1 A 2201567 | MPROVEMENTS | N DATA SI GNAL ENCODERS AND DECODERS The
I pvention relates to data signal encoders and decoders. The i.nvention is
partfsi cutarly applicable to a data signal encoder for deriving a signa

sequence froma nultidi nensional code for a partial response channel and a - -

-decoder therefor. In recent years, a nunber of kinds of 10 trellis-type
nodul ati on codes have been devel oped and applied (e.g., in nodens) to

real i\ze coding gains of 3 to 6 dB over high-si gnazZ@msnﬁ ratio,
band-1imted channel s such as voi ce gradeit el ephoffe¥ Early trellis

codes were due to Ungerboeck 15 (( saka et al., U S. Patent No. 3,877, 768,
Unger boeck, "Channel Coding with Miultilevel/Phase Signals,"” |EEE
Transactions on Information Theory, Vol. IT-28, pp. 55-67, Januar 1982) .
Unger boeck’ s code3MPBOVEMENTSy IN BIATA [SHGNALENCORERS) AN RECORERSset or
8-subset 20 partitrons of one-di mensional (PAM or two-dinmensional (QAM
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power cost an expanded Si tion (a factor of tour (6 dB)
I n one dinension, or a factor of two (3 dB) in two dinensions), the
i ncrease in nmni num sdfat@FeNt VARRS vi% nimker of kinds -of

~+' 10 trellis-type modulation codes have been developed and {
~ - applied (e.g., in modems) to realize coding gains of 3
to 6 dB over high-signal-to-noise-ratio, band-limited
channels such as voice grade telephone channels.
Early trellis codes. were due to Ungerboeck
15 (c]saka et al., U.S. Patent No. 3,877,768; Ungerbceck,
"Channel Coding with Multilevel/Phase Signals," IEEE €
Transactions on Information Theory., Vol. IT-28, pp.
55-67, January, 1982). Ungerboeck’s codes for sending n
bits per symbol are based on 4-subset or 8-subset
20 partitions of one-dimensional (PAM) or two-dimensional
(QAM) 2n+1-point signal constellations, combined with
a rate-1/2 or rate-2/3 linear binary convolutional code - -
(o that determines a sequence of subsets. A further set of L
"uncoded” bits then determines which signal points
25 within the specified subsets are actually sent. The
partition and the code are designed to quarantee a
certain minimum squared distance dmln between
permissible sequences of signal points. Even after
giving effect to the power cost of .an expanded signal
30 constellation (a factor of four (6 dB) in one dimension,
or a factor of two (3 dB) in two dimensions), the
increase in minimum squared distance yields a coding




gain that ranges from about a factor of two (3 dB) for sinple codes up to a
factor of four (6 dB) for the nost conplicated codes, for values of n that
may be as large as desired. 5 Gal |l ager (U.S. Patent Application
S.N.*577,044, filed February 6, 1984, discussed in Forney-et al., .
"Efficient Modul ation for Band-Limted Channels,” rEEE J. Sel ect. Areas
Commun., Vol. SAC-2, pp. 632-647, 1984) devised a multidinensional trellis
code -based on a 10 16-subset partition of & four-di nensi onal signal
constellation, conbined with a rate-3/4 convol uti onal code. The
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code. The four-dimensional subset is determined by
selecting a pair of two-dimensional subsets, and the
points of the four-dimensional signal constellation are
15 made up of pairs of points from a two-dimensional signal
constellation. With only an 8-state code, a d:in
of four times the uncoded minimum sequence distance can
be obtained, while the loss due to expanding the signal
constellation can be reduced to about a factor of 2172
20 (1.5 4B), yielding a net coding gain of the order of 4.5
dB. A similar code was designed by Calderbank and
- Sloane ("Four-dimensional Modulation With An Eight-State
_ Trellis Code", ATST Tech. J.., Vol. 64, pp. 1005-1018,
\_ 1985; U.S. Patent No. 4,581,601). i
25 o Wei (U.S. Patent Application S.N. 727,398,
filed April 25, 1985) devised a number of
multidimensiondl codes based on partitions of
constellations in four, eight, and sixteen dimensions,
- combined with rate-(n-1)/n convelutional codes. His
30 multidimensional constellationg again consist of
sequences of points from two-dimensional constituent
constellations. The codes are designed to minimize
two-dimensional constellation expansion, to obtain



-3- performance (coding gain) versus code conplexity over a broad range,
and for other advantages such as transparency to phase rotati,ons.

Cal derbank and Sl oane, "New Trellis Codes", IEEE Trans. Inf. Theoyy, to
appear 5 March, 1987, "An Ei ght-dinensional Trellis Code," .Proc. |EEE, Vol.
74, pp. 757-759, 1986 have al so devised a variety of nultidinensional
trellis codes, generally wth simlar perfornmance versus conplexity, nore

constell ati on expansion, but in sone case8 fewer states. 10 Al l
of the above codes are designed for channel s in which the principal
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phase rotations) is noise, and in particular for
channels with no intersymbol interference. The implicit
assumption is that any intersymbol interference
15 introduced by the actual channel will be reduced to a
negligible level by transmit and receive filters; or,
more specifically, by an adaptive linear equalizer in W/
the receiver. Such a system is known to work well if
the actual channel does not have severe attenuation
20 within the transmission bandwidth, but in the case of
severe attenuation ("nulls" or "near nulls") the noise
power may be strongly amplified in the equalizer ("noise
enhancement“). : )
A well-known technique for avoiding such “noise o/
25 enhancement" is to design the signaling system for
controlled intersymbol interference rather than no
intersymbol.inte:ferehce. The best-known schemes of
this type are called “partial response” signaling-
schemes (Forney, "Maximum Likelihood Sequence Estimation
30 of Digital Sequences in the Presence of Intersymbol
Interference,” IEEE Trans. Inform. Theory, Vol. IT-18,
pp. 363-378, 1972). |



-4- |In a typical (one-dinensional) partial response schene, the desired
output ‘[err] at the receiver is designed to be the difference of two
successive iknputs [err], i.e., [err] rather than [err] =5 [err]. In
sanpl ed-data notation using the delay operator D, this nmeans that the
desired output sequence y(D) equals x(D)(1-D) rather than x(D); this is
thus called a "1-D' partial response syste? Because the spectrum of a
di screte-tine channel with inpulse responsé€ I-D has a 10 null at zero _
frequency (DC), the conbination of the transmt and receive filters with
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likewise must have a DC null to achieve this desired

‘response. On a channel which has a null or a near null
at DC, a receive equalizer designed for a 1-D desired
15 responsé will introduce less noise enhancement than one’
designed to produce a perfect (no intersymbol.
interference) response.
_ Partial response signaling is also used to
achzeve other objectives, such as reducing sensitivity
20 to channel impairments near the band edge, easing
filtering requirements, allowing for pilot tones at the
band edge, or reducing adjacent-channel interference in
| frequency-division multiplexed systems. |
\_ .. .. Other types of partial response systems include
25 a 1l+D system which has a null at the Nyquist band edge,
anﬁ a 1-D2 system which has nulls at both DC and the
Nyquist band edge. A quadrature (two-dimensional)
partial response system (QPRS) can be modeled as having
a two-dimensional complex input; the (complex) response
30 1+D results in a QPRS.gystem which has nulls at both the
. upper and lower band edges in a carrier-modulated (QAM)
bandpass system. All of these partial response systems
are closely related to one another, and schemes for one



are closely related to one another, and schenes for one are easily
adapt-ed to another, so one can design a systemfor the 1-D response, say,
and easily extend it to the others.” Cal derbank, Lee, and Mazo ("Baseband
Trellis 5 Codes with A Spectral Null at Zero"; submitted to | EEE Trans.
I'nf. Theory) have proposed a schene to construct trellis-coded sequences
that have spectral nulls, particularly at DC, a problemthat is related to
t he design of partial response systens,=efen though its 10 objectives are
in general somewhat different. Calderbank et al. have adapted known

mul tidi mensional trellis codes, with nultidinmensional signal constellations
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into two equ%dqgi‘gez og{%?%slo'nt subsets, one of multidinensional signal points

whose sum of coor di natGaslderhagds e @ndago (5 Basebandhdredlés whose sum
i's 2a greas ercddid)) el WHpdct Zfl NullA ayf Wetd'e dubhiidcedur (BBS) of
coordinates, jnitially sef to zero, is adjusted for each sel ected_
mul ti di mensi GFRBSH ggé— M Raye RRARASEd & SEHAREN&PeSONSFFUERe
current RDS itrellisgmded sequendes that dravesispexitradi nulils,chosen 25 from
he ol SRR S L R b Wtk FL L
subset. |n tKesigy athPaatsals nesRoNsR EYEFeMS .o Ve ShoughgdtBear zero,
which i's k@owWbfeutivfee drte it Yetlerald wnewhadt dd ffeveng . spectral null at
DG AU the sy JMRn P W Habe Sllied Uilih B edHRRENEESagEOSen fron
trellis codes with multidimensional sigmal.
constellations to produce signal sequences with spectral
nulls by the following technique. The multidimensional
15 signal constellation has twice as many signal points as
are necessary for the non-partial-response case, and is
divided into two equal size disjoint subsets, one of W
multidimensional signal points whose sum of coordinates
'is less than or equal to zero, the other whose sum is
2Q greatér than or equal to zero. - A “running digital sum"
(RDS) of coordinates, initially set to- zero, is adjusted
for each selected multidimensional signal point by the
sum of its coordinates. If the current RDS is | _
_ nonnegative, then the current signal point is chosen -/
25 from the signal subset whose coordinate sums are less
than or equal to zero; if the RDS is negative, then the
current signél point is chosen from the other subset.
In this way the RDS is kept bounded in a narrow range
' near zero, which is known to force the signal sequence
30 to have a spectral, null at DC. at the same time,
"however, the signal points are otherwise chosen from the
subsets in the same way as they would have been in a
non-partial-response system: the expanded



subsets in the same way as they woul d have been in a non-partial -response
system the expanded 6 mul tidimensional constellation is divided into a
gertain nunmber of subsets with favourable di stance properties, and a
rate-(n-1)/n convol uti onal code determ ne$ a sequence of the subsets such
that the m ni mum squared di stance between sequences is guaranteed to be at

l east [err]. The coding gain is reduced by the constellation doubling (by
a factor of [ePRLtiglimensipnal, constpkiations, is dyvidedt dntws [rr],
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— _ According to the invention there is provided apparatus
for generating a sequence of digital'signals xk and/or
a sequence of digital signals y,, k =1, 2,..., capable
of representing n bits per signal, such that the
relationship between xj and yy is yx = X * %_;, L an
integer, the *k and yk'signals having variances S, and

Sy, the yy signals falling within an alphabet of

_p0551b1e Yk s1gnals that are spaced apart within the
alphabet evenly by a spac1ng A the apparatus
_comprlslng° '

an encoder for causing the sequence yj, to have a
~ variance Sy less than 25, and the sequence *k to have a
N variance S, not much greater than sy2/4(sy-so), So
being approximately equal to the minimum signal power
required td represent n bits per signal with a A -spaced

alphabet. | .

.Preferably the apparatus comprlses°

| a coset selector for generating coset
representatives cx in accordance with the given
modulation code;



representatives [err] in accordance with the given nodul ation code;

7 wherein the encoder operates by selecting J of the signals _[err]

to be. congruent to a sequence of J coset representatives [err] (nmodulo M,
M an integer, the coset representatives ‘being specified in accordance with
t he gi ven nodul ati on code, the J synbols being chosen fromone of a
plurality of J-dinmensional constellations, the choice being based on a
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nodul ati on codBe TRenstehtabhong (FePPFASLNRE s bASthr &t PO ¥Rt Q’éﬁé? aling a
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[err], k =1, 2 such t hat é
' negative sum of coor 1nates, the - encoder being arranged

~so that the signals Xy have finite variance Sy

Alternatively, the signals Y are a sequence in a given
modulation code and the apparatus further comprises:

a coset selector for generating coset
representatives cp in accordance with the given
modulation code; and '

- wherein the encoder operates by selecting the
signels Xk to be congruent to a sequence of alternative
coset representatives cy’ (modulo M), where:

: ck' = Ck = C'gk_1, (modulo M), in the case when Yk
X + Xy |
cy’ = Cp + C€’g.-1, (modulo M), in the case when yy =
Xk = Xygp | | \J
and where c) is a ‘coset representative spec1f1ed
in accordance with the modulation code.

" The invention further provides apparatus for generating
a sequence of digital signals xj, and/or a éequence of
‘digital signals Yx» k = 1, 2, ..., such that the
relationship between the x) signals and yyp signals is
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rel ati onship between the xk signals and [err] signals is -7A- [err], L
an integer, the xk and Yk sequences having variances [err] and [err], the
synbols [err]’ being a sequence in a given nodul ation code, the apparatus
conprising: an encoder for generating the [err] and/or [err] signals such
that the ratio of variance [err] to varrdAce [err] is selectable within a °
predeterm ned range. The sequence [err] may be a sequence of one
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representatlv k@ﬁoeac Cosé¥g°£ov%9q Uence ckgs%sar <§§C§ of the N

coor di nat es (nD represéentati veY desi natlng 2 ¥ha&t of
one- d|nenS|cnmﬁelﬁﬂtﬁh#¢rWB¢%h% %uh@ﬁ@ebﬁnmloeﬂsrengatuon of pOSSIb|e
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signals in a given N ~dimensional modulation code, the.
modulation code being based on an N-dimensional
Lv, constellation partitiohed'into subsets associated with
the code, the subsets each containing N-dimensional
signal points, the choice of_the subset being based on
coded bits and uncoded bits of the signal points; and
wherein the encoder is adapted to derive from the coded
and uncoded bits, for each said N-dimensional symbol, a
U "set of N, M-valued one~-dimensional coset
- representatives Ck corresponding to congruence classes
of each of the N coordinates (modulo M), each coset
representative designating a subset of one-dimensional
values in a one-dimensional constellation of  possible
coordinate values for each of the N dimensions,
each of the one~dimensional signals in the
N2  sequence being selected from the possible coordinate
values based on. uncoded bits.



generating a sequence of digital signals [err] and/or a sequence of digital
signals [err] (the sequence [err] being in accord with a given nodulation
code), k-=1, 2, .... such that the relationship between the [err], signals .
and [err] signals is [err] ,L an integer. An encoder selects J signals
[err], J [err] 1, [err] to be congrnéﬁf to a sequence of J coset
representatives [err] (nmbdulo M, Man integer, specified in accordance

with the given nodul ati on code, the J synbol.g bei.ng chosen fromone of a
plurality of J-dimensi odne generall feagure ofc theoilovensing Ba8sed on a
previous [err] ' ; e NStSlladlel QNS ai des both a
point wwth a pgg#?FégEggﬁkokégggpggﬁg?éggagn qaﬁgt é?kpgan?hQ?PE g negative
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finite varianc r r [ t f ' tign s that the
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(mdulo M, in S e fall ol Qg = 3, (20Ul 0 ,Lin the 5 case
where [err] Ah(s)ti graﬁegre‘yg?r“f esg.?gra]ls_g?s{ & | n\:/r tiio. [ thgt he_[err]
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causes the Sequggﬁgﬁsr bk 10cBeNE ieptesthtadivesl o Cthoblits hy, Tk and the
sequence [err] ave a varia c? e ;J not _ with th iven
an integer, specifled in accordance eqg
 modulation code, the J symbols being chosen fromi one of
a plurality of J;d;mensiqnai.cqnétellatibns. the choice \;J
' being based on a previous x,.', k' ¢ k. At least one
of the constellations includes both a point with a
positive sum pf coordinates, and another point with a
negative sum of coordinates. The encoder is arranged so
that the signals x, have finite variance 8.
Another general feature of the invention is
that the encoder selects :hq signals x, to be
congruent to a sequence of alternative coset

representatives c;'(moduio M), where
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much .greafer than [err] being approximtely the m ni num s,"i'"gnal power

required to 15 represent n bits per signal with a [err]-spaced al phabet.
Anot her general feature of the invention is that the encoder causes the
signals to have any sele®ted ratio of variances [err] to
' In preferred enbodi nents,

[err]

and/or [err]
[err] within a predeterm ned range. 20

t he ranges are controlled by a parameter [err] is approximtely [err],
is approximately [err]. Another general feature of the invention is
apparatus for generating B B flert e g gredwmloMN dimethe® onal nodul ati on

[err]

code,

by generatcm aslsegmence of one-di mensi onal

and uncoded bits, the nodul ati n co,g( Pel ng based on an N-di nensi onal
S

constellation partitioned int ISUTJS

Beelzt ated with the code, the

subsets each representing®g0= ®pltiralyty Ohodubo nehsiimathei gnal's, the
appar at us. congr i&idy weeacoder for deriving, for each N-di mensional

synbol ,

a set of N. Mvalued one-di nensi onal coset representatives [err]

correspondl ng to congruence cl¥esestiof” et of the N coordinates 9
(nmodulo M of the syrrbol ,Afesiirer cysrier brfsetnire iof tiesi onarviom fgubset of

one-di

nmensi onal

a st.el f _bossible
cooru nat e val ues or eayk %ﬁwiﬁg%t&g@p %rgc%@acﬂ%ﬁe) i nrensi onal

si gnal

based on uncpgeds

in the s

sequence may be 4? i vered as an out

\

15

20

sequence y, to Ve 4 vagiance sy less than
25, ‘and the sequence X, to have a variance s not
much greater than 8 /4(8 s ). 8, being
apptoximately the m¥nimum siqnal power required to
tepresent n bits per signal with a 4-spaced alphabet.
Another qenetal feature of the invention i¢
that the encoder causeds the x, and/or y, signals to
have any selected ratio of variances S, to Sy within a
predetermined range.
In preferred embodiments, the ranges are

_ contzolled by a parameter O, S, is approximately

25

30

0/(1 - B ), and sY is approximately 28,/(1 + 8).

Another general feature of the invention is
apparatus for generating a sequence in a given
N-diimensional modulation code, by generating a sequence
ot one-dimensional signals based on coded and uncoded
bits, the modulation code being based on an -
N-dimensional constellation partitioned into subsets
associated with the code, the subsets each represénting
a plurality of N-dimensional signals, the apparatus
comprising an encoder for deriving, for each
N-dimensional symbol, a set of N, M-valued
one~dimensional coset :eptesentatiyes O corresponding
to congruence classés of each of the N coordinates

signal s based on coded

and

ARl O i SLanale Lhat ane mpm apart otthimattheval ues
ilidbet @ﬁﬁ}efﬁfda esﬁwm@m Sarfdl WY enddde?’ thusbsl er ']



10 [err] the code may be a trellis code or a lattice code; M may
be 2 or 4 or. a multiple of 4 or 2 + 2i; J may be 1 or the sane as the
nunber of dinmensions.in the nodul ation code; k' =k --1; J is 1 and each
constellation is a one-dinensional range of values 15 centered on [err] ;
preferably [err] > 0; there are a finite set of (e.g.. two non-disjoint)
J-di nensi onal constellations; [err] and [9err] may be real valued or conpl ex
valued. 20 25 30 10 According to a still further aspect of the invention
there is provided a decoder for decoding a sequence [err] [err], k =1, 2,

.for a partial response system wherein the sequence of srgnals [err] S

such that : (mpdudiod e gfcthe isymbodm #aghyeonsetdokpresantatityet he code
being_capabligsdbmeiss §qeaab%re%dolzyoﬁa-aaﬁtﬂsﬁfas&%ﬂgﬂgstQnth | nvent i on

with afinite n 3 Where the
sequence [ePPF’ﬁ&@epﬁ eral, gonsted F&#PP nE°§ﬁébé€qG@ﬂ§dihﬁt$epresents

noi se. dcorrpvaauae facrmedichi of thei wanhehehbheodeaeauence esti mat or aﬂapt ed
to In Suc

arti ces
sai d gQ ﬁ dggfgg§8839cgﬁ%ﬁﬁgtFBntBF §§ﬁhePFﬁr ﬁlﬂﬁniéheﬁyﬁéfstates and
each of a ffnpmethanposstéﬁ copedénaspaveidiuesl basedoon| undddedich that each
sequence (aﬁit§ in the code up to t he trne K; (b) corresponds to the <

encoder being in a g&n p:eferred embodiments, eithe: the Xy or
" Yi sequence may be delivered as an output; L = 1;
10 vy = Xp = ¥pop? the code may be a trellis code or
a lattice code; M may be 2 or 4 or a multiple of 4 or 2 S
+ 2i; J may be 1 or the same as the number of dimenszons
‘in the modulation code; k' = k - 1. J is 1 and each
constellation is a one-dimensxonal range of values
15 centered on Bxk 1’ 0 < 8 ¢1, p:eferahly 8> 0; there
are a £1nite set of (e.qg., two non-disjoint)
J-dimensional constellations; Yk and x, may be real v/
valued or complex valued.

20

30




&

state at .the tinme K; (c) corresponds to a value of [err] at the time K that
I s congruent to a given one of the values, nodulo M Another general
feature is a decoder for decoding a sequence [err], k =1, 2,.... into a
decoded sequence [err], where the sequence of signals [err] is such that
(a) the sequence is froma given nodul ati or*®ode; (b) the running digital
sum[err] + ... has finite variance [err]; (c) the signals [err] fall in a

pr edet er mi ned pegnissi range d dept err], k' < k. and the  ,
sequance [err] ré%@?%gk‘? o1 s&. s%il _aﬁ‘d’égef%l Qgp&?&mﬁ?t 5Per RRtARN 5
the estimated rubheng disgipravisied [2erddcader . for cdepadingt he sdemested z, 13A
sequence [err] wkth. aipredetyerdan ne erm ssi.ble b

estimated running g?‘ it erl‘l?('sdéran [ejt?'r]dz-?k" "Efé% gngaggg'g}atq%%%g%eﬁl%ﬁ’csa Son

whenever the [erY’ﬂ‘ngiBuFE‘PdéeSH@“ﬁ’@r Qs Siignals, Ype is sughhithat gener al
feature of the inventiap saia degodeice ds deordiangiveieaeOAY M lcodd, =

1, 2, ..., where e u of. sl I rrl Js t t he
sequence is f romtgngf"ég% ﬁggﬁf;a'? f’%hgggdgf[ E’etill!l"g %33'%%§e%tbeé?arbleen co?é%rei ng
generated by an BRee¥ding; the gtheninvention widh at filadte ppunkeer] o of |,
L an integer, whgtgtkBe sequence xk has finite variance [err], and the
sequence nk represent? Soise,_ponprtéing a nodified. mgxi mum | i eIihoq31
seqience 10 estimator \RdapYld T o*ki i K®—-der t Pal2ed [Equétteke the

sequence xy has finite variance S,, and the sequence ny
represents noise, comprising:

a modified maximum likelihood sequence estimator
adapted to find MQ partial decoded sequences, up to
some time K, one such said sequence for each
combination of said finite number Q of states and each
of a finite number M of integer-spaced values modulo M,
such that each sequence | _ '

(a) is in the code up to the time K;

(b) corresponds to the encoder being in a given
state at the time K; '

(c) corresponds to a value of xy at the time K
that is congruent to a given'one of the wvalues, modulo
M.

Y - Another general feature is a decoder for decoding a
sequence 2Zp = Yy + n, k =1, 2,.... into a decoded

~sequence y), where the sequence of signals yy is such

that (a) the sequence is from a given modulation code;

(b) the running digital sum X = yp + Yy_3 + ¥ + ...

has finite variance S,: (c) the signals y, fall in a
predetermined permissible range dependent on x,, k’ <

k; and the sequance ny represents noise. A range

violation monitor reconstructs the estimated running

digital sum'Qk = ?} + ?k_1 + ey compares_the decoded



up to some time K, one sequence for each combination of the finite nunber Q°

of states and each of a finite nunber M of integer-spaced val ues nodulo M
such that each sequence (a) is in the code up to the tine K;’ (b) ,15
corresponds to-the encoder being in a gpygen state at the tine K “(c)
corresponds to a value of [err] at the tine Kthat is congruent to a given
one of the values, nmodulo M The invention adapts known nmodul ation codes,
particul arl trellis Qodes, use i art.ial res onse 20 systens to

Behi eve ¢ neSSHHENAR (Erol Lifb ot RERIPHEEnIRg | BSEtaE E18 Hanhe. par ti
response sybased on tbeabbfimadied: m@ng:dﬁgig:a;]alsmé\o’r Aarktteakjly | arge
nunbers n o i SR g exdty nvention
al so enabl e£s ?hg%em 25 Vgl{zglt re s co QEQ ;;?,tlrrg} )r(ieés %%%%f%é/stens in
such a way Ebetbeﬁahﬁéibl§oFﬁn§ehelatlvely Iom1|nput signal power [err] and
a relatively | ow output power [err], and permts snoothly trading off these
two quantities agai nst each other. Furthernnre, hi gher-di nensional trellis
codes 30 can be adapted for use in partial response systens which are

i nherently | ower-dinensional. The invention can be put into practice in
several wayssone of which will now be described by way of exanple with
reference to the acconpanyi ng drawi ngs i n which: 12 Figure 1 is a block
di agram of a 1-D partial 5 response channel; Figure 2 is.a block dlagram\ﬁ
an encoder for an 8-state Ungerboeck code ; Figure 3 is a signa
constellation for the Ungerboeck code partitioned into 8 subsets.; 10
Figure 4 is a bl ock diagram of an equi val ent

&



encoder for the Ungerboeck code ; Figure 5 is a block diagramof a
general i zed N-di nensional trellis encoder ; Figure 6 is a block diagram of
a.nodified 15 Figure 5, based on coset representatives ; Figure 7 is a

bl ock *di agram of an equi val ent one-di mensi onal encoder; Figure 8 is a block
di agram of . a general i zed N-di nmensi onal trel |l ikl encoder.; 20

Fi'gure 9 is a block diagram of a generalized encoder mnth coset precoding ;
Figure 10 is a bl ock -di agram combining Figures 8 and 9 Figure 11 is a bl ock
di agram of an encoder with 25 RDS feedback and coset precodlng ; Figures
12, 13, 14 are alternati 3BOER8BFARAFAL ofe¢#$ﬁ969 1he daveation ig, 317 are

tF)I ock dl1 agrams Elécbgégefeﬂuauegmtngal é!ﬁ(:j@ri angeent g, ; §9 o a1

i gure is a bl og |agraﬁé$ gh%eQ%ag i ze ; Fgures : :

are bl ock diagr frartef VETENT S_L’:?rﬁlg%? $ sge

al ternative si gohatcbadt cheasequencei gs:rérm a s7iver godudiazdoamcofiean

encoder for uyse BepeoRgt EpAL1OMH P ndd férace blgyr es
B%CE % rrg ﬁ?l ec%t rg _anFeuc

24, 25, 26 are Lagra ree equiva enco T Flgurée 27 is a
bl ock di agram o¥1i&R %I@éﬁ’-hﬁ?l%‘é‘“ﬁ%’é&leﬁ“ states; (D) y, = X =

Ky, L an integer, where the.sequence X has finite
Y, variance Sx' and the sequence n, represents noise..
- comprising a modified maximum likelihood sequence
10 estimator adapted to find MQ partial decoded sequences,
. up to some time K, one sequence for each combination of
N\ the finite number Q of states and each of a finite
number M of inteqer-spaoed values modulo M, such that
each sequence (a) is in the code up to the time K; (b)
15 corresponds to the encoder bezng in a given state at the
time K; (c) corresponds to a value of X at the time K
that is congruent to a given one of the values, modulo M.
— The invention adapts known modulation codes,
partxculazly trellis’ codes. for use in part1a1 response
20 systems to achieve the same kinds of advantages that
trellis codes have in nonrpartial response systems -—

1 notably, substantial coding gains for arbitrarily large
numbers n of bits/symbol with reasonable decoding
complexity. The invention also enables the design of

25 trellis codes for partial response systems in such a way
as to achieve both a relatively low input signal power
S, and a relatively low output power S, and permits
smoothly trading off these two quantities against each
other. Furthermore, higher-dimensional trellis codes

30 oan be adapted for use in battiél response systems which
are inherently lower-dimensional. .
The invention can be put 1nto practice in several wayssome of
which will now be described by way of example_w;th reference

to the accompanying drawings in which:



Figure 28 is a schematic diagramof an expanded 10 signal constellation ;
Figure 29 is a rhonbus for use with the constellation of Figure 28 ; Figure
30 is a block diagram of a two-dinensional RDS feedback encoder , 15 ‘
Figure 31 is a diagram of the dinmensions of a rhonbus for use with the
constellation of Figure 28 ; Figure 32 shows a pair of constellations ; and
Figure 33 shows two disjoint constellations. Structure and Operation 20
Referring to Figure 1, the invention includes a technique for generating
signal sequences to be used as inputs fioy a partial response channel 10,

for exanple a one-dinensional (real) 1]D partial response baseband system
wth a null-at DC. (Later we shall indicate 25 briefly howto nodify such a
design for other types of partial response systens.) Each output signal
[err] of such a systemis given by [err] where the [err] sequence (n(D))
represents noise, and the 30 [err] sequence (y(D)) is a

partial - response- codiqQRRD)1 sl re doclediinga amy of[ or H-Dvxperenhe [err]

sequence £ X(dddpdrisd haatence of 14 channel inputs. Because [err] the
[err] sequence can be_recover ed frgg&%&gﬂﬁéﬁrsequ ence by forn1n a running

digital sumof the [&T¥JUERIZS & i PFapRyvanGed®oE9he [err]
sequence) ; tdniS+stare |Underdosel codguence the RDS sequence. The sanple

- Fiqure 3 is a signal consrellatlon for the ~
Ungerboeck code partltzoned into 8 subsets ;
10 Figure 4 is a block dzagram of an equivalent
encoder for the Ungerboeck code ; . ' \U/

Figure 5 is a block diagram of a generalized
N-dimensional trellrs encoder .
Figure 6 is a block d1agram of a modified
15 Fiqure 5, based on coset representatzves :
~ Fiqure 7 is a block dlagram of an equzvalenr
one-dimensional encoder ; W/
Figure 8 is a block d1agram cf a generalized
N;dzmenszcnal trellis encoder
20 Figure 9 is' a block diagram of a genera11zed
encoder thh coset precoding ; _
Figure 10 is a hlcck diagram ccmbxnzng Figures
8 and 9 ; _
Figure 11 is a block diagram of an encoder with &/
25 RDS feedback and coset precodzng :
Figures 12, 13, 14 are alternative embodiments
of Pigure 11 ; |
Figures 18, 16, 17 are block diagrams of three
eqp;valent filtering arrangements H
30 Figure 18 is a block diagram of a generallzed
decoder ;
| Figqures 19, 20, 21 are block diagrams of
alternarive enccders .



vari ances of the RDS sequence x(D) and the PRC sequence y(D) will be
denoted-as [err] ,and [err], respectively. The discrete-tine parti al
response 1-D .10 (represented by block 12) is a conposite of the responses
of a _chain of transmt filters, an actual channel, receive filters,
equal i zers, sanplers, etc., designed in a conventional way to achieve a
conposite partial response 1-Dwith the n Ese power P (of the 15 noise
sequence n(D)) being snmall relative to the*PRC power [err]. W shall thus.
want to send a relatively |arge nunber n of bits per channel input. A
detector operates on th ' : u 0 Lyate x(D) (or

equi valently y(D), si nc?%@é fzsqqass%gl (%Eg—%fé-gg%gkr gﬁg{‘i&gﬁshi p between .
them). If the deersteklatien raxi num likelihood sequence estimator 14, then,

EO a] f ibrft order, the 8:15" Rﬁ'Cé/eza' ifda mé'bm) aﬁg bSmeﬂiierxfé’dwézeGEcﬁﬂ stance
err et ween per m ssi S nces .y . . n sone

appl i cations, t¥R°JEEERYF m%%ﬁﬁ%"l"ln g?n‘sl"ﬁuﬁg 28 ‘ni ni i ze the sanple
variance [er¥] of the RESimgmitds.s@fueRbearkbnbdbbkridiaghans ofstohaies wil |

be on [err]. It ) ications, there will be an effective power
constraint somi;bvﬁ?gf eé%ér%{‘{]ﬁéen rﬁsgld'l e of the conposite filter chain, so

that it will be desirablBlqure&ady ifo@nbleck) diagram,of analterparivie f act
to provide for desdasyd h, desi gn tradeoff between them 15 Arel ated

problemis the design of,sequences W th spectral .oulls. e q . a nul t
zero frequency (DC). Tﬁe‘rs%&t%@%oﬁ'jse@t F$§8W&§?Bed%89ﬁ%‘§i%g¥§qﬁi@%g§£( D)
that can refft essignail mqmqﬂrlm e; that have a 5 spectral null, that
have as smal _' a sanpl & i 29l 5" o rhombus for use with the

~ constellation of Figure 28
Figure 30 is a block diagram of a
two-dimensional RDS feedback encoder :
15 : Figure 31 is a diagram of the dimensions of a
rhombus for use with the constellation of Figure 28 ;
o Figure 32 shows a pair of constellations ; and

Figure 33 shows two disjoint constellations.
Structure and Operation .
20 Referring to Figure 1, the invention includes a
technique for generating signal sequences to be used as
inputs for a partial response channel 10, for example a
one-dimensional (real) 1-D partial response baseband
L system with a null at DC. (Later we shall indicate
25 briefly how to modify such a design for other types of
partial response systems.) Each output signal Z. of
such a system is given by :
- - 2y = Y * By L .
. where the n, sequence (n(D)) represents noise, and the
.. 30 .y, sequence (y(D)) is a partial-response-coded (PRC)
sequence defined by. _ ' :
Tl e S :
where the X, sequence (x(D)) is the sequence of



as possible, but that also have a large m nimum squared distance [err]

bet ween possible y(D) sequences. A common auxiliary objective is to keep
the variation of the running digital sum (RDS) of the y(D) sequence 10
limted as well, for systens reasons. Bdcause the running digital sum
sequence x(D) is, e.g., y(D/(1-D), and its sanple variance [err] is a
measure of its variation, the present invention nmay al so be applicable to
t he design of sequences with spectral nulls. 15 - A nunber of

desi gn pringh@hf@laifipuesf ul Begaagsi evi ng our objectives. The first
-principle is- to design the-inputdééifb seqqence x(D) so that the out put
(PRC) sequence y(D), taken N val hek’is a sequence of

N-di nensi onahesxgnaEqpennescbal begregovered £ndm etlve FRCséduimaesnsi onal

constell ati ned n [ S t el de. Then the
8 2 FMn? 5 al\ﬁé ng%Hs%Ptr]gl}\ce%C ‘Hﬁ’l e at |least the

m ni mum squa e
[err] gudrahgiganppn: kBiEial| ¥a BBdéofFﬁ‘fl?h%Qn’iﬁ@e%F%wmﬁ I4&el i hood

seglﬁe?ﬁe esta it ehef R EEqﬁeﬁcELehelanfosl eqeetc e - eeﬁélslxa ﬁé)t ed Iﬁr use

Wi is s aps not o ac |eve e sane

effective [ ?F?g%ﬁssegghh#Saﬁ§§ ?ﬁgugﬁﬁﬁ ﬁééiﬁﬁﬁﬁ;%hﬁnﬂ G%r the

sane trel|ig(Bddwildh bendengtedi as Sﬁsends syﬁesgectiyely An o
| | ustrat nbodi k :
illustrative enbodi treﬁ&pgtgr_efﬁg +£ltl ilpﬂseg&‘%@an% on a known

8-state_ 2- dlnenS|on s cod gerboeck as
descri b | (TERESRERERM DY bleckndl, {514 copnmasite

t wo- di mensi pagpofieast 6f | &t eaih 0ot etfadsiit SE Piters, Jafix (a"c\&aqi nmensi onal )
slonal . (MiSahfef. SPedbiVhk:10eld® 6QURIISEL | angrbES oGRS dat i on V33
designed in a conventional way to achieve a composite
partial response 1-D with the noise power P (of the
1S noise sequence n(D)) being small relative to the PRC
power sy' ‘We shall thus want to send a relatively
large number n of bits per channel input. A detector
' operates on the noisy PRC sequence z(D) to W,
estimate x(D) (or equivalently y(D), since there is a
20 one-to-one relationship between them). If the detector
is a maximum likelihood sequence estimator 14, then, to a
£irst order, the objective is to maximize the minimum
squared distance dmin between permissible PRC
sequences y(D). :
25 " In some applications. the design consttaint W/
will simply be to minimize the sample variance S, of
the RDS (input) sequence. In others., the constraint
will be on § . In still other applications, there
will be an effective power constraint somewhere in the
30 middle of the composite-filtet chain, so that it will be
desirable to keep both S, and sY sma:l, and in fact
to provide for a smooeh design tredeoff between them.



data nodem:) Figure 2 shows the encoder 20 for this code. For each six-bit
synbol 21 delivered froma data 5 source 23, 2 of the 6 input bits to
encoder 20 enter a rate-2/3, 8-state convolutional encoder 22. The 3
output bits of this encoder are used i'n a subset selector 24 to sel ect one
of 8 subsets of a 128-point signal constell@tion, illustrated in Figure 3;
there are 10 16 points in each subset (points in the eight subsets are

| abel l ed A through H respectively). The remaining 4 "uncoded bits" 26
(Figure 2) are used in a signal point selector 28 to select fromthe chosen
subset the (two- d|nen5|oAar913tgdaPtghﬂem iS)thBtdeﬁmgm ofcdeqienceéS code

achi eves a ga'nwhen[sgébt9£1an&§£§0re

ot/ Yord e4RRARREy Yot oM

but | oses about g usmgh £q§ rat )
, 58 Bereo ﬂglé%ﬁ 4*‘59 é‘!ﬁiﬁtb% "d’Bdeéq'End SRAMERERE] form
of the 2- dinensyonalthhqechmeckptembnéKh bits per sEmplecqehaechatresynbol s

constel |l ati

[err] sent
response sy

on

(0]
S

i ot R B T O

transforn1knomnaSrQDBSQDéGdebutnthﬂtwﬁiiﬂrh;“ﬁ(ﬁuﬂarsermunTNQMeSqueredD
aspects to thi 5d¥§taﬁé€”&§°r ”Eét@é’en fhddd iblled WD %ﬁhﬁbhéﬁst hep

t wo- di nensi onal subsets

subséts, and seCBMHOR{ B“fhé Ay PPlect e 1is 4%

osl {1 onhs of, constituent one- nsi onal
&‘F\ﬁ@ i‘ﬁeﬁéFbﬁE °“- of

constel l ation aghe caumingtdigivdl csxmt(innsantoﬁomhedylWr)sseqae:xce

constell ati Hs 1%198&’ §Q %f‘&]hpg\% ge\t{t code | onabéaggge I,gr t he

illustrativ

t wO-di Mensi ona then |ca e how it may

be done in the GuRBing digital wwm aa tere| Bi-9-eoHED)/(14D).
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and its sample variance s is a measure of its
variation, the present 1nvent10n may also he applicable
to the design of sequences with spectral nulls.

A number of design principles are useful in
achieving our objectives. The first principle is to
design the input (RDS) sequence x(D) so that the output
(PRC) sequence y(D), taken N values at a time, is a
sequence of N-dimensional signal points belonging to
subsets of an thimensional constellation determined by
a known N¥d1menszonal trellis code. Then the minimum
.squared distance dmin between PRC sequences will be
at least the dmin guaranteed by the trellis code.
Furthermore, a maximum likelihood sequence estimator for
the trellis code can be easily adapted for use with this
system, and whiie.pethaps.not'optimum. it will achieve

~the same effective_d;in:fo: essentially the same
decoding complexity as for the same trellis code in a
non-part131 response system.

_An illustrative embodiment of the present
inventzon is based on a known a-state 2-dimensional
trellis code similar to that of Ungerboeck as described
in the article cited above, which uses a 128~po1nt
two-dimensional constellation to send 6 bits per



The first step is to notice that each of the eight two-di nensional subset

A B/

Subset s,
smal | er subsets can be characterized as foll ows.

can be
say [err]

viewed as the union of two smaller two-digensional
and [err] and [err], etc., where each of the A6 5

. each coordinate.of a signal point be partiéioned into four classes a, b,
d; then each of the smaller two-dinensional subsets consists of the point
whose two coordinates are in a specified pair of 10 classes. A convenient

mat hemat i cal

so t hat

each

are equiva

are the poi ndswh@s@exwp

r asses a , d

t h -1 nt
égg b g %ﬂgﬁﬁnegbﬁaof°Fhé is. ée?%??err]

S

Let the possible val ues of

C,
S

expression for this deconposition arises if we scale Figure 3

Si g”@#w&-odﬂﬁéné‘i&xﬁ'ﬁ rqﬂalaparctm@ q%cmbnemgar(eadtﬁ&e
0 a

coor di nat es

em'ﬂ @:WSE thenghuedert 20a£6E VeRigai r

(Xy

)

e meﬁhﬁ%’”ﬁ”@i SPEHI S 127 Bahufrof iR Watdti onal

coset r ep’s eseINCe Va3,

been | abel edy éhzﬁ§ aﬂ%jﬁé w{mm«anms&hébaeerﬁﬁng&ﬁatgof the 16
Subset s. For exa l e t poi nt_.29 has.co | hates, X - 5/2, y = 9/2,
and its coscfUFRY e@e‘?ﬁa‘? 8, encaslers axe 9‘1523 ¥Bqd| subseE (-3/2 1/2).

may now nodi éql&w 24 v daldavvoneReifedr snpséusFoﬁuaeMa-pbﬁnf hree out

bits of the

.2 dhehmwintiqpre diigscsasestbder oR0oénEeguae 3 have

N

Lo subset crbitdf it fodt 411 Gbar RN En pLanid FLRHEE e 00 our

i nput bilG, bﬁtpplnkﬁxknlQﬁqh:ﬁyhﬁﬁted@PthEeﬁmeﬁhe[CIQQtaﬁﬂb?ﬂ#s] or [err]

and [err] etgre Wﬁd‘g\tﬁhz\%@mfn‘s c‘E’i‘vB!L?g %ﬁébfﬁﬁézﬁﬁ? g ected
the three convolu é’ - enco d blt% produced Y, encogder effect,
encoder 22 aridP 4e 6 (Figure 2) are used in a signal point .

15

20

25

3a

selector 28 to select from the chosen subset the
(two~-dimensional) signal point to be transmitted. The

- code achieves a gain in d;in of a factor of § (7

dB) over an uncoded system, but loses about 3 dB in
using a 128-point rather than a 64-point constellation,
so the net coding'gain is abbut 4'&3 -

The sequence of symbols X sent over the
channel is one-dimensional in a 1-D baseband partial
response system. It is helpful (though not essential),
therefore, to transform known trellis codes into
one-dimensional form. 'The:e'are'tWO_aspects'to this
transformation: f£irst, to characterize the
two-dimensional subsets as compositions of constituent
one-dimensional subsets, and second, to characterize the
£inite two~dimensional constellation as a composition of
constituent one-dimensional constellations. We now show
how this decomposition is done for the illustrative
two-dimensicnal Ungerboeck code, and then indicate how
it may be done in the general case of an N-dimens1onal
trellis code.

J

-
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30 represent an 8 state rate-3/4 encoder, with the output selecting one of
16 subsets, although the set of possible signal point sequences has not
changed Next;, designate each of these 16 snaller subsets by a pair of 5
one-di nensi onal coset representatives 34, one for each coordinate, where
each coset: representative [err] may take ompne of four values. The pair of
coset representatives is denoted [err]. An aspect of the invention is the
observation 10 that all of the good codes cited above - i.e., those of :
Unger boeck, Gallager, Wi, and Cal derbank and Sl oane -- can be transforned

in the same way. That | Theafirstt sitepeilt donposiovathdt adddls ofodere can be

generated by a t erg] subse et

subsets are spe%cai&og:% df%ﬂ}f’%gpﬁgg 3§§S88%E%§|%ha1 coséeishrb g&?@ﬁgtlves
correspondi ng tas ddeyndiene of| &vocsmallenchweodimensionghsulisets),. say sone
cases it is only ngEeasary !andss 2 EEESGt\ShéP@CéSé!?% Yerd 3gval ued

one- di mensi onal %toset repr &sent atl ‘)o correspondl ng to

congruence o as®&dllgr 8&Sof@rn Fecéﬂﬁgﬁ%‘%é‘i .- ]f](ﬂ“’sUngé-ret?oeck s
4-state 2D codeheCpdsagdles vdlnest ef4Bachdecdedindte of rd |sirgnadd@odht

AICaIngaragnEasgd(?D% W&ﬁ%@n&;‘?f ggb éP?gggsc%ng%'ges' cdnq%égt %§%§ o(ratn?ed

in “His way; eaf tltﬂ"l@“@d-ﬂlell‘f rtwordmeaezgml]subﬁeta eonsdsds ofatthece E can

be represented gy t:% éa@&d@nhﬂ@svﬁ'é‘e{hq‘ dﬁl%doga'i:c%'?t
repr esent atlve rmdul 0 i‘r; Bar nes- \ég lattjces Jerr,] a% [eixr']s and
‘the Leech ¥ [e F°E‘§ﬁnl§8nFe'B? %jy ?’@ﬁ[ﬂ 1

one: di nensi onaldmm@nsr:.&qd.nasamse-veﬁ (lemslmabe Bigure 3 so that signal
~ points are one unit apart in each dimension (and the
coordinates of each point are half-integers); then the
classes a, b, ¢, d are equivalence classes (modulo 4),
15 and each of the 16 sets Ao,'Ai. By, ... are the
points whose two coordinates are congruent to a given
 pair (x, y) modulo 4, where x and y may each take on one
of the four values {a, b, c, 4}, e.g. {=1/2,
=3/2)}. These four values are called
- 20 (one-dimensional) ‘'coset representatives'. The points
of the constellation of Figure 3 have been labeled with
0s and 1s to show one possible arrangement of the 16
subsets. For example the G, point 29 has coordinates
x = 5/2, y = 9/2, and its coset representatives are
25 (5/2, 9/2) modulo. 4 or (-3/2, 1/2).
We may now modify Figure 2 as follows.
Referring to Figure 4, the three output bits of the
encoder 22 plus one of the uncoded bits 30 are used as
. inputs to subset selector 32, which selects one of 16
3@ subsets based on the four input bits, with uncoded bit
30 selecting between A, and A,, or B, and B,
etc.., according to which of the original 8 subsets is
selected by the three convolutionally encoded bits
produced by encoder 22. In effect, encoder 22 and bit



19 A general formfor all of these codes is shown in Figure 5. The encoder
.I's N-dinensional and operates once for every N signals to be sent over the
channel . I n each operation, p bits enter a binary encoder C 33 5 and are *
encoded into p + r coded bits. These coded bits select (in selector 35) one
of [err] subsets of an N-di nensional SIgf% constellation (the subsets
corresponding to the [err] cosets of a sublattice A' of an N dinensional

| attice A, the constellation being 10 a finite set of [err] points of a
translate of the lattice A such that each subset contains.[err] points).

A further n30 pepoesdnt ant8-stitetsate+8/klencoder37wigthsitheal point from

the sel ot chytlECho1dbting 66 e 16 YBMIEy ) SlLkBULA eRLCRLLNog! Tons] onal

15 synbol a cons lat1on o gnal “poi ntsN
The encoder pesgiblensignali 2%1‘b‘ér$¢<m$¥¢ﬁ Rase ROt §hé06éﬂt -ai He#ltm nmum

squared di SHQQQQnEEérbaERt&\Ee'Eh@éU 16\Csofd Wsatcssaguangaszt bat bel ong
to a posgible s servation aboye (about

the tran foPHEBHFFF?Sb?gﬁfIC%%%B Eﬁﬁﬁﬁﬁqu?§ﬁxfsr§2uan8ffPﬁeeﬁEPhenatlcal
observatloncbbadlha:ealWhefetGac@OQQEGUWiépnesamidcaNE|c magles cited, the

lattice [erg:kkgf o&l—&ﬂgl gg f’éui'mfﬂfé Ifﬂflﬁfofogcrg % subl attice of 25

the lattice err& or sone integer q, éd
is the un|oﬁePFeFBPF?téﬁgﬁtBSC#E¥Q§ Sy Solle practical effect of this

observation is that, Afr aspéee éf13ghen :[xmrzicz@w i the ebBekelheibfe p + r
of Lerrfocotbat A1ief; ?ﬁ? oga Bided) HBFRReCRL0) 80, BBbaBroRC 0"
i dentified _ﬂ’;&gerbeqohnc@abiaq#ﬂr \ﬂteuecanﬂné:a&def;'hsnknathSQGBne -— \J
represent at LyaSpbettinsformed in the sand'¥ay.!N%hat is, any of
these N~dimensional trellis codes can be generated by an
encoder that selects one of 4N subsets, where the
15 subsets are specified by N 4-valued one-dimensional
coset representatives, corresponding to congruence
classes of each coordinate (modulo 4). In some cases it \/'
is only necessary to use ZN_subSets specified by N
2-valued one-dimensional coset representatives (e.g.,
20 {=1/2}) corresponding to congruence classes of each
coordinate (modulo 2); e.g., for Ungerboeck's 4-state 2D
code, Gallager's 8-state 4D code (and the similar code
of Calderbank and Sloane), Wei‘'s 16-state 4D code and
‘64-state 8D code, etc. Also, we have observed that many v
25 good lattice codes can be transformed in this way; e.g.,
the Schlifli lattice D, and the Gosset lattice E;
can be represented by sequences of 4 or 8 two-valued
one-dimensional coset representatives (modulo 2): the
Barnes-Wall lattices A, and A;, and the Leech
30 lattice A,, can be represented by four-valued
‘one-dimensional coset representatives (modulo 4).



[err] represent integer-spaced equival ence cl asses 20 (nmodul o 4). Thus
al ready Figure 5 ¢can be nodified as shown in Figure 6. In this

nodi fication,, we assune that the [err]-point signal constellation divides
evenly into [err] subsets, each containing_the sane nunber 5 of signal -
poi ntss [err]. The |Ilustrat|ve Ungerboeck ddde enmbodi ment is an exanple in
which N =2, [err] , p2 p+r 3, =1, and n = 6. The second step is
to deconpose the |lo constellation into constituent one-dimensional

constellations. For the onstell on o each coordlnate can take
on one of 12 val ues whicft g8fe 53 e%"%s‘g%{ qé SSicxdes i ghowp-1/ 2,

=3/ 2, =5/2, -Z/ dn) Fiquiré Sout Ehepenméé: (s g‘I-di(méHs&onﬁ ahtl dperates
suggested by bo r 1 u r [ 1 outer
o o 1 eatn obBLRL ¥pE evarh RUEata LN bfiderft VAT oY BhacRld ! |

cl ass whose cosdR PagheSBREAELQR. (B BiYD enkfmisdinary wacodesr Cpddnt s +1/ 2

and -7/2, ang thadodtrer eaebaéd9iz2to2§> hef attided He thm%sa%%%dabeca _
congruent to +1/21%n% él C% coset gqgﬁesentatlve,_t herefore, it
i s only necessary-ES gé8| il an SY938FSp8FfnRor an outer
poi nt and, if aN-dimensponail, smgmailcﬂnst&ilamianndahepsubsetst is. This
can oe, done wi { Bok#RsbbhBindoroStile [£49 douduinae ¥ sMMigERiBRdsterT] (=

whi ‘eH i nner) (or ree- va ued paraneter say that the
pair [err] is a°ﬁaﬁ§en?§éH?PF§9 QﬁkQQﬂA'[§Pﬁ]c°ﬂﬁ ﬁlﬁﬁk@§ balnge of

three val uegg i adifdaticagsetcof o2 OW peintdy &F rAAngansidte of the (a) from
0 to 4 (inner Q%%@Ebepg§' ﬁéﬁﬂéhat each subset contains_zn_P _
R, points). A further n - p uncoded bits selects (in
selector 37) a signal point from the selected subset.
Thus the code transmits n bits for every N;dxmensxonal
15 symbol, using a constellation of QRt+E N-dimensional
signal pointsN The encoder C and the lattice partition
~A/A' ensure a certain minimum squared distance
. dgzn between any two signal point sequences that
- belong to a possible subset sequence.

20 The observation above (about the
transformability of all good codes) is the result of the
mathematical observation that for all of the good
trellis and lattice codes cited, the lattice 4z of
- N~tuples of integer multiples of 4 is a sublattice of

A 25 the lattice A' (and in some cases 22N ig). Then,
fo: some integer q, A is the union of 29 cosets of
4z in A'. The practical effect of this observation .
is that, provided that n > ¢ + p, we can take the p + r

_ coded bits plus q uncoded bits into a subset selector

30 that selects one of 29'P*F cosets of 4z in A, and
further that these cosets can be identiried by a
sequence of N 4-valued one-dimensional coset
representatives (¢, Cops ....C ), where the

°jk represent integer-spaced equivalence classes
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(b) from-4to O (inner point, negative); (c) from6 to -4 and from4 to
6 (outer point). 21 The fact that each range spans a port,jion of the real
line of- total width 4 that contains exactly one point congruent to any real .
number (nodul o 4) nmeans that the range-identifying paraneter [err] plus the
coset 5 representative [err] specify %anlque signal point, for any val ue
of [err]. The signal point selector 36 Figure 4 can then be deconposed
as follows. Referring to Figure 7, three uncoded bits 40 enter a
range-identifying 10 paraneter selection elenment 42 for each pair of
coordinates(mgdulonéddedTbhs ddreadynBiqubet Hiecamrhe mmddirf o rds i s sent. | f

S0, secondnvn 1HCRGarE! . ”einmhfﬁ fiORL 1R font!l e Sl drli Ot ST

poi nt, and the g&d biit sel ect | nner
coor di nat e. tPP ﬁot ‘BGPH“CSBSBP a?%%s%ﬁ%4¢¥#ﬁﬂ drides Qﬁﬁ?kymasecond and

third bits a@mqu Ehsunsetsgg;aehle?@%s?n%rﬁi{agfue Huped 0 sum
el enen S n -d{ipu Its INnto two palrs or. outpu
erent 42 TP Gl IbgRsTER ot

bits 44 | err th each pair of bits used to determ ne
one coordinate in codfgnédilvatpptive Hingerbespomtide exumetimerpr dsent at i ve,

[err] or [ erdn) @ ,ﬁg‘%qgatiﬁdwﬁycﬁogej. iep&geﬂ atA~vg nga sal ector 46. Thus
t he whol e encad as begn r edu §%$ a forn1|n whi ch éath coordi nate xk 25
e

(48) is sel &tadP(MFa=cdordiRa RtDré 50) by 4 bits, two representi
[err] and two repres@hei sgeprdrtep| s rfo Aldcompuses!dd i ons commonl y used

with they, constellation into constituent one-dimensional
constellations. - For the constellation of Figure 3, each
coordinate can take on one of 12 values which can be s
grouped as 8 ‘inner points' (e.qg., {=1/2, =3/2,
=5/2, =7/2}) and 4 ‘outer points' (e.q., (=29/2,
15 =11/2}), as suggested by boundary 31 in Figure 3.
There are 2 inner points and 1 outer point in each of
the four one-dimensional equivalence classes (e.g., the .
class whose coset representative is +1/2 contains the -~
two inner points +1/2 and -7/2, and the outer point 9/2, |
20 because these three points are congruent to +1/2 (modulo
4). Given a coset representative, therefore, it is only
necessary to spécify whether a point is an inner point
or an outer point and, if an inner point, which of the
two inner points it is. This can be done with two bits,
25 say blk'(’ inner or outer) and bzk.(s which inner)
(or with one three-valued parameter ak).. _
We may say that the pair (hlk’ b,,) is a
range identifying parameter a,, which takes on one of
three values, indicating the following three ranges
30 (a) from 0 to 4 (inner point, positive):
' "{u) from -4 to O (inner point, negative);
(c) from -6 to -4 and from 4 to 6 (outer
point). ' ' .



above-cited codes can be deconposed in this way. The 30 principles are
simlar to those discussed in U S. Patent 4,597,090 and in Forney et
al., "Efficient Mddulation..." cited above, where N-dinensional
‘constellations were built up fromconstituent 2-dinensional constellations;
a simlar buildup from 22 2-di mensi onal constituent constellations was
used by Wei.in conjunction with trellis coges in his U S. Patent
Application, cited above. The general form of encoder for N-di nensional 5
codes is shown in Figure 8. For every N coordinates, p bits 51 enter an

ggcggte(ra 52 anld ‘:Elt'xd f%@@da@h&ﬁlémﬁﬁaafg@-mpaﬁucad'po?hﬁaﬁ akgena- HBSthEdt_bi ts
r a selegctor | sej.ects equence 0 coset representatives
[err] (60); theﬁ‘%?m?éi%# &@%éo&gﬂio%?gt&nﬁr gxiﬁgiYaﬂngPﬂéﬂt(i n a
sel ector 64) i ncongruengtwany neaigaumbenrnt i(mpdedopa) amearssthetr fhé66)

whi ch t oget her y@ﬁiﬁi{g@ﬂ{g{fﬁﬁ§a py é&i agqhgn@hepgkggtselector 68) a
sequence of N sign pol nt va e? |enri 7 y a signal point selection

function f[e¥r]coPFRFFATAGINE fue SESF I YoRe Ui AR PEARALDASERT | A%Fener al ,

t he range-identgﬁyiwgnggn@mﬁﬁﬁr ak determ nes a subset of the real line
(one-di mensi onal constell,ati f _w.dth asure) 4 which contains exactly
one el enent congruent t(i%ﬂﬂfﬁééﬁ% EP&gFéF%F%9§E5e§fn8§ﬂ#ggﬂf? énﬁaPhe
function 20 [ erthemn diedecanpased:lasnfiollows:. aRefeodisgctocliguhe Toset
representative €»£g51 cé&ﬁﬁlﬂiﬂéa&%”eﬁiekpﬂrthﬁg@ggaéﬁeﬁffgnﬁalUes (rodul o
4); for sone codes, the coset representative al phabef nmay beltaken as two

i nt eger - spat®d RIFIMALILRAYGsLiLn Blement, 42,50 tEECESP?gﬁgeg are of width
2). The size ofoéftirsted. alonelaticoded bit determines whether any

~ outer point is sent. If so, a second bit then
determines which coordinate will contain the outer
point, and the third bit selects which inner point in
15 the other coordinate. If not, both coordinates are
inner points, and the second and third bits select which
inner point in each coordinate. Thus, in sum, element
- 42 maps the three uncoded input bits 40 into two pairs
of output bits 44 a, =3(b11, bj,), and a, =
2Q (b21. bzz)' with each pair of bits used to determine
one coordinate in conjunction with the corresponding
coset representative, e, or cz,.generated by coset
representative pair selector 46. Thus the whole encoder
has been reduced to a form in which each coordinate X
25 (48) is selected (in a coordinate selector 50) by 4
bits, two representing Cx and two representing a, -

(blkf byy) - , -
'All constellations commonly used with the
above-cited codes can be decomposed in this way. The
3a principles are similar to those discussed in =~ U.S.
Patent 4,597,090 and in Forney et al., "Efficient
Modulation..." cited above, where N-dimensional
constellations were built up from constituent
2-dimensional constellations; a similar buildup from

L4



is as large as necessary to send n bits per N coordinates. The signal
.poi nt sequences generated by this form of encoder are generglly the sane as
those in the original code, and in particular, are separated by 30 the sane s
m ni mum squar ed di stance [err] as the original code. 23 Coset Precoding
N- di mensi onal signal point sequences 2nerated by known good trellis codes,
when ‘serialized to one-dinensi onal 8 poi nts, cannot in general be used
5 as inputs to the partial response channel of Figure 1 w thout

degradation of [err] (because of intersynbol interference). However, a

Lechn que Whifidify Rald) SRR AGHAT R SUTURERE HBPLEROByPlret oo

known codes, to response syst or
degr adat i oni‘bfc‘{%}w}“i%é'%éfzﬂ ltiécmﬂeﬁelnshilﬁl UsSraPstientt Figure 9. W
use the sargpEPivadidd oqﬁ_ltgal@y&rg 52 as used by the knovvn trelli s code

preferably in the f Fi r ode% ut ,bit rat her
15 than sel ecting aqgﬁﬁég¥1 V ; 5“@8995r? _ EnFFSBPZ 8) in a
subset s%l ezndes sis |sttquerm7(&'ngmr@ & .sefognewvefyr N] cobrilinaeedi, npnsi onal

coset T eprasprd 31 \iftd:Cld encoder” 33! 8380BNLNG LRabRCHTHESEY Lpgt voul d be
sel ect ed I n non- Pal‘t I al response system repr esent at i ves

are then ﬂépn$2?°ﬂnpét§nsél9§Fﬂ5t§v§9@9¢t°precoded )
coset reprmmr&awemwee s[equehcéwx NwBeset[ eépkesentatwes(nvdul o X

o ohepta A0S i bR b8, GeBBRLhard 88 8ke™>
: 10 transformed (in a selector 64) into a sequence of

range-identifying parameters a; (66) which’ together J
with the Cx determine (in a signal péint selector 68)
a sequence of N signal point velues %, (70) by a
signal point selection'funétion=f(ck. ak)'which

15 ‘operates on a one-dimensional basis.  In general, the
range-identifying parameter a, determines a subset of
the real line (one-dimensional constellation) of width Y,
{measure) 4_which contains exactly one element congruent

_ to any possible ¢, value (modulo 4), and the function

2¢ £(c,. a,) selects that. element. For all codes
cited, the coset rep:esentatzve alphabet may be taken as
four 1ntege:-spaced values (modulo 4); for some codes,
the coset representative alphabet may be taken as two
integer-spaced values (modulo 2) (in which case the \_)

25 ranges are of width 2). The size of the a, alphabet
is as large as necessary to send n bits per N
cocrdinates. The signal point sequences generated by
this form of encoder are generally the same as those in

| the'oriqinal code, and in pa:tlcular.'a:e separated by

3a the same minimum squared distance d n as the o

-original code. - ‘ - S
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Thus the precoded coset representative sequence 74 is a running digital sum
nodulo 4 (or 2) of the ordinary coset representative sequence. Precoded
coset representatives [err] can then be grouped N at a tinme in 30 grouper
75 to-specify (in signal point selector/serlallzer 76) an N-di mensi onal
subset; a.signal point can then be sel ect ed3 (based on the uncoded bits 78)

I n the usual way; and the resulting signal - 24 point can be sent out as a
sequence x(D) of N one-dinensional signals xk over the partial response
channel (in the sane order as they were precoded). Note that if the [err]
are half-integers, then 5 the [err] SR8t Brecadingen two sets of 4 val ues,

one set displaced by 1/ &-aﬁmenbhanauhsignaih é:.ﬁessé@héhéeén efitast; ve
can, for exanple, “dither" .alte

so as to acconﬁﬁﬁé?@“?hg§ 8eFF88?&Ft§gdeg?{8 %gtgﬁﬁie{r%%§ﬁ5§lfgta?ﬁe g£410
al phabet be i ntorgedimensdidnad. gignald, paineg, 3¢anndenin hgejeral ke cisddays
do not et Tedt b FINRE SPothe Baggial teppoddectnmactior S aBe oG o]
Figure 8, then wishoufudedgadagips Bﬁtdmﬂnt hBeeays® o?L HARRESYERO vher e t he
A o S P B T A R
Loned ' o rangachdiner F33o08 £8P, FaaPratfad "6 Ended iyt fiaR
pr ecodi.ng changesttiad Fesppnaaphxsteervnthn@tcln¢;ﬂnsnan|&gevd, t he
(nmodul o 4) id" t&%ﬁcﬁqﬂgﬁr fsdannecegﬁgrgehgrgilagéquué hpsigh possi bly.
useful in pract] min
illustrated in Figure 9.
N We use the same convolutional encoder 52 as
used by the known trellis code, preferably in the form
of Figure 8. The p + r coded output bits 54, rather
15 than selecting a subset directly, are converted (as in
Figqure 8) in a subset selector/serializer 70 into a
sequence c, of N one-dimensional coset representatives
— Cye ++esCye corresponding to the subset that would
be selected in a non—partial response system. These
20 coset representatives are then 'precoded' (in a precoder
72) into an alternative (or 'precoded') coset
representative sequence ¢, ' (74), where
Cp' = Cp_q' * Cp (modulo 4)
(In the cases where it is possible to use modulo 2 coset
25 representatives, this precoding can be done modulo 2.)
Thus the precoded coset representative sequence 74 is a
' running digita] sum modulo 4 (or 2) of the ordinary
coset representative sequence. Precoded coset
representatives_ck' can then be grouped N at a time in
30 grouper 75 to specify (in signal point “
selector/serializer 76) an N-dimensional subset; a
signal point can then be selected (based on the uncoded
bits 78) in the usual way; and the resulting signal



Wth either Figure 9 or Figure 10, it can be 25 shown that the PRC
sequence [err] has elenents that are congruent to ck (nmodulo 4), so they
fall in the subsets of the original trellis code, and therefore .have at

| east the sanme [err]. The RDS sequence herr] has the same average energy
-[err] as in the 30 original trellis cod if the [err] al phabet is the sane
as the ck al phabet; even if not, approxinmate equality still holds. (In the
illustrative enbodi ment, the average energy per coordinate is 10.25, with
25 i nteger-spaced S|gnals ) If the [err] are integers, the [err] are

i ndependent , PPdBKt £aBl be GERErPVLL 2 a aseeence i P Lf Md t hus (a) [err] 5

(b) the SpeshéU&ﬁEnBBSnBPSs%&PQCf {o¥er tnd | gdréid1 tf‘és;mﬁéun Its

t band t He PRC
{\%gu!saims 22 Fhéf’;‘ﬁﬂ' ?P@ gﬁgté?%ne?%g Bhsts cﬂi?eiﬁg‘feenrcé\éqsﬁqqdqqk c are not

i ntegers, these stateNetésthae 1fithe agprawe rted Efyirtegeroagierpr ecodi ng.
can be mogi fgd for giese?zﬂgds?éé? | B0 gl epPONE syl oy a5 fol | ous.

For a 1+D (o nse he ame system
except with F@ﬁr Fl§9b§¢§6t } 42 hErom h@ﬁm-l n TB‘N@:GEB@ iy o t hat

[err]  (modul fiAde Eefeetie&é]céﬂﬁtm XRNFLE, By SliRieiRgPy 20 a
? \%a{ +%| SFEQSH% gilﬁtes xkaby {/l a +Dsg ‘as déonearlzsclo(molda e tem usey
this periodicity. _Alternatzvely,.we-may let the Cp
10 alphabet be integer-valued, e.g., {0, 1, 2, 3}; then
the c, ' are always from the same alphabet; e.q.,
{=1/2, =3/2}. These offsets of ck or °k do
not affect the: dmn of. the code.
If the encoder is in the form of Figure 8, then
15 Figure 9 can be put in the form of Figure 10, where the
same blocks do the same things. In particular, since we
have charac:efized-the function £(c,, ak)'as_one
that selects the unique element congruent to ¢y in a
range identified by a;. it does not matter if the
20 precoding changes the ck‘ alphabet from the Cx
alphabet; indeed, the (modulo 4) in the precoder is
unnecessary in princzple, though possibly useful in
practice.
With exthe: Figure 9 or Figure 10, it can be i.)
25 shown that the PRC sequence Yo = %X - *k-l -
elements that are congruent to ¢, (modulo 4). so-they
fall in the subsets of the or1g1na1 trellis code, and
therefore have at least the same d3 nin® - The RDS
sequence X has the same average energy s as in the
30 original trellis code if the e alphabet is the same
as the Sk alphabet; even if not, approximate equality
still holds. (In the illustrative embodiment, the
average energy per coordinate is 10.25, with '



in parallel, with pairs of outputs fromthe subset selector/serializer as

I nputs, and with the two outputs determ ning the real and inmaginary
(in-phase and 25 quadrature) parts of the two-dinensional signal point to
be transmtted. RDS Feedback Depending on the application, it may be
desirable to reduce the average energy [errB3of the PRC 30 sequence, at the
cost of increasing the average energy [err] of the RDS sequence. This
will also tend to flatten the PRC spectrum while raising the |owfrequency
content of the RDS spectrum _Justesen, "Information Rates and Power
Spectra of Digi tifitegegespaced SEEEaiﬁahs.IfntbﬁnﬁkTheeranEG?tsLTtQQ, pp.

457- 472, 26 ¥8arehdndepbhadnecdifbatieal 29 aisributedf§ ran@smency™
[err] bel ow whicl# t.he .PRC %BSF% umis small and above which it tends toward
[

flatness, and hd&TROwTSrn PF is approxinated by [err], where [err] 5
i s the Nyqui st band edge(ﬁﬂeq&;neyZﬁ
t radeof f vwnl§enajntainiQ%)th%hgeg?gco}.5hgftggélkﬁscgg wbgedhe PRC
sequences is to augnent thé encodef of hﬁgures' or 1 s follows. 10
The PRC sequence nay be é¥gput®d fromthe RDS sequence; for the 1-D

channel, each PRC signal is jg3at|[ewhite) withtheits Wydqeist dbardd; we may
| et the signal point selg&hor go bage gach %eg&% Bg [gr&* éq¥.feed|ng [err]
back~t hrough a del ay ele t 8 ? SECTETHE, P4 nFFReSEENe ﬁ pr ecoded
coset representative [erf{y,}absl on the range-identifying paraneter [err],
In such a wayp that |arge PRC yagugambehk! thae! 6 eh&0pafrial response
| channel. ' S
T\~ Even if the Cy are not integers, these statements are
still approximately true.
Coset precoding can be modified for other kinds
15 of partial response systems as follows. For a 1+D
(one-dimensional) partial response system, use the same
system except with ¢, _,' subtracted rather than added
N~ in precoder 72, so that ¢, ' = ¢ - ¢ _,' (module
4)., For a 1—DL system, replace the delay element D by
20 a delay element DT, S0 that o' = Cp ;' + .
For a 1+D two-dimensional system, use two 1+D precoders
in parallel, with pairs of outputs from the subset
selector/serializer as inputs, and with the two outputs
~ determining the real and imaginary (in-phase and
25 quadrature) parts of the twdgdimensional signal point to
be transmitted. '

«» general nethod of performng this

~ RDS Feedback
Depending on the application, it may be
desirable to reduce the average energy sY of the PRC
30 sequence, at the cost of increasing the averags.energy
'S, of the RDS sequence. This will also tend to
flatten the PRC spectrum, while raising the
low-frequency content of the RDS spectrum. Jﬁstesen.
"Information Rates and Power Spectra of Digital Codes",
35 IEEE Trans. Inform. Theory, Vol. IT-28, pp. 457-472,



sumer 84)
be congrue
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trellis co
[err] to k
[err], soO

enbodi nent ,

sel ection
the 8 inne

[err] -4 to whi e oints are the al -|nt ger “val ues
lying in th%;%]’g@'f"ﬁb’rﬁméh%%ﬁa{#%%% q/éc%!’r& Qhe i nner poi nt
range and oahmhpm ntends gowerd flamiésy, and drag s mﬂaifé)t he inner
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whil e the oli er"p0| n raeﬁd'g:'sdygrbal 38”/%8 %ff i E)thg%%l Eglrom each equi val ence
class. ASgekerhe Mawist tﬁqqcﬁlfs‘-'%ﬁﬂ%s)l ate all 5 ranges by a
translation vari abl e [qddr aindtric af Witddmidly [@ii'd craBedzd s, in the
illustrativ odi ren t he |nnez|mm r.an .modi fjed to be fron1 4 +
[err] t0¢4éhgg$ aintaining fhe d&rﬁﬂﬁ)'q iﬂé GO4® B + [err] to -4 +

[err] and
general ly
able to sh
in the }n

15
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30

are avoided. As long as the signals [err] are still chosen to
nt to the ck' (nodulo 4), 20 the signals [err] w]l be congruent
r] (nmodulo 4), and therefore will preserve the [err] .of the

de. (Note that although the idea is to preconmpute the PRC val ue

eep it small. what is actuallygfed- -back is the previous RDS val ue

25 that we call this RDS feedback.) For the illustrative

this could work as follows.” As al ready noted, the nor

mal

function [err] of selector 80 can be characterized by saying that
r1993 Nifadt! fhiddudbd R dot IHEEF A ifte &ay& range.

szhé rm @eqn.{em:rés tis dor a{ugmqnt Ehe fencddern dfe ]

lod be

i ncr 1 err] so as to reduce the [err]. W have been
oév}/'ct@ {ﬁfeﬂop Jrrum choice is [err], .where [err] is a pararreter

ge The PRc sequence may be computed from the RDS
sequence; for the 1-D channel, each PRC signal is just
Y = % — X, Referring to Fig. 11, we may let

the signal point selector 80 base each xk on xk 1

(by feeding X back through a delay element 82) as
well as on the- current precodéd coset representative
c,' and on the range-identifying parameter ay, in
such a way that large PRC values y, (calculated in
summer 84) are.avoided. As long'as'the'signels X, are
still chosen to be congruent to the ¢, ' (modulo 4),
the signals Yx will be congruent to the Cp (modulo

4), and therefore will preserve the dgzn of the
trellis code. (Note that although the idea is to
precompute the PRC value Yk to keep it small, what is
actually fed back is the previous RDS value xk 1’ SO
that we call this RDS feedback.)

For the illustrative embodiment., this could

work as follows. As already noted, the normal selection

function f(ck. ak) ‘of selector 80 can be

characterized by saying that the 8 inner points are the
8 half-integer values lying in the range fzom -4 to +4,
while the 4 outer poxnts are the 4 half—integer values
lying in the range from -6 to -4 and +4 to +6. We can
vary the inner point range and outer point range as a
function of xk 1’ as lonq as the’ 1nner p01nt range

Vv

-+



f5 [e

and Fi

choi ¢

it is

spect
[err]
is pr
is [e
M2[e
of co
1, S

rr]. Wen [err] = 0, the RDS feedback through el enent 82 di sappears

I gure 11 reduces to coset precoding as in Figure 10. Wth this

e, if S, is the value of [err] in the ordinary case ([err] = 0), then
approximately true that 20 (a) [err] ; (b) [err] ; (c) The -
rumS (f) of the RDS sequence is propafftional to 1/(1 - [err]), where
= [err] 25 (d) The spectrum[err] (f) of the PRC sequence

oportional to 2(1 - [err])/(1 - [err]); the "cutoff frequency" [err]
rr]. (e) The [err] are |limted to the range from-M2[err] to

rr], and §pan &earéiqriﬁlpdaﬁwl 12 fdwn Badipngfuivdlendd difasldie range
err] approaches

d I Yo| f M 2 M 2. As
g[)plrggzzﬁzglfje r%‘g“"gg?rerﬁé)’(eslljﬂﬁﬂr%anéﬁﬂgs at %Izﬂnaslp@& wilth a shar p

nul | at DC. Mfrowmi¢ach|[equivabaneesslassie and [err] = 28 approaches a
{0 i TherL T, SX°E 4SirdL SR AU e T e 1A puan 01 ¢
Fi gures 12, 513“‘1%%?%4%%@%*«% SfRr iaRke §‘df‘.g_éne?nd-tqhnd-s[érr] and/ or
[err] based Onfxﬂxeétiorﬁlﬂsif[ . THr$s 1A e spoude radivec! osely to
s repl aced by" RNt 15%%%%% SR, Y adi 4Rl §io BRSSP,
(nmoeul 0 10 4) +4 ﬂs&@tkpl)sdtaadtdr RGsy, [F o Jande e outier paige i denti f i ed by
Lerr]. and [erfing@PisS5d frd ¢ AWz, ;) to -4 + R(x_ ) and
10 from 4 + R(x,_,) to 6 + R(x,_,).
o The function R(xk ) should be generally
1ncreas1nq with X,y SO as to reduce the Y-  We
have been able toc show that the optimum choice is
R(x,_,) = 8x,_,, where 8 is a parameter in the range
15 0 ¢ 8 ¢ 1. When 8 = 0, the RDS feedback through element
82 disappears and Fiqure 11 reduces to coset-precoding
- as in Figure 10. With this choice, if §; is the value
'\f of S, in the ordinary case (8 = 0), then it is '
approximately true that
20 (a) s, = 55/(1 - 8%);
(b) sY = 28,/(1 + B);
(c) The spectrum S, (£) of the RDS sequence is
proport1ona1 to 1/(1 - 2Bcos 0+ 32). where 0 =
" tf/f ;o '
25 ' (d) The spectrum Sy(f) of the PRC sequence is

proportional to 2(1 - cos@)/(l - 28 coso + 82);
the "cutoff frequgncy“ £, is (1-B)fN.
(e) The x, are limited to the range from
-4/2(1+8) to M/2(1-8), and the y, are limited to the
30 range ~M to M, if the range of coordinates in the
orignal code is from -M/2 to M/z
As 8 approaches 1, sY approaches so, and
8 (f) approaches a flat spectrum with a sharp null at
Dc. Meanwhile, S, becomes large and S (f)



transl ation variable introduced by RDS feedback. Since [err]
(modul o 4) and [err] [err] (rmodul o 4), [err] 15 (nodulo 4). Figures

13 and 14 are mathematically equivalent to Figure 12,

in the sense that if

they have the sane starting value [err] and the same sequence of inputs

[err], they will produce the sane sets of outputs 20 [err]. In Figure 13,
[err] is chosen as the unique el ement c®Bgruent to [err] in the range [err]
+ [err] and [err] is determined from[err] as [err] ' (rmodul o 4),

and is the uni que el enent

(nodul o 4).

uni que el en@RPELS

[err]

in the 25 range [err] + [err] congruent to [err]

I n Flggre 14 n innovations vari abl e #err I's chosen as the

PSc 178 1), PRRELFm. (RXEEPE &

i's de&dnﬂmaedehtomc[erwh havecbepn3@bller th, shew that] this is
(rmodul o 4),
to [err]

(i By BBayIpau; sEaRREE birkhen 80%8, ¢ it s

with the delay eleneﬁﬂgnseéséan IBorlRDstheubaeR eeuuvaleae vaysost usef ul

AFnELESPARRE [err] and

[err] congruent
06°'t he precoder

if [err] §sqehg ﬁ@%'aﬁ:@ﬁgo‘tt puhdaeé grhebheéa] oflf €, 2l ¥aysahgom the same
al phabet, ?

al t oget her,
are al ways’ fromntbeguaeelalphhbefeedbgck(va&i&bléecr% i/ﬂ& Figure, 1

[err]

takes the r

t he

10

15

20

25

30

€9

13 elim gs Xt he_pr ecoder

XRAd *i S ﬁsbfeuﬁgfﬁprrﬁsgfsﬁﬁ]m9§=tﬁe°as
B4t pRURLREEY2" 15’ 20pTabBA’ by K[ %) (esfhoblg: O  eEt O
X 1 (modulo 4), and only the value of c' k (modulo

4) is used in selector 80. R(ak) denotes the range
identified by ak, and R(xk V) represents the range
translation var:able 1ntroduced by RDS feedback Since
Yk = xk - Xy E ¢ k - Xy (module 4) and

c' k s ck + X 1 (modulo 4), Y = S

"(modulo 4). _ |
Figures 13 and 14 are mathematically equivalent

to Figqure 12, in the sense that if they have the same
starting value xk 1 and the same sequence of inputs
(cpr ay). they will produce the same sets of outputs
(xk, Yk) In Figure 13, Yi is chosen as the
unique element congruent to Cy in the range R(ak) +
R(xk 1) xk 1’ and Xy is determined £rom Yy as

X = Yk + xk 1. S0 X, s c' k =% + xK—l (modulo 4)
et " and is the unxque element in the
range R(ak) + R(xk 1) congruent to ¢’y (modulo o
4). In Figure 14, an innovations variable ik is
chosen as the unique element congruent to e'x = O

+ Xy R(xk 1) (modulo 4) in the range R(ak),

and Xy is determlned from i as xk = i +

R(xy_,), S0 %, = c k + R(x, 1) = ck\\(modulo 4),

and is the unique element in the range
R(ak) + R(xk 1) congruent to ¢’ k (medulo 4).
Figure 12 combines the delay element in the precoder
with the delay element necessary for RDS feedback, and

*

YrEQ H69pEe hhd the 5

so that



[err] are always chosen fromthe sane range (the union of all [err]; the

I nnovat i ons sequence i (D) is 10 approxi mately a sequence of i ndependent
identically distributed random variables [err] (ignoring the m nor

vari atirons induced by the [err] congruence cgnstraint) and this auxiliary
sequence can be useful if a white (spectrall4”flat) sequence
determnistically related to 15 x(D) or y(D) is desired. Figures 15, 16, 17
illustrate three equivalent filtering arrangenents for use with the x(D),
y(D), and i (D) sequences of Figures 12, 13, -14. In Figure 15, the RDS
sequence x(D) ii® MAsteds@iul 45 Xynd@ tthie [desired putpptbendr sheei ng

transnitted (ag'§ @ a3Ways mt&mwlali:h&%el én { ¢hgm). In Figure
16, t-he PRC se e y% @“F ﬁh 58 ' E ?e err] whose
response is eq ént Ratt3oP émﬁggfgﬁe BP Brff?ﬁef» iﬁ 28at a
filter and [erﬁnni)xs:masmeuw@Dplhaﬁ » asDchnuubs1rEddoeSnnutanﬂttne t hat
the res onse 1/ . | agl f) al so
has a D?: nuI a(rlé ggd'rJeairé 'Ef:'oﬁiertﬁ?ﬁtg\?g&% <aIﬁigﬁﬁ"'tég‘gggenée}jvl [)) [P};ﬂ |(I %ered in
a transmt fllﬂeﬂ4?érr]€ﬂﬂuﬁﬁo§é Fé§§§n§éel§a§ﬁ§|§§ﬂéﬁia§epﬂhat of a

cascade of a 3Qari/aidld w(;igg JacRicedadaoE fchiet eelaadoi:eréb({:hattehé i's

equi val ent to Figures the e

sanpt ed- data‘hﬁheﬁrq chpgk%bé%P@%% gghé tSaFQPr?gh?nunl°§0°§enera
‘nonlinear. = Anyaldn&( t)heﬂzaeqummmonfsosequeayebe(m eisrabl e dependi ng

ol 1ol 518 AT A % Bl Rt
practice. For db8Fjbuted random varlab es i, (ignoring the minor
' varzatzons induced by the ¢' 'y congruence constraint)
and this auxiliary sequence can be useful if a white
(spectrally flat) sequence deterministically related to
15 x(D) or y(D) is desired. |
Fiqures 15. 16, 17 illustrate th:ee equ1valent
filtering arrangements for use with the x(D), y(D), and
~ i(D) sequences of Figures 12, 13, 14. In Figure 15, the
RDS sequence x(D) is filtered in a transmit filter
20 HT(E) before being transmitted (as signal s(t)) over
the actual channel (not shown). In Figure 16, the PRC
sequence y(D) is filtered in a transmit filter H' (f)
whose response is equivalent to that of a cascade of a
1/(1-D) sampled~data filter and H (f). since y(D) has
25 a DC null, it does not matter that the response of
1/(1-D) is infinite at DC (particularly if HT(E) also
has a DC null), In Figure 17, the innovations sequence
i(D) is filtered in a transmit filter H“T(f) whose
response is equivalent to that of a cascade of a
30 1/(1-8D) sampled-data filter and Hp(£); this is
equivalent to Figures 15, 16 if R(x,_,) = 8x,_,:
otherwise, the equivalent sampled-data filter is the
filter corresponding to x, = i, + R(x,_,), in



may be. desirable to change the form of the ranges [err] fromthose used
when [err] = 0. For exanple, in the illustrative enbodi nent,, a sinply

i mpl enented form of RDS feedback is as follows: when 10 [err] is positive, «
| et. [err] be chosen as usual in the range from-4 to 4 if [err] indicates

an inner point; but if [err] indicateggan outer point, let [err] be the
nunber congruent to [err] in the range from-4 to -8; when [err] is

negative, use the range from4 to 8 for outer 15 points. Then (a) the
range of the PRC sequence [err] is limted to -7 1/2 to +7 1/2, rather than

;ééuigdlsomgeneth?rnoh$1neaE£B Aﬂydbnékof(bheséf%q&??%#@ﬁtEEE@? :Lé]abgzt
1.1 dB abodé 5?]§9g¥§839%9 ?8?e“?§§9n%% ?Er éf)ksl) Eﬂ@ﬁﬂf [err] is

posi tive, ahue+4mp2emenFa=1?n|seqbgaloqz baingased he RDS sequence tends to
remin in the 25 Certam”tﬁb&l‘??éﬁ'@?é’nﬁfofe{t?e a%&% %é éesec@a,ézﬂ cult to

conput e er%; exact fromt acts t
[err] = 279T§r?¥y Pﬁa?efhéa %nlﬁfUFﬁ%~dﬁ%olLﬁQ?\R#QRPkﬁ [ r] |s
[err] = 4. 41ﬁay80e3@esu:able tot thingdeciDS seqUSNCend &fddgds fairly well
hounsed. (1geh Poef Leadhihes URedR0rc! 11 €U0 S Value of ferr] is
about 0.3 o®xampher mahhehzal{.@stgaaveoemmw eavsmplqo RDS f eedbacks
The i ni munpEseheheed Ctotmf 8 RS tecalacSis [£4 'dorioMs: | Yhen
16 x,._, is positive, let y, be chosen as usual in the
range from -4 to 4 if a, indicates an“innet'point; but - i)
if a, indicates an outer=point,'let-yk be the number
congruent to ¢, in the.range from -4 to -8; when
%, _, is negative, use the range from 4 to 8 for outer
15 points. Then : _
~ (a) the range of the BRC sequence y, is limited
to -7 1/2 to +7 1/2, rather than ~11 to 11 when

there is no RDS feedback. -
(b) the PRC variance sy is reduced to 13.25 from
20 ' 20.5, a reduction of 1.9 dB, and akout 1.1 dB
' above Sy = 10.25; ' '
(e¢) the mean of Yx is' - 3/2 if Xy is
positive, and + 3/2 if xk 1 is negative, so
that the RDS sequence tends to remain in the U

25 ) neighborhood of zero. While it is difficult to
-.compute s exactly. it follows from the facts
that E[kak 1] = SY/2 and E[yk x-1]
= =(3/2) E[lxk 1!] that the mean of the
“absolute value of £y is sY/3 = 4.42, so
30 that the RDS sequence X is fairly well
bounded. (With no RDS feedback, the mean of
the absolute value of x, is 2.75);



5 . [err]- 19.5, corresponding to [err] = 0.66. Since [err] nust be
greater than (4.42) = 19.5, so with this sinple nethod we achi eve | ess
than the optiJsmal spectral tradeoff; 10 (e) every possible [err] is
associated with a unique pair [err]. As we shall discuss in nore detai

bel ow, this nmeans that a decoder need -not3keep track of an estimated
running digital sumof the esti mted PRC sequence, and that 15

there will be no error propagation in the decoder. In summry, this sinple
nmet hod does not ac$ieve t he best power tradeoff between [err] and [err],
but does effectivel$? | i he YRELIRAY Qfrthe iy  Fiven g pealdsvdigues 20 of

[err] kfeps tpet- rF]%DS ST o of érmu&tdhm rdy wﬁt%jedacﬁulzﬂﬁct]gxea@tdo a-\égiodas?][rol[

propagation a e recejver, s. t.hese s.al low for trading off o

[err] versus [err] (i) Wﬁﬂ?%%%%&?rﬁwz%%"m#& P |

sequence is uncorrel at epps§Erig &gsfqméfmm&naogy [ldrrijisas is

necessary tg Send'1t”tﬁﬁggﬁéﬂﬁﬂ“3cﬂﬁﬁj J1¥F RR" gl al or ggponse case, and
t r

[err], (ii) alnost tot case where 't ]3seguence 'S uncorrel ated,
[err] =T[err], and [err§ MR o¥ps™ iy IfaFgeX| Thes®etradeoffs are possible
for all trellis and | atiige 5 Preteriditth (4.4 Q9.8 she above
nmet.hods succeed in gen ' enc, that bel q tq_a_known good
code’ and therefore ha\(i'gﬂ%\rL [%fﬁfﬂﬁ%&eﬁyﬁrweeatacé’g'%t%ﬁa?egf'§ Re code.

the optimal spectral tradeoff;

10. (e) every possible Y, is associated with a uniéue
pair (c,. a,). As we shall discuss in more
~ | | detail below, this means that a decoder need

not keep track of an estimated running digital
~sum of the estimated PRC sequence, and that
15 there will be no error propagation in the
~decoder. o |
. In summary, this simple method does not achieve
N~ the best power tradeoff between S, and-sy, but does
effectively limit not only S, but also the peak values
20 of Yx* keeps the RDS sequence Xy fairly well
bounded, and avoids error propagation at the receiver.
Thus these methods allow for trading off of
S¢ versus S, (i) from the unconstrained case, where
the x, sequence is uncorrelated, S, has the same
25 energy .S, as is necessary to send n bits per symbol in
the non-partial-response case, and Sy = 28, (ii)
almost to the case where the ¥y Sequence is
‘uncorrelated, S, = S,, and S, becomes very large.
These tradeoffs are possible for all trellis and lattice
30 codes cited. : o '



Referring to Fig. 18, a suitable detector for the noise received PRC
sequence z(D) = y(D) + n(D) is therefore a nmaxi mum i kelihogd sequence
estimator (Viterbi algorithm for the known good code, adapted as 10
follows: (a) A first step of decoding may be, for each noisy received PRC
-value [err], for each of the four class of real nunbers congruent to the
four one-di nensional coset. representatives 15 [err] (rmodulo 4), |
=1,2,3,4, find (block 92) the closest elenent [err] in each class to
[err], and its "nmetric' [err] (squared distance from[err]); (b) In a code

based on an N-dimensional lattice 20pecoding ' Partition [err], a second
step of decoding may_be, for e 1. cosets of, [ e in A to
find the best (IowesIRetPoY¥s %?é}??és[%‘ﬁcfe%‘% fenaking \ﬂ%:se union is
that coset sdquéncéy shavibelomy tespdaidwe qudd lcxmie).f ard t he

bl ock
0 (o) TGN i 8 1S AT BB "05) using

as a netﬁlctﬂ%rc h coset of A the best netric determned in step (b). 30
The decoder will ul trepéel ¥ndr €sluERy anm estd @;ﬁgglé e RN gy of cosets

[err] | whi cthe otie TEeired The Wodiires G0, marGl) Fomtp)’ Bom whi ch {:Z .

origi nal [ ethérefore a awanimum ckikelihbad shqsaermh (dﬂuimiat@&) These | ast
steps requi§py¢dali (LFgSEPONRT for the known good code, adapted as
10 follows:
(a) A first step of decoding:may be, Ecr each noisy 'ng
received PRC value zk =¥ t Dy« ‘for each
of the four classes of real numbers congruent to
- the four one-dzmens1cnal coset representatives
15 S5k (modulo 4), j = 1 2,3,4, find (block 92) |
the closest element ka in each c;ass to 2z,
"and its ‘'metric* mjk - (yJk zk)
(sqnared distance from 2z,); -
(b) In a code based on an N-dimensional lattice
20 ~ partition A/A', a second step of decoding
may be, for each of the 2P*F cosets of A' in
A, to find the best (lowest metric) of the
29 cosets of 42" whose union is that coset .
of A', by summing the respective metrics of U
25 o the constituernt one~-dimensional metrics ™3
and comparing these sums (block 94);
(c¢) Decoding can then proceed in the usual manner
(block 96), using as a metric for each coset of
‘A" the best metric determined in step (b).
30 The decoder will ultimately produce an estimate
of the sequence of cosets of A', which can be
mapped to a sequence of estimated coset
representatives ek. which can be mapped to the

-



A keep track of the running digital sum[err] of 5 t he estimates
[err]. 'Since the PRC sequences are in the known code, the error probability
of this decodqer will be at |east as good as that of the known code, in the
sense.of achieving at |east the sane effective [err]. 10 However, because
the PRC sequences are actually only a subse{,0f the known code sequences,
such ‘a decoder is not a true maxi mum | i kel i hood sequence estimator for the
PRC sequences. As a result, it may occasionally decode to a sequence which
is not a legitimte PRC sequence. 15 legitimate PRC sequences musj satisfy
the two follow ng addltnumzbspondnngbyﬁ. €zpm ﬁhhegltheaoeig1ma1ea RC
sequence Y(D) must be el ea nb Pecbvired! B2, uB1ELa! (140" O nal o
nmust be zero; 20 ran constra b % e signal A
poi nt sel ector nust be §§9lsfF@GSPoﬂa§FlSFEPF]r?ﬁﬂiéau$béﬁe¢h¢yd$Qqurcn

[err]), based on the rque@ttu@tgdofahugsrgﬁnahg &igafgIrgumlﬁ t hige decoder
25 corﬂespondlng to short per® T34 of Wr ong

makes a nor decodi ng _errar
coset estlng$es fol I oned eéEfP@EF cfrat estlnates it is possible that
t he correspondlng f|n|tSIBRe GneoERﬁeqaqneacaslh:Eav@ she ismowry ahbdg tal sum

other than zerg Bk:i'g oﬁﬁlﬁ?z% sttﬁiﬁnﬁe%&&f i1 hse dBEOlels

estimated running 30 ad to occasl ona

i sum
nmapp ng errorsa§a89°goagh§gP§rPf G ROWRaERHE . [bPrThee§@95?kRﬁgh t he
cosets [err] amehdewingt atfdeast thegsamet BEfectiveidl the RDS estimte

persists. 10 However, because the PRC sequences are actually only a -
' subset of the known code sequences, such a decoder is
~ not a true maximum likelihood sequence estimator for the
PRC sequencés. As a result, it may occasionally decode
to a sequence which is not a legitimate PRC sequence.
15 Legitimate PRC sequences must satisfy the two following
additional conditions: :
| (a) A legitimate finite PRC sequence y(D) must be
N _ divisible by 1-D; i.e., ‘the sum of its
coordinates must be zero; =
20 (b) the range constraints imposed by the signal
point selector must be satzsfied for all Yk
(or equivalently xk or ik) hased on the
reconstructed values of the RDS xk 1’
O If this decoder makes a normal decoding error,

25 co:respondinq to a short period of wrong coset estimates -
followed by correct coset estimates, it is possible that
the corresponding finite PRC error sequence will have a
running digital sum other than zero. This will cause a
persistent error in the decoder's estimated running

3¢ digital sum xg oy which may lead to occas1onal mapping
errors back to the Yk' ak. and ultimately xk, even
though the cosets °k are correct, for as long as the
error in the RDS estimate persists.



34 The decoder nust therefore continually nonitor (block 99) whether the
range constraints in the reconstructed [err] and [err] are satisfied. |If
‘they are not, then it knows that its estimted RDS x is 5 incorrect; ite
shoul d adjust [err] by the m nimum anbunt necessary for the range _
constraint to be satisfied, assumng t the coset sequence J[err] is
correct. Wth probability 1, this will ‘eventually result in

resynchroni zation of the estimated RDS to the correct 10 val ue, and nor mal
decodi ng can resune. However, there nay be a considerable period of error

propagation. Avoi dangge Ode&bder ﬁ&@@awéé@fbé/& é&ﬁﬁdﬁlﬁr gRMdkalr et hod of
avoi di ng erg L géog ?atlo at the receiver. rks best when 15
the signal B 2 E@ﬁElE? Eﬂn%ﬁlcﬁﬁﬁ?ﬁiﬁqﬂ?[ &i t hin an N-cube,
but is not restnsttectéd ¥ aandax .ate smsﬁerda.garnfe(tm argeneral i zation

of the pri | e r b ! PEEE jf Or use with
coded sequgﬁégé é5§£ £8k g& bPésdél ea |s t éadh pOSSIb|e PRC

val ue [eSr]lBﬁGBFGCEbr%ésﬁbﬂﬂlﬁoaéJ%ﬁ+qﬁ&;{EQY]tﬁﬂﬂﬂk§1“Wﬁb@1PN@~code can be
formul at ed héc@QQaE'ynP&@' @Hé' caﬁqal @snstr Hi e e @aclrgzr@dgener ally, that
each group of N# l: shou) d_correspond not or;i%:&j gh%g[que 25
sequence of *FEIP$NG, 5% 5?§% t BPFURF Y fix de if a
gener al N-dprrehabbhhtyslgnahzsownllsﬂmmu}s nmdtas.n n Figure 6. Then ™
t he inverse r8E9n r t fm%ﬁ# odr$elet | Ndependent
of the decoder séég€h92§ 8? £ﬁeééﬁﬁﬁfﬁ Bﬁf sun1 so that (a) the
decoder LAec¥akye . kanrd @¢§@kld¢eﬁﬂ@4¢&IFaQtﬁeﬁﬁmQﬂ HoweY®Ei $heg8es not
occur. Thusmhp beOar €ondidét a6ke IPefbod hef add o Presbagation.

Avoidance of Error Propagation ~
We now give a general method of aveiding error
propagation at the receiver. The method works best when
15 .the signal constellation consists of all points in'A
within an N-cube, but is not restricted to that case.
It may be reqérded as a generalization of the principles

of earlier forms of precoding (modulo M) for use with
coded sequences. :
'zo The basic idea is that each poss1ble PRC value -
Yi should correspond to a unique (ck, ak) value,
when the code can be formulated in one-dimensional form
as in Figure 7; or, more generally, that each group of N
Yie values should correspond not only to a unique ' ;J
25 sequence of N ¢, values but also to a unique set of
uncoded bits, if a general N-dimensional signal point
selector is used as in Figure 6. Then the inverse map
from decoded Yk to coded and uncoded bits is
independent of the decoder's estimate of the running
30 digital sum, so that - o
(a) the decoder need not keep track of the RDS:
- {b)  error propagation does not occur.
Thus in Figure 18, block 99 can be eliminated.



35 Figure 19 shows how this may be done where the code can be fornulated in
one-di nensional ferm as in the illustrative enbodinent. From[err] and
[err], a signal point selector selects a value [err] = f(c, 5 [err] as in
Figure8. In the illustrative enbodi nent, %err] t akes on one of 12

val ues., nanely, the half-integral val ues 3 the range from-6 to 6. In
general. [err] will take on one of the valué€s from an integer-spaced

al phabet in a range of width M we denote 10 this range by [err]. Then, as
in Figure 13, [err] is sejected as .the uni que nunber congruent to [err]

(modulo M in the range T¥9%ge 1 shews haw \ihds may PP dongnwheser EBaback
translation varémecamnsb[mrﬂulstémawrmmdﬂasoﬁjaanabrml ak. ighe 15

current RDS |er [ ' u'r O Aan 1_are_equi val ent
nmet hods of gene‘?éﬁ fl er"kI t'eand/ or ‘{err . %& n@k’[@rr] such t hat

[err] (nodul 0 $4gna aP@;}bUsSQkﬁﬁmr %Sarﬁd vejue sy Fi §leg.21, an

| nnovat fons. wardapl g5 [ #1420 Oenal AR iRl dat s %r emBbdkgsRc I te and

uni formy dlstrlﬁuted over gn%@% SO t its variance [err] is

appr oxi mat el y [%%r§348s ?WuEPTEQ 1t RS ﬂ'usFPatlve embodi rent, a

. penal ty of abOthanJinEbgwaaI valhues dniechd x{atrqe] frokD-85tockievahl e wit h no

RDS 25 feedbac nef?l' fsza’llga(f]n’i ltlhet ty’qgé ggg@cgﬁ [err] and
as |n

[er¥] carry the’Sane |nf |on gures any can be
used as the |np¥ntﬂﬁ%1‘$94@%$ mﬁb%d&sﬁ meagey oft MadthoM: t wandeiete on.

The penal ty1ign ¢¥Es | PG IBY IR, varrmfgﬁ:e g§ ig0 E‘:@ur@ nat e¢ i gt he original -
code coordi nates are I for distrib d over range ?‘S I f the
ori gi nal const e??g?'ﬁﬁiyl%s b{?tﬁup ec:ut?@"\ﬂ Hens 5e sk ‘h°d“f
N M) in the range R; + R(xk ) = %, of width M,
where R(xk_l) is an RDS feedback translation variable,
and x, _ l-is the previous RDS signal point. The
15 current RDS x, 1is computed as. Y * Xpe_q-
Figures 20 and 21 are equivalent methods of
_ qenetatzng X and/or Yk from the sequence Sk such
A that y, = s, (modulo M), analogous to Figures 12
and 14. In Figure 21, an innovations variable i, is
20 generated which is more or less white and uniformly
distributed over the range Ry, so that its variance
so is approximately n2/12. thus so = 12 for the
illustrative embodiment, a penalty of about 0.7 dB over .
the value of S, = 10.25 achievable with no RDS
. 25 feedback. As in Figures 12. 13, 14, all three sequences
Xes Yo and i, carry the same information, and as _
in Figqures 15,, 16, 17, any can be used as the input to a
filter which shapes the spectrum for transmission.
L The penalty in the innovations variance is
30 eliminated if the original code coordinates are
uniformly distributed over a range R o’ i.e., if the
- original constellation is bounded by an N-cube with side
Ro. '



[err]. 36-As an illustrative enbodiment wwth a square constell ation, we
use the sane two-dinensional 8-state Ungerboeck encoder as in Figure 2,
‘except with the 128-point constellation of Figure 22 rather than,that of 5
Figure 3. The constellation consists of alternate points fromthe
conventional 256-point 16 x 16 constellation; thus the coordinates have the

16" half-integral values { [err] 1/2, [®lr] 3/2, ..., [err] 15/2), but with

the restriction that the sumof the 10 two coordinates nust be an even
i nteger (0, nodulo 2). The m ni num squar ed di stance between signal points
is © - 2 thuAs2anr dtlestrhgivé; embddiment ewith od §¢wam@de is 10,

rat her than an e d t er than
10. 25, whi cﬁgnf :[t é?isa%gf’h 9’% Q%e @ﬁ%; ogggo&lbéﬁgggho%tl rel a{afaﬁfg to the
Figure 3 coHBgser?C8nen§Pﬁ§§ aﬁeiarssgure Zorexcepe withrehe than is the

square. (| Rp2Bapbing hahgtaqlxaqmm\ﬂefaﬂgaw zlﬁlfw:ﬁéhe &a&mﬂa&t lJgce
partition [e be observed that

r%L rather hhan #& I w
now each bf FtAETE dht I0BsEP 558 é§p8?ld§°'ﬁ"6 %‘%n‘r‘qu%“iﬁnpa‘tﬁ coset
represent at poéatgeferbm nhéubon#ensmohalhassfﬂmrﬂc+1$exrﬂs-— 0 (rodul o 2).

Ther ef or e, BﬁsEggigtggﬂedtﬂhgstﬁ | an¥g§t %@grghé:fgur of coset

representatives I.n su er than with the 4?9
of an uncodbélﬁrﬁnssgrﬁlFVg&B§S4{ 4?%¥3(nﬁ 3/R0ded -bEt s then sel ect one o

the 16 poi nu/np,tsetseiesteﬂesabgehcﬁbﬁhusa@m suRe ofnedeed bits may
SIplY B ' 848" cbiRathalel' MiskOpaChs SVa8 OR€gle I(F, fdurdH4es

The minimum squared distance between signal points is

thus 2, rather than 1; and.the dgxn of the code is

10, rather than 5. The variance of each coordinate is

now 21.25 rather than 10.2S, which after scaling by 2 is

15 a loss of 0.156 dB relative to the Figure 3 -
constellation, since the cross is more like a circle
than is the square. (In lattice te:minology. we are now
using the a-way 1att1ce pa:t;tzon Rz /42 rather
than Z2 /2Rz ). "

20 - It will be observed that now each of the eight
subsets corresponds to a unique pair of coset
representatives (ey, ©,) modulo 4, such that c, +
c, =0 (modulo 2). Therefore, the three coded bits of
Figure 2 detarmine a pair of coset representatives v

25 directly in subset selector 24, rather than with the a:d
of an uncoded bit as in Figure 4. The four uncoded bits
then select one of the 16 points in the selected -
subset. In this case, the uncoded bits may simply be
taken two at a time to determine one of the four ranges

30 -8 to -4, -4'to 0,0 to 4, or 4 to 8. This is
conveniently expressed by letting the two-bit range
identifying parameters’ (al, az) each represent one
of the four values (=2, =6}; then the coordinate
selection function is simply Sk = f(ck, ak) =

a



30 -8to -4, -4to 0, 0to 4, or 4to 8 This is conveniently expressed
by letting the twp-bit range identifying paraneters [err] each represent
one of the faqur values [err]; then the coordinate selection function is
sinply.-[err] 37 + [err]. Note that the possible values for [err] are
the 16 half-integral values in the range [eB7] from-8 to 8, of wdth M=
16. Conventional precoding nay then be done nodulo 5 16. The entire encoder
is illustrated in Figure 23. The RDS value [err] is the sum/[err]

(modulo 16). In this case the [err] values are essentially independent

i dentical |y di straput cNotehthat thﬂdpms'bblabreh;esarﬁ:br [sg @ke the

(modul o 16) 1015 half-xnt;?tQPt@éI‘uéé)eﬁUﬁ{et{ S fflof B@Stgeggback as

in Figures 12, ‘? err] continue to repr ser9t the desire
congruence cl as% oV" g’r Tn{) ulo 16), and let [err] be an RDS feedback

vari abl g as in Figures 1@on¢éntidnal dpeédodfany atiagt @ He®y be doiibemoﬁutgure]s
24, 15 25, show t e obt I:ng -sequences [err
and/ or [err]2§ pe: .Pén %Sﬂy%% T@éd%@mﬁd@% aﬁ%ql[]é?’r]‘l"d‘ﬁg [clgrr] ‘have
t he desired tra’&b@fRDSgV&blne[ s=thxa 9Bn s Hl(stctiluéorange from-8 to
8. 20 16). this €R$S & t'%e@ra@ e%sbht'i§i g variance
[err] /12 = 38 es&enha#gx\%c e var,i ance o ch coordinate
in Yrgure 22, fEendeRt o1 d( H@hdted FARAR®s| ved in
using Fig. 22 rmheahlémn gy = ZEk - xk p sﬁS(mbdaadyl”aa)t ed, the
decoder neegynot keep gqg optain spectral tradeoffs via RDS feedback

as in Figures 12, 13, 14, let Sy continue to represent

— the desired congruence class of Yx (modulo 16), and
let R(x,_,) be an RDS feedback variable as in Figures
12, 13, 14, ideally equal to Bxk-l' Then Figures 24,
15 25, 26 show three equivalent methods of obtaining
sequences X and/or Yo = X = X4 such that
Y 2 5y (modulo 16) and S, and sY have the

~— desired tradeoff, given S, = 21.25. Here R, is the
' range from -8 to 8. '
20 In this case the innovations variable i has

variance Sy = 162/12 = 21.33, essentially the same
as the variance of each coordinate in Figure 22, so that -
there is no penalty beyond the 0.16 dB involved in using
Fig. 22 rather than Fig. 3. :

25 = - - As already noted, the decoder need not keep
track of the RDS, because, given the estimated PRC
sequence Qk.-the ék.‘ﬁk,-and ultimately the
original input bit sequence are uniquely determined. -
However, if the decoder does keep track of the estimated

3a RDS and the corresponding tanges that-the'?k-shOuld
fall into, it can detect that an error has occucred _
whenever. the decoded Yk falls outszde the estimated -



track of the RDS, because, given the estimted PRC sequence [err], the

- Jerr] and ultimately the original input bit sequence are unjquely

det erm.ned. However, if the.decoder does keep track of the estinated 30 RDSs
and the corresponding ranges that the [err] should fall into, it can detect
that an error has occurred whenever thegglecoded [err] falls outside the
esti-mat ed 38 range. Even if not used for error correction, such range
violation nonitoring can yield an estimate of decoder error rate. Augnented
Decoders 5 A true maxi mum | i kel i hood sequence estinmator would
take into atengm. t Bwepnifr8ott usedoforherror ocerragtiarharsugh which in

general wil I a @ﬂﬁﬁﬂf gtate) as well
as the stat ke:aggat Wséh?:g # hg.ﬁ,leéﬁgﬁeag? % éeir:&vé)lfjlr% achieve the true 10
[err] of HRSCARE §€58€n6é§° and woul d be free of error propagation.
However, because [err] in gener AughekeadoDegoddtge nunber of values, in
S
ot 3¢

PO OS0!V, 2R s ATl LR RS ERHAP SRp decoder

not be practical. In"a i on
essenti al | ywosidnitasedénsdi ngcaunaytbecausere hex atri 9 & Hdvene@ncodieri nat i on

becomes quaghaCghakhb?pNbhivhCInNgbel a1 061185181 dne il g 0" © Ul 1y
below. It nma worth c n nent ng the 20 de oder to at | east
achi eve thetiPUBDFeFk}log Sﬁecg Bge?h ﬁé?% g%e e?%ﬂq i$hat® prC e
sequences abﬁ thei shbbdelyCl- Esuahlafdeccdan%wqﬂ&dfﬂdﬁmmafquﬂﬂQﬁ&eﬁuSt have
even ueght ¢2huge LHE bRH°sbGhbhcbS, 2huYSoftE he dibd iy |1 Ustrative
' error propagatzon However, because Xy in general
takes on a large number of values, in principle possibly
an infinite number with RDS feedback, such a decoder may
not be practical. In addition, to achieve the true
15 dmm may require an essentially infinite decoding
delay because the code/channel combination becomes
quasi-catastrophic when n is large, as we shall explain
more fully below. -
It may be worth considering augmenting the
20 decoder to at least achieve the true dmm of the
code, however. ‘Because all finite PRC sequences are
divisible by 1-D. all finite-weight error sequences must
‘have even weight. Thus, the true dmin is always ,
even. In the illustrative embodiment, the true ‘;
- 25 dmin is actually 6, not 5.
. A.general method for achieving the true
dzin in such cases while only doubling the
effective number of states in the decoder is as
follows. . Let the decoder split each state of the -
30 encodery C into two, one corresponding to an even RDS and
one .to an odd. ’Du:ing decoding, two sequences then
merge into.the same state only if their estimated RDS
has the same value (modulo 2). Thus, it becomes
impossible for two sequences differing by an odd-weight

UL



25 [err] Is actually 6, not 5. A general nethod for achieving the true
[err] in such cases while only doubling the effective nunber of states in
t e decoder is as follows. Let the decoder split each state of the 30
encoder Cinto two, one corresponding to ah-even RDS and one to an odd. -
Duri ng: decodi ng, two sequences then nerge ggito the sane state only if their
estimated RDS has the sane value (nodulo 2). Thus, it becones inpossible
for two sequences differing by an odd-wei ght 39 2 error sequence to
merge, so that the effectiv H%;err is the weight of the m ni nunpeven-wei ght
error sequence iF¥RE IPALP E%d@argﬂwtﬁﬂﬂthQ? theceELPetivRcBading error
that results in ﬂspﬂiﬁlﬁéﬁqﬁte@fIm(ﬁhzﬂi&nﬂdv@n-@lqhtdaiebﬂsedqﬁme

ocoder o M our bR Ehe FRRIIf SFodd e 12, RBelS U8 STaBR0RELs U7
nost codes, eacheororhthatbreswelts imea Q%ﬂﬂlsmmmaﬁmd ReSsersoni A

in 10 A) wllscogg a%i‘s@@éé‘éé abdvef M@*’eﬂ%&:e nstUBeChcC28EEE "R egc Wk Ch
is either even or o g?np e, (g ure 3, four of the elght subset s

contain points vibsk ESREJFH ‘0 2), and 4 contain points
whose coordinate sumis mwmbd:adé@ .ofTIRispuree 185 canebei ased, enodiSidd et

e |1 kel 1 hodR£eaf o (B E{ROAE 27, (Rd¥ osk BBELT declide Yhe 0,

sequence of cosesébsers ¢f)the signajk me%wm) (nageasrqﬁm ngl®i gi t al

sum congruenjgt OA_)ZG\viZFI Qedritid Podintsiaa 1d9E0U¢Ad cROREVe SEUSERCEHE | S Mapped
coordinates which is either even or odd. For example,

o in Fiqure 3, four of the eight subsets contain points
whose coordinate.sum is 0 {modulo 2), and 4 contain
points whose coordinate sum is 1 (moduloc 2). Thus the

15 metric of each subset (coset of A' in A) can be _
determined as before in blocks 92 and 94; the maximum
likelihood sequence estimator 196 is then modified to

— find the best sequence of cosets that (a) is in the

~code, and (b) has a running digital sum congruent to
20 zero (mbdulo 2) The decoded coset sequence is mapped
back to Yk and xk in block 98 as before, with
adjustment of xk 1 bY block 99 if necessary
(adjustments will now be by multiples of 2). _
There is a drawback to this technique, however,

A 25 in addition to the doubling of the decoder state space.
Two sequences may differ by an odd-weight error sequence
followed by a long string of zeros (no differences).

The decoder may then follow parallel pairs of states in
the decoder trellis for a very long time, without

30 resolving the ambiguity. This 'quasi-catastrophic’
behavior can ultimately be resvived by the maximum
likelihood sequence estimator only by a range violation



-

back to [err] and [err] in block 98 as before, with adjustnent of [err]

by block 99 if necessary (adjustnments will now be by nmultiples of 2). There
is a drawback to this technique, however, 25 in addition to the.doubling of
t he decoder state space. Two sequences may differ by an odd-wei ght error
sequence followed by a long string of zggos (no differences). The decoder
may then follow parallel pairs of states in the decoder trellis for a very
long tine, without 30 resolving the anbiguity. This 'quasi-catastrophic
behavior can ultimately be resolved by the maxi mum | i kel i hood sequence
estimat or odug bp sheadj€ferihgt RDS parifydore the ttwn gaftha.i n@hBES parity
on the two h : e ' elay | | eve the true
[err] may bggée%e/c;g?%g. agg?gt ﬁlagﬁ?gggo#él ?é%é GEgiieéng:r"gﬁqy be 5

preferabl e Spugl payoben¥es¥ AargBeoder C with twice the ‘nunber of states,

and use an unaugnent gdrdea@gdcrehsdnC. iEQ&iPKafeiﬂébaltl@Ib% Is a 16-state
2-di mensj onal Ungerboeck code wth Jerr] =.6; even.though it have a
somavvhatél aP{jEE‘—'gP{’gF ﬁb@???’cF%ﬁF%na‘? ]h%m'ﬂf"‘e%-étwétté’ C‘g’&éevmtg%yan .
augnent ed lfiumbeteofestdees, wendeusevan tirsauguernrea decedelr okl Che

pref erabl e. FBE gﬁxmg%g\r/\o&gtgeﬁl gni é%-f%%%%qs drawn fromthe

4-state two-di nensi erboeck code also have a true [err] of 6, since

that code hHggesboggk gode wiffi@ ihc=ohi yevRn Jiheughe dtomayequences bei ni?
B S oot o sonsumes unger eteod caele i shas s L1V i e
LD A8 SbakRalacatin PILE" ok ittt aRt Pt asld 0wl
believe that in practice it will be preferable. : o
It may be worth mentioning that PRC sequences 5“’
drawn from the 4-state two-dimensional Ungerboeck code
also have a true*d;in of 6§, since that code has
15 'd;in = 4, with the only weight-4 error sequences
being single coordinate errors of magnitude 2, which are
also not divisible by 1-D. A 16-state decoder which
keeps track of the RDS modulo 4 can achieve this
d;in': However, in this case not only is the code
20 quasi-catastrophic, but also the error coefficient is
large, so again it would seem that the ordinary l6-state
2D Ungerboeck code would be preferable.
R Quadrature Systems
As mentioned earlier, a complex (or quadrature) \)
‘25 - partial response system (QPRS) may be modeled as a 1 + D
sampled-data filter operating on a complex-valued RDS
sequence x(D) to produce a complex-valued PRC ‘sequence
(D) = (1 + D) x(D); i.e., ¥ = X + X, ‘When
used with double-sideband quadrature amplitude
30, modulation over a bandpass channel, such a system
results in nulls at both band edges, £, = £y,
where £, -is the carrier frequency and £ = 1/2T is
the width of a single Nyquist band.



20 quasi-catastrophic, but also the error coefficient is |arge, so again
it would seemthat the ordinary 16-state 2D Ungerboeck code woul d be

pr ef erabl e. Quadrature Systens As nentioned earlier, a conplex (or
guadrature) 25 partial response system (QPRS) nay be nodeled as a 1 + D
sanpl ed-data filter operating on a conpl ex-¥ll ued RDS sequence x(D) to
produce a conpl ex-val ued PRC sequence y(D) = (1 + D) x(D); i.e., [err]
When used with doubl e-si deband quadrature anplitude 30 nodul ation over a.
bandpass channel, such a _gsystem,results-in nujl s at both band edges, [err]

where [err] is the carri &He® & dSn&YeRnAnMeff] 1S1323uPLatticiofin of a
singl e Nyqui st adndas is4théheasd withvablagdode¢ddes previlduslyti ce of

[err], as is th iih . al )0 0 reviy y tionhe t hen we can
adapt a known g%‘gﬁg’&\eﬂé'oﬁ t?g‘eg'%ngaaﬁggggpgygtié %é?‘ﬂgé%‘g%gfrﬂq é’ﬁ%/ t he
same 5 principl dft & QRRSosYStATCHYeusang[ esspntialby thecidmed by N 2

conpl ex-val ugd GRS8c IFAREIRNbRIELLRS [ & EbsethsE 64 895@in ISP ARl Alddy es

take on one of 16 possible valuei, orresponding to 4 jnteger-spaced val ues
(modul o 4) for B WaacOmR} SXriaLHSE, CBERFstBPEFEPRTAt 1vRT dy 4 WASES The 10
general pi cture cuiset gepresentativesdtakexonponehof & ydssidle tvalues,and

Soeseenta s R S K L Berh Rl P G
signal point seltd& seadpang dmagipargcparssqofideg: urespactiadtelshd Fhes out
conpl ex-val 4o Yetdr'al Pizelure’ 0€0¢iglUrassi théh IRGEdP, |dheckPte dhat Or ni ng
the conplex-val ued Rregqds o%o§§taLSrELnge-identifyinq parameter

o~ selector 64 select N/2 complex-valued coset
representatives S, and :angeeidentifyinq parameters
8. and the signal point selector operates once per

15 quadrature signal and puts out complex-valued signals
' .Ek' cOset'precoding as in Fiqure 9 is done by forming
the complex-valued precoded coset C'y = Cx ~

% gk-l‘ (modulo 4) once per quadrature symbol. RDS.
feedback as in Figures 11, 12, 13 is done by using a

20 function R(a,) that identifiés a region of complex-
space of area 16 that contains exactly one element from
any coset of 422. and a complex-valued translation
variable 5(§k-})f ideaély equal to Bx, ;. In the

_ cases where 22" or 2RZ” is a sublattice of A',

- 25 precoding can be done modulo 2 or 2 + 2i, respectively.
and g(gk) can identify a region of area 4 or 8
containing_exaptly.one element from any coset of 222
or 2Rzz, respectively. S ;

Higher-Dimensional Systems
W30 We have shown embodiments in which coordinates
of N-dimensisnal symbols are formed on a _ ' _
signalrbybsignal.(ohe or two-dimensional) basis, with
signal-by-signal feedback of the previcus RDS value
X,y Similar kinds of performance can be obtained by



[err] (nodul.o 4) once per quadrature synbol. RDS feedback as in Figures
11, -12, 13 is done by using a 20 function [err] that identifies a region

- of conplex space of area 16 that contains exactly one el enment from any
coset of [err], and a conplex-valued translation variable [err] ideally
equal to [err]. In the cases where [grr] or [err] is a sublattice of
[err], 25 precoding can be done nodulo 2 or -2 + 2i, respectively, and [err]
can identify a region of area 4 or 8 contai ning exactly one el enent from
any coset of [err] or [err] , respectively. Hi gher-D nensional Systens 30
W have sho st@mdmmmsseuew eliqnamsdonaaemgﬁeﬁdﬂmm symbol s are

S gnal - by- §P§ﬁ§@a o 3, RO svaR efinC  chelofedBiga ey 1TL0 100 of
per f or mance rEPrESENEAAVOSIMUEt besgroypednas vin Figwed so @mlts on a
hi gher - di meng)eeal s*&%%'e%s 1thntReChpp¥s ?i‘itet@ﬁuél{éafdlfiedsl

represent atlves nmust be I’OU ea as I'n SO0 as [0 _se ect subsets in
|1

t he apprépm?&tlé‘t(ﬁ 88§ legtg “5thﬂ5| ‘se‘??lé‘?f’sé} t%¥ i n t hat
di mensi on, wedrdinates theat sertathzedr aghin efongat andni's diloa Bviexsi on over

the channcl ol HiRRder 1! chiRkagkoof halgteth kAR o
have the sp&sich @dsmtep\em]tain& nheupnonem;tmt tth@yPR& nore natural ™
do (RDS) fee@%}@m@a arQ Qb}aﬁr éh&eesveﬂaéo&asmr@&wr:ﬁ&%éaﬁ%ah signal .
N- Di rren5| on des_ _AI th ug @r eSentation of. codes in _
%m In suc -system it may be more natural to
de (RDS) feedback on a h1qher-dimens1onal basis rather : i)
than on each signal. o
~ M=-Dimensional Codes
Although representation of codes in
15 . one-dimensional form is desirable, it is not essential.
In this section we show how codes may_be generated
directly in N dimensions. In certain forms, the
N-dimensional code is entirely equivaient to its
- one-dimensional counterpart. In other forms, simplified
2q embodiments may be obtained.
Again, we shall use for illustration the
8-state 2-dimensional Ungerboeck-type code of Figure 2,
with the 2-dimensional 128-point constellation of Figure
3. In this constellation, recall that each coordinate O
25 takes on values from the alphabet of the 12
half-integral values in the range from -6 to 6; the
two-dimensional constellation uses 128 of the 144
possible pairwise combinations of elements of this
alphabet. - S
“ 3a As a fitst step. we expand the signal
- constellation to an infinite number of values, as
follows. . Let the expanded constellation’ consist of all
pairs of numbers that are congruent to some point in the
original (Figute 3) constellation (modulo 12). Thus the



15 one-dinensional formis desirable, it is not essential. In this section
we show how codes, may be generated directly in N dinensions. In certain
forms, the. N-di nensional code is entirely equivalent to its one-di nensional
counterpart. In other forns, sinplified 20 enbodi nents nay be obt ai ned.

Again, we shall use for illustration the #3state 2-di nensional
Unger boeck-type code of Figure 2, with the 2-dinmensional 128-point
constellation of Figure 3. In this constellation, recall that each

coordinate 25 takes on values fromthe al phabet of the 12 half-integral
val ues in the r Rdats i the gxpandpd copstphiatiomgonsdss: af peiss ofes

128 of the 144 paiFtintelial\waguesiDi patvengegird! @i Wraginallhi s al phabet.
30 Asca fi rih ti% , e ex&ggdbt heds‘h$1al %stﬁl | ati on %S an
i nfinite nunber CORSFRLJAE 10D 35 A GRs: PPURAPH PY.3 At 1% FE 3L PPon
consist of all phiens thie expaadedt batstedl avion veons isrssafe thel infinitke
he enmanocsSoo SRR ABe bEnthag CaPSLLReddipoyTihante, ae'Iaftlked Y
regard the ori goiaaragRatirrilyohnaBlgquEe| £8 po ¥Rl WRpta eaghx Ceilsquare 98,
(IS Lot Theousentasaiihdy aaacaintoLdl phenibds paieck shace S8 S,
}Vo![';/fﬁat each el %cof Qleﬁg, 3§I §n1g§80§xgﬁ a%%f . Ib{'sqlg‘lagiégi'nt S; gt here are
4 x 4 'holes' 99 in the Theakeydpropertyl ofitinis expandedocopstellationi s
expanded cofgl ehigyt iighehde19E L3 plate'd 12 £ Pf Sduake Anjondderin BRYNer e
in the plane (wth sides oriented horizontally and verticdally),
plane (with sides oriented horizontally and vertically),
T\~ the square will enclose exactly 128 points, one
congruent to each of the points in the original
constellation. An even more general statement is true:
15 if we place a rhombus 102 with horizontal width 12 and
vertical height 12 (see Figure 29) anywhere in the
plane, it too will enclose 128 points, one condruent to
— each point in the original comstellation. -
Referring to Figure 30, we may now implement
20 RDS feedback on a two-dimensional basis as follows. Let
X1 represent the running digital sum of all Yi
previous to the current (two-dimensional) symbol. Let
R(xk_l)_ now denote a region of the plane corresponding
. - to a 12 x 12 rhombus as in Figure 29, with both the
— 25 shape and the location of the rhombus possibly depending
on X, ,- Let (yo,k’ Yo,'k+1’ denote the point in
the original constellation that would be selected (in
selectors 104, 105) by the three coded bits and four
uncoded bits according to the unconstrained code
30 (Figure 2). Then (in selector 106) select (y,.
Yy +1) as the unique point in the two-dimensional .
expanded constellation that lies within the region -

R(xk_l) and is congruent to (Yo,k' yo"kﬂ)_(mbduzo




the square will enclose exactly 128 points, one congruent to each of the
points in the original constellation. An even nore general statenent is
“true: 15 if we place a rhonbus-102 with horizontal width 12 and.verti cal
hei ght 12 (see -Figure 29) anywhere in the plane, it too will enclose 128
poi nts, one congruent to each point in hhe original constellation. :
Referring to Figure 30, we nay.nOM/ionenent 20 RDS feedback. on a

t wo- di nensi onal basis as follows. Let [err] represent the running digital
sumof all [err] previous tothe current (two-dinensional) synbol. Let

[err] now deapi etRe&€@OwdI Ghe ttife Pivi e cdigaresdyy gg tweacdR x 12 rhonbus
as in Figure ation of - the rhonbus

possi bly deﬂgﬁgfﬂmQ%Q F@;lehﬁg%éagque ¥ dﬁ%ﬁi L%k+p0|nt in the original

constelratieny& ft+ IaBtihanected (in selectors 104, 105) by the three
coded bits and tour s ided Se (ﬁ'|§1 Rend9sA Qité éggg code 30
TN G

(Figure 2). Then (|n se ector 106 ect e uni gue poi nt
in the tHho-8rReRSPENGE ai&ﬁﬂiQQﬁaﬂﬁﬁlﬁilﬁeﬁ Pﬁ&rde BSEPBﬁFnQP%e regi on

[err] and Isemseue@ystan[eﬁdsdulo (1d$hown ed#1id)r, wheaecmé! ! be the two

o show raPeratl eRE-Gatl ) Bl iancbiaBR, hRE A E R e out put s

as the one- ﬂl 8¥psi onaRefB ing i dEd P 3h.( dpdone dipessbon. earlier, w
the opti mi' dkgens'fnais @&éé&?@@%evﬁhh&ﬁbevﬁfﬁé] 1hCEthe

Referrln Kn one dlnen5|on Iven [err] . Is chosen as the
(modulo 12), where 'we now recognize that sk is - L‘)

congruent to y, .. Hence, one coordinate of the
rhombus used in the two-dimensional system can be taken
to lie in the same width-12 range. Then, given X 1
1S and yp, and thus also x, = Vi + xk*i; Yk+1 is
chosen as the unique value in the range Ro - (I-B)xk
=R, - (l—B)yk - (1=-8)x%, _, that is congruent to
sk+1 Yo,k+1 (modulo 12). Thus, Yk+1 lies in the
range R, - (1-8)x%,_, (same as Yk)’ shzfted by
20 ~(1-8)y,.
Thus, by-prope: choice-of thombus, we can
emulate the performance of a one-dimensional (modulo 12)
RDS feedback system with a two-dimensional system. It ,
will thus have the same advantages, including avoidance <
- 25 of error propagation and'near—optimal“ttadeoff between
Sye SY and. so. and the same disadvantages, notably
the increase in S to 12 over the 10.25 otherwise
possible. '
We can'chposa'other two-dimensional RDS
30 feedback variables (regions) to further simplify
implementation, and achieve other advantages, at the
cost of suboptimal power tradeoffs. For example, a
system almost identical to the simplified - '
-one-dimensional system described earlier results if we

L



10 range [err]

congruent to [err] (nmodulo 12), where we now recogni ze

that [err] is congruent to [eri]. Hence, one coordinate of the rhonbus
used in the two-di nensional systemcan be taken tolie in the sanme wi dth-12
range.- Then, given [err] 15 and [err], and thus al so [err] S
chosen as the unique value in the range [erg% - [err] =Jerr]

that is congruent to [err] : (nodul o 12). Thus, [err] lies in the
range [err] (sanme as [err]), shifted by 20 Thus, by proper choice of

rhonmbus, we can enul ate the performance of a one-dinensional
h;d beothensguavdal2dof atide tl2nicentered B&ve the

sane advant ages,(Jdonclyqi ReeavVel dan r I i
(~2)C239 QHed"R 8 ﬁégﬁédi\f‘éhﬁ??r@@ag%hgg qggant 2ges.

RDS f eedback syd

near - opti mal

tradeoff-setme?n Felri )
notably the i ncCEREETER BE/ (F2¢rot4d VAR Fpo 15 APIHEAYON sENNEs¥BhI e. W

can choose ot heusiewandi 9€nghentwo RESnSteI Pk 12,i aklseshowagi ons) to

e S i sa

(rmodul o 12)

further sinpkify bl I oQ, chi eve ot her advantages, at the cosf
SchBRESTERL 1y R c PGl

of subopti

let [err]
positive,

Thus-'we use oneE*&F8

ma

power f I
the sinplified one-di nendBoiBl thgspreyiews rq

imensignalesystem.f we

be ”iﬁn%ﬁuabﬁnégoaﬁé ﬁiﬁ@yé?elf@éﬁx?r%uﬁtth% dameZgevhen [err]
and the s re 12 centered at é+2, +2). when errL IS negati ve.
a2AdeBRo0F Rpept | DN (FHEED POIRES AR, a5 Led

in Figure 32. A:aibihheygréniauposﬁe&vbrurﬁﬂeguﬁivsyﬂﬁcantion. The
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ranges of the y, are strictly limited from -7 1/2 to 7
1/2. In fact, this system is identical to the earlier
simplified systém. except that Y+l is chosen on the
basis of x,_,., rather than x,. In practice. all the
measures of performance and spectrum will be very
similar. - |

Another variant yields a system akin to that of
the Calderbank, Lee, and Mazo type. A ClLM-type system
uses an expanded signal constellation with twice the
ordinary number of signal points, divided into two
disjoint constellations, one to be used when x,_, is
positive, and tpe other when x, , is negative. Figure
33, for example, shows a 16§ x 16 square constellation
divided into two disjoint constellations 110, 112 of 128
points each, such that each such constellation divides

'eveuly into 8 subsets of 16 points each. One

constellation consists of points the sum of whose
coordinates is positive or zero and is used when Xx, _,
is negative; the other consists of points whose '
coordinate sums are negative or zero and is used when
%X,_; is positive. 1In two dimensions, doubling the
constellation size doubles sY and thus does not yield
a favorable power tradeoff; however,-in highe;
dimensions the penalty due to the use of two disjoint
constellations is less.

e, a sxsten1alnnst i dentical to

45
S
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i nner points are always chosen fromthe sane set regardless of [err], but
_outéer points are varied so as to bhias [err] in a positive or negative
direction. The 10 ranges of the [err] are strictly limted from.-7 1/2 to 7«
1/2. In fact, this systemis identical to the earlier sinplified system
except that [err] is chosen on the basigof [err], rather than [err]. In
practice, all the neasures of performance and spectrumw | be very 15
simlar. Another variant yields a systemakin to that of the Cal derbank,

Lee, and Mazo type. A CLMtype system uses an expanded signal constellation
with twice the ordi n¥hgsauidersotani begeneralizediita fedimensions,20

di sj oi nt copgt ebnbwns Ifnﬁhéﬁebfsuﬁe&hd%éﬁxr a1 fra%dutl'a\ﬁfgagd 1ghe

ot her when Eaerr e atiy E ure_ 33, for exa shows a

square consPé&l € Gl Wdéﬂ Figdce B dsing rﬂ°¢9§g’§t & #hePnan110, 112 of
128 points Na-ehbesuehs&het Meeohphetdly onntdumis ahediNvdd@@ndionatenl y into
8 subsetg of ac 18l n.consists of .poi_nt.s the sum
of vvhosegco régﬁggégrc?ggpogf"til %So 8%2? %ﬁd‘!qqs Lfsa'é‘db\ﬁn é‘F’ta]t S
negative; tMe SeMer Yompageswithoput mmmzcthMenmmm are negative

or zero and §addg,gggn§g béSbédn | dduéh mensi ons,
doubl i ng thgb%ggstell tion, s ze donqﬁ%dsp% S and t ces' Qﬁ\gg %gt yield a

favorabl e pGRBBTLRPREEPsOr{G Qbrc" % ?ﬁ%%ﬂ n - thghBBnHPty due M
the use of may dsej annn-dﬁmensid:mlmnmseémx funégidhese ideas can be

gener al ﬂe{jkg?m-hz ”EgékB”Eo: llgf)gs R‘I’%m}r}erj_ ul S§gﬁ?8 - di nmensi onal

formul ation e asin ien an
of N-space of volume that contains exactly one \J
point in each equivalence class of N-vectors modulo N,
in an N-dimensional analogue of Figure 30.
15 .
o/
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N-cube of side Mconpletely surrounds the N-dinensional 5 constellation,
and the resulting cell can be replicated to cover N space w thout
conprom si ng tthe m ni num squar ed di stance between code sequences that are
congruent to original code sequences nodul o, Then we nmay use an :
N- di mensi onal RDS feedback function 10 [err where for all [err] s a
regi on of N-space of volune [err] that contarns I n each
equi val'ence class of N-vectors nmodulo M in an jmm“ Iﬂ alli)ml Iogue of
Figure 30. 15 $ég;¥éAINS 1. Appar atus for g ng & Sequence o

digital signals: and/ or a sequence of digital signals [err], k_: 1,
2..., capable of representing n bits per-signal, such that the.

rel ati onshi p betyeen 5%“% I nt
[err] and [grr] g\?gnaégbﬁ]é'—vr ng \[/géH’;l cez.'sé’[eerr?ga d %e‘?&fﬁgte %fgﬁi?lél’aénal S
falling within a#ignphebdy apdjersabreapence oifgddodtalasignalspanad kapar t
within the al phapgt z.e.V.enI \edparl & Pae &ga;{ﬁgdnmﬂghenama{satﬂérc Hall NQ:
an encoder for caus H ﬁ gue L k g have a vari nce ess
than [err] and tR&° é gﬂ@ cEPBefP agé §b Po PEAVRER &1 8 mh'gﬁhater
than [err] bei ngtappgx nht elny Jawagero tlﬂE nx | omd Sy nahgpmmsr hagdnged
to represent n nal W té a rr p par.at us
braflgﬁ&ﬁﬁe@ rrq] 8.2 kpl gﬁaﬂ é?fing W1thA91 05

as craimed in clajm réin the ¥equence Sequence
nmodul ati on code. a%PhabﬂbpaﬁﬂRﬂﬁﬁﬁbkﬁaYne&lgnaéFmQHQF amerépnceﬁeqﬁqyﬁus

Yk are a sequenceithih Jthe ENPHAEON HPER1Yy by a spacing &, the .
apparatus comprising:

— an encoder for causing the sequence Y to have a
_vériance sy less. than 2S, and the sequence X) to have a
variance S, not much greater than sy2/4(sy-so), S5¢
being approximately equal to the minimum signal power
required to represent n bits per signal with a A-spaced

"alphabet.

2. Apparatus as claimed in claim 1, wherein the
sequence Yj, is a sequence in a given modulation code.

3. Apparatus as claimed in claim 1, wherein the
signals y;, are a sequence in a given modulation code,
the apparatus further comprising: _

a coset selector for generating coset
representatives cj in accordanée with the given
modulation code; and _

.wherein the encoder operates by selectihg J of the
signals yy, J 2 1, (¥Yx, ¥Yx+1r -+-Ygk+3-1) to be
congruent to:a'sequence of J coset representatives c
(modulo M), M an integer, the coset representatives
being specified in accordance with the given modulation



t he apparatus further conprising: a coset selector for generating coset
representatives [err] in accordance with the given nodul ation code; and

wher.ei n the encoder operates by selecting J of J [err]
1, to be congruent to a sequence,gf J co iﬂﬁlmu lllﬂmles [err]
(modulo M, Man integer, the coset represent 4 VeES e| Mg specified in
accordance with the given nodul ati on 4 8 code, the J synbols being
ghosenbfrogb@&pf thpl walf;mbensl Bei®itfi ehdsxpNFaaim aldrs ot hlal choi ce
ei ng base revio ne o e copstell ations
conpri si ng B’g‘t“ﬁ 1t(¥ n?P\MJtﬁ ﬁ'leﬁ'ggﬁqa\l;e %W%?fi%g}ﬁ?ﬁate Sn8"2hEBher
point with bermgatba&ectumoa previiows: og,s £ he’ edkodeart Hesast aonang€d so

that the sigpal Scilys ftﬁeﬁswb g V@&ngeqeli g [both a @gﬁgﬂgl Wik g al med

in claiml, ereéern err] are & sequence ul ation
code, the app&rléitw f%\i!'hé’rf cmﬂsnageSa anskeangthert pointorwianaer ati ng

coset Tepreyadfattive Suie'dd e&@&ﬁ%ee@ce?mt&né ﬂlséﬂngoa%ghgea code;

and wherein the_ encoder operates b ecting t e sign
congruent t &% WYetudhe %’fg'bﬁ]c%r’ﬁath@/‘éec%js%it?eﬁéséﬁ?'ﬁtﬁxes [err] (nodul o
M, where: [err] (rmdulolvp in the case when [err] = [err] [err]

(nmodulo M, ,int case, when and.,where_[er is.a B

repr esent at iVe s FFagus, %%c&l(#a*f&%& Fllré%dal'at‘f’%ﬁr@dﬂb £he o/
signals Yk are a sequence in a given modulation code,
the apparatus further comprising :

a coset selector for generating coset \J
representatives ¢y .in accordance with the given
modulation code; and

wherein the encoder operates by selecting the
signals X) to be congruent to a sequence of alternative
coset representatives cy’ (modulo M), where:

Cx’ = Cp = C'y_;, (modulo M), in the case when y, = J
Xk + xk L’ l
cxy’ = cp + clyy, (modulo M), in the case when Y =
Xk = Xg-L¢
and where c, is a coset representative specified
in accordance with the modulation code.
\/

5. Apparatus for generating a sequence of digital
signals x) aﬁd/or a seguence of digital signals y,, k =
1, 2, ..., such that the relationship between the x;
signals and y), signals is yp = ¥ + Xyk_1., L an integer,
the xp and Yk sequences having variances Sy and Sy' the
symbols y; being a sequence in a given modulation code,
the apparatus comprising:
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5. Apparatus for generating a sequence of digital signals—xk—andfor a
sequence of digital. signals [err] 1, 2, ..., such that the relationshi

between the xk:signals and [err] signals is [err] he [err]
and [err] sequences having variances [err] 4hd [elumm“" Emmm[err]
bei ng a sequence in a given nDduIation code, the appafatlus fpri si ng

an encoder for generatrng the [err] and/or errk signal s such that the
ratio of variance S ®B YAFPEREeIPEr BPNpEatding. &EIekwﬁﬂﬁ/ﬁraﬂmwﬁyﬂﬂaﬁﬂ ned
range. 6.  The é@cnr ghat ahel paved of graamrax&:ev\b re:on ‘Igleldé?@a]éx |
sequences are c of.re entrn n,bits nal , sai err] ®signal s
falling within a% g 3%%? §}€§595Fb ngF gpﬁﬂa "Fﬁat are spaced evenly
by an anount [err], ranges being controlled by a paraneter [err], and

[err] being apprgxi W%RLYAbya%Ltu%”daé eéillinédaﬁw Qi e Y L:ﬂ%%l in i N9

approxi mately the, minimum Si ower required to represent noits er
symbol with [errfi ggﬁécﬁﬁqaﬁgﬁﬁﬁe rPncéeéHP&aH@erﬁPFﬁsﬁﬁe

Appar atus as cl asfgflaip _ehaam}ﬂk shgnsis ragliegueniahivk an alpﬁﬂb}e&ﬁfbﬂ)f
t he

d I ul d
modul aton code BePREPRSs SHIMATR KRGS, APOEEHSEYPRLY. B JOF AP e
i nt %gub.set sI aseAci ata!!gest betihg cmrd;rcthked;ubgelas mignmm ni ngnd S, g
N- di mensi onal _ si : (o]! e e
bits and uncode %?#gngB%Eglggﬁﬁgp s%?nts %ﬁ%r%YnE%hepgﬁgspe§%é¥yj
adapted to derivaSgf bkt fre c§de3> eing uAPDECH mattglw dtheashnimun signal
N-di nensi onal SYﬁ&%r feq ﬁ&r@fﬂ No Me ARMIONE @if@"ﬁé?nﬂmﬁeﬁe%%th eaﬁ

representatives ¢k corres onding to con ruence cl asses gac
coor ¥ nat es (nodTBagpd a gnaggge n accordance with the said code.

7. .Apparatus as clalmed in claim 1, wherein the
sequence yy. is a sequence of one dimensional signals in
a given N-dimensionsal modulation code, the modulation
code being based on an N-dimensional ccnstellation
partitioned into subsets associated with the code, the
subsets each containing N-dimensional signal points,
the choice of the subset being based on coded bits and
uncoded bits of the signal points;

and wherein the encoder is adapted to derive from
the coded and uncoded bits, for each said N~dimensional
symbol, a set of N, M-valued one-dimensional coset.
representatives cj corresponding to congruence classes
of each of the N coordinates (modulo M), each coset
representative designating a subset of one-dimensional
values in a one-dimensional constellation of possible
coordinate values for each of the N dimensions, '

"each of the one-dimensional signals in the
sequence being selected. from the possible coordinate
values based on uncoded bits.



, , , : , , , i
representative designating a subset of one-dinensional values in a
one-di nensi onal constell ation of possible coordinate val ues,for each of the

N di mensi ons, each of the one-dinensional signals in the-sequence being =

sel ected fromthe possible coordinate val ues based on uncodeﬁgmlts

Apparatus as clained in any preceding c3@im fumm& ““ an out put

at” which the sequence [err] is delivered. 9. med in any
preceding claim further‘ﬁenpr|5|ng an out put at i'whi‘ch“t he sequence [err]
is delivered. 10. : Apparat'us as clainmed in any preceding claim wherein L

is 1. 11. Appar aAp@a&%tﬂlﬁl 2 cmaameqar&medaﬁg qhﬁemed\m@’ etcn alife, -
rel ati onshi pg.be en _the xk nals a err err an |nteger
12. Appar at uguﬁéﬂ%:m n§8r151§£ aprl’ egggﬂ“l{é k Jf?&&lﬂ Yiion

code is a triksldelivdredi3. Apparatus as cJalned in any of clains 1 to 11,

wherein the nodul ation code is a lattice code. 14. Apparatus as clained in
any precedin cIa|n1 wherein Mis 2. 15. Apparatus as clained in any of

clains 1to whBPaLR tRs s as Eéalﬂﬁ$aﬁﬂnﬁnasEﬁﬁPHEGHQ1&ﬂ?%ﬁvclmrm
1to 13, wheferan%l s:oanpm.ﬂstnmd eamwf oétpﬁi atAppﬁrcai ushas s@lqsmem i, claim

3, wherein Jlésdéllverga

10. Abparatﬁs'as claimed in any preceding claim,

wherein L is 1. ' '

11. Appératus as claimed in any preceding'c1aim, -
wherein the réiationship between the x, signals and yj
signals is yyp = %y - Xy_y. L an integer.

12. Apparatus as claimed in any preceding claim,
wherein the modulation code is a trellis code.

13. Apparatus as claimed in any of claims 1 to 11,
wherein the modulation code is a lattice code.

'14. Apparatus as claimed in any precedlng claim,
. wherein M is 2. '

15. Apparatus as claimed in any of claims 1 to 13,
wherein M is 4.

16. 'Appafatus-és claimed in any of claims 1 to 13,
wherein M is a multiple of 4.

' 17. Apparatus as claimed in claim 3, wherein J is 1.
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18. Apparatus as claimed in claim3, wherein J is the sane as nunber—N of

di mensi oms in the:nodul ati on code. 19. Appar at us m 3 or
4° wherein k' -is k-1. 20. Apparatus as clai nmed mimﬂ'ﬁm m&l @J-is 1
and each of the constellations is a one-diggnsional *ramgetors

centered on.[err] O [err] 1. 21. Apparatus as clained in claim20, wherein
[err] > 0. 22. Apparatus as clainmed in claim3, wherein there is a finite

set of the J-di n@nsi Apparatust alsl aﬂjaumted Zh c¥pher 3 ushasethagnmded ithe! ai m

22, wherein theég 8" s t%m#)eg" ﬁe grml gra?l]tse%ﬁ‘dkf%rr odzqﬁatfig par at us as.

cIar med in any preceding claim rern
25. Apparatus as clainmed in any precedr ng claim wherein [err] and [err]

are conpl ex val 46d. ZEpafRRAEAWES Gfafméd TBH iclalhdidN 88, 4VNGRirR il i1
2+2i . 27. Apparatus irs claimed in any preceding claim whefein at ]1east t wo

of the J-di menst®nkr constellatrons are not di sjoint. 52 28. A decoder
for decoding a sequence [err],- -k ... for a partial response

system wherein,fhe of kL] ch that a| d
sequence is fr of B ﬁgggg%ﬁul gtr on %Jom éhe dcload%%lbgf né’ﬁ'ceeféaia oflsbe]f ng
gener at ed by thenénmi@r off ahlyeprcasumeigla:trmm wilsh a fane-tddinensigna) of

states; (b) [efahge bfafal beIeentHRd ont B% Sqgueneep X qghas finite
variance [err] the sequence [err] repres noi s conpri si ng:

21. Apparatus as claimed in claim 20, whereinﬁ> 0.

N~ 22. Apparatus as claimed in claim 3, wherein there is
a finite set of the J-dimensional constellations.

23. Apparatus as claimed in claim 22, wherein there
are two J-dimensional constellations.

s 24, Apparatus as claimed in any preceding clainm,
wherein Yx and x) are real valued.

. 25. Apparatus as claimed in any preceding claim,
wherein Yx and x) are complex valued.

26. Apparatus as claimed in claim 25, wherein M is
2+zi.

27. Apparatus as claimed in any preceding clainm,
wherein at least two of the J-dimensional

constellations are not disjoint.
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state at the tinme K, (c) corresponds to a val ue of [err] at the tinme K that
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on the estimated runnlng dlgltal sum[err] k' < k and generates an
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_ a modified maximum likelihood sequence estimator
adapted to find MQ partial decoded sequences, up to

‘"some time K, one such said sequence for each

combination of said finite number Q of states and each
of a finite number M of integer-spaced values modulo M,

. such that each sequence

(a) is in the code up: to the time K:;

(b) corresponds to the encoder being in a given
state at the time K;

(c) corresponds to a value of xg at the time K
that is congruent to a given one of the values, modulo
M. ) '

29. A decoder as claimed in claim 28, wherein M is 2.

-30. A decoder és claimed in claim 28, wherein M is 4.

31, A decoder as claimed in claim 28, the sequence of
signals y, further being such that:

(a) the running digital sum Xp = Yk +* Yg—a + --»
has finite variance S,;

e

SEHUSEEeg £77] Wi th the predeternined permssible range based

u

\)
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pernissible range. 33. A decoder as clained in clai m 32, Th whi-ch-the _

BT iy

(b) the signals: y, fall in a predetermined
permissible range dependent on Xyxr, k'’ < k: and the
sequence nj represents noise, the decoder further
comprising:

‘a range violation monitor which reconstructs the
estimated running digital sum ¥ = %) + Timyg + ooes
compares the decoded sequence‘?k with the predetermined
permissible range based on the estimated running

L digital sum x'k k’ < k, and generates an indication
when the Yk is outside the permissible range.

32. A decoder as claimed in claim 31, in which the

o estimated running digital sum ’?k is adjusted based on
the indication. so that ¥} will be inside the
permissible range. '

33. A decoder as claimed in claim 32, in which the
adjustment is by the minimum possible amount such that
— ?k falls inside the permissible range.




