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[ 0002] The invention es generally to nethods for nodeling physical

systens using finite el emen&sﬁ%:%zﬁ I_ﬁ%gs%@fs?@gci fically, to nethods

for solving finite elenent 1o erein matrirx that controls the
solution for the nodel is configured to maintain the properties of
nonotonicity and linearity preservation. Background of the Invention.

[0003] Riwsdied ApyStesaceenisbe nodel ed mathematically to simulate their
behavi or under certain conditions. There are a wi de variety of neans to

model t heXE0 st erBhisrappl hgatiof chaiper prarrprystpdero 3thd -&(Grenel y
'S Uhrough the dse 6 T PE B R R AR B ol (e, Tinite
el ement No. 60/215,697 entitled "Method and System for 0il
Reservoir Simulation and Modeling" by Stephen R. Kennon,
Kok Thye Lim, Scott A. Canaan, Steven B. Ward, Stuart W.
Pond, Jr. and Edwaxd J. Barragy, filed June 29, 2000,
which is incorporated by reference as if set forth in

its entirety herein.
Field of the Invention.

[o002] The inventicn relates generally to methods for
modeling physical systems using finite element analysis
and, more specifically, to methods for solving finite
element models wherein the matrix that controls the
solution for the model is configured to maintain the

properties of monotonicity and linearity preservation.
Background of the Invention.

[0003]  Physical systems can be modeled mathematically to
simulate their behavior under certain conditions. There
are a wide variety of means to model these systems,
ranging from the very simplistic to the extremély
complicated. One of the more sophisticated means to
model physical systems is through the use of finite
element analysis. As the name implies, finite element

analysis involves the representation of individual,



anal ysis involves the representation of individual, ATTORNEY DOCKI NO.:
OBJ1110- BT2CRNEYJBNCEDO4NOf.i:nite el enents of the physical systemin a

mat henrat OBakllowdel and the solution of this nodel in the presence of a
predet erm ned set of boundary conditiong. Another conparable neans to .
nodel physical systens is through the use of finite differgﬂg?A@ lysis.
Finite difference analysis involves the nodeling of indivi g@lnts

wi t hin a nodel gd_spac n ti di_f.-f er ences .bet e points.
Finite differchtd CansiobnotRrRs b biGs e EVRRET i) 4 HE AR A
behavi or of flmbdsl hAAO4heTeadiutiienalff ithite mdideflerienced entuddnes ¢md
finite element techniques using streanlined, upw nding nethods are

typi cal | y usedat Br&PatEaManeRe Spro@fic romder Yoidondd t ignteseArtthempi | e
each of these ' iLts .0 d o | SO . |
disadvantages.gééﬂg%gﬁﬁé @%EBEi%8,“?ﬁ§§f¥%$%§%§?rﬁ F%%@% f%gﬁﬁ#%ﬁg§¥n
produce physi cahkyuseabifstiaitesdifserbuicet Beywl1gsd gnot Fivarte accurate. The

finite el enent techniques, on the other hand, are nmore accurate,. but. they
produce resul t $1EhRFERCEr 8NAJY SpRy dPVEHIE S, ddie Sadelingoed] Wiy i@l ¢ of

their respectiyg;di3agyeRiadasmolighla Lhack ke Mndfignee decnni ques and
finite el ement™ techni ques i ch are conventionally used™normally require
a great deal ofiitbapaheesr bsbweeesthkenet peicase @fHrfiitm tde fdidfegrance
t echni ques, reasonabl e accuracy can . . :

analysis 1s often used for simulating the dynamic

behavior of fluids.

[0004]} Traditional finite difference techniques and finite
element techniques using streamlined, upwinding methods
are typically used to simulate the production of o©il in
a reservoir. While each of these technigues has its own
advantages, it also has its own disadvantages.

Generally speaking, the finite difference techniques
produce physically realistic results, but they are not
very accurate. The finite element technigues, on the
other hand, are more accurate, but they produce results

which are not physically realistic.

[c005] As a result of their respective disadvantages, both
the finite difference technigques and finite element
techniques which are conventionally used normally
require a great deal of computer resources. In the case
of finite difference techniques, reasonable accuracy can
be achieved, but this reguires many more nodes then
would be necessary in a finite element model. This
increases the amount of memory and CPU time which are
needed to compute an accurate solution. In the case of
finite element techniques, comparable accuracy can be

achieved with fewer nodes, but the sclutions may not be



be achi eved, but this requires many nore nodes then would be necessary in
a finiteAETeRBRY RBOAElI. WRi-s increases the anount of nenory and CPU tine
whi ch ar@BJhkeded to conpute an accurate solution. In the case of finite
el enent techni ques, conparabl e accuracy3can be achieved with fewer nodes,
but the solutions may not be ATTORNEY DOCK) NO.: 0OBJ1110-873 JANTB0IAN 2004
realistic. For exanple, concentrations nay be nore than 100 percent, or

biliti . be . ' ,
permeabl || 'esrggilggle?ga%&eexa @%qqgﬁg%tﬁaﬁﬁﬁﬁa;g%{{@%g%m

whi ch the solufion does not converge, or
converge very sbowpgrcéheseotrepbmimgadd latd est hervefbar endgessiveel | abl e and may
require a | arge nunber Iterations before ﬁcceptable accuracy is

fit
achi eved. [OOO%TnﬁﬁgaﬁgéggacﬁgﬁFetH@§é St & e diti gieChddi§ts  own
drawbacks, ands;geGayss kBesendkawBatksdedlCzage mqitéhe WY1 @f 3 GpITpUt er

resources which are necessary to generate acceptable solutions, 1t would

be desirabl e twayprounivdega wetriodlbedynoddhesg $esthengnmshEs oi l

reservoirs which iabli groduges gccur te, realistic ol utions for these
A 3P

f
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outlined abovesfrytbeat$6h¥eHeb¥rbha cvaiptaly R IRAL S HfadHieydyention
Broadl y speaking, the invention conprises systens and  nethods for sol ving

finite el enent nodels, wherein the matrix that governs the solution is
modi fi ed[@@0¢hat jBecause each of these standard technigques has its

own drawbacks, and because these drawbacks increase in
the amount of computer rescurces which are necessary to
generate acceptable solutions, it would be desirable to
provide a method for modeling systems such as oil
regervoirs which reliably produces accurate, realistic

solutions for these systems.
Summary of the Invention

[0007] One or more of the problems ocutlined above may be
solved by the various embodiments of the invention.
Broadly speaking, the invention comprises systems and
methods for solving finite element models, wherein the
matrix that governs the sclution is modified so that it
satisfies the properties of monotonicity and
preservation of linearity. This is accomplished by
adjusting the weighting coefficients of the matrix so
that the elements which lie on the diagonal of the
matrix are non-negative and the elements which are off
the diagonal are non-positive. This causes the soclution
to be both more accurate than traditional finite
difference techniques and more realistic than

traditional finite element techniques.



satisfies the properties of nonotonicity and preservation of linearity.
This i s ATGORPENshedKby Nadj:usting the weighting coefficients of the matrix
so that oBoeiebegents which lie on the diagonal of the matrix are

non- negati ve and the el enments which aregoff the diagonal are non-positive.
This causes the solution to be both nore accurate than tragiitjaqng finite
difference techniques and nore realistic than traditional finite el enent

techni qu TORNEY DQOCK' ) 11110-8 4 2 1 J, 2004, [ 0008] The
present 02ART ques THE B3 FSFT e SATT IS nan SRR AR S M t or art. For
i nstance, becagg@antlgeRr eved thRChiyidiesrdr e Myre atHraie, Bdieaushrber of
iterations which are required to produce an acceptable result nmay be

reduced, ther ebecPHSSEVItn § CCHMIGIaTY & Xice FOWEC &S CURRE r dsehtnurdedihicfues

may al so cause, sgolutions tQ wore reliahl nverge, . since they .ar
Constrained o EREFAREE SPIFUAPIS M AT & ohtd BB Tttt GREIIREE n the

sane nmanner asrtBelsokdti des refducledadithieardly fdordeaalrRmerdmpecinyg ques. The
present techniques are therefore generally faster, nore accurate, |ess
resour ce- i nt enSEFELARE Snor ENLePirgSieatt KREFIBGUSS Ay tBddmiGAEe [ 0009] One

ol uti on Tor. aoHENELBHCeyEt ot S ad ST O BIbasT Yot GUee Fiher ot he
systemis disecoacizadned adf ithet easlgemett meadl sand whandivs tdrel do not
oscillate in the same manner as the solutions of
traditional finite element techniques. The present
techniques are therefore generally faster, more

accurate, less resource-intensive and more reliabkle than

prior art techniques.

[0009] One embodiment of the present invention comprises a
method for generating a soclution for a modeled system
using finite element technigues, wherein the system is
discretized on a finite element mesh and wherein the
contribution of each node to the discretization is
weighted based upon the direction of fluid flow across
each element. The contributions are weighted to favor
the nodes which are upstream from the other nodes of the
respective elements. Weighting the contributions of the
nodes in this manner causes the resulting matrix to be
essentially diagonal. That is, the elements which lie
on the diagonal of the matrix are emphasized, while the
elements which are off the diagonal are de-emphasized.
Once the matrix has been modified in this manﬁer, it is

solved using traditional technigques.

[0010] An alternate embodiment of the present invention
comprises a method for modeling the flow of multiphase

fluids in an oil reserveoir. In this embodiment, a four




contribution of each node to the discretization is weighted based upon the
di rect i oATEORNEYI BOFKbw HOr.oss each el enent. The contributions are

wei ght edOBo1fiaves the nodes which are upstreamfromthe other nodes of the
respective el enents. Weighting the contsi butions of the ngﬁef iﬁ this .
manner causes the resulting matrix to be essentially diag af AN Hfat IS,
the elenments which lie on the diagonal of the matrix are enphasized, while

th I t all ff. di de- |_ze: :
e o pont s WIhERRteas! ke leaatanl Lenleamiaiaate Dol M
t echni ques. [09&8krdoial ier pahetenieadidnent eblidte gir eserferigreardd ofor

conprises a nethod for podeling.the flow of nultjphase fluids in an oi

reservoir. In EREs™e8FBobYnEdEtTabrédroathertesisoeds &6 2 ae®0-8 5 2 1
JAN 2004 di Wenénemahtfbge&st%&egﬁﬁhgm%%@ ORHeSS RINYiHY et h%ﬂ'lcﬁ'tlbhen
reservoir is constructed. A solution is generated for the mes y

di stributing taesewmbldngl sndf seliviimgt ¢heelsgwtem oypdmgt draationigeridie nodes of
t he nesh and thn. assinbling and sol ving the %ysten1%%%P traditional
finite el ement FtBEhAI GLELSFn tEATRIENESdi neft PTG &1 the residual

of the finite ghgpeRbuPPRLatAE reQiBkbIcSf ke €36N t@l MRAentC UL t he
value of the finite elenent operator for each node, dividing these values

into a set of pesprigesvafosseant glseenst cespative vdleueRnlud 2f iWiring
t he res'dual tﬁiEEEe”898%enE°oE%BQ%%EZ%th%a%h?%%%@,‘Hfﬂ?ﬁ?ﬁ%‘%ﬁkse
de- enphasi ze the
values into a set of positive values and a set of
negative values, distributing the residual to the nodes
to emphasize the diagonal elements and de-emphasize the
off-diagonal elements and then computing a tangent

cperator for the matrix.

[0011] Another alternate embodiment of the present
invention comprises a software product which is embodied
in a computer readable medium. .The software product
comprises a plurality of instructions which are
configured to cause a computer or any other data
processor to perform the steps of a method in accordance
with the present disclosure. The computer readable
medium may comprise any of a number of different media,
including but not limited to CD ROMs, DVDs, floppy
disks, computer memories, magnetic tapes, etc. Still
another alternate embodiment of the present invention
comprises a computer system which is configured to
perform the steps of a method in accordance with the
present disclosure. The computer system may be
programmed to perform such a method by instructions

which are contained in hardware, firmware cor software.



of f-di agonal el enments and then conputing a tangent operator for the

matri X. he@dklyrAneiher ahjer.nate enbodi ment of the present invention
conprise§ 3189btware product which is enmbodied in a conputer readable

medi um ﬁe software product conprises.,a plurality of instructions which
are configured to cause a conputer or any other data proce§§mMMHmmerform
the steps of a nethod in accordance wth the present disclosure. The
conput er readable nedium may conprise any of a nunber of different nedia,

i ncl udi ngOB&R1Inot Numegeyst ¢dD tROua] PUbSrTAtdpyR ethadinerbhmiteralso
nenories, magnglic. tapes, etc. Still another alternate enbodi ment of the
present inventron ~COnprises a conputer systemwhich is configured to
performthe steps of a nethod in accordance with the present disclosure.
The conpBiéefspeksemipayone ofpredegy Immdrgs perf orm such a net hod by
instructions which are contained in hardware, firmvare or software.
ATTORNEY DOCK_NO.: 0BJ1110-8 6 2 JAN 2004 [0012] Nunerous additiona

al t er nat iL981&hbodi MEREL SPIesitso @ e 295S &F DI HISYT Gt The

Drawi ngs [ 0013LeOhher applasehs appradvantiages i dde dveitdorhByg becone

apparent upon readi ng e follow ng detail’ed description and upon
reference to tHesacdpipamyiamg udhcanireferer@@l4lo RITEURE donmary digagr am
illustrating singILces in two

drawings.

[0014] FIGURE 1 is a diagram illustrating simplices in two

and three dimensions.

[0015] FIGURE 2 is a diagram illustrating the difference
between the actual values in the physical system and the
solutions generated using traditional finite element
technigques and technigues according to the present

invention.

[0016] FIGURE 3 is a diagram illustrating the flow of fluid

across a first two-dimensional simplex element.

[0017] FIGURE 4 is a diagram illustrating the flow of fluid
across the first two-dimensional simplex element in a

direction opposite the flow illustrated in FIGURE 3.

{0018] FIGURE 5 ig a diagram illustrating the flow of fluid

across a second two-dimensional simplex element.

[0019] FIGURE 6 is a diagram illustrating the flow of fluid
across the second two-dimensional simplex element in a

direction opposite the flow illustrated in FIGURE 5.

[0020] FIGURE 7 is a diagram illustrating a two-dimensicnal

projection of a time-space domain.



and three dinensions. [0015] FIGURE 2 is a diagramillustrating the

di f f er erKETOREYWePCKhe W@t wal val ues in the physical systemand the
sol uti omsBgenxtag ed using traditional finite elenment techniques and
techni ques according to the present invention. [0016] FI GJREH&
diagramillustrating the flow of fluid across a first t wo- Mmﬁal
sinplex elenent. [0017] FIGURE 4 is a diagramillustrating the flow of

fluid t he gt | tsi.pn
opposi t oL ST H ow TTFORE T iS Tr R B g oo T e e RE S T o i aram
illustrating téaecdtrdanoé iuvhdonaceobsdamsatcond tive- gireemsitonalvesitnprex
elenment. [0019] FIGURE 6 is a diagramillustrating the flow of fluid
across the second two- dlggnm onal sinplex e n a_ .direction opposite

the flowt993%strat®aiis %UFQEVSntf9626]B IE'PEQJﬁEt?t s VATdiOM§ am i | | ustrati ng

a_two-di mensi opgh; £ PéQt?EﬁéOQngfa@té&:ﬁ'&t%%ceo@ﬁﬁm BpeATEGRNEY DOCKI NO.:
oBJ1110-8 7 2 1 JAN 7004 [0021] GURE 8 is a flow di agramillustrating a

met hod in acceemldraqhmeem:shtbﬁeeeﬁbeuenehpwm byherapr efespcamplentiirorthe 0022]
V\hllethelnvetlonis aj t to various |fI, t5 N n Itern ve
forms, specifi %ﬂ%ﬁlﬁ% ﬁ?h%ﬁ;%?pgpgmﬁrrgg yﬁ\%ay% %C% }t G maJ{LJhe
drawi ngs and t&eoatgoppaniingsgebal | Réweeser i phia@n thiet dxﬁmuigt kend
under st ood, however, that the drawi ngs and detailed description are not
i nt ended to ||®¢¢a%h@d description are not intended to limit the
invention to the particular embodiment which is
described. This disclosure is instead intended to cover
all modifications, equivalents and alternatives falling

within the scope of the present invention as defined by

the appended claims.
Detailed Description of a Preferred Embodiment

[0023] A preferred embodiment of the invention is described
below. It should be noted that this and any other
embodiments described below are exemplary and are
intended to be illustrative of the invention rather than

limiting.

[0024] Broadly speaking, the invention comprises methods
for solving finite element models, wherein the solution
is guaranteed both to be monotonic and to satisfy
linearity preservation. This ensures that the solution
will be both accurate and realistic. The monotonicity
and the linearity of the solution are ensured by
generating a matrix for the solution of the finite
element model such that the elements of the matrix which
are on the diagonal are non-negative, and the elements
which are off-diagonal are non-positive. This matrix

can then be solved using conventional finite element




invention to the particular enbodi rent which is described. This disclosure
i s i nst cATTORNBHABACKD cBWer all nodifications, equivalents and
alternatomesiialBing within the scope of the present invention as defined
by the appended clains. Detail ed Descrgption of a Preferred Enbodi nent
[0023] A preferred enbodi nent of the invention is described? bdhoulli |t
shoul d be noted that this and any other enbodi nents descri bed bel ow are
exenpl ary and d lal ragl f ot ent r than
liniting. [oozg%gﬁnigg‘?% g%e %S’?Lﬂ LB B céjr%glrf.#!es AN IBe
solving finiteselegesh.nodel s, wherein the solution is guaranteed both to

be nmonotonic and to satisfy Iinearity preservation. This ensures that the
solution wl]l be both accurate and realistic. The nonot o and t he
li nearit§°8%251 he s&NGt PERSENE BRSHFPES B OV§&fetafivires ‘i?’%l Yragswe

solution of thg,finitgs;elgMant randel %ﬁ%ﬂm&&a%nkh%fﬂfﬁgﬂﬁfffgréﬁﬁénatr'X

which are on the diagonal are non-negative, and the elenents which are
of f - di agonal atechonhepesi.ti %e. ifHisatetd iabovean thise prissest] et hxishg

conventional finite . el epent ATTORNEY 0 8.8 2 JAN 2006
techni ques to GEREFEEe® g%eaEEEF?EH &&c S géétlﬂﬁﬂfiii :ﬁﬂqﬁ%Q)]t[OOZSI The
present met hodgsepraYhfesawaunBet eheadVaRlREeT agRelott hatiddionalidinite
element and finite difference
oscillating solutions. Similarly, the present methods
provide the stability of traditional finite difference

techniques while providing much greater accuracy.

foo26] The accuracy and realism provided by the present
methods lead to additional advantages in the utilization
of computer resources. For example, the present methods
may allow for faster generation of solutions for
physical systems. This is a result of several things.
First, because the solution is physically realistic, it
does not oscillate, and consequently tends to converge
more rapidly. Further, because generation of the
solution using the present methods typically requires
less iterations and is faster than traditional finite
element techniques, less CPU time is required to
generate the solution. The present methods may also use
less memory than traditional techniques. Because the
present methods are generally more accurate than
traditional finite difference techniques, is not
necessary to use as many nodes to model the physical
system. Consequently, less memory is required to store
the model (and less CPU time is required to compute a
solution based on these nodes.) the present methods may
also be more reliable than traditional technigques. The

oscillation of solutions generated using traditional



techni ques. As indicated above, the present nethods provide the accuracy
of tradi ATORENEY| ROCE el &t techni ques without the di sadvant ages of
unreal i s©BG1116séillating solutions. Simlarly, the present nethods
provide the stability of traditional fisite difference techniques while.
providing much greater accuracy. [0025] The accuracy and reali gmpjovi ded
by the present nethods lead to additional advantages in the utilization

of comput er re?@HE‘L?_%Sel'émen%x%@yh%idaﬂe%sma‘;ﬁeﬁtn BRI Ao (B8l | oW | of

faster generation of solutions for ysi cal’ systens. IS 1s a result of
several thingsprefkenst a bedatdert fermolativergisiphatsiaihl | y Arahosédc, it

does not oscillate, and consequently tends to converge  nore rapjdly.
Further, becau$ CYEmel i & ”fhgeggﬂ _igﬁ?WﬁﬂquQ¢hF1ﬁ¥§xﬁﬁlﬁ%tﬂ%ﬁs_
typically requi-egsiskees (el er.aticors, af doy fRstan ddmddvdid i pogl 1 dinite
el ement techniques, less CPUtinme i's required to generate the solution.

The present nethédsipag ahsbo sgdat icmss wigmdy prichawtt ieisilohal ) techheues.

Because t he preiegt nethogi arg.%_ eralg%,nore accurate than traditional
finite differeR8e"taERAI §des, Tifs Mot Y F&EESEEN to use as many nodes to

nodel the physical system Consequently, less nenory is required to store
the nodeljofany | esgnCPUnt i&e el @me@GUimoid 1tie1gCOpid &-cyi Pl tHd N Hasedodn

t hese nodes.) the_present nmethods nmay also_be nore reliable than
traditional teBRALYAES. 1FhOTOKEH MPating® Sbsae@icis Gehedit TRy

traditional AT¥EB§E¥ngQ§E N@ ﬂiJgﬁlkﬁlQh@ %egion into sub-regions may

be referred to as discretization or mesh generation.

The region is represented by functions defined over each
element. This generates a number of local functions
that are much simpler than those which would be reguired
to represent the entire region. The next step is to
analyze the response for each element. This is
accomplished by building a matrix that defines the
properties of the various elements within the region and
a vector that defines the residuals acting on each
element in the domain. Once all the element matrices
and vectors have been created, they are combined into a
matrix eguation. After applying boundary conditions, the
matrix equation can be solved to obtain unknown nodal
responses. Intra-element responses can be interpolated
from nodal values using the functions which were defined

over each element.

[0028] The following description of one embodiment of the

| present method relates to the modeling of ocil
reservoirs. This embodiment is intended to be
exemplary, and it should be noted that the present
methods may be applied to a variety of physical systems,

such as flow over aircraft, weather prediction, flow



2 1 JAN 2004 finite elenent techniques may, in sone instances, prevent a
sol ut i oNATTORNEYNDECH: ngN&x. :al | . As noted above, the present nethods
provi de epbuttnong which are realistic (e.g., they do not oscillate between
realistic solutions and sol utions whichpare not possible,) so the .
solutions will reliably converge. [00271 In finite el ement podakiypy. the
region that is to be analyzed is broken up into sub-regions called

el enents. Thi rocess_of dividing the region._.into sub-regions may be
eferred to asPSCER: AZAEFORT GOTRE IStharaie AT et | s
represented byihunetirons deliided1owey. eaghs lalanme pdihst generates a
nunmber of local functions that are nuch sinpler than those which would be

required to rappédenticne oftithe regsemt Tiethada i entended wpdrgze the
response for egggugkgggg E%éf?th%&FQﬁmhkﬁggﬂ by building a matrix that
el'enen

. [
defines the properties of }%e various within the region and a
vector that defines the residuals acting on each elenent in the domain.
once all [bbeoel ememhendetiadds ofncg yweetfens dinwenthetimaitcated, bdesetar e

conbined into a matrix equation. After applying boundary copditions, the
matrix equati oRCESR BE1SHI-ved tt §abS NQ$H§@ithﬂﬁﬁ¥er¢é@%o%%%%?
I ntra-el ement ﬁg§gg@s S e RNt erpol ated from nodal val ues using the
functions which were eFineg over each elenent. [00281 The foll ow ng
description of one enbodi nent of the present nethod relates to the
nodel i ng[0b36]1 réserdei is. aTipios éntiodispame .i s Imtfsidide toldrentexenpl ary,
and it should ESdQRE%S,t%%%e%h%oB%?%%g vertices of the elements which
are modeled. The nodes also form part of a mesh of
nodes and edges which define the boundaries between

elements in the modeled space.

[0031] An edge is a line between two nodes which form
vertices of an element. The edges form part of the mesh
which defines the boundaries between elements in the

modeled space.

[0032] A simplex is a spatial configuration of n dimensions
determined by n + 1 points in a space of dimension equal
to or greater than n. In other words, a-simplex is a
geometric spatial element having the minimum number of
boundary points necessary to enclose a space in a given
number of dimensions; For example, in two dimensions,
a simplex comprises a triangle, together with the
interior area bounded by the triangle (see FIGURE 1.)
Two points are insufficient to form a simplex in two-
dimensional space because no area is bounded by the
points (and the lines which interconnect them.) While
four points may be sufficient to bound a two-dimensional
area, they do not comprise the minimum number of

boundary points by which the two-dimensional area can be



nmet hods may be applied to a variety of physical systems, such as flow over
ai rcr af tATTEatEwerD@rdi ci®on, fl ow ATTORNEY DOCK NO.: (0BJ1110-8 10 2 1 JAN
2004 t hregmginigternal conbustion engines, and other industrial fluid
flows. This list of potential applicatiions of the present nmethods is .
intended to be illustrative rather than limting. [0029] Thé lTddtNalllis of a
preferred enbodinent will be set forth below It may be hel pful, however,

P ement moqoi Syl gl | Ph B LR03Phe s 00ME L8 B:RB1EK LBrpRAcEs b 11N te

el enent des"Tormthe vertices of t enent s whi ch are

nodel ed. The nogesaié&Pohprwhpant iof baundell biy fpodeseandcedgdseshi ch
define the boundari es between_ elenents in the nodel ed space. .[0031] An
edge is a |inFHaiREeh- } wolRobedr WAiBRNFHPRE vEr FLER éfcawpgp fénf. The

edges fornlpaﬁ§ érﬁggr%gggﬁ?ﬁh nggFEhQESrE?grQQHngér'%s P& ng%henents

in the nodele pace ex I's spatial configufation of n
di nensi ons dei£¥imdeti-by ﬁefticasLnts in a space of dinension equal to or
greater than n. In other mords a-sinplex is a geonetric spatial elenent

havi ng the nini mum number . of dar oints nece |
in a gi vEIP3hunb eerWeﬂbn%ﬁs?oﬁg X@B ﬁg|81ewﬁn EéF%EEél &° g space

ts'hgp't ffaﬁgrg“(éé;ga; % &T%Séeeléﬂeﬁweérw EQpEEQentBEQRﬂeOlbfarae@y@Qlélﬂﬂed by
which resides in that space. Because each element can
be defined by a plurality of nodes and/or the edges
between those nodes, a mesh may alternatively-be
considered a collection of nodes and/or the edges
between them. At various peoints in this disclosure,
"mesh” will be used to alternately refer to collections
of elements or nodes/edges, depending upon the context
in which the term is used.. The mesh may also be

referred to herein as a finite element model or simply a

model .

[0034] There is a fundamental difference between modeling
systems in which there is a single fluid phase and those
in which there are multiple phases. When there are
multiple fluid phases, there is a convection and
potentially a mixing of the phases. (It is assumed that
there is a pressure which drives the fluids and causes
the front between them to be transported.} The finite
element model must therefore include convective
operators or components. These operators would not be
necessary if only one fluid phase were modeled, or if
the multiple fluid phases were completely mixed or

emulsified.



Two points are insufficient to forma sinplex in tw- dinensional space
because ADTRRMNEY | BOBBUNI¥A. by the points (and the lines which interconnect
them) WBJEL1dotir points may be sufficient to bound a two-di nensional
area, they do not conprise the m ni rumytunber of boundary points by which
t he two-di nensional area can be ATTORNEY DOCKF NO. 0BJ1110-28! AN Z0iL JAN
2004 bounded. In three dinensions, a sinplex conprises a tetrahedron,

whi ch i s hounded by, four. xerti 6es;Lsery) ELGYBEFiul ol Rrbws di mensions, a
si mpl ex %onprlses a %yp%rtetraﬁeér%n ?songyines refg}fédsfo as a hypertet)
having five verharastefD883tsAofieshei syateol nayt cbhangke eleavemisuphtdty fill a

space. These el enents are representative of, a_.s I chresjides .in that
space. Because'hghSeFRAEAPTCAR lgiuﬁéfﬁﬁgg By ﬁiﬁﬁgkélrtyggﬁﬁﬁ%ggélﬁhd/or
the edges betyegen,dhgse: Node8rafi ABSAnERY ZFbeLnati veltwele toensicderad a
col l ection of nodes™and/or the edges between them At various points in

thi s di scl osuregluésesh” thel phpeigsddsystam endatdley sodtddan@ col | ecti ons
of elenments or_nodes

bhises e i
s et The rRSHCRAGSAI SB1BE CFBNePPEaoTNaREEn AR el ErH Bt  model

or sinply a nogelcebRR34hedhareckaiagl ubdanenpaleséntl areren kel veat
nodel ing systens in which there is a single fluid phase and those in
whi ch there areamupei peenphhsesthonastvper d"geal world") values 11

form what is essentially a step function, changing from
a first value vl to a second value v0 immediately upon

reaching a distance di. In this example, the values VO
and vl define the limits of the range of physically

realizable values.

[0036] When traditional finite element techniques are used
to model such a system, the solution will typically tend
to oscillate. It can be seen in FIGURE 2 that the
solution 12 generated using these technigues oscillates
above and below the actual physical values which it is
attempting to model. Two of the most significant
problems with this solution are the obvious inaccuracy
(the solution does not closely track the actual values)
and the fact that, at some points, the solution is
greater than the maximum physically realizable value or
less than the minimum physically realizable value. The
oscillations which occur in solutions generated using
traditional finite element techniques may therefore
produce unrealistic results, or may even fail to

converge at all.

{0037] Methods in accordance with this disclosure, however,
do not suffer from these disadvantages because the

solutions are constrained to be realistic. This



multiple fluid phases, there is a convection and potentially a m xing of
the phaseBTORNEYi BOGEBunB@.that there is a pressure which drives the
fluids apelsTRUSe8 the front between themto be transported.) The finite
el ement nodel nust therefore include casective operators oy copponents:
These operators would not be necessary if only one fluid ﬂhgééﬂa£¢e
nodel ed, or if the multiple fluid phases were conpletely m xed or

emul si fi ed. ATTCRNE;F%%?KESh@%hieggélﬁgoégsﬁgigﬁltiék %%%4&5%}%% wH ch

syst em havi ng ﬁﬂp§|p | tird ases, haracteristics of the system may
change very abgeptiys thbi so3uttiahi erctsri [(usthatee iacElbGEHRE Mt BGURE 2
is a diagramillustrating the difference between the actual values in the
physi cal systefprEhEIERE EBRUPFBRETtd8FePat BANGSPRG CLrydidnal finite

el enent techni techni qu >¢or di h I b idavgpgion. It
can be seen th§?8§ﬁ59§§g§§|B?ngggﬁaagﬁﬁdu)@%aﬁﬁgﬁ %f%ﬁﬁﬁﬁﬁaMﬁﬁ is
essentially a shep tunetses, ofhangumdgnfyr chmtaatilr sif vhleueodf fiigierdetond

val ue vO inmedi ately upon reaching a distance dl. In thi t.h
val ues v0 andovitﬁéfﬁhégPﬁéllPEiFgeoWaFﬁéxr3ﬁ§en8p'ﬁﬁﬁéékﬁ¥$ﬂﬁiggFVigble

val ues. [0036] jyWepet Eﬁgi tbarak of bRk e cglrerBRl diagmadues ane weRdisd o
nodel such a system the solution will typically tend to oscillate. It can
be seen in Fl GaRE fohhabsthéveol uWhen tRegmasratedagsithigschese techni ques

oscill ates . . , L
characteristics, the solution remains realistic at all

points, and more accurately tracks the behavior of the
physical system, as indicated by curve 13 in FIGURE 2.
The model is therefore more likely to produce accurate

results and to reliably converge.

foo38] The Jacobian matrix is derived from the partial
differential equations that describe multiphase flow
through porous media based on Daxcy's law, and
representing conservation of mass and momentum in thé
system. These equations are discretized onto the finite
element mesh, and the coefficients of the eguations form
a matrix. Each coefficient will be either positive or
negative, depending upon whether the gradient of the
equation is positive or negative (i.e., whether the
fluid flow is positive or negative). If the finite
element technique is applied to the differential
equations, a large set of algebraic equations is
produced. That set of algebraic equations is nonlinear.
The set of equations can be solved by using Newton's
method (which involves taking the first derivative of
the equations). The first derivative is the Jacobian
matrix. The coefficients of this matrix are weighted to

obtain a matrix which has non-negative terms on its



above and bel ow t he actual physical values which it is attenpting to
nodel . TABTORNEMeDHGEI sNgni:fi cant problens with this solution are the

obvi ous dracrupasy (the solution does not closely track the actual val ues)
and the fact that, at some points, the solution is greater than jayggmexi rum
physically realizable value or |ess than the m ninmum physically realizable
val ue. The oscillations which occur in solutions generated using

traditional figi hni r r r ‘2@8% nreapiesSti
results, or nag%ggﬁg?g?ﬁat %gﬁcg’ﬁ\%gr%g%gtxegﬁ%. %Fgogﬁeol\%t hodsaqi n gtzﬂcezr dance
with this di schppuoprihoeeveightdagnotf stef eexrfnsomrtsheses dilsadvenittageiss
because the solutions are constrained to be realistic. This ATTORNEY DOCYJ
NO.: OBJ1110- 8"¥312NeaFARTPBEXLEGFsClaltRe Métadfi-eved by ensuring that the

matri x which governs the solution vector (i.e., the Jacobian matri x)

sati sfiegohhe) Propehti e5c0F iPBRAEANE kYieald cobisealdion He | inearity. In
nore practical terns, this consists of ensuring that all of the

coefficients easthtidlagowaigbtinge fantors fre srecmafattihe rafps ik al |

f th fficients off the.di , of the matri - positive . W
the mtrix hasCiReSbeMERAPatfier St F081 EnETEORA O i fb Tealt ST E at

mMains realistic at
all  points, aB@nH@éeeiéﬁEhetebﬁhhﬁQQE%,thﬁebﬁﬁa%bobﬂﬁéd|Eﬂemﬂnﬁﬂaﬁﬁ

Py o et oo DLcerrs T3 TS 2T el U et ore more
element, each of the three nodes would be weighted by
1/3. If a three-dimensional element were used, each of
the four nodes of the element would be weighted by 1/4.
In the present methods, however, the nodes are weighted
to reflect the flow of the fluids in the modeled system.

This igs illustrated with reference to FIGURES 3 - 6.

[0040] FIGURE 3 shows a single, two-dimensiocnal element (a
triangle). The flow of fluid with respect to the
element is indicated by the arrows, which show that the
fluid is flowing from the upper, right-hand portion of
the figure to the lower, left-hand portion of the
figure. Using traditional finite element techniques,
each of nodes 21 - 23 would be evenly weighted (i.e.,
1/3, 1/3, 1/3). Using the present ﬁechniques, the nodes
are not evenly weighted. Because the fluid is flowing
generally from nodes 22 and 23 to node 21, each of nodes
22 and 23 is weighted by 1/2, while node 21 is weighted
by 0. Referring to FIGURE 4, it can be seen that the
weighting of the nodes is different when the direction
of the fluid flow changes. In FIGURE 4, the fluid flow
is generally from the lower, left-hand portion of figure

to the upper, right-hand portion of the figure.



results and to reliably converge. [0038] The Jacobian matrix is derived
fromtheAPEPRNEY DACKY er¥@ti:al equations that describe nultiphase flow

t hr ough PRIDbLs0ARdI a based on Darcy's |aw, and representing conservation
of mass and nomentumin the system Th&se equations are dis rq} J@ﬁ]onto
the finite elenent nesh, and the coefficients of the equat|

matrix. Each coefficient will be either positive or negative dependlng
upon whet her t of .Lhe -¢quat |,894hER05 tuvewgrlge%@aégajj
whet her the ¢8n%é€ﬁ%§ﬁ§ pgsptive or neggtlse y thelflnlte elenent

techni que is appdli 28 aeetheidhtédr byt Dal equatlons, a |large set of
al gebraic equations is produced. That set of algebraic equations is

K . The set of t | b Newt t hod
Coni ch' | HRAYES T aReAGTERBS FPar TOLRFaP: 080 Lo CBRURR SHER YHRE 11 st

derivative is the Jacghtang Bat Ehé nbhesCoef bl abeREF ek cchity Maie ishapee
wei ghted to obtain a matrix which has non-negative terns on its ATTORNEY

DOCKT. NO.: OBfilthe- eotnesp@ndﬂ\ngzemamanagonén HAGUREN Spoding id eafs of f

he d | h f .th
;ng I:ﬁggpaproggP%?e %%§%§E$§ gytkggggrd%ﬁglégggglC|enfgﬁbkﬁfﬁﬁEpOtonlc

Jacobi an mi”iéléﬁ@ntesseﬂﬁbabhyu‘é@hghth@gsﬁm@uaﬁ:stfooltheacbfofﬂtmmmades of
the elenents in the finite element mesh. In traditional finite el enent
techni ques, theénnwhéshopagh efekbAt ngegs which terminates the forwar

edge of the element was weighted by 1/2. In that case,
the remaining node of the element was downstream from a
midway point on the forward edge of the element. 1In
FIGURE 5, the remaining node is instead directly
downstream from one of the first to nodes. In this
situation, the node 32 which is upstream from the last
node 33 is weighted by 2/3, while the other upstream
node 31is weighted by 1/3. 1In FIGURE 6, there is a
single upstream node 33. Nodes 31 and 32 are both on
the trailing edge of the element, so they are both
weighted by 0. The upstream node 33, the other hand, is

weighted by 1.

[0042] In each of these cases, the weighting of the nodes
with respect to the direction of fluid flow effectively
emphasizes the diagonal elements of the matrix, while
reducing or eliminating the effect of the off-diagonal
elements. This, in turn, ensures that the matrix has

the properties of monotonicity and linearity.

-[0043} Although the foregoing is sufficient to enable a
person of ordinary skill in the field of finite element
analysis to implement the present techniques, a brief

technical discussion of the technigues follows.



evenly wei ghted. For exanple, in a two-dinensional elenent, each of the

t hr ee noglesomwoEY dbbexwei gbted by 1/3. If a three-di nensional el enent were
used, easfiypiigife four nodes of the el ement would be weighted by 1/4. In
t he present nmethods, however, the nodesgare weighted to rethghzwme fl ow
of the fluids in the nodeled system This is illustrated wth reference to
FIGURES 3 - 6. [0040] FIGURE 3 shows a single, two-dinensional elenment (a
triangle The flow of .fluid with respect to,the .element. is indi£at by
t he arro&g94 i ch é%%ﬁ??ﬁﬁ?nghé PPVﬁﬁgaﬁsSVFBﬁPnﬁhﬁfgnﬁFhéOu%fb&%x&aé%j
right-hand poréion eimethg Eigire b0ehbatl peeh, ikefirandopentrmted the
figure. Using traditional finite elenment techniques, each of nodes 21 - 23
woul d be evenl ¥iwei ghtke ¢¥skem iﬁlg}SEFQFlzﬁQ)}nu§bﬁgspﬁ§epﬁé§6ht

t echni ques, the nodes e _not .eveply - wei.ghted. _Becau dl uid is

f1 owi ng gener§?T§l?f0n$ﬁ858§riﬁga d Egepggngdeazg%%eggﬁkgglﬁg'és 22 and
23 is wei ght edphysdéRionhbketnedeimé-kspavei dbiradn By Gl1lBeftefatieny to FI GURE
4, it can be seen that the weighting of the nodes is different when the
direction of the fluid flow changes. In FIGURE 4, the fluid flow is

gener al | yo§59m t hefd 5wpacc Pt Thangd pos tigncef ¢ {hauasmata tBepupper

ri ght-hand portion of the figure. ATTORNEY DOCKT NO.: 0BJ1110-8 15 2 ? JAN
2006 Consequently, node 21 is!@eig &d by 1, while nodes 22 and 23 are

wei ghted by 0.,LQ0#dy, Refherei ngP® H GURES 5 and 6, it can be seen that

[0046] Q is broken down (segmented) into a plurality of

non-overlapping sub-domains Q.. Each of these sub-

U, =Q ee{l, .., Ng}
domains % and ¢ comprises a four-
dimensional simplex (a hypertetrahedron). A linear
finite element basis is formed on each element (Qe), and
trial functions and test functions are defined on each

element.

[0047] The flow of multi-phase fluids in porous media is

governed by the equation:



the weighting of the nodes is also affected by the shape
corr espxmTORNEY eb@OK. | NOFEGURE 5, the flow of
per pendiggtari dogan edge of the elenent.
of FIGURE 3, in which each of the nodgs; which term nates t@q
of the el enent was weighted by 1/2. In that case, i
the el enent was downstreamsfroma m dway point on the forward
element. In FIGQURE 5, & ienai nj node is instead directly

fromone of the first ta‘g(]%aég'ﬂmhi"sﬂ si tuati on,

upstream fromthe | ast

upstream node 31lis wei
upstream node 33. Nodes

tleeq by 1/3. In FIGURE 6, there is a {
$'%nd 32 are both on the trailing edg
el ement, so they are both wei gkt ¢®,by, fphaddse upstream node 33,

hand, is weighted by 1. [0042], Ln_ _ _tdza)se cases, the wei
the nodes wth respect to theiy'di relgf?g’n-péﬁf uid flow effecti

enphasi zes the diagonal el enenPg =off the matrix, while reducing
elimnating the effect of the gff-di ggopal ts. This, in
ensures that the matrix has tgb p?oglgifpfzé's"’o 1Eigr?t?;gotoni city ang
[ 0043] Although the foregoing ils S icient to enable a persoi
skill in the field of finite el"enepfg. analysis to inplement the
techni ques, a brief technical Q}hs'si. n ¢of 1t he techniques fol
PG ofolotp Phse

di_s
ATTORNEY DOCK NO.: 0BJ1110-8 1872

B; = Formation Volume Factor of i'th phase
p; = Density of i'th phase

¢ = Rock Porosity
Z = Negative of Depth

S; = Saturation of i'th phase

nphase

ZS,-=1
i

t he node 3:
node 33 is weighted by 2/3, while the (

q

of the
fluid i s approxi matel y
This situation is simlar to that

Jgrggr d

t he remal ni ng node of

edge

edge of the
downst ream
> which is

vt her

51 ngl e

je of the

t he ot her
ghting of
ely

] or

turn,

I inearity.
1 of ordinary
> present
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[0048]

[00489]

A standard Galerkin Finite Element discretization of

%) = J'Njg((%ﬁ)ka) + [_ [ VN« K(VP, + 0,V )|, O] n‘]
o, ! ' Q, B

this multi-phase flow eguation gives,

[0050]

(0051])

is defined by the way that % is defined.

method is therefore defined as follows:

for each element:

The basic method of employing the present techniques

The present



[ 0044] Considering a physical systemwhich is to be nodeled over tine, a
finite AEMRNENTEBOCKE fR@st constructed (i.
in the sparrrid®e donmmin). Referring to FIGURE 7, a two-di mensional
projection of the tinme-space donmain isidlustrated. [0045] % T
flspacex[ O, T] is the space-tinme domain to be nodel ed, where ékﬂﬁ%@@9|
[0843] 12 1s broEeghForn ﬁsegnented) into a pIuraIity of non-overl appi ng
su omai ns ne a o] ege s Ut ..., NE donmmi ns ne
and e conprises a louT (dhﬁgﬁllk ﬂ; N; I?’rg (QQ a"'@pb;snﬁaetrahedr o)n) A linear
finite el enent basis isformed on, each elehe t (ae), and trial functions
and test[damzglions are defined on each element. [0047] The flow of
nulti-phase fluids in porous nedia is governed by the equation ATTCRNEY

OBJ1110-8 17,2 1 JAN 2006 r S | igﬁiéipéragp ) Wher e:

DOCK' NQO. :
i = 1, 2(0053] pphRekerving tg(UPEYREGYZ) @ B 111§@tr%tlf9 a

nphases method in accordance with one embodiment of the present

invention is shown. As indicated above, when the
differential equations are discretized on the finite
elements, they are basically converted from differential
equations to algebraic relationships between the values
of the nodes. This is accomplished by assuming that
there is a linear variation of the corresponding
property (e.g. saturation, pressure, permeability,
prostate, etc.) between the nodes. This restricts the
space of all possible solutions to only those solutions
which are linear. When this assumption is used, a set
of relations are derived from the differential equations
for values of the coefficients which are linear over
each element. When this is done, each element
contributes a certain amount of the discretization to
each one of its nodes. The contributions which are
summed at each node are the residuals. It is desired to
make the residuals equal 0 in order to solve the

nonlinear algebraic system.

[0054] To distribute the residuals of the finite element
.ri
operator ( J), K; is first computed for each node of the

4-tet (hypertetrahedron).. The resulting Kj are divided

into positive (X;') and negative (Xj'} values. The

. T, | . .
residual J is then distributed to the nodes, and the
tangent operator (Ty) is computed. The system is then

assembled and solved in the same manner as if an

e., the systemis discretized



piD i = Viscosity of i'th phase Bi = Formation Volunme Factor of i'th phase
pi = DenSTTYRWEYI DOOKphati®.4 = Rock Porosity Z = Negative of Depth Si =
Saturatiomgyoeiipb-gh phase nphase E Si = 1 [0048] i [0049] A gﬁj@%@

Gal erkin Finite El ement discretizationof r (i ) J N . NK) .+
- JON, . K(VPi + pigVZ)In (71i)li] k s this rrulti-phase flow equation

gi ves, for each el errent [0050] [00511 The basic nethod of enploying the
‘present techni efl ned hat ~= ] defl ned Th resent

ethod i ¢ her OF ar82fgr FedCas SRonEDle 2R o

7] (ININk+ | fehle bkchab)&y(hﬁlbhrE&h1t&~e@bmdﬂﬂﬂiﬁsﬁémb\H¥é2004 [0053]
Referring to FIGURE 8, a flow diagramillustrating a method in accordance
with one embodrREAFDSEAL ﬁédpﬁééé' ignwedti smaws ,sHdwillds nafdikeat ed above,

when the described in further detail here).

[0055] The benefits and advantages which may be provided by
the present invention have been described above with
regard to specific embodiments. These benefits and
advantages, and any elements or limitations that may
cause them to occur or to become more pronounced are not
to be construed as a critical, required, or essential
features of any or all of the claims. As used herein,
the terms "comprises," "comprising," or any other
variations thereof, are intended to be interpreted as
non-exclusively including the elements or limitations
which follow those terms. Accordingly, a process,
method, article, or apparatus that comprises a list of
elements does not include only those elements but may
include other elements not expressly listed or inherent

to the claimed process, method, article, or apparatus.

[0056] While the present invention has been described with
reference to particular embodiments, it should be
understood that the embodiments are illustrative and
that the scope of the invention is not limited to these
embodiments. Many variations, modifications, additions
and improvements to the embodiments described above are
possible. Particularly, these variations may include
computers or other data processing devices, computer
readable media (such as floppy disks, CD-ROMs, DVD-ROMs,
etc.,) storage devices, computer memories and the like
which contain scoftware, firmware or other programming

embodying the foregoing methods. It is contemplated




differential equations are discretized on the finite elenents, they are
basi cal | 5 TESRYEYt BACKF onV@i-Ef erential equations to al gebraic rel ationships
bet ween ®B&lVvabu&s of the nodes. This is acconplished by assum ng that
there is a linear variation of the corrzEsponding property (e7g.JAN 200
saturation, pressure, perneability, prostate, etc.) between the nodes.
This restricts the space of all possible solutions to onIy t hose sol utions
uhi ch are | i negha e WigBsEhl 8288 YBRL] Ofolal £useds st elaadile flAldans are
derived fromthe d| ferentla equati ons or val ues t e coef |C|ents
which are |i nezampnwemeaashfa[Lérrwnlt:h:LW\eﬂnet lsiceopies cdondye eavterd] iemends
contributes a gerta# Rﬁt h% glscretlz ti.on to each one of its
nodes. The contftdd ?Gngl FEthF dRYedSaf 1848 ‘node are the residuals.
It is desired to nake the residuals equal O in order to solve the
nonl i near al gebraic system [0054] To distribute the residuals of the
finite element 7 operator ( ( 21 ) , , K is first conputed for each node
of the 4-tet (hypertetrahedron). The resulting Kj are divided into
positive (Kj+) and negative (Ki-) values. The residual 7J is then
distributed to the nodes, and the tangent operator (Tjk) is conputed. The
systemis then assenbled and solved in the sane nmanner as if an ATTORNEY
DOCKT NO.; 0OBJ1110-8 19 2 1 JAN 2004 ordinary finite el ement techni que had
been used. (Since the process by which finite el enment systens are
assenbl ed and solved is well known, it will not be



described in further detail here). [0055] The benefits and advant ages which
may be provided by the present invention have been descri bed above with
regard to specific enbodi ments. These benefits and advantages, and any
elements or linmitations that may causelthemto occur or to become nore’
pronounced are not to be construed as a critical, required,? prjigsmenti al
features of any or all of the clains. As used herein, the terns

"conpri¥hat" iscojphinsidigd: or any other variations thereof, are intended

to be interpreted %%bﬁnon-e clusively including the el ements or linitations
whi ch ot | owt RGEECe AR Sﬁeée’dﬂﬂ r?g|f§,n%epredl@é%e§1t madeo EOTaSRIES 1 g

t th g s | . el.e o j.nel only those
apparatgg b @&s%@ﬁp'i'nlseﬁn%ﬂ Her i LlLMRALS @%}ggglﬁ#&zsﬁi&gﬂ y

el ements but fay include other el ements not or inherent
to t he ebapmédipgocess, nethod, article, or apparatus. [0055] Wile the
present invention has bee ed with reference to particular

.d i
enbodi nent s, SFPEERGITS ﬁer}%ﬁ%g Isec h AR UHE SHBIETRME NG £9 11hBtrati ve

and that the scopgdefl ,t RedryMeNHRN nlf IR ddiBdied 0 hﬁ&ﬁ-tSFQQginents.
Many vari ations, nodifications, additﬁbns and iﬁ%&%f@%@hts o % he

enbodi ment s descr icoed falsgeatarie possible. Particularly, these variations
may i ncl ude .ers.or other..data_ processing devices, conputer . readable
medi a (such géggggtﬁf}? & a(goe%‘%mts[)%ﬁ ﬁ%\%a%n & &Eﬁt)?rlgi &ggdé”(ﬁ}?/l ces,
conputer menori escardibRrdlkel amiintlk coRt ddh-SRidWare fdd mere or ot her
progranm ng enbodying the foregoing nmethods. It is contenpl ated ATTORNEY
DOCKE NO : OBJ11fdagonal elements are non-positive; and

generating a solution for the model using the matrix

using finite element techniques.

2. The method of claim 1 wherein adjusting the coefficients
comprises weighting the nodes of each element according to a

direction of fluid flow across the element.

3. The method of claim 2 wherein weighting the nodes of each
element according to a direction of fluid flow across the
element comprises determining the direction of fluid flow
across the element and weighting each nodé more heavily 1f the
] node is upstream from the other nodes of the element and less
heavily if the node is downstream from the other nodes of the

element.

4. The method of claim 3 wherein each node is weighted
more heavily if a greater portion of the element is downstream
from the node than from other nodes of the element and less
heavily if a smaller portion of the element is downstream from

the node than from other nodes of the element.



20 2 1 JAN 2006 that these variations, nodifications, additions and

i nprovenents fall within the scope of the invention as detailed within the
following clains. 21 2 1 JAN 2004 What 1. A nethod for solvin? a finite

el ement nodel corresponding to a syst2in which there is a dllAN2Whase’
fluid flow conprising: generating a finite elenment matri x corresponding to
the nodel, wherein the matrix contains a plurality of coefficients;

adj usti 89 t heyEoREkheienls ctlglefbtlauhea:ém{ ritte | £440E 6he1 ORedtaganatix
el ements are non-negative and off- diagonal elenents are non-positive; and

gener at fagraspohdssi 6o aosyﬁh@nnu@emhkﬁ Fhewe exe i xt LspAE £wai £audbenent
technlqggs 2. The nethod of claim1 wherein adjusting the coefficients
conpr i sBE#®EFPght i ng t he nodes of each el enent according to a direction of
fluid flow across the element. 3. The nethod of claim2 wherein weighting
the nodes of each elenent according to a direction of fluid flow across
the el @ment Tb@rrp‘leitzl‘;@sl odt edsiim Ag hRr it &die ohibit el el amepswmai&idss t he

el enent an d mel a e .npr, f e trg@qﬁfrom
t he ot hgP 5833? % %&SQ%%Iand“ﬁggg?wﬂg%ﬁélaig ?ﬂgg Ogempgédgﬁnstream
from t hghatker. nodes of the elenent. 4. The nethod of claim 3 wherein each
node is wei ghted

7. The method of claim 1 wherein the finite element matrix

corresponds to a four-dimensional finite element model.

8. The method of claim 1 wherein the system corresponds to

an oil reservoir.

9. The method of claim 1 wherein the matrix is configured to
produce a solution which is not physically unrealistic at any

time.

10. The method of claim 1 wherein the matrix is configured to

produce a solution which is non-oscillating.

11. The method of claim 1 further comprising discretizing a
model of the system to produce a finite element mesh and

generating the matrix based on the finite element mesh.



nore heavily if a greater portion of the elenent is downstream fromthe
node than from other nodes of the elenent and less heavily if a smaller
portion of the elenent is dowmstream from the node than from other nodes
of the elenent. 22 2 1 JAN 2004 5. The2¥ret hod of claim 1 wherein the finite
el ement matrix corresponds to a systemin which there are at |east two
fluid phases. 6. The method of claim 1l wherein the finite el gniedAN Hikri x.
corresponds to a systemin which there are three or nore fluid phases. 7.
The nethod of claim1 wherein the finite element matrix corresponds to a
four-dinmensional finite element nodel. i 8. The nethod of claim1l wherein
the system corresponds to an oil reservoir. 9. The nethod of claim1l
wherein the matrix is configured to produce a solution which is not
physically unrealistic at any time. 10. The nethod of claim 1l wherein the
matrix is configured to produce a solution which is non-oscillating. '11.

- The- method of claim1 further conprising discretizing a nobdel of the
systemto produce a finite elenment mesh and generating the matrix based on
the finite element nesh. 23 2 1 JAN 2004 12. A conputer-readabl e nmedi um

whi ch cbat ai Ascomplteat regdablei metiduot wirish wheertedimd he pnstdVOEPNSE ar e

configured, to cause conputer to performthe nethod for solving a finite
eIenentln%%ﬁ%?t%%??ESggﬁﬁgRB Fgea1§§§F8ﬁFPﬁﬁMﬁﬁﬁwQQRﬁ%BW%?%i?ﬁn%¢uSe

a computer to perform the method for solving a finite element
model corresponding to a system in which there is a multi-
phase fluid flow comprising:
generating a finite element matrix corresponding to the
model, wherein the matrix contains a plurality of
coefficients;
adjusting the coefficients to obtain a matrix in which
on-diagonal elements are non-negative and off-
diagonal elements are non-positive; and
generating a solution for the model using the matfix

using finite element techniques.

13. The computer-readable medium of claim 12 wherein
} gdjusting the coefficients comprises weighting the nodes of
each element according to a direction of fluid flow across the

element.

14. The computer-readable medium of claim 13 wherein
welghting the nodes of each element according to a direction
of fluid flow écross the element comprises determining the
direction of fluid flow across the element and weighting each
node more heavily if the node is upstream from the other nodes
of the element and less heavily if the node is downstream from

the other nodes of the element.



phase fluid flow conprising: generating a finite el enment matrix ‘
corresponding to the nodel, wherein the matrix contains a plurality of
coefficients; adjusting the coefficients to obtain a matrix in which

on-di agonal ‘el enments are non-negative ax of f- diagonal ele t
non-positive; and generating 'a solution for the nodel usingffﬁgqﬂ@frix
using finite elenent techniques. 13. The conputer-readabl e nmedi um of claim
12 wherein adjusting-the coefficients conprises weighting the nodes of
each el enent according to a direction of fluid flow across the el enent.
14. The Ionput efThree adaiphet eredremdaiil €| medit® whiecékam Wwdi gheiregnt kechodes

of each el enent acco g .to a.directia of fluid flow acro t.he el enent
conpr | SEETRCER iR RBCEHaTOEr BEEM I Yo i A1 AR R HE cifirent - and
vei ghti ng &aghe DedgcIRERrBaAV ith¥n fth@@lda@q;na% URsdh eRdF omddie of her
nodes of the elenment and less heavily if the node is downstreamfrom the

ot her nddes Edfem@etebade&esszlneavlllyANf2@0$n1ﬂlém@mmn erf rigdeiabl e-

di f. Cl 14 I
por 1 on SHHHL " £F HERE S € BBWACEToAREr P R Hode TR 1T bABITE hodos.

of the \leeErdmangd.l ess-heavily if a smaller portion of the el ement is
downstream fromthe node than from other nodes of the elenent. 16. The
conput er- readable -mediumof claim 12 wherein the finite elenent matrix

Correquag§ Lﬁh@ égﬁbﬁgkknrwgb%%l%hﬂ@aium of claim 12 wherein the

finite element matrix corresponds to a system in which there

are at least two fluid phases. !

17. The computer-readable medium of claim 12 wherein the
finite element matrix corresponds to a system in which there

are three or more fluid phases.

18. The computer-readable medium of claim 12 wherein the
finite element matrix corresponds to a four-dimensional finite

element model.

19. The computer-readable medium of claim 12 wherein the

system corresponds to an oil reservoir.

20. The computer-readable medium of claim 12 wherein the
matrix is configured to produce a solution which is not

physically unrealistic at any time.

21. The computer-readable medium of claim 12 wherein the
matrix is configured to produce a solution which is non-

oscillating.



are at least two fluid phases. 17. The conputer-readabl e medi um of claim 12
wherein the finite elenment matri x corresponds to a systemin which there
are three or nore fluid phases. 1S. The conputer-readabl e nedi um of claim
12 wherein the finite el ement matrix 2drresponds to a fou? JdiANEb}i onal -
finite elenent nodel. 19. The conputer-readabl e medi um of claim12 wherein
the system corresponds to an oil reservoir. 20. The conputer-readabl e
medi um a1 . cl ah& a:ampheé@l-&efala%bl@trﬂé@idnﬁ cFORd1igW 96 tvﬁae@é?ﬂ?%é‘ sol ution
whi ch i s not ysically unrealistic at any tinme. 21. The conputer-readabl e
medi um BeEEBPEi g‘l—l&“?hﬁﬁe?@wrtlﬁés weitsdnetilg ioenf gudsl taf prisdusmyestes dait i on

whi ch i h - abl d
of ol aiS 130G Re oFAPERE CHEPREN FHhar o GDAmEse Al SR A% BARSTl of

t he systenmhe fphoducelamkinti kesel.enent nmesh and gener atl ng the mat ri x
based on the finite el ement nesh.



