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METHOD AND SYSTEM FOR INDEXING AN N-DIMENSIONAL OBJECT

RELATED APPLICATION

This patent application claims priority of US provisional patent application No.
63/524,501, entitled “METHODE ET SYSTEME POUR INDEXER UN OBJET A
N-DIMENSIONS”, filed on June 30, 2023, the specification of which is hereby

incorporated by reference.

TECHNOLOGICAL FIELD

The technology relates to the field of indexing. More specifically, this patent

application relates to a method and system for indexing an n-dimensional object.
PRIOR ART
Overview of the problem

Indexing n-dimensional objects aims to associate an index with any point having
n coordinates. This point can belong to a set of points called an n-dimensional
object. The coordinates are any numerical values which can be either pure spatial
coordinates: Euclidean coordinates or cartographic coordinates for example, or
coordinates representing digital metadata or a mixture of the two. An n-
dimensional object can come from various geometric or mathematical modeling
or from data acquisition by physical sensor systems of various types and in
particular spatial ones such as lidar sensors. In all cases, the indexing of n-
dimensional objects requires the establishment of a cartography of the object and
a coordinate system or benchmark governing the space in which it is located.
There is the possibility of using different local or global coordinate systems which
communicate with each other through conversion mechanisms between systems.
Once the points are located precisely in space, it is possible to begin to index

them.

Prior art approaches and solutions for unstructured files
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For unstructured files associated with the geometry of n-dimensional objects, the
simplest indexing systems are the numerical sorting systems used in the case of
unstructured n-dimensional data, the points being sorted for example according
to increasing values of their Euclidean coordinates in x, then iny then in z and so
on. Indexing can also be carried out by sorting on parametric or spherical
coordinates such as longitudes and latitudes for geolocation. Indexing is therefore,
carried out by establishing a sorted table of coordinates and the index of a given
set of coordinates is therefore obtained by sequentially traversing the table to

obtain the index of the point in the table.

It will be appreciated by the skilled addressee that these mechanisms of
searching for the indices corresponding to sets of coordinates are costly in terms
of time and memory space and become prohibitive or unusable for real-time or

near real-time indexing.
Prior art approaches and solutions for structured files

For structured files, with polygonal meshes for example triangulated, or meshes
made up of patches of parametric surfaces of the Bezier, B-splines or Nurb's type,
the indexing systems work in two stages, firstly the indexing of the meshes then

subsequently the indexing of points in the cells of the mesh.

In all cases the systems return the indices in a classic way from tables of data
structures with queries and sorting as previously costly in terms of time and space
which is a serious drawback.There is a need for a method and system that will

overcome at least one of the above-identified drawbacks.
SUMMARY

According to a broad aspect, there is disclosed a computer-implemented method
of indexing an n-dimensional object comprising a plurality of points, the method
comprising obtaining a mesh of the n-dimensional shape of the object, the mesh
comprising at least one cell; determining a chaining traversing the at least one
cell of the mesh; the chaining comprising for each cell a symbol traversing the cell

and joining two vertices of the cell; for each cell: associating an SFC metacurve
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with each symbol associated with two vertices; and mapping the at least one SFC
metacurve onto the object using a corresponding mapping function to associate
with each point of the plurality of points a corresponding index of the at least one

SFC metacurve.

According to one or more embodiments, the mesh comprises a plurality of cells;
the determined chaining traverses the plurality of cells of the mesh; and the
mapping is performed in order to associate with each point of the plurality of points

a corresponding index of the plurality of SFC metacurves.
According to one or more embodiments, the symbol is an arc.

According to one or more embodiments, the computer-implemented method

further comprises providing an indication of the mapping.

According to one or more embodiments, the providing of an indication of the
mapping comprises at least one of saving the indication of the mapping in a file,
displaying the indication of the mapping and providing the indication of the

mapping to a remote processing device.

According to a broad aspect, there is disclosed a computing device comprising:
at least one processor; a display device; an input/output interface; a memory
including instructions which when executed perform a method of indexing an n-
dimensional object comprising a plurality of points, the method comprising:
obtaining via the input/output interface a mesh of the n-dimensional shape of the
object, the mesh comprising at least one cell; determining, by means of the at
least one processor, a chaining traversing the at least one cell of the mesh; the
chaining comprising for each cell a symbol traversing the cell and joining two
vertices of the cell; for each cell and by means of the at least one processor:
associating an SFC metacurve with each symbol associated with two vertices;
and by means of the at least one processor, mapping the at least one SFC
metacurve onto the object using a corresponding mapping function in order to
associate with each point of the plurality of points a corresponding index of the at

least one SFC metacurve; and a bus for pairing said at least one processor, said
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display device, said input/output interface and said memory.

According to a broad aspect, there is disclosed a computer-readable physical
memory storing statements and instructions for execution by a computer, said
statements and instructions comprising: encoding means for obtaining a mesh of
the n-dimensional shape of the object, the mesh comprising at least one cell;
encoding means for determining a chaining running through the at least one cell
of the mesh; the chaining comprising for each cell a symbol traversing the cell
and joining two vertices of the cell, coding means for associating an SFC
metacurve with each symbol associated with two vertices of each cell; and coding
means for mapping the at least one SFC metacurve onto the object using a
corresponding mapping function in order to associate with each point of the

plurality of points a corresponding index of the at least one SFC metacurve.

According to a broad aspect, there is disclosed a computer program comprising
computer-executable instructions which, when executed by a computer, perform

the steps of the computer-implemented method disclosed above.

In accordance with one or more embodiments, there is disclosed the computer-
implemented method further comprises subdividing at least one given cell of the
mesh to obtain at least two sub-cells within the given cell; wherein the chaining
traversing the given cell traverses each of the at least two sub-cells, the chaining
comprising a symbol for each of the at least two sub-cells and wherein the SFC
metacurve associated with the given cell comprises at least two SFC metacurves,
each of the at least two SFC metacurves being associated with a corresponding

sub-cell of the given cell.

BRIEF DESCRIPTION OF THE FIGURES

The invention and its advantages will become apparent in greater detail in the
following description, with examples given by way of illustration with reference to

the appended figures.
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Figure 1 illustrates the functional diagram of the deformation pipeline;
Figure 2 illustrates an example of the SFC metacurve deformation process;
Figure 3 illustrates the U and W paths;

Figure 4 illustrates a procedural topology map;

Figure 5 illustrates odd and even generation;

Figure 6 illustrates 4x4U and 4x4W chaining;

Figure 7 illustrates 5x5U frames;

Figure 8 illustrates 6x6U frames;

Figure 9 illustrates 4x4W0 friezes;

Figure 10 illustrates U-shaped rectangular cycles;

Figure 11 illustrates 12x12W square-shaped W cycles;

Figure 12 shows a 12x12W square-shaped W cycle;

Figure 13 illustrates a Peano graph and its associated graph;

Figure 14 illustrates a double Peano cycle;

Figure 15 illustrates a Peano map of serpentine metacurves;

Figure 16 illustrates a metacurve pattern;

Figure 17 illustrates a rectangular Gray's metacurve;

Figure 18 illustrates SFC metacurves on generalized cylinders;
Figure 19 illustrates Hilbert curves of revolution;

Figure 20 illustrates spiral SFCs on parametric spheres;

Figure 21 illustrates examples of supertoroids;
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Figure 22 illustrates Dupin and Klein-Jeener surfaces;
Figure 23 illustrates a hyperbolic paraboloid and a Moebius strip;
Figure 24 illustrates a diagram of the PSFC subsystem;

Figure 25 illustrates SFC applied to parametric surfaces;

Figure 26 illustrates the deformation of a Gray metacurve in 3 dimensions;

Figure 27 illustrates a PSFC version of the Newell teapot;
Figure 28 illustrates a PSFC version of Catmull's elephant;
Figure 29 illustrates the organization of PSFC datg;

Figure 30 illustrates an interpolation of an SFC metacurve;
Figure 31 illustrates a Gumbo U-shaped topological map;
Figure 32 illustrates an ear traversed by a simple Peano circuit;
Figure 33 illustrates W-type patches;

Figure 34 illustrates a simple Peano circuit on the cube;
Figure 35 illustrates a PH and a triangle;

Figure 36 illustrates an SFC deformation in the plane;
Figure 37 illustrates a plane tiling of deformed SFCs;
Figure 38 illustrates the code for the parSPH function;
Figure 39 illustrates the code for the sfcSPH function;
Figure 40 illustrates the code for the tabSPH function;
Figure 41 illustrates the code for the SPHO function;

Figure 42 illustrates the code for the SPH1 function;
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Figure 43 illustrates the code for the SPH2 function;

Figure 44 illustrates the code for the SPH3 function;

Figure 45 illustrates the code for the DCOuwLL function;

Figure 46 illustrates the code for the CDOuwLL function;

Figure 47 illustrates the code for the PATCHuv function;

Figure 48 illustrates the code for the PATCHsfc function;

Figure 49 illustrates the code for the PTsfc function;

Figure 50 illustrates the code for the INTERPOL function;

Figure 51 illustrates the code for the SOLUTana function;

Figure 52 illustrates a method for indexing an N-dimensional object; and

Figure 53 illustrates a computer system adapted to implement the present

technology.

DETAILED DESCRIPTION

It will be appreciated that there is described in particular a computer-implemented
method for indexing an n-dimensional object comprising a plurality of points. It
will be appreciated by those skilled in the art that indexing an n-dimensional object

is of great interest in many applications, as will be explained below.

One such method is disclosed in Figure 52. While examples of 3-dimensional
objects will be disclosed below, it will be appreciated by the person skilled in the
art that the technology presented can easily be extended to a dimension greater
than 3.

According to step 100 of Figure 52, a mesh of the shape in n-dimensions is
obtained. The mesh comprises at least one cell. In one or more embodiments,

the mesh comprises a plurality of cells.
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In one or more embodiments of the method, the mesh of the n-dimensional shape
is created. The creation of such mesh according to one or more embodiments is

detailed below.

According to step 200 of Figure 52, a chain running through the at least one cell
of the mesh is determined. It will be appreciated that the chaining comprises for
each cell a symbol traversing the cell and joining two vertices of the cell. It will be
appreciated by those skilled in the art that the chaining can be determined

according to several embodiments as explained below.

In one or more embodiments in which the mesh comprises a plurality of cells, the

determined chaining traverses the plurality of cells of the chaining.

In one or more embodiments, the symbol joining two vertices of the cell is an arc.
It will be appreciated by those skilled in the art that any other symbol may

alternatively be used.

It will be appreciated that the determined chaining is referred to as a Peano map

in the following.

According to step 300 of Figure 52, for each cell of the mesh, an SFC metacurve
is associated with each symbol associated with two vertices. It will be appreciated
that the association of the SFC metacurve with each symbol associated with two
vertices can be done in different ways and will present many advantages

depending on the way selected.

According to step 400 of Figure 52, a mapping of the at least one SFC metacurve
is performed on the object using a corresponding mapping function in order to
associate with each point of the plurality of points a corresponding index of the at
least one SFC metacurve. In one or more embodiments in which the mesh
comprises a plurality of cells, a mapping of the plurality of SFC metacurves is
performed on the object using a corresponding mapping function in order to
associate with each point of the plurality of points a corresponding index in the

plurality of SFC metacurves.
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It will be appreciated that in one or more embodiments, the method further
comprises subdividing at least one given cell of the mesh to obtain at least two
sub-cells within the given cell, wherein the chaining traversing the given cell
traverses each of the at least two sub-cells, the chaining comprising a symbol for
each of the at least two sub-cells and wherein the SFC metacurve associated with
the given cell comprises at least two SFC metacurves, each of the at least two

SFC metacurves being associated with a corresponding sub-cell of the given cell.

While this has not been disclosed in Fig. 52, in one or more embodiments the

computer-implemented method further comprises providing an indication of the

mapping.

It will be appreciated that the indication of the mapping may be of various types

as will appreciate the skilled addressee.

It will be further appreciated that the indication of the mapping is provided by the
computer system implementing the method in one or more
embodiments.Moreover, it will be appreciated that the indication of the mapping
may be provided according to various embodiments. In one or more embodiments,
the indication of the mapping is saved in a file by the computer system. The skilled

addressee will appreciate that the file may be of various formats.

In one or more alternative embodiments, the indication of the mapping is

displayed on the display of the computer system.

In one or more alternative embodiments, the indication of the mapping is provided
to a remote processing device operatively connected to the computer system. It
will be appreciated that the remote processing device may be operatively
connected to the computer system according to various embodiments. In one or
more embodiments, the computer system is operatively connected to the remote
processing unit at least one of a local area network (LAN), a metropolitan area
network (MAN) and a wide area network (WAN). In one or more embodiments,

the wide area network (WAN) comprises the Internet.
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Referring to Figure 53, there is shown a computer system 1000 adapted to
implement the present technology. The computer system 1000 comprises various
hardware components including one or more single-core or multi-core processors
collectively represented by processor 1002, a graphics processing unit (GPU)
1004, a storage disk such as an SSD 1006, a random access memory 1008, a

display interface 1010, and an input/output interface 1012.

Communication between the various components of the computer system 1000
is ensured by means of one or more internal and/or external bus 5 1014 (e.g. a
PClbus, a universal serial bus, an IEEE 1394 "Firewire" bus, a SCSI bus, a Serial-
ATA bus, etc.), via which the various hardware components are electronically

coupled.

The input/output interface 1012 may be coupled to a touch screen 1016 and/or to

the internal and/or external bus(es) 1014.

The touch screen 1016 may be part of the display. In one or more embodiments,

the touch screen 1016 serves as the display.

The touch screen 1016 may also be referred to as display 1016. In the
embodiments illustrated in Figure 53, the touchscreen 1016 comprises touch
hardware 1018 and an input/output controller 1020 enabling a communication
with the display interface 1010 and/or the external bus(es) 1014. In one or more
embodiments, the input/output interface 1012 may be connected to a keyboard
(not shown), mouse (not shown) or trackpad (not shown) enabling the user to
interact with the computer system 1000 in addition to or in place of the touch

screen 1016.

Depending on the implementations of the present technology, the SSD drive 1006
stores program instructions that can be loaded into the random access memory
1008 and executed by the processor 1002 and/or the GPU 1004 in accordance
with the process embodiments presented herein. For example, the program

instructions may be part of a library or an application.
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It will be appreciated by the person skilled in the art that the computer system
1000 may be implemented as a server, a desktop computer, a laptop computer,
a tablet computer, a smart phone, a personal digital assistant or any other device
suitable for implementing the present technology as will be appreciated by the

person skilled in the art.

Thus, it will be appreciated that there is disclosed a computing device comprising
at least one processor; a display device; an input-output interface; a memory and
a bus for coupling the at least one processor, the display device, the input-output

interface and the memory.

It will be appreciated that the memory comprises instructions which when
executed by the at least one processor perform a method for indexing an n-
dimensional object comprising a plurality of points. The method comprises
obtaining via the output input interface a mesh of the n-dimensional shape of the
object, the mesh comprising at least one cell. The method further comprises
determining by means of the at least one processor a chaining traversing the at
least one cell of the mesh; the chaining comprising for each cell a symbol
traversing the cell and joining two vertices of the cell. The method further
comprises, for each cell of the mesh and by means of the at least one processor:
associating an SFC metacurve with each symbol associated with two vertices.
Finally, the method comprises performing, by means of the at least one processor,
a mapping of the at least one SFC metacurve onto the object using a
corresponding mapping function in order to associate with each point of the

plurality of points a corresponding index of the at least one SFC metacurve.

It will be appreciated that there is also disclosed a computer-readable medium for
storing statements and instructions for execution by a computer, the statements
and instructions comprising encoding means for obtaining a mesh of the n-
dimensional shape of the object, the mesh comprising at least one cell. The
statements and instructions further comprise encoding means for determining a
chaining traversing the at least one cell of the mesh; the chaining comprising for
each cell a symbol traversing the cell and joining two vertices of the cell. The

statements and instructions further comprise a coding means for, for each cell of
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the mesh, associating an SFC metacurve with each symbol associated with two
vertices. The statements and instructions further comprise coding means for
mapping the at least one SFC metacurve onto the object using a corresponding
mapping function in order to associate with each point of the plurality of points a

corresponding index of the at least one SFC metacurve.

It will be appreciated that there is further disclosed a computer program
comprising computer-executable instructions which, when executed by a

computer, perform one or more embodiments of the disclosed method.
DEFORMABLE SFC METACURVES

A universal deformation pipeline

Principle of adaptability

It will be appreciated that the idea of deforming SFCs stems from the need to
adapt them to the context and geometry of the data. As the use of SFCs is
extremely wide-ranging, the principle of adaptability must be able to be extended
to SFC metacurves traversing any mesh and Euclidean or non-Euclidean support
grids in a variety of application domains. The principle of adaptability of SFCs to
the application context, which for various reasons has been limited to the use of
historical SFCs, in particular Hilbert curves, needs to be reviewed and extended

to general metacurves.
Principle of universality

It will also be appreciated that the main feature of the SFCs, i.e. the ability to index
n-dimensional parameter spaces in one dimension, is the basic principle of a
universal deformation pipeline. This universal deformation pipeline makes it
possible to index any object in any dimension from any composition of SFC
metacurves, and from any mapping function by taking any path on the object

through an appropriate ordering of the metacurves.
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Functional diagram

The functional diagram of the universal deformation pipeline shown in Fig. 1
breaks down into three main phases. It will be appreciated that during these main
phases certain algorithmic choices determine the deformation methods used and

their suitability for indexing the deformed SFCs.

The initial phase P1, P2 is the meshing phase, which will determine the
partitioning by regions of the surface or object that will subsequently be traversed
by the SFC metacurves. The elementary regions of the mesh are the cells, which
can be subdivided into sub-cells. The second phase, P3, is the chaining phase,
which determines the order in which the SFC metacurves will traverse the objects
they index. The third phase, P4, P5, P6, is the phase that determines the families
of SFC metacurves chosen or created specifically to traverse the meshes. The
last phase, P7, P8, P9, is the mapping phase, which maps the points of the two-

dimensional metacurves to points on the n-dimensional target objects.
The mesh

It will be appreciated that meshes are essentially graphs with vertices, edges,
faces, hyperfaces or volumes and so on up to n dimensions. They are made up
of cells, for example quadrilaterals and triangles in two dimensions. If we're
interested in using SFC metacurves to index meshes in an optimal or context-
sensitive way, we need to study the possible paths that these metacurves can
take to visit the set of cells with special topological graphs and maps. In all cases,
it will be appreciated that the cells will only be visited once, passing through the

vertices only.
Structural and non-structural meshes

The deformation pipeline begins with step P1, which determines the nature of the
mesh on which the SFC will be applied. There are two types of mesh: structured
and unstructured. To simplify matters, structured meshes, unlike unstructured
meshes, allow for simple parameterizations. The most common surface meshes

are native meshes based on triangles and quadrilaterals. These are the types of
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mesh that will be used in all the examples presented below. Hexagonal meshes
in particular will be treated as meshes consisting solely of quadrilaterals:
dissection of the hexagon into two trapezoids, or as meshes consisting of
triangles and quadrilaterals: dissection of the hexagon into one quadrilateral and

two triangles.
Eulerian and Lagrangian deformations

Eulerian and Lagrangian deformation methods refer to deformation methods for
which the mesh grids are essentially regular and fixed in the first case, and
irregular and mobile in the second. Step P2 in the meshing phase of the
deformation pipeline therefore aims to introduce deformations managed by
physics and not just by purely geometric methods. The principle of potential grid
deformation forms the basis of methods for adapting SFCs to physical or

geometric contextual data.
Chaining and traversability-ordering issues

It will be appreciated that chaining methods aim to assemble SFC metacurves
together from other metacurves or simple SFCs. In all cases, chaining strategies
aim to enable bijective indexing of chained curves and metacurves, whatever the
chosen dimension. Once chained, the metacurves will visit the cells in a ordered
specific sequence. A travarsable sequence 18 a spatial path without going over
any cell twice. Different chaining traversability-ordering strategies exist, mainly
aimed at compressing geometry, organizing cell's information according to
neighborhood ("'data locality") or indexing cells to enable real-time queries on the
information associated with them. The complexity of traversability-ordering
obviously depends on the type of mesh, which may or may not be structured. The
main techniques used, for example, seek to isolate "ribbon" series of contiguous
triangles in triangular meshes. They can also search for Hamiltonian paths in

unstructured meshes.
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SFC metacurves
Combinatorial and fractal SFCs

Combinatorial SFCs are historically a limited number of pairing functions,
including the Hilbert curve. But geometrically and graphically, SFCs can also be
generated and described in a similar way to fractal curves, using grammars or
generative languages. They then lose their on-the-fly pairing capabilities (bijective
encoding and decoding of indices and point coordinates). Finally, it is possible to
extend SFC theory to heuristic curves such as Hamiltonian paths that cover all

points on a given grid.
Dimensions and algorithms

It will be appreciated that the characteristic of SFCs of being able to index n-
dimensional parametric spaces in one dimension means that algorithms
operating in n-dimensions can be directly adopted at the level of meshes,
metacurve generation functions, associated pairing functions and mapping
functions. However, for the sake of convenience and performance, these

algorithms can be specialized for optimal operation in two and three dimensions.
SFC and SFC metacurves

Gray's metacurve system was designed to describe end-to-end assemblies of
SFC curves belonging to new families of pairing functions. These user-
configurable assemblies or linkages enable SFCs to be adapted to any rectilinear
grids and to index non-regular spaces. These metacurves are themselves
successions of Gray curves or metacurves whose spatial information is supplied

and which are associated with automatically generated pairing functions.
Mapping

It will be appreciated that the mapping is the operation of matching the points of

the SFC metacurves to the surfaces or objects to which they are applied to.
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Types of mapping

The types of mapping encountered when applying SFCs and SFC metacurves
are varied and borrowed from existing work mainly in pure mathematics,
cartography and applied mathematics in the field of computer-aided design and
manufacturing. Most of these types are referenced in the bibliographic notes
(Sec. 6).

Surface types

The types of surfaces studied are first and foremost mathematical surfaces
formalized in parametric form. These surfaces can admit several different
parameterizations based on trigonometric functions or polynomial functions. Next,
mapping onto surfaces or free-form shapes from computer-aided design and
manufacturing systems is disclosed. Finally, the mapping of SFC metacurves
onto polyhedral surfaces is disclosed. In all cases, n-dimensional approaches are
studied.

Vector and pixel deformations

It will be appreciated that vector and pixel deformations are of different algorithmic
natures and each has its own uses. Generally speaking, vector deformations are
mainly used for their bijective indexing and cryptographic capabilities, whereas
pixel deformations are more closely linked to visual identification and
authentication. Furthermore, the pixel representation of SFC metacurves requires

the use of polygon-filling algorithms.
An example of the deformation process

A detailed example of the SFC metacurve deformation process illustrates the
operation of the deformation pipeline disclosed above. The example shown in Fig.
2 comprises eight successive phases. The first phase {S0} consists in setting up
the topological polygonal diagram of the mesh. This phase may be optional,
depending on the complexity and nature of the meshes to be created. It is defined

in section Ref. 2.6.
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The second phase {S1} generates an Euclidean mesh in a given dimension,
associated with a given coordinate system and a given grid. The third phase {S2}
exploits pre-existing meshes. As for the subsequent phases, the {S3} phase
consists in establishing Peano maps of the previously defined mesh. These
Peano maps are characterized by associated graphs and constitute the ordered
paths of meshes that can be meshed at a later time. The {S4} phase consists in
generating grids and maps for each cell (polygon), and the {S5} phase iterates
the operation over all the cells to generate the symbolic metacurve associated
with the general mesh. Phase {S6} consists in generating the real 2-dimensional
metacurves. Phase {S7} consists in transforming the Euclidean coordinates of the
metacurves into curvilinear coordinates in the given dimension of the Euclidean

grid.
Deformation interface

The deformation system interface focuses on the control of the deformation using
control points. The use of graphical procedures, such as naval architecture's use
of wooden laths and lead pins (the control points), enable to draw complex curves
without the need for equations. Avoiding the manipulation of complex
mathematical deformation systems is desirable in a wide range of applications.
The strategy for controlling the surfaces without using their equations - the historic
strategy of computer-aided design and manufacturing systems - is favored in the
work presented below. Classical parametric surface interfaces based on surface
patches and control points will be reformulated to apply SFC metacurves to these
surfaces, and hyperbolic paraboloid control points will be used to apply these

metacurves to triangles or quadrilaterals in 3 dimensions.
CHAINING AND PEANO GRAPHS
Definition

Planar Peano graphs, in reference to Peano's first diagram, are defined as a
succession of arcs visiting the faces of the graph via the vertices. These graphs

are associated with polygons limited to quadrilaterals or triangles in the examples



10

15

20

25

WO 2025/003999 PCT/1B2024/056355

18

shown. Polygons with a number of sides > 4 will be dissected, if necessary, into
quadrilaterals and triangles. The work will then be generalized to polyhedral or
polytopic graphs. The properties of these graphs are fundamental for generally
optimizing the indexing of mesh polygons based on paths or cycles visiting them.
From a robotic point of view, the sequence of the polygons visited enables the
trajectories and paths travelled to visit the set of polygons to be minimized, and
memory to be optimized for the organization of finite element-type processing.
Symbolic Peano maps are defined as topological maps made up of arcs waiting

to be defined by final SFC metacurves.
Chaining’s Typology

The typology of Peano chainings is important, as it enables to draw on pre-
existing linkage typologies during the meshing phase, or to select the right
meshing algorithms separately. A distinction is obviously made between
structured and unstructured meshes, and in both cases between deterministic
and heuristic meshes. Figure Fig. 3 illustrates two Peano paths, the first with a U-
shaped topology: the start and end points are adjacent, and the second with a W-
shaped topology, these same points being diagonally opposed. In both cases, the
paths visit the 4 polygons once and only once. Moreover, the vertices that are
visited are visited only once. The same figure below illustrates, on the left, a
configuration with single points visited once and, on the right, a cyclic

configuration with multiple points visited more than once.
Structured chaining
Procedural structured chaining

Whenever possible, a procedural topological map can be used to develop
combinatorially formulated Peano chains, depending on the desired resolution of
the metacurve and, in this case, its parity. The procedural topological map shown
in Fig. 4 is built by isolating 4 zones, two triangular ones plus the first horizontal

line and the last vertical column.
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The result is the generation of even metacurves of resolution 2a and odd

metacurves of resolution 2a + 1 witha =1..4.
Enumerative generation of chaining

When a combinatorial algorithm for generating metacurves is not available, it is
possible to resort to metacurve occurrences obtained by enumerating the set of
Peano paths covering a given resolution grid. These enumerations can be
performed using brute-force algorithms, or manually for low resolutions. Some

enumerations for 5x5 and 6x6 square grids are illustrated in Fig. 6 and Fig. 7.
Chaining with rectangular friezes

Structured chaining of SFC metacurves covering rectangular regions can be
based on certain Gray's lace metacurves Ref. [109] or on (m.a)(n.a) juxtapositions
of square metacurves of resolution a as illustrated in Fig. 9. In this illustration, the
friezes are made from 4x4W metacurves illustrated in Fig. 6. The two friezes

shown are made without the need for multiple vertices.

Furthermore, in Sec. 2.6, it will be illustrated that they are directly adaptable to
topological polygon meshing techniques. The rectangular friezes shown in Fig.
10 have the particularity of being cyclic and are obtained by connecting two
identical metacurves together, using the center of the rectangles as the center of

symmetry.
Square cyclic chaining

Procedural constructions of square cyclic chaining are easily made from the
central symmetry of a square for example from rotational symmetry from SFC
metacurves rotated by am/2 with a = 0..3. To produce the 8x8 cycles in Fig. 11,
4x4 W-chains borrowed from Fig. 6 are used. To realize the 12x12 cycle of Fig.

12 a 6x6 W-chaining is used.
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Peano unstructured chainings

The search for Peano chainings is equivalent to the search for Hamiltonian paths
or cycles on the graph of vertex-face adjacencies associated with the Peano
graph. To create such a graph, as illustrated in figure Fig. 13, we need to
triangulate each convex polygon of the mesh from a point inside the polygon and
remove the edges of the Peano graph and its bivalent vertices. As a result, the
complexity of searching for paths or circuits in a Peano graph is equivalent to that

of the general search for Hamiltonian paths or cycles, i.e. NP-complete.
Rectangular SFC metacurves

Filling curves are historically and for certain theoretical reasons square-shaped,
as is the case for Hilbert curves. The extension to rectangular curves is relatively
recent, with the aim of better adapting curves to the environment they traverse,

for example, to scan images.
Peano maps and Hilbert metacurves

Gray's metacurves have enabled in particular Bib. [113] to generalize Hilbert
curves and their generation modes. Generalization to rectangular grids in the form
of Hilbert strips presents no difficulties. Figure Fig. 15 illustrates the replacement
of Peano arcs by Hilbert curves of different orders. The dimensions of the

rectangular grid used are 2m(2n + 1), as illustrated in figure Fig. 16.
Band Hilbert metacurves

Figure Fig. 17 illustrates two Hilbert SFC metacurves. Other SFC metacurves can
be used to traverse rectangular grids, but the locality properties of Hilbert curves
are interesting to exploit for traversing certain types of surfaces, such as

generalized cylinders and special cases of surfaces of revolution.
Meshing with polygonal diagrams

Polygonal diagrams or fundamental polygons are important topological tools for

studying surfaces and their classification. They enable to move from dimension 2
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to dimension 3, making them a perfect tool for applying two-dimensional SFC
metacurves to surfaces. The study of structured or unstructured meshes covered
by SFC metacurves can be studied before the mapping. This approach is
particularly effective for constructing graphs and topological maps of Peano

associated with polygons, e.g. rectangular polygons.
Meshing generalized cylinders

It will be appreciated that generalized cylinders are preferred geometric
descriptors in pattern recognition from discrete data, but also in free-form design.
One of the advantages of generalized cylinders is their ability to model a large
number of classical surface families, such as surfaces of revolution. Moreover,
the generalized cylinder mesh is topologically adapted to the use of grids and
rectangular SFC metacurves. The block diagram in figure Fig. 18 describes the
process of applying SFC metacurves to generalized cylinders. The first step is the
selection (CO) of a toric topological polygonal diagram, followed by the generation
of a rectangular structured mesh (C1) to which a Peano map (C2) is associated.
This map (C3) establishes the order of arcs visiting the polygons of the mesh.
This map is the symbolic Peano map. Next (C4), an SFC metacurve is generated
for each arc in the map. The final result (C4), a composite SFC metacurve, is
finally applied to a generalized cylinder (C6). Steps CO, - - - , C5 are two-

dimensional, while step C6 is three-dimensional.
Example of revolution surfaces

The example described below shows the creation of a Peano map for traversing
a generalized cylinder of the surface-of-revolution type with Hilbert-type SFC
metacurve bands. Surfaces of revolution are generally described using
coordinate grids made up of meridians and parallels. Spherical, ellipsoidal and
cylindrical grids are special cases. In these cases, it is often convenient to use

rectangular grids rather than square ones.
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By mapping the points on the given surface of revolution to the points on the
striped Hilbert curve, we obtain an SFC path of the surface of revolution, as shown

in figure Fig. 19.
PARAMETRIC SURFACES

In general, the vector-type mapping of SFC metacurves uses a point-to-point
correspondence, whereas the pixel-type mapping uses a point to non-flat
quadrilateral correspondence, each quadrilateral being graphically represented

by two triangles.
Mapping principles

The principles of applying SFCs to surfaces are generally straightforward. An
example is given of the mapping of a double-spiral SFC curve (Sec. 6) to different
parameterized versions of the sphere (Fig. 20). The first three mappings are
classical, using trigonometric functions. The fourth mapping at bottom right is
experimental and polynomial in nature. The encoding and decoding functions of
the mappings are listed in figures Fig. 40, 41, 42, 43, 44. In all cases, a distinction
is made between mappings without combinatorial bijective pairing and mappings
preserving the bijective pairing of SFC metacurves before mapping to a surface.
This distinction is important when we need to find the index of a point on a
metacurve after an initial inverse mapping operation, then coding the metacurve

to provide an index from coordinates.
Some image examples

The 6 series of surface illustrations presented here are based on direct
correspondence between points on surfaces known by their parametric equations
and points on SFC metacurves applied to these surfaces. The main drawback of
such an approach is the problem of non-uniformity in the distribution of points on
surfaces, with sometimes significant distortions of the SFC metacurves. To
overcome this problem, algorithms for conformal mappings or regular point
distribution need to be integrated into the matching process. Figure Fig. 21

illustrates the deformation of a supertoroid.
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Figure Fig. 22 shows a Dupin cyclide at the top and a Klein-Jeener surface at the
bottom. Cyclide distortions are minimized when the cyclide is a perfect torus. For
the Klein-Jeener bottle, metacurve distortions become difficult to control without
modifying the parametric equation. As far as figure Fig. 23 is concerned, the SFC
metacurves will have minimal deformations when the hyperbolic paraboloid at the
top is equivalent to a plane square, but the Mdébius strip at the bottom of the figure

will have the same distortion problems as the Klein-Jeener bottle.
PARAMETRIC SURFACES

This paragraph describes an approach based on geometric deformations intrinsic
to the theory of parametric surfaces developed in the world of computer-aided
design and manufacturing. The first advantage of this approach is to reformulate
existing surface generation algorithms, enabling direct adaptation to the
functionalities of current CADCAM software and existing digital files. The second
advantage is that it enables one-dimensional indexing of parametric hyper-
surfaces, making it possible to introduce deformable SFCs in mesh theory in any

dimension.

The block diagram of the system for two- and three-dimensional mappings is
shown in figure Fig. 24. The system is divided into 14 phases and applies to files
supplied as parametric patches or polygonal mesh files. The transition to higher
two-dimensions is achieved by replacing control patches with hyperpatches and
polygonal meshes with meshes made up of, for example, hyper-tetrahedra and
hypercubes. The system can be broken down into several subsystems.
Subsystem {P5, P6, P7, P8} corresponds to a conventional system for generating
parametric surfaces of the Bezier, B-splines, Nurbs or other type, operating in
control patch or interpolation grid mode. The {PO, P4} subsystem corresponds to
the creation of parametric patches from polygonal meshes. The {P4} case mainly
concerns the generation of planar PSFCs applied to polyhedral faces or
subdivision surfaces. In this case, the points of passage can typically be the points
of a bilinear grid associated with each face and therefore coplanar with the face.
The {PQ} case corresponds to methods for smoothing polyhedra using parametric

surfaces. The subsystem {P1, P2, P3} corresponds to the topological ordering of
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a model's patches, in order to identify whether any Peano graphs exist on the
model. The search for these graphs may be subject to constraints, such as the
search for paths from a given point to another point, or for cycles. Case {P2}
corresponds to the creation of one or more topological maps of the model. Case
{P3} corresponds to the determination of the orientation and direction of travel of
each PSFC. Subsystem {P9, P10, P11} corresponds to the creation of Gray
metacurves or non-Gray metacurves used to generate PSFCs. The set of patches
for a 3D model or object will be generated in step {P12}. The mapping of distorted

and colorized SFC metacurves at pixel level (case {P13}) is the last subsystem.
Presentation of PSFC

Parametric surfaces and hypersurfaces

Bases and Degrees

The indexing of SFC metacurves extends to curvilinear parametric hyper-spaces
and, in particular, parametric hyper-patches. These are generally used to
represent free-form shapes in CADCAM systems. The link between the various
types of SFC metacurve indexing and the analytical representation of
hyperpatches is made directly by mapping the tuple of an n-SFC point to the tuple

of coordinates of the hyperpatche point in its parametric space.
Hypercurves and Bezier metacurves

Bezier curves and surfaces were among the first parametric surface models to be
developed and have many qualities that have made them popular in a wide range
of free-form geometric modeling applications. Their mathematical formalism lends
itself perfectly well to junction with SFC metacurve theory in spaces of any
dimension. The algorithmic calculation of points belonging to hypersurfaces is
straightforward and is formulated by equation Equ. 1. Although the proposed
system for applying SFC metacurves to hypersurfaces works whatever the type
of parametric surface chosen, the simplicity of the Bezier formalism makes it
possible to illustrate n-dimensional correspondences between hypersurfaces and

n-dimensional metacurves.
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(Equ. 1)

where Pijk are the control points of the 3-dimensional hyperpatches and B}* (i =

0..n) are the Bernstein-based functions defined by B*(t) = i,(nL_!i)l(i — )il

From equation Equ. 1, it is possible to obtain in Equ. 2 the formulation, from the
index of point I, of the coordinates of a point x0,1,2 on a three-dimensional DC3
metacurve of resolution a applied to the Bezier volume. Parameter b is used to
control the scale factor of the metacurve in the patch it visits. Using b < a avoids

overlaps between different parts of the metacurve for neighboring patches.

S =) D > BB @BR@P

I m
i=0 j=0 k=0

where u,v,w= a(a -b) + 2bxuiz

2a?

et X0,1,2a5 DC(I)

(Equ. 2)

Figure Fig. 26 illustrates the deformation of a Gray metacurve into a Bezier

volume.
The Bezier hyperpatch has 64 control points.
Bicubic surfaces in matrix form

Based on predefined Bernstein functions, it is also possible to use a matrix
formalism for bicubic surfaces. The following formulas for calculating a point on
the surface are obtained for the general parametric representation of a bicubic

surface:
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x(u,v) =U*Mx*Gx« M  «V?

y(u,v) =U«M* Gy« Mt «V*

z(u,v) =U*xMxGzxM" xV*t
(Equ. 3)

with U = [u3,u?,u?, 1], V¢, the transposed matrix of V = [v3, v?, v, 1], Mthe 4x4
matrix representing the chosen polynomial basis (e.g. Bezier), M¢ its transpose,
Gx, Gy, Gz the 4x4 matrices formed from the x, y and z coordinates of the patch
control points. Figure Fig. 26 illustrates the indexing of a Bezier patch by an mC?
curve, while figure Fig. 27 illustrates the indexing of the Utah teapot modeled from

bicubic Bezier surfaces by mC? curves.

PSFCs: The junction between Parametric Surfaces (PSs) and Space Filling
Curves (SFCs)

PSFCs use the UV grids of the parametric surfaces as a support. The algorithm
for calculating points belonging to the UV grid Alg. 10 is modified to calculate SFC
points applied to the grids. The resolution of the SFCs is given in rational form {a,
b} with a < 1. This formalism makes it possible to fix a percentage of SFC
occupancy in its patch and therefore to fix the distance between adjacent PSFCs.
Figure Fig. 27 illustrates a PSFC version of Newell's teapot and figure Fig. 28 a
PSFC version of Catmull's elephant. In both cases, the topological models are
multiply-connected. The main parts of the teapot are thus independent and

unconnected.

The illustration of the teapot on the left shows the PSFC and the triangular mesh
of the teapot. The illustration on the right shows the body of the teapot and the
Peano path of the associated patches. In the case of the elephant, the figure on
the left illustrates the first phase in calculating the PSFCs, i.e. replacing the u, v
parametrization. The second phase, illustrated by the figure on the right, consists
in choosing the neighborhood distance between adjacent PSFCs. The third phase,

which is also the most complex, consists in determining one of the four possible



10

15

20

25

WO 2025/003999 PCT/1B2024/056355

27

orientations of the PSFCs in their patch and one of the two directions of travel of
the SFCs, i.e. the beginning and end of the PSFC in its patch.

PSFC formalism

The final formalism of the PSFCs associated with a mesh model will therefore be
made up of lists describing the different Peano paths associated with a model.
These lists will be constituted from the original indices of the patches as
geometrically designed. Each list constituting a path will be associated with the
list of PSFC orientations in their patch. These lists, coded in quaternary form, can
be replaced by a decimal number. These same lists will be associated with lists
of the same length encoding the directions of the SFCs in binary form. These in
turn can be replaced by a decimal number. The memory storage structure for all
PSFCs associated with a mesh model is illustrated in Fig. 29. Typical data
structures for parametric patches are shown in the inset at the bottom left of the

figure.
PSFC defined by interpolation

The interpolation mechanism for parametric surfaces defined by equation Equ. 3
consists in determining the control polyhedron of a patch from points belonging
to the surface. For a bicubic patch, 16 points in the general configuration will
provide the coordinates of the 16 control points. These points are calculated using
the figures Fig. 13 and Fig. 14 functions. The advantage of using interpolation is
twofold: not only can any PSFC be applied to curvilinear surfaces discretized by
a mesh of points or triangles, for example, but interpolation can also be used to

control the points at which the PSFC passes over the surface in question.
Trajectory optimization

The interpolation of SFC metacurves passing through a number of crossing points
not only offers an interesting method of spatially deforming SFCs, but also
enables to solve certain trajectory optimization problems for covering regions. In
this case, the general deformation of an SFC metacurve follows the principle

illustrated in figure Fig. 30. Starting from n? coplanar or non-coplanar crossing
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points, the control polyhedron of the associated parametric patch of degree n is
determined. This determines a double parametrization in u and v and
subsequently enables us to map a previously selected SFC metacurve to the

mesh inuand v.
PSFC by example

PSFC versions of two 3D models based on Bezier patches, which have become
part of the history of computer graphics are presented. These are Catmull's
Gumbo elephant and Newell's teapot. Two main approaches can be used to
obtain a PSFC version of the model. The first is topological and semi-manual,
while the second is combinatorial and automatic, but based on a naive brute-force
algorithm. Indexing these objects using the topological method involves the
following steps. The first step is to determine the possible Peano graphs on the
models in question. To do this, a topological map of the models, its Schlegel

diagram, has to be created first.
Creating a topological map

Model parametric patches are generally described sequentially in digital
exchange formats. They allow to visualize UV curves or associated triangles
without worrying about any order between them or neighborhood problems.
Patches can therefore be processed independently of each other, and possibly in
parallel. In the context of mesh simulation or object manufacturing, on the other

hand, the problem of neighboring patches is fundamental.
Peano graph search

The theory of Peano graphs is introduced in Sec. 2. The search for these graphs
in different mesh types enables to order the sequence of surface patches in digital
exchange formats. This traversability-ordering determines not only the topological
relationships between patches, but also the optimization of mesh calculation
processing and cell organization. Figure Fig. 32 illustrates a simple Peano cycle
for the PSFC traversing the patches in one ear of Catmull's elephant model. In
the figure on the left, the PSFC is a double-spiral SFC. Top right shows the
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topological map of the ear, with the Peano circuit created using arcs of circles.
Bottom right is the graph corresponding to the topological map in the form of

vertices and edges.
Heterogeneous squares of classes U, W and Z

In line with the realization of Gray or non-Gray metacurves, it is possible to define
PSFCs of hybrid typologies mixed in U and W or purely U or W. Figure Fig. 33
illustrates a purely W PSFC mesh from Catmull's model before the PSFC
orientation and direction phase. In general, the simultaneous use of U and W
PSFCs simplifies the search for Peano graphs. The use of Z-shaped PSFCs is of

particular interest in cryptography.
POLYHEDRAL SURFACES

Polyhedral surfaces, that are the set of polygonal faces of polyhedral, can be
visited by SFC metacurves according to previously established Peano paths. The
two main problems in covering a polyhedral surface are therefore the construction
and possible deformation of the SFC metacurves in three-dimensional plane
polygons, and the determination of the Peano chain and graph associated with
the surface. The problem of covering polyhedral surfaces with SFC metacurves
can be considered as a special case of parametric surfaces whose surface
patches have all their control points coplanar (Bib..[61]). This is an interesting
strategy to use if we wish to cover the polyhedral surface with deformed SFC

metacurves.

On the left, figure Fig. 34 shows the Schlegel diagram of a cube whose faces are
covered and visited only once by SFC metacurves. The chaining and associated
Peano graph is a simple Peano cycle, with some vertices not visited. Each arc of
the graph is then associated with a set of SFC metacurves covering the faces of
the cube. The right-hand side of the figure shows an inside view of the cube and

the resulting chaining.
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Polygons and SFC metacurves

Two different approaches are used to deform SFCs in the plane. The first is to
apply SFCs to non-flat or plane quadrangles, based on the parametrization of the
hyperbolic paraboloid. The triangles can then be decomposed into quadrangles.
The second approach uses PSFCs with coplanar control points. The resulting
PSFCs are flat and deformed in the plane of the control points. Figure Fig. 35
shows on its left a PH traversed by a meandering SFC and on its right a triangle
in space previously split into 3 quadrilaterals and traversed by 3 meandering

SFCs of different resolutions.
Deformations in the plane

Deformations of SFC metacurves from 3-dimensional control points can be
adapted to structured or unstructured planar meshes in three-dimensional space.
In fact, SFC deformations in any plane of space can be obtained directly by
introducing coplanar control points. This property makes it possible to traverse
meshed plane regions from SFCs, but the principle is easily extended to higher
spaces. The control points of four-dimensional hyperpatches contained in a three-
dimensional subspace can therefore be used to obtain an SFC filling this

subspace.

Two complementary approaches are disclosed. One is based on control points in
the space of the hyperbolic paraboloid, the other one on control points of
parametric surface patches. In both cases, the coplanarity of the control points in

a plane ensures deformations in the plane in question.
Hyperbolic paraboloid control points

The hyperbolic paraboloid mesh can be used to apply any SFC metacurve to a
non-flat or plane quadrilateral when the 4 vertices of the quadrilateral are coplanar.
Equation Equ. 4 provides the parametric expression for the point Q linearly

dependent on the four points A, B, C, D.
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o) (aA+BB)+0(vC+6 (D))

Q-= e+t @

a+ y+

The homogeneous weighting coefficients a, B, y, 8, p, ¢ are transformed by
successively posingB=a-1,0=y-1,0=p-1,y=athenfinallya=uandp =
v to obtain equation Ref.5 which expresses the point of travel of the quadrilateral

Quv as a function of the parameters u and v.
Quv=vud - u-1)B-u@-1)D+@u-1)@v-1)C (5)

Figure Fig. 23 illustrates a general hyperbolic paraboloid in the space traversed
by an SFC metacurve. Figure Fig. 35 illustrates a plane PH on the left, and the
dissection of a triangle into three planes PHs on the right, each traversed by a

different SFC metacurve.
Control points and parametric surfaces

On the left, figure Fig. 36 illustrates an SFC in the U-type plane, with the 16 control
points used to deform it bicubically. Deformations of higher degree n are obtained
by increasing the number of control points to n? and adapting the matrix formalism
of equation Equ. 3. The figure on the right shows the folding of a W-type SFC in

three-dimensional space.
Planar tessellations of SFC metacurves

Plane tessellations of SFC metacurves can be obtained by tessellating the
meshes obtained from their control points. Figure Fig. 37 illustrates a planar

tessellation of deformed SFCs by tessellating their coplanar control points.
APPLICATIONS

It will be appreciated that the disclosed method for indexing an n-dimensional
object is of great interest for many applications. In particular, the method can be

advantageously used in any of the following applications:
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Indexing points on a surface for physical objects and digital

objects.

Indexing points on a volume in medical imaging to enable haptic
control of soft and deformable objects and adaptive

classification in MRI tanks.

Indexing points on a volume in additive manufacturing for filling

and slicing in 3D printing.
Indexing of spatial databases for topological and geometric data.

Indexing of graphics databases for texture maps, SFC pixel

display, polygon mesh compression.

Indexing and optimization of trajectories in mobile robotics for

laser nozzles, drones (military, LED).

Mesh optimization in nD space in FEM for Lagrangian and

HamStrand systems.

Target acquisition (indexing) for wireless energy transmission

(laser, sun) and wire-guidance.

Geometric indexing and compression for photogrammetric and
LIDAR data.

Al pattern recognition with neural SFC generation and 3D neural

networks.
Image analysis with image scans and biometric scans.

Communication networks with network indexing and routing
optimization.
Genomics with human genome unfolding coding and genome

indexing and volume deformation.

Electronic design, with the design of deformable SFC antennas

and deformed SFC circuits.

PCT/1B2024/056355
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It will be appreciated by the person skilled in the art that the disclosed method
offers a technical solution to a technological problem. Indeed, by proposing a
method of indexing an n-dimensional object comprising a plurality of discrete
points, it is possible to obtain optimization of the resources required to access
each of the discrete points of any n-dimensional object. Anyone familiar with the
subject will appreciate that identifying discrete points in an n-dimensional object
requires significant resources, both in terms of storage and information access.
Using an index to identify a given discrete point instead of the coordinates of the
discrete point therefore optimizes the resources of the associated device. Not

only memory, but also the associated processor(s) will be appreciated.
BIBLIOGRAPHICAL NOTES
Notes on SFCs

New families of SFCs isolated recently are described in the following series of
works: Bib. [106, 112, 113, 109, 110, 107, 108, 111], then generalized at the level
of a composition and assembly system called Gray's metacurves Bib. [114]. The
chaining of SFC metacurves is introduced in Bib. [115]. The principle of
composing SFC functions is also described in Bib. [92]. Recursive descriptions
of SFCs can be related to fractal methods. They are introduced in Bib. [90] or Bib.
[95]. The work Bib. [18] is a comprehensive introduction to a fractal approach to
SFCs and their construction using a generative language. The construction of
non-combinatorial SFCs using artificial intelligence techniques is described in Bib.
[117].

Notes on adaptable SFCs

Classically, the adaptability of SFCs to given environments is achieved using
Euclidean grids Bib. [30], Bib. [39]. Gray's metacurves, introduced in Bib. [114]
allow adaptation to rectilinear polygonal regions while retaining bijective pairing
capabilities. Bib. [100].
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Notes on deformable SFCs

The use and study of regular grid transformations is not new Bib. [1], Bib. [3] and
are classified into projective transformations, anamorphic transformations,
cartographic transformations and Lagrange transformations, among others. The
latter are well suited to the deformation of regions or grids and are particularly
used in mesh theory Bib. [12]. The strategy of favoring the deformation of grids:
Lagrangian approach over the Eulerian approach of fixed grids in finite element
theory is very similar to the strategy of deforming SFC grids meshing the regions
they cover. The following references Bib. [99], Bib. [97], Bib. [96], Bib. [35]
introduce the differences between Lagrangian and Eulerian meshes. Reference
Bib. [35] is an introduction to the design of physical objects with structurally

meshed geometry.
Notes on rectangular SFCs

Please refer to Bib. [54] for scanning rectangular images. However, it is
necessary to distinguish between rectangular curves generated graphically by
grammars or heuristic methods, and rectangular pairing curves generated
combinatorically. Among the latter, Gray's metacurves introduced in Bib. [114]
generalize filling curves to rectangular shapes and, more generally, to rectilinear
polygons. Gray metacurves use new families of Gray curves such as the yaw
curves described in Bib. [109], which lend themselves to rectangular
generalizations. An algorithm for drawing rectangular SFCs is given by Bib. [38],

then taken up and extended to 3 dimensions in Bib. [103].
Notes on meshes

Some meshing methods prefer quadrilateral meshes to triangular meshes and
dissect triangles into 3 quadrilaterals (Bib. [91]). A hexagonal meshing method
that can easily be converted into a triangular and quadrilateral mesh is presented
in Bib. [65]. Obtaining planar quadrilateral meshes for architectural structures is
presented in Bib. [64]. An overview of techniques for meshing complex shapes
from quadrilaterals can be found in Bib. [84] as well as in Bib. [53] and Bib.[69].
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For a general introduction to mesh theory, see Bib. [29]. For an introduction to
volume mesh theory, please refer to Bib. [73]. For a general introduction to
different types of mesh, please refer to Bib. [118]. For procedural meshes of the
Catmull-Clark type, please refer to Bib. [6] and Bib. [48]. For the problem of mesh
quality based on triangles, see Bib. [19].

Notes on mesh traversability-ordering

Triangulated mesh traversability-ordering is studied for data compression in Bib.
[27] and also in Bib. [63]. The existence of two- and three-dimensional
Hamiltonian paths on grids is discussed in Bib. [47]. A methodology for
transforming unstructured triangular meshes into quadrilateral meshes and then
searching for Hamiltonian paths through the quadrilaterals is presented in Bib.
[76] and Bib. [75]. HAMSTRAND technologies are presented in Bib. [60] Bib. [82]
and Bib. [94]. The topological organization of cells and their memory neighbors
is presented in Bib. [101]. The problem of representing massive terrain models
using triangles is described in Bib. [89]. Techniques for representing triangular
meshes using ribbons are described in Bib. [31]. SFC-based data traversability-
ordering from a memory perspective is discussed in Bib. [68] and also in Bib.
[46]. The use of Delaunay methods to improve mesh quality is introduced in Bib.
[22]. In the same vein, Bib. [56]. Mesh traversal using B-splines is described in
Bib. [37] for compression applications. Error correction in quantum codes also
gives rise to path problems on meshes mapped onto surfaces such as toric Bib.
[36] and Bib. [121].

Notes on meshes and SFC

The connection between grid indexing and SFC indexing is introduced in Bib.
[79]. Mesh or graph partitions also bring together SFC theories and Hamiltonian
path search (Bib. [49], Bib. [80], Bib. [87]).

Notes on SFC and object indexing

The indexing of any object, digital or real, is important in the field of target

acquisition Bib. [77] in telemetry or wire-guidance.
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Notes on mapping principles

Historically, the convergence between classical SFCs and their mapping to
surfaces, in particular the sphere, is mainly due to cartographers Bib. [4]. In
Bib. [74] we find an mapping of SFC on a sphere that respects an equidistribution
of points on the surface, based on an algorithm presented in Bib. [42]. For the
first three mappings on a sphere illustrated in figure Fig. 20, the parametric
equations are described in Bib. [120] based on trigonometric functions. The
principle of bijective correspondence between the three-dimensional points of
these surfaces and the two-dimensional points of the SFC metacurve to be
applied to them is well described and illustrated in Bib. [119]. The mapping of

quadrilateral meshes, and textures is developed in Bib. [85].
Notes on mapping types

Mapping methods are closely associated with dedicated coordinate systems,
particularly in analytical geometry and cartography. The following references Bib.
[57], Bib. [78], Bib. [83] and Bib. [116] provide a comprehensive overview of
these methods, mainly in two dimensions. For formulations of parametric

equations for surfaces in three dimensions, please refer to Bib. [120].
Notes on vector deformations

For an overview of vector deformations, please refer to Bib. [88] for an overview
of general techniques for surface mappings and distortions. Conformal mappings
are introduced in Bib. [81]. For the specific study of SFC mappings with vector
deformations on mathematical surfaces and three-dimensional object models,
please refer to the following seminal works Bib. [51], Bib. [59] and Bib. [72].

Notes on graphical meshes

The study of spatial structures and certain types of surfaces can also be carried
out graphically, using descriptive geometry or projective geometry (Bib. [7]). In
this case, parametrization and u, v patches can be obtained graphically. Purely

two-dimensional graphical techniques can also be used to generate grid patterns
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close to the projections of ruled surfaces (Bib. [20]). A presentation of quadric

ruled surfaces without the use of equations is given in Bib. [55].
Notes on Peano chaining

The symbolic representation of arc-filling curves is shown schematically in a
publication by Peano Bib. [2]. In this case, arcs cross quadrilaterals, joining
adjacent vertices. These arcs symbolize filling curves of variable resolution and
U-shaped topology. More recently, vertex-face graphs linked to triangulated
meshes have been introduced by a series of articles by Bartholdi, the main ones
being Bib. [33], Bib. [41] and Bib. [40] with an introduction provided by Bib. [44]
or Bib. [43]. One of the main interests of this work is to introduce a real strategy
for indexing triangulated meshes from filling curves. The first Peano chaining

studies were codified by Ref. [5].
Notes on polygonal diagrams

A good introduction can be found in (Bib. [12]). In particular, they are used in the
theory of simplicial complexes Bib. [70] and have been introduced as design aids
in Bib. [17].

Notes on parametric surfaces

Parametric surfaces and their equations are well documented in tutorials for
symbolic calculation systems such as Maplesoft (Bib. [34], Bib. [23]),
Mathematica or the Matlab environment. A compilation of examples is also
provided in Bib. [71]. The Klein-Jeener bottle is introduced in Bib. [45]. The
supertoroid equations are developed in Bib. [8] and Bib. [16]. Two presentations

of generalized cylinders are found in Bib. [10] and Bib. [24].
Notes on Bezier hyperpatches

An introduction to parametric volumes in solid modeling is given in Bib. [13]. A
general introduction to parametric volumes and hyperpatches is given in Bib. [52].
A presentation of B-splines in Mathematica code is given in Bib. [93]. The

deformation potential of Bezier hyperpatches in haptic interfaces is described in



10

15

20

25

WO 2025/003999 PCT/1B2024/056355

38

Bib. [86]. The principle of folding Bezier volumes into fractally generated planar
SFC layers is introduced in Bib. [58]. Some interface problems of Bezier volumes
are discussed in Bib. [28]. The realization of 64-control-point hyper-patches from
the stacking of 16-control-point patches without self-intersections is illustrated in
Bib. [102]. References Bib. [62] and Bib. [122] provide an introduction to the
problem of unfolding the human genome and its relationship with three-
dimensional CFS. Volumetric medical imaging (MRI) also makes use of adaptive

SFCs for voxel ordering in classification processes (Bib. [98]).
Notes on Bezier's modelisation

The theory of parametric surfaces and Bezier curve modeling is covered in Bib.
[25]. Data on Catmull's Gumbo elephant are available in Bib. [61] and those for
Newell's teapot in Bib. [32]. The problem of connecting u, v between neighboring
patches (watertightness) is introduced in Bib [26]. Meshing regions bounded by

Bezier curves is discussed in Bib [67].
Notes on trajectory optimization

The optimization of trajectories using filling curves has been the subject of work
related to the travelling salesman problem. Barthodi has already been cited as an
author or co-author in Bib. [11], Bib. [9], Bib. [15], Bib. [21]. Bib. [14] and more
recently Bib. [66] should also be cited. Bartholdi's work favors the use of
Sierpinski's filling curves, considered well suited to the indexing of triangles. In

Bib. [104] introduces SFCs to the problem of finding nearest neighbors.
ALGORITHMIC CODE
Algorithm Alg.1 parSPH

The function parSPH is implemented by the algorithm Alg. 1 in figure Fig. 38.
The function calculates the list of points on a sphere of radius R from a
parametrization function indicated by the value f. The points calculated belong to
a grid of resolution a. The limits of the parametrization are given by the uMxMn

and vMxMn pairs of minmax values of the parameters in v and v. The function
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returns a list of grid points in three dimensions.
Algorithm Alg.2 sfcSPH

The function sfcSPH is implemented by the algorithm Alg. 2 shown in figure
Fig. 39. The function calculates the list of points of an SFC metacurve applied to
a sphere of radius R. The parameters of the function are the same as those of
Alg. 1. The SFC metacurve is fixed in the following code (double spiral SFC) but
can be generalized to any SFC metacurve accessible via a mapping table. The
function returns the list of points in the three-dimensional metacurve. The double
loop and parameterization of the parSPH function has been replaced by a single

loop and parameterization.
Algorithm Alg.3 tabSPH

The function tabSPH, shown in figure Fig. 40, serves as a mapping table between
the parSPH and sfcSPH functions and the various sphere parameterizations
given as examples, corresponding to functions SPHO in figure Fig. 41, SPH1 in
figure Fig. 42, SPH2 in figure Fig. 43 and SPH3 in figure Fig. 44. The function
parameters are the same as for the parSPH and parSPH functions. The function

returns v3 the triplet of coordinates of the calculated point on the sphere.
Algorithm Alg.8 DCOuwLL

The function DCOuwLL, shown infigure Fig. 45, is implemented by the algorithm
Alg. 8. The function calculates the coordinates of a point on a level-1 Hilbert strip
curve from the point's index. The function receives as input ind the index of the
point and the pair v2 of the length and height of the curve. It returns the pair of

coordinates of the given index point.
Algorithm Alg.9 CDOuwLL

The function CDOuwLL, shown in figure Fig. 46, is implemented by the algorithm
Alg. 9. It is the coding function associated with the previous decoding function
DCOuwLL. The function receives as input the pair v2 of coordinates of the point

whose index is being sought and the pair v2ab of the length and height of the
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support grid of the striped Hilbert curve.
Algorithm Alg.10 PATCHuv

The function PATCHuv, shown in Fig. 47, is implemented by the algorithm Alg.
10. The function calculates the coordinates of the points belonging to the grid
formed by the U and V parametric curves on the surface. The function receives
as input the list /s of the 16 control points of the patch and n the resolution of the

UV grid. Function BEZeval is the function that implements Equation 3.
Algorithm Alg.11 PATCHsfc

The function PATCHsfc, shown in figure Fig. 48, is implemented by the algorithm
Alg. 11. The function calculates the coordinates of points belonging to a sequence
of SFCs traversing grids formed by U and V parametric curves on the surface.
The function receives as input the list /s of patches, a the numerator of the SFC
resolution expressed in rational form, b the denominator of the resolution, /sOR
the list of SFC orientations for each patch, i.e. 0..3, and /sINV the list of path
directions for each SFC, i.e. 0..1.

Algorithm Alg.12 PTsfc

The PTsfc function, shown in figure Fig. 49, is implemented by the algorithm Alg.
12. The function calculates the parameters u, v of the metacurve after homothetic
transformation and rotation in the plane. The metacurve is introduced in the code
as an example but can generally be called up externally via a hash table. The

function returns the transformed parameters ut, vt.
Algorithm Alg.13 INTERPOL

The INTERPOL function, shown in figure Fig. 50, is implemented by the algorithm
Alg. 13. The function calculates the coordinates of the control points of a bicubic
Bezier patch from a list of crossing points. The function receives as input the list

IsPTSpas of passage points and returns the list of control points.
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Algorithm Alg.14 SOLUTana

The SOLUTana function, shown in Fig. 51, is implemented by the algorithm Alg.
14. The function calculates the coordinates of the control points of a bicubic patch
by direct analytical solution. The function is called by the INTERPOL function for
each X, Y, Z coordinate.
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Clauses

Clause 1. A computer-implemented method of indexing an n-dimensional

object comprising a plurality of points, the method comprising:

obtaining a mesh of the n-dimensional shape of the object, the mesh

comprising at least one cell;

determining a chaining traversing the at least one cell of the mesh; the
chaining comprising for each cell a symbol traversing the cell and

joining two vertices of the cell;

for each cell: associating an SFC metacurve with each symbol

associated with two vertices; and

mapping the at least one SFC metacurve onto the object using a
corresponding mapping function to associate with each point of the
plurality of points a corresponding index of the at least one SFC

metacurve.

Clause 2. The computer-implemented method claimed in clause 1, wherein
the mesh comprises a plurality of cells; the determined chaining traverses the
plurality of cells of the mesh; and the mapping is performed in order to associate
with each point of the plurality of points a corresponding index of the plurality of

SFC metacurves.

Clause 3. The computer-implemented method of clause 1 wherein the symbol

is an arc.

Clause 4. The computer-implemented method as claimed in any one of

clauses 1 to 3, further comprising providing an indication of the mapping.

Clause 5. The computer-implemented method as claimed in clause 4, wherein
the providing of an indication of the mapping comprises at least one of saving the
indication of the mapping in a file, displaying the indication of the mapping and

providing the indication of the mapping to a remote processing device.
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A computing device comprising:
at least one processor;
a display device;
an input/output interface;

a memory including instructions which when executed perform a
method of indexing an n-dimensional object comprising a plurality of

points, the method comprising:

obtaining via the input/output interface a mesh of the n-
dimensional shape of the object, the mesh comprising at

least one cell:

determining, by means of the at least one processor, a
chaining traversing the at least one cell of the mesh; the
chaining comprising for each cell a symbol traversing the cell

and joining two vertices of the cell;

for each cell and by means of the at least one processor:
associating an SFC metacurve with each symbol associated

with two vertices; and

by means of the at least one processor, mapping the at least
one SFC metacurve onto the object using a corresponding
mapping function in order to associate with each point of the
plurality of points a corresponding index of the at least one

SFC metacurve; and

a bus for pairing said at least one processor, said display

device, said input/output interface and said memory.
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Clause 7. A computer-readable physical memory storing statements and
instructions for execution by a computer, said statements and instructions

comprising:

encoding means for obtaining a mesh of the n-dimensional shape of

the object, the mesh comprising at least one cell;

encoding means for determining a chaining running through the at least
one cell of the mesh; the chaining comprising for each cell a symbol

traversing the cell and joining two vertices of the cell;

coding means for associating an SFC metacurve with each symbol

associated with two vertices of each cell; and

coding means for mapping the at least one SFC metacurve onto the
object using a corresponding mapping function in order to associate
with each point of the plurality of points a corresponding index of the at

least one SFC metacurve.

Clause 8. A computer program comprising computer-executable instructions
which, when executed by a computer, perform computer-implemented method as

claimed in any one of clauses 1 to 5.

Clause 9. The computer-implemented method as claimed in any one of
clauses 1 to 5, further comprising subdividing at least one given cell of the mesh
to obtain at least two sub-cells within the given cell; wherein the chaining
traversing the given cell traverses each of the at least two sub-cells, the chaining
comprising a symbol for each of the at least two sub-cells and wherein the SFC
metacurve associated with the given cell comprises at least two SFC metacurves,
each of the at least two SFC metacurves being associated with a corresponding

sub-cell of the given cell.
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CLAIMS:

1. A computer-implemented method of indexing an n-dimensional object

comprising a plurality of points, the method comprising:

obtaining a mesh of the n-dimensional shape of the object, the mesh

comprising at least one cell;

determining a chaining traversing the at least one cell of the mesh; the
chaining comprising for each cell a symbol traversing the cell and

joining two vertices of the cell;

for each cell: associating an SFC metacurve with each symbol

associated with two vertices; and

mapping the at least one SFC metacurve onto the object using a
corresponding mapping function to associate with each point of the
plurality of points a corresponding index of the at least one SFC

metacurve.

2. The computer-implemented method claimed in claim 1 wherein the mesh
comprises a plurality of cells; the determined chaining traverses the plurality of
cells of the mesh; and the mapping is performed in order to associate with each

point of the plurality of points a corresponding index of the plurality of SFC

metacurves.

3. The computer-implemented method of claim 1 wherein the symbol is an
arc.

4, The computer-implemented method as claimed in any one of claims 1 to

3, further comprising providing an indication of the mapping.

5. The computer-implemented method as claimed in claim 4, wherein the
providing of an indication of the mapping comprises at least one of saving the
indication of the mapping in a file, displaying the indication of the mapping and

providing the indication of the mapping to a remote processing device.
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6. A computing device comprising:
at least one processor;
a display device;
an input/output interface;

a memory including instructions which when executed perform a
method of indexing an n-dimensional object comprising a plurality of

points, the method comprising:

obtaining via the input/output interface a mesh of the n-
dimensional shape of the object, the mesh comprising at

least one cell:

determining, by means of the at least one processor, a
chaining traversing the at least one cell of the mesh; the
chaining comprising for each cell a symbol traversing the cell

and joining two vertices of the cell;

for each cell and by means of the at least one processor:
associating an SFC metacurve with each symbol associated

with two vertices; and

by means of the at least one processor, mapping the at least
one SFC metacurve onto the object using a corresponding
mapping function in order to associate with each point of the
plurality of points a corresponding index of the at least one

SFC metacurve; and

a bus for pairing said at least one processor, said display

device, said input/output interface and said memory.
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7. A computer-readable physical memory storing statements and instructions

for execution by a computer, said statements and instructions comprising:

encoding means for obtaining a mesh of the n-dimensional shape of

the object, the mesh comprising at least one cell;

encoding means for determining a chaining running through the at least
one cell of the mesh; the chaining comprising for each cell a symbol

traversing the cell and joining two vertices of the cell;

coding means for associating an SFC metacurve with each symbol

associated with two vertices of each cell; and

coding means for mapping the at least one SFC metacurve onto the
object using a corresponding mapping function in order to associate
with each point of the plurality of points a corresponding index of the at

least one SFC metacurve.

8. A computer program comprising computer-executable instructions which,
when executed by a computer, perform computer-implemented method as

claimed in any one of claims 1 to 5.

9. The computer-implemented method as claimed in any one of claims 1 to
5, further comprising subdividing at least one given cell of the mesh to obtain at
least two sub-cells within the given cell; wherein the chaining traversing the given
cell traverses each of the at least two sub-cells, the chaining comprising a symbol
for each of the at least two sub-cells and wherein the SFC metacurve associated
with the given cell comprises at least two SFC metacurves, each of the at least
two SFC metacurves being associated with a corresponding sub-cell of the given

cell.



