-1 Interpreting coded surfaces having cyclic position
codes FIELD OF I NVENTION This invention relates to
error-detecting and error-correcting cyclic position
codes and their use in the position-coding of
surfaces. CO PENDI NG APPLI CATI ONS Vari ous net hods,
systens and apparatus relating to the present
invention are disclosed in the follow ng co-pendi ng
applications filed by the appllqant or assignee of
he present Jnvention on 27 enmber OOO
mevpreting coded ages\ ﬂ%CYChC
PCT/ AUOO/ 01445, PCT/ Al /01450 PCT/AUOO/Ol
PCT/ AU0O/ 01448, PD@SITIOIN COBESAU00/ 01459,
PCT/ AUOO/ 01451, PCT/ AU00/ 01454, PCT/ AU00/ 01452,
PCT/ AU00/ 01443, PCT/ AU00/ 01455, PCT/ AU00/ 01456,
CT/ AUOO/ 01458 and PCT/ AUOO/ 01449.
F1$%Ié§9p Fp%ures of these co-pending applications are
I ncorporated herein by cross- reference. Various
nmet hods, systens and apparatus relating to the present
Thisnweerttionnelates to directesathg andtdrricotreawigngyclio ppsitidi tgdes and
theRPRE 1S BleipR8Riohich 8o RY stlfkeqppl i cant or assignee of
the present invention on 20 Cct ober 2000:
PCT/ AU00/ 01273, PCT/ AU00/ 01279, PCT/ AU00/ 01288,
01276, PCT/ AUO0/ 01280,
ngﬁﬁ%&%?ﬁéﬁ%usg, PCT/ AU00/ 01275,
PCT/ AUOO/ 01277, PCT/ AU00/ 01286, PCT/ AUO0O/ 01281,
NPT051 SG -2 PCT/ AU00/ 01278, PCT/ AU00/ 01287,

%ﬁﬁ)ﬁs )%ﬁa%usafé(ﬂatmp %/ Qésgﬁlzﬁl%’entlon are
e L O EraRaEELd U e

ar e
9 the app 1cant or a551gnee of
the present invention on 27 November 2000:

PCT/AU00/01442, PCT/AUG0/01444, PCT/AU00/01446, PCT/AU00/01445,
PCT/AU00/01450, PCT/AU00/01453, PCT/AUQ00/01448, PCT/AU00/01447,
PCT/AU00/01459, PCT/AU00/01451, PCT/AU00/01454, PCT/AU00/01452,
PCT/AU00/01443, PCT/AU00/01455, PCT/AU00/01456, PCT/ATU00/01457,
PCT/AU00/01458 and PCT/AUG0/01449.

The disclosures of these co-pending applications are incorporated herein by cross-
reference.

Various methods, systems and apparatus relating to the present invention are
disclosed in the following co-pending applications filed by the applicant or assignee of
the present invention on 20 October 2000:

PCT/AUG0/01273, PCT/AU00/01279, PCT/AU00/01288, PCT/AU0G0/01282,
PCT/AUQ0/01276, PCT/AU00/01280, PCT/AU00/01274, PCT/AUG0/01289,
PCT/AUG0/01275, PCT/AU00/01277, PCT/AU00/01286, PCT/AU00/01281,
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ref erence. Various nethods, systens and appar at us
relating to the present invention are disclosed in
the foll owi ng co-pending applications filed by the
appl i cant or assignee of the present invention on 15
Sept enber 2000: PCT/ AUO0O/ 01108, PCT/ AU00/ 01110 and
PCT/ AU0O0/ 01111. The di scl osures of these co-pending
applications are incorporated herein by
cross-reference. Various nethod systens and

pPRBOR S e Rgldlal ﬁ)&"@%i@@?p&@%%%‘@mﬁg and

PGT/ADA0BN28he applicant or assignee of the present
i nvention on 30 June 2000: PCT/ AUOCO 00762,
PCT/ AUOCO' 00763, PCT/ AUOO 00761, PCT/ AUCO 00760,

AR e EGTk A A0SR TSl RPORS e o coc

IeIgERFAUOD 00768, PCT/ AUOO 00773, PCT/ AUOO/ 00774,
PCT/ AUOQ 00775, PCT/ AUOQ 00776, PCT/ AUOQ 00777,
PCT/ AUOQ 00770, PCT/ AUOQ 00769, PCT/ AUOO/ 00771,

PCTARHOGE thods, syRtehisdKdOhsfds rIPAikicAIQRE GRJRAS invention are
d1s édgﬁg)% 9(9 0379 E: fH ﬁét c%ggés?ﬁlea- lﬂ tﬁié § 12 o“?s‘asﬁ ee of

et 2908 Ra g0t 00/61110 and

PC&MHK)QAOMI k. eT}wt fﬂln@oxtmest bfetheseesenendiny emthoahoxaf mfe incorporated
he@irSy €88frefdrBndehe fol | owi ng co-pendi ng applications
filed by the applicant or assignee of the present
| nventi on on 24 May 2000: PCT/ AUOO/ 00518,
/\/AUOO/ 00519 PCT/ 00520 PCT/ AU0O/ 00521,
PCT/ yr;gumhggg@gnt invention are
displog¢dainoe @@Bﬁﬁpg cN@E@cﬁng E@l;@tlﬁﬁlﬁhﬂ)@tﬁ)@&%Cam or assignee of

theheddeAtl b AN 3(PlubeA008Y 00528, PCT/ AUCO 00529,
CT/ AUOQY 00530, PCT/ AU00/ 00531, PCT/ AU00/ 00532,

PCT/ AUCQ' 00533, PCT/ AUCQO 00534, PCT/ AUOCO 00535,

PRI 003504 B AT B4R 00 Th h by OGDRL0 760,

PCT/AU00/00759, PCT/AU00/00758 PCT/AU00/00764, PCT/AU00/00765,
PCT/AU00/00766, PCT/AU00/00767, PCT/AU00/00768, PCT/AU00/00773,
PCT/AU00/00774, PCT/AU00/00775,PCT/AU00/00776, PCT/AUQ0/00777,
PCT/AU00/00770, PCT/AU00/00769, PCT/AU00/00771, PCT/AU00/00772,
PCT/AU00/00754, PCT/AU00/00755, PCT/AU00/00756 and PCT/AUQ0/00757.

The disclosures of these co-pending applications are incorporated herein by cross-
reference,

Various methods, systems and apparatus relating to the present invention are disclosed
in the following co-pending applications filed by the applicant or assignee of the
present invention on 24 May 2000:

PCT/AU00/00518, PCT/AU00/00519, PCT/AU00/00520, PCT/AU00/00521,

PCT/AU00/00522, PCT/AU00/00523, PCT/AU00/00524, PCT/AU00/00525,
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PCT/ AUCO 00542, PCT/ AUOCQ 00543, PCT/ AUOCO 00544,
PCT/ AUOCO 00545, PCT/ AUOCQO 00547, PCT/ AUCO 00546,
PCT/ AUCQ' 00554, PCT/ AUCQ 00556, PCT/ AUOCQ 00557,
PCT/ AUCQ' 00558, PCT/ AU00O/ 00559, PCT/ AUOCQO' 00560,
PCT/ AUCO 00561, PCT/ AUOCQ 00562, PCT/ AUO0O/ 00563,
PCT/ AUOO/ 00564, PCT/ AUOCO 00565, PCT/ AUCO 00566,
PCT/ AUCQ' 00567, PCT/ AUOCQ 00568, PCT/ AUOCO 00569,
PCT/ AU00/ 00570, PCT/ AUOOQ' 00571, PCT/ AUO0/ 00572,
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TABOPEOP 1 1 and PCRAAEGAN® 1do t he unai ded hunan eye. The

docurment typically includes data visible to the user,
and the user ostensibly interacts with this visible

The adige1kkdddo P 1RENSh! Sﬁmﬁ’iﬁg a&)ﬁ 1039 a‘? Ir %dl%é% q%%&ﬁ U cross-

nd decodes the invisib
reicrence

BACKGROUND

Various schemes have been proposed to add a degree of “interactivity” to a printed
document in conjunction with a computer system. These include printing barcodes in
the document which encode universal resource locators and thereby allow printed
“hyperlinks” to be activated. To make the interactivity of a printed document more
seamless, and to support more sophisticated functions such as handwriting entry, it has
been proposed to code the surface of a document with position-indicating or function-
indicating data which is effectively invisible to the unaided human eye. The document
typically includes data visible to the user, and the user ostensibly interacts with this
visible data using a sensing device which in reality detects and decodes the invisible
coded data.
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The coded data may be in the form of discrete tags,

each of which encodes data separately from other

di screte tags. To decode the data in discrete tags it

is first necessary to identify the discrete tag and

its orientation relative to the sensing device. This

usual ly requires the inclusion of target structures in

the tag, which add to the overall size of each tag.

Target structures may be sharedﬁbetmeen adj acent tags

to reduce the effective oyeral [ size of each . tag. One
Th carlpd et may b i (e forgy of sliscrrte Aagsy ca¢hy Pl phichs gpraday) data
scppeatelyefrom bthee discrdte dags. divedeodp|tht elataain discietes tdgseik ds first
ne€ssaty eWidenBBPtRAtiscntt fad NRI RO 61?%&1}1@03"1?5%\1% Qo ?’Lﬁ:l QfsihPRlevice.
e aNg SRSt adgitn ok fRgl! WhABERET ' e, PRichag 1o the
OVﬁfé@oSl%eo obgach tag; fliapgehsiryctuees qery brasharedhketyveqn adiaeent ags to
rediics thessfbattive ovdrell pize o€ rbctatap] Onadiawbaclo epéisctergafGE the need
fofﬁ_@'sﬁﬁﬁlgg Qéé‘\g?\/%)to gﬁ/egat%aéﬁ%‘rt] oRE g%(gf?#;ﬁgngtﬁ%rl{g bPRESE Coupled
wiff R pEBIE Boad ko Rk The B S6Vich 40 B it ot respect to the
suidgqer thedigld pleyiewpidhg sensing deNise peavineed tobe signifigantly larger than
the tageside, ac discugypd irc thel presmp ppplicanpPe capemiisg PCTMApplcation WO
oosupperted by explicit targets, including

determination of the orientation of the pattern with

respect to the sensing device and determ nation of

the alignment of the data within the pattern. In its
Schigmgs| huye beer pjopgsaehicheye selérsgigiening patiemscandstherchy dispense
wiﬁnl w@gtia nggdtarWhen odihen sclbgediaeringpitrfth@haths of faGhta itself

. . o O . .

B A e A P L
etspRvRtiRn Of Hhs Grispiation}dhe SRt Fespeas o e vesing fegice and
detggningtanoiyhe pligaraent ohthsudgrn witkinghd paterdef i ned by t he

gl yphs to identify the oriented (and possibly

perspective-distorted) rectangular grid. This provides

i SRR RS i O e
gﬁﬁ&ﬁ@@mnﬁ%@ 3R AT Apafelly SGRATB (108 S viRiebhor secat i tan be
distipguished, fraan fits weighbers oFhie preyvidesrihe ikt lavehoStegisiratipnofGrid lines
cart then hk Yivad girodgh diehpirde ey the ERiphs By @¥htd§3hd Bented (and
po [Htlﬂ? (hegéi‘)gcétwécg@gto F%)gh?ic%gulr a%'g%lt. ;Tgﬁée g%vé%éal 8 Q9o YRR of
reg Sl S0 GOIPE b G RO Gto Becaits el sgstering
patiea inprsk ChrfAE: S tarpet pajlein whisho peed loestedhalosvsbihe rorientation and
trafslasEdhaglybh @ribas bs dbefmiad.i THIS pffides HRoh ﬁ% %fela fidlal level of
. - _ Sensj n u u

344 L SRSy ST e AR g so
cal E m-sequences, because of their max1mal-Pength and cyclic properties, have been
proposed as the basis for various self-registering position-coding patterns.

The sensing and subsequent decoding of a position-coding pattern on a surface may be
subject to error, due, for example, to the surface being damaged or dirty. Self-
registering patterns do not directly support the detection and/or correction of errors.
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subject to error, due, for exanple, to the surface
bei ng damaged or dirty. Self- registering patterns do
not directly support the detection and/or correction
of errors. NPT051-SG -5- SUMVARY OF THE | NVENTI ON An
arbitrary nunber of copies of a codeword of a g-ary
cyclic (n, k) code C can be concatenated to form a
sequence of arbitrary length. A window of size n onto
the sequence is then guaranteed to yield a codeword

S OARY. O FETAPERTR on' *of °Fhe toce” oo 1"

loggn If the code is designed so that all n codewords
bel ong to the same and only cycle, then the w ndow

ArWaJIbﬁtreMy %luﬁlb@r drf témeeot a‘E@g&W}HQﬁ’ aa& aly §§‘f9ﬁe(§s fode C can be

nce there

co el % tocl i ok Sy, Betnn A ROERG G e onto the
sequeBeriisdhen guasaniged te gisddvo ceevepnd béCquth@eMﬂ iprdpp@tdito contain

exfi agﬂha\&cfrﬁé aﬂiéﬁ’ e F&fi’t?%l?}élcg}g’s of M%\hcroﬁg 91‘%] ko lgg"ph 12 the code is
aeigaseotat B oo S0 he Rttt sy CBFle thon dgywindow
Wﬂmdrn&lff@enbc@dmwrdso ahir gmoessivedeisisned Singa dhemyis a direct
coftedpofdenet berwRhS cddewbRi él{djmpomﬂibn i the &Qﬁ‘erﬁ@ (modulo n) each

co éwcfrg %%aﬁ(rﬂe Lfﬁftﬁl ngﬁzh e\ﬁ 'to Iﬁ? o&‘%"(ﬁélaﬁx%g Bglgmtls %‘F irefgr R%ch a

At ByHhe ‘Topitign CP%% ﬁaiifhts deiened ©slwep miginum’ distance

of V’msbnﬁﬁﬁkﬂ@éiqﬁ‘ eBloreip {oe%’s i cadWERRk R tedl BRI &4 Iﬁimber of errors
gg%pcelﬁemﬁlstlng of a repeating first codeword

uPﬁ?rst cyc b EPrERftadode, the first cyclic p05|t|on
code having length n and m ni nrum di stance dm",the
nmet hod i ncl udi ng: obtaining, fromthe first sequence

Ac@ﬂt‘alr@ly, Qh@ﬁﬁbﬁtldﬂrbrgﬂﬁése %PQﬁleblﬁﬂd f&mt Hendtfiod (ﬁacﬁe ﬁ%a first

ot Moo .k, RAPSRIERASEA o1 PO 4 0B Wbt gt Teast

SY@B@W eﬁfé‘f Sqqn@em Qoélﬁls%% pf e Tpprating dhstcendlewordanfia first cyclic
positore codeyithe fast okfis gbsitibn dobe hhwmgtleﬁgHUﬁBﬂcBmmﬁndﬂﬂh elistance
d,codewor bt ai ned, and thereby determ ning the

mf r %‘s tﬂ?‘i ?udo

obtaining, from the first sequence and at a position corresponding to the at least

: >n—d, .+
one point, a first subsequence of length w symbols, where W= dyy t 1 ;

mapping the first subsequence to a codeword of the first cyclic position code;
and

determining an offset, in the first sequence, of the codeword thus obtained, and
thereby determining the first offset.

Mapping the first subsequence preferably includes selecting a codeword of the first
cyclic position code which matches the first subsequence. If there is no match between
the first subsequence and a codeword then an error may be flagged.
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Mappi ng the first subsequence preferably includes

sel ecting a codeword of the first «cyclic position

code which matches the first subsequence. If there is

no match between the first subsequence and a codeword

then an error may be fl agged. NPT051-SG -6

Alternatively, mapping the first subsequence incl udes

sel ecting a codeword of the first cyclic position

code nost likely to natch t he flrst subsequence in the

resence of up ﬁﬁ q§ - 1 I’2 synbol errors in the

Algrmatively, papping S firsF CAREACE bchisles e #Rsleword of the first
cyeloveastics wide mimst kel to mptdhi the ffios isthsequence én thlequncel of up to

2(i he fir n
o o2, ShARRSHbR g‘fati%uys%qé?ﬁ%eﬁﬁgﬁﬁw jjiiude sclecting a
°0€%mré|‘%a¢1§sﬁrétr cxohie pqmuo@tc adg dlosestpls [lamaring déftancy e the first
subpseqednce ethe Hamniisg plidree db pyeferaplyeddinté dveywacobtdiadtes of the
ﬁrﬂQ; L8 Posttionreaed or formed on or in a first
strate, and the nmethod preferably includes
obtalnlng the first subsequence by detecting or
sensing at |east part of the first pattern. Successive
The g sequepre isreferably repsesquien by adfitst patiefredigpespd or formed on or

in ndjpstesibsttere] dny theimedediprefepblyt michided bistaiigSthe st sbstquence

by@efe@ﬁﬂ@ o !;é?lsﬁ‘lg ab T&%ﬁaﬁ‘f btk ¥irdtl éﬁﬁ@ﬁl §§¢°c|3§5%b o J)ﬁ?(e first

Se‘ﬂ?ﬂi’e %e pre er&ﬁ% rﬁpr_;c_se??ed.rkgrr %ﬁ?%él,v% p@x?%(yf[ tb? ﬁasé g %%Il gﬂfrange ina
substangiplly Gpeasdashinn. it is preferable that w > n The

nmet hod may include obtaining addi ti onal subsequences
fron1additiona| sequences, and thereby additiona

sets.. .The t hod.may further inclu erivign—d,,

TogilopEs Biiplin SRR S SBPY Ctechahy i r i 2 of

Toatlpwcegreatsedpgrcaferrot herréatiop it isqmefalabb: thaolidbs, in
anot her broad form a method of determning a first
coordi nate value of at |east one point with respect to

Thé H&lﬂYHdaﬂnb }ﬁcﬂfde bEﬁﬁJﬂ%?S&’iﬁQﬁﬁ%UlfS%ﬁ&& ed Frfntnh %8{’[%&1)1?1 | segpences,

con
an(iel?q%f? ‘f‘b‘é‘PI} 03%% RN meélwlemaf eirrlgf ludg dpgiving differences
bawmsﬂbﬂbﬂsob@ewhﬁmnngﬂmeﬁgﬂhwmﬁsap&numnlnun1d|stance
din, the nethod including: obtaining, fromeach of hi
of the first sequences and at a position

The invention also provides, in another broad form, a method of determining a first
coordinate value of at least one point with respect to a plurality of first sequences, each
of the first sequences consisting of a repeating first codeword of a first cyclic position

: . : G i
code, the first cyclic position code having length ! and minimum distance ™™, the
- method including:

.. h
obtaining, from each of ! of the first sequences and at a position
corresponding to the at least one point, a respective first subsequence of length
2 dwl2’7]_':]1.'1'21'1f11_'_1 '

>
"1 symbols, where B2 an ;

mapping each of the first subsequences to a respective codeword of the first
cyclic position code;
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corresponding to the at | east one point, a respective
first subsequence of length w synbols, where hl > 2
and Wi > ni -din, + 1 mapping each of the first
subsequences to a respective codeword of the first
cyclic position code; NPT051-SG -7 determ ning an
of fset, in the corresponding first sequence, of each
codeword thus obtained, and thereby determ ning a
respective one of a plurality of first offsets of the

| east . one der|V|ng, f3f each of hl- | pairs
of detgEminingan ﬁgf&ﬁ §0H55H9Pflm§rfgﬁcs§qué ﬁatfh@deword thus
copbagpdnatidtherpby detatfrmhmtgsatreqfef:ﬂm ane afrachltdabityadfifirst offsets of
deklicvdt MhsPorfegopact i ve one of a plurality of first
di fferences; and deriving, fromthe plurality of first
di fferences, the,firnst coordinate value. Preferably
at deisg, foneachfoft fe f paiestofdhd fiest saqoeses,s diffeengs kdteden the
as c@rrébplhdm@faaﬁ befifst bfbets, a8@ b RrivRIgUSresfRL BT R P

?an of ﬁﬁhﬂﬁggmggahge first differences is

erpreted as a marker separating the first
coordlnate value from an adj acent coordi nate val ue.
ThHerivipg.figre theerleglitymef fapistiferencasatie dirg soprdinptevalie
encode both an explicit position and a codeword,
codemord is used for error detection. The

Prelgiael eﬁﬁ onseot e Beré dlifiarnegs onenisrareise asae ligit of the first
co@ﬂﬁfaw‘e:hm Preffelrabbo(aa\m; lacleaSunle of ticofiewdifttrericks Byialetpieted as a

maklan se@ireal o A dodraindRt R fﬁ&n%ﬁ%ﬁkéﬁ%&ﬁnﬁfe \tsh?e

posi tion obviating the need f'or an explicit

mar ker dlfference In general, a cyclic position code

can_be enbedded in (or co- Iocated mnth) ot her data to
Thysy Giiferpace; ce @$§PPrﬁfi‘flb?ﬁns?1§<th upst tor eneed heth, anceieplisit position
andre cedeyairdmiser¢ sheddodewolvis sqkfor enor déteton. Ty cdileword may be

endo?%% "u!ﬁﬁg(l)oh@ bit! o (égéﬂ @i@fﬁe@?@ bf én)&nﬂﬁé g”sucﬁrﬂlecoﬁ%gﬂj if cgchc can
S
alsg % kg %ﬁfenﬁ{nlel 18 1s€ euog)l (g? tgxslpﬁf)ﬁ'wtcﬁ%}, é’& g{]g l1183 geed for an
eXIfJ}CeFrlaﬁlikFy d@f@f%éowdg@emefh exalic postipngio m@néécemh@dded in (or
co-dmgtedneids otleodsiast proyidfa meisepiat $ipgl $eabmdagodewor d
of a second cyclic position code, the second cyclic
position code having |l ength n2 and m ni nrum di st ance
Ong n(;rnéo}‘e Colld ho(dand/or rows) per coordinate may be reserved for location-
specific data.

The method preferably includes determining a second coordinate value of the at least
one point with respect to a plurality of second sequences, each of the second sequences
consisting of a repeating second codeword of a second cyclic position code, the second

cyclic position code having length " and minimum distance ™ 2, the method
including:

.. h
obtaining, from each of "2 of the second sequences and at a position

corresponding to the at least one point, a respective second subsequence of length
w h,22 Wy =n,~d . +1
2 symbols, where "2 < and 2 2 M2 T

NPT051-5G



i ncludi ng: obtaining, fromeach of h2 of the second
sequences and at a position corresponding to the at

| east one point, a respective second subsequence of
length w2 synbols, where h2 > 2 and w2 > n2 d"'2 + |
" NPTO51-SG -8 mappi ng each of the second subsequences
to a respective codeword of the second cyclic
position code; determining an offset, in the
correspondi ng second sequence, of each codeword thus
obt ai ned, ang %g@reb determi ni ifg a respective one of
a pligeRing spch ot esertnd sypseguencepfo Wépeérttwﬁ eedawosg af the
poisexondamdicprsitiinrgdef rom t he plurality of second

of fsets, the second coordi nate value. Preferably, at

e aplecihn0ln U SEaRGrtiaRl dtulrkanpelad.ar Cfe"‘mfd
C hahis it g e M&Teaaggnajaemsmme opb T SHBFALY SfiEeond

1 offa¢ts of Bk 2t kestywepuintsanguences, a difference between
the corresponding pair of second offsets, and thereby

a rdeﬁﬂﬁgt frhf t@@dﬁu&fluﬁoﬁle%@ éﬁs)étsothess%&ﬁﬂdco%ﬁﬁﬁé %lﬁss

and i ncludes eriving, fromthe plurality of second
di fferences, the second coordi nate value. Preferably,

Prefeeiblyofat 16t Bhél bllthd Yecdhd fdffssts is qgﬂéﬂﬁ@t@& ak % digit of the second
represent ed by aresggctlve one of plurality of 1

h
coprdingie yalyg. dYlfpgnativelyo dedneshod B¥ibecinghidet dgriying, foregeh of 2
paisio§ theateeond bamuamdek.oal diffanerica dlengeemb:halcmrenpohdhag pair of second
of BEk raﬁﬁ]ﬁﬁ&‘éb 9, rEé PesliveSsiRSSI BRES %Sg g@ctoﬁ& Uif@et?:?g and includes
e o %“&? i li%?f’ A n kiR G HGREE B rinF alue,

of the flrst sequences are represented by successive
parts of the corresponding first pattern arranged in a
Prefatablyanadhadf] the plundiy of fias héqencearis rdphesehied $y apasicetivisone of

a PRl Bﬂﬁ%@ (ﬂ)att&nﬁ B§éda&t fo@ﬁllear oﬁaa&a]hll aehrs@@qbs‘iﬁ?ec &Rk method
nditberai fose 0 T B e
pagt §f Fhﬁ"ﬁ’é‘.ie&o gdirslpatiedt an coordi nate system The

first and second cyclic position codes used to encode
ort hogonal coordi nates may be of the same or different

PrdfBRBlNalso, successive symbols of each of the first sequences are represented by
successive parts of the corresponding first pattern arranged in a substantially linear
fashion, and the first patterns are arranged in a substantially paraliel and spaced apart
fashion.

The first and second coordinates may define orthogonal coordinates, for example x and
y coordinates in a Cartesian coordinate system. The first and second cyclic position
codes used to encode orthogonal coordinates may be of the same or different length,
and may be the same or different codes.

Optimal binary (g=2) cyclic position codes of various lengths are given in Table 3. The
reverse, the complement and the reverse complement of the codes listed in the table are
equally optimal. Many other cyclic position codes also satisfy the criteria of the

invention. Many optimal codes are simplex codes.
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and may be the sanme or different codes. Optimal binary

(g=2) cyclic position codes of various |lengths are

given in Table 3. The reverse, the conplenent and the

reverse conplenment of the codes listed in the table

are equally optinmal. Many other cyclic position codes

al so satisfy the criteria of the invention. Mny

opti mal codes are sinplex codes. NPT051-SG .g. The

i nvention shall be better underétood fromthe

fall ow n non-limting, descripition  of preferred o
TheeteBrbel B beke Tdginor dromithenfollopant mee e ingedescription
of gredevr sibanbdsithEits DEGERNFAtGINWGH réfdlenDRAVHNGBIVHhgUr e 1

shows position decoding using a 7-bit cyclic position

code; Figure 2 shows position decoding using a 7-bit

i ey i I of errors;
B%’%ui:'r Q$§Wﬂ9@@ﬁ ?%W@@ﬁ% codi ng using a
7-bit cyclic position code; Figure 4 shows an array
of thirteen sequences of a 7-bit cyclic position code
Figure drehews positionteoodmngtisingreebbe cgélid msaimaeodadi ng of
hori zontal coordinates; Figure 5 shows derivation of a
first coordinate position froma first one of the
FighMr®d Qs ws BB4ifot B oBlngaNindfa b3 @?ﬁicgﬁosﬁioﬂ%ﬁﬁ? B @b gi’&ence of
derlwgﬁﬁgn of a second coordinate position from
second ofie of the w ndows onto the array of Figure 4;
Figure 7 shows derivation of a second coordinate
.position froma third one of the w ndows onto the
Fl@df? éflhe’rvs p(eal?fl@ of filfrfﬁrﬁltfﬁéoélné%wg aahbit Ry diciresifion §ods:
two orthogonal one-di nensional position codes; Figure
9 shows the interleaving of Figure 8 represented using
Figihe4 phewe ac erray ofthirera sequehica ofafgbiecyidipbfiaor nbdedretiged
gl yphn chluginseo dhbihdiverehbecddieof Ierivon@l dorfingiese 8
represented using two distinct glyphs; NPT051-SG -10

Figure 5 shows derivation of a first coordinate position from a first one of the windows
onto the array of Figure 4;

Figure 6 shows derivation of a second coordinate position from a second one of the
windows onto the array of Figure 4;

Figure 7 shows derivation of a second coordinate position from a third one of the
windows onto the array of Figure 4;

Figure 8 shows an interleaving of two orthogonal one-dimensional position codes;

Figure 9 shows the interleaving of Figure 8 represented using the presence or absence
of a single undifferentiated glyph;

Figure 10 shows the interleaving of Figure 8 represented using two distinct glyphs;
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Figure 11 shows an alternative interleaving of two

ort hogonal one-di nensi onal position codes; Figure 12
shows the interleaving of Figure 11 represented using
three distinct glyphs and an enpty glyph; Figure 13
shows the interleaving of Figure 11 represented using
a single wundifferentiated glyph offset in one of four
directions fromits nomnal position; Figure 14 shows
a position- codlng array havi ng colunns and rows of

| oc t %5 sho g ..

Figgre EZP%F Bl i S R A b s PhAchggon
array*®8f%Figure 14 into tag-centered |ocation-specific
codewords; Figure 16 shows the mapping of data from
Iocation-specific colums and rows in the array of

Figirg U2 shdws thetigeileuvargsdfiRigat 1 ogaticatedapingithiee distinct glyphs
codewniid®,engigl glypgure 17 shows the codewords of
Figures 15 and 16 at their corresponding | ocations on
the surface. DESCRI PTI ON OF PREFERRED AND OTHER

riE)EAPUNENIR THE ST B O NGR | 28

i onal

e APRERAEY VBT RS ol vy SECGon R SaRH |

t he ﬂHFH%%H self- regi stering patterns. NPT051-SG -11-

POSI TI ON CODI NG USI NG M SEQUENCES A |inear feedback

shift register (LFSR) of length k consists of k 1-bit
Figitra §jé showndpostibn-Gding drdy. ha®mgambdmed ockotvh ef eati@ntpecific

of stdage O forns the next bit of the output sequence,

the content of stage i is noved to stage i -1, and the

new content of stage k-1 is a feedback bit cal cul ated

Fig B %%E SRk IEPLRURI G B8 300l the
Menez esysox f‘ét \/El&nce{%;r < ?floélnsé’)em%c O ewigg

Figure 16 shows the mapping of data from location-specific columns and rows in the
array of Figure 14 into interstitial location-specific codewords; and

Figure 17 shows the codewords of Figures 15 and 16 at their corresponding locations
on the surface.

DESCRIPTION OF PREFERRED AND OTHER
EMBODIMENTS

The embodiments of the invention utilize cyclic position codes in the encoding of
positional and functional information on surfaces, principally in the form of self-
registering patterns.
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S. A. Vanst one, Handbook of Applied Cryptography, 1997,
CRC Press). A maximum Kk |ength LFSR produces as

out put a so-called msequence with a length of 2 -1

in which every possible non-zero register val ue
appears once before the sequence repeats. Because
each k-bit val ue appears exactly once in the

m sequence, a k-bit windowinto a known m sequence
yields a unlque k- b|t subsequence which in turn can be

i nter ue positidh within the
PWE@H%P%G UEB‘LGa@ Or% cyclic nature of an in-

sequence, a k-bit w ndow onto a recurring msequence

yields a locally unique position, i.e. nodulo the
A lif09 & dBad) sHift @e@ﬁeﬁ@ﬂ@?@%@ lerf38PR %Bﬁs'i‘ﬁs Qf ki W&ég«:@ Gumbered
ces ar known _as

geque on
0 Boduences caph ¢lackaiha GoBRnL of égagsrﬂﬁ et G o thepppiput
seqenee Nixesomere ofissgas sedoend enshyel v i, Endsﬂieo:ﬁdav cgggﬂt, of stage
k-Shi: t Par 1
11 id % f%?%c?(sbqg ?a‘?ﬁ.ﬂé{ ﬁ@gﬁddlﬁé‘?o%%ﬂ{%f Hlé)g}ll&)r fgjfs-: é’ devtsg/us contents of
’ﬁﬁeﬁ“g?f‘éé’ thesstagss (ofit Be%?erF(S?F gafFd DitasCapa Nomchot and
S. /5| Vamstorien HukRdimodor Rypdedn(Berfugnapbs, 198ﬁipICROr Brgsd). A maximum-
Pr di ngs of the | EEE, Vo . Decenmberyt .
len%évg,ﬁg OusFE i QP Wﬂ\cﬁ?daméew&n@? H“Thn% Sgdh af &g ! in
whidsh evefrepeasibdd nomt-hire registeiovelwganpean ente/ betbrd the sequence repeats.
BeSARYSAGEBbE 3Alul %pﬁéﬁ@&ﬁ@dy b&élﬁ@h@h’&@ﬁé&@% P—%ltfv@h@é\ﬂ o a
kn?\glﬁ lrrpﬁegqg?ffc(eeﬁg glds gtu%l en’(\é\git ﬁ%bksteqlbe Ic%?vrllj?cﬂl 1 maﬁ% lﬁterpreted
as uq&ﬂwse%ﬂ%&tl Hll tht p-sequeieg Rocayse qf theypxclicenaiyteved] gn m-
sequenerp agrldt girelateontt haecutring heseqoericpyticldd a ¥caly ubiqtie position,
1eaﬁ16éﬁt'lo|tﬁe fléﬂ%ﬂ?ﬂ J}YthWn'l—tsécﬁﬂnEJ‘ Qie‘ﬁb&ﬁ%uﬁnﬁ:ﬁuﬁﬂ SQ iences are

i agon ng, co
asfdatt 88 o fen (U8 St <Pl o Cofction of
PNjessipngse g @Sme%ﬁmen@a@ ¥R Gdomdy S5 ISAf) ReBister Sequetnices,
AeEeanl Paoly Byess,t 1982, the nottents gf whivherd ereiannalrpaated by reference.
extended to two dinensions by arranging a recurring
m sequence into colums and encoding a second

I wndl
RIS A 7 S BT
és@’rroéee s of dher Hiddi e 18§ Depranbsy dPZ6, the contents
of avhlaly arddemin mgccbﬂperatanb bm fia&qeltﬁremeﬂush aviaddweingt poperty of m-

sedﬁ@ﬂ_% ka®Be extended to two dimensions by folding an m-sequence into a two-
— klkZ
dimensional array. The length of the m-sequence must be of the form 7 = 2 "~ 1,

kl
np =2 -1 n, = n’/ny

such that and are relatively prime and greater than 1. The

nlxnz

output -bit array is filled by writing the m-sequence down the main diagonal of

the array and continuing from the opposite side whenever an edge is reached.

As described in PCT Application WO 92/17859 (J. Burns and S. Lloyd), the
windowing property can also be extended to two dimensions by arranging a recurring
m-sequence into columns and encoding a second m-sequence into the relative vertical
alignment of adjacent columns. The columns are shifted cyclically to preserve the

rectangular shape of the overall array. Assuming the two m-sequences have lengths
NPT051-SG




2ki - 1 and 2k2 - 1 respectively, a k1 x (k2 + 1)
w ndow into the(2k - 1) x 2k2 _bit array yields a
uni que k1 x (k2 + 1) subarray. Each kl1l-bit col um of
the subarray yields a relative kl-bit position, and
each pair of colums yields a one-bit difference for a
total of k2 bits and hence a k2-bit horizontal
position. Once the horizontal position is known, the
cunul ative vertical shift associated with the
ghorizontal position can be addeffto the first k, P
2 colluggy ¢ el atekyeiivant i, cal* Pasi b qp a(g)wyit@)l e —1)x27 4o
absol ute v.ertikcgl(k{).pfti on. B encoal ng k1 bits rather
artgl Figldsveuminne | ht 0 1 he’ sabartayy Baghekit bit edlumhi of thesibanhy yields
a refative pabit posdfiors; ahdi Bah, pair. of.colimnityititiz b Bge-bRidiffetbhce for a total

of IR Bl hene 81 ¥R DR sl A0 1Bl fbsBlon!i0nown,
verti.ca n}squg%gg, t he gp 111 0on-coding .den g of
the grmujativg vegtica sgiiedy With the porzogtal pasifion Fanspq gdded to the
firgtgohinir's tilativgi vieftispbpasitionatoyéeld he absodge esitinglgpositien.
el emrent of a kl- ary msequence. To recover k1l x k2
bits in both dinensions, the difference coding

B)@Qﬁé{iﬁ?g h 'Bg? ?atfrlé}tr ééhgner l{ﬁ? fﬂt«lg ‘ﬂ%t Aardk TEARLLD: g‘f]gi{én?!)ts ach pair

ofg&pgﬁ!é I Ca

.i% nmens).Qn, . 1.¢e
i lr?g%a utifiging s f?/@ fﬁ%%ee%fashege SHitts ajlgred byihg length of the
vegical di-sagluamcemtbe pasitioe-coding density eff ahé \aerayaddngheremparafed to

kiadj,acent raws.. The .m sequence colums and rows just b

2 o naitzoytalyash BRI ATRHRGE RAGRADFelmAGReAS OB elent of a k-
arjjacwdiange. An m sequence can recur any nunber of tines

within a colum (or row) to produce an overall pattern

of sufficient size. As described in US Patent

6, 208, %yikg D.A. Jared et al), orthogonal coordinates
Toggepvee — enc &iedn bethfimensiansuide diferprogcedingmppenagh hedd for the
hotigorgdichimetdi@r canfdehbé vtilieedUente viefical éiplensioh eick. &y @fxnging a
recRBHN I sQYMen?¥ ibtoCYE, nﬁiﬁo%ﬁ&fhilgg)‘g%‘l dﬁHQ SV GltY the relative

.of T set bits to the left an -nunbered ro .
aligHm ¥ pePRh EPRE: THS G pfavendto CoIfEns {3 oW, St Be spatially
interlgaved dd & Sdewn Hpanaky toleflone dedoding. ofin goRetUaNte can recur any
numboer of thate wathirdd coltth @Edowy b pfcltdce h®WSerdR fpafiern! dfMRSficient
sizef constant coordinate at -45, i.e. at 90 to each

other, with each of their intersections thereby

defining a two-di mensional position. Because the

angl es are induced b%Boffsetti ng nultiple copies of

Astdescrihed diy WEnBatent 6. 208, B pMdac herpd chalyirthogpmd foppndinatsas can be
enddded aikingGm-sequences placed in parallel to each other. Each m-sequence is
replicated every second row, with even-numbered rows successively offset two bits to
the left and odd-numbered rows successively offset two bits to the right. Even-
numbered rows thereby define lines of constant coordinate at 45°, and odd-numbered
rows define lines of constant coordinate at —45°, i.e. at 90° to each other, with each of
their intersections thereby defining a two-dimensional position. Because the angles are
induced by offsetting multiple copies of the m-sequences, the approach is highly
inefficient.

NPT051-8G



-13 A drawback of any pure m sequence approach is that
as the required position precision increases, it is

i ncreasi ngly expensive to translate a given
subsequence (or subarray) into a position. As
described in PCT Application WO 00/ 73887 (P.

Eri csson), the difference coding approach can be used
to code a coordinate directly, i.e. the relative
vertical alignment of a set of recurring m sequence

ol s can code adjacent parts of a horizontal . .
A é@&%@%ﬂfc FHORHP HbLIUCBIFRPPHRICh & thet dpche srquiredh pagition precision
in@xédsgs e ingfeasinglat expbnsiec tr tramdiate - gise seizcguanovgorcaibarray)
inteQRsA@dhacent parts of a vertical position coordinate.
Unl'i ke a pure in-sequence approach, a marker val ue
(or range) nust then be used to indicate which colum
(or row) separates the | east-significant part of one .
ASPEbRhnel O RPRIREtPR YO WY IR7 | (Bakticpart Loy difrsenceroding
appweridiambeusedsoando ptdontdimtie diredtly, i.b.ethdiréladveenatical alignment
of GOStNer re@@@fn@a&hsegﬁéﬂcx QMENFOAH cHA GdjaSert YARY J4S4 MBrizontal
0tige dlof ;dﬁra(%gcgn cQdi pegqt%g% ?389 gﬁl | eet h<§f ot hggr ‘ho me
POUESR oA HS S qrizonta), aligmment A g |5ph OF fopupring
se@ifaes taves @infdode @igecr dars of a gsrtitrhaesitionscapedinatednkikeea pure
m-sdipehest gppaddohnmemtrkaf vallee(or eange) ingt then dgusnd és inthdaedwhich
cokBEL(or ) LIRAGONR! 15211 MANCpAP oﬁ BRVMRoorfiftb{aefioh AR most-
. t éhelr r Iatlye al.l ngpt. Pnft e. dgs§%% di
siggFp Bt o e AGs! CoRHBEnAR YbpRimation Ly regeg coding
appreadl wely e geardinaig is epdad neing thecdiffaenereending anpreasti, while the
othee pooskmitd g g&fhdibéctlyp_a’gfs i@yp@siMengg%e éh(}epﬂl_e\é‘digﬁfénwﬁoded
coSntatFis AR f2H, 9%550@%%%5 é\gen}’tﬁg ecUIPin %%9&{ s Which code
PCI. 1 cation WO 9 . _Bunms. an .. R 0 g
th Gl A RS SORTOER SO HO GCIa Y PGS I the
desegibed gppipests tho tven sttheganhhscts he nespquersies aor ¢ambined by pairing
spafallg @itidenabits ARd hepresindhficae bitAmiOby andiadk &lyph which can
a&ﬁh&g%g%ﬁﬁﬁugggﬁ&gq%ﬁﬁgted so that if it contains a
ul ar

partic ubsequence then it does not contain the

reverse of the subsequence. \Wen inaging an array

which requires a window size of k x k a field of view
AsflaspribeddinaRETeApplication [ WEs02/k 7839 (Js Busupnd . hidysBsso-called

oritmabler menl@dncen cof beh@tilpkeday Wridls wHSPRCEnsuf: HAE the correct

- L tEail
o5 D53 TR0, TSRO o
so ghat B@ntﬂpﬁewgl:tl af ﬁutfs[:l%ue&g%f;}ynég,tgqfé |ngt contain the reverse of the

subsequence. When imaging an array which requires a window size of kxk , a field of

view with a diameter of at least 2 is required unless the orientation of the array with
respect to the image sensor is constrained.

ERROR DETECTION AND CORRECTION

Assume the data to be coded is broken into k-symbol blocks, with the g-ary symbols
taken from the Galois field GF(g). The collection of all possible k-tuples m = (mq, m,,

v M) forms a vector space over GF(g), containing q possible vectors. A
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taken fromthe Galois field G-(q). The collection of

all possible k-tuples m= (no, m, k nk 1) forns a

vect or space over GF(q), containing g possible

vectors. A NPTO051-SG -14 correspondi ng bl ock error

code C of length n consists of a set of M n-synbol

codewords {co, cl1l, ..., cm1l), where M= q and n > k,

with each codeword of the form ¢ = (co, cl1, ...,

cn-1). Gven a data block to bggencoded, t he encoder

maps t.he data bl ock  onto Wword. in C. Since the
coRBpPRLiE olﬂoek CHoF 5998 s 9l 1508 gl @%nswef)?@:e%f) of M n-symbol

bt e
co&&gﬁr@é ?%éclqn gec} 34}1%1' ot a'cﬁj r(g gaqu d’ vg 2111 Xac%{lcod%ord of the form

¢ 5 Keag1 b ‘Ar {Vﬁ?naéjﬁral bﬁgc to_beenco %ig encHder man3d the Satp klock
Ontm egcgdeyvord me§/mt:¢1 ﬁlewﬂectrcmtqf allwssibter-Qples oavet Gﬁe;e)rcontmns

de i ct subspac r
7 FRRe bt iy S R ﬁwg@ﬁe e by This
is BpresseCmpaithtraadlytty’s cBMt&als T e eér%Wt%@b@ﬂé rate ﬁhe k/n

Thg %gge tSIS taﬁﬁf%a%@dg 1f' ? f&%ﬁs a gééfgps?l'bgﬂ(}ms {)%}dGF(% r ef [ it {%osed

un asan 4n ﬁénﬂlalﬁla%ﬁiloaf YSayWB@r andr %?%ﬂl%ﬁw zgygovector).
The eddans itk sdidf théwayve dineensionitrandhisiteddremdate aslamim kptode.
bl ock code is the small est Hanm ng di stance of any
pair of distinct codewords in the code. The maxi mum
I a f..an
pal 1 1%% éﬁ%cﬁ %F{‘%e% én&g %g&éwo'}la%rg' Y g.la;%ér c%ﬁsym%;)g il %vhich the
twp avterords niifferd The snsyminal distanar S nvda dbloddedzr @. the tsmallest

Hahﬁm%@ad@ﬁﬁ@er bz ady ki:){au‘ B§ disiatOBddeviords id ke QHH@efh@hﬂlmum
mbei s it corrupts. For an error pattern to be

dls&ﬁ‘?ﬂ%t ¢t ithe largest Hapgwing glistance of eaenur af distingerdewads in the
co@not her codeword. A code with a m ninmum distance of
drain can thus detect all error patterns of weight
| ess than or equal to drain 1 . Although a given code

Gt B S P B o
weigyh igetheaumbier obpmfolyia comswms Fogay eronpalignplodit wagetsctable, it
mupbDssuse! y codmmﬁtmdldmk ke endther D@ietmejrdh At Etﬁiedﬁiﬁlﬁd@rmlmmum

hé, .. sanp word onto a code | ch a
R 900 R 75 gRHCaD Hbn el Anpicht fest Thab S ol to
D . Although a given code can detect many error patterns with greater weights,

this provides a limit on the weight for which a code can detect all error patterns.

Given a sampled word possibly corrupted by an error pattern, the decoder maps the
sampled word onto a codeword in C in such a way as to minimize the probability that
the codeword is different from the codeword originally written, and then maps the
codeword onto a data block. In the absence of a more specific characterization, it is
assumed that lower-weight error patterns are more likely than higher-weight error
patterns, and that all error patterns of equal weight are equally likely. The maximum
likelihood written codeword is thus the codeword which is closest in Hamming
distance to the sampled word. If the sampled word is closer to an incorrect codeword
than the correct (written) codeword, then the decoder commits an error. Since

- . d,;
codewords are by definition at least a distance ™7 apart, decoder errors are only
NPTO051-SG




the codeword is different fromthe codeword originally
witten, and then maps the codeword onto a data
bl ock. In the absence of a nore specific
characterization, it is assunmed that | ower-weight
error patterns are nore |ikely than higher-weight
error patterns, and that all error patterns of equal
wei ght are equally likely. The maxi mum 1ikeli hood
witten codeword is thus the codeword which is closest
in Haming distance to the sarpled word. If the /2
possalrip| i€ dhevovadghtsofc theserort pattimn iis gpeatercthan asesyual] to t‘f’r&’h .
méxlilﬁuﬁqmeﬁﬁboc( &édoﬁéle&)n R 8NRLA all (hRP Eﬁ&ng &F %%ht Jess than or
commi Since codewords are by definition
equal tpe st”""a d| st nquivlently, dpaudecodse sl eptrestr begorarse long as
2f6rﬁ;ryn NPTO51- SG - 15 possible if the weight of the
error pattern is greater than or equal to dmi"i2. A
maxi mum | i kel i hood decoder can thus correct all error
patterns of weight less than or equal to L(dntn -
Thy) popimupy udigianentafy 2 lineardeedsdes limited ot dbe  $ingleteor Hound:

450 Hokgh 8S ke aﬁgmg%@%ﬁk 5 b i g;{;laﬁt - are galled

| inear ,code 1S Ijmt eton boun

mayigU- djstance sgparali (4D lpwangp | & 1 B6TnaBuindV K.
Bherpasd,i ¢dg., dteedSaldred: Codesi anah¥’ hhlsﬂaphmt@epdﬁ?ﬂﬂ Bregdy9p4, the
comestd oBA e AreCIRFE S 1ﬁ%ﬂﬂe@|@rnefé§e&e ) 8RLY st commonly-used

\ R non Codes and Their
Mﬁg%ﬁ%‘%a Po%ga?y E%%ress 1994, the contents of which
are herein incorporated by reference) are the nost
commonl y-used MDS codes. No binary codes are MDS. An
Aregrague & & symbelyofirobangfled wortrpsetheddo daws bemmeabriuptedaBince its
pollgen if Qllid bedeRebrd B RESwh! B caRORi fghORdi Rr te ﬁ%@é@dfddécadmg

ratﬁé}q#gn h‘lgcé th aé ?H ni%g f*’&r e)EarllnepléJ ut'ilQ it anee beg‘geqn thd%rased

syiphil th UheaFoRp boVigR o @eeci%élapn qulrﬂnt%éoé%?fﬂe’@ not
inohsled it Hireming distepandied gs shentizsls fonmaxinachke Wikelihoiod decdding.
Eab&tyie thus Rifehd HpraLag 1B Saneae USefcasy &1@61 @aﬁﬂ the pREence
maxi mum | i kel i 3 od_ 2r]g Each erasure
of df Frawkesy dlPy 10 edutés "t he niniHom %ﬁﬂsbﬁﬁ@ge@t?d oE@uwale@ﬂy, the
deddef BB RIRIEPEROrsUnfl /RLARHL]S: Ioﬁ%fx og ]I%D§Zcode
V ently the eco

J, errorsg,gan perqofrécted. Equi
thi3 Betoptserect t errors and f erasures so |ong as 2t +f <

drain For an MDS code

A code is systematic if each of its codewords contains, without modification, its
corresponding data block at a fixed location. It is then possible to distinguish between
the data (or message) coordinates of the code and the redundancy (or parity)
coordinates of the code.

The rate of a linear code can be increased by puncturing the code, i.e. by deleting one
or more of its redundancy coordinates. By the deletion of g coordinates, an (», k) code

is transformed into an (" ~&, k) code. The minimum distance of the punctured code is
d, = Y S 2 . -
min~ & Clearly, if ~™¥" g= . puncturing destroys the code’s ability to correct even

—g<1

R . .
one error, while if ~ ™" , it destroys the code’s ability to detect even one error.
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this beconmes 2t+f<n-k+ 1 A code is systematic if each

of its codewords contains, wthout nodification, its

correspondi ng data block at a fixed location. It is

then possible to distinguish between the data (or

nmessage) coordi nates of the code and the redundancy

(or parity) coordinates of the code. The rate of a

| i near code can be increased by puncturing the code,

i.e. by deleting one or nore of its redundancy

coordinates. By the deletion of'% coordinates, %ﬁmg% +1
Equ)vatamug, thie dertgttarfs F of Mdof thi: puactufed-@de kjusc obI@; in

t ance of #hd,, u+n2;tured code is :
to ge eeélﬂr ep 6 ((31 S g < glpun dp rocé’glieFtﬂ}},gsrﬁ}h‘? c?ecoder for a
pu@@u@dscheuqant S}mpbf 13 r@éettedev‘éqrdlr@ﬁ:é agreraureswivith gesgpiect to the
origimal code. g < 1 it destroys the code's ability to detect
even one error. NPTO51-SG -16 Equivalently, the
Iength 11' - n -g of the punctured code nust obey w >-

det d.
A Bkt B 5 P R 05 SR 2T Yy T o <
thege icaler eodeswed €an (Giinlk ¢1. t-+Eat) dd&l.dieet i8 oaiahi nrtlissshifs of c.

It Exlkswsr that witth cydipeldfts tof ¢ bR aled icgtieRdrds adeC. ¥ dkoglber of
code C ks a c cI|c code if for every codeword c = (co,
cogepvords 7 xeeels th lepgtbpofthe qoere thest de soda cowfdimaar aurgber of

dls“tlnétg cfl:s &1?&1 'cgcle ico nﬁg t &l%de c%dfz‘fvordk S\vﬁfiré POfvides nIf
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k codewords g exceeds the length of the code n, then
the code contains a nunber of distinct cycles, with
CyeachPogicion Copesit ai ni ng Si uni que codewords, where St
divides n. If the code contains the zero vector, then
the zero vector fornms its own cycle. CYCLIC PCSITI ON

Posi ti on decodi a k-synbol w ndow onto
POHER P n Sb JuEACELRT iyt AT reconsing Th-SGeden et lenth

n al 2 oM e hofl SIGF ehBR thE tﬁﬁ’f 5@&1&&80n HQWGURE cﬁﬂﬁint d&Bding

deco i n

e ptel g s daf ?ﬁeagmgrwa S Ao T L o eor

detectlon and correction.

An arbitrary number of copies of a codeword of a cyclic (2, k) code C can be
concatenated to form a sequence of arbitrary length. A window of size n onto the
sequence is then guaranteed to yield a codeword of C. If the code is designed to contain

exactly n codewords, then the dimension of the code is, by definition, k= logqn_ If
the code is designed so that all » codewords belong to the same and only cycle, then the
window will yield n different codewords at » successive positions. Since there is a |
direct correspondence between a codeword and a position in the sequence (modulo #),
each codeword can be uniquely mapped to one of  (relative) positions. Significantly, a

position can be determined even in the presence of up to [ (@min— D72 ] symbol
errors. We refer to such a code as a cyclic position code. Any codeword of a cyclic
position code defines the code. A cyclic position code is not a linear code, since it does
not contain the zero vector. However, it is useful to use the terminology of linear codes
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detection and correction. An arbitrary nunber of
copies of a codeword of a cyclic (n, k) code C can be
concatenated to forma sequence of arbitrary length. A
wi ndow of size n onto the sequence is then guaranteed
to yield a codeword of C. If the code is designed to
contain exactly n codewords, then the di nension of
the code is, by definition, k - loggn If the code is
designed so that all n codemords bel ong to the sane
. and_only cycle,. theg vwndoW\MII yield n
in ther follpwine dsersbion e mceaé%&%efv@cbeepﬁlﬁlemod@ Magy good
cy¢livgrosition cadesdire o¢ar codesezitotidenmevdotir neraoved. codewor d
and a position in the sequence (nodulo n), each
codeword can be uniquely mapped to one of n (relative)
positions. Significantly, a position cgmE e
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Randary Spaeenses ambAessas , Prpcqedmgs ef the HE RS0l 6heNo.12, December
1976 M rdhargymakqhdnoe aherefrie SdefiNES @5dycHG pdsttidn cbde Note also,

hol@bdr Otffaf‘ﬂlegia%‘éﬁ{?eﬁl:@ Bas%a éﬁgﬁ%%aﬁrg' s%ﬂém&“de%n%m%amer do not

R eSS R ey et WP Sl thengieg o window

sizehét- the cyclic shifts of a binary msequence of
length 2 -1 constitute all of the k non-zero
codewords of a linear cyclic code of Iength n =

More %bﬁ@ﬁ%@?—s ueﬁ&% hml: a@kﬂée@dm}f@ s%i ﬁ%s ;1‘ l-fess(;r‘rﬁplex

| oane,
CO(Eéd@@ﬁd@gﬂand rays andﬂ!rimuauml digganasf "f“ﬁe I EEE

imMdd BAthe Nomé 2the BEGEREN of alfifBlex oBdO H@Meﬁhﬁb@@ﬂiﬂfﬁﬁ?ﬁeﬂmes of
%1 @fegr ?hng ?rfl %n& wxhﬁuﬁocgét 9 of %ds?mgllélgtcggg laise therefore

uence-

|
the RRIE B 7HBURIE; %@?ﬂg&rqo Frucgign St ge Bgeé heeRtiishe sxcligsimplex
codgogsnvgyuidratisiregiducs fsee MaeWdliansdoly asd 28J.4f Sloanagtitke Theory of

Ertdpalorpectinp dOWesS IN&@tHHoNand, 1977, and Wicker, S.B., Error Control
Systems for Digital Communication and Storage, Prentice Hall, 1995, the contents of

_ ak
both of which are herein incorporated by reference). For n prime or 7 ~ -1 , then, a
simplex code is cyclic and therefore defines a cyclic position code.

A cyclic simplex code of length 7 ~ Am—1 gefines an optimal cyclic position code in

the sense that it has the largest minimum distance possible not only for its length but

for any length n<d(m+1)-1

The “dimension” of a cyclic position code is fractional unless the length of the code is
an integer power of the symbol size. We consider a cyclic position code “systematic” if

. e . k=1
all of its codewords are distinct in [ log,n | symbols. An m-sequence defines a
systematic cyclic position code, whereas a cyclic simplex code in general may not.
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More generally, msequences define a subset of the set

of sinplex codes. The sinplex codes have length n =

4m - 1 and mni mum di stance dom (n + 1) /2 = 2m As

implied by the name, the codewords of a sinplex code

define the equidistant vertices of an n-sinplex. The

m ni mum and maxi mum di stances of a sinplex code are

therefore the sane. For n prine, the Paley

constructlon can be used to con§gruct a cyclic sinplex
Wgode us uadratlc YESIdU§ égee MacW I Liams, F.J

S AngY $Lih Posfiga fode T4, ungiiis y ORF OF B9 SY 5P e@?.%ﬁ@tema’rwally
deleteflefomNach leodovordrd, thd 9Fde. Hovk v, skree,a SurBfyredEcydic position

cof® i fidl cyclRY, $h€ BEgiar cddc@iot®ls SMNMHEeAie %bhé?ﬂlcﬁﬂﬁl arbltrary length

C
coi?% Qc\g/aibgﬁ%e & %ﬁ}dh ;gudéﬁlréd ré)iﬁag’n {15%%511;:; gérdz rl]g Ll"e pLESEur%d code
happileneth |0f n = Synaabo sﬁm«iﬂvexs visdeonite agyairiing cyclic
coafvdoxﬁmn@fgﬂr;eﬁdﬁfﬂlaeﬁgmambj C position code. A cyclic

simpl ex code of length n = 4m 1 defines an opti nal

cyclic position code in the sense that it has the

] stance possible not only for its

CJF%%%&%J%JHG@% Ly | engt ﬁ n<4m+1) - y1 The

"dlnen3|on" of a cyclic position code is fractiona
Byuwpe &6 exaraplechightln lo‘fhowné ¢ dfedewordg ot pnt-big binapo wiglicofosition
colldeTiyodafel issd zgclicVimplerséadierand Byswhiemapeslht thadn sodeéum (and

max%ﬁﬁﬁﬁ Hﬁ%dn@e of i anda{hkre%re lafISwE 8&@&%@3 beLErdksd 1 nct i nk

- [loggnl synb An m sequence defines a systenatlc
cyclic p03|t|on code, whereas a cyclic sinplex code in
Tg&ngral nay not. NPTO051-SG -18 Wen a cyclic position
ne or nore synbols are
d from each codeword of the
s nce g punctured cyclic position code
s—not-.cyclic, the orilginal codeword is still used to
cotfstruct the arbitrarly | ength code sequence on which
pungl,yred positipn decoding is based. If the punctured
n- 9, then an (n-g)-synbol
W Hdew i s used onto a recurring cyclic codeword of
lenglh, " Tromtheg original code. Cyclic Position Code
ple, Table 1 shows the 7
codewdt ds pf a A bit Kinary cyclic position

1000101 6

Table 2 shows the Hamming distance between the first codeword of the code and each
of the other codewords of the code, computed with a one-bit error successively in each
of the seven possible locations in the codeword. In each case the corrupted (i.e.
inverted) bit is indicated by #. Whereas the distance between the corrupted codeword
and its uncorrupted original is exactly one in each case, the distance between the
corrupted codeword and each of the other codewords is never less than three. Since the
code (by definition) only contains a single cycle, the table demonstrates the ability of
the code to correct any one-bit error in any codeword.
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code. The code is a cyclic sinplex code and is
systematic. It has a mninmum (and nmaxi nun) di stance
of 4 and therefore allows one error to be corrected.
Table 1. 0001011 0O 0010110 1 0101100 2 1011000 3
0110001 4 1100010 5 1000101 6 Table 2 shows the
Hamm ng di stance between the first codeword of the
code and each of the other codewords of the code,
conmputed with a one-bit error s%gcessively in each of
the seven possible |ocations in“the codeword. In each

[Sase the corrupted (i.e. inverted) bit is indicated
Thle - i

60081 eword andleach o never lless
tobamit hree. $i nce the 3 co [ onl y
contars—a simgte cycte, es—th
Woirity of fhe’code td corré yV errdr ijn
apye:codewor d.| NRTO51- SG M s
006101 1+—3—3 35 5 0064%11
+¥13 5 5'5 3 doo#Ho11® 1 1°3 § 3
Ho1b | 0401011 § 5|3 5 5

+001011 1 5 5 3 5 3 3

Figure 1 shows a sequence 50 consisting of the first codeword of the 7-bit binary cyclic
position code repeated multiple times. Figure 1 also shows eight adjacent 7-bit
windows 52 onto the sequence, each yielding a codeword of the code and thereby a
shift value 54 according to Table 1. Figure 2 shows the same sequence 50 in the
presence of two one-bit errors 60 and 62 respectively. Seven of the eight 7-bit windows
52 onto the sequence therefore also contain one-bit errors. These errors are correctable
as illustrated in Table 2, yielding corresponding valid codewords 58 and thereby shift
values 54 as before.

~ Optimal Cyclic Position Codes

For modest code lengths and symbol sizes, an optimal cyclic position code of a
particular length and symbol size can be found by exhaustive search. Table 2 lists the
characteristics of optimal binary cyclic position codes of various Iengths, together with
specific examples. Although in most cases the optimal code is systematic, for lengths of
11 and 12 a non-systematic code is optimal. Note that the optimal codes of length 7 and

_ Ak
15, and generally of length * = 2"~ 1, are defined by m-sequences, as discussed
earlier,
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#001011 1 55 3 5 3 3 Figure 1 shows a sequence 50
consisting of the first codeword of the 7-bit binary
cyclic position code repeated nultiple tines. Figure
1 al so shows eight adjacent 7-bit w ndows 52 onto the
sequence, each yielding a codeword of the code and
thereby a shift value 54 according to Table 1. Figure
2 shows the sane sequence 50 in the presence of two
one-bit errors 60 and 62 respectlvely Seven of the
eight 7-bit windows 52 onto thé& sequence therefore
also contain one-bit errors. These errors are

OEn 2 ap D O " w4y, OO
frddést cbdel | ehgt hs' and 2synbol ~si zes, an GﬁFWﬁal
£ycki ¢ position cpde |of 2a particular Ienghhlﬂnd
symbor—stzercan—be—found by —exhatustt+veSsearch—Fable—2
Vilsfs|tht thatacteri|stics|of optimal bi PAFY°%yclic
pgsit|on codes of| various liengths, togethesoiwhih
spgeci fic exanpl es} Allt hough in nost cases the optimal
cdde | s systematip, flor lengths of 11 arf@®{%h
1dnasystemati cs cofde i|s aeptijmal . Note thabmbhﬁlﬂptinal
cddes|of lepgth 7/and k 1%, and generallé | ength n
- 12 -|1 are|detined By msequences, as dP¥eifised
edrliper. NPTO54-SG -20- Table 3. IN 7 3oébofohi 0001011
8|3 46 1 200010111 9 4 4 6 1 2 000010011 000010111
00010p111 10 4 4/6 1 2 0000100111 ooorotoolt
11 4 4 8 1 2 00001001111

6 00001010011
8 0001C100111

5' 6 6 2 4 00010010111
12 4 4 8 1 4 000100110111

5 8 8 2 4 000010110111
13 4 6 8 2 4 0000100110111
14 4 6 10 2 4 0000100110111

00010011010111

15 4 8 8 3 4 ¢00010100110111

16 4 8 10 3 4 0000100110101111

0C00101100111101

17 5 8 12 3 4 000001000110C10111
10,12

18 5 8 12 3 6 . 000001100101101111

000010011011110101

14 000010101101001111

12 000010101111001101

"Not systematic.
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8 0000101111 6 0000110111 0001010011 11 4 4 8 1 2

00001001111 6 00001010011 8 00010100111 51 6 6 2 4
00010010111 12 4 4 8 1 4 000100110111 b5a 6 8 2 4
000010110111 13 4 6 8 2 4 0000100110111 14 4 6 10 2 4

00001001101111 00010011010111 15 4 8 8 3 4
000010100110111 16 4 8 10 3 4 0000100110101111
0000101100111101 17 5 8 12 3 4 00000100011010111

10,12 18 5 8 12 3 6 000001100101101111
0Q0010011011110101 14 00001010%101001111 12
190001010911100910[1 4 '|No systematic. RPTOSEIS@LORI- 19

2p (19 10,4 8 009010%011130030011 = 20 51 Jodo:4::601111
0¢000[.00101011001(111 {12 00000101011110010011

00000{L01011/110811011 00000201011110010011
00000101011110011011

00001010111011001111

21 5 10 12 4 8 0000010101111001CG0011
22 5 10 14 4 8 0000010001101010011111

0000010011000111101102

0000010011011000111101

00000110011101101G1111

23 | 5 10 14 4 8 00800100011001110101111
14,16
7 12 12 5 10 00000101001100110101111
24 | 5 12 16 5 8 ¢00010010110111010001111
25 | 5 12 16 5 8 0000010001100101011011111
14,181
8
26 | 5 12 16 5 10 00000100011010100211110111
27 5 12 16 5 10 000001100101101010001001111

000001101100311101001010111

28 6° 14 16 6 10 0000001001010111010011001111

0000001011011001010111100C11

29 5 14 10 18 00000100101011111001100011101

00000100101011111010001100111

13° 14 12 6 16 00000100111110010101100101011
g 00001110001000100101101110111
3 7 16 16 7 0001001000011101010001111013011
43 7° 22 22 10 20 0011010110600190000011101060011121011100101¢01
47 g 24 24 11 22 (00000100001101010001101100100111010100111101111
59 g° 30 30 14 28 0010001010110110001000011000001121110011110111001
00101011101
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00001010111011001111 21 5 10 12 4 8
000001010111100100011 22 5 10 14 4 8
0000010001101010011111 0000010011000111101101
0000010011011000111101 0000011001110110101111 23 5 10
14 4 8 00000100011001110101111 14,16 7' 12 12 5 10
00000101001100110101111 24 5 12 16 5 8
0000100101101110100011112 25 5 12 16 5 8
0000010001100101011011111 14,16,1 8 26 5 12 16 5 10
00000100011010100111110111 27 %12 16 5 10
000001100101101010001001111
000001101100111101001010111 28 6' 14 16 6 10
0000001001010111010011001111

FOQW%‘%%A%%’F%éQﬁ%%&%l uilent #fitsi@véie, its complement, and
ts G0 PO T o7 PODGDB 601 B infiydidinye fblin each case

00000100111110010101100101011 8a
00001110001000100101101110111 31 7a 16 16 7
Alboogh0 G0 GOEL ¢edR) 0B61 Yk biio 1dcU3 pdsitid? Bdes] FoR20ode lengths

grefdt 1040 H1 HHEL QRO BB AY 1Ad30Rdnl dykieddalib 3QHAL Qbhich 4fe Qiso Zébtimal

. 24 11.22... .

(o888 b GHP b 101000110110010011101010011110 111 59 98
30 30 14 28
00100010101101 1 000100001100000i 111 10011110111001

A pofioded dydit PdRiFdElo8&can be punctured to reduce its length and hence its

position-coding precision (and corresponding window size). Table 2 shows that the
punctured code is superior to any other code of the same length when the code being
punctured is a cyclic simplex code, since each cyclic simplex code in the table has a
minimum distance greater by two than its predecessor in the table.

For example, the optimal (cyclic simplex) code of length 19 in the table, when
punctured to a length of 18, is superior to the four optimal codes of length 18 in the
table. The optimal length-18 codes have a minimum distance and minimum reverse
distance of 8 and 6 respectively, while the punctured length-19 code has a superior
minimum distance and minimum reverse distance of 9 and 7 respectively.,

The first column of Table 4 shows the 19 codewords of the optimal length-19 code in
Table 3. The second column of Table 4 shows the 19 codewords of an optimal length-
18 code obtained by puncturing the length-19 code.

Table 4.

i 4 :
00001010113110010011 0000101011311001001

0001010111100100110 0001010611110010011

0010101111001001100 001010111100100110

0101011110010011000 010101111001001100
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-22 For codi ng purposes, a code is considered
equivalent to its reverse, its conplenent, and its
reverse conpl enment, so only one of these is included
in the table in each case. Although the table
(rmostly) lists systematic cyclic position codes,
code lengths greater than 7 there are many nore
non- systenmati c codes which are al so opti nal
(indicated by ellipsis). A particular cyclic position
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One design goal which might favor a particular non-systematic code is the
maximization of the number of set bits in the codewords. This is relevant if the
presence or absence of an undifferentiated glyph is used to represent each bit, since it

can maximize our ability to discern the structure of the overall glyph array.

Since a cyclic position code of length » contains only # codewords, for modest code
lengths it is tractable to decode a sampled word by calculating the Hamming distance
between the sampled word and each codeword in turn, and then choosing the closest
codeword. For very short codes a lookup table can also be used. Algebraic decoding
can be used for longer codes (see Wicker, S.B., Error Control Systems for Digital
Communication and Storage, Prentice Hall, 1995, and Berlekamp, E.R., 4lgebraic
Coding Theory, Aegean Park Press, 1984, the contents of both of which are herein
incorporated by reference). If the sampled word is equidistant from two or more
codewords, then it is preferable that decoding should report an error. Encoding can

similarly be performed directly (e.g. by lookup) or algebraically.
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-23- 1010111100100110000 101011110010011000
0101111001001100001 010111100100110000
1011110010011000010 101111001001100001
0111100100110000101 011110010011000010
1111001001100001010 111100100110000101
1110010011000010101 11100100110000' 010
1100100110000101011 110010011000010101
1001001100001010111 100100110000101011
oqﬁg%% 00010101110 00100110000Tb10111
GAORS Y 1@*%307@1111996@@913@1111&11 n and symbol size g can
prd@od 10 @ededdiiz1 all OebsdibR1 40 @00b0% 04 1A 10rn, and for each codeword

deﬁ%éoeg OO T IR Ain® el ) ROL0HL1JO00e codeword. The minimum

dls?%é %3@3’%%‘%%%8%%% %fégoo % 204 1100‘%611 calculated. If the code is
borod e fanthen dos ra 16110313113@(1)9&% can be dewidgn tgedasses,

L. eV\in fiesh passghtdefeanioe the plarddteristias ohihs optishbtrle] andoiel 8edodd pass
to bREnerIRthdTb RS WHHxhiHFthD %5@&51 &f‘am%&hsmst s in the

codewords. This Is relevant the presence or

absence of an undifferenti at ed glyph is used to

represent each bit, since it can maximze our ability
If 111&? gpidmal aydlisepasitiarc Fedceison avRkic sireplex Icoge yhan arqoapsponding
cofitnedon tefaique cpndetiised) icodiee Phicy eogitfuictio Gt @btitep ot YFSR

n codewords.. H6r jnodest code lengths it is tractable
copgrigbiendd a sanpl Lo dNajp that By seateckuiest iShghe kagthanm ng ™~ (e.g
31glisgirams @nd et Rebgynconkieudianphete weedd and each codewor d

in turn, and then choosing the closest codeword. For

very short codes a | ookup table can al so be used.

. g can be used for |onger codes (see
Q%@E’E@P%%ﬁp@%e?or Control Systens for Digital

Communi cation and Storage, Prentice Hall, 1995, and '
A ety exeligopositiqn codal efelsngih” ngqandwm@wtedb\bg sancafenaidng g
disfnessmbb®Bihto & leedswstt eThs nddintued (kndfmatimahh) aigaderofithe code

is [&cafgf fﬂp g{ gqgtdhf ?% i ex ehger. nl Bytvl?a%r gfa er;pazlm%?e, \AI‘%{)I% SI ghows the 7

mtwo or nore
codewords of a 7-symbol 7-ary cyclic position code with minimum distance 7. When
n=g=2"-1 , the cyclic position code is equivalent to an (n, 1) Reed-Solomon
code with the zero vector removed. The code in Table 5 corresponds to a (7, 1) Reed-
Solomon code, for example. Whereas a g-ary cyclic position code may contain the zero
symbol, the non-zero codewords of an (7, 1) Reed-Solomon code won’t contain the
zero symbol, since the zero symbol only appears in the zero vector. A Reed-Solomon

code will also typically have a different symbol ordering.

1234567 0
23458671 1
3456712 2
4567123 3
5671234 4
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codewords, then it is preferable that decodi ng shoul d
report an error. Encoding can simlarly be perforned
directly (e.g. by | ookup) or algebraically. NPTO51-SG
-24 The search for an optimal cyclic position code of
l ength n and synbol size q can proceed by generating
all possible g" codewords in turn, and for each
codeword defining a code which contains the n cyclic
shifts of the codeword. The m ni mum distance and

m ni num reyerse di stance of the®tode are then
caf¢ti‘ated] If the code is the best found so far then
i t7i2s4s5Ee€cof ded. Al l oprinal codes can be found in two
passes,—+t—e—a—fH++rst—pass to determ ne the
characteristics of the optinmal code, and the second
pass to enunerate the codes which exhibit the optinal
characteristics. If the optimal cyclic position code
is a cyclic sinplex code then a correspondi ng

ctl n t echni an=bg used, i t.he, Pal ey .
A GRREEYfEtogfon SPAO HEn o % CARRS mehigSiog R blat £ Gy el
pofition ncode 20f hrbitriNgt Eengthat 7ot . Slomendtef avigit the, pideured length,
d)ergeh " - 2 - 1 (e.g. 31) is prine, and the Pal ey
construction can be used. Qary Cyclic Position Codes
A g-ary cyclic position code of length n = g can be
constructed by concatenating gq distinct synbols into
fﬁ@&@érﬂeod@r&‘ 180 gTh rf?LPntY (@R be f@l@gﬁgﬁ@&'b ﬁbﬁ@e@nﬁ&n%etcgae ofa
Is equal to_its length, d 1dnma "n>¥ WW<n
q- %Y c¥slitnsnds suqhnpy @Rse%ﬁemwdv (Wb@r@emr dstﬁn i
Fof MYSTBRles o 3 teaéelso@orﬁ&?wdeerropa%pg@ nanrnimint 1
di stance 7. W e cyclic position
code is equivalent to an (n, 1) Reed- Sol onon code
Wth the zero vector renoved. The code in Table 5
Diffesence Gogingising a,Cyefic PositippLgde 5o| oron code, for
. exanple. Wiereas a g-ary cyclic position code may
The ornatiaiin m-bauessesbased pbsitipn tdodingoappz@iche dekevibed sadiker abn be

reaiBed deind@ 9&1@%@&3&@\&6ﬂﬂﬁoﬂ¥wc%h€ ?BEtﬁbH cbfiEratife? 'E}Q.tn a rePeatlng

o BATBR <SSy R AL THEL PRt S Fion
ancy eI JOEEEHRN- symbol  or deri ng. Tabl e 5.

By way of example, Figure 3 shows the seven ways 70 adjacent sequences of the 7-bit
code can be aligned. These provide the basic elements for difference coding. The
differences 72 in vertical position are shown below each pair of columns.

Figure 4 shows fourteen (14) adjacent sequences 100 of the 7-bit code arranged into
columns to encode, as base-6 differences, the digits of two successive horizontal
coordinates, these being 103125 and 10313, as indicated at 102 and 104 respectively.
The thin rectangles shown in the figure are included to enable the reader to easily
discern each instance of the reference codeword. In practice only the bit values are
encoded. As can be seen in the figure, the codeword 0001011 is repeated end on end in
each column. A difference of 6 is used as a marker value (denoted by e in the figures)
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1234567 0 2345671 1 3456712 2 4567123 3 5671234 4
NPT051- SG - 25- 6712345 5 7123456 6 A g-ary cyclic
position code of length n - g can be punctured to
obtain a g-ary cyclic position code of arbitrary
length np < g . No matter what the punctured |ength,
drain - np A g-ary position code of length n > gq can
be designed, or derived fromone cycle of a g-ary
cyclic code such as a Reed- Sologgn code (where k> 1).
< h as

10 FEBSHI IS BURR Bt QORI e from- iy mogesigpificant digi

of Diefrfest epncdingedi ng usi ng a Cyclic Position Code The
vari ous m sequence-based position codi ng approaches
descri bed earlier can be realized using a recurring

Flé.gg ng\%:lgcg sﬂ&v?ﬂh?‘eec)fgl IV&H@(?“SI%I %bé) nldr;)lge(rjngdeit?# Qetrg F Sﬁ a};TB(?JEIHHS

Figis ok 5357‘1%70{51?"1’ @%@@fﬁ@ﬁ olgthe gyindave £96. 497 a@dd('érrrcmecnvely
Eaclp 7rleictalomn Byhinagcio vimdoanplrebe Hitgpresedlassh ovdewidié of the 7-bit

co&EVE ﬂlrﬁ@Yﬁdﬂl@ aaﬂhﬁglﬁfﬂl% arﬁggl:éﬁ&c@ §elé)cfve 1t1?)nté'chrdﬁ'1%d[8 Table 1.

st b Bfpfied, PR Godt VSRR SneE b A5 At AT @ 4ichd a valid
cofsyeqredy B u¥iBE shaninyen-dikclitood dugpderots deskibrdsearfierg(isee either
dirdctyhonaldebraidatie) IolBipuad] Aot a sRaiben o€ SahPRdoitst Wahin each

wuzdcl% Eregﬁ%igzt@& rRANGAMf eﬂ:tdﬂl eC Qé ks C%aé&gg)?t\c/éé)eﬂﬁled %? P ?‘Eﬂ?ca@es an
enfly S PR ADEEPoPABE Dt ?raewsr“@@s S 1 e Fgamgle thore 1 at most
ong KeirEpied ditawithpa given) oulepworh exath watly errof Frefullyi gprrectable (as
dedceibtdngtles). sSAtan detodife datlg Wodewbl, 1tA€| UB@nED i8Ntk Svalues

beMé@n egé}ijgzrur 0P af 5%#tycohgﬁr§scﬁ’1%ﬁ' Lg?@e%% 51%%&"%%0%1 %{gevalue The

e er cod e
Befiveen any two adjacent s values mod 0 , 1s 1nvariant L%"the: vertical

position of the window, since the offset of the codewords in each column does not
change in the vertical direction.

Horizontally each window yields 5 digits from the same coordinate or from two
adjacent coordinates, as well as exactly one marker.

As seen in Figure 5, window 106 yields shift values 110 of {1, 1, 5, 4, 2, 3, 2} for the
seven columns sampled, when sampled from the top downwards. These in turn yield
difference values 112 of {0, 3, 1, 2, 6, 1}.

It is a simple matter to assemble a single coordinate even if the digits span two adjacent
coordinates, as is the case with both windows 106 and 107. The most-significant digits
to the right of the marker are simply prepended to the least-significant digits to the left
of the marker.

In the example shown in Figures 4 to 7, and as mentioned earlier, the difference of 6 is
used as the marker (denoted by e in the figures). Thus the first window’s sequence of
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encoded. As can be seen in the figure, the codeword
0001011 is repeated end on end in each colum. A
difference of 6 is used as a nmarker val ue (denoted by
in the figures) NPT051-SG -26 to separate the

| east-significant digit of one coordinate fromthe
nost-significant digit of the next coordinate. Figure
4 al so shows three 7x7 wi ndows 106, 107 and 108 onto
the set of colums. Figures 5, 6 and 7 show t he

.gontents of 06, 107 and 108 respectlvel
difgerenpepafjjes lé%h{m” %m A9 0 SRreqgences (0, 3, 1,7} and
{1}.recparptedthydtha snakerdd emd henaf as tver Jochdinate doegenentsn031ag and 1.
Thitéehidi dd@ivartedhiof § cyalditaapsdubangera 0‘3 dpa%}" YIRSk tﬁE‘ second

%@8{ l%’ d rp}e%ls-[cﬁ%ieth& ﬁtrst %fa@%x%n@? %gec 8@@ §T 6 wg)ela IP X number

ifsgin %gmf'élt Jgend adding therfiggmants agRdeT. HEedding 1 to the
leadbﬂgldﬁcalasfrw mbmdﬂ mnltlm reafrly, thenel isharbtrackied efednh tho nost-

sigRiiahl fidn@ddty) - In Figures 4 to 7 a nunber of sanpled
bits within each w ndow are indicated, by way of

exanple as errors. Each bit denoted by i ndi cates an
rror, i.e. the carresponding bit has been inverted

ThSuSﬁC@éld windpw 107 yigldeshif gialiies of 49, Grgs . 4othel Jowhichn dem yield
differ¢noniviahies ol {#i %en 1cOd2Wmidla cemrdmatucduest 103 12salkoll The third

Wlﬁ(ﬁfvf] €08 ?ﬁ\%%rsgﬁ? Efalqgss&fr 43b 9:23 enrg '6e§}z1whﬁfh ﬁfi&gﬁgﬁ&%fé%aé%es of
gg%hl’gggﬁ apd a.eqor &Iéaﬂei a&'ﬂﬁ ?Jfﬂ@g fien gives a digit of a

coordi nate value. The difference between any two
adj acent shift values, nodulo 7, is invariant of the
The g@psitionlof tEpmiatkeoin dfe windowi cadldw, usetl no @chdrateof highér-mtcision

co&rhﬁlafeos%@d@ @ﬂl%e ?ﬂeﬁé‘&@ ﬂ{éqle}éﬁ?e dR&8%m Ea}Rtof tﬁg‘ﬁﬂﬁi%“ﬂ \F\}Tt Ii‘@sgect to
oS, AL R0 e AT b Rk o
t eclaélil@r #ﬁaﬂ?@g toggenggatq amy gddifianal |fiactpeal irigik dire- W‘@néb@ marker is
adjkcaytite il rightrchnd @6 ofitied déndohv, fthe wahdes isldéXietd tolbe dligned
with: thé co%rdlﬁatezé)tﬁ&rncﬁﬁlﬁal 8l nHS étﬂ”g@l 895'1b1¥\h the first

W“l%cla ;\T»P iﬁ% H}?gs%\rgn%qtl glgatso ncéef g en@h Ilan(;&leetjl‘]acil?n % aée value
116 jsipnse. Indnthg secondwinsdonl H07:the isereind sulrsaernga has l@ugtnh 3 4nd the
frattihmabe@irdisaepatuetivihuva i atetht thied @irdlonat (BSthe 8&cond stibquence
ha< & WOt &dbﬂ{ehﬁ%tgﬂgmo&gﬁla%n Jarb®4s tl€ 06 still higher-precision
cootdinate valies can %e genergte}i Sfrom the relative position of the sensed coded data
in the field of view of the sensing device, the perspective transform of the sensed coded
data, and the known geometry of the sensing device. This is described in more detail in

the present applicant’s co-pending PCT Application WO 00/72287.

The marker may be any difference value, although a difference of n—1 is particularly
convenient since it leaves a contiguous range of difference values 0 through »—2, each
of which can be directly mapped to a base »—1 digit. In general, of course, any
predetermined mapping from difference values to coordinate value can be utilized.
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to the right of the marker are sinply prepended to the

| east-significant digits to the left of the marker.

In the exanple shown in Figures 4 to 7, and as

mentioned earlier, the difference of 6 is wused as the

mar ker (denoted by in the figures). Thus the first

w ndow s sequence of NPTO051-SG -27 difference val ues

112 {0, 3, 1, 2, 6, 1} is treated as two subsequences

{0, 3, 1, 2} and {1}, separat e?asby t he marker 6, and

coordi nate fragments 03126 and 16. These

Sp?ﬁﬂ%?gaﬁég@%@d to a coordinate value 114 of 103126 by

rrultl plyi ng t he second fragnent by the precision of
A fe-d fm?flﬂonﬁ BefHeeR ceding array GoGsts 6F e ofiheganalionesdinmsional
positioh ending farrdyy gépiasiaily combinkd os intérlagak i thrandinsg@ional position

coﬁiﬂg ﬁl‘r'aﬁ,g @Eﬁhtiﬁs to‘fglﬁé%e[)rthé({ ondd gh@-ﬁln]rerfsﬁ)tntap %0511:1011 coch arrays

o R b T R el A e
posifian sodiigdanimharn 10 Prgadsiden ghiurfaceafudeccodimedsioss] phsition

cobing 4rradt mal bewht@lediin atvolumeyi el d  di fference val ues of

{1, 2, 6, 1, 0, 3} and a coordinate val ue of 103126

al so. The third w ndow 108 yields shift values of {3,

4, 3 3,.0, 6,.3} jch yield difference val ues of g2
A pre-dignengiongl positiogicoding sgAveasF May LPBlag g5 Hmbeds vdere 1= <.
It ishdvaageoiotw wh gt diginvaglyphs ioveptesentitindg distact symbubedues, the
avbid tBe ﬁ@ddalbaie%ﬂﬁh&lﬁ tsRERG &1 RE syRBAEN ] a@@n%?éel—ye to reduce the

| ative alignne
nuﬁ*bgﬁﬁgf* g@ﬁ&{ él?%ﬁs?tqh §y bbb SR L A Ol
(b%t poisg.iovexgd fAgsr Sbfﬁ?@c’ls%}%%@@w%@wr%eﬁﬁﬁ@ntr grgHtcogretion.
the marker is used to generate an additi onal
fractional digit, i.e. when the marker is adjacent to

Totdv@id thg eed W@sﬁﬁ@ﬁsmﬁiﬁﬁb@s w&@gmg td Bl%h oﬂﬂoéé’qhélces symbols
mag'etfé ]%ﬁ%d k%%ﬁ% rgi@egl?%t e\gl h ggm? og 11%%r§%ct18p bet‘/]/?,?rltr}ﬁ\fé) orthogonal

pofitio:s toditig M@%&@@nﬂﬁ@r@@ﬁﬁbﬂd}ﬁﬂﬁﬁ@.@w f@lﬁ;%ﬂsengt h 1
and the fractional coordi nate value 116 is thus

In the second wi ndow 107 the second subsequence has

Ienth a racti ate value is thus
eonchig Rl AonicRi o2  HESEE dhims b Sqblnres the two
Oﬂh%)ﬂlﬁﬂe noe-Hingengivgak hways awst spotially dutorlelivedtandvare epicsented by
diffdiess coldb pai®h td AlldW eltRequhe §ép‘éta@1’%n 9&95@11@13&&[11&@(:9 @&n also be

dlsﬁ Q%d%%&ﬁ%ﬁ%ngddff&%ﬁ@ l;alggsgq% Sl ve position of the

In the approach of PCT Application WO 00/73887 (P. Ericsson), the two orthogonal
one-dimensional arrays are combined by concatenating spatially coincident bits and
representing each bit pair by a single glyph which can assume one of four possible
values. The four possible values are represented by a dot in one of four positions
relative to a nominal grid position. The alignment of the grid itself is determined by
fitting straight lines through the off-grid dots.

Figure 8 shows a possible spatial interleaving 118 of two orthogonal binary one-
dimensional position arrays 120 and 122. To avoid the need to distinguish different
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in the field of view of the sensing device, the

perspective transform of the sensed coded data, and

the known geonetry of the sensing device. This is

described in nore detail in the present applicant's

co- pendi ng PCT Application WD 00/ 72287. The marker may

be any difference val ue, although a difference of n-I

is particularly convenient since it |eaves a

conti guous range of difference %glues 0 through n-2,

each. of which can be directly ffapped to a base n-|
gha% the PF%@I@C@@@M%,SGW of éialgkeeenydaﬁﬁsr%%&t%g%h fhbejused in place
of freip ek pigrif glyphsin flervenineFigateute A ltcoonativelyd iwatistived glgplsadan be
us®E a¥ idizRGigudfH051- SG - 28- Spatial Arrangement A

t wo- di nensi onal position coding array consists of two

ort hogonal one-di nensional position coding arrays

.spatially conmbined or interleaved. A three-dinensiona
Fighise il { jsBA™s @p #iprgatiys spptigloinigriepdng fl24 jof dwo erthpeensh hinary one-
dimensiaiahpogtionatrapn 326 iacd 108dwhgreaspasiyBy coimaidend bymbol values
froaPfHRl tg?%%n skﬁf@ﬁéeg@dbﬁ%i : S1r|1e§12 glig%?e gr&h{)\i@g ﬂt@cﬁgbi?%avig% xe resented
usfig RS Stic S SRRl spveiy Hisrf hE e inteleaving
repsesster gsingch dingly wdiiyentaiednglypinetert dn ione of feirudizsctigns from
its anmirgil pesisooalsuguestet iwRCTodiphigati@Wenoe 75887)cont ai n

g-ary synbols, where q > 2. It is advantageous to

use g distinct glyphs to represent the q distinct

L. val ues e avaid the need,taq.detern ne e
ASSHRG o Rl of R o BBy on o0 B APy Cfgpe parioned
intp dff e eenstitustinBRiRogenal erpudimegsignal prpsitiog geubarrays. Each
sulrarmay wif gBghhs ban bdassipned ene ect of ospdinalsioyalgaRiiodniode sequences
in fdRb Ryl N0 b&?@spﬁﬁ’d’iﬁ%’ ﬁ{the%’oﬁﬁf&%ﬁles&fgﬁ%ﬁogé 6 thgrs;};i‘?f Since

¥y

nmpre..effi.cient erro orrection. To avol nee 0
thegRerdimsrEhE Rnstish OB IRBRBITSGST i BReh dbibe Sty that o
COESAHIREIIENMPRy2aerangi fewdr amdarscibae andneareadt assigodntpovant in the
presénce if errvescdieon digdrviResrst dacotht be@anabn of oR®sIHat@y is known,

C : n e -
the ?;y*’jsj@%@e&fl A the an ES?E%%%‘*%@%’E#&%%P%X% Tl ded T Slpifioed
acr? " DOg, pypargysitoshopge g errect pRERialen. o ¢ hogonal

one-di nensional arrays are spatially interleaved and

are represented by different color pairs to allow
Ths nbabeuetrrosepatlahg Givm Ertdoieoatct 2eUANERS o£ABulRS9 can be

quzﬁﬁﬁed. To do so we define the reverse minimum distance of a one-dimensional
cyclic position code.

The reverse of a code is a code containing the symbol-wise reverse of each of the

. . \ dr. . )
codewords of the code. The minimum reverse distance Pmin of a code is the smallest
Hamming distance between a codeword in the code and a codeword in the reverse of
the code.

In the absence of errors due to other factors, the number of errors resulting from a

correct assignment of a subarray is zero. The number of errors resulting from incorrect

an assignment due to incorrect rotation of 180° has a lower bound of X T i .
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di stinguished by utilizing different base sequences.

In the approach of PCT Application WO 00/ 73887 (P

Eri csson), the two orthogonal one-di nensional arrays

are conbi ned by concatenating spatially coincident

bits and representing each bit pair by a single glyph

whi ch can assune one of four possible values. The

four possible values are represented by a dot in one

of four positions relative to 3?n0n1nal grid

he al i gnment of the iditself is

Acg@?g&#@ﬁg by fitting straight lines through the

off-grid dots. Figure 8 shows a possible spatia
A twie érm%tﬂnﬁbpqs‘itsowoct% agpyx Hoypirally Isengipipd dmdsolated fragments,
with erehdiagneht pmking thercoardiays rahg@s aml sﬂlgE suffacesieh dis tahtysical

Pa%@%f?&%ﬁ%ﬁﬂ%wﬁ%?% e uﬁ%a?%éé’% column
in §?° I Sl e CEdighdy ERAFES PG ey logrows
e nHewgyat esinee Nntlewﬁabﬁ:twwy fragmgntsl iisnotrsbrictiyl rpqkiesd, the

firgaowlaed colhath ofasfrapmesmn carhdvie@efoeshifs. Fi gure 11 shows

an alternative spatial interleaving 124 of two

ort hogonal binary one- dinensional position arrays 126

28 where spatially coincident nbo] | ue

T P G T gygmﬁ% 401 DESYRET (MR s Aestisds R darity
it daads Withdhe eadinapiraspy esendinate usisg Wifferbmese bdtwtcnnsiumns. The
sagé yirsadhingbptes e yodihyeha y bo@inatch@irs ifereh &8 between rows.

interleaving represented using a single

undi fferentiated gl yph offset in one of four

directions om n 05|t|on as.suggested i
FobacpiRb T Buhlly sueh B o g G SRl e

to g f'llq(fémé‘lﬂé?damlftgﬂnylﬁhqu thy il ofdhelifisy erohman whichcenvobes the
cofidinatel AQAREE edcRtpAirl dfTohWehsCRABS el aUffTreREd lﬁk@@@é?laiero and 51,
Fm%‘% agédﬂ?epﬁl%apﬁﬁlx cﬁgﬁimaﬁ og éscrggllegglﬁezcyb)fa{& Iiaaglezbeq&ﬁs". a;, each encoded

Sﬁg%ﬁFW§h§F@ L. position code sequences in four ways,

i.e. corresponding to the four possible orientations

of the subarray. Since the one-dinensional position

code contains redundancy, i tPtan be desi gned so that a

correct assignment generaies t errors than an

i ncorrect assignnent, even i He presence of errors

due to other factors. ®mee t heYorientation of one

subarray is known, the orientation of the other

subarray follows. Alternatively, errors can be
Asstinmg fatzasfjlacent coordinates are separated by a marker “digit” with value v.

The accumulated shift B(b, i) due to b’ is given by:

(EQ 2)
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across both subarrays to choose a correct orientation.
The nunber of errors resulting fromcertain incorrect
assignments of a subarray can be quantified. To do so
we define the reverse mninumdi stance of a
one-di nensional cyclic position code. The reverse of
a code is a code containing the synbol -w se reverse of
each of the codewords of the code. The m ni mum
reverse distance drmn of a code is the small est
Hammi ng di,stance between a code®ord in the code and a
codeword jn the reyerse of the code. In the absence
B(®f ierridt's Ejﬁ = ¢h'ot helr — 1 p€2 or #h'(4 ha)ninber of errors
resulting TToma correct assignnment of a subarray is
zero. The’/fidnber of errors resulting fAberasqveniated shift 4(a;,
b, prlvassighngitendye to i ncorrect rotation of 180 has a
| ower bound of n x drmin NPTO51-SG 4 -30- Accunul at ed
Shift A two-di nmensional position coding array is
typically generated in isofeaBed fragnents, wth each
fragnment coding the coordinate ranges of a single
surface such as a physical page. For proper
continuity between-fragnents, the shift of the initia

ro nd ¢ i R~each fr t should_reflect the
A(gé?uaulna‘ffggagﬂfrfbt dsac‘figﬁég%%t?f?‘ﬁl—lf)p/rzevi ous I ows
and col ums. Howemey, since continuity begweean.,mulated shift
%nentsh%ﬁ?not strictly required, the #ﬁrst row and

£
upé%ﬁurﬁ?tgfc %’é&r?é‘ﬁ“(n‘%yén have zero shifts. The

foll ow ng discussion assunes continuity between
fragnents is desired. For %bgfity it deals with the
codi ng of an x coordi nate Using differences between
colums. The sane approach applies to the coding of a
y £qordinate using differences between rows. For a
given x coordinate, each difference between a pair of
xvéa%f&éﬁ%c@ﬁﬁhh@i@@mﬂibbhtes to the accunul ated shift

and thus to the shift of_the fjrst colum i.ch .

encodes the coordinate. Tl}f§§urﬁé“°é’é’€ﬁ 49 r eﬁ?’l@g%n‘f%@mng
accaabated skiftdian fhereonveni¢rslywemleented smal device whichyninteposition-
codds yifadebatsuéth easX deQPibed Nidt eheXifredeRPIHHRMUNEY BY-pBndIRSEPCT
ApRLcRht W3 bo/ R &R 72127,

Position Coding Variations

As discussed earlier, a difference coding approach can be used to encode a position
explicitly or via an m-sequence. It can also be used to encode a position as a codeword
to allow error detection and error correction.

A difference coding approach can also encode both an explicit position and a
codeword, where the codeword is used for error detection. For example, the codeword
may be encoded using one bit of each difference. Such a codeword, if cyclic, can also
be used to determine registration of the position data, obviating the need for an explicit
marker difference.
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by a difference, such that: P-1 x = fl alb> (EQL) i-0
Assune that adjacent coordinates are separated by a
marker "digit" with value v. The accunul ated shift
B(b, i) due to b is given by: (EQ 2) NPT051-SG 5
-31- 6-1 B(b,i) =ib'-1Y] = iba-1b(b-1)72 = ib'(b-1)72
j =0 The accumul ated shift A(a;, b, i) due to a;b" is
given by: (EQ3) at-1 A(al, b, i) =a,B(b, i) +b" L
j = alB(b, i) + b'a (at -1) /2 J—O The accunul at ed
shift up to but not including *is given by: (EQ 4)
In ;gﬁliefilvawth Rosftien, coe cqn he amberddgd ibpr isoyyediedwish)oiberedata to
prévides rapidrafion sighdlifor ﬁatdaja conputing accunul ated shift
can be conveniently inplenented in a device which
prints position- coded surfaces, such as described in

Licant's co-pending PCT Applications
E'ﬁv%agg‘ﬁ‘gi%"m 85 V0 00/ 72127 Posi ti on Cod ng

rlatlon As discussed earlier, a difference coding
fraieiroding aparogeigen i dave aabmakpisiasy gnembed location-specific
data such as function flags (as discussed in the present applicant’s co-pending PCT

Application WO 01/41055), in the two-dimensional position coding array, since the
two-dimensional position coding array defines two-dimensional positions through the
interaction of two orthogonal one-dimensional position coding arrays.

However, one or more columns (and rows) per coordinate may be reserved for
location-specific data. In this case the difference coding approach must ignore those
columns (and rows) for difference coding purposes. Conversely, the location-specific
data must not be allowed to induce false registration, e.g. by impersonating the marker
difference.

If the differences between a set of columns (or rows) encode a codeword for the
purposes of error detection and registration, as discussed in the previous section, then
the codeword provides sufficient information for data columns to be ignored. However,
since the data columns may contain arbitrary data, they may induce errors in the
codeword. If the codeword is error-correctable and, during error correction, the only
symbols in error are found to be associated with the data columns, then all is well. If
errors also lie elsewhere, then the position data itself is suspect, and the decoder should
report an error.

If only a few bits are required for encoding location-specific data, then the adjacent bits
can be chosen in such a way as to avoid inducing a marker difference in relation to
adjacent columns. This needs to take into account that the data will be error-corrected
before being interpreted. This approach can obviate the need for a registration
codeword.
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explicitly or via an msequence. It can al so be used
to encode a position as a codeword to allow error
detection and error correction. A difference coding
approach can al so encode both an explicit position and
a codeword, where the codeword is used for error
detection. For exanple, the codeword nmay be encoded
usi ng one bit of each difference. Such a codeword, if
cyclic, can also be used to determ ne registration of

the position data, obviating th& need for an explicit
TomﬁﬁRB’r P BY ‘PF@E?H‘NWF@@&-CIS% iz ey detgedpdrand, pessthyi | dogrected,
regrosiandyomusiobe ianiubel. efiixeda edntimoge redumdhmyasobemeai Babyd on a
cyBhd186ded@ean @épwrpmﬂﬁarﬁ da@d\cehli-bRRifR! @Rls BRI afrfi¥ed into
g%@fds Eﬁpl%ﬁdaes ethntCtéé o I:ll aq)zinA \gl'f ! errengezlréodllﬁg% at least one
LR oR Ih a2 thaldhe KEprlgLnfew ds,gunrgiy &4
com@m icofewpdcilf the satapling wirddovasas ansizd ofi "1 dgéi.ef as work in
codjuﬁ@l kST ﬁ@’ﬁhianpvé\g'gf @‘Z & gﬁl JReRé ?ﬁﬁﬁ%ﬁ %0(56_@'0?2&3}%& oﬁn' g?,l?@h the size
’ i cat.ion in Wwo< dirmensi
g /p%g@lﬁ \%Sﬁloélbsl?feﬂgci%?ﬁ,ge‘é?rﬂé’éus@ ﬂEey t wo- di mensi onal
position coding array defines two-dinmensiona
positions through the interaction of two orthogona
Raftive tHnRRHiga0! indkehddn® Bo &b ddo AER AN & tixméﬂ% ggth@ Béhal one-
. 3 . oor,di nat e
AP TE ORI Do W ® Bl P AL WO P B an be
copbined rla femn @o%‘?giﬁ C%‘Ef‘m‘%gé’ﬁ umfatlengdingr dhe hugsk errenpfleipgiion and
cotregithnraapabilifyonf thic $ihgledamger @ddivogl s bepasha thabeirbe @b ymaller

colléPori9Gat 4iQRe 8RRAIchECS sS@bBngdT! fatr%é?‘é}eapfs Abdue¥Rbel Ry
i nduce fal se registration, e.g. by inpersonating the
marker difference. If the differences between a set

.of caolums (or ro encode a, codeword faor the )
Fighite Jgs ehovs é%or%frnmﬁé? <t Swo-diacnsiagak pesitipm godigg array which
enefidss (155 édoidimersional pusiidors, secbirespondingito fduhEtaggtEDIA, 136
& PB®YhEeS withf ddsBéPBltlihed q)tratqﬁé slgﬁatzst %&%IF’@& rr%g%é wgggﬁ%@ 140,

r r....since a
142 300168 yﬁﬁg’?é'? vhish ok Jssch,rofls tohRpeile Gad sather than
PO@BH%‘\RB‘%H% differences.codeword is error-correctabl e and,

during error correction, the only synbols in error
are found to be associated with the data colums, then

Eagh tagitight pbrtidnfof a data column (or tag-width portion of a data row) is shown
broken into four quarters, indicated by the solid squares 148. Referring to Figure 15,
where a row and column intersect in the center of a tag it is natural to combine the
corresponding data quarters into a single codeword 150. Elsewhere it is natural to
systematically combine four quarters 152, 154, 156 & 158 from four different rows and
columns into a codeword 160 corresponding to an interstitial location. This is shown in
Figure 16, with the arrows indicating the source data quarter corresponding to each
interstitial data quarter. The result is that location-specific data is coded at a frequency

of V2 times the tag frequency. Figure 17 shows only the codewords 150 and 160 so
derived shown in the positions to which they correspond.
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errors also lie el sewhere, then the position data
itself is suspect, and the decoder should report an
error. If only a few bits are required for encoding
| ocation-specific data, then the adjacent bits can be
chosen in such a way as to avoid inducing a marker
difference in relation to adjacent columms. This
needs to take into account that the data will be
error-corrected before being interpreted. This
appr.gach can obvjate the need f3F a registration
Usitigy Bitd sehenmgpegrtionapedic rgtaarabhe éinbp rb§ regovered at an arbitrary
pobidionf e sEpetitid anghiing visdde iskeiraddtoatt! 2nassinkhy the size of

th&&ﬁﬁﬁﬁ&?ﬂmamJggggﬁQQQ% S8 i,Nt roduced. “Since a

continuous re ancy s eme based on a cyclic code
doesn't support arbitrary data, |ocation-specific data
is best arranged into codewords of such a size that
NQNE YELIGP ELTGREBISTBRINGS AJTERNAL eed to contain at | east
one conplete codeword. If the sanpling w ndow has a
size of nx n (i.e. to work in conjunction W th a

Wf?ﬁée[s tﬂ% g?gﬁmgs%@t%n ?(X}% éfe?qdpt%é 'ugé QP s t& Sengef:s dote %?% ic seclliences

ation-Sp acit
as (gl ReTe it s a&?&e@ynﬁ@w Sty ‘?eﬁét%e?ychﬁ RAI9TRS A dpresipattern. It
is gerdegdbnui@mossibltetnoustsa piirel dateg pdrtioh dfrthe loeetalbpattern as a target
pa@érh RN exPEne RN Sth@?ﬂ)'baﬁﬁ%} &t LR1LAH DI s h@ Sently low.
correspondi ng data fromthe tws arrays can be
conbined to forma single codeword of up to I ength n.
The burst error detectlon and correction capab|I|t
Wo psyge @M Bt eurgicser! bsdalipwing analysis bpt o fesd tﬁﬁ)azmcaﬁ code is
us¢dte prohics aakirer-coromtidoendedinguf thxtdatdhie added cost of
sanpling a larger area, as discussed below Figure 14
shoms a portion 130 of a two-di nensional position

gie@{i rS%Yon‘MH &nle & rb?lg‘[%gl%rl;&tj By #ﬁqeggtggzg (? nsifg 4k’ The

our
Sy m%ﬁQfﬁghéﬁﬁkHSﬁPﬁﬁ Mashed outlines. It also shows,
overlaid on the tags, colums 140, 142 and rows 144,
146, which are used to engng ocati on-specific data
rather than positi oggeddi ngsat ences. Each
t ag- hei ght portion of a data colum (or tag-w dth
portion of a data row) is shown broken into four

Thel 4k nubdbei @ﬁto%cdamete%rs%qk gfleggyar es 148.
Referring to Figure 15,

(EQ 6)

;= [n-k
2

JFor a particular codeword, the number of “aliases” which can be decoded
correctly, i.e. which contain no more than ¢ symbols in error, is given by:

(EQ7)
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where a row and columm intersect in the center of a
tag it is natural to conbine the corresponding data
quarters into a single codeword 150. El sewhere it is
natural to systematically conbine four quarters 152,
154, 156 & 158 fromfour different rows and columms
into a codeword 160 corresponding to an interstitia
| ocation. This is shown in Figure 16, with the arrows
i ndicating the source data quarter corresponding to
each interstitial data quarter®The result is that
| ocation-specific data is coded at a frequency of 42
1+iye€ (He-thg frequency. Figure 17 shows only the
codewords 150 and 160 so derived shown in the
posi tions t o lWKilEAPRIsRENaish (pd bormdedNyT051- SG - 34
Using this schene, |ocation-specific data can be only
be recovered at an arbitraéﬁa position if the size of
the sanpling window is exp&idtd to 3n /2, assuning the
size of the conbined |ocation-specific data codeword
i%én. NON- CYCLI C SELF- REA STERI NG PATTERNS Wher eas t he
j ous secti.on consi dered the use of subsequences of
qﬁ;cﬁ%n% & distinctcodewprds copfaining paserrers 1S givel) B
oncei vable to use a non-cyclic pattern as a target
pattern. It 1is generally not possible to use a pure
data portion of the overalﬁoﬁhttern as a target
pattern, since, as explained below, the probability of
,a false match is insufficiently low W assume for
2 tmnpg;cF) ep&afl @Q 9 thc RinkBaWo N a1 RNRIY¥HbRIs t'prékimated by:
Reed- Sol onon code is wused to produce an
error-correctabl e encoding of the data. An (n, k)
Reed- Sol onon code is charaetesi zed by its length n and
di mnensi on k. The synbol size g of the code is given
by: (EQ5) g = 1lo0g2(n + 1) The nmaxi num nunber of
ncggmneptable errorst is given by: (EQ6) n-k L 2 For
par tTieubal ntabewWIcddewdias RUubarnyef "al i ases” which
can be decoded <correctly, i.e. which contain no nore
than t synbols in error, is given by:
(EQ 11)

n

C
C

gn
2" From (EQ 10) and (EQ 11), the probability P of a false match is therefore
approximated by:

”C 2q(k+t)
f

qﬂ
(EQ12) 2

From (EQ 6) this simplifies to:

{(EQ 13)
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(EQ 7) NPTO051-SG -35- 1+ nCt (29 _ 1)t This is
approxi mated (and bounded) by: (EQ8) n C 2gt -t The
nunber of distinct codewords containing no errors is
given by: (EQ9) 2gk From (EQ 8) and (EQ 9), the
nunber of valid codewords is approximated by: (EQ 10)
nC 2q(k+n The total nunber of codewords is given by:
(EQ 11) 2gn From (EQ 10) and (EQ 11), the probability
P of a false match is therefore__approximted by: nC
g(k+t) P -t 2gn (EQ 12) Fronf{EQ 6) this sinmplifies
Pt:o:_g( EQ 13) NPTO051-SG -36- n

gt
2 From (EQ 13), for a (15, 5) code, P has an approximate upper bound of 1/256.
Using (EQ 7) as a more accurate basis for (EQ 10) and hence (EQ 13), P is
approximately 1/341.

The probability of a false match when a data codeword of arbitrary value is used as the
target pattern is therefore insufficiently low.

From (EQ 8) and (EQ 11), the probability O of a false match when a target pattern of
specific value is used is approximated by:

e
29"

(EQ 14}

{(EQ 15)

n

Ct‘
2‘](?1 _t)

Q =
From (EQ 15), for a (15, 5) code Q has an approximate upper bound of
1/250,000,000, which may be acceptable in many applications.

It will be apparent to those skilled in the art that many obvious modifications and
variations may be made to the embodiments described herein without departing from
the spirit or scope of the invention.
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P=1t 2gr From (EQ 13), for a (15, 5) code, P has an
appr oxi mate upper bound of 1/256. Using (EQ 7) as a
nore accurate basis for (EQ 10) and hence (EQ 13), P
is approximately 1/341. The probability of a false
mat ch when a data codeword of arbitrary value is used
as the target pattern is therefore insufficiently
low. From (EQ 8) and (EQ 11), the probability Q of a
fal se match when a target pattern of specific val ue
is used i s approxinmated by: nC'fat Q2gn (EQ 14) (EQ
15 n Qct 2q(n t Fr E( 15), for a (15, 5) code Q
has an approxi mat e ur§ ABdSnd of 1/ 250, 000, 000,

whi ch nmay be acceptable in many applications. It wll

1. be Aappihbé of int@pieling @ coddd hueficé helddengddaptiringtan TRBYe of the

bvi ous nodifications and variations may be nmade to
co e}ﬁleg“éfgff‘o@dndéﬁ‘ﬁf@ﬂaég afirgeqorinats valug efas deastensarointrog the

S0l ' nt i NPTO51- SG

cold R ARYSLY 0L RBIRE o2k e LRGN O e

cossigting o€ aireyehtin firgt cadetword ofja first cy@lgeositioh kRede, tledRE! cyclic
surface and determ ning a first coo%i nat e val ue of at

poiiﬁ&%&od&?ﬁvﬁ%i 1 %}]9 T1LAE mitART dRALERC e W t{l{: setgf I%f(get%m}lﬁ)mg

a pluralityo i rst sequences, each of
thedegiumocdisate valns isdudige:of a repeating first codeword of
a first cyclic position code, the first cyclic

obtaining, from each of ! of the first sequences and at a position
corresponding to the at least one point, a respective first subsequence of

> wy2n—d. . +1
length "1 symbols, where =2 and | 17~ %min, ,

mapping each of the first subsequences to a respective codeword of the

first cyclic position code;

determining an offset, in the corresponding first sequence, of each
codeword thus obtained, and thereby determining a respective one of a

plurality of first offsets of the at least one point;

deriving, for each of -1 pairs of the first sequences, a difference
between the corresponding pair of first offSets, and thereby deriving a

respective one of a plurality of first differences; and

deriving, from the plurality of first differences, the first coordinate value.

2. The method of claim 1 further including interpreting at least one of the first

differences as a digit of the first coordinate value.
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position code having |length nt and m ni nrum

di stance,dnin' the step of determining the first
coordi nate val ue including: obtaining, fromeach of hl
of the first sequences and at a position

corresponding to the at | east one point, a respective
first subsequence of Ilength 1Nt synbols, where ht 2
and wl nt - dmini + 1 mapping each of the first
subsequences to a respective co emord of the first

3 CYGl S n _c det rn1n| an of f.se
3ot SR o e LS trgt e bl 88 tns € e
difthtedcsada nﬁiﬁldertsb@%ﬁmg tHe Fiest BbdtiigitctyesPes bh wgjaedg of
a _ plurality of first offsets of the at |east one
B%FWNGV%@¢|V|ng, for each of ht -1 pairs of the first
sequences, a difference bgtmeagbtngécorrespondlng
pal fi of f s, . ad=therahy riving a
4 Sﬁqt'?f’éf?ﬁ?éa“bﬂfls‘é’h et ality of first differences:
and deri vi ng, fron1the plurality of first dlfferences,
the first coordinate value. 2. The nmethod of claiml
further including interpreting at | east one of the

5.1 i et melhdd FBhEESwhSeR i 87 of the first coordinate
val ue. NPT051-SG -38 3. The nethod of claim1 further

including interpreting at |east one of the first
di fferences as a marker separating the first

co LN \VA fr ordlnate va .
6. %fl% me?ﬁ %hoofg C g?fﬁ%“lh%\ﬁéf 8¥C lcveoi1 1on cHde a s&tﬁpféx.coc_le.
2 5. The nmethod of claim1l wherein 'vl - nl1 . 6. The

nmet hod of claim 1l wherein the first cyclic position
l.ex code, 7. The nmethod of claim1

7. whdbermi e wharindhs et eydis Roswienicedais@ggde listed in
TableSt @{dls'tﬂe relBRE &hd Cﬁnﬂ%efn%mt P?th‘é?&%‘i& o ﬂ;%—-&ﬁ%?%%g?@ltlsted

or fhe reverse co a co st
in Bablg3. The net hod of claim1 further including
determi ning a second coordi nate val ue

8. The method of claim 1 further including determining a second coordinate value
of the at least one point with respect to a plurality of second sequences, each of the

second sequences consisting of a repeating second codeword of a second cyclic

position code, the second cyclic position code having length "2 and minimum distance

, ™" the method including:

. h
obtaining, from each of "2 of the second sequences and at a position
corresponding to the at least one point, a respective second subsequence of

> Wy2ny—d, . +1
length e symbols, where hy22 and 2 2 Tmin :

mapping each of the second subsequences to a respective codeword of

the second cyclic position code;
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of the at |east one point with respect to a plurality
of second sequences, each of the second sequences
consi sting of a repeating second codeword of a second
cyclic position code, the second cyclic position code
havi ng | ength n2 and m ni num di stance dmnz the

nmet hod i ncl udi ng: obtaining, fromeach of h2 of the
second sequences and at a position corresponding to
the at | east one point, a respecgtive second

subseq : I h S nboﬁ%_ where h2 2 an >
n2 dr alﬁgtgﬁﬁmigg “H’Z‘g%f ﬁ%ﬁ%é: e3honting Sg%ogglrfaquence’ ol eac
subsequeduaid tnsdbi@saesid Wercb9 detah it a kPR LSEERO6F a
cyclic Position code; NPT051-SG { -39 determ ning an
of f set Pluraity pEsecond epesnal thg asleawwae peiptinde, of each
codeword thus obtained, and thereby determ ning a
r es pectegngfeorn thegplugalir efl secondoifffsstsc tiedeaiflsetslimite value.
the at | east one point; and deriving, fromthe
plurality of second offsets, the second coordinate
value. 9. The nethod of claim8 further including
9. i niThe preeiddne cidiml astheomedingtitRrFeel ledf §&3rfIh@Second
ﬂ_gigit of .the second coordinate val ue. 10. The net hod
ofigsts as adigitetiths sosend conedipatervgluent er preting at | east one
of the second offsets as a nmarker separating the
second coordi nate value from an adjacent coordi nate
value. 11. The nmethod of claim@8 further including
10dehe methodf diclamdhfuothehifcludihgpatersetifg 4t heast @radnisk second
guences, a difference between the correspondi ng pair
O3S BTR BIKeS FIRIANDE (B ePCops e Bl FRm & AUEE poweinate
valppe of a plurality of second differences; and
deriving, fromthe plurality of second differences,
the second coordi nate value. 12. The nethod of claim38
wherein r"2 > n2 - dmn2 +2 13. The nethod of any one
of claim8 wherein 1IN2 > n2 14. The nethod of c¢/aim1l
1Tiwhéhemsthedot cimiSarthéninelbiing dofivingr & eadbquferfc es paiss of the

second sequences, a difference between the corresponding pair of second offsets, and
thereby deriving a respective one of a plurality of second differences; and deriving,

from the plurality of second differences, the second coordinate value.

Wy 2 n,—d

min,

+2
12. The method of ¢claim 8 wherein .

13.  The method of any one of claim 8 wherein 2 s

14.  The method of claim 1 wherein each of the plurality of first sequences is

represented by a respective one of a plurality of first patterns disposed or formed on or
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represented by a respective one of a plurality of
first patterns disposed or forned on or NPTO051-SG -40
in a first substrate, the nethod including obtaining
the corresponding first subsequence by detecting or
sensing at |east part of the corresponding first
pattern. 15. The nethod of claim 14 wherein successive
synbol s of each of the first sequences are
represented by successive parts of the correspondi ng

iR, BRI o B b 0L Shlfubd PR oseauence
bysiebetiagbi &inkingRparcablptt ol cRRsAshdaRAfist paghi.on. 16.
The met hod of claim 14 wherein each of the plurality

of second sequences is represented by a respective
one of a plurality of second patterns di sposed or

; . :
15! oﬁrﬁ%grilé?ﬁbd cldifhy 98 ndkinSlhcauBsE E?g'{nﬁcbls ég%gﬁ?? Bt

I ncl udi ng obtalning the correspo
sequeinsesqure repecsoyted bl euddessiv coparis @if shan@rabpdnd gt firsepdite o
the(ﬁ$rre ongﬁnq.sec d pattern 17. The net hod . of
arrapeqdin peURpaTialy tngatashion; and (hafiiskpabierns gen aggneed in a

subfafRly pRAVERRESP Rl phR RIGRANt €d Dy successive parts
of the” correspondi ng gecond pattern arranged in a

substantially |inear fashion; the second patterns are
arranged in a substantially parallel and spaced apart

f aghi on, he first patter and secand atterns.
16, 7 30k B i I B AR ER e BREHEE R eonBSiehhe o
reprezhtedtbyer resNCt b dneSF a plurality of second patterns disposed or formed on
or in the first substrate, the method including obtaining the corresponding second

subsequence by detecting or sensing at least part of the corresponding second pattern.

17. The method of claim 16 wherein successive symbols of each of the second
sequences are represented by successive parts of the corresponding second pattern
arranged In a substantially linear fashion; the second patterns are arranged in a
substantially parallel and spaced apart fashion; and the first patterns and second

patterns are arranged in a substantially orthogonal fashion to each other.
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