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HIGH ACCURACY ESTIMATES OF ELEMENTARY FUNCTIONS 

Background of the Invention 

1. Field of the Invention 
The present invention generally relates to computer 

systems, and more particularly to a c~mputer system 
providing an improved method for generating high precision 
estimates of the square·root, reciprocal square root, and 
reciprocal functions. 

2. Description of the Related Art 
A computer processor can perform arithmetic operations 

on different types of numbers, or operands. For example, 
the simplest operations involve integer operands, which are 
represented using a "fixed-point" notation. Non-integers 
are typically represented according to a "floating-point" 
notation. In conventional computers, a "single-precision"· 
floating-point number is represented using a 32-bit (one 
word} field, and a "double-precision" floating-point number 
is represented using a 64-bit (two-word) field. 

Floating-point notation (which is also referred to as 
exponential notation), can be used to represent both very 
large and very small numbers. A floating-point notation has 
three parts, a mantissa (or significant), an exponent, and a 
sign (positive or negative} . The mantissa specifies the 
digits of the number, and the exponent specifies the 
magnitude of the number, i.e., the power of the base which 
is to be multiplied with the mantissa to generate the 
number. For example, using base 10, the number 28330000 
would be represented as 2833E+4 (a mantissa of 2833 and an 
exponent of 4), and the number 0.054565 would be represented 
as 54565E-6 (a mantissa of 54565 and an exponent of -6) . 
Since processors use binary values in their computations, 



- 2 -

floating-point numbers in most computers use 2 as a base 

(.radix) . Thus, a floating-point number may generally be 

expressed in binary terms according to. the form 

n = (-1) 8 
• 1.F • 28

, 

where n is 'the flo~ting-point number (in base 10), Sis the 

sign of the number (0 for positive or 1 for negative), Fis 

the fractional component of the mantissa (in base 2), and E 

is the exponent of the radix. In accordance with the 

Institute of Electrical and Electronics Engineers (IEEE) 

standard 754, a single-precision floating-point number uses 

the 32 bits as follows: the first bit indicates the sign 

(S), the next eight bits indicate the exponent offset by a 

bias amount of 127 (E+bias), and the last 23 bits indicate 

the fraction {F) • So, for example, the decimal number ten 

would be represented by the 32-bit valu~ 

0 10000010 01000000000000000000000 

as this corresponds to (-1) 0 
• 1. 012 • 2130

-
127 =1. 25 • 23 =10. 

-----·······--.. 

Many processors handle floating-point operations with a 

floating-point unit (FPU). Floating-point processing is 

used in addition, multiplication and division operations, 

and may also be used for other special mathematical 

functions, such as the square root (/x), reciprocal square 

root (1//x), .and reciprocal (1/x) functions. Many 

conventional processors use iterative approximation 

algorithms to determine these values, such as Newton-Raphson 

it.eration. To understand this particular algorithm,· it is 

helpful to first understand Newton's iteration for zero 

finding, which is also used for division operations, and is 

illustrated in Figure 1. A generalized curve is represented 

by the function f(x}, and it is desired to know the zero of 

this function (i.e.,. the value of the x-intercept). 

Basically, the function is approximated by its tangent at an 
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arbitrary location (Xo} corresponding to an initial. guess, 

and a new guess is then formulated based on the zero (Xi} of 

this tangent line.· This simple procedure can then be 

repeated as many times as is required to achieve a desired 

precision. It can be shown that, ·generally, the zero of a· 

tangent line corresponding to a given iteration i is given 

by the equation 

{equ. 1) 

The reciprocal operation ·can be cast· as a zero finding 

operation by considering the fupction f(x)=1/x - r. Since 

the zero of this function is at l/r, Newton's iteration can 

be used to calculate the reciprocal function. It can be 

shown that, for the reciprocal function, equation 1 becomes 

x 1 +1 = x 1 (2 - x 1r} . (equ. 2} 

This equation is commonly used for division. An initial 

value for x 0 is provided by a table lookup. Several 

iterations of equ. 2 are used to obtain the reciprocal of 
the divisor which corresponds to r. The reciprocal value is 

then multiplied by the dividend to obtain the quotient. 

To compute a square root, a similar iterative process 

can be performed, and it can be shown that the square root 

can be computed according to the equation 
(equ. 3} 

However, equ. 3 requires a divide operation for r/x1 , which 

is much siower than a multiply operation. Instead, the 
Newton-Raphson iterations for computing the reciprocal 

square root is often used, which is: 
x1 • 1 = 0. 5 x 1 (3 - x/r) . (equ. 4) 

Several iterations are used to obtain a more precise 

estimate of the reciprocal square root of r. This value may 
then be multiplied by r to obtain the square root of r, as 
shown below: 
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./r = r (l/./r) 

Newton-Raphson converges quadratically so each iteration 

approximately doubles the number of correct digits. A table 

lookup is again used to start the procedure, avoiding the . 

first few iterations and improving performance. To generate 

four correct bits via table lookup requires an 8-entry 

table. Each additional bit required doubles the number of 

table entries. 

Newton-Raphson iter~tive algorithms are used in many 

cases since they are often faster than other algorithms. 

Nevertheless, iterative algorithms may present other 

problems. For example, rounding errors can be introduced, 

and for division operations, it provides no remainder. 

Furthermore, iterative algorithms still have pe~formance 

limitations. Depending upon the precision required, the 

complete iterative process can take a considerable number of 

processor cycles. The corresponding delay may affect some 

procedures, particularly those involving multimedia 

presentations. Some multimedia extensions to processor 

architectures also specify reciprocal and reciprocal square 

root instructions that require increased (12-bit) precision. 

To generate 12 correct b;i.ts using conventional table lookup 

techniques requires· a table of 2048 entries, which 

introduces more hardware costs. One alternative is to use a 

64 entry table and one Newton-Raphson iteration which 

requires at least two multiply operations, as indicated by 

equation 2 (for the reciprocal), or requires at least three 

multiply operations, as indicated by equation 4 (for the 

reciprocal square root) . 

Another alternative involves the use of a linear 

approximation. See,·-e.g., U.S. Patent No. 5,563,818, and 
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"Efficient Initial Approximation and Fast Converging Methods 

for Divisi~n and Square Root," Proceedings 12th Symposium on 

Computer Arithmetic, pp. 2-9 <+995). However, these 

implementations require larger lookup tables and larger 

multipliers than the implementatio~ that will be described: 

A system that performs a quadratic approximation is shown in· 

U.S. Patent No. 5,245,564. This technique is an extension 

of linear approximation, providing three times. the precision 

of a table loo~p for ~he same number of words at the cost 

of an additional multiply and add, but accordingly requiring 

a longer execution time •. 

In light of the foregoing, it would be desirable to 

devise an improved method of·estimating square roots, 

reciprocal square roots, and reciprocals with high precision 

to reduce the number of iterations. It would further be 

advantageous if the method could reduce both the size and 

the delay of the multiplier to achieve higher precision 

without increasing the time required to compute the 

reciprocal or reciprocal square root. 
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i1iiiii 
Summary of the :Invention 

It is therefore one object of the present invention to 

provide a method for computing the square root, reciprocal 

square root, and_reciprocal of a number in a processor of a 

computer system. 

It is another object of the present invention to 

provide such a method r~sulting in high precision estimates_, 

but without requiring numerous iterative steps. · 

It is yet another o~ject of the present invention to 

provide such a method which also does not require a 

significant increase in hardware (i.e., uses smaller lookup 

tables) . 

The foregoi~g objects are achieved in a first 

implementation ot the invention adapted to provide a 

recip~ocal_of an input value in a computer system having a 

processor, generally comprising the steps of normalizing the 

input value, selecting a first constant and a second 

constant from a table based on the normalized input value, 

wherein the first and second constants are based on a linear 

approximation of the -function 1/x using left and right edges 

of a given interval offse~ to reduce a maximum error value 

for the given interval, and calculating an estimated 

reciprocal by subtracting the product of the normalized 

input value and the first constant from the second constant. 

The normalized input value has a mantissa, and the first and 

second constants are selected based on the most significant 

bits of the mantissa. In one variation, the input value is 

normalized within the range 1 ~ x < 2, and the table has an 

interval size of 1/32. The first and second constants are 

preferably provided with suffici~nt precision such that the 

estimated reciprocal has a relative error less than 1/4096. 



- 7 -
This Sheet Has Been Replaced 

11111111 Ill 11111111111 

In a further preferred embodiment, the second constant is a 

function of the values of the left and right edges of a 

given interval, and only a lower order part of the mantissa 

is used, thus reducing the number of bits required in a 

multiply-add operation. A significant improvement in the 

time required to compute the reciprocal of a number is made 

possible for a. relatively_ minor increase in hardware. cost. 

In a second implementation of the invention adapted to 

provide a reciprocal square root of an input value in a 

computer system having a processor, the method generally 

comprises the similar steps of normalizing the input value, 

selecting a first constant and a second constant from a 

table based on the normalized input value, wherein the first 

and second constants are based on a linear approximation of 

the function 1//x using left and-right edges of a given 

interval offset to reduce a maximum error value for the 

given interval, and calculating an estimated reciprocal 

square root by subtracting the product of the normalized 

input value and the first constant from the second constant. 

In one variation of this implementation, the input value is 

normalized within the range 0.5 s x < 2, and two lookup 

tables are used, a first table having an interval size of 

1/32 for the range 0.5 s x < 1, and a second table having an 

interval size. of 1/16 for the range 1 s x < 2. The first 

and second constants are preferably provided with sufficient 

precision such that_ the estimated reciprocal square root has 

a ~elative error less than 1/4096. In a further pre·ferred 

embodiment, the second constant is a function of the values 

of the left and· right edges of a given interval, and only a 

lower order part of the mantissa is used, thus reducing the 

number of bits required in a multiply-add operation (the 

high order part of the mantissa is used to select the 

constants from the two tables) . An estimated square root 
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can be calculated by multiplying the normalized input value 

with the estimated reciprocal square root. A significant 

improvement in the time required to compute the reciprocal 

square root of a-number is again made possible for a 

relatively minor increase in hardware cost. 

The above as well as ~dditional objectives, features, 

and advantages of the present invention will become apparent 

in the following detaile~ written description. 
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Brief Description of the Drawings 

The novel features believed characteristic of the 

invention are set forth in the appended claims. The 

invention itself, however, as well as a preferred mode of 

use, further objectives, and advantages thereof, will best 

be understood by reference to the following detailed 

description of an illustrative embodiment when read in 

·conjunction with the accompanying drawings, wherein: 

Figure 1 is a graph illustrating Newton's method of 

zero finding which forms·the basis of conventional iterative 

methods for determining a square root, reciprocal square 

. root, or reciprocal.; 

Figure 2 is a block diagram of one embodiment of a 

processor in which the present invention may be impiemented; 

Figure 3 is graph illustrating the method of the 

present invention whereby a high precision estimate of the 

square root, reciprocal square root, and reciprocal may be 

determined in a non-iterative fashion; 

Figure 4 is a block diagram of one embodiment of the 

invention; and 

·Figure 5 is a block diagram of another embodiment of 

the invention which shares·some of the circuits of the 

multiplier in a conventional floating-point unit. 
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Description of the Pref erred Embodiment 

The present invention is directed to a method of 

determining the square root, reciprocal square root, or 

reciprocal of a number, performed by a .processor of a 

computer system. With reference to Figure 2, a block 

diagram of a processor in which a preferred embodiment of 

the present invention may be implemented is depicted. The 

processor may include the various components shown in Figure 

2, but the processor is not necessarily conventional, i . e .·, 

it could include new hardware components as well, or have a 

novel interconnection architecture for existing components. 

Therefore, while the pre~ent invention may be understood 

with reference to Figure 2, this reference should not be 

construed in·a limiting;sense. 

Processor 100 includes a bus interface unit 102 which 

controls the flow of data between processor 100 and the 

remainder of the data-processing system (not shoWll). ·Bus 

interface unit 102 is connected to both a data cache 104 and 

an instruction cache 106. Instruction cache 106 supplies 

instructions to branch unit 108, which determines what 

sequence of instructions is appropriate given the contents 

of general-purpose registers (GPRs} 110 and floating-point 

registers (FPRs) 112 in processor 100, the ava_ilability of 

load/store unit 114, fixed-point execution unit 116, and 

floating-point execution unit 1ie, and the nature of the 

instructions themselves. Branch unit 108 forwards the 

ordered instructions to dispatch unit 120, which issues the 

individual instructions to the appropriate logic unit 
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(load/store unit 114, fixed-point execution unit 116, or 

floating-point execution unit 118) • 

Fixed-point execution unit 116 reads data from and 

writes data to general-purpose registers 110. Floating­

point execution unit 118 reads data from and writes data to 

floating-point registers 112. Load/store unit 114 reads 

data from general-purpose registers 110, floating-point 

registers 112, and writes the data to data cac~e 104 or to 

an external memory (not shown) depending on the memory 

hierarchy and caching protocol employed by the data­

processing system, which are beyond the scope of the p~~sent 

invention. Load/store unit 114 also reads data from data 

cache 10·~ and writes the data to general-puZl'ose registers 

110 and floating-point registers 112. 

Those skilled in the art will appreciate that the 

details of either the· construction of processor 100 or its 

operation may vary depending on the objectives influencing 

the design. For·example, processor 100 may include register 

renaming multiple fixed-point execution units 116 for 

executing fixed-point instructions without data dependencies 

in parallel, or a memory management unit regulating the 

content of data cache 104 and a second level (L2) cache (not 

shown) outside processor 100. Floating-point execution unit 

118 may be of the type which receives three input operands 

(A, B, and C) expressed as floating-point numbers. 

Floating-point execution unit 118 uses these operands to 

perform a "multiply-add" instruction. The multiply-add 
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instruction executes the ar~thmetic operation ±[(AxC)±B]. 

The exponent portions of operands A, B, and C are provi~ed 

to an exponent calculator, and the mantissa portions of 

operands A and C are provided to a multiplier, while the 

mantissa portion of operand B is provided to an alignment 

shifter, which aligns operand B with the product o~ A and C, 

based on their respective.exponents. The aligned operand B 

is then added to the A times C product. 

Floating-point unit 118 may be used in accordance with 

a first· implementation of the present invention to generate 

the mantissa of the reciprocal of a floating-point number. 

The steps from reciprocal to quotient, and handling of the 

floating-point exponent when computing the reciprocal, are 

well known and are not discussed in this disclosure. 

Floating-point unit 118 may also be used in accordance with 

a second implementation of the present invention to generate 

the mantissa of the reciprocal square root of a floating­

point number. The square root can then be determined as 

well, by multiplying the reciprocal square root against the 

number itself. 

The method of the present invent-ion may be understood 

f~rther with reference to Figure 3, which, according to the 

first implementation, may be considered as a graph of a 

segment of the reciprocal function y = 1/x. It is assumed 

that y and x are normalized numbers, and that 1 s x < 2. As 

stated above, it is well known how to handle the floating­

point exponent, so without loss of generality only 
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generation of the mantissa is discussed herein. In.Figure 3 

the curve A-B represents a segment of the function y = 1/x. 

Between the points x1 and .x:a, the line C-D approximates 1/x. 

The slope, a, of line C-D is given by the equation 

a = <Y2 - y 1 ) I <.x:i · - x 1 ) = (1/X;a - 1/Xi,) I Cx2 - Xi) = -1/ ("'2XJ.) 

The offset, b, is given by the equation 

b = Y1 - aKi 

The maximum relative error, Yerr·occurs at x.i.u;-which can be 

found by differentiating 

10 and setting 

: ~b-1/"lnmc- -
y..,.- 1/~ . 

d.Y.,. =0 
dx 

"iaax = 0 • 5 {X2 + X:i.) 

As can be seen from Figure 3, while the worst case error 

occurs at.Xmax, the error at the end points is· z~:ro. The 

error can be spread over the interval and the maximum·error 

reduced by approximately a factor of two by "sliding" the 

line C-D half-way down to the curve A-B at the point -"max· 

This puts the line in the position shown by E-F in Figure 3. 

The slope of E-~ remains a. The offset of E-F, b', is given 

by 

b' = b - 0.5(~ + b - l/JCNx) 

The method of the present inventi~n provides a linear 

approximation based on the constants a and b 1
• An 
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examination of the functions 1/x and ax + b reveals that the 

slope, a, will always be negative. For convenience, in the 

development that follows a is treated as positive, and then 

ax is subtracted from b'. 

The constants· a and b' can be stored in one or more 

lookup tables for different intervals between the values of 

1 and 2. The part.icular constant pair is chosen by the most 

significant mantissa bits of the argument x. The size of 

the interval is the largest power of two that permits the 

error criteria to be met. For a relative error less than 

1/212
, the interval size is 1/32 for the range 1. s. x < 

1.78125,. and is 1/16 for the range 1.78125 s. x < 2. The 

appropriate entry in a given table is then select~d by 

ignoring the implied bit and using the most significant j 

bits of the mantissa to select the appropriate constants a 

and b' from the stored table. If the accuracy criteria is a 

relative error less than 1/212 , j = 5. Then, the estimated 

reciprocal y is computed as ax + b'. 

Considering the precision requirement, truncation, and 

round-off errors, the computation y = b' - ax implies a 

15-bit multiply and add. However, the multiplication can be 

reduced to 10 bits by recognizing that, for the constant 

pair selected the first five bits of x are alrea~y known. 

For one particular hardware embodiment, the argument x can 

be partitioned into a high order part xH and a low order 

part xL. Part xH consists of the j bits used to address the 

table. The product of a and 'GI can be pre- calculated, 
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subtracted from b 1
1 and stored when the table is created. 

Thus, for each interval of .x, the eqtiation y = b' - ax can 

be rewritten as: 

y= b' - a{XH + Xx,) 
= (b - ~) - axL 
= b" - axL 

Referring to Pigure 3, b'' is the value of Yi on the line 

E-F. The constant a used to multiply-Xx, can have j fewer 

bits than b" because Xr. is a factor of 2i smaller than b" in 

magnitude. In a preferred embodiment, the actual constants 

stored in the tables are rounded versions of a and 1?". The 

constant b" !equires lS bits to provide 12 bits of precision 

when considering real round-off and trunc~tion errors. 

Because rounding xL would increase execution time, xL is 

truncated. In an exemplary implementatio~, the slope a is 

multiplied by xL where xL consists of the 9 most significant 

bits of x following the five £~action bits used to access 

the table. The constants are presented in hexadecimal form 

in Table 1. 
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TABLE 1 

Interval Left Edge ~ight Edge Slope Modified Offset 

0 1.00000 1.03125 000003E1 00007FFC 

1 1. 03125 .1. 06250 000003A7 00007C1C 

2 1. 06250 1.09375 00000371 00007875. 

3 1.09375 1.12500 00000340 00007504 

4 1.12500. 1.15625 00000313 000071C4 

5 1.15625 1.18750 000002EA 00006EB1 

6 1.18750 1.21875 000002C4 ·ooooGBC8 

7 1.21875 1.25000 000002AO 000069"04 

8 1.25000 . 1.28125 0000027F 00006664 

9 1.28125 1.31250 00000261 000063E5 

10 1.31250 1.34375 00000245 00006184 

11 1.34375 1.37500 0000022A 00005F40 

12 1.37500 1.40625 00000212 00005D16 

13 1.40625 1.43750 OOOOOlFB 00005804 

14 1.43750 1.46875 000001E5 0000590A 

15 1.46875 1.50000 00000101 00005725 

16 1.50000 1.53125 0000018E 00005554 

17 1.53125 1.56250 OOOOOlAC 00005396 

18 1.56250 1.59373 00000198 000051E8 

19 1.59375 1.62500 00000188 0000504F 

20 1.62500 1.65625 0000017C 00004EC4 

21 1.65625 1.687SO 0000016E 00004048 

22 1.68750 1.71875 00000158 00004809 

23 1.71875 1.75000 00000158 00004A78 

24 1.75000 1.78125 00000143 00004924 

25 1.78125 1.81250 00000143 00004708 

26 1.81250 1.84375 00000120 0000469C 

27 l. 84375 1.87500 00000120 0000456F 

28 l. 87500 1.90625 OOOOOllA 00004442 

29 1.90625 1.93750 OOOOOllA 00004328 

30 1. 93750 1.96875 00000108 0000420E 

31 1.96875 2.00000 00000108 00004106 
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As an example, let the fraction bits of x be numbered 

x(1:52) for a double-precision IEEE floating point number, 

bit 1 being the most significant bit, just to the right of 

the implied bit 1. Bits x(1:5) are used to address t~e 

table, and xL is equal to x(6:14) which are used to ~ult·iply 

the value a read from the table. ·If the multiplier uses a 

modified Booth recoder to reduce the number of levels of· 

carry-save-adders, then the Booth recoding can be done in 

parallel with the table access, thus reducing the effective 

delay of the multiplier. The mult;plier produces a product 

of 19 bits, but only the most significant 10 bits are 

subtracted from b" • These bi ts would be aligned with tqe 

lower 10 bits of b 11
• For the above example, if p(1:19) is 

the 19-bit intermediate product of a and xL, then the 

following subtraction is· used to obtain y: 

y = o . b" ( J, : 15) - O . O O O O O PiP:zP3P4.PsP6P1PaP9P10 

Appropriate logic circuits can be provided within the 

processor to implement the foregoing as will become apparent 

to those skilled in the art. To verify the algorithm, a 

program was written to test all possible values of the 

mantissa, and the results fo~ all values were within the 

desired precision. In Table 1 the constants in the slope 

column starting with interval 26 are duplicated. This 

s~mplif ication is a result of being able to use an interval 

of 1/16 for 1.78125 s x < 2 while still meeting the 

precision requirement. 

The precision required for the reciprocal estimate 

determines both the number of table entries and the number 
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of bits in the values stored. The definition of precision 

used here is similar to that used in the PowerPc™ 

architecture. Twelve bit precision is defined as a·relative 

error less th.an 1/212 = 1/4096, i.e., 

The algorithm presented in this disclosure meets this 

requirement and, in addition, is more generally useful 

because it can be used as the basis· for a fast division 

algorithm. The method reduces both the size and the delay 

of the multiplier. When combined with one Newton-Raphson 
iteration the 12-bit precision version of the algorithm 

provides nearly a single-precision IEEE-compatible 

reciprocal with two additional passes through the multiply­

add pipeline. If a double-precision reciprocal is required, 

a straight forward extension of the algorithm to provide 14-
bit precision would be advantageous. A double·-precision 

reciprocal would then require two Newton-Raphson iterations 

or four passes through the multiply-add pipeline. 

· In general a significant improvement in the time 

required to compute the reciprocal of a number for a 

relatively minor increase in cost is possible with this 

algorithm. As noted in the Description of Related Art, to 
generate 12 correct bits with a conventional table lookup 
technique would require a table of 2048 entries. The 

technique described herein trades the 2048 entry table for a 
15-bit adder, a 10-bit by 9-bit multiplication, and a table 
requiring fewer than 32 unique pairs of entries. Of the 
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table entry pairs, one of the numbers requires a maximum of 

15 bits, the other a maximum of 10 bits, and both are fixed 

point. Thus the algorithm significantly reduces hardware 

a~d provides comparabie performance. 

Pigure 4 illustrates one method of implementing the 

present invention. A full precision input.xis partit~oned 

into a higher order part Xs: and a lower order part xL. The 

higher order part is fed to the lookup table 200, which 

provides the first constant (slope) to a Booth multiplexer 

202, and also provides the second constant (offset) to a 

multiply array and adder 204. The lower order part is used 

as an input to a Booth recoder 206 which acts as the mux 

select for Booth multiplexer 202. 

Figure 5 illustrates an alternative implementation of 

the present invention which utilizes certain circuits of the 

multiplier in a conventional floating-point unit which 

includes a top multiply array 208, a multiplexer 210, and a 

bottom multiply array and adder 212. The high order part of 

the input value is again· fed to a lookup table 214. Table 

214 again provides the first constant (slope) to a Booth 

multiplexer 216 but, in this implementation, the second 

constant (offset) is fed to multiplexer 210. The lower 

order part of the input value is still fed to a Booth 

recoder 218 which acts as the mux select for Booth 

multiplexer 21G. 
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According to a second implementation of the present 

invention, and again with reference to Figure 3, the graph 

may now be considered as a segment of the reciprocal square 

root function y = 1/{x. It is still assumed that y and x 

are normalized numbers, and that now O • s s. x < 2 • As stated 

above, it is well known how to handle the floating-point 

exponent, so without loss of generality only generation of 

the mantissa is discussed herein. In Figure 3 the curve A-B 

represents a segment of the function y = 1/{x. Between the 
; 

points x1 and X2' the line C-D approximates J./{x. The' 

slope, a, of line C-D is given by the equation 

a = <Y2 Y1> I <x.i - X1) = {1/xl2 - J./{Jei) I Cx2 Xi} • 

The offset, b, is given by the equation 

b = Y1 - axi 

The maximum relative error, Yerr occurs at Xmax which can be 

found by differentiating 

and setting 

BXmax+b-1f{x.i-, 
y ~:::; __ 1ffXmu 

ctr-=o 
dx 

Xmax = -bl (3a) 

Again, while the worst case error occurs at x.u.x, the error 

at the end points is zero, and the error can be spread over 

the interval and the maximum error reduced by approximately 

a factor of two by "sliding" the line C-D half-way down to 

the curve A-B at the point -"max· This puts the line in the 
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position shown by E-F in Figure 3. The slope of E-F remains 

a. The offset of E-F; b', is given by 

b' = b - o.scax..x + b - 1/lx.x> 
The method of the present invention again provides a linear 

approximation based on the constants a and b'. An 

examination-of the functions 1/{x and ax+ b similarly 

reveals that the slope, a, will always be negative. For 

convenience, in the development that follows a is treated as 

positive, and then ax is subtracted from b'. 

The constants a and b' can be stored in lookup tables 

for different intervals between 0.5 and 2. The particular 

constant pair is chosen by the most significant mantissa 

bits of the argument x. The size of the interval is the 

largest power of two that permits the error criteria to be 

met. For a relative error less than 1/212
, the interval 

size is 1/32 for the range 0.5 s x < 1, and is 1/16 for the 

range 1 s x < 2. The change in interval size makes it 

convenient to consider two tables, ·each with 16 pairs of 

entries. The first table is used for arguments 0.5 ~ x < 1, 

and the second ~able is used for arguments 1.0 s x < 2. The 

reciprocal _square root is computed by selecting the 

appropriate table based on the least significant bit of the 

e~onent. The appropriate entry in a given table is then 

selected by ignoring the implied bit and using the most 

significant j bits of the mantissa to select the appropriate 

constants a and b' from the stored table. If the accuracy 

criteria is a relative error less than 1/212
, j = 4. Then, 
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the estimated reciprocal square root y is computed as ax + 

b'. 

Considering the precision requirement, truncation, and 

round-off errors, the computation y = b' - ax implies a 

15-bit multiply and add. However, the multiplication can be 

reduced to 10 bits by aga~n recogni~ing that, for the 

constant pair selected the first four bits of x and the 

appropriate table are alre~dy known. For one particular 

hardware embodiment, the· argument x can similarly be 

partitioned into a high order part "it and a low order part 

xL. Part xH consists of the table select bit and the j bits 

used to address the table. The product of a and xH can be 

calculated, subtracted from b', and stored when-the table is 

created. Thus, for each.interval of x, the equation y = b' 

- ax can be rewritten as: 

y = b I - a (xH + XL) 
= (b - axH) - axL 
= b" - axL 

Referring to Figure 3, b" is the value of Yi on the line 

E-F. The constant a used to multiply xL can have j fewer 

bits than b" because xL is a factor of 21 smaller than b" in 

magnitude. In a preferred embodiment, the actual constants 

stored in the tables are again rounded versions of a and b". 

The constant b" requires 16 bits to provide 12 bits ·of 

precision when considering real round-off and truncation 

errors. Because rounding xL would increase execution time, 

xL is truncated. In an exemplary implementation, the slope 

a is multiplied by xL where xL consists of the 10 most 

significant bits of x following the four fraction bits used 
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to access the table. Table 2 below is used.for arguments 

0.5 .s. x < 1. Table 3 is used for arguments·1.o s. x < 2. 

The constants are presented in hexadecimal form. 
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TABLE 2 

Interval Left Edge Right Edge Slope (a) Modified Offset (b•) 

0 .50000 .53125 00000568 000084FD 

1 .53125 .56250 000004F3 OOOOAF97 

2 .56250 .59357 00000480 OOOOAAAS 

3 .59357 .62500 00000435 OOOOA1E4 

4 .63500 .65625 000003E7 OOOOA1E4 

5 .65625 .68750 000003A2 000090FE 

6 .68750 .71875 00000365 00009ASC 

7 .7i875" .75000 0000032E 000,096F8 

8 .75000 .• 78125 000002FC 000093CA 

9 .78125 .81250 00000200 000090CE 

10 .81250 .84375 000002A8 000080FE 

11 .84375 .87500 00000283 00008857 

12 .87500 .90625 00000261 00008804 

13 .90625 .93750 00000243 00008673 

14 .93750 .96875 00000226 00008431 

15 .96875 1.00000 00000208 00008208 

Modified slope and offset values to be implemented 0.5 ~ x < 1.0. 
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'l'ABLE 3 

Interval Left Edge Right Edge Slope Modified Offset 

0 1.00000 1.06250 00000302 00007FFA 

1 1.06250 1.12500 00000380 00007C29 

2 1.12500 1.18750 00000338 000078AA 

3 1.18750 1.25000 000002F9 00007572 

4 1.25000 1.31250 000002C2 00007279 

5 1.31250 1.37500 00000292 00006FB7 

6 1.37500 1.43750 00000266 00006026 

7 1.43750 1.50000 0000023F 00006ACO 

8 1.50000 1.56250 00000210 00006881 

9 1.56250 1.62500 OOOOOlFD 00006665 

10 1.62500 1.68750 OOOOOlEl 00006468 

11 1.68750 1.75000 000001C7 00006287" 

12 1. 75000 1.81250 OOOOOlAF 000060C1 

13 1. 81250 1.87500 00000199 00005F12 

14 1.87500 1.93750 00000185 00005079 

15 1. 93750 2.00000 00000173 00005BF4 
Modified slope and offset values to be implemented 1.0 ,S.X< 2.0. 

As an example, let the fraction.bits of x again be 

numbered x{l:52} for a double-precision IEEE floating point 

number, bit 1 being the most significant bit, just to the 

right of the implied bit 1. The least significant bit of 

the exponent is used to select the table, bits x{l:4) are 

used to address the table, and xL is.equal to x(5:14) which· 

are used to multiply the value a read from the table. If 

the multiplier uses a modified Booth recoder to reduce the 

number of levels of carry-save-adders, then the Booth 

recoding can similarly be done in parallel with the table 

access, thus reducing the effective delay of the multiplier. 

The multiplier produces a produc~ of 20 bits, but only the 
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most significant 11 bits are subtracted from b 11
• These bits 

would be aligned with the lower 11 bits of b". For the 

above example, if p(i:20) is the 20-bit intermediate product 

of a and xL, then the following subtraction is used to 

obtain y: 

y · = b" ( O} . b" ( 1 : 15) - O • O O O O Pi.P2P3P..PsP6.P7PaP!!PioP11 

whe.re b"(0)=1 for·o.s .s.·x < 1.0, and b"(O)=O for 

1.0 .s. x < 2.0. Appropriate logic.circuits can again be 

provided within the processor to implement the foregoing.as 

will become apparent to those skilled in the art. To verify 

the algorithm, a program was written to test all possible 

values of the mantissa, ·and the results for all values were 

within the desired precision. 

The algorithm for the reciprocal square root presented 

in this disclosure again meets the twelve-bit precision 

requirement and reduces both the size and the delay of the 

multiplier. When combined with one Newton-Raphson iteration 

it provides a nearly full single-precision IEEE-compatible 

square root with three additional passes through the 

multiply-add pipeline. If a double-precision reciprocal 

square root is required, a straight forward extension of the 

algorithm to provide 14-bit precision would be advantageous. 

A __ double-precision reciprocal square root_ would then require 

two Newton-Raphson iterations or six passes through the 

multiply-add pipeline. 

In general a significant improvement in the time 

required to compute the reciprocal square root of a number 
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for a relatively minor increase in cost is again possible 

with this algorithm. The technique described herein trades 

the 2048 entry table for a 16-bit adder, a 11-bit by 10-bit 

multiplication, and a table requiring 32 unique pairs of 

entries. Of the table entry pairs, one of the numbers 

requires a maximum of 16 bits, the other a maximum of 11 

bits, and both.are f~xed point. Thus the algorithm 

similarly reduces hardware and provides comparable 

performance. Figures 4 and 5 can be used in a manner similar 

to that described above to implement the invention for the 

reciprocal square root function. 

The square root function can be provided several 

different ways. One way, as described earlier, is to 

provide the reciprocal square root of an argument, and then 

multiply that value by the argument to obtain its square 

root. Another way is to use tables that provide the square 

root directly. The method just described for providing the 

r~ciprocal square root, using two tables, should also 

provide the square root function by using appropriate values 

in the two tables, with one slight modification. For the 

square root function, the product of the lower order part of 

the mantissa of the input and. the first constant must be 

ad4ed to the second constant rather than be subtracted from 

it. Furthermore, there are other elementary functions, such 

as the square of a number and some transcendental functions, 

which can also be provided with the help of this invention. 
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It is also likely that both the reciprocal and the 

reciprocal square root functions will be needed in the same 

system. It is not necessary to provide separate hardware 

for them. The table can be expanded to include all 

functions that are needed using this invention, so that the 

other hardware shown in Figures 4 and 5, such as the Booth 

reco~ers, the multiplexers, the multiply arrays, and. the 

adder, can all be shared by the various functions. 

Although the invention has been described with 

reference to specific embodiments, this description is not 

meant to be construed in a limiting sense. Various 

modifications of the disclosed embodiment, as well as 

alternative embodiments of the invention, will become 

apparent to persons skilled in the art upon reference to the 

description of the invention. For example, while the 

present invention is particularly useful i~ large scale 

computer systems such as that depicted, it is equally 

applicable to smaller, limited-purpose computer systems, 

such as hand-held calculators. It is therefore contemplated 

that such modifications can be made without departing from 

the spirit or scope of the present invention as defined in 

the appended claims. 
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CLA:IMS: 

1. A method of estimating the reciprocal of an input 

value in a computer system having a processor, comprising 

the steps of: 

normalizing the input value to yield a normalized input 

value; 

selecting a first constant and a second constant from a 

table having a plurality of intervals, based on the 

normalized input value, wherein said first and second 

constants are based on a· linear approximation of the 

function 1/x using left and right edges of a given interval, 

offset to reduce a maximum error value for the given 

interval; and 

;calculating an estimated reciprocal using the processor 

by combining the product of the normalized input value and 

the first constant with the second constant. 

2. The method of Claim 1 wherein said normalizing step 

normalizes the input value within the range 1 s x < 2. 

3. The method of Claim 1 wherein: 

the normalized input value has a mantissa; and 

said selecting step selects the first and second 

c~nstants based on the most significant bits of the· 

mantissa. 

4. The method of Claim 1 wherein the first and second 

constants have sufficient precision such that the estimated 

reciprocal has a relative error less than 1/4096. 

I lllllll llllll lllll lllll II llll 
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5. The method of Claim 1 wherein the processor has a 

multiplier which uses a modified Booth recoder to reduce the 

number of levels of carry-save-adders, and further 

comprising the step of using the Booth recoding in parallel 

with the table to reduce· an effective delay of the 

multiplier. 

6. The· method of Claim 1 wherein at least two intervals 

in the table have the same value for the first constant. 

7. The method of Claim 3 wherein the second constant is 

further based on the values of the left and right edges of a 

g_iven interval, and said -selecting step is acco~plished 

using a high order part of the mantissa to reduce the number 

of bits required in a ·multiply~add operation. 
~I\ i·~ 

.. . , 

I lllllll llllll lllll lllll II llll 
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I lllllll llllll llll Ill llll 
a. A processor for a computer system, comprising: 

a plurality of registers; 

a plurality of logic units connected to said registers, 

including a floating-point execution unit allowing multiply­

add operations; and 

a table lookup for estimating a reciprocal of a 

normalized input value in one of said registers, said table 

lookup having a plurality of intervals and associated pairs 

of first and second constants used as inputs to said 

floating-point execution.unit, said first and second 

constants being based on a linear approximation.of the 

function 1/x using l~ft and right edges of a given interval, 

offset to reduce a maximum error value for the given 

interval, such that ;the reciprocal may be estimated by 

combining the product of the normalized input value and the 

first constant with the second.constant. 

9. The processor of Claim 8 further comprising means 

for normalizing an input value within a range of said table 

lookup to produce the normalized input value. 

10. The processor of Claim 8 wherein said table lookup 

provides said first and second constants having sufficient 

pr.ecision such that the estimated reciprocal has a relative 

error less than 1/4096. 

11. The processor of Claim 8 wherein the normalized 

input value has a mantissa portion, and said second constant 

is further based on the values of the left and right edges 

\ \11\11\ \\\I\\ Ill\\ \\1\1 \\ \II\ 
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of a given interval such that the product of the normalized 

input value and the first constant may be calculated using a 

lower order part of the mantissa to reduce the number of 

bits required in a multiply~add operation. 

12. The·processor of Claim 8 wherein at least two 

intervals in the table have the same value for the first 

constant. 

13. A method of estimating the reciprocal square root 

of an input value in a computer system having a processor, 

compr~sing the steps of: 

normalizing the input value to yield a normalized input 

value; 

selecting a first constant and a second constant from a 

table having a plurality of intervals, based on the 

·normalized input value, wherein said first and second 

constants are based on a linear approximation of the 

function 1/{x using left and right edges of a given 

interval, offset to reduce a maximum error value for the 

given interval;. and 

calculating an estimated reciprocal square root using 

the processor by combining the product of the normalized 

i~put value and the first constant with the second constant. 

14. The method of Claim. 13 wherein said normalizing 

.step normalizes the input value within the range o.s ~ x < 

2. 

111111111111111111111111111111 
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15. The method of,Claim 13 wherein: 

·the normalized input value has a mantissa; and 

said selecting step selects the first and second 

constants based on the most significant bits of the 

mantiss·a. 

16. The method of Claim 13 wherein said selecti~g step 

selects the first and second constants by first selecting 

the table from a plurality of different tables corresponding 

to difference intervals of the normalized input value. 

17. The method of Claim 13 wherein the first and second 

constants have sufficient precision such that the estimated 

reciprocal square root has a relative error less than 

l/4096. 

18. The method of Claim 13 further comprising the step 

of calculating an estimated square root of the input value 

by multiplying the input value with the estimated reciprocal 

square root. 

19. The method of Claim 13 wherein the processor has a 

multiplier which uses a modified Booth recoder to reduce the 

nu~er of levels of carry-save_-adders, and further 

comprising the step of using the Booth recoding in parallel 

with the table to reduce an effective delay of the 

multiplier. 

I lllllll llllll lllll lllll II llll 
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20. The method of Claim 15 wherein the second constant 

is further based on the values of the left and right edges 

of a given interval, and said selecting step is accomplished 

using a high order part of the mantissa to reduce the number 

of bits required in a multiply-add operation. 

21. The method of Claim 16· wherein: 

said normalizing. step normalizes the input value within 

the range of 0.5 s x < 2; 

the first and second constants have sufficient 

precision sue~ that the estimated reciprocal square root has 

a relative error less than 1/4096; and 

said selecting step selects the first.and second 

constants from a first table having an interval size of 1/32 

for the range O .. s s x < 1, and a second table having an 

interval size of 1/16 for the range 1 ~ x 2. 

22. The method of Claim is further comprising the step 

of improving the precision of the estimated square root by 

using the estimated reciprocal square root as a first 

approximation in a Newton-Raphson iteration. 

23. The method of Claim 20 wherein said selecting step 

se~ects the first and second constants by first selecting 

the table from a plurality of different tables corresponding 

to different intervals of the normalized input value. 

111111111111111111111111111111 
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24. A processor for a computer system, comprising: 

a plurality of registers; 

a plurality of logic units connected to said registers,. 

including a floating-point execution unit allowing multipl¥­

add operations; and 

a table l~okup for estimating a r.eciprocal square root 

of a normalized input value in one of s~i4- registers, .said 

table lookup having a plurality of intervals and associated 

pairs of first and second constants used as inputs to said 

floating-point execution unit, said first and second 

constants being based on a linear approximation of the 

function l/lx u~ing left and ri$'ht edges of a given .. 

interval, offset to reduce a maximum· error value for the 

given interval, such that the reciprocal square root may be 

estimated by combining the product of the normalized input 

value and the first constant with the second constant. 

25. The processor of Claim 24 further comprising means 

for normalizing an input value within a range of said table 

lookup to produce the normalized input value. 

26. The processor of Claim 24 wherein the table lookup 

is a first table lookup, and further comprising a second 

t~ble lookup having an interval which is different from that 

of said first table lookup. 

27. The processor of Claim 24 wherein said table lookup 

provides said first and second constants having sufficient 

\ \11\11\ \\\l\l 1111111111111111 
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precision such that the estimated reciprocal square root has 

a relative error less than 1/4096. 

28. The processor of Claim 24 wherein the normalized 

input value has a mantissa portion~ ~nd said second constant· 

is further based on the values of the left and right edges 

of a given interval su~h that the product of the normalized 

input value and the first constant may be calc~lated using a· 

lower order part of the mantissa to reduce the number of · 

bits required in a multiply-add operation. 

29. The processor of Claim 24 further comprising means 

for calculating a square root of the normalized input value 

by multiplying the input value witt1r the estimated reciprocal 

square.root. 

30. The processor of Claim 26 _wherein: 

said normalized input value lies within the range 0.5 s 

x < 2; 

the first and second constants have sufficient 

precision such that the estimated reciprocal square root has 

a relative error less than 1/4096; 

the first table is used for the range 0.5 s x < 2 and 

has an interval size of 1/32; and 

the second table is used for the range l s x < 2 and 

has an interval· size of 1/16. 

31. The processor of Claim 29 further comprising means 

for improving the precision of the estimated square root by 

\ \11\11\ \\\I\\ Ill\\ \\1\1 \\ \II\ 
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using the estimated reciprocal square root as a first· 

approximation in a Newton-Raphson iteration. 

32. A method of estimating an elementary function 

having a non-linear portion,.using a computer system having 

a processor, comprising the steps of: 

normalizing an input value to yield a-normalized input 

value; 

selecting a first constant and a second constant from a 

table having a plurality.of intervals, based on the 

normalized input value, wherein the first and second 

constants are based on a linear approximation of the non­

linear portion of the elementary function using left and 

right edges of a given interval, offset to reduce a maximum 

error value for the given i~terval; and 

calculating an estimated output value using the 

normalized input value, the first constant, and the second 

constant in a multiply-add operation of the processor, 

wherein said selecting step further reduces the number of 

bits required in the multiply-add operation. 

33. A processor for a computer system, comprising: 

a plurality of registers; 

a plurality of logic units connected to said registers, 

including a floating-point execution unit allowing multiply­

add operations;· and 

a table lookup for providing an estimate of an 

elementary function having a non-linear portion based in a 

normalized input value residing in one of said registers, 

I lllllll llllll lllll lllll II llll 
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ili1iU1iiif 
said 'table lookup having a plurality of intervals and · 

associated pairs of first and second constants used as 

inputs.to said floating-point execution unit, said first and 

second constants being based on a linear approximation of 

the non-linear portion of the elementary function using left 

and right .edges of a given interval, offset to reduce a 

maximum error ~alue for the given interval, and selected to 

reduce the number of bits required in a-·multiply-add 

operation which calculates an estimated output value. 
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