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EFFICIENT AND STABLE ABSORBING BOUNDARY CONDITION IN FINITE-
DIFFERENCE CALCULATIONS

CROSS-REFERENCE TO RELATED APPLICATION

[0001] This application claims the benefit of U.S. Provisional Patent Application
62/115,938 filed February 13, 2015 entitled EFFICIENT AND STABLE ABSORBING
BOUNDARY CONDITION IN FINITE-DIFFERENCE CALCULATIONS, the entirety of

which is incorporated by reference herein.

FIELD OF THE INVENTION

[0002] This disclosure relates generally to the field of geophysical prospecting for
hydrocarbons and, more particularly, to seismic data processing and imaging. Specifically,
the disclosure relates to the technical fields of seismic simulation, reverse time depth

migration, and full waveform inversion.

BACKGROUND

Boundary conditions

[0003] Much of seismic prospecting is based on computer processing seismic data to
migrate the data to form a true image of the subsurface or to infer a physical property model
of the subsurface through data inversion. Migration and inversion cannot be performed
analytically, and therefore must be performed using numerical methods on a computer. The
most efficient migration method is reverse time migration (RTM). Both RTM and inversion
require model simulation of predicted/measured seismic data, where the model is a model of
subsurface velocity or other physical property affecting propagation of seismic waves. In
numerical simulation of seismic data (sometimes referred to herein simply as data), large
computational domains must be truncated to fit into the computer’s memory. Artificial
boundaries are introduced by this process. The reflections from an artificial, non-physical
boundary may possibly bring artifacts into the image. Correct and suitable implementations
of the boundaries are among the major problems of the numerical simulations. There are
several different methodologies to deal with the problem, which include: 1) Non-reflecting
boundary conditions (which will not be discussed further in this document); 2) Absorbing
Boundary Conditions ("ABC™), see for example Kosloff et al. (1986); and 3) perfectly
matched layers (“PML™) by Berenger (1994).
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Absorbing Boundary Conditions and the Perfectly Matched Layers

[0004] Absorbing Boundary Conditions were introduced by Kosloff et al. (1986). The
term "ABC" as used herein shall be understood to refer to the boundary conditions according
to the Kosloff (1986) reference. This is an unconditionally stable method with relatively
good absorption properties. The drawback of the method is coherent reflections from the
fixed surfaces, like an air/water interface, which could build an artifact in the image. To
improve absorption, one might need to increase the number of absorbing layers (referred to as
padding), which in turn will negatively affect computational efficiency. Moreover, very low
frequency reflections will still be a problem because absorption is a function of the number of
wavelengths in the absorbing zone.

[0005] The perfectly matched layers (“PML™) absorbing boundary condition by Berenger
(1994) is another commonly used way to approximate the radiation boundary condition for
the sides and bottom of an earth model where the earth model is assumed to have infinite
extent but the computational model has finite extent. Up to the discretization error, waves
will not reflect from external boundaries of the computational model that are designated to
have the radiation boundary condition. In media where the method is stable (see below),
PML will give perfect results.

[0006] In the standard form of PML as described by Marcinkovich and Olsen (2003),
every derivative normal to an exterior boundary has a wave field dissipation operator applied.
Several issues arise with standard PML (sometimes referred to as 1D PML) operators. For
general anisotropy, if the group velocity and the phase velocity have different signs for the
direction normal to the boundary, PML becomes unstable and energy can be amplified rather
than attenuated at the boundary (Bechache et al., 2001, and Loh et al., 2009, and Oskooi and
Johnson, 2011). Stable and efficient PML implementation is still an active area of research.
There are many methods suggested to address the stability issue — multiaxial-PML (M-PML)
by Dmitriev et al., 2011, convolutional-PML (CPML) with complex shift by Zhang et al.,
2010, and more recent developments - coordinates stretching in the PML region by Duru et.
al., 2014. Note that all these methods have high cost and possibly degrade the effectiveness of
the absorption. Moreover, the fundamental problem of the stability for these methods is not
fully resolved.

[0007] In its general meaning, the term absorbing boundary conditions embraces both
PML boundary conditions and ABC boundary conditions. To avoid terminology confusion

herein, the term ABC will refer only to the Kosloff-type absorbing boundary conditions.
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[0008] To summarize some drawbacks of existing methods for handling boundary

conditions for computational domains used in model simulation of seismic data:
1. ABC - stable, but not effective in absorption.

2. Standard PML — almost perfect absorption, but stability is compromised for some

anisotropic materials.

3. M-PML - high cost, and there is compromise between quality and stability;
difficult to find optimal damping. Absorption is not very effective.

4. Coordinate stretching in the PML region — high cost, with a compromise between

quality and stability; difficult to find optimal damping.

5. Complex shift — see item 2 above; the fundamental problem of stability is not fully

resolved.

What is needed is a method that provides a better compromise between absorption, stability,

and cost. The present invention satisfies this need.
SUMMARY

[0009] The present invention is an unconditionally stable method for minimizing non-
physical seismic wave reflections at computational grid boundaries during simulation of
seismic waveforms, suitable for programming into automated migration and inversion
computations. It is computationally efficient and effective, and applicable to both 2D and 3D,
and for typical earth models of interest for RTM and FWI for hydrocarbon prospecting. It is
advantageous for both imaging and modeling.

[0010] The present inventive method uses ABC boundaries, which are always stable, for
the side boundaries of the computational domain. ABC methods do not mitigate low-
frequency reflections from the external boundary as effectively as PML methods. This is not
a problem on side external boundaries because reflections from side boundaries do not sum
coherently for RTM and FWI computations. However, these low-frequency reflections are a
problem from top and bottom external boundaries because those reflections do tend to sum
coherently and therefore can be misrepresented as geology in RTM and FWI computations.
[0011] PML methods can be unstable for boundary zones with high-contrast shear
interfaces or for medium anisotropy where group and phase velocities could be oriented in
opposite directions relative to the boundary. Stability for PML methods may be ensured in
the present invention by choosing only media parameters in the boundary zone with

orthorhombic or higher symmetry that have a symmetry axis normal to the external boundary.
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This choice is realistic for typical geology that exists at the top and bottom boundaries of an
earth model for RTM and FWI. If the top or bottom boundary does not match this condition,
and a radiation condition boundary condition is desired, a practical solution is to taper the tilt
of the symmetry axis over a boundary zone until that tilt is normal to the external boundary
and meets the requirement for a stable PML boundary condition.

[0012] The present invention’s combination of zero-symmetry-axis-tilt-angle PML on top
and bottom, with ABC on side boundaries, is very practical, fits common earth models, and is
easy to implement.

[0013] In one embodiment, the invention is a method for exploring for hydrocarbons in a

subsurface region, comprising:

(a) simulating a seismic waveform, using a computer and a model of velocity or other
physical property in the subsurface region, wherein computations are performed on a finite
computational grid representing a subsurface region, said finite computational grid using
absorbing condition boundary conditions to minimize non-physical wave reflections at grid
boundaries, said absorbing condition boundary conditions being PML boundary conditions
for top surface of the finite computational grid, and ABC boundary conditions for side

surfaces of the finite computational grid; and

(b) using the simulated waveform in performing full waveform inversion or reverse time
migration of seismic data, and using an updated model of velocity or other physical property
from the inversion or a subsurface image from the migration to assess hydrocarbon potential

of the subsurface region.
BRIEF DESCRIPTION OF THE DRAWINGS

[0014] The advantages of the present invention are better understood by referring to the

following detailed description and the attached drawings, in which:

Fig. 1 shows a high saturation image comparison of the present invention’s approach to
making non-reflecting boundaries (top/bottom PML and sides ABC), shown in the left panel,
compared to all ABC (middle), and the difference between the two (right);

Fig. 2 shows the same comparison as in Fig. 1, but with low (normal) saturation images;

Fig. 3 shows that PML on the bottom of the model helps to get rid of low frequency artifact
from the ABC side reflections after tapering the dip on the top and bottom of the model

toward the vertical direction;
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Fig. 4 shows the relative performance of PML and ABC boundaries for acoustic media
(upper left), elastic media with no tilt (upper right), elastic media with tilt tapered (lower left),

and elastic media with tilt without tapering (lower right); and
Fig. 5 is a flow chart showing basic steps in one embodiment of the present inventive method.

[0015] The invention will be described in connection with example embodiments.
However, to the extent that the following detailed description is specific to a particular
embodiment or a particular use of the invention, this is intended to be illustrative only, and is
not to be construed as limiting the scope of the invention. On the contrary, it is intended to
cover all alternatives, modifications and equivalents that may be included within the scope of

the invention, as defined by the appended claims.

DETAILED DESCRIPTION

[0016] The present inventive method is an unconditionally stable method for introducing
boundary conditions that provide effective boundary absorption.

[0017] The method begins with some simplifying assumptions that make the invention
more robust and efficient. These assumptions are based on insight, gained from experience.
Some of the complexities of physical problems can be dropped for all marine surveys and the
majority surveys on land with only minor effect on the technical problem being addressed.
One such instance of insight is the observation that the top surface boundary very seldom
needs to deal with anisotropic earth models with a tilted axis of symmetry. Often the top
boundary for marine acquisition is a water/air interface and both of those media are well-
represented by isotropic acoustic physics and do not require any consideration of anisotropy
in the earth model. Likewise the bottom boundary of the earth model is rarely illuminated by
a full range of illumination angles and therefore the earth model zone adjacent to the bottom
boundary may not require an accurate understanding of seismic anisotropy as a function of
symmetry axis tilt angle for simulations that match recorded seismic data. For both the top
and bottom boundary zones of the earth model, physics limited to isotropy, or anisotropy with
a vertical symmetry axis for either transverse isotropy or orthotropy, is usually sufficient.
[0018] PML boundary conditions are more efficient at emulating radiation condition
boundary conditions than ABC boundary conditions. Efficient and stable PML boundary
conditions are easily constructed for media with isotropic, transversely isotropic or
orthorhombic physics where any anisotropy characterization is restricted to have a vertical

axis of symmetry. In contrast, stability and efficiency are much more complicated to achieve
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for PML implementations for anisotropic media with a tilted axis of symmetry or for general
seismic anisotropy. The top boundary condition takes on particular importance because
seismic sources are usually placed near the surface of the earth and reflect with large
amplitudes from improperly constructed radiation boundary conditions. Reflections from the
top and bottom boundaries are particularly important for simulators used in RTM and FWI
applications because poorly mitigated reflections from the top and bottom boundaries tend to
sum constructively to create artifacts in RTM images or FWI gradients. Reflections from
poorly mitigated side boundaries are less of an issue because they tend to not sum
constructively into an image to add radiation-boundary-related artifacts that might be
misinterpreted as geology.

[0019] Thus, the top surface of the simulated domain may be assumed to be an
orthorhombic (or Vertically Transversally Isotropic — “VTI”) medium, or anisotropic
medium, which covers a large portion of the data that are typically acquired. Seismic sources
are usually placed near the top surface. Therefore, a boundary condition has a bigger impact
there. For the bottom surface there are no reliable tools (except possibly well data) to restrain
tilt at great depth. Given this lack of knowledge about what happens at the bottom surface,
zero tilt is as good as any other assumption. So, without loss of generality, zero tilt may be
assumed at both the top and bottom surfaces of the computational domain. These two
findings (i.e., that the probability of encountering general anisotropy at the top or bottom
surface may be considered negligible) provide the opportunity to use standard PML without a
tilted axis of symmetry for media assuming orthorhombic or higher symmetry (rather than
complex PML with its “tilted” physics assumption) on top and bottom surfaces, and standard
PML is both absolutely stable and very effective in reducing reflection.

[0020] The side surfaces could have complex media which could lead to stability
problems in any PML implementation. It was also recognized that small reflections from the
sides are inconsistent (incoherent) from shot to shot, and are mostly directed downwards and
are strongly absorbed by the bottom surface PML. These findings suggest use of
unconditionally stable Kosloff's ABC on the side surfaces. In the shorthand notation that will
be used in places in the remainder of this document, this choice of boundary conditions, i.e.
PML for the top and bottom surfaces and ABC for the sides, may be referred to as z — PML
and x,y — ABC.

[0021] Such combination (hybrid) of these two techniques gives an efficient and stable

absorbing boundary condition in finite-difference calculations. Basic steps for one preferred
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embodiment of the present inventive method may be summarized as follows, with reference

to the flow chart of Fig 5.
Step 51: Apply one-dimensional (preferably convolutional) PML for top/bottom boundaries.

Step 52: An orthorhombic medium with a vertical axis of symmetry is assumed for the PML
implementation in the top/bottom boundary to guarantee computational efficiency, stability,

and effectiveness.

Step 53: Use Kosloff’s Absorbing Boundary Condition (ABC) on the side/bottom boundaries

and corners.

Step 54: Perform tapering to the top/bottom to smooth anisotropy symmetry axis tilt
orientation to the vertical if needed. Tapering smoothly rotates the dip (axis of inclination) to

ZET10.
Step 55: Either PML or ABC may be applied to the bottom boundary if desired.
[0022] Following next is a detailed mathematical formulation of the invention.
Definition of PML derivative operator in one direction (i.e., 1D PMI)

[0023] For a single derivative in the z direction using PML, the following definition
holds. In the frequency domain, the spatial derivative of the target wave field is computed
first and then the result is scaled by the inverse to a gamma function. This operation damps

the spatial derivative.

ﬂzii where y. :M:pri
Z y Oz i io io

There is no unique way to choose damping parameter /. One possible choice is to use
CPML-style gamma operators following the paper by Komatitsch and Martin (2007). In the

time domain, the gamma operator becomes a temporal convolution operator, denoted by 7. .
The inverse to the time-domain gamma convolutional operator will be denoted by 1/7.. The

formulae that follow will imply temporal convolution whenever the time-domain gamma or
time-domain inverse gamma operators are shown. These are temporal Fourier transforms of
the corresponding functions defined in the frequency domain.

[0024] The present inventive method will be demonstrated first on a constant-density
isotropic acoustic wave equation case. Next an example VTI pseudo-acoustic case will be

given. After that, the orthorhombic and elastic extensions will then be obvious. Solution of
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the isotropic equation in the interior region of the computational domain may summarized by

following equations:

0 1

0
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p
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Equations of system with z — PML are obtained by replacing :7 in the equations above by

a . . . . o
37 In the time domain, this relationship is used.
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Then the z — PML constant-density isotropic acoustic equations may be summarized as

follows:
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The variable p represents pressure. The variables x, y, and z are spatial coordinates. The

variable v represents the medium velocity.

[0025] After slight modification, this is equivalent to the following form:

, ' 0 1
0 5 0
o\ 7P ) O\ Pa) P ) | V|7 =+ ﬁ——— 0 [\ Paor.

oxt oyt ) oz oz

This reduces to the next system of equations that enable more a more computationally efficient

implementation.
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[0026] Kosloff's ABC boundary conditions in (X, y, z) coordinates may be written in the

following compact form:

- 1
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[0027] ABC boundary conditions which absorb only in the (x, y) directions takes

following form:

o
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[0028] Combining of z — PML and (x,y) — ABC, and after some reformulations, yields
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In the slightly more general constant-density VTI case, combined equations of z — PML and
(x,y) — ABC can be written using wave equation terms involving horizontal spatial

derivatives denoted by p and terms involving vertical spatial derivatives denoted by g as

_/ny 0 1 0
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where %p = Paot » and %q = qq0t- The Voigt stiffness coefficients are denoted by Ci,
Ci5 and Css, and the density is denoted by p.

It may be noted that the functions ¢ for z — PML and , , might be chosen differently. The
more general orthorhombic case might be implemented similarly.

Test examples

[0029] A test exercise was carried out using synthetic seismic data to compare the present

inventive method (z — PML, (x,y) — ABC) with a conventional approach of using ABC on all

9
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boundary surfaces. For the comparison studies, 12 boundary layers were used for the PML
and 24 boundary layers were used for the ABC. For the Figs. 1-3, the following model was
used: A homogeneous VTI medium (no reflecting interfaces), with a source placed in the
top/middle of the model. Thus, all reflections shown in these data displays are nonphysical
artifacts except for the diamond-shaped wave front of the pseudo-shear wave. In Figs. 1-3,
the image generated using the present inventive method is shown on the left, the image using
all ABC is shown in the middle, and the difference is shown on the right. Figures 1-3 show
data that were computer-simulated, using the aforementioned assumed velocity model. The
direct wave that is being simulated 11 appears prominently and identically in both the left and
middle panels of Figs. 1 and 2. Figures 1 and 2 are the same display, shown at different
saturations; i.e. the contrast is turned up higher (by a factor of 100) in Fig. 1 than in the
normal display of Fig. 2. It may be noted that the present inventive method (left) eliminates
the reflections 13 from the top, even at the high saturation of Fig. 1. The side reflections 12
are naturally the same in both the left and middle displays since both use the same ABC
boundary conditions. The difference display (right) is artifact that is present when using all
ABC, but is removed when using the boundary conditions of the present invention. The
horizontal and vertical axes on the drawings indicate subsurface position in meters.

[0030] In Fig. 1, a source is placed near the center of the top boundary in a medium with
no internal reflecting boundaries. A snapshot of waves propagating in the medium is shown.
In the left picture, the top and bottom external boundaries are implemented with PML while
the side external boundaries are implemented via ABC where low-frequency reflections 12
from the ABC side boundaries are visible. The reflection from the top boundary has such low
amplitude that it is not visible. All external boundaries for the same medium are implemented
via ABC in the middle picture, where low-frequency reflections 12 are visible from the side
boundaries, and now there is a visible reflection 13 from the top boundary. One may also
observe a double-bounce event that reflects first from the top boundary and then from a side
boundary. The difference between the left and middle wave fields is shown on the right.
These are high saturation images so the differences appear to be very large.

[0031] In Fig. 1, the images are highly saturated. Any reflections from the top/bottom
surfaces could add up and produce an image artifact. Therefore, perfect absorption from the
top/bottom surfaces is always important. As stated above, Fig. 1 demonstrates that reflection
from the top when using PML on the top (present invention — left) is invisible even in the
highly saturated plot. The ABC sides have stronger reflections, but this is acceptable because

they are not coherent with each other and would be stacked in a final image. (The drawings

10
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show pre-stack data.) The side reflections will end up in the different places for different
shots, which is why they will cancel when the shots are stacked (summed).

[0032] Figure 2 shows the same information as in Fig. 1, but in a normal display, i.e. at
lower saturation. The top reflections 13 are not apparent in the middle panel at normal
saturation. However, they are not incoherent like the side reflections, and could add up when
the data are stacked and produce an image artifact.

[0033] Figure 3 is a snapshot of the simulation and a much later propagation time than for
Figs. 1 and 2. It is after the direct wave 11 has passed through the bottom boundary of the
computational domain. Ideally, it should pass through this boundary with no reflections, but
in this high saturation display, small external boundary reflection events can be seen. Low-
pass frequency filtering has been done, giving a low-frequency, later in time, view of the
same simulation as Figs. 1 and 2. Figure 3 shows that the ABC radiation conditions mitigate
the boundary reflections poorly for low-frequency events. The PML boundary conditions do
a much better job of mitigating the reflection of low-frequency energy from the external
boundary. For RTM and FWI applications, the wave fields that propagate primarily in the
horizontal directions do not impact imaging and inversion results. On the other hand, waves
that reflect from the bottom boundary and propagate upwards towards the receiver locations
do have a detrimental impact on RTM and FWI applications. Figure 3 demonstrates another
advantage of the present invention. After tapering the dip on the top and bottom of the model
to the vertical direction, low frequency reflections from the sides of the model will be
absorbed by the bottom PML layer and consequently not contribute to the image artifact.
[0034] Figure 4 is included to show the relative performance of PML boundary
conditions and ABC boundary conditions. This is done for four different velocity models:
acoustic media (upper left), elastic media with no tilt (upper right), elastic media with {tilt
tapered (lower left), and elastic media with tilt without tapering (lower right). In every case,
the top and bottom boundary conditions are PML and the side boundaries are ABC. The
source location for the computer simulation is shown at the center of each panel. Because the
source is symmetric, comparison of the top/bottom reflections to the side reflections indicates
the relative performance of PML and ABC boundary conditions. The simulation algorithm
used treats derivatives to the second-order in the finite difference approximation. The
numbers such as ~ 0 or 10-2 indicate the amplitude of the reflection artifacts from the top
surface, the bottom surface, or a side surface, depending on where the number is located, with
all amplitudes scaled or normalized such that the maximum amplitude of the desired

simulated wave (not shown) is unity. It may be noted that for an elastic medium with a tilted
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anisotropy axis of symmetry, tapering the tilt reduces the top surface reflection artifact by a
factor of 10. In the upper two panels of Fig. 4, it can be seen that the side reflections appear
at the same height, and therefore will not cancel on stacking. In the lower two panels, the side
reflections appear at different heights, and will cancel with stacking.

[0035] The foregoing description is directed to particular embodiments of the present
invention for the purpose of illustrating it. It will be apparent, however, to one skilled in the
art, that many modifications and variations to the embodiments described herein are possible.
All such modifications and variations are intended to be within the scope of the present

invention, as defined by the appended claims.
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ARTICLE 34 REPLACEMENT SHEETS
1. A method for exploring for hydrocarbons in a subsurface region, comprising:

simulating a seismic waveform, using a computer and a model of velocity or other
physical property in the subsurface region, wherein computations are performed on a finite
computational grid representing a subsurface region, said finite computational grid using
absorbing condition boundary conditions to minimize non-physical wave reflections at grid
boundaries, said absorbing condition boundary conditions being perfectly matched layers
(PML) boundary conditions for top surface of the finite computational grid, and Kosloff
absorbing boundary conditions (ABC boundary conditions) for side surfaces of the finite

computational grid; and

using the simulated waveform in performing full waveform inversion or reverse time
migration of seismic data, and using an updated model of velocity or other physical property
from the inversion or a subsurface image from the migration to assess hydrocarbon potential

of the subsurface region.
2. The method of claim 1, wherein the PML boundary conditions are 1D PML.

3. The method of claim 2, wherein said model is anisotropic with an axis of symmetry
tilted from vertical, and further comprising padding the finite computational grid at the top or
bottom surface, or both, to taper the axis of symmetry at said top or bottom surfaces toward

vertical.

4. The method of claim 1, wherein a plurality of absorbing layers is used on the top and

bottom surfaces or the side surfaces of both.

5. The method of claim 1, further comprising applying ABC or PML boundary conditions

to a bottom surface of the finite computational grid.

6. The method of claim I, wherein an orthorhombic subsurface medium is assumed for
PML implementation at the top surface and, if PML is used at a bottom surface of the finite

computational grid, an orthorhombic medium is assumed there as well.

7. The method of claim 1, further comprising jointly using z — PML and x,y — ABC

boundary conditions at corners of the finite computational grid.

8. The method of claim 1, wherein said model is assumed to be isotropic in a zone at the
top surface, or at a bottom surface of the finite computational grid, or both.
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9. The method of claim 1, wherein said model is assumed to be anisotropic with

transversely isotropic or orthorhombic symmetry in a zone at the top surface, or at a bottom

surface of the finite computational grid, or both.
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