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This invention relates signal processing and analysis and is
particularly Jsgidh oF AB&&A@ aE T QE arﬁbsr@fiwe F A
conput er or nachlne Vi si on appllca Oons, an 1 mage i s represent ed by a
t wo- di nensi onal array of pixels. Each pi xel typically has one gray
val ue or 3 val ues representing each j ¢ colors. Each value is
an i nteger between 10 0 and a EéFBPagﬁoH Sﬁ?ﬁﬁ@fdﬁﬂ ue, such as 255 in a
typi cal 8-bit system ) One of the npst fportant %gfllcatlo S
of industrial - This invention relates to signa processin

analysis and is particularly useful in the fields of image

analysis and machine vision.

5 BACKGROUND OF THE INVENTION

In computer or machine vision applications, an image is
represented by a -two-dimensional array of pixels. Each
pixel typically has one gray value or 3 values representing
each of the basic colors. Each value is an integer be£ween

10 0 and a saturation (ﬁaximuﬁ) value, such as 255 in a typical
8-bit system.

One of the most important applications of industrial
machine vision systems is accurate poéitioning: determining
the coordinates of a given.object within the field of view.

15 Many high—p;gcision manufacturing systems require very
accurate object poéitioning. One way to improve accuracy is
to increase the resolution of the .vision system, which
requires more expensive cameras and slows down the

'proce531ng, since the 'image analysis time is usually

20 proportional to the number of pixels in the image. The

alternative approach is to use more accurate methods to

calculate the fractional (sub-pixel) position of a pattern.
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5 The most widely used method of pattern matching is a
normalized correlation algorithm. The normalized correlation
coefficient betwe_en image pixels Ij,5 and pattern (template)

pixels T;,; is defined as:
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10 (1)
When the pixel values of the image are proportional to

the corresponding pixel values of the template, i.e.

I, =a+b*] with constant coefficients a and b, the

Bro
normalized cortelation-éoefficient reaches a maximum value
15 of one (1.0).

If image pixel valueg are stafistically indépendent of
the template values, the cofrelation coefficient is close to
zero (0.0); Thus defined, the normalized correlation score
is insensitive to contrast and uniform lighting variation.

20 This-property makes it a very robust measure of similarity
between two images.

Using ~ normalized correlation for accurate match

position determination typically involves two steps:

2



error’only a8y edths of a pixel. 5 The nost wi del d met hod
of pattern natch?ng Is a normal i zed correl ation algorithn¥c¥ﬁ§m”“95‘

normal i zed correl ation coefficient between inmage pixels I[err] and
pattern (tenpl ate) pixels T[err] is defined as: [err] 10

(1) When the pixel values of the inmge are proportional to

t he correspondi nglpi xeSeaaicheF st & HEltempPakieern dn the whpderpr part of
=a+b*T[err], wth constant coefficients a and b,  the normal i zed
correl ati on coeff tbeenimagachesFindndnninximate positigns (2fonormalized

I f inmage pixel values are statistically independent of the tenplate
val ues, the correkatrired atdohf issioxet Maxifaysand zero (0.0). Thus
defined, the normalized correlation score :

2. Compute normalized <correlation scores in a
5 neighborhood around the approximate position of each
local maximum. Fit a curve through this surface of
score values, and compute the location of the maximum

value on this curve.

The problem of interpolation of a smooth function from

16 values sampled at regular grid intervals has received
considerable attention in applied mathematics. " Most
interpolation algorithms are concerned with minimizing thé
error (absolute of mean square) between the interpolated and
actual value at a given point (x,y).

15 ' One fairly simple and common way to find the maximum
position is to approximate the function S(x,y) by a
quadratic surface (paraboloid). This operation generally
involves inverting a 6x6 métrix. The grid coordinates x and
y are known beforéhaﬁd, so the matrix can be inverted only

20 once and the coefficients can be obtained by vector
multiplication. After obtaining the coefficients, a simple-
linear transformation is required to reduce the quadratic
form to a canonical one and find_the position and wvalue of

the maximum.
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1. - Search for a Ty¥€napgbkethmi hashebedrl previpaslyobeen implemdrteed nige.
Fi nd approxi mate positions of nornalized correlation score

maxi M; and commercial 2. pré&@iPtse dsoeldbededbycornhel atdsyignes£ores this
a b5 nei ghbor hood around the approxi mate position of each

| ocal maxi MyRvenfidénad CUr¥e Hdy osgh ddthirady f apaxefum error iSCOk€or y
val ues, and conpute the location of the maxi mum

direction) of about .05-.1 pixel (1/20 - 1/10 of pixels

5 size).

SUMMARY OF THE INVENTION

Accordingly, the present invention.features a method of
accurately locating a.sub-pikel maximum on a two-dimensional
grid. having a x and a -y axis. The method, which is

10 especially suitable for iocating a sub-pixel maximum which
falls intermediate grid point locations, includes the
following steps.

First; a grid point location having a maximum grid
point value is determined. Then, a quadrangle containing a

15 sub-pixel maximum is determined by locating neighboring grid
points along the x and y axes, which have the next greatest
grid point values. Next, four one-dimensionél, fractional
maxima are computed, each one~dimensional, fractional
maximum being located along each side of the four sides of

20 the guadrangle. Once the four, one-dimensional, fractional
maxima are computed, straigﬁt lines are computed which
connect the one-dimensional, fractional maxima ‘located on

opposite sides of the quadrange. Finally, a location for
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considerable attention in applied nathenmatics. Most
i nterpol ation algorithnms are concerned with m nimzing the error

(absol ute or nmean -square). between the int.erpo d_an t
a given poi nthex SAR-PIXEl MAXIBHR {5 r?ayl%‘ﬂr#p%éa%%,ggﬁm%O%J%/E% %?lnéﬁ%ﬁe
maxi num position is_to approximate the function S(x,y) by a

guadr ati ¢ suitiWgc & &P  This operation generally i nvol ves
inverting a 6x6 matrix. The grid coordinates, x an . re_k

bef or ehand, so t h&aed r?&e‘é‘éW%‘és+%%fte ISﬁItffonfg r%an}%zéx?(urgngs {}%%Tculated
coefficients can be obtained by vector mul tiplication. After

obt ai ni ng t hescdefiiliaWsents, a sinple | inear transformation is required

to reduce the quadratic formto canqni cal aqne and fi.nd. the Siti
and val ueb of a Rifes tyard 9% point %ocatgon %aé%ng a maximum grf pélgg

value (the “grid point maximum”) is located is identified by
comparing grid point values of grid points located adjacent
to and on opposite sides of the grid point maximum. Then a
grid interval within which the one-dimensional, fractional
10 maximum is located. Next, four sample grid pointé are
selected. A first and second of the four sample grid points
are located on a first side of the one-dimensional,
fractional maximum. Third and fourth sample grid points are
located on a second side of the one-dimensional, fractional
15 maximum. Finally, a left and a right estimate of the
position of the one-dimensional, fractional maximum are
calculéted using three-point parabolic approximations

centered at grid points flanking the grid point maximum.
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i npl emented in comercial products developed by the assignee of
this invention. It has an accuracy (maxinmumerror in X or y
direction) of about .05-.1 pixel (1/20 - 1/10 of pixels 5 size).

SUMVARY OF THE | NVENTI ON prrgF DESCRESPI Gk neFyTHENSRANEREBt | Nvention
features a nethod of gecuratery rocating a sub-pl Xel_maxi mum on a

two- di mensi onal 9 RN £ turdddand %d¥santages 0¥ tHB! Bedsent
which is 19 éQH%%?a%P§ sﬁlfbble forr ocg?lng a subgblxel HBX|ngn1$hFEh

falls intersiedi at e, grifh PobRt pbetRl UhtiedYdHIaSy t Afading the following

detailed description taken together with the drawings,
5 wherein:
Figure 1A is an example of a'data set for an image
utilizing gray-scale pixel values;
Figure 1B shows an example of the gray-scale image for
the data set of Figure'lA;

10 Figure 2A is an example of a three-dimensional data set
‘showing normalized correlation scores _fdr small
displacements of a template about the perfect match
position;

Figure 2B shows a three dimensional surface of the data

15 set of Figure 2A;

Figure 2C 1is a to§ view of the .three dimensional
surface shown in Figufe 2B.

Figure 3 shows the two lines of one-dimensional maxima
along .directions where x is a constant and where y is a

20 constant on a parabaloid surface and the intersection of
these two lines, which represerits a point of'two-dimensional
maximum of the surface;

Figure 4 1is a graphicél representation of four
analytical functions, which are useful for peak

25 approximation;

* 6
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grid point value is determ ned. Then, a quadrangle containing a
sub- pi xel maximumis determ ned by | ocating neighboring grid poi nt's
along the x and y axes, which have the next greatest grid point

val ues. Next, four one-dinensional, fragtional, '

) I maxi are, . '
conputed, each Fa@EXEi mermsi ordloWS frQRETHARFRS 1008y Riifi'bei ng® FHRAEES
al ong each side of the four sides of 20,  the guadr ﬂgle. Mnce the fouré
one- di nensi eadculptac; i wRbRg thregy, Pannhfe 3% eg, stPRFHRE) 3R B8

conput ed whi ch connect the one-dinensi.onal , fracti,onal naxinm Iocatt%d
on _ oppesicusagied@stamates HAhGnERUT dRtRaPOINTS |t AFORERDPCE Wi
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the teachings of the present invention;

5 Figure 6 shoﬁs a graphical representation of the
calculation of a two-dimensional sub-pixel maximum according
to the teachings of the present invention;

Figures 7A and 7B show two examples of error curves for
different peak functions and different widths of a peak

10 using the disclosed method;

Figure 8 is a flow. chart showing the steps of the
disclosed method of accurétely locating a sub-pixel maximum
on a two-dimensional grid; and |

Figure 9 is a flow chart showing the steps of computing

‘15 each one-dimensional, fractional maximum according to step

300 of Figure 8.

.DETAILED DESCRIPTION OF THE INVENTION

The method employed by the present invention to enhance

the accuracy of determining the peak position begins with

20, thé observation that a one-dimensional function can be
approximatéd and interpolated between grid point values much.
more accurately than a two-dimensional surface of a similar
smoothness. Instead of approximating the correlation score
S(x,y) with a quadratic (or a higher-order) two-dimensional

7



t he sub-pixel maximumis calculated as the |ocation of the t wo

conmput ed | i n&¥0 99/62024 Each one-di nensional, fractional naxiPERYS98/11954
cal cul at ed as follows: 5 First, a grid point |ocation having a
maxi mum grid point value (the "grid point maxinmum ) is |located is

i dentified by conparing grid point values of grid points |ocated

adj acent sutfaaad o oppeki thesiphssitgfon hef gai dcyordinepsional MERIMEN
grid interval within which the one-dinensional, fractional 10 nmaximumis
| ocat ed. Nest an fimtrersegipien gfi twpoiomesdimensionalketerved. conftiaigtirgnd
second of the four sanple grid points are located on a first side of
t he one-di neaseedamensionaflr auaxiomal admuiorumpedpentbeldourt hasdnpye apes
poi nts are | ocated on a second side of the one-dinensional, fractional
15 maxi num (gebmegkliy, pradefof all apoights wisérenideriofatitdes S,=0 and
position of the one-dinensional, fractional maxinmum are

5 Sy=0). These curves are shown as lines F and K of Figure 3,

respectively.

At first, the positions of one-dimensional maxima along
the rowéfand'bblﬁmns of a grid (that is along the x and y
axes) are détermined. Then, the intersection point of these

10 two lines which will coincide with the two-dimensional
maximum point, are calculated. If the surface S(x,y) is an
exact paraboloid, these two .curves will become straight
lines. Figure 3 shows a top view of these one-~dimensional
maxima on a paraboloid surface F and K.

15 If the main axes of this paraboloid are aligned with
the x and y axes, the lines formed by the oné—dimensional
maxima will be also aligned with_x and y axes and will be
perpendicular to each other. When a paraboloid is skewed,
such as is the case shown in Figure 3, thellines intersect

20 at some angle but will never be parallel to each other.
Nonetheless, their intersection point will always coincide

with the ‘maximum of a  two-dimensional paraboloid.

- Therefore, a principal object of the disclosed method is to
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These and ot her features and advantages of the present i nvention wll

be better urmkrwtavelypy ftadi gy thRxiBERovphg @ one-dimensional function

10

15

20

sampled at a regular interval.
FINDING THE MAXIMUM OF A ONE-DIMENSIONAL GRID
Typically, the normalized correlation function has a
peak width of between severai pixels and several tens of
pixels (for large chunky patterns). Away from a peak it
falls off to the background values close to zero (0).
Although in the close vicinity of a peak, any smooth one-

dimensional function can be approximated by a parabola, the

" behavior of the one-dimensional correlation score away from

the peak can be better approximated by a function leveling
off to some background value (such as gaussian). -Figure 4
shows some examples of 6ne—dimensional functions having
smosth peaks,  which can. be used to model the section of a

correlation surface. Line L represents the function y=L«2.
Line N represents the function y=awﬁﬁb. Line O represents

the function y=cos(sqri(2)*x). Line P represents the function

y=1/ (I+x2).

It should be noted that correlation function S(x,y), in
the vicinity of the haximum, has approximate rotational
symmetry. In the case when an image is the same as a.
template l(autofcorrelation), the shift of  the image by

(x,y) is equivalent to the shift of the template relative to



det ai |l ed desc&kgéi n.taken together with the drawi ngs, 5 wherein: ,
Figure 1A is %%H%ﬁ e of a data set for an imge utili ziPOI/US99/11954
gray-scal e pi xel val ues; Figure 1B shows an exanple of the
gray-scal e i mage for the data set of Figure 1A, 10 Figure 2A is
an exanpl e of a three-dinensional data set show ng nor mal i zed

correl ati on ¢haCoifSge br (-8pBy), sodiigpl asAnEnicasef ahkeMmioaire 130N
t he perfect natch position; Figure 2B shows a three

di mensi onal Syslrace olbst be sq@ine triOpsepertcyl 0 G A = s (-x,—y) Figure 2C
Is a top view of the three di nensional surface shown in Figure 2B.

0 one oy oAb oL PR, Toecinnl OB Rcson, MAGon neas
par abal oi d sypfacq ppf thSiAPt GISECt AN Bhly due to the difference in
5 adjacent pixels around the templates. Therefore, in the
vicinity of the maximum, the asymétric part will be very
small. This -rotational. two-dimensional symmetry implies the
one-dimensional symmetries along ' any straight lines passes
through the two-dimensional maximum. If a line is close
10 enough to the maximum, then the asymmetric part will also be
small. We implicitly use this property to construct our
method of finding the maximum of the correlation surface,

described below.

To find the fractional maximum of a two-dimensional

15 sampled'function S(x)) we first consider a method of finding
the maximum of the one-dimensional function Yﬁb (Fig. 9).

The simplest way to approximate the maximum position is
to use a parabola passing' through three (3) points
- surrounding a maximum grid point value. This gives' the

20 following expression:

(2)

10



these two I| h represents a point of two-dinensional I pgum
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of the surface; Figure 4 is a graphical representati

anal ytical functions, whi ch are usef ul for peak 25

appr oxi mati on; WO 99/ 62024
PCT/ US99/ 11954 : 5 shows one- d| n5| on

esti mat es caf&ul Bt é& LBriehgm‘t"ﬁPB\%mpSIrr’rfis BRI 72 h %ﬁf‘rﬁm‘%ﬂf?ﬁﬁjeon
accurate estimtes using four data points in accordance W th t he
teachi ngs of gubeaptesent thaverhieonfragtional pogitdons Xghousll abedraghi tal
representation of the cal cul ation of a two-dinensional sub-pixel

maxi mum accor. di n f re hQVv Lon, :
Figures 7A ar"rga lEﬁS\f/v E Sn’g?\gs o) es(r)rgﬁ"'ll:h ur%vegggﬁurﬂg ®Has0a typical
accuracy (maximum error) of about; .05 - .1 ( 5% to 10% of "

5 the distance between grid points).

To determine the maximum position more accurately, it
is necessary to use more than three (3) points. For now we
assume that our one-dimensional téble has at least four
‘points (y1, Y2, Yysand )4), corresponding to four grid points

10 (x;, x2, x3and x4) and that the maximum sample value T Fig. 5,

is not at the edge. More specifically, for the four points
(y1, ¥2, ysand y4) around the maximum grid point value shown in

Figure 5, the true maximum position T is between grid. point

values y; and ys, which correspond to . the second and the
15 third grid points x; and' 'x3', rcspective'ly. ’i‘his is dete:cmined
'since the value at tﬁe second grid point y2 is larger than
the value at the fourth grid point )¢ and the third grid
point value y; is larger than the first grid point value y;.

We can make two three-—point estimates.  The first
20  estimate U, Fig. 5, uses, as its central point, the closest.
grid poiht' value on a first side of the true maximum

position y;. The second estimate V uses, as its central

point, the closest grid point value on a second side of the

11



di fferent pe@ﬁoéﬁg%‘ﬂ ons and different widths of a peak 10 wusing the.
di scl osed nethod, Figure 8 is a flow chart show ng tR¢E/E398p1956f
t he di scl osed net hod of accurately |ocating a sub-pixel maxi mum
on a two-di nensional grid; and Figure 9 is a flow chart show ng
the steps of conputing 15 each one-dinensional, fractional maximm
accor di ng t &mrepraximuno@Easitdqjupe. 8. The second side ipEpmposdte the
DESCRI PTI ON OF THE | NVENTI ON The net hod enpl oyed by the present
i nvention t didtanciede. Thése aestimayesfadet bliniatngtetdeipe@ligpeei i.on
begins with = 20. the observation that a one-di nensi onal function can be
appr oxi mat ed and Tot depdiat ead hetrecacourakteoest ivalteesofiudihe fraoviénal
accurately than a two-di nensional surface of a simlar snoot hness.
| nst ead of aprimumetiengcthe combihat itde sdorce estim3fesy) Uw ald a wuadr @bi €
(or a higher-order) two-di nensional

5 describe the method by which these estimates are combined we

begin by definihg some terms and making a few assumptions.

Let the continuous function ¥Y(X) be sampled -at poihts
X,,i=1,.,N>4 at regular intervals. We assume that the
function is éufficiently smooth, i.e. the characteristic

10 scale of change is larger than the distance between grid
points.

Another assumption is that the function ¥(X) is
approximately symmetric around the maximum. Thus, the
function ¥(X), in the vicinity of the maximum X,, can be

15 represented as a sum of symmetric and asymmetric parts as
follows:
Hx-X,)=¥{x-x,)+1(x-X,)

(3)
where Y(h)=Y,(-h) and X,(h)=—-Y,(—h).

20 _ The function Y(X) is considered nearly symmetric around

};(h)| << (1;(0)-1;(1:)) for 0<h<2.

X, if
The method of finding the position of a one-

dimensional, fractional maximum step 300, Fig. 9, according

12
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surface, we seek the position of a two-dinensional maxi num
i ntersection of two one-di nensi onal curves cont ai ni ng one- d| men5| onal
maxi ma al ong perpendi cul ar x and y axes (geonetric place of all

poi nts wher der pat 'tﬁe;?}égf‘gg] T aRfle PresSkaft’] I%entm@useﬁwr&ﬁesﬁw &he

shown as |ined and ure 3, respectively. first,

the positio dj Lonal maxi ma al ong the rows and coI ums of
agrid (thatf?ﬁ%‘?{'g %Egﬁ)é( and y axes) are det erm ned. Then, the

I ntersection poin of %P da m chae-

t wo- di nensi onal % ﬁﬁm 3’ ‘Tcang’d Jflf‘:r?t%e suryace iori/ .

is an exact par abol oi d, these two curves will becone straight |
maximum value K,, (the grid point maximum) is identified,

5 step 310. (In the example of Figure 5, X, corresponds to x;

and Y, corresponds to }):z.) Next, the grid interval within

which the one-dimensional, fractional maximum is located is
identified, step 320. This is accomplished by comparing
grid point values of grid points located on opposite sides

10 (e.g. to the left and to the right) of the grid point
maximum. If ¥(X,_)>Y(X,.) then the fractional maximumX, is
likely to be in the interval X,-055X, 25X, . If
Y(X,,_,_,)<Y(Xm+,) then X, is likely to belong to the interval
X,,SX(;SX,,,+0.5. In the example of Figure 5, the interval

15 .containing the one-dimensional, fractional maximum is the
interval between x; and x3 since y3>y;.)

Next, four sample grid points axe selected so that
there are two grid points on each side of the one-
dimensional, fractional maximum, step 330. For example, if

20 the one-dimensional, fractional maximum X, is to the left of
the grid point maximum JX,, the following four points are

selected:

13



lines. Figure 3 shows top vi ew of these one-di nmensi onal maxi ma- on a .
par abol oi d sWOR(620% 5 15 If the main axes of thi FGTAHKHIIBH
are aligned with the x and y axes, the lines forned by the

one- di nensi onal maxi ma wi |l be al o aligned with x and y axes and wi ||
be perpendi cul ar to each other. \Wen a paraboloid is skewed,

such as is the case shown in Figure 3, Yta#( K, r@s I ntersect 20 at sone
ang| e but will never be parallel to each other Nonet hel ess, their

i ntersection point will always coincid& = Y(X,.,wl)t h the maxi num of a

t wo- di nensi onal par abol oi d. Thekg_gii, princi pal object of the

di scl'osed nethod is to : WO 99/ 620

PCT/ US99/ 11954 accurately fing }g?x m of a one-di nensi onal
function sanpl ed at a regul ar |ntbrv s

On the other hand, if the fractional maximum is to the
right of the grid point maximum X,, the set of points

shifted by one point to the right is selected as follows:

% =¥(X,.)

] Y, =¥x,)
| Y, = ¥X,.,)

Y, =¥(X,..)

(In the example of Figure 5, the selected set of péints
include y)y2, ysandys, which correspond to grid points xjx2, x3and

X4, respectively.)
Two estimates of the position of the one-dimensional,
10 fractional maximum are then computed, step 340a. In one
embodiment of the invention, the two estimates are
calculated using three-point parabolic approximations
centereci at the grid points flanking the grid point maximum.

The equations for the two estimates are:

X
15 _. Y%+ Y -2%) (4)

and

i4




FI NDI NG THE B, F%% OF A ONE- DI MENSI ONAL GRI D Typi cabr)ised 1954
normal i zed corre lon function has a 5 peak width of between several

pi xel s and several tens of pi xels (for l|arge chunky patterns). Anay
froma peak it falls off to the background values <close to

zero (0). Al t hough in the cl ose vicini a peak, any snooth one-

di mensi onal function can be approxi ed_. n l,La, the 10 behavi or (g}
t he one-di nensi onal correlation score"‘éMa)Q(Yr-em 2Y) t he peak can be better
approxi mated by a functlon Ievellng of f to some background val ue (such

as gaussi an). Fig hows o X | e f | '
fungt I ons hZiVi ng The t“%‘?m%‘“lf’f‘n”ﬁ%%?% %c??rp EJ:(l%"se %%— %Wﬁ{% secr%?roeh ac

of a 15 correlation surface. Line L represents t he functlon y=1-x[err].
Line N reprasant X,t e ftinetona pfeyhle xfworeftimatas Xpepreddape that dife
function y= cos(sqrt(Z) X). Line P represents the function y=1/ (1

x[err]). closer gd élt)OUJﬁC_ilQ 595 ednb Bafnumor Y el aFbPNekHABLEON eSbimbke WD

m

5 of Figure 3J5). Then, a corrected estimate of the one-
dimensional, fractional maximum X, is calculated by adding a
correction factor t_o' the location of the grid point maximum

m

X étep 350, as follows:

Xp=X,+ 1-R . (6)
. Xc_Xm i
10 Equation 6 includes an interval factor R, where R= s
and where R is always in the interval [0, 1]. Equation 6
also. includes an empirical constant a, which is

substantially equal to 0.75. _ (In the example of Figure 5,
the corrected estimate X, should correspond to the actual
15. maximum T.) .
| It should be noted thét this combination of the two
estimates X, and X,, is somewhat counter-intuitive,
because typically the errors of left and right estimates are
of the same sign (see points T, U, and V in’ Figure 5).

20 Therefore, equation 6 involves extrapolation beyond the

15



20 the wvicini t9¥@00f the maxi num has approximate rotational

symretry. WP ¥%¥20%%ase when an image is the sane as a t BEPIUSO%11954
(auto-correlation), the shift of the imge by (x,y) is equivalent
to the shift of the tenplate relative to :
9 WD 99/ 62024

PCT/ US99/ 1 19héerval Xjhe,Xjpge dajthlerx,tlydn satempblesioasébdtween these
correlation surface has a symetry property  S(x,y) = S(-x,-y).

The asymmetr k@ap%éiﬁs the ?Q@éﬂ:ﬁéi@gs‘: UNEGd L diPak  proviliés e Ego@d

wi |l be only- due o e difference in 5 adjacent pixels aroun

t enpl at es. h r i I.ClH : W’ mum the asymetri
part will beagce:rs%lgt:g §°§mgl FQS?H] s Fa??lotﬁﬁlngﬁtv%o%ﬁi mens)i onal symetry
inplies the

Tested using analytical functions having shapes

5 resembling normalized correlation functions of real-world

templates, this procedure gives maximum errors typically

well below .01 grid step (1% pixel size). Some examples of

error curves for different widths of the peak function are

.shown in figures 7A and 7B. The various curves in figures 7A

10 and 7B show the differences between estimates calculated

with equation (6) and the actual positions of maximum values

depending on the fractional position of the actual maximum

betweén two grid points. ' (Note that errors are greater where

the actual maximum is located in a boundary grid of the

15 image.) Each curve cofresponds to different characteristic

widths w of the peak. As can be seen, errors are larger
when the peak is narrower (i.e. smaller w).

In the case when the fractional maximum is closer to

the edge (so that, for example the second grid point vélue

20 1is the grid point maximum apd the first grid point value is

greater than thé thifd.in the case, for example, where one

sample_ pdint is located on one side of the fractional

maximum and at least three sample points on another other

16



one- di mensi oRph osgpgEEt ri es al ong any straight |ines passes Pcﬂﬁ@ﬁﬂ%ﬂ4the
t wo-di nensional maximum If a line is close 10 enough to the nax

then the asymmetric part will also be small. W inplicitly use tth
property to construct our met hod of finding the maxi num of the

correl ation a d Rk el 9w | é%_

fractlonal n%gﬁku%ﬁ%fsgltmo nen5|ona#9 i?um) ﬁh%ffﬁﬁgﬁkg% éﬁ% n°t rst

consi der

function Y(

Q? ?gga%L hggbggand a

|qéget égnen3|onm

e S|np 0 apprOX|nate t he

MAXI MM POSTLi ON iR this (dhsd!Shethad AN fngpgaiaegﬁ&hrgamxg%haftele%; 3

poi nt's

SUI’I’OUﬂdI ng a maxi num gl’l pol n rves

fol | ow ng englgsﬁe%od utilizes a gaussian approx:.[n%rflon method, w%'}lch

5

10

15

20

utilizes a more realistic curve with a peak and fall-off,

namely a gaussian curve, step 340b:

{&2% :
(X)=A+Be" ¥ (7)
This function has 4 arbitrary parameters (A, B, X, and
W) and can well approximate a broad range of curves with a
peak. The first and second derivatives of the gaussian

curve are computed as follows:

X-x,) (5%
Yx=—23( 72 o)e( o ) . and (8)

w =2 " (9)

y 2B (1_ 2(x - X,,)’}e-(x_;;.f-.)’ .

The ratio of the second to the first derivatives, denoted as
P are then computed. The derivative ratio is then used in

the following equation:

X=X\
°) (10)

-P(X-Xo)=1—2( =

Estimates of the derivatives Yx, Yxx at the two grid
points on each side of the maximum can be éomputed. The

derivatives are approximated as follows:

17




10 WO 99/ 62024 ' gg/éjgi%g%% 954 -

If Y[err] isWOR6RR4i rum grid point value, this expression es
that the fractional position Xerr] will belong to the interval _
[-0.5,0.5]. This sinple formula has a typi cal accuracy (maxi mum error)
of about .05 - .1 ( 5%to 10% of 5 the distance, between grid points).
To determ ne the nmaxi mum position.nore cg(&teﬁ}, It S necessary(&g)
use nore than three (3) points. For nowWw we 2 ’assume that our
one-di nensi onal table has at |east four points (y[err], y[err], y[err]
and y[err]),- corresponding to four grid poi ys_ y {0 (x[err], Xerr], x[err]
and Xferr]) and that the maxi mum sanpl e Fak ki, g. 5, s not at t(ie)
edge. More specifically, for the four points 2 (y[err], y[err], yl[err]
and y[err]) around the maxi mum grid point- val ue shown in

Y,=Y%+%-2Y%, and (13)

Y,

w2 =Y +h -2k . (14)

5 Note that if the fractional maximum is between the
first and the second grid points orx between.the third and
the fourth grid points of the four points then the first

derivative approximation is not equal to zero (0).

The ratio of the second to the first derivative at two
10 . internal points of the four-point set are computed. Denote

by H the distance between the fractional maximum X, and the

sample grid point which is closer to it.

—}’1H=1—2(%)2 | (15)
_};(H+l)=1-2((H;1))2 (16)
15 Excludiﬂg W from these two equations, we obtain a 3rd
order equation for the fractional distance H:
(B-P)H +(1-2B)H* -(2+ R)H=1 (17)

Since we know the coefficients B and P this equation

can be solved iteratively (for example by the Newton

20 method). As a starting point, one can choose an estimate

18




Figure 5, thewhledRegdRXi Mum position T is between grid point val ues
y[err] and y[err], which correspond to the second and the 15 PRTOYIOEH
points x[err] and x[err], respectively. This is determ ned since the
value at the second grid point y[err] is larger than the val ue at the

fourth arid el WEerele apg- LS LILE S Sthtborsc bV LEL LS o

| ar ger than I rst gr ol nt ca

arger | . vaPliePyTerfy. = = Ve tanaRE S
contral poi nithd EkTRupartBle BRifk, off g HEEE 0 phler rdiafy (fF bhe

true maxi num__, osition 2. . The secon Il mate V uses, as its
central ﬁﬁﬁq1é%%9ﬁaQ:%%ﬂgﬁ %ﬁi%tbg?%tggﬁéhé on a second side of the

{rue maxi mum posi ti on y{ SRFFULATRENOR FHOPRVENE RO KM * ¢ (o,
si de. Thege estim%gg géghgal%%ré%éﬁ%&fnfigu%%éifractional méximum in a
two-dimensional grid is illustrated in Figures 6 and 8.
This méthod 10, Fig. 8, begins with a search of all grid
point values to identif& the point M which has the maximum
grid pgint value among.all grid points, step 100. It is
10 preferable that this pﬁint M is not at the edge of the grid,
i.e. surrounded by-ngighboring grid points.
Next, the grid point values of ail af the grid ﬁoints
neighboring point M are considered (A, B, C and D of fig.
6) . 'Among the neighbors of the point M, the grid points in
15 the x and y directions having the next greatest grid point
values are selected. Let for example, value at point A be
greater than at B and value at D greater fhan at B (Fig. 6):
8(4) > S(B),S(D) > S(B) S (18)
.This will indicate that thé sub-pixel maximum is insi&é a
20 quédrangle'defined by grid points M,A,D, and E and closer to
M than to the points A, D or E, step 200.
Next, four one-dimensional maxima along the lines MA,
DE, MD and AE (that is all sides of the'quadrangle MADE) are

computed- according to . the one-dimensional procedure

19




To derive a nore accurate estimate of the fractional maxj an
conbi ne t he WWY/@8#4 nates U and V. To 5 describe the net%%{ﬁ\kg%ch

t hese estinates are conbi ned we . begin by defining some terns and |
maki ng a few assunptions. . et -t he- continuous function Y(X) be
sanpled at points Xerr],i=1,...,N>=4 at regular i rval .
assume t hatdeberibed ifmndtheon i sPEEVEPESent$GtLMot TSP egbﬁhe et Yhe

characteristic 10 scale of change is |arger than the _distance b tvveean(rei d

poi nt s. points ABpot Her IassunpBeonthes Pasidiionheott FRXER J
approximately symretric around the maxi num . Thus, the _, fum.; I on
Y(X), in theiviesi nCAy OPEi h@Dharhsumio,cArIRenATNILYr S6R ed 18T s of
symmetric and asymetric parts as fol |l ows:

Y( X - X[ er r] rhenY[tdre ] 13ne XGHr M)l 1+ agpyrqyinate )Qe??}'—) of points 'o:E35naxima
where Y[err](h) :Y[err](-_h) and Y[errl(h) :_Yl[xeer;;]-(a;:rj].)s' between MA and DE.
5 along all lines parallel to t ‘
The line IJ will approximate a set of points of maxima along
all lines parallel to the y-axis between MD and AE, step
400.
Next, the intersection point O of the lines GH and 1IJ
10 is calculated, step 500. Finally, a fina} correction to the
coordinates of the maximum point is computed and appligd to
the calculated sub—pixel. maximum coofdinate location, step

600 .

Let " X,, Y, be the fractiorial position of the maximum point O
15 {relative to the maximum grid point M). These values X, Y,

will belong to the interval [-0.5 0.5]. For the best

estimate for the position of the maximum we use the

following correction terms:
X, = X, +b(X, +05)X,(X, -05) and (19)
20 Y, =, +4(, +03)L,(¥, - 03) o)
where
X, = sign(X,)sari{[X, ) - (21)
¥, = sign(¥, )sqre(|1;]). - (22)

20




20 - n Y(X) is gemsidered nearly symetric aro

Xerr] if Y[ e?’ﬁ;@?ﬁé 3 Y err] (O -THI8rSHAET) HAS oEpfh<2 Whpeooniose,
of finding the position of | a OREPL: CED nmgnsi onal , fracti onal

maxi nrum step 300, Fig. 9, accordimyg

12 WO 99/ 62024

PCT/ US99/ 11884 where b {i§ ghditting G0t WHEERntS i FRRALABRIAhEYudes

t he foll ow ng steps: First, the sanple grid point X err]

with a one- diquaksittmat0.22 andxiaukPwaPuemP¥EacaL 1Yt he grid point maxi num
is identified, 5 step 310. (In the exanple of Figure 5, Xerr]

corresponds to x[Expérimentandwitdr r |imageespoNaericatlyr r |Shiftgdt , byhe a
grid interval within whi ch t he one-di nensional, fractional maximmis
| ocated is fractiemalfvednesstigp 82and WM@Q@W@@‘%@Q%}FN&W‘?%

5 below .01 pixel size for templates with good degree of
symmetry and bélow .02-0.03 pixel si?e even for highly
amorphous, skewed patterns.

Accordingly, the present invention provides a novel

method for accufately loéatiﬁg a sub-pixel maximﬁm on a two-

10 dimensional grid which is accurate and cost effective, and

particularly well suited to industrial machine vision
.applications.

Modifications and substitutions by one of ordinary

skill in the art are considered to be within the scope of

15 the present invention, which is. not to be limited except by

the claims that follow:

What is claimed is: This Sheet Has Been Replaced

L 1

21




grid point valu of grid points |ocated.on opp05|te sides 1 e.g. to the.
left and to le?eg‘%%?‘gﬁt) of the grid point .. - maxinmum |f BchflsSibSs

Y(X[err])>Y(X[err]) then the tional maxi mumXO. is Iikely to be
in the intery . piEN 0. 5[ errd X[ err] Xerrr- t—f

Y(X[err])<Y(X] is |i Ikgl gft% bel ong t;”“m”u! Im”m““m Xerr]

X[err] <X[err

cont ai ni ng the Tmensi onal , fractional maxi mum* s¢

between x[err] and x[err] since y[err]>y[err].) Next, four sanple
grid points-are selected so that there are two grid points on each
side of the one- 1. Himebhbdnak, atrachiehyl loeriting assap-pixel For
exanple, if 20 the one-dinensional, fractional maximum X[err] is to the
left of mbRem@ki 6npai Blordxinansl ¥helr frithkafvdnigownng Bais @aicta wre
sel ect ed: 13

13,’

axis comprising the steps of:
| (a) determining a grid point having a maximum
5 grid point value;

(b) determining a quadrangle containing said sub-
pixel maximum by finding neighboring grid points having next
greatest grid point values along said x and.y axes;

(c) computing four one-dimensional, fractionel

10 maxima along each side of said éuadrangle;

(d) computing two.straight.lines connecting one-
dimensional maxima en opposite sides of said quadrangle; and

"(e) calculating a sub-pixel coordinate iocation
for said sub—pixel maximum where said first and second lines

15 intersect.

2. The method of claim 1, further comprising
performing a final correction to said sub-pixel coordinate
location for said sub-pixel maximum comprising;

- (a) adding an x axis correction factor to the x
20 coordinate of said maximum sub—pixel coordinate location;

and

Sheet Has Been Replaced ‘22
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ylerrl= Y(X{orei ) _ REPLACED lerr] = Y(RGHP§ypr19ss
Y[err] =Y(Xerr]) Y[err] Y(X[err])

on the other hand, if the fractional  maxfnumis ta the right of the

grid point_naxinuan[e;éJf%%$e set of ggnggryﬁgF%%gl%%;?8F¥]%quP0|nt to

the right is selected

Y| Y( X . Y( X[ err].
(5 he exarferbingte pE s2idmasbnen, sHsRExSH FoBRREnate Taratips -
ylerr].y[err], y[err] and y[err], which correspond to grid points
x[err],x[err], x[err] and _

3. The method of claim 2, wherein said x axis
correction factor comprising the product of an empirical
5 constant, said x coordinate plps 0.5, the x coordinate minus
0.5, and the.product of the sine of the x coordinate and the
square root of the absolute value of the x coordinate and
wherein said y axis correction factor comprising the product
of an empirical constant, said y coordinate plus 0.5, the y
10 coordinate minus Q.S; and the product of the sine of the y

' coordinate and the square root of the absolute value of the

y coozdinate. | R |

4. The method of claim 3, wherein said empirical

constant is substantially -0.22.

15 5. The method of claim 1, wherein said step of
computing each one—dimensional, fréctional maximum
domprises: |

(a) locating a grid point maximum as a grid point
having a maximum grid point value; |

20.’ | (b) didentifying a grid interval within which said

onefdiménsional, fractiqnal maximum is located by
comparing grid point values of grid points located

23 _
-
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ohe. d rens: o 10 bSiEpis )fractiolrwu‘ﬂwjgﬁilﬁﬁﬂﬁ nen Egﬁpg? Ziﬂfigg’&%@g’iﬁ“ In
LI S

one enbodi nrent of the two estimates are

cal cul ated using t hr ee- poi nt par abolic appr oxi mati ons centered
at the grid points flanking the grid point  nmaxinmum The .equat.i ons for
t he tmngestiﬁatesané?ePErgP dlon’o PRRdte sides' of the grid'point

14 WO 99/ 62024 PCT/ US99/ 11954

maximum;
(c) selecting four sample grid points, a first
and second of which are located on a first side of said
) one-dimensional, fractional maximum and a third and
" fourth of which are located on a second side of said
one-dimensional, fractional maximum;
(d) computing a first and a second estimate of the
pdsit%én_oﬁ said one-dimensional, fractional maximum
10 using thrée—point parabolic approximatidns centered at
grid points flanking said grid.point having a maximum

grid point value.

6. The method of claim 5 further comprising the step
of computing a more accurate position of said one-

15 dimensional, fractional maximum comprising adding, to said
grid point having a maximum grid point value a correction
factor, said correction factor comprising:

the product of: an empirical constant, the difference
of the right estimate and the left estimate, and an interval

20 factor;

said product divided by 1 minug the interval factor,

wheiein said interval factor comprises the square of
(the difference between the location of the grid point
having a maximum grid pointwyalué and a séléctéd-éne of said

24
[
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err: ’ t wo estl err] are use e a
Emre] ac Lwe(%”/ gﬁ] be the Hmlmﬂilm @t |[ mat Ls X[err] %Sggu%gﬁé%

that is closer to the grid poiant utedsl mem K] err] (For exanple, estimate
V 5 of Fi gure Then, a corrected estimte of the one-

di mensi onal ctlgnal x%g%qh_% S %%]%pggygéggaagﬁéﬁ tep égrrection

factor to thé F cat t Ve 56i At Texi mm 0, as
foll ows:

R=[err] . cagﬁﬁr\/\ﬁ%’?é‘ag g I ys:Lleﬁl léhqé'%lgﬂt ern\(;ga}ﬁ% <‘:Il]]aﬁi O%%’?&‘E. g%?_%@

al so includes a ?’ [ r| const ant a, whi ch S
subst anti al | $1¥&g5A *  (In the exanple of Figure 5, t he
corrected estinate X[err] shoul d correspond to the actual

7. The method of claim 6, wherein said empirical

5 constant is substantially 0.75.

8. The method of claim 1, wherein said step of
computing each one-dimensional, fractionallmaximum
comprises:

(a) locating a grid point maximum as a grid point
10 having a maximum grid point value; '
kb) identifying a grid interval within which said
one-dimensional, fractional maximum is located by
comparing grid point values of grid points located
- adjacént to and on opposite sides of the grid point
15 méximum; and
(c) computing an estimate of the position of said
one-dimenSional,_fractional maximum using a gaussian

approximation method.

9. The method of claim 8, wherein said gaussian
20 approximation method comprises:
THIS SHEET HAS BEEN
REPLACE
Sheet Has Been Replaced
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15. maxi mum T.) It h uld be no I's conbi nation of the

t wo est wmoetogs024X[ err | cﬂlmum;““ “I V\/nat count erRATAISION 1954,
because typically the errors of stinmates are of the
sane sign (see points T, U, and V i gure 5) 20 Therefore, equation

6 invol ves extrapolatlon beyond . t he 15
WO 99/ 62024 (a) computing a ratio ofxgang@pqrggqlvatlve of a
interval X err] , Xerr] rather than |nterpolat|on bet ween t hese t wo
points.  Nevert h@RBSS§1ane Fdvico £ ¥ iFidinte Sakd yS‘&boEF-xel ma¥EMPRCHOf 8r a
broad range of functions Y(X). . Tested " using anal yti cal

functions havi ngfirskagesivat ives afhsais rarwesiaRCeBY® 2l ati on functi ons

of real-world
(b) deriving a third-order equation including the

5 ratio of derivatives of said gaussian curve and a
fractional distance of said sub-pixel maximum from said
grid point maximum; and

(c) iteratively éolving said third—order equation

to determine said fractional distance.

10
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tenﬁlates,'t | edure giv typlcally wel | bel o

.01 grid st gkﬁf@}%gxel si ze) TmnmmmmﬂIHMl) error CLfqué%S*@Ps“
different widths of the peak funckion ake s «* wn-in figures 7A and 7B.
The various curves in figures 7A 10 and 7B ShOM/the di fferences between

estimates cal cul gted p méﬂﬁ&ﬂeqyﬁi'g@céﬁétéﬂ? t?fnaggﬁa %ﬁ'@f@giﬁ%nal

maxi mum val ues dependi ng on the fractional positi e act

maximum - pcBlaRe (0 o d i (Meten! BLegLERr Saaf gwgr-%%%r SIS

t he act ual ximumis located i'n a bou y gr

curve correspoRds de diid eLent afRAbACLEHiMI Ly tuolhfhdis YoRha! Bgtaeagket,

As can be seen; errors are ar ger e pea I'S narrower

| X | | t
the edge (58 ametgd &%‘%‘T@fﬁ%@ﬁ%ongg ?%38%'0?2? Ve 20 Sis the grid
poi nt mexi my an%fﬂﬁiﬁégs%%grlQgﬁ95§3m¥%|ue 5s1tlo grg@teég%gggg h§nthlrd

in the case, exanp p0|n
side of the fracU&ggﬂlng a maximum of a match criterion score between

the template data set and the sampled data set;
b) Computing match criterion scores between the template
and the saﬁpled dafa sets with the template data set
10 displaced relative to the data set, said displacements
comprising of four lines, two 1lines in each
perpendicular direction, surrounding the approximate
position of the métch point, each.said.liﬁe having at
least four points,. at least two points of said at least
15 four points 1located on each_ side of the approximate
‘match point; |
c) Computing the fractional position of a maximum score
along each of said four lines;

d). Computing the two straight 1lines connecting maxima

20 points of two pairs of parallel lines; and
e) ' computing the intersection points of-séid two straight

lines._d_f;,_,,,——-4’~“

Replaced
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maxi num and at | east three sagple points on anot her ot her

16 VWBOPY/6BR28 2 4 1THIS 3 PCT/ US99/ R¢BAI§99/11954
side of said fractional maxijpum tErHﬁ?ﬁﬁfé MAII not be accurate
enough and anot her estinate #s—heed ““ i In this case |nstead of
using parabolic a rOX|nat|ons the npthog utilizes a S
appr oxi mati on net T cHoet %Pdut?ﬁlz%gaﬂnnnf% r'EAFFStic gﬁ?ae RFFH a°f
peak and fall-off, nanely a ausslan curve,,.ste

Y(X) = A + Be [ef#rjldlng the’ TRPBPEATRLS, ROSHFLeTD, t‘%’g thar MREERs EX
B, X[err] and W and can we] | apprOX|nate bro%d range of curves with
a , locating a maximum a match criterion™ score between

the template data set and the sampled data set includes

5 utilizing a normalized correlation method.

12. A method of finding the fractional maximum of a

function sampled at regular intervals along a 1line and

- having at lgast four sample;, two samples on the each side
of a maximum, comprising the steps of:

10 a) Computing maximum position estimates of two parabolic
curves through two three-point sets surrounding the
maximum; and

"b) Using said two maximum position estimates to compute a
correction to a maximum position according to equation

15 6 herein.

13. A method of computing the fractional maximum of a
function sampled at regular intervals wherein one sample
point is located on one side of the fractional maximum and
at least three sample points on another other side of said

20 fractional maximum, said method comprising the steps of:
T a) Cdmgyting the finite-difference approximations of

. the first and second derivatives of two gaussian curves

. I

R
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10 peak. - der vatives
are conput ed “.589?’9“?‘{)% [err] ulllplllunllllu Itﬁlﬂ)atlo of the se’(’:%T{HS?%“?ﬁ‘fe

first derivatives, denoted as nput ed. The derivative
ratio is then used in the foll ow ng equatlon [err]

Estimates of the dorivatlves, oo, Yxxghoibe Lupnglids,  RAdUSALL eaGln

side of the maxinft conp erivatives are

approxi mated as f%'b%%ions 8 and 9; 17

b) Computing the ratio of the second to the first
derivatives; and

5 c) Computing the distance between the fractional
maximum and the closest of the two internal sample
points as a root of the third order polynomial as

described in Equation 17 herein.

THIS SHEET HAS BEEN
REPLACED
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Yl err]= Y[ ejblosiébur] -2Y[err], and ,_ (13) PCT/US99/11954
Y[err] = Y[err] +Y[err]-2Y[err]. ‘ (14) 5 Note that if
the fractional maximumis between the first and the second grid
points or between the third and t h&/¥burth grid points of the four
points then the first derivative approximation is not equal to zero
(0). o oléea &t bocob the scoomdat © the b e d2 i \Atd @ Qtot®oe 10

i nternal points of the four-point set are conputed. Denot e by H the
di stance between the fractional maxi num X0 and the sanpl e grid point
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15 . Excluding Wfromthese two equations, we obtain a 3pgryses11964er
equat i on foW°t9ﬂ/é2‘ﬁf‘act i onal distance H:

(P[err]-Plerr])Herr]+(1-2P[err])Herr]-(2 + Plerr])HE= 1 ( 17 )
Since we know the coefficients Plerr] a [err] this equation . can be
solved iteratively (for exanple by the on 20 nethod). As a starting
poi nt, one can choose an estimte WO 99/ 62024

PCT/ US99/ 11954 based on the three-point parabolic approxinmation
centered at t he maxi num sanpl e point or the point closest to it (if

t he grid point maxinumis at the edge). CALCULATI ON OF
TWO DI MENSI ONAL  MAXI MUM :

3 ) u=riiis

A= [ ||

N
10 D =" = N
>
Hl\\
S i
e .. /
II /_:-..--,, — ./\
W N
;};:3
N 4 ,>
. || 277
N\ m
30
5 10 15
FIG. 1B
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5 The nethod of determining the.fractional maximumin a - :
t wo- di mensiwoabs2@aid is illustrated in Figures 6 and 8. PCT/USAYEI9%%t hod
10, Fig. 8, begins with a search of all grid poi nt values to identify
the point M which has the maxi mum 3/11 grid point value anong all grid

poi nts, step 100. It is 10 preferable that this point Mis not at the
edge of the grid, i .e. surrounded by nei ghboring grid points.

Next, the grid point values of all of the grid points nei ghbori ng
point Mare considered (A, B, Cand D of Fig. 6). Anong the nei ghbors
of the point M the grid points in 15 the x and y directions having the
next greatest grid point val ues are selected. Let for exanple, value
at point A be greater than at B and value at D greater than at B (Fig.
6): N ¥ (A >LS(B), $DB> &(B ((18)
This will indicate that t&e @ib-i %I %fx%m% S ngdéa 20 quadrangl e
defined by grid points MA D, and E and closer to ' Mthan to the points
A, Dor E step 200.
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Next, four one-di mensional maxi ma along the lines MA AE
(that is alwo®ege4of the quadrangl e MADE) are conput eg%cgk%%ﬂﬁé
‘to t he one-di mensi onal procedure :

19 WO 99/ 62024 4/11
PCT/ US99/ 11954 1~ AR RRIPZ i DT eVl O8g Secti o1, § step 300.
Let the poiints & H, |,/J ' k€ the podiThegs oN faxing al ong the
lines CA, DE, BD and AE cof r edpondMoly tsee PRgury 7). Then the
line GH will approxinate gfsel lof 9 p 3 algng all lines
parallel to the|x-axijs befwgk he\ i,ne 1Jd will approximte
a set of points jaof. oaxd k-4 alheﬁgte—ahe y-axi s
bet ween MD and AE, stlep, !
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Next, the intersection point Oof the lines GHand IJ 10 is calcul ated,

step 500. i@adda24 @ final correction to the coor di nat RCTISIE954
maxi mum poi nt 1s conputed and ‘applied to t he cal cul ated sub-pi xel .
maxi mum coor di nate | ocation, step aa. Let Xerr], Y[err] be the
fractional position of the maximumpoint O 15 (relative to the maxi num
grid point M. These values Xerr] , Y[err] wll belong to the
interval [-0.5 0.5]. For the best estimate for the position
of the maxi mum we use the fol |l ow ng correction
terns: . Xerr]= Xerr] +b(Xerr] +0.5) X[ err](Xerr]
-0.5) and (19 20 Y[err] = Y[err] +
b(Y[err] + 0.5 Y[err](Y[err]- 0.5) (20) wher e
Xerr]=sign(Xerr])sqgrt([err]Xerr]) - (21)

Y[err]= sign(Y[err])sqrt(Y[err]), (22)

20

FIG. 3

"SUBSTITUTE SHEET (RULE 26)



and where b is a fitting constant, which is substantially equal to
-0.22 and i swogrsdodnpirically (x) is a function whi ch i ?CE&FQ?’"{%“- 1
for negative values of x, 1 for 5 positive values of x, and 0 when x=0.
Experinments wth inmages nunerically jfted by a fractional
values in x and y-directions show maxi num errors bel ow . 01 pi xel size
for tenplates with good degree of symmetry and bel ow . 02-0. 03 pi xel
size even for highly 10 anorphous, skewed patterns.

Accordi ngly, the present invention provides a novel met hod for
accurately l'ocating a sub-pixel maxi numon a two- di nensional grid

which is accurate and cost effective, and
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particularly well suited to industrial machine visi'on 15 applications.

Modi fications and substitutions by one of ordinary ski | lpcpiydobg1934 t
are consi deM@*Y¥%t within the scope of the present invention, which
is not to be |imted except by thenclL‘ai ms that follow 20 What
is clained is: 21
=
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posttion of a given object on a

axi s and a woases2ei thin a field of viewin a machine
system wi thout the use of enhanced resol ution

utilizing an i nproved nethod of
sai d sub-pi xel maxi mum val ue.

searching all
identifying a grid poinig having

grid points values on said two-

t wo- di nensi onal grid having - an Xx
PCT{S99/31954
appar at us,
cal cul afdftgd a 10 sub-pi xel maxi num val ue,
cal cul ation conprising the steps of:
di nensi onal grid and

a maxi num gri d poi nt val ue; 15

considering all grid point vall

ag .

said grid point having said nax
nei ghboring grid points on saigd
grid point val ues;

20 a first side of

nei ghbori ng

| ue and sel ecting
a ng next highest
%ﬁﬁ g‘—a\/ﬁ'&éﬁra gl e haV| ng four sides,
g endpoints

. defined by said grid point having said
point value and said grid point

DETERMINE A QUADRANGLE
CONTAINING THE SUB-PIXEL
MAXIMUM BY FINDING NEIGHBORING
GRID POINTS HAVING NEXT

GREATEST GRID POINT VALUES
ALONG THE X AND Y AXES.

maxi mum gri d

200

Y

COMPUTING FOUR ONE-DIMENSIONAL,
FRACTIONAL MAXIMA ALONG EACH
SIDE OF THE DETERMINED
QUADRANGLE.

300

h J

- COMPUTE FIRST AND SECOND
STRAIGHT LINES CONNECTING THE
ONE-DIMENSIONAL, FRACTIONAL
MAXIMA LOCATED ON OPPOSITE SIDES
OF THE DETERMINED QUADRANGLE.

400

CALCULATE A SUB-PIXEL COORDINATE
LOCATION FOR THE SUB-PIXEL
MAXIMUM WHERE THE FIRST AND
SECOND LINES INTERSECT.

500

COMPUTE A CORRECTION FACTOR
" AND APPLY TO CALCULATED
SUB-PIXEL MAXIMUM LOCATION.

600

FIG. 8
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on said x axis having said next highest grid ' poi nt -

val ue, 23 PCT/US99/11954

a second S|\gow 2oszgu d quadrangl e having endpoints

defined by said grid point having sai d”/.|1 maxi mum gri d
point value and said grid point on said y axis

havi ng sai d next 80@hest grid 5 poi nt val ue,

a third side of said quaetangre—having—endpse

defined by said grid poi riDEMMFMgA Qﬂlﬂ POINT MAXIMUM AS A 310 hi ghest
grid point -val ue on sai grid point
havi ng an x val ue equal
IDENTIFY A GRID INTERVAL WITHIN
WHICH THE ONE-DIMENSIONAL,
FRACTIONAL MAXIMUM IS LOCATED BY L_~ 320

COMPARING GRID POINT VALUES OF
GRID POINTS LOCATED ADJACENT TO
AND ON OPPOSITE SIDES OF THE GRID
POINT MAXIMUM.

—— e

h

SELECTING FOUR SAMPLE GRID POINTS, A FIRST AND
SECOND OF WHICH ARE LOCATED ON A FIRST SIDE OF THE 330
ONE-DIMENSIONAL, FRACTIONAL MAXIMUM AND A THIRD
AND FOURTH OF WHICH ARE LOCATED ON A SECOND SIDE
OF THE ONE-DIMENSIONAL, FRACTIONAL MAXIMUM.

!
3402 W J

COMPUTING A LEFT AND A RIGHT ESTIMATE OF
THE POSITION OF THE ONE-DIMENSIONAL,
FRACTIONAL MAXIMUM USING THREE-POINT
PARABOLIC APPROXIMATIONS CENTERED AT

- GRID POINTS FLANKING THE GRID POINT
- HAVING A MAXIMUM GRID POINT VALUE.

COMPUTING A MORE ACCURATE POSITION OF
EACH ONE-DIMENSIONAL, FRACTIONAL
MAXIMUM BY ADDING A CORRECTION FACTOR
DEPENDENT ON THE POSITION OF THE MORE
ACCURATE OF THE TWO 3-POINT ESTIMATES,

THE DIFFERENCE BETWEEN THE TWO
ESTIMATES AND AN EMPIRICAL CONSTANT.

350 | | Y

COMPUTING AN ESTIMATE OF THE
POSITION OF EACH ONE-DIMENSIONAL,
FRACTIONAL MAXIMUM USING A
GAUSSIAN APPROXIMATION METHOD.

340b

FIG. 9
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10 i | | val ue of said grid poi nt havi ng PLAUS9 9/11?54

hi ghest grid point value on said x axis and a

val ue equal to a-y value of said grid point ]Fq;l— ‘havi ng
a next highest grid point value on JUE 957 E@l %‘_@nd
15 a fourth side of said quadrangle having endp0|nts

defined by said grid point having said next hi ghest
grid point value on said y axis and a grid point
having an 'y V%hﬂ?ﬂﬁﬂﬂ?b 59 é‘ﬁﬁttlng constant, which is sut¥t4tQh139 d grid
poi nt having said next hi ghest grld poi nt “val ue on
said y axis a _ hy u Of @ | ue of
said grid rg&ual to -0.22 and is foun% &§nég ge?ﬁ %ﬁ hest d%?ﬁ@point
val ue to 90 $8F heya®ive val £ x, 1 £&ONPUting a
one- di nensi ona‘d fhr é(s:te ua r?ax:jrrum gréci);ng V‘E‘Suleesétcoh gl de of said
quadrangl ey positive values of x, and 0 when x=0. 24

Experiments with images numerically shifted by a
fractional values in x and y directions show maximum errors
below .01 pixel size for templates with good degree of

symmetry and below .02-0.03 pixel size even for highly

L)

10 amorphous, skewed patterns.

Accordingly, the present invention provides a novel
method for accurately locating a sub-pixel maximum on a two-
dimensional grid which is accurate and cost effective, and
particularly well suited to industrial machine vision

15 applications.

Modifications and substitutions by one of ordinary
o skill in the art are considered to be within the scope of
the present invention, which is not té be limited excebt by
the claims that follow:

20 What is claimed is:

21
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éomﬁiﬂi ng a first line connecting said one.-;ji mensi BE;I’ILL 9 %xln]a%;’rﬁjt ed

on a first pair of opposite sides of said qua ﬁamd?aﬁgomgi ne
connecting said one-di nensi onal maxi ma conput e Wd'secon pai r of
opposite sides of said 5 quadrangl e; and calculating a
sub- pi xel coordinate |ocation for said sub- pi xel maxi num having an x
coordinate and a y coordi nate correspondlng t
of said first and sai d second I|ines.
claim 14, wherein said step of corrmlmmg each SEH MHI “Hﬁ |a
fractional maxi num al ong each side of said quadrang e conprise
1. [canceled]
2. [canceled]
3. [canceled]
5
- 4. [canceled]
5. [canceled]
6. [canceled]
10 7.  [canceled]
~7 8. [canceled]
9. [canceled]

10. [canceled]
15

11. [canceled]

22
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ldentlfylngagrld point on a grid axis correspondln a |9
sai d quadrangl e having a one-di nensional 15 maxi nrum %(ﬂséggghlj osré
raxi mum . identifying a grid interval on each sald grld axi s

wi thi n which said one-dimensional, fractional maxinur 21 BBty 1889
conparing grid point values of grid points on ed h“"séi d" gr| d axis

| ocat ed adj acent t@pandiog, ite 20 sides of said grld poi nt nmaxi num
sel ecting a set of four sanple grid p0|nts grid axis,
wherein a first and second sanmple grid poi Mﬂ Jiﬂ E[”lwt of sanple
grid points are located on a first side e- di nensi onal ,
fractional maxi mumand [canceled]

5 14. An improved method of accurately determining a
position of a given object on a two-dimensional grid having
an x axis and a y axis within a field of view in a machine
vision system, without the use of enhanced resolution

apparatus, utilizing an improved method of calculating a

()

10’ sub-pixel maximum value, said sub-pixel maximum value
calculation comprising the steps of:
searching all grid points values on said two-
dimensional grid and identifying a grid point having a
maximum grid point wvalue;

15 considering all grid point values of all grid points

neighboring said grid point having said maximum grid point

- value and selecting neighboring grid points on said x and Y

axes having next highest grid point values;
_ defining a quadrangle having four sides,

20 a first side of said quadrangle having endpoints
defined by said grid point having said
maximum grid point value and said grid point
on said x axis having said next highest grid

point value,
23
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.-_'\-A/ne'l":'ei na third and four_Lh’_Sﬁ.mll_e__gJ’_J_d_pQ_i'ﬂ't of eaC'Pe}lusf 2n2/d|$72‘@|

i‘onal ,

grid points are located o | f each said
fractional maxi mum T@ﬁmi!’ Mszi rst and T et
the position 5 of each D!ﬂ“c - I nal , fractmﬁﬁ'égi Zuﬂmﬂggg

t hree-poi nt parabolic approximations centered at grid points f I anki ng
each said grid point neXis@ddhdalfde of said qEHUAYIOhadifgfddiddo@atd second
estimates of the position of each said one-dinensional, fractional

maxi mum 10 with their correrRRdingy Hdid BRiAl pdBd MAPihg SaM@Ute a

nore accurate position of each said one-dinensional, fractional

maxi mum . . 16. Thena@hbadgpid JAIn® %rélu&m'{cﬁ!s'aiaa?ﬁiég%lﬂtf .
conbining said first and second estinates of the position o 15 each said

one-di mensional, fractional JgmshidNgy Wxils hBGifg said GekEerDghsktGrdd d
poi nt maxi numto conpute a nore accurate
5 : point value,
a third side of said gquadrangle having endpoints
defined by said grid point having said next

highest grid point value on said x axis and a

grid point having an x value equal to an x

-wg 10 value of said grid point having said next
highest grid point value on said x axis and a
y value equal to a y value of said grid point
having a next highest grid point value on
said y axis, and

15 a fourth side of said quadrangle having endpoints

defined by said grid point having said next

- highest grid point value on said y axis and a

D

grid point having an y value equal to a y
value of said grid point having said next
20 highest grid point value on said y axis and
an x value equal to an x value of said grid
point having a next highest grid point value
on said x axis;
computing a one-dimensional, fractional maximum along

25 each side of said quadrangle;

24
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-,pos1 tion of each sai d one-dimensional—fractional maxP ﬁjs 9 9;¢’nir1 9351‘
calculating a correcte lnﬂ Mﬂlﬂ"cﬂl'l ﬂIF one- 20 di TRASI onal ract | anal
Jraxi mum according to t ] wher &%, ~ _N . JE@[fgqg
= the grid point maxi num

Xerr]=said first estimate, Xerr] =said second
estimate, [err] computing a first line connecting said one-dimensional

maxima computed on a first pair of opposite sides of said
quadrangle and a second line connecting said one-dimensional

maxima computed on a second pair of opposite sides of said

(_H

quadrangle; and

calculating a sub-pixel coordinate location for said

sub-pixel maximum having an x coordinate and a y coordinate

corresponding to an intersecting point of said first and
said second lines.

10 15. The method of claim 14, wherein said step of
computing each said one-dimensional fractional maximum along
each side of said quadrangle comprises:

identifying a grid point on a grid axis corresponding
to each side of said quadrangle having a one-dimensional

15 maximum value as a grid point maximgm;

- identifying a grid interval on each said grid axis
within which said one-dimensional, fractional maximum is
located.by comparing grid point values of grid points on
each said grid axis located adjacent to and on opposite

20 sides of said grid point maximum;

selecting a set of four sample grid points on each said

grid axis, wherein a first and second sample grid point of

each set of sample grid points are located on a first side

of each said one-dimensional, fractional maximum and

25
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-X[err]— one of said fi rst and second 5 - _ £HS Sage,élllagSsl,,
oot e e MM 52 RS ket

step of performng a i correction to said sub-pixel 10 coord| nat e
| ocation for said sub-pixel ITB.XI mum conpri si ng the steps of:

addi ng an x akexredar aeghiimh ahactourtly dadple gobddpdiaite of eachfsetaiod maxi mum
~sub- pi xel coordinate |ocation; and adding a y axis correction
factor to t h$a}npd@0gdidapca’.nt‘55aref locattedroni rusecord Eidel of ceach satie

| ocati on. 18. The method of claim 17, wherein said x axis

correcti on f amesdimensabnal atrhcidomadi mgximunhe equati on:
b(X[err] +0.5) X[ err](Xerr] -05);
computing a first and a second estimate of the position
5 of each said one¥dimensional, fractional maximum using
three-point parabolic approximations centéred at grid points
flanking each said grid point maximum; and
combining said first and second estimates of the
position of each said one-dimensional, fractional maximum
R 10 with their corresponding grid point maximum to compute a

more accurate position of each said one-dimensional,

fractional maximum.

16. The method of claim 15, wherein said step of
combining said first and second estimates of the position of
15 each said one-dimensional, fractional maximum with their
- corresponding grid point maximum to compute a more accurate
position of each said one-dimenéional, fractional maximum
comprises:
éalculating a corrected estimate of said one-

20 dimensional, fractional maximum according to the equation:

a(Xignt — X1 )R
X, =X, + ( ng)llt = lqi') ;

where X, = the grid point maximum,

26
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.iA/r\é*f-e b is afitting constant = -0. 22,. -20 P(' srg]g:/s'lblpgéll].

fractional maxi mumalong x axis, and 7
Xerr]=sign(Xerr])sqrt([err]Xerr]) 19. The me?hz Z QEG wgé
14, wherein said step of conputing each said one-di nensi onal

fracti onal maxi mum conpri ses: 5 identifyinga grid point

maxi mum as a grid point havifgy =said fiedatmestgmatepoi nt val ue;

oot bl i |2 Foea i oot soviecee, | TNNSHNHAOE VY

2
05

X,= one of said first and second
5 estimates that is closer to said one-

dimensional, fractional maximum, and

a=075.

17. The method of claim 14 further comprising the step
of performing a final correction to said sub-pixel
10 coordinate location for said suprixel maximum comprising
the steps of:
adding an x axis correction factor to the x coordinate
of said maximum sub-pixel coordinate location; and
adding a y axis correction factor to the y coordinate

L 15 of said maximum sub-pixel coordinate location.

18. The method of claim 17, wherein said x axis

correction factor is calculated according to the equation:

b(Xy +05)X,(Xy —05) ;

where b is a fitting constant = -0.22,
20 X}~ﬁsub—pixel fractional maximum along x axis, and
27
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grld poi nt val ues of grid .points |ocated .a;ij acent toPathd:us 918 /op'[pls9t§l"

sides of the grid point maxi rum and conpujpy sty mate of the
position of each said one- di rensi onal, fracti oLaE-m%# WPing ay

gaussi an appr oxi mati on net hod. 20. The nethod of claim 19,
wherein said gaussian 15 approxi mati on net hoed-conprises:

contai i ng 581 d sub. pi e TRAANTIGAYE  oF ﬂmm wwﬁﬂ[ﬂﬁ!@? said

gaussi an curve; (b) deriving ation
including the 20 ratio of derivatives of said gaussian curve and a
fractional di stance of said sub-pixel maxi mumfromsaid grid point
maxi num and 19. The method of cla im 14, whereingsaid step of

computing each said one-dimensional fractional maximum
comprises:
5 identifying a grid point maximum as a grid point having
a maximum grid point value;
identifying a grid interval within which said one-
- T dimensional, fractional maximum is located by comparing said
- grid point values of grid points located adjacent to and on
10 opposite sides of the grid point maximum; and
computing an estimate of the position of each said one-

dimensional, fractional maximum using a gaussian

approximation method.

20. The methodlof claim 19, wherein said gaussian
- 15 approximation method comprises:

(a) computing a ratio of a second derivative of a
gaussian curve containing said sub-pixel maximum to a first
derivative of said gaussian curve;

(b) deriving a third-order equation including the

20 ratio of derivatives of said gaussian curve and a fractional

distance of said sub-pixel maximum from said grid point

maximum; and

28
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oy taratiuey solving sais nracorae st PO B2/
i ‘ IPEAICS? 7 DEC fog9

(c) iteratively solving said third-order equation

to determine said fractional distance.

\

O
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