acgl: '{gﬁ%‘g‘”@@rﬁb@' 0 {)ﬂragﬁﬁ eﬁﬂﬁgg ?/E'rsﬁrglag r esul gegﬁpn& F’Sfa& y is
performed in i nedxememt o the firdt eledeny of éeh Ml vettot |sl takamsds @a@inghlmt ohgehas
perturbation vector and the maximum of the second element of each vector is taken as
the second element, etc.). The lower bound is the negative of the sum computed for
the upper bound. Next, one solves eqn. (3) for the combination of null vectors that
most closely approaches that upper (lower) bound and finishes by scaling the resulting
perturbation vector by a constant and adding that result to the most likely solution.
Persons skilled in the art will know methods for finding a most likely, or best guess,
solution to matrix equations of the form of eqn. (1). For example, Menke describes

standard inversion methods in Geophysical Data Analysis: Discrete Inverse Theory,

™

Academic Press (1984). The scaling serves to prevent unphysical results, and
preferably is performed in increments in iterative fashion until just enough scaling has
been applied to prevent physically unreal values of the parameters m;. 4 priori

information may favor stronger scaling in particular instances.

[0015] This method is applicable to any problem where an appropriate physical
model can be used to describe the relationship between what is observed and what is
to be inferred. For example, if the differences in AVO behavior observed over time
(time-lapse seismic) can be related to changes in pressure and water saturation in the
reservoir, then the null space method can be used to solve for the “best” and “worst”

case scenarios possible, given the observed differences between the seismic data.



been appri€d~to prevéent pnysicalTy unreal values of the paraneters m. A
priori information may favor stronger scaling in particular instances.

[ 0015] This nmethod is applicable to any probl em where an appropriate
physi cal nodel can be used to describe the relationship between what is

observed ar\?o%\ﬁﬁmés%z to be inferred. For exanple, if thgcqu[ﬂ‘sgcﬁwgﬁs in AVO
behavi or observed over tine (tinme-|lapse seismc) can be related to changes

in pressure and water saturation in the rd&servoir, then the null space

met hod can be used to solve for the "best” and "worst" case scenarios

possi bl e, given the observed differences between the seismc data. WO

2007/ 008382 PCT/ US20061024713 -7 Anot her possible application is production
hi story data fAmthenpbssible hpplivetén Ripgodietiad histoasdata Berr which tiechesialdiviorsty

m ght be inferred. Typically _\ﬁel | .l ogs, are processed and a single best
answer (e.g., SBHIRRFRIr Bermsghi Wsmiﬁhbg%’é’&ﬁengm@FX welhlogs grg proegsesdand a

nmet hodol ogy ¢ i J0l } I f_ dif ata
for sone pro%emlg?e yggsftu?ﬁﬁgrgfr g%g" (t}gé ggha%é;?/%@z%ﬁﬁ?? ﬁe‘gm}{@%&s}%’t *ggab Fi(k)(r%ga cetc.)

to produce t hendikaiolagydcouldbs isetiaimea jodgsinpasion bf diffgemenciviwt @itgfordoind Was
actually recorded. In constructing the Gmatrix, anisotropy ternms can be

i ncluded in t MECREEY|EdRterest (7-ga pErmcabilith Wale cgiuratignatitdite pidae thethestrandi ng
the porosity (XACHL B4 O il el FAE WO bdtnally Vb GROR" @éﬁé@&fﬁg
p n ther properti Interest

. s
equati ons can be par ang% rized terns of O es o

(e.g., elastiahpGopatly, @Biséuely Rims bRCHARTAREOn Ve Afiettds) and O] Physicd sone
enbodi ments of the invention, a, singular value deconposition (SVD) is used
t o deconpose teHBatONREVASH deferpininge thaupomsiy pade sangf dishitayient in gyresersoir.

deconposition | i i n..vari t i:ncl udi t

| nt.roduction t%l?m%?ﬁng r Q%daéﬁléss \‘;‘%ﬁ:gsq%iéa%r?e crii’ggtg}égﬂr ggs? %céijfgi%%%s (°f99'3) ;
C.{ Lanezos, Liinesst (eld. fdletie piopaticOnehak @hpedadas oNodbditew), (1961),; the
previously cited book by Menke; and Press, et al., Nunerical Recipes in C
the art of sci:[ﬁnti fic_conputing, Canbridge University Press, 1992. This
operation prodB0%€l ¢ Wi semn sEbadiments: of b dnvagtignge vingulep yalug Slecalmpesitios dat a

and model el 98y i005%d38 Bebborhylisk the Bldirtx intbo tHetFo HBYaBLIF ihfdfest. Sucha
decomposition is described in various textbooks including G. Strang, Jutroduction to
Linear Algebra, Wellesley-Cambridge Press, 321-333 (1993); C. Lanczos, Linear
Differential Operators, Van Nostrand, (1961); the previously cited book by Menke;
and Press, et al., Numerical Recipes in C: the art of scientific computing, Cambridge
University Press, 1992, This operation produces two orthogonal matrices, Uand V',
that contain the data and model eigenveciors and a third matrix, S, that contains the

singular values (cigenvalues). Then the following steps are performed:

( 1. suma the absolute values of the components of the null space
cigenvalues (an I, norm choice). This sum is made across
corresponding elements of every eigenvector (along the rows of the
eigenvector matrix) and is equivalent to determining an upper bound
on the total perturbations that can be wrung from the data. The lower

bound is the negative of this sum.

2, choose a shale cut-off value. Elements of the perfwrbation vector
corresponding to values above this cut-off in the most likely solution

are excluded from step 3.



si ngul’ar val'ues (el genval ues). Then the follow ng steps are perforned: _ 1.
sum t he absol ute val ues of the conponents of the null space eigenval ues (an
L, normchoice). This sumis nmade across correspondi ng el enents of every

ei genvector (along the rows of the eigenvector matrix) and is equivalent to
det er m ni ”Q?Vé'ﬂod:?,ﬁlﬁﬁz bound on the total perturbations t§afueRbk 874 Ung
fromthe data. e lower bound is the negative of this sum 2. choose a
shal e cut-off value. Elenents of the pertusbation vector corresponding to
val ues above this cut-off in the nost likely solution are excluded from
step 3. WD 2007/008382 PCT/ U52006/ 024713 -g_ 3. solve for the conbination
of eigenvectors that nost closely approaches that upper (lower) bound. 4.
scal e the resul ting. per solvbdts thecormbihationwf eipenvaetiratiat most clekaiyt dppfoaciesul t

to the nost likely solutjion. In the |ithology problem the scaling constant
i s chosen such that the®atHaperflomsaiboyndind vshal e val ues obtained are
physically real (neither porosity or vshale is less than 0% and vshale is
not greater than 1Q0% a ' ' rtEﬁJa r 0., 1. rci al
sof tware product " %étla%gd%ﬁm{;\ﬁv.éérlrﬂé%/%r s.g@ﬁ%@é’&%*%ﬁé&)@pﬁgr&%ﬁ%@ﬁg

si ngul ar val ue deconpositd ithe ot dikelgnsobmioni xIrGthentitholoyy problehy) rihe Bediing
matrices U and V and a di agonal trix S, i.e S.,contains the

., .G = USV .
singul ar val ues (the ei § t g schgsenceysh thef e figpl, o1oaly Gnd Heshale lteBasi s

vectors that are associgarlqW @%@?ﬁ%@?gﬁg@ﬁ%{%ﬂ?&” ?il%tﬁiﬁeofy

orthonormal basis vectors that he nodel” space. {’Recall
that Grelates the nodelangpasiaieisenct drentertthen 060% sndrpoesitgris npt gleetebtiak by
Press, et al., contains 4%l‘y%ource code listing of a

Q).

rd
L. ‘The commercial software product “Matlab” (www.mathworks.com) readily

decomposes, using singular value decomposition, a given matrix G into two
orthonormal mafrices U/ and ¥ and a diagonal matrix S, i.e., G = USV". S contains the
singular vatues (the eigenvalues of G'G), U contains the orthonormal basis vectors that
are associated with the data space, and ¥ contains the orthonormal basis vectors that
are associated with the model space. (Recall that G relates the model parameters to
the data parameters.) The book by Press, et al., contains a source code listing of a
similar computer program. Typically, an SVD algorithm will generate an S matrix
having its diagonal elements ordered from largest to smallest. It is then a simple
matter to select a cutoff value and to select the basis vectors from the 7 matrix
associated with the values below the cutoff. Those vectors will appear in 7 as
( . consecutive columns, and one simply sums the corresponding components of these
column vectors using whatever norm has been selected. The invention will work with

any norm.
Example

[0017] The present inventive method was applied to some seismic data acquired
over a potential oil field. Figures 2A-C show a 3-D image on a black background of,
respectively, the “worst,” “most-likely,” and “best” inferred (1 — vshale) sand channel
winding through a inverted vshale volume (the shaly parts have been made invisible).
The estimates of total reserves carried in the “best” and “worst” case scenarios varies

by almost a factor of two. In addition, the difference in connectedness between the



simlar conputer program Typically, an SVD algorithmw || generate an S
matrix having its diagonal elenents ordered fromlargest to smallest. It is
then a sinple matter to select a cutoff value and to select the basis
vectors froggt.06ofsd¥gt ri X associated with the val ues bek}@’ﬁ"uﬁ%ﬁlﬁ%ﬂff

Those vectors WII, appear in V as C_ consecutive col umms one sinply
sums the correspondi ng conponents of these9-colurm vectors using whatever
norm has been selected. The invention will work with any norm Exanple
[0017] The present inventive nethod was applied to sone seism c data
acquired over a potential oil field. Figures 2A-C show a 3-D i mage on a

bl ack backgr ouaad dbdies hesie Civome! dnd that” vees tue' significdntlyi &fkesent’ aghénplpest
inferred (1 - yshale) sand channel w nding through a _inverted vshale vol une
(the shaly par@ﬁefﬁ%ﬁﬁémﬂ@éﬁh‘ﬁ*&a’ésFhﬁt/’inﬁhbb@?lﬁlm#kf@l figldt es of total reserves
carried in the "best"” and "worst" case scenarios varies by alnost a factor

; o A o, Ny >
50071 008382 PaTy D00 LG SfadfE SGFealithy, 59 RACALP W ShTc AL WEBBARANG R e
cases are si grprésentintdnyiodiff:f the padposerud illusphymg idi &t fwdll ®a bpshieitHovgves toadnegl es

that m ght be optinpl for this field 0018] T foregoing application is
directed to pé%‘eéumafiheeﬁﬁod]ilmﬁ@f ﬂOd{‘ﬁF@m% 8ae atipifnentq & FE’ibO@H’@mﬁur pose

of illustrati I p bla t he
art, that man{}g ?rdnr |h%% gmggva%l?a clhorﬁ(gcy}ﬁ&ﬁ oﬁsétalgdrrg% tlr?g% S ﬁ%%%ég p Dbed
herein are po&mﬂaﬂﬁn th%lsbomufhhenpdseﬁlt maéhtidAsasaiztinsthini thd appead«alrdaimet ended to
be within the scope of the present invention, as defined in the appended
claims. F. -10- CLAIMS 1. In the problemof inverting a matrix equation that
can be expressed in the form m

C

o



MGz = (data], mN where m ... ny are physical paraneters to be solved for
and Gis a matrix based on a nodel of a physical systemthat relates the m
to measured data, wherein the equation may be non-uniquely inverted by
nunerical methods yielding an infinite nunber of possible solutions all of
which fit the data substantially equally well and fromwhich a nost likely
sol ution can be determ ned, a conputer,q nplenented nethod for determ ning
the |l argest and snallest of said poss?g1b sol utions, said nethod conprising:
a) finding two sets of orthonornmal basis vectors that diagonalize the G
matri x, ong gRig associated with the data vector's space and the other set
associatedwth the mvector's space, and using said vectors to diagonalize
G b) selecting a threshold bel ow which the values of the elenents of the

di agonal i zed 1 NSi- gl f i ct on the
oot 1 kely ol U P OE R (R LT bl (R enp I ot e
orthonormal basis vectors those vectors (the 'nul " vectors) associ ated
with the insignificant diagonal elenents,qwherein the null vectors cone
fromthe basis vectors associafed wt hé mvector's space; d) choosing an
Lp mat hemati cal norm where p e{[0, 00]; n@ det erqi ni ng an upper and | ower
bound for possible solutions mf, . 4ed upon the chosen norm 1)
finding a |inear conbination off the n II ectors that nost closely
approaches said upper bound, and repegtmpg this finding for said | ower
bound; and -11- g) adding each of said two |inear conbinations in turn to
the nost likely solution to yield a |argest and a smal |l est sol ution, scaling

as needed to elimnate any physically unreal results. 2. The net hod of
claim1, whsreeinn..t hey arg physical phuesteny topler sdvedyfonpnd Shislsemetwixiuresed on a

model of a physical system that relates the m; to measured data, wherein the equation

may be non-uniquely inverted by numerical methods yielding an infinite number of
possible solutions all of which fit the data substantially equally well and from which a
most likely solution can be determined, a computer implemented method for determining
the largest and smallest of said possible solutions, said method comprising:

a) finding two sets of orthonormal basis vectors that diagonalize the G
matrix, one set associated with the data vector’s space and the other set associated with
the m vector’s space, and using said vectors to diagonalize G;

b) selecting a threshold below which the values of the elements of the
diagonalized G are considered insignificant in terms of their effect on the most likely
solution to said matrix equation;

c) identifying from the orthonormal basis vectors those vectors (the “null”
vectors) associated with the insignificant diagonal elements, wherein the null vectors
come from the basis vectors associated with the m vector’s space;

d) choosing an Lp mathematical norm where p  [0,0];

e) determining an upper and lower bound for possible solutions m;, m; ... my
based upon the chosen norm;

) finding a linear combination of the null vectors that most closely

approaches said upper bound, and repeating this finding for said lower bound; and



fraction, and the data are seismc anplitude values. 3. The nmethod of claim
1, wherein singular value deconposition is used to find the orthonornal
basis vectors and to diagonalize the Gmatrix. 4. The nmethod of claim1,
wherein the absol ute values of the corresponding conmponents of the null
vectors are sumed, corresponding to choosing an L1 norm 5. The nethod of
claim1, wherein finding said |linear coppination of null vectors is solving
the equation 1 biggest =~ akvk k for weighting factors ak using a | east
squares nethod, where v k utt is the kb null vector and mbiggest is a
bound for possi lg) e maétﬁhglteiadnsf s@d t¥o archrocbiglfingsions ue itmy ﬂoy&iemt el from a
subt erranean i,on ; bt ai.ni. asu roma seismc
survey of Rk 8%6? &g (gﬁgg aé’go%S&laﬁb)e)S% 5%‘(“&%’1@{%1“5 W&&a‘iﬁ’ YRS Y r anean
regi on t hatphhgtakamrdabishlgal parameters m of the subsurface region to
nmeasured seismc data; c) obtaining a matrix equation of the form nZ Gm =
[data] N relating the m to the neasured data, where Gis a matri x based
on said model ; -} méiﬂod)@ffélhlﬂi NOwRerbAMHE H, al%OJa‘Me's% pRRAIR afdBhdIESb1ude!l Ut i on
anong possi bl e non uni que sol utions for the m frominverting the matrix
equat i on, deaction, andjdwtdatarade seiwhic esplidovaltiesons havi ng been obt ai ned by: i)
finding two sets of orthonormal basis vectors that diagonalize the G
matri x, one set associated with the data vector's space and the other set
associ at ed 3ni t h Thiaenathodeatt dxitns], spmesn singdausilngdsaingositet orsed o Giadthenal i ze

G ii) sel ecthl n aiﬁa@fsevserc]t%lrsd lﬂoa}lgg&@a\'h%gt}fe@m% ues of the elenents of the

4. The method of claim 1, wherein the absolute values of the corresponding

components of the null vectors are summed, corresponding to choosing an L; norm.

5. The method of claim 1, wherein finding said linear combination of null vectors is

solving the equation

~enufl
? nbiggest Z ak

for weighting factors oy using a least squares method, where v /™ i

is the #* null vector

and m bigges: 1S @ bound for possible m solutions.

6. A method of producing hydrocarbons from a subterranean region, comprising:
a) obtaining measured data from a seismic survey of the subterranean region;
b) obtaining a model of the subterranean region that relates physical

parameters m; of the subsurface region to measured seismic data;

c) obtaining a matrix equation of the form
m
G ”?2 [data]
My

relating the m; to the measured data, where G is a matrix based on said model;



di agonalized G are considered insignificant in ternms of their effect on the
nost |ikely solution to said matrix equation; iii) identifying fromthe
ort honormal basis vectors those vectors (the "null"™ vectors) associ ated
with the insignificant diagonal elenents, wherein the null vectors cone
fromthe basis vectors associated with the mvector's space; iv) choosing an
Lp nmat hematical normwhere p e [0,00]; v) determ ning an upper and | ower

bound for possible solutions m, niZ- 12-" mbased upon the chosen norm vi)
finding a linear conbination of the nul | vectors that most cl osely

appr oaches sal upper .boun and repeating this fj din for sai.d | oner
bound; and ) adthiaiyng s ArEgst Sé’!:htlﬂnt and a ymaligst so MEAOSHTHC PN to the

most | i kepgy &oi&uﬂo% fQnY b il nPinkartids He ARGIxeqf AR @aﬁa 1045t bhPBmaliG@l | Ng as
needed to ellnlnate any phyS|caIIy unreal results; and €) using said

| ar gest asvdutims hidsg besolobtdimddyt o devel op production of hydrocarbons from
of porosi ty and shale vdIHE - H fiontonaid R srdUR B QSRR SR 1 {ude
val ues. G matrix, one set associated with the data vector’s space and the other set
associated with the m vector’s space, and using said vectors to diagonalize G;
it) selecting a threshold below which the values of the elements of the
diagonalized G are considered insignificant in terms of their effect on the most
likely solution to said matrix equation;
iii)  identifying from the orthonormal basis vectors those vectors (the
“null” vectors) associated with the insignificant diagonal elements, wherein the
null vectors come from the basis vectors associated with the m vector’s space;
iv) choosing an Lp mathematical norm where p € [0,%0];
V) determining an upper and lower bound for possible solutions m;y,
m; ... my based upon the chosen norm;
vi)  finding a linear combination of the null vectors that most closely
approaches said upper bound, and repeating this finding for said lower bound; and
vii)  adding each of said two linear combinations in turn to the most
likely solution to yield a largest and a smallest solution, scaling as needed to
eliminate any physically unreal results; and
e} using said largest and smallest solutions to develop production of

hydrocarbons from the subterranean region.

7. The method of claim 6, wherein the m; are values of porosity and shale volume

fraction, and the data are seismic amplitude values.



