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METHOD AND APPARATUS FOR EFFECTI VELY PERFORM NG
LI NEAR TRANSFORMATI ONS TECHNI CAL FI ELD The present
invention relates to the fields of digital signal
processing. It introduces an inproved nethod and

METHOD ANDAPPARKT FEECTIVELY
BRI ORMEN ﬁﬂ%ﬁaﬁfiﬁﬁl&&s ORMATIONS

Li near transformatl ons are commonly used for signal or
data processing. Alin mtjon produce from
an n-di nensional vect oﬁ%@ﬁ&&f &ig "I nput vector"
an r- dTH@Ffebél{t%hve‘ﬂﬁ@ﬁ fdlate§ DN ﬁ@fd@ @f é&;ta&‘f%ﬂ%‘l’érocessmg It
vect or' n many applications t he "1 npu

chatrorluces aprimgrayed meﬂgaimdeamp@ﬂana fgn wformumi?ieai tratsformations,
¢ P bR A b Nt BBR SR & el e ow pover

desBimptibhiey are essential to every field of science

and technol ogy and their efficient performance is

hi ghly desirable. A general l|inear transformation from

the set of n-di mensi onal paeQROUNDal . 15 conpl ex or
fromany field of scalars) to the set of r-di mensi onal

vect or bingas Eansformationsrares ¢ammonly used iferr sgnal roeydatreprocessing, A

%?ﬁﬁ%&ﬁ%?ﬁo@g%@é)ﬁo%& aﬂrﬁiﬁﬁ%érf}mn]gi vector, Rog%tﬁ%tpias ‘input

| veetdr” ian ot dimensioms vectot, wonisidered as “odpivetfopn lnﬁn&tﬁ}eapphcauons
ft%l lLowng form x1 x2 |pllA~1lil1l *159159* -1 Hil
e input vector consists of digital samples of a given signal that reqmres processing.

However applications of linear transformations are not restricted to any specific
domain, they are essential to every field of science and technology and their efficient
performance is highly desirable.

A general linear transformation from the set of n-dimensional vectors (real,
complex or from any field of scalars) to the set of r-dimensional vectors (over the

same field of scalars), may be represented by a matrix of order rxn given by:

[ay a, . . . . . a,
an azz . . . . . 02"
A=
L 9n %

A general input n-dimensional column vector is written in the following form:

ARTAT

*159159+

5 A

*G00002*
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*@00002* The linear transformation produce fromthe

i nput vector x an output colum vector, y of

di mension r, through the product of the nmatrix by the
vector which is given by followng formula: y1 vy2

al | aﬁﬂe hdear tandsformation preduce féom the iyput lveetdr &.an @utput column

Lx" al + al2x2 + . 2
vegtor, }oggugenspnalf,l;(lggogg}gﬁg product 'of the maj,r}LX%y-l- ayezg)igr {lx-rhlch is

sé fofug forieit or mance of the i near

ans orna reqU|res rn products and r(n-1)
addi ti ong: una g raatrlx are of sp&m nportance in
the devel o)bn”en nd appl i cation of pr esent

i nvent i on.Y2Bi nafy- Khpolar matri x a‘he Ffose contai ni ng
only +1 Jjaldes|in 10 their entries. nceforth they
woul d B& [cal|l®”fd U-matrix. A linear transformation
representled [by|a U-matrix will be caljfed
U_-transformati bn. I n the above preser atfon, if the
glv_en_trar};, orpgtion is a Utransfgrmati Enthenr(n-l)
addi ti gnfs ddbt Falti ons woul d be refui for its
strai ght frorward performance. Anot her e of binar
matrix gl Ros#’ednt ai fing onl'y 11}6'5; ues in th)éi r
entries. |Wpy-+waylxi tbe.cal Ied.O-.l-ﬁa;,x,; K.

au%, Ap¥,+ . . . . . ta,x

A straightforward performance of the linear transformation requires, rn
products and r+(n-1) additions.

Binary matrix are of special importance in the development and application of
the present invention. Binary-bipolar matrix are those containing only +1 values in
their entries. Henceforth they would be called U-matrix. A linear transformation
represented by a U-matrix will be called U-transformation. In the above presentation,
if the given transformation is a U-transformation then r«(n-1) additions/subtractions
would be required for its straightforward performance. Another type of binary matrix
are those containing only 0,1 values in their entries. They would be called 0-1-matrix.
A linear transformation represented by 0-1-matrix is called a 0-1-transformation. In
the above presentation, r-(n-1)/2 additions would be required, on average, for a
straightforward performance of a 0-1-transformation.

In the current text the term "binary transformation" would consist of the two
types of transformations mentioned above: U-transformations and 0-1-
transformations. To complete the terminology-introduction it would be mentioned
that the term U-vector would refer to a vector having 1 values in its components and

likewise, a vector having 0,1 values in its components will be called a 0-1-vector.
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15 A linear transformation represented by O-1-matrix

is called a 0-1-transformation. In the above

presentation, r(n-1)/2 additions would be required, on
average, for a straightforward performance of a

0-1-t r'ﬂmpmcmingmf binary hensformatidnst eonkist |be ddeéin® and subtracting

t{‘}bﬁ’ak ?gﬁ%?’{?ﬂﬁ%{%g&hs nﬂegg'g’ié R in a?rd\tav\groe as an electronic
ASpIRARD BERIAG nﬁe@‘a@d%ddultz@glé?'}éilﬁﬁﬂ?% Af¥its 8h as adders and

nplete t term hol o i ntroducti
@htraqmt@d Thsaisaghef tbssmqmmmsns vty candednergyt eonguming and their

Rttt ks o R REGMS b8 - RSV, FPlemepiation of binary
Mdnhfob@aﬁ@is| witha bl cymsmibiption-of théwe ﬂ@ﬁ&ﬁ@@sisr&‘ #itreasing need in

bi nary transfornations consist of adding and
s;wmqr%stﬁ%s ofdeckhsoigyt s of the input vector. They are

i mpl e 4 Wi |.i cation

spec 11erg BB PR Rel Be PPl BitlaBhin Rk, AR dita
sigohl procesdiigl & iacludessabariedy b commuhRatiots RYEndlogitN Qs as image
conmponents,is costly and energy consumng and their 5 :

@W?‘B&P‘P‘%W“S@é%b?‘%@u&wﬁf@cl ous area. A hardware
| mp e'@tﬂi‘éﬂtlﬂ?e@fls B é?r Vihe Gihe WorRIWHO iTRYeL:OR St &&ﬂeﬁ&‘(’]{DS) code

consunption’of thes urces Is of 1ncreasin
idivision meultiple decesds (€DMA) sprbarb spegirumTdoemsunication systems. The IS-

sITEREAR s G, sblovle Shiies e Sekiph Gompetibiy Yiaadarg for Dual-

\MédleEWKdéHan& @B@éﬁ'sﬁ@é&tﬁ[‘&ﬁﬁﬁn@s@&h’e Feb 291 9% | 1%51@ example of

10 processing and W rel ess conmuni cation.’ Currfent
ttheedeveloping @S@Dh@ﬂw&m de interest in

0 Lo AESHERTE LB ST US55 Rhomoost

T AnhudtiSRed befortRinkBisSoa ﬁaa@- Siddhi Nbise (P d
%oggnl%g%@bﬁel tn§/ ﬁdaer% for Dual - tUR&bde Wdéband Splrsga(l T code,

syhdch riana CBldeguenceshatingitandem paise 1gopgrtips (Seh as low cross-

SURARERSE 708 SRR R VR ierh el noie
IiRcladiap HdgiEipath néik€)Hahmaidort detsttioh. Alsﬁiahﬂiﬂmb Qf)dté ,donger than the

transm ssi on by a Pseudo-random Noj se (t%@_l
\whaeneling cadesis @weé\pehech aVhig grangmission fes aﬁ@ﬁéﬁfecr@sgeneratwn

(RS0l S 50) Mt 99)500EK s v o

Ireﬁlw: to gaeffbhg Imulfitcbdeﬂ déteetion aIr‘]lm rsgthtask dlﬁdespteadmg the combined
i ng code, .lon e channelin

ohap pﬁu%slsm?m % €heh @?‘n Whic fa nVES ALY sgﬁeéﬁs %ﬁ‘:carfﬁng to a

?\t. k kdgoe S Bﬁt i#86nd By GppIABAGE 8F LeRadsiemaliol€ where the

standards requite the receiver to
rspréadum cudes cempdsmg ehastms&vrmaﬁnn snatmx aret eftgo r9ws of a Hadamard

gﬁg E&gf dtm? the : @agfge% 5dw gn{lfglotreﬁgﬁtb\%ts -gansformatlon

techniques are des1red for accomplishing the computational tasks with a low

consumption of resources.

There are several known mechanisms that improve the performance of specific

types of linear transformations. A few relevant examples chosen from a very wide -
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25 different channeling code. It is done by

application of U-transfornmati ons where the spreading

codes conprising the transfornmation matrix are often

rows of a Hadamard matrix. This is one of the many

e v

e Bl PR RARL Upich R Bivotutions
wirtdnarg uisedhas ﬁhmsumDSR)camlﬁe dcmao&fticrently B9 tHdregecofathe classical Fast

ver al mach ms th rove t rf ormance.
OL’srbeéci'll;r Iinglpes I kil %%g'flmat G{ig’gzéibf eAgdition  and
rmhmpmau@x HpRtasions; hwxaa@ hr8MiR ¥Rhehsindef -tRe rcﬁiﬂ?«ﬁn ace. In
wi Il be nentioned here. ﬁplltztransforrratlons
2)

prampatispR othgosandasds straightigrward smethosls irequines Gn )Dsdumon and

t th "
CRUBRCATNE 3 A Lo bl BBl B0 CHRF N ke, "
QAlpbdhR( for) thadﬂadlmmcﬂﬂﬂatldﬂlbf b&hpl@ﬂthiﬂhe@ B&i | Mashematics of
where n is nensi on he domai n space. I'n 5

CWQW 19&%0)5?%7@% d*Pfklthéﬁﬂjht forward net hods,
L T N ram——

aCDMAttdSUhnbhngshﬂa theeWialshetl adabrand ﬁ‘tamfbrmianﬁmmhich)(ls represented by
t f t.at
2@ aI %EnLar Z{;zlpt%?c fgga c&am ”3532@ g% ef @%ggeclzu?srively as %ollows

U-transformation sq in digital signal processing
i ncl udimg 11,10 t'ethnol ogi es i s the Wal sh- Hadamar d
Transf or ion i chl|{’s represented by a Hadamard

matri x. A Hadamard matri x can be defined recurswely

as follows: Hl=[1 = and f every tegH;, a
power #d V\g}f CHEy t]fg@f D18 popyer 0f0£ 't{gr?pl e "and
energy preserving algorithmfor perfor hg 15

o iy 8 e o s

atiatisfororasion ibthe Fast WalshfHadamard Feadsfioem(FWEE); whichaeduces the

N T N N T a—
SRfmaldafing il thedé opéatifRs Thefuddagndntal ideas underlining this method

U-transforma?lon s aspect is nodified by another
f axgtsimidargd thdse of thedfiil on 20 to acconmodate for an

g;gl ci gﬁ L?ﬁ-t h&%‘ﬁ#@f@pﬁﬁ%c@g&&oﬁ%&éﬂéﬁ?&%@%’_ ﬂrnc& B{ invention
rﬁpaamﬁﬁéda‘w lfdr &1 effividnit ahethed and lapparatus foi meap@fotmance of and

U sequence or. a conpl ex_U sequence. Wrele
toph%z U-transformatlog;p These %ansfonnatlons represents full or partial

convolution with a given U-sequence or a complex U-sequence. Wireless
communication applications of toplitz U-transformations include initial time-
synchronization and the searcher which use convolutions with a real or complex
pseudo-random (PN) or gold, U-sequences. A gold sequence is composed by the Z,
sum of two PN sequences.

The above binary aspects of the invention are generalized by another aspect of
the invention to an efficient method and apparatus for the performance of a linear
transformation, represented by an rxn matrix with a relatively small number of

different entries. Applications of this advanced aspect of the invention include
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comuni cation applications of toplitz
U-transformations include initial tinme-

synchroni zati on and the searcher which use
convolutions with a real or conplex 25 pseudo-random

(Etnplex (thasfothations and disearArgsiimateniaRpRsérted B RAS AR with
bg ihf Z2 . sum of tV\@ EF;E] s?edguegc s. The above binar

athdclk ooy nd hisRroad peferssde sn ofcthe fyveation Fequld be called
g eherfized: flfiminBNSHLhieRibd! @ENR), of f i ci ent method and
apparatus for the performance ©of a |linear

t r ansf &Yidatband, CDMNAegathtprebably ather xbramehies iof advahcel DSP future
relatively. s n r of 30 different entrjes, ) ) ,

frshaEied v} beRbtl i e SlaneSis BelioReo! % insomine signl in
| Bifferélft spread@Bthesrst THia Rl BRe! WalS 1AL Ehdlt!i-tﬁﬁ@ef channe] that allows

transforimations represented by an rmatrix w
{ the1simpltanaqus reseptiamnpE diffesent typeedfeinformation setibnas fax pfiormal phone

L R S —_
athd presdnptihyertioheis 4 effichd® ndth@dl uad @pfarkiul for/these tyge of linear

technol ogi es 'would benefit fromthe sinultaneous . _
afgrgiions. dt comprises smpdificdsvegsians ofithe §binaryarpect pf thgdnvegtion with

f . ' | ' : [ t1- h |
o SN N e —
t ypedditions tezuired ibyntheusdid d5binary niediodedo giscoi@r a configuration that

conversatjqQn and i ntde,r net, data wi t hout overburdening .

t RPlics ot/ rbinacy, metnd inggrions Brbsectiges 5y glgkal dow e af adslitions.

is an afifiify . d QO . , .
| near SEginal indis BplcAfitns" 0P M hiend GRS Witehes Hhultimedia
ofystdras pedsomed rsatedlitp emobilef syshems, GRS satelitevbased lacating systems and

addi tipnal processor... This addifi onal processor uses,

- OB i the ROREKA R Tpptile RpmBRNICaSon AR othes ARoBig crmaRfatispal based,
: . ar Leco . i _

L A & QA BRI CobAuipRhCURG Do RS BHIGBIAYs essontial.
sAppheations of the ipvesition the)in thamobile phduk techmadogies can prolong the life
Adgdi. t i,opal jor .applications of the ., nvention include

o 55 o b8k, foRh o iRy, B8 e Rt e ot ol 1 1 1o

nobi |l e systens, GPS satellite-based |ocating systens

other mobi e, conphENGIIEATOREDRAGHER. 2 ' " ™

reduct TRéselafid Giher RAIr&AN WiPintd2Bs HERE inveritidn Wilddecome more
processing is essential. Applications of the

i apperent vpon neading thetfellowibg detap¢todescrintion mod uporersfarense to the
prcol_on%nt.he Iif.eS of the battery, reduce circuitry and
SHSPPBAOYIRE AAWINES; o 50 DESCRI PTI ON OF DRAW NGS

These Bipl lobdiematicallyilkstrans thel vperaaee of ipdathey the contents of a
i nvention wll beconme nore li’iaélﬁparent upon readi ng the
P

f Bemeny papleved by ag apps@iysprhich parernaihes teasforestion ysipg the 0-1-
X ! i ' g
Ran P AREARHL fadi 08 ne T LN IBIAER of e gyomin
a

Fig. 2 schematically illustrates the operation of updating the contents of a

(]

memory employed by an apparatus which performs the transformation using the U-
transformation matrix, according to a preferred embodiment of the invention;
Fig. 3 schematically illustrates the operation of updating the contents of a

memory employed by an apparatus which performs the transformation using the -
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25 menory enpl oyed by an apparatus which perforns the -
transformati on using the 0-1- binary transformation

matri x, according to a preferred enbodi nent of the
invention; Fig. 2 schematically illustrates the

OPeplitt ransfofmatidambtiig, bOBrdfg bR prefSrePemPEIIRENt of the invention:
enpl oyed by an apparatus which perforns the ?
198 sf or mat i on using the U- transformation matri X,

accor dgnRgyt [pent _of the invention;,,

30 7 o B3 L0p BBl BLERES B B BAMTRY avPirabil o gmirgtA inear
upataformgtibh svithentednéed mimter offEdtitiohspaGRbaNGH oW praferred

a ratus vﬂiﬂcﬂg)oer.forrrs the transformation using the
-%‘Q%‘F‘P'z"t SHYFRYht i on matrix, according to a

pref erpigds g LA ik hi@dh | b SU- ;
a bl ockgd? agirsg%nbof ;riaﬁ{ é’)l(éefr}gllmaﬁr] gﬁéa%%géha?fu@}gg@t%faém matrix
ph by simi-digneasionaleeector ¥ agvefdingriat oneremiiodiment o€ cheqerekent

nunber of additions, according to a preferred 5

nt of the invention. Fig. 5 illustrates an
exanpl e an inplenentation of a product of an rxn

Unmtrix A by an n-dj i onal vector X according to
one enbodi nent of tf&ﬁ@bﬁtﬁ%’mrﬂgﬁ DETAI LED
DESCRI T Nt -
fundan@?ﬁr%ef]tg]ro I?ﬁ‘;eﬁ eé?}ali%)}‘tgi on of Lneortdrarg%l?]%és ‘%?n ?%tge
poethod of theypresenbimverttion. fThedirst is thah af eqfivaientiveetbasntTwo non-zero

N By tof Sl i ¥ Sl Guplend iy F vt Hhal Followag mch ome
¥herRfis 4 PRITubSofAhP6@EL CThis ferﬁlr}ﬁ?}%@fﬁpliea- i Byd RIWE IR0

be applied to two rows or two col'ums “of a given
nmolunns of phgiver matrik. t Bhewecend tean ivthatof leed elemerndf afohamn in a

colum In 1 i.ven ri X, T defini.tion, use
(vt TRt Hiritobhe SFesrt ihusitio g the non-zero

pReRofMightsoinast in ea88 YolufnSsTehe &4 HARLO T Befbdtith
matri x. This definition depends on a predefined

cdsperdson spredeidiadoolupntindesonder whichiis vsediupiformiyta the given
: o Ay . |
S, Ao o ROl ils QRN 6n LERL o s

tFe examgleche toadtetentdnt Lot ¥ieen ARtrix ttay By tHedottBMmost non-zero

bott onmost non-zero 20 el epents or the uppernost
rrgﬁnirgﬁ er thedippernoshRonsgery elesnenti ol raph pelumy dspending on

SRR 5hhb SRR S O AR e
preferred enbodi ment of the 0-WMATRIX provi des an

efficient nethod of erformng a Q-1-bipary |inear
P BreaaPIGHE etrodfarnt ot ;'%e Veption: proyy S8 o Afdgiop} wethod of
ZperfoPming & 00 8inary iRedk At dnSiiAatidi ARG fdreh RMWill be called also the

a
i'ntroduction to the 0-1-nmethod and an
"0-1-method". The following example is an introduction to the 0-1-method and an

outline of its main ideas.
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outline of its in ideas. 30 Exanple: Gven a
O-1-binary 4x14 matrix A:-: 011 01100100011
1. 0010110001110 0011112000010
11 1112101210101 11 1 and an

14- di FamsapleaGivenpud-1bimarprdx18 matrik 4t 4 J Suppose
that it is desired to conpute the 4-di nensi onal
"out put "{ Ovekt dr:0 vk ¥10 ¥3 0v40001 4 ol 1 00100

0 1%:11@1)110001011@ 0OP1L1 3111900010 1
111 1010 = A X. 4_j Accord|,ng to a
preferr gﬁ)e(?rbédilmeilt J[ofo tAﬂeOi >rhl/e?ﬁt %onlthk| matrix Ais
first ~qhecked florOoequdl 0inexy Hincelthpefe are no two
lines that are equal, the procedure 10 goes to the

next step. Next, the output vector y is expressed as a
sum of thelag th co§fficientsthat are the

.UMms .
respecaflfl\% m‘%f?tenﬁ}%% 6‘?’pué38"f8'i’nat es. Hence: 01 rll 1

x9 y= Xl -l;clxlo 1
X
x:
| %14

Suppose that it is desired to compute the 4-dimensional "output" vector:

Xy
¥, 011011001000 1 1]x
I»m| Jt 00101100011 10 _
il Tloor 111000010 11 B
Vs 111101101011 11
| *14 |

According to a preferred embodiment of the invention the matrix 4

Avx.

is first

checked for equal lines. Since there are no two lines that are equal, the procedure

goes to the next step. Next, the output vector y is expressed as a sum of the columns

with coefficients that are the respective input vector coordinates. Hence:

—

~

0 1 1 0 1 1 0
1 0 0 1 0 1 1

y=1x 0 + X3 0 + x3 1 + x4 ) + x5 i + x4 i + x7 0 +Xxs
1 1 1 1 0] 1 1

= =

1] 1

1
1 1

1 0 0 0

0 0 1 1 1 0
X9 0 +X10 0 + x5 ]] +x12 0 +x131 + X1 .

| 0 1 1

o O O ©
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000
001

0O 0 +
f 11

X2 + x11 + x3 + X12ril 0110011 O 1 -
0 + 1

X4 +x13 01 r11 11+ x501+ X6

At this stage, the zero columns, along with their coefficients would be deleted.
The first step done by a preferred embodiment of the invention with respect to the
input vector, is to collect and sum coefficients of any recurring non-zero column.

Thus with th_e .cost of 6 additions the following reduced vector equation is

accomplished:
0 1 1 0 1
1 0 0 1 0
y= (x1+ X7+ %13) 0 + (xz+ xg) 0 + (k3 + x14) 1 + (et x11) | s {
1 1 1 1 0
1
1
+ (estx13) )
1

This expression may be simplified by the following definition:

wi=x;+ X7t X1, Wi=XrtXe, Wi=X3t Xp We=Xet Xy, WsSXs, WS

X6+x13,
that implies:
Y 0 1 1 0 1 1
= Y, —w 1 - 0 s 0 e 1 s 0 g 1
Vs 0 0 1 1 |1 1
Vs 1 1 1 1 0 1

This is equivalent to original problem but with a reduced number of columns.
However by now this type of reductions is exhausted. To get further gains the vector
equation will be split to the following equivalent set of two vector equations:

(] w 0] +w 1] + 1 +w 0 +w : +w, :
= w,
5, | 1Ll 2l 3o ‘14 510 614

- b b

-ya-l—w -0- +w -OT +w —1 +w L +w ! +w, 1
ARG 11 lol "l

Each of these two equations will be treated separately as in the first step of this

preferred embodiment. Thus coefficients of the same nonzero column will be
collected and summed. Hence the method arrives at this stage the following set of
two vector equations with additional cost of 6 additions:
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15

1 1 1 1 +x140111+X7 x1 x2 101 1 + x8 + 0 11
L1 At this stage, the zero colums, along with their
coefficients woul d be deleted. The first step done by
a preferred enbodi msnt of the |nvent| on with respect
to thely 1_p t veé s to col sum
coef fi £jef grw a’FW‘h@f’ﬂw olum. Thus
with the?- cost of additions t foI I ng reduced
vect or ~§q,|ati on i 018 acconpl i shed; 1 J[ + X7+ x12)
11 ly3 l‘@”ﬁ%ﬂ%}l“‘fwg Xy Xg)wa)[l] + w; 0]

4 | .

Now it is apparent that only 4 additional additions are required to complete the
computation of the output vector y. Hence the desired result was accomplished with
the total of 16 additions. It can be readily checked that the conventional prior art
method of doing this computational process would require 28 additions. The
proceeding description of this preferred embodiment of the invention would reveal a
growing relative efficiency of the method as the dimensions of the matrix grows.

In general the 0-1-binary aspect of the invention is an efficient method and

apparatus for the product of a binary 0-1-matrix 4 of dimensions rxn by an »-

dimensional vector x.
The matrix is given by:
Gy G - - - Gy,
a2l a22 . . . - . . azn
4=] where ay=0,1 forall 1 <i <r , 1
L_arl a""..
<j Sn

and the input vector is given by:

X
Xy

xn_
The entries of the input vector may be real or complex or belong to any field of
scalars (such as Z, for example). The goal is to compute the result of the product of

the matrix 4 by the vector x. This result will be denoted by:



10

15

20

1 0 0 1+ (X3 + X14) + (x4+ X1 ) This expression
may be sinplified by the following definition: 01 1 1
11 + XS1 0 1 0 W=X1 + X7 + X12, W = X2+ X9, WB=
X3 + X14, W= X4+ x11 , Wb=X5 , W=Ws 10 X6+X13, that

' pep: [l radririirol 11rl Yg1 =W+ W2+ w3+ Wi+
YB0O1114 'Y4111101 Thi'%]ils équi val ent to

0
npl | Proffzem but wi th "a fedy&ed nunmber of col umns.
ctijons i s exhaust ed.

vef by. nowthis type of re
et|Turther gains the vecto 1% equation will be
it tojthe. follow ng equival ¢rt’ set of two vector

ns:- [YI =W 1 +w2 0 YZ|20. + (Xx6+X13)

a

{ “*rl m n

The procedure that will be described is recursive and the following sequence
of steps or part of them will be repeated at each iteration. According to a preferred
embodiment of the invention, the first step is a check for equal raws. When possible
this step should be done before any processing of input vectors begins, as a
preliminary preparation. If it is found that the i-line is equal to the j-line then it can

be deducted that y; is equal to Yj. Therefore one of the two equal lines would be

omitted. For the sake of clarity the line having larger index would always be the
omitted one. Thus,if j>i then the j-line would be omitted. This initial operation

is amended at the final step of the execution of the invention where y; which is known
at this stage (since it is equal to y;) is inserted back to its appropriate place in the

vector y. Omitting of equal lines continues until there are no two line in the matrix 4
that are equal. In practice this stage is skipped in many occasions. It is performed
whenever there is a reasonable likelihood for equal lines. It is always performed

when Jog,(r) > n since this condition ensures the existence of equal lines.

To avoid cumbersome notation, the modified matrix resulting from this
screening process will have the same name, 4, as the original matrix, and the names
of the dimensions rxn will also be preserved. In the next stage a summation process is
introduced to eliminate equal columns. This procedure will reduce the number of
columns in the modified matrix with a minimal cost in additions. First, the matrix by
vector product y=Aex is dec;omposed to the sum of the 4-columns multiplied by the

respective x-components. Hence:

-10-
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Y31 =w [0+W ][0 Ya+Wril 011 +W1+ W
O+W1+ W L1 +ws [0] +W5 Li Each of these two
equations will be treated separately as in the first
step of this preferred enbodi nent. Thus coefficients
of the sane, plym will be col £ ed and

dt age t he
Ggect or equati ons wiahi addi ti onal
[0- -8Y, 01 (V\{+ WhH 1 +

) +

cost of 6-addijtions:

(VR+ B WYE)X; T [¥z.¥3.5.( W+ 4 (VB + W +
Ws) [1] +, Vb. ‘Ol Now it is apparlent{that only
4 addi t'i onal .afe required to donplete the

conmput ati on of C}h ut vector y. Hende the desired

result was ac ®hith 5 the totall%fd 16
addi t i o olbefielde B! G dotsiGheGK 8ditith, $difor of the matrix 4,
conventional prior art nmethod of doing this

conlpiptied bpriz c@respestingwseslat coefficiant of theawbdicr ixon ThisTsug may be
proceedi ng description of this preferred enbodi nent of
tWRHSTHAQFR SEPARET B8 r eveal a  growi ng rel BEAWE X1 vt xa vatet
gf fjiciency of the nethod as the dinensions of the

matfix grows. In general the 0-1-binary aspect of the
invention is an efficient nmethod and 1@ apparatus for

the product of a binary O-1-matrix A of |dPnensions rxn

by an n- dinensional vector x. The matritfzijs given by:

all a,2 . . . .. al a2l a22 . .. . . |a2,
where v; (for every j) is thej column of 4: v;=

| %y

According to a preferred embodiment of the invention, zero columns, along
with their coefficients are omitted at this stage. Next, identical nonzero columns are
grouped together and rearranged where each distinct column becomes a common
factor, multiplied by the sum of its corresponding scalar coefficients. Hence, the
resulting summation comprises the subsequence of all distinct nonzero columns
Wiseersoenn Wm extracted from the original sequence of nonzero column by the
omission of repeating columns. Each column w; is mulﬁplied by a coefficient ¢
which is a sum of the corresponding original coefficients of all columns that are equal
to this column. It is clear that m < n, and the gap, n-m, is the number of repetitions in
the original sequence v;, Va2, ...cceeeen , vn. The process described above can be

formulated by the following mathematical description:

y=der=0; <<y

D]_Ekf_ijsychthat:vj =wpg xjvf'

-11=-
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A= where ay= 0, 1 for all 1 <i <r , 1 Larl § 5n. is
and the input vector is given by: X, x2 x= Lx"J The
entries of the input vector may be real or conplex or
belong to any field of scalars (such as Z2 for
exanple). The goal is t con‘putfdshe result of th
product of the matriX A% Khe\\eLduen thi: v; N 5 S t
will be denoted by: -9 Y1 Y2 Y= alt al2 Al a22” T alt
I I xi . a2,, I I x2 LYr J Lari a,,, J Lx,, J The
procedure that will be descril_g'ed is recursive and the
f Dlowofor alj 1segmndefine@f steps [Or, part of them.w || be
repeated at each iterati on‘? Acc’d?%itéﬁ’é tov& g?cfeferred

e Laent .. the inwention he first step is _a . check
7 S0P il i, o D18 P et eS8 Bt SRS ...t
dan suhefofrile digidal @aes %),Na..0f xi. NPHe c‘/&?tié)gf-sm ba%ﬂit{&%s. e product
a prelimnary preparation. If it is found that e
i YTAWds thusegivan bo the j-1ine then it can be deducted
that yi is equal to yj. Therefore one of the two equal
lines would be onittgdd¥erlthe gz;,mwgf clarity the
i ne having |arger index would Echays e the omtted :
one. THkSmaniggment aspebiedt thil@oiphiafibn T dettrREniRE Hel Rticipants in
This initial operation 10 is anended at the finhal "step

e Feuired-ms; ;1Rydre done ansewarmetix e preliminarycrepazation before

R Rk i I NN ST SRR S—

yare @spedtivety wf,..equalw,) | agblegonti nues until there are
no two line in the matrix A that are equal. In

practice|tthis stage is skipped in many occasions. It
is perforped

2

=

t

m ]

then y=Aex= Bet . Thus the above process reduced the original problem of
multiplying the 7xn matrix 4 by the n-vector x to the problem of multiplying the rxm
matrix B by the m-vector # The gain enabled by this is larger when m is smaller.

The next step is a horizontal split of the matrix B of the former stage to two or
more sub-matrix, where lines are kept unbroken. Each sub-matrix will have a reduced
number of rows and that will increase the gain of the above column-collection
procedure in the next iteration. The lines of the matrix B would be denoted by: u;, uy,

............ » . The product under consideration may be then expressed by:

-12-



10

15

20

whenever there is a reasonable likelihood for equa
lines. It is always perfornmed 15 when |og2(r) > n
since this condition ensures the existence of equa
lines. To avoid cunbersonme notation, the nodified
matrix resulfy) nglfromthis screening process will
have the sa nafe, A, as the original matrix, and the
names of the#adfnfensions rxn will al so be preserved.
In the next [stage a sunmmation process is introduced
to el ixiftétq equal columms. This procedure will reduce
the nunber qgf 20{colums in the nodified matrix with a
m nimal” cost] in @dditions. First, the matrix by
vector prodyct . y3Ax is deconposed to the sum of the
A- col umms tipHied by the respective x-conponents.
q?npe all a2l y Ax=x1 ate a22 + X2 +
........................ atn_ 1 a2n Larl Lar2 J
Lan, " et fadh Bigismdiiphd i seela mrodgstduh G hecioidol Tifiew of this
f L hip h
P%%%g@ s E R Cmfting Y BDl! %‘?‘“%ﬁ%@c £ cqmoles o of
s:lompm;agldmr walatpmduntsrw;-tc-jrpact.l y., agt AX = v1+

e | heAfeorting i srolted phbddincht eﬁﬁ&vﬂn&grﬁu aﬁ%%@{i Bvealone by
kigg the Matib 8y Iv@&@ﬁbfdaﬁctszsr-faaﬁ&mer@bév%f e bhhtrix B,

ther'r coeffici ents are omtted at this stage.
iandnBi camtainsna subset of thedings of the mqmu B cagéttheﬂe tymj subsets are

h. di sti t
ARy BT R Bk of rOnnSe of il oY QIR du B, HIHARY, except
Sor kR fifs® §letdtione MeStwdBuEMatrix K ouldeBailet the Gase H¥BlnG8 the same
conprises the subsequence of all distinct nonzero

awimben of lm.s. .Howcve.r.depwdlwtonatbc agoperten ohtheomatgixnd| in some
2 e@oz%!“ ca%eso e t%(e) I1n gn mot%x thanetwo matrix. Such is the case when the

matrix 4 has no spemal inner order, and its entries may be considered as arbitrarily

chosen. Then a preferred embodiment of the invention would usually imply that the
first line split that will bring all the split sub matrix to the state where logy(number of
columns) > number of rows. The proceeding iterations would then split the lines to
two almost equal halves. The case where the matrix is considered arbittary is
essentially a worst case scenario.

Another step that might be inserted instead, or before, the above mentioned
horizontal split is a vertical split. According to a preferred embodiment of the

invention the above mentioned sum:
y= ngkgm’kwk
is split in two:

y= D1<k hwg + Dp+1<k<m’kwk

=13-
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The |i'nes o

om ssion of repeating colums. Each colum w is

multiplied by a coefficient tj which is a sumof the
correspondi ng original coefficients of all colums

that are equal 15 to this colum. It is clear that m<

n, andvlidp€ pgaRhostnBetwéent hendwiPe ThRb f6:eBELkhd h@.ﬁ‘ix WHose set of

the original sequence vl1, v2 . .............

SPBESs e st bed- -Movidc £ B, theormafrist whossy Sﬁh@f columns is

fﬂ%‘%l | owi ng ‘Wﬁﬁﬂ?gm gal description: Y=A x- 01_<J <nXj vj

”%REHO"] slc =wk Xjvj. *1 <k<n( ” jsuch

t hat' =wK Xj ) wk Now for all Ix= I&-mdgf-n"ne tk— A j
such t hat The conput at i onal ,
is t h.‘&%@ﬂ%ﬁ%ﬁ&g Yaetor 8l E5Ehf i i erﬁs@-nfli “(’PH’ --------- stin).

Hence by this tp%feﬁe@%ﬁiﬂdﬁﬁnéﬁft dilBe %b%’lél'aﬂl th® 6D ower dimensional

........... cost is n-madditions.
ppmﬂimtst Bryt' and iByett’ vesildy be epmipytedyseparatelyl amkmlkﬁ/vbndf tie results,

Sﬁgalﬁene t asg&g;si %fe sﬁu%iﬁng D&‘E’gtl on, R .Of, de%ge{rgeg%gm of the

%'ﬂd‘e%e?&f theB-EAmAS, %, Pr. €l W, n@hy eﬂia?x@é‘fliétéffwu@ﬁfegsrﬁ this step.
O the arrival of input veécfors, To summarize, |e

b e t hdlhexvertical splxt wanid be usﬂddnsssﬁreqalpntly thep ¢t theisprocedures Its

i s i G 2% thaf s qyiBttsy o stk bubsoaly FaCesfs fhe pumber of

RORBAR s#lati ofilbds! ddinthdidint DSP applidaBibhd. X TheRinddntental drawback of

n-vector X to the problemof nultiplying the rxm
s istep iBitbthettiged tnsupe gp dhe resultsiad’ thaityyo @n@daucsdebty amdest" which

RS g ap il ot R e ool ik B8 o SpePaefp the above

HRriz¥Etabsplit MDjle: flthe ABGVei Rorizual split, dependii®ok @R properties of the

unbroken. Each sub-matrix will have a reduced nunber

anatristhe yerticabsplifmightib dnte smere dhan w HatgK. t he above
col u mFlﬁ:ﬂU %&%l o%he Q/g %%BE frel @pLQ& {¥e %at%d @Er@ﬁ&%ﬂ forﬂnng thus

woul
&Qecurswemechamsm ur The pr oduct under consi der ati on
may be .t hen_ expressed
y Next, a bOUIrl)d ?s presented to tﬁe saving enabied by t&le a%ove method For an

rxn 0-1-matrix A such that r < logy (n) the number of additions in the worst case,

denoted by s*(n, r), is given by the expression:
s*m,r) =n+s*@)
The following table gives the bound to the number of additions for matrix with

a small number of rows. _

§*(2) =-1 s*m,2)=n -1

s¥(3) =2 s¥n,3)=n+2

s*4)= 7 s*n,4)=n + 13
s*(5) = 22 s*n,5)=n +49

There is the following bound to the worst case :

s*(r) < 2+ 2r/2 +2 r.

-14-
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ut t where each line is multiplied in scalar product

by the vector t In view of this expression the task

of conputing y is equivalent to the conbined task

of  copput} grg)a]ﬁg ﬂﬂl& ft,

......... Ts.ﬁgaﬂdh(ﬁné)t gcor 59 %ou(ébl pr ef %‘r?trlcé%s where u(4) is the
emimim (Hnstinghe mtm:: e Oni averdgei (ﬂaywprdaﬁxm dvie ADYs arbitrary) u(4)

Ooih ct duct t
DA 5706 s e e buphetes Tops €575 do St cand ol BoRstant (or <
Qklok I{ ) | WRére Of >t he rthis Befod fsh S@?nﬁt&‘ﬁ’caﬁybffﬁx; %ggltﬁcfed r and

mut Ual 1y disjoint and their union conprise o

Qinbahhdeldin) Q)?tmﬁlB Usual | y, except for the first
iteration, the two sub-matri x woul d have the same or

al mostWhew 4sis e 7e6 Onlrmsirix and thereeare nocaseweptians pmrthe dimensions

25 OE Ereth R4 {8 i e MRl AR By, dnon to compute
he Prdduct e BaAsRNMEEBY (he- Dlﬁ/lbgbb(rﬁ WaRrd® >5pesipahnd O goes to

inner order, and its entries nmay be consi dered as

aely whei rbb;h roindsg o tbhiafinidy. perfme roase thab esh arpht@fbound (with
the invention woul d ysuall that the first line

Jpinest torls cape) exist, .w%gclmeﬁuﬁ/s(féorg G appligatiopaefith verticalsplit:
state where | 0g2 n_plmgrrﬂgéz v\ﬁx%wf'?gﬂ >3 nunber of
giiter 4ns "wou

rows.. The procee in thén split the

Ilnesgna ? g E&h ot e where the
matri x 1s consi er trary |§ esse?allyavvorst

case sheassessothe Alﬁﬁmetmy aftthis proess iti shbuldbee obsspret ehiat the present
i.nstead, .or before, the above .mentiogned, hori ont al
JBTamCons ISRy aasTen, CPRALORGI Y relurehraidingy  However

{ AV/ I
?&“ﬁnﬁﬂ#}% a%%BE\‘?kanfcgf tglg‘él%tﬁfp'lé?&l?' Jlﬁl ﬁ?i}ol%dlti(@igh lﬁnﬁﬂe use of the
(pventiok s lavdomind® affect. el\@recszec,rmesirof ibe wepagement dperations are
1. Thus for ri X whose .S ums |

B onte per ma&B‘ bﬁ&?&e %t t PEXSSY R °rfa‘iea&? %eﬁ%‘sg &gy o?mus the

Csﬁhg%'fbﬂ métho&'@ﬁﬂstanually saves poWer corlshmp@balend fidduitry. Th&dbove 0-
+ B2-t" where the correspondi ng vectors are:

}-(l}eﬁnce 1 o%? lgi ﬁ‘gﬁs r%?é@(gr olgg c%% %’%&&&ohg)mze?ﬁbodlmem is

o binddewith diNttieted anthbridtie’s in Sedcomputationesftthé Pfoduct of a general
results, which are two r-vectors, are

d
trealanateix byR ctariagidawiped inthe sealunatrx a%ﬁwtn@he inygatien
of 't hep B £l ?%gt of %18 inventiolis appliBakleGnAgkbEait RBdes (see:

ef fectiveness o
[Shu Lin, Daniel J. Costello, Jr "Error Control Coding Fundamentals and
Applications" Prentice-Hall, Inc., Englewood Cliffs, N.J., 1983]) where in the process

of coding and decoding a Z,-matrix is multiplied by a Z,-vector (or Zan-vector). This

is true in any situation where a Z;-matrix is multiplied by a Z;n-vector. Finally, the
above 0-1-binary embodiment and the next U-binary embodiment are easily
interchangeable in every field of scalars except for fields of characteristic 2. In each

particular case the more efficient embodiment would be chosen.

-15-
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10 The vertical split would be used | ess frequently

then the others procedures. Its nmain use is in the

case that the nunber of rows substantially exceeds the
nunber of colums, situation |ess conmon in DSP
applications. The fundaneq%_ qia??ack of this step

isin the need to sumup the results of the two

phopetimgnayt connegt Baquitedwiiore the cleswiption of the U-binary preferred

AR, of B 4iachioR TherbhiRasaled s oo { -y thconcept

%Eéqﬁbﬁwédcé QFtvctoR®| Mo AGHRSEEIVGtopd of R Wﬁﬁﬁéﬁ%n%ould be

the matrix A the vertical split mght be into nor
taadlad equivalent ibone i aproductef the otherh én dlmoomtsttefshia rembodlment

) : ¢ . b ¢

R 8 S, DEPERE e REPAME"E st o Sl Sl seres o s D

spmdm oftad betdr.bThe ff@ll@b@z‘gfprsﬁh’@@ @mbodimél is Eélhérxiimlar in most
O-1-matrjx A such that r | 0g2 (n) the nunber of

Asdnilsita ke abpverpnendie tmaéaétfferertf@n@tl@@ Hb?wiol’loé\mng test, elimination
5 B T o el . T

as;bdedsl ﬂi&&elfrﬂhaﬁ@i Bt andl tthus eni@fees the LHfﬁ@ién@f TV emB&diment is

(2 s*(n, 2) =n -1 30 s*(3) 2 s*(n, 3)=n+2
s!ntra uced ﬂswpah an eyample.lemonskating the esseper ot‘s;ts ideps:+ 49

T st I u
#‘fzgrﬁgie @&Eﬁ‘%lé ﬁ’l‘é\ﬁzﬂgd@@c Hﬂtﬁep g{’f;ﬁ&‘g@ q %lpgr: i%g-?xagrrn? )A by a 13-
nditensionaldnputesctof A) - r additions, where u(A) is the
nber 1'.ns.in the matri x A On average (by
nﬁ&e@ % i3 givediddn A is arbitrary) u(A) =(n-2)-r12.
Sin s*(n / n,appr oaghe es to [Rfinity
and [r |slcon tanlt 8orp1r <c1 cI%ogZ1 (n) \/\Eereal L c > 0)
thi g hret-hbd-is hsyipt edi chl |41 (+ér boundedlr hnd 5
qﬂb undeg ‘n) jopfi ma{ ~Yhen Aqis_an_nxny0- % mejrfi x and
t e are no assunpti ons on the i mensions rxn of the

i~ Althdn tHe munter -df dddikiods deqdired|by the
i nventji op tajcanpute jtheqpredugqt AY i $ bqunded by (1
+ M) r/IogZ(n), where 1 >~ > 0, and 0 goes to~ zero
when bartdthe inpubstestor iggitea bynfi nity. In the case that
r>n a tighter bound (with 10 respect to this case)
exi st V\,hiJelrﬂ results fromthe application of the
verti cal si%l t: (1 + ™Mnr/log2(r), where 1 > " > 0,

x=

X13

The result of the product is written by:

r~ -

N
V2
y=|y; | =4x
Ya
| Vs

=-16-
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and ® goes to zero when both, r and n, go to infinity.

To assess the efficiency of this process it should be
observed that the present invention increases

managenent operati ons and reduces additions. However

15 addlq 66 stgpdn thermrpenss ot cheek farequivaishilmasy Iampdactice it is a

(8! ol SMEHOA NN UiGc 108 BEvAI"S: MBUENLLRE RAZAR discovers one

nant -e reover. s
apeuatncens equivaledplivesdn de: giesn nmatrix, Knd2 indguitdiént to line 4, in fact

focessi ng of data vector i ng. Thus the suggested
Hinerfbertalo s qcyﬁ%%seit fgﬁ%@ tha, ¥nS ket fhsreietiegt not necessary

N AT h ae Mol t be... .

o ettt 37 B e iU RARES) abe nitied, Thos line 4
de deletedZom thespatrisi A. yThe Thsudtingsmatrixed! iegivenby:er ed when

the application of this enbodinent is conbined w th

di stributled! arli t hlet+E' sl i nlt hel cdnput at+bn lof -tlhel
product of ja ggnerjal 1 real nptRi x_Py .3 vectaf ag 1
described in the real-matrix aspect of the invention.
In addftiph this "a]spéct —df "tlhe"fnvlenf“llon“ S 1app1 i chpl e
in al gebragir ciodes (sge:] [Bhu-Lin, Daniel 3. 1 1
Costello,|Jdr "Error Control Coding Fundanental s and
25 Applications" Prentice-Hall, Inc., Englewood .
aiff @%’L B & .ocess of coding
and d:lc;%%lfor%esg - ’rgltl I X ﬁ%gdrrlnrsu IPF%W'ed by a Z2-vector
(or ZZn-v§91t ry. This 1is true in any situation where
a Z2-matr{x |s nmultiplied by a Z2n-vector. Finally,
t he QeYD} 1- bi nary enbodi ment and the next U binary
enbodi‘nent yafe easily interchangeable in every field
of scal ars_ekcept for fields of characteristic 2. In
each 30 p3rdicul ar case the nore efficient enbodi nent
woul d - -1 M. MATRI X A prelimnary concept

r equi r%ghgggﬁ?ﬁleat'd}éscﬁ%ﬁ on of the Ubinary preferred :
enbodi Tistis the firktereduntiont Tmwthe(eststey thetproduat K exlissdesomposed to a

the "= nmefhod") is t.h ncept of equival ence Qf )
s oF e Arge o BBy B Bewe Sy omEb e Cesrfore:
woul d pe b ca}l eq i1 | ent i{] one '__3[ a pro IIICt of 1
the oth¥r| In|The contekt of| This e i ment|, - hote
that t{w, |- veptlofs arelequivatkent ifl 1Hey arele ual  rl

if one gf T femi e N pt &4 o 6'fx"thﬁ ofhEr| _yhet¥s| | T%
foll oWy pre#er ed enbpdinmept s rathgr simlar in

nost ¥ hi | s{tbdltheldbbve opel] The {meliln di fférkence its
that_in the_followng text elimnation _is don 0
efratlval eftl {rowd br col ) vdcladrs r r thadjto

epyal ve¢tqn. Thig {10 spgeds thejgli m natjjon rgye and

t hus| engances- tohe affxg) encyxiihiq ¢ di nertxsils

i pttpduced fhro an e l e, db nstraiingt

epsence ¢fy i|ts ijdeds: | e: |Cpnsi der| the pradyct of

the Tollownhg 5X13"U-malri’x A by a 13 di nénsi ona )
i nput West, & narmalization of each of the column vectors in the above sum is

carried out, such that the upper component of each modified vector is 1. Thus the
vector and its coefficient are both multiplied by (-1) if the upper component of the
vector is (-1). However no modification is done if the upper component of the vector

is 1. The following normalized form of the above sum is derived:

~-17~
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-11 - 1 -
-11-1-111
-1-11-1-11 1

-1L-1-11_-1 1 the [ nput vector is
n byt x= LX1B]The [reduit of[ifhe prpduft is[vr{tten[1

by: YlyyYR Y=|X3|Ax [Y4|Ys Thefflirst step in the -1

procesp 1 5=techegk- £9r . |etfixgdl emt(-Ag nes| +xs pract tog +

it is a3 pne tir‘é opefatilon doné |beforb=that afrial -1

of i nppy, yectorsl |A sqah |di scovdns one| jofcurrence of 1

equi valent lines in the given mafrix, lifne 2 i

equivalent toline 4, in fact Iine 4 equals to (:1)

produciiline 2. It follows that y4 = y2 Therefore it

net,) lecessary s to conpute both }4 and y2, hence the

conputlajion of y4 will be onmitted. Thus line 4 is

del etgdi fromthe matrix A The resulting matrix A is

1 1

B

1 11
1 - 11 -
1 11

giveA by: -11 -1-1 11-111 -11-11 1-1 -11 1-11 -1-1 1-1
-11 A =11p1% -1- 1-1 -1431%h - 11491 11-1F,; 91111
The corregpondi ng out put vectjor i 9 gilven by: , Y2
Ys 10, an -l _{mldslt{]?t: A X Fﬁis'tstfelfi_"_st 1
reduct T o¥.| 4 Xt (&b  t h&*Brl ogdct A g | ~ %13,
deconposed tq a

1 1 l 1 —1 1

In this normalized sum the upper component of each vector is 1 and the
number of different vectors is reduced. The next step is to collect and sum
coefficients of the same column. Thus with the cost of 8 additions the following

equation is obtained:

M 1 1
-1 -1 '
iz = ((~x)+ (x4) + x5+ x9) ! + (X2t (-x7) + xgt (-x10) +x11) 1 + ((-
s -
Vs | 1
1] 1 1
1 1 1
X3 +x73) ) ++ x5 1 + (-x12) 1
1] 1 ~1

New coefficient would now be defined:
Wi=(-x))+ (Xg) + X6+ X9, W= X7t (-x7) + xgt (x19) +x15,
w3=-x3 +X13, We= X5, Ws=-X]2

Hence the above equation may be written in the following form:

Y 1 1 1 1 1
¥, -1 -1 1 1 1
- + +ws| | +w +w
Y3 W -1 e 1 ’ 1 ‘ -1 ’ -1
Vs 1 1 1 1 -1
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sumof the A'-colums nultiplied by the respective

Xx-conmponents. Therefore: 1yl -1 1 -1 -111 Y21 -1

-111-1 =x11+x2 1 +x3 +x4 1 + x5 +x6 -1 +x7 Y3

LvJ -21-1[-i] 11 -1211-21-21-1-11-1-1

-1 +x8lhe Cigntsxwp wa wexWa W5 aselknowniolthe proces_sol af this stage.
I .

78 the hektudi this (B0 el Rutof IS Blis BOS ) (0 Rl Wing set of

tthe eqpatéon: conponent of "each nodi fied vector is 1. Thus

the wvector and_its coeffici ent are both multiplied by

(-1) 'ylthe phdr comloet the [Vectorfils (-1).

Howevefr, No dlfl'EH’tz W p T4 p ﬁﬁfféf conponent

of the-Vect or i

s 1. foI ng mal i f or m of

t he abpy der iryed y1l11 Y2-1+11411-1 =
(-x1) +[)’§(%-E ‘g,r[xsl}h? XF#@;@ V3 E %( { 3% 111111
111y b o TN ko) T-xl1 +(-

x12) + x13 1 1 -1 1In this normalized sumthe upper
conpor¥ew egch ok s equasion; willbexpracessed separatelipan tsf same manner

A hERFE ke P S e iR BBl pherited

whé Roirhdl seas bf tHe ;&eﬁdds équatien,tdid thed hewlaligatitidatduired only for
IS obtained:, yl 11 Z —( X1) +(X4) +X6+ X9) -1
+thecserond pquations Hengs theesulting setist ((~ 3

ry‘-=w Plowa] DL wwsl] +welt] ol

E0 I 5 1 R £ | I At ¥ B

]

o onl] o] ]2 e

In the next step the coefficients of the same vector are collected and summed.
Thus with additional 6 additions the outcome is:

» 1 1
= (w;+wp) + (ws +wy +ws)

Y2 | -1 1

T 1 1]
l:y:! = (-W] -W4)|: jl + (w2 +W3+-W5)

Vs -1 1]

Clearly, the vector y' is found with 4 more additions. To obtain the original
output vector y it is only necessary to recall now that ys = -y;. Thus the total of 18
additions was required for this process. Observe that conventional prior art methods

would require the total of 60 additions to compute the output vector.

The U-binary preferred embodiment of the invention is an efficient method for
the product of a rxm U-matrix 4 by an n-dimensional input vector x. It usually
provides more gain than the 0-1- preferred embodiment and has more applications.

The matrix 4 is given by:
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Y511 11 X3) +X13 1 ++X5 + (-x1.7) -1 10 New
coefficient would now be defined: W.=(X1)+ (x4)
+X6+X9, W= X2+ (x7) + X8+ (x10) +x11, WB = -X3 +
X13, WI= X3 , W6 = - X12 Hence the above equati on may

be witt %inthefollowingfom Y111111 y2-1-1111 =
WL+W2+\\B + v3-111-1-1 Y$1111-1 -18 The
coefficiphis:di\, W, . W8, W4,, are known to the

at this stage. In the next stage this

uation will be split horivhertgHyltdotdle 1 <i <»r
'set of two equation] Y1 1111 =wl + w2

-1 +WBpw+w Y25 1015 20 [Y3][-1] 11-1-1 =
W + w2 W +wd +ws YS11 1 -1 Now each of these
equati on il be processed s‘ép rately in the sane
erkn‘)f the first iteration. The upper equation

requi res no normalization since it inherited the

naandethe fripait @ectbr ishaitfendiyi: ous equation, and thus
nornalization is required only for the second

’

equ Ixﬂ)n. Hence the resulting set is: yl 11
Xy

x=
[ % |

The entries of the input vector may be real or complex or belong to any field of
scalars with characteristic larger then 2. The goal is to compute the result of the
product:
y=Aex.
The first step is a modification of the given matrix by the elimination of
equivalent lines, a step which may be part of preliminary preparations. If it is found

that the i-line is equivalent to the j-line then it can be deducted that y; is equal to
tyj. Therefore a preferred embodiment of the first step of the invention determines
that one of two equivalent lines would be omitted. For the sake of clarity the policy
would be that the line having larger index would always be the omitted one. Thus, if
it is supposed that j > i then the j-line would be omitted. This initial operation is
reversed at the final step of the process where Y which is known at this stage is put

back to its place in the vector y. This elimination process continues until there are no
two line in the modified matrix that are equivalent.

This stage is performed whenever there is a practical probability of equivalent
lines. This is often the case in multi-product (another aspect of the present invention)

applications of the U-method. This stage is always performed when log,(r) > n since

this condition ensures the existence of equivalent lines. However there are other
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W +W2 - -1 Y21=Y3 11 Ys = (W) +w 1 +W +W1l
+(w4) 11 +(-wh) In the next step the coefficients of
the sane vector are collected and summed. Thus with
additional 6 additions the outcone is: (wl + w2) 11 +

EoMBlittondht \hgurés We exétinceloftedui@aléntihes andbahoGldeBé kaken into
the vect or g_lmls found with 4 nore additions. To

epasideratione  Jhisyfonexamples Ay beticosasy intsubgnagr of the Hadamard
&%gs%gaa;o?l bt %o&?\ﬁ’ntfﬁ@tr déﬁ?‘tmrg %ﬁﬁmﬁzﬁlﬁa&x;ﬁwhq}a@é the same

s require roce

ﬁhae; Meas it originelemiatrixg ahd fhe¢ aames bf ithet &mhﬁsmm wkid will also be
req uug the total of 60 additions to conmpute the
BUfPPevect or. The U-binary preferred enbodi ment of

the i RygNdxp etep%s A ahﬁinaﬁ&pbf Eg&baemfémm@ erHRd %v ¢dduce the

of a rxmU mtfrix A by an n-di nénsional input vector
korizdntals dixhénsionp ficev rtltbesu.mbme o@ aiolnmirnoft the fnodified matrix with

R 5 SRR 5 BL8 A A ol e
\k/\)/-nl(]elr gegttf !Qrge ?ﬁﬂe b&eedcﬁﬁﬂitn)( Qﬁﬁél[y éﬁpl‘Mﬂrﬁﬁﬁf‘ p?é{pardtron prior to the
errival @f dafa vertotisn pEltSt,\/@GtRiﬁdmy’w r @mxmsabn@aéﬂnbpf the 4-

I
PaGER R fwrﬁ’s °86'S?P°P§m§§‘r‘§ Bshe (he v ecul t of

the product: g ]
U
ay
Let v, (for everyj) bethejcolumnof4:  v=| | Then:
L%y ]

Aox =x7 v+ x2 Vot Xy vy

Next, the upper element of each column vector of the matrix 4 is examined
and normalized to +1 value, if it is not already +1. Hence, when a;~=+1 then no
normalization is required whereas if a;;=-1 then normalization is takes place and the
corresponding j-column vector is multiplied by -1, as well as its corresponding
coefficient x;. A new representation of the above sum in is thus obtained, where the
upper entry of each vector being equal to +1. In this representation equivalent
columns are always equal.

Identical columns are then grouped together, as in the above 0-1-embodiment,
and rearranged by taking each column as a common factor, multiplied By the sum of
its corresponding scalar coefficients. Hence, the resulting summation comprises the
subsequence of .all distinct normalized column vectors wy,......... ,Wn (having no
repetitions) extracted from the sequence of normalized column vectors by screening
out repeating normalized columns. Each distinct normalized column wy is multiplied

by a coefficient # which is a sum of the corresponding normalized coefficients of all
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The first step is a nodification of the given matrix

by the elimnation of 10 equivalent lines, a step

whi ch nay be part of prelimnary preparations. If it

is found that the i-line is equivalent to the j-line
trivemalizedcestumas dedwed eghal A thiy icoluene qlals dlur thdt- m < », and the
Tcﬁ%refore a preferred epbodinent, of the first step of .
tHECTERGRe it Tio ks e BMFEh S repetiensodhe prigingl sepuenes @ftnormalized
ld ul e 1 tted. the sake of clarity the :
pdglniﬁ%)l/&wm%f%’ %’2{% H'éf""t"féé:'g’fr"i ne having | arger index

woul d Mhtheysatiballyt the protesstied one. Thus, if is it is

supposed that j > i then the j-line would be omtted.

This initial operation is dwevédsed gtxihe final step

of the process where yj which is kAown’dt this st age

is put back to s pla in the vector y. This

el i m nation proc EOR-H R8s tAdidh ), el day@r; t wo
line in the nodified 'ﬁatrir}x t hat l}ar’e @qu?vgfeé?? Thi s
stage i s perfornmed whenev there— s a practi cal
probability of equival efit zgklﬁij%mmasa,hg =Oh N X1 )M
case in nmulti-product (another aspect of thé present

i nvention) applications of the U-nethod. This stage
Is al ways perfornmed when ggZ(r) > n since this
JyrGit 1 Ob< pngefiae: t he ' nce, of equiyakent |ines.
However there are ot he?ﬂ- Zofsgfcﬂ{ ‘™o sktjﬁaf ensur es

t.he exi stence of i val ent .l i,nes angd_shoul d be taken .
 HiesSatorocrtugsthoa bk HpEep ip HES B LS dRyenbien Sy Glatation of
| the RBR-doRHIdientE,.[.ne, Hadanmind of TR hbrmaliked 8MBindl ShdsMBlhe cost in
notation, the resulting nodified matrix w || "have the
siditions dsm-m. Abheguodust Ax igghnaigivembyi x, and the nanes

of the dinensions rxn will_also be 5 preserved. The

next step is the elinmdwat Eh] Of <gUwwyal ent col ums.

This will reduce the horizontal dinmension (i.e the
NPREOS4in By 168 celidens emihBSor Bidicédsiépbids dnx thdl sficture of the original
mnimal cost in additions. Al the managenent related
toatrixi4 Htie pignifiosntia some qfithe matridpthat arggemmondy\ysad imecoding and

Ao 3ieRL vedork 38 Nitles§ PoBl it B shof o BRLRh s of submateix
PofaHe Eladdmavd drSthe $PEIRSPEN GnaAtfix.a 18 i Rubbtahlid afso Whén#Mbe number of
mul tiplied by the correspondi ng x-conpgnent. alj a2j

Uines\ip the metrixbr §s smalbeelative tp theopumber of rows vy In pagtipplar when r
La, J Ax = x1 v1+ x2 v2+.. ...+ xn vn Next, the upper
oF e @8, dp sush FRSE T Mredt r0- othsra QbsEEytiops are lgfgefy true also for

IhARY,

The remaining part of this preferred embodiment of the invention, horizontal

and vertical splitting, iterations, is equivalent to its 0-1- counterpart.
To view the saving enabled by the use of the invention note first that additions

are the main part of the complexity. For a rxrn U-matrix 4 such that r < log, (n) the

number of additions in the worst case, denoted by s(n, r), is given by:
s(n,r)=n+sk)

where:
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is and normalized to +1 value, if it is not already
+1. Hence, when alj=+1 then no normalization is
required whereas if alj=-1 then nornalization is takes
n{{?’f nd the corresponding j-columm vector is

|p|ed by -1, as well as its corresponding s, 1) =
cl@efffl cient xj. A new representation of the above sum
Ag({)s phus obtained, where the upper entry of each s(n,2)
vector being equal to +1. In this representation ’
gfui val ent 20 colums are always equal. Identical

ang are then grouped together, as in the above sn3) =

nmbodi nent, and rearranged by taking each colum "
5@ comon factor, multiplied by the sumof its

il

cgyy esgondi ng scal ar coefficients. Hence, the smd) =
res ting summation conprises the subsequence of all
stinct normalized colum vectors wl........... Whn

(Sﬁ»nqdﬁno 25 repetitions) extracted fromthe sequence(s) =
Ry mel i zed col utm vectors by screening out

Ot‘peatlng normal i zed col unms. Each distinct normalized _

lﬂnﬁvw is multiplied by a coefficient tj which is sn6

ugg of the corresponding normalized coefficients of

aII normal i zed colums that are equal to this

cﬁzhﬁﬁ% is clear that m< n, and the difference, $Mm7) =

NmmM75 S the nunber of repetitions in the original

e&gygq@g of normalized colums: 5 all vi, al2v2

........ “..... alnvn. Mathematically the process is:

P44 <nxvj "1 <k<m jsuch that aljvj =wk (xjaj)aljvj

N1 <k<y®) 5283 that aljvj=wkaljxj)W For all 1:9 k5 m sn9 =n

deflne tk= " j such that vj = wk al j xj 10 The main

c @ﬁétatlonal task involved in this part of the

i nvent TRé‘fdlﬁw&lﬂéﬁmﬁfi‘l'ﬁHiv?éyb%l ﬁe nt he new coefficients

f

sm8) =

t1l. ... ormal i zed ori gi nal

ones. The cost in add| t&(p)ns: i -hamyrZhel preduct AX is

thus given by: Ax = * < mtkx'k The gain by the

col unmEheepiiot a:atcpmvenpo@aies@i:h@kb pRspuires o(w-l)rreaghmm yince s(n, r)/n

EERESHGPER R ek Yo B ooty RpE B AEABh i geymptotically

asptim41e CIKl Adre beplex tREItQIT6dich ebolintéif of the mventton that will be
comrunl cation, such as certain types of submatrix '

creq,tprqsrpepl@ylém beumd\tq e, warst Fasejnyumber of addmons This
of lines in the
ngﬁ ?élds@s%gfmb%%ﬁg&%gtog%%%unber of rows n.
IFoxpé%B'r?u' ar when r g4y = 21 4 250/2)
For odd r: str) = 271+ s(r+1)12) + s((r-1)/2)

When 4 is an rxn U-matrix and there are no restrictions on the dimensions rx»

of the matrix A then the number of additions required by the invention to compute the
product Aex in the worst case is always bounded by: (I + O)n*r/logy(n), where 1 > O

> 0, and O goes to zero when both, r and n, go to infinity. In the case that »>»n a
tighter bound (with respect to this case) exist, which results from the application of
the vertical split:
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< log(n), in such case mn > n - 2'" >0. These
observations are largely true also for 20 O-1-matrix.
The remai ning part of this preferred enbodi nent of the

i nvention, hori ZW‘@@H#”%JXBHVB%'I splipting,

iterations, is equivalent s 0-1- couhterpart. To

Vi ew t hed SPydeRdo 2rBllIRG tith, kARd HSEo &f infillgy | Nventi on

note first that additions are the main part of the
conpl elomeverrdf therexin aJspesifid typa eflstmatirat inr the iatyix 4 then the

é@%?@ﬁoﬁﬂ?‘@% ?c{:,%u%fefi??&h% !gﬁe?%éf exé?cfﬂh\ﬁgétséj Lﬁea Ereeg?x}t)invention to
> $liel tlde ) TE s9or i

V\b@hn be g%tg sl :ﬁ:rlo_gu% e ﬂigayéc(l%?&j)iasggalfr?ﬂ +‘3t§§ fn%gt( g;:)n@r’:‘ag %&ﬂ%ongﬁor it are

713e)f0§1d5%~g) scopg49f then currqnfatext dpt sopw3examples widd be mentioned.

iﬁfb@%ﬂg (tﬁé) Uz%gs \:;vﬁexgel(%\@ nvlgédr?giag% gr g)(crh)c pgeuzc{o_-r%mgonzl r(f’l%) matrix
then only nelog,(n), additions, and a memory of n scalars, would be required, which is

optimal in this respect. This remark holds also for the 0-1-matrix.

EXAMPLES OF INDUSTRIAL APPLICATIONS

There are several technologies that will benefit from implementation of the
preferred embodiment of the invention, described above. One such technology is
image processing which encompass several procedures which include the product of a
U-matrix by a vector. In wireless communication CDMA, 1S-95 and in the more
advanced third generation wide band CDMA, there are several processes which
employ the product of a U-matrix by a vector. These processes will be done with less
energy consumption, circuitry and sometimes also running time by the use of the
invention.

In the context of multi-code in the IS-95-B, 8 lines of from the Hadamard-64
comprise a U-matrix which is multiplied by a vector whose entries are samples of a
signal. Another application is in neighbor detection which done by a despreader.
Here too there is a product of a matrix composed of few Hadamard lines by a data
vector. Another application is the searcher. It searches for high correlation of
sequences by the computation of their mutual scalar product.  The correlator
sequences are extracted from pseudo random (PN) sequences, which are U-sequences,
and their scalar products by a data vector is the required computation. Initial

inquisition is one instance of a searcher.

GENERALIZED-ELIMINATION-METHOD

The above binary aspects of the invention are characterized by iterations of the

following processes: zero lines and equivalent lines (meaning that one is a scalar
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s(n, 4) s(n, 5 _ s(n, 6) s(n, 7) _ s(n, 8) s(n,
9) = n The prior art conventional nethod requires
(n-1)r additions. Since s(n, r)/n approaches 1 as n

oe {o itnfi ity and r_is constant this pethod is
FEst B 1ot a5 it 7R FRPng gy pited along with the scalar
Bbinbbndit Ok iRF VELOE Msolhtell MALH t'B¥lglf‘Ec#1L§Valéﬂ%hlu\fﬁﬂsl a.r%J frouped
described later requires a precise bou to the wors
ead summed dpgesheraandi the onatrix fshdpdit hedzonitdlly dreveetiuatily efkebthese two

Sfyref ai thiNasle] FOSHER 10 8 irofiired Bmpai et of ¢ dovention ths
ftefative séallenVion stéﬁéé fad herapplidd @By proditdl of Rk B edtb, in any

restrictions on t I mensions rxn~ of the matr
figkdhof sealapsy nbkis besadgrprefermdsembadimensdf itye invention/would de called

. in the worst case is
g&\/\%yg%%g%gg%%aﬁgn?ﬁ&&g&i%M'og2(n), where 1 > " > 0,
and " Theesurirnaticar of wheiRalent bolumng ¢l fihdageniaflyi D tdpRiifioh of the
In the case that r>n a tighter bound (with respect to

following pegcess ket viati ch--r-estsl basthe colimnsef shsptransfarmetion matrix

f esvertical split, + A A [ where 1 =
9 sod D8G5 3L 50D b OS85 o B AERL  Bde 4
Soppasettiiat ithokls eifter ki appropBate Srearraigeiecnt of thepiad@les that each of
tructure in the matrix A then the nunber o

f

FLPBRS Vg ui red- iy EMeSORef oS K05 le @i seeler pspduch of the &-

BiRf) thd londn 3 COoMpId, &
e T < VaCl "Dk DB vEMol P rpplaced by
theareesedriddimensiovapectok: t he current text but sone
exanpl es woyl d be nenti oned. powever in the cases, _
where A i s nxAPHEdamard or*éyE¥ ¢ pseudBi¥&ndom (BR)= ¢ t
mat rix,, nes only #le92(n), additions, and a menory of
n scalars, would be required, which is optiml in
thi s aodthaerxn Matrix isanplakedby the mivesdfrak mhtrix 4’ whose columns

Fiotlo Vi sevaallt HECTRICGRLEA far v 1 GHGMIE Py profemed

erbbamt of tHein?dntioR Shis Rr&esy, mhcﬁ.g% P e¥BIRhryOf cHiaBe of indexes,

i nvention, described above. One s technology is
isntepeated yatk 8o o wolumnseare ¢apixslents evadegd thisds precsssis simply a

%ﬂe‘}giﬂ.aﬁghugfe thbe B{o%gééc bt Oforfralization taken place in the U-matrix
embodiment of the invention. In practice all the above equivalent-columns reductions
may be done simultaneously. When this stage is done it would be considered a first
iteration of the whole process. Then the matrix is split horizontally and in each split
the above column elimination repeats in a recursive manner as was done in the above
embodiments.

As is demonstrated by the U-embodiment and by next example an efficient
method to eliminate equivalent columns is by first dividing each column by the upper
most component and accordingly multiplying the corresponding coefficient by the
same uppermost component. It results with having 1 in the uppermost component of
the each modified column. However, sometimes in applications of the GEM the

uppermost component of a column in the transformation matrix is zero making this



10

15

20

25

U matrix by a vector. In wireless comuni cati on CDVA,
I S-95 and in the nore 15 advanced third generation
wi de band CDMA, there are several processes which
enpl oy the product of a U-matrix by a vector. These

pdiviséas émpossiblle. bdn dsuole cabdshtht Gifiple it KOS ENRIE &8k nonzero
Ci r.cui t{)}/ and sonetines also running tine by the use

ofoluRE bY Hfse HPPEROSt am, ekt sompenest i jaceasdiaghyh multiply the

| Siran&hdi i : = c ri
yfSplds Ll of LSRRG o AR P st
eistthatebera ris; 1dantie espendost nomi zgtr']mgomp’cmghhef téaalfbl@bli ﬁgidiﬁ?éa column.
i.S, . nej or .detection i C one a despreader.
Bt Bl I HEReatlE oGRisiehos e v o are s uden ipitke modified
f utrizad aimRoslylif ey al%yeq? data vector. Another

C

application is the sea er. It searches for high
cor r el %o aBudeofo casexperbere ¢lsis ipreférteel embqlimant efithe invehttor enhances

o i Fonshied & vz Dtk e e Sy STy SRAG R et 5. Tn
UraGriteaniz@st S niyfe bithiitfe fRddh Hhnitd Ew%ﬁoéﬁ‘ﬂe InflabRcation group of

vector is the r;ﬂgi red conputation.” Initia
i hdigldiori ofinite et nEtaafickl olosed vpderc muitiplicEERAMNAZBD greater

SRR LRART T8 0 P HERBS, S Bt shove

fwhére\§=10, Jpr 6 SSYESI} &RY 6thér Va§ cORBhAOMARbRN Whete$S/0,1,-1} or
(peani ng that one is a scalar -24 product of the

AT .Jaite 0bAT(R bdl.J. 4k r She gnindeereases with the sizeaf Srand the general

| I t L aput. vegt or

Sl OhdPRr B ey IR AN Sufber bR o5 BB o gy, where
amib the mmmbet ofedlintns anthetgivenrtrintfoxmatiors attix. When applicable, the
haé{vé%gtaally or vertically after these two features

& pidh also e cenmepaned tior ificiency; math dhescomnlen asd general

{dindditeft o willlISiernd AEAldgve sequence of steps may

be applied to any product of matrix by vector, in any

field D ilhsthtrthe whlyithis matbaiewonhs éf would bealehodisteated forfa matrix
the invention would be calle t he

gebaseaniris drefom thatetory {CEM j} TiliedsUpmatrixoBueh type of
equi val ent colums is fundanentally a repetition of

tiatrixf aplpbavd feg ippPatiss.. Hodlevat]lit nMzst be emphasized again that the GEM
be the colums of the transformation matrix 10 A _and -
xi&met limyted to any specific type of matrjx. | £he pumpenof additiansis herended by

the b 0 1A Lt hol ds

o E 4B TR bRl of oW by Bvebtor R e ha
cExdmple: tCensider whesprodudt of the. following .3x1§" Uj-hmtris by a 15-
2.< k <n) is a scalar prodyct of the k- colum, that

- dimepsional somplex MGLYECIAR Y. ThIEAHE 1HEPRERS] onal

vector x is replaced by the reduced k-di nensi onal

vector: 15 x'=(xl, x2, ............, xk-1 Xk) where

x4 = xk +

-1 j -1 j v j 11§ o-j=j-j-j -l -
j 1 -1 i i j 1 -1 1 =1 =1 -j 1 j -1
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Xk+1" Zk+l . ..o xn'Zn and the rxn matrix is
replaced by the reduced rxk matrix A" whose col ums
are vl, v2 . ............. vk. It then hol ds that
that: AX' --A-x. According to a preferred enbodi nment
of t heandhtherinpwvettor & givaaclyss, including, if necessary
a change of jndexes, 20 is repeated until no two

col ums ay & equivalent. Indeed this is process is
simply a aneraIization of the process of

normal i zafi'oh taken place in the U-matrix enbodi nent
enfion. In practice all the above

-cplums reductions may be done

usfy. Wien this stage is done it would be
considered-ajfirst iteration of the whole process.
Then the girix is split horizontally and in each
split 25 the above columm elimnation repeats in a

r ecur st herasuli of theagodues isdwriteri by:t he above

enbodi nment As is denonstrated by the U enbodi nent
and by neXt |exanple an efficient nethod to elimnate
equi vaj ey, colzygys is by first dividing each col um by
t he uppe st conponent and accordingly multiplying
the corredponding coefficient by the 30 same upper nost

coMPong el 3Y 4 et L 488 e B sBBRS RBkins. e

conmponent ~ of e each

sfirse blep s aicheclp firi egaivalRns linds. N6 eVhleRElindsRE THREL In the next
conmponent of a colum in the transformation matrix is
78F® thiaRTadyct Wrxs is decomnpsed ¢majsupb et iths ¢-colymey, ptultiplied by the
C : ' olution is to divide each nonzero
c%%%%ﬁbggcépggbgggrnost non zero comnponent and
accor dj y I1t7 ply 19 cor pondi ng;coef fimghent b —j
t he saph®' pppefnost n n’zero domngonent| .| The resgults
i s thatytffere| 5| T.%2| o { he Xsdpdr|mos s ndn| z&wo | 1| +xs| j | +
conponept of theleach imdifigddol-um). ;5 This ve 'j
t he. desiTabl nsequence that “two c ( ms a
equiglent in the nodified matrix if and only if they
arg edqual. To allude to cases where this preferred

oHi|n&nt of the invention enhances the ef ficiency,
consider a matrix having its entries in a relatively
smal |l "finite set S. In practice this set S naybe a
finite f ?I a ffoyte su gf qup of rhe nul ti ?i atio -
group of a fipldjor a|finite subset of i eld i
cl osed®dunder Tt t p| i t &t od,| drer (mJgr ehder|—J | *+Xis|=J | + %1
general iftyljany f|nite subsat of a|fijeld. 1tjdpfludes 1
the binary "cases discussed above "where S=(0,7T1), or

e -J) qd ot her very common situations where

O 1,-1} "a S=(1,-1,j, j) or S=(0,1,-1,j, j). The
g ihi de¥radés with the size of Sand the general rule
hpljds that—1lhe GEM reduces the nunber of additions by
a gactor of Togjsj(n), where 1s n is the nunber of
col unmNexty atimemglizationtofamash of thet calumnatecioxs in/therabove sum takes

aﬁgcl:é. C?tbils edonte I?)?f multiplying each vector by the inverse of its upper component

si mul t ane

and accordingly multiplying each coefficient by the (same) upper component of the

corresponding vector. Hence the upper component of each modified vector is 1. No
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15

GEM shoul d al so be conpared for efficiency with the
conpl ex and general enbodinents that will |ater be
described. To illustrate the way this.nethod works it
woul d be denonstrated for a matrix whose entries are

f oo Uk=def {1 -1, . -] led Ul-matri x.
Si3RieIBaR 3p nesiet 1 e vmpisp sarngphl SF ipen ey Soairealy 1. The
Hioliowatig norimdlized féren eMhbaboveatdmigdenivédiat the GEM i s

not limted to any specific type of matrix. The nunber

of add M ns isl ounded] by] C = n ar"1 H (W ) for] the [1
pr oduc I A ,
Consi d¢ |y2 he ro ugfl})xlf ﬁe e d Qr{‘gl)§‘$<1'5j I Ksalt b jc(xs | —1

by a 1%¥; fli mensi onal conpl ex in ut vect of— x| Thejj -1
matrix is given by: 25 A=1-jj -11-j-1j -1]j
-11-11 j -1J-111]11]-J o I Y R S B

]j 1-11-1-1-j1j -1-26 and the input
vec(é |s given by: F X1 1 x2 x= xls J The result of

the pr t is witten by: YI y=y2 = Ax Y3 5 Al

the additions that are done in this exanple are

conpl ex ad i]tions d |first Istep is al¢hec flo 1

equi val,ent S e n re, £.o nd
t he nex?52 $( ékb g #YQ i -Lé'}%? tdzls H)x” L)+
of the A—C|JU s mul t+pl|i ed W he rebctlve-J J
X-conponents. Y11-JJ-11-j Y2=

x1- 1#x2) +x3- 14x4J+x51 +x6j + Y3J1 11-13J.1 -1 10 X7 1 +
1x14 =1 +jxs5|~1
J J

In this normalized sum the upper component of each vector is 1 and the number of
different vectors is thus reduced substantially when (in the general setting) the number
of columns » is sufficiently large relative to the number of rows r (the requirement is:
n>4""). The next step is to collect and sum coefficients of the same column. Thus
with the cost of 7 additions the following reduction is obtained:

" 1 1 1

= (x1 + (%2 +jxrotxps x| =1 +jxs| j* (CDxetxim) |- j

Vs 7 J —J
1 1 1 1 1
+ (est(Dx)| 1|+ (G)xet <Dx7|—1]) Hixg| = j |+ Dxo| = J |+ (-Dx1r| ]
J -1 J -1 1

New coefficient would now be defined:

Wy=xg + ()%t jxgpt Xpe tjxis,  Wi=jxs

ws= (-Dx¢+ xp2, wWy= x5+(=)x 13, ws = (5)xgt (-Dxz,
Ws =jXg, wr=(-Dxp,  ws= (-D)xn

Hence the above equation may be written in the following form:
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X81+x9j) +x10 - +x11 -11 -1+ x121 _j _j

J  + x13 - J + x14 1 Next, a normalization of each

of the colum vectors in the above sumtakes place.

It is done by multiplying each vector by the inverse

of its ydper dopponentriis ard cor di {'plyin 1

each cpefificignt |by the {(sane) upper [copponegnt |of the

cor r eslpbndi Mg [vddt 3r W2|Heltcws|rhi| dppee| erdt tofws |- j [+ w,

each iffi ed [vegtor ilsj(l. JR7 nodji fj catilan|is

needed if the upper conponent oOf the ctor 1 s~ al ready
.1The [fpllow ng normalized formof the above sumis
erived: | YL Y2 Y%FS +-X8 = )el X14 + jx15 + (_-J)'x2
T4 I Y8 4| The copHjcigass:iwh,..q., g wn iO the pygog3sor at this stage.

-j=Y] Infthis normalized sumthe upper conponent of

each vector is 1 and the nunber of different vectors

iNexthis vesthreguatiarbwilhbe sitihprivtretally tonthi fellgeingrequivalent set of

sh%tti ng& t he nunber
0 equation:

» 1 1 1 1 1 1
Y, |=wi -1 +wyl jltwsl -5 + we|l L1+ ws|=1]+ wg —J |+ wr

1 1
—JltwsJ

sl= wi /] + walil+ ws[51+ walfl+ ws[-11+ we [j1+ wil-11+ we[ 1]

In general both are vectorial equations. However in the present miniature
example the second equation is degenerate to a scalar equation. The rule now is that
each of these equation will be processed separately in the same manner as the first
iteration. The upper equation requires no normalization since it inherited the normal
state of the previous equation, and thus in any non degenerate application
normalization is required only for the second vectorial equation. Consequently the
resulting reduction for the upper vectorial equation is:

Y 1 1 1 1
Yy |= witws) | =1 + (watwg)| j [+ (w3 + ws+wy) —J |+ wyll

The amount of 4 more additions where required for this step. The computation
is completed now in a straight forward manner, consuming additional 13 additions for
both equations. Thus total of 24 additions where used by the preferfed embodiment
of the invention in this example. Brute force computation would have required 42

additions, In a larger scale the saving is far more substantial.

-29-



of colums n is sufficiently large relative to the
nunmber of rows r (the requirenent is: 10 n>4r-1). The
next step is to collect and sum coefficients of the
same colum. Thus wth the cost of 7 additions the

fpbjpmfzgnmmion is obtained: Y, 1 1 1 - Y2 =
(xI + (j)'x2 +J-x10 + x14 + 1'x15) +j'x3 ] + ((-') X4+

XI@)detidnstrate thid preferred dnfotiminls? thk th éx(tﬂ)\nx i
10 -1 11 +plr X8 ~ f + (1)x9 - j + (1 ﬁle{mﬂ%%w‘mldbe
NEGSeRERs% f i ci ent woul d now be defi ned: 15 V\rl x1 +

( 1)’ 5ﬁ%ﬁgx§§eg+§%)o§e J{.hai%%gggy&fe Jff fe;g}ﬁgw él_}(g Wl% -1,1,-1,1,-

5 —K)l)an@ it WBdegitdck td tlesoke 3t bensabatm ehgpame@@ mm&&iata vector:
tenlnthefllorgalg form -1 +j.x3j +

(% *_LéC;(JEp SR N I 0S¢ mig eLa(gea;ch/\goqma]umaj |comelation.
V’?he:lfollowmg three sums are needed to be calculated.

yio= Toxp + 1exa + (<1)exs +(-1)oxy +1oxs + (-1)oxs +1oxy; + (-1)e

X8

10 Y2 = lexg + lexs + (1)oxy +(-1)exs +1oxs + (1) ex; +1oxg + (1)
X9

y3 = lexs + lexg + (-1)oxs +(-1)oxs +1ox; + (-1)exg+1oxg + (-1)e
X10

This can be represented by the following toplitz matrix product:

F'xl"
X3
» 11 -1-11-11-10 0
15 /=01 1 -1 -1 1 -1 1 -1 0
Vs o001 1 -1 -11 =11 -1
[ %10
1 1 -1 -1 1 -1 1
= x|0] + X201 +x31 1 |+ Xgf=1] + xs5{=1]| +x5] 1 | + X701} +
0 0 1 1 -1 -1 1
-1 0 0
xgj 1 | +xo| =1 +x10| O
-1 1 -1/

The next step is to gather complementing vectors, thus:
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+W1+WI. 1 -1 -1+ w + W The coefficients:
W, ... w8 are known to the processor at this
stage. Next, this vector equation will be split
horlzontally to the foIIovvi ng equivalent set of two

equati py:1 5 - W1-.-1+ W
[y3] = I} 1] (O] - 114 M6 G +| !
W[-1 |*% W& (?fl D r1 b £l rFeAN otpfitaks| 1 | + x4 -1 +
equat i 9 in d presegnt m nj afure X l e

n [

t he secornd equat gener al ar 1
equation. _T rule OM/ s _t hat 10 each of these
equdtion Wil bel prioc separately in the sane
manoel +ag| tihe+hd, st | 4 k ratjion. The upper equation
re uires npo or i ation since it inherited the

n stal flLd ous equation, and thus in

T e P R

@hm&fwuyraréscatdnemdﬁ,swhtdetoltMHﬁ.tI on for the upper
vectorial equation is: 15yl 1

1
xv +yu= 5(x+y)(v+u) + —;—(x-y)(v-u) hence:

1 0 1 1 K¢ 1 1 0
x1| 0| +xof -1 =5(xz+x9)( 0| +|-1 )+ E(x"x")( 0|-|-1 )
0 1 0 |1 0 1
) 1 : 1]
=-é—(x1+x9) -1 + E(XJ-J@) 1 |
1 -1
similarly:
1 0 1 1
1 1
X2{1[+x10] 0O =5(x2+xm) 1]+ E(xz-xza) 1
0 -1 -1 1
hence with the cost of 4 additions the outcome is:
FJﬁ i 1 1 1 { 1 1
= Z(x;+x)| 11 + =(x; - + = (x+ + =
Y, 2(x1 x| -1 2(x1 x| 1 2(x2 x10)| 1 2(
| Vs 1 -1 ~1
(1 -1 -1 1 -1 " [1 -1
x2-%10 {11 tx3) 1 |+ xg|=1|+ xs5| =1 +x6] 1 |+x7|=1]|+x3] 1 |=
' 1 1 1 -1 -1 1 -1

but now the above U-binary method can be applied. Thus the next step is a

normalization that will make the upper component of each column to be equal to 1.
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= (Wl+wh)
of 4 nore add
comput at i on

-1 + (w2+w8) 11+ (w3 + Wb+ W) The anount
itions where required for this step. The
is conpleted nowin a straight forward

manner, consum ng additional 13 additions for both

equat i 8- Thus t ot f 24 additi wher e used Qy

t he pref rreanbod af thelnv nthnlnthls 1
exanpl %2 |Br utg nﬁu A% 6rfAoll| d hi\/é‘ﬁ*é‘wb deld + E(xz-
42 20 A d|t| ons. In mn Iarger scallejfhe Saving i far

nmore substantial. TOPLI'TZ MATRI X ermnstrate hi-s
prefgrred d| ment qf the p entio l e vvoull

oGt 1 P ok e | 1) nd] | etk : Se%t o 1 ecRo -
con p utiv _h1ypot hes s1pbf theidata vegtlor: | 1

1
x=( X2, . . . o T 10. The™ pdr po 1 ght be
aTlsvemxt stepds teodlestiaindcam ebefficients of Bomnfiar ¢adwmng tTFhusevith the

be cal cul,at,ed. Y1 = 1x1 + 1x2 +
oY SEGF fudBeRSus Bt § Mgt . X T F ) e
1OY2:1x2+1X3+(1)X§ (-1) X5 + 1 X6 +
| x7.¢+ 1 x8 + Y3 = 1- x4 + (-1) X5 +

(|
( -h)| X6 (+— (x; ¥m) + é(-xai)' X719 ~XD ® (*1)61 -Tbjl-ls 2@21@10)"‘ (-

e)present2ed by the follow ng bRl |tz Matrix pr odfic
yvyl11-1-11-11-106"45y2=011-1-11
-11-0[3]0 1-1-11-21-1x21x1011-1
x1 0f+p)x2 1 +x311001-12-1 |1
x4)) 1 +2(x2 x| 1 +((-x3)+x5) -1
-1 1 -1

Thus if we define for convenience:

1 1 1
w1=5(x1 +xg) + (-xg) + X7+ (xg) , W= -Z-(xl "Xt o (X2 Fxi)* ()

1
W3=5(JC2-JCJQ), wy = (-x3)+ x5

then the equality is written by:
M 1 1 1 1
Yol =wi|—1] +w2| 1 | +ws[1|+ws-1

Vs 1 -1 1 -1
In the next stage this vector equation will be split horizontally to the following

set of two equation:

Sl el o] o]

y&=wit(-wy) +ws +(-wy
Collecting identical columns in the first equation we obtain with two more

additions:
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+ X4 -1 +X 11-1 -1+x61 +x7 -1-1-1200 X81
+X9 -1 +x10 0 -1 1 -1 The next step is to gather

conpl ementing vectors, thus: Y1 Y2 Y3 X5 1 -1 -
X6 simlarly: = (X -1 1 -11 0 01 -1 1 +X7

( X1+x +X9 0 -
[ RERE MR
Yy ~1 1

The desired output vector y can now be found with 5 additional additions.

Thus the methed embodying the invention required 17 additions to do this

I =

+
2

computation. A brute force method would require 21 additions. Clearly the gain
obtained by this miniature example is not grand but as we shall see the gain in large
scale applications is comparable to the gain of the above "square” (non-toplitz) U-
method.

Next is a description of the general setup of this aspect of the invention.

Suppose a U-sequence is given:

B o5 . o N »Xn+m-1
The elements of the data sequence may be real or complex or belong to any
field of scalars of characteristic larger than 2. Suppose that it is desired to calculate

the following sums:

Vi Supexp Fuzrxy tonn, + uy Xy
V2 =uUpexz2 tuzrxs T, + Uy® Xpeg
ym = Ur%Xm + U2* Xin+t o + Un® Xydm-1

If m< logy(n) then let r=m, otherwise, if m > log;(n), then a preferred embodiment
of the invention would start by dividing the set of m sums to blocks of » consecutive
sums where 7 < logz(n). All the blocks are treated in an identical way so the method
may be demonstrated on the first block. The first » sums can be represented by a
product of toplitz matrix by a vector. Consider then the rx(n+r-1) toplitz matrix:



1 (x21 100 0O -1 at this point consider the term
i nside each of the brackets and nmake use of the | emm
that if x, y are scalars and v, u are vectors then: 5
Xv +yu= | (x+y)(v+u) + 1 (x-y)(v-u) hence: xiiO1

+X91011 = 1 (x1 +x9) 1 -1 1 + | (X -x9) + x10 ~+ .
20| %ofe %1 #1110 1=21 + 2429 xlce -1--P 10
to Hehceywin,h #he.cast. of. 4 additionsu}h@, outcone is: .
Yl 1 2 = 2 (XL +X9) -1 + 2 (XI - X9) 1 + (X2 +X10)
-1 g 131 %1 11 1 xe-xaoy 1o 1b+ X4 -1 +

X510 +X@ 10+X% -1 +x8: 11 1 1-1-11 -1 +.X4 1. 1

— =

0

0

. . 0

oo . . . .0 w ou . .. u, |

and the (n-+r-1)-dimensional vector:

T
X2

x = v
_xn+r-1_

Then the first » sums are given by the vector:

-J’l |
Y2
y=
[V ]
where: y=Aex.

The underlining idea of this preferred embodiment of the invention is to reorganize
the given problem such that the above U-method will be applicable. Let
V1, V2erere, V-1 be the columns of the matrix 4 according to their order. Observe that

all the following "middle" column vectors are U-vectors:



-1 but now the above U binary nethod can be appli ed.
Thus the next step is a nornalization that will nake
t he upper conponent of each colum to be equal to 1.
-31 Y1 y2 = y3 Thus if we define for convenience: 1
-1 :H—;;-le(xlux)1+12(x2+x]-0) +4x51 -1 -1
1 -2 "M |+x7 1 |¥111 1 1 -1 + (-x&|[1%-1 1 The next
step |is4tlo col | gca, and sum coeffici ents,_ pffl common
colunns. [Thus wijth the cost of 6 additional additions
we, arfrive to.fhd eqlalityi .. V=]

ul _ L uz _un-r+1 N

L.

Note also the following sums and subtractions of "matching" pairs of "side" column

vectors are also U-vectors:

- - - - - -

u, 0 u, U, | 0
0 U, u, 0 U,
_ . . - u"_l _ . . -~
Vi+ YVt = + = ’ Vi=Vpt1 = = =
L. 0 . Lun—r+2 A _un-r+2 . L 0 B Lun-r+2 a
_ "
—u,
—Uyuq
_.- un-r+2 o
[0, 0 u [, [ 0
u, 0 u, u, 0
. u u . u,
V2 + V2 = + ! = " ’ Va=Vp42 & = =
L 0 i _un-r+3_ _un—r+3 A - L 0 _J _un-r+3_
- "
U,
—U,
L .un-r+3 .
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5y2 = (1 (x1+x9)+(-x6}+x7+(-x& it + (1 (xi _x9)+ ?
(X2+x10)+ 2 2 Y3 1 11 +2 (x2-X10) + ((-x3)+ X5) -1
-1 W= 2 (x1 +x9) + (-x6) + x7+ (-x& , W= 2 (x1 - x9)
+ 2 (x2 +x1& + (-X4) WB = 2 (x2-x10, I (x1 +x9) -1 -1
-1.10.then the equality is witten by: Y, 1 Y2 =wl
-1 Y3 115 1 1 +W2 1 +w3 1 -1 1 +(x6) W = (-x3) +
x5 I'n the ne i [gct or equation will b 0]

f i ur—l
split horlzonta ofowing set of two
equation: vy, [ “atvB 1 +W 1 Y21= % 0
y3 Vﬂ+ -\W\2)_ } B | ecting identical colunns
i n"thE e St | equ taim with twe mbres = -
additions: y| 1 H A1+ (w2 + 113) 1| Yz
The desired putip an now be found withup 0
addi ti onal agddpt

I

U

" 0 u

Lon ]

After working the necessary preliminary preparations the method may be introduced.

Rearranging with accordance to the above:

Ax=U;gj<mrs %
=Uigjzrs 3 +3mapney + Oogyan 3y
Next the invention uses the rule that if x, y are scalars and v, u are vectors then:

W b= Gy + S 6-))(v-1). Thus:

1 1
A=) o (o X (v + vayg) + 5 (= ) (V- V) 4 Ur<jn

XV
This process cost 2r-2 additions and the form that was accomplished is in fact a
product of an rx(n+r-1) U-matrix by a n-+r-I-vector. This is so since by the above
all the vectors:

Ve sVrtlseesssanens Vs VIF Vad] sonvennennens Vred T Vnarad s V1= Vot seveeeeneesennes SVpg -
Vntp-1 _
are U-vectors. Thus the rest of the computation may be done by the U-method. All
the aspects of this modification to U-form, except for the actual
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Thus the nmethod enbodying the invention required 17
additions to do this conputation. A brute force
nmet hod woul d require 21 additions. Clearly the gain s

~obtained by this mniature exanple is not -grand but as

W@u&ﬁﬁitioﬁ@ﬁbt"rdb@ioﬁ@'f‘ 4 Q,F,J, aé]rg Qlons &&h eor?eogﬁ]' cjgb"' priot thShe arrival

arable to the galn ove squa
rﬁhQ’éﬁﬁPtYﬁzlﬁorEJ- rret hod. Next is a description of the

h
NN —
R Y IR E gm.;a,npr)segugrmg+_@,f3da§@ of real
or. conpl ex scal ars: . X1, X2 ... ... 0l Xn+in-1

TH8 tl%? Eargralssesting, Wéhememnseqwmmmmgd el malogafn) the number of

CTAPAERS N EUORAekE Bl U8 R R Pt mor 1>
de b @k g@ésqegaro%heh%owin%w%o 1 e T

2 X2+ LTI 111 X2 +

1JAchk1(ﬁimg ta another. preferred embbdimlient Xﬂt}ie i&@eﬁffﬁnmtd thélabbve method
112" Xin . +m| If nx

| SGPRRS haf e GENLIAR by W&éﬂé%% f quchyesse sogz(afjthe tsided columns
| d start

Dy PR 47 P Rlst fize b \VBubihiy B i)

consecutive 25 suns V\,here r < log2(n). Al the bl ocks

are treated in an identi so the method nmay be

denonstrated on the firs@ 13‘@%‘* TRI& first r suns can _

be re

be I ePTGHRA nfikiRYs Part Btfﬁgﬂgﬂxe %Bextag Blabd 61 R h0% Matrix whose

yentnigs age OUB op4l.. Such matrix would be palﬂed in. here @) 0- l)ﬁnéiﬂlx UA broader

g;eaﬁloxb og theOIdeﬁs bela_lted Qc_) %E? %h)va 4oplits - mqthqd g/ﬁ&ﬂ:lt RRW be developed.
(Suppose thatld M&N®, RIYImatei b dimensions rxn and x is an n-dimensional input

vector and it is desired to compute the product: 4=x. This product may be expressed

as a sum of the 4-columns multiplied by the corresponding x-component. Thus,
denote by v; (for every ;) be the column of 4, then:
| Avx =x1 v+ X2 Vateerot X vy

Some or maybe all the columns of 4 contain 0-entries. For the sake of notational
simplicity it might be assumed that indexes are so arranged (methodically of course,
without tasking the processor) that each of the first k-columns v;, V... Vi
contains a zero entry and all the remaining r-k columns (if there are any), vi,,
Vit 2peaeererserenns .V are U-vectors (that is, without 0 entries). It is clear that each of the
"mixed" vectors: v, Va,..eecoreeen. Vi, 1s an average of 2 U-vectors. Hence for each

1<j<k there exists two U-vectors u;, w;, such that:
Vi =%( 4 + w;). A preferred embodiment of the invention finds the vectors u;,

Wiyeerereresnnae » kWi, as a preliminary once-per-matrix preparation. Therefore by the
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Lx"+r-]1] J s Then the first r suns are given by the

vector: yi y2 y= LYr where: y Ax. The underlining

idea of this preferred enbodi nent of the invention is
to reorganize the given problem such that the above
U-nethod will be agpplicable. Let 10 v1 V2. ......

9
V D=1 60l afyhhe matrix1A aggo
their 6?Cger1 Ogseﬂveéltzhat}) AT e T ?,5(& ﬁg’qu?h T""”+ """""" +

col unnxvgctors are U-vectors: Vr =
........................... oWl = Vr+1l =L ul JL W2

JHbwever wifh theNpering|of thd braciiend we'lindg &pfasezambn of a product of an
subtr c i ons, of % g)hl n pairs _of "side" colum
Vet Um0 ¥ Atesrding1to7a preferrgl pmbudiment of the

R T TR K M-

=toplitz@spect of thednveritionis-3 spibclal vase-of tidis Ufoaller aspect.
EXAMPLES OF INDUSTRIAL APPLICATIONS
The searcher is usually represented by the product of a Toplitz matrix by a
data vector. This is so both in CDMA and wideband CDMA.
REAL MATRIX

According to another preferred embodiment of the invention, the number of
computational operations may be reduced' for any real linear transformation by the use
of distributed arithmetic’s. In the proceeding text it will be called the "real-matrix-
method". The linear transformation is represented by a matrix whose entries are real
numbers, not necessarily integers, having a fixed number of binary digits. The matrix
will be decomposed to a sum of binary matrix with binary coefficients. In the next
stage the binary embodiments of the invention will be applied. To introduce this
method consider the following example.

Example: Consider the following 3x8 U-matrix, 4, having (for the simplicity sake of
this example) integer entries and written in the decimal basis:

21 5 430435
A4=|5 0 4 1 4 7 1 2
27314503

The input, 8- dimensional vector, is given by:

B 1
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15

U-2 VP-1 + Vn+r-1 = ul Our-1 ur-2 UPur-1 U-2
Vr-1 - Vn+r-1 =+ of 0O UL O L'und After working the

necessary prelimnary preparations the nmethod nay be

i ntroduced. 5 Rearranging with accordance to the

above It Bdesiréd th combute the 3-dimehsipnat olifptt ¥éctdr: X V]
+xn+jvn+] + Or<j<n xjvj Next the invention uses the
rule thatyif x, y are scalars and v, u are vectors
then: ,xV, +MuF 2(X+y) (v+u) + 2(Xx-y)(v-u). Thus: 0 0 O
utl 10 2:E‘F'1<j<r-12(xj+xn+) (V] + Vn+) + 2
(xj - xng¥s{V] - V.+) + xjvj 15 ~r < j: n This process

cost .-2 additions and_the rlfk)czrm hat \U@s acconpl j shed .
isin PLOCESOr%y ROfmAHY Jwork, pR ., pingy Bagisthe ymalixg A will be

Repfredente@Gh Fhis ba&ls ind SuS R iSERER LYY the above

010 001 101 100 011 000 100 101
4=(101 000 100 001 100 111 001 O10
010 111 o011 001 100 101 000 O11

This representation suggests the possibility of using distributed arithmetic’s to
express the matrix as a sum of three binary matrix:

A= OA[0] + O"A[1] + 0%4)2]

Wherc:
01101001
407 =1 0 01 0-1 1 0
01110101
1 0 001 0 0 O]
Af1]J= 10 0 0 0 0 1 0 1
1 11000 0 1]
[0 0 1 1 00 1 1]
A2]= 11 01 01100
001 001 10 0]

Thus the first step taken by this embodiment of the invention is the
construction of the binary matrix 4[0], A[1], A[2] comprising the bits of the entries
of 4 according to their significance. The preferred embodiment under consideration
will be a consequence of the equality:

Aox = OeA[0]x + O'A[1] ox + 0%A4[2] «x

The next step is to compose the 24x3 binary matrix 4* formed by horizontal

chaining of A4/0], A[1], A[2]
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all the vectors: W ,Vr+1............ Vn , VI + Vn+l
................. Vr-1 + Vn+r-1 , VI - Vn+l

............... Vr-1 Vn+r-1 are U-vectors. Thus the
rest of the conputation nmay be done by the U nethod.
Al the aspects of this nodification to U-form A¥ =

except ffor the actyaly -613pmyt ipng/ siubéract' ons: Xj
X"+, a_(id(?nﬁ a]1$ "one bi j.ob" prior to the
arrival™| ‘of’ t He 'n@ut1 vecPol Q. 0T Rubel Of Iddditions
in the Worst tasle 0s1given|py the egpresgi gn:y| si(n,
s) =s(n+r-1, r) + 2r-2 =n¥3r-3 +s(i) 5 In the
gaqler@l 1seltt Ond wharle suns m are conputed and np

I ag2(M) 4t unpber affi additions in the worst case is
b Quindlgdlb;be(g T"?(@ 31o0g2(n))m 1 og2(n), where 1 >
>0, hn@ "0 gbed t® Hgro when both, mand n, go to

infinity. Accordjng to another preferred enbodi ment of
the i nvBftaleh to fomn tthe 24rdimensienal sepluraw rysotoe nt*scarhprised from 3

[ r - .sone of the :side’
coTtiieng o fho WeRHELER it 1R el Hi Whend il e from the
cabpve sun.sThis i ddnerbefore (e drrival)of W¥etors Beplrs! 2
matrix is_part of a nore general class of natrix:

t hose nat E&x,\ﬂfnose entries are 0, 1 or -1. Such matrix

woul d be callgd in here (0,1,-1)-matrix. A broader 15
version of theg ideas related to the above toplits -

nmet hod woll d rjow be devel oped. Suppose that Ais
(0,1,-1)-mptyifx of dimensions rxn and x is an

n- di mensi ppal® fi nput  vector and it is desired to

conmput e t hé Xrjoduct : Ax. This product may be expressed

as a sum of .the A-colums mnultiplied by the

corresﬁfb‘ﬁji ng [x- conponent. Thus, denote by vl (for
everyj) be thg j colum of A then: 20 Ax = x1 v |+ x2
V2+. ... .. 2% [v,, Some or maybe all the columms of A
contain Orentrlies. For the sake of notational
sinplicity it [m ght be assuned that indexes are so
arranged [nethodically of course, wthout tasking the
processor) thgt each of the first k-colums vl, v2
......... 2. ,Vvk contains a zero entry and all the
remai ni ng_%-"lucol ums (if there are any), vk+l, 25

vk+2, e aes . NN Are U-vectars (that is, . :
i t houlNoLe tiat piubiptying b £ requss o Jndex yifiipe opfation. The key to
" thixedlbodifRhPisthe HdsertidR that: - - - - - - - - - - - - - vk, is an

average of 2 U vectors. Hence for each 15 <k there

exists two U-vectors uj, wy, suordwzd™x}, = 2 (uj +

3%2: t Of‘gﬂﬁffﬁ%ﬁfjfoﬁm% S%utﬂont &eA k% %Erto{xgﬁ] tlIeI &q§mé 6d would
take place. Hence the next job is to collect and sum coefficients of common nonzero

columns, creating new coefficients and thereby reducing the size of the matrix.

Hence it holds that:
1 0 1 0 1 0
Y=wil0|+ wa|1|+ws|1{+wg0| +ws| 0|+ w1
0 0 0 1 1 1
where:
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W . uk,wk, as a prelimnary
once-per-matri x preparation. Therefore by the 30
above: Ax =1 2 xI (ul + W) + 2 x2(u2 + W) +
.................. + 1 xk(Uk + VWK) +

XK+ VKH L o2 oo ng e AfF XN MN ver with the opening
of thewb_r%\c'le@t'lézwg“f"r%d’%q'r%mxé}_g' t&ion of a product
of an rx(n+k), Umatrix by (\n+k) -vector. According
to a pWé‘Fér'n’@d"%ﬁ%d‘T#re‘rﬁ"'bfo tfle s invention this task
woul d be dgne by the above U-aspect of the invention.
The abW¥ye 2t'f_"ﬁ'ﬁlitz aspect of the invention is a

speci al case of this byroader aspect. EXAMPLES OF

| NDUSTR¥AE -ARPE R XBhe searcher is usually
repr esent eld by tohe product of a Toplitz matrix by a
dat a vestdr XsT2% Xast2d: dor 2° i xe and w deband

CDVA. 10 REAL MATRI X According to another preferred

embodi wegnp? gf1+ bk Xewehtkoh2? the nunber of

conput at i onal operations may be reduced_for any real.

| i near Thisapas denatWiBhakest RE 1@sadditansg; Bext, sutdyg splitting of the

' | G eeding text it will be called
?ﬁ%ﬁl@ggaﬁgfﬂﬁegpﬁaﬁ%tﬁé@% The linear transformation
i's repfe:s ntedﬁl‘; a matfyx whosgientrifgy are rggg 15
nurrber%, st w c%sﬁ*ar m;{ EH{ ege %,Hua iag+a wixe
nunber L¥£] bi nar digits1 he matldi x OUl be L1
deconposed to a sumof binary matrix with binary
coeffi ¥%nts. In the next stage the binary
enbodi Wws+%; +hg invention will be applied. To
introduce this nethod consider the foll owi ng exanple.
Exanpl Nowcouginiag theecoeffidients of cowanap galuning inpthe first equation
having (for the sinplicity sake of 20 this exanple)

i W&9er entries and witten in the deci mal basis: 2

154304 2 =5 041471 2 731450 3 i npu T 8-
di msnsL hak gﬁ@-t(w@) LI i @R -byig) Ht %E‘Jdesi red to
conput ¥ he 3-di meng@bnal out put tor: Y= Yz

palhis SR GOl GOy 1€ 158 18PF byt BArs FRARTS. fat 20 additon

anghetdtdiis wheke rédit 64 tP¥ompute the transformation in this example. The use of
conventional methods would have required the equivalent of 29 addition operations,
where by "equivalent" we mean that additions comprising product operations are also
taken into account.

Obviously this is not an example of outstanding saving. It is rather an easy
introduction to the idea of this embodiment of the invention. However substantial
saving is accomplished by the invention when the parameters of the matrix
(dimensions and number of digits for each entry) are large.

In general, the preferred embodiment of the invention under consideration relates to an
efficient computation of a real, unrestricted, linear transformation. The rxm matrix 4

representing the transformation is written by:
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5 A= 010 001 101 100 011 000 100 101 101 00O 100 001
100 111 001 010 010 111 011 001 100 101 000 QI This
representation suggests the possibility of using
distributed arithnmetic's to express the matrix as a
sum of threg bapary matrix:. Agz P’ ALQ + ~ A1) -t

Al 2] V\heg: OllOlOOlaiOA[q =10010. 11
001111110001 0%0 Al1]l=0000010
111100001 001100141 A2 =101011
000 7T/01100 Thus the firlst step taken by this
embodi nenf of the invention is the construction of
the binary matrix A{G, A1l], Al|2] conprising the bits
of the entpies is of A accordpng to their

si gni ficahce. The preferred enBddi nent under

. covttedthe @hiries of thd abix e el aaMBERC &t RidetiRRl B WaRlpute/ 1ex where x

Ax = 7 O]x +~ Al A Al 2] x The next stepis to
C W‘é“%ﬁgl%ﬂkﬁe%‘?llﬁ&%fsﬁrPatCPmQICA*SC@lé? erigeHyIIHeR Bz:o nt al

chainirr%?fA[O], All], A2l 01101001 =1. 0O
101 101110101 0011001110101
100 6,1 0011 0010001000 00000. 10
1 111190001

x:

anJ

It is assumed that the entries of the matrix 4 are written in binary basis with fixed
numbers of digits before and after the point. Two preferred embodiments of the
invention will be presented as optional solutions and the choice between then depends
on the structure of the transformation matrix. The first is called the 0-1-
decomposition, the second is called the U-decomposition.

It is presumed that the entries of the matrix 4 are bounded by 2 and have accuracy of
my digits beyond the point for appropriate positive integers m; and m,. This
assumption does not restrict the scope of the invention, since every scalar encountered
by a processor has a finite number of digits before and after the point. Put m=m;+m,
+1. Distributed arithmetic's would be applied to break the product 4«x into a sum of m
binary products of the type treated by the example above. - )

First the invention is described in the case that the entries of the matrix are nonnegative

and the decomposition is 0-1-based. A real number ¢ bounded by 2™ and having m,

digits beyond the point may be represented in the following way:

= D_mzs_kim] tk‘zk
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J A* and also to formthe 24-di nensi onal col umm
vector x* conprised from3 5 replicas of the vector x
each with the correspondi ng bi nary wei ght deduced from
the above sum This is done before the arrival of

i whert esektipr & ®egilns ThROisxthe 26nd8rd B’ﬁagr%' iégmg?z%%tgonoﬁ% a typical

1%%'%2@8| Note that multiplying
l%sp%rgb\mp%trﬂ cppde @@901115086@1 ko 8 smmfdm rmmO -1-binary-
'ﬁa&%n@ﬁéﬂlb%%ﬁ y=Ax=A*x* Thus in what follows

a conputation o X * through the 0-1-nmethod woul d

take place. Hence the next jobh_igto collec, sum

coefficients of comon nonzer‘g Ql"ﬂmﬁ§<”m‘eéﬁnﬂg new
coeff|C|ents and thereby reducing the size of the

thisysunHetfnie/ iis thed)-trematrin of themas significang bic AMEBY, 4Od:,] is the

0 0,1
kﬁﬁ&%ﬁf%&&lﬁ%ﬁ sSepilichoy B 8%, {1 Bnetatont of e taatix ey is a -
1-matrix whose entries are comprised of the k’s-significant-bits of the entries of 4,

where each bit is placed in its corresponding entry. By the distributive rule it follows
that:

A = D-m2£k5m1 2"0/1[7(:]'1:.

This is the basis for the current embodiment of the invention.
Next let 4* be the rx(men) 0-1-matrix composed by the horizontal lining of the binary

matrix of the above sum in the order they appear in the sum. Then,

A*=[ ALy i AL Afm; 1]

This would be done, one time for any given matrix, before the arrival of input vectors
begins. |

In addition let the men-dimensional column vector x* be given by:

2" x|
2-m, +1x

x¥*=! 20

2™ x
The key observation underlining the embodiment under consideration is that:
Aex= 4*ox*
The latter is a product of a rx(men) 0-1-matrix by a (m+1)en-dimensional vector which

is composed of shifted m replicas of the original vector.
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X3 WB= 2 w4=22 X2+21X2+21 X3 5

Ws=21X5+2X2+2X1+2x3- 1- 2X8 we=22 X1+21 X6+2 X1+2 X7

This was done with a cost of 16 additions. Next, a row
splitting of the resulting matrix takes place. Hence:

FYThe=computation w2 the -pritfiicf Utxt WABAGile withWhe 1001 Wigirflembodiment of
Now, __sunmi t he coﬂifli.ci.engs of, comtmon col ums in the -

¢ LR, 4iescach Felgplicegion by qn IyigEenROwepat 2y be implemented by
+ sWi}ing théBbitsYvery 1{tH®4ddnal Bony, lﬁxf?'a isHdiSa St ep cost 2

additions. The rest is done w more additions.

Tothay embodimenti efntheoiparentianomay weduae significasttly tlee complexity of the
conmput e }Oﬁg ttraen,sf ormation in this exanple. The use of
convent PORaf rkett'hods woul d have required the

equi val ent of 29 paddid,fan) epyg%{)mbgz(nwere by
"equivalent” we nean that addi'tions conprising product
oppafdet 6AY be theaunber ofjadditipnt required bytthe 2vefiibon trusdrypute A ¥ex*

t Rk p-10.. t an exanple of outstanding saving. It is
rh¥§erﬁg§1}9easy introduction to the idea of this

enbodi ment of theclﬂ\gemt,jl qn.ﬁr Howetzer 7subst ant i al
S

saving is acconplished by the invention Wwhen the
p Pasimeilartyswe ke thet imgthisicase theltmeesbound: and nunber of

digits for each entry). are large. In general, the
preferred enbodi rfg(tﬁé %‘?mt’he i nventi on under

WBRE kb Mihe b fAfon et » 2PnSlE iphent computati on

gf a real, ‘'unrestricted, |imear transtformation. The

rxmmatrix A repgf@entl-hg)«whentlr ansformation is

W Rt D S0 > Qand' gaoleis 1&deo as T and r goes to infinity.
The conventional (brute force) prior art method of computing the product 4+x requires,
on average, the equivalent of nerem/2 additions, where additions comprising the product
operations are taken into account.
In some cases, particularly when r=1, or when r is rather small another variation of the
above mentioned embodiment might be preferred, to enable further saving. Note that
in the case r=1 the problem is reduced to that of a scalar product between two vectors.
This itself is a rather common computation in science and téchnology and its efficient
performance is of much use. According to this variation a matrix 4** is formed by the
chaining the matrix,
A[-my ], A[-may,........unen...... A[O]............. ,A[m]] in a vertical sequence. Thus it is
the

re(m+1)xn 0-1-matrix given by:
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a2l a22 . a2,, A Lan a,,, ] where the entries of the
matrix are real nunbers. It is desired to conpute Ax
where x 1is an n-dinensional vector of real or conplex
scalar entries witten_by: xI x2 x=Lx" J s It is
assunmed that {hélanslrids of the matrix A are witten
in binary basis with fijxed nunbers of digits before
and after the|lpoint. Two preferred enbodi nents of the
invention wil| be presgnted as optional solutions and
t he choi ce befween, ther] depends on the structure of
t e*tr@psfornatlgﬁora ix. The first is called the

=1- deconposijt second is called the

U deconpositipn. 10 It |is presuned that the entries of
the matrix A are bounddqd by 2' i and have accuracy of
n2 digits beypnd the pgint for appropriate positive
integers nl apd n2. Thils assunption does not restrict
the scope of thepjfvent|ion, since every scal ar
encountered by a processor has a finite nunber of
dNgkd, th Watbditofafit-es: {shddnp ®lyrthe plRfmedrehibd®mentlof the invention

Dlstrlbute arithmetic's woul d be applledto break the

pfosd fbd-meatrix. | nt'Bhey B@ml@if A*x5 contagnsy @k othect progncts: Al-

t ype tr by the Ie st .
»’ n’f'l'"(')'ﬁ"'l' dggé"r"l"b”é’d' cagg’?“t Pﬁb eSEIanrufé’é She  binary
tﬂﬁlﬁmfcauefn@ﬂﬁ dé@iﬁ’é&%@tﬂt ié%cm@{z‘éh Ef‘dﬁe SRR BS sk 1S |
0- 1- based. A real nunber t boundéd by 2'n” and having

nQ digits beyond the poifMt nma kg nted in the
follow ng way: t= 7 r¥12 mk’"k—%t—f’ltk 8@%2 where each
tk is 0 or 1, ThIS is the standard binary
 Bhis cgueiudasithe pamof matrixswith nonnegative e arit hnetic' s
n4b: c
{Xgllégetﬂgrléht?%a rlgxrgiﬁh %?ﬁgé : otrﬁéoéwé‘fnﬁb'ﬂ{‘ éi&nsf\h{:eﬁft_h e matrix 4 can be
<dxpidssek Abkd shbtravtiohi of Wﬂﬂ‘iﬂ.]mﬂs n‘ohﬁegitiize remtridsx Hf= 4; - 4,.
the nost significant bits (MSB), A[-n2] is the
OF dllaveing ithis aepnehfmtatms thesasgentfof dheinventien tadsm)discussion carries out
of, t mat r.i x

\%ﬁg 6%81??83 % Yy WP% Iﬁ%t %aﬁié of the pro&ucts y;—A)f-x and y,=Ajyx,
Kseparatdl ok i3 CoRbinid Shrrh Wy BBdY0%E nithdd. Then the final step is the
carrying out of the subtraction: y =y; - y».

The above 0-1-binary option of a preferred embodiment of the invention with respect to
a real matrix is particularly efﬁciept when the decomposing binary matrix: A4/-m; J,
Al-mytl] i Ao ,A[m;] are rather sparse. @ This may a
consequence of the A-entries being of various sizes and having non-uniform number of
binary digits beyond the point. In such cases the zero padding necessary for the above
mentioned uniform digital format causes a higher level of sparsity.

Another form of the preferred embodiment of the invention, based on U-binary
distributed arithmetic’s, will be described by the next text. This form of the invention
has the advantage of being more adaptive to matrix having entries of both signs and of
being based on the faster U-method. In practice it is more efficient then the above 0-1-
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where each bit is placed in its corresponding entry.
By the distributive rule it follows that: 10 Ax = 7
~m2 < k < ml2kA[ k] x. This is the basis for the current
enbodi nent of the invention. Next let A * be the

Y B S TRESEA AL P e o
afipearain featires eftie folloeving fethod[aft siftla to the 0-1-method.

ot e et e e e e Al
15herfpllovwing | obseryatinmis regyies O%hf%‘ Biocegding, ﬂ%séﬁpﬁé[n of }Ae invention.

bgf rri fi.J BRUL s _begins. In :
e Shifbcp piided by 2P ap IS BRI OR4 i point can be
OteyRieRtéd ad a MR biharysuntin'thy feqfosviﬁgn% X L2m xJ  The key
obServation underl’i ning the enbo |ngnt under

consideration ig_tffat: Ax= A *Xx_*yThe, | ajdngr beoa

product of a rx?rm B3 ¥Ses i o ‘B‘y2 a+(‘§ml gér? di?rens ‘onal

vector which is conmposed of shifted mreplicas of the
owbetieradl sw &ent o2 -1 4% Ty conpiet & ia9d s, =/hehesr bisuwn megative and
*-x* is done with the O-1-binary-enbodi nent of

i e STrd iVen 145 Hedati¥dch nul tiplication by an integer

power .of 2 nmm e inplenented by _ shifting the bits,

v

dpsrefqre R g aba i Whsnies of bety sightetn brrlesomposed to a sum

&)
teﬁgg%%??{h?tf@?m* ggﬁ%l on may reduce significantly

product. Let: | = 1log2(m) =
log2(m + log2(n jrb@ let C(A) be,, A Ofmoy-1,,
addi ti ons requi réd by-#ié Shsenti 8npl?7g1%o Ut & Ak rdlm].
If 1 >r then: C(A) <m + 2r + 2r/2 +1 - r. 10

P3Vheire eachrafitheumatrixed fif i a o Himatricase t he cruder

bound: C(A) < 2mn.

Let A* be the rx((m+1)sn) U-matrix:

A* = [4[-m, 1], AL eoicevaesra: 1) —— Afm; - 1], Afm,]]

This matrix is composed as a one time task per each matrix before the arrival of
incoming data vectors.

In addition the (m+.)*n-dimensional column vector x* is defined by:

[ pmtly ]
2™ x
x*= 20 x
2™ 1y
(2™ =277y x|

It holds that:

Aex=A%ex*
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When we drop the assunption that I >r , it holds

that: C(A < (1 +)nrn/l where 1 > " > 0 and ™ goes

to zero as nen and r goes to infinity. is The

conventional (brute force) prior art nethod of

c hjsuisi anprotihet ¢ff Dt + Gy ULhHHIk F, 2 (120 )AN-AAERiona Fector. The
equi val ent of .nrnf 2 additions, where addi‘'tions

CEPBPPEfinRof His Brasiigke dopp By &PplRtion ot thesKemateistenbodiment of the
agRRHRén. I N sone cases, particularly when r=1, or when

r is rather small another variation of the above
mésstinothe cibewd autitherh pemdiging theD-pr birary ddcorhbsRivablRo here there is

furt.her saving. te that ~ 20 in fhe case r=1 the )

oV BHREr R Son Bk et halfn 1636 campleiiy ansipe e aperdrauibed above
U W A i81hd redsBh $o fetg%@cltﬁe Hétafls, " &t her conmon

conputation in science and technology and its

efficient performance is of nuch use. According to
. . D ARk o f h
Eﬂlgﬁs I{Y%E{log}t(%ﬁ%%) In;;t [ol m-ﬁé) j- )ogfn)%{foqub¥ortl § r, that the number of

» additiens required to- perform the abov&{dlhod is bounded by - - AL ML] in
a vertical sequence. Thus it is 25 the r(n‘%l ) Xn

0-1-matrix gi vendg) <-(AdINp a2 ARl - Next, the

cgﬁn‘put tion of A* *x is done by the preferred - i
eftSdBitheaPOYsT tekheCAlviedefingd tor b the number efadditiens required by the

using shifts for the lA@ARY(I+E))agh+])ptendation's the
e 5 3 bt PR % B
\Ilwm;';\z/ihngogﬂfgﬂe% o?] EOF. Qzflrgns t I’?ten t Eet %’Yﬁ%’ﬂ?lﬂ%ﬁ' be

ekineas bansforsnations bte canunonlyafsed im eweryrfietdsiof technology and science.
B L T LT L Sp—

Jin3Ride Shroduéial 6f eful@idkert GStesdt QMED) Matpk ¥subK Y decorrelators or
conputing first each of the products yj Alx and y2=

Apsnimum gepm saiase grror (MIMSE) cuattikhbid a foutput bgctotef aadespreader. It is

RO ARIE i DAL i S T Hponse ey
ofiltére nwhéreaDiNcedte 'F agiie MhaakfoRmt (DFT)t A  Fillye ot pramam'yt Bomputed.
respect to is areal matrix is particularly efficiént

|
whenecialy FHRHinsyef pajtia)i PEF pndrthose of smpll apd medium size where FFT is

not efficient are instances where this feature of the invention is applicable. Discrete

cosine transform DCT is another type of linear transformation whose computation may
be improved By the invention. This is so especially when it is only partially calculated
or when its size is not too large so that higher dimension fast algorithms are not very
efficient.

In some digital signal processing applications, such as processing circuitry which
employs FIR's, correlation of two relatively long vectors is required. One of the
vectors may represent taps of a FIR filter which operates on a 'secqnd vector,

representing an input that should be filtered. Filtering operation consisting of partial
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......................... AQ,.............,AlmjJ are
rat her sparse. This nay a consequence of the
A-entries being of various sizes and having

Qﬁﬂ\sn?}g 13€{s'?eg}étg'ﬁgéc% g):r ghe%l c¥n 8?%?(: éﬁtsmet%?doly ﬁieec ary %%s is done

reitientiyebly theirbalrmatrik gspeat of the ilventiamuses a hi gher | evel
of sparsity. 20 Another formof the preferred
enbodi ment of the i nvelOMPLEXRMATRIXU bi nary

B3l IBH { SieheRd HATRY Gesfred W ddmAife HRTEAIOREE shins! M@

next ext I on

adv ant&ga~uf Todriityradr €ldiapt T {d 1) xwat (iR kavi 64+) * “xg
991 & qS1-Ghexp Ok gwn%; 1AL, PRI BASROL AP N8 (1.7) + xg

ster ice nmor e ef CI ent t’hen

|
PhoaATERD- Llahy T el Sunieh (Ll Fd-Cotes & (147) -6
wnér@ﬂmmyuﬂsaalsrsae 2n4... G036 Q‘Ecb lextuhitrss, of the

trix eatures of.the, f d are
Qoyertima e B IR WO TG BSR) “BBLER af o seen when
ivee takguintee dcdannt thiet gpproduetdofg fdetor of he sort of(x hg) by a complex
[
sRRE Bfines 3 KGR IQHERCnd b BIBAGE of it Tonfils ARRH requires
twpirpegddigionsi n the fol | owing way: t = 3 -ne 1 < k <
r[ﬂlwel ﬁh&k m?u%ﬁé &f2 Pl eﬁed%niﬁodﬂ?gf] eoialthe ﬁg%clfrt]ﬁh fdfﬁ doing this
- i 'S
pr TR %sﬁ}v@rgﬁﬁsﬁ empAiaRRts Ghibe daention thet
eduld e Lallddt fhaseiotatim pliis GBM) itusghthedfact that: deconposed
tp a sum 10 of U-matrix in the followng way: A ="
APl FE) €l kj)<=l-1 21-A[k] + (2m) - 2-n2-1). Al ml]
1ere each of the matrix Alk] is a rxn Umatrix. Let A
E’f*rﬁ?fl. Tf.ﬁ.‘ T N T A
Ag This matrix is conposed as a one tinme task
%(l'b’ Cﬁ-ln‘m)ﬁxl before the arrival of incoming data
ctors. In addition the (mtl)n-di nensional colum

§dlened by: 2-nm2 -(x 2-n2 x x*= 20 It

rwr (2m -2 M-1). X

Hence by multiplying all the above sums by %(1 +), act which is called phase rotation

here, we get coefficients from the set
{l’ '1’ ja 'j}: .
%(1"']')‘}’1 = jexp + lexs + (Dexs F(Dexg + 1exs + (l)eoxs

%(1"7')'3’2 =(-1)x; + jexz + jexs+  (F)exe (x5 +  lexs

%(Hj)-ys o legt(exst (exs b Jexe + (Dpxs £ foex

According to a preferred embodiment of the invention these sums are computed in by
the GEM. Due to the small sizes of this example the gain is marginal in this case
compared to the conventional way, but it is substantial in larger dimensions. When the
dimensions are small, as in this example, other more conventional methods of
computation may also be applied after the phase rotation step. Finally the result of
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AX= A *x* This is a product of a rx((ml)n) U matrix

by a (m+l) n-di nensi onal vector. The conputation of

thls product is done by application of the U matrix
invention, As in the above net hod

olgl ment of .th e%
p eef"lc PR mUbtipf bybqlr-'i& £ obfé@cﬁhﬁ dssiredapsulta Nate teat enultiplication by
t hjaré-1) are '53rga1i:tan©ahl" Eéﬁn&ﬁh 1feqmrifn |m62festsaﬁ?édnt bf téxln[e ahf energy.

| t
fgfeﬁ%ées%?tgxlxé’n 03‘%03‘612%9{ efee 85@’8?“’?‘?‘?3 (I‘qrjlgaﬁlga |tl§e gc{rgﬁleqc-(ﬁ-method It breaks
| b gum bympemngmhge( bnadketsmﬂ agh opeffibienh il ths f6wing Jvdy:

- di f h
, of/et rree-{_h 6ou 2 ItJJ 02@‘ &%CIUI %ﬁ“)l-'ﬁeg" 2 %) £ t 2R (o)
zrjfzf =X+ (/Jfrr) ‘bAgczr'h(IFﬁe"‘ a‘deé’xt)eXW -@R) i sxgef jRHd- b . (ixs)y;
b%t:h@anu”@ﬁ!') Ofy, adg }t)"o'}é fgﬂaﬁ“ Leg py(]h@ ag_op%) s+ (xe)

nt 0O CO reat er g ner al |
e crostiia done PR ADRLYIng fhs Chineiods Tt @esas  moss 36 realadditions by

o the aboveotabler 6f A, rf, Bidens(BN 4 35 =0PES 3 @ 19)FiHakd Yhis id e number of
g#&rs | NDUSTRI AL APPLI CATI ONS Li near
tr an

tltfoé)ﬁs are commonly used in every fields of
te"sﬁbﬁtod@gqnsmating chertesic prigmiples dyi thesaivet dxantpdéllit would now be

?Efog rlﬁfept% etgﬁéad gﬁ@%ﬂn{) Qg i ggﬂy gaég agll& cgeé{:%l?e the preferred
aammr of the u@wnagn m@dpmptaﬂocnompdnx matirixi consiterethe sets that will

sqjéay@d rJ X) egt gr ag . 3
OB UMY ) D) B0 1), A
c deetar ar ilarmatsix h@&sthels @nﬁmsn Wi. nLﬂeMsmpU}-sectﬁeepﬁb-sﬁamx have

grﬁl&? enthibs hﬁ[ﬁ \Wush ?na@u? %@bztgcécg&ud} %Bﬁog%f\&ﬁlgs%ﬁmatmns In
e‘laénl}tgl aﬁ‘PPM g@#‘yiw meentoﬂlagtbal prOd\mi afeadilzmumber by a

Slcamplldstenmnﬁﬁ"l'rdqﬁuesﬂ ot reglf ﬁdlcﬁh&[bt whilé th@ %kﬁ!ﬁ@?%f WNEr Gumber by a

thlsLeeature ofl‘hihe|n]§gnt|oﬁl\gjfl Drscrete '

o 590 e e Shall St efcomy

t The ﬁrrstrqmmputammlombkemmweasulm mnbe fBotng: rmp;sase dhd@xrn rxn Us-

par tqui )g%! Iy ca ;%%aﬂﬁeﬁﬁeﬁagﬁgﬁp %%‘\élmﬁ?g’pl f)Yeﬁ%%to" anl it is desired
| & g@mn@tetﬁrgtprmhg:ﬁ gr=Aok.nelhei casefraeds whichoisi intieesl arsealaoproduct, is

Vﬁ{clhdeﬁf fTw‘d ﬁf&In RREEothe Joﬁ{ ubdtBR i 1%%@%%& 89 Each would be
fi as processl n Cl rcur
Efﬂfﬁf@ W W §mt T@F&ﬂnsmreqesrmwrtbrsasht\mps}aﬂp@m@s are applicable
vehenthe data v&totiis ehl One of the 30 vectors may
represent taps,.of E ilfer whic es o
I A O R ——

fLetered. Filtering operation consisting of parti al
-47 convolution is represent eg by the prodyct of a
Toplits matrix by a vector. ﬁ'-]zr(l:;"}i)s‘i d@lsz——(l'*'ﬂy

then B is an rxn Uj-matrix and z=Bex. Next, the product z=Bex is computed of by the
GEM. Once z is computed, the output vector y is found by the product: y=(1-j) ez. The
gain over conventional methods resulting from the initial phase rotation step is the
saving of 2re(n-1) additions. This gain exists even in the case that r=1, that is, the case
of scalar product,. Further gain results from the application of the GEM.

The second preferred embodiment of the invention is called the U-complex-method.
The first thing is to represent 4 as a sum: 4 = 4; + j4, where 4; and 4, are U-matrix.

Then consider the equality: Aex = 4 j*x + j4,ex . This equality implies that Aex can be
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efficiently by the real matrix aspect of the

i nvention. COVPLEX MATRI X Exanpl e: Suppose that it is

desired to conmpute the following sunms: 5 Y, = (1+)xl
x4 + " XS +

+9rcjgngi1513tl<;( éﬁr%yéh &ﬁ% Hrgrcﬁét :éf (t_ e (r% ')U-rr;@gi);( |(4|"j+12=) fAxA Z,Z(v_vith the 2n-

|
(-1j) x4 + (-1j)' xs + (1-]. ) x76 Y3 = (1 J)xl +
(G%Ef?lfx-ﬁiezensu(nai-cs}m& yeqtor: 1¥F|' 34 This-iis +gxpresged in the following
(I+))" x6 where the input scal x1,. x2

. equality: Aex= A*x* . Nowdie praductd e wouldbeesmputb® by the U-method.

at i . i QL A : | [ 66 al ..

B e B i R B S, i
. of & factog, ofdtlhe .sort (1 ]

e Lo 5L B b e oy e

addition of two conpl ex nunber’s requires two real

ablonethoddo computestha pogducting™*ef. [Thisf iar factocabovibaies buthtpsoducts y; =
offjkhand nyeatd,on The petesids thinbletedonil tidisufinationt P&y, + y,.
presented. The first preferred enbodi nents of the ™

i fvepiatiom onthe abows Ripblem wight arisein jmesepplisetionsahatpnelyde toplitz
(Ciﬁji_in):d ﬁegtb%@&gﬁm éfd—"l‘f i&zli"é!bf(orslzﬁa_lﬂi)mzlﬁ gﬁ:i( lse_|t_t§ng %he 1mah&'x may also
e st srckion Apcseingiy isto T { b he- b JstbUby (D07, 1 -4, -1+
)1 ot . ; ' - _ ’ fr
et 8} ol 2 e L ERaIRRe PRARLIAR BT, LIRWEL -vector or
( Ubymagrix have sheir quirigs ind@?2.2An 1 Y'vnatrix A id giverl andarg-dimensional
Ly - ) 7" ) AN Cx X Ry
ol oy oo b o it %, o e
=, W@(@mﬂt@dﬁécﬂ%ﬁ%ﬁlﬁ@sﬂ@l gk ef erred enbodi nent

oThd Pleask R¥atibh PRist GENEpre feifed dhfhoditisit ofthd MvEBtiont Wil be discussed
%I;A__m%e to the small sizes of this exanple the gain

|

inal in this case conpared to the conventi onal

}Nﬁ.}e/, but it is substantial é=n5hs\_|[ﬂ%r %ﬁg%@q_?)y V\hen

then B is an rxn U'j-matrix and z=Bex. Next the product z=Bex is computed by
application of the GEM, or perhaps, when the dimension is low, by more conventional
methods. Finally, once z is computed, the output vector y is found by the product:
y=(19) ez.

According to another preferred embodiment of the invention, 4 is first represented as a
sum. 4 = A; + j4,; where 4; and 4, are (0,1,-1)-matrix, possibly Toplitz. Then by the
equality: Aex = 4;°x + jdox , the product 4*x may be computed through the product
of the rx2n (0,1,-1)-matrix A* = [4;, A,] with the 2n-complex-dimensional column

vector: x*=[ x ] Lastly, the product 4 *ex* would be computed by the Toplitz or by
Jx

the more general (0,1-1) aspect of the invention.
Another (optional) preferred embodiment of the invention, reflecting its non-toplitz

A4
counterpart, is efficient when r is small: Let 4**= [ Al:l this is an 2rxn (0,1,-1)-matrix.
2 .

Then apply the (0,1-1)-aspect of the invention to compute the product: 4**ex. This in

-50~



10

15

20

25

30

di mrensions are small, as in this exanple, other nore

conventional nethods of 30 conputation may al so be

applled after the phase rotation step. Fi naIIy the
sumis mJItlplled by (1) t

ﬂ“ﬁﬁ‘@s dﬁ"s Pl T 4 Jth endhay2 mpepl |Faaallyorth¢)process is

chﬁ&pléte&)m&rtﬁe s%gwhﬁf?f-ﬂ operations requiring
of ti'ne"and énerg The second option

est a t
P el hagis PRI Bow b ecamciwhthh a method for computing the
qarothheof & @e__d:.oni}ﬂe)b FeAlnatix hecsu 'E?IttheQP 80 bSHEpeR G- -dimensional
%(t:kets ach coeffi.cie i n.the oW Nng V\gfy
?ﬁe or % A_C ing foggep e{%eél? embqgdiment g@ge mvggftlop, irst represent 4 as
/3 sum/)@)— 4 *5A2 wier 4 ; ancb4 g-a!(ejﬁﬁmathl\kxt byxthe eqatity: dex = 4 ;x
X-P— ]}f %(Q fllows iﬂfat e J)G( Je’éﬁlae coﬁiﬂut‘ed %ﬁ%%éim tlgé%x&é,sj%E}eal matrix

4) ) e kesk |i s, don
by ap '?(Iy n% ‘%%1 2 t%%im ?%ﬁrg&}%&ﬂ? eds? n;;; = A¥ex*.
addi ti bove tabl e of s(n S|nce
a0y g prodtig 4 Hey sl e aprapuSt by ghe sk masimashad. of
ID cor[pl ex additions. After denpnstrating the basic A
pheGoedipe iengphereptionshepreterrad Prbpdimestiottha éweniéon put A**{ ‘]
appropriate to give detailed description of the 4
JEHiefsedn 26 eeal hatdheS TheR GpplY hd el AR AnetBHPRLUoMSthe product:

o SRR H R (% LT Py g e s

abmpdied with the sumj }y ape+yds. { 1+, 1 -j, -1+, -1
Llj}f}lalEAaLﬂﬁOHﬁa\L/EP%g% gﬁz %ﬁug%ﬁg{w %ﬁtc{égjtsr er% {Iclec or isndone by

appleation of thptopBtzctechnique abousd vect ors are common in
mxﬂmnmrlmmusrnmwmmﬁrmwm mopmmm (0,1,

t ak t t
2 corpl erAHRE A AVt B NA Tk TRCHVIQIE S e
pr odudiS-¥¥ Seangheriy %CPMAW@@anwafwﬁeram base

S Y oA o R on e i semen o

$pe¢1ﬁme foharansmnitting)dadd to Iﬁdbilexreéelv&s g |Nﬁnm&lﬁl@r af which the data
g-d sional compl ex-colum | nput vector x and it is

reftpases i Re diferephiafed s by wag of ﬂnn@%meencwfuch is used
fEaHSthé %ﬁlﬂﬂ:&ds A adh B4 Hansinfis a ?Cé)lﬂgl%gt o&‘ the PN

approac es to thi's conmputation VVI e pre BEnt
anﬂammuﬂie twsk of thef searcher mévhanismi indkd mobiléieeceainers to identify the

BAAGRRN ST olknalh. Sesthitod BE bieuiffonsfiSy biies b lguing wih their PN
phhad. | Rfs Blse apphidd Iﬂf gﬂéﬂﬁtﬂ@@@éﬂ@haﬂmﬂ th 51gnals (meaning

i'nvention is introduced. Let B= 2 (l+))
(ethpesy anum:: feomsthgrsamenbage. nét mlaammcpss_%xs ap;ﬁ»cd mtﬂne initial

uted of by the 30 GEM Once z is
%Xﬁ‘%ﬁ?é@&j&l ogﬁuﬁ%{) vector y is found by the product:

y=(1 A séarcHd?#gs required to test a number of hypotheses, by partial correlation of

the received signal, for each hypothesis, with a locally generated PN sequence. The
sequence is then shifted for each hypothesis, and the correlation is performed for a fix
number of signal elements (chips). Normally the searcher is required to search all the
hypotheses in a given window Whére at each time the sequence is shifted by 1. A

searcher may be implemented in a DS-CDMA system by constructing a matrix 4,
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gai n over conventional nethods resulting fromthe
initial phase rotation step is the saving of 2r-(n-1)
additions. This gain exists even in the case that r=1,
that is, the case of scalar product,. Further gain

reBodel sl 28 doRfhos8RPLT BRL ARe Qﬁe&tf&ﬁeﬁMﬁeyl]fN Ssglﬁﬁglgences The

preferred enbodi nent of the invention Is ca
§eashpratsnee His. EWESBIH'Fhe V¢¢Wlsx—4'hlmlgerc s i§ @ veetor eemeﬁentmg the

/T_}Hen C ngﬂ&aﬁsfl‘ﬁgegq faP ?‘9 %iﬁhA]IE ﬁf?r}df"ﬁz ﬁé%?ordl%n@ a’ preferred

equiaddithynt ofpthedavenkioh X aliaR féntioASd mab@ nggﬁﬁﬁh@fbr efficient
the product of the rx2n U-matrix A *

tIHL@aQ Fansfgrmations aredmpleseateds sp mov@&&lgrthe xveetom Wﬁthsteduced
DSBS bl NN Bt oRENP 'y o be st

Ui rthed $earther dfheguggesied atahdardabf the e b&ld/CDMAQ. this
preferred enbodi nent of the invention, whichis 5
reasonable when r is small: Let A**= 1A2 "' |, this is

an 2rxn U-matrix. Then U -nmethod to conpute
the product: A* *x. Thi mﬁh%h% PJ{I@EI ates both
pr&rrbmérSpmfejrre‘d enfbodiment dRthe iAlention THeButddr @Ci%&uatﬁ)nt where pa.rtlal
|e e i0 vari ation
SOt hsL U et VR Rt o, dleisil “Tof kit COMA
t h?@mmmncalm epplidations velteni sevewbr cmslest with odiffersnt Riates (spreading
c
C AtBH Y Seshdtt SMftanddush! SRl ?Egﬁo{iﬁie[h't s Woke fruitful for
UrFag{egs who have plready; qccgmghqb@élsgbﬂanqa cammapd of the previogs aspects
- jolf- thé\uHeJmMECt B willl b introdBédd BS' hﬁvﬁll‘b@?ﬁg e ;ﬂé S¥hitH gives first

ave thelr

U 2-vect or t
er’r{l?ai efs 3 atper nyplve HleLtJ@f%r—rmtrLl{P% the a@ﬂ@d@éﬁ of dgtailp. However no
n -eﬁthmpres bf) Péiisondb@d’fmhe cafi @ebdibei 41D the Hsyébt@ roﬁhsTBﬁbQ&ﬁient The

corrp rgduct v=Ax..The c
éx g’@& dgﬁ qle £ {hg iy n, ‘rteén%he phase
P EPB%‘ ?J‘ég? 5’68 ¥ nent of the
invention will be discussed flrst et = 2 (1 +H ) 4?
and z= 2 0 +)y thenBlsclam |1xn b 1 madri xlandt 2 Bx

Next the product z=Bx is co-nlpuﬂed—by ]aprll i chti-eh df
the GEM or perhaps, tpe derelnm on iss Iciw by _ 1
nore conventional 2 hods i nal | once z |s
conput ed, the out put vector y ils f-éunﬁ bylt hd plodutt
1=(1 j) Z. According to gnatjhery prleferre_dlenpodlpenjAJ
of the invention, Ais fitrst represented as a sum

= Al +j A2 where Al and A2 are (0,1; |)-matrix,

Topl,i t Then by th
pos& ky o1§)s1|on input \ergctory ©
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equality: Ax = AIx + jA2x , the product Ax may be

conputed through the product 25 of the rx2n

(0,1,-1)-matrix A* = [Al, A2] with the

2n- conpl ex- di mensi onal columm vector: x*= X . Lastly,

t hBuppcsd tiedt itAs ’Smd’tham{wﬁtﬁnhhe mﬂ@*pt(ﬁﬁmbtér&h@l@@ kel Soré&ing factor

ge aspect of the
9%‘;1{1?8 ﬂmﬂ ﬁean&('ﬁistspr&ﬁém o o Hags b asbilisrdrnd ghe spreadmg
t hgyctdp\e ref |
03140 1 ] e s 3 T b i
[ | el]smemssare summedy imthedhird and theeforthiines exeryfolhauecessive elements

Bl Bt SRS eSS BB e OIS 5
pr tHéU@ir&dXﬂg FaofokXis . dedreasifigX that hsﬂﬁ{é éi)re Pe[c?cﬁeﬁseach lines is

is conpleted with the sum y =vy] + jy e conpl e
cheqiab pr mewe to tewpiseding fadtomefithevprevicus rimch Jhis mrmmology will later

co t roduct of a general conplex rxn matrix
Q%B;eﬁﬁglg&ggfgor conpl ex n-di nensional s vector Xx.
ACIC 13 1ﬁiﬁ[‘ﬁdﬂ? the sbqyieehf e fbllowoiuiiy ghoald Ee’&mputed
i nvention irst represent A as a sum A = + ] A2
vvhéré"ﬂﬁlz ’and'xAZ" #ue rsat ¥gat r¥x:XfNext by the equal ity:
ﬁl +H A2' X it ftgllowsthat Ax can be conputed
tthugHCZt’he Bodﬂfét' ofs THe r xBA T al matrix A = [AL,

W|t th dlrrenl qurm vector: x*—jx
E $/§Z* }5 %‘él V7t W& product A*x* woul d
cqmp ted, byt e regl. mtrix 10 According to
dt herzu(o 4 ona4) pref5e gd e&boggmsnt of the

m.xgntx N-4puy AX, “=.As +A5 Li .x71'|5}ks is an 2rxn real
matri x. Then apply the real matrix nmethod to conpute
t hEirgrthereds a split to*four 72 &-matrixwhére she henzmntal lahmansydtn reflects the

VA\A’(O)H(VG?ﬂd ; ing @%)1(01' Thgn, %Umﬂiﬁg{lg 58 ?ﬁsi:r Ea aR¢e l Sl ydbasic level,
t 0(6' H&ﬁoﬁ%ta’ié ’hoW ﬁcmlfrgnscﬁ%f daved ?,gt ﬁup}ie@ CS?Q&tor Thﬁs, applying the

done 15 application of the tz te
abdmnaﬁow@bﬁmvﬂént Nﬁt&STth_;\LtwAPﬂdhtﬁWﬁl a(mlﬁeqiﬁred to compute the all

T%ﬁkﬁ S RI h( g . 1) - MATRI X AND COWVPLEX- MATRI X
L@% digese cher The 1S-95 CDVA system
aly;owsy nunber of different base stations in a small
geogr aphic location to sinultaneously use the sane
segpentr,of 20 spectrumfor transmtting data to
nobi |l e receivers. The manner in which the data from
dix;f er efat bases can be differentiated is by way of the
PN sequence which is used

Xy + X7

X] - X2

Similarly only two additions are required for the second sum of each line:

X3 + Xyq

X3 -X4

X3 + X4

X3 + X4

X3 + X4
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to spread the transmtted data. Each base transmts at
a different phase of the PN sequence. The task of the
searcher mechanismin the nobile receiver is to
identify the different pilot signals transmtted by

t hands s pouridimeg, thesotl by 8adddiionmds véqulred 6 thisFPhr25Four additional
ph%%ﬁ.. It is also applied t&édi fferenti ate bet'ween

s eV UPRSATP PPESSSHY IP GAPisty the A5Auingd sump of inesd & 4 iand another four
f r QI9ifidiR] 28dEoRARR redhitl W i LERGL N
(Gl SMHORIBR rofhiSUTy SaRpRE Sy SBRLE e 5 "ence total of
reb@ianldéul_omg W?@t requiredribyr amgapp}jgm’niblhecs[?a, pfefenﬁarémbddiment of the
correlation of the received.signal, for eac

hy BOEHRES BVeriiqn, Ergr it fonveg SRAl Bt fpe ceouldhave required

3 & addigowsior the dagie tad. ft ed for each hypothesis, and
the correlation is perfornmed for a fix nunber of

si gwasnvapement ef ¢usrang aypeciof the lingentibe innddes lael-marix that might be

r j . I e,.. hypot heses in, a.given ) )
e O SGRY Gllotlas chiInd HBRH el BnfhitS frospauived as in
1.thé\abswaexdmgple MEPhedimpiiéctoreistredl drcompier. CaME m¥FikSHhy be sub-
by,.constru ,tésnng)a matri x A, -51 whose rows are

cShiyided dyo sovsvd sbrmptsixewhemsinf each efthem is computed by the
N . ¥ .
¢ LAREOE PAGATin S, AR Elh® AT W dolikRlleddy, Tnto ehis

| rothudigerst ymathodaisittegtatet] that<indg Imeacheésp sielivieids in term of saving
A%égj‘,dl ngnqig a prgferred enbodi ment of the invention

t RECKIORT BN BFRSEIRANF NG CURPLENY - a 188 toal Apkit isoan additiasiabprocessor or
5 abi i - O 1 q300 s
SIS (S QISR ROB LA 80 s by
r leb&)uzecdsthe I‘tklzlde,rlmmad ﬁqu trégredsiqwrfen?ﬁlatﬁlﬁ ¢hd cotepiexion s, of the U-
al s use in the searcher, of the suggeste .
SEEET oo oM Sh PP TBHRCGPMS ToaRT ARODUCHevalgpment of this
AREHORImEH:E 8T G BT R wiBbo R hat Pl B

to a situation where partial sunms o mat r’i X

(LR S e S SRRy R o
S e e 5 Bl bS5 v st of

f letigth pl Thas: readers who have al ready acconplished
substantial conmmand of the previous aspects is of the
i nvent Y@= 6V 1kt B i Mp+ikpaoed - Bgpht-he -f ol lovvng p +hVn - p +
exanpl e which gives first idea of this rather
i4vor&d met hod wit hout the abundance of details.

¥ : 0l e of reasonabl e size can describe
g?%ﬁ{ehe;kggtéc%sgof this enbodi nent. The reader may
al so nvgp,&f+ed, to the, sunmeryvof) the ifordnk kchp/pi t em 6.
Exanpl e: Coﬁ??té)@#}tjﬁe followiig 5x8 U-matrix: 11 -1 1
Thelinteger p in fHe cdhtext isicalled thelspreading factor. Observe that multi-vector is

a structure akin to the structure of a matrix. The next item, multi-scalar-product of

multi-vectors, is a cross between matrix product and the usual scalar product. Take two
n-dimensional vectors v=(v;v,,.....,v,) and w=(w;w,.....,w,), then the p-multi-

scalar-product of v and w is defined by:
vew/p] =( vip,1]wip 1], v[p,2]*w[p,2]........c.ou... vipwp]owlp, n/p])
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20A=1-2111-121-212-11-1-21-1-1-2111-1
1-1-1 and an 8-dinensional input vector: x= x8 -52
Suppose that it is said that (within the rmulti-product
term nol ogy) the spreading factor of lines 1 and 2 is

2wherd theeim¢rnslagiodgctaomi J-afp, ], nﬁ@,zy-@yzﬁ...iﬁuﬁ #8isual scalar
is 8. I'S nmeans t hat

t he s(fé)regdintg actor of line 5, . ]
i RFOfyEs. s Npte %%Ee reswié of thjsprpducids & picdimensienalgeetonnt s
i -t hdd 4and th th lipes every .. .
P S bkl DRSNS, LOF, SRUPRBES, SH Whope e

teetornt iy eolddbs baid ShetpedividEhe: € Fo 8Wry On<iQUlA dBfdes n. This is
|1 S

that the spreading factor is non decreasing, ‘fhat

R0 5085y 5 T S o
BP9 o BRI 5 g

computed: 10 x1 + x2..-%3 + X Xp 5 X6, X7 -X8

-x1 + x2 , -x3 - xﬁF[EJS—Yﬁké,@ﬁ 24'[552& """ xl"'LAn?ﬁ_{P)J)x3

+ X4 , X5 - X6,+ X7 -. X8 ., x1 + X2.-X3 + x4, x5 X6 +X7
“Theg clurstt empediments of the invpsion Wil impravey the) sompyiation of such
[h8aEctd 1 Aset) that Will BOMscA¥A HenBBbFthx Where the

hori zontal di'mension reflects the owest spreading

factor. Then the U-nethod is applied, on an extrenely

basi c,.l ev t 0 denpnst.rate how addj ti,ons saved , .
BoSHe el sl Ama-Pagr PG ok 1 SR EaDRtdp @ seting

afat Viablaaés | AN Qsarardlény tMO iafkgelsi O e 4 %dﬁtmd ih@ger vector

conpute the all first sums of each |ine: X1 + x2

WEPLER. . xpy)-suglethagl + x2 -x1 - X2 25 Similarly only
two additions are required for the second sum of each

line: X3 + X4 pilpy, pa|p3. s |Paeeeereinn Prt | pr and p|n.

The integers pppj......p, are called the spreading factors of the system. The

parameters of the MP-system will be written in the following way:

P= (rn.p)

To these parameters attach now an rxn U-matrix 4 and an n-dimensional real vector, x.
The goal is to efficiently compute the product 4x/p]. The entire MP-system will be

written in the following way:

S= ( nn.p ,A,x)

When all the integers p;,py,......p, ,# are also powers of 2 then the system is called
binary multi-product system, or in short, BMP-system.

The M-1-method This feature of the invention is a straight-forward adaptation of the
U-method to an MP-system. It is represented by the above éxample. In reality it will
usually be applied to subsystems of an MP-system after the near-optimal subdivision
that will later be described.
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-53 and so on. Hence, the total of 8 additions is

required for this part. Four additional additions are
necessary to conplete the required suns of lines 3 & 4

and another four additional additions are required to
@g})ute e reg)lrJé_rLef sum of \line 5. Hence total of 16
adtieRiag et i ste i"r BeP y XAn Hhspnethad ivbased on a horizontal division
preferred enbodlnent of the 5 invention invention.

P the maatix te subanatiibmth tespacktar the cmalisstraposading facton aw,eeach sub-

task....Jh
gﬁ\g/{lﬂ if{algqrr)tgrﬁ gth'fa}gicur r ee%?ns 2 P&t pelltﬁ’%tqﬁ% ﬁ%ﬁ\})é ps ﬁ‘ﬁst p; real numbers of
| 1he heetes x itk MBI bdettiRhts 'Efgllibt mQﬁlx f Thid'ig Qoﬂé Eﬁﬂﬁfagébﬁlsly in all

where at each |ine sub-suns of equa interval s are

rkéepsi iyethea¥-bimarythethado e thenagoek do thé @extryputolunerk aloingSthe same
real or conplex The matrix may be sub 10 divi ded by

| PIRRRSSt o lsetingfs i tbis iaskipR URALAR the ea@nablps @rroextagsted. Next it

CRRG P el Rh I8P e el B SRR ingesy in  tivia

{uhod is integrated that fords near - best subdi vi si on
intermof saving additions and hence reducing
cBpfizsk stey of theelUmagshod on edch sub-neatrix dsiiot scamairt Jimesdbat wos a straight

2ot SEBRR Gy PE ool Bof v i Clof XA In ! g othepf most o

tabl e, bound and regressive fornula of the conplexity, pi-1
sqdﬁhttqns ase needed gt epgh rswlonvmyrcﬁmcofsxe fogeneralt ioomore than 27!

D En K R TENE X S —p—"

repiptication intentled/ by tHis texRis. when 4 is Héda)mm B th@CéaRe tipdlal no more
ger that divides n (in short: p |

a OSI tive in ‘@? )
911 R wwpqque ot lines 1csach seeffon, o Jihys anothar spurce ds ripserted that

PR RN LR N N —
Tt -will. be- contained -n-a fundtih dedéteﬁl bgnz (sﬁare’d as-a table) which is a
vr)) Denote the sections b % (v(k-1)p

in.the cont ext |s cal led the sp readl ncﬁ factor. Cbserve
tWEEeThDY 2Pt cFov exagple when dds lHaéaam thep z(4® =4, 2(8,5)=5, when A
structure of a matrix. The next item 1

rif BreenerabUanatsixshen 1 (4of0) =fult alwaﬁs:h@ds that (.1 <oun{2P1°", r} and
het ween tr|x r,oduct and the ysual scal ar product.
f&ﬁ@?%% HRREHL PP BL T OHE Ba(H v, . v.)

a are %Atat ?f the’ comg#d:)l% 1 L dle\4 I?r{'g%h% %g e based on the table and

Vt%ib @tgl,ﬂl‘é?sim?fh fdm{t% of s(r) a0 appeslr (1t 2he description .of the .U-binary method
vip, nl p]wp,n/p -
above. For every positive mteger y put s'(y)=s(y)+y. Recall also that: s'(y) < 2¥-1

+ 22 *1 and this inequality is rather tight. This gives an intuitive view to the
magnitude of the complexity in the next formula. The number of additions done by
the M-1-method is thus bounded by the following term:

Clnrpz) = (Wp); + s@pr) + (Wp)pp; - )+ (WpIlspr - 1)

............ + (W) (o1 -1)
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where the internal products: v[p,1 ]wp,1 J, v[p,
21wp, 2] ... are usual scal ar products.
Note that the result of this product is a

n/ p-di mensi onal vector. Let A be an rxn matrix with

IinesAI..._;... ...... , and ps(pl, ey, Pr) a
positive int &gélj +6gézt(PbF)? 'Ff '\MH}IP@@ s’"a{/é?.?t"'hat'--p--""l/}’r)) =
divides nif for every 1 <i<r pi divides n. Thisis 5

denoted by:= pr{ In s'EBLNE/HOWPNAL 1y, +/pTRKE.. AN + 1/p,)
n- di mensi onal vector x and define tﬁe p- mul ti - product

Noté\sbire XrividERG A iddignifidadl inst@c&CoflthR MARLIAT Phe first is when the
vectors: A X[P]. = (A" x[P1 A2' xX[P2J . .............

mpatyix hag gnerlige é]%ﬁtlisemheéﬁﬁélﬁh%nt of the invention will

i nprove the conputati of, sych roducts in a setup
that will be descri be%’&hrel%ce We 10 A nul ti-product

U Al P B X Stk A0 AR AT

4 and a positive integer vector P=(Pl,P2,.......
Pr) such that: P1 1P2' P2 | P3, P3 J P4 Pr-1 1 Pr and

Prl n. 15 The int e |} ed th
P b The LI eGer 1B e i iR € L
5400 LA A 2 BB H R i . i
Loy, RioRE TR, R shafitr HEHQ yillbe JRMoRAN 1 thihdations.
Whis yteorger wmdthod worl@Obywhortizomtallynsubldividiag | theviradrinvayd applying the

“S= (r , A, x) Waen.all the,integer 1,.P2,........ .
@?-1,-%6@95 fﬂ §6°1b2§b\}é'|“?“6¥ SSPTRIEH - nar &y i ek gileulations o
Ela;{ﬁaﬁ@éidm&dcu&e %éaﬁﬁ% Vs Rl %ﬁhﬁé}%‘ addisSY gJiﬂ"Ge useful to

e 1-met hod This Teature of the Invention I s
dnvaihgfollwingshdrterhepsion pHithe@boveformila. Bordefimed t 0 an

MP-system It is presented t above exanple. In
reality it wll C’E{gﬁ& y t!e“"é@%ﬂ"gg/ﬂlo subsyst ens of

. t - i LVISi .
S8 T ol g8 26 A A M Tl N, o
(formulatign isAmade to Tomnmmed hthat subdividesch nmatrix bnrhiorieodtal lines. This

SRR Yilte teBresHarIb P SOPENVIGHE Vst <L et Pl bf Breaking of
Phe Yfigthh Iﬁbbﬁeh{ tlﬁ%mb@fogﬁfﬁe WktOsatdecw R Af edeh & solved by the

first plreal n rs o e vector x wth the
@boveM-iamethod The subdivision iwill AaterThe attacheditoman inventive algorithm to

R i T bl Sl TS o

spreading factors, and an rxn U-matrix:

-
(au 4y . . . . . a4,
azl a22 » . - . . az,'
A=
_arl QA .

and take integers k, m where ] < k< m <r. Define first a section of the vector p:

Pm)=Dp.......0m)-

=57~
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process. It continues in this fashion until all the n
vari abl es are exhausted. Next it goes to each of the
lines where pl>P1 and conpl etes the sumrati on process
in a trivial way. The first step of the U-nethod on

i ey Tt o Coponi O v Bbipgen Tfortes DePho seqioncethe matri

fgr exanple, if Pl 2, then at nost two additions are
needed at each section, regardless of r. In general no
nore than 2pl-1 |I|ines anﬁbch§idered by .the | bilnary
nmet hod in every section reover one applicaticn

i ntended by this text i Legsheffrm i s Hadanar d. Fmat|hi s

case there are no then pl non-equival ent |ijnes
in each section. G@ jnother source is inserted |t hat
15 contai ns the bound gn how many non-equi val ent |li nes

m ght appear in each syb-matrix. It will be contlai ned
in a function denoted tyaz (stored as a table), wiich
is a consequence of the fype of the matrix at™hand.
|Lﬁceﬁ/&reamahstﬁ@mlmdwitha:mi:xbiktcﬁm witten by

r). For exanple when A is Hadamard then z(4,6)
—Tziextz genseer ag intggaryeptor: (i Lyye ner- it "dhiatislyiog hen z( 4,
40)=8. It always holds th ry < 20
in the case that Ais I—édgg'r:{régl&}apl tﬁér%ﬁ-]% Q’-]
Tivhichdspt isstrunenofo spiie te @embﬁsil Fiystof i zhtboMo]crEﬁE laQ;dbdmsmn of p
wll be b on Jeta and the regression fornula
of® &Y§ojor; é{ecfé’ﬁﬂt i the; °\U§’§6F?I’6‘F’Fon of the U binary
nmet hod above. For every positive i nteger y put
s'(y)=s(y)+y. Recall also that: s'(y) < 2y-1 + 2y'2 +

1and i nequality,is rat ght. This

intU|If bl e e Bl o B oG eryp-2)
next forc?m ? The nunber of additions done by

t ‘é"' 1Yo ﬁ&ff’ egxo ’bounded by the following term

= / P1, 1P) (P2/ P1 -
%mg(ﬁ&g..(.ﬁg%p,@g +s5(z(P1,1))) + (n1P)(

PI2]=@p02),s 0 . j;ar) (P4 1P1 -1) -56 5 = n(1
+(s(z(PI r)) +r - (1/ p2 +1/p3+
.............. +1/Pr)) = n0(1 +s' (z(Pi,r)) /P1-
(1/p1 + 11P2 + 1/P3 + . ............. + 11pr)) Note sone
trivial but not insignificant instances of this
formula. The first is when the matrix has one |ine,
that is, when r=1, then: C(n,r,P) = n - n/pl The
oPr@- t-he--oBae 1p1) uniform spreadi ng factor, that

| %hg\@oewns ot‘ \E.)he matrix 4 are sumlarly sugcﬂvﬂled with accordance to the subdividing

vector r in the following manner:

for all integers I1<g<t Alrq]= (a,-j ‘rg) <i<r@g+l), 1 5j5n)

The M-method for a given subdivision. This section is the main step in the formation
of a mechanism that finds a low complexity sub-division, mechanism that is central for
this embodiment. Suppose we are given a line-subdivision of the matrix and perform
the M-1-method on each sub-matrix separately. The goal would be to estimate the total
number of additions so that a subdivision of fewer additions will be found in the next
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C(n,r,p,z) = n(1 + s(z(pl,r)) /pl) OQoviously, the
M 1-nmethod is by no nean efficient when r is |arge
relative to pl. It is 10 largely a stepping stone for
a smarter nethod will be developed on its foundati ons.

IR Hehol D B o
R G s R Car <P

nmﬂoeﬂ ©f aflditht GPMP-fubMystenD givedifyh to have the
following shorter version of the above formla. So
define: is C(n, =p( + Bkt

Subdi vi si on of o @y@t'gﬁs" Bl rgZ’kezToallzed
notion of multi-vector. Next, a fornulation is nmade
to command that subdivides a matrix on horizontal

| Tivetotal Anindber eHadddittmhswif kil sblesystgmeisent ed by a

subdi vi ding vector r. The result will be breaking of-
the original problemto a few sub-problens of the sane
width - n, each i s sol vedﬂy t he 22 above M 1-nethod
The subdi vi si on WNrR &R e px t @Ret(atd) ar(gl nn[éfmhz))/e-
algorithmto maximze efficiency. Take an

e R

a2 Larl . . a,,, a2" and take integers k, mwhere 1 <
m< r. Define first a section of the vector p: 25
m=(Pk ...... Pm. -57 It is sinply taking the
'ghq)xmérgogl will fbeitm develep an effidient nmmd@aaﬁsés: emubén‘vlsmn which
ak+l,

RS by 3R i afeisat 8o Eleodioh i computin

| dtMeash Waph the) fepefiv additivel sub5teHﬁX!l/pk ¢D.$.'...d.§ﬁ- #By, and the n-factor.

integer vector: r=(r(1)..........., r(t+l))
sHiusskegdefine:k = r(1) <r(2) <.......... <r(t) <r(t+l) =
m+1,

crnrrpz) =0 1 <ger S(ergy (@+D -r@)ioyy + 1
A near optimal subdivision. At this stage we should study the properties of the
subdivision that minimizes the amount of additions given by the term C(nr,rp,z)
above. First we give an abstract formula to the number of additions where the
subdivision has minimal worst case bound on a given subinterval of the original

problem.
Consider then an MP-system S=(r, n,p=(nD2esDp)s A,x,z) and integers &k, m
where I < k <m < n. Define:
hkm) = min{Cn, m-k+ 1, r, plm),2) : for r=(r(D),.........r(1+1))
where k=r(1)<r(2)<...<r()<r(t+1])=m+1}
h*(km) = min{C*(n ym-k+1r, p(km),z) : for r=(r(l),........r(t+1))

where k=r(1)<r(2)<.....<r@®)<r(t+1)=m+1}
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which is an instrunent to split to sections. First, r
is atool to create a subdivision ofp to a vector of
vectors p[rJ, in the follow ng manner: 10
Plrd=((Pr(1),........ pr(2)-1), (Pr(2)....... Pr(3)-1)

...... (Pr(t),P2"....... Pr(t+l)-1)) The
SHBIO\I/%sctP% S are denoted by, P[r,11=(Pr(1)

........... 2 P[.r, Pr(2)
.......... G ‘) ?{)1’5(7‘ *P{I%Pk%iw(mhlfpn))
...... Pr(t+|) The rows of the matrix A are
sIh?foih"Vn&mS\W?d atsllilc’lé’écor dance to the
sub ividing vegtor r in the foll ow ng nmanner: 20 for
al | ﬂﬁﬂ’bger smin&@’ a-k+1, pffem), d]:—"("&f]‘j(kﬁfﬁq')h@ m):forall k< q<
r(q+l), 1 <§ < n) The Mnethod for a given
Sipgli vi sion. This section is the main step in the
formation of a mechanismthat fnds a | ow conplexity

s%eglﬂingérﬂﬁtgugggm mthat is central for this

enbodi ose are given a line- subdivision of

LoCHTR) S B R TR By fr <

the,total nunber of additions so that a subdi vi si on
of}fewer additions will be found in the next -58
stage. Fix an M>-system S=(r, n ,p=(pl,p2,....... pr),
Aykene)mintempty setyginfingyon vect or

ofshbss expressions are'spd by Ypetofloing fipsmnic sote whgre she susructures
<aItE th Gntefy A4 betwees 16 hed m, S v Mﬂﬂcﬁ]ﬂlexc% plexm!l_of thl(s) °§|de h* will

1) -
é%n) @rﬁég%ﬂiedﬂ @Sgi[w%rl the b@ﬁ?gglgswew i ‘Shis Gasino effect on the final

n
rsegult Z)’E\o fling e f?st ﬁtép g %étﬁﬂ%ll%xawis%g P”(eq%]‘g b9r§}>\ilta)the g that
nﬁriﬁirﬁ’ies-'the expressmn h(k!'q-illﬂﬁh?@)@ forl&very £TdiRl mexﬁhe%)@k k<m<n,

wil] he to develop an, efficient nethod that fin t he
SYiBish 8 e AmEnS EL THRIIAFS 1B CXPIPSIanh Wl qt +h*¢fqlk) pdhus define:

n‘(;?(?;nzl “% a?t egghdgt age ?ﬁg&r}eﬁg*ﬁppem@%l ti ?‘/nél otherwise:

sub d@&m £/ pkmallest. g,. where. k¥ 4._pnnaﬂdt1dht'mn)1=fae‘rkgq 1) + h*(q,k)
Thus we define: 15 C(n,r,r,p,z) =" 1 <qg<'t

s'z(pr(q), (r(g+l) - r(q)))/pr(q) + t A near optinal
subdivision. At this stage we should study the

properties of the subdivision that mnimzes the
aNowrthe optimalisubdiision cedercapybetfomneder m C(n, r, r, p, 2)

A dynamic programming inventive code that finds the optimal subdivision. The
following codes receives as data the parameters of an MP-system P= (r,n ,p,z) and

produces as output the subdivision r on which the M-method performs optimally. In
addition it also returns the complexity of the optimal M-method.
To run it efficiently we need to compute and store beforehand a table of s'(r). This is

done by a fast code that calculates this table using the regression formula:
s'r) = -1+ $'(r(1) + s'(r(2))

Optimal Subdivision Tables (n,r,p,2)

=60=
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above. First we give an abstract fornula to the nunber

of additions where the subdivision has mnimal worst

case bound on a given subinterval of the original 20

probl em Consider then an MP-system S=(r, n

, pfard gpg from Otopi )dp A x,z) and integers k, m where
=mn(Cn, m- k + 1, r,

.n. Def k
p(Icn)f%rgﬂgqlggﬁi@‘(hcl‘j'}?%.@.... r(t+1)) where

k=r (1) stLRM5. . . . . . <r(t)<r(t+1) =mrl} 25 h*(lcm) =
mn{C(n, m- k + 1 gn)z) :for
r=(r(1 *(k,m)s:-.--.-.C’F@t,m)c)“ piempzk=r (1) <r(2) <......

<r(t) <ﬂ§’511%‘17‘5k‘$1r} -59 It holds that: h(k,m =

n(h*(k ............ + 1/p,,)) The
foll ow ng fﬁﬁqubmgﬁfoﬁ{mli fsmidel ds: h(k, m = mn{C(n,
m k+1, p(k,m mn{h(lcg-1) + h(q,ns): for all k

< 5 n}} \/\k@FE"mhﬁ(b%'éi?hé'éql)lﬁl nfinity. h*(lcm
mn{C*(n, mk+l m.n(h*(k,g-1) + h*(qg,m:for
all k < g< g< n} f%( lﬁ%@n e(’en‘pty set)=infinity. 10
Now t hese expr esht(@ps) are- dsgdll by the foll ow ng

dynam ¢ code where the substructures are the

interval s bet weef&mhnt-114 To reduce the conpl exity

replace h-on the route to
%scover @% l-g‘aﬂt\ﬁliubstructure This has no effect on
t Whaf isnlaft nave sutd obtdin ﬂ'mmdhé kabld yfkoh) deﬁﬁud:ted bbfﬂns procedure the

t yiodl te the g th
¥ Jﬂg?ﬁzség rdél\llé 3'5&8@“%“ if @ngn%{h%e deIOEWns sedeeﬂv@t grepte the set R
sl cH UGS tHe Sortt (ﬁlems%f@lhe ép?tf?mlvg $p the same g _that

m nimzes the exp eSSI on +h *(qg, k). Thus
d@ptlmiSuh(liwmni’elcthnmp)*(Icn) cC(n,r,p(lcm, z) and

h. W se: = smal l est q, vvherek<q<mand
1 Tﬁemptshse?%né@ﬂ W+ (g, k) 20. Now the opti mal

subdi vFﬁi(pveaggeﬁqup be formed. A dynami c progranmm ng
i nventive code that finds the opti mal subdi vi sion. The

foll omfmgkeﬁdelstheaceu ves as data the parameters of an
VP- sysi3 (r , p,z) and produces as output the
subdi v %lqdnqqk%}] whi ch” the M net hod per f or ms

opt i meddd/q td the set R
Find Vector (q,m)
Find Vector (k,q-1)
Return the set R.
Now that the optimal subdivision r is found the M-method will run on this subdivision.

AR ERENSR AN R RERNSERREREERERENRRENERERERENN NERNRNSERRERRERRENRER RN RN UTNRRNRRNTRT]
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addition it also returns the conplexity of the optimal
M nmethod. 25 To run it efficiently we need to conpute
and store beforehand a table of s'(r). This is done
by a fast code that calculates this table using the

' f ‘AP =2r-1 ' I + s'(r(2))
rOS?lrre};IS %’Wgn ﬁ(g]ﬂ@s (nrr p+z§ (gg %Zar b g(()i S]g
f roie ﬂ)ll"o%ﬁg isrdi‘él‘récpémlso&ﬁieﬁﬂ e tHEnn‘lvetnﬁ h pgmﬁ?i Vet algorithms

h*(k, M) <----- C-(n, mk+ , p
<-Which 'arg dg@;led} 1@gien§:ntatl@n$ |o£ 1het ebcmecmethddx- -They enable additional

[ tetiudlioR)ig inHnbf) Bld ehdred) rasollrck vEuitel 3 nefioby ¥ above methods.

arithey. hatkeathel dudleédal refentainéiag alé albové rn‘i’éﬂxéd@aﬁ@%'feprowdmg the
y.this procedure the optinal

constru ct
&B%\?PBY‘% 63%8 6? buqiﬁ,tge BBPaIgHe §net Weieﬂmlnw\assmgnmmdeegardmg

ns t onponent s
ot ifikfichfiontls har oS RARBKOR HATHC B BRRGH, pud may be
( reonsigyred %starblﬂaﬁb'mpﬁo)sexs Gomathd skt Slmatrix havihgd g g‘ﬁ%t $8t of entries.
iﬁ??{j?i then ,put g:=q(km_ 20 add g t
t h“énr%'%ftf lﬁzﬂﬂiﬁ& '%‘aftfcﬂf TPYS iy sma. PROUGA WRen qoRpgrer) with the number
R ﬁhﬂ;ﬂg Vi si on r
[ ?f 1l‘é gund teS Heﬂl\l}kaﬁteﬁe%%g«’%\ﬁ%mlé&a fﬁﬁ’& sa@élg'gﬂl Vi si on.
| MPLEMVENTATI ONS  /lilwebefr @lf P‘Mﬂ@(pﬂﬁb&f Jf@dhﬁ)ihmpdl ment S
OfIS ts.eulsﬁecrl] V?—Petnlcg gox?ng %\f tgee stlelgsv &12% Iar\cleesuziatla grl;l tothrg' circumstances such a

check for equivalent lines are redundant here.

The mappings described in the text that follows channelize the flow of data from one
location to the next. Each location is assigned with a binary address corresponding to
a column of the matrix at a given iteration. In the case of U-matrix a (-1 )-component
of the column, corresponds to 1 in the address, and likewise a / -component of the
column, corresponds to 0 in the address. A similar correspondence is defined for U;-
matrix.

The implementations that would be described include a first step where the incoming
x;-signals are added to preset destinations determined by their corresponding columns,
where each x; may be multiplied by a sign and/or power of 2. In the proceeding
iterations, whenever a column is split with accordance to the invention, the assigned
address of each of the two splits is lesser or equal to the address of the given column.
This enables every information stored in some location of the memory to be sent to its
destination before being processed and lost. In addition, if it holds that one of the
split halves of a given column is zero, the address representing this column will be
used for the next iteration. These properties are accomplished by a novel
construction of the data-flow maps which is set to minimize the movements of data.
At each iteration maximal number of addresses remain untouched, including all those
whose present content can be used by the next iterations.
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whi ch are detail ed inplenentations of the above

nmet hods. They enabl e additional reduction in nenory

and energy resources required to performthe above

nmet hods. 5 They have the dual goal of enhancing the

alpBY thedRiifd of A fofowrh® ¥hiteABnifiShs i %égéé{p{de&%d in view of the
required to build the apparatus. One underlining
agkayspéeseribed GGEMI preferrdte smbpdiplentrenft the i inmention. t hatfinite set of

t f ' trix is. ' Jmay. b .
Pt T T ——
nihdsi ¥s Ieditiedga acophplete SPtmatix St i | @nsist RO GRe | séiﬂlﬁt nonzero

the nunber of rows is small enough when conpared wt
ns  of) nermalizadmisdimgnsiondl acoluma-vebtove whose components

t
i d n b d n er..of rows<l o nber
Felbag U8 e NEE I Moo B0 QARG AeDec SRS SRR and the
anerntalizatidn conventdi that iiCbuTRHARMOSSNONAED cleméit 8Rduld 86 7.
i val n%bhlnes are_redundant here. The mappi ngs

e

d@gieﬂ’% oving lowsdimengenal gxamples. channel i ze the flow
o] fromone is location to the next. Each
location is assigned with a binary address
corresponding to a columm of tig muat{jx at a given
iteration. In the case of U—natqjx a é}l)-conponent

of the colum, corresponds to | On % h addr ess, and

I ' -1G.G t of the columm, corresponds to
Jsﬁﬁﬁ%ﬁgagéé#ggggg Simlar correspondence is defined
fthe mhdteix:at ri x. 20 The inpl enentations that woul d be
described include a first step where_the incom ng
Xr-signals are added to preset déstilnati ons deterni ned
by their correspondi ng col ums, lmhfre each xj may be
mul tiplied by a sign and/or power of-2. In the

pis acoetplétg U-Rim4teikj ons, whenever a columm is split
with agcordance to the invention, the assigned
JB8MAEX0f each of the two splits is |esser or equa

to the address of the given col Tn. 25 _Thi g4 enabl es
every information stored in so | 6dat on—d1 the
menory to be sent to its destinatipn befeng being
processed and lost. In additionj,if itlhold t hat one
of the split halves of a given olhnn 'S L ro, the
agq&ﬁﬁgﬂ&gqﬁgﬁg 4ng this colum will be wused for the
next 1teration ese properties are acconplished by a
nthe ehatrix:onst ruct i on of the data-fl ow maps which is set
to mnimze tile novenents of data. 30 At each
iteration maxi mal nunmber of addiésdkslrénal n0 1
untouched, including all those |ghose;prpesgny qantent
can be used by the next iterati¢gns. -%2 The nmechani sm
of the follow ng inplenentationgf D bétterl uhdddst ood
in view of above described GEM preferred
éﬁﬁd@?ﬁ@ﬂ?{@gigﬁ@a?ﬁéention. A finite set of nunbers,
Shelniiddixd ncl udes the nunber 1 is considered, and in

this context a matrix of r
1 -1 j —J
1 1 1 1
is a complete {1,-1,j,~j}-2-matrix.
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lines is, termed- a conplete S-r-matrix if it consist
of all the possible nonzero s configurations of
normal i zed r-di mensi onal col unm-vect ors whose
conponents belong to the set S, where each

C QThE lisiplepien@itioAR ﬁ%?olwgelﬁésﬁg@??ggg%%ﬁﬁ@&%&e number of rows

ngrnallzatlon convention 1s t

nénsealberqughenith satidndolike %mbm@uen%@ thet el Iﬁ‘lgpeotrteion of all
. ) ] _ t : IS a Cco

BB BB 1 S B bt s Hence

Uth2-fieat itérstion Afadé heallBlerpréceeding kmplendentatiohs fet é% tB& & putation

1 1is a conplete U-3-matrix; "the matrix: ] 1%

1to the prodygt SP 3 cqmplgteyS-rmatrix, with 2 oddifiesl ‘ot ef@nséuently all the

| Yiods X -1l -] o111 IS a
oot B doKd inchatfondWhblnlte b robins of, 2 19 dimensians pegaplete 5
t matrix withawespeetivesedified velter.assunption that the

rows .is_small enough with relation to the

nppber  of S F _

nA®erderd mannes s whish;the columng @ppsas protheimatrin of thel above examples
. | | ' h | ft .

PRIBLD A Tt ehO Ay BAERINgL Bt biaSe fipieenttons, That is of an

neditressimgabhsetihen pr comﬂémgrdlmfeﬁ’@iataﬁhF Otiﬁé %&nﬁﬂﬁﬁo t€|S|-base
ete

utation s t roduct of a co
?5‘[&%%15?% %’?‘eﬁﬁ the %ééﬁgﬂ ﬁ?"i Raftop e*?raponegbngé thsuestor ynd ithe LSB is the
t@. nore advanced iterations conpute the product of a
| ower di mensional conplete S matrix with a respective
mbla ffaadamental oresulThie that deftee therefisteitedationitherd # e unique uniform

Cé)olnlljp efe %ggsef&[meiatﬂmt rr]neal’cnn;i‘,t %61 (e)\f urtlirtloermab((a).ﬁ/de r(g.t)igpp Jb%?ous) address-

_ numbering.  This uniform matrix depends only on S and » and not on the initial
transformation matrix. This leads to uniformity in the rest of the process and hence
enables the creation of data-flow structures that are universal and independent of the
particular transformation matrix after the first stage. This is very useful in hardware
implementations and in the conmstruction of apparatuses based on the present
invention, which is the main goal of the current chapter.
Additional and separate aspect of these implementations is a reduction of the réquifed
read and write memory allocation and the number of additions for suitable
transformation matrix. Consequently, the energy required for the performance of the
process and the cost of the apparatus are reduced. It should be observed that the
efficiency of each of the following codes is enhanced when it brocesses the same
initial transformation matrix with several input x-vectors.
Finally, to have a proper perspective, the following implementations should be read
with the understanding that they are a few examples out of many possible efficient
implementations of the invention.

Example 1: 0-1-Binary-Matrix

The following sequence of steps describes an implementation of the 0-7-matrix aspect

of the invention. The data consists of an rxn 0-1-matrix A=(ay : 0i<r, 0j<n) and an

-64-



10

15

20

25

30

reflect another feature of the address settings of

these inplenentations. That is of an 10 addressing

based on a consistent rule of translating the col ums

to an | Sl-base addresses where the MSB is the bottom
CRBRORANbr @émples Q&%Ok:@;ﬁdthe,bsﬁ I Thel dfumALEF thENRatrix 4 are
fundanental résult is that after the first |tera'f|on
t¢pmoted dya vani-gue. uMi-f.or mIhisosgguenes tof astepso comtpites the product

it el x, witia unjiform (and yather obvious) address-
B Rtediig Pl S SR &R aRon dph Bt GOURDS one real or
acuinpleRmimbef, depeddity oiithe féctér ANTheraBEAte rdil ldnt Xwrite memory
This leadg to uniformty in the rest of the process

GftaiRhcel dnadduesses Habdled Atamn/ dp daf’al.f representing the columns

557 80, ARl OEIEA i B o
sdeagréptiothofithe presentypreforéd embodifirhtiv®the invention.

IEE! enentations and in the construction of apparatuses
ti9RSt he present 20 invention, which is the main

g urgent ghapfer,. . Addili and separate
a@é%%@{eoﬁopgﬁgsﬁe&i é_rren{(grpi o@ il}skrg?fze_ducti on of the
BODETBR fof QHID ARG WY, =2 TETREsK AAtteSRWilNcdiin laf he end of the
nunber of additions for suitable transforpation

riroedsy theoeerapenania ofthe toptpué weetgy y @ ui.».id) T ovherd & would be the

pesf ormance, of rqcess and the cost of the
aapc{pdﬁersgftzg O’Z’évoruigﬁ%g%.a% esss?@m Sthe_ observed that the
29 &bt ke @nmd of —:?a@éﬁﬂéfastﬁﬁmﬁ/ﬂﬂe%&ilnﬁ?ﬁoz,f G which control the

enhanced when i't processes the sanme ini

tmaverhentsref ideta franr eachviocdtionetpetha Inexhp Firskpwtectlord(k,), m=
F , 40,ha proper perspective, the follow ng
ifﬁ%?)e%nthat f@ﬁ'}éﬁéﬁoul d be read w th the understanding

ekt fhh@achdhRger J-puuRhpl es out of nany possible
efficient inplenentations of the invention. 30

Exanpl e 1: O- 1- BFggv)y=Xbiwa™/ The fol | owi ng seqyBpck0pf
st eps descri bes | pl engng,ati on of the 0-1- rix
aspect of the immrquﬁggghe data consists oﬁéﬁ 1A
0 i (ALt v, G < Aan -64 input real
O4I)]DJHHe ot ebeiyAector v (18, ........... ,J,‘b é}”@,(}}.

conmpl'ex vector x=(x0".".."." P A X,,.,). The
colums of the matrix A are degoted, by
VO, .o v, , . 100« ogeditnce of steps

utes the product y=(y0....... yr-1) T=A-x. At
Ut sods:

ven k-iteration each | ocation contains one

rﬁ%itili:iizaﬁeﬁ’iplﬁﬁ zﬁt’d?ﬁﬁ@w%&%ﬁ@frwyﬂg #he vector x.

The all ocated rea ite menor contains 2r -1
i dirvebstage:| firaljegdifg from D tbm-Pde 1, representing the

colums particjpati in the proces t each

CCeration e Benotlnodhs RGO ¢ part of the

%%ﬁif%ﬁﬂ? of the present preferred enbodi nent of the
n.

i nventl Definitions.
for kgoing from 0 to [log(r) /-1 do

forj going from 1 to 2* do
if l(kj+1)-1 > I(kj) then
for p going from [ to 2"®*V-I& _1 44
put v=2 itk ‘D

for (source) address v do
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1) Define for all k-10, j 1: | (lcj) =i(j -1)
(r/2") 7 10 2) Define for all O nxr Y,,,= 2. These
addresses will contain at the end of the process the
conponents of the output vector y=(y0,........ yr-1)T

where Yo woul d be the .;agdress o Y1 uld be the
address of y,, ezt. 3)1ng?J(‘§?§a%‘§£%§19fV-, *Hefi ne as

f alid ahs vt fesidedd anshd-(sourcePaddiesiVi GNHEOMID n YHE (destination)
nmovenents of data from each |location to the next.

Fﬁii‘gf?_sspﬁw(\’)l = 1(k,j), m= 15 1(k+1,2j), h Next for
<3 o L0 s AT o ARD s
VIR - vr.j) E(0,1)': 20 D (v) =Eos<r

21vl. = The code. 1. initialization: Put zero in every
aédrogg%m?“&fg‘ﬁ?“ﬁb“tir-l 2. first stage: for a j going

| OO bbbt A 0 A UGS,
70-4r.do for j going from1 to 2k do if 1(kj+1)-1 >

I&:kj) then for p going from1l to 21(k,J+") - r(k,J)
- Complexity.put v=2 "(kJ) p for (source) address v do

- ' v . WEYANeLY2 .add .1 he value .

B3 dimEnthy YL pR RBOED bl Y fopm opg Locetion

( dEtiei merhory, ralleikbueces akdddipg #nel aatustben plicédinSanoted focation of

(qf source grgss v) to the value in the

(&%P?Wﬁ’fyl’ﬁ fe D. s Fk:j(v) 4. obtaining the

0 : t age, r S i

VAPEdonerily TRSSL ShOBE ke dodd) OGRS reltufip W] Bfiobdlfy mumber of
elementary steps to compute the main part of the above computation of 4-x:

et
This number depends only on r.
The entire computation of 4-x thus requires at most the total of :
., © n+C%,
elementary steps.
Chart 1: 0-1-Binary-Matrix

Fig. 1 schematically illustrates the operation of updating the contents of a memory employed

25

30

by an apparatus which performs the main part of the above code, implementing thus
in a preferred fashion the 0-I-binary aspect of the invention, with a 0-I-binary matrix
comprising 4 rows. A column of each matrix at each iteration is represented by an
address in the memory, in a binary way. The bottom (0 or I) component (the extreme
right hand component in a horizontal presentation) is the MSB and the top (0 or 1)
component (the extreme left hand component in a horizontal presentation) is the LSB.
The addresses ¥,,= 2", 0-m-3, contain at the end of the process the components of the
output vector y=(yg,.......y3)" where ¥y would be the address of Yo, Y; would be the
address of y;, ect. The arrows signify the act of taking the content of one address and
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Complexity. 10 An elenentary step in the present

term nology is reading a nunber fromone | ocation of

the nenory, called source, and adding it to a nunber

pl aced in another |ocation of the mam)ry, cal | ed

d ssxtdiirmeit kobe ad\fedan Hiay ekt Bﬁ&:ﬁﬁh&% cfo%%%th accordance

woul d require the foll ow ng nunber o

sibihe qr@ercqfrﬁbgtl@rqqqgs pad thep@mareasing) Ioedeakmﬁ\ﬂm addresses participating

cg{%\;{ 0 c)2r+1- 2r - 2. This
nu h %agfgﬁaés@ﬁcaéébggh%gegﬂéq re conputation of A
X thus requwes at nostExameple ot a-Mdtrix cal .. "' 1 m

T& %? r elenmentary steps. Chart 1:
0 b 9g RedYense of ﬁepﬂdesemi@ﬁm implamentdtionaifithe Esmatrx aspect

0 0 t ontents of a

eﬁﬁ%%{h b)@hgdﬂgap%%r%{asg‘gf %}1 ﬁ/trgp% rﬁsr?f%ﬁe ('%:’Bﬁ’ n0gapt and an
ofnpuhreabeaie godg.....M0,PEPNTIHY @okﬁﬁﬁ ofithe Raithel %Jd'u?cﬁbe denoted
fashi on the 0-1-binary aspect of the invention,

0931 -Wi-mary- - mals-i-x This sesusness ofi gteps roomputes ﬁhelprndua]fy-—(yg, ...... Yr-
th Al esent ed .b

g q rfé g? At %eﬁ; gl%@r? Heljahgﬁ gddholgcdtg? &ggzus ope ée’l'}c%t%mpé@ number,

odepehding mncthe Wbctbt Ja e Tms tanemaed fead Bhd Rae nfeaivpy '&Sﬁ‘ttauis Nl 4yl

AR R R AN G
L T L M S ——

c@ﬁtb@mﬁmsomf the 30 out put vector y=(yO0....... y3) T
where YO woul d be the address of yo, Y1 would be the
address of yl, ect. The arrows signify the act of

t Pkfingioh§le content of one address and -66 sending it
to be added to the content of another address. This is
dor®rgpethy-dimaensitmab U-vector tdre(ugr der.., of ;) tibfind: t er at i ons
and the (i ncreashgg) order of the addresses
participating gé)h_r{eration as indicated by the

above code. Exanphg =2(uoU‘}\@.t.I.!.?S....5...-Eh?u | | owi ng
se uence of steps descrl bes an i npl emrentation of the

efinexa sepsespondesce ibaipeenitbmbi-mier biaery sebrid£L, o/ Jaindahe logic-
rgﬁg b&hﬁgg%f%_{b-)(}a%y 04<r, O fn) and an input real

vector x=(x0 A2 oL x" -1). The columms of the
matrix A would be denoted (-1)=1
I'=0.
Accordingly for an r-dimensional U-vector, u=(uy,........... ,Ur.1), define:

ﬂ'( u) =2 Og7<r 2/ u_'/.

3) Define ¥;=0, and for all Imr-1: ¥p,=2"'+m-1. These addresses will contain at

the end of the process the components of the output vector y=(ys,......,y».))T where ¥,
would be the address of y,, ¥; would be the address of y;, ezt.

4) Forall k—~ 0, j -l the maps Fy; Gy, , Signy; are defined as follows. Let /=
I(kj), m=l(k+1,2j), h=lkj+1)-1. Forevery integer v—0 define:

Signy () = 1 - 2:(v mod 2/2™1 |

Fi,(v)=2"[vw2"/
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by wO ........ .. .. .. ... wn-|. This sequence of steps

conmputes the product y=(yo,....... yr- 1) T=Ax. At

every given iteration each |ocation contains one rea

or conpl ex nunber, 10 depending on the vector x. The

al l ocated read andn Te menory contains 2r"1 +.4-1
addr esses | abel ed f%rgn 0to 2r-1+r - 2. The if' "~ Signyy() =

f Il owi ng definitions and those of the previous

exanpl ez a&z —required for the description of the

present ferred engodlnent of the invention. is

Definitions. 1) B¥c2each modlpmensi onal U vect Ofiny, ) = -

U=(UO, ..o vnn .. ur-1 def|2§ Si gn( u) Er %ﬁgﬁ?ﬂy _]

(uo" Ur-1 ... ur-1'ur-1/ 2) Define a

C ndence between the bi-polar binary set,
LE{E%%—??? and the logic- 20 bits binary set fI—{O 1},

by m(tu{ljz’atmﬂ Eutz@ro iheveryidagdsy fioft 0 ap r gjpensi onal
........... ur-1), define: r(u)21u

U-
- Vfg'iji Wgﬁef?rdego’r‘&g:ﬁ@m Ofed-8p all 1 -mr-1: VY, ,, =

2r-1 + ms contain at the end of
t he prggéss!‘I é)exéorrponea{%’§s %@(‘ffﬁe out put vector
y3:( wiain part: . . yr-l)T where Yo would be the address of

yo, Y] .woul d be dress of Y1, ezt. 4) For all k-7
OfOYJkgﬂF!gﬁ'%Q'r@rf ogii/-1dk .| , Signkj are defined as

foll 1(k+1,2j), h =1(k,j+1)-1.

For Zverfﬁﬁrné&rngjw ag?fné 30 JSi)gnkj (v)( —11 ) 2-L(v

nod 2 )/2 lﬂlﬂgﬁlq)u(y)gkgtheﬂ_v/Z J -67 v nod 2"" if
V) 2111- 21 - (v nod 2") if

Sj.bn;
Si |tb¢7)’a e_rqsm};ng- h’é&@(ﬁﬁ‘éﬁmq} addreiss ¥ad,i toathie valueRu ther@lestination)
|£a(§éé§ry address fromO to 2"+r-2. 2. first stage:
for | ngromOtonldo add Sign (W -xi to the

az])dfoemqmg from) ) to 2!+ -ID-1 g g4
put u=2"%"-p and for source address u do

if Gij(w=u then
add the value residing in the source-address # to the value in the destination address
Yige1,2)
else if Fy,(u)=u then
add the value residing in the (source) address u to the value in the (destination)
address ¥z
else if Gyy(1)=0 add the value residing in the (source) address  multiplied by (-1) to
the value in the (destination) address ¥, and also add this value (of address u) to the
value in the address Fi(u).
else add the value residing in the source-address # multiplied by Sign;;(u) to the value
in the destination-address Gj,;(4) and also add this value (of address u) to the value in
the address Fy;(u).

3. obtaining the output:

every address ¥; contains now the value of y,, for all 0-i<r.

Complexity.
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10 3. main part: for k going fromO to flog(r) 7-1 do

for j going froml1l to 2k do if I(lgj+1)-1 > 1(Itj)

then 1) add the value residing in the (source) address

YI (k) to the value in the (destination) is address

YIif Whlelgdhenidly §@p iR 1RO wve tmptethbihdon s teadi
do put u:Z%%yk, i? p and %oEr[gg{éauﬂl}cdel@glgct)zlvree%n?*e lpé%atl)‘?n is teading 2
GEumbpE dromn eme ddeationeof; tHeumemesi, dialled sourtélemultiplying it by a sign

SQU:Ges to the value in the destjnatjion i

S MG Gh ) e L B S5 e o docstion o
v dhememesy, dalgd ddstihkxgod, Sour ce) address u to the val ue

in.the (destination) address Y1) else if Cki(u)=0 add

t A The complesitsisdgrmulated avithsbe fallowingittrmssFar 0 - & - flog(r) ] -1

mul ti.pl i ed. by (-1) to 25 the value in the

(agéf Tha i'fo'n%& a'(%tdr ess Y1(kj) and also add this val ue
(of address J)=H+p¥e-/ val ue in the address Fki(u).

el se add the Vvalue residing in the source-address u
mul tiplied by Srgnkj (u) tg-the l,ue , ,in the

desti nati on-’é—dg‘lge’s 2 u'?j;@.g{‘dza sl}gg‘géd this val ue (of
address u) to the value in the address Fki(u). A
oPoaik: flggté cundifoi : ]eYeQ‘y leeldress Y1 contai ns now

t he val ue for all O0.i<r. Conplexity. -68 i) An
el errent'aﬁ&%’{‘/)e{}ﬁfmrﬂf{ she U-setting with the above

[ gpel enentation is reading a nunber fromone |ocation
ot “the menory, called source, nultiplying it by a sign
which is or -1 and then adding the result to a
nunber ugtaged: Mgy anet her | ocation of the nmenory,

call ed destination. 5 ii) The conplexity is fornul ated

o b : r 1.
1" A 08 P Pl b MU o o
2elewentayy stehsto- fulfilithe e@mjndtatiorof 4-x.

(1) For the first stage n elementary steps are required.

(2) Forall 0 -k-/log(r) /-1 and ] -j .2

2 Uy - Upet, 2 - e 1,1 + 1
elementary steps are done in the (%) step.
(3) Therefore for all 0 -k -ﬁog(r) /-1 the k-iteration of the main part requires the
following number of elementary steps :
2 + 2°Up - Ups] _
(4) The main part of the above Acomputation of A'x thus requires the following

number of elementary steps:

ﬁog(r) 7

C's © 2upturt up+.......+uy +2 -l -

log(r) /- 1

This number depends only on .

(5) The entire computation of A-x thus requires the total of :
Cun,r @ n + Cur

elementary steps.
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For k = flog(r) 7 and for I j - 2k let: 10 ul

L21(kJ+1)-1(kJ)-1 J then: u="FI, 2k u =r. iii) An
apparatus based on the above code would require the
foll ow ng nunber of elenentary steps to fulfil the

conputation of A-x. 15 (Qndeph: Gablik St stage n
elementary steps are re rall 0 k |

L . q -
| Jj€r § sphemati lustratespthe Tpgration Iof]upfdting tﬂe+doni’ssl’1)ts'l ofra memory
1 t S are .done in the ). step.
Theé’gelﬁg‘ﬁ; b3 i S faEe W‘P?‘bdief"};’m?s -th§ JP%’@ P@ﬁtt@é 19 @hove code,
of implemeraing thes in 4 pRGerfedFaétion, tg@(]tﬁhbx?vﬂ_ls_ﬁ&t 3¢ m%%v&[tion, with a
elﬁ ntary steps : 2k + 2-uk - uk+1l (4] The nain par
ofY1 BRATEX COmutsitg rows. Ak cohun pfeahr matrbheat each iteration is

b0 80 b L Berd 5 e of e ot

d experestonds ko 1 o the. addbess, BAG achEdrhForeBIBtha thRmnd Efresponds to 0 in
thys requires the total of : Cu,,,r(c) n+C,
1185 -2Afiskss, A Wipety inferpretagion)is pplied, where Ge tostom gomponent (the
U- o X i:cal . t.he
o SRR kBB e i e 0

ereomppaenti{thecaxtreppdefihasd vdrhpdnepeinfolidtizohta® preératiti) s the LSB.
thus in a preferred

N LT S WL R T -
S the BdrHpeeniPdf thy oGPPVdctdr)e=F, | oT %hgfébgp'@mgﬁ Rg?@gladdress of

matrix at each iteration i$ Tepr&sente
addrigskould be e adsimess pfwhesct The Jrrawsigmidintheaict dfiaking the content

B SRR adafe® SRBRRSE B i fohat -f and smding e result o be
adddeb the ddhiRat ¥f AidtRéridaieds. %clséﬁﬁ%# %gnnxf.#g? bt Wisign is 7

bottom conponent (the extreme rig ar onent 1n

a 2R Apukla spear srvevesignify thay thesigriis - SEhis isddaneevitingocfiiance to the

c p tr Jeft .hand,co ne ina .. ..

h%?ﬁ%g %ﬁfﬁlﬁ 1@%?&(;% n“}“gﬁg%ﬂfcﬁegs‘? eoqi_@g e acpc{resses participating in each
iteration.

Example 3: U, - Matrix

The following sequence of steps describes an implementation of the GEM method in

the case where the entries of the transformation matrix belong to the set U; €Y1, -1, I
7. This one of the subcases of the GEM which appear often in applications. The

data consists of an rxn U -matrix A=(ay : 0-i<r, 0;<n) and an input complex vector

sequence of steps computes the product y=(yy,......,y».)’=4'x. At every given iteration
each location contains one-real or complex number, depending on the vector x. The
allocated read and write memory contains 4! + r-] addresses labeled from 0 to 4~
I+ - 2. This example uses the definitions set in the previous examples, as well as the
following definitions:

Definitions.

1) Define a correspondence (and inverse correspondence) between the set U; and the
set {0,1,2,3} given by:

-70-



10

15

20

25

The speci al addresses Yo =0, Y1=8, Y2=9, Y3 =10,
contain at the end of the process the conponents of

t he out put vector y=(y0,....... y3) T where Yo woul d be
the address of yo, Yj would be the address of yl1,

e?I - Zl;he apg,c;wi signify the act of taking the content
of on€ address multiplying it by sign whichis 1 or -1
apd)'sendi ng*t=hg result to be is added to the content
of another_address. One spear arrow signifies that the
sh git 4s 1 2%7d doubl e spear arrow signify that the
s{:_jgn=i3s -13*;h}s is done with accordance to the order
of“the’iterati-ons and the (increasing) order of the
addresses participating in each iteration. Exanple 3:
Ul_- rix.20 The foll ow ng sequence of steps
dggiqfwa%éb’ for 2 ’FrBF’é‘??é’r‘PPélt Yiskeddor, « wWa(usEM-etthdddefine: t he
case where the entries of the transformation matrix
bel ong to the set U {1, -Dl(u)=j=20_qj<,}4’u'j'l'hi s one of the
subcases of the GEM whi ch appear often in
applications. The data consists of an rxn U, -matriXx

72}k cact - snenphong] U YelSb ot -of AHCISRT  x aro

denoted by WO, .. Signfu)=u,,-- W _!. This 25 sequence of
steps conputes the product y=(y0,....... yr. ) T=A-x.
At every given i g8Yat (uofurEach..l.ocat.imn (@opi)ai ns one

nber, d ' h . Th
o oA 1S e ot i
A4S &Y the BSBEneni P the Bﬂgﬂf vector. T T - 2. This

exanpl e uses the definitio set 1n the previous
edalpt el k- ekl thesnagseF;, ;f @) ansi definadd bs follomsnLet J0= [(%j), m=
Definitions. 1) Define a correspondence (and inverse"

SR%EP%PS gﬁ %geﬁ)*—]b; g't Vf?ﬁ%oﬁ&ﬁ“:%@f v, 2‘%@9’2]&&&‘( }rft% g‘(l%ﬂsgby v=2

* = ]45 10 rdingly for a r-dinmensional U -vector,
wﬂ('cfo‘/"f and G’ ur-1), N(14) =EQB<r4' uj . 2)

............ def i ne:
F - dj nensijanz _ - /)w=(u0
O CaBlpa) TR) ot 8PN L 1 ) -
(uo- (UB)A ™™ . . U-1 (ur-)-,)

GriW)= 2/ 1 m1 #-(0)*(Om-t) D)’

The code.

1. initialization: Put zero in every address from 0 to 4~+r-2.
2. first stage: forj going from 0 to n-I add Sign(w)-x; to the address O(g(w;))
3. main part:
for k going from 0 to /log(r) /-1 do
forj going from I to 2* do
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3) Define Yo= 0, and for all 1 -nxr: Y,,,=4r"l + m-
1. These would be the addresses of the conponents of

t he out put vector. 4) For all k-, 0, j -d the maps
Fkj, Gkj are defined as follows. Let I =1(kj), me 15
| (k+1,2j), hif#kHd) +1)>Jl(kﬂﬂiea an integer v-,0,

t 4- V= 0-1- -2 41 -
] R Eetuebsicl (B S Ty Lte»thqxwuwn)thqnddreé) Yinra
F(3) for#igo TR 407 By godl, (V2 ((Vm 1)),

The code . initialization: Put zero in every
dﬁ\té‘sg@ rBnad fopsatreg addiressrdo2. 2. first stage: for

j going fromO to. n -Xj to the address

N ?g(vv?) 3. main gnr(%"(a%&f%ﬁggoi(\r% frJomO to /1og(r)

7-add e valay 1) Ll .
Sk )t herrfimi“)ﬁg 19 the MBuked) uddte esg?‘éfiéhéu valo Shihd (@éstination)

addfiesss Mi+¢(& j) to the value in the address Yi(k+1, 2j)

2)e] ) gl romlto 41(Aj+1) -''" -1 do put

u&%?ﬁgg’(%madr}geéor source address u do: 5 if & j(u)

=tadt hthe adice tdsiding it ehe Sﬁiu&beﬁ Gddress he td @lﬂ%}“’v&lﬁé iRqHe Rdcstination)
value in the (destination) add

f@ﬁréishiq@) else if Fk j(u) =u then add the val ue
SO B R S e T s
t gl do rths Naﬂmagnlthe (destifativa) @diredsl 3 S5and also add this value (of
(&S@&egl I ed&ﬁg"%l %%°in2(5)a|vi‘1)“§dh”t%?§ val ue (of
AR R b Vafud RS WPk hE MMERS: Bldkdded §f Snu) 1o the

add the val ue resi g In source) a

myRkueph |ﬂmj(dayt11&ngn) hddrysst G jlpeand also addithid Vel @of address u) to the
( glstl n @a! dlg%euzs &) (u) and al so add this val ue
St value in the address Fkj (u).
4 obtammg the output:

every address ¥, contains now the value of y,, for all 0i<r,
Complexity. |
i) An elementary step in the U;- setting with the above implementation means reading
a complex number from one location of the memory, called source, multiplying it by a
complex sign which is / or -1 or j or -j and adding the result to a complex number
placed in another location of the memory, called destination.
ii) The complexity is formed by the following terms. For 0 -k [log(r) J-1 and for
1j-2* let:

Wy, = 4D

- _ -1
WISy jgk Whj Z}j-Z" 4

For k=/log(r)] andfor 1- j -2 let:
oy Y

2 2kwk‘,=r.
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4. obtaining the output: every address Yi contains now

the value of yi, for all Oi<r. Conplexity. 20 i) An

el enentary step in the Ul- setting with the above

i npl enent ati on nmeans reading a conplex nunbelr frlom_

o I i cal urce t yin

1B 2E Biituf boleh o I dikgve @it Soule Wi Bf otk i imber of
a@éﬁm@tmwgtqpesmftﬂﬁltheaompmahexofumber pl aced in

th |l ed dest tion.
Y Rt BB laRt nplorieniesy eg Bip ool | owi ng ¢ 'er 5,
F J 1 f 2k let: wk j
Qg:@forallfo Pg/%g(gﬁ lziaﬂgll(gfz ?j&tal(éfj gl oty

/1og(r) 7 and for 1 j2wekwiles: w i, #41+1) -1 (kJJ 17
72 Hh% An apparat us based on the

3Q,wk E112k wkj = r.

%&%en%ﬂéb%ﬂ*ecflopéd%mee{ki) € ol | owi ng nurrbe; of -

I f t of A

(7 EnerRte SHERE 0 % bkl [ 10 S0 ERUIBbRIR o el phit requires the
ré’qllowmgnunXbﬁboﬁ:lemadltb.ry&teps Tl og(r) 7 - 1 and 1 |

2k the total of 5 2"V - W+1,2j] - Mk+1,2j-1 + 1

el enentary steps are né ?ﬁ"ﬂ'ﬁ@ﬁ(? j) step. (3)

T f r

k bﬁrgiegl??ig nﬁgf ﬁ{tth% Qbrpa‘}léncop & uml?é ()&Arxe%m% ﬁeteq“ S'F HibF Solqpging number
n@hblemeptarestepnt ary steps: 2k + 2-wk - \M<+I 10 (4)

The main pary, of the above conputation of ({ws
requires thé fo@ bwikad Wurhbkert....of + el {@r(ge,n arzy epd: -~
CUr O+2vvo+vﬂ+vx2+ ...... L. o+wfog(r)l t7 +2[log(r) 7 -1

- r/h numbgy hgtdepends onlgpaids only on r. (5) The entire
C%p ﬁn(atex;tﬁg cgttnaﬁfﬁtlBH 4P 4 xetﬂﬁ'§ {eﬁﬁlrés e%o%l%lf ;Of - 15

C ,,,@ n+C

elementary steps.
Example 4: Topiltz U-matrix

The following sequence of steps describes an implementation of the Toplitz matrix
aspect of the invention with U-coefficients. The data consists of a U-sequence
fg,......ts-; and an input real or complex vector x=(xj............. Xn+r-2). From the U-
sequence an rx(n+r-]) Toplitz-matrix A© (ay@¥, : 04<r, 0fn+r-2), is formed,
where #@0 for all k<0 or k-n. These steps computes the product y=(y,,............ Yn-
Y=Ax. Only the first stage differs from that of the U-matrix example, therefore it is
necessary to introduce only this stage. All the definitions listed in former examples of
implementations are applicable here.

The code.

1. initialization: Put zero in every address from 0 to 2™/ +r-2

2. first stage:

1) for j going from 0to -2 add (1/2)-ty.r+j+1%; to the address

L T(7R 7 AR tLto, Intlndyeeeneon... sbnraj+l)

and also add -(1/2) typujs1%) to the address

~73-
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el enentary steps. Exanple 4: Topiltz U-matrix The
foll ow ng sequence of steps describes an
i mpl enentation of the Toplitz matrix aspect of the
invention with U coefficients. The data consists of a
U- yence ?é? g tn-1 and an input real or
é)( VEET oY X=| '5(10' ngeerees it l))  wner-2) Fromthe U
SQNﬂﬁWg@l Mrdnt (0 orl) abaR),L J@tH%ééd&r (a, &f j
04<r, 0 Jn%n+r 2), is orn"ed’t where t for all k<O
ot (Y ... These..gt-eps conputes the product
y e / . Only the first stage
P‘i ¥°é11 gotng frar prip ”8’%/5["?51(]9 G-/‘@ﬁ‘m*l’& te fligAddeess t her ef or e
sRgcessaynlQ bt roduce opLypphis stage. Al the
g!(ﬁlmtl gns |s%/§dto r} for mer exéfrpi)es of
|n!pddn®ndchtﬂé?)gj,ap¢taﬂmladdwske here. The code 1.
initialization: Put zero in every address fromO to 2"
+”(h('3QtJ"2’ *fr:FIS'fOJ gtaﬁ'e%---i) If)fl))J goi ng from 0 to r-2

t mlgmyhms nahnphrg land tl&ddltpx(tld ﬂzoﬂeﬂ ifl ﬂie*sl?hle aﬁ@regdw
-73 2(h (tj, tj-1 ... . ti, to,

Eﬁmj)em”_ 2, , -tn-r+j+1)) 2) forj going
ff)om etemdnary stepAtitht Jabove 'i’?ﬂ)h& ?Sngaﬂeg}eﬁ ghﬁqg‘ the ij:s'rpeﬁ %ann the U-
nmﬁeﬁl@ﬁtﬁﬁbﬁdﬁéﬁ ﬂs/ 'ﬁéaﬂin'g}é-humbtmﬁbmeomdbbaﬁﬁx of5thé (memory, called

-n-1.......... tl1l, 40, -tn-1, -tn.2, ...... -t .
+1;) )AB, apmahlsdmscd ormbe abgm chanwpuldaeqmm thavfoﬁewing number of

af [0 X ntin rithms main part, and
tﬁgmg%@guﬁtegstoﬁ%ﬁ o %ﬁe‘{’%\ddresses 10
Canwoettietfitst dtdgeAn €l ementary step in the above Toplitz
i npl enentation is the sanme as in the U

i npl enent at £éfrd) thatr +4 + @allihyg adnudber from one

I y, called source, nultiplying it
agagh&@ﬁéﬁ?%gr@ﬁ?&or -1 and then adding the result

t @) Theuniif partdfabe Toplitzadaipittioh OF ati RHoAk byha Lﬁﬁﬁ@ﬁéhtatlon of
called destination. 15 ii) An apparatus based on'th

athe i part ofithel -codewithe linke ’flmisl mmqngem r;ria&ineﬁfary steps.
833 "R & htive El?s cgr%pfxtlzjilugﬁ Iof Axthus re T eastt e tot f AX

C'l,f© n+37’-3 +Cr
elementary steps.

Chart 3: Toplitz-Matrix

Fig. 3 schematically illustrates the operation of sending the incoming data to

appropriate memory locations, employed by an apparatus which performs the initial
part of the above code, with a Toplitz matrix comprising 4 rows. Except for this
initial part every other aspect is identical to that of the U-matrix implementation and
apparatus, and the description there is applicable here. Here too one spear arrow

signify that the sign is / and double spear arrow signify that the sign is -1.
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(1) For the first stage 2(r-1) + n - r +1 + 2-(r-1) =
n+ 3r -3 elenentary steps are required. 20 (2) The

main part of the Toplitz conputation of Ax is done by
an inplenmentation of the main part of the U-code with

r lines. Thus it re j“g &, ,iale ary steps. (3) The
entire Toplitz comM@Mui res the
t Othal follbwing ffeferecherhbddimedt of G inReRIRN IAEY iSbRR%ntARN of the
CbIarE 3. Toplitz-Matrix Fig. 3 schematically
i I1CRYIAHREX aspeet § yekionfwite Hercorfficientsi The dataconsist of a U-
t QequdRBs Of i ake i | | gved by an

L B e ponprinpt QehiABE veSEP BYFE o - Fiigers. From the

appar atus which perfor nit

allgwequande anwix(irte LT uplitzZmasiy WO (HERL 1 9.R9, ¢7HhPWS), is formed,
Except for this initial part every otﬁer aspect is
[

g &40 fo5 alln&<Ooer khie Theeseqausnck of|stape isted; lfniowgzlm»mputes the
3 , and, the [ Dtion. th ] i
SO RRBERRe i LT > ORE he Siride (iR Brout Bgiot the U1

i snatrimedatpleptivrefoRasnl fthj@\éfta'%b' Gigbds/tol eAlleschBed i AM 1 iti
} - 74 Exglrrgl e 5: Top?l tz UL-matrix The ff)llseladgvvig%gﬂ16 definitions
pligted in previons suameles arsrappHeableerati on is an

| fiflegRM ation of the Toplitz matrix aspect of the

i avertton with Ul-coefficients. The data consists of a
UL. inséiajizmtion: t Pyt zero in evety' addrés8 dro8N0 i P Uy -‘CORPP X

v§c or t);712%3(0, .............. Xn+,-z). Fromthe 5
U'—é‘%’(ﬁﬂ e an rx(n+r-1) Toplitz-matrix A(c) (ajjQ; |
: 1987 goRglfrdM 0 1B)2 dl [HBPEY,., for all k<O
orpko-j’r%? %Jhe sequence o?pptéﬁféﬂlx}ﬂg&?ggatgé%gﬁv conput es

t BHE(tpy.pdUCt... Y EOYIRL e e v bppags) YN- 1) =A-X. Only the

first, stage differs fromthat of the Ul- natrix
e ‘i‘blf%?‘?‘?ﬁ %’f’o-r*@”ifhﬁfg)fﬁ? ®$t age needs to be
dﬁﬁfg(t“r}?}?.g:...ﬁ.'..|.t;,? e, A le..fl'.F..'..9..(‘.?-r,tf'v@&e ed in previous

exanpl'es are applicable here. code: 1.
i A) for Agpingtframm r-IRgtn- £ eadd timg\tethe adddesess from 0 to
first stage: 1) for j going fromO to

40+ r -2 2.
: rpfg(é(tf’d’"("l'/'ﬁ'f*ﬁ))r+j +1xj to the address ™ (g(tj, ti_l

. 3) for j going from nitb n+r@ addN@/2) ) Ay to the-address - - »

tn r+ +1)§ is and also add -(1/2)-tn-r+j+1'xj to the

aB 8 Gadinty, (g (bt tebladediesi)). t1, to, -tn.1,

" 52 dlso add - (172)+4j,41) to the'adabeds "+ 1))
Ot tndseereest 1=t el bn2yecnverr =ty +1)
and also add -(1/2)-tx; to the address
DU @Y bonetevrenenstly b, ~tr=tplyevvscer =ty r +2))
3. main part: proceed as in the Uj-matrix algorithm's main part and the data is
received in the same way.
Complexity.
i) An elementary step in the above Toplitz implementation is the same as in the Uj-
implementation, that is, reading a complex number from one location of the memory,
called source, multiplying it by a complex sign which is 7 or -7 or j or - and then
adding the result to a complex number placed in another location of the memory,
called destination. |
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2) for j going fromr-1to n-1 add tj r+1 xj to the

address ™ (g(ty, tj-1,........, tj-r+l1l)) 3) for j
going fromn to n+r-2 add (1/2)-tj r+1xj to the
address 20 ™ (g(tj.,, tj-n-2......... to, tn-1,

44D}, An apparatus bhsedr on"il')e) alfb% c%H§ vl récfcﬂx%)@&erﬂ?vg.njg number of

to, the address % f('Igix l-n-1, ..... %"

_ flpmentary steps to fulfilt CCOJFlPutat‘IOHMJx and al so add

it he address ~ (g(tj-. tj-n-1..........
4% )/Afl?artﬂémﬂgﬁﬁé ......... -tj -r +7)) 25 3. main
part: pr oceedraly + n-rhe YI-RE) Hx+adpgorithm s main

the data i.s , received in the sane way.
Cgﬁmeg%ry§eps Ia@uiEdenent ary step in the above
Tep) Tﬁimhﬂiﬁﬂaﬁﬂ@f‘fh%t’ro%ﬁti 501%&5& ke %@rﬁ)ﬁg&e %ﬁﬁ‘b implemsptation of

i npl ement at’i on, that ng a

otte theie@aiteT Janéfﬁv{fo Ee

nul ti pl ?/)?ﬁ g it g\g/ a conpl rg?eg?gtﬁﬁmtﬁgﬁﬁgy& » gementagy StEps.

0(3)- Theentire Moplitzzsbatipugationeol LMt rdfirds HRTBlEN NuNber

pl aced in an%); her | ocation ofuthe menory, call'ed

destinati onC“n%i in }- 3n- .ﬁpﬁa(t’dt us based on the above

code woul d require the followihg number of elenentary

stlepentayy steps.i | the conputation of A-x. (1) For the

first stage g-{ |

el enent ary Sisae < ' '

t’ﬁbeﬂdlb'vhﬁ wm&@ﬁbmneﬁ ?@&ﬁ
i mpl enment a% on of the nai tnﬁggﬂxﬁlg ls%ﬁ?legéematioﬁ()fﬂwmal

| AR aspgeisof they @crentms“m binary dr-éummyatmneqcfsthe (B3trix-entries.

¢ Tl F00 shEueBr i o SR A58 s 0750 Wit pemmege ot
sérgipan ifpad Fedl rbioniat v%ﬁn‘ | Xapinary D 1} The . algorithm, computes

representation. The foll ow ng pr eferréde
tJl‘re(J’o:nventJ’»ed‘AQC an | rrpl enentation of the real matrix -

4 nve i th bina 0D-1-representation
3’?95%3“9’! r?‘% of FitieS o' e a4 giied y Hhe teliowme O-Z-binary
rreplessmitidng fGrQHiDKJ% » O <n) with nonnegative
entries 15 and an i nput real or conplex vector x=(xo

) el SR e es YR

where: tj €{0,1} forall -mjkm;

Only the first stage differs from that of the 0-7-matrix implementation, therefore only
this stage needs to be described. All the definitions listed in the 0-/-matrix
implementation section are applicable here. In addition define the following r-
dimensional {0,1}-vectors forall 0j<n, -mykm;:

Vi = (s o eenseneeneennennen i)

1. initialization: Put zero in every address from 0 to 2'-]
2. first stage:

for a counter j going from 0 to n-I do

=76~
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It is assuned that the entries of the matrix are given
by the following O-1-binary representation, for all
04<r, 0 j<n: ay = "-nR<k<n] tyk.2k 20 where: t yk
e(0,1) for all -n2 -k mM Only the first stage differs
f rom t hédr kofoiidfrofr L-mBt fd X ph,mabement ation, therefore
only this stage needs to be described. Al the

defini ti ons 399t &tojthe yeue g addeess G (k) i npl enent ati on

- _anpl i ddi.ti.on def h
o i, 650k bEaBLe e 0S4 BSERS lrtms man

j part fordr kows akd khe: ofitput Hs stodstkin the same addresses at the end of the
initialization: Put zero in every addr ess 17 GRS

trJd 1

0 SPEPYfational progess.s st age: 30 for a counter j going

f ICum eg;QY.n-l do -76 for k going from-n2 to nil do

add X] to the value in address » (vjk) 3. main part:

| §) As qlernentery step im thehaboy® ithplemmitation iisEecsmmiy a4 inOfhe 0-1-binary

al It ho.s in. part for r rows and the output is
st"%ﬁee e “‘t“ﬂgﬁ?ghse ‘%?d%‘l‘gegé‘é‘glbaf froRe ops dpcation RE thesmemory, called
C 90mé, ArdOMRnd 1106 35 fumbed AN ih amotled 196 BERN Behory, catled

step . in the above inplenentation 1s e safne as i
odestigatieny i npl ementation, that is, reading a nunber

fegomone | ocatjon.of fhe nenory, cal)ed , source, and
aE gi ﬁ% ?eﬂpa?a??sat’%ﬁﬂt?é‘r%@%% °?‘¥F WRBld eeuire dhe followang number of
t Blententmy ytepSw fulfl thd SordeRhtidiAé AR - 11) An apparatus

based on the above code would require the foll ow ng
n(hdor the firsbstageent ary steps to fulfil the conputation
of A x. (1), Far the,first stage (mM +nR2+1)'n is

el enent ary s@ég‘smére‘l)rnequi red. (2) The main part of

t llemehtatystepogie requitddne by the main part of the above
i Ifg'ent ation 0-1-binary-code with r lines. Thus it
r@u' @ dndp part of| heeef; ey cedesjiss dong Py tHeemaint ipart of the above

?%%lghﬁéﬂaggﬂ)@f lﬁﬁ:{ﬁx&&f@ WiflMide§S ThE ittrg&u?rles Qo ; el%}nel(lt%}y steps.
(3) The entire computation of 4'x thus requires the total of :

o (my +my+ 1D+ C",
elementary steps.

Example 7: Real Matrix, binary U-representation.

The following preferred embodiment of the invention is an implementation of the real

matrix aspect of the invention with binary U-representation of the matrix-entries. The
data consists of an rxn real-matrix 4=(ay : 0-i<r, 0j<n) and an input real or complex
vector x=(xg,............. »Xn-). The algorithm computes y=(jj,........... yYn-1) =Ax.

It is assumed that the entries of the matrix are given by the following U-

representation, for all 0-i<r, 04<n:
Ay =0y < k< my-1 02 + tym o271 - 2727

where: ty, €U for all -my-1kmy

-77-
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20 elenentary steps. Exanple 7: Real Matrix, binary
U-representation. The follow ng preferred enbodi nent
of the invention is an inplenmentation of the real
matri x aspect of the invention with binary
Urke& B j 0. r s ies. JThe., data .
c oné; ?ﬁltgts% ﬁgéf 8%%9%%%@ atg%%sr%lf)%:agyzﬁ-{ea ohedyin the ratl pgtrix aspect of
athe imyentioputOnly the frst staﬁqsdiﬁlz‘ers Bomvitigtt 6ff th¥ T-iddtrix implementation,
. e e %= 1) . The al gor.j t hm conput es
s L e Y I E ———
embtrixeinplémemetioREdctivn AFLadH - OW Us .
repres e_nI?ati on, for all Oa;fﬁéiré%leq@%aé hglyéc@l{l%ﬁé-}%% the following
rfirdimansiogab L -veqtonsifor ath 85 <n2-meed K)m;:where: t k eU for
all -n2-1 "k-M 30 -77 The existence of this
representation is al r ¥4 Uikhati-oned-inofe real matrix
aspect of the invention. Only the first stage differs
fromthat of the U matrix inplenentation, therefore
chiiyitializatien:a Jait Aerods every laddmesfromiiomw. 2" Al + -1 he

fdnjtions listed in the U matrix inplenentation
gzgc rlg{oggagéle applicable here. In addition define the
ffot |; @olrgdfrorm Ofto+df @gNsi onal U-vectors for all Qg <n,
-m2-1 k-ml: ujk = (t1jk, t2jk ... ..
trjk) forkgnipg fomyatienh: teutmzer doin every address
fromO to 2f .+ kel 2. fipst stage, 1Q for j going
fromO to ngdld gosgg{uf’éx@gq{qﬁaﬂ&ﬁﬁﬁg@(ﬁ@’g)to m-1 do add
2k- Si gfdr=h; @b to the address ir(h(ujk)) for k--ni
do add (2ml- 2-nR-1).Sign(ujk)xj to the address
i r(h(zyk)) ddd 82" IapTr2paSign iy} So MeeRds Ay L he
u-matri x i npl ementation algorltﬁmS mai n part or r
rows and the output is stored in the sanme addresses at

t .t i,.pnal .06ess.  Conpl exit .20 .
Rl plbe: 0% pRSORSh BF PO IEB hp i Hsafoms in par
tfhe rseowes andi thet betpab @y etdred iiAPthe NEiea taid@fessek N@t tHeSend of the
readi ng, a nunber from one | ocation of the nenory,

CAMPYEIOBB RTERESSvyl ti plying it by a sign which is 1 or
CompRxidgpen adding the result to a number

—

i) An elementary step in the above implementation is the same as in the above /-
implementation, that is, reading a number from one location of the memory,. called
source, multiplying it by a sign which is 1 or -1 and then adding the result to a number
placed in another location of the memory, called destination.
i) An apparatus based on the above code would require the following number of
elementary steps to fulfil the computation of 4-x.
(1) For the first stage

(m; +mz+2)n
elementary steps are required.

(2) The main part of the code is done by the main part of the above implementation of

the U-code with r lines. Thus it requires c’, elementary stéps.

(3) The entire computation of A-x thus requires the total of :
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pl aced in another |ocation of the nenory, called
destination. ii) An apparatus based on the above code
woul d require the foll ow ng nunber of 25 elenentary
steps to fulflluthe conputatlon of Ax. (1) For the
first stage neptary steps are

reqw red. (Z@Th%nrmﬁ n ?}% He code is done by the
mglememary stepst he above |rrpl ementation of 30 the
U-code with r lines. Thus it requires e, elenentary
steps. (3) The entire conmputation of Ax thus requires
the total of-: -78 e-U elenentary steps. 5 Fig. 4is a
bI ock dj agram of an exenplary apparatus for perforn ng

a |lg néals atblaeksfdiagrami ofh ani e)kempla@d dpsadiatis! e L rpefformin X linear
a d enbodi nent of t

accardin refer
i nven %do Eila ?dd'\c ‘8@ PLoR %‘]@gl%‘ﬁs AceRIAmEpIa ar preferred

| Gntbiiadatos ﬂiermuémoan
9 for selecting gﬁgagpﬂ?f?g%%ggltﬂsﬂ% Bfg(lgﬁﬁffﬁher 10 with two

( MUX)
t HIPNEY and epe putout 2 Butinlexer AMUES) Orfot seleiting bmoof np tidgits to be

|l owed 10 Dual  Port Rand
S0 UL B byl AU Y R B, followed by
| Dmek Port' Ralstloni /waess” Bitehday @FRAIM? @uthavshg d@&cﬁes’z} bus lines,
apd d,a The MJX activity i control dtwb

a@@}]/@‘ﬂdalbg and GWo aufputh “dﬂbﬂa nmbf‘twa tH’feTth@X activity is

t 1 ress
S A P S SO Eow o
Tarklressewnt the DRRyeMM . (The lad @ressl fkriefat S04V

put, "C', of the MJX 9 Tr?z %uteput of %zﬁcl\c/;ﬂ;&(og&?gyacoumer
c nnected to one input "A" of the adder 11. The out put
of th o b Rk e
of - Nehe8 Rt %ﬁmb%xﬁﬁﬁrg& o5 sblindiSt UL 00 '8 of the MUX 9.
c thereutputiofithe MiéXl%p lcbnneBtedab ohé in}md taY of the adber 10t TRE output of

d b d h
Wbt b B B A R ae e e
obPRAM T8li§ beretled 3¢ tﬂeﬁnﬁﬁ’cnm?ﬂ% % It 'ﬂﬁ% &#%r 0 Lﬂ,n“data b”,

of the address generator” 50
nefi the JPPRAM 23 iis comnentedtte dhe impuh éEbbﬁarmulnpliér IZ)' 'Ihéfother input

ot e 12 Rt bytne SREE gt ot sesmspeator 501
drins ILﬁF\W of 3k muRtiplied 12 ¢ @Anb&ted fbethe %'ﬂ&? u? Rt oPg}?fﬁﬁX 9. The

ier 12. The output "G of the ge erator
m@et da cppnactrd tedworinputs apthe adsressfgeneratowm gI'hermeput “H” of

od:lég er%lgr 501 1s°&‘on£%]:?qc9§>gtﬁé a§1§1§” gt otS thé z%r{z?tlp ler ?2t"lohe ou?put “G”

ress’in
of the generator 501 is connected to the control input “S” of the MUX 9. The output

I)-J
=

B~

“J” of the generator 501 is connected to the first address input “add_a” of the
DPRAM 13. The other output “I” of the generator 501 is connected to the second
address input “add_b” of the DPRAM 13. The transformation matrix may be stored in
an optional RAM/ROM 1, which feeds the address generator 501 with the series of
codes (a row of bits in the matrix), Dy, D;,..., D,, and the multiplier 10, with the most
significant bit Dy. The input vector may be stored in another optional RAM/ROM 2,
which feeds the multiplier 10 with samples of the input signal. Alternatively, the

storage memories 1 and 2 can be eliminated if elements of the input vector and their
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DPRAM 13. The other output "I" of the generator 501 is
connected to the second address input "add b" of the
DPRAM 13. The transformation matrix may be stored in
an optional RAM ROM 1, which feeds the address

g edtRfeapeHdind dleiehl inhe #ahifS Tl Of, BLYS nizati
in thep rmtu%)x), DO, DI,..., D%Sl ’onarﬁ%@i? f‘]aeré %ﬁcfvgﬁ)péﬁl In gynchronization
10ntayheiapparatusSdp. Bor exampie theae elehiehtsDnay Bproividedtby an ADC or a

vest ! - orgd..i n_anot her opti onal RAM ROM 2,
wiEafinodt eyl AT el e RRRSR: BF olBnscol $Recdntolled by a
| mpatmen gloak vidfdeoknai iin@ity, the storage nenories 1

and 2 can be elimnated if elenments of the input

vect or Hsidgttheisame iputsetr efpponxti ng el.enent s m]ﬁlg%me U matrix
tra}r;sforrra,ti on matrix are provides in synchronization ’
i kst (O9EPsISER atayes) Sepresenting dheuspme  difftrest cedesymily; Dy,..., Dy, the

- Al @V d seguence, .gengr at or .
bR BRI R SBlpo 3BSRE SR habarewy 00 may
a becdintded intootko Vtages: @eofilst kfage, iRBIARA a8 “SRIL NBring which the
sane input set , [Xi X2 . . . . . . Xn] the'sane U

manputx data ( §ilegt theosmnpls:es[m 0RWS) . represent x40 dsh@csigs® and the
different codes, Do, D1,..., D2, the operation of the
apgpesusty, of jeacl egmponent and Bsv.comhspoogimgatlemantodf thee transformation

a r-at: i | i (AtQ Lt WO, Stages:, the . «
;RBP4 B0 A, it o
| ifitage 2f3tduripig. whichthe revaiviell fatd X précessed, while bloeki® urther input
(It‘é r%cel ved ,and the 10 products of each conponent and

i (eta: §PRe SNSHAR rihe eddsreht Thsy counter: 3 squnts the acamulated number of

NN t of. 1 M,.13; a
N A T .
\hoW:) ﬁtagb:_a Tl'&::mm«lmtﬂ of ?peratisnsfxrfdw;élﬁ’, is \t\lgédleﬁgtg' r@@rﬁhﬂhe Ghput vector.

er inpu ata fromentering the adder 9. e
c @%%ﬁm&%wbﬁ%ﬁﬁ%ﬂ%ﬁ?%&ag@ﬂ . oper ati ons

and t hey &Bptithg t% anrl{&;éﬁgd’ en®Bbdiniba: 6P HY ﬁ%z%rét.ioénla %eggdc%?ss generator

di stingui sh betwe e 15 two stages.
0261 xomprisenf cosiparator]4, whichhie linked)td the odtptithef the mdunter 3. The

vect or . e i ons beyond this nunber are associ at ed
wcﬁﬂfpa@f‘ﬁgga‘{ﬁ%ei\% ding to a preferred enmbodiment of
the i n\vafut O thd R ! @éﬁﬁﬂﬁﬁ RAHP the 1R, U?P%f}%% E‘gp'itt Fector, and

conparator 4, which is |inked to the out
c btavides @ corrpspondingrignal cindicatints whither ther eurten? @peratipw s carried

f « 3, « L5, it . with the | h f the,
b B USRHE) o “SHEB STuildl) LA ) B8 o
| MUK, is0 @s v @iritet betweerChe ifits ‘O Taali“pY, i s carried

out in _"Stage 1" or in_"Stage 2". This signal is used
to contlhs|address gapasator §01 also cpmprisgsyancasysehragousgnemory 5 (e.g., a

Sy i e D gThe, ad
MO, U5 Dokl e M s WS
( forgdetemminitfy &ddvpssesvini it BPRAM 13 efar thgriapueatidrédseseadd a” and

apd.js,used as Look- Up- Tabl LUT
nadci_%”, or procesgmg thelir copntents. T%e(Size %f the LUT is (C-n)x(1+2r), and its

contents comprises three fields, a “Source” filed, a “Sign” field and a “Destination”

field. For each operation (i.e., each clock cycle, counted by the counter 3), there are
three corresponding source sign and destination values. The source field comprises

information related to each column of the transformation matrix that has been split
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for determ ning addresses in the DPRAM 13 via the

i nput addresses "add a" and "add b", for processing

their contents. The Size of the LUT is (C—n)x(1+2r),

and its contents conprises three fields, a "Source"

f i(dRededy, f b.el : F

ea(gh oper%{)ﬂv‘%lr‘1l T #I?.n,gah?ggﬁare E&ﬁ{ a‘i’ngu ﬁﬁlgd%vf 8?{55 of that
ccﬂHPﬁlﬁf« cglumn. r%reescam ﬂﬂdtdﬂmm rtheaspiue abtflme fput ¢add_b” on the

nat i val ue source fiel
con'pr i sesgefﬁ? ]Igﬂ’e{%l% ﬁepfféﬁeﬁtlseta ?%w"éé‘@FPH?BF‘E}nH‘% egeh gplg column or
t rsabgbhimiratTiendésthdtion fidldidehamitiaane SRk tof 'tﬁ@mput “add_a” on the
g?w dedi as well as an indication rel ated

RRAM il hypcgprdingsta which 4he eonient of ghe c@}‘f@poﬁdmg eddressris selected
T %&gyé f| el d determ nes the value of the input
& he DPRAM 13. The si gn field represents

t he | oViglte addm@rgeﬂéraﬂoﬁ aBaQbu?)ﬁlswa §Rlof 315 &/ r-1) inverters, 61,62 65
sub-.col u The desti natjon el d determ nes the valu

ofea¢th ofj Whigh camgrises am ninpyie conmgpdNol the Fetes @f rigjtst @1, D,

i G5 LSRG RS A 9y b sqreponain
C d«ﬂ:m ﬁem aoses of s afultipléxers; 7i,71)..,7.nVhe $ettes of bits B2, ..., Dfre also fed

echég gn ch conpri ses anln onnectedtothe
sdptodae gihepinprut pf a correspgpding; prvAete) of yeuliplerus, 71.7....7s.

OfTHR fubpuit gf €£6heMU}§ foRREsieq, .(?.d?,rlg cb fed% tﬁe value of the most

correspondi ng roma se t1pl
73;g‘ni’ﬂcant bi. szhsp 8% to esahié ths trandfér, of the 8t Dy, e db,smchanged or

s B W Bl SRR S
e@*‘(owlf r OQ) ‘Hhis ifflt 171@0 Zﬁe mpu?%f'asc&?&gbﬁdlhf DB, tBP ,8; of s

val ue of the most significant &nab
t meultiplgiers cwith an arditional multiplexer 8, whiel frafied &, tho MSB (the r-th bit)

| e irfing Boh the £ TRO o BPRRE coBHRRERS Tnabies the
D&lectﬁon 6P Uidd at’ Qo Qigvd foH tHef s 7¢,04.0 SRRANEGM hé TIUT. The input
85 of mul tiplexers, wth an addltlona

Mld_ar dies the dmn@mpq)scongqlsuye fingt qutmit(‘data_e’ of]thsa PPRAM 13,
OfW é]ijg Bd uitro é%tl g;;,f c{ﬁﬂé ta@c? egg-Tgér lﬂ'g:*u? ué‘g&‘ E)” Ot Eom the LUT

conpar at or

ar(m Vﬁefsbmrce) bontrodd thé seocoad. outpift “Qatafb"oofi the E)PIRWI\/I thwhm'h is fed
. the destination) controls t he

¢ R it i OF iR IMpLsF 12 & PSRN les S6ChAPR 4fe detagb” by a
| RbRedpdRiing “Bigr® Ogl_aﬁ\ibe eﬁggﬁéd m EEG’LU'? Rl fe@&dthg Jproduct into the

taken " fromthe e source) controls
semmﬂd“lb’fjtqfuthe amﬂuplber & ﬂ'he ‘BAfial dpgratioini @h thc; IDERIAM 13 is

;273\9?{: I %qug ige thga‘totgpagtsr%}agﬁl Ielglrl§ ééggﬁgtlpﬁ gc% to ‘the clock rate
Ve wih! thacdleck & %@Hﬂg‘ 154e8). Ot ethbe Rakd ttH_&]_ r‘]‘[éb"aﬁaﬁlbﬁlgpon in the

into the I nput the nultiplier .
OMMM) h3 iis asmhmw 123 dach 28ty i hha;rgcd:sa; the momenhavhen the

DI s of. each cel | er tten according to the
g@’% 13?‘5“8(:3 eﬁ %rﬂf'elsﬁéieccﬂ\%%k signal rises). On
the ot Mferdtincht sﬁ&read operation in the
At this stage, the counter 3 starts to count the first symbol time (» clock

cycles), during which stage 1 is performed. During stage 1, the MUX 9 enables data
flow from its input “C” to flow to its output and into input “A” of the adder 11, while
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DPRAM 13 is asynchronous, i.e., each output is changed
at the nonent when the address input is changed,
regardl ess the clock. Operation at Stage 1: 30 At this
stage, the counter 3 starts to count the first synbol

t i%&%@bﬁ&r ’I’ ﬁ%}féls at’sy%%r E:g %Cg Zaggle ei Idg{n; is provided into

f o ifif@ref the milfpkier Q THe MS@’\DB Qf ithe QM ?ygrﬁ%d' ittethe other

input "A' of the adder 11, while -81 bl |'ockin
" Mput fethe n:pullttlphymbﬁxl [Ax.’l:hlxzs*cage the destlnatldﬁﬂloutpu « data a”) that is
Bé{)ldedmto one in ,of the multiplier 10. The

d Rpdee put pp ade%f PHRstedrEoB RERAM rﬂ&mmbﬁdded to the

B 0, A e g tbe degt et L
M T ok A A s

conponent s
mihdicggionetd thy address yERrior cc'ﬁhpamtmuﬂt &id t, thetROM BaBat the current

been, count he current, s ol tinme rovi des _an
| ﬁ?ﬂ‘i’%’a {15 B, b R d anduRe FermbAraios fhsa ishes the demwgselection of
t Gh ﬁﬁﬁt t(',h’etoctﬂé bfhet 1np§V 0| SthHﬁY §Icgﬁg>?rator 4 drives

term nat ed t he conparat or sw t ches
sahdtipiegers (81‘1 82 1 by tiveple@ datadfinori g it UTCrathen ﬂtdﬁethatlh&M 1.

i nput ﬁ tSl m IﬁrleyZ the conparator 4 drives 10
mul ti pl 9 8, to select data fromthe LUT,
rat her At ddie, BMohnteBatasit8 Bodt tﬁ& AGR symbol tﬁ% &uring which

stage, the counter 3 starts to count the néxt sy

t istage 2cis performogd. Elvringtstage 22 thieMp% 9 onahécs datwﬂowg‘mnaagenput “D”
MUX 9 bl dat f t

£ o R P T Biiop Ry CAT e a0 D Rl blagking input “C

A B 0,3 AR 8y BN FE s

a(‘:‘aaki; &8 thach represtatsothe sbinch. Tlmqosc&swda;tatm fedsfrotncthe s&hﬁd output

r'%%mwf%g ﬁﬁmht*o Elfe Secong” ﬂ%éﬁ l.ilqtii }q%el% mwhxch it is

' 'i‘nddﬁ 1544 byt th!e%orrgiﬂotnﬁﬁﬂg' ‘*§ anlaFuQ Cextrabicd T Eﬂer]SU'fr STHIE product is

val ue extracted from Thi s product is

i rf@Cmechﬂleu mpuit “D’Dof the MUX Mﬂxereby appnaabg imthedaputri g&”u of the adder

" h
A3 SEtpe e b SefPat dRstPm dealriaR g8 spBgirs in the inpu
| FBY o thewtidler 11 B 'hetivolvatuea deteiddbd by theaddep 1 YadﬂdQEe f!b"sﬁlt is stored

added by the adder 11, and the result is st or ed

t Bbthecsame addrese in the DERAMPEA(Vhigh comesponduiortbe pmvai@Std@stmatlon

L I T N A RN Sw—

PPOItsS 04'y) are)stered mStherEBIRAM 1 hat aRRAed B0 and #0Ur @2E5r-2). This
#0 and #2r"1 to, (2 2).. This 25 process s
c arﬁqemwoesﬁg@qmswnﬂmﬂml thelogk prvigns i indisatign that stage 2

SR (LB sl PEAL BB b i
p@y;1s) have been calculated and stored in different addresses in the DPRAM 13. At that
moment, the current symbol time has also been terminated, and the comparator 4
switches the input selection of the MUX 9 back from input “D” to the other input “C”,
and drives multiplexers 8,,8;...,8; to select data from RAM 1, rather from the LUT,

thereby driving the apparatus 500 back to operate again at stage 1.
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(yi's) have been calculated and stored in different
addresses in the DPRAM 13. At that nonent, the

current synbol tinme has al so been term nated, and the
conparator 4 switches the input selection of the MJX

9 back Oneeinbogihe r 0

drives nultipl g%rn;gglth@ af)ﬁ&aﬂ’ﬁ hﬁgd gg@%t emg g%f ?%dr%g method is
RARSDL N Figupe . fFigwet hillustmtes an Hmpldmentitioni ofga product of an rxn U-

LR T R —.

aldowhers®tdopdspands 3¢ &/ andr dorfbpends to Ei.gur e
|IIustrates an i npl ementati on of a_ product of an rxn

U mat rthis eggmple the yegtem &5 waband v bitvareedithted to each component.
I §RIRS %sgéﬁ%ﬁg c?ﬁstttda\goqﬁ{er ﬂnétr&oﬂtt?'s%{gd elexgeﬁ\{ﬂfe{w or ROM)

correspon corresponds

exadphevedier Xeis stored m ¢lembntad) (RAMbbE ROME H&Bﬂmﬁ&ixeﬁldttﬁe vector
each Eogponent In the subsequent constructl on the
mgY; Re generated from gy lete@aaﬁ i exterpalMieyicerauch asanemotyedevice or

Y, The
o otz s &, B WDC LR scubilabb@leribl erg ) |
i nt er nadd cloclexthatr naﬂtralemodeles uLB,36lS spmohrohigksV thee whible system.

RGP § 1€ Cofer G5 caue Gromm DB, B o dpia s folows:

1,2,3,13 synchronl zes ¢t he, wWwel,8,5¥SLer dule 3.is a
counter that counts from O to ﬁ-u?v\hgéré"(i i Gosthdfii ﬁred as
follows: C = n + 2uo+ul+ +Uog(r) 11 - r.

k 2 U'=1 1j-2 | (kj) MF ﬂ,zk( 87 s hicj) =
/)(r/2k) 7 -1 In stage 1 the incomng signals from
el ements 1 & ar g psefeg-fmto] el ement 13 with

accordance to addresses that ar ﬁdm ng from el enent
3, V\,here each address h(&pre 4i )t Ioan li st

si gni f g gntb | n.addi teltlo EII% cou r. is,used a
an add/ @ S¥8g ¢ f0F inqoming signaly BWBE? Frigpried info element
( @B efBN4ccordanté td &Elr@s&sethﬁf aré Coming forh erlerﬁexﬁ)?’ v«fﬂefe dabE address

bits of the counter go into el enent
c eontaing thy logimkists ant bitse current count i's greater

then n 5 en ss s thr fields:

Sour ce @ nglt%ﬁnﬁaiq o‘f?un ?S o} a&‘ﬁgssl gemerato Oftg%aﬁéﬂ}i‘mmus
s ROMdelegest'S h of Hitsidelsd (U-rf)i(] Sper At | Al thé bitd G¥Be dotriter go into
i nduced by the counter after n cycles. 25 For syntax

pGlepsst 4\/\7é’hwhl is ajeqmppsater that .Ci}eckrtfethg Surepyemnt ¢ greatsmthen n.

R 5'nchirbisdl abB: £1E GHE WS, Proledidn Yhe SRR the line

at the ROM should be such that the first operation of stage 2 is induced by the
counter after n cycles.

For syntax purpose we will define s = r-1. The data buses go from element 1
bits-D1-Ds into elements 6_1-6_s (which are inverters) respectively. Elements 71-7s
select between D1-Ds and the output of 61-6s according to the state of DO.

(D0=0 =>7_1-7_s =D1-Ds, D0=1 => 71-7s = 61-65).

Elements 8_1-8_s selects between 7_1-7_s and the lony(n) LSB's outputs of
element 5 (add_a = Destination) according to the state of the output of the comparator
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sel ect between D 1-Ds and the out put of 61-6s

according to the state of DO (DO=O => 7_1-7 s =

D1- Ds, DO=1=> 71-7s = 61-6s). Elenents 8-1-8-s selects
between 7-1-7-s and the [ og2(n) LSB' s outputs of 30

el nElsinedt 4 Astagelazm), ' | ep)=>agcRgdi g h =1 =
state of thg o%t ﬁutj (?fgﬁ%?]g‘é%%ngaraf@blrg‘?é% iatrqae éﬁet@aﬁfl-}n 1=>
(sg.a]g&ls_=271)1.'7_St age 1 2n =0.=> 8 1-8 s = add _a ,

St agel _2Zn.=1.35 :8-s = 7157 s. El enent, 8 r eqt
bet \Neen%ikén&}t;ﬁirh%kr%t %FEW Bad -®@ T\%BE %btf ?@Fleﬁé\ﬂgﬁgo(% element 5.
St 8ggell2n =0=>8 8_£ adddd MSBMiBee1SDAGal =28 1 0=>Tis
= gr. '§F2e oytput from 5 8-1-8-r ues€d as the fi PS:TI% utput from
adtels8 < ed as thecfishedsiress bus ofielpmant 13 awkiohlis pdual pRARAM at size

at yspz-e ,of e 1 V+ n Thi,s_addr ess. defi nes
dact)g{% B-Ssl )%%%ZP% gﬁisoﬁcfdg%? d)ﬁfmo?ﬁ d%?é—;ﬂ% wi“f%aﬂﬁ(fn output from
al dlemehie] 3lesd alsatthe desthatibie ofl deadats) 1D BEs Whidh isia® i8Put to element
ingﬂa to element 13. Add -b (whichis output of

el nt 5 (the Source field)) is the second address

10 bus : ' 0 -b

pus. whi s Cames i QupUULAeh 3YEe Y gl fhe sdoond address
si bupl of eérhentui3p{Thisf addrese bemtenis ddtd wbiscWwhizh li$ apbitput from element
daja b at element 12 (which is a nultiplier). The

data' in bus which is an input with respect to el enent

13 arri r b%i i j '

sue. t oouphay® ol bIEERR Tord Horitht £ WA URGHP ek Wt lement
ThE (which ise puliplien). add -a destination in a

“synch v while the read . tion of dafa a
nd dat S0 P IT MhBh R Bk BSpRY oeiPpRiiH affived from

el dement 113 wHich & dnMiddethaesudys fopstREr dadd) aCind4RE Qﬁ’t%)ut of element 9.
Elenent 9 sel ects between the -out put s "of el enment 10,

anthedatrein gpes to| addopt destingtion jipl4 e¥ncheonausewalnt whilasthe read

fr . ' . element 1. After C
cy'gﬁéerg‘l‘l?xggmriaetéual%}d;hgaw—gel%?%Pgllgrgné'fsor ed at el enent 13

at addrPsger 10 the detbohdsfatenent 48-itlistigitiaiéd " By inserfibn of zeros. Element
Numer ous vari ations and nodifications of the invention

wi 9 pelerts batveen dbg pytouts i sleapant £0, andoelementi 12 delemant Hemultiplies

o P o . ; _
ot BRI Ll Y BRIty £TRRM ELbll e resitin
s piectar ipstoresisat elehrent &hat aidtess 0 ahd addresses 2Tt (4 b er-2R

enbodi nent is to,be consi d&ired_ in ﬁl I ,resgect,s only as

11 ust rIpmgous veriations rumpdifications afibe inves rwiibegome pradily

| U § Bl edi

ol PP thdmo oINSt WOCORERS i o BT BE Eflbpdied in other

c rspagjfs fovisohithomirdepartinigi from ftespigtoriespntaldhamctgrstics. The detailed

S ﬂeg#%%irgg%és t%fbv.et c%gsigérgé ﬂls r'és?pes:tg og.{sy a% rﬁ?&s%gt%ge e;/nmdtn@c pesh'ictive and
the scope of the invention is, therefore, indicated by the appended claims rather than by
the foregoing description. All changes which come within the meaning and range of

equivalency of the claims are to be embraced within their scope.
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WHAT IS CLAIMED IS: | 1. A nmethod for enhancing the
efficiency of the performance of a 2 |inear
transformation represented by an rxn matrix of at

| east one n-dinensional input 3 vector above the real
O'WHATPIS CIOATMED IS:te field conprising: 4 storing in
menory a rati o between each omtted row and each

selected 5 yow & Qdhdd & | gréﬂa?%%ggfr?é éﬁ&gege gg@%g)gr%pnance ofa

matri x and the correspon

Bk M5 PR o DGR ELT 0 2L e
g M R T

output vector. 1 2. The nethod of Caim1, further

conpri si ng SYONRg infpemory axatie hetsveon sacthi aynitted row and edch selected
several sub-nmatrices and obtaining the output vector
byow3 uni fying the output vectors resulting fromthe
products of each sub-matrix. 1 3. The nethod of C aim

2, whereint tﬂg}l | F ¥ai AREH

of rows of sdgliﬁd tr%ﬁ%g@%%%aﬁﬁam?m 1 is&}:ﬁs‘g&r@?gg%alar
of ' r rising splitting the input 2
vggﬁgr%&%%%f{ggvegrhgﬁeég]g?vectors such that each
sub-vector corresponds,to,a sup-natrix 3 and wherein

t he out put J@%ﬁ%ﬂ%%&%ﬁ%@&ﬁ@@&#ﬁ@ t he out put
vectors resulting from 4 the products of each

sub- mat ri x. generating a madifiedvestor rom groups efiequabeolumns in the
conprising splitting a nodified 2 matrix into several

s nbrmalizedmatriker ei n an out put vector is obtained by

addi ng the 3 output vectors resulting fromthe

products of gRaefatifgpmtdifiddmatbix; ah@ respective sub- 4
vector. 1 6. The nethod of Caim1l1, further conprising

nor mal i zi ng : said matri x by

mul ti plying o?)ﬁééﬂggﬁ%ﬂ y teﬂfgr'i nverse of a |ead

elenment. 1 7. The nethod of Claim1l, wherein the

out put vect @. i s Ehepnettloddf Claimfl, furthenedrhprising sblittifg the

i nput vector. 1 8. The nmethod of Claim1, further

C @aRéfofrhatthn M8 ihtol SR Geral RBRBatridesindbtdhing The GRPut Vactor by
the normalized matrix and attaching a uni que | ocation

t AnfiPin the SABRE Vdchdr rédfUBHP from the products of each sub-matrix.

3. The method of Claim 2, wherein the modified matrix

encompasses a subset of rows of said transformation matrix.

4.  The method of Claim 3, further comprising splitting the input
vector into several sub-vectors such that each sub-vector corresponds to a sub-matrix
and wherein the output vector is obtained by adding the output vectors resulting from

the products of each sub-matrix.

-35-



1 9. An apparatus for performng a |inear

transformation, 2 conprising: 3 first and second

i nputs which receive input data and predeternm ned 4

data; 5 transformation circuitry which acts on the

i nput data and oihsreetbed phiClaing 1o farther Zomprising kplittidg a modified

~address generation circuitry, connected to a first

mEtAbHY into sewendlshb-gratix,avieseioan oagmd wektogisabechigisesaddals the
accessing cells of said nmenory, and for 9 controlling

t batpmieletérs eesutbigean the pratiacts BEQICHIsNE-nRAR, by e ‘Pé@g@&ive sub-
data is received via 10 said first input, and a data
pre&sssi ng node, in which the arrival of incom ng data

via 11 said first input is blocked; and 12 counter
circuitry for controlling the timng of the operations

the 13 appdr at usTheandthod dh€laimpafiathes cohphiiag Ab@nalizing each
wherein the transformation circuitry 3 multiplies

easlunsl sfsaid mefrixtiyembipWin Rind f i
el ement of the 4thrqgns lgtrrr%tﬂlite%g datg}?ﬁfle lﬁe&gg'llﬂfemadelemem'
apparatus of claim 10, wherein the transfornmation

circuitry 2. conpriedesthed abbising Inwwheteinstheoutput Mector is a product
result of the multiplication. 1 12. The apparatus of

c bithenBatrivfaad ¢heninpiitevectoansf or mati on circuitry 2

conprises summati on and accunulation circuitry. 1 13.

The apparatus of claim9, further conprising a L

mul ti pl exer 8 2 ciTheunethod of(laim d efusthes corapugiegidentifying groups
data receiving node and the data processing 3 node. 1

14f equab celppus an the nofmalizedrmrix whe ptachingwewniqud foohti@nd each
address 2 generation circuitry conprises: 3 a second
midentifledvproup. St or es pre- programmed processing and

control 4 data and; 5 a conparator circuitry which

swi t ches betgneen Adgyadds foP p&i Mg b %@%%%4

data processing node. 1 15. The apparatus o

l.n.L.he control and address 2 generation
\é\?%glll@"rl "further conprises: 3 a first set of

mul ti pl exer% eagh of which haying, at, | e&ft one direct,
4 input for HeandspondRRE tocoye @Rvtdatasnd predaterained
igptut, into which said

ata;

transformation circuitry which acts on the input data and
predetermined data;

control and address generation circuitry, connected to a first memory,
which generates corresponding addresses for accessing cells of said memory, and for
controlling the selection between a data receiving mode, in which data is received via
said first input, and a data processing mode, in which the arrival of incoming data via

said first input is blocked; and
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12

13

5 transformation data is fed via a correspondi ng
inverter, said first set being controlled -87 6 to
transfer transformation data or, inverted

br ovi ded by unF Ry S BRAYRHEIE Affhe ot i ootions o

of multiplexers, each of which having at |east one

i ABRA®YSconnected to the out put of a correspondi ng

mul ti pl exer selected fromsaid first set of 10

mul ti pl exers, and another input, connected to said

second nenory, said second set i i being controlled by

sai d conpar dlor cTheappanatustof claim\d, sidereif thestansfdcnation circuitry
to the first 12 nmenory by transferring the output of

eanlitiplidsteach eleient 6fahe Siputiddth b§a cotespoRdinpeel HeM OF thel 3
of its corresponding nultiplexer fromsaid second set

0 OV at least a portion 14 of the second
agrgxrléfenﬂéttgb‘ﬁ cﬂa?a

ess to the first menory by transferring data

stored in sai.d segond 15 ne : ,and, 16. a | tiplexer, .,
oper ati ng iﬂICO ] gpp%%ogﬁf%fgi@, g@g{gﬂhthgn&an#an&%tmn circuttry
multiplexers ins jg dat a_processi ng npde, having an
uﬁ%’&ﬁ"r%aef&elinﬁﬁ’u‘ﬂ’g& §toxes the mrsplt of theappitiplicatien; o sai d
second nmenory and controlled by said conparator
circuitry, tlRer ebkhe appanatuswif glamg 9, mbereémthertiansfopoatidnosircuitry
of said second address.

comprises summation and accumulation circuitry.

13.  The apparatus of claim 9, further comprising a multiplexer
circuitry which selects between the data receiving mode and the data processing
mode.

14.  The apparatus of Claim 9, wherein the control and address
generation circuitry comprises:

a second ﬁemow which stores pre-programmed processing and control
data and;

a comparator circuitry which switches between the data receiving
mode and the data processing mode.

15.  The apparatus of Claim 14, wherein the control and address
generation circuitry further comprises:

a first set of multiplexers, each of which having at least one direct
input for receiving transformation data, and another input, into which said

transformation data is fed via a corresponding inverter, said first set being controlled
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to transfer transformation data or, inverted transformation data, by a predetermined
value provided by said transformation data;

| a second set of multiplexers, each of which having at least one input
connected to th;e output of a corresponding multiplexer selected from said first set of
multiplexers, and another input, connected to said second memory, said second set
being controlled by said comparator circuitry to prm'/ide a first address to the first
memory by transferring the output of each multiplexer from said first set to the output
of its corresponding multiplexer from said second set or, to provide at least a portion
of the second address to the first memory by transferring data sfored in said second
memory; and

a multiplexer, operating in combination with said second set of

multiplexers in said data processing mode, having an unconnected input and an input
connected to said second memory and controlled by said comparator circuitry, thereby

providing the remaining portion of said second address.



