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THE I NVENTION 5 The present invention relates to a nethod and apparatus for
i dentifying conponents of a systemfromdata generated from sanples from
the system which conponents are capable of predicting a feature of the
sanple within the systemand, particularly, but not exclusively, the
present invention 10 relates to a nethod and apparatus for identifying
conmponents of a biological systemfremdata generated by a biol ogi cal
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BACKGROUND OF THE INVENTION

There are any number of systems in existence that can be
classified according to one or more features thereof. The
20 term “system” as used throughout this specification is
congidered to include all types of systems from which data
(e.g. statistical data) can be cbtained. Examples of such
systems include chemical systems, financial systems and
- geclogical systems. It is desirable to be able to utilize
25 data obtained from the systems to identify particular
features of samples from the system; for instance, to assist
with analysis of financial system to identify groups such as
those who have good credit and those who are a credit xisk.
Often the data obtained from the systems is xelatively large
30 and therefore it is degirable to identify components of the
gyatems from the data, the components being predictive of
the particular features of the samples from the system.
However, when the data is relatively large it can be
difficult to identify the components because there is a
35 large amount of data to process, the majority of which may
not provide any indication or little indication of the
features of a particular sample from which the data is



not provide any indication or little indication of the features of a
particul ar sanple fromwhich the data is -2 taken. Furthernore, conponents
that are identified using a training sanple are often ineffective at
identifying features on test sanple data when the test sanple data has a
hi gh degree of variability relative to the training sanple 5 data. This is
often"the case in situations when, for exanple, data is obtained from nmany
different sources, as it is often diff2cult to control the conditions
under which the data is collected from each |nd|V|duaI§$ource 10 An
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the development of biological methods for large scale
15 sgcreening of systems and analysis of samples. Such methods
include, for example, microarray analysis using DNA or RNA,
proteomica analysis, proteomics electrophoreais gel
analysis, and high throughput screening techniques. These
types of methods often result in the generation of data that
20 can have up to 30,000 or more components for each sample

that is tested.

It is highly desirable to be able identify features of
interest in samples from biological systems. For example,

25 to classify groups such as “diseased” and “non-diseased”.
Many of these biological methods would be useful as
diagnostic tools prediéting features of a gample in the
biological systems. For éxample, identifying diseases by
screening tissues or body fluids, or as tools for

30 determining, for example, the efficacy of pharmaceutical

compounds.

Use of biological methods such as blotechnology arrays in
auch applications to date has been limited due to the large
35 amount of data that is generated from these types of
methods, and the lack of efficient methods for ecreening the
data for meaningful results. Consequéntly, analysis of



such applications to date has been limted due to the large | 35 anount of
data that is generated fromthese types of i nethods, and the |ack of
efficient nethods for screening the data for meaningful results.
Consequently, analysis of i - 3 biological data using existing nethods is
time consumng, prone to false results and requires |arge anmounts of
conputer nmenory if a neaningful result i-s3te be obtained fromthe data.
This is problematic in |arge scale screening 5 scenarios where rapid and
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conditional on the 1linear conbination of conponents; obtaining a prior
distribution for the weighting of the |inear conbination of the
conmponents, thsuNMARY OF THE INVENTION

According to a first aspect of the present invention, there

15 is provided a method of identifying a subset of components
of a system based on data obtained from the system using at
least one training sample from the system, the method
comprising'the stepa of: '

_ obtaining a linear combination of components of the

20 system and weightings of the linear combination of
components, the weightings having values based on the data
obtained from the system using the at least one training
sample, the at least one training sample having a known
feature;

25 obtaining a model of a probability distribution of the
known feature, wherein the model is conditional on the
linear combination of components;

obtaining a prior distribution for the weighting of
the linear combination of the components, the prior

30 distribution comprising a hyperprior having a high
probability density close to zero, the hyperprior being such
that it is based on a combined Gaussian distribution and
Gamma hyperprior;

| combining the prior distribution and the model to
35 generate a posterior distribution; and
identifying the subset of components based on a set of

the weightings that maximise the posterior distributiocn.



30 distribution conprising a hyperprior having a high probability density
close to zero, the hyperprior being such that it is based on a conbi ned
Gaussi an distribution and Ganma hyperprior; | conbining the prior
distribution and the nodel to 35 generate a posterior distribution; and

I dentifying the subset of conponents based on a set of the weightings that
maxi m se the posterior distribution. -4 The nethod utilises training
sanpl es having the known feature in erder to identify the subset of
conponents which can predict a feature for a training sanple.

Subsequent | y, Th& meatihodgetblisgse tgabsémgoﬁa%?ﬁoﬁéﬁ%@g‘é&? keowBed for tests,
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the step of obhgtiialdotha patieat Bavbhdad iprtiealpr iseslitienst ep of using a
Bayesi an statistical method to estimte the weightings. 20 Preferably, the
met hod further conprises the step of nmaking.  an apriori assunption that a
majority ¥ tHee dponéRatuzae asuRPPR FRF QU SR te B ARSI ELRZEIOR 11 form
part of the spbsats tof af@npadipmniss. o2Sidentifiable trait or character

that is associated with a sample. For example, a feature

may be a particular time to an event for a particular

sample, or the size or quantity of a sample, or the class or
15 group into which a sample can be classified.

Preferably, the atep of obtaining the linear combination
comprises the step of using a Bayesian statistical method to
estimate the weightings.

20
Preferably, the method further comprises the step of making
an apriori assumption that a majority of the components are
unlikely to be components that will form part of the subset
of components.

25 ' ‘
The apriori assumption hae particular application when there
are a large amount of components cobtalned from the ayatem.
The apriorli assumption is essentially that the majority of
the weightings are likely to be zero. The model is

30 constructed such that with the apriori assumption in mind,
the weightings are such that the posterior probability of
the weightings given the obsgerved data is maximised.
Components having a weighting below a pre-determined
threshold (which will be the majority of them in accordance

35 with the apriori aszsumption) are ignored. The process is
iterated until the correct diagnostic components are
identified. Thus, the method has the potential to be quick,



The apriori assunption has particular application when there are a |large
anount of conponents obtained fromthe system The apriori assunption is
essentially that the majority of the weightings are likely to be zero. The
nodel is 30 constructed such that with the apriori assunption in mnd, the
wei ghtings are such that the posterior probability of the weightings given
the observed data is maxi m sed. Conponents having a wei ghting bel ow a
pre-determned threshold (which will_bg the majority of themin accordance
35 with the apriori assunption) are ignored. The process is iterated until
the correct dha@&HIes becatsapohahbSapriori dasumpicédn, Thich theul®s hiod has the

potential to Paep;ﬂi‘“e‘i nhtidk oFRLRL Ym o2 cbSor@itisQr i assunption,
which results I'n eflmnatlon the majority of conponents.

Preferably, the hyper pri or conprises one or nore adjustable 5 paraneter
t hat enabl e tiwefuradilydi she iHypeirpnime arongperigesoohe ow aoredadibstalilent ur es

of a system Ollﬁa%n&‘aac' Y e8Xb dbra prohabidsd t&istéhﬁﬁii&iﬂh’eﬁﬂ 2806 tdde

probability stribution of a feature 10 can be nodelled using statistical
nmodel s that af@¥ffsed on the data generated fromthe training sanples. The
present invention utilises statistical nodels that nodel the probability
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probability distribution for a feature of interest or a
series of features of interest. Thus, for a feature of
15 interest having a particular probability distribution, an
.appropriate model ig defined that models that distribution.

Preferably, the method comprise a mathematlical equation in
the form of a likelihood function that providea the

20 probability distribution based on data obtained from the at
least one training sample.

Prefarably, the likelihood function is based on a previously
described model for describing some probability
.25 distribution.

Preferably, the step of obtaining the model comprises the
step of selecting the model from a group comprising a
multinomial or binomial logistic regression, generalised

30 linear model, Cox’'s proportional hazards model, accelerated
failure model and parametric survival model.

In a first embodiment, the likelihood function is based on
the multinomial or binomial logistic regression. The

35 binomial or multinomial logistic regression preferably
models a feature having a multinomial or bincmial
distribution. A binomial distribution is a statistical



descri bed nodel for describing sone probability 25 distribution.

Preferably, the step of obtaining the nodel conprises the step of
selecting the nodel froma group conprising a nultinomal or binom al

| ogi stic regression, generalised 30 |linear nodel, Cox's proportional
hazards nodel, accelerated failure nodel and parametric survival nodel. In
a first enbodi nent, the likelihood function is based on the nultinom al or
bi nom al |ogistic regression. The 35 higom al or nultinom al |ogistic
regression preferably nodels a feature having a nultinom al or binom al
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feature sample groups (or “classes”) hased on a predetermined

15 feature of the training gsamplea in which the members of each
gample group have a common feature and are assigned a common
group identifier. A likelihood function is formulated based
on a multinomial or binomial logistic regression conditional
on the linear combination (which incorporates the data

20 generated from the grouped training samples). The feature
may be any desired classification by which the training
samples are to be grouped. For example, the features for
clasasifying tissue gamples may be that the tissue is normal,
malignant, benign, a leukemia cell, a healthy cell, that the

25 training samples are obtained from the blocd of patients
having or not having a certain condition, or that the
training samples are from a cell from one of several types

of cancer as compared to a normal cell.

30 In the first embodiment, the likelihood function based on
the multinomial or binomial logistic regression is of the

form:
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may be any desired classification by which the training sanples are to be
grouped. For exanple, the features for <classifying tissue sanples nay be
that the tissue is normal, nalignant, benign, a |leukem a cell, a healthy
cell, that the 25 training sanples are obtained fromthe bl ood of patients
having or not having a certain condition, or that the training sanples are
froma cell fromone of several types of cancer as conpared to a normal
cell. 30 In the first enbodi ment, the._l{kelihood function based on the
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order (orderegd,¢lagses, %%hdéﬁizié& f%’f@ﬁ@i-ein 1516 apeeseMadibal easi ng or
decreasi ng di sease severlty) By defining a |ikelihood function based on

an ordered categorical logistic regression, it is possible to identify
10 1In a second embodiment, the likelihood function is based on

the ordered categorical logistic regreassion. The ordered
categorical logistic regression models a binomial ox
multinomial distribution in which the classes are in a
particular order (ordered classes such as for example,

15 classee of increasing or decreasing disease severity). By
defining a likelihood function based on an ordered
categorical logistic regreassion, it ia possible to identify
a subset of ¢omponents that is capable of classifying a
gample into a class wherein the class iz one of a plurality

20 of predefinad ordered clasaes. By defining a series of
group indentifiers in which each group identifier
corregponds to & member of an ordered class, and grouping
the training samples into one of the ordered classes based
on predetermined features of the training samplea, a

25 1likelihood function can be formulated based on a categorical
ordered logistic regression which ie conditional on the
linear combination (which incorporates the data generated
from the grouped training samples).

30 In the second embodiment, the likelihood function based on
the categorical ordered loglastic regression is of the form:

i=l k=i ?’;t+1 Fita

Y ik * Yaa —Va e
1=11T1

Wherein
vix s the probability that training sample i belongs to a
35 class with identifier less than or equal to k (where the



a subset of conponents that is capable of classifying a sanple into a
class wherein the class is one of a plurality 20 of predefined ordered
cl asses. By defining a series of group indentifiers in which each group
identifier corresponds to a nenber of an ordered class, and grouping the
training sanples into one of the ordered classes based on predeterm ned
features of the training sanples, a 25 likelihood function can be
fornmul ated based on a categorical ordeyed |ogistic regression which is
conditional on the |Iinear conbination (which incorporates the data
generated frieahalhef gexdgrafl tvlapaeagis &pree)r: 39 definad Serthar dmbodi nent,
the |i kel i hooghd wgeih&iy based on the categorical ordered |ogistic
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identified that is capable of predicting a predafined

characteristic of a sample which has a distribution

15 Dbelonging to a regular exponential family of distributiocns.
In particular by defining a generalised linear model which
models the characteristic to be predicted. Examples of a
characteriatic that may be predicted using a generalised
linear model include any quantity of a sample that exhibits

20 the specified distribution such as, for example, the weight,
size or other dimensions or quantities of a sample,.

-

In the third embodiment, the generalised linear model is of

the form:
L=logp(y |68 =3 220 oy, 0
i=l a, ()
25
where ¥ = (Yi,—, Ya)® and a;(¢) = ¢ /wy with the w; being a
fixed set of known weights and ¢ a single scale parameter.
The other terms in this expression are defined later in this
- document.
30

In a fourth embodimant, the method of the present invention
may be used to predict the time to an event for a sample by
utilising the likelihood function that is based on a hazard
model, which preferably estimates the probability of a time
35 tc an event given that the event has not taken place at the



In particular by defining a generalised |inear nodel which nodels the
characteristic to be predicted. Exanples of a characteristic that nay be
predi cted using a generalised |I|inear nodel include any quantity of a
sanpl e that exhibits 20 the specified distribution such as, for exanple,
the weight, size or other dinmensions or quantities of a.sanple. In the
“third enbodi nent, the generalised linear nodel is of the form

L=l oSP{J' | @~)=~{y' B -b{8" )+c{Yn~) } - 25-where y = (yi_, ya)T and ai (4) =
fr /ww with the wi. being a fixed set of known weights and a single scale
paraneter. THismeobfesbitdming hhé Marexpnesiks dovatd dobodimbntat thein this
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accel er at ed fraskuietivaressppbionCaboutpriopor t i(TweakRcgehenateds fabliete pernits

the time to aRagYeld d Yheramdgbded rop d@té&iorﬁfz.a@@.ﬂﬁoaﬁrﬁrﬁ'v@ﬂﬂlCOWponent
wei ghts with lim J;l;n reiyl ctive a L1ons bout |88ume'£hgoaccel erat ed
failure 3‘1 e d‘g’ﬁ‘é:rha ot ISP dﬁ% CONsS SUrvi val®®tinmes in
whi ch théOConpéhémliqm&e'nﬁntEheaﬂém&ssm ta@daép i@fmn tthgl ¥a%gively on
the tine-scals, wﬁﬂ&h%ﬁx 3hbeetabde p&@b@edatawﬂgc hran citingi atidual TReoceeds
ial‘l'sgrgp'; Qf'\eél FE\ ta%(lf;c?ﬁsleralil:ed s;[.xrgz.\gclcgo eftcan %ur\il \éexpregeec{ :i.na‘rt:.I be
of the speed of progresasion ¢f, for example, dipease. The
parametric survival model is one in which the distribution
15 function for the time to an event (eg survival time) is
modelled by a known digtribution or has a specified
parametric formulation. Among the commonly used suxvival
distributions are the Weibull, exponential and extreme value
distributions.
20
In the fourth embodiment, a subset of componentsa capable of
predicting the time fto an event for a gampla isg identified
by defining a likelihood based on Cox’s proportional
gtandards model, a parametric survival model or an
25 accelerated survival times model, which comprises measuring
the time elapsed for a plurality of samples from the time
the gample is obtained to the time of the event.

In the fourth embodiment, the likelihood function for
30 predicting the time to an event is of the form:

N
Log (Partial) Likelikood =Y g;(8.9: X.y.c)
i={

where g =(ﬂl,ﬁg,---,ﬁp} and ¢ =(¢],¢2,---,¢q)are the model
parameters, y isg a vector of cobserved times and ¢ is an
indicator vector which indicates whether a time is a true



of the speed of progression of, for exanple, disease. The paranetric
survival nodel is one in which the distribution 15 function for the tinme to
an event (eg survival tinme) is nodelled by a known distribution or has a
specified paranetric fornulation. Anong the commonly used survival
distributions are the Weibull, '"exponential and extrenme val ue
distributions. 20 In the fourth enbodi nent, a subset of conponents capable
of predicting the time to an event forga-sanple is identified by defining
a likelihood based on Cox's proportional standards nodel, a paranetric
survival nodesuworival 2fmenceekerabadratirsvirvalal ivte®.nodel, which conprises
nmeasuring the tinme elapsed for a plurality of sanples fromthe tine the
sanple is obtained to the tinme of the evenk. #g qusfourthlgnb%pinent, t he
Ii kel i hood fuHtt§RSn EPYFER SHLGALERREL Ffre AERE TS TERCEIRRPA%E P he form
i N Log (Partaxdls) pebkettiioned hagihrde mogel 3@ of tde fprm:where ft°
=(fii,/f2rg ./fp) and p° =(q p2....,~g)are the nodel paraneters, y is a
vector of observed tinmes and c is an indicator ,vector which indicates
whether a tine is a true - 10 urvival time or] 4 censored survival tine.

In the fourth enbodi nent, thedlikel éiwéd fanctijon based on Coxes
proportional hazardd qddé0=ii]b i il I ~t ~~~- ~ ~exp((Zj/3) J=1
- Eexp (Zi/3) t e?dt] J=1] exp(Z:8

ie‘Rj

where the observed times are be ordered in increasing
magnitude denoted as £=(t(1),!(2),---t(N)), t(,-”) >t(z-) . and Z denotes

the Nxp matrix that is the re-arrangement of the rows of X

10 where the ordering of the rows of Zcorresponds to the
ordering induced by the ordering of f. Alsoc S’ =(B.BB,),
Z; = the j™ row of Z, and ®;= {i:i=j,j+L-,N}= the risk set

at the _',i':h ordered event time §7)-

15 In the fourth embodiment, wherein the likelibood function ia
based on the Parametric Survival model it is of the form:

N .
L=Y dcilog(p;)—pit+e;| log

i=l

[ A ()

Ayie)

where ;Q:A(y,-;ga}axp(Xfﬁ) and A denotes the integrated
20 parametric hazard function.

For any defined models, the weightings are typically
‘estimated vaing a Bayesian statistical model (Kotz and
Johnson, 1983) in which a posterior distribution of the

25 component weights is formulated which combines the
likelihood function and a prior distribution. The component
welghtings are estimated by maximising the posterior



where the observed tinmes are be ordered in increasing magnitude denoted as
1 =(t(t),1(2),t(N)), t(i+t) >t(). and Z denotes the Nxp matrix that is the
re-arrangenment of the rows of X 10 where the ordering of the rows of
Zcorresponds to the ordering induced by the ordering of t. Also /3T
=(f1,fi2;.,/1") , Z =the jtnrowof Z and R={i:i=J,J+1,,Nt= the risk
set at the jth ordered event tine tG. 15 In the fourth enbodi nent,
wherein the likelihood function is bhaggd_on the Paranetric Survival nodel
it is of the form N( ( (I I L=~jclo} +cf to |l ~~y' '~ I~ fI t $~f~i
-t~ tt $l f] @iwgq?;atpézﬁ(ﬂ'ttitﬁghax@ﬁe@rég%) _g@.ﬂ@hﬁmkelmmas@mgamegbat ed 20
paranetric ar nction. r.any define e tings are
typically es |enﬁtegeﬁ%# r'i’gmatﬁgf%éjs'tl1 naagipf%tei'sﬁ%%ﬁq ri% ef)i? ot z‘cégnd Johnson,
1983) i n whi cfrnetient & iky sodtganeigts e B9 AdRLARIRD idmGisni s

f or mul at ed Wh#dbd efbi nesadih€or! tkel idiandel andiswmsand abgvé ang a

di stri bution. I I i mated by nmaxi msing the
posteri or #&_*L%&?Hgf{slﬁlfi%ﬁggh%z}é‘t é%gf"giéu ngs given the data
generated for the at |east one training sanple. Thus, the objective
function to bErdfreBlgpedeOpstsksdbittitetiokels ofbodkieufiotmon based on a
nodel for the feature as discussed above and a 5 prior distribution for the
wei ghtings. Preferably, the prior distribution is of the form p(fl)=J

p(Q (v2}p(v2)dv2 10 wherein v s ,a 1 ,vector, of hyperparaneters, and
where (fl I") is N(Qd-‘t&ﬁg\i‘“ J)P&ﬁdﬁbi(()@{v?gdggrre hyper pri or

10 wherein v is a p x 1 vector of hyperparameters, and where
p(ﬂ IV‘) is N (O,diag{v‘“ and p(vz) is some hyperprioxr
distribution for vi.

Preferably, the hyperprior comprises a gamma distribution
15 with a apecified shape and scale parameter.

Thia hyperprior distribution (which is preferably the same
for all embodiments of the method) may be éxprassed using
different notational conventions, and in the detailed

20 description of the embodiments (see below), the following
notational conventions are adopted merely for convenience
" for the particular embodiment:

Ag used herein, when the likelihood function for the

25 probability distribution ias based on a multinomial ox
binomial logistic regression, the notation for the prior
distribution is:

P(Bros Br)= | T1P(8,]72)P(e2)ae?

72 8=l

30 where B'=(fT,fi.) and ¥ = th):



distribution for v3. Preferably, the hyperprior conprises a ganm
distribution 15 with a specified shape and scal e paraneter. This
hyperprior distribution (which is preferably the sane for all enbodinents
of the method) may be expressed using different notational conventions,
and in the detailed 20 description of the enbodinents (see below), the
follow ng notational conventions are adopted ‘nerely for conveni ence for
the particular enbodi nent: As used hergihn, when the likelihood function for
the 25 probability distribution is based on a nultinomal or binom al

| ogi stic regraggl B, |t PegnQ¥ gg’{)ﬁ rahlae;g«r; Jots abnkt mypetpenots: J Tc7i /
P(f,...,/3,-1)= ,i i pslzs P( 30 where fr=(f' f~ ) and

=7 Z - ) ,£S N(O diag{-r }) and P~Zg) is sonme hyperprior
dlstrlbutlcnf%iéiqg?ggég héreln when the |ikelihood function for the 5
probability distribution |s based on a categorical ordered logistic

regression, the notation for the prior distribution Si PP /3,1v?

X
Pv; dvz r /-Bs pgedhbeeeim. whent the ddkadiBoRent oAk Gt §°rP'(ﬂ%q.1vi) i SN(O, vf
)and P(Vviy) serobabYpeeprdivtrdbatiohuts aaskdr onia cdtegoedcabrerduraghen t he

oas) L "opg “EP is%icf ALt 81l SELL Rl ohS :0ASHEL R 18- 980SEAIRAMA! | near

P8 = [T P (817)2 (7)v?

10 where fB,f,,f, are component weights, P(f|v) isN{0,v/}and
P(vi) some hyperprior distribution for v;.

Az used herein, when the likelihood function for the
distribution is based on a generalised linear model, the
15 notation for the prior distribution is:

p(B)= [P(ﬁ v?)p(v?)dv?

wherein v i8 a p x 1 vector of hyperparameters, and where
p(ﬂ lvz) is N(O,diag{vg}) and p(vz) is some prior distribution

20 for v.

As used herein, when the likelihood function for the
distribution im based on a hazard model, the notation for
the prior distribution is:

25
where p(ﬁ']t) is N(O,diag{fz}) and p('t‘) some hypexprior

distribution for 7 .



15 notation for the prior distribution is: P(Q= JP(! Ivz)p(vz)dvz :_
wherein v is a p it 1 vector of hyperparanmeters, and where p(f lvz) is
N(O diag{vz}) and p(vz) is sone prior distribution 20 for V2. As used
herein, when the |ikelihood function for the distribution is based on a
hazard nodel, the notation for the prior distribution is: 25 where p(f~I2)
Is N(O diag{Zz}) and p(Z) sone hyperprior distribution for z . - 13 The
prior distribution conprises a hyperpri,qr _that ensures that zero

wei ghti ngs are used whenever possible. p(f')=J p(fl Ir )p(r )dt r in an
alternative emo@riept aidtidvhyPen pédfprisssan hypsepedorSthammenalsta i buti on

in which each g ]tzi%égﬁ%%{]%%iﬁgz’si gﬂgplﬁéw%eng@é%ogggm_gput ion. In a

further alternative o e yperprior 1S a gammua distribution in
whi ch each v,2,z~or if (depending on the 10 context) has an independent

gamma distribution. As discussed previgusly, {he prior distribution and
the |ikelihood function ?reﬁi)ﬁrtfﬂ # 15 Er{@riﬁ% a posterior

distribution. The posterior distribution is preferably of 15 the form
p(/3gpvly) a L(yj/jco)yP(Qlv)P(v) or P(/3>9,vl y) aL(yl fl,co)P(/3 f

)Pf_) 20 whefgin, LhybidSives ehbSathdedl i haadnfpsgiriion. 1Br ahefaddse the step
of identi f5y| ngg t he dsiggifﬁut%ncggp‘?ﬂf& Seach ! =1/v] has an independent

gamma distribution.

In a further alternative embodiment, the hyperprior is a
gamma distribution in which each v, 7, or 77 (depending on the
10 context) has an independent gamma distribution.

As discussed previously , the prior distribution and the
likelihood function are combined to generate a posterior
distribution. The posterior distribution is preferably of

15 the form:

p(Boviy)a L(ylBe)r(Bl)r(v)

P(B.0.zly) aL(3|8.2)P(8l) P(2)

20
wherein Llylﬁ,g?) is the likelihood function.

Preferably, the step of identifying the subset of components
. comprises the step of using an iterative procedure such that
25 the probability density of the posterior distribution is

maximised.

During the iterative procedure, component weightingas having
a value lesgs than a pre-determined threshold are eliminated,

30 preferably by setting those component weights to zero. This
regults in the substantially elimination of the



conprises the step of using an iterative procedure such that 25 the
probability density of the posterior distribution is maximsed. During the
iterative procedure, conponent weightings having a value less than a
pre-determ ned threshold are elimnated, 30 preferably by setting those
conponent weights to zero. This results in the substantially elimnation
of the - 14 - correspondi ng conponent. Preferably, the iterative procedure
is an EMalgorithm 5 The EM al gorit hmipreduces a sequence of conponent

wei ghting estinmates that converge to give conmponent the weightings that
maxi m se t he sieapPpilyg awpepgnef t he posterior distribution. The EM
algorithnlconsists of two steps, known as the E or Expectation step and

the M or g%eghl&es %@ramfé gﬁm%eaaﬁ ié%%‘ggsigsﬂ %gAe ue of the

| og- posterlo con tio theo erved ta’rs ternined. In
the Mstep, the expect ed | og-posterior function is maxim sed to give
updat ed cepanrRNEMRLEEEitIes prbBhess tdalkqhatceast ddmpopest eveigheibige two

LPLST o ST LRSS i B gl

achleved or 1 n other words e maxi m sed
val ue of the ®gfeBpei™ieg- %Pé?k%‘?i]chFPBﬁ EE M G BOB80Y49T i s envi saged
that the net imdatﬂfihhbeo@r ey EMnaBrddiamhmrayns betapd ited stepay ksywstmem from

phich measur giefis £ag gsépemaem@dsdw@qner @ﬁ&ﬁ&‘?'&i ML RIBad{RN Whi ch very

| ar ge - anmount's ener at e stens_to which the

met hod of* he“tﬁpeseﬁ{* F]i’ﬁ‘/e%ﬁtaﬁ nele lfé‘PéﬁﬁFfieﬁaJr‘fﬁzl“\fdéhES ¥ 0l ogi cal
systens, chemoczalersyst fusstizgr poudd tircdalsyst the , obaseaeledaty siens,

financi al SV YUl REANI 10 crbOk SUGIIPl%e okpElkda odkpassesatiEnt systens,

| nsurance systens, etl stens, or C a I‘ECOI‘d SYS el ectronic
syst ens, y function is max sex to give upgggegyéomponent %eieit

estimates that increase the posterior. The two steps are

15 alternated until convergence of the E step and the M step is
achieved, or in other wordas, until the expected value and
the maximised value of the expected log-posterior function

converges.

20 It is envisaged that the method of the present invention may
be applied to any system from which measurements can be
obtained, and preferably aysatems from which very large
amounts of data are generated. Examples of systems to which
the method of the present invention may be applied include

25 biological systems, chemical systems, agricultural systems,
weather systems, financial systems including, for example,
credit risk assessment gystems, insurance syatemsa, marketing
gystemsa oxr company record systems, electronic systems,
physical systems, astropbysics systems and mechanical

30 aystems. For example, in a financial system, the samples
may be particular stock and the components may be
measurements made on any number of factors which may affect
astock prices such as company profits, employae numbers,
rainfall values in varlous cities, number of shareholders

35 etc.



physi cal systens, astrophysics systens and nechani cal 30 systens. For
exanple, in a financial system the sanples may be particular stock and

t he conponents may be neasurenents nmade on any nunber of factors which nmay
affect stock prices such as conpany profits, enployee nunbers, rainfal
values in various cities, nunber of shareholders 35 etc. i 15 The nethod
of the present invention is particularly suitable for use in analysis of
bi ol ogi cal systens. The nmethod of the ypgesent invention may be used to
identify subsets of conponents for classifying sanples from any bi ol ogi cal
5 syst em whi chhemzhleds offetkelmaielbentainesntfion thepavimpmieniy sahtkble whi ch
the conponent gofaibd@nlUBhAYPsYs bEDBLLEEyidd) =9sB8hs WOl mbBBo&OSPONENT S
are | abell ed gé or anl%ﬁg |r1éag manner mh|g£ alhgms EgtaFLrog1on conponent
to be distingtEHEPTPIALPRIPRFERE Nt Spof ettt -6 8 xRl e, the
conponent s negomrenRIisi bk yelnspalving famplesr freRampy diodegaerhy which

al ows datr fipiRaRGhiclPeSEHes! Beab@rah S iVaduks Neh fuRMeangbheht dY

spatial position,,or.each . conponent nay have sone unigue.identification
Saoei atod viTh it aiEh sad RRREROEY Sut s, SRaRalY dEE AT, 1 £
exanpl e, the edmpomards. nblye orponaats carndiabeddaf enrarigendsededrm carri er
A e Rosent bl B D o L al. (2001)
exanpl e, ose [ ot ec . - ) n_et al.
ature B ot crtaresieRgs 5 Waka ki holierOéaandiund g8k 5
exanpl e, Fu etxample,1%99) copnancetpi e M ERGd)alyy axppised iy, o - coded
t1 ggsl(1 ; <23e1f1 greﬂ@mﬂ.e anL@faMslarm«.liandanfw§ Q‘fjhta( £200d ) eddt ubﬁPBIB@ﬁleC&mol I09%5
. - . a rty [ err.e ment,,. .t he IOl 0dl Ca
‘?Bé t&é&%:ﬁ.gﬁggaﬁg& Fom ﬁ% nl) e SbYO %g?%%i Fosd t&an, St Ca 2

systemis a bio gy array. e y
component may have some unigque identification associated

with it such as an identification signal or tag. For

15 example, the components may be bound to individoal carxiers,
each carrier.having a detectable identification signature
such aa quantum dots (see for example, Rosenthal, 2001,
Nature Blotech 19: 621-622; Han et al. (2001) Nature -
Biotechnology 19: 631-635), fluorescent markers (see for

20 example, Fu et al, (1999) Nature Biotechnology 17: 1109-
1111), bar-coded tags (see for example, Lockhart and trulson
(2001) Nature Biotechnology 18: 1122-1123).

In a particularly preferred embodiment, the biclogical

25 psystem is a blotechnology array. Examples of biotachnology
arrays include oligonucleotide arrays, DNA arrays, DNA
microarrays, RNA arrays. RNA microarrays, DNA microchips,
RNA microchips, protein arrayse, protein microchips, antibody
arrays, chemical arrays, carbohydrate arrays, proteomics

3¢ arrays, lipid arrays. In ancothar embodiment, the biological
system may be selected from the group including, for
example, DNA or RNA electrophoresis gels, protein or
proteomica electrophorasis gels, biomolecular interacticn
analysis such as Biacore analysia, amino acid analysis,

35 ADMETox screening (see for example High-throughput ADMETox
astimation: In Vitro and In Silico approaches (2002), Ferenc
Darvae and Gyorgy Dorman (Eds), Blotechnigques Press),



arrays include oligonucl eotide arrays, DNA arrays, DNA microarrays, RNA
arrays, RNA mcroarrays, DNA m crochips, RNA mcrochips, protein arrays,
protein mcrochips, antibody arrays, chem cal arrays, carbohydrate arrays,
proteom cs 30 arrays, lipid arrays. In another enbodi nent, the biol ogical
system may be selected fromthe group including, for exanple, DNA or RNA
el ectrophoresis gels, protein or proteomcs el ectrophoresis gels,

bi onol ecul ar interaction analysis suchgas Biacore analysis, amno acid
anal ysis, 35 ADMETox screening (see for exanple Hi gh-throughput ADMETOX
estimation: |grofieihoedddtidptbirestd I eachesot@@diR)s, eFecermphdizraias and
Gyorgy Dorman, (;Eds), Biotechniques Press), | " - 16 protein

el ectrophoresis gel s and proteonics el ectrophoresis gels. The conponents
may be any neasurabl e conponent of the 5 system In the case of a

bi ol ogi cal symieeRpmpbeewitspEye bt SanyTmeaserabde mqﬂeat_@érm:se or portions
t her eof , EA sﬁwn%ﬁ , e iRNA 3B UHENE 850 10GRERTICSya tii)t 8hé Soonfirlipltydr at e

nol ecul es, S or _m xtures thereof,xphy5|olo%|cal EO onent s,
anat ormi cal cEYoRent £° IRl ST FOEEABDR TR EEF - i cal

conponents. THeenisnhaiai RIS aEEuescen)y mwﬂysdapaowmi.nedrﬁqm:aa@ystem I n
which the fealgiceudbal NEsSAIPLE hied UM c1R0LoEX WMslolodlddni Ng SaNpl e

may be data generaied from a sang e applied 15# 3 lil ol ogj cal system For
exanpl e, WheFFRERBPER o ARARO™EHL | SHA R EBIAS %r“b‘r? P& aq]'[ he trai ning
sanpl e may be:cdgbaendtbter reskrficein ¢dwpcgendy.f ol | ow ng hybri di sation of the
array wth RNA extracted fromcells having a known feature, or CcDNA

e e g O S35, e 1 T o Bt e r R
gener at ed frdm shpebt the figateek| of the sample is known. For example,
training samples may be data generated from a sample applied
15 to a biological system. For example, when the biological
system is a DNA microarray, the training sample may be data
obtained from the array following hybridisation of the array
with RNA extracted from cells having a known feature, or
¢DNA synthegised from the RNA extracted from cells, or if
20 the biological system is a protecmics electrophoresis gel,
the training sample may be generated from a protein or cell
extract applied to the system.

It is envisaged that an embodiment of a method of the

25 present invention may be used in re-evaluating or evaluating
test data from subjects who have presented mixed results in
regponse to a tegt treatment. Thus, there is a second

agpect to the present invention.

30 The second aspect provides a method for identifying a subset
of components of a subject which are capable of clasaifying
the subject into one of a plurality of predefined groups,
wherein each group is defined by a response to a test
treatment, the method compriaing the steps of:

35 exposing a plurality of subjects to the test treatment
and grouping the subjects into responge groups based on
respongeg to the treatment;



extract applied to the system It is envisaged that an enbodi nent of a

nmet hod of the 25 present invention nmay be used in re-evaluating or
evaluating test data from subjects who have presented m xed results in
response to a test treatnment. Thus, there is a second aspect to the
present invention. 30 The second aspect provides a nethod for identifying a
subset of conponents of a subject which are capable of classifying the
subject into one of a plurality of predefi.ned groups, wherein each group
is defined by a response to a test treatnent, the nethod conprising the
steps of: 35 exposmagsaerpiaircsmpbpents sifbjthet subiedtise wedt treatnent and

groupi ng the subj e@aéntmﬂﬁge%pgnﬁgetgr&uesm{aaﬁ&&mhaeew%ﬂ.ao olehe

treatnments i nponents of the subject

i dentifying & W&%Y‘B? @gun ngﬁf”s's e r@é’ﬁﬁ%‘ﬁl%"b‘?‘” ot |af ying the

subj ects int cﬁﬁ@&génselgamﬂms:—@smﬁgh@d statistical analysis nmethod. 5
Preferably the st at i stical analysis nethod conprises the nethod according
e a subset _of

to the first as the presen i.nven

conponent s hdz PR ertiq MGt Pk L paayoLs AP Hed Sele HF e 0 1y

subj ect s i nt grefhodpaceernding tohtbe fidaet agpectik®|thet preespond to the test
treat ment andigwe@s€onti hat are not. In this manner, the method of the
present invention permts treatnments to be identified which may be 15
effective for a fraction of the population, and permts identification of
t hat fracdii oPrer aheulpesiulah icompenrentanbiag bﬁenrié-’sawnﬂeér tthatheubsgset

treatment. can be used to classify subjects into groups such as those
that are likely to respond to the test treatment and those
that are not. In this manner, the method of the present
invention permits treatments to be identified which may be
15 effective for a fraction of the population, and permits
identification of that fraction of the population that will
be resgponsive to the test treatment.

According to a third aspect of the prepent invention, there
20 is provided an apparatus for identifying a subset of
components of a subject, the subset being capable of being
used to classify the subject into one of a plurality of
predefined response groups wherein each reaponse group, is
formed by exposing a plurality of subjects to a test
25 treatment and grouping the subjects into response groups
based on the response to the treatment, the apparatus
. comprising:
an input for receiving measured components of the
subjects; and
30 procegsing means operable to identify a subset of
components that is capable of being used to classify the
subjects into response groups using a statistical analysis
method.

35 Preferably, the statistical analysis method comprises the
method according to the first or second aspect.



According to a third aspect of the present invention, there 20 is provided
an apparatus for identifying a subset of conponents of a subject, the
subset bei ng capable of being wused to classify the subject into one of a
plurality of predefined response groups wherein each response group, is
formed by exposing a plurality of subjects to a test 25 treatnent and
groupi ng the subjects into response groups based on the response to the
treatment, the apparatus conprising.- ggan input for receiving neasured
conponents of the subjects; and 30 processing neans operable to identify a
subset of conponditg tdat fosrchpadgdestobfbthnPrnesentt dneesision!,y thhve

subj ects int 04 @38QNE&1 U UMRBoHSEDY RetbySld GAlsuBBaLYSE SconpRhbads 35
Preferably, t(kg: stat|stical amalgmailmat Qo%ccoaﬁr L ses ghe net hod accordi ng
to the first Ur 38 tas'%l’@ is|capable) gf WARSIIYARY 5°2 FHUSFK 88pect of
the present ibeiogt resgondivecori soprimepdadive Mt Hogatment gelith fykagta subset
of conponent onbufd s Ut dethbal cdipS2Ra8! endfstebassictyi ng the subject as
bei ng responsive or nqn-resggn3|%$ to tr§$$§g¥g Wi %Q a test 5 cogpound,
the method conpri SFRPIHE A PEREHTEY S BPHTE PuraPi FS2 5 %8B 88t s to the
t est conpoundndagdogpioupitihg shbietty dets rempenass oALES gedinss opasadhon each
subj ects res 8ct® ddMpon@dal £6OPROURG: BBASHINAIY conponents of the
subj ects; and 1 ident%fﬁéng a_subset otchcol3 onent.s gggt i s capabl e of
bei ng used to cl aR8TF3F e SSHRPRTTEE iOft 577 AFNSS grou s using a
statisti @8 anal ybdentidiviog. appeisataisify conprnentst £ PFCS? earabysi 3£ ret hod
conprises theeing used to classify the subjects into response groups

uging a statistical analysis method.

Preferably, the statistical analysis method comprises the
15 method according to the first aspect.

According to a £ifth aspect of the present invention, there
is provided an apparatus for identifying a subset of
components of a subject, the subset being capable of being

20 wused to classify the subject into cne of a plurality of
predefined responae groupa wherein each response group is
formed by exposing a plurality of subjects to a compound and
grouping the subjects into response groups based on the
response to the compound, the apparatus comprising:

25 an input operable to receive measured components of
the subjects;

procesging means operable to identify a subsget of

components that is capable of classifying the subjects into
response groups uging a statistical ahalysis method.

30
Preferably, the statistical analysis method comprises the
method according to the first or second aspect of the

present invention.

35 The components that are measured in the second to fifth
aspects of the invention may be, for example, genes or small
nucleotide polymorphisms (SNPs), proteins, antibodies,



15 nmet hod according to the first aspect. According to a fifth aspect of the
present invention, there is provided an apparatus for identifying a subset
of conponents of a subject, the subset being capable of being 20 used to
classify the subject into one of a plurality of predefined response groups
wherein each response group is forned by exposing a plurality of subjects
to a conmpound and grouping the subjects 1imto response groups based on the
response to the conpound, the apparatus conprising: 25 an input operable to
recei ve nmeasur edrconpiuerss, ofipidse osubjpectsheproeessralgl arwanponpetablife to
identify a subggt gﬁbjgggponents that is capable of classifying the
subjects into response groups using a statistical analysis nethod. 30
Preferably, the statistical analysis nethod conprises the nethod according
to the first oknsecsdk bSPELtlWlentddinphesent thavenftliomededd the
e S o B GaP A S LS 87600 G bibdld b AP REGES, 9L st
I nvention may DBe, T8t eXanpl¥ e, genes 0or sna nucl eot1 de pol ynorphi sns
(3NPs), prot ei asvpuititbdt ashanGceudiepbhyempeend 33¢|a Plarmgseusined 1y
nmeasur abl e conpepgitaife ddye-sdibject. In a particularly enbodi nent of the
fifth aspect, the 5 conpound is a pharnmaceutical conpound or a conposition
conprising a pharmaceutical conpound and a pharmaceutically acceptable
carrier. The iUeatidertatfiicminetrhodtbbdt b Phe genesemly entveort iony mbg b&0
i mpl enent e by-ﬁ?ﬁé ' : t gy%:r : ' to a
si xth aspefcbt o} é&g{ﬂee?e%%fi ven?%é?l‘?ét%%@%% %?fow eeg a&r&%%gggg?gé for
I dentifying a subset of

According to a sixth aspect ¢of the present inventiomn, there

ig provided an apparatus for identifying a subset of
components of a system from data generated from the system
15 from a plurality of samples from the system, the subset
being capable of being used to predict a feature of a test
sample, the apparatus comprising: '
a processing means operable to: _
obtain a linear combination of components of the system
20 and obtain weightings of the linear combination of
components, each of the weightings having a value based on
data obtained from at least one training sample, the at
least one training sawple having a known feature;
obtaining a model of a probability distribution of a
25 second feature, wherein the model is conditional on the
linear combination of components;
obtaining a prior distribution for the weightings of
the linear combination of the components, the prior
distribution comprising an adjustable hyperprior which
30 allows the prior probability mass close to zero to be wvaried
wherein the hyperprior is based on a combined Gaussian
distribution and Gamma hyperprior;
combining the prior distribution and the model to
generate a posterior distribution; and
35 identifying the subset of components having componént

welghts that maximize the posterior distribution.



conponents of a systemfromdata generated fromthe system 15 froma
plurality of sanples fromthe system the subset being capable of being
used to predict a feature of a test sanple, the apparatus conprising: a
processi ng nmeans operable to: obtain a |linear conbination of conponents of
the system 20 and obtain weightings of the |linear conbination of
conponents, each of the weightings having a val ue based on data obtained
fromat |east one training sanple, the ;at - | east one training sanple having
a known feature; obtaining a nodel of a probability distribution of a 25
second f eat ur Byefvmidiyn the prueissisgcoertia connrisms theoupfenr conbi nation
of -conponent syrplAlditB0eRedbiidscdicihts Pution for the weightings of the

| i near conbi nation of the conponents, the prior distribution conprising an
adj ust abl e hyperprior which 30 allows the prior probability nmass close to
zero to be vapeeerdifgetei & !Wﬂ?}!pepp¢¢br°£§hﬁasé€iewt‘a iegABEHER Gaussi an
di Ztlri buti®n eRErSHPRrEVDEED d ?’oinpﬁ?g@iﬁ,ﬂdﬂﬁ'ahhﬁhﬂ&hprwﬁ&qsbic:é&h&édﬁfbyang t he
nodel to generate g.posterior, dist ut i,Qn; .al ti e subset
of conponent sah‘é?ﬁ‘pﬁ%lg‘gnﬁ%%aé’fﬁtus\ﬂe?%% e ttf(%%t Crgfgg?gn%%dﬁg rfﬁéggg?c} or

di stri buti on. cerrpGutpthanethiod ackergint &osithy Abams MRS SEstBe conput er
arranged to exgesd:se Sakbueien. According to a seventh aspect of the present
invention, 5 there is provided a conputer program which, when executed by
a conputing apparatus, allows the conputing apparatus to carry out the

met hod acl:@rd'i'gg qIpuer f PYaIrass payt inplemedt pREsefit the \rueEPBFed 10 The
conput er proga e rithnisThhe RethcBtepa tde yheeteEsedor second aspect of

the present invention which are discussed above.

According to an eighth aspect of the present invention,
15 there is provided a computer readable medium compriging the
computer program according with the seventh aapect of the

present invention.

According to a ninth aspect of the present invention, there
20 is provided a method of testing a sample from a system to

identify a feature of the sample, the method comprising the

gsteps of testing for a subset of components that are

diagnostic of the feature, the subset of components having

been determined by using the method according to the first
25 or Becond aspect of the present invention.

Preferably, the system is a biological system.

According to a tenth aspect of the present invention, there
30 is provided an apparatus for testing a sample from a system
to determine a feature of the sample, the apparatus
comprising means for testing for components identified in
accordance with the method of the firat or second aspect of
the present invention.
35 |
According to an eleventh aspect of the present invention,
there is provided a computer program which, when executed by



al gorithns and nethod steps of the first or second aspect of the present

I nvention which are di scussed above. According to an eighth aspect of the
present invention, 15 there is provided a conputer readable nedium
conprising the conputer program according with the seventh aspect of the
present invention. According to a ninth aspect of the present invention,
there 20 is provided a nethod of testingza sanple froma systemto
identify a feature of the sanple, the nethod conprising the steps of
testing for a subsetomjpuicionpaiweriics:,t RAflossethdi agnpsting cdetie fieataarey t he

subset of compaent Suleld'% e delacy et B atish g e TRLAh 4R 01 19

to the first 2 second aspect I'nvent i on t he
systemis a bi gr8grerdbky stfedeing AcEsy &Pngr?éla‘:téngﬁa‘aﬂ%(ﬂf i tt‘ﬁlﬁé‘-

present invent gafplé hefdn ﬁheBst*sS:eW,O\éhdedhaﬂe@ﬁpar ainGark Qﬁoﬂlﬁ&idﬂ’i@:rﬁof
sanple froma éstem to defermine a of the ar at us

ot st no B RhRpeiadd S Yohetheie SRLEREs Sin SenSATRRS sadlt FRROLLIT
t he nmet hod of tkaefated foromser@idiradgdst off trhinhegpragphtsi mﬁeml on. 35

According to a@r@iﬁ%&?%ﬂm&ﬁ&?%&ﬁ%&gtE@kﬂb@ﬁeﬁéatﬁ¥§”téﬂ&ha ﬁJEEé%ﬂé%
provi ded a conputer program whi ch, 'when_execut ed, by 21 on a

conput i ng deV|ééStE}W%ﬁ&?qtﬁ§(ﬁﬂﬁﬁﬁﬁqif H@vFE@b?Blﬁﬁr?yPr{Rﬁ B R
i denti fyi ng coffponeid scdnipamemts yatigmtishabmpai #ingpabl edpisteding used to

D ot P2t MEBoBle Aol Sl x> ATl L LG SNPL O A0, WL NP ddpaear
conbl nati on of ent’s an nmponent ts | ener at fTom
te be varled wherein the hyperprlor is based on a comblned
Gausegian distribution and Gamma hyperprior, and a model that
ig conditional on the linear combination, to esgtimate

component weights which maximise the posterior distribution.

15
Where aspects of the present invention are implemented by
way of a computing device, it will be appreciated that any
appropriate computer hardware e.g. a PC or a mainframe or a
networked computing infrastructure, may be used.

20

According to a twelfth aspect of the present invention,
there is provided a method of identifyihg a subset of
components of a biological system, the subset being capable
of predicting a feature of a test sémple from the biological

25 system, the method comprising the steps of:

' obtaining a linear combination of components of the
system and weightings of the linear combination of
components, each of the weightings having a value based on
data obtained from at least one training sample, the at

30 least one training sample having a known f£irst feature;

cbtaining a model of a probability distribution of a
‘second feature, wherein the model is conditiconal on the
linear combination of components;

obtaining a priox distribution for the weightings of

35 the linear combination of the components, the priox
distribution comprising an adjustable hyperprior which

aliows the prcbability mass close to zero to be wvaried;



generated froma plurality of training sanples, each training sanple
havi ng a known feature, and a posterior distribution is generated by
conbining a prior distribution for the conmponent wei ghts conprising an
adj ust abl e 10 hyperprior which allows the probability nmass close to zero
to be varied wherein the hyperprior is based on a conbined <Gaussian

di stribution and Ganma hyperprior, and a nodel that 1is conditional on the
l'inear conbination, to estimte conpon ?nt wei ghts whi ch maxi m se the
posterior distribution. 15 Were aspecCts of the present invention are

i mpl emented by \A/ab!oﬁiirﬁrﬁoﬁﬂétiaﬂﬂmd%&%bﬁéidﬂ lahabenaphe®sl aiced that any
appropriate cog@F E hard@@re e. h g nframe or a networked
conput i ng i nfYESFAGE BrRC25FEYbe {Eﬁﬁf 0ﬂécordlng to a twel fth aspect of

the present invent ﬂ-wtiﬂmiegeths prpatded ecrpongsssobapadned fiieng a subset
of conponentweightdnds G eakisysd ¥he Phetsriacdibeiragueapabl e of
predicting a feature of a test sanple fromthe biological 25 system the
met hod co%5r|5|ng the steps of obtalnlng a linear conbination of
conponent s ofBRIj <h P OR e T I 1S the |inear conbination of
conponents, each of the melghtlngs havi ng a val ue based on data obtained

from at Ieast LE sanpl t he at 3 o] tE | e
having a knovvn%ﬁ%F Eslf' 1’t’r’%r gy ogft‘a Qntldag §1ral": ESHr % g"fkq%ﬁﬁnp
di stribution tfe acosecfzﬁqd:heeamﬁent vﬂf@fe@ttﬁmtlhe‘lWPdFEﬁEBn%ﬁtm‘Gnal on the
I neﬁr cambi P;iktelsaﬂtoimeéﬂﬂleﬁeﬂlsl w3k adenuagcﬁwdn obydiwvayr bbudiampiior the
wei ghtings o I 0 S QkI, Or
di stribution coﬁbr%§§#|*%§§%a88§s e h3§§£fégviﬂ§ EggﬂgggfI%%B %%'
probability mass close to zero to be varied; i

figure 1 provides a flow chart of a method according

to the embodiment of the present invention;

is
figqure 2 provides a flow chart of another method
according to the embodiment of the present invention:;

figure 3 provides a block dilagram of an apparatus
20 accgording to the embodiment of the prepent invention;

figure 4 providea a flow chart of a further method
according to the embodiment of the present invention;

25 figure & provides a flow chart of an additional method
" according to the embodiment of the present invention; and

figure 6 provides a flow chart of yet another method
according to the embodiment of the present invention.
30
DETAILED DESCRIPTION OF AN EMBODIMENT

The embodiment of the present invention identifies a
relatively small number of components which can be uged to
35 didentify whether a particular training sample has a feature.
The components are “diagnostic” of that feature, or enable
discrimination between samples having a different feature.



- 22 conbining the prior distribution and the nodel to generate a
posterior distribution; and identifying the subset of conponents based on
the weightings that naxim ze the posterior distribution. 5 BRIEF

DESCRI PTI ON OF THE DRAW NGS Not wi t hst andi ng any ot her enbodi nents that may
fall within the scope of the present invention, an enbodi nent of the 10
present invention will now be described, by way of exanple only, with
reference to the acconpanying figures, gsn_which: figure 1 provides a flow
chart of a nethod according to the enbodi ment of the present invention; 15
figure 2 provite hunbblove caponehtangswtedebhothe aeddodi ngntle t he '
e e SHREIEATHY ¢l BAbLAY o a8t dri Y tR° npbhpEoxl 39 am of
an appar at us 90 according Lo the enbodi'ment of the present.i nven%lt on;
figure 4 provi®idwteds FhaF dhe BYBRTBTIRR tifef %@P"F?O(&hs&f&g’f’ﬁ?‘?@ YiFR fe
enbodi nent of spdra fiedsenipd rmdnbcahe Rirdnegere Epgunhiiaddy, affdmwldhart of

an additiopal Jeted AE0P Y Jenbatde ABROEhIEN st ! REcPRESRIY deventi on;
and figure 6 provides a flow.chart o%%et ang%her net h%d according to the
enbodi nent  of tRhPTSAEERENIRYERFIAP; BReblef) 18eRaF H 153 PESCREPT TAM T VARY
EVMBODI MENT i sthallheushes hiesinpofietbe yiriebenan | ey areadoko dest i fara a

relatively Sf?éiul%@%ffé’ét&%frpoaﬁea S%Mecﬁoﬁﬁéhé!&dliﬁdret Bee5 identify
whet her a particular traini g sanglg '%15 a feature. Thebcongg‘gents are
"di agnosti c" Hfertidied By Lﬁbg' BrEBAdnI e GPERTTH 1T “BetiR2 s anpl es
havi ng a xh f f fuante teasswess new samples. The method of the present
invention utilises a statistical method to eliminate
components that are not required to correctly predict the

feature.

15 The inventors have found that component weightings of a
linear combination of components of data generated from the
training samples can be estimated in such a way aas to
eliminate the components that are not required to correctly
predict the feature of the training sample. The rasult is

20 that a subset of components are identified which can
correctly predict the feature of the training sample. The
method of the present invention thus permits identification
from a large amount of data a relatively small and
controllable number of components which are capable of

25 correctly predicting a feature.

The mathod of the present invention also has the advantage
that it requires usage of less computer memory than prior
art methods. Accordingly, the method of the prasent

30 invention can be performed rapidly on computers such as, for
example, laptop machines. By using less memory, the method
of the present invention alsc allows the method to be
performaed more quickly than other methods which use joint
(rather than marginal} information on components for

35 analysis of, for example, biological data.



- 23 The nunber of conponents sel ected by the nethod can be controlled by
the choice of paraneters in the hyperprior. It 1is noted that the
hyperprior is a gamma distribution with a specified shape and scal e
paranmeter. Essentially, fromall 5 the data which is generated fromthe
system the nethod of the present invention enables identification of a
relatively small nunber of conponents which can be used to test for a
particul ar feature. Once those conponenis -have been identified by this

met hod, the conponents can be used in 10 future to assess new sanples. The
met hod of theThs asstliod bliveind ipgesatt| Lsemtaost ategthasaltheertivantage! i m nat e

component s t hgga @l Wlos’ fOl $dehlr COLLL A 1RRE ditlorhiR0hCBRUT €. . 15

The inventors have foun hat coggonent wei ghtings of a |inear conbination
of conponent sCYPPFAREEGERErAMBTBEFom the training sanpl es can be estimated
in such a way as to elimnate the conponents that are not required to

correctly g prediolsd RenbadheHe ralat PRy lEQIdimdA s8I £ 1odhetigsul t is 20
that a subset of co onenés are. i dentlflcﬁd wg#)c can correctly predict the
feature of t HESYFHITRy™LAfh ¥ 1TRRY RR2(4R7F*P°Fhe present invention thus
permts identification froma |arge anount of data a relatively small and

control | abl e QuUEReE1 Of1 £LAMROPERE R WiigeRsBién ARl € of 25 correctly
predicting a feature. The nmethod of the present invention also has the

advantage that it requires usage of |ess conputer menory than prior art
met hods. AccoPhi mpthod: hé wisish eabofiment mtdddges3the hradning eyminre
perforned rapiglordar e8NMpadRliTySHChuBSet fd¥ cotpan@les whaphopanBChi nes. By

Tt hod o be C PSR AR L enBF HEUHERE ARPERLse ) of N
(rat her than SubafaweRElynfinavdedsn of Hunpokeatsof giomponents can be
used for tests, for example c¢linical tests, to clasaify
15 samples into groups such as disease classes. For example, a
gubget. of components of a DNA microarray may be used to

group clinical samples into clinically relevant classes such
ag, for example, healthy or diseased.

20 In this way, the present invention identifies preferably a
small and controllable number of components which can be
used to identify whether a particular training sample
belongs to a particular group. The selected components are
“diagnostic” of that group, or enable discrimination between

25 groups. Essentially, from all the data which is generated
from the system, the method of the present invention enables
ldentification of a small number of components which can be
used to test for a particular group. Once those components
have been identified by this method, the components can be

30 wused in future to classify new samplea into the groupe. The
method of the present invention preferably utilises a
gtatistical method to eliminate components that are not
required to correctly identify the group the sample belongs
to.

35
The samples are grouped into sample groups {or “classes”)
based on a pre-determined c¢lassification. The classification



35 analysis of, for exanple, biological data. | i 1 | | - 24 The

nmet hod of the present invention also has the advantage that it uses joint
rat her than marginal information on conponents for analysis. 5 A first
enbodi ment relating to a nulticlass logistic regression nodel will now be
described. A. Miulti O ass Logistic regression nodel 10 The nethod of this
enbodi nent utilises the training sanples in order to identify a subset of
conponents which can classify the traijung sanples into pre-defined
groups. Subsequently, .know edge of the subset of conponents can be used

for ht EStZ f Oha XS RNG ebém&ﬁlclbealﬁic&ﬁdﬁ &?S%fx?(cﬂ-&h%alﬁfﬁhﬁﬁiﬁ@t 0 groups
Suc as | sease c] asses. . Far exa
a%i sé"ﬁﬂtB Obe g@f‘-g aF ¥ Sa%ﬁ%:lg gg&?l

m croarray ms& I'hi ca es’ i n | ni ca'l(2 y reI evant
cl asses such mag be oarhe@kanptﬂ@ tn‘eém-m Qﬁ%%e%%dﬁr%al AebhrBidaseld he
present i nvengiof &éﬂﬂ&h{yf em,proef ehabl yha trainbihg asdipdent aobl ahte:.;mmber of

conponent ch oF: t h I gu I ni ng
sanpl e ":I‘ong’s'mfl ?:go? ‘? a%,_eQEQ ilgl%ie:ﬂs.lg’ eg&ég con% %ehtéét%%g
" di agnost ic" wn@#i‘dtongr GHpthad? téﬁabré PO SEAPHEE | 3P FECRedn®o5t of tifps.

Essentially, &hensfildevebal daimeaWbiECBahsegaitecatmpared rtomat horaysteell t he
nmet hod of the present invention enables identification of a small nunber

of conponents which can be j used to test for a particular group. Once
t hose conponehe sonthgpboginentdéhe LPeYt Hatenils ABIYEeY FBtCofPonent s can
be 30 usgdl i Axfpddvaenhornt a¥si(ky) wawhsanprasnimg sambtegraupsp The

‘componenta. Typically, p will be much greatexr than n.

In another embodiment, data matrix X may be replaced by an n
x n kernel matrix K to obtain sﬁooth functions of X as

15 predictors instead of linear predictors. An example of the
kernel matrix K is kyy=exp(-0.5% (xi-x;)*(x;-x3) /o) where the
subscript on x refers to a row number in the matrix X.
Ideally, subsets of the columns of K are selected which give
sparse representations of these smooth functions.

20
Associated with each sample class {(group) may be a class
label y,, where y1=k,ke{1,...,G}, which indicates which of G
sample classes a training sample belongs to. We write the
nxl vector with slements y, as y.. Given the vector y we

25 can define indicator variables

lQ y{ = g
= Al
Cir {0, otherwise (A1)

In one embodiment, the component weights are estimated using
a Bayesian statistical model (see Kotz and Johnszon, 1983).
30 Preferably, the weights are estimated by maximising the
posterior distribution of the weights given the data
generated from each training sample. This results in an
objective function to be maximised consisting of two parts.
The first part a likelihood function and the second a prior
35 distribution for the weights which ensureas that zero weights
are preferred whenever possible. In a preferred e_.mbodiment,



met hod of the present invention preferably utilises a statistical nethod
to elimnate conponents that are not required to correctly identify the
group the sanple belongs to. 35 The sanples are grouped into sanpl e groups
for "classes") based on a pre-determ ned classification. The
classification 1 -25-- may be any desired classification by which the
training sanples are to be grouped. For exanple, the classification may
be whether the training sanples are frg@ma | eukem a cell or a healthy
cell, or that the training sanples are obtained 5 fromthe bl ood of

pati ents havitlgp dikabihdayifmpcticerifidericefnditémm moltibbass he trai ni ng
sampl es are {1qyld 16 Shbady OMpraBerfl1yS e\l 1 kUPBA! £A0ERL A8 COTPATEd O
a normal cell input data is organised into an 10
nxpdat a natrl%“%“("?d~§rﬁt°r?€i ?"‘E’?%‘?’rﬁir’r'g"?arrpl es and p conponents.
Typically, p will be nuch greater than is. In another enbodi nent, data
matri x X may be replaced by an n x # kernel matrix Kto obtain snmpoth
functions of X as 15 predpctgr E=neargpredictors. fm2exanpl e of
the kernel matrix Kis klj—e ri( -3 *a@')ﬂ,, j (xi - Xj)/&) where the subscript
on x refers to a row number ir th rﬁatrlx X. ldeally, subsets of the
colums of K are sel ected which gi Ve spdrse representations of these
snooth functi . 20 Associated with each sanple class (group) may be a
class label yr, where yr=k, ke{1,..,,G, which indicates which of G sanple
cl asses a traini ng sanpl e bm;m. wite the nxl vector {(a#Xh
elenents y; as y.. Gven the v q;'_(Z ¥ 25 can define indicator variables
e 1, yr =8 i

wherein

10 Py, ie the probability that the training sample with input
data X; will be in sample class g;
x' By 18 a linear combination generated from input data from
training sample i with component weights fg;
x’ is the componente for the i'"® Row of X and By is a set of
15 c¢omponent weights for sample class g;

Typlcally, as discussed above, the component weights are
estimated in a manner which takes into account the apriori
assumption that most of the component weighta are zero.

20
In one embodiment, components weights fg in equation (A2)
are estimated in a manner whereby most of the values are
zero, yet the samples can still be accurately classified.

25 In one embodiment, the component weights are estimated by
maximising the posterior distribution of the weights given
the data in the Bayesian model referred to above'.

Preferably, the component weights are estimated by
30 ‘ '



(Al') g o, otherwise In one enbodi nent, the conponent weights are estinmated
using a Bayesian statistical nodel (see Kotz and Johnson, 1983). 30
Preferably, the weights are estimated by maxi m sing the posterior

di stribution of the weights given the data generated from each training
sanple. This results in an objective function to be maxi m sed consi sting
of two parts. The first part a l|likelihood function and the second a prior
35 distribution for the weights which ensures that zero weights are
preferred whenever possible. In a preferred enbodinent, 1 | - 26 the

l'i kel i hood fupgti @%ebifsiﬁa' ved HiePhAcHiHdl Clpassr | @i Stike Medelbonent
Preferably, the li gl Lgooffu ctiondi s conputed fromthe probabilities:
exT Bg ( c.t g = Y& 9% Popflead) 31y eziPh) | h=1 5 and 1 Pre = (A3) Il
} '~ e~r3h J —spephfytng & Gikediheod fanscdpabifey thhe AaPUt HERRF/i ni ng
sa%! e with ipput de@ghfﬁiﬂ(ing_y\/i the bﬁoétl’bx?.ali‘p|c‘ﬁ.s‘t|r_a5_ﬁtg¢nxéfllgth§ &_eli'ﬁﬂear

conbi nati on gener at.e m u a,fhaom__t.raining sanple i wt

conmponent igqr;tsgf'iv&g éﬁeiésanctoahgémg%%pgréﬁt gn?or the iei Row of X and pg is
a set of 15 tDnpcesarmipinmt scomponsatp| sedphss gwhich maximise the

posterior distribution.

- In one embodiment, the hierarchical prior specified for the
10 parameters f,..,.B;, is of the form:

P(frees o) = | ﬁP(ﬂg|f§)P(r§)a'r2 (a4)
o2 gl RS .

where ﬁ'—"m(ﬁlr,_,_ﬁgd], Z-T.-_-(rl'.t"___,z'g_l), p(ﬁg lf;) is NlO,diag{f;H and

15 p('l':) is a suitable prior.

In one embodiment, p(r:,'):ﬂ p(i}i) where p(rfz) is a prior
i=t

wherein 1. '=1/7; bas an independent gamma distribution.

20 In another embodiment, p(7;) is a prior wherein 7; has an
independent gamma distribution.

In one embodiment, the likelihood function is L(y{ﬁ,,...,ﬁc_,) of
the form in equation (8) and the posterior distribution of
25 f and 7 given y is

p(B*ly) @ L(yIB) p(Blr*) p(=*) (A5)

In cone embodiment, the likelihood function has a first and

30 second derivative,

In one embodiment, the first derivative is determined from
the following algorithm:



Typically, as discussed above, the conponent weights are estimated in a
manner whi ch takes into account the apriori assunption that nost of the
conponent weights are zero. 20 In one enbodi ment, conponents weights fig in
equation (A2) are estimated in a manner whereby nost of the values are
zero, yet the sanples can still be accurately classified. 25 In one

enbodi nent, the conponent weights are estimated by naximsing the
posterior distribution of the weights @gigven the data in the Bayesi an nodel

referred to above'. Preferably, the conponent weights are estimted by 30
i 1 - 27 (a) specifying a hierarchical prior for the conponent weights
fi,..., lic_t ; andlp) spe |fy| |Ik§% Eood function for %ge i nput
data; (c} deternlnf_"“Fﬁ' st@: d”st bution of the meléﬁ 5 given

the data using (A5); gnd (d) deternlnlng conponent wei ghts whi ch maxi m se
the posterior distribution. In one enbodlnent t he hierarchical prior
specified for he 101 rane Pr-. - |s of t he

P(f31.,/3. 4= b *insw“)ﬁelza:"dv@ > @ad Pfx - HlNaFS ‘6Jt°§19 indigatiog _ ..
e v) (5, fngubership dEasamgle ghdss E@@Zﬂyfobsbhl%w edbebagR ior. In one
embodi ment, pieddedtiipbIfe) Where is a prior wherein t~Z=1/s has an
independent gamma distribution. 20 In another enbodinment, p(4) is a prior

wherein Z has an independent gamma distribution. In one enbodi nent, the
| i kel i hood f uFretangn efodingnty the gecopd g;privative is determined from

the following algorithm:
10

d*logL r
e xTdinols p - X A7
aﬁgaﬁh Iag{ "gpg pﬁpg} ( }

whare 5,%, is 1 1f h equals g and zero otherwise.
15 Equation A6 and equation A7 may be derived as follows:

{a) Using equations (a1}, (A2) and {A3), the likelihood
function of the data can be written as:

, * g
n | & e-‘{ﬁg 1
20 L=TT I1{7—= = (a8)
< il | g (HZe’”‘J 1+Zexfﬁh
gl Rl

(b} Taking logs of equation (A6) and using the fact that

G
Eem=1 for all [ gives:
ket

n G-l xirﬁ
25 logL= Y, 2,3,  ~log| 1+ e ¢ (a9)

=l g=l g=l

{¢) Differentiating equation (A8) with respect to fig gives



the formin equation (8) and the posterior distribution of 25 /i and Z
giveny is p(fr2ly) a L(ylf)p(flZzZ)p fr2) (A5 In one enbodi nent, the

| i keli hood function has a first and | 30 second derivative. 1 In one
enbodi nent, the first derivative is determned from | the follow ng
algorithm i - 28 al ogL=Xr~eg_Pg~. g-=1, ,G1l (A6) a~g wherein e8
=(etg,i=l, ,n), p8 =(pg,i=1 , N) are vectors indicating 5 rrenbershl p

of sanple cl ass g and pr obabi I|ty of cl.ass g respectively. In one
enbodi nent, the second derivative is det ermned from the foll ow ng
algorithm 10 a2logL _XTd| a {SPg PePg}X (A7) aQga~n g r~ where Syg is 1
if h equals g and zggor ot herw s 15 Equation A6 and equation A7 may be
~derived as follows: ¥ desmypgquatignsGA ), (A2) and (A3),
| i kel i hood functloﬁﬁ f-the data can be witten as: 4k RC 77f1-7 ~~C7-1 e
9p 1 20 L=1t 11 c-t (A8) tst gat (i+te"tJ 1+tle~i 6F gmt mat (b) Taking
| ogs of equatlon AB) , and u5| ng the fact that c¢ ~ee =1 for all i gives:
whereby e = e,g,z_ Ln pg (p,g,z-l,n are vectors indicating
5 membership of sample class g and probability of class g

regpsctively.

{d) The second derivative of equation {9) has slements

d*logl o
1 =-X"diag{d - X (aA11)
0 aﬁgaﬂg lﬂg{ hgpg pkpg}
where
1L h=g
%710, otherwise
15 1

Component weights which maximise the posterior distribution
of the likelihood function may be specified using an EM
algorithm comprising an E step and an M step.

20 In conducting the EM algorithm, the E step preferably
comprises the step computing a term of the form:

G-l n

P=Y D BB/ |8y}
- (Alla)

= Z Zﬁfz/ dnzs

g=l i=tl

- -~

25 where d,=EQ/7}| By, d =W, d,,..d,) and d,=1/d =0if f =

Preferably, equation {(1la) is computed by calculating the
conditional expected value of tigz=1/z'i82 when p|f |7, ] is
N(0,7;} and p(7;) bas a specified prior distribution.



dd i r c-t c-t 25 logL= (YgxTfig_iog[i+eTfIS)J ( A9) rl gat gat (c)
Differentiating equation (A8) with respect to /3g gives - 29 - alogL _ T
g=1,...,G1 (AL0) apg whereby e2s =(e,i=1,n), pg =(p,,i=1,n) are vectors
indicating 5 nenbership of sanple class g and probability of class g
respectively. (d) The second derivative of equation (9) has el enents

a2l ogLb~ - Xr 10 a~a di ag{ Shgpg-pHpg} X (AIl) g e where 1, h=g

shg- {ot herwi se 15 Conponent wei ghts. whj,ch maxi ni se the posteri or
distribution of the likelihood function may be specified using an EM

al gorithm CO”E&%ﬁdlﬁt 2rku 1S AN EnaNcMaEt8pnal Oekpeditduat iDL the EM
algorithm the steE Eﬁfferably conprises the step conputing a term of

the form C 1PRefPa-e Wrrg j& g} g=t tat (Alla) t nr, ~1i=1 25
where di g= E{l/r{gl Q g} s,dg=(4,d2g,...,dpg)r and d|g=1/4=CifA;g=O
Preferably, equation (iIa) I's conput ed by cal culating the

5 Typically, the EM algorithm comprises the steps:

(a) performing an E step by calculating the
' conditional expected value of the posterior
distribution of component weights ueing the

10 function:

G—-l

0=0(r|.%) —logL-—~27§ diag{d,(7,)} e (a12)

where x! 8, =x By, in equation (8), d{f)= Pld,, and
15 , c?g is defipned as in equation (1lla) evaluated at
B, =P, . Here Py, is a matrix of zeroes and ones
derived from the identity matrix such that P;'f,
selects non-zero elements of f; which are denoted

by 7,-
20 _

(k) performing an M step by applying an iterative
procedure to maximise Q as a function of ¥
whereby:

-1
25 M=y g P—f%] [-a—g—) {a13)
oy ) \9r

where ¢ is a step length such that 0Za'<l; and y = (y,
gzl,...‘.,G-l). ’

30 Equation {(Al2) may be derived asg follows:

Calculate the conditional expected value of (AS5) given the
observed data y and a set of parameter estimates f.



condi ti onal expected value of t;g2=1/zg2 when p(f3 (4) is NOr) and
p(z2g) has a specified prior distribution. - 30 Explicit fornulae for the
condi tional expectation will be presented later. 5 Typically, the EM

al gorithm conprises the steps: (a) performng an E step by cal culating the
condi tional expected value of the posterior distribution of conponent

wei ghts using the 10 function: 1 QQY ly,Y) =logL- 2 L, YB diag{d8(Y8)}
y8 (Al2) where xf fg =xTPj in equatiogq(8), dQ )= P2, and 15 d8 is defined
as in equation (ila) evaluated at g = FByg . Here Pg is a matrix of

/3
zeroes and ones Li fA\QL g} matri x such that PgTfig selects
non-zero el errentsdgf g(?é-’ |ch{1g"?e%(%gﬁgl}f’ad) by y$ . 20 (b) performng an M
step by applying an iterative procedure to maxim se Q as a function of y
whereby: x i(( Il 25 Y+ =y _a \aQ \aQ@ (Al3) aye ay.where a is a step
| ength such teabider abblpaaadwier doppenegtd of f. (and f2) are3eeEdati on
(A12) may be i f.al | owsr_ cutat antihgg eopgli 1 onal expected val ue
of (A5) gi venzg"t?~ ey?%t;:g%r edi’a'\gtga 1?%?‘% set ? pé?%neter estimates /3. -
31 - Q==B{logp(/3,'1Y)jY,fl) Consider the case when conponents of /3 (and
/3) are set Ugnoring terms not involving yand using (A4), (A5), (A9} we

get:
1 G-l n ?-2 )
Q:logL—EZZE{;%’—‘y,Z
g1 dasf iz
16 ) 1) .
10 - Q=IOgL“‘£ZZ?’:gE ?—ly,z
’ g=1 i=] ig
16"1 T 4s ~ 172 . -
zlogL—EZyg diag{d ()} 7, (A14)
g=l
where x ﬁg:-xf%fs in (a8}, dg(;’g)=}’:c?8 where d is defined

15 as in equation (Alla) evaluated at B, =B7, .

Note that the conditional expectation can be evaluated from
first principles given (A4). Some explicit expressions are

given later.

20
The iterative procedure may be derived as follows:
To obtain the derivatives required in (11), first note that
from (A8), (A9) and (A10) writing d(#)={d (7 )g=L...G-1}. we
get

25

9@ (a8 BiogL__ , 12
=5 g sty

X (e - ) 4
mE ~diag{d)} ¥ (A15)
X (eo—i =~ Pc ) -



zero i.e for g=l,...,G1,flg=Pgyg and Yg=Pgyg. 5 lgnoring terns not
involving y and using (A4), (AS), (A9) we get: | rd nyl logL .. tE{ z
Y, 7 2 9=l i=i Zig lc-"nz (1 10 logL--~~yrgES z IY,7 2 g=i'=t z% 1
c-~ z =logL-2~yrdiag{dg(yg)} yg (Al4) g=i where xT/3g = xiPgyg in (AS),
dg(yg)= Pg dg where d is defined 15 as in equation (Alla) evaluated at Ng
= Pgyg . Note that the conditional expectation can be evaluated from first
principles given (A4). Sone explicit expeessions are given |ater. 20 The
iterative procedure nmay be derived as follows: To obtain the derivatives
required in (11), first note that from (A8), (A9) and (Ala) witing
d(y)={dog(yg),Galg ..., G 1}, we get 25 aQ =(aP alogL _ diag{d(y)} z vy ay

lay aR | XT (ei - P. = -diag{a(y)}-Zy (A5 ) r Xc-: (eca - Pca - 32 - and
F0 (9B logL(3BY . [, -.ae
G2 82 1282057 | L diae{d
oy (37') %, \ay) ~ s
5
XITAIIXI e X]TAIG-IXG—I )
=={: : +diag {d(F)} (A16)

XG—-IAG—! le XG—IA_G—!G—IIXG-I

Agfi = dlag {é‘ghpg "'Png}a

b ,, g=h
where € 710, otherwise

d(j;) = (d(j;g)s g =1, ey G- 1)

10 and

X =PX,g=1.G-1 (R17)

In a praferred embodiment, the iterative procedure may be
15 simplifiled by using only the block diagonals of equation
(Al6) in equation (Al3). PFor g=L..G~l, this givea:

Y=yl saf {Xg' A X, +diag{d G )Y }"! {x7{e, - p, )~ diag{d (7 )}7;} -

(A18)

20
Rearranging equation (Al8) leads to
. - -1 . T I
it =7, vodiag{d, GOWITAGY, +1) {17 (e - my) - diag {a, 7)) i
{a19)

25 where

Y =dugld, @)}




a2Q _ a2logL -1laij as (aft)T diag{d(y)z 5r T = +diag{d(y)}-2 (AL6)
Xc-~QG nxi Xc-tAG | GuXG | ugh = (diag f gapg - pgph }, where = (i, g=h
sh 0, otherwise d(Y)=(d( 8),9=l,:,G1) 10 and Xg =P[XT,g=1,...G 1 (Al17)
In a preferred enbodinment, the iterative procedure may be 15 sinplified by
using only the bl ock diagonals of equation (Al6) in equation (Al3). For
g=l,...G1, this gives: 1/ Yg i =y g+a {XgLS Xg+di ag{dg(Yg)} 2} {Xs (e8

- Pg~-di ag{dg&g) } yg}- (A18) 20 Rearrangi Bg equation (A18) leads to
y8~=yg+&di ag{ dg&g) } (YgT4ggYg+i) {Ya (e -pg)-diag{dg(n)Yyg} (A19) 25 where
Y8 =di ag~dg(yg)} X8 - 33 Witing p(g) for the nunmber of colums of Yg,

(Al9) requiregy,l Qﬁgi g@r LPNeRd RAuddd) o)fp(:giuﬁ?é rde YWh' ?ﬂl@ﬁke%igubt e

large. This can : ; t jte
~YgbggYg+l) =IHe (‘“sqﬂi&nvvﬁo"tngs%e rn:a)%g frzg% +F‘3Y)¥Bzauno 'ng tha

large. This can be reduced to an nxn matrix for p(g)>n by
$ noting that:

(K78,%, +1) =I=Y; (1,27 +a2)'y, 2209
g

=1-2 (2,27 +1,) ' Z

where Z =ALY,. Preferably, (al9) is used whenm p{g)>n and
i 10 (A19) with {(A20) substituted into equation (Al9) is used

when p{g)<n.
Note that when 7, has a Jeffreys prior we have:

15 E{tL] B,) = VB,

In one embodiment, t =l/r, bas an independent gamma
digtribution with scale parameter b»0 and shape parameter
k>0 so that the density of tfg is:
20 _
K1z, b, K)=b" (17 /)" exp(-7, /0)/T{K)

Omitting subsceripts to simplify the not.ation, it can be
shown that
25
E(t? |8} = (Zk+)i2D+5) {az1)

as follows:

30 Define
I(p:b k)= [(£)° t exp(-0.56"t*)(t* b kydt"
0.

then



(A20) substituted into equation (A19) is used when p(g)5n. Note that when
x2g has a Jeffreys prior we have: 15 E(t j f 2} = 1/# In one enbodi nent,
t 2g=1/zg has an i ndependent gamma distribution with scale paraneter b>0
and shape paraneter k>0 so that the density of t is: 20 ")(t g,b, k)=b4(t
B/ b)"exp(-t 8/b)/P(k) Omtting subscripts to sinplify the notation, it can
be shown that 25 E(t2 fl } _ (2k+1)/(_2§§+,f|2) (An) as follows: | 30
Define m I(p b,k)=J(t2)P t exp(-0.5%2t2))(t2,b,k)dt2 O then - 34 -

| (p, b, k)=b" 5 {P(prsREBFPidmE-tAsr@pe2ndbs’)8™*? Proof 5 Let s=/32/2 then
I (p,b k)=bpi 0.5 ((tiro)' ab exp(-st2))(t2 ,b,k)dt2 p Now using the
substitution u = to/b we get [I(p,b,k)=f .5 J(u)'0S exp(-sub} (u,1,k)du
Now | et s'=bs and substitute the expression for %u,|,k). This 10 gives

I (p, b, k)=b 0" $rdoexp(-(sy-1)u)up kOGS du I [' (k)

5 Let s=f°/2 then
IpbJ)=bP" [(£2/6)7* exp(-st" )’ bK)E*
2

Now uzing the subatitution u = t?/b we get

I(p,b,l‘:H)”""’‘](u)"“’j exp(-sub)yu,1,k)du

Now let a’=bs and substitute the expression for Yulk). ‘Thia
10 gives

I(p,b,k)=b"*°‘5? exp(-(s+1)mu"™**du / I'(k)

o

Looking up a table of Laplace trangforms, eg Abramowitz and
Stegun, then gives the result.

15 The conditional expectation follows from

E{t" |8} =I(1,b,kyYKO,b.k)
= (212 + )

As k tends to zero and b tends to infinity we get the
20 eguivalent result using Jeffreys prior. For example, for
k=0.005 and b=2%10°

E{t"|B}=(1.01)/(10" + £

Hence we can get arbitrarily close to the Jeffreys prior
25 with this proper prior.

The algorithm for this model has




0 Looking up a table of Laplace transforns, eg Abranowitz and Stegun, then
gives the result. 15 The conditional expectation follows from E{ t2 | S}
=l (1,b,k)/1 (GO b, k) (2k+1)/(21b+9) As k tends to zero and b tends to
infinity we get the 20 equivalent result using Jeffreys prior. For exanpl e,
for k=0.005 and b=2*105 E{t2 Jfl}=(1.01)/(10"5+52) Hence we can get
arbitrarily close to the Jeffreys prior 25 with this proper prior. The
algorithmfor this nodel has | 35 - dzg t21 }-5 =E{4 Sr where the
expectation is calcul ated as above. In of her enbodi nent, s8 has an

i ndependent ganma 5; dbf LB t| on with scale paraneter b>0 and shape
paraneter k>0. It can tb hown that 1u' texp(-(y;g/u+u))du tuna b ju'
exp(-(yg/ u+u))du _ﬁgf@ax(Z Yig) (A22) bIfl ;gl KL nx(2 Yg) _ pl (2
7,9 )K3aa (2 Yig) N'gtZ Kina (2 Yig ) 10 vvhere;—s g2/ 2b and K denotes a
nodi fied Sessel function. For k=1 in e uat| on # 15 For K=0.5 in

equati on (A22)WhE1'? thy BxpecEatiph /"t"sf@‘é {’P(atf‘i aBJ év?f KO(2J)jg )}

In another embodiment, 1,',.3 has an independent gamma
5 digtribution with scale parameter b>0 and shape parameter
k>0. It can be shown that

J v exp(-(y,/u+m))du

E{Tig-z iﬁig}z
b Jlu""’z" exp(-(y,/u+u))du
G

121 K3f2~k(2\/1?g‘) (222)
bl 5ig | Km-k(zs['i; )
1 ¥ K @%,)

) ] Bis fz Kinx (2\/;@‘ )

10 wheze ‘y,g=ﬂ,82/2b and K denotes a modified Bessel function.
For k=1 in equation (A22)

7218} = N2/ (18,
15 For K=0.5 in equation (A22)

{72 1B} = V2D (U/1B,) £, (2%, VKo (2 ¥, )}

or equivalently
20
E{zZ18,}= (V18P H2J %K (2%, VK o2\, )}

Proof of (A.1)
From the definition of the conditional expectation, writxng

25  1=6'2b, we get




or equivalently 20/ Ef sigIP;) = (1/1a gl2 ){2 JYJKi(2.JY;g )/Ko(2 JY;g
)} Proof of (A l) Fromthe definition of the conditional expectation,
witing 25 1=2/2b, we get - 36 |z~t “eXp(-7"~2)b_'(zzro)' -ieXp(zs~)dz2

f Texp(-yz"Z)b(z ~/b}k"" eXp(z z/b)dzz Rear rangi ng, sinplifying and maki ng
the substitution u=zZ/b gives the first equation in (A22). s The integrals
in (22) can be evaluated by using the result ~~ ~~~~~~~~~ ~~~~ ~~~~ wher e
R denotes a nodified Bessel function, sae Witson(1966). 10 Exanpl es

~of ggmenber ~~ ongf this class are k=1 in3®%hich case E{Zig Z~-N e}-
"--(1'INiB 1) 15 which corsespoads to the prior used in the Lasso

techni que, Tibahi rani ( 1996y = sal-al’ 33 (Fi/p)iske@dbldz001) . The Dees k=0.5
gives ~ 20 E{zjs~~i gk;i' 4ol Nig=){Ki (2 Yis)y~{z ¥Y.@})l or equivalently ~

E{ z~~~i g} =(t~i s~ ) {2 Yi K { 27X a)~( 2y Xi; 9 ket 228 where R and Rl are
nodi fi ed Sessel functions, cfegg‘)&ﬁ‘{'ab &nzgt%) s%@ é?defgun( 1970) _. Pol ynom al
approxi mations for evaluating these Besael functions can be found in

Abr amowi t z. aa(iqa§ksgﬁﬂ£i,97ﬁmﬂ§gﬁingmﬂi R4IRA A StINY SubBeY euti NS At e t he
30 connecti ongvyl th E € LASSO e%ggloénldnt&iz\;gffreys prior noaal.

ives

5 The integrals in (22) can be evaluated by using the result

o Do

where X denotes a modified Beassel function, sees
Watson(1966) .

10
Examples of members of this class are k=1 in which case

E{z,”|8,)= V26(118,))

15 which corresponds to the prior used in the Lasso technique,
Tibghirani (1996). See also Figueiredo{2001}.

The case k=0.5 gives

20 B{7218,,}= V2 (VB K, (2%, VKo (2% )}

or equivalently

E{e 1B }= (V18P ) (21K (2 VK2 %, )

25
where K, and K; are modified Besggel functions, see Abramowitz

and Stegun(1970). Polynomial approximations for evaluating

these Bessel functions can be found in Abramowitz and

Stegun (1970, p379). The expressions above demonstrate the
30 éonneéﬁionfwith:tha Lasso model and the Jéff:e?a prior




- 37 It will be appreciated by those skilled in the art that as k tends
to zero and b tends to infinity the prior tends to a Jeffreys inproper
prior. 5 In one enbodinment, the priors with 0O< k SI and b>0 forma class
of priors which mght be interpreted as penalising non zero coefficients
in a manner which is between the Lasso prior and the specification using
Jeffreys hyper prior. 10 The hyperparaneters b and k can be varied to
control the nunber of conponents selected. by the nethod. As k tends to
zero for fixed b the nunber of conmponents sel ected can be decreased and
conversely as k tends to 1 the nunber of 15 selected conponents can be

i ncreased. In.a {ﬂ ett%edggr,pé)o &@%%OtLQSeEMﬁlQ rg_{lh{ﬂé serert’thngg as

follows: 20 1**S se an initia Choose a

val ue for b ahendsite amrst Red ¥ AEPAs fer i@ﬁ%ﬁﬁrﬂi’etﬁellé‘?i%d‘enﬁmotal %es the

Jeffreys priofefBed}s tinprogapdpriegr.ee of approxi mation. This is done by
ridge regrgssion of log(pjg/psg ) on x1 where pig is chosen to be near one

for 25 observations in group g and a snall uant|té >0 otherwi se - subject
to t he const r #kneneferiqdigesbabilie ErdersuKht brand 2>0pdoEReaE step
.e eval uate @.aBQ ¥ Yohors Meich tightt besine&;meaedde@@rad@lamnbenml ues

f k and b. 3, Set tLhedVe
?Alg)a&th (W55 ehbithy By by CBRE A S @“'éﬁwf‘*ﬁ?ﬂjﬁgng
S =(5s, g=1, prevq)areb the Pﬁé%feie’r‘ra&’r%“ﬁ‘ﬂ%l Jeffreays %!e’&tﬁ F10Fn y 4

+a'’ mhicmonHX|n1ses (or sinply increases) (12) as a function of a .
The hyperparameters b and k can be varied to contrel the
number of components selected by the method. As k tends to
zero for fixed b the number of components selected can be
decreased and conversely as k tends to 1 the number of

15 selected components can be increased. )

In a preferred embodiment, the EM algorithm is performed as
follows:

20 1. Set n=0 ,F, =/ and choose an initial value for 7°.Choose a
value for b and k in equation (A22). For example b=le7 and
k=0 gives the Jeffreys prior model to a good degree of
approximation. Thiz is done by ridge regression of
log(pig/Pic ) on x; where piy is chosen to be near one for

25 observations in group g and a small quantity >0 otherwise
- subject to the constraint of all probabilities summing
to one.

2. Do the E step i.e evaluate ngvlz,f"). Note that this
30 also depends on the values of k and b.

3. 8et t=0. For g=1..,G~1 calculate:
a) &8, =y, —7, using (AL9) with (A20) substituted into
(A1l9) when p(glen.
35 (b) Writing 5‘=(§;,g==l,...,G-1_) Do a line search to find the
' vdlue of & in y"'=y'+a'd’ which maximises (or simply
' increases) (12) as a function of & .




- 38 - c) set y'+i =y' and t=t+l Repeat steps (a) and (b) until
convergence. 5 This produces 7' n+l say which maxi m ses the current Q
function as a function of y . For gl,...G 1 determine S8 ;i <enmax =
={J:~yi B~ k lytl Wiere edl , say 105. Define P8 so that fl =Q for ieSgand
10 n+l n+! ys =yis .f Sg This step elimnates variables with small
coefficients from the nodel. 15 4. Set n=n+l1 and go to 2 until
convergence. A second enbodi nent rel at.iﬁ'%lo an ordered cat logistic
regression will now be described. 20 8. dered categories nodel The net hod
of this enbodi ngit ey ut;},q' sgast Rerkfaining sanples in order to identify a
subset of conponents V\:?;i ch= 25 can be used to determ ne whether a test

sanpl e belongs to a particular class. For exanple, to identify genes for
assessi ng a t Repeat sy (ahnprd Ui pgtid ceeniargpPnafal ysis, microarray
data froma series of sanples fromtissue that has been previously ordered
I nto cl asses I ncreasi ng . e 30 reasin ' L Yo SEEH or mal
tissue, be igﬁi‘i?i§§%§‘fcﬁ"‘oé’al issagdqﬁ%gﬁ%u%%%&n%te %%aglggg%&% kot tt?lz)éf‘nue are
used as trai neAgasfpitdontofitlentify a subset of conponents which is
capable of indicating the severity of disease associated with the training

sanpl es. The subset of 35 > conponents cap then bg gypsequently used to
det erm ne V\hEbhegqir.eGi—bLl@ét;emleaé'gi#{ﬁ'eFﬁ t-‘mg)a]ml s can be -39-

Where £<1 , say 10°°. Define F, so that B, =0 for ie‘Sga.nd

19
,}7,;1-1 ={}’};ﬂ,jﬁsg}
This step eliminatesz variables with small coefficients from
the model.
15
4. Set n=n+l and go to 2 until convergence.
A second embodiment relating to an ordered cat logistic
‘regression will now be described.
20

B. Ordered categories model

The method of this embodiment may utilise the training
samples in order to identify a subset of components which
25 can be used to determine whether a test sample belongs to a
particular class. For example, to identify genes for
assessing a tissue biopsay sample using microarray analysis,
microarray data from a series of samples from tissue that
has been previously ordered into classes of increasing or
30 decreasing disease severity such as normal tissue, benign
tissue, localised tumour and metastasised tumour tissue are
used as training samples to identify a subset of components
which is capable of indicating the severity of disease
_ associated with the training samples. The subset of
35 . components can then ba.suﬁséquently;used to determine
‘ wﬁethér préviquély_uhdléSEified test samplés can be




classified as normal, benign, |ocalised tunmour or netastasised tunour.
Thus, the subset of conponents is diagnostic of whether a test sanple
belongs to a particular <class within an ordered set of classes. It will be
apparent 5 that once the subset of conponents have been identified, only

t he subset of conponents need be tested in future diagnostic procedures to
determ ne to what ordered class a sanple belongs. 10 The nethod of the
invention is particularly suited for thé?2 analysis of very |large anounts of

data. Typically, large, data sets obtained fr test sanples is highl

variabl e and UREERTERY ?°§P§ﬁnﬁ%$ﬁﬂ??%ﬁ%%§?‘“&‘8?g?%d from the

trai ni ng sanplesasfael ssi hydoof . t Bogr ébensubswie i gpupendEmlilee t o

o £ A hi g e e e e e o
i ni ; subs | i fi

met hod can tﬁ@ﬁ'agg "’ggé’d‘ OF48Es ﬁeﬁg"’Fegﬁgg%ﬁ*?ﬁl (Lé@ Egg?. %&?pﬁ%n%at a

gener at ed Br orheheones tthenmpbeet sofiapmicpnenté e deapaidentidied t he data

generated fromggliatne NELisAEbeS cHRpRGIBInb8d LHE teBREB Ch dESurbhus, the

met hod of the jnvention is ahle to identif subset of co nents that -
are nore |i keldﬁ'a%os%fcaspﬁ"fcfggrgﬁn%q @%ESF%%? ?hy" 5\3’5 \‘R,ﬁé%r‘?%%qggtaaai s of
poor qualitysamglerbelamae.is high variability between sanples of 25 the
sanme ordered class. The conponents are "predictive® for that particular

or der ed l.as Essent i al fromal,l the dat [ [ ner.at.e fromthe
system tﬁg rr%flﬁo’ae%m{ ﬁ’eé %Pg’séﬁYenlatr“:“\?gnflf’o%alé’%ia%‘%lg‘%?%%u?%edﬁtfl% i cCation of a
rel ativel y smapblngihaf oferyodpide mmounifi ¢f dafhp-be TuBéeRY o cPasgrfy t he

traini ng dat adaticsetdeitaiaedporanttechayampran jisdeaghliy echdiynibi anget hod,
the i CO”PO“eBtfﬁeﬁaé‘jtﬁ%r‘éS%qP%E‘fi 11§ Efoki lobeheiba SALY eRea The

I
met hod of the preSent inventron prefeée ¥ utrlTises a
training samples. The method of the present invention is

15 able to identify subsets of components from a very large
amount of data generated from training samples, and the
gubset of components identified by the mathod can then be
used to clagsifying test samples even when the data
generated from the test sample is highly variable compared

20 to the data generated from training samples belonging to the
same c¢lass. Thus, the method of the invention is able to
identify a subset of components that are more likely to
c¢lassify a sample correctly even when the data is of poor
gquality and/or there is high variability between samples of

25 the same ordered claeg. ‘

The components are “predictive” for that particular ordered
¢laasg. Essentially, from all the data which is generated
from the system, the method of the present invention enables.

30 didentification of a relatively small number of components
which can be used to clasgify the training data. Once those
components have been identified by thia mathod, the
components can be used in future to classify test samples.
The method of the present invention preferably utilises a

'35 statistical method to eliminate components that are not
raquired to correctly c¢lagsify the sample into a class that
is a member of an ordered class. '




35 statistical nmethod to elimnate conponents that are not required to
correctly classify the sanple into a class that 1is a nenber of an ordered
class. I i - 40 In the following there are N sanples, and vectors such as
y, z and jx have components yy, z> and j for i =1, ..., N Vector

mul tiplication and division is defined conponentwi se and 5 diag{ } denotes
a di agonal matrix whose diagonals are equal to the argunent. W al so use
to denote. Euclidean norm Preferably, % ere are N observations f: where ft
takes 10 integer values 1,. ,G The values denote cl asses which are
ordered in sonme way such as for exanple severity of disease. Associated
wi th each observatio ere is.a set o covarli at Labl d..,gene
expressi on valﬁ?e§§‘$ag?%{|@gﬁ‘g iiﬁfaﬁe 5t PR ha%fld (rv\é\%v'égﬁ%) B%%go?lﬁnﬁ's
wherein n is tzhend5p shans esmpadepts a. conpodeht £OXTRe=ndt at4 &h Y?CHEFot es
tlhe r|0\tN of C-mulge%lli@wiolz{ %i!)&phﬂDiééFidiﬁ&sp&@bﬁbé:diddu@&' naﬁ'_cwi% angi Egkto

cl ass gi_ve N, n =~rk(x : fi C P =
1,...,G ~f ZA%iﬁéi{e ?hg?n‘?,g%é i% rﬁiaggnﬁgta%%%:%ﬁ‘% ){é%?‘%(hi%séeﬁat ion i

bel ongs to a claued bt tthe mhavmeats Wehadsorvegubl tdl1Ee decte pe a N by p

matri x wth elgeenisat nsdmen by .. fl, ifobservationi in classj C11
otherwise 25 and let Rbe an n by P matrix with elenents rJ given by | X

These are the curul ative suns of the colums of G within ,
Preferably, there are N observations y: where y; takes

10 integer values 1,..,G. The values denote classes which are
ordered in some way such as for example severity of disease.
Associated with each cbservation there is a set of
covariatea (variables, e.g gene expression values] arranged
into a matrix X' with n row and p columns wherein n is the

15 samples and p the components. The notation x;r denotes the
i*™ row of X'. Individual (sample) i has probabilities of
belonging to class k given by r, =x,(x).

‘Define cumulative probabilities

k
y,.,c=2n'& . k=1,...G
z=1

20 Note that y, is just the probability that observation i
belongs to a ¢lass with index less than or equal to k. Let C
be a N by p matrix with elements ¢; given by

_{1, ifobservation i in classj
Cyj =10, otherwise

25 and let R be an n by P matrix with elements r, given by

"‘J‘zi"’@

g=l

These are the cumulative sumg of the columns of C within

TOWSs.

30

For independent observations (samples) the likelihood of the
data may be written as:




rows. 30 For independent observations (sanples) the likelihood of the data

may be witten as: E- 41 - |'u (rmcra) i=111j~ 1( J ill k1 and the | og

| i kelihood L nmay be witten as: N G1 5 L=EEr; ~10%l y~ I +(rk+l -ru)l ogl
Yrk+t-Yk i-1 fri 111 Y,k+l | 111 Y;k+l the continuation ratio nodel nmay be
adopted here as follows: logit[Yik+l-Ymj=logit(_?ftL)=0o*x"f3" Yik+1l Ykk+t
10 for k = 2,...,G see MCullagh and Nel der (1989) and Mccull agh(1980) and
the discussion therein. Note that to_it,Yik+l -Ykk _-togit Y4 g Yik+l

Yi k+1 15 The likelihood is eqU|vaIent to a | ogi stic regression |ikelihood
w th response vector n Rix X y =vec{R) X =[rBl B2 ... BN

JT Bi =LIC| 110-1%% E G1 by 0-1 identity matrix and lis a
0-1 20 by 1 vector of*dn §ﬁﬂ e”Vbc } takes the matrix and fornms a
vector row by row. | Typically, as discussed above, the conponent weights
are estimated in a manner which takes into account the a priori 25
assunpti on thandntbe bég thickeddhpoddntmayebghwsitfen A3:0. Fol | ow ng

Fi guei redo(2001), in order to elinminate redundant variables
-(covariates),,,a prior is specified for the - 42 paraneters 13 by

I ntroduci ng a X -y
% P %iﬁjrn& log( )"‘"(rutﬂ r&)log[‘z%l&]
ik+1

i=l =l
The continuation ratio model may be adopted here as follows:

logit(yﬂ’i-i y&} logit[}]-r-&)=9k +x;rﬁo
k+1

ksl

10 for k= 2,.,.G , ses McCullagh and Nelder(1989) and
McCullagh(1980) and the discussion therein. Note that

logi{y"‘*‘ y“J——-logit( Lu )
Yien Vst

15 The likelihood is equivalent to a logistic regression
likelihood with response vector yand covariate matrix X

y=vec{R}
x=[BTBI. B,
B, =[IG~1 Ileulx;r]
wherel;, is the G-1 by G-l identity matrix and 1., is a G-1

20 by 1 vector of ones.
Here vec{ } takes the matrix and forms a vector row by row.

Typically, as discussed above, the component weights are
estimated in a manner which takes into account the a priori
- 25 assumption that most of the component weighte are .zero.

_ Following Figueiredo(ZOGl), in order to eliminate redundant'
-fvariables {covariates), a: prlor is spec:l.fied for the




hyper paraneters. Preferably, the prior specified for the conponent wei ght s
is 5 of the formP(p~)=f p(/3 (v2)p(v2)dv2 rl1 (81) where p(f l1v2) i
N(O, diag{vl}) and p(v2) is a suitably chosen n hyperprior. For exanple,

p(v2)arlp(v,)
p(v2) is a prior wherein t12=1/v, has an independent ganma

enbodi nent ,

di stri bution.

Bayesi an

(/3

of m ssing da

et al, 1977) can be used to maxim se (2) to produce maxi mum a poster

is a suitable formof 10 Jeffreys prior. In another

S

15 In anot her enbodinent, p(v2) is a prior wherein v2 has an
i ndependent gamma distribution. The elepgnts of theta have a non
informative prior. 20 Witing L(yJf B) for the likelihood function,

fr agam&tgﬂya mo&yes_hafodhﬁnrg Bupion ofectdr O6£and v given

n a
yisp

c vl a /3 \Y; 2 25 By treating v as a vector
y) ngg%%; GhLpl/3" W P (V) (2) y g

Ferattve al gorithm such as an EM al gorit hm ( Denpst er

iori

esti mat es of braﬂdréﬁly'[hehﬁrﬁﬁio:amiifieduEd‘r tthat cokprndnt wg3ghbmxdsum a
posteriorl n@%g qﬁ{l tend to be sparse i.e. if a |arge nunber of
paraneters are re uné%n many conponents of (3 will be zero. 5

Preferably /3T=(9T,f'T) in the follomnn For the ordered categories

above it can be showa{s
10 where p, =exp

(12)

10

15

20

25

xti))and /t=(92,.

where p(ﬁ‘lvz) is N(O,diag{vz}) and p(v’) is a suitably chosen

-

hyperpriolr. For example, p(vz)a'l-[ p(¥}) is a suitable form of

i=1

Jeffreys prilor.

In another embodiment, p(vf) is a prior wherein t,2=llvf has

an independent gamma distribution.

In another embodiment, p(vf) is a prior wherein v} has an

independent gamma distribution.

The elements of theta have a non informative prior.

Writing L(y,ﬁ'@) for the likelihood function, in a Bayesian

framework the posterior distribution of f, € and v given

y is
p(B pviy) @ L{y|s’ o)p{B)p () (2)

By treating v as a vector of missing data, an iterative
algoz:ithm such as an EM algorithm (Dempster et al, 1977) can

‘be used to maximise (2} to produce ma.xinnm a posteriori
: estimatgs of B and 6, The prior above is such that the .

nodel

(0= pt 2 goly) o) (11) B a-z 2}z X i agfp(1-p)) X



The iterative procedure for maximsing the posterior distribution of the
conponents and conponent weights is an EMalgorithm such as, for exanple,
that described in 15 Denpster et al, 1977. Preferably, the EMalgorithmis
performed as follows: 1. chose a hyperprior and values b and k for its
paranmeters. Set n=0, S= (1,2, ., p} , , and a =10"5 (say). Set the 20
regul ari sation paraneter x at a value nuch greater than 1, say 100. This
corresponds to adding 1/x2 to the first,5s 1  diagonal el enments of the
second derivative matrix in the M step below. 25 If p S N conpute initial
val ues (3* bynaRémid aPp3sbesospilldsditiateal wildl sesd( 85 by s@se3izes (I - XT
(T+~~XTg(Y| J 3 Wnet t | Oc X5 1 and
cis small % chosggr? ‘?ﬁe‘ga}gg\% Pﬁ%ggﬁeo%gg(a?) élﬁgg(z/ I-z)) is .
wel | defined apmpgnembwa P’ "ﬂ-ll4!’e z9roPefine 5~ { S, t e S 0,
otherwise and let P be a matrix of zeroes and ones such that the nonzero

el enents y. o f YarLlohr Sehd = rdibling® Y=P-—~ , ~=P1'" Define
wl=(w~; ,i =1, p%r@g&#l&hﬁ ( ?31‘% 3 @5% &H ,n%t herw se
For the ordered categories model above it can be shown that
oL _
FTIRL (1)
o’L X
{—~}~ - X'diag{(1-4);X (12)

10 Where p=exp(x!f)/(L+exp(xlB)and F7 =(8ys06,87) -

The iterative procedure for maximising the posterior
distribution of the components and component weights is an
EM algorithm, such as, for example, that described in

15 Dempster et al, 1977. Preferably, the EM algorithm is
performed as follows:

1. Chose a hyperprior and values b and k for its parameters.
Set n=0, 8¢ = {1,2,., P } +» ¢© , and ¢ =10°° (say). Set the

20 regularisation parameter x at a value much greater than 1,
gsay 100. This corresponds to adding 1/x° to the first G-1
diagonal elements of the second derivative matrix in the N
step below.

25 If p £ N compute initial values P* by
B=(XX+N) X g(y) (82)

and if p > N compute initial values f* by
30

=~ (X GO A X)X g(7+) (83)

where the ridge parameter % satisfies 0 < A < 1 and { is
small and chosen so that the link function g(z)=log(z/(1-2)) is
well defined at .z = y+{ .. T




and let w =P"wB 15 3. Performthe B step by cal cul ating

Q 131R(" ", Wr))=E{logp(p,9,vIiY)l (15 =1L(y I flI, ")- 0.5 Q t*w4 /
d(r)112 ) where L is the log likelihood function of y and 20 4=E{1/C jie}
,ag=(dg,d,g,...,d¥®Wr and for convenience we define d;g=1/dg=0 if/ig=0. .
Using /i =Py and~ =P?~ (15) can be wittenas i I Qy !l , ) =L(y !l 1is
)-0.5 QWKw, )/d(t")I12) (84) ~ 25 with d&'t)=P.Td(r) evaluated at J1=P4y.
4. Do the Mstep. This can be done w thyNewt on Raphson iterations as
follows. Set yo = ycn~ and for r=0,1,2,... y:.a - 45 Yr + U 5r where a-.
is chosen by a line search algorithmto ensure Q' Yr i Yn), ~(0)) > QYr ]
YIfl), fi(n)) . For p S Nuse sr=a(d*(Y())(yn V;1 cn I]"(Ynzr-d(r')) (B5)
5 where it, otherwise yo =~(d(Y~~))P~ 3C7 10 Wr'=diag{p (1-p,)} ; =(Ylr)
and r = exp(XP t)Y(1l+exp(XP,)c)) - i 15 For p > N use ~7 7(~s sr=0(d~(Y))U
4't (Yn Yn+VrRlYpefiineZr-a (B6) with Wr and Zr defined as before. 20

5 _n}=__ B: E] i € Sn
é)f { 0, otherwise

and let P, be a matrix of zerces and ones such that the

nonzero elements Y™ of B™ satisfy

w) =PT (n) , o} =P n)
Lo ¥ :ﬁ g9 =P,y
v=FB8 ., B =Py

Define w,=(wy,i=1p), such that

1, i2G

wﬁi:{ 0, otherwise

and let w,=Fw,
15
3. Perferm the E step by calculating

QB {B™, 9™) = E{logp(B, 0. VI 5.8, ¢"}

o (15)
= Ly | 8 ¢")~0.5 ( B*w )/ )

where L is the log likelihood function of y and
20 d, = E{l/7}] ﬁ,g}m,ﬁgn diy»dy,nd,)’ and for convenience we

define d, =1/d,=0iff,=0. . Using B=P,yand f%=P7" (15)

can be written as

QY| 7™, 6™) = L{y | By, $)-0.5 (ltv*w, Yd(¥ I ) (B4)
25
with d(y"™)=P'd" evaluated at A®@=Py".

4. Do the M step. This can be done with Newton Raphson
iterations as follows. Set 7, = Y™ and for r=0,1,2,..  Tra



Let y* be the value of Yr when sone convergence criterion is satisfied e.g

HYs - Trill | < e (for exanple 10'5 ) . 25 5. Define f3* = p"y* , Sn
j={i1zZzG 1 j6; I>m (j~jI1*E) } where cis a small constant, say |le-5. Set
n=n+l1 . 6. check convergence. If y* - y~"~1 1 c c2 where E2 is suitably

small then stop, else go to step 2 above. 30 Recovering the probabilities
Once we have obtai ned estimates of the paranmeters [3 are obtained,
calculate - 46 - ~u alk_, y& or |—]4 ,Nand k = 2,...,G Preferably,
to obtain the probabilities we use the Pecursion nc =a,a 5\ aikgrl atk
and the fact -that {he 9r th@példt}lgscﬁd%nt gyoneliddlsdareh dlgoritih thn one
enbodi ment the covar g}@n{&@ ﬁ 18 ,,,v(\ﬁ_gh rows xsT can be replaced by a
matri x K wi t ®F9Te| } & T( x( xi - xj ) for sone kernel
function x. Thes p faNrusge can al so be augrrent ed with a vector of ones. Sone
exanpl e kernels are gi ven ‘e}lp bpl ow,Ysee Evgeniou et al 999) 15
Kernel function Fownld 60 »Q’ Y+I W‘ an radial basis f i on exp(
- X -y 112/ a) , a>0 Inverse mJIthua ric’( x -y 112 + ¢c2 )-112

mul tiguadrd ¢ (e Y 2+ €2 ) Thin plate splines Il x - y Il12n+1

™), i=G
x, otherwise

4 {

Yl =A@ GNEXT
10 v, =diag{p, (11,0}
z, = (y-t,)

and g, =exp( XB, 7y, ){1+exp( XPv,)) -

15
For p > N use
8.~ A GONI-YI(Y, YT+V)Y, ](Y: o (;;ﬁ;) ) (86)
with V, and z; defined as before.
20

Let y* be the value of Y. when some convergence criterion is

satisfied e.g
|| £ 'Yru]l < ¢ {(for example 10°% ),

25 5. Define f* = Pyy* , S, ={izG: |6 |>n‘_;£agc(lﬁj|*e,)} where £, 18 a
F

small constant, say le-5. Set n=n+l .

6. Check convergence. If || y* - Y™ || < & where & is
suitably small then stop, else go to step 2 above.

30 Recovering the probabilities
Once we have obtained estimates of the parameters p are

obtained, calculate



X -y 2an(x-Y) Mlti layer perceptron tanh( x'y-0 ) , for suitable O
Pl oynom al of degree d (1 + x'y )d B splines B+1(x - y) Trigononetric
polynomals sin(( d +1/2 )(x-y))/sin((x- j y)/2) Table 1. Exanples of
kernel functions In Table 1 the last two kernels are preferably one

di rensional i.e. for the case when X has only one colum. 20 Multivariate
versions can be derived from products of these kernel functions. The
definition of Bell+l can be found in Dg, Boor(197S). Use of a kernel
function results in nean values - 47 which are snooth (as opposed to
transforns of |inear)#,functions of the covariates x. Such nodels nay give
a substantially b&Tegr fit to the data. 5 A third enbodiment relating to
generalised linear nodéls will now be described. C. Generalised Linear
Mdel s 10 Thedyetihed of 443 & empodjgent utilises the training sanples in
order to identify a subset of conponents which can predict the
characteristic of a sanple. Subsequently, know edge of the subset of
conponent s cdraferabdyl, fasr obbain theprobabplitisd wecHpet Bhe sreniesi ct
unknown val ues of the=a,15 characteristic of interest. For exanple, a subset
of conpogent s of a am’ croarray may be used to predict a clinically
rel evant characterinﬁ_lt?!;F—‘su ®B3x, for exanple, a blood glucose level, a
white blood cell count %k size of a tunour, tunour growh rate or
survival time. 20 In this way, the present invention identifies preferably
a rel ativel prsinbe firethdhast thomuahakid ikhre FEhFobengsefPY o Predict a

characteristii. fa; a particular sanple. The

In one embodiment the covariate matrix X

10 .with rows x;” c¢an be replaced by a matrix K with ij*® element
kyy and kyy = x{ x; - %3 } for some kernel function k. This
matrix can also be augmented with a wvector of ones. Some
example kernels are given in Table 1 below, see Evgeniou et

al {1999} .
15
Karnel function Formula for «{ x - v )
Gaussian radial basis function |exp( - || x -~y [|* / a) , a>0
Inverse multiquadric (] x~y []® + & ) *°
multiquadric (] x -~y [|?+ c2) ¥
Thin plate splines |1 < =y ||
lx=y [Pl x-y |}
Multi layer perceptron - tanh( x'y-0 ) , for suitable 0
Ploynamial of degree d 1+ xy)?
B splines Baner(x ~ ¥y)
Trigonometric polynomials gin{( d +1/2 ) {x-y))/sin{(x-
¥)/2)

Table 1: Examples of kermel functions
In Table 1 the last two kernels are preferably one
dimensional i.e. for the case when X has only one column.
20 Multivariate vergions can be derived from products of these
kernel functions. The definition of Bz..a ¢an be found in De
Boor(1978). Use of a kernel function results in mean values



~ sel ected conponents are "predictive" for that 25 characteristic. By
appropriate choice of hyperparaneters in the hyper prior the algorithmcan
be made to sel ect subsets of varying sizes. Essentially, fromall the data
which is generated fromthe system the nethod of the present invention
enables identification of a small nunber of 30 conponents which can be used
to predict a particular characteristic. Once those conponents have been
i dentifi ed. by this method, the conpon%hrs can be used in future to
predict the c new sa The _net hod_ of pr esent

ct erl stic fo
i nventi on pref"gi"g% euf’?‘???és ap é’lp&’f’f’gg '&%Itr\?ﬁ‘sﬁ%ﬂ%a"ﬁ olié’leﬁ ! nat e
conponents t hét!ma?ﬂéﬁmopfrebmlmrti@teeoxr eciicp préellxmashgivkaracteristic

for the sanpl guvst#ARialllg hawmat @i Bavend Gard.t hat conponent weights of a
l'inear combination of conponents of data generated fromthe training

sanpl es can be estimated in such a way as to elimnate the conponents that
are not requi fethins spbadirent Tediasingt vo iapmieral bpedy kimxiari mgdelampl e. The

result is thafwigl dowpet d®dcgygaqnents are identified which can correctly
predict the characteristic for sanples in the training set. The nethod of
the present invention thus pernmts identification froma |arge anmunt of
data a rel atiYel§erEradpaed Ininesar Molet®nponent s whi ch are capabl e of
correctly predicting a characteristic for a training sanple, for exanple,

a quanti ty, of.n&%t tggan%gggh%ggt%nggﬁerl St 'u%iﬁ\éegett?enl sr%g'%aﬁ%tnel“ | c of

i nt erest. haradt arfee T e
measur e. I n -“a‘hcﬂ’ﬁiér sRbbiRdfy, at ﬁé’?ﬂﬁ‘h)ﬂﬁoéoﬂh%nﬁqﬁfeﬁWﬁ?bewof a group
wher e the sanjﬁ-aﬁca:r ehgrmammm&etnmsmbﬁpgéourﬁ:bs(é&ue Ekﬁ,SSGS ) based

on a pre-det e e s,%j ;_’hgo GLa ggféacnatb desired
cla55|f|cat|o y wﬁ ﬁé t he ra n? ﬁes are ro pea‘% For
exanpl e, the for exa.mple clinical tests to predict unknown va.lues of the
15 characteristic of interest. For example, a subset of
components of a DNA microarray may be used to predict a
clinically relevant characteristic such as, for example, a
blood glucose level, a white blood cell count, the size of a
tumour, tumour growth rate or survival time,
20
‘In this way, the present invention identifies preferably a
relatively small number of components which can be used to
predict a characteristic for a particular sample. Tha
selected components are “predictive” for that
25 characteristic. By appropriate choice of hyperparameters in
the hyper priocr the algorithm can be made to select subsets
of varying sizes. Essentially, from all the data which is
generated from the system, the method of the present
invention enables identification of a small number of
30 components which can be uged to predict a particular
characteristic. Once those components have been identified.
by this method, the componenta can be uged in future to
predict the characteristic for new samples. The method of
the present invention preferably utilises a statistical
35 method to eliminate components that are not required to
correctly predict the characterigtic for the sample.



classification may be whether the training sanples are from a | eukem a
cell or a healthy cell, or that the training sanples are obtained fromthe
bl ood of patients having or not having a certain condition, or that the
training sanples 25 are froma cell fromone of several types of cancer as
conpared to a normal cell. In another enbodi ment the characteristic may be
a censored survival tinme, indicating j that particular patients have
survived for at least a given nunber _ofgdays. In other enbodinents the
quantity may be any 30 continuously var| abl e characteristic of the sanple
which is Cap&hbeiﬁfreﬂw&ﬁﬁﬁnfauﬁ@&maaa&@oﬂﬁmdeﬂgmu:fEa Laneae

enbodi nent, mga;lgt{rary c&e gm&% ¥:§5dat¥w§én%ra‘tgﬁl rom e V& wWite the

nxl vector W|t enen 8 ararreter vector (i
of conponent \%?éﬁ%@g(ﬁ@m}‘a&f cmlk@h efitdmakad e FUC Be‘“ﬂé"’lﬁ and a q x 1
vector of paeaimigite CHe@bmpaparisedbiae Afe 2650 reqghibted ttmtprgddosl & be I

j - 49 zepo (j.g c%g@isﬁ{g Q& pgrput gg@aggﬁp%pe@hsdré&;ﬁ ZEL LR 0BY

enpty). In one i anised Into an 5 nxp data
matrix X =(xypFubPeh 9f tempopeathidkg daepréiied ¢BIch Bap AR Yypical |y, p
wi ||l be nuch g&-eaiet t i b hHarat bepiatilee Foenbatpventin thé atrwitming Xetmy be

repl aced by a *egg%mrrgltg(ﬁgﬁtKﬁgegmgd Qh%goﬁé?miﬁ@ections of X as 10

predlctors |n i hear Ictors. I n exa kernel matri x
ICis Kij —expedensa‘ﬁﬁa%")“t %meef) SF fRerRE %dagﬁb§c’?‘?]ﬁltid’ﬁ ¥ refers to
a row nunber ismalbenuitianr X £Xcompaisaltlsy whiobsates capabhe ablaomsctllyl C are

sel ected whi Cngliif@tir?goaJ %%ai‘g@i%ﬁ%ti@:t EQQSan.réﬂ‘iﬁ& SamELd), fegpctions. 15

Typi cal |y, | scussed above onent wei ghts are
example, a quantity of int aest.

The characteristic may be any characteristic of interest. In
15 one embodiment, the characteristic is a quantity or measure.
In ancther embodiment, they may be the index number of a
group, where thé samples are grouped into two sample groups
{or *classes”) based on a pre-determined classification. The
clagsgification may be any désirad classification by which
20 the training samples are to be grouped. For example, the
clasgification may be whether the training samples are from
a leukemia cell or a healthy cell, or that the training
samples are obtained from the blood of patients having or
not having a certain condition, or that the training samples
25 are from a cell from one of several types of cancer as
compared to a normal cell. In another eaxbodiment the
characteristic may be a censored survival time, indicating
that particular patients have survived for at least a given
number of days. In other embodiments the quantity may be any
30 continuously variable characteristic of the sample which is

capable of measurement, for example bloocd pressure.

In one embodiment, the data may be a quantity y;, where
ie{l,..,N}. We write the nxl vector with elements y, as y. We
35 define ap x 1 parameter'vector B of component weights (many
of which are expected to be zmero), and a g x 1 vector of
parameters ¢ (not expected to be zero). Note that q could be



estimated in a manner which takes into account the apriori assunption that
nost of the conponent weights are zero. 20 In one enbodi nent, the prior
specified for the component weights is of the form p(fl) J p(/3 1
v2)p(v2)dv2 "2 (A) whereinvis ap x 1 vector of hyperparaneters, and
where 25 p(fl J v2) is N(OQ diag{v2}) and p(v2) is sonme hyperprior
distribution for v2. P A suitable formof hyperprior is, p(v2)a]Jp(vi)
Jeffreys a In another enbodi nent, the perprior p(v2) is such that 30
each t12=1/v12has an i ndependent gamma di stribution. |In another enbodinent,

the hyperpri afof alel,SefslClbd Rt paflifdtdiis hae aRpédiRPeBIBS! z i mRay
di stribution. - Q . Preferably, an uninformative prior for gi is
specified. THe &P i-hood function is defined froma nodel for the 5
distribution of the data. Preferably, in general, the |ikelihood function

is any suitabhg ddek@hbBafledtinhb OapiOdat@X aBPbegadied ikedidwod function

L yJ/ 6{0) may be,, but not, restrict to, .of the .faqr I.at or a
general i sed T’i‘ﬁggganﬁﬁﬁti’f ém",‘#)sﬁgghag F ?teé;%ar%ﬁqgg gﬁ%i)e?eg%rd?kﬁed by 10
Nel der and Wetdurdments( 1979)icadies epamiiyl ba peelks grgsser t#han |4 kel i hood
function is of the form L=logp(y fi,$)+c(yo~)} (C) it a,(4'") wherey =

s oo SRR s A Nt Bl o LECAMES pLeP, K100
i s specified®ns kermghsratyix Fabe ehyain &moﬁ'tPOi‘)mCti‘mB of X as '
10 predictors instead of linear predictors. An example of the
kernel matrix K is kij=exp (~0.5% (x3-x3}*(x:-%) /0°) where the
subgcript on x refers to a row number in the matrix X.
. ITdeally, subsets of the columns of X are selected which give
sparse representations of these amocoth functions.
15
Typically, as discussed above, the component welghts are
estimated in a manner which takes into account the apriori
assumption that most of the component weights are zero.

20 In one embodiment, the priocr specified for the component
welghte ims of the form:

P(9)= [ (8 1)p(v")a*

(c1)
. wherein v is a p x 1 vector of hyperparameters, and where

25 p(ﬁ ]Vz) is N(O,diag{v’}) and p(vz) is some hyperprior

distribution for .

2
A suitable form of hyperprior is, p(vz)anp(vf). Jeffreys

=1

In ancther embodiment, the hyperprior p(vz) is such that
30 each t’=1/v’has an independent gamma distribution.

In another embodiment, the hyperprior p(v’] is such that
each ¥} has an independent gamma distribution.



20 Var{y}=b"(8;)a;(4')=7ai (Q) (C3) Each observation has a set of
covariates xlI and a linear predictor qi = xjTf. The relationship between
the nean of the itb observation and its |inear predictor is given by the

i link function tai = g(Li) = g( b'(Bj) ). The inverse of the 25 Ilink is
denoted by h, i.e s =Db" (91) h(t)i). In addition to the scale paraneter, a
generalised linear nodel may be specified by four conponents: 30 the

| i kelihood or (scaled) deviance functiqy, . the link function the
derivative of the link function t he variance function. i i i | - 51
Some conmon exanpl es of generalised Iinear nodels are given in the table

below. Distripution,Link_ func v EI ad() of link
function para P é unI(::LP"l i terfrﬁgusm an ?'Jiio% ¥% Bi no%gﬁl[igf'og(/ (1- p)) 1/¢(
p(1l- p)) (1- hb )/n Poisson log (p) 1/ pp No Gamma 1/;i -1/ 2 p2 Yes
inverse 1/ p2rhe/1idiBhoodefundtduasiandéfinedafotinea ndedditoenthea quasi

i kel thood, mogel, 13,39841 Lk ofhe WAEHS' BroRluhlle LhNeddsas!i efeand variance
likelihood function is any suitable likelihood function. For
example, the likelihood function le“?@) may be, but not
restricted to, of the form appropriate for a generaliged
linear model (GLM), such as for example, that described by

10 Nelder and Wedderburn (1972). Preferably, in thia case, the
likelihood function is of the form:

L=log piy | B ) =3 (2020 (g”f)-«c(y;,qs)} (c2)
fel { . .

where y = {(¥i,.. ya)T and ai{¢) = ¢ /w; with the wy being a
15 fixed set of known weights and ¢ a single scale parameter.

Preferably, the likelihood function ia specified as follows:

We have
Efy;} =b'(®))
20 Var{y} =b"(8,)a,(¢) = 7ia,(@) (€3)

Each observation has a set of covariates x; and a linear

predictor fs = x;° §. The relationship between the mean of

the i*P observation and its linear predictor is given by the

link function ny = g(py) = g( b’ (81) ). The inverse of the
25 1link is dencted by h, i.e

s = b’ {(8i) = hin).

In addition to the scale parameter, a generalised linear
model may be specified by four components:
30 e the likelihood or (scaled) deviance function,
¢ the link function '
e the derivative of the link function
e the variance function.




defined. In sone instances, such specification results in the nodels in
the table above. In other instances, no distribution is specified. 10 In
one enbodi nent, the posterior distribution of /3t and v giveny is
estimated using: P(fl~ovjy) a L(yjJ3~0)P(fifr)p(v) (C4) 15 wherein L(yjfi
ry) is the likelihood function. In one enbodinment, v may be treated as a
vector of mssing data and an iterative procedure used to naxim se
equation 20 (C4) to produce naximum-asposteriori estimates of (3. The
prior of equation (C) is such that the maxinum a posteriori estimates
will tend to Ssmesparmen jexamnplisaof geremdised binegpmpadelerare@ivieadundant ,
many conponeniysS @k £ IHelRer.zero. 25 As stated above, the conponent

wei ght s whi ch maxi m se the posterior distribution my be determ ned using

I I hl acl £ 3
an iterati ve—proecedure—Pref-erabte—the-iterativeproecedurerier——52-

maxi m . si ng tm@tp'ébmaim Lignks t fusskdpon d?eniwetéaﬁporé'nréa@‘?—m Esmdenent

wei ghts is an EM al gorit hgy prrprl Si ng drpfE 1SKP anclf@acmcsﬁe;@aﬁu@h as,

for exanpl e,| that described in Denpstdr et al 1977. 5 In ccndu ting the
EM al go:'rf)t h t.ho B ef F=¥al nr nf orv ahl LTp nhr;wl t’A'Ohi' hao tan of nnna—\ni('\tu gt erns

LA = < ™y CUrrpTTTroCo T T HAC T gU T YUl CUYTIpgutt

of the forn1<FEMEégﬂlv7 A v' (C4a) =P~ where dr:dﬂ(ft.):E{l/vﬂeﬁ}-tS and

for conveni erm@mmagefl ne1d@ g al/ gy yOfe, Q. (alngj ne 4fiall owi ng wenarfite
d=d((j)=(c!"|d2,.. . d") T.

==

Bl /n
Poisson log (u) 1/ u Q ' No
Gamma 1/ p -1/ ¢ u? Yas
Inverse 1/ @t -2/ gl Yes

Gausaian

5 1In another embodiment, a quasi likelihood model is specified
wherein only the link function and variance function are
defined. In some instances, such specification results in
the models in the table above. In other instances, no
distribution is specified.

10
In one embodiment, the posterior distribution aof £ ¢ and v
given y is estimated using:
p(Boviy) e L(y|Be)p(Bl)p(¥) (ca)
15 y

wherein L(y|f¢] is the likelihood function.

In one embodiment, v may be treated as a vector of missing
data and an iterative procedure used to maximise equation

20 {C4) to produce maximum a posterioril estimates of B. The
prior of equation {Cl) is such that the maximum a posteriori
estimates will tend to be sparse l.e. if a large number of
parameters are redundant, many components of B will be zero.

25 As stated above, the component weights which maximise the
posterior distribution may be determined using an iterative
procedure. Preferable, the iterative procedure for



In a simlar manner we define for exanple d(/(r)) and d(y)=PTd(P'yN) where
f=P yand P" is obtained fromthe p by p identity matrix by omtting
colums j for which /3=0. 15 Preferably, equation (C4a) is conputed by
calculating the conditional expected value of t2=1/vl ? when p(f;I") is
N(Q v?) and p(vr) has a specified prior distribution. Specific exanples
and fornmulae will be given later. 20 In a general enbodi nent, appropriate
for any suitable likelihood function; %he EM al gorithm conprises the
steps: (a) Selecting a hyperprior and values for its paraneters.

I ni tialising PREHEIDS thfh PR terderi alpteidutdon of the compopents gnd g j se
25 R~ and apptsmprgpeatveaklightorise ansBghalgrfichm cxapyleingy anld' Stey b)
Defining i6S 285 W sQep0t DEIW3S iﬁﬂséﬁnr%i'&&?%% nedddripel Zeroes and

ones such 30_that the nopzeyrq el enent A~ satisty - 53 - _jn)
=PT110() (2()P=Pa5%F 3% 24=-%""2~ Y=PnQ . Q =PY (c) perforning an
estimatiorb (E) step by calculating the conditional expected value of the

D05 b} el ek el uamspebine Sheogysiap gty o) G0
A(d(f E)n)))- 2fé““ﬁfq\ﬁ%€r ghe’ pten ﬁ’? PB’QP"F-‘HP@? itﬁg'ﬁ‘ﬂ PENHY FO7Bf y.  Using f gPy
and d(/)) as defi n@dzikéﬁi@qf?)lﬁi}(%) can be witten as
tl {C4a)
=Y B

where d,=d,(B)=E{/v}] B} and for convenience we define

10 3,=1f3,=0ifﬁ’,=0. In the following we write 3=d(ﬁ)=(3,,32,...,3n)7.
In a similar manner we define for example d(f™) and
d(y™)=P d(Py'"") where S =Py™ and P, is obtained from the p

by p identity matrix by omitting columms j for which B =0.

15 Preferably, equation (C4a) is computed by calculating the

conditional expected value of t’ =1/»; when p(ﬂi[vf) i= N(O,V,-z)

and p(vf) has a specified prior distribution. Specific

examples and formulae will be given later.

20 In a general embodiment, appropriate for any suitable
likelihood function, the EM algorithm comprises the steps:
(a) Selecting a hyperprior and values for its
parameters. Initialising the algorithm by
setting n=0, Sy = {1,2,., p } . initialise g©®

25 » P* and applying a value for g, such as for
_ example £ = 10°5%;
{b) Defining
go= By i€ 8§, o | (C5)

0, otherwise

and let Pn be a matrix of zeroces and ones such
30 that the nonzero elements Y™ of B™ satisfy



Q71 /),0)=L(YIP4P)-0.57TA(d(y()))-2y (C7) 15 (d) performng a
maxi m sation (M step by applying an iterative procedure to maximse Q as
a function of y whereby To = Ica and for r=0,1,2, Yr+l = Yr + ar. 6r and
where ar is chosen by a 20 line search algorithmto ensure QCc+t j | T),
0(r)) > Q1 /n) , and S =A(d(y()))!-Qd(y(n>)) 7
~(d(Y(n)))+f]" (ACd(y(n))) (aL- d(y )) (C8) aY, ) 25 where:
dO-))=Pld(Py(r))as in (C4a); and 8L __ ] 8L a2L T S2LP BYE -Pas, a2y, -P
azs, for &P 30 i I I - 54 (e) Let y* be the value of yr when sone
convergence crity@r+pig*l s, sapt’sir g, for exanple, ~( yr - yr+llt cc (for
exanpl e 10-5 ); 5 f% Deflnln 1;3* = p"y* , St={i: (~>max((S~(*Et)} where
ei is a small cons F for e |e-5. (g) Set n=n+l and choose q'= W
~+Kn( q - 9(n)) where p SatISerS L(y(POy,~) =0 and Kif is a 10 danping
fact or such that 0< Ka <_ 1; and (h) Check convergence. < ea

- 11
where e2 is suitlghly swerEorming bgstipaEicio 3 &tep '(’13)‘331&5%95’}“%5

the conditional expected value of the posterior
5 distribution of component welghts using the

function:

QB B, ¢) = Bt logp($, . v1) | 7, 6, 6} <6y
= Ly |6,4™)-0.5 57 A@(E N7 S

10 where L ia tha log likelihood function of y.
Using f=P7and dy®) as defined in (C4a), (C6)
can be written as

QY™ %)= L(y| B, ¢™)-0.57 Ay ")y (€7)
15 .
{d) performing a maximisation (M) step by applying
an iterative procedure to maximlse Q as a
function of y whereby Y, = v and for r=0,1,2,
Yesr = TYe + @, Or and where or is chosen by a
20 line search algorithm to ensure
QM 17,8 , Q1Y 6™) | ana
1, Lik n T
3= Ay N-Adl' ’» L AT AP (c8)
oy, ay, d(™)
25 whare:

d(f™)=PTd(Py™)as in (C4a); and

2 2
L prdl  FL_ . FL,
ey, B, Ty 0B

for Br =Pa7r -

30



I n anot her enbodi nent, t;=1/v, has an independent ganma distribution with
scal e paraneter b>0 and shape paraneter k>0 so that the density of ti is
20 )(t2,b,k)=b4(tb)k'exp(-t,/b)/1" (k) It can be shown that Ef t2 (# }
(2k+1)/(2/b +9) 25 as follows: Define 30 I(p,b,k)=j(t2)"
texp(-0.5Szt2}y(t2,b,k)dt2 o then I(p,b, k)=V'5 {P(p+k+0.5~P(k)}(1+0. 5bp2)t
.n i e 55 - Proof Let s= 32/2 then I (pb, k)=bws J(tzi)r

5exp( st'")"'}(t2,b,k)dt2 0 5 Now usingsyhe substitution u =to /b we get W
l(p,b k)=V0S j(u)y s exp(-sub7r(u,1,k)du O Now let s'=bs and substitute
t he expression fde)y(u, Iheg) v* The s:hegivaése ofl @r| ¢vphed, omeh goPBatgence

exp(- (s +) W K 5LdU JedideiioR 10UdeddetRan £bldaabrban| pge Lranstorms,
eg Abranmowi t-z and Stegun, _then Egl vgs the r h 5 The condi ti onal
expectation foll ows fror‘ﬁ”"’%ﬂf ¢ g’ %Ob k)

5 (£) Defining B* = Puy* , S, ={l: [6 [>max(|f;{*¢, )}
where €; i8 a small constant, for example le-5.
q)(n))

(g) Set n=n+1 and chooge o™ = ¢ @ik, ( ¢ -

where ¢ satisfies -E-%I_.(yIPn'y',¢)=0 and ¥, i8 a

10 damping factor such that O« k, < 1; and
(h) Check convergence. If || y* - y™ || < & where &
is suitably small then stop, else go to step (b)
above.
15

In another embodiment, t/=1/v} has an independent gamma
digtribution with scale parameter b>0 and shape parameter
k>0 so that the density of t} is

20 AL, b)=b" (1/b) ' exp(-£2/bYT(K)
It can be shown that
E{t?|B}= (AADI(20+FY)
25

ag follows:

Dafine

30 p.bk)= [(£)° t exp(-0.58 2 1t b J)de*
0
then

K(p,b,k)=b"* {Tp+k+0.5)T (1) }(1+0.5b87 y 9



= (2k+1y(2/b+a2) As k tends to zero and b tends to infinity we get the 20
equi val ent result using Jeffreys prior. For exanple, for k=0.005 arid
b=2*105 E{t2 P} = (1.01)/(10° + N2) i Hence we can get arbitrarily close
to the algorithmwith a 25 Jeff rays hyperprior with this proper prior. |
I I'n anot her enbodi ment, v/ has an independent gamma distribution with
scal e paraneter b>0 and shape paraneter k>0 It can be shown that - 56 - m
Ju b'rz'' exp(-(.1; /u +u)) du b Jurzégpf-(A /u+u))du 0 1 K3, (2.fl) (c9)
_Yel ~~ ~K-rzk(2v*S) _ 1 (2~)Kvz k(2 , ) 15;12 Kin.k(2 ~s) where Al$
2/ 2b and K deff%s a nodified Bessel function, which can be shown as
foll ows: For Ietl isk #d2athem (c9) 5 E{v14jO}= 2/b(1JIfl1D For K=0.5 in
equation (C9) 10 E{v;21pl}= 276(1/Ip;1)KL( )/K(2,ji)} or equivalently
Evi2ilat}=(1/18112) .1;K1(2N'c)IKO(2,ji)} 15 Proof

I,b,k)=b™"* [(£/6)7"°* exp(-st’ (" b,k)dt”

]

5 Now using the substitution u = t? /b we get

1(p,b,k)=b"""* Tf(u)w's exp(-subyy(u,l,k)du
0

Now let s’=bs and substitute the expression for +uylk). This

gives
10

I(p,b,k)=b""%* ]' exp(-(s4 1D du / TK)
]

-Looking up a table of Laplace transforms, eg Abramowitz and
8tegun, then gives the result.

15 The conditional expectation follows from

E{t’ |8} =1(1,bK)/I(0b,k)
= (2k+1)Y/(2M +BY)

As k tends to zero and b tends to infinity we get the
20 equivalent result using Jeffreys prior. For example, for
k=0.005 and b=2%10°

B{t’ B8} = (1.01)/(10° + %)

Hence we can get arbitrarily close to the algorithm with a
25 Jeffreys hyperprior with this proper prior.

In another embodiment, v} has an independent gamma
distribution with scale parameter b>0 and shape parameter
k>0, It can be shown that



Fromthe definition of the conditional expectation, witing we get J v;

2v. "cXp(-A7 v; 2)b_,(v12/b)k "exp(v.'2/b)dvi2 20 Jv;'exP(-. v; 2)b4(v;

2/ b)exp(v; 2/b)dv;2 0 Rearranging, sinplifying and maki ng the substitution
~uw /b gives A1 The. integrals in Al can be evaluated by using the result

251 | 1 P[HP=2aL 0 a a where K denotes a nodified Bessel function,
see Watson(1966). 5 Exanples of nenbers of this class are k=1 in which
case which corresponds to the prior u _in the Lasso technique, 10

Ti bshirani (1996}. See al so Fi guei redo( 001). The case k=0.5 gives

E{v12lal}= Vgiuo(1l/I R YK; ZJM)/t(a %@) 15 or equivalently
E{21s1}=(1/IRr){2 A K, (2 ¥ KO 3P )’k d¥here Roand Al are nodified Bessel

functions, see Abrﬁmw&}f——a-ﬁd-—&—eguﬁ(—i%e) Pol ynomi al approxi mations for
eval uating these Bessel f ﬂ&lﬂﬂ @(,p/amu hé&: found in Abramowi tz and

St equn(1970, p379). Detail e above calculations are given in the

Appendi x. 25 The expressi ve( nstrate the connection with the
Lasso nodel and the Jeffee\E w {C9)
ln'2-l'.(2 ‘ai)
- 1 (2\/_ )Km.k(z'x[_ )
18F  Kip(2J2)

where /l,=61212b and K denotes a modified Baagel function,
which can be shown ag follows:

For k=1 in equation (%)

: E{; |8} = V2601118,
For K=0.5 in equation {(C9)
10 {3,183 = V2/b (/16 ){K, @A YK, (27}
or equivalently
E{v{’lﬁi}#vwif){ZJATK,(zJI)/KO(zJZ)}
15

Proof
From the definition of the conditional expectation, writing
A=B2/2b, we get

.[ ¥ 2 exp(-A, W (0,2 10)exp(v, o)dy,”
20 E{(r*|8,}=2
J‘rfi"exp(-}l?vi'2 W' (7, ) exp(r, " b)dv,
1]

Rearranging, simplifying and making the substitution u“vi/b

gives A.l

The integrals in A.l can be evaluated by using the result
25 '



It will be appreciated by those skilled in the art that as It | 30 tends
to zero and b tends to infinity the prior tends to a Jeffreys inproper
prior. In one enbodinent, the priors with 0< k 51 and b>0 forma class of

priors which mght be interpreted as penalising non
In a manner which is between the Lasso prior and the original

using Jeffreys prior. i - 58 1In another enbodi nent, in the case of
generalised linear nodels, step (d) in.the maxi m sat i on step nay be

esti nat ed

X X by repIaC|ng aZ- W th |ts expectation E{ajL }.

ary. 5 preferred

the data is a generalised |inear
z For generalised Fln j; gﬁ#ﬁ ”E%%E%ﬁed value E{ ~a L} my a
iMni N

calculated as folldws. B

)(~~)r} (Qu)

35 zero coefficients
speci fication

This is ary,

nodel .
ry~ be

tf 10 ' ar _xr{o(i a,)(y- w)} (do) aR

7,45 vhere 41' k?gﬁﬁﬁﬁﬁglj wa ?ﬁ?étﬁﬁﬁff@n zow&éiT %%gEéﬁaFﬁéaéEEgo) and

(dl) can be WeRaom 1866) XV (a )(y k) (d12) E

V=A(a; (p)ti
5

10

15

20

25

30

35

()1 au;

Examples of members of this class are k=1 in which case
E{r;” (8} =V2/b(118)

which corresponds to the prior used in the Lazso technique,
Tibshirani {1996} . See also Figueiredo(2001).

The case k=0.5 gives

E{” [B,}= V20 (UBNK, (24 VKo (2% )}

or equivalently

E{r,”I8,}= (VB Y2 JAK, YA VK, 24 )}

where K; and K; are modified Bessel functions, see Abramowitz
and Stequn (1970} . Polynomial approximations for evaluating’
these Bessel functions can be found in Abramowitz and
Stegun (1970, p379). Details of the above calculations are
given in the Appendix. )

The expressions above demonstrate the commection with the
Lasso model and the Jeffreys prior model.

It will be appreciated by those gkilled in the art that as k
tends to zero and b tends to infinity the prior tends to a
Jaffreys improper prior.

In one embodiment, the priors with 0< k <1 and b>0 form a
clagas of priors which might be interpreted as penalising non
zero coefficients in a manner which is between the Lasso
prior and the original specification using Jeffreys prior.

B}=- XV X (CU where



25 -59- Preferably, for generalised |inear nodels, the EMal gorithm
conprises the steps: (a) Choose a hyper prior and its paraneters.
Initialising the algorithmby setting n=0, 5=5{l,2, ., p} , q((0} ,
applying a value for e, such as for exanple a 10"5, and If p < N conpute
initial values 13* by flI'=s(X X+)j'I XTg(y+( J (C14) and if p 77 N conpute
“initial values f3* by 10 6= (I-XT(nT+My x) XTg(y+~) (Cl15} where the ridge
parameter A 'satisfies 0< AL S 1 and _Cygis small and chosen so that the
link function is well defined at y+C, . (b) Defining 15 p(n)_ $ N r i E
$0 1 0, otherwise and let Pit be a matrix of zeroes and ones such that the
nonzer o el enel anytReér AmbddiRentatiSfthe 28se (¢f gepddn)isdd)lizeal) 7Y=P;, ~ .

fi =P"Y 1 j (c)_perform n estimatiqn (E) step by cal culatin 25 the
condi ti onal @S?ﬁ)@&f’eda*‘?ﬂéi dg% a1 Hee ﬁ‘t?é’tj@f*fgﬂﬁlglblissﬁa% B‘éYi %‘?1 ?ﬁt’i"gﬁggnent
wei ghts using the functigp: (n) (a)) - - (n) Q~lz{P E( 1ogP(P, Wvly)Il Y,
n-) .~} (O 8 zepliging fi- 4P i@ﬂSemw@Pﬂ%fWJZ/ 3Tile is
5 preferred when the model of the data is a genmeralised linear
model. '
'L

For generalised linear models the expected value E{ Fon } may

T

be calculated as follows. Beginning with

10
oL 1 op,y-n .
O L XT Ay B (€10}
2 YT w)
where X is the N by p matrix with i*® row =x;° and
| 'L dL, oL
— Y = BT Cl1
15 E{azﬁz} {{66)(6[3’) h | (c11)

wa get

E{-g—,——g-;-} - —XTA(ai(wf(-g-";)z)"x

]

20 Equations (C10) and (Cll) can be written as

A iyt My

% XV (—aﬂ)(y ) (C12)
azL tyg 71

EBf—1=-X'V°X c13)
{aﬁ,} (

where V=A(g ((p)r,z(-g—z—i-)z ).

i

25



i i e 60 where L isthe log likelihood function of y. Using S=Pnyand
=P,"/ (Cl16) can be witten as 5 QYI?~~, ~())=L(y j pnY, ,()}-O5 yT
e(d(y(n))y=y (C17) (d) perform ng a maximsation (M step by appl yi ng an
iterative procedure, for exanple a Newton Raphson iteration, to maximse Q
as a function of y whereby 10 yp = y(n' and for r=0,1, 2, Yrtl = Yr + ar Sr
where ar is chosen by a line search algorithmto ensure QVY, i | i(r), ~)
> QVYr and for p5 Nuse 15 Sr= A(d(\_/('é%))[Yn vt Yn+l]-'"(Yo yr Zr- ryn) )
(A O where Yn=A(d(y(n)yypp X . 20 V=e(a((p)r (a )2) z= a (y a) and the
subscript r d@&atfe.sazsty,a,t fobegendianiddd 23ndie modvdk Latied Bt algob( XA yr)
For p > N use r— (1: gY%Jé %Q R-Yn “ynYn+vr)1¥Yn)l +nV;'zr d(~n))) (C19)
with Vr and zF‘%‘BF re. (e) Let y* be the value of Yr when sone
convergence 30 cnﬂii erqheﬁsﬁsa dupiest pedos. and jitg paramgliens.c g (for exanple
10 5 ) . i - 61 (f) DefitAglddfng they algoBithwrby: séfing meOLR Eies)} where

5 {1,2,., P} . @ , applying a value for €, such as
for example £ = 10°%, and
If p £ N compute initial values P* by

B =X XAN)" X g(y+{) (c14)
and if p > N compute initial values B* by
10 - 8= 0-X" COX-+N) 0K g(y+) (c15)

where the ridge parameter A satisfies 0 < A £ 1 and §
is small and chosen so that the link function is well
defined at y+§ .

(b) Defining

15
' 0, otherwise
and let Pn be a matrix of zerces and ones such
that the nonzeroc elements y{n) of P(n) satisfy
20

y =pIg® | B9 =P 4
y=Pg , 8 =Py

{¢) performing an estimation (E) step by calculating
25 the conditional expected value of the posterior
distribution of component weights using the
fungtion:

Q(ﬂ}ﬂ““ ¢®) = E{ logp(B, ¢, v1¥)] v, 67, ¢} (©16)
= Liy| 8 ¢")-05 7 Ad(B8")*

30



el is a small constant, say le-5. Set n=n+l1 and choose qrl1l = ql" + x,( ¢’
- co0) where $ satisfies L(ylPoy,~)=0 and K, is a danping factor such that
50<K 5 1. Note that in sone cases the scale paraneter is known or this
equation can be solve explicitly to get an updating equation for p. The
above enbodi nents may be extended to incorporate quasi 10 |ikelihood

met hods Wedderburn (1974) and Mccul l agh and Nelder (1983)). In such an
enbodi ment, the sane iterative procedqge as detail ed above will be .
appropriate, but with L replaced by a quasi |ikelihood as shown above and,

fﬁ{j dexarrPl '?h Table 8.1 %ﬂ%rubguié 319%& ayd N?kgﬁih&ohg&&cticﬁhw Lo t
enbodi men ere is a mdified_u a|n e _scal e raneter p.
Q—HggéF? éﬁp % fblﬁg g% wé“l &t i on t2

To define these nodels r fari Ahce Func
, the link function g anﬂathe derivative of the link function a . Once
these are defined the above algorithmcan be applied 20 In one

enbodi ment_ for qua ikeld.hood dek 3 " above a Jthmis
nodi fied so tha? t @@gﬁﬁhagﬁahgﬁgf’?QS g@ﬁ?‘ﬁf y calculatlng‘g } ~~R p=
(Yc )2 where )i and t are evaluated at (3* = p,y* Preferably, this

uEdat IN ngAIZ perfquirie dhENiihg ammacaaﬁam Qit&psbynaﬁﬁByiz{@Ckii is |ess
t han i vi sor

I n anot her enbodlnent ?ﬂﬁ%&Stﬁr%ﬁﬁéﬁrﬁl ?85 ?x 13 a”ﬁ%?t&ﬁsﬁh 45%

li kel i hood nodel s t heltexatdioas ctormmaxsmigenRt a8 r@v%mc%iwncaﬁ Ebé!hPEBPkiced by
a mtrixqfgwth if" efemefit! khi eoe rddljl, 2, X(xd %1) v.f or asdBrewkeraal.
function . This matrix Gan 2 gl sQ P&AUIIRDL e gl ¥SCLRLuR] Ones. Some

exanpl € . Q(TH-I l,fu) d’(ll)) Q(’Yr l‘fn) ¢(ﬂ)) ’ and for'
D S N use ’
15 5.= A )IYI VY, HT (Y] V'2, -d( Y“”) (¢18)
where

Y, =AdGO )P X

20 V=ACai(:p)'cf(-§—z—‘)’)
il

.

z au )

and the subsgcript r denctes that these quantities are
evaluated at p=h(XP1y,).
Por p > N use

25
8, =AY NI -Y, (LY V) Y, (Y V', - i 7‘,,, (€19)
with V; and z; defined as before.
(e} Let y* be the value of Yy, when some convergence
30 criterion is satisfied e.g

H Tr ~ "{:.1[] < € (for example 107° ).



kernels are given in Table 2 bel ow, see Evgeniou et al (1999). Kernel
function Formula for K( x - y ) Gaussian radial basis exp( - x -y fj2/
a) function anO Inverse nultiquadric x - Y 112 + ¢2 )-112 Miltiquadric
(I x -y 112+ c2 ) Thin plate splines 11 x - y 11201 Il x-Y li2mn(li
x-y I'l) Milti |ayer perceptron tanh( x'y-A ) , for suitable 8 Ploynom al
of degree d (1 + x'y )d B splines B2xi+1 (x - y) Trigononetric polynom als
sin(( d +1/2 )(x-. y))/sin((x- Y)/ 2) iOE?ﬂ'abIe 2: Exanpl es of kernel
functions In Tabl | as « LG kern di siQnal i.e. for the
case when X has oﬁ?’ %’ﬁ’gl%%l R)hl t' @tgﬂ\%r%%’f e‘gin"hgrﬁeri ved from
products of these kernel functlons The 15 defi n|t|on of Ben+l can be found
in De Boor (1978 ). ausie of smalkeram@itahgncsapied-ei Soern-s+dem@adal i sed |inear

nodel or a quasi |ddRlskhged togel £asyrts igh MBaAeabtiesmesysglsare snooth
(as opposed to trangforns of linear) functions of the covariates X Such
nmodel s may give a AR @) +9 bedtwr is20 damping Ehetemtsuch tB3t A fourth

enbodi nent rel ating™ o a proportional hazards nodel will now be descri bed.

5 D. Propogtional zard del t hod of ths nbodi utilise
raini g shiplee 07 81 ety BOTACHAY o SEBB.E1o4 BRnROrin e e o
capabl e of affectidg itnewpr@bélhllsl eguahben cagebpneel e explioitdy deat h,
recovery) wll ocCyetWahhipiseidg tdhitioiEor o.

~The abuve embodiments may be extended to incorporate quasi
10 likelihood methods Wedderburn (1974) and McCullagh and
Nelder (1983)). In such an embodiment, the same iterative
procedure as detailed above will be appropriate, but with L
replaced by a quasi likelihood as shown above and, for
example, Table 8.1 in McCullagh and Nelder (1983). In one
15 embodiment there iz a modified updating method for the scale

parameter @.'To define these models requires specification

- of the variance function 1° , the link function g and the

o1

derivative of the link function 5—. Once these are defined
/N

the above algorithm can be applied.

20
In one embodiment for quasi likelihood models, step 5 of the'
above algorithm is modified so that the scale parameter is
updated by calculating

1"! i

where } and © are evaluated at [* = P,y* . Preferably, this

updating is performed when the number of parameters g in the

model is less than N. A divisor of N -8 can be used when s
30 is much less than N.



period. Training sanples are obtained froma systemand the tinme neasured
fromwhen the training sanple is obtained to when the event has occurred.
Using a statistical nethod to associate the tinme to the event with the
data obtained from15 a plurality of training sanples, a subset of
components may be identified that are capabl e of pred| cting the
distribution of the tine to the event. Subsequently, know edge of the
subset of conponents can be used for tegis, for exanple clinical tests to
predict for exanple, 20 statistical features of the tinme to death or tine
to rel apse ofnzanttSeasembbdinendtanfbe, botie giatexalliged dliguagenodéls
corrpgnent sdoI afd sasﬁé,ﬂtmlrm\él bﬁo&btn@aa@g .li.ﬁ& mcffaw&tz wﬁ% wfuﬂ hf&wéialt a
may be used tospredict a IC relevant, evenks or exarrp e,
exbected or it GRAZE Haspigy i paetirrRori Tas SeReRE metnd

certain synpkans, Kt#rrxel aﬁmaemaak&wma@ncthmm s Ways mdkrigy e:saant

i nvention 5deﬂu$ iR a%%a&a@lﬁn& al 9batdy ey onlEBl Isé&w@:ru@iacormonent S
whi ch can be s o Qredug;t %Fg d#zljt’r butlon r}% EE to an event
of a system S eg € & YedPEPi egeq‘ at i timeto
an event. Ess@hﬁ%ﬁﬂ)y-, from all the data which is generated fromthe
system the nethod of the present invention enables identification of a

smal | nunber{of 35 oets whi ch can pPe Used 1.0 eal tT e
event. Once| those C&S%B‘SEe PE%HEe been den ?’f‘f“é]cf‘b{? sxrretyhdd t he

ot a+|cf|r‘_'3|

conponent s cgh—be—tsed—iA—futtr-e—to—predl-ct—st-ati

Qe Bl
features of frRusdiss redial haades of a syaemri f dih Hewyslalr?pk’es) The net hod
of the presenfurdvéem i on preferably wuti]|ksges a statistical nethod tjo
telol ?nng'\[/gntcor%qrn%nt sm%gggqugéreicnot requi “FPI To corr?gt f yzp)_e,q,l Tt the _t.| nme

Multiquadric | (l x-y ||+ ) ¥

Thin plate aplines Il =~ ¥ llhul
| [l x-y [P} =~y |

Multi layer perceptron tanh( x'y-8 ) , for suitable
0
Ploynomial of degree d (L + xy )°®
B Splines Bou.g {x ~ Y)
Trigonométric polynomials sin{( 4 +1/2 ) {x~y)}/sin{{x-
y}/2)
10 Table 2: Examples of kernel functions

In Table 2 the last two kernels are one dimensional i.e. for
the case when X has only one column. Multivariate versions
can be derived from products of these kernel functions. The
15 definition of By, can be found in De Boor (1978 ). Use of a
kernel function in either a generalised linear model or a
quasi likelihood model results in mean values which are
smooth (as opposed to transforms of linear) functions of the
covariates X. Such models may give a substantially better
20 f£it to the data. |



5 of a system By appropriate selection of the hyperparaneters in the

nodel some control over the size of the selected subset can be achieved.

As used herein, "tinme to an event" refers to a neasure of 10 the tine from
obtaining the sanple to which the nethod of the invention is applied to
the tinme of an event. An event nmay be any observabl e event. \Wen the
systemis a biological system the event may be, for exanple, tine til
failure of a system tine till death, set of a particular 15 synptom or
synptons, onset or relapse of a condltlon or di sease, change in phenotype
or genotype, change in biochem stry, change in norphology of an organism

or tissue, e | n behavio r. 0 The sanpl as

particul ar tlzfr%n"?’ % em}é‘?/%rﬁ | 5852t PRER {tg'ogﬁievea% %%T#o%gl mes to
an event mawiid nDWEbecﬂﬂaﬂnﬁbﬁéd fronldata obtained from for exanple,
patients I n mhich t he tine fron1sanp|ing to death 1is known, or in other

wor ds ui_ne" surv 5 patients in which the only
i nfornatlgﬂ Ig Fﬁ8P°F # ﬁFsda%&ﬁB %alive when sanpl es were | ast
obt ai ned, or in other mords "censored" survival tinmes indicating that the
particul ar paii£kthad sﬁlra&ﬁ\éeamfaadin@tntl Q;ag-tuﬁilgiswrtraumﬁj safipléays. 30 In

one enbodi nen e_li %F IS 0 anl &% Qﬁﬂﬁ?t gqratrix with n
t est trainlndﬁk ﬁ%ﬁesgg ?ﬁlf%gnpon pIC é#éﬂks %%3 much greater
than n. i 35 da@ebdgand| effeisgdehe mombi 12 *Ff‘éﬁtr .axdxfh( S8 evegd for
exanpl e, @ M @PAEEY, CXREIVFRNt willl tdechri Rithiglualcrtain tianpl es) and the
same p genes f rio%aChnggufﬁéjgghpleé éfeGthained from a system and the

time measured from when the training sample is obtained to

when the event has occurred. Using a statistical method to

asgociate the time to the event with the data obtained £rom

15 a plurality of training samples, a subset of components may
be identified that are capable of predicting the
distribution of the time to the event. Subsequently,
knowledge of the subset of components can be used for tests,
for example clinical tests to predict for example,

20 statistical features of the time to death or time to relapse
of a disease. For example, the data from a subset of
componients of a system may be obtained from a DNA
microarray. Thisg data may be used to predict a clinically
relevant event such as, for example, expected or median

25 patient survival times, or to predict onset of cartain
symptoms, or relapse of a digeasge.

In this way, the present invention identifies preferably a
relatively small number of components which can be used to

30 predict the distribution of the time to an event of a
system. The saelected components are “predictive” for that
time to an event. Essentially, from all the data which is
generated from the system, the method of the present
invention enables identification of a amall number of

35 components which can be used to predict time to an event.
Once those components have been identified by this methed,
the components can be used in future to predict statistical



Preferably, there is associated wth each individual i Q1,2....,N) a

vari abl ey, (yt zO) denoting the tinme to an event, for exanple, survival

time. For each individual there may al so be defined a variable that

i ndi cates whether 5 that individual's survival tine is a genui ne survival

time or a censored survival tine. Denote the censor indicators as c~where
1, if y, is uncensored c¢ O, if ygis censored 10 The NxI vector with

survival tinmes yi may be witten as y cand the Niel vector with censor

indicators as c. Typically, as discussed above, the conmponent weights are

15 esti mat ed ﬁdataraarmertumicﬁ;iﬂetwtaﬁ; eRfbft a6EQUNystha frqd i@  assunption

Lhat fost of dig1SIAnelo tEh Al Sl BBl oRlaakabgiaeciBab | Of

specified for onent Wei he form
1" Y~, p2, . m)lwwa.sqai—isyma )“%ﬁ'-heﬂ fo ?I%mifa\roﬁe?%maw s fRagr e
corrponent welag.-ht got Ptddqudreds b R drrekatg pPédilket Theombnd Ve hpr boknt

di stributi ontcﬁg RrF%)r Ao F];H %‘B%’{émat S 09L& oIf ffer gﬁeshr#%&%rag%g%erbn one

enbodlnené . I'on I'sS an I nverse rior
which t;=11z;im ew#%éﬁ@ﬁd%?ﬁtﬁ&nﬁﬁerdi‘%? AR P5n Wtﬁ?lﬁi‘é?é par anet er
b>0 and shap&méan&&zerbe lkzBisvedhat the density of t is i |

As used herein, “time to an event” refers to a measure of

1¢ the time from obtaining the sample to which the method of
the invention is applied to the time of an avent. An event
may be any observable event. When the system is a
biological system, the svent may be, for example, time till
failure of a system, time till death, onset of a particular

15 symptom or symptoms, onset or relapse of a condition or
disease, change in phenotype or genotype, change in
biochemistry, change in morpholegy of an organism or tissue,
change in behaviour.

20 The samples are associated with a particular time teo an
avent from previous times to an event. The times to an
event may be times determined from data cbtained from, for
example, patients in which the time from sampling to death
is known, or in other words, “genuine” survival times, and

25 patients in which the only information is that the patients
were alive when samples were last obtained, or in other
words, “censgored” survival times indicating that the
particular patient has survived for at least a given number
of days.

30
In cne embodiment, the input data is organised into an
nxpdata matrix X=(x;) with n test training samples and p
components. Typically, p will be much greater than =n.

35 For example, consider an Nxp data matrix X={x) from, for
example, a microarray experiment, with N individuals (or
samples) and the same p genes for each individual.



~(ti,b,k)=b' (t 1b)k exp(-ti/b)f'(k) - It can be shown that: 5 E

i - 66 -

t2 p} = (2k+1)/(2/ b+82) (A) Equation A can be shown as follows: Define
10 I (p b,k)=J(t2)P t exp(-0.5S2t2))(t2,b,k)dt2 0 then

| (p, b, k) 4f 0" 5f 0+k+0. 5)/1'i k) } (1+t5b$2)" '03 15 Proof Let s=/32/2 then m

I (p,b,k)=b S J(t2/b)403 exp(-8t2 )'(t2 ,b,k)dt2 O Now using the . .
substitution u =t2 /b we get 20 I(p,b, k)=baws J(UY05 exp(-sub)' (u,l, k$u
0O Now let s'=bs and substitute the expression for 1(u,l,k). This gives m

I (p,b,k} VO'5 J exp(4'+1)u)u O0S 1du / F) O 25 Looking up a table of.
Lapl ace transpfdfdrab®y, ADERSBY t Zs angheciiapad; Wheh giewes t hediesdidl The

condi tional expeqLatign ol LOWRL{ gy 239 Fabnlfidk Ache™ dich D) [df O b, K)
= DI eve:;[t, gor e:-:ample, gurvival time. For each individual
there may also be defined a variable that indicates whether
5 that individual’s survival time is a genuine survival time
or a censored survival time. Denote the censor indicators

as ¢where

1,if y; is uncensored
ci=
0,1f y; is censored
i0

The Nx1 vector with survival times y, may be written as y
and the Nx1 vector with censor indicators ¢;as ¢.

Typically, as discussed above, the component weights are
15 estimated in a manner which takes into account the a priori
assumption that most of the component weights are zero.

Preferably, the prior specified for the component weights is
of tha form

20 :
N
P(ﬁl:ﬂz"",ﬁn)= H_IP([}AT‘,)P(Q )d" (D1)
T i=]
where f,,0,,-,5, are component weights, P(Bl) 1sN{0,7/)and
P(r,-) is some hyperprior distribution
25

P(z‘)=ﬁP(r, )

i=]

that is not a Jeffrey’s hyperprior.

In one emﬁodiment, the prior distribution is an inverse

30 gamma prior for 7 in which ¢ =1/7] has an independent gamma
distribution with scale parameter b>0 and shape parameter
k>0 so that the density of t’ is



As It tends to zero and b tends to infinity, a result equivalent to using
Jeffreys prior is obtained. For exanple, for k=0.005 and b=2*105 5 E { t2
18 } = (1.01)/(10"$ + /32) Hence we can get arbitrarily close to a
Jeffery's prior with this proper prior. 10 The nodified algorithmfor this
nodel has b(al =E{t2] cq(u>}os where the expectation is cal cul ated as
above. 15. In yet another enbodinent, the prior distribution is a gamm
distribution for T . Preferably, the gqua di stribution has scale
paraneter b>0 and shape par anmeter k>0 It can be shown, that Jug

"cxp(- (% u+u))du B exbe-2 z texp( (qu+u))du 0 ,(21
K32-k(2 Y;) _ 10 b%#&}h{a) ZHQ ?Tﬂél ( li)K3aa(2 it ) Y I ~ 12 K-rzt
(2 Y, ) where t=i9212b and it denotes a nodified Bessel function. 25 Sone
speci al nenbeks @i bhi shevasshadce k=1 in which case FE{slsf}= 24m(1/1ji1l)
i - 68 which corresponds to the prior used in the Lasso technique,

Ti bshi rani (1996) . 2 o B LLede(2001). The case k=0.5 give 5 Er
z1 $3=1 (1113J) {Ki (2?‘?/%?2 %WMM% &)
Egquation & can be shown as follows:
Define

10 I(p,b,k)=?(t2 Y 1 exp(-0.5822 (£ b k)dt?
then
I(p,b,K)=b"** {T(p+k+0.5 )T (k) } (1+0.568% y &+

15 Proof
Let s=p%/2 then

(b, ky=b"* [(£*/b)"** exp(-st* (e’ bJ)dt*
[1]

Now using the substitution u = t? /b we get
20

I(p,b.k)=b"** ?(u)W’ exp(-sub)y(u, 1, K)du

Now let s’=bs and substitute the expression for ulk). This

gives

I(p.b,k)y=b"* | exp(-{s+1)upu?****'du / T (k)
0

25 Looking up a table of Laplace transforms, eg Abramowitz and
Stegun, then gives the result.

The conditional expectation follows fxom

E{t? |8} =K15,k)I(0,b.K)

30 = (kL2 + )



or equivalently 10 E{rj"I1P1}=(1/1f;P){ K1( 7)/KO(2 )} where KO and K1 are
nodi fi ed Bessel functions, see Abranowitz and Stegun(1970). Pol ynom al
approxi mations for evaluating these Bessel functions can be found in
Abranowi t z and 15 Stegun(1970, p379). The expressi ons above denonstrate the
connection with the Lasso nodel and the Jeffreys prior nodel. 20 Details
of the above calculations are as follows: For the ganmma prior above and m
(urda 1p(/u fu)) du Er~Zl~ }= mb fugs'n" exp(-(7i/u+u))du 0 _~~2 1 K~(2
7j) (02) "1 P~1 K1, (2) _1(27. K~z. (21) _ 1 P, Kenx(2 7. ) 25
where K denotes a nodified Bessel function. For k=1 in (02) E(r

21 $3=-Ji (1/ 1 f 3 - 689 - For K50.5 ] ) o2 16| réauity 0p/ 1IN, 1) FK; (2
yIIK(2 y. )} Aés)fofeiéd%it\?’a|”§rﬁtj‘:’| é"‘é‘?f'%“g;g) (::%1 AR %}; #?2’1162 ALKz )
10 Proof Frofafi¥alest hiq vgingt JeHer a¥enarieordt %&52& gri %% ‘W’?ﬁ? fity

for k=0.005 and b=2%10°

E{t*|8}=Q.00/10% + %)

Hence we can get arbitrarily close to a Jeffery’s prioxr with
this proper prior.

10 The modified algorithm for this model has
, ..b(a) =E{tzl ﬁ(u}}-o.s

whaere the expectation is calculated as above.

15.
In yet ancther embodiment, the prior distribution is a gamma
distribution for r,-zg . Preferably, the gamma distribution has
scale parameter b>0 and shape parameter k>0.

20 It can be shown, that

<0

Iuk-sm

E{Ti—z 18:}=-%

«

b I u* " Hexp(-(ya+u))du
4]

exp(-{y./utu))du

_ 21 K@)

b l ﬁi I Kuz{(z\/{)
R N NN
|8, P Kpa 1)

where 71,=8/2b and K denotes a modified Bessel function.
25 Scme special members of this class are k=l in which case

E{#718,}= V2 (1/8])



y,=a 2/2b , we get Y~ mjr; Zr;"'eXP(-Y,z; 2)b"" (ri 2/b)k'exP(z; Zro)dz~2

| ~ js1l exp(-y;rj4)b(ri 2ro)r'exp(r~ 2ro)dr~2 0 15 Rearranging, sinplifying
and maki ng the substitution iu=i'/b gives A1l The integrals in A 1 can be
eval uated by using the result 20 jxexP[-(lx~ x| 1}=abKa(2a) 0 111 111
where K denotes a nodi fied Bessel function, see Watson(1966). In a
particularly preferred enbodi nent, p(;)al/z2 is a 25 Jeffreys prior, Kotz
and Johnson(1983). j The i kel i hood fuggtlon defines a nodel which fits the
data based on the distribution of the data. Preferably, the |I|ikelihood

fuggt'aﬂ i's ?&i&ﬂebéfyéﬁgoﬁgaﬁko 3 T&Bkahéédlﬂﬂ theOﬂ?ﬁmgkﬁ?hFﬂqﬁéy C)t i =1
- ere and .ra e nodel paraneters.
The nodel Fgﬁggk%?“ilt QFPR GHE %x%??%rnedogt%)og “any nodel for

predicting the time to an event of a system 5 In one enbodi nent, the
nmodel definedphychde W-dokel igpeskis Cox's proportional hazards nodel. Cox's
proportiopal hazards nodel vvas introduced by Cox (1972) and may preferably
be wused as a regressl on for surxival ta. In Cox's 10 proportional
hazards nodel, /3 Ei{g |&}v belﬂ{li M %y) paranmeters associated with
t he corrponents Preferably, the

or equivalently

10 B{r;" IB3= (VB MWK 20 VK @)

where K, and K; are modified Beasel functions, see Abramowitz
and Stegqun{1970). Polynomial approximations for evaluating
these Bessel functiong can be found in Abramowitz and

15 Stegqun{l®70, p379).

The expressions above demonstrate the connection with the
Lassgo model and the Jeffreys prior model.

20 Details of the above calculations are as follows:

For the gamma prior above and 7=f/2b

Jus e y/oru)du
B{z*|8}=—%
b Iu""”"cxp(—(’n/u +1) )du

2 1 Ky 2J7)

= (D2)
b |‘81 | Klm:(?-\/?i)

1 @K @yR)
|8, Kln-k(zﬁ;)

25

where K denctes a modified Besszel function.
For k=1 in (D2)

E{z"|8;)= V2 (/8] -



met hod of the present invention provides for the parsinonious selection
(and estimation) fromthe paraneters jj' =(jtl,jj2,,Pp) for Cox's
proportional hazards nodel given 15 the data X,.y and ¢ . Application of
Cox's proportional hazards nodel can be problematic in the circunmstance
where different data is obtained froma systemfor the same surviva

times, or in 20 other words, tied survival tinmes. Tied survival tinmes may
be subjected to a pre-processing step_that. | eads to unique survival tines.
The pre-processing proposed sinplifies the ensuing code as it avoids
concerns about tied survival tinmes in the subsequent application of Cox'a
proporti onal gggqﬁg§5 R Hﬂﬂe|- The pre-processing of the survival tines
applies by adding an extrenmely small anount of insignificant random noi se.
Preferably, the procedure is to take sets of tied tinmes and 30 add to each
tied time within a Baf|ff= {RRaGMES(RMNE@MK ) amunt that is drawn from a
normal distribution that has =zero nean and vari ance proportional to the
smal | est non-zero distance between sorted survival tinmes. Such

pr e- processi n§¥ 2BHV@+BREEH el inination of tied times wthout inposing a 35
draconi an perturbation of the survival tines. i e i 71 "The pre-processing

gener at es di stinct F2yd Moty /b iz K @EF q?l_, these times may be ordered
in increasing nagd%?hy%yggA%!gggég g = ?%1 q%?é),- t(N)). t(i+i) > Denote
by Z the Nxp matrix that is the re-arrangenent 5 of the rows of X where
the orderimg Bfodfie rows of Z corresponds to the ordering induced by the
ordering of tgroals0 dePOlA o Jr thE bMuIAWNRL LhSedBitiion, Zuri€ing be the

result of orderi c wth the sanme pernutation required to
Y=0,72b, we get

I 7,77, exp(-y ifi-z)b-'(Tf-sz)mexP(ri-z"b)dfiz
E{r"1B}=25
Je XY (5" o) exp(z,* o)d 7

]

15 Rearranging, simplifying and making the substitution w=r/b
glves A.1

The integrals in A.1 can be evaluated by using the result

20 :[x 4 cxp[—(x +§)]dz =£’;K,, (24)

where K denotes a modified Besazel function, =zee
Watson(1966) .

In a particularly preferred embodiment, p(7)als} is a
25 Jeffreys prior, Kotz and Johnson{1983).

The likelihood Ffunction defines a model which fite the data
based on the distribution of the data. Preferably, the
likelihood function is of the form:

30

N
Log (Partial) Likelihood = g,(B.p:X.y.€)

i=l



order t . 10 After pre-processing for tied survival tines is taken into
account and reference is nade to standard texts on survival data analysis
(eg Cox and Oakes, 1954), the |Ilikelihood function for the proportional
hazards nodel may 15 preferably be witten as dl "(ti)=f(Z( ) (D3) ieiRl
where , (3T=() 31,p2,",j3tt), Z] =the jthrowof Z and 9 j ={i: i =],
j+1,,N =the risk set at the jth ordered event 20 tine t0). The | ogarithm
of the likelihood (ie L =1log(1l)) may p frgrably be witten asr

L(Lla)=~dif Zi/3-1logl ~P(ZzZjfi) fl 1=1 jcH, J =Ld{Zif3-iog[: C,] ex

ZiR]], (D4 if .. <3 i Tl ol £ 3 Vs Lag1that th
(211, (0l 0 ), B e e U e

nodel i s non-para t he r rmof the surviva

di stribution F&rﬂﬁéter%ﬁecﬁ'ﬁéeﬂodezpﬂi%ff%é@wy Qibley 11061 Ohstddunpeaperty of
the 5 survival tines are used (in the determ nation of the risk_ sets). As
this is a nontpdrkeeny Bodgkefer REeddcting iiedimei £° @0)2Vat 8hother
enbodi ment of gLhg.pet hod of the invention, the 10 nodel defined by the

| i kel i hood funCtion is a Paranetric survival nodel. Preferably, in a
parametricssurvival nodel, /34is a vector of (explanatory) paraneters

associated Wil o101 QURARSE! Send iball hSe fudtPBhOtnal 1 DAIAIRLA' 25
assoctate Cox’s proportional hazarde model. Cox’s proportional hazards
model was introduced by Cox (1972) and may preferably be
used as a regression model for survival data. In Cox’'s
10 proportional hazards model, p'is a vector of (explanatory)
parameters associated‘with tﬂé components. Preferably, the
mathod of the present invention provides'for the
parsimonicus selection {and estimation) from the parameters
@‘ =(ﬁ1,ﬁ2,---, ﬂp} for Cox’s proportional hazards model given
15 the data X, y and ¢.

Application of Cox’s proportional hazards model can be
problematic in the circumstance where different data is
obtained from a system for the same survival times, or in
20 other words, tied survival times. Tied survival times may
be subjected to a pre-processing step that leads to unique
survival times. The pre-processing proposed simplifies the
‘ensuing code as it avoids concerns about tied survival times
in the subsequent application of Cox‘s proportional hazards
25 model.

The pre-processing of the survival times applies by adding
an extremely small amount of insignificant random noige.
preferably, the procedure is to take sets of tied times and

30 add to each tied time within a set of tied times a random
amount that is drawn from a normal distribution that has
zero mean and variance proporticnal to the smallest non-zero
distance between sorted survival times. 8Such pre-processing
achieves an elimination of tied times without imposing a

35 draconian perturbation of the survival timea. ‘



with the functional formof the survival density function. 15 Preferably,
the nmethod of the invention provides for the parsinonious selection (and
estimation) fromthe paranmeters /sand the estinmation of q? for paranetric
survival nodels given the data X, y and c. 20 In applying a paranetric
survival nodel, the survival times do not require pre-processing and are
denoted as y. .The paranetic survival nodel is applied as follows: Denote
by f(y;B,/1,X)the paranetric density fungtion of the 25 survival time,
denote its survival function by s(y;c,f3, X)=jf(u;cp,fi,X)du where S are

t he paraneter%h?eﬂﬂ@vﬂﬁ?ceﬁﬂ#ﬂg ﬂﬁéeﬁak%ﬁmﬁﬁﬁténFEr?ﬁ%ﬂivﬁﬁeté%ﬁ%1ty function

and ff, X are pasedigh ?edt@&%vemlgem.g%w S-huped i 8D iins debifed as  h(y;
P, f] ,X) =f(y,;9j,p, X)I {vyi preferab y, the generic formulation

of the |og-Iikelihoad ,ggggdggtj £ into account, is - 73
L= }ctlog(f (yt5tp,f.X))+(1- C|)IOO/J§( P’?ﬁ ”P e(ference to standard

texts on anal ysis_of suryvi v? time data Vi a pargge ic regression survival
r

model s reveal s a PeBPFECPY o e JGR/iNehATN FP2gi t FENEFTIRISNEY be
used. 5 S viwfl testrovrut oHNsXt hehenay the usweibnimg ud€, Yher reuarrp.dfe t he

Wi bul I, EXDOQ%BEEQL%&{dsE)%r QHB é@hy@ gilﬁidulclaat bpnéhelér&mn@a

functlon may bhe witten as ﬁg} X% éYt c XjJ%g}
~P, / . X} =exP(&¥yidenpie by ) Z 5 fJ( théf the napriyg 2 phg
where A(Yi; 44a)esd1t2©tf oafaringl A Ywith) thelmm@qmmegtéoedrémzim ftonctl on
and 1(yt;tp) o ey 1.8
10
After pre-processing for tied survival times is taken
into account and reference i1s made to standard texts on -
survival data analysis (eg Cox and Oakes, 1984), the
likelihood function for the proportlonal hazards mcdel may
15 preferably be written as

4;

1(;;§)=jf:11 % (D3)

ieR;
where é‘T:(ﬂ};ﬁz,w,ﬂ”), Z; = the j*™ row of Z, and
= {izi=j,j+1-N}= the riek set at the 7 ordered event
20 time r(,)

The logarithm of the likelihood (ie L=log(/)) may
preferably be written as

L(z!é)%;d{zf@—fog[ 2 wrp(zjé)]]

JjeR;

N N
=Zd5[z,.g—zog(24ﬁ jaxp(zjg)]], (D4)

i=l j=1
where

0,ifj<i
é}] { 1 ifjzi



di , the itt rowof S. 15 The Wi bull, Exponential and Extrene Val ue

distributions have density and hazard functions that may be witten in the

formof those presented in the paragraph i medi ately above. 20 The

application detailed relies in part on an al gorithm of

Ai tken and d ayton

(1980). however it permts the user to specify any paranetric underlying

hazard functi on.

l'i kel i hood function which nodels a paragetic survival nodel is: r
L=~~cilog~~i ~ flt+CloSI ~~Yi~ )J~ (D5) t=I 1l 7\ A(yt;r?~ where pt=A(yt;

c) exp(XJf).
(11) is that
means | ~and

Aitkin and C ayton (1980) note
the ct's.may he i _i. - 74 treat LSSon. vagi.at e 1 th
t}{%icteh e tpagt Pl'l;e model 1ig . non-ﬁ%%ﬁng@gké h aéﬂaﬂ; Serd

oes not depend on /3

ent Tnh equation (

Follow ng fromAitkin and C ayton (1980) a preferred 25

t hat a consequence of equation

(al t hough it patepetdsconfery. & Prigier appaviviade gésteinrdriod stid bf9%n of

/3, r and z @

| (y~ft,rp,c)
treated a§ a

Es?ng and an itera

nmexi m se equadten - (BE) théspldoRIRCITr RIGSMEErdF i c2e] | frat BsPO¥ Feguigpd
(i#dl);=io§ .such that the maxi mum a posteriori 15 estimates will

of equation

tend to be sparse i.e. if a large nunber of paraneters are redundant,

conponents of fi will be

10

15

20

25

30

In another embodiment of the method of the invention, the
model defined by the likelihood function is a Parametric
survival model. Preferably, in a parametric survival model,
pis a vector of (explanatory) parameters assoclated with
the components, and @' is a vector of parameters associated
with the functional £om of the survival density function.

Preferably, the method of the invention provides
for the parsimonious selection (and estimation) from the

parameters S’ and the estimation of ¢' =(¢.¢3.-.9,) for
parametrie survival models given the data X, y and c.

In applying a parametric survival model, the survival times
do not require pre-processing and are denoted as y.

The parametic survival model is applied as follows:

Denote by f (y;Q,g,X ) the parametric density function of the

aurvival time, denote itz gurvival function by

S(y;g,@,X)-—z?f (u;g,g,X )du where ¢ are the parameters relevant
y

to the parametric form of the density function and S, X are

as defined above, The hazard function is defined as

h(yi:?,ﬁ.X) =f(yz:g’,ﬁ,X)/S(y,-;g,g,X) .

Preferably, the generic formulation of the log-likelihood
function, taking censored data into account, is

_ﬂé@lt ﬁi)éld! S | Eﬁé’ﬁédrﬁflir)’fé_nlaf | £Ye Fpgama:P( Ei:‘di]_)&i(tzyz (>B6)thaMt1)er ein
) e ILKel 1l Noo n | . ) | n e
E‘Percvtiglgloftliﬁe e u%% a(?ﬂ B dgtgpﬁn\%remggoc%gduﬁhgz u],!;s%gcto_
prior

many



zero. |1 Because a prior expectation exists that many conponents of 20 3tl
are zero, the estimation nay be perforned in such a way, that nost of the
estimated /31's are zero and the remaining non-zero estimtes provide an
adequat e explanation of the survival tinmes. | 25 In the context of
mcroarray data this exercise translates to identifying a parsinonious set
of genes that provide an adequate explanation for the event tinmes. As
stated above, the conponent weights whigh +raxi mi se the 30 posterior
distribution may be determ ned using an iterative procedure. Preferable,

the iterative proce ﬁ ter glstribution of the

conponents and cong {ﬁPﬁU El’g é‘glEﬁ/ﬁQtE@Zf‘l? uch as, for exanple,

that described in Denf8ter et al, 1977. 35 -75- If the E step of the EM

algorithmis g fr r gm;ae_,_r ngf lshngifgta, it is
REBILIRI o BTl CoB LG BIRATE S

necessary to o%ﬁ‘ ngi LI~ 5 ere d; =d;
(f1)=E(11v12 #aaw‘a#ﬁjpﬁaﬁme%%me@ﬁeésmn Tyfyal mAdef e GEVEREE Rn t he

foll owi ng we mn@cﬁdldmb%%)mﬁﬂ fad2 time, dile)ﬂ'ribdtaoassthaﬁ mwbanesed\e defi ne
for example ﬁ’;& ivd1 %&Qtr%a@ ~RLde Ry ;.("x)e) w8’ EndPlude;P'Rsk”) and P s

obtalnedfrom :P ){1 dentity matrix ]}/omttlgng col ‘'ums j for which
/3j")=0. 10 example, the Weibull xponential or Extremie Value
: ' distributions.

If the hazard function may be written as

10 h(y,-;fg.g,X)=.1(yf;(g)exp(Xig) then S(J’ir'ﬁ’rE»X)=arp(—A(y,.;?)ngg) and

f(yi:'?'g'X)z‘z’(yf'.¢) (Xiﬂ A(yi)e iﬁ) where A(yi, [—mz(u ?’}5{

dA(yii0)
dy;

ig the integrated hazard function and E(ygqg): ; X; is

the 1™ row of X.

15 The Weibull, Exponential and Extreme Value distributions
have density and hazard functions that may be written in the
form of those presented in the paragraph immediately

above.

20 The application detailed relies in part on an algorithm of
Aitken and Clayton (1980) however it permits the user to
specify any parametric underlying hazard function.

Following from Aitkin and Clayton (1980) a preferred
25 likelihood function which models a parametic survival model

is:

N

Alv:
L=Z cilog(y,-)-—,uﬁc,— log ——LZ'—)-—- (D5)

=1 A(J’s:?’)
where ;1,-=A(y,-;g)exp():}ﬁ). Aitkin and Clayton (1980) note
that a consequence of egquation (11) is that the ¢ ‘s may be



Kence to do the E step requires the calculation of the conditiona

expected value of t;2=1/2,2 when p(l j=?) is NNOal ) and pfr;)has a
specified prior distribution as discussed above. 15 In one enbodi nent, the
EM al gorithm conprises the steps: 1. Choose the hyperprior and val ues for
Its paraneters, nanmely b and k. Initialising the algorithmby setting n=0,
20 Sot {2,2, , p3, initialise /3() =/3" , ~(o) 2. Defining | 4. O,
otherwise 25 and let P' be a matrix of . e[oes and ones such that the
nonzero el éments yt" of /3l") satisfy y(CA) prp(A = p y(A AA((DH Y
=Pnh13 /3 =PY%deathdak pbissctd vadiat&d fvﬁrt'ﬂ ﬂeaﬁta ﬁ,ﬁizid”%hh@ntﬁé S dtyY

cal cul ating the exp ected , val t he er| d| tri Ke) f conponent

wei ghts. = Thi*®*fay b%q?ﬁﬁ#?ﬂ“dgg) é? Bﬁ% |on (f§%£9-4%‘%' ~)

=E{1 og(P(fi, Wleapepde) oy @hN, 9(")} z (139) = L(y I f ,P(")) _ t( Q where L

is the log likelihood function of y. Using fi =P, y and f P ywe have 10
er

i m st Fon TREFTN & S, 75 te%éf Sf#?;t&)%ét% bt Bapheor BEIPRL | ons

as follows: y is

Pgpelpe) e HBos)PIE)PE) w 06)

wherein l[_}_}!é’,?,g} is the likelihood function.
10
" In one embodiment, 7 may be treated as a vector of missing
data and an iterative procedure used to maximise eguation
(D6) to produce a posteriori estimates of f. The prior of
equation (D1) is such that the maximum a pééteriori
15 estimates will tend to be sparse i.e. if a large number of
parameters are redundant, many components of‘g will be

2ero.

Because a prior expectation exists that many components of

20 ﬂ‘ are zero, the estimation may be performed in such a way
-éﬁat moat of the estimated f;’s are zero and the remaining
non-zero estimates provide an adequate explanation of the
survival times.

25 In the context of microarray data this exercise translates
to identifying a parsimonicus set of genes that provide an
adequate explanation for the event times.

2 stated above, the component weights which maximise the
30 posterior distribution may be determined using an iterative
procedure. Preferable, the iterative procedure for
maximiging the posterior digtribution of the componente and
component weights is an EM algorithm, such as, for sxample,
that described in Dempster et al, 1977. '
a5



Set yO = y(r) and for r=0,1,2,... Yr+1 = Yr + ar Sr where ar is chosen by
a line search algorithmto ensure Qyr.i I ) > 15 QYr I y(9,N) , and Sr

=A(d( """ ))L-~(d(Y "")) vy Qd(y ""))+ir e aYr d(y ) z where aL _Pr 8L 8L
Pral//L~~ F" for /r="Ye (1311) aYr arr ~Yr ~Yr Let y* be the value of Yr

when sone convergence criterion is satisfied e.g IlYr-Yr+lll < e (for
exanple s=10) 20 5. Define /3*=Jj*, S"(( =sji:Ifi | >slnmaxi ii} where ei
is asmll ttl J JJJ constant, say 10%%. -Set n=n+l1, choose ~(+i) =fi(n)+x"
(~* _~(n)) j i (- 77 where gr satisfies aL Y axy+ - =0 and Kn is a

danpi ng fact Oif theck shep Okrthe EM algprighecke corimgdncéronf (Bl -y 1

i1 <e2 where gZriotisldl tabhy ndhvolvely SHe®l, £tSts gedessatgped above. 5 In
anot her enbodi man%, step (D11) in the maxim sation step azL may be

estimated by ¥8PI&Cipg with its expectation i E(SL) azv, 10 In one

enbodi nent, the EM ggﬁi#/trihrﬁi}' s applied to maxi mse the posterior

di stribution when t nodel is Cox's proportional hazard's noge})y To aid
in the exposition ofathe application of the EM iS algorithmwhen the nodel
is Cox's proporti oﬁ"a_i}ﬁ dzar ds

5 where d,=d(B8)=E{/V}| B} and for convenience we define
d,=1/d,=0if f;=0. In the following we write d=d(f)=(d,.d,-.-d,)" -
In a similar mannmer we define for example d(8") and
d(y)=P'd(Py™) where f"=Py" and F, is obtained from the p
by p identity matrix by omitting columns j for which ,Bj‘“)-—-().

10
Hence to do the E step requires the calculation of the
. 2 2 P AN 2
conditional expected value of t'=1/7; when p(ﬂiir,.) is N(O,z‘,)
and p(r,-z)has a specified prior distribution as discussed
above.
15

In one embodiment, the EM algorithm comprises the steps:

1. Choose the hyperprior and values for its parameters,

namely b and k. Initialising the algorithm by setting n=0,
* 0
20 So= {1,2,~, p } , initialise g(o):g . f_)(),

2. Defining

ﬁ.(‘ﬂ) = { ﬂ;, i g S“
! 0, otherwise
25 and let P, be a matrix of zerces and ones such that the

nonzero elements y\"/ of p\ satisfy

™=

™ o prgm " = p o :
ng g (¥4 . (D8)
-..:Prg , g =R'Z

"

"=



nodel, it is preferred to define "dynam c wei ghts" and matrices based on

these weights. The weights are - J=1 N i=1 i ivl=dl-w. 20 Matrices
based on these weights are - i | - 78 - W.2 W.N K1 W W W rvl
Q... WW NW* =~dIWT i=1 In terns of the matrices of weights the

flrst and second derivatives of L may be witten as aL = ZTWop a 5 882
- ZT(W*-d(W))Z-ZTKZ (D12) t where K=W- d(W). Note therefore fromthe
transformation matrix P" described as part of Step (2) of the EM al gorithm
(Equation 1)8) (see also Equations (DI¥f)~it follows that i

3, Performing an estimation step by calculating the expected
value of the posterior distribution of component weights.
This may be performed using the function:

5
o818,y = E{log(P(§,¢,r!y))ly,ﬂ“",qw""}
{D9)
= I @ (ﬂ))__.__. )
018 ;’ﬁ[ o
where L is the log 1likelihood function of Y. Using
B =Py and f =Py we have
® oM = Lo racaiy® 0
10 Ay ly™.e") = LE|Ry.e™) x4 AdG™ Ny (D10)

4, Performing the maximisation step. This may be
performed using Newton Raphson iterations as follows:

et J’O m}r(r)and for r=0,l,2,... ZI"‘H = Zr + a)‘ é‘l‘ where ar iz
chosen by a line search algorithm to ensure Q(ym | 7’ ,(p”) >

15 Q(Z" | Z(ﬂ),?(ﬂ))’ and

) " (n) &
=Ad"N-sd )) 7, A(dO’ N+HIT (32} d(}:"”))
O _prdl  FL_ L, =P (p11
where ar, =P, %, =k T or B,=hy, )

Let y' be the value of y,. when some convergence

criterion is satisfied e.g {|§,_#rull < & (for example £=10"%)

20 5. Define @ E,y Sn=[i:lﬂi] > & max|f; [} where & is a small
J

constant, say 10™%. Set n=n+l, choose g(“"'l):?(")-i-x,,(?*w?("))



79 Preferably, when the nodel is Cox's proportional hazards nodel the E
step and M step of the EMalgorithmare as follows: 1. Choose the
hyperprior and its paraneters b and k. Set 5 n=0,. So = {1,2,, p} Let v be
the vector with conponents {jl1-e, j t1 ( C7=0 10 for sone small e , say
.001. Define to be log(v/t). If p S Nconpute initial values fl' by /t
=(ZTZ+Rn""' ZTf 15 Ifp > N conpute initi val ues by Yy=J (J

-ZT(ZZT+Afy' Z) ZTf where the ridge pararéter R satisfies 0 c d S 1. 20 2.
Define p(n) _I1;", 1 Es" O, cgﬂijlwi S@Let p"be a matrix of zeroes and
ones such th e Mo enrat $-vef Iy "hagSati sy, Y:H':!Qp =P p(n) =
p Y(n) 2% na‘ghér-f% @zgéﬁ'{%jﬁ%} = pnoy 3. Pe% f%lﬁimﬁ'f’ hggEastepiB‘? gg%?:% ating
i -80-- Q/3 1/(4) =E{log(P(i,q,rILY)It,n} =LQI /1)-z t( ~5 Jz where Lis
the | og |ikelsdwdodhatnttikprlof t given by

6. Check convergence. If |y —y\"/|l<&; where &, is suitably
small then stop, else go to step 2 above.

In another embodiment, astep (D11} in the maximisation atep

2
may be estimated by replacing ggﬁ with its expectation
v,

r

&L
&y,

r

BE{ }.

10 TIn one embodiment, the EM algorithm is applied to maximise
the posterior distribution when the model is Cox's
proportional hazard’s model.

To aid in the exposition of the application of'the EM
15 algorithm when the model is Cox’s proportional hazards

model, it is preferred to define “dynamic weights” and

matrices based on these weights. The weighta are -

20
HMatrices based on these weighte are -



Equation (8). Using /1 =J, y and /$"~ = we have 5 QYIY(")) =LOQ
P'Y)-2Yr~(d(Y"~))Y 4. Do the Mstep. This can be done with Newt on Raphson

iterations as follows. Set yO=ytr~and for r=0,1,2,... Yr+l = Yr + ar Sr
where ar is chosen _ by a line search algorithmto ensure Qy,+7 | >Qy,
10 For p S Nuse ar=dfd(Y~-n}))(YTKY+l) r ~I1 YTW4(1/d($")),YV).

wher eY=ZPnd(d(y~n})) \ For p > Nuse ) Sr = d(d(Y(n) 4(l -YT (,r +r1 {" Y
1 YT 6V - d (I/d (y(n) )) yJ Let y* be the value of Yr when sone
convergence 15 criterion is satisfied"e?‘bit Yr- Yr+xl| < e (for exanple
105) . 5. Define (i" FRpyy Sn =ji:Iml >eimaxi/if 1J y where et is all !
smal | constant, say 1q4' 57 [This step elimnates variables wth very small
coefficients. 20 6. cre’l‘?_l@ onvergence. If Ilyt-ref<t where eZ is suitably
smal | then stop, el&e|set m=n+l, go to step 2 above and repeat procedure
until convergence occyrs. | - 61 |In another enbodinent the EMalgorithmis
applied to nmaxim se the sterior distribution when the nodel is a
parametric survival rmd"el}l’JO 5 1n applying the EMalgorithmto the paranetic
survival nodel, a consequence of equation (11) is that the ci's may be
treated as Poi sson varficﬁt\es with nmeans ffs and that the last termin
equation (11) does nof depend on /3 (although it depends on q'). Note that
| og(pi )=l ogtA(y,;rp))+X2p and so 10 it is possible to couch the problemin
terms of a log-lindAel @ |

LW

*% N T
W= AW,

i=1
In terms of the matrices of weights the first and
gaecond derivatives of L may be written as '

oL

==zl
%
5 oy {D12)
—fzzT(W**—-A(W"))Z=zTKz
o%
where K=W —A{W } Note therefore from the transformation
matrix F, described as part of Step (2) of the EM algorithm
(Equation D3) (see also Equations (D11}) it follows that
ﬁé:ﬂfﬁli_=ﬁfzfﬁ?
ayr aﬂr
Lo 6;[, E;L (Pa3)
' B —=B =Pz (W -A(W))zP, =P'Z'KZP,

dy? T og "



nodel for the Poisson-like nmean. Preferably, an iterative maxim zation of
the log-likelihood function is performed where given initial estimtes of
c the estimates of /3 are obtained. Then given these estinmates of /3,
updated 15 estimates of g~ are obtained. The procedure is continued wuntil
convergence occurs. Applying the posterior distribution described above, we
note that (for fixed q') alog()-lazcaaJ=palog(P)and al og(p,)-X, (D14) op
p0/7 8/ 3 ap op 20 Consequently fron1qugt[ons (11) and (12) it follows that
=XT (c-p) and a 2 =-XTd(s)X . p The versions of Equation (12) relevant to

thE pa; arreXtT 'I’Di(ﬁreﬁli'ﬁﬁp walwm@rtdairél %&efsﬁlis-r%oﬁ??-pﬁé;)o“r#ibﬁ{alzl?az(ﬁ@f thaZEM, pT
asL =- p.. To sal ye for ch i step o e

al gorithm (se’g‘:)(?éllL g[’%pﬁf’%e o"’%(31 %r e é%l §}ﬁ%u}f% Qa%?ff)tg‘i‘ 8fHEH) +xn 1r
-fi(n)) wherefahdowp:i - 82 satisfies a =0 for 0O<icn51 and Qis fixed at
the value obiai nedobd®Mid yPeeBi oo MaSLep. pdfandtR@assi Hhe .0 speovi de an

EM al gorithm for papangter ., sglection in the, coptext af par tric survival
nodel s ana‘;J'qS i crgééf'a@;ﬁ da %ff’Pr ef’e‘F’gbl%t E}h}engEi’gl‘é%%qrﬁﬁll as follows:
1. Choose a hypercpipenenfitti its paraneters b and k eg b=1e7

J— I_E: If cl=1
Vl - & 1 if C1=0
10 for some small € , pay .001. Define £ to be log{v/t).

If p <N compute initial values S by

,§' =(ZTZ+AD'Z"f

15 If p > N compute initial values JS'by

Jia =-.~;E(f SZTZZT AN DI

-~

where the ridge parameter A satiasfies 0 < A £ 1.

20 2. Define

‘(n) — { ﬂ; » i 6 SH
0, otherwise

Let F,be a matrix of zerces and oneas such that the nonzero

elements Z(”)of g(") satisfy

= _ P: g(n) , g(ﬂ) =P Z(n)
=Ef . B=Ey

1

25

s

3. Perform the E step by calculating



and k=0.5. Set n=0, So = (1,2,-", p~ q,(inuial)=q,(0) Let v be 10 the
vector with conponents _ 1-E, if g=1 M - if ei =0 for sone small s , say
for exanple .001. Define f to be 15 log(v/A(y,c)). If p SN conpute initial
val ues /3 by f=(XTX+dl ) 1XTf. If p > N conpute initial values j' by

/3 =1 (I -XT(XXT+21)4X)XTf 20 where the ridge parameter A satisfies 0 < A
5 1. 2. Define' | 0, otherwise Let | be a matrix of zeroes and ones such
that the nonzero i 25 elenents y(n)0f8¢3(11) satisfy Y"1 = prp(") /3(n)

= pY(fl) R~HY PT/3 /3 3. Perforn1the E step by
calculating t Q/f2BHEH E@PBG%@;({’W‘B]%@V,)} y, fif)("M)j 2 ~~1dy ("~
5 where Lis the log likelihood function md Using /i = 1y and /J = we
have Q(rirf), ql(">) =L(y!P"Y, W7 (i AL d(ﬂv ))Y 4. Do the Mstep. This can
be done with Newt on Raphson OL (s Jf ol | ows. Set yO=y(T)and for
r=0,1,2, . Yr+l = Yr + ar Sr where ar |s chosen by a line search

al gorit hm toweRsHrer @Y dde | 196" ~1 d1 s @ I fudeton 8€" ~t given by
Equation (8). Using f = Fy and A" = Py we have

5 01y = LuI By -7 MG ™)y

4. Do the M step. This can be done with Newton Raphson -
iterations as follows. Set vo=7"7and for r=0,1,2,..
Yr4l = Yr + @, 5, where 'arr is chosen by a line @search
glgorit;hm to ensure Q(Zﬂ, f Z"",@‘“’):-Q(;:, ! Z‘“’,?‘“’) .

10 For p 5 N use

8, = A{d(g(") )){YT}{Y-:- I)~I [ YTW~A(1/ d( g(")))g).
where ¥ = ZP,,A(d(Z("))).

For p > N use
8, = A(d(;:(") )}(I-—YT (T k7 )—] Y)(YTW- A(l/ d/™ )) ;:J

Let y* be the value of Y- when some convergence
15 criterion is satisfied e.g || ¥ - Tesa]] < &8 (for example
10°%). '

5. Define gtzP,,Z*, S ={i:|ﬁ,~} > 5 max|B; l} where g is a
J
small constant, say 10°°, This step eliminates variables

with very small coefficients.

20 6. Check convergence., If Hy* —-y(")[kez where g is suitably

small then stop, else set n=n+l, go to step 2 above and

repeat procedure until convergence occure.



For p SNuse S =-e(d(YA" ))[yT 4p)Y'+I T (r[(c_-p)-e(d(Y("}))r) where
XP'~(d(y("~)), 15 For p > Nuse / Sr =41d(790)) (1 -YT (YYT +d(ii &l |’
Y( nNT (c-)-d(ll1d(fr)4yl Let y be the value of yr when some convergence J

criterion is. satisfied e.gj( Yr - yrl)) <E (for exanple 1). . Il 20 5.
Define fl,=Pny*, Sn=ji:|l#7 i >eimaxUul)} r where el is a small | |
constant, say 10"5. Set n=n+l, choose ~(n+!') =tp(n)+Kn I ~ -g~(n)l 1] i
- 84 - aL Pni wherer satisfies Y ay,-_=0 and x" is a danping factor

such that 0 <tcn <1 . 6. Check convergence If f{y -ykhp<e2 where 62 is
suitably 5 Simlahotthsfl SIRRLMBhE Ct O HO 2356P1 thm lifk aﬁﬁih@d wyrbodi ment,

survival tines Sur .yl | val dens functlon For
the Weibull ¢ %”gs eplpofgg?%?r %j;'/F\g: glfj’ r|aonan Re ‘7&%’ =Y".
.t(y;q )=ay" -PPraﬂPItE&C Nurighdrapded. al= N+E( cy- p= )Iog(yl) i s soI ved as a
t=1 after each Mstep so as to provide an updated val ue of a.

5 In applying the EM algorithm to the parametic survival
model, a consequence of equation (11) is that the ¢;"s may
be treated as Polason variates with means y; and that the
last term in equation (11) does not depend on f# (although
it depends on ¢@). Note that Iag(pi}=iog(A(y,-;|;E”+X,-g and so

10 it is poasible to couch the problem in terms of a log-linear
model for the Polpson~like mean. Preferably, an iterative
maximization of the log-likelibcod function iz performed
where given initial estimates of ¢ the estimates of f are
obtained. Then given these estim;tes of g, updated i

15 estimates of ¢ are obtained. The procedure is continued
until converg;nce occurs.

Applying the posterior distribution described above, we
note that {for fixed gg)
dlog{p) 18y @é‘ﬁzﬂalog(ﬂ) and dlog (1) _x

=X D14
of uop op ap ap ¢
20 .Ccnaequently from Equations (11) and (12) it follows that
oL  .r L r
—=X le-p] and ——=~-X"A{piX.
2T (e-p) ana ZHooxTa(y

~

The versions of Equation (12) relevant to the parametric

survival models are

8L s 0L _ ror
—=p =P YT (o
Pl (c-u)
25 2L oL (D15)
= pT o _pT YT
50 6@,*}?‘ =PI XA 1) X,

To solve for ¢ after each M step of the EM algorithm (see

step 5 below) preferably put ¢("+l)=¢("+l)+x,,(qo‘—up(")) where tpv



15 Follow ng the steps applied for Cox's proportional hazards nodel, one
may estimate a and sel ect a parsinoni ous subset of paranmeters from/3 that
can provi de an adequate explanation for the survival times if the surviva
times follow a Weibull distribution. A nunerical exanple is now 20 given.
The preferred enbodi nent of the present invention will now be described by
way of reference only to the followng non- Iimting exanple. It should be
under st ood, however, that 25 the exanplg i.s illustrative only, should not
be taken in any way as a restriction on the generality of the invention

descri bed aboggt %incte = % Isijogfﬂglﬁ %ggfig‘%gi o]} ﬁgn:p%fugm dat a

poi nts 41 basi e correct our asi s functions
are identified nanely 2 12 24 34 estimated variance is 0.67. Wth k=0.2
and b=le7 10 ebighimeldagien falnecprenions o istemti fi ed, nanely 281216192434

estimated variance is 0.63. Note that the correct set of basis functions
i s included in thiZ§ detpospibinete crEptidemnt i F4ROFAEPEN§OF P2 REREEETand

b=1e7 are (i vgdl.edttbAVin EMeI t:ehaéicf)rbf (bmnecfﬂﬂ gastival hedébs fasl 41 20
si gma squ ed 0, 024 basis fns
41 S|gna%£quaregg%é§g %%%%%? r‘on: % expeéRngBgs?g géz 76575 basi s

fns 41 25 - follows:
1. Choose a hyper prior and its parameters b and k eg b=le7

and k=0.5. Set n=0, & = {1,2,-'-} p} ¢J(i"iﬁal)=¢(o). Let v be

10 the vector with components
— 1“6, if C"=l
vi - {E y ij‘. ci=0

for some small € , say for example .001. Define £ to be
15  log(v/Aly.®)).

If p £ N compute initial values =(XTX+A'X"f .

If p » N compute initial values g‘
g =-—(I XU XXT+ADT XX
20 where the ridge parameter A satisfies 0 < A £ 1.
2. Define

B, ies,
0, otherwise

ﬁ,(") = {

Let F,be a matrix of zeroces and ones such that the nonzero

25 elements y(")of g(") satisfy

() }f‘é(ﬂ) , ﬂ(-") = P Z(ﬂ)
=FKE . f=hy

™ v



sigma squared 0.6081233 EM Iteration: 3 expected post: -53.10084 basis fns
30 sigma squared 0.6118665 30 EM Iteration: 4 expected post: -53.55141

basis fns 22

-53.79887 basis fns 18 35 sigma squared 0.6155 EM Iteration:

sigma squared 0.6143482 EM Iteration: 5 expected post:

6 expected

post: -53.91096 basis fns 18 - 86 - sigma squared 0.6159484 EM Iteration:

expect ed post:
expect ed post: -53.92469 Bsis fns 14 sigma squared 0.615873

9 expected post: -53.83668 basis fns 13 10 sigma squared
Iteration: 10 expected post: -53.71836 basis fns 13 sigm
-53.61035 basis fns 12

I[teration: 8
EM I teration:
0. 6156233 EM

squar ed 0. 61586 P ERKRt Ehath Givep1 by espletledipsst :
15 sigma squared 0.6157966 EM Iteration: 12 expected post: -53.52386 basis

-53.94735 basis fns 16 sigma squared 0.6160951 5 EM

fgg.i%SSZigggigq?ﬁ;ﬁ%igﬂs?ggg2gdﬁﬁ Eh%lte&gylo @ ka}féfgffgg piztexpected

post: -53.47986 basis fns 12 25 sigma squared 0..171314 EM Iteration:
-53.53784 basis f Qééﬂ%w)SI ed 0.6182353 EM
Iteration: 16 expected post: 53 3 ba df @) 1 30 sigma squared

expect ed post:

0. 6196385 5EM

10

15

20

Iteration: 17 expected post: 3.75112 basis Ens 11

where Lis the log likelihood function of Y and gz:(") .

Using B =Py and ™ = Py™ we have
Q(}'!r"”,w‘"’) = L(y| By, g‘"’)—-iy’zsw(r‘"’))r
4, Do the M step. This can be done with Newton Raphson
iterations as follows. Set }:O:Z(r)and for r=0,1,2,..

Yr+1 = ¥ + &, §, where @, is chosen by a line search
algorithm to ensure Q(}fﬁl I y("),tp(")):-Q(y, f y("),gD("}) .

For p £ N use
& = —AdGNIETA(p)Y, + 17 (7 (c- g)-a (Y d (7)) )
where Y=X§'-'f,A(d(}:("))).

For p > N use

T s

Let y* be the value of ¥y, when some convergence
criterion is satisfied e.g || ¥ - Tr«2|/| < € (for example
107% ),

5. Define g*:P"Z" S,,m{i:iﬁ,-l >81maxlﬁjl} where ¢ is a amall
j

congtant, say 10°°, Set n=n+}, chooge qo("+l)=¢(")+x,, (gp* —-qz(”))

15

7



sigma squared 0.621111 35 EMIteration: 18 expected post: -53.86309 basis
fns 11 i sigma squared 0.6224584 i - 87 EMIteration: 19 expected post:
-53.96314 basis fns 11 signma squared 0.6236203 EM Iteration: 20 expected
post: -54.05662 basis fns 11 5. sigma squared 0.6245656 EN Iteration: 21
expected post: -54.1382 basis fns 10 sigm squared 0.6254182 10 EM
I[teration: 22 expected post: -54.21169 basis fns 10 sigma squared

0. 6259266 EM Iteration: 23 expected po$# --54. 25395 basis fns 9 15 signa
squared 0.6259266 EM Iteration: 24 expegted post: -54.26136 basis fns 9

si gma squared 0.6260238 EM | t er®d ¥ by 23 expected post: -54.25962 basis fns
9 20 signa Sthexeed 026586050 avrr-rgrarroﬂ’ A knedfel FIRLIRI 54, 25875
basis fns 8 signma squared 0.62601 25 EM Iteration: 27 expected post:
-54. 25836 basi 5.+LRSs8cnSi G sguared 0. 626017 EM Iteration: 28 expected
post: -54.2582 basis ?ns 8 30 sidma squared 0.6260166 For the reduced data
set with 201 observations and 10 variables, k=0 and b=1e7 G ves the
correct basis functions, nanely 1 2 3 4, vv'uh 35 k=0.25 and b=le7, 7 basis
functions werfe cHhssdn conupzopede? I8 476-3'9ll<f reberel af ihesvitahdyons is

given bel @V. smali then stop, else go to step 2.

In another embodiment, survival times are described by a
Weibull survival density function. For the Weibull case ¢

is preferably one dimensional and

10
A(y:g)=5"
Hrig)=ay™,
g=c
€ _N &
Preferably, 5;=—;+Z(c;-—p,—)log(yi)=0 is solved
=1

after each M step so as to provide an updated value of «.

15 Following the steps applied for Cox’s proportional hazards
model, one may estimate o and select a parsimonious subsget
of parameters from fthat can provide an adequate
explanation for the survival times if the survival times
follow a Weibull distribution. A numerical example ls now

20 given.

The preferred embodiment of the present invention will now
be described by way of reference only to the following non-
limiting example. It should be understcod, however, that

25 the example is illustrative only, should not be taken in any
way as a restriction c:i the generality of the invention
described above.

Bxample:



Note that this set also includes the correct set. - 88 EMIteration: O
expected post: 2 basis fns 10 signma squared 0.6511711 5 EMIteration: 1
expected post: -66.18153 basis fns 10 sigma squared 0.6516289 EM
I[teration: 2 expected post: -57.69118 basis fns 10 10 sigma squared
0.6518373 EM Iteration: 3 expected post: -57.72295 basis fns 9 signma
squared 0.6518373 EM Iteration: 4 expected post: -57.74616 basis fns 8 15
sigma squared 0.65188 EM Iteration: 5 expected post: -57.75293 basis fns 7
sigma squared 0.6518781 20 Ordered categories exanples Luo prostate data 15

sanpl es 9605 GANAS nokRkl kidlaRdiba lefampie ol Hhea fplinewi 8y besikts {

nisclassificat'ogfkggge 25 predy 1234 14000 20210 30040 30
4 000 4 Identrfiers-of variables left in ordered categories nodel 6611

35 For k=0.25 and b=1e7 we get the following results msclassification
table - 89 pned ¥nd B=8e# 1 4 000

5 the correct four basis functions are identified namely
2 12 24 34
estimated variance is 0.67.

With k=0.2 and b=le7
10 eight basis functions are identified, namely
2 8 12 16 15 24 34
estimated variance is 0.63. Note that the correct set of
basis functions is included in this set.

15 The results of the iterations for k=0.2 and-h=1e7 are given

below.
EM Iteration: 0 expected pogt: 2 basis fns 41

20 aigma squared 0.6004567
EM Tteration: 1 expected post: -63.91024 basis fne 41

gligma squared 0.6037467

EM Tteration: 2 expected post: -52.76575 basis fns 41
25

gigma squared 0.6081233

EM Iteration: 3 expected post: -53.10084 basis fns 30

sigma asquared 0.6118B665
30 EM Xteration: 4 expected post: -53.55141 basis fns 22

sigma squared 0.6143482
EM Iteration: 5 expected post: -53.79887 basis fns 18

35 @sigma squared 0.6155
EM Iteration: 6 expected post: -53.91096 basis fns 18



20300530040 40004 Identifiers of variables left in ordered
categories nodel 6611 7188 10 Note that we now have perfect discrimnation
on the training data with the addition of one extra variable. A record of
the iterations of the algorithmis given below 15

****1e*****************************r****r******r |terat|0n 1 11 CyC|es,

criterion -4.661957 mnmisclassification matrix that 20 f 12 123 0. 20
22 row =true class 25 class 1 Nunber ,ofasbasi s functions in nodel 9608

EE R b b ok kR R R R R AR Rk kR R IRk ik kS R R ARk Ik |teratI0n 2 5 CyC|ES
criterion -9.453e343quated| @sisbitgation matrix 30 fhat f 12 1230 i 21
21 row =true a Q. basks §4nGt L9RSs i ghdodel 6431 0 |
- 90 |Iterat i%&nﬁgﬁag%ﬁges,s’sg# erl‘(f; 0%5.’007543 s

sigma squared 0.6160851
5 EM Iteration: 8 expected post: ~53.92469 basis fns 14

sigma squared ¢.615873
EM Iteration: 9 expected post: -~53.83668 basis £fne 13

10 sigma squared 0.6156233
“EM Iteration: 10 expected post: -53.71836 basis fns 13

sigma sguared 0.6156616

EM Iteration: 11 expected post: -53.61035 basis fns 12
15

sigma squared 0.6157966

EM Iteration: 12 expected post: ~53.52386 basis fns 12

sigma squared 0.6155524
20 'EM Iteration: 13 expected post: -53.47354 basis fns 12

sigma squared 0.6163736
EM Iteration; 14 expected pogt: -53.47986 bagis fne 12

25 gigma squared 0.6171314
EM Iteration: 15 expected post: -53.53784 basis fns 11

sigma squared 0.6182353

'EM Tteration: 16 expected post: -53.63423 basis fns 11
30

sigma squared 0.61%6385

EM Tteration: 17 expected post: ~53.75112 basis f£ns 11

gigma squared 0.621111
35 EM Yteration: 18 expected post: -53.86309 basia fns 11

sigma squared 0.6224584



m sclassification matrix that S f 12 1 23 0 2 0 22 row =true class 10
Class 1 Nunber of basis functions in nodel 508
VWWWWMWWMAAAMAMAWMAMAE T T AWM VWY, T WWWWY - T teration 4 5 cycl es,
criterion -6.47555 nisclassification matrix 15 that f 12 1 23 0 2 .0 22
row =true class 20 Class 1 Nunber of basis functions in-npdel 62
VWWAWMWAE VWAL +* VAW |t eration 5 6 cycl es,
criterion -4.126996 25 m sclassificatign matrix that f 12 1230 21
21 30 row =true class Cass 1 Nunber of basis functions in nodel 20

] WA t WHAOSHRRa e\ Bk 6314 chagi0fng B1cycl es,

criterion -3.047699 35 ! msclassification matrix i that - 91 -

[ 2\ A AAA

sigma squared 0.6236203
EM Iteration: 20 expected post: -54.05662 bagis fns 11

sigma aquared 0.6245656
EM Iteration: 21 expected post: -54.1382 basis fas 10

sigma squared 0.6254182
10 EM Iteration: 22 expected post: -54.21169 basis fng 10

sigma squared 0.625%266
EM Iteration: 23 expected post: -54.25395 basis fns 9

15 sigma squared 0.6259266
EM Iteration: 24 expected post: -54.26136 basis fns 9

sigma squared 0.6260238

EM Iteration: 25 expected post: -54.25962 basis fns 9
20

gigma aquared 0.6260203

EM Iteration: 26 expected post: -54.25875 basis fns 8

gigma sgquared 0.6260179
25 EM Iteration: 27 expected post: -54.25836 basiz fns 8

sigma squared 0.626017
EM Iteration: 28 expected poat: -54.2582 basis fns 8

30 eigma squared 0.6260166

For the reduced data set with 201 observations and 10
variables, k=0 and b=le?7
Gives the correct basis functions, namely 1 2 3 4. With

35 k=0.25 and b=le7, 7 basis functions were chosen, namely 1 2
3468 9. A record of the iterations is given below.
Note that this set also includes the correct set.



f 121230 2121 row =true cl ass

in nodel 12

5 dass 1 Nunber

VU VAARMAH- VWA VA WA+ VWA + -+ o+ W W

cycles, criterion -2.610974 10 m sclassification matrix

2121 15 row =true class Cass 1 :
6614 7191 8077
-1.086501e-06 4.553004e-09 -

Variables left in nod
regression coefficients 20 28. 81413 14. 27784 7.025863
16. 25844 0. 1412991 -0.04101412 Iteration 8 :

cycles, criterion -2.307441 25 msclasggification matrix

30 2121 row =true class Cass 1 :

Variables left in nod

t hat
el

of basis functions

lteration 7 5

f 12 1230
1 2 3 408 846

5

that f 12 1 23 0

el

123661471918077 35 regression coefficients 32.66699 15. 80614 7.86011

-18. 53527 0. 1308Q81 ¢ 0,006 28812 ted%sat: 2 basis fns 10

10

15

20

25

30

35

sigma squared 0.6511711
EM Iteration: 1 expected post:

gigma squared 0.6516289
EM Iteration: 2 expected post:

sigma squared 0.6518373
EM Iteration: 3 expected post:

sigma squared 0.6518373
EM Iteration: 4 expected post:

sigma squared 0.65188
EM Iteration: 5 expected post:

sigma squared 0.6518781

Ordered categories examples

~66.18153 basig

-57.69118 basis

-57.72295 basis

~57.74616 basis

~57.75293 basis

Luo prostate data 15 samples %605 genes. For k=0

we get the following results

migelassgification table

pred

¥ 1234
14000
20210
30040
4 0004

fha

fna

fns

fnea

fne

and

10

10

b=1ea7

Identifiers of variables left in orxrdered categories model

6611

For k=0.25 and b=1e7 we get the following results

misclasaeification table



Iteration 9 5 cycles, criterion -2.028043 msclassification matrix 5 that
f 12 1230 20 22 row =true class 10 Cass 1 Variables left in nodel
123661471918077 regression coefficients 36.11990 17.21351 8.599812

-20. 52450 0.2232955 -0.0001630341 15
VWMWY - | T eration 10 6 cycl es,
criterion -1.808861 msclassification matrix 20 fhat f 12 1 23 0 2 0 22
row =true class 25 Class 1 Variables lggft in nodel i 123661471918077
regression coefficients 39.29053 18.55341 9.292612 -22.33653 0.260273
-8.696388e-08 Fred WWWWWAWAMWWMMAMMAWMM T AN
Iteration 11 cychesg,4criterion -1.656129 msclassification matrix 35

t hat .12
1400040

20300
5 30040
40004

Identifiers of variables left in ordered categories model
6611 7188

10
Note that we now have perfect discrimination on the training

data with the addition of one extra variable. A record of
the iterations of the algorithm is given below.

15 AEERKIREAERERERATEEREREEE AN TR R kdhhihhk R id

Iteration 1 : 11 cycles, criterion -4.661557

miasclasgification matrix

fhat
20 £ 1 2
123 0
.2 0 22

row =trua claass
25 Class 1 Number o¢of basis functiong in model : 5608

kkkdhhkdkhhhkbhkkhhhhhkhhbbhhkhdhhhk kbbb hthtis

Iteration 2 : & ¢ycles, criterion -$.536942

misclassification matrix

30 fhat
£ 1 2
123 0
2 121

row =true class
35

Clasg 1 Number of basis functions in model : 6431
e v e d dede e k& ok deoke kot ke ke ok ok ke KWtk ek de ok e e ke ke ke ke e ke e de e e K R ok ke W ok



1230-93- 20 22 rom/:true class Class 1 Variables left in nodel 5.
12366147191 regression coefficients 42.01569 19. 73626 9.90312 -23. 89147

0.2882204 10 Iteration 12 6 cycles,

matri x that

criterion -1.487778 25 misclassification matri x

criterion -1.554494 misclassification

12 15123 02 0 22 row =true class Cass 1 Variables left
in nodel 20 1 2 3 6614 7191 regression coefficients 44.19405 20. 69926

10. 40117 -25.1328 0.3077712

*************************************i*gd\‘*"***** |teratI0n 13 6 CycleS,

22 row =true Ckesstidn B. € a$scyklvdal i ablesrief t-9i.00TdoEe|
regression coefficients

10

15

20

25

30

is

misclagsification matrix

fhat

£ 1 2
123 0
2 0 22

row =true claas
Clasgeg 1 Number of basig functions in model : 508

TR ERF R RN ERFT RN EERRR IR A NR

Iteration 4 : 5 cycles, criterion ~6.47555

nigclassification matrix

fhat
£ i 2
123 0O
2 0 22

row =true class
Class 1 Number of bagis functions in model : 62
ThhkkhkbidERbehk TR Ah kbbb h kb hrhAehhbkrrhrhihhw

Iteration 5 : 6 cycleg, criterion -4.126996

migeclagsification matrix

fhat
£ 1 2
123 0
2 121

row strue class

Class 1 Number of baals functions in model : 20
ERERERREETERFTRANERRERERRR AR RE AR AR AR AR R AR EW

Iteration 6 : 6 cycles, criterion -3.047699

misclassification matrix
fhat

that f 12 1230 3020

123 6614 7191 35



45. 84032 21.43537 10. 78268 -26.07003 0.3209974 | i - 94 -
t **exttt** &ttt *tttittttttttttttttttttt**tttt lteration 14 : 6 cycles,
criterion -1.443949 msclassification matrix 5 that f 12 123 0 2 0 22
row =true class 10 Class 1 Variables left in nodel 1 2 3 6614 7191
regression coefficients 47.03702 21.97416 11.06231 -26.75088 0.3298526 15
ttttt, t*ttttttttttttttttttttttt*tttttttwttttttt JIteration 15 6 cycles,
criterion -1.415 msclassification matgix 20 that f 12 1 23 0 2 0 22
row =true class 25 Class 1 Variables left in nodel 12366147191 regression
coefficients 47.88472 22. 35743 11. 26136 -27.23297 0.3357765 30
*t***********ttitéﬁtbtttttttttttttttttttttttttt

2 121

row =true claas

Clage 1 Number of basis functions in model : 12
kAR EAR kbR hhhkhhhkrthhhhkhhkhhbhkkhhhkrhdhrhkiddd

Iteration 7 : 5 cycles, criterion -2.610974

10 misclasgification matrix
_ fhat
b 1 2
123 0
2 121

15 row =true class

Clagg 1 : Variables left in model
1 2 3 408 846 6614 7191 8077
regression coefficients
20 28.81413 14.27784 7.025863 -1.086501e-06 4.553004e-09 -
16.25844 0.1412991 -0.04101412

ek EA AR ATtk dhhhhkh kbbb bbb kht bkt htbid

'Iteration 8 : 5 gycles, criterion -2.307441

25
migelasgification matrix
that
£ 1 2
123 ¢
30 2 121

row =true class

Class 1 : Variables left in model
12 3 6614 7191 80677
35 regression coefficients
32.666%9 15.80614 7.86011 -18,53527 0.1808061 -0.006728619



Iteration 16 6 cycles, criterion -1.395770 msclassification matrix 35
that f 12 1230 95 - 2 0 22 row =true class Class 1 Variables left in
nodel 5 123 6614 7191 regression coefficients 48.47516 22.62508 11.40040
-27.56866 0.3397475 10 lteration 17 5 cycles, criterion -1.382936

m sclassification matrix that f 12 151 23 0 2 0 22 F row =true cl ass
Class 1 : Variables left in nodel 20 1 2 3 6614 7191 regression
coefficients 48.88196 22.80978 11.4963®m2 27. 79991 0. 3424153 25 |teration
18 5 cycles, criterion -1.374340 msclassification matrix that f 12 F 30
1 23 0 2 0 22%FoveirFfa* bt sl O g * 1+ VM S * F T T * T hodel 35
12366147191 r egsLsSioans COLf fd Gdy@Nle®, criterion -2.028043

misclagasification matrix
5 fhat
£ 1 2
123 0
2 0 22
row =true claszs
10
Class 1 : Variables left in model
12 3 6614 7191 8077
regression coefficients
36.11990 17.21351 8.559812 -20.52450 0.2232955 -0.0001630341

15
hkhkhkhhkkbkhhhhkrhdbhRhkkkr kb kb khbkbkhkkdththkhhbkkhid®

Iteration 10 : 6 c¢ycles, criterion -1.808861

migclasgification matrix
20 fhat
£ 1 2
123 ¢
2 0 22
row =true class
25
Class 1 : Variabkles left in model
12 3 6614 7181 8077
regression coefficients
39.29053 18.55341 9.292612 -22,33653 0.260273 -8.696388e-08

30
e L L 322 AR A A T SIS T R R R T

Iteration 11 : 6 cycles, criterion ~1.656129

migclagsification matrix
35 fhat
£ 1 2
123 0



49. 16029 22. 93629 11.56209 -27. 95811 0. 3442109 - 96 -

R I b b S Sk Sk S S S b Rk Sk Sk S b b b S S Rk Sk S S b b b S S S S |terat|0n 19 5 CyCleS
)

criterion -1.368567 5 msclassification matrix fhat f 12 1 23 0 2 0 22
10 row =true class Cass 1 s Variables left in npodel 1 2 3 6614 7191
regression coefficients 15 49.34987 23.02251 11. 60689 -28. 06586 0.3454208

R I b b b Sk Sk S S S b Rk Sk kS b b b S S S Rk S S b b b b S b S S |terat|0n 20 5 CyCleS
)

criterion -1.364684 20 misclassificatygn matrix that f 12 123 0 2 0 22
25 row =true class Class 1 : Variables Teft in nodel 1 2 3 6614 7191
regression coeffigignts 30 49.47861 23.08109 11.63732 -28.13903 0. 3462368

Rk I S b Sk Rk S b Rk Sk S S b b b S S Rk S S b b b Sk b O S |terat|0n 21 5 CyCleS
)

criterion -13§%§5%§uefﬂ§§snisclassification matrix fhat f 12

Class 1 : Variables left in model
5 12 3 6614 7191
regression coefficients
42.01569 19.73626 9.90312 -23.89147 0.2882204

kkhkhhhhhhbthdhhdbkhbhhhhikhhkhbhhkibhkhhbhtdkii

10 Iteration 12 : 6 cycles, criterion ~1.55449%94

misclasaification matrix

fhat
£ 1 2
15 123 0
2 0 22

row =true class

Clasa 1 : Variables left in model
20 1 2 3 6614 7191
regresaion coefficients
44.19405 20.69926 10,.40117 -25.1328 0.3077712

AERRERALERE TR REATE AN TR AR R AR R ARk Rk &

Iteration 13 : 6 cycles, criterion -1.487778

25
misclaggification matrix
fhat
£ 1 2
123 0
30 2 0 22

row =true class

Class 1 : Variables left in model
1 2 3 6614 7191
35 regression ccefficients
45.84032 21.43537 10.78268 -26.070063 0.3209974



97 123020 22 row =true class 5 Cass 1 Variables left in nodel 123
6614 7191 regression coefficients 49.56588 23.12080 11. 65796 -28. 18862

0. 3467873 10 Iteration 22
5 cycles, criterion -1.360305 msclassification matrix That 15 f 12 1 23
O 20 22 row =true class 20 Cass 1 Variables left in nodel 123 6614 7191
regression coefficients 49.62496 23. 14769 11.67193 -28.22219 0. 3471588 25
VAWM * 5% * wwwwwy | teration 23 @ 4 cycl es,
criterion -1.359116 msclassification matrix that 30 f 12 1 23 0 2 0 22
row =true cl agF*35*Caoa ¥+ Varkabl oo Arafrr vk npdel *++#+x3 6614 7191

regression coglelheibRts: I -698ycles, criterion -1.443949

misclaggification matrix
5 fhat
£ i 2
123 0
2 0 22
row =true class
10
Class 1 : Variables left in model
12 3 6614 7191
regression coefficients -
47.03702 21.97416 11.06231 -26.75088 0.3298526

15
AR R AL S S I I R T I T T T L L TR T T e

Iteration 15 : 6 c¢ycles, criterion -1.415

misclassification matrix
20 fhat
£ 1 2
123 o
2 0 22
row =true clasgs
25
Class 1 ; Variables left in model
12 3 6614 7191
regression coefficients
4?.88472 22.35743 11,26136 -27.23297 0.3357765
30

LARE A RS AL ALt s s i s R s b L T YT R T T TR 2

Iteration 16 : 6 c¢ycles, criterion -1.395770

misclassification matrix
35 fhat
£ 1 2
123 ¢



49. 6649 23.16588 11.68137 -28. 2449 0. 3474096

r*********** ee*********************************

criterion -1.358314 5 msclassification matrix
22 row =true class Class 1 Variables |eft

i n nodel

Iteration 24 4 cycles,
that f 12 123 0 102 0
12366147191 15

regression coefficients 49.69192 23.17818 11.68776 -28.26025 0.3475789

EE R R R R R

criterion -1.357772 20 m sclassificatiggn-matri x
22 row =true class class 1.

Vari abl es | eft

Iteration 25 4 cycles,
that f 12 123 0 2520

in nodel 1 2 3 6614 7191 30

regression coefafi i @hts 49. 71017 23. 18649 11.69208 -28.27062 0.3476932

**********************

criterion -1. 357407 35 |

10

15

20

25

30

35

***B******************
ag

w_=true C . o .
m scl assification

Class 1 : Variables left in model
12 3 6614 7191

regression coefficlents
48.47516 22.62508 11.40040

*** | .lteration 26 4 cycles,

matri x that

-27.56866 0.3397475

Fhbkhdhkdhhhhkhhhhekdbthbhhbhhhddbhkbkbrdb bt disx

Iteration 17 :

misclassification matrix

fhat

£ i 2
123 0
2 0 22

row =trus class

Class 1
12 3 6614 7191
regression coefficients

8 ¢gycles, criterion -1,.382936

: Variables left in model

48.88196 22.80978 11.49636 -27.79991 0.342415K3

kb khkbkkiddkhhhhkh kbbb hkhtkkkkhkhkdRkdki

Iteration 18 :

misclassificaticn matrix

fhat
£ i 2
123 0
2 0 22

row =true class

Clagg 1 : Variables left in model
12 3 6614 7191
regression coefficients

5 cycles, criterion -1.374340

49.16029 22.93629 11.56209 -27.95811 0.3442109



(r1-99-f1f121230 2022t row=true class 5 Cass 1 Variables left
in nodel 1 2 3 6614 7191 regression coefficients 49. 72251 23.19211 11.695
_28 27763 03477704 10 *t******.***‘**********************tie************ . .
Iteration 27 : 4 cycles, criterion -1.35716 msclassification matrix 15
that f 12 123 0 2 0 22 row =true class 20 Class 1 Variables left in
nodel 12366147191 regression coefficients 49.73084 23.19590 11. 69697

_28 28237 03478225 25 *********tt**v_k*§ék*_*****************************
Iteration 28 3 cycles, criterion -1.356993 m sclassification matrix 30
that f 12 1 23 0

T E LTRSS R A RS ER TSRS SR R AR Y L

Iteration 19 : 5 cycles, criterion -1.368567

"5 misclagsification matrix

fhat
£ 1 2
123 0
2 0 22

10 row =true class

Class 1 : Variables left in model
12 3 6614 7181
regression coefficients
15 49.34987 23.02251 11.60689% -28B.06586 0.3454208

KEEERTREREERRERRRNRN AT AR AR RREAR AR AR Ak ek ARk hd

Iteration 20 : 5 cyecles, critevion -~-1.364684

20 misclassification matrix

fhat
£ 1 2
123 ©
2 0 22

25 row =true class

Claas 1 : Variables left in modsl
123 6614 7191
raegreasion coefficients
3¢ 49.47861 23.08109 11,63732 -28.13903 (.3462368

WhkkdRkhkhkkkddbhhhthkthhdhhohkhkhhtrhhhthribhbihthhihhd

Tteration 21 : 5 cycles, criterion -1.362068

35 misclassification matrix
fhat
£ 1 2



2022 row =true class 35 Cass 1 Variables |left in nodel 123 6614 7191
i - 100 - regression coefficients 49.73646 23.19846 11.6983 -28. 28556

03478577 EE IR IR b b ok Sk Sk S S S I R IRk Sk Sk Sk kS S Rk Sk I S S S b b b S O R 5 |terat|0n 29

3 cycles, criterion -1.356881 msclassification matrix that f 12 10 1 23
02022row-=true class class i s Variables left in nodel 15 1 2 3 6614
7191 regression coefficients 49.74026 23.20019 11.6992 -28.28772 0.3478814

*************************************i*§7*_***** 20 |terat|0n 30 3 CyC|eS,

criterion -1.356805 msclassification matrix that f 12 251 23 0 2 0 22
row =true classiCG&as®# 1 Variables left in nodel 30 1 2 3 6614 7191
regression coef§ichpeds :

row =true class

5 Class 1 : Variables left in model
12 3 6614 7191
regression coefficients
49.56588 23.12080 11.65796 -28.18862 0.3467873

10 Y 2R AR RIS RS AR AR S AR 2 R a2 A LR AR LS

Iteration 22 : 5 cycles, criterion -1.360305

migclasgification matrix

fhat
15 £ 1 2

123 0

2 0 22

row =txrue class

20 Clasa 1 : Variables left in model
123 6614 7191
reqgression coefficients
49.62496 23.14769 11.67193 -28.22219 0.3471588

25 ERRRRRRANEARRRARAARA KRR R RN A AR R AR TR IR RN

Tteration 23 : 4 cycles, criterion -1.359116

migclassification matrix

fhat
36 £ i 2
123 €
2 0 22

row =true class

35 Class 1 : Variables left in model
1 2 3 6614 7191
regression coefficients



49. 74283 23.20136 11.69981 -28.28918 0.3478975 1 35 m sclassification
table pred - 101 - y 123414000 20300 300405400014
Identifiers of variables left in ordered categories nodel 6611 7188 10
Ordered categories exanple Luo prostate data 15 sanples 50 genes. For k=0
and b=1e7 we get the following results msclassification table 15 pred y
1234 14000 20210 300402040004 1Identifiers of variables
|l eft in ordered categories nodel 1 25 &or- k=0.25 and b=1e7 we get the
following results msclassification table pred y 1234 301400020 3
00 300 4 @9.4549 (23014588 11.68137 -28.2449 0.347409¢6 ,

AERARARRRRERELEL TR AT TR A TAA TR AR TR R

Iteration 24 : 4 cycles, criterion -1.358314

5
migclaggification matrix
fhat
£ 1 2
123 0
10 2 0 22

row =true classe

Clags 1 : Variables left in model
12 3 6614 7181
15 regression coefficients
49.69192 23,17818 11.68776 -28.26025 0.3475789

KRR SRR LTI AN FTAA A LRSS I R AR TR AT T T kv RS

Iteration 25 : 4 cycles, criterion -1.357772

20
misclasaification matrix
fhat
£ 1 2
123 0
25 2 0 22

row =true class

Class 1 : Variables left in model
' 12 3 6614 7131
30 regression coefficients
49.71017 23.18649 11.69208 -28.27062 0.3476932

**************************************;*****i**
Iteration 26 : 4 cycles, criterion -1.357407
35
misclassification matrix
fhat



] 35 ldentifiers of variables left in ordered categories nodel i 1 42 | -
102 A record of the iterations for k=0.25 and b=1e7 is given below 5
Iteration 1 : 19 cycles, criterion -0.4708706 m sclassification matrix
that f 12 10 1 23 0 2 0 22 row =true class class 1 Nunber of basis

functlons |n rmdel 53 15 *.****************************r*****************

lteration 2 s 7 cycles, criterion -1.536822 nisclassification matrix that
20f 1 2 1230 20 22 row =true clasf9225 Cass 1 Nunber of basis

functlons in rmdel 53 kkhkkhkkhkkhkhkkhhkhkkhhkhkhkhkkhhkhkkhkhkhhkhkkhhkhkhkhkhhkhkhkhkhhkikkhkkhkhkikkikkhkkikk*

Iteration 3 : % cydled, criterion -2.032919 nisclassification matrix 30
fhat f 12 1 23 @3 200 22 row =true class 35

2 0 22
row =true class

Clags 1 : Variables left in model

12 3 6614 7191

regression coefficients

49,72251 23.19211 11.695 -2B.27763 0.3477704

10
(X2 TR XX 2RSS 2 22222222 X2 A2 st R 2 n ko

Iteration 27 : 4 cycles, criterion -1.35716

migelassification matrix
15 fhat
£ 1 2
123 0
2 0 22
row =true ¢lass
20
Class 1 : Variables left in model
12 3 6614 7191
regression coefficienta
49,73084 23.19590 11.59697 -28.28237 0.3478225
25

EREEEARNNREER AR ERRRRERER AR RN RT R AR AR TRk Rk Rk hh %

Iteration 28 : 3 cycles, criterion -1.356993

migclassification matrix
30 fhat
f 1 2
123 ¢
2 0 22
row =true class
3as
Class 1 : Variables left in model
1 2 3 6614 T1%1



JI Cass 1 Nunber of basis functions in nodel 42 i

R I b Sk Sk Sk S S S Rk Sk S Sk S b b b Sk S S S S S R S kS S S I 103 |terat|0n 4 S 5

cycles, criterion -2.132546 mnmisclassification matrix that Sf 12 1 23 0
2 0 22 row =true class 10 Cass 1 Nunber of basis functions in nodel 18

***********************S*********************** |terat|0n 5 5 CyC|es,

criterion -1.978462 mnmsclassification matrix 15 that f 12 1 23 0 2 0 22
row =true class 20 dass 1 Nunber of pasis functions in nodel 13

R R I I R R I |terat|0n 6 5 CyC|ES
1

criterion -1.86a3xEaiRs apeEficiEntecati on matrix that f 12 123 0 ! 20

22 30 row =trye tJeass26. 88644 Maksh! e5p |@fdsei 0. pPTed77 123410414345
regression coefficients

EREERE TR AR AR TR RN AR AR AR TR AR A h®

5 Iteration 29 : 3 cycles, criterion -1.356881

migclasgification matrix

that
f 1 2
10 123 0
2 0 22

roew =true claas

Class 1 : Variables left in model
15 1 2 3 6614 7191
regression coefficients
49.74026 23.20019 11.6992 -28.28772 0.3478814

L2223 1222 R R AR sR 2RSSR Rl Rl td L L]

20 Tteratiom 30 : 3 c¢ycles, criterion -1.356805

misclassification matrix

fhat
£ 1 2
25 123 0
2 0 22

row =true class

Class 1 : Variables left in modsl
30 1 2 3 6614 7191
regression coefficients
49,74283 23.20136 11.69981 -28.28918 0.3478975

35
misclagsification table
pred



35 34.13253 22.30781 13.04342 -16.23506 0.003213167 0.006582334
-0.0005943874 -3.557023 104 -
X+X+H X+ttt +t ++t +Htt+Xttt XXXt EE Xt Xt X+H+++t ++tttE X Iteration 7 5 cycles,
criterion -1.407871 msclassification matrix 5 fhat f 12 1 23 0 2 0 22
row =true class 10 Class 1 : Variables left in nodel 1 2 3 4 10 41 43 45
regression coefficients 36.90726 24.69518 14.61792 -17.16723 1.112172e-05
5.949931e- 15 06 -3.%$92181e-08 -4.2906 101l - ,
+Htttt++tt Attt Httttt gt +Htxttxtttt+t+ttt+++t+t+ Iteration 8 5 cycles,
criterion -1. 2441862 30%ni sclassification matrix that f 12 1 23 0 2 0 22
25 row =true class €l asé 1 : Variables left in npdel 12 3 4 10 45
regressi on coeffy gi gnpsg30 39. 15038 26. 51011 15. 78594 -17. 99800
1.125451e-10 - 4. 7%916Z +t ++t HH+HHt Ut HH Lt EXXE XXt Tt X T XXXE T !
[teration 9 5 ¢ c cPiterion -1.147754 35 nisclassification matrix that
5 4 0 0 0 4

Identifiers of variables left in ordered catégories model
6611 7188

10 Ordered categories example
Luo prostate data 15 samples 50 genes. For k=0 and b=le7 we

get the following results

misclassification table

15 pred
y 12
140

202
300

20 4 00

Q B O W
LS~ T = T« RN

Identifiers of variables left in ordered categories model
1 ,

25 For k=0.25 and b=le7 we get the following results

misclagglfication table

pred
b's 123 4
30 14000
20300
30040
4 000 4

35 Identifiers of variables left in ordered categories model
1 42



f 12 1 1 - 105 - 123 02 0 22 row =true class 5 class 1 Variables left in
nodel 1 2 3 4 45 regression coefficients 40.72797 27.73318 16.56101
-18.61816 -5.115492 10r r rr*** r*rrt* r* r***** r~ yrr s* ais er* rr** r
r*rr lteration 10 5 cycles, criterion -1.09211 misclassification matrix
that 15 f 1 2 1 23 0 2 0 22 row =true class 20 class 1 Variables left in
nodel 1 2 3 4 45 regression coefficients 41.74539 28.49967 17.04204

_1903293 _5302421 25 kkkk k% **a***n*iiibi*tr**********************S*t**
Iteration it 5 cycles, criterion -1.060238 misclassification matrix that
30 f 12 1 23A0re@ofi 2 tbw itexnstiohasfoBFk & apbdVhriabli@sghieét i n - nodel

1234145 perow

EEX3 LIRS LEATE RS SR AT IEIEAESS RS RsARERTS ]

5 Iteration 1 : 19 cycles, criterion -0.4708706

misclasgification matrix

fhat

£ 1 2
10 123 0
2 0 22

row =true claas

Class 1 Number of hasgis functions in model : 53
15 REREREERER AR RERRARAERRERARARARANNERA T RERR R AT R

Iteration 2 : 7 cycles, criterion -1.536822

misclasgification matrix

fhat
20 £ 1 2
123 ¢©
2 0 22

row =true class
25 Clases 1 Number of basis functions in model : 53
(22X R X R 222 222 222 X2 XXX RTRE SRS RS RS EE 2R 2

Iteration 3 : 5 cycles, criterion -2.032919

misclassification matrix

30 that
£ 1 2
123 0
2 0 22

row =true class
35

Clags 1 Number of basis functions in model : 42
EREE T RRELERERAREE ARSI TRk R IR ALk ERA Tk %k



regression coefficients t - 106 42.36866 28.96076 17.32967 -19. 29261

_5410496 R I Sk Sk Sk Sk S S b R R Sk kS b b b S S I R I b b Sk O S S |terat|0n 12 5

cycles, criterion -1.042037 5 msclassification matrix fhat f 12 1 23 0
10 2 0 22 row =true class Class 1 : Variables left in nodel 1 2 3 4 45 15
regression coefficients 42. 73908 29.23176 17.49811 -19. 44894 -5. 472426

err,rx**********************’r ,r****************** |terat|0n 13 S 5

cycles, criterion -1.031656 20 m scl-ag¢Bftcation matrix that f 12 1 23 0
25 2 0 22 row =true class Class 1 Variables left in nodel 1 2 3 4 45 30
regressi on codteraiiom & 42. 95536 1E, 3gBbErP5 936832546 540900 - 5. 507787 i

R I S Sk Sk Sk S S S b Rk Sk kS b b S S S S R Rk kS S S S |terat|0n 14 . 4 CyCleS
. )

criterion _1igz§2f§£sificaﬁion matrix
fhat
5 £ 1 2
123 0
2 0 22
row =true class

10 Class 1 Number of basis functions in model : 18
(Y1223 X3232 222222222 A R AL R4 2 4 2]

Iteration 5 : 5 cycles, criterion -1.978462

misclagsification matrix

15 fhat
£ 1 2
123 o
2 0 22

row =true class

20
Class 1 Number of basis functions in model : 13
L L R R e T T E R 2T E s

Iteration 6 : 5§ cycles, criterion -1.668212

25 misclassification matrix

fhat

£ 1 2
123 ¢
2 0 22

30 row =true class

Clags 1 : Variables left in model
12 3 4 10 41 43 45
regresgsion coefficients
35 34.,13253 22.30781 13.04342 -16.23506 0.003213167 0.006582334

~-0.0005943874 -3.557023



~ 35 msclassification matrix fhat i - 107 - f 1 2 123 0 2 0 22 row =true
class 5 Cass 1 Variables left in nodel 1 2 3 4 45 regression
coefficients 43.08034 29.47941 17.65163 -19.59428 -5.527948 10 .

VWWWWMWMAMAMAAMAAMAMAAAWWWWWWY - | T eration 15 @ 4 cycl es,
criterion -1.022366 msclassification matrix 15 that f 12 1 23 0 2 0 22

row =true class 20 Cass 1 Variables left in nodel 1 2 3 4 45 regression

coefficients 43.15213 29.53125 17.683720419. 62502 -5.539438 25
Iteration 16 : 4 cycles,

WWMMMMMMMMMMMMMMMMMMMMMMMMMMMMMMMMMMMMMMMMMMMMN
criterion -1. 05U AT ST QS E Y " AT ER* W 30 P et r

Iteration 7 : 5 cycles, criterlon ~1.407871

migclassification matrix
5 fhat
£ 102
123 0
2 0 22
row =true class
10
Class 1 : Variables left in model
123 410 41 43 45
regression coefficientsg
36.90726 24.69518 14.61792 -17.16723 1.112172e-05 5.949931e-
15 06 -3.89218le-08 -4.2906

REEEEEREEEREA AR AA AL R A AR EA R A AR hh &

Iteration 8 : 5 cycles, criterion -1.244166

20 misclassification matrix
fhat
£ 1 2
123 0
2 0 22
25 row =true class

Clase 1 : Variables left in model
1234 10 45
regression coefficients
30 39.15038 26.51011 15.78594 -17.99800 1,125451e-10 -4.799167

RN RN R E R R LR L AR T AR AT RARART AR AAN AR

Tteration 9 t 5 cycles, criterion -1.147754

35 misclassification matrix
fhat
£ 1 2



f 12 i 1230 20 22 row=true class 35 Cass 1 Variables left in nodel

| 1 2 3 4 45 - 108 - regression coefficients 43.19322 29.56089 17. 70206
-19. 64265 -5.545984 *: t*ktr***xt,t*, rF4*, rd~*~r. tr,r,r~*,t ,t*a t,t ,t
*r,r ,ar *,t ,t*ttr 5 Iteration 17 4 cycles, criterion -1.019349

m sclassification matrix that f 12 10 1 23 0 2 0 22 row =true class C ass
1 Variables left in nodel 15 1 2 3 4 45 regression coefficients 43.21670
29.57780 17.71252 -19.65272 -5.549713 445 .

*ERW, trr,r~ts*, r,r¥*a~a*x*; ~~, rxui r~*****x*atrttrtirtr*sr*,a* 20 Iteration
18 3 cycles, critmgrion -1.018725 msclassification matrix fhat f 12 25 1
23 0 2 0 22 row =tyrye class Class 1 Variables left in nodel

row =true clasa

5 Clase 1 : Variableas left in model
1234 45
regragsion coefficients
40.72797 27.73318 16.56101 -18.61816 -5.115492

10 dhkhkhkhkhkdhhhhdkbhbbhihbdkthhbdbdhdedbdddrddrih e id

Iteration 10 : & cycles, criterion -1.0%211

misclasgification matrix

fhat
i5s £ 1 2

123 0

2 0 22

row =true class

20 Clasg 1 : Variables left in model
12 3 4 45
regression coefficients
41.74539 28.49967 17.04204 -19.03293 -5.302421

25 AEREEAARERARARA AT EAREAR AR RR AN T A Rkd A hd

Iteration 11 : &5 cycles, criterion -1.060238

misclagsification matrix

fhat
¢ £ 1 2
123 0O
2 0 22

row =true class

35 (Class 1 : Variables left in model
123 4 45
regression coefficients



30 1 2 3 4 45 regression coefficients 43.23008 29.58745 17.71848 -19. 65847
-5.551837 i i Hi#HAFFHtFe, r¥FFhIXt AU AHrpF, p ARk * ko x, t*¥*~** 35
Iteration 19 3 cycles, criterion -1.01837 msclassification matrix - 109 -
that 12 1230 20 225 row=true class Cass 1 Variables left in nodel
1 2 3 4 45 regression coefficients 10 43.23772 29.59295 17.72188
-19.66176. -5. 553047 x, ew  wWwwf WwF I WAL E W WKW e, 1, e R RwWE R WA W0 X at we wwawy
Iteration 20 3 cycles, criterion -1.018467. 15 m sclassification matrix
that f 12 1 23 0 2 0 22 20 row =true class Class 1 Variables left in
nodel 1 2 3 4k A%866QR28sIH0TE C0ei2IET eutos 28362 3-RA2MF 989. 59608 17. 72382
-19. 66363 -5.553737  VWWWWWWWWWWY, I WWFE %, EWS™, 1% XWKE W, T WWK +T %% % X WX, 1% % W Ww

Iteration 21 3 cyeles, critenion, ;1 018052, .30, 1,3qlas8 i cation matrix
Iteration 12 : S5 cycles, criterion -1.042037
. ;
misclassification matrix
fhat
£ 1l 2
123 0
10 2 0 22

row =true class

Clage 1 : Variables left in model
123 4 45
15 regression coefficients
42.73908 29.23176 17.49811 -19.44894 -5.472426

KA E AR YRR RR RN ER ST A IAR AR A ERARAAENRAALASANAR R AR AL

Iteration 13 : 5 cycles, criterion -1.031656

20
misclassification matrix
fhat
£ i 2
123 ¢
25 2 0 22

row =true class

Clasgs 1 : Variables left in model
123 4 45
30 regression coefficients
42,95536 29.38894 17.559560 -19.54090 -5.507787

IE S R T2 RS2 22 a2 R s R ia 2222 2 2 A 2L 2 2
Iteration 14 1 4 cycles, criterion -1.025738

35
misclassification matrix

fhat



that f 12 1 23 0 2 0 22 35 row =true class | Class 1 Variables left in
nodel i e - 110 - 1 2 3 4 45 regression coefficients 43.24456 29. 59787
1772493 _19 66469 _555413 5 kkhkhkkhkkhkkkhhkhkhkkhkhkhkkhhkkhkhkhkkhhkhkhkkhkhkkkhrkhkkx*k
prExkxkxkxkxkx*t  |teration 22 3 cycles, criterion -1.017986

m sclassification matrix that 10f 12 123 0 2 0 22 row =true class 15
class 1 variables left in nodel 1 2 3 4 45 regression coefficients

43. 24598 29.59889 17. 72556 -19. 6653 51834354 20 1 misclassification table
predy 1234 2514000 20300 30040 40004 Identifiers of
variables leff in brdered categories nodel

123 0
2 0 22
row =true class
5
Class 1 : Variables left in model
123445 '
regression coefficients
43.08034 29.47941 17.65163 -19,59428 -5.527948
10 .
[TZ2RTXIEIYTENTL ISR R R LTS ARS8 222 A a2 2 0 4 £ X1
Iteration 18 : 4 c¢ycles, criterion -1.022366
misclasgification matrix
15 fhat
£ 1 2
123 0
2 0 22
row =true clasas
20 .
Clagz 1 : Variables left in medel
12 3 4 45
regresgion coefficients
43.15213 29.53125 17.68372 -19.62502 -5.539438
25 _
kkkkhhkkhkhhb btk Trkhkhhhrthhhthkhtthhkhikhhkehkbhitd
Iteration 16 : 4 cycles, criterion -1.020444
miaciassification matrix
30 fhat
f i 2
123 O
2 0 22
row =true class
35

Clags 1 : Variables left in model
12 3 4 45 '



30 1 42 i - 111 THE CLAI M5 DEFI NI NG THE | NVENTI ON ARE AS FOLLONS: 1. A

nmet hod of identifying a subset of conponents of a system based on data
obtained fromthe systemusing at least 5 one training sanple fromthe
system the nethod conprising the steps of: obtaining a |linear conbination
of conponents of the system and weightings of the |inear conbination of
conponents, the weightings having val ues based on data 10 obtained fromthe
at least one training sanple, the at _| gggt.. one training sanple having a
known feature; obtaining a nodel of a probability distribution of the

known feat ur ereqthaisgbn &becfmdehtss conditional on the |inear conbination
of component s, 10t 304 ¢kheR 1B BhoHI S14 1dUsEODs sdane vl ghting of - the
| i near conblnaﬁion of “t he conponent's, tHe prior Istribution conprising a
hyper prior having a high probability density close to zero, the hyperprior
bei Nng such t heks#+teiixs * DRGETk ¥+ * & @ Rk ¥iock sGor s S+ ik soi*3trvi but i on and 20
Gamma_NYpeypry OleacdBANLAI N0 NRyBRLT Szl LoMaRd ! he Mmodel o
generate a posterior dIStrIbutlgh; and 1dentifying the subset of conponents
based on a set of the weightings that nmaxim se the posterior distribution.
25 2. The nethbgblawstEacaetbn machkdkkm 1, wherein the step of obtaining the
I'i near conbi natigp.conprises the step of using a Bayesian statistical

met hod to estimate the weightings. i 30 3. The nethod as clainmed in claim1
or 2, furtherf cordprfsing the step of making an apriori assunption that a
10 123 0
2 0 22

row =true class

Class 1 : Variables left in model
15 1 2 3 4 45
" regression coefficients
43,21670 29.57780 17.71252 -19.65272 -5.549713

(2T ISR ST EL ST SRS R 24 AL AR X2 2R R R s &k R b

20 ZIteration 18 : 3 cycles, criterion -1.018725

migclassification matrix

fhat
£ 1 2
25 123 0
2 0 22

row =true class

Clags 1 : Variables left in model
30 12 3 4 45
regresaion coefficients
43,23008 29.58745 17.71848 -19,65847 -5.551837

IS XTI XSRS 2222 2 22222 R s st iR Rk a s

35 Iteration 19 : 3 cycles, criterion -1.01837

migclassgification matrix



majority of the conponents are unlikely to be conponents that will form
part of the subset of conponents. 35 4. The nethod as clained in any one of
the preceding clains, wherein the hyperprior conprises one or nore

adj ust abl e paraneters that enable the prior distribution near zero to be
varied. - 112 5. The nethod as clained in any one of the preceding

clains, wherein the nodel conprise a nmathematical equation in the form of
a likelihood function that provides thel® probability distribution based on
data obtained fromthe at |east one training sanple. 6. The method as
claimed in clai mfB8*wherein the likelihood function is based on a
previously degcri bkd 2rodel 10 for describing sone probability
distribution. 7, Jhe grethod as clainmed in any one of the preceding clains,
wherein the step of gobtaining the nodel conprises the step of selecting
the nodel fromé4 g conprising a 15 multinomal or binomal logistic
regressi ons generatrsedlassnear nodel, Cox's proportional hazards nodel,
accelerated failure m)del and paranetric survival nodel. 8. The nethod as
claimed in claim?7 wher ed on the nmultinomal or

bi noni al 1 ogi Eb'laﬁﬁl ]regr F‘fiﬂes rﬁgdfletnif' ‘?Gc') mof: elk eta F 77--e~~
77c---7fit e 1~a 1 414511 $1 (i +zeT: s=r h.1 25 9. The nmethod as
claimed in cl bfrdssiit cRet ggfe,ugyel based on the generalised |inear

e 1= A, 48,55 %, SE7 iR ChE- Ry -S-ese0n Y ) 10 e

EREEER N FERREERRRER RN R AN R R E T E R bR bk A

Iteration 20 : 3 cycles, criterion -1.018167

15 misclassgification matrix

fhat

£ 1 2
123 0
2 0 22

20 row =true class

Class 1 : Variables left in modal
123 445
regression coefficients
25 43,24208 29.59608 17.72382 -19.66363 -5.553737

FEENEARELRRRNRLR TR AR ARL AT AR E AN AR A AT A A h bk hddh

Iteration 21 : 3 cycles, criterion -1.018052

30 misclassification matrix

fhat
£ 1 2
123 0
2 0 22

35 row =true class

Clags 1 : Variables left in model



30 based on the Cox's proportional hazards nodel is in the form 113 - of:
d~ Z(t /3 Nex (p "z .j3 1 ) 1J 1" exp (Ztp ) 'E 91 11. The nethod as
claimed in claim7, wherein the nodel based on the Paranetric Surviva
nodel is in the formof: 5 Ni to) +e ra (yt ) 12. The nethod as cl ai ned
in any one of the preceding clains, wherein the step of identifying the
subset of conponents conprises the step of using an iterative 10 procedure
such that the probability density of -theopesterior distributionis
maxi m sed. 13. The nethod as clainmed in claim12, wherein the iterative
procedure is ark BM%akdorithm 15 14. A nethod for identifying a subset of
conmponent s of r@greasionCtodbitdiente capabl e of classifying the subject into
one of a plurgli f ,Rr i LIPS 68l Nge roup is defined by
a response toﬁéf %&gg Egéggﬁ%%?ﬁqgﬁggget*&%¥E%§% cgngggggng the steps of:
exposing a plurality of subjects to the test treatnent and grouping the
Subj ect' s i1t O« 0PGRS *g Kk OHPE: DAFEH * OR* kY AFINTES*FD* A t r eat nent ;
measuring_ conpONEntayOhalne SPRkRILS; affkdndnienlbiydy a subset of
conponents that i's capa%le of I'assi fying the subjects into response
groups using the mnmethod as clained in any one of clains 1 to 13.
misclassification matrix

fhat
10 £ 1 2
123 0
2 0 22

row =true class

15 Clags 1 : Variables left in model
1234 45
ragression coefficients
43,24598 29.59889 17,.72556 -19.6653 -5.554354

20 1

misclassification table
pred
Y 12
25 140
203
300
4 000 4 _
Identifiers of variables left in ordered categories model
30 1 42

B O O W
00 o b



I - 114 15. An apparatus for identifying a subset of conponents of a

subj ect, the subset being capable of being used to classify the subject
into one of a.plurality of predefined response groups wherein each
response group, is formed by 5 exposing a plurality of subjects to a
test.treatnment and grouping-the subjects into response groups based on the
response to the treatnent, the apparatdslédnprising: an input for receiving
nmeasured conponents of the subjects; and 10 processi ng neans operable to
identify a subfSEl GRIMSOREBRYANG T%%timl‘g%ﬁ‘blﬂ@%?ﬁb@%ﬁ&oﬁ%d to classify
the subjects into response groups using the nethod as clained in any one

of claims 1 to 13. konk€hod 8BtDEhEOEyiklend idubdee arsubmpbneht§ospanents
of a subject that is capabl e of classjf Acgkth sub'e%t as being 1
responsi ve or FOTETLSFSAS 8 ?6%@%?%% W FC S SESMBENET ThetFRithod
conpri si ngst heorst apsiafingerpoplagf eopl thal sistaf, iy setbotiocthprisivg
conpound 20 ar ing.the subjects into response groups based on each
subj ects response to_the test conpound; mneasuring conponents of the

subj ects; and idenoPtpingng 3ubtetanicEdiittents ofhgemPeneRbaLPE Bt being
used to cl assidpstdie andbiv@EEELINGS 6LSPONSEH0URSTRAnUREBY bhe nethod as
Subset of comSSTBRFETP" SeRuBrieRt e Hpi Bats basad Bofubi g used
to classiify tditadmsidefromntbeone béast ping dinaipiyly seegdti nkle 38t rensdnse
groups wher ei n,8AGH-183AGNS EmPTOURaY Snd Of MBILBY £otResi;ng a plurality of
subjects to a conpound and rou I [ ﬁgie sugje t ,intg.res NSe 9roupsg
based on the responS8teynig eaC%%ﬂéhj ; qlﬁ§'§ﬁ%&ﬁéﬁgé &8ﬁﬁ$$§?h :
known feature, wherein the model is conditional on the
linear combination of components; |
15 obtaining a prior distribution for the weighting of
the linear combination of the components, the prior
distribution compriging a hyperprior having a high
probability density close to zero, the hyperprior being such
that it is based on a combined Gaussian distribution and
20 Gamma hyperprioxr;
' combining the prior distribution and the model to
generate a posterior distribution; and
identifying the. subset of components based on a set of
the weightings that maximise the posterior distribution.
25
2. The method as claimed in claim 1, wherein the step of
obtaining the linear combination comprises the step of using

a Bayesian statistical method to estimate the weightings.

30 3. The method as claimed in claim 1 or 2, further
comprising the step of making an apriori assumption that a
majority of the components are unlikely to be components

that will form part of the subset of components.

35 4. The method as claimed in any one of the preceding
claims, wherein the hyperprior comprises one or more
adjustable parameters that enable the prior distribution

near zero to be varied.



an input operable to receive nmeasured conponents of 35 the subjects;
processi ng neans operable to identify a subset of | conponents that is
capabl e of classifying the subjects into | 115 response groups using the
method as clained in any one of clainms 1 to 13. 18. An apparatus for

I dentifying a subset of conponents of 5 a systemfrom data generated from
the systemfroma plurality of sanples fromthe system the subset being
capabl e of being used to predict a featidge-of a test sanple, the apparatus
conprising: a processing neans operable to: 10 obtain a |inear conbination
of conponents of the system and obtain weightings of the linear

conbi nati on o%. conpeENeetiodeas tvlafinkicimaimghtanegefhele yreseddhge based on
data obtalhed 1L o at,sash Qﬁ'§n%fd%'lng&%:éfég)laemattﬂgmﬁéicéle%&tlaeﬁgnt raining

sanpl e having a eature obt obability
distribution &p bhe fouanafs8atiledl hﬂHQrEP?F?#ﬂgﬁgéﬁélP?%gkgﬁﬂ ﬁ?onal on the
| i near conbi ngkbbabilfityodpenetis:icnbbakad nop alaia obtdised from bhefat t he

wei ghtings of 5 Lhe Aden%iﬁg!g& d1addiqn of the conponents, the prior 20

di stribution conpr|3|ng an ustable hyper prior which allows the prior
probability-mass close to zero to be varied wherein the hyperprior is
based on a cosbi nedreaneshad aglicaimbdt iwrelaich Ganwhedbgdpergei or; conbi ni ng

the prior disggjbify %ﬂcw@n @@asw 0125a GENRABLE1R RRREEbLE! model
distribution; and_ identi Q%ﬁgp%nts havi ng conponent

wei ghts t k&t ﬁﬁil‘?ﬁafé’iﬁjr@gpﬂg?"erl?’iﬂi’gﬁ ﬁ?’l’b‘lﬂfﬂ on.

7. The method ag claimed in any one of the preceding
claims, wherein the step of obtaining the model comprises
the step of selecting the model from a group comprisging a
15 multinomial or binomial logistic regresaion, generalised
linear model, Cox’s proportional hazards model, accelerated

failure model and parametzric survival model.

8. The method as claimed in ¢laim 7, wherein the model
20 based on the multinomial or binomial logistical regression

ig in the form of:

Sk

i B, 1

" G-l e
L= I.f-Il H G=1 p G-l +
e [l-&-ZeI‘ ‘8‘} 1+Ze"ﬂ"

fral

g=1

25 .9, The method as claimed in claim 7, .wherein the model
based on the generalised linear model is in the form of:

= log p(y | B,¢) =3 {20= 0@

i=l I(¢) ¥ C(yi’tb) }

10. The method as claimed in claim 7, wherein the model
30 Dbased on the Cox's proportional hazards model is in the form



19. The apparatus as clainmed in claim18, wherein the 30 processing neans
conprises a conputer arranged to execute | software. 20. A conputer
program whi ch, when executed by a conputing apparatus, allows the
conputing apparatus to carry out the 35 nethod as clainmed in any one of
claims 1 to 13. | - 116 21. A conputer readable medi um conprising the
conputer programas clained in claim201322. A nethod of testing a sanple
froma systemto identify 5 a feature of the sanple, the method conpri sing
the steps of dfesting for a subset of conponents that are diagnostic of
the feature, the subset of conponents having been determ ned by using the
met hod as clained in any one of clainms 1 to 13. 10 23, The nethod as
claimed in claim?22, wherein the system is a biolo i cal system 24. An
apparatus for testing S&Eﬁ le f a &M&iéﬁlU@) determ ne a feature of the
r

sanpl e, the apparatus s & *ﬁggmrﬂjf—fng ng for conponents
identified in accordance with the=mpt 8&2d1%ifidd| i n any one of clains 1
to 13. 25. A conputer program which,/edhen executed by on a conputing
device, allows the conputing device to carry out a 20 nethod of identifying
conponents froma systemthat are capable of being used to predict a
feature of a flast sTwplmetiaodbma d sysderin ahdimher evhenein ndag mwiddi nat i on

of conponent ,apg sﬂw%rmmé s&&%&r%&gﬂfmga&ﬁe gengrad.ed from
a plurality of training sanples, each 25 training sanpl e having a known

feature, d a posterior distribution is generated by combining a prior
distribution for the conpgnent wei ghts coprifsi j ustabl e
hyperprior which allowg t rg&qgnggy p@ _Qggiﬁg. ro to be varied
wherein the hyperprior i s4dséd o yv

iz, The method as claimed in any one of the preceding
claims, wherein the step of identifying the subset of
components comprises the step of using an iterative

10 procedure such that the probability density of the posterior

digtribution is maximised.

13, The method as claimed in claim 12, wherein the
iterative procedure is an EM algorithm.
15 ,
14. A method for identifying a subset of components of a
subject which are capable of clasgifying the subject into
one of a plurality of predefined groups, wherein each group
is defined by a response to a test treatment, the method
20 comprising the steps of:

- expoging a pluraiity of subjects to the test treatment
and grouping the subjects into response groﬁps based on
responses to the treatment;

measuring compenents of the subjects; and
25 identifying a subset of components that is capable of
classifying the subjects into response groups using the

method as claimed in any one of claims 1 to 13.



30 Gaussian distribution and Gamma hyperprior, and a nodel that is
conditional on the linear conbination, to estimate conponent wei ghts which
maxi m se the posterior distribution. 26. A nethod of identifying a subset
of conponents of a 35 biological system the subset being capabl e of
predicting a feature of a test sanple fromthe biological system the

met hod conprising the steps of: | | - 1llyyg0btaining a |linear combination
of conponents of the system and weightings of the |inear conbination of
conponents, eaoh OfAhhapﬁargbﬁ¢nﬂsrfﬁu@ﬂuiﬂylmgluesbnsed 6f cdlgicnahisabied

fromat | east oneg.t.raini sa the at 5 ast g0 Sanpl e
having a knowf fFEROSFE! gg?a? %%té??ﬁﬁﬁﬂca Phi ba8|%9 Q%qurlbutlon of
the known feaﬂwm@lfwhéhelﬁubh%C¢mmn#0|Qﬁ3n9ﬁd@tpéﬁaﬁlehYtﬁé predriimed

conbi nati on ofy %Sﬂm%ge?kéupgb&ﬁéﬂém @acm Ir@sp@hgter bRelpONiE Of ok by
melghtlngs of

I near t he conponents the ripr
di stribution SERHSi88ng BAUEHFHEY %$ 8ramggﬁﬁ CRPT bR i ‘f
probabil ity mepsupliage the sebpe¢msb@n&auraaﬁonsenbrnupg bhee®r¢mnthe

distribution 3d tigemRdelnl Ocr JEARLAL © thPARLEELRLsILSpLRMAPN: and 15

I dentifying the set of conponents wei ghti ngs maxi m ze
the posterior distrppuipbat LPATEEFeHing seRsEE§oFoRRgEREEE A ¥ RO 20
By their Patemﬁgﬁhhegeeaﬁd CRI FFI TH HACK 1

10 processing means operable to identify a subset of
components that is capable of being used to classify the
subjects into response groups using the method as claimed in

any one of claims 1 to 13.

15 16, A method for identifying a subset of components of a
subject that is capable of classifying the subject as being
responsive or non-regponsive to treatment with a test
compound, the method comprising the steps of:

exposing a plurality of subjects to the test compound

20 and grouping the subjects into response groups based on each
subjects response to the test compound;

' measuring components of the subjects; and
identifying a subset of components that is capable of
being used to classify the subjects into response groups

25 using the method as c¢laimed in any one of claims 1 to 13.

17. An appératus for identifying a subset of components of
a subject, the subset being capable of being used to
classify the subject into one of a plurality of predefined
30 response groups wherein each response group is formed by
exposing a plurality of subjects to a compound and grouping
the subjects into response groups based on the response to
the coﬁpound, the apparatus comprising;
an input operable to receive measured components of
35 the subjects; 7
processing means operable to identify a subset of

components that is capable of classifying the subjects into
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response groups using the method asg claimed in any one of

cglaims 1 £to 13.

18. An apparatus for identifying a subset of components of
a gystem from data generated from the system from a
plurality of samples from the system, the subset being '
capable of being used to predict a feature of a test sample,
the apparatus comprising:
a processing means operable to: .

obtain a linear combination of components of the system
and obtain weightings of the linear combination of
components, ecach of the weightings having a value based on
data obtained from at leagt one training sample, the at
least one training sample having a known feature;

obtaining a model of a probability distribution of a
second feature, wherein the model is conditional on the
linear combination of components;

obtaining a prior distribution for the weightings of
the linear combination of the components, the prior
distribution compriging an adjustable hyperprior which
allows the prior probability mass close to zero to be varied
wherein the hyperprior is based on a combined Gaugsgian
distribution and Gamma hyperprior; ‘

combining the prior distribution and the model to
generate a posterior distribution; and |
identifying the subset of components having component

weights that maximize the posterior distribution.

19. The apparatus as claimed in claim 18, wherein the
processing means comprises a computerlarranged to execute

software.

20. A computer program which, when executed by a computing
apparatus, allows the computing apparatus to carry out the

method as claimed in any one of claims 1 to 13.
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2%, A computer readable medium comprising the computer

program as ¢laimed in claim 20.

22, A method of testing a sample from a system to ideantify
a feature of the sample, the method comprising the steps of
testing for a subset of components that are diagnostic of
the feature, the subset of components having been determined

by using the method as claimed in any one of claims 1 to 13,

23. The method as claimed in claim 22, wherein the aystem

is a biological system.

24, in apparatus for testing a sample from a gystem to
determine a feature of the sample, the apparatus comprising
means for testing for components identified in accordance

with the method as claimed in any one of c¢laims 1 to 13.

25, A computer program which, when executed by on a
computing device, allows the computing device to carry out a
method of identifying components from a system that are
capable of being used to predict a feature ©f a test sample
from the system, and wherein a linear combination of
components and component weights is generated from data
generated from a plurality of training samples, each
training sample having a known feature, and a posterior
distribution is generated by combining a prior distribution
for the component weights comprising an adjustable
hyperprior which allows the probability mass close to zerc
to be varied wherein the hyperprior is based on a combined
Gaussian distribution and Gamma hyperprior, and a model that
is conditional on the linear combination, to estimate

component weights which maximise the posterioxr distribution.

26, A method of identifying a subset of components of a
biological system, the subset being capable of predicting a
feature of a test sample from the biclogical system, the

method comprising the steps of:
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obtaining a linear combination of components of the
system and welghtings of the linear combination of
coﬁponents, each of the weightings having a value based on
data cbtained from at least one training sample, the at
least one training sample having a known feature;

obtaining a model of a probability distribution of the
known feature, wherein the model is conditional on the
linear combination of components;

obtaining a prior distribution for the weightings of
the linear combination of the components, the prior
distribution comprising an adjustable hyperprior which
allows the probability mass close to zero to be wvaried;

combining the prior distribution and the model to

generate a posgterior distribution; and

identifying the subset of components based on the

weightings that maximize the posterior distribution.
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