METHOD FOR PREDI CTI NG THE BEST AND WORST IN A SET OF
NON- UNI QUE SOLUTI ONS [ 0001] This application clains
woheo7wessstit of U S. Provisional Application ROT/US2006/024713
60/ 698, 760 filed on July 13, 2005. FIELD OF THE

I NVENTI ON [ 0002] This invention relates generally to
the field of geophysical nodeling, although the

i nventi on has broader application. Specifically, the
invention is a nmethod for predicting best and wor st
sol ut i ons MEEHOR TOR PREDKI TN G T Id BESINAND WORST
sol utions. BACKGROUND OF THE | NVENTI ON [0003] In the
oi | industry, iINASEDOFNONUDIQUE SOLUTIONSset of
data from whi ch one wi shes to infer some sort of

[ tign of jinterest. It is S aj,r co t hat,
sﬁﬁ‘ﬁd nvel g aﬁp%%ﬂ@wfaamé thoke ﬂqﬁé?- $-£%V}Sgoggmppﬁcaﬂ°n No.
di i ain the data equally well.
V\ﬁp{@gﬁt@w@éasﬁ%%ﬁ’ or@\g;\iard to obtain a single

solution that the user considers "nost likely", it is

of ten desirabl e to FAEWD OF THEINVENBIONorst" case
solutions that fit the data in addition to the "nost

ot 0EcoulEs berkion e conberFlnie Bt fie of dpphgyeal’ modeling
p%ﬁfg&fgﬁ] e ReniRid hhd UGy abplidafin.Pr Spckfida®y, Me thRntion is a

sand and porosity distributioh in a reservoif where
omeethuwalifat predieting bkstoandt Werst aolytiens ahen snedel ésversion yields non-
hydr ocarban vol unes (i.e., the best and worst case

s CBKIF FRIfIORYssibl e in addition to the "nost |ikely".

An accurate understanding of the potential risks

i nvol ved in drai phtKGRPURDIORTHEIRVENTIONOUI d

reduce total costTs (correcily sized platiorns, optinal
draining strategy, etc.). [0004] A common nethod for

d§0R03} ni Inghabilandustriyyié isewnaen 63 b¢ Saced with 4 tat whdefa from which

one wishes to infer some sort of information of interest. It is also fairly common that

such inverse problems are non-unique, that is, different solutions explain the data
equally well. While it is straightforward to obtain a single solution that the user
considers “most likely”, it is often desirable to know the “best” and “worst” case
solutions that fit the data in addition to the “most likely” one, to adequately
understand the risks of a given course of action. An example of this sort of problem
in the oil industry is the prediction of the sand and porosity distribution in a reservoir
where one would like to know the largest and smallest hydrocarbon volumes (i.e., the
best and worst case scenarios) possible in addition to the “most likely”. An accurate
understanding of the potential risks involved in draining a potential reservoir should

reduce total costs (correctly sized platforms, optimal draining strategy, etc.).

[0004] A common method for determining alternative scenarios is to do forward
simulations of many different models in which the variables deemed to affect the final
result are chosen at random from some pre-defined distribution. The forward models
are then compared to the observed data to see which of the various forward models

match. A distribution of the parameters fitting the data is then extracted from the set



simul ations of many different nodels in which the

vari abl es deened to affect the final result are chosen
wanoe7zogisen from sone pre-defined distribution. PTNAIS2006/024713

forward nodels are then conpared to the observed data

to see which of the various foraard nodel s match. A

distribution of the paraneters fitting the data is

then extracted fromthe setof nodels that are deened

to fit the data well. Fromthis distribution, a best

aobimodels that arseleemad td fit he dateiwslle From thistdistribwiean, a Phgtend worst

met hod i s ti.ne-consum, ng.because it.requires a | atge .
nEATB T ol PSR Dtrisined, 135 P BRE I niGechgh Bing pogeuse i
URQhiry 2%arb® ntif@br SNRrRRAYmORAE! n hddigsh,at Suffds AL Eser bias in
that the user has thought of or deened rel evant.

[ a0k oalyomhdels triedreecitheonesthatthe usdrdastwught of@ir geeraeibielevant.

and sinply scale it up and down by sonme anount and

AL 5 g ey 50T bE ARy st p e

0BS®h B9 GofRt Anduht And CANVEHAE (HEDBLRL hitD WOEH $esed NThid meetiidd produces
necessarily the "best" and "worst" case answers.

[ 8506 thehganeadlyrioenhs andteh the whsemerdl date iha Ewerempdaling sense and
and rst case.scenati os, are,obtai ned as mat hemati cal
SBIEGY BRRESTAETY 18 PR i o CaSR AOSURRARY OF THE

I NVENTI ON [ 0007] In one enbodi nent, the invention is a

c er -whkl 8eed<dds Arhdisl fokhich 88 hrdkankl @brst B&e scenarios are
flowchart of Fig. 1) determ ning the |argest and

s nbtiained s ofathehmtigalssolusions todheinverss pssblemmat ri x

equation that can be expressed in the formwhere m.

. Mare physical p and Gis a
matri x based on a% AR OF 11 I f m t hat
relates the mto neasured data, wherein the equation

0/ NaR-dHei dmtRldyménty thetigebnlfiyn fisi aRbinpater-impleattated method for
yielding an infinite nunber of possible solutions al]
0

fsev«moet?xl fof tthe Hlewightra of Jiiet Bndgtemiiping dhe largesteqnd sppllest of the
f i ch. t|ikel Lt i i ned,
BRSO R e BT,

ort honormal basis vectors that diagonalize the G
matri x, and using sai d vect Or Sy,

G nfz = [data],

-| my,

where m; . . . my are physical parameters to be solved for and G is a matrix based on a
model of a physical system that relates the m; to measured data, wherein the equation
may be non-uniquely inverted by numerical methods yielding an infinite number of
possible solutions all of which fit the data substantially equally well and from which a
most likely solution can be determined, said method comprising (a) finding (step 2 in
Fig. 1) orthonormal basis vectors that diagonalize the G matrix, and using said vectors
to diagonalize G; (b) selecting (step 3) a threshold below which the values of the
elements of the diagonalized G are considered insignificant in terms of their effect on
the most likely solution to said matrix equation; (c) identifying (step 4) from the

orthonormal basis vectors those vectors (the “null” vectors) associated with the



to diagonalize G (b) selecting (step 3) a threshold
bel ow whi ch the val ues of the elenments of the
wdizegomgdse zed G are considered insignificant i RCTRISE®G6/024713
of their effect on the nost likely solution to said
matri x equation; (c) |dent|fy|§g (step 4) fron1the
ort honormal basis vectors those vectors (the "null"”
vectors) associated with thei nsi gni fi cant di agonal
el enents; (d) choosing (step an Lp mat hematica
niasignificenteliggoahlglonpnis; (€) clatmsmgrfstnp ﬁg ap &p gytlemadigal norm where
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ee to elimnate any physically unreal results.

BREEF: DESGRURT h Ghuallest BeiRtiDRAWRNGSa$ ooBig]l tqigiminae apy physically
|nvegt| on and its advantages wi |l be better understood
bYFRFEHBng to the fol | owing detail ed descri ption and

the attached drawings in which: [0009] Fig. 1 is a
flowchart shogRIgFPESCRIPEPON OF HEE DRAWINGSvVent i ve

met hod; and [0O0I0] F1gs. 2A-C are pict ures of 3 D

i mges produced by the present inventive
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[0011] The invention will be described in connection

WL 9]t s me.ef Br4 aeweRdosionsng Basidistess/ir the tpresehteineatttivatmethod;
at the follow ng description is specific to a

pard i cul ar enmbodi nent or a particular use of the

invention, this is intended to be

[0010] Figs. 2A-C are pictures of 3-D images produced by the present inventive

method showing the “worst” case (2A) and “best” case (2C) scenarios for sand bodies

in an inverted vshale volume, where Fig. 2B shows the most likely case.

[0011] The invention will be described in connection with its preferred
embodiments. However, to the extent that the following description is specific to a
particular embodiment or a particular use of the invention, this is intended to be
illustrative only, and is not to be construed as limiting the scope of the invention. On
the contrary, it is intended to cover all alternatives, modifications and equivalents that
may be included within the spirit and scope of the invention, as defined by the

appended claims.

DETAILED DESCRIPTION OF THE PREFERRED EMBODIMENTS

[0012] The present invention is a method for obtaining the “best” and “worst”

case solutions by solving a system of equations that relate the observations (data) to



illustrative only, and is not to be construed as

limting the scope of the invention. On the contrary,
woORoi7908382 ended to cover all alternatives, PCT/US2006/024713

nodi fications and equi val ents that nmay be incl uded

within the spirit and scope of "'he invention, as

defi ned by the appended cl ai ns. DETAI LED DESCRI PTI ON

OF THE PREFERRED EMBODI MENTS [0012] The present

invention i s a nmethod for obtaining the "best" and

" \parageters o dntgrestyt Foyihe pihodegw pragicaon; ygqbéqﬂq anentioned above, these

e ' . opser ' AL .
S SUBIBR T B EERIE ASGALRSTENAN R LA, 8 g it
pr(bIB 03 mefideriity sguhtidhoatel, a lilasiged gotkt plsies BRvatiohON(See U.S. Patent
exanpl e, include the convol utional equation, the Aid &

RASRAe#ion filsdolng 24 2093 by tSpltesiubiinnownd bl B matrix notation, they

li i . kK physics equation. (See U S. Patent
Apgp ?%% |%?1V1¥I§fe “June 24, 2005 by Saltzer, Finn and

Lu.) In matrix notation, they take the follow ng form

where f and vsh are the[porosi and vshal e (shal e

vol une fraction) val ues asga flingt | ord of; tine, data

are the seisnmic traces assoti afggd, W A4i £ f er ent (1)
source receiver apertures and matri x that rel ates

t he nodel paraneters (vshale and porosity in this

exanpl e application) to the data paraneters, typically
seitend @ med |ebt aenthd goesityiand veshalet (Rieale vobmid fractioay viakies as a
applied to any physical system where a physical nodel )
etirationtod tiskes \ade age e peispiodrachaasspeiptet esthmeifisrent source receiver

p 0. the. ured or otherwi se obtajned .
GAPETERTAR, By b R0 o P iREe8 [ BhelF g grosivy in
Gihis dRaiple Ih8icaiomt foi the 'thya PErabBRteld, Qgﬁi@alﬂ}ms@sﬁli/@reﬂection data.
pieces: a first region characterized by sensitivity of .

t Fowiyen the inventiepdepy parapmtied ts aaydhysiselcsisten exfieona physical

] P BEORBA s TR R 5 e {0 s o

U‘g}fﬂdg*’;sg @gﬁagggrfm@ iPaGeh davRl BReRqh.qUN6an Be SxikteR b Gm = Dara.
The G matrix may be partioned into two pieces: a first region characterized by
sensitivity of the data to the model parameters and a second region with little
sensitivity. These two regions are found by defining orthonormal bases that
diagonalize the G matrix. Once these bases have been found, a cut-off value is chosen
below which the elements of the diagonalized G matrix are insignificant. The
orthonormal vectors associated with these insignificant components of the
diagonalized G matrix are the “null” vectors. Thus if the basis vectors are uy and vy,
they can be used to construct matrices U and ¥ such that G = UST” where S has non-
zero elements only on its diagonal. Persons familiar with linear algebra will know
that the matrix S, which may be called the diagonalized G matrix, can be found.
Typically, G and hence S will not be a square matrix, but the elements G;; and ;; are
considered to be diagonal elements when i =j. If the diagonal elements of S are called

A1, A2, . . . An, and if A is below the threshold selected for significance, then vy is a null

vector. Mathematically, the null vectors correspond to the



bel ow whi ch the el ements of the diagonalized G matrix

are insignificant. The orthonornmal vectors associ ated
woi2odT/obgssse i nsignificant corrponents of the PCT/US2006/024713

di agonalized G matrix are the "z:null" vectors. Thus if

the basis vectors are and Ck, they can be used to

construct matrices U and V such that G = USV where S

has non zero elenents only on its diagonal. Persons

famliar with |inear al gebra know that the matri x

S, which may be called the dﬁ%or?al ized G matrix, can 2

be found. Typically, G and hence Swll not be a

S gblafiens @k istated dbdlve! Ads 8l RIRMY fafri:bitlveRt@ Whé:e r&%hx?@ﬁcﬁﬁls are @

to be diagonal el ements when i {) I f the diagona

end rehvalues ingheembedieatrep@sented by equ. 4ht Consequienthyethewean be

t hQ| {e or s ficance

rﬁ?ﬁ?é Vel Oﬁhﬁiﬁ% f&&g@? Nk th ngmgvg’c‘?t]g £ fhat Sndtel to the
GREISERA R, becaufe@ay do Bof PrbjeePbitbitRNGath 8acs! @hﬂﬂmeﬂymg theory
above, mis a columm matri x or vector whose co;ponents

aféhe prgsent instention isctbat the irtfimite msotbeneisolutims dlas it dat daga almost

. I t t he dded t
A 1L RIS e e Sty g Ere Fo hoy reparded. as
. ﬂ'é%rlﬁﬁgﬁé of fhelrhSst %&%ﬁﬁloﬁaﬁlﬁi thﬁ?ﬂﬁ%%ﬁuf‘ﬂﬁﬁ%ng%e Qﬁ’fven by the
project onto the data space.” An underlying theory of

tmﬁeq@nammfola lineencémbinatsons léthetthil veefarsihabcambrenwnstofcted. This

SRSy O it s S e i s wlecti praditge portion
Rﬁ'rthé‘ ERldr® @?a&f Thes, MShart bkehey ecﬁﬁ'ﬂHﬁ'tﬂaﬁ »doR8 Ghot Qﬁéctlthe most

the perturbations aré driven by t ferent possible
llikebagolattombinrfacti cansesdhe dififeranaéd betwedroany giert sadatiorband the most
\c}g@f cted This follows fromthe fact that the null

UtANe a2 basis set of vectors spanning a portion
of the relevant space. Thus, the part of the equation

t[001 3 0e $he Protdrh edn BREMBPShe bf KfdiMg BR cdnhiQRatidh (ff@ﬁﬂ'll vectors

causes the differences between any given sol ution and

t(fig) thms twilli Jieldythe @ireatésopordsBP 3§ sihd vphundEseif hen This can be
beconmes one of finding the conbination of null vectors
expressed mathematically as

= null
m biggest Z ak - (3)

where (¢, ) is a vector of coefficients that weight the relative importance of each null
vector. If the best possible model (i, ) of the subsurface is known a priori, itis a

simple matter to obtain a least squares solution of the appropriate weighting factors

(a;). The more difficult part is determining the upper bound on the porosity and

vshale perturbations (i.e., knowing what model of 73,,,,, to solve for).

[0014]  The upper bound of possible perturbations (i, ) can be determined by

summing the elements or components of the orthonormal basis vectors that are
associated with the portion of the diagonalized G matrix that have been determined to

be insignificant (the null vectors v,). This summing operation is done according to



(v ) that will yield the greatest porosity and sand

vol unmes (nbl ggest ) . This can be expressed
wourtdtawgaszcal |y as bes s k r " (3) where (cCRCY/US2008/024713

vector of coefficients that m5|ght the relative

I mportance of each null vector”® I'f the best possible

nodel nbl ggest ) of the subsurface is known apriori,

it is asinple matter to obtain a | east squares

solution of the appropriate weighting factors ak )

Thee pattisuldr mping (phosqvatot appdy.d eArerlyi mrAyist mnpm withothecabsolute

on t he ity and vshal e perturbations (

krYaten aP {6 4F tsdiamenss o ewmt eighangrpal ‘feGP‘be [0014]

The upper bound of possible perturbations nbl ggest )

can be determ ned by sunm ng the el enents or

conponents of the orthonorm@I p&ig Yectors that are (4)

associated with the portion ot tHe Jlagonallzed G

matri x that have been determned to be insignificant

(the nul] vectors vk ) . This sunm ng ogeration IS

déhe the ebiodita g/ahv@tqféh@ Srgtickamant of 6eh eHb¥egior i added jo make the
A?ir%txelé}ﬁ%t{pof %]il B%B.&%%fjon% H)r alljx? ?t% oHié leﬁ«L: %g?l% ogecgr?cgelement

he el enen e a’ev an onor na

(4F efdh Bull VdteordHaadddits nyeURe ﬁcoﬁ&‘ Elefrieh® btcS) WHEBs &f I, norm is
each null vector is added to make the first el enent o

t hige penpwedading thewgaire lof AiRdsabhiveclahsas.UnG ¥ ahowen &f colpited using
second el enent of each null vector is added to make

t hiee swtooRithe labssiote, vabies. of thiesepsnas kil sOobMbs 4 &f9,c0]. An L,
conputed using the square of the sane el enents. An L3

noomi wouldnpsst e Lm'Xirgumhetbm]wé wilug hd thbssime elonzintse§ic., the

oo nHSeo R Fa e ¥ seth Bk vBuf s iton:asafle Bt ARt of the

elpef@ibhfiord Vector ant e M bPThelsBS Nl dictherf lo2 BB veRfor is taken as
each null vector is taken as the first elenent of the

péhe sechad ﬁl@mene cto). Emdloviee boend isuthe oégative of dxosiun computed for
o o RNV SR 0 b 5, oBER: SR oo
C QR ERSeI} @Fproaches that upper (lower) bound and finishes by scaling the resulting
perturbation vector by a constant and adding that result to the most likely solution.
Persons skilled in the art will know methods for finding a most likely, or best guess,
solution to matrix equations of the form of eqn. (1). For example, Menke describes
standard inversion methods in Geophysical Data Analysis: Discrete Inverse Theory,
Academic Press (1984). The scaling serves to prevent unphysical results, and
preferably is performed in increments in iterative fashion until just enough scaling has
been applied to prevent physically unreal values of the parameters m;. A4 priori

information may favor stronger scaling in particular instances.

[0015] This method is applicable to any problem where an appropriate physical
model can be used to describe the relationship between what is observed and what is
to be inferred. For example, if the differences in AVO behavior observed over time
(time-lapse seismic) can be related to changes in pressure and water saturation in the
reservoir, then the null space method can be used to solve for the “best” and “worst”

case scenarios possible, given the observed differences between the seismic data.



t he upper bound. Next, one solves eqn. (3) for the
conbi nation of null vectors that nost closely
wapproagises t hat upper (lower) bound and fi ni SRES/USY06/024713
scaling the resulting perturbatbon vector by a
constant and adding that resulf‘to the nost likely
solution. Persons skilled in the art will know nethods
for finding a nost |ikely, or best guess, solution to
matri x equatjons_ of the form of eqgn For. exanp
g@ossibls @§Plﬁagﬁﬁa?w0ﬂW@ﬂ§ll$ﬁﬂWrﬁé‘§%%@§l Which the Bestand worst

SRRk ) pER ARSI SR essed and
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eravi or serve apse seismc
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scenari os possible, given the observed differences
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i NVersi‘o or so pr oper

ofDiffbienrieb Opkeudrs, Yed Noabadd, (¥96 1)adhe fpréx&blhblﬁbitélﬂ book by Menke;
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distribution in a reservoir.
singular values (eigenvalues). Then the following steps are performed:
1. sum the absolute values of the components of the null space

eigenvalues (an L, norm choice). This sum is made across

corresponding elements of every eigenvector (along the rows of the
eigenvector matrix) and is equivalent to determining an upper bound
on the total perturbations that can be wrung from the data. The lower

bound is the negative of this sum.

2. choose a shale cut-off value. Elements of the perturbation vector
corresponding to values above this cut-off in the most likely solution

are excluded from step 3.



Al ternatively, the equations can be paraneterized in

terns of other properties of interest (e.g., elastic
wonrop@osises such as i npedances or veI00|t|es) PLO@EB]06/024713
In sone enbodi nents of the invegtion, a singular val ue
deconposition (SVD) is used to~ éconpose the G matrix

into the two subspaces of interest. Such a

deconposition is described in various textbooks

|nclud|ng Stran Introduction to Linear Al gebra,

el | esldey- carbicife @%@Wé@@aﬂgg of ggnyectpys jhat most elpsehnapproaches
Linear Diffeg Van Nostrand, (1961);

t he preV|ousﬁ§q@?%J gg%ﬁﬁﬁwbnke and Press, et al.,
Nureri cal Recipes in C the art of scientific

conput idng, Gaabrhdgeulting permtsibhiyorPreess, byw&ﬁlstaﬂihﬁrﬁi add that result

operation produces two orthogonal matrices, U a
that contai fothe Bettalikehy s ﬁb‘g‘éll eIr’gg??vBEhO&%’ awéleai, the scaling

third matri h aul e

(ei genval ue;%0 éﬁt I @%Osgﬁ%@%vn\ﬁﬁ%%ﬂ%t Z%gl gre pt)%aalpﬂ %hgle values
1. sumthe albsaihed &re\physiegdlyotalt (aeitled Poessentos velialé Beless than 0%
nul | space eigenval ues (an L1 norm choice). This sum

i s made acr shale ds pehareatsr dhasnbifi% apd noyesity is not greater than
ei genvector f@long the rows of the eigenvector matrix)

and i s equival e)nt to determ ning an upper bound on the
total perturbations that can be wung fromthe data.

THithel cwerméroiahd sofiwaree predati vdlabbt hi(swsumathHorle@ase readily
a shale cut-off valye. E|l ements of the perturbation
vélé?‘BPPQSS%r BEpSntinEgat yalis decommesiiiont 1 Livent mAEx | G into two

?ﬁn hﬁﬁlléés Lt 7 9Rg Qﬁfdggffaﬁln%ﬁg fh am V?' % ‘contains the

e CO I nation el genvec ars tcﬁ

C Isngalay valppy @hcsigenviahel ofiGHEY U doatkis)the Otth!@}mrﬂaal Isedisl v ctors that
the resylting perturbation vector by a caonstant and
adtf %%%%ﬁlaﬁeéwm the glafawpapg, and | gegyiging the qrthonorma] bapig vectors that

gt Qs 0¥t VAR B0 mbdd® s5&R! | RYcall that G relates the model parameters to

the data parameters.) The book by Press, et al., contains a source code listing of a

similar computer program. Typically, an SVD algorithm will generate an S matrix
having its diagonal elements ordered from largest to smallest. It is then a simple
matter to select a cutoff value and to select the basis vectors from the ¥ matrix
associated with the values below the cutoff. Those vectors will appear in 7 as
consecutive columns, and one simply sums the corresponding components of these
column vectors using whatever norm has been selected. The invention will work with

any norm.
Example

[0017]  The present inventive method was applied to some seismic data acquired
over a potential oil field. Figures 2A-C show a 3-D image on a black background of,
respectively, the “worst,” “most-likely,” and “best” inferred (1 — vshale) sand channel
winding through a inverted vshale volume (the shaly parts have been made invisible).
The estimates of total reserves carried in the “best” and “worst” case scenarios varies

by almost a factor of two. In addition, the difference in connectedness between the



constant is chosen such that the final porosity and

vshal e val ues obtained are physically real (neither

woanwangdg2zor vshale is | ess than 0% and vshal ePCS/US®H06/024713
greater than 100% and porosity Ps not greater than

409 . The commercial software product "Matl ab"

(www. mat hwor ks. com) readily deconposes, using singul ar

val ue deconposition, a given matrix Ginto two

orthonornal matrices t/and thd a di agonal matrix
i sand beslies \myhe Swosit andsbeste casasgis -SiEn) Beandy Ctlffﬁ@nt and imply

I f | | basis
v CHRONR R s BB GO STHRIRAD 000G v
contains the orthonormal basis vectors that are
afaot8lat ethanviféregding apptiedtionpidcdirec{eRetwapdrtitiiai eﬁibodlments of the
rel ates the nopdel paraneters to the data paraneters.)

Ttﬁ’éessle;dkvwomf%rs@e pEtpogg of illpgrating s Thwilbbe arpagssgdiowever, to one
| ig 0f1,.2 S| @ g

R 9Pl o T T SEp PSSR AR S Y B
didegoibad heteieret gossibiter &1 sticlo mdddicgeets el edrtibas tre ihtended to
is then a sinple matter to select a_cutoff val ue and

t e 9uihR thersHabasf<he PiFee REn RO 5 18fnog ipdhe appended dlais.
associ ated with the values below the cutoff. Those

vectors wll appear in V as consecutive columms, and

one sinply sunms the correspondi ng conponents of these

col um vectors using whatever norm has been sel ect ed.

The invention wll work with any norm Exanple [0017]

The present inventive nethod was applied to sone

seism c data acquired over a potential oil field.

Fi gures 2A-C show a 3-D i mage on a bl ack background

of , respectively, the "worst," "nost-likely," and

"best" inferred ( 1 - vshale) sand channel w nding

through a inverted vshale volune (the shaly parts have

been made invisible).



The estimates of total reserves carried in the "best"
and "worst" case scenarios varies by alnost a factor
wofRodnos3stn addition, the difference in connecPetnss®e/024713
bet ween thesand bodies in the "worst” and "best" cases
are significantly different and inply different
draining strategies that m ght be optimal for this
field. [0018] The foregoing application is directed to
particul ar enbodi ments of the present i nvention for
the purpose of illustratingygpAgpvgt W Il be apparent,
however, to one skilled in art t hat many
modi fications and variations to the enbaodi ment s .
described Hertbe prablem pbémietting a matrbuedvationilfat can be gypressed in
and variations are intended to be within the scope of
%ﬁﬁﬁbsent invention, as defined in the appended
clalns CLAIMS 1. In the probl em of inverting a matrix
equation that can be expressegd,in the formwhere n .
. . are physical parafreters o 'be solved for and Gis
a matri x based on a del~ of ﬂhphy systemt hat
rel ates the to nmeasured 8%ta ﬁh'?E n the equati on nmay
be non-uni quely inverted by punerical nethods yielding
an infinite nunber of possi bl lutions all of which
fit the data substantially equal ly well and from which
st likely n can be dete

awgc?r@ﬂ@nt eaiNrflgf B t ! gP”&@F@Fﬁﬁog’eﬁafVFﬁ gg Fdél}ig}égoa{%u Kbased on a

spBhbigtt n;ﬂxfysﬁé’l' FsReAsHPlctitahs i, @Nfeasi@édd4m Windein the equation
conpri sSi finding ort honor mal basi s vectors t hat

dmagdmaionmmw@y @vered by numedicalshethodsyigldirg: e infinitg number of

LB L8t hgh S B0 Oy bG8 i
ﬁxe§ﬂ ggLigd sc%(lﬁﬁbtg Nahi 68NMetdrfhinl B Rinpubei imeléhestd Oﬂﬁethod for

nost ely solution to said nmatrix equat i on; éagg
i dkﬁadmlﬁmgn thef dargest hendorsndlegtr 0kl saishgiossiblec selugorho method

vectors (the
comprising:

(a) finding orthonormal basis vectors that diagonalize the G matrix, and

using said vectors to diagonalize G;

(b) selecting a threshold below which the values of the elements of the
diagonalized G are considered insignificant in terms of their effect on the most likely

solution to said matrix equation;

(© identifying from the orthonormal basis vectors those vectors (the

“null” vectors) associated with the insignificant diagonal elements;
@ choosing an Lp mathematical norm where p [0, oo];

(e) determining an upper and lower bound for possible solutions m;, mz . .
. my by summing corresponding components of said null vectors according to the

chosen norm, said lower bound being given by the negative of said sumns;



“null" vectors) associated with the insignificant

di agonal el enents; (d) choosing an Lpnat hematical norm
woeherr@ogsse [d,]; (e) determining an upper and POWAIS2006/024713

bound for p055|ble sol utions m N by sunmm ng

correspondi ng conponents of sail H nuII vectors

according to the chosen norm said | ower bound bei ng

gi ven by the negative of said suns;(f) finding a

| i near conbination of the null vectors that nost

cl osel §) appﬁmﬁngeasliseardcomlpiaaticbnoﬁdhe aut Yf@t@&tthﬁgmost ClOSGlY

ofPrEaiel T PR 5P ko A Harr ot et of i KoVl g s
likely solution to yield a largest and a snal | est

sol uti @ Ss@lihd BachSOMBROIRED fifkakebibihatiénsdiiyturn to the most likely
physically unr eaI results. 2. The nethod of claim1,

V\Istéutmmtot Yleldra kar@stvaidmsm@lﬂesp seluon, yealing asrneeded qlfmeinate any
fractl ti%e data are seismc anplitude val ues.
SPhYPW@ ®Hcl ai m 1, wherein singular val ue
deconposition is used to find the orthonormal basis

vect or g, andThe ndRAUTRIdiZEl , WiRrdm i h) afe véluesTbiEporedityaad shale
of claim1, wherein the absol ute val ues of the

cvolums fmetiomgnd drpérie atesseistmic Maphiude velges. or s ar e
sunmed, correspondl ng to choosing an L1 norm 5. The

met hod ll“g? n}]eg}?qd J ec% 'rrp 1 févﬂgr' fﬂ]gs\}l}?@éﬂ a'llfée@é'co?alpgﬁition is used

comnbi ngtl on ors’ 1's so e equa

f @ fiNeihe ok thBRorfrAC thakis valtotssind o iapeadize dRUAnesixet hod,
where vk nf' is the h null vector and nbjggast is a

bound for possible msolutions. 6. The method of cllal
3, whefei n Ehe smgthedn.of qclaie fatWhereing g capsglute values of the

gg@%ﬂg LI, com&nenys SRy ﬁulf‘(/gct(ﬁ @'gxedélﬁrﬁﬁ&ﬁ RbrrS&bRdiBk to choosing

one set assocl
an L; norm.

5. The method of claim 1, wherein finding said linear combination of null

vectors is solving the equation

snull
y nblggest Z O Vy

for weighting factors «, using a least squares method, where Vk"”" is the £ null

vector and 77, is a bound for possible m solutions.

6. The method of claim 3, wherein G is a non-square matrix, and said
orthonormal basis vectors are two different sets of basis vectors, one set associated
with the data vector’s space and the other set associated with the m vector’s space,
and wherein the null vectors come from the basis vectors associated with the m

vector’s space.

7. A method of producing hydrocarbons from a subterranean region,

comprising:



with the data vector's space and the other set

associated with the mvector's space, and wherein the
waubd7/0egstors cone fromthe basis vectors assoeCatusenos/024713

with the mvector's space. 7. met hod of producing

hydr ocar bons from a subterran€art T egi on

conprising: (a) obtaining neasured data froma seismc

survey of the subterranean region; (b) obtaining a

nodel of the subterranean region that rel ates physica

par amef{®r s QPtagtng reeasvisd (ot fionr egicisimie urmssiseli e subterranean

s%ﬁg’ﬂ.c data; (c) obtaining a matri x equation of the

fo felating the m to the nmeasured data, where Gis

a matri x based on said nodel; (d) obtaining a |argest

sol uti @) andbminingld esides of Uhé Gubteffam@nPREHNDIRL relates physical
non-uni que splutions for the ; frominverting the

nRERMeteEath B subsyrfacy ieigade measredwgisaisdates| ut i ons
havi ng been obtained by: (i) finding orthonormal basis

vect or gt haty, 53&% [ fel and using said
vectorgc)to i%gon P?Aze g-e‘i% P‘?oggliéef%%ﬁ? ng a threshol d
bel ow whi ch the val ues of the elenents of the

di agonal i zed G are consi dered] ypngignificant in terns
of their effect on the nost || kelly solution to said
matri x equation; (iii)f idgnti e gﬂ?&,g t he
ort honormal basis vectjors those yectors (the "null"
vectors) associated wilth the.l nsifgnificant diagonal

el ements; (iv) choosing an Lprathemati cal norm where p
e [0, oo] ; (v) determ ning an upper and | ower bound

f RatRRSEE B & BOWLLRES dﬁh,’\?ﬁErQG isa nfle}tf&\'bg d%ﬂ@mdr}ﬂodel;
0 nu ors

correspondi ng conponent s sal vec

(d) obtaining a largest solution and a smallest solution among possible
non-unique solutions for the m; from inverting the matrix equation, said largest and

smallest solutions having been obtained by:

@) finding orthonormal basis vectors that diagonalize the G matrix,

and using said vectors to diagonalize G;

(i)  selecting a threshold below which the values of the elements of
the diagonalized G are considered insignificant in terms of their effect on the

most likely solution to said matrix equation;

(iii)  identifying from the orthonormal basis vectors those vectors

(the “null” vectors) associated with the insignificant diagonal elements;

(iv)  choosing an Lp mathematical norm where p € [0,c];

(v)  determining an upper and lower bound for possible solutions
mi, my . . . my by summing corresponding components of said null vectors
according to the chosen norm, said lower bound being given by the negative of

said sums;



according to the chosen norm said | ower bound being

gi ven by the negative of said suns;(vi) finding a
woioEanssenbi nati on of the null vectors that nmPeT/US2006/024713

cl osely approaches said upper bound, and repeating

this finding for said | ower bouht: and (vii) adding

each of said two linear conbinations in turn to the

nost |likely solution to yield a largest and a snal | est

solution, scaling as needed to elininate an

. ] J y
physi cal | y ¥ eallindinglat Eneas repn(binationi ofy theaindll| eectpes tthat most

and s t lLutions, to devel o roduction of .. .
nydr oc S BanePpRarERaTL ibet Pk BaTT-Biitie i Sring for sid Tower
met hod bofindjlagim 7, wherein the ml are val ues of

porosity and shal e volune fraction, and the data are

seism c anplitude val ues.
(vii)  adding each of said two linear combinations in turn to the most

likely solution to yield a largest and a smallest solution, scaling as needed to

eliminate any physically unreal results; and

(e) using said largest and smallest solutions to develop production of

hydrocarbons from the subterranean region.

8. The method of claim 7, wherein the m; are values of porosity and shale volume

fraction, and the data are seismic amplitude values.



