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SAMPLING SCHEMES FOR STRATEGY SEARCHING IN STRATEGIC INTERACTION 

BETWEEN PARTIES   



[0001]          





[0002] 



            



             





[0003] 







[0004] 

         





           







[0005]           

             

           

        

      

     

          






















              



            



[0006] 

             





[0007]           

            







[0008]          







[0009]               

            







[0010]               



[0011] 










[0012] 



[0013] 



[0014] 



[0015] 

            



[0016] 



[0017]               



[0018]                



[0019]            





[0020] 



[0021]            



[0022] 



[0023] 



     

        





 


















[0024]              

      



    

    



  



[0025] 







[0026] 











[0027] 



           



    

      



[0028] 



                














[0029]           







[0030]             















       







[0031] 





[0032] N ,,...,n 

     hv
i   i   

 hv
i   iH  

  
 


 

  H 

L 

ih 


  
 

Hhj h 

hj h  
< L< LZ H 

z Z Aha ha 

Hh H ZP 

N cc 

Phh

[0033] i h H PhiiIi i 

i IihIi hIi 








i i’s 

Ii i.e.hv
i aa...aLIi 

i h IiAhAIiPhPIi

i Nuizz





[0034] 





X 









[0035] 



zi hi 

h

 hi

h zi

[0036] 



[0037]                





[0038] hi 

hh

hhhh h 

Ah,h

Phh

[0039]        hh

                 








hh

    

[0040] Ii ii 

is 

    h  h          h  h 

IhhIIhIh

[0041]  ii i,i N

i ii 

ii N, iIiAIi

Iiiaha i N ch

      

h,hIi Ii IihIihiIiihihiaIiiahiah

IhhIIhIhIhhaI

ahah



[0042]   i            
 

  

ii


 






i 


            

  
 



            

 

    
 









[0043]    i      


 





  

  
 

i.e., 




 


               













[0044] t t

h h

               

 
  


  














 
       

rsk

             



[0064]  k max  k maxIiAIi     i 
kunif,AIi

Ii        
 

k maxIiAIi

[0065] k 
  z 


  


h Iia ArskIi

            



  




[0066] a h a ArskIi     

k 
  

[0067]  k     i        

unif,AIi   Ii     

 k  i 

unif,AIiIi
  


h 

Iia ArskIi

         




    


[0068] a h a ArskIi     

             




[0069] 



t

t








 








[0070]           

                

kArskIi






[0071] 

              

h














       



[0072] 

            

  
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                

  
              

 Ii i
tIii

taIi

Qj t


  



       


 

[0077]               











[0078] 




 

[0079]              



    





    





[0080] tRi
taIi



 
Ii,a,t 

RtaIiRtaIi, Ii i,a AIi,t ,...,T
  AIiAIi

  


 





 





RiaIi. 

[0081]  

   

        


  


[0082] 



R S












[0083] 



  
[0084] 




[0085] R S


R 

 S 






      



[0086]             

       



           




















 

[0087] 



              


















[0104] 

t






 



[0105] 



h  Ii     h    i   k 



h Z

PIi-1a AIiiIi

i.e.h haPIii

k 

        

Ii




 

 PIi

iIi

[0106] 
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

               











[0108] 









[0109] 











[0110] 


















[0111] 

        

                



[0112]               

               





           

             





[0113]              

















[0114]            





[0115] 





[0116] 










[0117] 



[0118] 













               



[0119]     









   

     



[0120] 



              



           









            




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



                 Ii, 

ri
taIi







[0123]        


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[0144] FIG. 11 is a diagram of on example of modules of an apparatus 1100 in accordance with 

embodiments of this specification. The apparatus 1100 can be an example embodiment of a data 

processing apparatus for performing counterfactual regret minimization (CFR) for strategy searching 

in strategic interaction between two or more players. In some embodiments, strategic interaction 

between two or more players can be modeled by an imperfect information game (IIG) that involves 

two or more players. As an example, the IIG represents a collaborative product-service 

recommendation service that involves at least a first player and a second player, the first player 

having limited access to information of the second player. The apparatus 1100 can correspond to the 

embodiments described above, and the apparatus 1100 includes the following: a first identifying 

module 1101 for identifying N1 possible actions of a first player in 

first sampling module 1102 for sampling a possible action out of the N1 possible actions in the first 

              

identifying N2 possible actions of the first player in a second state of the first player, wherein the 

first state of the first player is closer to a beginning state of the IIG than the second state of the first 

ction out of the N2 possible actions 

in the second state of the first player with a second sampling probability, wherein the first sampling 

             

performing the CFR  based on the possible actions out of the N1 possible actions in the first state of 

the first player and the possible action out of the N2 possible actions in the second state of the first 

player. In some embodiments, the first state of the first player includes a history of information 

provided by the second player, and the N1 possible actions of the first player includes N1 possible 

actions in response to the history of information provided by the second player for providing product-

service recommendations to customers. 

[0145] In an optional embodiment, the processing module includes: a first calculating module 

for calculating a regret value of the possible action out of the N1 possible actions in the first state of 

calculating a regret value of the possible action out 



a first strategy of the first player in the first state based on the regret value of the possible action out 



player in the second state based on the regret value of the possible action out of the N2 possible 

actions.  

[0146] In an optional embodiment, the first sampling module samples k1 possible actions out of 

the N1 possible actions in the first state of the first player, wherein each of the k1 possible actions is 

           
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possible actions out of the N2 possible actions in the second state of the first player, wherein each of 

the k2 possible actions is sampled with the same second sampling probability. 

[0147] In an optional embodiment, the processing module performs the CFR based on the k1 

possible actions out of the N1 possible actions in the first state of the first player and the k2 possible 

actions out of the N2 possible actions in the second state of the first player. 

[0148] In an optional embodiment, the first sampling probability is k1/N1, and the second 

sampling probability is k2/N2. 

[0149] In an optional embodiment, 2<= k1<= N1 and 2<= k2 <= N2. 

[0150] In an optional embodiment, k1 = k2. 

[0151] In an optional embodiment, the apparatus 1100 further includes the following: a third 

identifying module for identifying M1 possible actions of a second player in a first state of the second 



   urth identifying module for 

identifying M2 possible actions of the second player in a second state of the second player, wherein 

the first state of the second player is closer to a beginning state of the IIG than the second state of the 

a fourth sampling module for sampling a possible action out of the M2 possible 

actions in the second state of the first player with a fourth sampling probability, wherein the third 

sampling probability is less than the fourth sampling probability. 

[0152] In an optional embodiment, the apparatus 1100 further includes the following: a fifth 

identifying module for identifying M1 possible actions of a second player in a first state of the second 

player, wherein the first state of the first player is closer to a beginning state of the IIG than the first 



possible actions in the first state of the second player with a third sampling probability, wherein the 

third sampling probability is larger than the first sampling probability. 

[0153] The system, apparatus, module, or unit illustrated in the previous embodiments can be 

implemented by using a computer chip or an entity, or can be implemented by using a product having 

a certain function.  A typical embodiment device is a computer, and the computer can be a personal 

computer, a laptop computer, a cellular phone, a camera phone, a smartphone, a personal digital 

assistant, a media player, a navigation device, an email receiving and sending device, a game console, 

a tablet computer, a wearable device, or any combination of these devices. 

[0154] For an embodiment process of functions and roles of each module in the apparatus, 

references can be made to an embodiment process of corresponding steps in the previous method. 

Details are omitted here for simplicity. 
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[0155] Because an apparatus embodiment basically corresponds to a method embodiment, for 

related parts, references can be made to related descriptions in the method embodiment. The 

previously described apparatus embodiment is merely an example. The modules described as 

separate parts may or may not be physically separate, and parts displayed as modules may or may 

not be physical modules, may be located in one position, or may be distributed on a number of 

network modules. Some or all of the modules can be selected based on actual demands to achieve 

the objectives of the solutions of the specification. A person of ordinary skill in the art can understand 

and implement the embodiments of the present application without creative efforts. 

[0156] Referring again to FIG. 11, it can be interpreted as illustrating an internal functional 

module and a structure of a data processing apparatus for performing counterfactual regret 

minimization (CFR) for strategy searching in strategic interaction between two or more players. In 

some embodiments, strategic interaction between two or more players can be modeled by an 

imperfect information game (IIG) that involves two or more players.  An execution body in essence 

can be an electronic device, and the electronic device includes the following: one or more processors; 

and a memory configured to store an executable instruction of the one or more processors. 

[0157] The one or more processors are configured to identify N1 possible actions of a first player 

in a first state of the first player; sample a possible action out of the N1 possible actions in the first 

state of the first player with a first sampling probability; identify N2 possible actions of the first 

player in a second state of the first player, wherein the first state of the first player is closer to a 

beginning state of the IIG than the second state of the first player; sample a possible action out of the 

N2 possible actions in the second state of the first player with a second sampling probability, wherein 

the first sampling probability is less than the second sampling probability; and perform the CFR  

based on the possible actions out of the N1 possible actions in the first state of the first player and 

the possible action out of the N2 possible actions in the second state of the first player. 

[0158] Optionally, the one or more processors are configured to calculate a regret value of the 

possible action out of the N1 possible actions in the first state of the first player; calculate a regret 

value of the possible action out of the N2 possible actions in the second state of the first player; 

update a first strategy of the first player in the first state based on the regret value of the possible 

action out of the N1 possible actions; and update a second strategy of the first player in the second 

state based on the regret value of the possible action out of the N2 possible actions.  

[0159] Optionally, the one or more processors are configured to sample k1 possible actions out 

of the N1 possible actions in the first state of the first player, wherein each of the k1 possible actions 

is sampled with the same first sampling probability; and sample k2 possible actions out of the N2 
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possible actions in the second state of the first player, wherein each of the k2 possible actions is 

sampled with the same second sampling probability. 

[0160]  Optionally, the one or more processors are configured to perform CFR based on the k1 

possible actions out of the N1 possible actions in the first state of the first player and the k2 possible 

actions out of the N2 possible actions in the second state of the first player. 

[0161] Optionally, the first sampling probability is k1/N1, and the second sampling probability 

is k2/N2. 

[0162] Optionally, 2<= k1<= N1 and 2<= k2 <= N2. 

[0163] Optionally, k1 = k2. 

[0164] Optionally, the one or more processors are configured to identify M1 possible actions of 

a second player in a first state of the second player; sample a possible action out of the M1 possible 

actions in the first state of the second player with a third sampling probability; identify M2 possible 

actions of the second player in a second state of the second player, wherein the first state of the 

second player is closer to a beginning state of the IIG than the second state of the second player; and 

sample a possible action out of the M2 possible actions in the second state of the first player with a 

fourth sampling probability, wherein the third sampling probability is less than the fourth sampling 

probability. 

[0165] Optionally, the one or more processors are configured to: identify M1 possible actions of 

a second player in a first state of the second player, wherein the first state of the first player is closer 

to a beginning state of the IIG than the first state of the second player; and sample a possible action 

out of the M1 possible actions in the first state of the second player with a third sampling probability, 

wherein the third sampling probability is larger than the first sampling probability. 

[0166] FIG. 12 is a diagram of on example of modules of another apparatus 1200 in accordance 

with embodiments of this specification. The apparatus 1200 can be an example embodiment of a data 

processing apparatus for performing counterfactual regret minimization (CFR) for strategy searching 

in strategic interaction between two or more players. The apparatus 1200 can correspond to the 

embodiments described above, and the apparatus 1200 includes the following: a first storing module 

1201 for storing a number of regret samples in a first data store, wherein each of the number of regret 

samples includes a state of a player and a regret value of a possible action in the state of the player, 

wherein the number of regret samples are obtained in two or more iterations of a counterfactual regret 

minimization (CFR) algorithm in strategy searching in strategic interaction between the player and 



second data store, wherein each of the number of strategy samples includes a state of the player and 

                
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updating parameters of a first neural network for predicting a regret value of a possible action in a 

state of the player based on the num

module 1204 for updating parameters of a second neural network for predicting a strategy value of a 

possible action in a state of the player based on the number of strategy samples in the second data 

store. In some embodiments, strategic interaction between two or more players can be modeled by 

an imperfect information game (IIG) that involves two or more players. As an example, the IIG 

represents a collaborative product-service recommendation service that involves at least the player 

and a second player, the player having limited access to information of the second player, wherein 

the state of the player includes a history of information provided by the second player, and wherein 

the possible action of the player includes a possible action in response to the history of information 

provided by the second player for providing product-service recommendations to customers. 

[0167] The foregoing and other described embodiments can each, optionally, include one or 

more of the following features: 

[0168] In an optional embodiment, the apparatus 1200 further includes the following: an 

identifying module for identifying a first state of the player and a first possible action in the first state 

 predicting module for predicting a first regret value of the first possible action 



module for predicting a first strategy value of the first possible action in the first state of the player 

using the parameters of the second neural network. 

[0169] In an optional embodiment, wherein the first storing module is capable of obtaining a new 

e according to a reservoir 

sampling algorithm. 

[0170] In an optional embodiment, wherein storing the new regret sample into the first data store 



and in response to determining that the first data store is full, replacing one of the number of regret 

samples in the first data store with the new regret sample. 

[0171] In an optional embodiment, wherein the CFR algorithm includes a robust sampling CFR 

algorithm. 

[0172] In an optional embodiment, wherein the strategy value of a possible action in the state of 

the player includes a numerator of an average strategy.  

[0173] In an optional embodiment, wherein the regret value of a possible action in the state of 

the player includes a counterfactual regret value of the possible action in the state of the player 

calculated based on a counterfactual value of the possible action in the state of the player. 
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[0174] In an optional embodiment, the apparatus 1200 further includes the following: further 

including: in each of the two or more iterations of a counterfactual regret minimization (CFR) 

algorithm in strategy searching in strategic interaction between the player and the at least another 

player, a sampling module for sampling a possible action out of a number of possible actions in a 



    

module for calculating a regret value of the possible action in the second state of the player based on 



module for calculating an updated strategy of the possible action in the second state of the player 

based the regret value of the possible action in the second state of the player according to a regret 



action in the second state of the player based on the updated strategy of the possible action in the 

second state of the player. 

[0175] In an optional embodiment, the apparatus 1200 further includes the following: further 

including: a first initializing module for initializing the parameters of the first neural network based 



initializing the parameters of the second neural network based on parameters of the second neural 

network in a previous iteration. 

[0176] The system, apparatus, module, or module illustrated in the previous embodiments can 

be implemented by using a computer chip or an entity, or can be implemented by using a product 

having a certain function.  A typical embodiment device is a computer, and the computer can be a 

personal computer, a laptop computer, a cellular phone, a camera phone, a smartphone, a personal 

digital assistant, a media player, a navigation device, an email receiving and sending device, a game 

console, a tablet computer, a wearable device, or any combination of these devices. 

[0177] For an embodiment process of functions and roles of each module in the apparatus, 

references can be made to an embodiment process of corresponding steps in the previous method. 

Details are omitted here for simplicity. 

[0178] Because an apparatus embodiment basically corresponds to a method embodiment, for 

related parts, references can be made to related descriptions in the method embodiment. The 

previously described apparatus embodiment is merely an example. The modules described as 

separate parts may or may not be physically separate, and parts displayed as modules may or may 

not be physical modules, may be located in one position, or may be distributed on a number of 

network modules. Some or all of the modules can be selected based on actual demands to achieve 
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the objectives of the solutions of the specification. A person of ordinary skill in the art can understand 

and implement the embodiments of the present application without creative efforts. 

[0179] Referring again to FIG. 12, it can be interpreted as illustrating an internal functional 

module and a structure of a data processing apparatus for performing counterfactual regret 

minimization (CFR) for strategy searching in strategic interaction between two or more players. An 

execution body in essence can be an electronic device, and the electronic device includes the 

following: one or more processors; and a memory configured to store an executable instruction of 

the one or more processors. 

[0180] The one or more processors are configured to store a number of regret samples in a first 

data store, wherein each of the number of regret samples includes a state of a player and a regret 

value of a possible action in the state of the player, wherein the number of regret samples are obtained 

in two or more iterations of a counterfactual regret minimization (CFR) algorithm in strategy 



strategy samples in a second data store, wherein each of the number of strategy samples includes a 



of a first neural network for predicting a regret value of a possible action in a state of the player based 



network for predicting a strategy value of a possible action in a state of the player based on the 

number of strategy samples in the second data store. In some embodiments, strategic interaction 

between two or more players can be modeled by an imperfect information game (IIG) that involves 

two or more players. As an example, the IIG represents a collaborative product-service 

recommendation service that involves at least the player and a second player, the player having 

limited access to information of the second player, wherein the state of the player includes a history 

of information provided by the second player, and wherein the possible action of the player includes 

a possible action in response to the history of information provided by the second player for providing 

product-service recommendations to customers. 

[0181] Optionally, the one or more processors are configured to: identify a first state of the player 





first strategy value of the first possible action in the first state of the player using the parameters of 

the second neural network. 

[0182] Optionally, the one or more processors are configured to: 

store the new regret sample into the first data store according to a reservoir sampling algorithm. 
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[0183] Optionally, the one or more processors are configured to: determine whether the first data 

r 

of regret samples in the first data store with the new regret sample. 

[0184] Optionally, the CFR algorithm includes a robust sampling CFR algorithm. 

[0185] Optionally, the strategy value of a possible action in the state of the player includes a 

numerator of an average strategy.  

[0186] Optionally, the regret value of a possible action in the state of the player includes a 

counterfactual regret value of the possible action in the state of the player calculated based on a 

counterfactual value of the possible action in the state of the player. 

[0187] Optionally, the one or more processors are configured to: in each of the two or more 

iterations of a counterfactual regret minimization (CFR) algorithm in strategy searching in strategic 

interaction between the player and the at least another player, sample a possible action out of a 



lue 

of the possible action in the second state of the player based on the counterfactual value of the 



in the second state of the player based the regret value of the possible action in the second state of 



action in the second state of the player based on the updated strategy of the possible action in the 

second state of the player. 

[0188] Optionally, the one or more processors are configured to initialize the parameters of the 

              

initialize the parameters of the second neural network based on parameters of the second neural 

network in a previous iteration. 

[0189] Described embodiments of the subject matter can include one or more features, alone or 

in combination.  For example, in a first embodiment, a computer-implemented method for 

performing counterfactual regret minimization (CFR) for strategy searching in strategic interaction 

between two or more players. The method includes identifying N1 possible actions of a first player 

possible action out of the N1 possible actions in the first 



player in a second state of the first player, wherein the first state of the first player is closer to a 



the N2 possible actions in the second state of the first player with a second sampling probability, 

wherein the first sampling probabilit
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the CFR  based on the possible actions out of the N1 possible actions in the first state of the first 

player and the possible action out of the N2 possible actions in the second state of the first player. In 

some embodiments, strategic interaction between two or more players can be modeled by an 

imperfect information game (IIG) that involves two or more players. As an example, the IIG 

representing a collaborative product-service recommendation service that involves at least a first 

player and a second player, the first player having limited access to information of the second player, 

wherein the first state of the first player includes a history of information provided by the second 

player, and the N1 possible actions of the first player includes N1 possible actions in response to the 

history of information provided by the second player for providing product-service recommendations 

to customers. 

[0190] The foregoing and other described embodiments can each, optionally, include one or 

more of the following features: 

[0191] A first feature, combinable with any of the following features, wherein performing the 

CFR  based on the possible action out of the N1 possible actions in the first state of the first player 

and the possible action out of the N2 possible actions in the second state of the first player includes: 

calculating a regret value of the possible action out of the N1 possible actions in the first state of the 

 of the possible action out of the N2 possible actions in the 



 second strategy 

of the first player in the second state based on the regret value of the possible action out of the N2 

possible actions. 

[0192] A second feature, combinable with any of the following features, further including: 

sampling k1 possible actions out of the N1 possible actions in the first state of the first player, wherein 



possible actions out of the N2 possible actions in the second state of the first player, wherein each of 

the k2 possible actions is sampled with the same second sampling probability. 

[0193] A third feature, combinable with any of the following features, further including: 

performing CFR based on the k1 possible actions out of the N1 possible actions in the first state of 

the first player and the k2 possible actions out of the N2 possible actions in the second state of the 

first player. 

[0194] A fourth feature, combinable with any of the following features, wherein the first 

sampling probability is k1/N1, and the second sampling probability is k2/N2. 

[0195] A fifth feature, combinable with any of the following features, wherein 2<= k1<= N1 and 

2<= k2 <= N2.  
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[0196] A sixth feature, combinable with any of the following features, wherein k1 = k2. 

[0197] A seventh feature, combinable with any of the following features, further including: 



possible action out of the M1 possible actions in the first state of the second player with a third 



second player, wherein the first state of the second player is closer to a beginning state of the IIG 

than the second state of the second player

actions in the second state of the first player with a fourth sampling probability, wherein the third 

sampling probability is less than the fourth sampling probability.  

[0198] An eighth feature, combinable with any of the following features, further including: 

identifying M1 possible actions of a second player in a first state of the second player, wherein the 

first state of the first player is closer to a beginning state of the IIG than the first state of the second 



player with a third sampling probability, wherein the third sampling probability is larger than the first 

sampling probability. 

[0199] In a second embodiment, one or more 

computer-readable memories coupled to the one or more processors and having instructions stored 

thereon which are executable by the one or more processors to perform the method of any of the first 

embodiment and its optional combination of the one or more of features described above.  

[0200] In a third embodiment, an apparatus for performing counterfactual regret minimization 

(CFR) for strategy searching in strategic interaction between two or more players. The apparatus 

includes: a first identifying module for identifying N1 possible actions of a first player in a first state 

   

actions in the first state of the first player with a first sampling probabil  

module for identifying N2 possible actions of the first player in a second state of the first player, 

wherein the first state of the first player is closer to a beginning state of the IIG than the second state 

 a second sampling module for sampling a possible action out of the N2 possible 

actions in the second state of the first player with a second sampling probability, wherein the first 

           rocessing module for 

performing the CFR  based on the possible actions out of the N1 possible actions in the first state of 

the first player and the possible action out of the N2 possible actions in the second state of the first 

player. In some embodiments, strategic interaction between two or more players can be modeled by 

an imperfect information game (IIG) that involves two or more players. As an example, the IIG 

representing a collaborative product-service recommendation service that involves at least a first 
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player and a second player, the first player having limited access to information of the second player, 

wherein the first state of the first player includes a history of information provided by the second 

player, and the N1 possible actions of the first player includes N1 possible actions in response to the 

history of information provided by the second player for providing product-service recommendations 

to customers. 

[0201] The foregoing and other described embodiments can each, optionally, include one or 

more of the following features: 

[0202] A first feature, combinable with any of the following features, wherein the processing 

module includes: a first calculating module for calculating a regret value of the possible action out 

of the N1 possible actions in th          

calculating a regret value of the possible action out of the N2 possible actions in the second state of 

player in the first state 



module for updating a second strategy of the first player in the second state based on the regret value 

of the possible action out of the N2 possible actions. 

[0203] A second feature, combinable with any of the following features, wherein the first 

sampling module samples k1 possible actions out of the N1 possible actions in the first state of the 

first player, wherein each of the k1 possible actions is sampled with the same first sampling 

   

actions in the second state of the first player, wherein each of the k2 possible actions is sampled with 

the same second sampling probability. 

[0204] A third feature, combinable with any of the following features, wherein the processing 

module performs the CFR based on the k1 possible actions out of the N1 possible actions in the first 

state of the first player and the k2 possible actions out of the N2 possible actions in the second state 

of the first player. 

[0205] A fourth feature, combinable with any of the following features, wherein the first 

sampling probability is k1/N1, and the second sampling probability is k2/N2. 

[0206] A fifth feature, combinable with any of the following features, wherein 2<= k1<= N1 and 

2<= k2 <= N2.  

[0207] A sixth feature, combinable with any of the following features, wherein k1 = k2. 

[0208] A seventh feature, combinable with any of the following features, further including: a 

third identifying module for identifying M1 possible actions of a second player in a first state of the 



in the first state of the second p
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CLAIMS 

 

1. A computer-implemented method for performing counterfactual regret 

minimization (CFR) for strategy searching in strategic interaction between two or more parties 

by solving an imperfect information game (IIG), wherein the IIG represents resource allocation, 

cyber-attack prediction and/or prevention, and /or traffic routing, the method comprising: 

identifying N1 possible actions of a first party in a first state of the first party;  

sampling a possible action out of the N1 possible actions in the first state of the first party 

with a first sampling probability; 

identifying N2 possible actions of the first party in a second state of the first party, 

wherein the first state of the first party is closer to a beginning state of the IIG representing 

resource allocation, cyber-attack prediction and/or prevention, and /or traffic routing than the 

second state of the first party;  

sampling a possible action out of the N2 possible actions in the second state of the first 

party with a second sampling probability, wherein the first sampling probability is less than the 

second sampling probability; and 

performing the CFR based on the possible action out of the N1 possible actions in the first state 

of the first party and the possible action out of the N2 possible actions in the second state of the 

first party. 

 

2. The method of claim 1, wherein performing the CFR based on the possible action 

out of the N1 possible actions in the first state of the first party and the possible action out of the 

N2 possible actions in the second state of the first party comprises:  

calculating a regret value of the possible action out of the N1 possible actions in the first 

state of the first party;  

calculating a regret value of the possible action out of the N2 possible actions in the 

second state of the first party; 

updating a first strategy of the first party in the first state based on the regret value of the 

possible action out of the N1 possible actions; and 

updating a second strategy of the first party in the second state based on the regret value 

of the possible action out of the N2 possible actions.  
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3. The method of claim 1, further comprising: 

sampling k1 possible actions out of the N1 possible actions in the first state of the first 

party, wherein each of the k1 possible actions is sampled with the same first sampling 

probability; and 

sampling k2 possible actions out of the N2 possible actions in the second state of the first 

party, wherein each of the k2 possible actions is sampled with the same second sampling 

probability. 

  

4. The method of claim 3, further comprising:  

performing CFR based on the k1 possible actions out of the N1 possible actions in the 

first state of the first party and the k2 possible actions out of the N2 possible actions in the 

second state of the first party. 

 

5. The method of claim 3, wherein the first sampling probability is k1/N1, and the 

second sampling probability is k2/N2. 

 

6. The method of claim 3, wherein 2<= k1<= N1 and 2<= k2 <= N2. 

 

7. The method of claim 3, wherein k1 = k2. 

 

8. The method of claim 1, further comprising: 

identifying M1 possible actions of a second party in a first state of the second party;  

sampling a possible action out of the M1 possible actions in the first state of the second 

party with a third sampling probability; 

identifying M2 possible actions of the second party in a second state of the second party, 

wherein the first state of the second party is closer to a beginning state of the IIG representing 

resource allocation, cyber-attack prediction and/or prevention, and /or traffic routing than the 

second state of the second party; and 

sampling a possible action out of the M2 possible actions in the second state of the first 

party with a fourth sampling probability, wherein the third sampling probability is less than the 

fourth sampling probability. 
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9. The method of claim 1, further comprising: 

 identifying M1 possible actions of a second party in a first state of the second party, 

wherein the first state of the first party is closer to a beginning state of the IIG representing 

resource allocation, cyber-attack prediction and/or prevention, and /or traffic routing than the 

first state of the second party; and 

sampling a possible action out of the M1 possible actions in the first state of the second 

party with a third sampling probability, wherein the third sampling probability is larger than the 

first sampling probability. 

 

10.  The method of claim 1, wherein the first state of the first party comprises a history of 

information provided by a second party, and the N1 possible actions of the first party comprises 

N1 possible actions in response to the history of information provided by the second party for 

providing product-service recommendations to customers. 

 

11. A non-transitory, computer-readable medium storing one or more instructions 

executable by a computer system to perform operations for a method for performing 

counterfactual regret minimization (CFR) for strategy searching in strategic interaction between 

two or more parties by solving an imperfect information game (IIG), wherein the IIG represents 

resource allocation, cyber-attack prediction and/or prevention, and /or traffic routing, the 

operations comprising: 

identifying N1 possible actions of a first party in a first state of the first party;  

sampling a possible action out of the N1 possible actions in the first state of the first party 

with a first sampling probability; 

identifying N2 possible actions of the first party in a second state of the first party, 

wherein the first state of the first party is closer to a beginning state of the IIG representing 

resource allocation, cyber-attack prediction and/or prevention, and /or traffic routing than the 

second state of the first party;  

sampling a possible action out of the N2 possible actions in the second state of the first 

party with a second sampling probability, wherein the first sampling probability is less than the 

second sampling probability; and 
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performing a counterfactual regret minimization (CFR) based on the possible action out 

of the N1 possible actions in the first state of the first party and the possible action out of the N2 

possible actions in the second state of the first party. 

 

12. The non-transitory, computer-readable medium of claim 11, wherein performing 

the CFR based on the possible action out of the N1 possible actions in the first state of the first 

party and the possible action out of the N2 possible actions in the second state of the first party 

comprises:  

calculating a regret value of the possible action out of the N1 possible actions in the first 

state of the first party;  

calculating a regret value of the possible action out of the N2 possible actions in the 

second state of the first party; 

updating a first strategy of the first party in the first state based on the regret value of the 

possible action out of the N1 possible actions; and 

updating a second strategy of the first party in the second state based on the regret value 

of the possible action out of the N2 possible actions.  

 

13. The non-transitory, computer-readable medium of claim 11, the operations further 

comprising: 

sampling k1 possible actions out of the N1 possible actions in the first state of the first 

party, wherein each of the k1 possible actions is sampled with the same first sampling 

probability; and 

sampling k2 possible actions out of the N2 possible actions in the second state of the first 

party, wherein each of the k2 possible actions is sampled with the same second sampling 

probability. 

  

14. The non-transitory, computer-readable medium of claim 13, the operations further 

comprising:  

performing CFR based on the k1 possible actions out of the N1 possible actions in the 

first state of the first party and the k2 possible actions out of the N2 possible actions in the 

second state of the first party. 
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15. The non-transitory, computer-readable medium of claim 13, wherein the first 

sampling probability is k1/N1, and the second sampling probability is k2/N2. 

 

16. The non-transitory, computer-readable medium of claim 13, wherein 2<= k1<= 

N1 and 2<= k2 <= N2. 

 

17.  The non-transitory, computer-readable medium of claim 13, wherein k1 = k2. 

 

18. The non-transitory, computer-readable medium of claim 11, the operations further 

comprising: 

identifying M1 possible actions of a second party in a first state of the second party;  

sampling a possible action out of the M1 possible actions in the first state of the second 

party with a third sampling probability; 

identifying M2 possible actions of the second party in a second state of the second party, 

wherein the first state of the second party is closer to a beginning state of the IIG representing 

resource allocation, cyber-attack prediction and/or prevention, and /or traffic routing than the 

second state of the second party; and 

sampling a possible action out of the M2 possible actions in the second state of the first 

party with a fourth sampling probability, wherein the third sampling probability is less than the 

fourth sampling probability. 

 

19. The non-transitory, computer-readable medium of claim 11, the operations further 

comprising: 

identifying M1 possible actions of a second party in a first state of the second party, 

wherein the first state of the first party is closer to a beginning state of the IIG representing 

resource allocation, cyber-attack prediction and/or prevention, and /or traffic routing than the 

first state of the second party; and 

sampling a possible action out of the M1 possible actions in the first state of the second 

party with a third sampling probability, wherein the third sampling probability is larger than the 

first sampling probability. 
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20.  The non-transitory, computer-readable medium of claim 11, wherein the first state of 

the first party comprises a history of information provided by a second party, and the N1 possible 

actions of the first party comprises N1 possible actions in response to the history of information 

provided by the second party for providing product-service recommendations to customers. 

 

21. A computer-implemented system for performing counterfactual regret 

minimization (CFR) for strategy searching in strategic interaction between two or more parties 

by solving an imperfect information game (IIG), wherein the IIG represents resource allocation, 

cyber-attack prediction and/or prevention, and /or traffic routing, comprising: 

one or more computers; and 

one or more computer memory devices interoperably coupled with the one or more 

computers and having tangible, non-transitory, machine-readable media storing one or more 

instructions that, when executed by the one or more computers, perform one or more operations 

comprising: 

identifying N1 possible actions of a first party in a first state of the first 

party;  

sampling a possible action out of the N1 possible actions in the first state 

of the first party with a first sampling probability; 

identifying N2 possible actions of the first party in a second state of the 

first party, wherein the first state of the first party is closer to a beginning state of 

the IIG representing resource allocation, cyber-attack prediction and/or 

prevention, and /or traffic routing than the second state of the first party;  

sampling a possible action out of the N2 possible actions in the second 

state of the first party with a second sampling probability, wherein the first 

sampling probability is less than the second sampling probability; and 

performing a counterfactual regret minimization (CFR) based on the 

possible action out of the N1 possible actions in the first state of the first party and 

the possible action out of the N2 possible actions in the second state of the first 

party. 
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22. An apparatus for performing counterfactual regret minimization (CFR) for 

strategy searching in strategic interaction between two or more parties by solving an imperfect 

information game (IIG), wherein the IIG represents resource allocation, cyber-attack prediction 

and/or prevention, and /or traffic routing, comprising: 

a first identifying module for identifying N1 possible actions of a first party in a first state 

of the first party;  

a first sampling module for sampling a possible action out of the N1 possible actions in 

the first state of the first party with a first sampling probability; 

a second identifying module for identifying N2 possible actions of the first party in a 

second state of the first party, wherein the first state of the first party is closer to a beginning state 

of the IIG representing resource allocation, cyber-attack prediction and/or prevention, and /or 

traffic routing than the second state of the first party;  

a second sampling module for sampling a possible action out of the N2 possible actions 

in the second state of the first party with a second sampling probability, wherein the first 

sampling probability is less than the second sampling probability; and 

a processing module for performing the CFR based on the possible action out of the N1 

possible actions in the first state of the first party and the possible action out of the N2 possible 

actions in the second state of the first party.  
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