HIGH ACCURACY ESTIMATES OF ELEMENTARY FUNCTIONS

Background of the Invention
1. Field of the Invention

The present invention generally relates to computer
systems, and more particularly to a computer sYstem
providing an improved method for generating high precision
estimates of the square root, reciprocal square root, and
reciprocal functions.

2. Description of the Related Art

A computer processor can perform arithmetic operations
on different types of numbers, or operands. For example,
the simplest operations involve integer operands, which are
represented using a "fixed-point" notation. Non-integers
are typically represented-accordihg to a "floating-point™"
notation. In conventional computers, a "single-precision":
floa;iﬁg—point number is represented using a 32-bit (one
word) field, and a "double-precision" floating-point number
is represented using a 64-bit (two-word) field.

Floating-point notation (which is also referred to as
exponential notation), can be ﬁsed to represent both very
large and very small numbers. A floating-point notation has
three parts, a mantissa (or significantf, an exponent, and a
sign (positive or negative). The mantissa specifies the
digits of the number, and the exponent specifies the
magnitude of the number, i.e., the power of the base which
is to be multiplied with the mantissa to generate the
number. For example, using base 10, the number 28330000
would be represented as 2833E+4 (a mantissa of 2833 and an
exponent of 4), and the number 0.054565 would be represented
as 54565E-6 (a mantissa of 54565 and an exponent of -6).
Since processors use binary values in their computations,
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floating-point numbers in most computers use 2 as a base
(radix). Thus, a fioating-point number may generally be
expressed in binary terms according to the form

' n = (-1)% ¢ 1.F e 2%,

where n is the floating-point number (in base 10), S is the
sign of the number (0 for positive or 1 for negative), F is.
the fractional éomponent of the mantissa (in base 2), and E
is the exponent of the radix. In accordance with the
Institute of Electrical and Electronics Engineers (IEEE)
standard 754, a single-precision floating-point number uses
the 32 bits as follows: the first bit indicates the sign
(S), the next eight bits indicate the exponent offset by a
bias amount of 127 (E+bias), and the last 23 bits indicate
the fraction (F). So, for example, the decimal number ten
would be represented by the 32-bit value

0 10000010 01000000000000000000000
as this corresponds to (-1)°% e 1.01, e 233%%7 =31 25 e 23 =10.

Many processors handle floating-point operations with a
floating-point unit (FPU). Floating-point processing is
used in addition, multiplication and division operations,
and may also be used for other special mathematical
functions, such as the square root (Vx), reciprocal square
root (1/Jk),.and reciprocal (1/x) functioms. Many '
conventional processors use iterative approximation
algorithms to determine these values, such as Newton-Raphson
iteration. To understand this particular algorithm, it is
helpful to first understand Newton’s iteration for zero
finding, which is also used for division operations, and is
illustrated in Figure 1. A generalized curve is represented
by the function f(x), and it is desired to know the zero of
this function (i.e., the value of the x-intercept).
Basically, the function is approximated by its tangent at an



arbitrary location (x,) corresponding to an initial guess,
and a new guess is then formulated based on the zero (x,) of
this tangent line.  This simple procedure can then be
repeated as many times as is required to achieve a desired
precision. It can be shown that, generally, the zero of a-
tangent line corresponding to a given iteration i is given
by the equation

X = - B L (equ. 1)
The reciprocal operation can be cast as a zero finding
operation by considering the function f(x)=1/x - r. Since
the zero of this function is at 1/r, Newton’s iteration can
be used to calculate the reciprocal function. It can be
shaown that, for the reciprocal function, equation 1 becomes

Xia = X2 - x;7) . (equ. 2)
- This equation is commonly used for division. An initial
value for x, is provided by a table lookup. Several
iterations of equ. 2 are used to obtain the reciprocal of
the divisor which corresponds to r. The reciprocal value is
then multiplied by the dividend to obtain the quotient.

To compute a square root, a similar iterative process
can be performed, and it can be shown that the square root
can be computed according to the equation

Xy = 0.5 (x; + r/xg) . (equ. 3)
However, equ. 3 requires a divide operation for r/x;, which
is much slower than a multiply operation. Instead, the
Newton-Raphson iterations for computing the reciprocal
square root is often used, which is:

X5, = 0.5 x; (3 - x2r) . (equ.4)
Several iterations are used to obtain a more precise
estimate of the reciprocal square root of r. This value may
then be multiplied by r to obtain the square root of r, as
shown below: '
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Vr = r (1/Vn)

Newton-ﬁaphsén converges quadratically so each iteration
approximately doubles the number of correct digits. A table
lookup is again used to start the procedure, avoiding the
first few iterations and improving performance. To generate
four correct bits via table lookup requires an 8-entry
table. Each additional bit required doubles the number of
table entries. ' '

Newton-Raphson iterative algorithms are used in many
cases since they are often faster than other algorithms.
Nevertheless, iterative algorithms may present other
problems. For example, rounding errors can be introduced,
and for division operations, it provides no remainder.
Furthermore, iterative algoriﬁhms still have performance
limitations. Depending upon the preéision required, the
complete iterative process can take a considerable number of
processor cycles. The corresponding delay may affect some
procedures, particularly those involving multimedia
presentations. Some multimedia extensions to processor
architectures also specify reciprocal and reciprocal square
root instructions that require increased (12-bit) precision.
To generate 12 correct bits using conventional table lookup
‘techniques requires a table of 2048 entries, which
introduces more hardware costs. One alternative is to use a
64 entry table and one Newton-Raphson iteration which .
requires at least two multiply operations, as indicated by
equation 2 (for the reciprocal), or requires at least three
multiply operations, as indicated by equation 4 (for the
reciprocal square root). '

Another alternative involves the use of a linear
approximation. See,.e.g., U.S. Patent No. 5,563,818, and
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nEfficient Initial Approximation and Fast Converging Methods
for Division and Square Root," Proceedings 12th Symposium on
Computer Arithmetic, pp. 2-9 (1995). However, these
implementations require larger lookup tables and larger
multipliers than the implementation that will be described.
A system that performs a quadratic approximation is shown in:
U.S. Patent No. 5,245,564. ;This technique is an extension
of linear approximation, providing three times. the precision
of a table loockup for the same number of words at the cost
of an additional multiply and add, but accordingly requiring
a longer execution time..

In light of the foregoing, it would be desirable to
devise an improved method of estimating square roots,
reciprocal square roots, and reciprocals with high precision
to reduce the number of iteratiomns. It would further be
advantageous if the method could reduce both the size and
the delay of the multiplier to achieve higher precision
without increasing the time required to compute the
reciprocal or reciprocal square root.
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It is therefore one object of the present invention to
provide a method for computing the square root, recip;ocal
square root, and_reciprdcal of a number in a processor of a
computer system.

It is another object of the present-invention to
provide such a method resulting 1n hlgh precision estlmates,
but without requiring numerous 1terat1ve steps.

It is yét another object of the present invention to
provide such a method which also does not require a
significant increase in hardware (i.e., uses smaller lookup
tables). -

The foregoing objects are achieved in a first
implementation of the invention adapted to provide a
reciprocal of an input value in a computer system having a
processor, generally comprising the steps of normalizing the
input value, selecting a first constant and a second
constant from a table based on the normalized input value,
wherein the first and second constants are based on a linear
approximation of the function 1/x using left and right edges
of a given interval offset to reduce a maximum error value
- for the given interval, and calculating an estimated
reciprocal by subtracting the product of the normalized
input value and the first constant from the second constant.
The normalized input value has a mantissa, and the first and
second constants are selected based on the most significant
bits of the mantissa. In one variation, the input value is
normalized within the range 1 < x < 2, and the table has an
interval size of 1/32. The first and second constants are
preferably provided with sufficient precision such that the
estimated reciprocal has a relative error less than 1/4096.
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In a further preferred embodiment, the second constant is a
function of the values of the left and right edges of a
given interval, and only a lower order part of the mantissa

is used, thus reducing the number of bits required in a
multiply-add operation. A significant improvement in the
time required to compute the reciprocal of a number is made
possible for a relatively minor increase in hardware. cost.

In a second implementation of the invention adapted to
provide a reciprocal square root of an input value in a
computer system having a processor, the method generally
comprises the similar steps of normalizing the input value,
selecting a first constant and a second constant from a
table based on the normalized input value, wherein the first
and second constants are based on a linear approximation of
the function 1/vx using left and -right edges of a given
interval offset to reduce a maximum error value for the
given interval, and calculating an estimated reciprocal
square root by subtracting the product of the normalized
input value and the first constant from the second constant.
In one variation of this implementation, the input value is
normalized within the range 0.5 < x < 2, and two lookup
tables are used, a first table having an interval size of
. 1/32 for the range 0.5 < x < 1, and a second table having an
interval size of 1/16 for the range 1 < x < 2. The first
and second constants are preferably provided with sufficient
precision such that the estimated reciprocal square root has
a relative error less than 1/4096. In a further preferred
embodiment, the second constant is a function of the values
of the left and right edges of a given interval, and only a
lower order part of the mantissa is used, thus reducing the
_number of bits required in a multiply-add operation (the
high order part of the mantissa is used to select the
constants from the two tables). An estimated square root



can be calculated by multiplying the normalized input value
with the estimated reciprocal square xoot. A significant
improvement in the time required to compute the reciprocal
square root of a number is again made possible for a
relatively minor increase in hardware cost. '

The above as well as additional objectives, features,
and advantages of the present invention will become apparent
in the following detailed written description.



Brief Description of the Drawings

The novel features believed characteristic of the
invention are set forth in the appended claims. The
invention itself, however, as well as a preferred mode of
use, further objectives, and advantages thereof, will best -
be understood by reference to the following detailed
description of an illustrative embodiment when read in
‘conjunction with the accompanying drawings, wherein:

Figure 1 is a graph illustrating Newton’s meﬁhod of
zero finding which forms the basis of conventional iterative
methods for determining a square root, reciprocal square
‘root, or reciprocal;

Figure 2 is a block‘diagram of one embodiment of a
processor in which the present invention may be implemented;

Figure 3 is graph illustrating the method of the
present invention whereby a high precision estimate of the
square root, reciprocal square root, and reciprocal may-be
determined in a non-iterative fashion;

Figure 4 is a block diagram of one embodiment of the
invention; and _ | ' _

‘Figure 5 is a block diagram of another embodiment of
the invention which shares ‘some of the circuits of the

multiplier in a conventional floating-point unit.
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Description of the Preferred Embodiment

The present in&ention is directed to a method of
determining the square root, reciprocal square root, or
reciprocal of a number, performed by a processor of a
computer system. With reference to Figure 2, a block
diagram of a processor in which a preferred embodiment of
the present invention may be implemented is depicted. The
processor may include the.vafious components shown in Figure
2, but the processor is not necessarily conventional, i.e.,
it could include new hardware compornents as well, or have a
novel interconnection architecture for existing components.
Therefore, while the present invention may be understood
with reference to Figuré 2, this reference should not be

construed in "a limiting isense.

Processor 160 includes a bus interface unit 102 which
controls the flow of data between processor 100 and the
remaindet of the data-processing system (not shown). -Bus
interface unit 102 is connected to both a data cache 104 and
an instruction cache 106. Instruction cache 106 supplies
instructions to branch unit 108, which determines what
sequence of instructions is.appropriate given the cohtents
of general—purpose.registers (GPRs) 110 and floating-point
registers (FPRs) 112 in processor 100, the availability of
load/store unit 114, fixed-point execution unit 116, and
floating-point execution unit 118, and the nature of the
instructions themselves. Branch unit 108 forwards the
ordered instructions to dispatch unit 120, which issues the

individual instructions to the appropriate logic unit
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(load/store unit 114, fixed-point execution unit 116, or

floating-point execution unit 118).

Fixed-point execution unit 116 reads data from and
writes data to general-purpose registers 110. Floating-
point execution unit 118 reads data from and writes data to
floating-point registers 112. Load/store unit 114 reads
data from general-purpose registers 110;_floating-point
registers 112, and writes the data to data cache 104 or té
an external memory (not shown) depending on the memory
hiefarchy and caching protocol employed by the data-

processing system, which are beyond the scope of the present

‘invention. Load/store unit 114 also reads data from data

cache 104 and writes the data to general-purpose registers

110 and floating-point registers 112.

Those skilled in the art will appreciate that the
details of either the construction of processor 100 or its
operation may vary depending on the objectives influencing
the design. For example, processor 100 may include registex
renaming multiple fixed-point execution units 116 for
executing fixed-point instructions without data depéndencies
in parallel, or é memory management unit regulating the
content of data cache 104 and a second level (L2) cache (not
shown) outside processor 100. Floating-point execution unit
118 may be of the type which :eceives three input operands
(A, B, and C) expressed as floating-point numbers.
Floating-point execution unit 118 uses these operands to

perform a "multiply-add" instruction. The multiply-add



instruction executes the arithmetic operation [ (AxC)1B].
The exponent portions of operands A, B, and C are provided
to an exponent calculator, and the mantissa portions of
operands A and C are provided to a multiplier, while the
mantissa portion of operand B is provided to an alignment
shifter, which aligns operand B with the product of A and c,
_ based on their respective.exponents. The aligned operand B

is then added to the A times C product.

Floating-point unit 118 may be used in accordance with
a first implementation of the present invention to generate
the mantissa of the reciprocal of a floa;iﬁg-pbint number.
The steps from reciprocal to quotient, aﬁd handling of the
floating-point exponent when computing the reciprocal, are
well known and are not discussed in this disclosure.
Floating-point unit 118 may also be used in accordance with
a second implementation of the present invention to generate
the mantissa of the reciprocal square root of a floating-
point number. The square root can then be determined as
well, by multiplying the reciprocal square root against tﬁe

number itself.

The method of the present invention may be understood
further with reference to Figure 3, which, according to the’
first implementation, may be considered as a graph of a
segment of the reciprocal function y = 1/x. It is assumed
that y and x are normalized numbers, and that 1 < x < 2. As
stated above, it is well known how to handle the floating-

point exponent, so without loss of generality only
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generation of the mantissa is discussed herein. In,?igure 3
the curve A-B represents a segment of the function y = 1/x.
Between the points x, and X, the line C-D approximates 1/x.
The slope, a, of line C-D is given by the equation )

a=(y-n/le-x=(1/x-1/x)/(x-x)=-1/0x) -
The offset, b, is given by the equation

b=y -ax '

The maximum relative error, Y. occurs at X, which can bé

found by differentiating

y: _ BB Xy -
R, '

and setting

W _
%0

Xy = 0.5(x; + X)

As can be seen from Figure 3, while the worst case error
occurs at X, the error at the end points is zero. The
error can be sPreéd ‘over the interval and the maximum ‘error
reduced by approximately a factor of two by "sliding" the
line C-D half-way down to the curve A-B at the point x,..
This puts the line in the position shown by E-F in Figure 3.
The slope of E-F remains a. The offset of E-F, b’, is given
by

b’ = b - 0.5(axp, + b - 1/Xu)
The method of the present invention provides a linear

approximation based on the constants a and b’. 2n
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examination of the functions 1/x and ax + b reveals that the
slope, a, will always be negative. 'For convenience, in the
development that follows a is treated as positive, and then

ax is subtracted from b~’.

The constants a and b’ can be stored in one or more
lockup tables for different intervals betweeh the values of
1 and 2. The particular constant pair is chosen by the most
significant mantissa bits of the argument x. The size of
the interval is the largest power of two thaﬁ permits the
error criteria to be met. For a relative errorlless than
1/2%2, the interval size is 1/32 for the range 1 < x <

1.78125,. and is 1/16 for the range 1.78125 < x < 2. The

appropriate entry in a given table is then selected by ¢/
ignoring the implied bit and using the most significant j
bits of the mantissa to select the appropriate constants a
and b’ from the stored table. If the accuracy criteria is a
relative error less than 1/2*2, j = 5. Then, the estimated

reciprocal y is computed as ax + b’.

Considering the precision requirement, truncation, and
round-off errors, the computation y = b’ - ax impliés a
15-bit multiply and add. However, the multiplication can be
reduced to 10 bits by recognizing that, for the constant
pair selected the first five bits of x are already known.
For one particular hardware embodiment, the argument x.can
be partitioned into a high order part x; and a low order
part x,. Part x; consists of the j bits used to address the

table. The product of a and x; can be pre- calculated,
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subtracted from b‘, and stored when the table is created.
Thus, for each interval of x, the equation y = b’ - ax can

be rewritten as:

b’ - a(x + x)
(b - axz) ~ ax,
=b”-ax!.

y

Referring to Figure 3, b" is the value of y; on the line
E-F. The constant a used to multiply x, can have j fewer
bits than b" because x, is a factor of 27 smaller than b* in
magnitud_.e. In a preferred embodiment, the actual constants
stored in the tables are‘ rounded versions of a and b”. The
constant b" requires 15 bits to prov_ide 12 bits of precision
when considering real round-off and truncation errors.
Because rounding x;, would increase execution time, x is
truncated. In an exemplary implementatioﬁ, the slope a is
multiplied by x, where x.,, consists of the 9 most significant
bits of x following the five fraction bits used to access
the table. The constants are presented in hexadecimal form

in Table 1.
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17
18
19
20
21
22
23
24
25
26
27
28
29
30

31

Left Edge
1.00000
1.03125
1.06250
1.09375
1.12500-
1.15625
1.18750
1.21875
1.25000
'1.28125
1.31250
1.34375
1.37500
1.40625
1.43750
1.46875
1.50000
1.53125
1.56250
1.59375
1.62500
1.65625
1.68750
1.7187S
1.75000
1.78125
1.81250
1.84375
1.87500
1.90625
1.93750
1.96875
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TABLE 1
Right Edge
1.03125
1.06250
1.0937S
1.12500
1.15625
1.18750
1.21875
1.25000
.1.28125
1.31250
1.34375
1.37500
1.40625
1.43750
1.46875
1.50000
1.53125
1.56250
1.59373
1.62500
1.6562S
1.68750
1.71875
1.75000
1.78125
1.81250
1.84375
1.87500
1.90625
1.93750
1.96875
2.00000

Slope
00060331
000003A§
00000371
00000340
00000313
000002EA
000002C4
00000220
0000027F
00000261
00000245

100000222

00000212
000001FB
000001ES
000001D1
0Q0001BE
000001AC
0000019B
0000018B
0000017C
0000016E
0000015B
000001SB
00000143
00000143
0000012D
0000012D
0000011A
0000011A
00000108

00000108

Modified Offset
00007FFC
00007C1C
00007875
00007504
000071C4
00006EB1
-00006BC8
00006904
00006664
000063ES
00006184
00005F40
00005D16
00005804
00005902
00005725
00005554
00005396
000051EB
0000504F
00004EC4
00004D48
00004BD9
00004A78
00004924
000047DB
0000469C
0000456F
00004442
00004328
0000420E

00004106
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As ah example, let the fraction bits of x be numbered
x(1:52) for a double-precision IEEE floating point number,
bit 1 being the most significant bit, just to the right of
the implied bit 1. Bits x(1:5) are used to address the .
table, and x, is equal to x(6:14) which are used to multiply
the value a read from the table. If the multiplier uses a
modified Booth recoder to reduce the number of levels of
lcarry-save-adders, then the Booth recoding can be done.in
parallel with the table éccgss, thus reducing the effective
delay of the multiplier. The multiplier produces a product
of 19 bits, but only the most significant 10 bits are |
subtracted from b". These bits woﬁld be aligned with the
lower 10 bits of b". For the above example, if p(1:19)-is
the 19-bit intermediate product of a and x;, then the ;
following subtraction is used to obtain y:

¥y = 0.b"(1:15) - 0.00000p,P,D:0:PsPsP:PsPsP1o
Appropriate logic circuits can be érovided within the
processor to implement the foregoing as will become apparént
to those skilled in the art. To verify the algorithm, a
program was written to test all possible values of the
mantissa, and the results for all values were within the
desired precision. 1In Table 1 the constants in the slope
column starting with interval 26 are duplicated. This
simplification is a result of being able to use an interval
of 1/16 for 1.78125 < x < 2 while still meeting the

precision requirement.

The precision required for the reciprocal estimate

determines both the number of table entries and the number
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of bits in the values stored. The definition of precision
used here is similar to that used in the PowerPC™
architecture. Twelve bit precision is defined as a relative

error less than 1/2% = 1/4096, i.e.,
) - Asse'i-”-'";ﬂ’-‘)g 14096 |

The algorithm presented in this disc;osure.meeté this
requireﬁent and, in addition,.is more geherally useful
because it can be used as the basis for a fast division
algorithm. The method reduces both the size and the delay
of the multiplier. When combined‘with one Newton-Raphson
iteration the 12-bit precision version of the algorithm
provides nearly a single-precision IEEE-compatible
reciprocal with two additional passes thfough the multiply-
add pipeline. If a double-precision reciprocal is required,
a straight forward extensién of the algorithm to provide 14-
bit precision would be advantageous. A double-precision
reciprocal would then require two Newton-Raphson iterations

or four passes through the multiply-add pipeline.

" In general a significant.improvement in the time
required to compute the reciprocal of a number for a
relatively minor increase in cost is possible with this
algorithm. As noted in the Describtion of Related Aft, ﬁo
generate 12 corréct bits with a conventional table lookup
technique would.réquire a table of 2048 entries. The
technique described herein trades the 2048 entry table for a
15-bit adder, a 10-bit by 9-bit multiplication, and a table

requiring fewer than 32 unique péirs of entries. Of the
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table entry pairs, one of the numbers requires a maximum of
15 bits, the other a maximum of 10 bits, and both are fixed
point. Thus the algorithm significantly reduces hardware

and provides comparable performance.

Figure 4 illustrates one method of implementing the
present invention. A full precision input x is partitioned
into a higher order part x; and a lower order part x,. The
higher order part is fed to the lookup table 200, which
provides the first constant (slope) to a Booth multiplexer
202, and also provides the second constant (offset) to a
multiply array and adder 204. The lower order part is used
as an input to a Booth recoder 206 which acts as the mux

select for Booth multiplexer 202.

Figure 5 illustrates an alternative implementation of
the present invention which utilizes certain circuits of the
multiplier in a conventional floating-point unit which
includes a top multiply array 208, a multiplexer 210, and a
bottom multiply array and adder 212. The high order part of
the input value is again fed to a lookup table 214. Table
214 again provides the first constant (slope) to a Booth
multiplexer 216 but, in this implementation, the second
constant (offset) is fed to multiplexer 210. The lower
order part of the input wvalue is still fed to a Booth
recoder 218 which acts as the mux select for Booth

multiplexer 216.
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According to a second implementation of the present
invention, and again with reference to Figure 3, the graph
may now be considered as a segment of the reciprocal square
root function y = 1/v¥x. It is still assumed that y and x
are normalized numbers, and that now 0.5 < x < 2. As stated
above, it is well known how to handle the floating-point
exponent, so without loss of generality only generation of
the mantissa is discussed herein. In Figure 3 the curve A-B
represents a segment of the function y = 1/V¥x. Between the
points x, and x,, the line C-D approximates 1/Vx. ' The
slope, a, of line C-D is given by the equation

a=(y; -n/lg -x) = @/x, - 1/Vx)/(x - x) .
The offset, b, is given by the equation

b=y - ax _ . L

The maximum relative error, ¥., occurs at X, which can be

found by differentiating

and setting

Xme = -b/ (3a) .
Agéin, while the worst case error occurs at x,,, the error
at the end points is zero, and the error can be spread over
the interval and the maximum error reduced by approximately
a factor of two by "sliding" the'line C-D half-way down to
the curve A-B at the point x,,. This puts the line in the
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position.showh by E-F in Figure 3. The slope of E-F remains
a. The ofﬁset'of E-F; b’, is given by |

b’ = b - 0.5(aXuy + b - 1/Vxu,)
The method of the present invention again provides a lineax
approximation based on the constants a and b’. An
examination of the functions 1/Vx and ax + b similarly
reveals that the slope, a, will always be negative. For
convenience, in the development that follows a is treated as

positive, and then ax is subtracted from b’.

The constants a and b’ can be stored in lookup tables
for different intervals between 0.5 and 2. The particular
constant pair is chosen by the most significant mantissa
bits of the argument x. The size of the interval is tﬁe
largest power of two that permits the error criteria to be
met. For a relative error less than 1/2“; the interval
size is 1/32 for the range 0.5 < x < 1, and is 1/16 for the
range 1 < x < 2. The change in interval size makes it
convenient to cohsider-two tables, each with 16 pairs of
entries. The first table is uéed for arguments 0.5 < x < 1,
and the second table is used for arguments 1.0 < X % 2. The
reciprocal square root is computed by selecting the
appropriate table based on the least significant bit of the
exponent; The appropriate entry in a given table is then
selected by ignoring the impliéd bit and using the most
significant j bits of the mantissa to select the appropriate
constants a and b’ from the stored table. If the accuracy

criteria is a relative erxrror less than 1/2%2, j = 4. Then,
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~the estimated reciprocal square root y is computed as ax +

b’.

Considering the precisién requirement, truncation, and
round-off errors, the computation y = b’ - ax implies a
15-bit multiply and add. However, the multiplication can be
reduced to 10 bits by again recognizing that, for the -
constant pair selected the first four bits of x and tﬁe
appropriate table are already known. For one particular
hardware embodiment, the argument x can similarly be
partitibned into a high order part x; and a low order part
X,. Part x; consists of the table'select bit and the j bits
used to address the table. The product of a and x; can be
calculated, subtracted from b’, and stored when-the table is
created. Thus, for each interval of x, the equation y = b’

- ax can be rewritten as:

(b - axﬂ) - aXL
= b" - axL

¥

Referring to'Figure 3, b" is the value of y; on the line
E-F. The constant a used to multiply x, can have j fewer
bits than b" because x, is a faétor of 27 smaller than b" in
magnitude. In a preferred embodiment, the actual constants
stored in the tables are again rounded versions of a and b".
The constant b" requires 16 bits to provide 12 bits of .
precision when considering real round-off and truncation
errors. Becausé rounding x;, would increase execution time,
X, is truncated. 1In an exemplary implementation, the slope
a is multiplied by x, where x;, consists of the 10 most

significant bits of x following the four fraction bits used
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to access the table. Table 2 below is used for arguménts
0.5 < x < 1. Table 3 is used for arguments 1.0 < x < 2.

The constants are presented in hexadecimal form.
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TABLE 2
Interval Left Edge Right Edge Slope (a) Modified Offset (b")
0 .50000 .53125 00000568 0000B4FD
1 .53125 .56250 000004F3 0000AF97
2 .56250 .59357 0000048D 0000AAAS
3 .59357 .62500 00000435 0000A1E4
4 .63500 . .65625 000003E7  0000A1E4
5 .65625 .68750 000003A2 0000SDFE
6 .68750 .71875 00000365 00009ASC
7 .71875" .75000 0000032E 000096FS
8 .75000 .- .78125 000002FC 000093CA
9 .78125 .81250 000002D0 000090CE
10 .81250 .84375 000002A8 00008DFE
11 .84375 .87500 00000283 00008B57
12 .87500 .90625 00000261 " 000088D4
13 .90625 .93750 00000243 00008673
14 .93750 .96875 00000226 00008431
1s .96875S 1.00000 - 00000208 00008208

Modified slope and offset values to be implemented 0.5 < x < 1.0.
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TABLE 3
Interval Left Edge Right Edge Slope Modified Offset
o} 1.00000 1.06250 000003D2. 00007FFA
1 1.06250 ) 1.12500 00000380 00007C29
2 ) 1.12500 1.18750 00000338 00007SA.A
3 1.18750 1.25000 000002F9 . 00007572
4 1.25000 1.31250 000002C2 " 00007279
"B 1._31250 1.37500 00000292 00006FB7
(1 1.37500 1-.43750 00000266 00006D26
7 1.43750 1.50000 0000023F OOOOGA.CO
8 1.50000 "1.56250 0000021D 00006881
9 '1._56é50 1.62500 000001FD 00006665
10 1.52560 1.68750 000001E1l 00006468
11 1.6.8750 1.75000 000001C7 00006287
12 1.75000 1.81250 000001AF 000060C1
13 1.81250 1.87500 00000199 0000SF12
14 1.87500 1.93750 00000185 | 00005D79
15 1.93750 2.00000 00000173 00005BF4

Modified slope and offset values to be implemented 1.0 < X < 2.0.

As an example, let the fraction.bits of x again be
numbered x(1:52) for a double-precision IEEE floating point
number, bit 1 being the most significant bit, just to the
' right of the implied bit 1. The least significant bit of
the exponent is used to sélect the table, bits x(1:4) are
used to address the table, and x is equal to x(5:14) which"
afe used to multiply the value a read from the table. If
the multiplier uses a modified Booth recoder to reduce the
number of levels of carry-save-adders, then the Booth
recoding can similarly be done in parallel with the table
access, thus reducing the effective delay of the multiplier.

The multiplier produces a product of 20 bits, but only the
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most significant 11 bits are gubtracted from b*. These bits
would be aligned with the lower 11 bits of b". For the
above example, if p(1:20) is the 20-bit intermediate product
of a and x,, then the following subtraction is used to
obtain y: _

y-= b¥(0) .b7(1:15) - 0.0000D;0,D:PPsPeP7PsPsP1oP11
where b7(0)=1 for 0.5 <'x < 1.0, and b"(0)=0 for
1.0 < x < 2.0. Appropriate logic circuits can again be
provided within the processor to implement the foregoing as
will become apparent to those skilled in the art. To verify
the algorithm, a program was written to test all possible
values of the mantissa, -and thé results for all values were

within the desired precision.

The algorithm for the reciprocal square root presented
in this disclosure again meets the twelve-bit precision
requirement and reduces both the size and the delay of the
multiplier. When combined with one Newton-Raphson iﬁeration
it provides a nearly full single-precision IEEE-compatible
square root with three additional passes through the
multiply-add pipeline. 1If a double-precision reciprocal
square root is required, a straight forward extension of the
algorithm to provide 14-bit precision would be advantageous.
A”aouble—precision reciprocal square root would then require
two Newton-Raphson iterations or six passes through the

multiply-add pipeline.

In general a significant improvement in the time

required to compute the reciprocal square root of a number
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for a relatively minor increase in cost is again possible
with this algorithm. The technique described herein trades
the 2048 entry table for a 16-bit adder, a 1i-bit by 10-bit
multiplication, and a table requiring 32 unique pairs of
entries. Of the table entry pairs, one of the numbers
requires a maximum of 16 bits, the other a maximum of 11
bits, and both are fixed point. Thus the algorithm
similarly reduces hardware and provides comparable
performance. Figuiés 4 and 5 can be used in a manner similar
to that described above to implement the invention for the

reciprocal square root function.

The square root function can be provided several
different ways. One way, as described earlier, is to
provide the reciprocal square root of an argument, and then
multiply that value by the argument to obtain its square
root. Another way is to use tables that provide the square
root dirgctly. The method just described for providing the
reciprocal square root, using two tables, should also
provide the square root function by using appropriate values
in the two tables, with one slight modification. For the
square root function, the product of the lower order part of
the mantissa of the input and the first constant must be
added to the second constant rather than be subtracted from
it. Furthermore, there are other elementary functions, such
as the square of a number and some transcendental functions,

which can also be provided with the help of this invention.
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It is also likely that both the reciprocal and the
reciprocal square root functions will be needed in the same
system. It is not necessary to provide sepafate hardware
for them. Thé table can be expanded to include all )
functions that are needed using this invention, so that the
other hardware shown in Figures 4 and 5, such as the Booth
recoders, the multiplexers, ;he multiply arrays, and. the

adder, can all be shared by the various functions.

Although the invention has been described with
reference to specific embodiments, this description is not
meant to be construed in a limiting sense. Various
modificétiohs of the disclosed embodiment, as well as:
alternative embodiments of the invention, will become
apparent to persons skilled in the art upon referénce to the
description of the invention. For example, while the
present invention is particularly useful in large scale
computer systems such as that depicted, it is-equally
applicable to smaller, limited-purpose computer systems,
such as hand-held calculators. It is therefore contemplated
that such modifications éan be made without departing from
the spirit or scope of the present invention as defined in

the appended claims.



- 29 -
This Sheet Has Been Replaced

1. A method of estimating the reciprocal of an input

CLAIMS:

value in a computer system having a processor, comprising
the steps of: ]

normalizing the input value to yield a normalized input
value;

selecting a first constant and a second constant from a
table having a plurality of intervals, based on the
normalized input value, wherein said first and second
constants are based on a’ linear approximation of the
function 1/x using left and right edges of a given interval,
offset to reduce a maximum error value for the given
interval; and _ '

icalculating an estimated reciprocal using the processor
by combining the product'of the normalized input wvalue and

the first constant with the second constant.

2. The method of Claim 1 wherein said normalizing step

normalizes the input value within the range 1 < x < 2.

3. The method of Claim 1 wherein:

the normalized input value has a mantissa; and

said selecting step selects the first and second
constants based on the moét significant bits of the-

mantissa.

4. The method of Claim 1 wherein the first and second
constants have sufficient precision such that the estimated

reciprocal has a relative error less than 1/4096.

M) O G
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5. The method of Claim 1 wherein the processor has a

multiplier which uses a modified Booth recoder to reduce the
number of levels of carry-savé-adders, and further
comprising the step of using the Booth recoding in éaralle;
with the table to reduce an effective delay of the
multiplier.

6. The method of Claim 1 wherein at least two intervals

in the table have the same value for the first constant.

7. The method of Claim 3 wherein the second constant is
further based on the values of the left and right edges of a
given interval, and said -selecting step is accomplished
using a high order part of the mantissa to reduce the number

of bits require%_in a multiply-add operation.

¥
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8. A processor for a computer system, comprising:

a plurality of registers;

a plurality of logic units connected to said registers,
including a floating-point execution unit allowing multiply-
add operations; and |

a table lookup for estimating a reciprocal of a
normalized input value in one of said registers, said table
loockup having a plurality of intervals and associatéd pairs
of first and second constants used as inﬁuts to said ’
floating-point executioﬁ:unit, said first and second
constants being based on a linear approximation of the
function 1/x using left and right edges of a given interval,
offset to reduce a méximum error value for the given
interval, such that ithe reciprocal may be estimated by
combining the product of the normalized input value and the

first constant with the second constant.

9. The processor of Claim 8 further comprising means
for normalizing an input value within a range of said table

lookup to produce the normalized input wvalue.

10. The procesgor of Claim 8 wherein said table loockup
provides said first and second constants having sufficient
precision such that the estimated reciprocal has a relative

error less than 1/4086.

11. The processor of Claim 8 wherein the normalized
input value has a mantissa portion, and said second constant

is further based on the values of the left and right edges

N ——
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of a given interval such that the product of the normalized
input value and the first constant may be calculated using a
lower order part of the mantissa to reduce the number of

bits required in a multiply-add operation.

12. The processor of Claim 8 wherein at least two
intervals in the table have the same value for the first

congtant.

13. A method of estimating the reciprocal square root
of an input value in a coﬁputer system having a processor,
compr1s1ng the steps of: |

normalizing the input value to yleld a normalized input
value;

selecting a first constant and a second constant from a
table having a plurality of intervals, based on the
- normalized input value, wherein said first and second
constants are based on a Linear approxiﬁation of the
function 1/Vx using left and right edges of a given
interval, offset to reduce a maximum error value for the
given interval; and

' calculating an estimated reciprocal square root using
the processor by combining the product of the normalized

input value and the first constant with the second constant.

14. The method of Claim 13 wherein said normalizing
step normalizes the input value within the range 0.5 < x <
2.

* [+ L L s *
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15. The method of Claim 13 wherein:

‘the normalized input value has a mantissa; and

said selecting step selects'the first and second
constants based oﬁ the most significant bits of the

mantissa.

16. The method of Claim 13 wherein said selecting step
selects the first and second constants by first selecting
the table from a plurality of different tables corresponding

to difference intervals of the normalized input value.

17. The method of Claim 13 wherein the first and second
constants have sufficient precision such that the estimated
reciprocal square root has a relative error less than

1/4096.

- 18. The method of Claim 13 further comprising the step
of calculating an estimated square root of the input value
by multiplying the input value with the estimated reciprocal

square root.

19. The method of Claim 13 wherein the processor has a
multiplier which uses a modified Booth recoder to reduce the
number of levels of carry-save-adders, and fufther
comprising the step of using the Booth recoding in parallel
with the table to reduce an effective delay of the

multiplier.

* c L N s *
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20. The method of Claim 15 wherein the second constant

is further based on the valﬁes of the left and right edges
of a given interval, and said selecting step is accomplished
using a high order part of the mantissa to reduce the numbgr-'

of bits required in a multiply-add operation.

21. The method of Claim 16 wherein:

said normalizing step normalizes the input value within
the range of 0.5 £ X < 2;

the first and seconé constants have sufficient
precision such that the estimated reciprocal square root has
a relative error lesslthan_l/4096; and

said selecting sfep selects the first. and second
constants from a first table having an interval size of 1/32
for the range 0.5 < x < 1, and a second table having an

" interval size of 1/16 for the range 1 < x 2.

22. The method of Claim 18 further comprising the step
of improving the precision of the estimated square root by
using the estimated reciprocal square root as a first

approximation in a Newton-Raphson iteration.

23. The method of Claim 20 wherein said selecting step
selects the first and second constants by first selecting
the table from a plurality of different tables corresponding

to different intervals of the normalized input value.

‘RO A
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24. A processor for a computér system, comprising:

a plurélity of registers;

a plurality of logic units connected to said registers,.
including a floating-point execution unit allowing multiply-
add operations; and

a table lookup for estimating a reciprocal square root
of a normalized input value in one of said registers, .said
table loockup having a plurality of intérvals and associated
pairs of first and second constants used as inputs to said
floating-point execution unit, said first and second
constants being based on a linear approximation of the
function 1/Vx using left and right edges of a given.
iﬁterval, offset to reduce a maximum error value for the
given interval, such that.the reciprocal square roct may be
estimated by combining the product of the normalized input

value and the first constant with the second constant.

25. The processor of Claim 24 further comprising means
for normalizing an input value within a range of said table

lookup to produce the normalized input value.

26. The processor of Claim 24 wherein the table lookup
is a first table lookup, and further comprising a second
table lookup having an interval which is different from that

of said first table lookup.

'27. The processor of Claim 24 wherein said table lookup

provides said first and second constants having sufficient

I ——————
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precision such that the estimated reciprocal square root has

a relative error less than 1/4096.

28. The processor of Claim 24 wherein the normalizéd _
input value has a mantissa portion; gnd said secoﬁd constaﬁt'
is further based on the values of the left and right edges |
of_a given interval such that the product of the normalized
input value ahd the first constant may be calculated using a’
lower order part of the mantissa to reducefthg number of

bits required in a multiply-add operation.

29. The processor of Claim 24 further comprising means
for calculating a square root of the normalized input value
by multiplying the input value with the estimated reciprocal

square root.

30. The processor of Claim 26 wherein: _

said normalized input value lies within the rangg 0.5 <
X < 2; .' ‘

the first and second constants have sufficient
precision such that the estimated reciprocal square root has
a relative error less than 1/4096; o

the first table is used for_the range 0.5 < x < 2 -and
hgs an interval size of 1/32; and

the second table is used for the range 1 < x < 2 and

has an interval size of 1/16.

31. The processor of Claim 29 further comprising means

for improving the precision of the estimated square root by

[ ————
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using the estimated reciprocal square root as a fifst'

approximation in a Newton-Raphson iteration.

32. A method of estimating an elementary function '
having a non-linear portion, using a computer system having
a processor, comprising the steps of:

normalizing an input value to yield a normalized input
value; o

selecting a first constant and a second constant from a
table having a plurality'oi intervals, based on the
normalized input value, wherein the first and second
constants are based on a linear approximation of the non-
linear portion of.the elementary function using left and
right edges of a given interval, offset to reduce a maximum
error value for the given interval; and

calculating an estimated output value uéing the
normalized input value, the first constant, and the_second
constant in a multiply-add operation of the processor,
wherein said selecting step further reduces the number of

bits required in the multiply-add operation.

33. A processor for é computer system, comprising:

a plurality of registers;

a plurality of logic units connected to said registers,
including a floating-point execution unit allowing multiply-
add operations; and |

a table lookup for providing an estimate of an
elementary func;ion having a non-linear portion based in a

normalized input wvalue residing in one of said registers,

O Y
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said table lookup having a plurality of intervals and

associated pairs of first and second constants used as
inputs to said floating-point execution unit, séid fifét and
second constants being based on a linear approximatioﬁ of
the non-linear portion of the elementary function using leff
and right edges of a given interval, offset to reduce a
maximum error value for the given interval, and selected to
reduce the number of bits required in a multiply-add

operation which calculates an estimated output value.
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