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TECHNIQUES FOR CONTROL OF QUANTUM SYSTEMS AND RELATED
SYSTEMS AND METHODS

CROSS-REFERENCE TO RELATED APPLICATIONS

[0001] The present application claims the benefit under 35 U.S.C. § 119(e) of U.S.
Provisional Patent Application No. 62/294/966, filed on February 12, 2016, titled
“Quantum Computer State Controller,” which is hereby incorporated by reference in its

entirety.

BACKGROUND

[0002] Quantum information processing uses quantum mechanical phenomena,
such as energy quantization, superposition, and entanglement to encode and process
information in a way not utilized by conventional information processing. In the mid
1990’s, it was theoretically demonstrated how a quantum computer could be used to
perform certain algorithms much more rapidly than could be achieved by a conventional,
or “classical” computer. For instance, rapid factorization of large numbers has important
implications for encryption and secure communications, and it was postulated that a
quantum computer could perform such rapid factorization and thereby easily decipher
communications encrypted by conventional computing techniques. Many technical

barriers exist to developing a functional quantum computer, however.

[0003] It is well-known in the field of quantum information processing that qubits
(ak.a. quantum bits, the analog of conventional binary bits) naturally evolve to other
states and lose their information (decohere) if left unattended in a quantum information
system. This loss of information by qubits in a quantum information processing system
can inhibit or prohibit computation by the system. The duration over which a qubit
retains its information is referred to as the coherence time, and this time depends upon
the way in which qubits are formed. Various ways to form qubits include trapped ions,
atoms of nuclear magnetic resonance systems, photons, nitrogen vacancy centers, and
superconducting quantum circuits utilizing Josephson junctions. Although dramatic

improvements have been made, the best superconducting quantum systems currently
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have coherence times on the order of several hundred microseconds to a few
milliseconds. Since complex computations will generally take longer than these
coherence times, apparatus and methods for implementing quantum error correction
(QEC) to preserve quantum information longer than the coherence time (i.c., surpass the
“break-even point”) may be required for practical quantum information processing

systems.

SUMMARY

[0004] The present application relates generally to control electronics for quantum
information systems, including implementations of quantum error correction.

[0005] According to some aspects, a waveform processor is provided comprising
one or more data storage devices that include a first memory for storing a plurality of
master instructions, wherein a master instruction comprises a plurality of digital data
fields and the master instructions have a defined order, and a second memory for storing
a plurality of digital waveforms, a first sequencer comprising a first plurality of logic
blocks configured to access the first memory and sequentially execute the master
instructions according to their defined order, the first sequencer having a first digital
output configured to output digital values based at least in part on results of executing the
master instructions, a second sequencer coupled to the first sequencer and configured to
receive values from the first digital output, the second sequencer comprising a second
plurality of logic blocks configured to access the second memory, generate analog
waveforms at least in part by transforming one of the plurality of digital waveforms
according to one or more of the digital values received from the first sequencer, and
output the generated analog waveforms to an external system, and a waveform analyzer
comprising a third plurality of logic blocks configured to integrate analog waveforms
received from the external system and to output results of said integration to the first
sequencer.

[0006] According to some embodiments, the one or more data storage devices
further include a third memory for storing a plurality of waveform instructions, a
waveform instruction comprises a plurality of digital data fields and the waveform

instructions have a defined order, and the second plurality of logic blocks of the second
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sequencer are further configured to access the third memory and sequentially execute the
waveform instructions according to their defined order, and generate the analog
waveforms according to the executed waveform instructions.

[0007] According to some embodiments, the waveform instructions include at least
a first branch instruction and the second sequencer is further configured to identify a
non-sequential waveform instruction of the plurality of waveform instructions to execute
subsequent to the first branch instruction based at least in part on a digital signal received
by the second sequencer from the first sequencer.

[0008] According to some embodiments, the second plurality of logic blocks of the
second sequencer are further configured to repeatedly execute the plurality of waveform
instructions according to their defined order.

[0009] According to some embodiments, the master instructions include at least a
first branch instruction and the first sequencer is further configured to identify a non-
sequential master instruction of the plurality of master instructions to execute subsequent
to the first branch instruction based at least in part on a digital signal received by the first
sequencer.

[0010] According to some embodiments, the digital signal received by the first
sequencer is received by the first sequencer from the waveform analyzer and comprises a
result of said integration by the waveform analyzer.

[0011] According to some embodiments, the first sequencer is further configured
to output a digital instruction to the second sequencer based at least in part on the result
of said integration received by the first sequencer from the waveform analyzer.

[0012] According to some embodiments, the integration of analog waveforms by
the waveform analyzer is triggered by execution of a master instruction by the first
sequencer.

[0013] According to some embodiments, the external system is a quantum system
including a qubit, and the generated analog waveforms are designed to rotate a state of
the qubit.

[0014] According to some embodiments, the first sequencer is further configured
with a second digital output configured to output digital values based at least in part on

results of executing the master instructions, the waveform processor further comprising
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[0015] a third sequencer coupled to the first sequencer and configured to receive
values from the second digital output, the third sequencer configured to output digital
values according to one or more of the digital values received from the first sequencer.
[0016] According to some embodiments, transforming one of the plurality of
digital waveforms by the second sequencer comprises performing a linear transformation
of the one of the plurality of digital waveforms based at least in part on the one or more
digital values received from the first sequencer.

[0017] According to some embodiments, the one or more data storage devices, the
first sequencer, the second sequencer and the waveform analyzer are assembled on a
single substrate.

[0018] According to some embodiments, the first sequencer, the second sequencer
and the waveform analyzer are embodied in a field-programmable gate array.

[0019] According to some embodiments, the first sequencer, the second sequencer
and the waveform analyzer are embodied in an application specific integrated circuit.
[0020] According to some embodiments, the first sequencer, the second sequencer
and the waveform analyzer are configured to receive a common clock signal.

[0021] According to some embodiments, the second sequencer is configured to
generate the analog waveforms as comprising IQ waveform pairs.

[0022] According to some embodiments, the second sequencer is configured to
generate the analog waveforms as single-sideband modulated waveforms.

[0023] According to some embodiments, the second sequencer comprises a digital-
to-analog converter, and the waveform analyzer comprises an analog-to-digital
converter.

[0024] According to some aspects, a system is provided comprising the waveform
processor and a superconducting qubit coupled to the waveform processor.

[0025] According to some aspects, a system is provided comprising a plurality of
instances of the waveform processor communicatively coupled to one another.

[0026] According to some aspects, a method is provided comprising selecting, by a
first sequencer that comprises a first plurality of logic blocks, a first master sequence
instruction from a plurality of master sequence instructions stored in a first memory of
one or more data storage devices, wherein a master sequence instruction comprises a

plurality of digital data fields and the master instructions have a defined order, executing,
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by the first sequencer, the first master sequence instruction, outputting, by the first
sequencer, one or more digital values to a second sequencer comprising a digital-to-
analog converter and a second plurality of logic blocks, generating, by the second
sequencer, a first analog waveform that has characteristics at least in part by
transforming one of the plurality of digital waveforms according to the one or more
digital values received from the first sequencer, applying the first analog waveform to a
system, integrating, by a waveform analyzer comprising a first analog-to-digital
converter and a third plurality of logic blocks assembled on a substrate, a first received
analog waveform from the system, providing, by the waveform analyzer, a result of the
integration to the first sequencer, and executing, by the first sequencer, a second master
sequence instruction of the plurality of master sequence instructions based on the
received result from the waveform analyzer.

[0027] According to some embodiments, the method further comprises computing,
by the first sequencer, an internal result based in part on the result of the integration,
providing, by the first sequencer, the internal result to the second sequencer, and
outputting, by the second sequencer, a second analog waveform to the system based in
part on the internal result.

[0028] According to some embodiments, the system is a quantum system including
a qubit, and the first analog waveform is designed to rotate a state of the qubit.

[0029] According to some embodiments, the method further comprises identifying,
by the first sequencer, a non-sequential master instruction of the plurality of master
instructions to execute subsequent to the first master sequence instruction based at least
in part on the received result from the waveform analyzer.

[0030] The foregoing apparatus and method embodiments may be implemented
with any suitable combination of aspects, features, and acts described above or in further
detail below. These and other aspects, embodiments, and features of the present
teachings can be more fully understood from the following description in conjunction

with the accompanying drawings.

BRIEF DESCRIPTION OF DRAWINGS

[0031] Various aspects and embodiments will be described with reference to the

following figures. It should be appreciated that the figures are not necessarily drawn to
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scale. In the drawings, each identical or nearly identical component that is illustrated in
various figures is represented by a like numeral. For purposes of clarity, not every

component may be labeled in every drawing.

[0032] FIG. 1 depicts a quantum information system, according to some
embodiments;

[0033] FIG. 2A depicts a conventional logic gate;

[0034] FIG. 2B depicts implementation of a quantum logic gate, according to some
embodiments;
[0035] FIG. 3 is a block diagram of an illustrative waveform processor, according

to some embodiments;

[0036] FIG. 4A depicts waveforms that may be generated during an illustrative
experiment on a quantum system, according to some embodiments;

[0037] FIG. 4B shows sequencer instructions that may be executed within the
system of FIG. 3 to produce some of the waveforms shown in FIG. 4A, according to
some embodiments;

[0038] FIG. 5A depicts waveforms that may be used to measure information from
a quantum system, according to some embodiments;

[0039] FIG. 5B illustrates results of measuring a quantum system, according to
some embodiments;

[0040] FIG. 6 depicts a group of illustrative waveform processors, according to
some embodiments;

[0041] FIG. 7A depicts control components of a quantum information system,
according to some embodiments;

[0042] FIG. 7B illustrates radio-frequency components that may be used to
construct waveforms for quantum information systems, according to some embodiments;
[0043] FIG. 8 is a block diagram of an illustrative waveform processor, according
to some embodiments;

[0044] FIG. 9A is a block diagram of an illustrative master sequencer, according to
some embodiments;

[0045] FIG. 9B illustrates data fields of an illustrative master sequencer instruction,

according to some embodiments;
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[0046] FIG. 9C illustrates data fields of an illustrative processing logic instruction,
according to some embodiments;

[0047] FIG. 10A is a block diagram of an illustrative analog sequencer, according

to some embodiments;

[0048] FIG. 10B depicts an illustrative analog sequencer instruction, according to

some embodiments;

[0049] FIG. 10C depicts illustrative waveform data, according to some
embodiments;
[0050] FIG. 11A is a block diagram of an illustrative waveform analyzer,

according to some embodiments;

[0051] FIG. 11B depicts illustrative data that instructs a sequencer to perform
integration of a signal, according to some embodiments;

[0052] FIG. 11C illustrates data fields of illustrative integration parameters,
according to some embodiments;

[0053] FIG. 12 depicts illustrative output data, according to some embodiments;
[0054] FIG. 13 illustrates data fields of an illustrative digital sequencer instruction,
according to some embodiments;

[0055] FIG. 14 is a block diagram of an illustrative quantum system coupled to two
waveform processors that may each interact with separate elements of the quantum

system;

[0056] FIG. 15 is a block diagram of a circuit quantum electrodynamics system,
according to some embodiments;

[0057] FIG. 16 is a schematic drawing of an illustrative circuit quantum
electrodynamics system, according to some embodiments;

[0058] FIG. 17A illustrates a change in photon number state of a quantum
mechanical oscillator when the illustrated drive waveforms are applied to the oscillator
and to a physical qubit to which it is coupled, according to some embodiments;

[0059] FIG. 17B illustrates a characterization of the state of the oscillator after the
change in photon number state shown in FIG. 18A, according to some embodiments;
[0060] FIGs. 18A-18D illustrate encoding of a cat state qubit, according to some

embodiments;
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[0061] FIG. 19 is a flowchart of a method of determining drive waveforms to be
applied to a circuit quantum electrodynamics system to produce a desired change in the
state of the system, according to some embodiments;

[0062] FIG. 20 is a flowchart of a method of selecting and applying drive
waveforms to a circuit quantum electrodynamics system, according to some
embodiments;

[0063] FIGs. 21A-21D illustrate results of applying selected drive pulses to a
circuit quantum electrodynamics system in order to measure respective selected bits of a
quantum mechanical oscillator being treated as a multi-qubit register, according to some
embodiments;

[0064] FIG. 22 is a flowchart of a method of measuring selected bits of a quantum
mechanical oscillator being treated as a multi-qubit register, according to some
embodiments;

[0065] FIG. 23 is a block diagram of a circuit quantum electrodynamics system,
according to some embodiments;

[0066] FIGs. 24A-24B illustrate encoding of the state of a multi-level quantum
system in a bosonic system, according to some embodiments;

[0067] FIG. 25 depicts an illustrative system suitable for practicing quantum
control techniques described herein;

[0068] FIG. 26 is a flowchart of a method of correcting errors that occur within a
bosonic system, according to some embodiments;

[0069] FIG. 27 is a flowchart of a method of correcting one of three classes of
errors that occur within a bosonic system, according to some embodiments;

[0070] FIG. 28 is a block diagram of a circuit quantum electrodynamics system,
according to some embodiments;

[0071] FIG. 29 illustrates a two-parameter (N,S) space of binomial quantum error

correction codes, according to some embodiments;
[0072] FIG. 30 illustrates the rate of entanglement infidelity for binomial quantum
error correction codes, according to some embodiments;

[0073] FIG. 31A is a sketch of an illustrative circuit QED system;



WO 2017/139683 PCT/US2017/017534

[0074] FIG. 31B is a schematic of a quantum state transfer scenario for the system
depicted in FIG. 31A, utilizing encoding and quantum etror correction of the binomial
quantum states;

[0075] FIG. 32 is a block diagram of a single-qubit, two-cavity system suitable for
implementing two-mode codes;

[0076] FIG. 33 is a block diagram of a circuit quantum electrodynamics system
suitable for practicing aspects of the present disclosure;

[0077] FIG. 34 illustrates a control sequence for producing cat states spanning
modes of two quantum mechanical oscillators, according to some embodiments;

[0078] FIG. 35A is a three-dimensional schematic of an illustrative circuit quantum
electrodynamics system comprising two coaxial resonator cavities and a readout

resonator coupled to an ancilla transmon, according to some embodiments;

[0079] FIG. 35B is a top view of the system shown in FIG. 35A, according to some
embodiments;
[0080] FIG. 36 illustrates an alternative control sequence suitable for producing cat

states spanning modes of two quantum mechanical oscillators, according to some
embodiments;

[0081] FIG. 37 illustrates a control sequence suitable for producing cat states
spanning modes of two quantum mechanical oscillators in which conditional
displacements upon the oscillators are each realized by two non-conditional
displacements, according to some embodiments;

[0082] FIGs. 38 A-38B are illustrative control sequences depicting two approaches
to experimentally measuring the joint parity of two quantum mechanical oscillators,
according to some embodiments;

[0083] FIG. 39 is a circuit diagram of an illustrative experimental setup for
controlling and/or measuring a system of two quantum mechanical oscillators coupled to
an ancilla multi-level quantum system, according to some embodiments;

[0084] FIG. 40A is a photograph of a machined aluminum package containing two
coaxial stub cavity resonators and a transmon, suitable for practicing aspects of the
present disclosure;

[0085] FIG. 40B is a micrograph image of the transmon of the device of FIG. 40A;

and
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[0086] FIG. 40C is a schematic effective circuit of the device of FIG. 40A.

DETAILED DESCRIPTION

[0087] Quantum systems exhibit states that typically evolve over timescales of tens
or hundreds of nanoseconds. Control over such a system can present a challenge, as one
of the following two approaches must be chosen. Firstly, experiments can be limited to
those that do not require controls that can be dynamically selected within such timescales
based on the current state of the quantum system. This approach, however, limits the
types of experiments that can be performed. Alternatively, a control system could be
developed to dynamically control the quantum system over the required timescales,
which would allow a wide range of experiments to be performed but also presents a

practical problem of implementation.

[0088] In order to dynamically control a quantum system that evolves over tens or
hundreds of nanoseconds, an extremely low latency system would be needed that can
probe the state of the quantum system and determine a subsequent control step quickly
enough that the system does not evolve into a different state before the subsequent step
can be executed. For instance, a qubit state may be a ground state, an excited state, or a
superposition of the ground and excited states. To control the qubit based on its current
state, a control system may probe the state of the qubit then determine a control
operation based on the result. Since the qubit’s state may naturally evolve over
timescales of less than a microsecond, however, the steps of probing, determining, and
controlling should occur in less than such a timescale, otherwise the determined control
operation may be operating on a different qubit state than the one identified by the

probing operation.

[0089] A conventional computer is unable to perform control operations at this
latency, since the timescales involved in operating hardware (e.g., signal generators, data
acquisition hardware, etc.) to probe a quantum system, send information on results of
said probing to the computer, determine a subsequent control operation by the computer,
and operate the hardware to perform the subsequent control operation on the quantum
system are much greater than those timescales over which the quantum system would

evolve. Alternatively, signal generators that are separate from the computer can be
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programmed with the various operations that may be performed upon the quantum
system. The number and type of these operations are substantial, however, and there is
generally insufficient data storage in a signal generator to store all of the possible
operations. In addition, the processing capability of a signal generator is generally
insufficient to dynamically determine which operation to apply. Due to the above
difficulties, conventional quantum control systems are generally designed for use with

experiments that do not require dynamic control in sub-microsecond timescales.

[0090] The inventors have recognized and appreciated that despite the above-
described technical challenges for low latency control of a quantum system, to perform
effective quantum error correction of a quantum system, such control may be extremely
desirable or necessary. Due to the natural evolution of quantum systems, quantum
computation may require the repeated performance of quantum error correction (QEC)
operations within timescales much shorter than the coherence time (e.g., less than a
microsecond). These QEC operations are designed to preserve quantum information in
the system, and by performing them in timescales much shorter than the coherence time,
information can thereby be preserved for longer than the coherence time. Without
repeated QEC operations at these timescales, the system may decohere such that

computation is no longer feasible.

[0091] Once a control system can repeatedly preserve information in a quantum
system for longer than the coherence time by performing QEC operations, the control
system can be said to be capable of operating the system beyond the so-called “break-
even point” of QEC. This type of system can be scaled in size to encompass more qubits
and thereby enable more complex computational operations whilst preserving the
information in the system. Prior to the work described in this application, elements of
QEC were demonstrated in several different types of quantum information systems.
However, none of these efforts demonstrated apparatuses or methods for QEC that could
maintain quantum information in a system past the break-even point. As described
herein, the inventors have recognized and appreciated apparatuses that can dynamically
control a quantum system within timescales that allow QEC to reach or exceed the

break-even point.
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[0092] To illustrate the architecture of a quantum information system in general,
FIG. 1 depicts a quantum information system, according to some embodiments.
Mlustrative system 100 comprises a control apparatus 110 that operates on and receives
signals from quantum systems 115-1, 115-2, ... 115-n through control links 120. The
quantum systems may include, for instance, a physical qubit (e.g., a transmon qubit, a
charge qubit, a flux qubit, a phase qubit, etc.) or a quantum oscillator (e.g., a resonator
cavity). Irrespective of the particular technology implementing the quantum systems, at
least some of the quantum systems are operated to store quantum information (e.g., be
operated as a qubit). In some implementations, two or more quantum systems may be
coupled to one another via a coupling 130, which may cause the states of the coupled
systems to affect one other and/or may cause operations on one of the quantum systems
to change the state of a quantum system to which it is coupled. For example, the link
130 may represent a dispersive coupling. The system 100 shown in FIG. 1 may, in some
cases, be one module of a larger quantum information processing system in which the

modules are interconnected.

[0093] To become a practical quantum processing system having a reasonable
amount of processing power, a quantum information processor 100 requires the ability to
precisely control at least some of the quantum systems 115, and to control at least some
interactions between the quantum systems. For instance, to perform a logical operation
between two or more qubits, the control apparatus 110 may be configured to perform one
or more control operations upon the quantum systems storing the qubit information. It is
preferable that the quantum systems have long coherence times, be able to be
individually manipulated, be able to interact with one or more other quantum systems
(e.g., to implement multi-qubit gates), be able to be initialized and measured efficiently,
and that the system allow scaling to a large numbers of quantum systems. It is also
preferable that the control apparatus 110 be scalable to controlling a large number of

quantum systems.

[0094] Working with qubits in a quantum information processor is generally much
more challenging than working with conventional binary bits in a conventional
computer. By way of illustration, FIG. 2A depicts a conventional AND operation 210

that may be executed over time. In the example of FIG. 2A, at a first time t; two binary
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bits B1 and B2 are prepared in initial states, each being either O or 1. Because of
thresholding and recognition of only two states in a conventional computer, it is
permissible for preparation of these states to be quite imprecise. For example, in a 3.3V
CMOS system, any bit having a voltage value between 0 V and 1.4 V is recognized as a
logical 0, and any bit having a voltage value between 1.55 V and 3.3V is recognized as a
logical 1. Thus, even if the bits are prepared imprecisely and perturbations occur
between the time at which the bits are prepared and the time t; at which the logical
operation occurs, the bits are almost always (with an error rate typically lower than 107)
correctly recognized for a logic operation, and the result is almost always correctly

recognized at a later time t;.

[0095] Although qubits are based on two orthogonal states, they are not limited to
one of two states like their binary counterparts. Instead, qubits may assume any
superposition of the two states, and every superposition state matters for quantum
computations. FIG. 2B illustrates how a logical operation may be carried out with a
quantum information processor 100, according to some embodiments. Two qubits Q1,
Q2 may be prepared at time t; in two quantum states ¥';, ¥,. Because of decoherence,
these states will naturally and unpredictably evolve to other states over time such that
that the information stored by the qubits may be lost. To preserve each qubit’s state until
execution of a logical operation 220 at time t;, one or more quantum error correction
QEC steps may be applied. After application of the logical operation 220, which
transforms the two qubit states to quantum states W3, ¥ 4, additional QEC steps may be
applied until the qubits are, for instance, read and/or used to perform another logical
operation. The way in which qubits are physically implemented may determine how
interactions with the qubits are carried out and the repetition rate at which QEC steps are

implemented.

[0096] One promising approach to implementing qubits is known as circuit
quantum electrodynamics (circuit QED). Other approaches include those based on
trapped atoms intermediated by optical photons and solid-state impurities intermediated
by phonons. Such qubits are macroscopic compared to atoms or impurity sites and can
be engineered to have desired properties and comparatively long coherence times. In a

circuit QED system, control links 120 may be implemented with microwave signals
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(e.g., signals at frequencies between about 3 GHz and about 40 GHz) that couple to the
quantum systems 115 (e.g., wirelessly, via waveguides, etc.). Referring again to FIG.
2B, QEC steps and logical operation 220 may be implemented by applying carefully

prepared microwave signals to the qubits.

[0097] Another challenging difference between a quantum information processor
and conventional processor is the way in which logical operations are performed. In a
conventional processor, a logic gate 210 typically comprises CMOS transistors formed
on a semiconductor substrate that receives voltage signals representative of the bits’ B1,
B2 states. The logic gate is static hardware that is typically the same hardware
throughout the system. In a circuit QED quantum information processor, a logical
operation 220 may be implemented as a sequence of microwave signals 240 that act on
the quantum bits Q1, Q2 directly to alter their states. The microwave signals 240 must
be carefully prepared and may be slightly different throughout a processing system due
to differences in connection hardware. In some cases, the microwave signal 240 for a
particular logic operation may be altered slightly based upon signals applied immediately
prior to the microwave signal for the logic operation (e.g., due to heating of the quantum

system by the prior signal).

[0098] As discussed above, conventional quantum control systems are generally
designed for use with experiments that do not require dynamic control in sub-
microsecond timescales, but this forecloses reaching the break-even point in quantum
error correction. To operate the control apparatus 110 in such a way as to perform a
given experiment, which may include executing numerous logical gates upon quantum
systems 115 in addition to quantum error correction operations (e.g., as shown in FIG.
2B), requires that the control apparatus be able to perform a wide array of control
operations, and that it be able to dynamically choose from these operations based on the
states of the quantum systems 115 in less than the coherence time of the quantum
system. As discussed above, these requirements place demands on both the latency of

the control logic and the storage capabilities of the control apparatus.

[0099] The inventors have recognized and appreciated techniques for executing a
preconfigured sequence of instructions by a control apparatus such that signals for

operating upon a quantum system can be generated and applied to the quantum system in
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less than the coherence time of a typical quantum system. The dynamic generation of
signals allows for a large number of possible signals to be available for application to the
quantum system without it being necessary to store all the possible signals in the control
apparatus. The inventors have recognized that the diversity in signals that may be
applied to a quantum system lies primarily in the different amplitudes and phases of the
signals, and less so on the shape of the signals. The techniques described herein
dynamically generate signals for operating upon a quantum system by transforming one
of a number of template (or “base”) pulse envelopes into a desired signal. Thus, only the
base waveforms need to be stored by the hardware that communicates with the quantum

system.

[00100] The inventors have further recognized and appreciated techniques for
integrating signals received from a quantum system by a control apparatus such that the
logical flow of the sequence of instructions can be altered based on the received signals.
The sequenced instructions can be configured to cause the control apparatus to integrate
and interpret these signals and to use the result to adjust the logical flow of the
instructions (e.g., by jumping to a non-sequential instruction in the sequence). Since
received signals can encode information about the state of a quantum system, the
sequence of instructions can be arranged to execute different operations when two
logically distinct signals are received from the quantum system, thereby dynamically

executing instructions based on the state of the quantum system.

[00101] According to some embodiments, the control apparatus may include
circuitry that executes instructions according to a predefined sequence. As used herein,
circuitry so configured is referred to as a “sequencer,” and a control apparatus may
include one or more sequencers that each executes distinct sequences of instructions.
Sequences may be loaded onto memory or other suitable storage media, or otherwise
accessible to a sequencer such that the sequencer is able to retrieve the instructions of the
sequence in order and execute the instructions. According to some embodiments,
instructions may include a plurality of digital data fields and the sequencer may be
configured to interpret the data fields to determine which operation(s) to perform (e.g.,
generate a signal to apply to a quantum system, integrate a signal received from a

quantum system, etc.). The data fields may also include information that can be used in
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performing said operations (e.g., may include a template signal or a pointer to a template

signal in a memory, etc.).

[00102] According to some embodiments, the control apparatus may include one or
more analog-to-digital convertors (ADCs) or digital-to-analog convertor (DACs). The
digital sequencer(s) of the control apparatus may be configured to execute digital
instructions and to produce analog signals that may be output to a quantum system via a

DAC and/or to receive analog signals received from a quantum system via an ADC.

[00103] Following below are more detailed descriptions of various concepts related
to, and embodiments of, control apparatuses for quantum systems. It should be
appreciated that various aspects described herein may be implemented in any of
numerous ways. Examples of specific implementations are provided herein for
illustrative purposes only. In addition, the various aspects described in the embodiments
below may be used alone or in any combination, and are not limited to the combinations

explicitly described herein.

[00104] FIG. 3 is a block diagram of an illustrative waveform processor, according
to some embodiments. The illustrative waveform processor 300 may be a component of
the control apparatus 110 shown in FIG. 1 and may be configured to interact with one of
the quantum systems 115 (e.g., may be configured to implement one of the control links
120). The waveform processor 300 includes a master sequencer 310, an analog
sequencer 320 and a waveform analyzer 330, in addition to DACs 321 and ADCs 322
which are configured to, respectively, output analog signals to the quantum system that
have been converted from digital waveforms; and receive and digitize analog signals
received from the quantum system. The analog sequencer 320 may be a digital
component but is referred to as an “analog” sequencer herein since it is involved in
producing analog signals and to distinguish it from the master sequencer. Each of the
sequencer components pictured can include multiple sequencer units when implemented.
For example, the analog sequencer may include two sequencers operating in parallel that

each output signals to one of the DACs 321.

[00105] In the example of FIG. 3, the master sequencer 310 coordinates operation of
other components of the waveform processor. In particular, the master sequencer 310

may execute instructions that signal the analog sequencer 320 to generate and produce
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analog waveforms via the DACs 321, and may execute instructions that trigger the
waveform analyzer 330 to receive and analyze signals received via ADCs 322. The
master sequencer may also execute other instructions that do not cause interactions

between the master sequencer and the analog sequencer or waveform analyzer.

[00106] The master sequencer may be in communication with the waveform
analyzer 330 through a communication link 351. The waveform analyzer may be
configured to process waveforms received from a quantum system. The master
sequencer 310 may also be in communication with an analog sequencer 320 via a second
communication link 353. The analog sequencer may be configured to generate digital
waveforms that are converted into analog waveforms (by digital-to-analog converters
(DAC1, DAC2), for example) and applied to a quantum system (e.g., used to execute

quantum operations on a qubit).

[00107] In overview, operation of the illustrative waveform processor may begin by
the master sequencer 310, the analog sequencer 320 and the waveform analyzer 330
being loaded with instructions that determine their operation. Instructions can be loaded
and made accessible to respective components by loading the instructions onto any
number of data storage devices on the waveform processor 300. For instance, memory
315 may be a memory shared by each sequencer and that stores sequences for each of the
sequencers. Alternatively, memory 315 may store a sequence for the master sequencer
310 and analog sequencer 320 and waveform analyzer 330 may each include separate
memories (not shown) for storing respective instructions. According to some
embodiments, prior to carrying out a quantum operation with the waveform processor
300, the instructions may be preloaded onto the waveform processor 300 from a

conventional computer (e.g., over a digital I/O port, not shown).

[00108] In operation, the waveform processor 300 may output a pair of analog
waveforms by producing digital waveforms from the analog sequencer 320 and
converting the waveforms to analog signals. These waveforms may be sent to a quantum
system either directly or indirectly. For example, the waveforms may be transmitted
indirectly to the quantum system by transmitting the signals to RF generator components,

which in turn produce signals that are applied to one or more quantum systems to
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perform a quantum operation (e.g., a logic gate, an error correction, etc.). Subsequently,

return signals from the quantum system(s) may be routed to the waveform analyzer 330.

[00109] In some embodiments, trigger values sent by the master sequencer 310 to
the waveform analyzer 330 may determine when and/or how the results of processing the
received signals by the waveform analyzer are to be sent to the master sequencer for
further processing. A master sequencer’s instruction may determine when and how it
processes data from the waveform analyzer. The master sequencer may then set values
for data fields in memory, based upon its computations, that are accessed by instructions
that are currently executing or to be executed by the analog sequencer and/or waveform
analyzer. In this manner, the master sequencer can influence operational flow of the

waveform processor 300.

[00110] According to some embodiments, a waveform processor 300 may be
implemented at least in part using a field-programmable gate array (FPGA). In some
implementations, a waveform processor may be implemented at least in part using an
application-specific integrated circuit (ASIC). For example, the master sequencer 310
may be implemented with a first group of logic blocks and gates of an FPGA or ASIC.
The waveform analyzer 330 may be implemented with a second group of logic blocks
and gates of an FPGA or ASIC. The waveform analyzer may further include (or may be
coupled to) analog-to-digital converters ADC1, ADC2 arranged to receive a signal pair
at analog input ports 322. The analog sequencer 320 may be implemented with a third
group of logic blocks and gates of an FPGA or ASIC. The analog sequencer may further
include (or may be coupled to) digital-to-analog converters DAC1, DAC2 arranged to
convert digital data streams from the analog sequencer to analog output signals for
analog output ports 321. Any of the sequencers and the waveform analyzer may include
or share random access memory (RAM), according to some embodiments. According to
some embodiments the master sequencer 310, analog sequencer 320 and waveform
analyzer 330 may be assembled on a single substrate. Where the waveform processor
300 includes one or more DACs and/or ADCs, these may be assembled on the same

substrate as the master sequencer 310, analog sequencer 320 and/or waveform analyzer

330.
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[00111] According to some embodiments the master sequencer 310, analog
sequencer 320 and waveform analyzer 330 may all execute their operations, according to
their individual instructions, synchronously and in parallel. For example, the analog
sequencer, the waveform analyzer and the master sequencer may all be driven by a same
clock when stepping through their respective instructions. Synchronization between
these components may be assumed, but not verified — that is, each of the sequencers may
execute instructions in successive clock cycles and assume the other sequencers are
doing the same without verifying this synchronization. In this regard, the waveform
processor 300 operates as a multi-core processor, in which each core is specialized for a
particular task but does not ensure synchronization with other cores (e.g., specialized for
generating analog waveforms to output to the quantum system, analyzing waveforms
received from the quantum system, digesting received data to determine operational

flow, communicating digital signals, etc.).

[00112] In some embodiments, the waveform processor may be further configured
to allow communication with other waveform processors in a cluster. For instance, the
waveform processor may include a communication link for sending and/or receiving data
from other instances of the waveform processor. In some embodiments, communication
between waveform processors may be implemented by including one or more data fields
in sequencer instructions that are shared or accessed by plural waveform processors.
Communication with other waveform processors in a cluster may be implemented by
importing and exporting values for these data fields. These data fields may be updated at
any time, so that each core’s operation on any waveform processor in a cluster may be
changed as needed during run time. In some embodiments, none of the waveform
processors within a cluster may be master to other slave waveform processors. Instead,
cach waveform processor can operate nearly independently of the other waveform
processors, relying only on shared data field values from other waveform processors that
may influence operation of an individual waveform processor. Because of this
architecture, a waveform processor cluster is readily scalable. More waveform
processors 300 may be added to address more quantum systems. For instance, each

control link 120 in FIG. 1 may be implemented by one waveform processor.
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[00113] By way of example, the following describes an illustrative experiment with
a quantum system that may be executed by waveform processor 300. FIG. 4A depicts
waveforms that may be generated during a “Power Rabi” experiment in which pulses are
applied to a qubit (which may be a physical qubit, such as a transmon, or a logical qubit,
such as one implemented using superpositions of states of a quantum oscillator) to
produce a rotation of the qubit state. This experiment may be used to calibrate the
amplitudes of waveforms in order to understand how the various amplitudes map to the
magnitudes of qubit state rotations. FIG. 4B shows sequencer instructions that may be
executed within the system of FIG. 3 to produce some of the waveforms shown in FIG.

4A, according to some embodiments.

[00114] The illustrative waveforms 400 represent two analog signals, where each
signal is modulated to provide I and Q components. A first of the two analog signals in
FIG. 4A are labeled as a “qubit” signal having I and Q components (the leftmost two
signals) and is shown evolving over time as a Gaussian pulse. A second of the two
analog signals is labeled as a “readout” signal having I and Q components (the rightmost
two signals) and is shown as an oscillating signal that is produced after the qubit pulse is
produced. A delay period in which no signal is output follows the qubit pulse and the

readout pulse.

[00115] In the illustrative Power Rabi experiment, it is a goal to produce a Gaussian
pulse over a range of amplitudes. As discussed above, the techniques described herein
utilize base waveforms to reduce storage and to dynamically compute desired signals
according to instructions executed by a sequencer. In FIG. 4B, illustrative instructions to
be executed by the master sequencer 310 are shown as master sequence instructions 450,
and illustrative instructions to be executed by the analog sequencer 320 are shown as
analog sequence instructions 460. The illustrated are instructions are those configured
to produce the qubit analog signal, and another sequence (not shown) would be used to

produce the readout analog signal.

[00116] In the example of FIGs. 4A-4B, the analog sequencer is configured to
executed analog sequence instructions 460 in the illustrated sequence and, once the end
of the sequence is reached, execute the initial instruction again, and so on. The two

illustrated instructions will thereby be executed repeatedly (1, 2, 1, 2, 1, etc.).
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[00117] Initially, master sequence instruction #1 will be executed by the master
sequencer and, in the same clock cycle, analog sequence instruction #1 will be executed
by the analog sequencer. The master sequencer instruction #1 is configured to supply
values to the analog sequencer that allow the analog sequencer to manipulate a waveform
to form an output signal. These supplied values, in the example of FIG. 4B, apply an
amplitude of scale 1.0 to the waveform. Note that, in the example of FIG. 4B, the master
sequence instruction #1 includes no information about the waveform to be applied — it
only includes values for transforming a waveform. When the analog sequencer receives
these values, it transforms the waveforms supplied in its instruction #1 (a Gaussian for
the I component, no signal for the Q component), thereby producing a Gaussian pulse
with amplitude 1.0 for the I component and a baseline signal for the Q component. The
analog sequencer then forms a modulated signal and outputs the signal to one of the

DACs 321.

[00118] Instruction #2 in the master sequence instructions 450 is included as a time
window in which to measure the state of the qubit. Since the initial instruction #1 may
produce the Gaussian pulse as shown in the instructions 450 and 460 (and a readout
pulse, as not shown), in a subsequent time period the state of the qubit system may be
measured. During this time, an instruction may be executed by the master sequencer but
does not include manipulation of a waveform, as denoted by the label “no manipulation”
in FIG. 4B. It may be true, however, that the master sequencer instruction #2 does
perform other functions in the waveform processor, such as triggering the waveform

analyzer to read a signal received from the qubit.

[00119] It will be noted that the instructions depicted in FIG. 4B are shown in a
representational form and can be represented in a digital form in any suitable way. In
particular, waveforms such as the Gaussian waveform of instruction #1 in the analog
sequence instructions may be included within the digital instruction, or may alternatively

be stored in a memory location that is referenced by the digital instruction.

[00120] In some embodiments, master sequence instructions as shown in FIG. 4B
may be optimized as follows. Instead of storing the complete sequence of master
sequence instructions 450, in the example of FIG. 4B the master sequencer may instead

store only two master sequence instructions: the first, setting an amplitude scale of (1.0
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—0.1xN) and the second with no manipulation. By repeatedly executing this sequence of
instructions, but incrementing the value of N in each iteration (N=0,1,2, etc.) , the master
sequence instructions 450 may be replicated. As discussed below, a master sequencer
may be configured to perform arithmetic operations and store values, and such a
configuration may thereby enable more efficient processing of master sequence

instructions as illustrated by this example.

[00121] FIG. 5A depicts waveforms that may be used to readout information from a
quantum system, according to some embodiments. Once an analog signal is output from
the waveform processor 300 to a quantum system, a subsequent signal is received from
the quantum system that has encoded within it information about the state of the
quantum system. For example, the amplitude and/or phase of the received signal may
indicate the state. FIG. 5A illustrates signals 500 that include readout pulses having I
and Q components (the rightmost two signals), which are the same as those readout
pulses shown in FIG. 4A. After the readout signal begins output to the quantum system,
a signal is received by the waveform analyzer 330 (via an ADC 322) from the quantum
system, shown as an oscillating signal in FIG. SA (leftmost signal). To capture that
signal using the waveform analyzer, the waveform analyzer is configured to produce an
internal trigger signal representing a period during which the incoming signal will be
captured. This trigger signal is shown second from the left in FIG. SA as a constant high
value during the trigger and a constant low value otherwise. In some embodiments, the
trigger signal may be generated by the master sequencer, or may be caused to be
generated by the waveform analyzer by a signal received by the waveform analyzer from

the master sequencer.

[00122] The received signal from the system is integrated in a manner defined by
waveform analyzer and/or master sequencer instructions to produce one of a pair of
values. The integrated procedure can be defined by the instructions to produce desired
results from the integration. For example, the incoming signal can be integrated based
on an envelope described by a master sequence instruction so that one of two values
results and such that the values are indicative of some property of the quantum system.
Iustrative data depicting a bimodal distribution for one exemplary integration strategy is

shown in FIG. 5B. In this example, the I and Q components of the received signal are
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integrated separately and added to the depicted data as a single point. The bimodal
distribution of these points allows for correspondence of the state of (for example) a
qubit with which of the two distributions the point falls into. One cluster could represent
a result that the qubit is in the ground state and the other cluster could represent a result
that the qubit is in its excited state. Accordingly, the integration results can be used to
identify a property of the quantum system. An indication of these results can be
provided to the master sequencer so that it can make logical flow decisions based on the

results.

[00123] As discussed above, waveform processors may be grouped into clusters that
comprise a plurality of similarly-configured, interactive waveform processors 300 as
depicted in FIG. 3. FIG. 6 depicts an illustrative configuration in which a number of
waveform processors 605 are grouped together. Each waveform processor 605 may
include a plurality of electrical components assembled on a substrate. The electrical
components may be configured to generate waveforms that are output to respective
quantum systems via analog output ports 610, and to process waveforms received from
the qubits via the microwave components through one or more analog input ports 620.
Each waveform processor 605 may include a first digital interface 630 for transmitting
and receiving data to and from a conventional computer, and further include a second
digital interface 640 that is used to communicate digital data over an internal digital

communication link 650 between the waveform processors 605 within the cluster.

[00124] While the waveform processor 300 shown in FIG. 3 is not limited to any
particular type of quantum system, nor technique(s) for interacting with quantum
systems, in some embodiments the waveform processor 300 may be implemented in a
circuit QED system, such that interactions with quantum systems is by way of
microwave signals. A control apparatus 110 may thereby include electronics for
dynamically generating precise microwave signals (typically waveforms) and processing
signals received from the quantum system(s) (also waveforms) in a flexible manner that
allows real-time adjustment of the control waveforms sent to the quantum system(s).
Because many quantum system(s) may be involved in a computation, a control apparatus
110 should be scalable so that multiple waveform processors may operate in parallel on

multiple qubits. Additionally, each waveform processor should be quasi-independent in
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that it can make intelligent decisions about waveform generation based on its own
calculations, which may be influenced, at least in part, by data from other waveform

processors within a cluster.

[00125] FIG. 7A depicts further details of one embodiment of architecture for a
quantum information processing system 100, e.g., a quantum system that may utilize
circuit QED systems 115. The quantum systems 115 may include physical qubits (e.g.,
one or more transmon qubits, charge qubits, flux qubits and/or phase qubits, etc.),
quantum mechanical oscillator(s) (e.g., one or more stripline resonators), etc. In such
systems, one or more of the quantum systems may be maintained at cryogenic
temperatures or temperatures at which superconductivity occurs within the quantum
systems when the system is in operation. Interaction with the quantum systems may be
via microwave control links 120, which may include a combination of wired and
wireless links to microwave components 760. The microwave components 760 may be
connected to a waveform processor cluster 720 (e.g., comprising a plurality of instances
of waveform processor 300) that controls execution of quantum information processing
operations. In some embodiments, a conventional computer 705 may connect to the
waveform processor cluster 720 and provide an interface for human operation of the

system.

[00126] The conventional computer 705 may be any suitable computer capable of
receiving data input by a user and displaying, storing, and/or forwarding data received
from the waveform processor cluster 720. The conventional computer 705 may be a
personal computer, laptop, or tablet computer, for example. In some embodiments, the
conventional computer 705 may comprise a microprocessor, display, and memory that

are incorporated within the waveform processor cluster.

[00127] The microwave components 760 may include radio-frequency (RF)
generators for outputting constant-amplitude oscillating signals at selected frequencies,
cables, mixers, routers, amplifiers, combiners, directional couplers, etc. Some of these
components may be operated at cryogenic or low temperatures, and some may be
operated at room temperature. Some microwave components may be arranged to receive
and amplify signals from the qubits and provide the amplified signals to the waveform

processor cluster for analysis. Some microwave components may be arranged to
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combine signals received from the waveform processor cluster 720 and output resulting

signals to the qubits 115, as depicted in FIG. 7B.

[00128] As an example, two mixers 780, 790 may receive constant-amplitude
signals 782, 792, respectively, at selected frequencies from one or two RF generators
(not shown). The mixers may also receive in-phase and in-quadrature (IQ) waveform
pairs 784, 786 and 794, 796 from a waveform processor cluster (e.g., cluster 600). After
mixing, output waveforms 788, 798 may be combined with combiner 795 and sent to a
quantum system to, for example, perform a qubit or multi-qubit operation. There may be
additional components operating in parallel with the components shown in FIG. 7B to

produce other waveforms that are sent to other qubits.

[00129] FIG. 8 is a block diagram of an illustrative waveform processor, according
to some embodiments. Waveform processor 800 is an example of waveform processor
300 that also includes a digital sequencer 840 and a high-speed digital interface 880.
Master sequencer 810, memory 815, analog sequencer 820, DACs 821, waveform
analyzer 8§30, ADCs 822 and communication links 851 and 853 may be configured as
elements 310, 315, 320, 321, 330, 322, 351 and 353, respectively, were described above.

[00130] In the example of FIG. 8, the master sequencer 810 is in communication
with a digital sequencer 840 and a digital I/O port 841 over a third communication link
855. The digital sequencer may be configured to output digital information that may be
used to communicate with other apparatuses (e.g., other waveform processors in a cluster
or other measurement apparatus) connected to the waveform processor 800. For
instance, the digital sequencer may be configured to perform operations such as
triggering another device and/or blocking an RF signal received or output from another

device. The latter operation may be useful to produce a noiseless baseline signal.

[00131] In the example of FIG. 8, the waveform processor 800 includes a high-
speed digital interface 880 and an I/O port 881 that may be in communication with the
master sequencer over a fourth communication link 857. The high-speed digital
interface 880 may also be in communication with the waveform analyzer 830 over a fifth
communication link 859, so that data (raw and/or processed) from the waveform
analyzer may be streamed directly to the digital interface 880 and sent for remote

analysis. The high-speed digital interface 880 may be configured to link to a
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conventional computing device for downloading and uploading data to and from the
waveform processor 800. In some implementations, the high-speed digital interface 880
may support a Peripheral Component Interconnect Express standard (PCI Express®),

though other digital interface configurations may be used in other implementations.

[00132] According to some embodiments the master sequencer 8§10, analog
sequencer 820, waveform analyzer 830 and digital sequencer 840 may all execute their
operations, according to their individual instructions, synchronously and in parallel. For
example, the analog sequencer, the waveform analyzer and the master sequencer may all
be driven by a same clock when stepping through their respective instructions.
Synchronization between these components may be assumed, but not verified — that is,
each of the sequencers may execute instructions in successive clock cycles and assume

the other sequencers are doing the same without verifying this synchronization.

[00133] Internal details of an illustrative master sequencer are shown in FIG. 9A.
According to some embodiments, a master sequencer may comprise a plurality of logic
locks configured to have different functionalities (e.g., sub-processing cores within the
master sequencer) that execute in parallel. A first group of logic blocks may be
configured as an instruction selector 910. The instruction selector may retrieve a master
sequence instruction (e.g., instruction data string) from memory 815 that determines the
operation of the master sequencer 810 and may load the instruction (and/or data
identifying the instruction, such as an address) to an array of logic gates for each of the
sub-processing cores. The master sequence may be one of several master sequences that
have been preloaded to the memory 815 by a conventional computer or other suitable
device. To begin operation of the master sequencer 810, the instruction selector 910 may
first retrieve a first master sequence that has been loaded into the memory 815. Once
initiated, a master sequence runs for a duration that is defined by one of several methods,

which are described separately herein.

[00134] A master sequence instruction to be executed and/or a subsequent master
sequence instruction to be identified may be effected and/or chosen by the instruction
selector 910 based upon flow values output from a processing logic block 930 of the
master sequencer 8§10 and received by the instruction selector 910. For example, when

the processing logic block 930 determines that a branch condition applies, the flow
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values may provide information to the instruction selector 910 that enable the instruction
selector to identify the address or the next instruction to be executed by following the
branch. Prior to completion of the execution of a master sequence instruction, a
waveform processor 830 may determine a subsequent master sequence instruction that is
to be loaded by the instruction selector 910. The determination of a next master
sequence instruction may be based on values computed by the processing logic 930

and/or a Boolean function calculator 940.

[00135] In the example of FIG. 9A, the master sequencer 810 includes a handler 920
that comprises a second group of logic blocks, and that is configured to receive or access
a master sequence instruction over communication link 915 from the instruction selector
910. The handler 920 may parse the master sequence instruction and provide data values
to the processing logic 930, to the Boolean function calculator 940, and/or to the
waveform analyzer 830 over internal communication links 925, 924 and 853,
respectively. For example, the handler 920 may parse a master sequence instruction to
determine trigger values that are used to trigger waveform samplers of the waveform
analyzer 830 and/or may parse integration values that are used by the waveform analyzer
830. The handler 920 may further provide data to the processing logic block 930 that
determines how a computation is to be executed by the processing logic block. For
example, the handler 920 may provide an instruction address location from the
instruction selector to the processing logic block that identifies a processor instruction to
be performed by the processing logic block. The handler may further provide data (e.g.,
a binary mask) to the Boolean function calculator 940 that defines how a Boolean

operation is performed.

[00136] According to some embodiments, the processing logic 930 may comprise
programmable logic that is configured to perform calculations based on input from the
waveform analyzer and from the handler 920. The processing logic 930 is an effective
component of the waveform processor 800 that may enable greatly improved
performance over conventional solutions. The processing logic 930 is specially
configured to run pertinent calculations in a synchronized manner (orchestrated by the
master sequencer §10) that affect operational flow of the waveform processor.

According to some embodiments, the processing logic 930 produces a plurality of
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outputs that may be used by other components of the waveform processor during
program execution. The processing logic may comprise several processing elements
(e.g., multipliers, adders, arithmetic logic units, etc.) for carrying out respective

operations, memory, and routing connections.

[00137] Each element configured to perform an operation has its inputs and outputs.
The outputs of each element are routed selectively to one or more other elements to
create a network of data flow. A program is implemented by a sequence of routing

instructions through the elements to obtain a desired calculation.

[00138] The type of computation and values used for the computation may be
determined in part by data included in an executing master sequence instruction that is
parsed and passed to the processing logic block by the handler 920. The processing logic
block 930 may output values that are based on its computation to other components
within the waveform processor 800. For example the processing logic block 930 may
make available values (manipulation matrix values, or “M values”) that may be used by
the analog sequencer 820 via the second communication link 851 to shape waveforms
produced by the analog sequencer 630. The values may be made available by setting
control lines within the waveform processor circuitry at high or low values, or by writing
the values to temporary memory. According to some implementations, the processing
logic block 730 may output Boolean values (e.g., flags, values, and/or masks) over
communication link 735 to the Boolean function calculator 740. The processing logic
block may also output values to the digital sequencer 840, which can output computed

values to other waveform processors in a cluster.

[00139] The Boolean function calculator 940 may comprise logic blocks configured
to perform Boolean operations based on input from the processing logic block and from
external data received over the third communication link 855. The external data may
come from “sensors” on the waveform processor 800 as well as, should the waveform
processor 800 be part of a cluster of such processors, from sensors on the other
waveform processors within the cluster. The sensors may be binary sensors that detect
states of various components of the quantum control apparatus 110 and/or various states

of quantum systems 115.
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[00140] Based on its Boolean operations, the Boolean function calculator 940 may
output a value referred to as an “internal result” that is made available to other
components on the waveform processor 800. The internal result may be made available
by setting one or more control lines to high or low values, and/or by writing a digital
value to memory 815. The internal result may directly affect instructions that are
executed by all the sequencers. In some implementations, the internal result is a two-bit
or n-bit signal that determines how a currently executing instruction branches to a next
instruction. For the instructions described below, the internal result is a value set for the
“branch method” or “branch type” data field of an instruction. The internal result may

be set at any time and affect real-time execution of a waveform processor 800.

[00141] Memory 815 may comprise transistors (e.g., RAM type memory, registers,
buffers) and/or control lines that are set in one of two binary states to retain values
during execution of an instruction, according to some embodiments. The memory
elements may be included as part of the circuitry for the master sequencer 810. Other
sequencers and the waveform analyzer 840 may also include memory elements. For
example, memory elements may comprise a portion of an FPGA or an ASIC that has

been delegated for memory functionality.

[00142] In some embodiments, each sequencer and the processing logic 930 may be
placed in operation by loading and executing their respective instructions. An illustrative
master sequence instruction 950, depicted in FIG. 9B, determines trigger values, controls
waveform sampling timing and duration by the waveform analyzer 840, as well as
establishes other values that affect operation of the waveform processor 800. An analog
sequence instruction describes what pulses to play at the output of the analog sequencer.
A digital sequence instruction describes the digital pattern to play on the digital I/O port
841. A processing-logic instruction determines how a number of values are calculated

that affect operation of the waveform processor and how output results are calculated.

[00143] There may be common attributes among the sequencer and processing logic
instructions. Each instruction may include a value that identifies how long (how many
clock cycles) the instruction will be executed. This value may be common across all
executing instructions, so that the components of the waveform processor 800 can be

synchronized. According to some embodiments, the duration of an instruction may be
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defined in units of 4 ns (1 clock cycle), though other base units may be used for different
clock speeds. The duration of an instruction may be as long as 2% cycles which is about
4 ms for a 4-ns clock cycle. There may be a lower bound of clock cycles for a minimum

duration (e.g., six cycles or ~24 ns).

[00144] The duration of execution of an instruction may be a static value or a
dynamic value, which may be chosen based on an entry within the instruction. A static
value may be encoded as a data field within each instruction (e.g., an inline “duration”
data field). One or more dynamic values may be calculated at any time by processing
logic 930 and stored in one or more registers in memory 815. The registers may be
identified by the “dynamic duration” data field within an instruction. For example, the
dynamic duration data field may be two bits long. The value ”00” may indicate that the
duration is taken from the instruction’s inline duration, whereas the values 01, ’10” or
11 indicate that the duration is taken from one of three corresponding registers. A
dynamic duration can be useful, for example, for T; measurements on a qubit, where a
delay after an applied pulse is stepped efficiently instead of generating a separate
instruction for each pulse application. The ability to alter durations of executing
instructions provides a first level of flexibility to the waveform processor cluster 320.
Synchronization between sequencers may be maintained with the use of instructions of
dynamic duration, by ensuring that the total duration to execute each sequence of
instructions is the same. While it may be beneficial in some cases to execute instructions
of the same dynamic length in each sequencer at the same time, this is unnecessary so

long as a single iteration of each sequence has the same duration.

[00145] Another common attribute among instructions is the address of a next
instruction that is to be executed after conclusion of the current instruction. According to
some embodiments, a next instruction address may be flexibly decided a few cycles
before the current instruction ends. Each instruction includes data fields that are used to
make a flexible branching decision for the next executable instruction. In some
embodiments, there may be a plurality of branching methods (e.g., choose from among a
plurality of next instructions based on values in different data fields within an
instruction. For example, some branching methods may be defined as GOTO, IF,

GOSUB and RETURN, and identified within an instruction by a two-bit value (11, 00,
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01, 10) in a “branch method” data field. Other data fields (e.g., “address(0)”,
“address(1)”, “addressing mode”, “force return”, “array flag”, “offset register”’) within
the instruction may determine how a next address is obtained. For example, an
identification of the GOTO branching method may result in determining the next address

according to the following logic operation:

IF “array_flag” then
next_address = “address(0)” + GOF{ “offset register’}
ELSE

next_address = “address(0)”
Other logic operations may be used for the other branching methods.

[00146] In addition to being able to select a branching method, relative and absolute
addressing modes may be specified by the “addressing mode” value (e.g., 1 or 0). In
absolute mode, a value of a next address may be the value indicated in an address data
field, e.g., in “address(0).” In relative mode, a value of a next address may be the value
of the current data field plus the value indicated in an address data field. Further, each
instruction may specify address offset registers (e.g., GOF0, GOF1, GOF2, GOF3) that
may be used in computing the location of a next address, as in the above GOTO
branching method. The ability to determine a branching method within an instruction,
from among a number of different branching methods, and to determine an address of a
next instruction based on static or dynamic values within or identified by an instruction

provides a high level of flexibility to a waveform processor 800.

[00147] Referring again to FIG. 9B, a master sequence instruction 950 may
comprise a plurality of data values in fields that are applied to gates of the master
sequencer 810 prior to initiating operation of the master sequencer. By referencing
dynamic values in the master sequence instruction, operation of the master sequencer and
other waveform processor components may be affected by data received from the
qubit(s) and/or other waveform processors in a cluster. According to some
embodiments, a master sequence instruction 950 may comprise 256 bits and include two
internal trigger signals (encoded in the “trigger levels” field) that control the sampling on
both analog-to-digital converters ADC1, ADC2 at the waveform analyzer 830. These

trigger levels may be encoded as input signal level values, time values, or clock cycles
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that determine when sampled waveform data is valid data for further processing by the
processing logic 930. The “estimation instruction address™ (est. instr. addr.) and “load
estimation instruction” (load est. instr.) fields may be used to update the parameters for
integrating waveforms sampled by the waveform analyzer 830. According to some
implementations, the estimation instruction address points into a data table in memory
915 that stores integration parameters (c.g., integration weights, integration lengths,

threshold values).

[00148] A master sequence instruction 950 may further include three Boolean
functions that are calculated on a set of “sensors.” The Boolean functions may comprise
binary masks that are applied against combined signals from the sensors. The sensors
may comprise signal values received from other waveform processors, the results of the
integration by the waveform analyzer 830, and results from other calculations (e.g.,
calculations carried out by processor logic 930 and/or Boolean function calculator 940).
Two external Boolean functions (“external function (0)”, “external function (1)) may be
broadcast to other cards in a cluster, and one “internal function” may be used to control
the operational flow (e.g., determine a branching method) on the instant waveform
processor. There may be between 10 and 20 sensors is some cases, though fewer or
more sensors may be used. The Boolean functions may be updated every time a new
master sequence instruction is loaded and executed. Dedicated flags “load int. func.”,

“load ext. func.(0)”, “load ext. func.(1)” within the instruction may be used to force

loading new Boolean functions.

[00149] When a large number of sensors (e.g., 16) are used, a most general Boolean
function would need to account for each of the 2'° possible data combinations from these
sensors. Such large amounts of data in an instruction can be avoided, by limiting the
Boolean function to a subset of the sensors (e.g., up to 4 sensors out of the 16). A
Boolean function may then be encoded by selecting four sensors (4 x 4 bits, identified by
the “var. sel.” data fields) and allowing for their combination of output values (16 bits =
2.

[00150] The illustrative master sequence instruction includes a data field “prog.
addr.” that identifies the address of a processing-logic instruction to be loaded into gates

of processing logic 930 for execution. An example of a processing-logic instruction 980
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is depicted in FIG. 9C. A plurality of different processing-logic instructions may be
stored in a program table in memory 815. The master sequencer 810 can determine

which of the processing-logic instructions is loaded in a next instruction cycle.

[00151] Data fields within the processing-logic instruction 980 control the operation
of different elements in the processing logic 930. For example, the processing logic may
include two multipliers (referred to by data fields “mult. 0 and “mult. 17°) that each have
two operands. An operand may be selected from one of eight options, which is identified
by a “op. sel.” data value. These eight options may be output from other elements and/or
from memory in the processing logic 930. Similarly, the processing-logic instruction
980 may include data fields for adders. The processing-logic instruction may also
include data fields for dynamic variables (e.g., manipulation matrix values “mx(i,j)”,
dynamic duration lengths “dyn. len. i”, and address offsets “goto offset i) that are
updated by the processing logic 930 and output for use by other components of the

waveform processor 800.

[00152] According to some embodiments, an aspect of the processing logic 930 is
an arbitrary function calculator that accesses data field value “arb. function,” which
identifies a data table that stores samples of an arbitrary function. The processing logic
930 can read in sampled values and calculate the arbitrary function by interpolation.
Such interpolation makes it possible to apply analog feedback in a program’s execution
rather than binary feedback, so that amplitudes and phases of pulses generated by the
analog sequencer 630 can be tuned continuously in value rather than only being able to
be changed by discrete amounts. Continuous tuning may be important for operating on

quantum systems (e.g., qubits) which can take on a continuum of superposition states.

[00153] During operation, the processing logic may execute an instruction 980 and
update several values of the instruction to output to sequencers of the waveform
processor 800 (e.g., the analog sequencer) and/or other waveform processors in a cluster.
For example, the processing logic 930 may produce four manipulation matrix values M;;
(i, j =0, 1) that can be fetched by the analog sequencer 630. It may also output three
values (“dyn. len. 1”) to registers that are treated as dynamic lengths for instruction
durations. These three values may be seen by all the sequencers. Any instruction can

access values in any of these registers for its duration. The processing logic 930 may
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output four values (“goto offset i”) that are used as offsets when calculating the next
instruction address. It may also output a single-side band value (“SSB”) that can be used
to dynamically change the carrier frequency of an analog output pulse from the analog
sequencer 630. The processing logic may also stream four values (“record i”) to an
external conventional computer or other external device, that may be useful for
debugging purposes or for data streaming in a selective and efficient manner so that a

conventional computer can keep up with data output from a waveform processor cluster.

[00154] FIG. 10A is a block diagram of an illustrative analog sequencer, according
to some embodiments. Illustrative analog sequencer 820 comprises an instructions table
1005, a waveform table 1010, a waveform generator 1020 comprising first logic blocks,
a matrix multiplier 1040 comprising second logic blocks that operate on waveform data
output by the waveform generator, and may include a manipulation matrix data table
1050 that may store values for matrix operations performed by the matrix multiplier
1040. The analog sequencer may further comprise digital-to-analog converters DACI,
DAC?2, although these elements may also be located in a separate unit to which the

analog sequencer is coupled.

[00155] In the example of FIG. 10A, instruction table 1005 includes a plurality of
analog sequence instructions that are selected and loaded onto gates of the waveform
generator 1020. As discussed above, execution of the analog sequence instructions by
the analog sequencer may cause the analog sequencer to generate waveforms to be
applied to an external quantum system. In the example of FIG. 10A, waveform
generator 1020 is configured to retrieve analog sequence instructions from the instruction
table 1005 and execute those instructions. In some cases, an analog sequence
instructions may instruct the waveform generator 1020 to generate a waveform, in which
case the waveform generator may retrieve waveform data from the waveform table 1010.
For example, an analog sequence instruction may include an address location in the
waveform table at which waveform data from which to generate the final waveform is
located. In some cases, execution of analog sequence instructions by the waveform

generator may utilize data received from the master sequencer via communication link

851.
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[00156] The analog sequence instructions and waveform data may be placed in the
tables by a conventional computer over a data link 859 prior to executing a procedure
with the waveform processor 800. An analog sequence instruction contains information
to generate a pair of data streams for I and Q waveforms. By digitally generating
waveforms in pairs and using mixers (as depicted in FIG. 7B), amplitude, phase, and
frequency of an output waveform can be readily controlled. An analog sequence
instruction describes how to construct the I-Q outputs from waveform data stored in the

waveform table 1010.

[00157] The waveform table 1010 may comprise memory that stores values and/or
representative waveform samples. Each value in the table may correspond to a clock
cycle of a waveform (e.g., 4 ns of waveform for a 250 MHz clock). According to some
embodiments, a waveform table may contain a limited number of waveform
representations. For example, there may be only three types of waveform data in the
waveform table 1010. A first type may be a “constant” waveform, for which only a
constant value is stored in the table. A second type may be a “unique” waveform, for
which an array of waveform data points are stored in the table. These data points may
comprise successive samples of a waveform (e.g., successive points on a Gaussian
waveform) that are representative of the waveform over a selected duration. A third type
of waveform data may be an “interpolated” waveform. Interpolated waveform data may
comprise sparse samples of a long-duration, smooth waveform, for which intermediate

points can be filled in by interpolation.

[00158] Although the unique waveform may require more stored data than the
constant and interpolated waveform entries, generating waveforms from each of these
waveform types provides an enormous data reduction in waveform generation compared
to conventional approaches that use arbitrary waveform generators. For example, instead
of storing a full array of data for each sample of a constant waveform, as would typically
be the practice when using a conventional arbitrary waveform generator (AWGQG), the
analog sequencer 820 requires only a single value. Instead of storing two full arrays of
data for two different versions (e.g., two different frequencies, two different amplitudes,

two different phases) of a unique waveform, the analog sequencer 820 requires only a
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single atray, for which any one or combination of amplitude, phase and frequency may

be altered by the analog sequencer.

[00159] In the example of FIG. 10A, the waveform generator 1020 may be
configured to retrieve waveform values from the waveform table 1010 that are identified
in an analog sequence instruction retrieved by the waveform generator from the
instruction table 1005. The waveform generator may output waveform values in an I-Q
pair to the matrix multiplier 1040 for a duration that is passed to the waveform generator
from the master sequencer, over data link 851. According to some implementations, the
waveform generator may retrieve waveform values from different waveform types to
produce I-Q waveform pairs. For example, waveform data for an I waveform may be
retrieved from a unique waveform entry, and waveform data for a Q waveform may be

retrieved from a constant waveform entry in the waveform table 1010.

[00160] Matrix multiplier 1040 may comprise logic blocks configured to carry out
several matrix multiplications that transform the bare I-Q waveform data received from
the waveform generator 1020 into waveform data suitable for conversion to analog
signals that can be used to execute a desired operation on a quantum system (e.g., a /2
phase flip or an error correction). According to some embodiments, the matrix

multiplier 1040 may be configured to perform the following matrix multiplication:

(Po) _ (Coo C01) (500 501) (Moo Mo1> <W0>

Pl ClO Cll . 510 511 . MlO M11 . Wl

where W; is a 2x1 vector containing I-Q waveform data pairs output by the waveform
generator 1020 and received by the matrix multiplier 1040, M;; is a 2x2 manipulation
matrix, Sj; is a 2x2 single side-band (SSB) matrix, C;; is a correction matrix, and P; is
the pulse to be output by the analog sequencer to the quantum system. The matrix M;;

may be used to scale the retrieved waveform values and/or adjust the phase of
waveforms and may be supplied by, for example, data within the analog instruction
retrieved by the waveform processor that resulted in the matrix multiplication operation
or received from the master sequencer. The values used in this matrix may come from
the analog sequence instruction or from the processing logic 930. The matrix §;; may

comprise an evolving rotation matrix that can rotate at either a static or dynamic
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frequency. The matrix S;; may be used to effectively change the carrier frequency of the
output pulses. The matrix (;; may be used to correct downstream errors that may be
introduced by cabling and microwave components. The values of C;; may be static and
obtained from calibration measurements. The resulting values from the matrix
multiplications may be provided to digital-to-analog converters DAC1, DAC2 to

generate output analog I-Q waveforms.

[00161] According to some embodiments, M;; may comprise values that are static
for the duration of a pulse generation sequence, or may comprise values that are dynamic
and change during a pulse generation sequence. The static values may be defined in an
analog sequence instruction 1050, which may include data fields as depicted in FIG.
10B. The static values may be stored in the “mixer amplitude” data fields. The dynamic
values may be computed by processing logic 930 based on calculation it performs (e.g.,
to step an amplitude with each successive application of a pulse, as may be done for a
power Rabi process). The dynamic values may be stored locally at the analog sequencer
in the manipulation matrix data table 1050. The “mixer mask” data fields may be used to
indicate, for each entry in the manipulation matrix, whether the value should come from
the analog sequence instruction 1050 (static) or the processing logic 930 (dynamic). In
some embodiments, a “mixer fetch” data field may be used to indicate whether all values

for the manipulation matrix M;; should be fetched from the local manipulation matrix

data table 1050.

[00162] The analog sequence instruction 1080 may include other data fields for
other purposes. A “SSB reload” data field may be used to instruct the analog sequencer
820 to reset the SSB matrix with new values for a new frequency that is determined by
the processing logic 930. “Waveform address” data fields (only one shown) may be used
to point into the waveform table 1010 so that the waveform generator can retrieve a
desired waveform beginning at that address. The type of waveform may be identified by
a “unique waveform” field or “interp. pulse” field. Some data fields (e.g., “duration”,
“branch method”, “addressing mode”, etc.) may be used for operational flow. FIG. 10C

depicts an illustrative example of data stored by the waveform table .
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[00163] In operation, an analog sequencer 820 may produce waveform data for the
DAC:s in several different ways, according to waveform type. For a constant waveform,
the same entry in the waveform table 1010 may be read by the waveform generator 1020
throughout the duration of the instruction. For a unique waveform, the waveform
generator 1020 may read a first value from the waveform table specified by the
“waveform address” and then step with each clock cycle to a next entry for a duration of
the instruction. For an interpolation waveform, the waveform generator 1020 may read a
first value from the waveform table specified by the “waveform address,” read a next
value from the table, and then interpolate values between the first value and next value
for a number of clock cycles indicated by the “interp. step” data field in the analog

sequence instruction 1050.

[00164] According to some embodiments, there may be more than one analog
sequencer 820 on each waveform processor 800, so that multiple I-Q waveform pairs
may be generated by a waveform processor. Each analog sequencer may receive its own
analog sequence instructions 1050. In some cases, outputs from matrix multipliers 1040
from two or more analog sequencers 630 may be summed prior to providing the resulting
I-Q waveform data values to output DACs. In some implementations, an analog
sequencer may include more than one waveform generator 1020, and I-Q outputs from
two or more waveform generators 1020 may be summed prior to providing the resulting
I;i-Q; waveform data values to the matrix multiplier 1040. Each waveform generator
1020 may receive data values identifying waveform addresses in the waveform table

1010 from an analog sequence instruction 1050.

[00165] In some embodiments, the result of a state measurement as shown in FIG.
5B above can be routed to the processing logic 930 in real-time, which can then effect a
change in pulse generation by the analog sequencer 820. Parameters of pulse generation
that can be changed include, but are not limited to: pulse scaling (amplitude), phase, and
timing of future pulses. Moreover, thresholding may be used to convert the integrated I-
Q values into digital signals, for both internal and external use, which themselves can be
used to make binary decisions internally and externally based on the measurement result.
One example of using results of a measurement to affect pulse generation comprises

resetting a qubit to maintain it in the O state as often as possible. If the qubit is measured
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to be in the O state, no pulses to rotate the qubit may be applied. If instead the qubit is
measured to be in the 1 (excited) state, the processing logic 930 may provide instructions
to the analog sequencer to generate a pulse that rotates the qubit back to the O state. The
architecture of the waveform processor 800 enables this feedback capability, which
involves generating and sending read-out signals, receiving a signal from the qubit,
demodulating the received signal into an I-Q pair, integrating the I-Q waveform values,
analyzing the result, making a decision on what to do next, and executing the decision, to
all take place in less than 500 hundred nanoseconds. Such operation is not possible with
a conventional computer. These timescales are well within qubit coherence lifetimes and

well suited for executing more complex operations with quantum information processors.

[00166] FIG. 11A is a block diagram of an illustrative waveform analyzer,
according to some embodiments. In the example of FIG. 11A, waveform analyzer 8§30
comprises analog-to-digital converters ADC1, ADC2 that connect to samplers 1110,
1112. According to some embodiments, incoming analog signals may be sampled at
data rates as high as 1 GHz. The samples may be 12 bits deep corresponding to an input
voltage range from -1V to +1V. The samplers 1110, 1112 may receive trigger values
over communication links 1115 that determine when samples are to be passed to
demodulators 1120, 1122. Each ADC may be controlled independently by one of the

two trigger signals.

[00167] The waveform analyzer may further comprise demodulator logical blocks
1120, 1122 that are configured to demodulate the sampled signal into in-phase and in-
quadrature waveform pairs (I-Q pairs). The modulators 1120, 1122 may receive
demodulation coefficients from memory 815 (e.g., from a coefficient table comprising ,
for example, 50 MHz sine and cosine waveform data with some amplitude and phase)
over communication link 1125, and provide demodulated data streams over link 1125 as
output data from the waveform processor 800 (e.g., as data to stream to a conventional
computer). The resulting I-Q waveform pairs may be compared by a relative I-Q block
1130 and subsequently integrated by integrators 1140, 1142. In some cases, both I-Q
waveforms may be measured simultaneously using one of the I-Q waveforms as a
reference to rotate the other I-Q pair. The relative I-Q block 1130 may either compute

the relative I-Q waveform values, using one as a reference, or use the waveforms as
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received from the demodulators. The relative waveform generator 1130 may also output
relative I-Q pair digital data streams for output from the waveform processor 800.
Output I-Q waveform pair values from the relative I-Q block 1130 are provided to the
integrators 1140, 1142.

[00168] The integrators may integrate received waveforms according to
configurations specified by the master sequence 850 and passed by the handler 920. In
some embodiments, the master sequencer may choose integration parameters (e.g.,
threshold values, integration length, and weights) from an integration parameters table in
memory 815, based at least in part upon results computed from processing logic 930. In
some cases, the selection of integration parameters may be determined ahead of time in a
master sequence instruction that is downloaded from a conventional computer, and may

not depend upon output from processing logic 930.

[00169] FIG. 11B depicts an illustrative integration parameters table, which points
to the weights to be used during integration via the “weights addr.” fields. In some
implementations, the integrators may accumulate I-Q waveform values using weights
that are identified by the integration parameters. The weights may or may not change
during an integration. Weights that change during an integration may be stored as an
array of values that are stepped through and provided to the integrators during an
integration, of which FIG. 11C depicts an example. The integrated I-Q values may be
16-bit signed integers that correspond to voltage levels ranging from -500mV to
+500mV. Integrated output values may be provided to the processing logic 730, and
used together with external digital signals to affect operational flow of the waveform
processor 505. The integrators 1140, 1142 may also output integrated data value streams
as output from the waveform processor 505 over data link 1145, e.g., to provide to a

conventional computer 705.

[00170] According to some embodiments, a waveform processor 800 may output a
number of different data streams to a conventional computer for review, further analysis,
and/or debugging purposes when executing an operation on a qubit. As described above,
the waveform analyzer 830 may provide several data streams for transmission to a
conventional computer. These data streams may include raw sampled data from each

sampler 1110, 1112, demodulated I-Q waveform pair values from each demodulator
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1120, 1122, relative I-Q pair data, and integrated values from each integrator 1140, 1142.
In addition to these data streams, a waveform processor 800 may generate results data
that can be used for debugging, and can also contain digested waveform data. Results
data 1250 is depicted in FIG. 12, and may include operational information (e.g., a time
stamp, the address of a current master sequence instruction “current instruction”, the
address of a current analog sequence instruction “curr. SE instr.”, a current cycle, I and Q

sums, efc.).

[00171] Results data 1250 may also include one or more registers that are used to
stream out result summaries. To use a simple process as an example, at the beginning of
each cycle in a quantum operation it may be desirable to reset a qubit by measuring it
and applying a reset pulse if it is not cold (not in a 0 (ground) state). The waveform
processor may detect the qubit state from integration values received from the waveform
analyzer, and automatically instruct the analog sequencer to generate a pulse to return the
qubit to its O state. The number of attempts to cool the qubit might be different each time
the process is run. Instead of streaming the integrated waveform results, which would be
a significant amount of data, only the number of attempts to cool the qubit may be
streamed out through one of the four registers. This may simplify off-line analysis
greatly. For more complex quantum operations, the ability to stream out result
summaries can greatly reduce data flow to and data-processing burden on the
conventional computer 705, whilst enabling complex quantum operations to be executed

in the quantum computing system.

[00172] FIG. 13 illustrates data fields of an illustrative digital sequencer instruction,
according to some embodiments. The illustrative instruction 1300 can be executed by
digital sequencer 840, which produces digital signals which can be directed to digital I/O
ports 841. Illustrative instruction 1300 includes a marker levels section that can be used
to define arbitrary digital patterns in the following manner. The 3-bit mask field encodes
a length of a pattern from 1-4 bits, and the pattern field encodes a pattern of the specified
length. The duration specifies a number of cycles during which the encoded digital
pattern will be output. According to some embodiments, sequential digital sequence
instructions may be executed to produce a long digital output signal that concatenates the

three specified digital patterns together in output.
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[00173] FIG. 14 is a block diagram of an illustrative system 1400 in which two
quantum systems are coupled to respective waveform processors. Waveform processors
1401 and 1402 may be instantiations of waveform processor 300 shown in FIG. 3 or
waveform processor 800 shown in FIG. 8. The waveform processors 1401 and 1402 in
the example of FIG. 14 are communicatively coupled together to form a cluster, as
described above, and may be coupled to a common external conventional computing
device (not shown). Waveform processors 1401 and 1402 may be operated as described

above to execute operations upon the respective quantum systems 1410 and 1420.

[00174] Ilustrative system 1400 includes a physical qubit 1410 and a quantum
mechanical oscillator 1420. In the example of FIG. 14, the qubit and the oscillator are
dispersively coupled — that is, the qubit-oscillator detuning is much larger (e.g., an order
of magnitude larger) than the coupling strength between the qubit and the oscillator. An
electromagnetic signal &4(t) may be applied to the physical qubit 1410 from waveform
processor 1401 and an electromagnetic signal €,4.(t) may be applied to the quantum
mechanical oscillator 1420 from waveform processor 1402. As discussed above, such

signals may be applied directly or via intermediate hardware (e.g., RF signal generators).

[00175] According to some embodiments, pulse waveforms can be determined
ahead of time for a particular combination of initial state and final state of system 1400.
Then, when the system is in a particular initial state and a target final state is desired,
pulse waveforms can be selected from a library of preprepared pulse waveforms and
applied to the qubit 1410 and the oscillator 1420 to transition the system from the initial
state to the target final state. The waveform processors 1401 and 1402 may be loaded
with instructions, as described above, to perform a desired sequence of such state
transitions. These transitions may include quantum logic gates in addition to quantum

error correction operations.

[00176] In some embodiments, certain signals applied to the physical qubit and to
the quantum mechanical oscillator may cause a change in state of the qubit that depends
upon the state of the oscillator. Thus, by observing the change in the state of the qubit as
aresult of application of these pulses, information about the state of the oscillator may be
determined. As such, certain pulse waveforms may be used as tools to measure a state of

the qubit-oscillator system. According to some embodiments, the waveform processors
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1401 and 1402 may be loaded with instructions, as described above, to apply such pulse
waveforms to measure the state of the qubit-oscillator system. In some embodiments,
the waveform processors 1401 and 1402 may be configured to simultaneously effect the

application of microwave pulses to both the qubit and oscillator, respectively.

[00177] Following below are three appendices that describe illustrative techniques
of quantum error correction and quantum control that may be performed using the
control electronics described herein. For instance, the below-described techniques may
be performed via the waveform processor of FIG. 3 and/or FIG. 8. These techniques

should not be viewed as limiting, and are provided as illustrative examples.

APPENDIX A - Techniques Of Oscillator State Manipulation For Quantum
Information Processing And Related Systems And Methods

[00178] Conventional quantum information processing schemes couple a number of
two-level quantum systems (i.e., “qubits”) to encode information. However, quantum
information tends to be fragile and susceptible to noise and decoherence processes.
Thus, error-correction protocols are frequently employed with a goal of prolonging the

amount of time for which quantum information may be reliably stored.

[00179] Some quantum error-correction protocols utilize a single logical qubit built
from a collection of physical qubits. For instance, the quantum state |), of a logical
qubit may be represented by a superposition of the two states, |0) and |1), e.g., [) =
a|0) + B|1), where a and B are complex numbers representing the probability amplitude
of the logical qubit being in state |0} and |1), respectively. In some error correction
schemes, the quantum state of the logical qubit may be encoded physically in a plurality
of physical qubits, such as by entangling three physical qubits in a state with the same
probability amplitudes as the logical qubit: [p) = «|000) + B|111), which represents
the entangled quantum state of three physical qubits.

[00180] Other quantum error-correction schemes utilize a quantum mechanical
oscillator to encode a bit of quantum information, since such oscillators tend to exhibit
longer decoherence times that qubits built from, say, Josephson junctions. Such

oscillators have a linear energy spectrum, however, making quantum control of the
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oscillator’s state difficult due to the resulting degeneracy of state transitions.
Conventionally, a qubit may be resonantly coupled to the quantum mechanical oscillator,

which produces a combined system that has a controllable nonlinearity.

[00181] There may be advantages to forming a system in which a qubit is far off-
resonantly, or dispersively, coupled to a quantum mechanical oscillator. In particular, a
dispersive coupling between a physical qubit and a quantum mechanical oscillator may
be selected such that control of the combined qubit-oscillator system can be realized.
The physical qubit may be driven with an electromagnetic pulse (e.g., a microwave
pulse) and the quantum mechanical oscillator simultaneously driven with another
electromagnetic pulse, the combination of which results in a change in state of the qubit-

oscillator system.

[00182] It may be analytically demonstrated that a suitable combination of
electromagnetic pulses (hereinafter, “pulses”) separately applied to a physical qubit and
to a quantum mechanical oscillator to which the qubit is coupled may produce any
arbitrary unitary operation on the oscillator, and thereby provide for universal control.
This determination was made under a constraint that the qubit and oscillator were not
driven at the same time. However, while this analysis produces techniques for universal
control, the constraint causes substantive operations on the oscillator to require
application of a long series of pulses to the qubit and the oscillator, which limits the
number of operations that are feasible in the presence of decoherence of the system.
Accordingly, even if the fidelity of the operations is very high or even perfect,
decoherence of the system over the period during which the operations are applied may

nonetheless result in a less than desirable fidelity in the aggregate.

[00183] By relaxing the constraint that the qubit and oscillator are driven separately,
pulse waveforms that produce desired system state changes can be determined via the
use of numerical techniques. Numerical techniques have been recognized that can
determine pulse waveforms which, when applied to the system, produce very high
fidelity state transitions in much less time than would have been required under the

constrained approach described above.

[00184] According to some embodiments, the pulse waveforms can be determined

ahead of time for a particular combination of initial system state and final system state.
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Then, when the system is in a particular initial state and a target final state is desired,
pulse waveforms can be selected from a library of preprepared pulse waveforms and
applied to the qubit and the oscillator to transition the system from the initial state to the

target final state.

[00185] According to some embodiments, pulses may be simultaneously applied to
a physical qubit and to a quantum mechanical oscillator to which the qubit is coupled,
thereby producing a change in the state of the qubit-oscillator system. In some cases, the
pulses may be applied to the qubit and the oscillator for the same amount of time and/or
may be applied during the same time period (i.e., with both pulses beginning and ending

at substantially the same time).

[00186] According to some embodiments, pulses applied to a physical qubit and to a
quantum mechanical oscillator may cause a change in a photon number state of the

oscillator. In at least some cases, the state of the qubit may change also.

[00187] According to some embodiments, pulses applied to a physical qubit and to a
quantum mechanical oscillator may cause a change in state of the qubit that depends
upon the state of the oscillator. In particular, the state of the oscillator may be mapped
onto the state of the qubit via particular pulse waveforms applied to the qubit and to the
oscillator. Thus, by observing the change in the state of the qubit as a result of
application of these pulses, information about the state of the oscillator may be
determined. In at least some cases, the state of the qubit may be measured to determine
information about the state of the oscillator without substantially changing the state of
the oscillator. Thus, certain pulse waveforms to be used as tools to measure a state of the
qubit-oscillator system. In other cases, measuring the state of the qubit to determine
information about the state of the oscillator causes a back-action that changes the state of

the oscillator.

[00188] According to some embodiments, a state of the oscillator may be treated as
a multi-qubit register by considering the binary representation of its photon number
states. For example, the |5) photon number state of the oscillator may be viewed as the
|101) state of a 3-qubit register. Particular types of pulses that may be applied to the
qubit and to the oscillator may produce a change in state of the qubit that depends upon

the state of a particular “bit” of this multi-qubit register. For example, a pair of pulses
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applied to the qubit and to the oscillator, respectively, when the qubit is in the ground
state, may transition the qubit from the ground state to an excited state when the least
significant bit of the multi-qubit register is equal to 1, whereas application of the same
pulses may result in the qubit remaining in the ground state when the least significant bit
of the register is equal to 0. Pulse waveforms may be determined and applied to the
qubit and to the oscillator to read any one or more of any bits of an n-bit multi-qubit
register. In some cases, a pulse applied to the qubit and to the oscillator may be
configured to measure the X value of a quantum bit in the register, corresponding to
determining whether the state is |0)+|1) or |0)-|1); that is, determining the phase of the

coherent superposition.

[00189] Accordingly, by determining pulse waveforms via numerical techniques as
described herein, the state of the oscillator (whether acting as a multi-qubit register or
otherwise) can be both determined and manipulated to a desired target state, thereby

providing universal control of the oscillator.

[00190] Following below are more detailed descriptions of various concepts related
to, and embodiments of, techniques for controlling the state of a quantum mechanical
system. It should be appreciated that various aspects described herein may be
implemented in any of numerous ways. Examples of specific implementations are
provided herein for illustrative purposes only. In addition, the various aspects described
in the embodiments below may be used alone or in any combination, and are not limited

to the combinations explicitly described herein.

[00191] FIG. 15 is a block diagram of a circuit quantum electrodynamics system,
according to some embodiments. System 1500 includes a physical qubit 1510 and a
quantum mechanical oscillator 1520. In the example of FIG. 15, the qubit and the
oscillator are dispersively coupled — that is, the qubit-oscillator detuning is much larger
(e.g., an order of magnitude larger) than the coupling strength between the qubit and the
oscillator. An electromagnetic signal &, (t) may be applied to the physical qubit 1510
and an electromagnetic signal g,,.(t) may be applied to the quantum mechanical
oscillator 1520. Generally in the discussion below, application of such an
electromagnetic signal or pulse may also be referred to as “driving” of the qubit or

oscillator.
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[00192] In the example of FIG. 15, the state of the oscillator 1520 may be
represented by a superposition of components, each component comprising an excitation
number eigenstate (also known as a Fock state), |n), and a corresponding probability

amplitude, c,:
[P)ose. = Zn=o Cnln) - (Eqn. Al)

[00193] According to some embodiments, the quantum mechanical oscillator 1520
may comprise a resonator cavity, such as a microwave cavity. In such embodiments, the

system 1500 may be described using the Hamiltonian:

H(t) = Hcavity + Hqubit + Hinteractioﬂ + Hdri\'e (t) (Eqn A2)
nin Ko a0

H ., =0a a+?(a ) a (Eqn. A3)
AL A a -~ ~

H i = a’qub +E(bt)2b2 (Eqn. A4)

Hinteraclion = Z&T&EW; +£5*5(&T)2&2
2 (Eqn. A5)

H, . ()=¢€(a+eg, (t)l; + (Hermitian conjugate) (Eqn. A6)

where ¥ is a dispersive shift of the dispersive coupling between the cavity and the qubit,
the annihilation operator corresponding to the cavity and qubit modes is denoted by a or
b, respectively, w, is a fundamental frequency of the cavity, wq is the transition
frequency of the qubit, K is the cavity anharmonicity (due to the Kerr effect), and a is the

transmon anharmonicity.

[00194] As discussed above, drive waveforms €, (t) and g,4.(t) may be determined
via numerical techniques for a particular desired state change of the system 1500. In
particular, suitable drive waveforms may be determined that allow g, (t) and g,5.(t) to
be applied simultaneously to the physical qubit and the oscillator, respectively. The
drive waveforms €, (t) and &,4.(t) may be applied during the same time period (i.e.,

may start and end together) or may simply overlap in time.
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[00195] FIG. 16 is a schematic drawing of an illustrative circuit quantum
electrodynamics system, according to some embodiments. System 1600 is an example
of system 1500 shown in FIG. 15, including a transmon qubit 1610 and a cavity
resonator 1620. In the example of FIG. 16, the cavity resonator 1620 is a A/4 coax-stub
cavity resonator coupled to the transmon 1610 and to a read-out resonator 1611. Input
couplers (ports) 1612 and 1622 deliver the time dependent microwave drive signals
€q(t) and €, (t), respectively. The transmon may be dispersively coupled to the cavity
with a dispersive shift of between -1 MHz and -4 MHz, such as between -3 MHz and -2
MHz, such as -2.2 MHz. According to some embodiments, the microwave drive signals
may be full in-phase/quadrature (IQ) modulated microwave fields centered on either the
fundamental frequency of the cavity (when being input to port 1622) or the transition

frequency of the qubit (when being input to port 1612).

[00196] FIG. 17A illustrates a change in photon number state of a quantum
mechanical oscillator when the illustrated drive waveforms are applied to the oscillator
and to a physical qubit to which it is coupled, according to some embodiments. The
example of FIG. 17A illustrates the evolution of a quantum mechanical system such as
system 1500 shown in FIG. 15 or system 1600 shown in FIG. 16 when drive signals
gq(t) and €,,.(t) are applied concurrently to a physical qubit and a quantum mechanical
oscillator, respectively. At least one aspect of the change in state of the system in
question as a result of the application of the drive signals shown is to transition the

number state of the oscillator from the |0) state to the |6) state, as discussed below.

[00197] In the example of FIG. 17A, a number state of the oscillator is represented
in graph 1710 at a series of times over the 500 ns period during which the drive signals
g4(t) and g, (t) are applied. In graph 1710, the probability that a measurement of the
system would produce a measurement of a respective number state is represented by
different shades of gray, with darker gray or black representing a high probability of the

particular number state being measured and lighter grays representing low probabilities.

[00198] Graph 1720 shows the drive waveform g, (t) applied to the qubit of the
system and graph 1730 shows the drive waveform g,4.(t) applied to the oscillator of the

system in the example of FIG. 17A. The solid lines represent an in-phase field
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component of the drive signal whereas the dotted lines represent a quadrature field

component of the drive signal.

[00199] In the system’s initial state (at time t = 0 shown in FIG. 17A), the number
state of the oscillator is |0) as shown by a very dark gray block at t =0 and n=0. In the
system’s final state (at time t = 500 ns shown in FIG. 17A), the number state of the
oscillator is |6) as shown by a very dark gray block at t =500 ns and n=6. At
intermediate times during application of the drive waveforms, the number state of the

oscillator is generally a superposition of several number states.

[00200] Note that while the particular state of the oscillator between the initial state
(t=0) and the final state (t=500 ns) of the system may not be known, this has no direct
effect on the use of the drive pulses to transition the system from the |0) state to the |6)
state. That is, the drive waveforms shown in the example of FIG. 17A have been
determined based on the criteria that the current number state of the oscillator is |0) and
the target final state of the oscillator after application of the pulses is |6). The numerical
techniques to be described below allow this type of determination so that the system can
be transitioned from an initial to final state so long as a suitable waveform for the

particular pair of states has been determined.

[00201] While FIG. 17A is an example of manipulating the number state of the
oscillator in a quantum mechanical system, the changes in the state of such a system that
may be effected by concurrent application of drive signals to a qubit and to an oscillator
to which the qubit is dispersively coupled are not limited to this type of manipulation.
As discussed below, one other type of system state change may be to produce a qubit
state that is dependent upon the state of the oscillator. This is merely one additional
example, however. The numerical techniques described herein allow constraints about
the initial and final state of the qubit-oscillator system to be provided as input to the
calculation such that shapes of the drive signals &,(t) and g, (£) to cause the state
transition as defined by the constraints to be output from the calculation. As such, the
types of qubit-oscillator state changes that can be produced is not limited to any
particular type of state change described herein, as the numerical techniques are not so

limited.
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[00202] FIG. 17B illustrates a characterization of the state of the oscillator after the
change in photon number state shown in FIG. 17A, according to some embodiments.
FIG. 17B includes graph 1760 which illustrates a spectroscopic view of the qubit after
producing the transition to the |6) state shown in FIG. 17A. As can be seen in graph
1760, the power is concentrated around 13 MHz, which in the example of FIG. 17B is
approximately equal to six times the dispersive shift x of the qubit-oscillator coupling
(i.e. y = 2.2 MHz). Graph 1770 shown in FIG. 17B illustrates Wigner tomography of

the oscillator state after transition to the |6) state as shown in FIG. 17A.

[00203] FIGs. 18A-18C illustrate encoding of a cat state qubit, according to some
embodiments. FIG. 18A illustrates operations U,y and U4, which may be used to
coherently map between two distinct two-dimensional subspaces, represented by Bloch
spheres. The first subspace (left of FIG. 18A) consists of a transmon qubit’s ground and
excited states, |g) and |e), respectively, with a cavity to which the transmon qubit is
coupled in the vacuum state. The second subspace (right of FIG. 18B), is given by the

oscillator-encoded states |[+Z, ) and |—Z).

[00204] FIG. 18B illustrates a sequence of operations that may be applied to the
transmon qubit (labeled “T”) and/or to the cavity to which the qubit is coupled (labeled
“C”). A transmon state is prepared by applying an initial rotation U; and is then mapped
to the cavity via the encoding operation U,,.. A cavity displacement D, is then applied
to the cavity following a parity mapping operation II that provides for measurement of
the cavity Wigner function W («a). The parity mapping operation Il may be implemented
by determining a suitable drive waveform using the numerical techniques described

herein.

[00205] As shown in FIG. 18C, applying U,y to the transmon states |g) and |e)
produces states whose Wigner functions are consistent with the encoded basis states

given by four-component cat states:
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[+2,) =<il@)+|ia)+|-a)+|-ia)

1 a4n
:NZH"WVM)
-2.) =a)-lia)+|-a)-|-ia)

1 a4n+2
B Nzn:,/(4n+2)!

[00206] A transmon spectroscopy experiment (top panels, showing probability

|4n+2)

densities for each number state of the cavity) illustrates that only photon number states

with n = 0 mod 4 (n = 2 mod 4) are present for logical state |[+Z,) (|—Z.)).

[00207] As shown in FIG. 18D, applying U, to superpositions of the transmon
basis states demonstrates that the relative phase is preserved and that U, is a faithful
map between the transmon and logical qubit Bloch spheres. These states, on the equator
of the Bloch sphere, are equally weighted superpositions of |+Z;) and |-Z,), and

therefore contain all even photon numbers present in the basis states.

[00208] FIG. 19 is a flowchart of a method of determining drive waveforms to be
applied to a circuit quantum electrodynamics system to produce a desired change in the
state of the system, according to some embodiments. In method 1900, numerical
techniques are applied based on the Hamiltonian of the quantum system in question (e.g.,
system 1500 shown in FIG. 15 or system 1600 shown in FIG. 16) with added constraints
(one or more of which constrain the final state of the system) to numerically determine
the parameters of drive waveforms that can produce a system transition that respects the

constraints.

[00209] Based on Equation A2 above, the capacity of known decoherence sources to
impact the fidelity of operations on the system can be simulated using a Markovian

Lindblad master equation of the form:

Jd ] 1 R 1 A 1 PN
=P = %[H(r),pan +£T—D[a1 +——DIb] +;D[b*b]}<p<¢))
LC LT ¢ (Eqn. A7)
Dla](p) = apa’ —l{a*a,p}
2 (Eqn. A8)
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[00210] In the above equations and in the example described below, it is assumed
for the sake of example that the qubit of the system is a transmon qubit and the oscillator
is a resonating cavity. Non-limiting, illustrative values for the system parameters in the

above equations are shown in Table A1, below.

Description [ Hamiltonian Term Illustrative Value |
Transmon frequency (07[;% 5663.9 MHz
Cavity frequency ®.4'a 4452.5 MHz
Dispersive shift ,{’&T&B% -2.2 MHz
. O ~ioro -236 MHz
Transmon anharmonicity 5 ®HYDb
) o K i3m0 -3.7 kHz
Cavity anharmonicity (Kerr) 5 (a'ya
g I -17.7 kHz
Second order dispersive shift % @"Ha’v'p
1 N 170 us
Transmon relaxation ? DIb]
1
1~ -
Transmon excitation —D[b']
TT
1 43 us
Transmon dephasing T_ D[b'b]
4
1 . 2.7 ms
Cavity relaxation —Dla]
1 JON -
Cavity dephasing —Dla'a]
@,cav
[00211] According to some embodiments, operations on the quantum system

performed via the drive waveforms applied to the qubit and to the oscillator may be

defined in terms of a set of simultaneous state transfers. That is, an operation, for each i,
takes an initial state of the system |y/1(n‘1)t> to a final system state |Wf(“1i1)al> . In act 1902 of
method 1900, these initial and final states may be selected.

[00212] In order to prepare a desired operation on the joint cavity-transmon Hilbert
space, numerical techniques can be used to maximize the (coherent) average fidelity of

these state transfers over the drive waveforms &(t) = (E‘C (t),eT(t)):
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maxi(r?ize F(e(t)) (Eqn. A9)

where
2

: (Eqn. A10)

u(r,e0)yin)

i

F(e(t) =\z<

and where the unitary U defined by the waveforms &(¢) is given by the time-

ordered exponential of the Hamiltonian up to some final time T ,
U(T,e(t)) = Texp(— LTdtH(g(t))j. (Eqn. A11)

[00213] In act 1904 of method 1900, the optimization of Equation A9 is performed
to determine the drive waveforms &(t) = (SC (t).& (t)) based on the initial and final states

selected in act 1902. The optimization may be performed using any suitable numerical
technique(s), as the present disclosure is not limited to any particular numerical

technique or techniques.

[00214] According to some embodiments, £(t) may be represented by a set of
parameters that characterize the drive waveforms. For instance, the drive waveforms
may be represented by parametric curves and the parameters of the curves optimized
within the context of Equation A9 to determine the shape of the drive waveforms.
According to some embodiments, £(t) may be represented as a piecewise constant
function with N =T/Ar steps of length At (e.g., At =2 ns), corresponding to a time

resolution of the waveform generation process.

U(T,e())=UU,_ U, (Eqn. A12)
iAt
U, = exp[7H(£(kAt)j (Eqn. A13)
[00215] For example, using 4 parameters per time point (for the real and imaginary

components of each of the cavity and transmon drive waveforms) and N =550 time

points representing a 1.1 # s pulse, there would be 2200 parameters over which to

optimize.
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[00216] The optimization problem of Equation A9 may, in at least some cases,
produce multiple solutions of £(t) that achieve equally high fidelities when applied to
the quantum system. As such, in some embodiments, additional constraints upon the

system may be applied by adding additional terms to Equation A9:

maximize g (g (1)) - ingi (e(t))

(Eqn. Al4)

where the constraints g; are each multiplied by a Lagrange multiplier 4;. Accordingly,
in act 1904, Equation A14 may be optimized as an alternative to optimization of
Equation A9 to determine the drive waveforms. While any number and type of suitable

constraints g; may be used within Equation A14, some examples are described below.

[00217] One illustrative constraint that may be included in Equation A14 enforces
an upper limit on the amount of amplitude that may be applied with the drive pulses, i.e.,

that £(t) < &4y for all t. This constraint may be written as:
Zuninae (€)= [drlle)] - &,,,, ) Oe0)|-£,,)
= Z(]e(nAt)\ —&,..) Oemar)-¢,..)

[00218] Additionally, or alternatively, an illustrative constraint that may be included
in Equation A14 may be designed to minimize the bandwidth of the applied pulses (e.g.,
because interactions between the electromagnetic source of the pulses and the quantum
system become more uncertain as the pulses move away from resonance). This

constraint may be applied via the following “penalty term” in Equation A14:

oe(n)’
8 derivative (5 (r )) = Idt (a—tj

[00219] Additionally, or alternatively, an illustrative constraint that may be included
in Equation A14 may be to enforce a hard cutoff on the minimum and maximum
frequencies allowed in the solution. For example, Equation A14 may be reparametrized

in terms of the Fourier transform of the pulses and conditions that the drive signals are
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equal to zero above and below the maximum and minimum frequencies may be applied.

The fidelity may then be maximized with respect to the Fourier transform of the pulses.

[00220] Any one or more of the constraints above and/or any other constraints may

be applied in Equation A 14, as the above are merely provided as illustrative examples.

[00221] In order to optimize Equations A9 or A14 in a numerically tractable
manner, it may be necessary to adapt the equation in light of the infinite-dimensional
nature of the Hilbert space. That is, since computer memory is finite, vectors or matrices
of infinite length cannot be represented without truncation or otherwise representing the
vector or matrix in a finite form. As such, act 1904 may include such a step of truncation

or other manipulation of vectors or matrices of infinite length.

[00222] According to some embodiments, Equation A14 may be adapted in light of
the infinite Hilbert space by choosing a photon number truncation N such that the
operator d becomes a N XN matrix. When we do this, we are in effect replacing our
infinite-dimensional oscillator with a finite-dimensional qudit. This replacement is only

valid if all of the system dynamics relevant for the desired state transfers occurs within
the {|0>, . .,| N —1)} subspace. For generic applied drives this is not the case, however,
such an approach may naturally fit with some approaches described herein (see FIGs.
21A-21D and FIG. 22 described below) or may otherwise apply in some embodiments.
[00223] In order to enforce this property, the optimization problem of Equation A14
can be modified to find a solution that operates identically under several different values

of N . Writing the fidelity as computed with a truncation N as Fp, we have:

e (Z TN+k<e<r))> PR TACO)
k i
(Eqn. A15)

[00224] Furthermore, to enforce that the behavior is identical in the different

truncations, the following penalty term can be included in Equation A15:

gdiscrepa.ncy(g(t)) = Z (?N+k1(£(t)) - ?N+k2 (E(t)))z
e (Eqn. A16)
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[00225] The constraint of Equation A16 ensures that the determined fidelity of a
space of size N is equal to the determined fidelity of a space of size N+1, and to the

determined fidelity of a space of size N+2, etc.

[00226] According to some embodiments, the choice of a value of N may, at least
in part, determine a maximum photon number population that can be produced by a
pulse, and/or may determine, at least in part, a minimum time necessary to complete the
operation in question (e.g., faster pulses may be achieved with a higher value of N ). The
approach of Equation A15, coupled with the constraint of Equation 16, ensures that the

truncation point does not affect the end result of the determined pulse waveforms.

[00227] Irrespective of which of Equations A9, A14 and A1S5 is optimized to
determine the pulse waveforms, the optimization may use any suitable numerical
techniques, including any nonlinear optimization techniques. According to some
embodiments, the numerical techniques may include one or more gradient descent

methods, including but not limited to, Broyden—Fletcher—Goldfarb—Shannon (BFGS).

[00228] Once drive waveforms have been determined via the above-described
process or otherwise in method 1900, the waveforms may be optionally stored in a
suitable computer readable medium for later retrieval. According to some embodiments,
method 1900 may be performed a number of times for various combinations of initial
and final system states and the waveforms determined for each combination stored in one
or more computer readable media. As such, a “library” of pulse waveforms may be
produced so that any desired system state transition can be produced by retrieving and
applying pulse waveforms that will produce the desired transition. FIG. 20 is a flowchart
illustrating such a method of selecting and applying drive waveforms to a circuit

quantum electrodynamics system, according to some embodiments.

[00229] Method 2000 may be performed within any suitable quantum mechanical
system such as system 1500 shown in FIG. 15 or system 1600 shown in FIG. 16. In act
2002, an initial system state and a target system state are identified. According to some
embodiments, at least part of the initial system state may be identified via application of
pulse waveforms to the system as described in relation to FIGs. 21A-21D and FIG. 22

below.
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[00230] According to some embodiments, the initial and final system states may
include information about states of the qubit, the oscillator, or both the qubit and the
oscillator. For instance, the initial system state may include a known photon number
state of the oscillator yet may not include any known state of the qubit (that is, in some
cases the state of the qubit may be irrelevant to the initial state for a particular system
transition). As another example, the initial system state may include only a known state
of the qubit. As another example, the final system state may include information about a

state of the qubit and information about the state of the oscillator.

[00231] In act 2004, drive waveforms are selected based on the initial and final
system states identified in act 2002. As discussed above, in some embodiments drive
waveforms may be precomputed and stored in one or more a computer readable media.
In such cases, act 2004 may comprise a lookup into the media using the initial and final
states as a lookup key. In some embodiments, act 2004 may comprise calculation of part
or all of the drive waveforms based on the initial and final states identified in act 2002

(e.g., via the techniques discussed in relation to FIG. 19).

[00232] In act 2006, the drive waveforms obtained in act 2004 are applied
concurrently to the oscillator and qubit of the system as described above in relation to

FIGs. 15 and 16.

[00233] As discussed above, certain pulses applied to a physical qubit and to a
quantum mechanical oscillator may cause a change in state of the qubit that depends
upon the state of the oscillator. Thus, by observing the change in the state of the qubit as
a result of application of these pulses, information about the state of the oscillator may be
determined. As such, certain pulse waveforms may be used as tools to measure a state of

the qubit-oscillator system.

[00234] To illustrate one example of pulses that perform such a measurement
technique, FIGs. 21A-21D illustrate results of applying selected drive pulses to a circuit
quantum electrodynamics system (e.g., system 1500 shown in FIG. 15 or system 1600
shown in FIG. 16) in order to perform measurement of a quantum mechanical oscillator.
In the examples of FIGs. 21A-21D, the oscillator is being treated as a multi-qubit
register. That is, since the photon number levels can be manipulated as discussed above,

this state can be used to store multiple bits of information by viewing the state as a

- 57 -



WO 2017/139683 PCT/US2017/017534

binary value. For example, when treating the oscillator as a two qubit register, the
number states 0, 1, 2 and 3 may be viewed as storing the binary values 00, 01, 10 and 11,
respectively. The oscillator may be viewed as a multi-qubit register having any suitable

bit depth.

[00235] FIGs. 21A-21D illustrate results of applying pulse waveforms to a qubit and
an oscillator to which the qubit is dispersively coupled, thereby measuring the parity of
each bit of the oscillator’s number state value. In the example of FIGs. 21A-21D, the
qubit is initially in the ground state (e.g., may be driven to ground or otherwise) and
pulse waveforms are applied to the qubit and oscillator. These pulse waveforms have
been produced via the numerical techniques described above such that the measured state
of the qubit after application of the pulses indicates the parity of a particular bit of the

oscillator when treated as a multi-qubit register.

[00236] In FIG. 21A, chart 2100 illustrates results of measuring the qubit after
application of pulse waveforms designed to measure parity of the least significant bit of
the oscillator being treated as a four qubit register. After application of the pulse
waveforms, the qubit is in the excited state when the oscillator has odd parity and
remains in the ground state when the oscillator has even parity. That is, the qubit is in
the excited state when the photon number is odd, and is in the ground state when the

photon number is even.

[00237] FIG. 21B illustrates results of measuring the qubit after application of pulse
waveforms designed to measure parity of the second least significant bit. In this case,
the qubit is in the excited state when the photon number divided by 2 is an odd number
(ignoring remainders) and is in the ground state when the photon number divided by 2 is
an even number (ignoring remainders). FIGs. 21C-21D similarly depict results of
measuring the qubit after application of pulse waveforms designed to measure parity of

the other bits of the four qubit register.

[00238] FIG. 22 is a flowchart of a method of measuring selected bits of a quantum
mechanical oscillator being treated as a multi-qubit register, according to some
embodiments. Method 2200 may be performed within any suitable quantum mechanical

system such as system 1500 shown in FIG. 15 or system 1600 shown in FIG. 16.
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[00239] In act 2202, the qubit of the system is driven to a known state (e.g., the
ground state or the excited state). As discussed above, pulse waveforms may be
produced that cause a change in the state of the qubit based on a state of the oscillator to
which the qubit is coupled; as such, it is desirable that the qubit be in a known state prior
to application of the pulse waveforms so the change in the qubit’s state can be

ascertained.

[00240] In act 2204, drive waveforms are obtained (e.g., from a library of
precomputed drive waveforms) to measure a particular bit N of the oscillator when
treated as a multi-qubit register. N may have any suitable value. In act 2206, the

obtained drive waveforms may be applied to the qubit and oscillator as described above.

[00241] In act 2208, the state of the qubit may be measured and information about
the state of the oscillator (e.g., bit N of the multi-qubit register) may be determined. The
process of acts 2202, 2204, 2206 and 2208 may be optionally repeated any number of

times to measure multiple bits of the register.

[00242] FIG. 23 is a block diagram of a circuit quantum electrodynamics system,
according to some embodiments. System 2300 includes system 1500 in addition to
electromagnetic radiation source 2330, controller 2340 and storage medium 2350. As
discussed above, in some embodiments a library of precomputed drive waveforms may
be stored on a computer readable storage medium and accessed in order to apply said
waveforms to a quantum system. In the example of FIG. 23, controller 2340 accesses
drive waveforms 2352 stored on storage medium 2350 (e.g., in response to user input
provided to the controller) and controls the electromagnetic radiation source 2330 to

apply the drive waveforms g, (t) and &, (t) to the qubit and oscillator, respectively.

APPENDIX B - Techniques For Quantum Error Correction Using Bosonic Modes
and Related Systems And Methods

[00243] The techniques described in this appendix relate to an improved quantum
error correction technique for correcting errors in the state of a quantum system
exhibiting one or more bosonic modes. An “error” in this context refers to a change in

the state of the quantum system that may be caused by, for instance, boson losses, boson

- 59 -



WO 2017/139683 PCT/US2017/017534

gains, dephasing, time evolution of the system, etc., and which alters the state of the

system such that the information stored in the system is altered.

[00244] As discussed above, quantum multi-level systems such as qubits exhibit
quantum states that, based on current experimental practices, decohere in around ~100us.
While experimental techniques will undoubtedly improve on this and produce qubits
with longer decoherence times, it may nonetheless be beneficial to couple a multi-level
system to another system that exhibits much longer decoherence times. As will be
described below, bosonic modes are particularly desirable for coupling to a multi-level
system. Through this coupling, the multi-level system’s state may be represented by the
bosonic mode(s) instead, thereby maintaining the same information yet in a longer-lived

state than would otherwise exist in the multi-level system alone.

[00245] Quantum information stored in bosonic modes may nonetheless still have a
limited lifetime, such that errors will still occur within the bosonic system. It may
therefore be desirable to manipulate a bosonic system when errors in its state occur to
effectively correct those errors and thereby regain the prior state of the system. If a
broad class of errors can be corrected for, it may be possible to maintain the state of the
bosonic system indefinitely (or at least for long periods of time) by correcting for any

type of error that might occur.

[00246] The fields of cavity quantum electrodynamics (cavity QED) and circuit
QED represent one illustrative experimental approach to implement quantum error
correction. In these approaches, one or more qubit systems are each coupled to a
resonator cavity in such a way as to allow mapping of the quantum information
contained in the qubit(s) to and/or from the resonator(s). The resonator(s) generally will
have a longer stable lifetime than the qubit(s). The quantum state may later be retrieved

in a qubit by mapping the state back from a respective resonator to the qubit.

[00247] When a multi-level system, such as a qubit, is mapped onto the state of a
bosonic system to which it is coupled, a particular way to encode the qubit state in the
bosonic system must be selected. This choice of encoding is often referred to simply as a

“code.”
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[00248] As an example, a code might represent the ground state of a qubit using the
zero boson number state of a resonator and represent the excited state of a qubit using the

one boson number state of the resonator. That is:

(alg) + Ble)) ®10) = |g) ® (a|0) + B|1))

where |g) is the ground state of the qubit, |e) is the excited state of the qubit, « and f are
complex numbers representing the probability amplitude of the qubit being in state |g) or
|e), respectively, and |0) and |1} are the zero boson number state and one boson number
state of the resonator, respectively. While this is a perfectly valid code, it fails to be
robust against many errors, such as boson loss. That is, when a boson loss occurs, the

state of the resonator prior to the boson loss may be unrecoverable with this code.

[00249] The use of a code can be written more generally as:

(afg) + Ble)) ®|0) — [g) ® (aW,) + B|Wr)) (Eqn. BI)

where |W,) and |W;) are referred to as the logical codewords (or simply “codewords”).
The choice of a code — equivalently, the choice of how to encode the state of a two-level
system (e.g., a qubit) in the state of the bosonic system —therefore includes choosing
values for |W,) and |W;). FIGs. 24A-24B graphically depict this process of encoding for
some choice of |W,) and |W;).

[00250] When an error occurs, the system’s state transforms to a superposition of

resulting states, herein termed “error words,” |Ef) and |E f) as follows:
o W,) + BIWr) = o|EF) + BIET) (Eqn. B2)
where the index Kk refers to a particular error that has occurred. As discussed above,

examples of errors include boson loss, boson gain, dephasing, amplitude dampening, etc.

[00251] In general, the choice of code affects how robust the system is to errors.
That is, the code used determines to what extent a prior state can be faithfully recovered
when an error occurs. A desirable code would be associated with a broad class of errors

for which no information is lost when any of the errors occurs and any quantum
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superposition of the logical codewords can be faithfully recovered. Some codes, while

robust against certain errors, may however be impractical to realize in a physical system.

[00252] A class of codes has been recognized and appreciated that protect against a
wide array of errors that can occur in a bosonic system, including boson gain, boson loss,
dephasing, and amplitude dampening, and that can be realized experimentally. Codes
from this class are referred to herein as “binomial codes,” since the class of codes may be
described by a binomial distribution, as described below. Techniques for correcting
errors have been developed when a code from this class is utilized to store a state in a
bosonic system. In particular, unitary operations have been developed that may be
applied to the bosonic system based upon a detected error. Furthermore, experimental
configurations have been recognized and appreciated in which energy may be applied to
a bosonic system, such as a cavity resonator, to perform the above-mentioned unitary

operations.

[00253] According to some embodiments, a binomial code may be used to configure
a state of a single mode bosonic system. Bosonic systems may be particularly desirable
systems in which to apply the techniques described herein, as a single bosonic mode may
exhibit equidistant spacing of coherent states. A resonator cavity, for example, is a
simple harmonic oscillator with equidistant level spacing. Bosonic modes are also
helpful for quantum communications in that they can be stationary for quantum
memories or for interacting with conventional qubits, or they can be propagating
(“flying”) for quantum communication (e.g., they can be captured and released from
resonators). A single bosonic mode in particular may allow for states having lower mean
bosonic numbers than states produced by multiple bosonic modes. Since boson loss rate
tends to scale with mean boson number, a single bosonic mode will generally have a
lower error rate than multiple bosonic modes. Moreover, error correction of a single
bosonic mode does not require mode-to-mode entangling operations that would
otherwise be needed for multiple bosonic modes. The binomial codes described herein
utilize bosonic number states of a single bosonic mode to represent the codewords, as

described below.

[00254] According to some embodiments, a bosonic system may be used in

conjunction with a binomial code to act as a quantum memory device. A multi-level
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system, such as a qubit, may store one or more quantum bits in a state that will
decoherence in a short time scale, as described above. This state may instead be stored
in a bosonic system encoded via the selected binomial code. This system will also
decoherence, although typically in a longer time scale than that exhibited by the multi-
level system. The binomial code may allow for correction of errors that occur to a
perfect, or near perfect, degree such that the state of the bosonic system can be
maintained. In this manner, the bosonic system acts as a quantum memory with respect
to the quantum bit(s) originally stored in the multi-level system. If desired, the state in

the bosonic system can be later transferred back to the multi-level system.

[00255] According to some embodiments, a detector may be configured to monitor
the bosonic system to detect when an error occurs. It is a feature of the binomial codes
described herein that such a detector may be able to detect whether any error occurred,
and also detect which type of error occurred, whilst preserving the state of the bosonic
system. This type of measurement is sometimes referred to as a quantum nondemolition
measurement (QND). Not all codes exhibit this feature, as for some codes a detection of
an error may yield information on which of the two codewords is a more likely state of
the system (recall that a given code stores a state in a quantum superposition of the two
selected codewords). This carrying away of information as result of the measurement

causes a change in the state of the quantum system.

[00256] In contrast, the binomial codes described herein provide for detection of a
broad class of errors, where in each case detection does not change the boson number of
the state of the system. When a measurement of the bosonic system does not detect an
error, however, the backaction of this operation causes amplitude damping of the bosonic
mode. Amplitude damping does not change the boson number of the bosonic system,
but does change the probabilities of measuring each of the different boson numbers. The
binomial codes described herein provide an explicit construction for repumping energy
into the bosonic system to recover from amplitude damping, however. Accordingly,
whether an error is detected or not, techniques described herein in conjunction with a
binomial code allow maintenance of the bosonic system’s state via application of a

unitary operation to counteract the amplitude dampening effect.
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[00257] An illustrative example of correcting errors using one of the binomial codes
may be instructive. One of the binomial codes uses the following codewords (that is, a
bosonic system is encoded in a superposition of the two codeword states as shown in

FIGs. 24A-24B):

1
W) = NG {10) + |4)}

N
Wiy = 12) (Eqn. B3)
[00258] Note that, for this pair of codewords, the mean boson number 1 = 2 for each

state. Accordingly, the loss or gain of a boson (for example) does not produce
information on which of the two codeword states the photon came from. This preserves

the number state of the bosonic system upon detection of the boson loss or gain.

[00259] If this bosonic system were to lose a boson (e.g., due to energy loss), it

would be transformed as follows:

alW,) = |El) =v23)

alWp) = |Ef) =V2|1)

where a is the annihilation operator.

[00260] One way to think about this transformation is that, if the system were in the
|W,) state, which is a superposition of |0) and |4), clearly a lost boson must have come

from the |4) state and not the ground state. As such, the resulting state would be the |3)
state. Similarly, if the system were in the |W;) state, which is the |2) state, the resulting

state after boson loss would be the |1) state.

[00261] If the bosonic system were a photonic system, one way to detect the photon
loss would be to detect the photon exiting the system using a photodetector. In many
experimental configurations, however, this may be difficult or impractical to perform.
As such, another way to detect boson loss is to examine the parity (odd or even boson
number state). Before the error, both codeword states would produce even parity, since

all of the boson number states of those codewords are even parity states. After the boson
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loss, the parity would be odd, irrespective of the particular superposition of error word
states, since both have odd parity. This is an example of a measurement that, as
described above, does not alter the bosonic number state of the system, since the
information that is carried away is that a boson was lost, yet this information is provided

without including any information on which of the codeword states the system is in.

[00262] Once the boson loss has been detected, the system can be driven to the

previous state by applying a unitary operation that performs the following

transformation:

3) = [WL)

1) = [Wh) (Eqn. B4)
[00263] A system configured to have universal control over the quantum state of a

system, examples of which are discussed below, can be operated to perform this type of
state transformation. One reason the binomial codes allow for this type of correction is
that the error words (e.g., |3) and |1) in the above example) for a binomial code are
orthogonal. Therefore, a conditional unitary operation can be applied to transform the
error word states into the corresponding codeword states irrespective of which of the

error word states the system was in.

[00264] FIG. 25 depicts an illustrative system suitable for practicing aspects of the
quantum control techniques described herein. In system 2500, qubit 2510 is coupled to a
resonator 2520 via coupling 2515. The resonator may lose or gain energy (e.g., lose or
gain bosons), may dephase, etc. and in the process may gain or lose energy as shown in
the figure. Energy source 2530 may supply energy to one or both of qubit 2510 and
resonator 2520 in order to perform operations on the system such an encoding the state
of the qubit in the resonator, encoding the state of the resonator in the qubit, applying
unitary operations to the resonator (e.g., to correct an error detected in the resonator),

applying unitary operations to the qubit, or combinations thereof.

[00265] It will be appreciated that any multi-level quantum system coupled to a
bosonic system may be utilized with the binomial codes, as discussed above, but system
2500 is provided as one illustrative system in which a qubit is coupled to a resonator. A

mode of the resonator provides the bosonic mode in this example.
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[00266] System 2500 also includes detector 2540 which may be operated to detect
the occurance of an error in the resonator 2520. A number of suitable approaches may
be employed to operate such a detector, which may measure energy gain and/or loss
from the resonator, may interact with the qubit 2510 (e.g., may apply one or more unitary
operations to the qubit and/or may measure the state of the qubit), and/or may interact
with the resonator 2520 (e.g., may apply one or more unitary operations to the resonator
and/or may measure the state of the resonator). Any combination of such operations may
obtain sufficient information about the qubit-resonator system to determine whether an
error has occurred in the resonator 2520. In some embodiments, detector 2540 applies
one or more unitary operations to the qubit 2510 and/or the resonator 2520 by

application of energy from energy source 2530.

[00267] According to some embodiments, the detector 2540 comprises a
photodetector or other particle detector configured to detect particles entering and/or
exiting the resonator 2520. According to some embodiments, detector 2540 may
perform a sequence of operations to measure one or more of parity mod 2, parity mod 3,
parity mod N, etc. of the state of the resonator. As discussed below, such measurements

may indicate whether boson losses or gains have occurred.

[00268] Qubit 2510 may include any suitable quantum system having two distinct
states, such as but not limited to, those based on a superconducting Josephson junction
such as a charge qubit (Cooper-pair box), flux qubit or phase qubit, or combinations
thereof. The qubit 2510 may be coupled to the resonator 2520 via coupling 2515 which
couples the state of the qubit to the state of the resonator. The resonator 2520 may
include any resonator supporting one or more bosonic modes, which may be
implemented using any electromagnetic, mechanical, magnetic (e.g., quantized spin
waves also known as magnons), and/or other techniques, such as but not limited to any
cavity resonator (e.g., a microwave cavity). According to some embodiments, resonator

2520 may be a transmission line resonator.

[00269] As an illustrative embodiment, qubit 2510 may be a charge qubit coupled to
a superconducting transmission line cavity (an example of resonator 2520) comprising a
central conductor and ground planes on either side of the conductor separated by a length

selected based upon the wavelength of photons trapped in the cavity. For instance, the
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length of the resonator may be a multiple of one half of such a wavelength. A length of
the transmission line may also be selected based upon a desired impendence of the
transmission line. According to some embodiments, a transmission line may have a
length between 1 pm and 100 pm, such as between 5 pm and 50 pm, such as 10 pm.
According to some embodiments, a transmission line may have a length between 5 mm
and 50 mm, such as between 10 mm and 30 mm, such as 25 mm. The qubit may interact
with the electric fields in the transmission line such that an adjustment to the state of the

qubit causes an adjustment in the state of the resonator.

[00270] Coupling 2515 may utilize any technique(s) to couple the qubit and the
resonator, such as by coupling the electric and/or magnetic fields generated by the qubit
and the resonator. According to some embodiments, the qubit and the resonator may be
dispersively coupled via the coupling 2515. According to some embodiments, the qubit
(e.g., a transmon) may be coupled to the resonator, being a mechanical resonator, via a
piezoelectric coupling. According to some embodiments, the qubit may be coupled to
the resonator, being a magnetic resonator, by coupling the qubit (e.g., a transmon) to

phonons, which in turn couple to magnons via magnetostrictive coupling.

[00271] The system of FIG. 25 may be used in at least the following two use case
scenarios. First, resonator 2520 may be used as a memory to store the state of qubit
2510. The state of the resonator may be error-corrected using the techniques described
herein. Subsequently, the state may be mapped to qubit 2510 and/or any other qubit.
Second, the resonator 2520 may be used as a transmission medium to transport the state
of qubit 2510 to another qubit, along a transmission line, and/or to another resonator.
The state of the resonator during transmission may be error-corrected using the
techniques described below. Subsequently, the state may be mapped to a target of the
transmission. In each of these use cases, and in any other suitable use of the system
2500, a state may be represented in the resonator 2520 using one of the binomial codes.
Furthermore, the energy source 2530 may apply energy to the qubit and/or the resonator
to correct errors based on the selected binomial code, as described in further detail

below.

[00272] As discussed above, quantum error correction comprises selecting logical

codewords with which to represent a state, such as the state of a qubit. These codewords
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are states embedded in a large Hilbert space, such as the space of a harmonic oscillator,

such that no information is lost if any one of the single, independent error £ . € € occurs
and any quantum superposition of the logical codewords |W6> ,where ¢ =T, {,canbe

faithfully recovered. This is equivalent to finding two logical codewords that satisfy the

quantum error correction criteria, known also as the Knill-Laflamme conditions:

(W, VELE W, ) = 2,6, (Eqn. BS)

oo

for all E[‘k e € (where £ is the set of correctable erros for the code) such that «,, are
entries of a Hermitian matrix and independent of the logical words. The diagonal entries
a,, are the probabilities of the errors E, . The independence of entries «,, from the

logical codewords and the structure of the non-diagonal entries cause the different errors

to be distinguishable and correctable.

[00273] In system 2500, a binomial code may be used to encode the state of the
resonator 2520 based on the state of the qubit 2510. Techniques for universal control
may be applied to produce a superposition of the codeword states in the resonator based
on the superposition of the ground and excited states present in the qubit, as shown in
FIGs. 24A-24B. As discussed above, in general such techniques may comprise operating
energy source 2530 to apply energy in a sequence of steps, wherein each step comprises
application of energy to the qubit 2510, to the resonator 2520, or simultaneously to both

the qubit and resonator.

[00274] For example, the encoding of a qubit state into a resonator state, as show in
FIGs. 24A-24B, may be achieved as follows. Beginning with the state shown in FIG.
24A, with the resonator in the ground state (zero bosons), drive pulses are
simultaneously applied to the qubit 2510 and the resonator 2520, which excite the

bosonic mode while ultimately returning the qubit to the ground state. If the qubit 2510

is initially in the ground state |g> , the drive pulses excite the bosonic mode 2520 to state
‘W¢> but ultimately return the qubit 2510 to its ground state. If the qubit 2510 is initially
in the excited state |e> , the drive pulses excite the bosonic mode to state ‘WT> while

driving the qubit 2510 back to its ground state | g) . In other words, the final state of the
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bosonic mode 2520 is conditioned on the initial state of the qubit 2510. Put another way,

these drive pulses carry out the unitary state transfer operation:
U =| )|, )0l(g ][ )Wy )ol(el +[ )0 [ (s ]+ [N o)W (g |+ U

where the remaining terms U of the unitary operation are irrelevant to the particular

unitary state transfer operation. The freedom to choose U _, may be used to vary the

rest

applied drive pulses to optimize the fidelity of the state transfer operation.

[00275] According to some embodiments, the binomial codes may protect against

up to L boson loss events occurring in the time interval d¢ between two consecutive
quantum correction stages. Consider the set of discrete errors ‘E_'L = {1, a,a%,...a" },

where a is the annihilation operator, and “1” is the identity operator and represents no

error.
[00276] Although protection against boson loss errors will be initially discussed,
this will be generalized below to codes that are designed to also protect against boson

gain a, dephasing errors 7, and amplitude damping. As used herein, a code that
“protects” against a particular error means that the code is such that, when the error

occurs, the previous state is recoverable via one or more unitary operations.

[00277] As discussed above, one example of a code protecting against 51 ={,a}

(either no error or the loss of a single boson) is

W, =2). (Eqn. B6)

[00278] A boson loss error brings the logical codewords |W,) and [W;) to a
subspace with odd boson numbers that is disjoint from the even-parity subspace of the
logical codewords and therefore, the off-diagonal parts of the QEC matrix ¢ in (Eqn.
BS) are identically zero. The remaining diagonal part of & indicates that the mean
boson number is identical for both of the states, here 7 = 2, meaning that the probability
of a boson jump to occur or not to occur is equally likely for both of the states implying
that the quantum state is not deformed under an error. Explicitly, if a quantum state

|l//> = a| WT> + ,8| W, ) suffers a boson jump, it is transformed to
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lv') = El|y/>/1[<y/ la'al l//> = alE%) +,B|L_?j>, where the error words are |L_?T1> =|3) and

|E j> =|1).and @ and @ are the creation and annihilation operators, respectively.

[00279] An example of a code protecting against EZ = {1, a, 512} is:

\WT):M,M):w. (Eqn. B7)

[00280] For this code, in addition to the codewords having the same mean boson

number, the error words |Ei> =a W6>/ <W‘7 la'al W‘,> ,

E%> =|5) and

‘F j> =(|2)+ |8>)/J5 have the same mean boson number. In constrast, the code of (Eqn.
B6) has codewords with the same mean boson number but, upon loss of a boson, the
error words have different mean boson numbers. In view of this, the code of (Eqn. B7)
can tolerate another boson loss error and the protected error set is £, = {1, a,a’ } For this

case, the boson loss errors can be detected by measuring boson number mod 3. The error

recovery procedure is similar as above: an error detection is followed by a unitary

operation performing a state transfer |WJ) > |I:_’ Jk> . It may be shown that a family of
codes can be developed that protect against any arbitrary number of boson loss errors L.

[00281] In system 2500, another error that might occur is dephasing of the resonator
2502 due to frequency fluctuations of the resonator (e.g., noise coupling to the boson
number 7 , for example caused by transitions of the coupled qubit 2501). The code of

(Eqn. B7) also protects also against a dephasing error 7, and thus the full error set is

E, = {1, a,a, ﬁ}. Since a dephasing error does not change the boson number, it leads to

an error state |y”) = Al y)/ <l// 1A l//> ,

(Eqn. BS)

‘l//>=a‘/§|WT>2_‘ETn>+ﬂ‘/§|Wl>2_‘Ff>_

which is a superposition of the original words and the error words related to the
dephasing |F¢”> = (+/3]0)~|6))/2 and |Ff> = (|3) —+/3|9))/2 . One way to detect the

dephasing error is to apply unitary operations that produce projective measurements into
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the logical word basis f’w = ZJ W6><WG | , and if the answer is negative (and no boson

loss errors were detected) dephasing is detected. The original state can then be recovered

by making a unitary operation performing a state transfer ‘ E ;‘> “ |WG> .

[00282] The code of (Eqn. B7) can instead be chosen to protect against errors

E = {1, a,a’, ﬁ} (= no error, single boson loss, single boson gain, dephasing) since a
boson addition error and two boson loss errors have the same change in the boson
number mod 3, and the logical code words already obey the QEC condition for the boson

gain error: <Wa laa’ IWJ,> =(n+1)J,, . As aspecial case, one can choose to protect

only against &', = {1,51, ﬁ} achieved by the same Fock state coefficients as with the code

(Eqn. B7) but with spacing of the code (Eqn. B6):

0) ++/3|4 32)+|6
;)= >+;f| ) w, =¥ 2+| ) (Eqn. B9)

[00283] It may be noted that the broader the class of error for which a code protects
against, the larger the error rates are, as codes involve higher Fock states the broader the

class becomes and higher Fock states produce more errors.

[00284] The above codes can be generalized to protect against the error set that

includes up to L boson losses; up to G boson gain errors; and up to D dephasing

events:
E ={1,a,a%...,a"% a",....@a"°% A,A%,...,A"). (Eqn. B10)
[00285] It has been recognized that a class of codes which can correct for errors

arising from this error set are:

p even/odd

1 A N+1 v
|Wm)=? ( » jlp(SH)), (Eqn. B11)

where S =L+G and N = maX{L, G,ZD}. For example, Eqn. B11 with the values L=1,

G=0 and D=0 produces the codewords of Eqn. B6. These codes have been referred to
herein as “binomial codes” because the state amplitudes involve binomial coefficients

(which, it should be noted, are independent of the spacing S). The two-parameter
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(N, S) code space of Eqn. B11 is shown in FIG. 29. To apply the error correction

techniques described herein, a bosonic system that has a state encoding a two-level
system may use any pair of codewords given by Eqn. B10 (i.e., for any combination of
values of L, G and D) to describe the two level system; that is, the bosonic system may
have a state o|W,) + B|W;) where [W,) and |W;) are given by Eqn. B11 for some

combination of values of L, G and D.

[00286] It will be noted that the binomial codes operate in a restricted Hilbert space,

which could be beneficial for the practical construction of the unitary operators required

for error diagnosis and recovery. This may particularly apply to errors involving a'
operators, whose operation on conventional codes may be less straightforward than a

operators alone.

[00287] Returning to FIG. 25, the codes selected from the above-described class of
binomial codes may be used to represent the state of qubit 2510 in the resonator 2520.
Once an error occurs in the resonator, the error may be detected and operations may be
performed to correct the error. The error-correction process is described in detail below

with respect to FIG. 26.

[00288] FIG. 26 is a flowchart of a method of correcting errors that occur within a
bosonic system, according to some embodiments. FIG. 26 may be performed within
system 2500 shown in FIG. 25, for example. Method 2600 includes steps of measuring
an error syndrome of a bosonic system and performing a correction based on the
measured error syndrome. Method 2600 also includes an optional initial step in which

the bosonic mode’s state is encoded based on a coupled multi-level system.

[00289] Method 2600 can optionally begin in act 2602 in which the state of a multi-
level system is encoded in the state of a bosonic mode. In the case where the multi-level
system is a qubit, this encoding may utilize any code selected from the above-described
binomial codes to represent the state of the qubit in the bosonic mode. Alternatively, if
the multi-level system is a qudit, this encoding may utilize a multinomial code to
represent the state of the qubit in the bosonic mode. Any suitable technique may be
applied to encode the state of a multi-level system in a bosonic mode, examples of which

are described above.
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[00290] Alternatively, method 2600 may begin in act 2604 wherein a bosonic mode
has been previously configured with a state that is a superposition of a pair of codewords
selected from the class of binomial codes or class of multinomial codes. Accordingly,
irrespective of whether method 2600 includes the optional encoding act 2602, prior to act
2604 the bosonic mode is in a state that is a superposition of a pair of codewords selected
from the class of binomial codes or class of multinomial codes. For example, if the
bosonic mode of method 2600 represents a two-level system, it has a state that is a

superposition of one of the pairs of codewords given by Eqn. B11.

[00291] In act 2604, an error syndrome of the bosonic mode is measured. An “error
syndrome” as used herein refers to a measurement that is indicative that a particular error
(or one of a group of particular errors) has occurred. One example of an error syndrome
discussed above is a measurement that shows there has been a change in parity of the
bosonic number state of the bosonic mode (or parity mod 3, parity mod 4, etc.). Another
error syndrome is a measurement that indicates dephasing has occurred (an example of
this type of measurement is discussed above). Another error syndrome is a measurement
that indicates no error has occurred. Since the act of measuring the bosonic mode can
cause amplitude damping of the mode, a measurement indicating no error has occurred
may nonetheless lead to action based on this measurement, and therefore “no error” is

also considered an error syndrome.

[00292] According to some embodiments, detecting a boson loss or gain error in act
2604 may comprise a sequence of operations in which energy is applied to the bosonic
mode directly and/or to another system to which the bosonic mode is coupled. For
example, in a system comprising a resonator (e.g., microwave cavity) with a strong
dispersive coupling to a qubit, where the strength of the dispersive coupling is stronger
than the decay rates of the qubit and the resonator, the qubit can be driven conditioned on
given boson number states of the resonator. The electromagnetic pulse applied to the
qubit can be selected such that, for example, the qubit will be in a particular state after
application of the pulse that depends upon the boson number state of the resonator.
Measurement of the qubit then indicates the parity of the coupled resonator. According
to some embodiments, a measurement of boson number mod ($+1) comprises

performing S sequential measurements of the two-level qubit.
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[00293] According to some embodiments, detection of a dephasing error in act 2604

may be made by projective measurements f’d = za| E (‘f ><E ¢ | ,ford =0,1,...,N. Here,

.....

—d =d
(Ea | EJ’> = 5d,d’6a,a’

ford,d' = 0,1, ...,N. Similar to the detection of boson gain or loss errors, the detection
of a dephasing error may comprise a sequence of operations in which energy is applied
to the bosonic mode directly and/or to another system to which the bosonic mode is

coupled.

[00294] For example, in a system comprising a resonator (e.g., microwave cavity)
with a strong dispersive coupling to a qubit, electromagnetic pulses applied to the
resonator and qubit can be selected such that, after application of the pulse(s), the qubit
will be in a particular state that depends on the resonator being in the subspace spanned
by {|Ef ), |Ef)} for some d. Measurement of the qubit would then indicate whether the
oscillator is in the subspace spanned by {|E 4 }, |Ef)} or not. If the oscillator is found to
be within this subspace, one or more electromagnetic pulses (which may be, for example,
pre-computed) can be applied to the system to carry out unitary state transfer from |E f}

to |W;), and from |E() to [W)).

[00295] According to some embodiments, a measurement of ﬁd ford =0,1,...,N

may comprise performing N + 1 sequential measurements of a two-level qubit.

[00296] According to some embodiments, act 2604 comprises detection of “no
error,” also referred to herein as a “no-jump error.” As discussed above, there can be a
measurement backaction produced upon the bosonic mode as a result of observing no
change in the boson number state. This backaction reduces the relative probability of the
higher Fock states with respect to the lower ones, formally expressed with the factor

exp(— Kdtﬁ/Z) in the error operators (see Eqn. B14 below). Correction of this error

syndrome is discussed below.
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[00297] In act 2606, one or more operations are performed upon the bosonic mode
to transform its state based on the error syndrome detected in act 2604. This
transformation is configured to counteract the error implied by the measured error
syndrome — that is, to attempt to transition the system back to the state it was in prior to
the error. In some, but not all, cases, this transformation can be exact. In other cases, the

transformation may approximately return the system to its previous state.

[00298] According to some embodiments, act 2606 may apply the one or more

operations based on an analysis of a bosonic mode that evolves over time. For example,
the standard Lindblad time evolution of a density matrix P of a cavity coupled to a zero-

temperature bath with a cavity energy decay rate x is (represented in the frame rotating

at the cavity frequency)

dp Ant  Atan Anta

W@ _ E(Z&paf —-a'ap —pa*a).

e 2 (Eqn. B12)
[00299] In a finite time interval dt, continuous time evolution results in an infinite

set of errors and exact quantum error correction of the full set of errors is not possible.
However, the probabilities of the errors scale with powers of xdt and we can choose to
correct only the most important errors in &df. Formally, we exploit the notion and
theory of the field of approximate quantum error correction (AQEC). Roughly speaking,
each error operator is expanded in powers of adt and the errors corrected up to a given
highest order of the expansion. To be consistent with choosing to correct only the errors
that occur with probabilities to a specified highest order in xdz, it may be enough to
satisfy the QEC criteria of Eqn. BS only approximately such that the resulting recovery

of the original state has an accuracy given by the same highest order in xdz.

[00300] Consider initially only amplitude damping by boson loss errors, that is, the
time-evolution of Eqn. B12, and extend the discussion for boson gain and dephasing
processes later. One can ‘unravel’ the Lindblad Equation (Eqn. B12) by considering the
conditional quantum evolution of the system based on the measurement record of a
photomultiplier that clicks whenever a boson is lost. In this quantum trajectory picture,

one views the first term in Eqn. B12 representing the boson loss jump of the system

when the detector clicks p — apa’. This is not normalized because it includes the fact
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that the click probability is proportional to Tr(apa') =7 . The last two term terms inside

the brackets represent time-evolution of the system under an imaginary non-Hermitian

T LK i S
Hamiltonian V/h = —1Ea*a when no bosons are detected. Above when considering an

idealized error set EL ={1,4,a’,...,a"} we for simplicity ignored a part of the physical

error process, namely this no-jump evolution occurring inbetween boson loss jumps.
Much like a Feynman path integral, we can express the evolution of the density matrix
from time O to ¢ in terms of a sum over all possible trajectories with jumps occurring at

all possible times during the time interval ¢:

P =Y p,1)=EpOE],
=0 =0 (Eqn. B13)

where E, are Kraus operators encapsulating the time-evolution generated by exactly [

boson losses and the no-jump evolution in between the boson loss events. By integrating

over all the possible jump times of exactly / boson jumps during the time interval # we

can derive an analytic expression for E, :

adt

e,
S YA kicdt Af "o "
E =\7e * a =qyeTae *, (Eqn. B14)

where 7, = (1-e ¥)‘//!. A noteworthy feature of the damped simple harmonic oscillator

is that the precise timing of the boson jumps plays no role. This can also be seen in the
interchangeability of the order of the operators in Eqn. B14. If a self-Kerr non-linearity

is present, the precise timing of the jumps matters and tracing over them leads to
dephasing. Taken together, when correcting against boson loss errors up to order (ids)*,
the correct set of errors the codes should be protected against is €, ={E,,E,,...,E, }
including contributions of both the jump and no-jump parts of the non-unitary time-

evolution.

[00301] According to some embodiments, in act 2606 where the error syndrome
measured in act 2604 indicated loss or gain of one or more bosons, the transformation

applied in act 2606 is configured to transition the bosonic mode from a state that is a
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superposition of error word states back to the superposition of codeword states that the

mode previously exhibited (e.g., produce the state transitions given by Eqn. B4).
[00302] According to some embodiments, this transformation may be performed by
application of a correction unitary U . to the bosonic mode to perform a state transfer
between the logical codewords and the error words. Errors E . may be recovered to the
accuracy of (xdt)” by a recovery process R chosen to recover the errors ék , where the
set of errors E| :

2M+1

Ek = E}k + ék +O[(xdr) > ]is split to two parts, where

R M “ o oM “
B =YE,xt>.C,= Y E,(xdn)?.
=0 u=M+1 (qu’l B 15)
[00303] The Kraus operators of the recovery process R can be written as

I/ék = ﬁkkzo—l WG><W0' |ék = ljkEc
where the error detection is projected to the error subspace, fA’k = ZJ@AWGXW‘7 |lA3‘,Z ,and

the correction unitary U = Z(J WG)(WG |l§,§ performs state transfer between the logical
codewords and the error words.

[00304] For example, the unitary operation for correcting a single boson loss error
is:

Uy = W[+ [WiX(1] + [BUWL] + [1(W4].

[00305] According to some embodiments, where the bosonic mode is a mode of a
resonator (e.g., resonator 2520 shown in FIG. 25), correction unitary U . may be applied

to the resonator by an energy source supplying energy (e.g., a time-varying
electromagnetic pulse) to the resonator and/or to a qubit to which the resonator is

coupled (e.g., as described below in relation to FIG. 28). In at least some cases, a

plurality of operations may be performed to apply correction unitary U . to the resonator.
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Such operations may comprise one or more steps in which energy (e.g., a time-varying
pulse) is applied to the qubit, to the resonator, or to the qubit and the resonator

simultaneously.

[00306] According to some embodiments, in act 2606 where the error syndrome
measured in act 2604 indicated one or more dephasing errors, the transformation applied
in act 2606 is configured to recover the state prior to dephasing by performing a state
transfer between the subspaces of the error and logical codewords (e.g., produce the state
transitions given by Eqn. B4). In the event of a dephasing error, the operator 7 takes the
state to a superposition of the logical codewords and an orthogonal set of errors words,
as in Eqn. B8. This event can be diagnosed and the quantum state restored by a

projective measurement followed by a conditional unitary operation.

[00307] According to some embodiments, in act 2606 where the error syndrome
measured in act 2604 indicated a no jump error symdrome, the transformation applied in

act 2606 is configured to recover a state prior to when the measurement was made.

[00308] According to some embodiments, when the error syndrome measured in act

2604 indicated a no jump error symdrome (e.g., no boson loss was detected), the

1
quantum state |y) = a‘WT>+ ,[7’|W¢> transforms to |y = E0|W>/<W |EE, 1//>2 under the
no-jump evolution given by EO = exp(— &dt7/2). The code of Eqn. B6 is protected against

the single boson loss error that occurs with probability £ = <Ef E1> ~ i dt + O[(dt)].

Thus, according to some embodiments the no-jump evolution can be determined to the

same accuracy:

1 s

= oW, )+ x| E2) )+ gw, )+ OL(xatny?), (Eqn. B16)

where |E$> = (|O> - | 4>)/«/§ is the error word associated with the no-jump evolution.

Note that |W¢> = 2 is unaffected by the no-jump evolution as its excitation number is
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equal to the mean boson number. To the first order in adz, the no-jump evolution causes

deterministic rotation inside the subspace {‘WT >, | E ? >} . By applying a unitary operation,

U, = cos sew, Y E2| - | E2 ), |) (Eqn. B17)
+sin acde (W, W, |+ | ESWES J+ [w, Yw, |

the original state can be recovered to first order in xdt.
[00309] Alternatively, the recovery may be performed by a measurement projecting
to the subspace of logical codewords. By combining detection and correction of both the

boson loss and the no-loss errors, the total recovery process is R = {1%0, Iél} described by

the Kraus operators R, =U,P,,,,, Where P,,_,, is a projector to the boson number
subspace k£ mod 2, that is, to a parity subspace. The recovery processes results in,
R(E(p))= p+O[(xdr)*], that is, correction of the error process to the first order in xdt

as desired.

[00310] In summary, in act 2606 the single mode codes described above can protect
against up to L boson loss errors and against no-jump evolution up to order (&dt)” using
the above-described techniques. That is, the codes are approximate quantum error
correction codes protected against €, = {E,,E,,...,E,} with the same accuracy.
Physically this means that if observation of boson loss errors up to a maximum of L
times does not yield any information on population and phases between the logical code
words |Wﬂ> , then also the observation of no-jump errors < L times yields no
information and has measurement backaction that does not deform the state. In other
words, the codes for EL = {1, &,dz,...,&L} are protected against the no-jump evolution to
the same order than the codes are protected against boson jump errors.

[00311] FIG. 27 is a flowchart of a method of correcting one of three classes of
errors that occur within a bosonic system, according to some embodiments. Method

2700 is a particular example of method 2600 performed within a system comprising a

qubit coupled to an oscillator (e.g., system 2800 discussed below in relation to FIG. 28).

[00312] In act 2702 the state of the qubit is encoded in the oscillator using one of the

binomial codes to represent the state of the qubit in the oscillator, illustrative techniques
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for which are discussed above. In acts 2704, 2706 or 2708, an error syndrome is
detected that may be a photon gain/loss, dephasing, or a no-jump error, respectively.
Mlustrative techniques to detect such errors are discussed above. In acts 2705, 2707 or
2709, respectively, transformations are applied to the qubit-oscillator system to correct
these errors. In some embodiments, acts 2705, 2707 and/or 2709 may comprise
application of electromagnetic pulses to the qubit and/or to the oscillator to perform
unitary operations that perform such corrections. For example, those unitary operations

discussed above in relation to FIG. 26 may be performed via said application of pulses.

[00313] FIG. 28 is a block diagram of a circuit quantum electrodynamics system,
according to some embodiments. System 2800 includes a system 2801 in addition to
electromagnetic radiation source 2830, controller 2840 and storage medium 2850. In
some embodiments, a library of precomputed drive waveforms may be stored on a
computer readable storage medium and accessed in order to apply said waveforms to a
quantum system. In the example of FIG. 28, controller 2840 accesses drive waveforms
2852 stored on storage medium 2850 (e.g., in response to user input provided to the
controller) and controls the electromagnetic radiation source 2830 to apply drive

waveforms g,(t) and g,4.(t) to the qubit and oscillator, respectively.

[00314] System 2801 includes a physical qubit 2810 and a quantum mechanical
oscillator 2820. In the example of FIG. 28, the qubit and the oscillator are dispersively
coupled — that is, the qubit-oscillator detuning is much larger (e.g., an order of magnitude
larger) than the coupling strength between the qubit and the oscillator. An
electromagnetic signal £, (t) may be applied to the physical qubit 2810 and an
electromagnetic signal €,4.(t) may be applied to the quantum mechanical oscillator
2820. As used herein, application of such an electromagnetic signal or pulse may also

be referred to as “driving” of the qubit and/or oscillator.

[00315] According to some embodiments, drive waveforms £, (t) and €,4.(t) may
be determined via numerical techniques for a particular desired state change of the
system 2800. In particular, suitable drive waveforms may be determined that allow
£4(t) and g, (t) to be applied simultaneously to the physical qubit and the oscillator,

respectively. The drive waveforms &4 (t) and €, (t) may be applied during the same
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time period (i.e., may start and end together) or may simply overlap in time. These drive
waveforms may be stored in the storage medium 2850 in library 2852, having been
previously computed to transition the system 2801 from an initial state to a desired final
state. According to some embodiments, the drive waveforms may include waveforms
that, when applied to the qubit 2810 and oscillator 2820, transition the oscillator from
state that is a superposition of error words into a superposition of logical codeword
states, as described above. For example, the drive waveforms may include waveforms
that, when applied to the qubit and the oscillator, produce the state transitions given by

Eqn. B4.

[00316] FIG. 29 illustrates a two-parameter (N, S) labeling of the binomial codes
(Eqn. B11). The largest circle denotes the code (Eqn. B6) protected against a boson loss
error L =1, the large square is the code (Eqn. B7) protected against 6_‘2 ={1,d4,a’,n} or
E ', ={1,a,a",n}, and the large diamond denotes the code (Eqn. B9) protected against
E "'={1,a,n}. The parameter S = L+ G sets the total number of detectable boson loss
errors L and gain errors G . The parameter N sets the maximum order the code is
protected against boson loss, gain and dephasing errors N = max{L,G,2D}. The codes
shown on or between the lines labeled “S=2N" and “S=N" have protection against boson
loss and gain errors set by § = L+ G and in addition they are protected against

dephasing up to 7"*. The codes to the left of the line labeled “S=2N" allow in addition
heralding of S —2N uncorrectable boson loss or gain errors. The codes to the right of

the line labeled “S=N" are protected against a total of S boson loss and gain errors, as

well as against up to " dephasing errors. The error words of a binomial code are also
valid logical codewords but with a reduced value for the parameter N , since a boson

loss or gain error decreases N — N —1 and a dephasing error reduces N = N —2.

[00317] Note that the spacing between the occupied Fock states is S +1 in the
codewords (Eqn. B11). This means that all boson loss and gain errors can be uniquely

distinguished by measuring boson number modS +1. Next, the quantum error
correction conditions in Eqn. B5 imply that <WJ l(ah'a’ IWJ> for all ¢ <max{L,G} be

equal for the two logical codewords, just as the mean boson number of the logical
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codewords (Eqn. B6) was required to be equal. Inclusion of dephasing errors makes the

QEC matrix (Eqn. B11) non-diagonal, but it follows from the binomial coefficients that
dephasing errors up to order [max{ L, G}/Z] (where the square brackets indicate integer

part of) are also corrected by these codes. The spacing § = L+ G sets the maximum
number of detectable and correctable boson loss and gain errors and L+1 can be seen as
the distance of the binomial quantum codes. The highest degree of dephasing correction
can be increased via N without limit. Note also that since the binomial codes are

protected against the error set in (Eqn. B10), they are also protected against all errors that
are superpositions of these, such as displacement errors D(@) = exp(ad’ —o"a) for small
a.

[00318] FIG. 30 illustrates the rate of entanglement infidelity for binomial quantum
error correction codes, according to some embodiments. Ignoring first infidelities in the

recovery process, the performance of a binomial code may be estimated by the rate of

uncorrectable errors. When including several error channels, that is boson loss, boson
gain and dephasing errors with rates k', K, and ¥, the exact expression for the dominant
uncorrectable error depends on the relative ratio of these rates. However, it is physically
reasonable to assume that the boson loss channel is the dominating one, K> k., ¥ . Then,

the rate of uncorrectable errors is also dominated by the largest uncorrectable boson loss

error rate, that is, the error rate P,,,/dt = <EZ+1E L+l>/dt of losing L +1 bosons during dz .

This scales as (xdt)*S**" which implies that for a time step d¢ there exists an optimal

binomial code with finite L, S and N that minimizes the uncorrectable error rate

among different binomial codes.

[00319] FIG. 30 illustrates the rate of entanglement infidelity I::e/dt , in units of «,

plotted as a function of the time step df, in units of 1/x, for the binomial codes of Eqn.
Bl11l with S=L=1,2,3,4and 5 as labeled in the figure. In the example of FIG. 30, a
perfectly faithful recovery process is assumed for the purposes of illustration. Note the
logarithmic scale of each axis. The dashed line in FIG. 30 indicates the performance of a

naive encoding, |WT , ¢> = |0/1> , whose rate of entanglement infidelity at small dt

approaches &2 corresponding to the rate of a boson loss with 7 =1/2. The binomial
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codes described herein outperform the naive encoding approach with time step dr0.4x”"

and the binomial codes with L>2 become favorable with time step df0.2x™".
Entanglement infidelity may be calculated as Ii =1-F, =1- Z;OZZU [Tr( ﬁcﬁkﬁ DI,
where p, = Z(JWJ ><W(r |/2 . The entanglement infidelity is in general dependent on the
input state. However, here we use the fully mixed state p, as an input since then the
entanglement fidelity is equal to the }, component of the process map. At small dz,
the slopes of ﬁe/dt agree well with the slopes for the rate of the largest uncorrectable

error P, /dt .

[00320] In the example of FIG. 30, we have demonstrated the performance of the

binomial codes for S =L =0,...,5 via the rate of the entanglement infidelity which, in

the absence of infidelities in the recovery process and at small time steps df , is well

approximated by largest uncorrectable error rate. Physically the observed scaling can be
understood since the mean boson number 7 = %(L +1)(S +1) increases quadratically

with the number of protected boson loss errors L implying faster decay of the code
words and that to achieve the advantage of higher-order protection, the checking times

dr may be made appropriately smaller. Larger codes are preferable for smaller checking
times. However, an experimental infidelity £ related to a single recovery stage
increases the error rates by &dt favoring low-order binomial codes with longer time
steps. The optimality of a code depends also on the detailed structure of the
experimental recovery process; some of the infidelities can be correctable errors
suppressed by the next round of the recovery process. In the presence of known error
sources, the confidence of the error detection and consequently the fidelity of the
recovery process can be improved by the means of quantum state filtering and

smoothing, that is, using effectively the measurement record.

[00321] Aside from improving lifetimes of quantum memories and quantum bits,
bosonic mode quantum error correction is also useful for quantum communication which
consists of quantum state transfer and generation of high-fidelity entangled pairs of

quantum bits between two distant locations or nodes in a quantum network. As
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discussed above, a photonic or other bosonic system may be used as a communication
medium wherein a quibit (or other quantum system) has its state mapped onto the
bosonic system, which transmits or otherwise transfers the state across physical space,
and maps the state onto a second qubit system. In this manner, the bosonic system acts
akin to a fiber optic or other communication medium utilizing light by transporting

information across a physical space.

[00322] We consider here an illustative task, namely the ‘pitch-and-catch’ scenario
for a quantum state, schematized in FIGs.31A-31B. FIG. 31A is a sketch of a circuit
QED hardware proposal and FIG. 31B is a schematic of a quantum state transfer scenario
utilizing encoding and quantum error correction of the binomial quantum states. In the
example of FIGs. 31A-31B, after encoding the qubit state to the send cavity, by
controlling the cavity decay one can tailor a temporal mode for the flying, traveling
oscillator mode that is fully absorbed by the receiving cavity. The received cavity state
may have suffered from photon loss errors (Eqn. B14), dephasing and photon gain errors
that can be recovered by performing the recovery process before decoding it to the
physical qubit.

[00323] The illustrative scenario of FIGs. 31A-31B comprises initializing the qubit
A into a superposition of the ground and excited state 0{| e)A +p | g)A , encoding (a
unitary swap operation) of the qubit state into the logical codewords of the send cavity
aW? + W ? using one of the binomial codes, letting the cavity state leak in a time-

reversal symmtricd manner (pitch) into a transmission line or to other kind of a flying

oscillator @W," + AW such that the inverse process (catch) is most efficient into the
receiving cavity oW + fW,* . The transfer is finalized by decoding (a unitary swap

operation) the received cavity state to the qubit B resulting in a|e>B + | g)B ,
corresponding to a transfer of the qubit state between the qubits. The remote physical
qubits can be entangled by replacing the first swap with a CNOT-gate between the

physical qubit A and logical qubit of the cavity.

[00324] The process is vulnerable to various errors and infidelities at the different
stages of the transfer process. The most obvious imperfection is the attenuation of the

state of the flying oscillator by photon loss processes, similar to (Eqns. 12-14), during the
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transmission. The local decoding and encoding operations between the cavity and qubit
states can be imperfect as well. An important part of the ‘pitch-and-catch’ process is the
engineering of the temporal mode of the flying oscillator so that the catch by the
receiving cavity is as reflectionless as possible. Reflection can be modeled as an
additional photon loss process. In addition, the cavities can suffer dephasing events
through uncontrolled transitions of the qubits and the cavity states can decay also to

unwanted channels not just to the transmission channel. If one uses naive encoding W,

photon loss errors lead to exponential loss of process fidelity as a function of
transmission distance and similarly other errors lead to unfaithful transmission. When
using the binomial codewords or other quantum codes as the logical codewords in the
cavities, the fidelity can be increased by performing a recovery process on to the
received cavity state before decoding it to the receiving qubit B. This way one can
improve the fidelity by the amount that the correctable errors (Eqn. B10) contribute to

the full error process.

[00325] In classical communication we typically use the continuous variables of
amplitude and/or phase of the electro-magnetic field to transmit a signal. One of the
popular coding schemes is the phase-shift keying (PSK), which is a digital modulation
scheme that conveys data by changing/modulating the phase of a reference signal. For
example, the quadrature phase-shift keying uses the 4 equal-spaced points (e, ia, -0, -ic)

on a circle with radius « in the phase space to encode 2 classical bits of information.

i2rld to

encode log, d classical bits of information. In the presence of signal attenuation, PSK
can reliably encode the information so long as the phase of the reference signal can be
reliably extracted. Owing to its simplicity, PSK is widely used in existing technologies

in classical communication, such as the Bluetooth 2 standard and wireless LAN standard.

[00326] There may be a class of quantum continuous variable codes that is closely
related to classical PSK encoding. The binomial codes can be regarded as a code that
can correct multiple excitation loss errors, which can be used for quantum
communication. In particular, it can be used for correcting photon loss errors in the third
generation of quantum repeaters. In the perspective of secure quantum communication

(quantum key distribution, QKD), the binomial codes defeat eavesdroppers. While an
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eavesdropper could try to probe the communicated codewords by removing a small
number of photons from the code words or by acting with another operator that the code
is protected against, the eavesdropper would not acquire any information about the word
being sent. This is because those photon losses do not give any hint as to which code
word they came from. Indeed, this is precisely why the intended receiver can still

recover code words despite losses.

[00327] According to some embodiments, the example of FIGs. 31A-31B could be
repeated a number of times to cross a larger distance. In other words, a quantum repeater
could be produced that utilized a number of cavities between an initial send cavity and a
final receive cavity that each receive, then send the state (by leaking the state out of the

cavity).

[00328] According to some embodiments, a quantum communication system may
be formed that links microwave resonators via optical fiber(s) and/or via other suitable
means for propagating electromagnetic signals. For instance, optomechanical
transducers can perform quantum state transfer from a microwave resonator to flying
optical photons (and the reverse down-conversion) via an optomechanical transducer.
Such converters could play a central role in quantum communications. According to
some embodiments, such communication comprises up-conversion from microwave to
optical, transmission of the optical state through a fiber and then down-conversion from
optical to microwave at the remote location. All three steps could involve photon loss,
gain or dephasing errors. Thus rather than using the O and 1 photon number states to

hold the quantum information it may be useful to use binomial codewords |W¢ > , |W¢>

which can be corrected for such errors as described herein.

[00329] FIG. 32 is a block diagram of a single-qubit, two-cavity system suitable for
implementing two-mode codes. System 3200 is another example of a system in which
the two-mode (binomial) codes described above may be implemented. The single-qubit,
two-cavity experimental configuration shown in FIG. 32 is in principle sufficient to

realize universal control of the two modes for the following reasons.
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[00330] The Hamiltonian of the dispersive coupling between the qubit and the

2
cavities is of the form H,, = z zj&;& ;0. . where 4 is the annihilation operator for the
=

jthmode. Additional Hamiltonian terms come from independent drives on the cavities
H,, = aj& + ajff , and the qubit I:IQ =n-0,where the ; and 7 are externally
controlled. The existing Hamiltonian terms can generate a more complex effective

Hamiltonian using the approximate identities:
ei@dteiﬁdteiﬁdteifadt — e2i(1§+§)dt + 0(8t3) (Eqn. B18)
e—iﬁdte—iédtei/idteiédt — e[/i,é]dtz + 0(5t3) (Eqn. B19)

These identities can be applied and combined multiple times to produce superpositions

of higher order commutators; [/T [/T, B]]

[00331] To establish universal control of the multimode system, it may be sufficient

to show that each mode can be universally controlled, and that it is possible to generate a
beamsplitter interaction £;p; — X;P; (equivivalent to ﬁiﬁ; + ﬁjﬁ?) between different
modes i # j. Using the identity (Eqn. B19), the cavity drives along with the dispersive

interaction generate effective, qubit-coupled drives on an individual cavity:
iHjerr = [o3) — o5a], 1 DF_1 i ALALG, (Eqn. B20)
= 1)(162(0(]/2\1] +h.c.)

[00332] Choosing o to be real or imaginary results in effective operators « p;G, or
R;0,. Combining these with pre- and post-rotations of the qubit yields, e.g. %0y
Applying (Eqn. B19) again enables the construction of products of the mode operators,

for example:

[i%;By, i%;5,] = i&;%;8 (Eqn. B21)
[iPiBy, 19;8] = iPiPjox (Eqn. B22)
[i%;8y, 1p;8,] = i(Rij + PjRi)Bx (Eqn. B23)
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[00333] Using (Eqn. B18) to sum (Eqn. B21) and (Eqn. B22) with i = j gives a
single mode dispersive interaction, which in combination with external cavity drives is
enough to produce single mode universal control. Superposing (Eqn. B23) with the same
term with the opposite sign and i <> j produces the beamsplitter interactions that are

sufficient to give universal control of the multimode system.

APPENDIX C - Techniques For Manipulation of Two-Qubit Quantum States and
Related Systems And Methods

[00334] Developing a quantum computer involves a number of different technical
developments, some of which build upon each other. As an initial step, a quantum
system must be developed that can be controlled sufficiently well to hold one bit of
quantum information (a ‘qubit’) long enough for the qubit to be written, manipulated,
and read. Once this has been achieved, quantum algorithms can be performed on these
quantum systems if a number of additional requirements, known as the DiVincenzo
criteria, are also satisfied. One of these criteria is the ability to implement a universal set
of gates. That is, to implement gates that in combination can realize complex quantum
algorithms. Unlike in classical computing, however, in which any desired Boolean gate
can be implemented from NAND (or NOR) gates alone, in a quantum computer
universality can only be achieved with a combination of arbitrary single qubit gates and a

two-qubit gate (e.g., a CNOT gate).

[00335] Another of the DiVincenzo criteria is to produce qubits that have
sufficiently long decoherence times to be able to perform computation. Some techniques
to help meet this criteria employ quantum error correction techniques to correct
decoherence errors in a quantum system once they occur. If the error correction
operations are sufficiently effective, the state of a quantum system can be maintained for

a long time, and possibly indefinitely.

[00336] Techniques for implementing a universal set of quantum logic gates in a
system that satisfies the DiVincenzo criteria have been recognized and appreciated.
Quantum information may be stored in linear quantum mechanical oscillators that are
coupled to one another by a multi-level (e.g., nonlinear) quantum system. The states of

the linear quantum mechanical oscillators act a logical qubit for storing a single bit of
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quantum information. By controlling the quantum mechanical oscillators and the multi-
level quantum system with driving signals, a universal set of quantum logic gates can be
implemented. For example, arbitrary single qubit rotations can be performed, as well as

entangling and disentangling operations between two or more qubits.

[00337] These techniques comprise an operation for generating an entangled state
between two quantum mechanical oscillators. Such a state may enable logical operations
between two logical qubits, where each logical qubit is represented by a state of one of
the oscillators, and may further enable quantum error correction techniques to be applied
to these qubits. Accordingly, these techniques may support the two DiVincenzo criteria
discussed above, by simultaneously (i) allowing logical operations to be performed upon
two qubits, and by (ii) lengthening decoherence times by enabling quantum error

correction techniques.

[00338] In some embodiments, a suitable device architecture may include a multi-
level quantum system, such as a transmon or other nonlinear quantum system,
dispersively coupled to two qubits each implemented as a quantum mechanical
oscillator. The oscillators may be, for example, resonator cavities or other suitable linear
quantum oscillators. The multi-level quantum system may be used as an ancilla to
create, manipulate, and/or to measure the quantum states of each of the oscillators to
which it is coupled. By accessing multiple energy levels of the ancilla, the techniques
described herein make it possible to realize universal quantum control of the two qubits
and to monitor the error syndrome of the two qubits by performing quantum non-

demolition (QND) measurements.

[00339] A nonlinear quantum system is a quantum system that does not have an
infinite number of energy levels (e.g., energy eigenstates) separated by a constant energy
difference. In contrast, a linear quantum system has an infinite number of evenly
distributed energy levels. An example of a linear quantum system is a quantum
mechanical oscillator. An example of a nonlinear quantum system is a two-level
quantum system (e.g., a two-level atom) which only has two energy eigenstates. Another
example of a nonlinear quantum system is a multi-level quantum system such as a

superconducting qubit (e.g., a transmon).
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[00340] Conventionally, nonlinear quantum systems are used to store quantum
information. For example, it has been shown that transmons can be used to implement a
qubit. It has been recognized and appreciated that storing quantum information in linear
quantum mechanical oscillators has several advantages over storing the information in
nonlinear quantum systems. One such advantage is an increase in coherence time. In
particular, it has been recognized and appreciated that so-called “cat states” may be a
particularly useful type of state of the quantum mechanical oscillators to which to apply

the techniques described herein.

[00341] A cat state is a coherent superposition of two coherent states with opposite
phase. For example, in a quantum harmonic oscillator a cat state can be described by

1
ﬁ(la>+l—a>) , where | @) is a coherent state with a first phase and | =@) is a coherent
state with a second phase that is shifted 180 degrees relative to the first phase. At large
| & |, the two components of the cat state correspond to distinct quasi-classical wave-
packets, drawing analogy to Schrédinger’s symbolic paradox of an unfortunate cat inside
a closed box being simultaneously dead and alive. Cat states have so far been realized
with single-mode optical or microwave fields with up to about 100 photons, but are

increasingly susceptible to decoherence as the number state increases in magnitude.

[00342] According to some embodiments, an entangled state across two quantum
mechanical oscillators may be produced by entangling cat states of the oscillators.
Techniques for producing such a state are discussed below, but initially properties of the

entangled state will be described. The entangled state may be expressed as:
1
lw)y)=—7(a), ) tl-a), |-),) (Egn. C1)
V. 2 A B A B q

where | +&), and | o), are coherent states of two oscillator eigenmodes whose

amplitudes are prepared to be equal for convenience. The two oscillators are referred to
herein as “Alice” and “Bob.” Each of the two modes are predominantly localized in one

of the two oscillators that are weakly connected via the ancilla.

[00343] Despite a nonzero (but small) spatial overlap of the two modes, for

convenience we refer to the two modes herein as the states of the two oscillators. For
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larger |1 (e.g., a1 =2), ly,) canbe considered a single cat state living in two
boxes whose superposed components are coherent states in a hybridized mode involving
both Alice and Bob. Alternatively, in the more natural eigenmode basis, |, ) may also

be understood as two single-oscillator cat states that are entangled with each other.

[00344] Multi-oscillator cat states can be a useful way of encoding quantum
information that allows fault-tolerant quantum computation, where quantum information
is redundantly encoded in the coherent state basis of the multiple oscillators. In this
context, the techniques described herein realize an architecture of two coupled logical
qubits. The two-mode cat state can be considered a two-qubit Bell state

1
2

| ) represents the logical state |10) for each of the two oscillators and the second quasi-

(10510)£11)11)) of the logical qubits, where the first quasi-orthogonal coherent states

othogonal coherent state | —) represents the logical state |1) for each of the two
oscillators.

[00345] According to some embodiments, the quantum mechanical oscillators may

be bosonic systems. In such cases, the two-mode cat state is an eigenstate of the joint

boson number parity operator P

_ _ llmTa iﬂbTb
P=Pp=c""¢ (Eqn. C2)

where a(a’) and b(b") are the annihilation (creation) operators of bosons in Alice and
Bob, and P, and P, are the boson number parity operators on the individual oscillators.
Remarkably, |y, ) (or |y _)) has definitively even (or odd) number of bosons in two
cavities combined, while the boson number parity in each cavity is maximally uncertain.

The error syndrome of the two-mode cat state may therefore be monitored by performing

quantum non-demolition (QND) measurements of the cat state.

[00346] According to some embodiments, QND measurements of the joint parity
may be performed by probing the two-mode cat state via the coupled ancilla. The results
of such measurements, discussed below, are not only illustrative of the highly non-
classical properties of the state, but also the fundamental tools for quantum error

correction in general. According to some embodiments, the system may include a
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readout unit coupled to the ancilla (which is in turn coupled to each of the two quantum
mechanical oscillators). The readout unit may be, for example, a resonating cavity that
may be used to projectively measure the ancilla state. The readout unit may thereby
provide for the above-mentioned QND measurements of the two oscillators, including

but not limited to joint and/or single parity measurements of the oscillators.

[00347] Following below are more detailed descriptions of various concepts related
to, and embodiments of, techniques for techniques for generating, manipulating and/or
probing an entangled state across two quantum mechanical oscillators. It should be
appreciated that various aspects described herein may be implemented in any of
numerous ways. Examples of specific implementations are provided herein for
illustrative purposes only. In addition, the various aspects described in the embodiments
below may be used alone or in any combination, and are not limited to the combinations

explicitly described herein.

[00348] FIG. 33 is a block diagram of a circuit quantum electrodynamics system
suitable for practicing aspects of the present disclosure. System 3300 includes quantum
mechanical oscillators 3310 (“Alice”) and 3320 (“Bob”) dispersively coupled to a multi-
level quantum system 3330 (“ancilla”). An electromagnetic signal g4(t) may be applied
to the oscillator 3310, an electromagnetic signal €5 (t) may be applied to the oscillator
3320, and an electromagnetic signal €g,¢i;14(t) may be applied to the multi-level system
3330. Generally in the discussion below, application of such an electromagnetic signal
or pulse may also be referred to as “driving” of the oscillator or ancilla. In some

embodiments, the multi-level quantum system 3330 may be a nonlinear quantum system.

[00349] As discussed above, to manipulate the states of the two oscillators, the
multi-level quantum system 3330 may be used as an ancilla. One or more energy levels
of the multi-level system may be accessed in this process. For instance, the lowest two
energy levels, the lowest three energy levels, etc. or any other group of energy levels
may be accessed by €,5ci114 (t) to produce interactions between the ancilla and the two
oscillators via the respective dispersive couplings, examples of which are described

below.
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[00350] According to some embodiments, the Hamiltonian of system 3300 which
includes two oscillator modes, a multi-level system, and their dispersive interactions can

be written as:

Hih=wa'a+ob'b+a, | e)el +(o, +a,)) [ f]
—xialaleXel (x5 + xia'al f)(f]
—x5b'bleXel (i + 2 Wbl f)f (Eqn. C3)

where a(a') and b(b") are the annihilation (creation) operators of energy quanta in the
oscillators Alice and Bob, | g), le) and | /) are the lowest three energy levels of the
ancilla, @, and @, are the angular frequencies of the two oscillators (Alice and Bob),

w, and @, arethe le) -l g) and | f) —le) transition frequencies of the ancilla, and

xfand y7 (i = A or B)represent the dispersive frequency shifts of oscillator i

associated with the two ancilla transitions. Small higher-order nonlinearities are

neglected in Eqn. C1 for simplicity.

[00351] The time-dependent driving signals €,4(t), €5(t) and €404 (L), also
referred to herein as “drive waveforms,” may be applied to Alice, Bob and the ancilla,
respectively, to realize arbitrary single qubit operations upon each of these elements.
Such quantum logic gates between oscillator and ancilla states are the key tools for

deterministic generation and manipulation of the two-mode cat statel i, ) , for example,

and for enabling continuous-variable-based quantum computation.

[00352] A process for producing the two mode entangled cat state described above
has been recognized and appreciated with respect to the two oscillators of system 3300,
that may be broadly described as follows. Initially, the multi-level quantum system 3330
may be manipulated into a superposition of two energy levels. One approach to produce
this result may be to drive the ancilla with €4,.i14(t) to produce a rotation of the ancilla

state in the | g)-le) Bloch sphere. Irrespective of how the ancilla is arranged to be in this

state, each oscillator may subsequently be driven by a displacement conditional on the
state of the ancilla, which entangles each oscillator with the state of the ancilla. For

instance, if the conditional displacement is applied with each oscillator in the | 0) state
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and the displacement is conditional on the ancilla being in | g, the displacement realizes

a three-way entangling gate:

%(I grt1enl0y,10), —)%(I 10, 10y, +leyl2a), 12a),) (Eqn. C4)

[00353] Subsequently, another rotation operation can be applied to the ancilla that is
conditional on the joint oscillator state, which disentangles the ancilla and leaves the

oscillators in a two-mode cat state.

[00354] According to some embodiments, the state-dependent frequency shifts ( y
’s) of each oscillator with respect to each ancilla transition are arranged to allow cavity
state manipulations conditioned on the ancilla level, or vice versa, using spectrally-
selective control pulses. In practice, such an arrangement comprises forming the
oscillators and ancilla system to have different resonant frequencies that enabled such

manipulations. An example of one such arrangement is discussed below.

[00355] This above-described cat state entanglement process is illustrated in FIG.
34, which shows a control sequence for producing cat states spanning modes of two
quantum mechanical oscillators, according to some embodiments. Control sequence
3400 illustrates the states of Alice, Bob and the Ancilla system with time running left to

right in the figure.

[00356] In illustrative control sequence 3400, Alice, Bob and the Ancilla system
begin in distinct initial states. In some embodiments, the three systems have initial states
that are ground states of the respective systems. For instance, Alice and Bob may be in
the | 0) state and the ancilla may be in the | g) state. While these initial states may
represent convenient starting points for the illustrated control sequence, other initial
states may be contemplated so long as the described entanglement between cat states can

be produced.

[00357] In act 3410, the ancilla is controlled to be in a superposition of states. This
may be achieved by driving the ancilla with a driving signal to cause a rotation of the
quantum state of the ancilla on a Bloch sphere associated with two eigenstates of the
ancilla. The superposition may be a superposition of any number of the energy levels of

the multi-level ancilla system, and any superposition of these energy levels may be
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produced. The key steps in control sequence 3400 are the conditional displacements
3420 and 3421, which are conditional on the state of the ancilla and produce
entanglement between the ancilla and each of the two oscillators. So long as these
displacements may be made conditional on states of the superposition of the ancilla
produced in act 3410 to produce such entangelment, any suitable superposition may be

produced in act 3410.

[00358] In acts 3420 and 3421, gates are applied to Alice and Bob, respectively, that
coherently add (or remove) energy to (or from) the oscillator conditional on the state of
the coupled ancilla. Since the ancilla is in a superposition of states at this stage, making
the displacements 3420 and 3421 conditional on at least one of those states of the
superposition produces a superposition of states in the respective oscillator that is

entangled with the state of the ancilla.

[00359] In optional act 3430, a rotation may be applied to the ancilla conditional on
the states of Alice and Bob. This rotation may disentangle the ancilla from the
oscillators, yet may leave the oscillators entangled with one another via their (weak)

couplings through the ancilla.

[00360] To illustrate one possible experimental realization of system 3300 shown in
FIG. 33, FIGs. 35A and 35B depict an illustrative circuit quantum electrodynamics
(cQED) system comprising two coaxial resonator cavities coupled to an ancilla
transmon, according to some embodiments. In system 3500, which is a three-
dimensional schematic of the device shown in FIG. 35A, resonators 3510 and 3520
function as quantum mechanical oscillators 35310 and 35320 in the system of FIG. 33,
and transmon 3530 functions as the multi-level quantum system 3330 in the system of
FIG. 33. The resonators 3510 and 3520, as illustrated, are coaxial cavities formed from

aluminum.

[00361] In the example of FIGs. 35A-35B, the cQED system also includes a quasi-
planar linear resonator that may be operated to readout the state of the ancilla transmon.
The amplitude and phase of the pulse produced by the readout resonator near its
resonance frequency both depend on the quantum state of the ancilla transmon. The
resonator is formed by the resonator cavity shown in FIG. 35A and by the stripline on the

transmon chip which is the central element of the coaxial arrangement shown. The

- 95 -



WO 2017/139683 PCT/US2017/017534

transmon features three antennas 3531, 3532 and 3533, which are coupled to the cavity
3510, cavity 3520 and readout resonator 3540, respectively. Josephson junction 3535 is

coupled to each of the antennas.

[00362] The illustrative cQED system 3500 shown in FIGs. 35A-35B is explored in
more detail below, with FIG. 36 depicting a specific control sequence for producing a
two-mode cat state across the resonator cavities 3510 and 3520; FIG. 37 depicting an
illustrative technique for effectively producing a conditional displacement on the
resonator cavities by applying two non-conditional displacements with a waiting period
in between; FIGs. 38A-38B depicting two illustrative control sequences for
experimentally measuring the joint parity of the two resonator cavities; FIG. 39
illustrates an experimental setup for operation of system 3500; and FIGs. 40A-40C

depict a physical implementation of system 3500 from a block of high-purity aluminum.

[00363] While many experimental implementations and configurations may be
envisioned based on the type of cQED system shown in FIGs. 35A-35B, one illustrative
configuration in terms of the properties of each resonator and the transmon will be
described. Table C1 below shows the Hamiltonian parameters of each component of an
illustrative embodiment of system 3500, including the transmon ancilla, the two cavity
resonators (Alice and Bob) and the readout resonator. The measured parameters include
all transition frequencies ( @/27), dispersive shifts between each resonator and each

transmon transition ( g/27 ), the self-Kerr of Alice (K ,/2x ) and Bob ( K,/27 ), and the

cross-Kerr interaction between Alice and Bob ( K ,,/27). The Kerr parameters and z¢

associated with the readout resonator are theoretical estimates based on the other

measured parameters.

Frequency Nonlinear interactions Versus:
wl2r Alice Bob Readout
X.l27 Xp!27
le)y >l g) 4.87805 GHz 0.71 MHz 1.41 MHz 1.74 MHz
l f)—le) 4.76288 GHz 1.54 MHz 0.93 MHz 1.63 MHz
Alice 4.2196612 GHz 0.83 kHz -9 kHz 5kHz
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Bob 5.4467677 GHz -9 kHz 5.6 kHz 12 kHz
Readout 7.6970 GHz 5 kHz 12 kHz 7 kHz
Table C1

[00364] In the example of Table C1, it will be noted that @, < @, < @, < @;. As

of

discussed below in relation to FIGs. 38A-38B, this arrangement allows for measurements

ge
of the joint parity of the resonators without the requirement that 44 is exactly equal to
X5

[00365] FIG. 36 illustrates a control sequence suitable for producing cat states
spanning modes of two quantum mechanical resonators, according to some
embodiments. Control sequence 3600 may be applied to system 3500 shown in FIGs.

35A-35B, for example.

[00366] In the example of FIG. 36, resonators Alice and Bob and the Ancilla
transmon, are initially in ground states | 0) state and | g), respectively. In act 3610, an
ancilla superposition is prepared by performing a rotation R?, that is an ancilla rotation

2

of /2 in the X-Y plane of the Bloch sphere of the | g)-1¢) manifold. This places the

ancilla in an equal superposition of the ground and excited states, %(I gH+le)).
2

[00367] In act 3620, conditional displacements D}, are applied to each of the two

cavities. By applying the time-dependent microwave control pulses €,(t) and €g(t) to

the cavities, arbitrary cavity state displacements may be produced in Alice (

B -Bha Bab b .
D 47 "4y and Bob (D py =€ B "B") independently. In the example of FIG. 36,

6, — €
the conditional displacements are operations that would put the respective resonators in
the | 2¢x) state (add energy to move the state from |1 0) to | 2«) ) when the coupled ancilla
transmon is in the | g) state. The net result of these displacements is to realize a three-

way entangling gate:

%u g)+1e))10)y,10), a%(l )10y, 10),+1e)12a), 1 2a),)
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[00368] In act 3630, an ancilla rotation ( R,‘;O) conditional on the cavity state
10y, 10), disentangles the ancilla and leaves the cavities in a two-mode cat state. That

1

V2

is, the ancilla returns to | g) yet the cavities remain in the 10),10),+12c) , 12cx) )

state.

[00369] In act 3640, additional displacements D_, are applied to the cavities. These
are unconditional displacements of Alice and Bob (D_,, ) to center the cat state in the

phase space. This is a trivial step purely for the convenience of the presentation, and

produces a cat state: L(I )y, |- tla)y, 1a)y,).

N;]

[00370] As discussed above, the conditional displacement ( D§, ) is what allows the

entangling of the ancilla with the cavities, and therefore allows the generation of an
entangled state between the two cavities. This operation can be directly implemented
using cavity drives with a bandwidth smaller than the dispersive interaction strength (
x5 .i=Aor B). However, this method requires a comparatively long pulse duration
(and therefore higher infidelity due to decoherence and Kerr effects). An alternative

method for producing the conditional displacement ( D$, ) is shown in FIG. 37.

[00371] FIG. 37 illustrates a control sequence in which the conditional displacement

D#, is effectively realized by two unconditional displacements separated by a wait time

At in between. In the example of FIG. 37, steps 3710, 3730 and 3740 are equivalent to
steps 3610, 3630 and 3640 shown in FIG. 36. The difference between FIG. 36 and FIG.
37 is that steps 3721, 3722 and 3723 together effectively implement step 3620 in FIG. 36

— that is, the conditional displacement D5, .

[00372] In step 3721, non-conditional displacements D, and D, are applied to
Alice and Bob, respectively, resulting in the product state of the two cavities being

la,) | e,y . In some embodiments, the two displacements may have equal magnitude and
phase (e.g., &, = v, ). In step 3722, a wait time At is performed, during which time the

states in Alice and Bob accumulate conditional phases that are dependent on the state of

the ancilla, represented by the unitary operator U(z). Specifically, during the wait time
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At , due to the dispersive interactions between each cavity and the ancilla, cavity

coherent states in both cavities accumulate conditional phases of ¢, = y“Ar if the

ancillaisin |e):

ot Lot
U =1, ®1L,®1g)gl+e"" “ @ " ®leXel (Eqn. C5)

[00373] The net result is that the states of the cavities evolve into a three-way
entangled state in the manner:

1 1 P4 iy

E(l gtle)la)la,) —>E(I lapla)rle)ylae )l a,e™))

[00374] An additional displacement applied in act 3723 to each cavity after this time
evolution step effectively arrives at the same result as the conditional displacement
described above. Using the IQ plane to describe the photon probability distribution in
each cavity in the rotating frame, a coherent state | @), can be represented by a
(Gaussian) circle that stays stationary when the ancilla is in | g), and rotates with the

i ZIS €At

angular velocity y* when the ancillaisin le): | @), =l ae™ ~),. Therefore, this

conditional phase gate can split cavity coherent state in the phase space when the ancilla

is prepared in %([ g)+1e)), effectively realizing a conditional displacement.

[00375] FIGs. 38A-38B are illustrative control sequences depicting two approaches
to experimentally measuring the joint parity of two quantum mechanical oscillators,
according to some embodiments. As discussed above, measurement of joint parity
number is important both to understand the two-mode cat state and to be able to detect
error syndromes and correct them to maintain the state via quantum error correction

techniques.

[00376] For the illustrative system 3500 shown in FIGs. 35A-35B, the joint parity
measurement is a joint photon number parity, P,, measurement. This single-cavity
photon parity measurements using only the only | g) and |¢) levels of an ancilla qubit is
applicable to one cavity when the other cavity is in the vacuum state. The measurement

uses the dispersive interaction x* to map even-photon-number and odd-photon-number
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states in the cavity of interest (i=A or B) to different levels of the ancilla. This may be

realized by two 772 rotations of the ancilla qubit, R¥; (around the same axis, e.g., the X-
axis), separated by a wait time of 77y . For example, if Bob is in the vacuum state (

b'b10) = 0), the conditional phase shift described in Eqn. C5 over the time At = /y% is

described by the following unitary operator:
Uayd)=Cl=1®1gXg l+e™ @] exel (Eqn. C6)

[00377] This shift is equivalent to a qubit Z-rotation of 7 conditioned on the photon

number in Alice being odd because ™' = P, . Therefore the whole sequence R%C/ R
flips the qubit if and only if the photon number parity in Alice is even, and therefore a

subsequent readout of the qubit state measures the parity of the cavity.

[00378] This control and measurement sequence to measure parity in a single cavity
can in principle be implemented to also measure the joint photon number parity, but only

it X4 s exactly equal to 4. 5 . This is because for a wait time of A =Xy & HX5") |

from Eqn. C5 we have:
Udy#)=CiCr =I®1 gXgl+P,P,®leXel (Eqn. C7)

[00379] Noting P, = P,P,, an identical control sequence of R U (Ar)R%, followed
by a qubit readout would achieve the joint parity measurement. However, without
strictly identical x§° and jy;°, the phase accumulation in one cavity is faster than the
other, and it is in general not possible to realize parity operators in both cavities
simultaneously using this simple protocol. Moreover, for a general two-cavity quantum
state, this sequence cannot measure single-cavity parity operator ( P, or P, ) due to
inevitable entanglement between the ancilla and the photons in the other cavity during
the process.

[00380] According to some embodiments, one technique for measuring P, with a
less stringent requirement on Hamiltonian parameters works by exploiting the | /) -level
of the ancilla. This method is may be advantageous when |e) —| g) transition of the

ancilla shows stronger interaction with Bob ( x5 > ), while the | /) —le) transition
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shows stronger interaction with Alice ( ¢ > x7 ). This can be physically realized by

engineering the ancilla frequency between the two cavities, i. e. @, <@, < @,, < W, .

[00381] Considering the quantum state with two cavities and three ancilla levels in

general, the unitary evolution for any wait time At is:
ip a'a iggh'h
UAn=1,®1,®1g)Xgl+e ®e ®leXel

4T @R £Y £ (Eqn. C8)
where
Py = X4 ALYy = x5 At
o= x Mgy = i Ar (Eqn. C9)

[00382] Here we define 3¢ = % + y¥ and y¥ = g% + 7. Therefore, the two
cavities simultancously acquire conditional phases in their coherent state components at

relative rates that differ for |¢) and | /). FIGs. 38A and 38B illustrate two different
pulse sequences for realizing a joint parity measurement without the requirement that
x% and x5 are equal. In both FIG. 38A and FIG. 38B, step 3810 represents the

generation of a state between two oscillators (Alice and Bob) and an ancilla. Step 3810
may comprise, for instance, control sequence 3400 shown in FIG. 34 or control sequence
3600 shown in FIG. 36. Step 3820 in each of FIG. 38A and FIG. 38B are initial

displacements of the cavities.

[00383] In the example of FIG. 38A, for a given two-cavity quantum state ¥, , we

rotation in act 3830 to prepare the ancilla in the state L(I g)y+le).

V2

Then, a wait time A, in act 3840 imparts phases ¢,, = ¥iAr, and @, = ¥5°Ar, to the

can firstuse a R,

two cavities for the |e¢) component of the state:

v, ®L2(| oy le)

NG

1 ig 0t iggb'b
:>T[‘PAB®|g>+e e Y, ®le)]
2 (Eqn. C10)
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[00384] Next, in act 3850 the le) component in this intermediate state is converted
to | f) by a & rotation in the |e)-1 f) space, RY . Subsequently, a second wait time At,
in act 3860 leads to a second simultaneous conditional phase gate, imparting phases

P, = XY At, and ¢,, = ¥ At, to the two cavities for the now | f) component of the
state:

1

V2

i + aJra i i
%[‘PA& | )+ Partia s @ £
2 (Eqn. C11)

iggata igghTh
[V, ®1g) +e et W, 0l fH]l=

[00385] The | ) component is then converted back to |e) by another RY pulse in

act 3870. When A, and Ar, satisfy the following equations:

Ou+ 0 = XA+ I AL =7

Opi+Pyy = X5 AL+ 1 AL =7 (Eqn. C12)
the obtained quantum state is:

1

V2

effectively realizing the simultaneous controlled 7 -phase gate (C2C? ) in Eqn. C7.

[V, ®1g)+P¥,,®le)] (Eqn. C13)

Finally, a R%, pulse in act 3880 completes the projection of joint parity to the ancilla | g)

, le) levels, ready for readout through the readout resonator in act 3890.

[00386] The condition for finding non-negative solutions for Az, and Ar, in Eqn.
Cl2isthat g% — y& and ¥ — ¥ have opposite signs. In essence, the cavity that
acquires phase slower than the other at |e¢) due to smaller y* is allowed to catch up at
| £) using its larger y¥ .

[00387] It should be noted that such relative relation of y ’s is just a practically

preferred condition rather than an absolute mathematical requirement. This is because

parity mapping can be achieved whenever both cavities acquire a conditional phase of 77
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modulo 27 . Itis always possible to allow extra multiples of 27 phases applied to the
cavity with stronger dispersive coupling to the ancilla, although it increases the total gate

time and incurs more decoherence. The most important ingredient in engineering the P,
operator is the extra tuning parameter Az, (in addition to Az, ) that allows two equations

such as Eqn. C12 to be simultancously satisfied.

[00388] This extra degree of freedom also enables measurement of photon number

parity of a single cavity, P, or P, for an arbitrary two-cavity quantum state. This

alternative can be realized with the same control sequences as shown in FIG. 38A whilst
choosing such wait times that one cavity acquires a conditional 7 phase (modulo 2 77 )

while the other acquires O phase (modulo 2 7). For example, to measure P, we use At

and Az, satisfying:
Pt on=25AL +Z§fAtz = z(mod27)
O+ Ppy = X5 Aty + 7/ Aty = 0(mod 277) (Eqn. C14)

[00389] FIG. 38B shows this alternative version of joint parity mapping protocol,
which uses more ancilla operations, but is more adaptive to a larger parameter space of

7 ’s. In this protocol, the ancilla spends time at | e)-| f) superposition, when conditional
phases proportional to g are applied to the cavities. To achieve joint parity mapping,

the two time intervals A#, and At, therefore should satisfy:

P+ = XAt + y9 At, = Z(mod27)

Ppy + Bgr = XAt + ¥ At, = m(mod 277) (Eqn. C15)
which can avoid the use of extra 27z phases when ¢ — 7 has opposite sign versus
X - xi
[00390] Experimentally, choices of which parity mapping sequence to apply (FIG.
38A or FIG. 38B) and gate times Az, and Az, involve trade-offs in various aspects such
as pulse speed/bandwidth and coherence time. For the sequence of FIG. 38A, A7, =0,
At, =184 ns has been experimentally implemented. For the sequence of FIG. 38B,

Ar, =28 ns, Ar, =168 ns has been experimentally implemented. The actual effective
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wait time is longer due to the non-zero duration (16 ns) of each ancilla rotation. The first
protocol, with this choice of wait times, does not yield the exact 7 phases required for
exact parity mapping (We estimate ¢,, +¢,, =0.977 and ¢, +¢,, =1.037 . These
phase errors lead to an estimated infidelity of the joint parity measurement of about 3%
for the two-cavity states under this study. Exact phases can be achieved with longer wait

times so that ¢, +¢,, =37 and ¢, +¢,, =57, but the infidelity due to decoherence and

high-order Hamiltonian terms outweighs the benefits. In principle, the second protocol
that achieves exact 7 phases at relatively short total gate time should be more
advantageous. However, using the second protocol, we observe visibly identical results
of joint Wigner tomography of the two-mode cat states with fidelity nearly equal to the
first protocol. This may be attributed to extra infidelity from the more complicated

ancilla rotations involved in the second protocol.

[00391] FIG. 39 is a circuit diagram of an illustrative experimental setup for
controlling and/or measuring a system of two quantum mechanical oscillators coupled to
an ancilla multi-level quantum system, according to some embodiments. System 3900
includes a cQED system 3920 which may, for example, be cQED system 3500 shown in
FIGs. 35A-35B or some other cQED system suitable for practicing the techniques

described herein.

[00392] System 3900 includes three temperatures stages at 15mK, 4K and 3500K,
where the cQED system 3920 is operated at the 15mK stage. For instance, the cQED
system 3920 may be installed inside a Cryoperm magnetic shield and thermalized to the
mixing chamber of a dilution refrigerator with a base temperature of 15 mK. Low-pass
filters and infrared (eccosorb) filters may be used to reduce stray radiation and photon
shot noise. A Josephson parametric converter (JPC) 3930 is also mounted to the 15 mK
stage, connected to the output port of the device package via circulators, providing near-

quantum-limited amplification.

[00393] In the example of FIG. 39, a field programmable gate array (FPGA) 3940
operates both the quantum-control pulse sequences and the data acquisition process. In
some cases, the FPGA may access stored waveforms for application to Alice, Bob and
the Ancilla (e.g., for performing rotations, displacements, etc. as described above). In

other cases, the FPGA may be programmed to compute rather than store waveforms in
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real time. This latter approach may lead to lower (or minimal) usage of waveform
memory for a large number of different cavity displacements, allowing many

measurements in a single run.

[00394] In the example of FIG. 39, cavity drives and transmon drives are generated
by sideband-modulation of continuous-wave (CW) carrier tones produced by respective
microwave generators. The drive waveforms may be applied to each cavity and to the
transmon independently. The 4 FPGA analog channels are used as 2 1Q-pairs in unit
3950 that each control a cavity drive to implement arbitrary cavity displacements.
Rotations of the transmon ancilla are controlled by another pair of 1Q channels provided

by an arbitrary waveform generator (AWG 3960) synchronized to the FPGA via a digital

marker. This IQ pair controls both '87-1€) and €)1/ (ransitions by using different

intermediate frequencies (IF).

[00395] In the example of FIG. 39, ancilla readout may be performed by heterodyne
measurement of the microwave transmission of a readout pulse through the two ports of
the quasi-planar readout resonator near its resonance frequency. Using a cQED
dispersive readout, the amplitude and phase of the transmitted signal depends on the
quantum state of the ancilla. This readout pulse is produced by a microwave generator
(RO 3971) gated by a FPGA digital channel. The transmitted signal, after amplified by
the JPC, is further amplified by a high electron mobility transistor (HEMT) at 4K and a
regular RF amplifier at room temperature. The amplified signal is then mixed down to
50 MHz with the output of a “local oscillator” (LO 3972) microwave generator, and
analyzed by the FPGA. A split copy of the readout pulse is directly mixed with the LO
without entering the refrigerator to provide a phase reference for the measured

transmission.

[00396] According to some embodiments, the long lifetimes of the cavities of the
cQED system may allow preparation of highly coherent cavity quantum states, but may
also severely limit the rate at which one can repeat the measurement process. (With

T, =3 ms for Alice, it takes 15-20 ms for the cavity photon number to naturally decay to
the order of 0.01.) Since tomographic measurement of the two-cavity quantum state can
require large amounts of measurements, in some cases a four-wave mixing process may

be implemented to realize fast reset for both cavities. These processes can effectively
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convert photons in Alice or Bob into photons in the short-lived readout resonator mode
using three parametric pumping tones. For instance, this reset operation could be applied

for 400 u s, and then experimental data can be acquired with a repetition cycle of about

900 x s.

[00397] FIGs. 4A-40C depict one illustrative physical implementation of cQED
system 3500 formed from a block of high-purity aluminum. FIG. 40A is a photograph of
a machined aluminum package containing two coaxial stub cavity resonators and a
transmon. In the example of FIG. 40A, a single block of high-purity (SN5) aluminum
has been machined to form a 3D structure that contains both superconducting cavity
resonators, and also functions as a package for a sapphire chip with deposited Josephson

junction.

[00398] Each of the two cavities in FIG. 40A can be considered a 3D version of a
A/4 transmission line resonator between a center stub (e.g., 3.2 mm in diameter) and a
cylindrical wall (outer conductor) (e.g., 9.5 mm in diameter). The heights of the stubs
control the resonance frequency, and in the pictured example are about 12.2 mm and
16.3 mm for Alice and Bob, respectively. A tunnel (in the example having a maximum
width of 5.8 mm and a maximum height of 3.9 mm) is opened from the outside towards
the middle wall between the two cavities, creating a three way joint between the tunnel

and the two cavities. The whole package is chemically etched by about 80 4 m after

machining to improve the surface quality of the cavity resonators.

[00399] In the example of FIGs. 40A-40C, the superconducting transmon is on a 5.5
mm X 27.5 mm chip, which is diced from a 430 4 m-thick c-plane sapphire wafer after
fabrication. The transmon on the chip is shown in FIG. 40B. The fabrication process
used electron-beam lithography and shadow-mask evaporation of an AI/AIOx/Al
Josephson junction. The sapphire chip is inserted into the tunnel, with the antenna pads
of the transmon slightly intruding into the coaxial cavities to provide mode coupling.
The chip is mechanically held at one end with an aluminum clamping structure and

indium seal.

[00400] According to some embodiments, during the transmon fabrication process,

a 100 pm x 9.8 mm strip of aluminum film may be deposited on the sapphire chip to
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form a readout resonator. This metal strip and the wall of the tunnel form a planar-3D

hybrid A2 stripline resonator. This resonator design has the advantages of both
lithographic dimensional control and low surface/radiation loss. Here, it is capacitively
coupled to the transmon, and strongly coupled to a 50 Q transmission line for readout, as

shown in FIG. 40C.

[00401] Having thus described several aspects of at least one embodiment of this
invention, it is to be appreciated that various alterations, modifications, and

improvements will readily occur to those skilled in the art.

[00402] Such alterations, modifications, and improvements are intended to be part
of this disclosure, and are intended to be within the spirit and scope of the invention.
Further, though advantages of the present invention are indicated, it should be
appreciated that not every embodiment of the technology described herein will include
every described advantage. Some embodiments may not implement any features
described as advantageous herein and in some instances one or more of the described
features may be implemented to achieve further embodiments. Accordingly, the

foregoing description and drawings are by way of example only.

[00403] Numerical values and ranges may be given in the specification and claims
as approximate values or exact values. For example, in some cases the terms “about,”
“approximately,” and “substantially” may be used in reference to a value. Such
references are intended to encompass the referenced value as well as plus and minus
reasonable variations of the value. For example, a phrase “between about 10 and about
207 is intended to mean “between exactly 10 and exactly 20" in some embodiments, as
well as “between 10 + 81 and 20 + 2” in some embodiments. The amount of variation
81, 82 for a value may be less than 5% of the value in some embodiments, less than 10%
of the value in some embodiments, and yet less than 20% of the value in some
embodiments. In embodiments where a large range of values is given, e.g., a range
including two or more orders of magnitude, the amount of variation 81, 82 for a value
could be 50%. For example, if an operable range extends from 2 to 200, “approximately

80" may encompass values between 40 and 120.
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[00404] The above-described embodiments of the technology described herein can
be implemented in any of numerous ways. For example, the embodiments may be
implemented using hardware, software or a combination thereof. When implemented in
software, the software code can be executed on any suitable processor or collection of
processors, whether provided in a single computer or distributed among multiple
computers. Such processors may be implemented as integrated circuits, with one or
more processors in an integrated circuit component, including commercially available
integrated circuit components known in the art by names such as CPU chips, GPU chips,
microprocessor, microcontroller, or co-processor. Alternatively, a processor may be
implemented in custom circuitry, such as an ASIC, FPGA, or semi-custom circuitry
resulting from configuring a programmable logic device. As yet a further alternative, a
processor may be a portion of a larger circuit or semiconductor device, whether
commercially available, semi-custom or custom. As a specific example, some
commercially available microprocessors have multiple cores such that one or a subset of
those cores may constitute a processor. Though, a processor may be implemented using

circuitry in any suitable format.

[00405] Various aspects of the present invention may be used alone, in combination,
or in a variety of arrangements not specifically discussed in the embodiments described
in the foregoing and is therefore not limited in its application to the details and
arrangement of components set forth in the foregoing description or illustrated in the
drawings. For example, aspects described in one embodiment may be combined in any

manner with aspects described in other embodiments.

[00406] Also, the invention may be embodied as a method, of which an example has
been provided. The acts performed as part of the method may be ordered in any suitable
way. Accordingly, embodiments may be constructed in which acts are performed in an

order different than illustrated, which may include performing some acts simultaneously,

even though shown as sequential acts in illustrative embodiments.

[00407] Further, some actions may be described as taken by a “user.” It should be
appreciated that a “user” need not be a single individual, and that in some embodiments,
actions attributable to a “user” may be performed by a team of individuals and/or an

individual in combination with computer-assisted tools or other mechanisms.
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[00408] Use of ordinal terms such as “first,” “second,” “third,” etc., in the claims to
modify a claim element does not by itself connote any priority, precedence, or order of
one claim element over another or the temporal order in which acts of a method are
performed, but are used merely as labels to distinguish one claim element having a
certain name from another element having a same name (but for use of the ordinal term)

to distinguish the claim elements.

[00409] Also, the phraseology and terminology used herein is for the purpose of

description and should not be regarded as limiting. The use of “including,”

LR NS 99 il

“comprising,” or “having,” “containing,” “involving,” and variations thereof herein, is
meant to encompass the items listed thereafter and equivalents thereof as well as

additional items.

- 109 -



