WO 2017/151200 PCT/US2016/064609

TECHNIQUES FOR QUANTUM ERROR CORRECTION USING BOSONIC
MODES AND RELATED SYSTEMS AND METHODS

CROSS REFERENCE TO RELATED APPLICATIONS
[0001] This application claims priority to U.S. Provisional Patent Application No.
62/263,473, filed December 4, 2015, titled “Quantum Error Correction Codes for Bosonic

Modes,” which is hereby incorporated by reference in its entirety.

STATEMENT REGARDING FEDERALLY-SPONSORED RESEARCH AND
DEVELOPMENT

[0002] This invention was made with government support under 1122492 and
1301798 awarded by National Science Foundation, under FA9550-14-1-0052 and FA9550-
15-1-0015 awarded by United States Air Force Office of Scientific Research and W911NF-
14-1-0011 and W911NF-14-1-0563 awarded by United States Army Research Office. The

government has certain rights in the invention.

BACKGROUND

[0003] Quantum information processing techniques perform computations by
manipulating one or more quantum objects. These techniques are sometimes referred to as
“quantum computing.” In order to perform computations, a quantum information processor
utilizes quantum objects to reliably store and retrieve information. According to some
quantum information processing approaches, a quantum analogue to the classical computing
“bit” (being equal to 1 or 0) has been developed, which is referred to as a quantum bit, or
“qubit.” A qubit can be composed of any quantum system that has two distinct states (which
may be thought of as 1 and O states), but also has the special property that the system can be

placed into quantum superpositions and thereby exist in both of those states at once.
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[0004] Several different types of qubits have been successfully demonstrated in the
laboratory. However, the lifetime of the states of many of these systems before information
is lost due to decoherence of the quantum state, or to other quantum noise, is currently
around ~100us. Notwithstanding longer lifetimes, it may be important to provide error
correction techniques in quantum computing that enable reliable storage and retrieval of
information stored in a quantum system. However, unlike a classical computing system in
which bits can be copied for purposes of error correction, it may not be possible to clone an
unknown state of a quantum system. The system may, however, be entangled with other
quantum systems which effectively spreads the information in the system out over several

entangled objects.

SUMMARY

[0005] Some aspects are directed to a method of operating a circuit quantum
electrodynamics system that includes a physical qubit dispersively coupled to a quantum
mechanical oscillator, the method comprising measuring a parity of a first state of the
quantum mechanical oscillator, subsequent to measuring the parity of the first state,
measuring a parity of a second state of the quantum mechanical oscillator, the second state
being different from the first state, applying a first drive waveform to the quantum
mechanical oscillator, and applying a second drive waveform to the physical qubit
concurrent with the application of the first drive waveform, wherein the first drive waveform
and the second drive waveform are selected based at least in part on a result of comparing
the measured parity of the second state to the measured parity of the first state, and wherein
application of the first drive waveform and the second drive waveform, at least in part,
transition the quantum mechanical oscillator from the second state back to the first state.
[0006] According to some embodiments, the first and second states are superpositions
of the same plurality of photon number states, and the first and second states have different

amplitudes.



WO 2017/151200 PCT/US2016/064609

[0007] According to some embodiments, the first and second drive waveforms are
configured based on a duration between measuring the parity of the first state and measuring
the parity of the second state.

[0008] According to some embodiments, measuring the parity of the first and second
states each comprises measuring photon number parity modulo 2.

[0009] According to some embodiments, the first state is a superposition of a plurality
of photon number states.

[0010] According to some embodiments, the first state is a superposition of two states
that have equal mean photon numbers.

[0011] According to some embodiments, the first state is a superposition of |W,) and

|W;) given by

1w / N+1
W, )=—7— S+1)),
| Tli) \/2_N P e\;()dd ( p j|p( )>

where N and S are positive integers, and |n) denotes a photon number state with n photons.
[0012] According to some embodiments, the first state is a superposition of two states
that each have a first mean photon number, and the second state is a superposition of two
states that each have a second mean photon number, different from the first mean photon
number.

[0013] According to some embodiments, the first and second drive waveforms are
configured based on the values of |W,) and |W;).

[0014] According to some embodiments, the first and second drive waveforms are
selected from a computer readable medium storing a plurality of previously determined
drive waveforms.

[0015] According to some embodiments, measuring the parity of the first and second
states each comprises measuring the photon number parity modulo N, where N is an integer
greater than 2.

[0016] According to some embodiments, said transition of the quantum mechanical
oscillator from the second state back to the first state does not pass through a ground state of

the quantum mechanical oscillator.
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[0017] According to some embodiments, the quantum mechanical oscillator is a
microwave cavity.

[0018] According to some embodiments, the physical qubit is a transmon qubit.

[0019] Some aspects are directed to a system, comprising a circuit quantum
electrodynamics system that includes a physical qubit dispersively coupled to a quantum
mechanical oscillator, at least one computer readable medium storing a plurality of drive
waveforms, at least one controller configured to measure a parity of a first state of the
quantum mechanical oscillator, subsequent to measuring the parity of the first state, measure
a parity of a second state of the quantum mechanical oscillator, the second state being
different from the first state, select a first drive waveform and a second drive waveform
from amongst the stored plurality of drive waveforms based at least in part on a result of
comparing the measured parity of the second state to the measured parity of the first state,
and at least one electromagnetic radiation source configured to apply the first drive
waveform to the quantum mechanical oscillator, and apply the second drive waveform to the
physical qubit concurrent with the application of the first drive waveform.

[0020] According to some embodiments, the first and second drive waveforms are
configured based on a duration between measuring the parity of the first state and measuring
the parity of the second state.

[0021] According to some embodiments, measuring the parity of the first and second
states each comprises measuring photon number parity modulo 2.

[0022] According to some embodiments, measuring the parity of the first and second
states each comprises measuring the photon number parity modulo N, where N is an integer
greater than 2.

[0023] According to some embodiments, application of the first and second drive
waveforms is configured to transition the quantum mechanical oscillator from the second
state back to the first state without passing through a ground state of the quantum
mechanical oscillator.

[0024] According to some embodiments, the quantum mechanical oscillator is a

microwave cavity.
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[0025] According to some embodiments, the physical qubit is a transmon qubit.
[0026] The foregoing apparatus and method embodiments may be implemented with
any suitable combination of aspects, features, and acts described above or in further detail
below. These and other aspects, embodiments, and features of the present teachings can be
more fully understood from the following description in conjunction with the accompanying

drawings.

BRIEF DESCRIPTION OF DRAWINGS

[0027] Various aspects and embodiments will be described with reference to the
following figures. It should be appreciated that the figures are not necessarily drawn to
scale. In the drawings, each identical or nearly identical component that is illustrated in
various figures is represented by a like numeral. For purposes of clarity, not every
component may be labeled in every drawing.

[0028] FIGs. 1A-1B illustrate encoding of the state of a multi-level quantum system in
a bosonic system, according to some embodiments;

[0029] FIG. 2 depicts an illustrative system suitable for practicing aspects of the
present application;

[0030] FIG. 3 is a flowchart of a method of correcting errors that occur within a
bosonic system, according to some embodiments;

[0031] FIG. 4 is a flowchart of a method of correcting one of three classes of errors
that occur within a bosonic system, according to some embodiments;

[0032] FIG. 5 is a block diagram of a circuit quantum electrodynamics system,
according to some embodiments;

[0033] FIG. 6 illustrates a two-parameter (N,S) space of binomial quantum error

correction codes, according to some embodiments;
[0034] FIG. 7 illustrates the rate of entanglement infidelity for binomial quantum error
correction codes, according to some embodiments;

[0035] FIG. 8A is a sketch of an illustrative circuit QED system;
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[0036] FIG. 8B is a schematic of a quantum state transfer scenario for the system
depicted in FIG. 8A, utilizing encoding and quantum error correction of the binomial
quantum states; and

[0037] FIG. 9 is a block diagram of a single-qubit, two-cavity system suitable for

implementing two-mode codes.

DETAILED DESCRIPTION

[0038] The present application relates to an improved quantum error correction
technique for correcting errors in the state of a quantum system exhibiting one or more
bosonic modes. An “error” in this context refers to a change in the state of the quantum
system that may be caused by, for instance, boson losses, boson gains, dephasing, time
evolution of the system, etc., and which alters the state of the system such that the

information stored in the system is altered.

[0039] As discussed above, quantum multi-level systems such as qubits exhibit
quantum states that, based on current experimental practices, decohere in around ~100us.
While experimental techniques will undoubtedly improve on this and produce qubits with
longer decoherence times, it may nonetheless be beneficial to couple a multi-level system to
another system that exhibits much longer decoherence times. As will be described below,
bosonic modes are particularly desirable for coupling to a multi-level system. Through this
coupling, the multi-level system’s state may be represented by the bosonic mode(s) instead,
thereby maintaining the same information yet in a longer-lived state than would otherwise

exist in the multi-level system alone.

[0040] Quantum information stored in bosonic modes may nonetheless still have a
limited lifetime, such that errors will still occur within the bosonic system. It may therefore
be desirable to manipulate a bosonic system when errors in its state occur to effectively
correct those errors and thereby regain the prior state of the system. If a broad class of
errors can be corrected for, it may be possible to maintain the state of the bosonic system
indefinitely (or at least for long periods of time) by correcting for any type of error that

might occur.
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[0041] The fields of cavity quantum electrodynamics (cavity QED) and circuit QED
represent one illustrative experimental approach to implement quantum error correction. In
these approaches, one or more qubit systems are each coupled to a resonator cavity in such a
way as to allow mapping of the quantum information contained in the qubit(s) to and/or
from the resonator(s). The resonator(s) generally will have a longer stable lifetime than the
qubit(s). The quantum state may later be retrieved in a qubit by mapping the state back from

a respective resonator to the qubit.

[0042] When a multi-level system, such as a qubit, is mapped onto the state of a
bosonic system to which it is coupled, a particular way to encode the qubit state in the
bosonic system must be selected. This choice of encoding is often referred to simply as a

“code.”

[0043] As an example, a code might represent the ground state of a qubit using the
zero boson number state of a resonator and represent the excited state of a qubit using the

one boson number state of the resonator. That is:

(alg) + Ble)) ®[0) = |g) ® («]0) + B|1)

where |g) is the ground state of the qubit, |e) is the excited state of the qubit, o and 8 are
complex numbers representing the probability amplitude of the qubit being in state |g) or
|e), respectively, and |0) and |1) are the zero boson number state and one boson number
state of the resonator, respectively. While this is a perfectly valid code, it fails to be robust
against many errors, such as boson loss. That is, when a boson loss occurs, the state of the

resonator prior to the boson loss may be unrecoverable with this code.

[0044] The use of a code can be written more generally as:

(afg) + Ble)) ® [0) = |g) @ (alWy) + B|Wr)) (Eqn. 1)

where |W,) and |W;) are referred to as the logical codewords (or simply “codewords”). The
choice of a code — equivalently, the choice of how to encode the state of a two-level system

(e.g., a qubit) in the state of the bosonic system —therefore includes choosing values for [W,)
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and |W;). FIGs. 1A-1B graphically depict this process of encoding for some choice of [W,)
and |W;).

[0045] When an error occurs, the system’s state transforms to a superposition of

resulting states, herein termed “error words,” |E f ) and |E%"' ) as follows:
oalW,) + BIWr) — alEF) + BIEF) (Eqn. 2)

where the index k refers to a particular error that has occurred. As discussed above,

examples of errors include boson loss, boson gain, dephasing, amplitude dampening, etc.

[0046] In general, the choice of code affects how robust the system is to errors. That
is, the code used determines to what extent a prior state can be faithfully recovered when an
error occurs. A desirable code would be associated with a broad class of errors for which no
information is lost when any of the errors occurs and any quantum superposition of the
logical codewords can be faithfully recovered. Some codes, while robust against certain

errors, may however be impractical to realize in a physical system.

[0047] The inventors have recognized and appreciated a class of codes that protect
against a wide array of errors that can occur in a bosonic system, including boson gain,
boson loss, dephasing, and amplitude dampening, and that can be realized experimentally.
Codes from this class are referred to herein as “binomial codes,” since the class of codes
may be described by a binomial distribution, as described below. The inventors have
developed techniques for correcting errors when a code from this class is utilized to store a
state in a bosonic system. In particular, the inventors have developed unitary operations that
may be applied to the bosonic system based upon a detected error. Furthermore, the
inventors have recognized and appreciated experimental configurations in which energy
may be applied to a bosonic system, such as a cavity resonator, to perform the above-

mentioned unitary operations.

[0048] According to some embodiments, a binomial code may be used to configure a
state of a single mode bosonic system. Bosonic systems may be particularly desirable

systems in which to apply the techniques described herein, as a single bosonic mode may
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exhibit equidistant spacing of coherent states. A resonator cavity, for example, is a simple
harmonic oscillator with equidistant level spacing. Bosonic modes are also helpful for
quantum communications in that they can be stationary for quantum memories or for
interacting with conventional qubits, or they can be propagating (“flying”) for quantum
communication (e.g., they can be captured and released from resonators). A single bosonic
mode in particular may allow for states having lower mean bosonic numbers than states
produced by multiple bosonic modes. Since boson loss rate tends to scale with mean boson
number, a single bosonic mode will generally have a lower error rate than multiple bosonic
modes. Moreover, error correction of a single bosonic mode does not require mode-to-mode
entangling operations that would otherwise be needed for multiple bosonic modes. The
binomial codes described herein utilize bosonic number states of a single bosonic mode to

represent the codewords, as described below.

[0049] According to some embodiments, a bosonic system may be used in conjunction
with a binomial code to act as a quantum memory device. A multi-level system, such as a
qubit, may store one or more quantum bits in a state that will decoherence in a short time
scale, as described above. This state may instead be stored in a bosonic system encoded via
the selected binomial code. This system will also decoherence, although typically in a
longer time scale than that exhibited by the multi-level system. The binomial code may
allow for correction of errors that occur to a perfect, or near perfect, degree such that the
state of the bosonic system can be maintained. In this manner, the bosonic system acts as a
quantum memory with respect to the quantum bit(s) originally stored in the multi-level
system. If desired, the state in the bosonic system can be later transferred back to the multi-

level system.

[0050] According to some embodiments, a detector may be configured to monitor the
bosonic system to detect when an error occurs. It is a feature of the binomial codes
described herein that such a detector may be able to detect whether any error occurred, and
also detect which type of error occurred, whilst preserving the state of the bosonic system.
This type of measurement is sometimes referred to as a quantum nondemolition

measurement (QND). Not all codes exhibit this feature, as for some codes a detection of an
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error may yield information on which of the two codewords is a more likely state of the
system (recall that a given code stores a state in a quantum superposition of the two selected
codewords). This carrying away of information as result of the measurement causes a

change in the state of the quantum system.

[0051] In contrast, the binomial codes described herein provide for detection of a
broad class of errors, where in each case detection does not change the boson number of the
state of the system. When a measurement of the bosonic system does not detect an error,
however, the backaction of this operation causes amplitude damping of the bosonic mode.
Amplitude damping does not change the boson number of the bosonic system, but does
change the probabilities of measuring each of the different boson numbers. The binomial
codes described herein provide an explicit construction for repumping energy into the
bosonic system to recover from amplitude damping, however. Accordingly, whether an
error is detected or not, techniques described herein in conjunction with a binomial code
allow maintenance of the bosonic system’s state via application of a unitary operation to

counteract the amplitude dampening effect.

[0052] An illustrative example of correcting errors using one of the binomial codes
may be instructive. One of the binomial codes uses the following codewords (that is, a

bosonic system is encoded in a superposition of the two codeword states as shown in FIGs.

1A-1B):

1
W) = N {10) + |49}

|[Wp) = |2) (Eqn. 3)

[0053] Note that, for this pair of codewords, the mean boson number 7 = 2 for each
state. Accordingly, the loss or gain of a boson (for example) does not produce information
on which of the two codeword states the photon came from. This preserves the number state

of the bosonic system upon detection of the boson loss or gain.

10
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[0054] If this bosonic system were to lose a boson (e.g., due to energy loss), it would

be transformed as follows:

alW,) = |E}) =2 |3)

alWy) = |E}) = VZ|1)

where a is the annihilation operator.

[0055] One way to think about this transformation is that, if the system were in the
|W,) state, which is a superposition of |0) and |4), clearly a lost boson must have come from
the |4) state and not the ground state. As such, the resulting state would be the |3) state.
Similarly, if the system were in the |W;) state, which is the |2) state, the resulting state after

boson loss would be the |1) state.

[0056] If the bosonic system were a photonic system, one way to detect the photon
loss would be to detect the photon exiting the system using a photodetector. In many
experimental configurations, however, this may be difficult or impractical to perform. As
such, another way to detect boson loss is to examine the parity (odd or even boson number
state). Before the error, both codeword states would produce even parity, since all of the
boson number states of those codewords are even parity states. After the boson loss, the
parity would be odd, irrespective of the particular superposition of error word states, since
both have odd parity. This is an example of a measurement that, as described above, does
not alter the bosonic number state of the system, since the information that is carried away is
that a boson was lost, yet this information is provided without including any information on

which of the codeword states the system is in.

[0057] Once the boson loss has been detected, the system can be driven to the previous

state by applying a unitary operation that performs the following transformation:

13) = [W,)
1) - [Wp) (Eqn. 4)

11
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[0058] A system configured to have universal control over the quantum state of a
system, examples of which are discussed below, can be operated to perform this type of state
transformation. One reason the binomial codes allow for this type of correction is that the
error words (e.g., |3) and |1) in the above example) for a binomial code are orthogonal.
Therefore, a conditional unitary operation can be applied to transform the error word states
into the corresponding codeword states irrespective of which of the error word states the

system was in.

[0059] FIG. 2 depicts an illustrative system suitable for practicing aspects of the
present application. In system 200, qubit 210 is coupled to a resonator 220 via coupling
215. The resonator may lose or gain energy (e.g., lose or gain bosons), may dephase, etc.
and in the process may gain or lose energy as shown in the figure. Energy source 230 may
supply energy to one or both of qubit 210 and resonator 220 in order to perform operations
on the system such an encoding the state of the qubit in the resonator, encoding the state of
the resonator in the qubit, applying unitary operations to the resonator (e.g., to correct an
error detected in the resonator), applying unitary operations to the qubit, or combinations

thereof.

[0060] It will be appreciated that any multi-level quantum system coupled to a bosonic
system may be utilized with the binomial codes, as discussed above, but system 200 is
provided as one illustrative system in which a qubit is coupled to a resonator. A mode of the

resonator provides the bosonic mode in this example.

[0061] System 200 also includes detector 240 which may be operated to detect the
occurance of an error in the resonator 220. A number of suitable approaches may be
employed to operate such a detector, which may measure energy gain and/or loss from the
resonator, may interact with the qubit 210 (e.g., may apply one or more unitary operations to
the qubit and/or may measure the state of the qubit), and/or may interact with the resonator
220 (e.g., may apply one or more unitary operations to the resonator and/or may measure the
state of the resonator). Any combination of such operations may obtain sufficient
information about the qubit-resonator system to determine whether an error has occurred in

the resonator 220. In some embodiments, detector 240 applies one or more unitary

12
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operations to the qubit 210 and/or the resonator 220 by application of energy from energy

source 230.

[0062] According to some embodiments, the detector 240 comprises a photodetector
or other particle detector configured to detect particles entering and/or exiting the resonator
220. According to some embodiments, detector 240 may perform a sequence of operations
to measure one or more of parity mod 2, parity mod 3, parity mod N, etc. of the state of the
resonator. As discussed below, such measurements may indicate whether boson losses or
gains have occurred. Illustrative techniques for performing parity measurements in a qubit-
resonator system are described, for example, in International Application No.
PCT/US2016/043514, titled “Techniques of Oscillator State Manipulation for Quantum
Information Processing and Related Systems and Methods,” filed on July 22, 2016, which is

incorporated herein by reference in its entirety.

[0063] Qubit 210 may include any suitable quantum system having two distinct states,
such as but not limited to, those based on a superconducting Josephson junction such as a
charge qubit (Cooper-pair box), flux qubit or phase qubit, or combinations thereof. The
qubit 210 may be coupled to the resonator 220 via coupling 215 which couples the state of
the qubit to the state of the resonator. The resonator 220 may include any resonator
supporting one or more bosonic modes, which may be implemented using any
electromagnetic, mechanical, magnetic (e.g., quantized spin waves also known as magnons),
and/or other techniques, such as but not limited to any cavity resonator (e.g., a microwave
cavity). According to some embodiments, resonator 220 may be a transmission line

resonator.

[0064] As an illustrative embodiment, qubit 210 may be a charge qubit coupled to a
superconducting transmission line cavity (an example of resonator 220) comprising a central
conductor and ground planes on either side of the conductor separated by a length selected
based upon the wavelength of photons trapped in the cavity. For instance, the length of the
resonator may be a multiple of one half of such a wavelength. A length of the transmission
line may also be selected based upon a desired impendence of the transmission line.

According to some embodiments, a transmission line may have a length between 1 um and

13
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100 pm, such as between 5 pm and 50 um, such as 10 pm. According to some
embodiments, a transmission line may have a length between 5 mm and 50 mm, such as
between 10 mm and 30 mm, such as 25 mm. The qubit may interact with the electric fields
in the transmission line such that an adjustment to the state of the qubit causes an adjustment

in the state of the resonator.

[0065] Coupling 215 may utilize any technique(s) to couple the qubit and the
resonator, such as by coupling the electric and/or magnetic fields generated by the qubit and
the resonator. According to some embodiments, the qubit and the resonator may be
dispersively coupled via the coupling 215. According to some embodiments, the qubit (e.g.,
a transmon) may be coupled to the resonator, being a mechanical resonator, via a
piezoelectric coupling. According to some embodiments, the qubit may be coupled to the
resonator, being a magnetic resonator, by coupling the qubit (e.g., a transmon) to phonons,

which in turn couple to magnons via magnetostrictive coupling.

[0066] The system of FIG. 2 may be used in at least the following two use case
scenarios. First, resonator 220 may be used as a memory to store the state of qubit 210. The
state of the resonator may be error-corrected using the techniques described herein.
Subsequently, the state may be mapped to qubit 210 and/or any other qubit. Second, the
resonator 220 may be used as a transmission medium to transport the state of qubit 210 to
another qubit, along a transmission line, and/or to another resonator. The state of the
resonator during transmission may be error-corrected using the techniques described below.
Subsequently, the state may be mapped to a target of the transmission. In each of these use
cases, and in any other suitable use of the system 200, a state may be represented in the
resonator 220 using one of the binomial codes. Furthermore, the energy source 230 may
apply energy to the qubit and/or the resonator to correct errors based on the selected

binomial code, as described in further detail below.

[0067] As discussed above, quantum error correction comprises selecting logical
codewords with which to represent a state, such as the state of a qubit. These codewords are

states embedded in a large Hilbert space, such as the space of a harmonic oscillator, such

14
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that no information is lost if any one of the single, independent error E . € € occurs and any

quantum superposition of the logical codewords |WU> ,where o =T, |, can be faithfully

recovered. This is equivalent to finding two logical codewords that satisfy the quantum

error correction criteria, known also as the Knill-Laflamme conditions:

(W, ElE W, ) = a,0,,. (Eqn. 5)

o0

forall E .« € € (where & is the set of correctable erros for the code) such that «,, are
entries of a Hermitian matrix and independent of the logical words. The diagonal entries ¢,

are the probabilities of the errors £, . The independence of entries a,, from the logical

codewords and the structure of the non-diagonal entries cause the different errors to be

distinguishable and correctable.

[0068] The structure of the binomial codes is developed and described in further detail
in Appendix A below. In system 200, a binomial code may be used to encode the state of
the resonator 220 based on the state of the qubit 210. Techniques for universal control may
be applied to produce a superposition of the codeword states in the resonator based on the
superposition of the ground and excited states present in the qubit, as shown in FIGs. 1A-
1B. For instance, techniques described in the above-referenced International Application
No. PCT/US2016/043514 describe techniques suitable for encoding the state of the qubit
into the state of the resonator in system 200. As discussed above, in general such techniques
may comprise operating energy source 230 to apply energy in a sequence of steps, wherein
each step comprises application of energy to the qubit 210, to the resonator 220, or

simultaneously to both the qubit and resonator.

[0069] For example, the encoding of a qubit state into a resonator state, as show in
FIGs. 1A-1B, may be achieved as follows. Beginning with the state shown in FIG. 1A, with
the resonator in the ground state (zero bosons), drive pulses are simultaneously applied to

the qubit 210 and the resonator 220, which excite the bosonic mode while ultimately

returning the qubit to the ground state. If the qubit 210 is initially in the ground state | g) ,

15
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the drive pulses excite the bosonic mode 220 to state |W¢> but ultimately return the qubit
210 to its ground state. If the qubit 210 is initially in the excited state |e> , the drive pulses
excite the bosonic mode to state |WT> while driving the qubit 210 back to its ground state

| g>. In other words, the final state of the bosonic mode 220 is conditioned on the initial

state of the qubit 210. Put another way, these drive pulses carry out the unitary state transfer

operation:
0 =)W, )ol(el# )|, Yolel+ )N, [ | 0y gl .

where the remaining terms U__, of the unitary operation are irrelevant to the particular

rest

unitary state transfer operation. The freedom to choose U__ may be used to vary the applied

rest

drive pulses to optimize the fidelity of the state transfer operation.

[0070] According to some embodiments, the binomial codes may protect against up to

L boson loss events occurring in the time interval ds between two consecutive quantum
correction stages. Consider the set of discrete errors EL = {1, a,a*,...a" }, where a is the
annihilation operator, and “1” is the identity operator and represents no error.

[0071] Although protection against boson loss errors will be initially discussed, this

will be generalized below to codes that are designed to also protect against boson gain ar,

dephasing errors 7, and amplitude damping. As used herein, a code that “protects” against
a particular error means that the code is such that, when the error occurs, the previous state

is recoverable via one or more unitary operations.

[0072] As discussed above, one example of a code protecting against El ={1,a}

(either no error or the loss of a single boson) is

0)+|4
W, = M,Wi =|2). (Eqn. 6)

N3
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[0073] A boson loss error brings the logical codewords |W,) and |W;) to a subspace
with odd boson numbers that is disjoint from the even-parity subspace of the logical
codewords and therefore, the off-diagonal parts of the QEC matrix ¢ in (Eqn. 5) are
identically zero. The remaining diagonal part of ¢ indicates that the mean boson number is
identical for both of the states, here 7 = 2, meaning that the probability of a boson jump to
occur or not to occur is equally likely for both of the states implying that the quantum state

is not deformed under an error. Explicitly, if a quantum state |l//> = 0(| WT> + ,b’| W¢> suffers a

boson jump, it is transformed to |l//'> = [l| l//>/ <l//| a‘al l//> = a|ET1> + ,B| L_?i> , where the

error words are |ET1> = |3> and |£_?j> = |1> ,and @ and @ are the creation and annihilation

operators, respectively.

[0074] An example of a code protecting against Ez = {1, a, &2} is:
0)++/3/6 V3|3)+]9
IWT>=| )+3] >,IW¢>= 3)+]9) Ean. 7
2 2
[0075] For this code, in addition to the codewords having the same mean boson

number, the error words |£_?;> = [l| Wd>/\/<Wd latal WG> \

E_?Tl> =|5) and
|E_? j> = (| 2> + |8>)/ V2 have the same mean boson number. In constrast, the code of (Eqn. 6)

has codewords with the same mean boson number but, upon loss of a boson, the error words
have different mean boson numbers. In view of this, the code of (Eqn. 7) can tolerate
another boson loss error and the protected error set is Ez = {1, a,a’ } For this case, the boson

loss errors can be detected by measuring boson number mod 3. The error recovery

procedure is similar as above: an error detection is followed by a unitary operation

performing a state transfer |W6> > |E_? o > . As shown in Appendix A, a family of codes can
be developed that protect against any arbitrary number of boson loss errors L.

[0076] In system 200, another error that might occur is dephasing of the resonator 202

due to frequency fluctuations of the resonator (e.g., noise coupling to the boson number 7,
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for example caused by transitions of the coupled qubit 201). The inventors have recognized

that the code of (Eqn. 7) also protects also against a dephasing error 7, and thus the full

error set is Ez = {1, a,a’, ﬁ} Since a dephasing error does not change the boson number, it

leads to an error state |l//'> = ﬁ| l//>/1[<l// 1 4° | l//> ,

:a*/§|WT>‘|ETn>+ﬁ*/§|W¢>‘|Ef>_
2 2

v) (Eqn. 8)
which is a superposition of the original words and the error words related to the dephasing

|E_?T"> = («/§| 0)—|6)y2 and |E_?f> =(|3)- \/§|9>)/2 . One way to detect the dephasing error is
to apply unitary operations that produce projective measurements into the logical word basis

13W = Z(J W, ><WG | . and if the answer is negative (and no boson loss errors were detected)

dephasing is detected. The original state can then be recovered by making a unitary

operation performing a state transfer |E_? ;‘> > |WG> .

[0077] The code of (Eqn. 7) can instead be chosen to protect against errors
8_'2 = {1, a, &T,ﬁ} (= no error, single boson loss, single boson gain, dephasing) since a boson
addition error and two boson loss errors have the same change in the boson number mod 3,

and the logical code words already obey the QEC condition for the boson gain error:

<WG laa’ | WG,> =(n+1)o,, . As aspecial case, one can choose to protect only against

E e {1,&, ﬁ} achieved by the same Fock state coefficients as with the code (Eqn. 7) but

with spacing of the code (Eqn. 6):

0)++/3]4 32) +|6
|WT>:—| >+;/_| >’W¢=—\/_| Z+| ) (Eqn. 9)

[0078] It may be noted that the broader the class of error for which a code protects
against, the larger the error rates are, as codes involve higher Fock states the broader the

class becomes and higher Fock states produce more errors.
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[0079] The above codes can be generalized to protect against the error set that includes

up to L boson losses; up to G boson gain errors; and up to D dephasing events:
E =1{1,a4,8%....a" a",....@"°% A, a%...,A"}. (Eqn. 10)

[0080] The inventors have recognized that a class of codes which can correct for

errors arising from this error set are:

I / N+1
W, )=— S+1)), Eqn. 11)
| T/i> \/Z—N P eéodd ( p j | p( )> ( qn

where S=L+G and N = maX{L, G,2D}. For example, Eqn. 11 with the values L=1, G=0
and D=0 produces the codewords of Eqn. 6. These codes have been referred to herein as
“binomial codes” because the state amplitudes involve binomial coefficients (which, it
should be noted, are independent of the spacing §). The two-parameter (N,S) code space
of Eqn. 11 is shown in FIG. 6. To apply the error correction techniques described herein, a
bosonic system that has a state encoding a two-level system may use any pair of codewords
given by Eqn. 10 (i.e., for any combination of values of L, G and D) to describe the two
level system; that is, the bosonic system may have a state a|W) + B|W;) where |W,) and

|W;) are given by Eqn. 11 for some combination of values of L, G and D.

[0081] It will be noted that the binomial codes operate in a restricted Hilbert space,

which could be beneficial for the practical construction of the unitary operators required for

error diagnosis and recovery. This may particularly apply to errors involving a' operators,

whose operation on conventional codes may be less straightforward than & operators alone.

[0082] Although Eqn. 11 represents a class of codes with which to represent a two-
level system (e.g., a qubit), the inventors have also developed codes that can be used to
represent a d -level system (a so-called ‘quantum digit,” or ‘qudit’) and therefore have d
logical codewords. These codes utilize multinomial coefficients, rather than binomial

coefficients, and are described in Appendix A.
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[0083] Returning to FIG. 2, the codes selected from the above-described class of
binomial codes may be used to represent the state of qubit 210 in the resonator 220. Once
an error occurs in the resonator, the error may be detected and operations may be performed
to correct the error. The error-correction process is described in detail below with respect to

FIG. 3.

[0084] FIG. 3 is a flowchart of a method of correcting errors that occur within a
bosonic system, according to some embodiments. FIG. 3 may be performed within system
200 shown in FIG. 2, for example. Method 300 includes steps of measuring an error
syndrome of a bosonic system and performing a correction based on the measured error
syndrome. Method 300 also includes an optional initial step in which the bosonic mode’s

state is encoded based on a coupled multi-level system.

[0085] Method 300 can optionally begin in act 302 in which the state of a multi-level
system is encoded in the state of a bosonic mode. In the case where the multi-level system
is a qubit, this encoding may utilize any code selected from the above-described binomial
codes to represent the state of the qubit in the bosonic mode. Alternatively, if the multi-
level system is a qudit, this encoding may utilize any code selected from the multinomial
codes described in Appendix A to represent the state of the qubit in the bosonic mode. Any
suitable technique may be applied to encode the state of a multi-level system in a bosonic

mode, examples of which are described above.

[0086] Alternatively, method 300 may begin in act 304 wherein a bosonic mode has
been previously configured with a state that is a superposition of a pair of codewords
selected from the class of binomial codes or class of multinomial codes. Accordingly,
irrespective of whether method 300 includes the optional encoding act 302, prior to act 304
the bosonic mode is in a state that is a superposition of a pair of codewords selected from the
class of binomial codes or class of multinomial codes. For example, if the bosonic mode of
method 300 represents a two-level system, it has a state that is a superposition of one of the

pairs of codewords given by Eqn. 11.
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[0087] In act 304, an error syndrome of the bosonic mode is measured. An “error
syndrome” as used herein refers to a measurement that is indicative that a particular error (or
one of a group of particular errors) has occurred. One example of an error syndrome
discussed above is a measurement that shows there has been a change in parity of the
bosonic number state of the bosonic mode (or parity mod 3, parity mod 4, etc.). Another
error syndrome is a measurement that indicates dephasing has occurred (an example of this
type of measurement is discussed above). Another error syndrome is a measurement that
indicates no error has occurred. Since the act of measuring the bosonic mode can cause
amplitude damping of the mode, a measurement indicating no error has occurred may
nonetheless lead to action based on this measurement, and therefore “no error” is also

considered an error syndrome.

[0088] According to some embodiments, detecting a boson loss or gain error in act
304 may comprise a sequence of operations in which energy is applied to the bosonic mode
directly and/or to another system to which the bosonic mode is coupled. For example, in a
system comprising a resonator (e.g., microwave cavity) with a strong dispersive coupling to
a qubit, where the strength of the dispersive coupling is stronger than the decay rates of the
qubit and the resonator, the qubit can be driven conditioned on given boson number states of
the resonator. The electromagnetic pulse applied to the qubit can be selected such that, for
example, the qubit will be in a particular state after application of the pulse that depends
upon the boson number state of the resonator. Measurement of the qubit then indicates the
parity of the coupled resonator. According to some embodiments, a measurement of boson

number mod (S+1) comprises performing S sequential measurements of the two-level qubit.

[0089] According to some embodiments, detection of a dephasing error in act 304 may

be made by projective measurements 13d = ZG| E’j ><Ef | ,ford =0,1, ..., N. Here, |E§)

.....

—d, —d
<Ea | Eg’> = Sd,d'ga,a'
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ford,d’ =0,1,..,N. Similar to the detection of boson gain or loss errors, the detection of a
dephasing error may comprise a sequence of operations in which energy is applied to the

bosonic mode directly and/or to another system to which the bosonic mode is coupled.

[0090] For example, in a system comprising a resonator (e.g., microwave cavity) with
a strong dispersive coupling to a qubit, electromagnetic pulses applied to the resonator and
qubit can be selected such that, after application of the pulse(s), the qubit will be in a
particular state that depends on the resonator being in the subspace spanned by {|ETd), |Ef)}
for some d. Measurement of the qubit would then indicate whether the oscillator is in the
subspace spanned by {|ETd ), |Ef)} or not. If the oscillator is found to be within this
subspace, one or more electromagnetic pulses (which may be, for example, pre-computed)

can be applied to the system to carry out unitary state transfer from |ETd ) to |W;), and from

|EZ) to |W,).

[0091] According to some embodiments, a measurement of 13d ford = 0,1, ..., N may

comprise performing N + 1 sequential measurements of a two-level qubit.

[0092] According to some embodiments, act 304 comprises detection of “no error,”
also referred to herein as a “no-jump error.” As discussed above, there can be a
measurement backaction produced upon the bosonic mode as a result of observing no
change in the boson number state. This backaction reduces the relative probability of the

higher Fock states with respect to the lower ones, formally expressed with the factor
exp(— Kdlﬁ/2) in the error operators (see Eqn. 14 below). Correction of this error syndrome

is discussed below.

[0093] In act 306, one or more operations are performed upon the bosonic mode to
transform its state based on the error syndrome detected in act 304. This transformation is
configured to counteract the error implied by the measured error syndrome — that is, to
attempt to transition the system back to the state it was in prior to the error. In some, but not
all, cases, this transformation can be exact. In other cases, the transformation may

approximately return the system to its previous state.
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[0094] According to some embodiments, act 306 may apply the one or more

operations based on an analysis of a bosonic mode that evolves over time. For example, the
standard Lindblad time evolution of a density matrix P of a cavity coupled to a zero-

temperature bath with a cavity energy decay rate & is (represented in the frame rotating at

the cavity frequency)

dp nant AtAA AAtA

LK (ZapaT —a‘ap —paTa).

de 2 (Eqn. 12)
[0095] In a finite time interval dz, continuous time evolution results in an infinite set

of errors and exact quantum error correction of the full set of errors is not possible.
However, the probabilities of the errors scale with powers of &dt and we can choose to
correct only the most important errors in xds. Formally, we exploit the notion and theory of
the field of approximate quantum error correction (AQEC). Roughly speaking, each error
operator is expanded in powers of xdr and the errors corrected up to a given highest order of
the expansion. To be consistent with choosing to correct only the errors that occur with
probabilities to a specified highest order in &dz, it may be enough to satisfy the QEC criteria
of Eqn. 5 only approximately such that the resulting recovery of the original state has an

accuracy given by the same highest order in &dr.

[0096] Consider initially only amplitude damping by boson loss errors, that is, the
time-evolution of Eqn. 12, and extend the discussion for boson gain and dephasing processes
later. One can ‘unravel’” the Lindblad Equation (Eqn. 12) by considering the conditional
quantum evolution of the system based on the measurement record of a photomultiplier that
clicks whenever a boson is lost. In this quantum trajectory picture, one views the first term

in Eqn. 12 representing the boson loss jump of the system when the detector clicks

p—apa’. This is not normalized because it includes the fact that the click probability is

proportional to Tr(4pa’) =7 . The last two term terms inside the brackets represent time-

. . . .. . . 5 QU
evolution of the system under an imaginary non-Hermitian Hamiltonian V/A = —1EaTa

when no bosons are detected. Above when considering an idealized error set
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E, ={1,4,a’,...,a"} we for simplicity ignored a part of the physical error process, namely
this no-jump evolution occurring inbetween boson loss jumps. Much like a Feynman path
integral, we can express the evolution of the density matrix from time 0 to ¢ in terms of a

sum over all possible trajectories with jumps occurring at all possible times during the time

interval ¢:

=0 =0 (Eqn. 13)

where E , are Kraus operators encapsulating the time-evolution generated by exactly [

boson losses and the no-jump evolution in between the boson loss events. By integrating

over all the possible jump times of exactly / boson jumps during the time interval ¢ we can

derive an analytic expression for E, :

wdt e

S Tt al kit Al "5 "
E =q7e > a =ye ae "~ , (Eqn. 14)

where 7, = (1—-e™™)‘//! (see Appendix B). A noteworthy feature of the damped simple

harmonic oscillator is that the precise timing of the boson jumps plays no role. This can also
be seen in the interchangeability of the order of the operators in Eqn. 14. If a self-Kerr non-

linearity is present, the precise timing of the jumps matters and tracing over them leads to
dephasing. Taken together, when correcting against boson loss errors up to order (xdf)",
the correct set of errors the codes should be protected against is €, = {E,,E,,...,E,}
including contributions of both the jump and no-jump parts of the non-unitary time-

evolution.

[0097] According to some embodiments, in act 306 where the error syndrome
measured in act 304 indicated loss or gain of one or more bosons, the transformation applied

in act 306 is configured to transition the bosonic mode from a state that is a superposition of
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error word states back to the superposition of codeword states that the mode previously

exhibited (e.g., produce the state transitions given by Eqn. 4).

[0098] According to some embodiments, this transformation may be performed by

application of a correction unitary U . to the bosonic mode to perform a state transfer
between the logical codewords and the error words. Errors E . may be recovered to the
accuracy of (xdr)” by a recovery process R chosen to recover the errors ék , where the set
of errors E, :

2M+1
E, =B, +ék +O[(xdr) * ] is split to two parts, where

n M 2 M ra
B, =) E,xlt*,C, = > E, (k>
=0 =M+ (Eqn. 15)

[0099] The Kraus operators of the recovery process R can be written as
R, = ﬂkk Zal W, ><W0' |B/< =U,F,
where the error detection is projected to the error subspace, IA’k = Zaék|wa ><WG |£A?,j , and the

correction unitary U . = Z(J W, ><WG |£A?,j performs state transfer between the logical
codewords and the error words.
[00100] For example, the unitary operation for correcting a single boson loss error is:

Uy = WG|+ [Wi)(1] + [BXWL] + [I(Wy].

[00101] According to some embodiments, where the bosonic mode is a mode of a

~

resonator (e.g., resonator 220 shown in FIG. 2), correction unitary U, may be applied to the

resonator by an energy source supplying energy (e.g., a time-varying electromagnetic pulse)
to the resonator and/or to a qubit to which the resonator is coupled (e.g., as described below

in relation to FIG. 5). In at least some cases, a plurality of operations may be performed to
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apply correction unitary U . to the resonator. Such operations may comprise one or more

steps in which energy (e.g., a time-varying pulse) is applied to the qubit, to the resonator, or

to the qubit and the resonator simultaneously.

[00102] According to some embodiments, in act 306 where the error syndrome
measured in act 304 indicated one or more dephasing errors, the transformation applied in
act 306 is configured to recover the state prior to dephasing by performing a state transfer
between the subspaces of the error and logical codewords (e.g., produce the state transitions
given by Eqn. 4). In the event of a dephasing error, the operator 7 takes the state to a
superposition of the logical codewords and an orthogonal set of errors words, as in Eqn. 8.
This event can be diagnosed and the quantum state restored by a projective measurement

followed by a conditional unitary operation.

[00103] According to some embodiments, in act 306 where the error syndrome
measured in act 304 indicated a no jump error symdrome, the transformation applied in act

306 1s configured to recover a state prior to when the measurement was made.

[00104] According to some embodiments, when the error syndrome measured in act

304 indicated a no jump error symdrome (e.g., no boson loss was detected), the quantum
1

state |y/> = 0’|WT> +:3|W¢> transforms to |y/'> = Eo|y/>/<yll ng?o I y/>2 under the no-jump

evolution given by ﬁo = exp(— xdtAi/2). The code of Eqn. 6 is protected against the single

boson loss error that occurs with probability P, = <E1*E1> ~ 7 kdt + O[(xd¢)’] . Thus,

according to some embodiments the no-jump evolution can be determined to the same

accuracy:

7 Kd ~ — 2
|w>{1—7t<n—n>}|w>+0[<xdt> ]

= aw, )+ x| E2))+ glw, )+ Ol (Eqn. 16)
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where |E§J > = (| 0) —|4>)/ V2 is the error word associated with the no-jump evolution. Note

that |W¢> = 2 1s unaffected by the no-jump evolution as its excitation number is equal to the

mean boson number. To the first order in adz, the no-jump evolution causes deterministic

rotation inside the subspace {|WT > | E$>} . By applying a unitary operation,

0, = cos e [w, 2 || £2Y(w.|) (Eqn. 17)
+sin wde(w, Yov |+ EWE )+ [w, Yow |

the original state can be recovered to first order in &dz.
[00105] Alternatively, the recovery may be performed by a measurement projecting to
the subspace of logical codewords. By combining detection and correction of both the

boson loss and the no-loss errors, the total recovery process is R = {Iéo, Iél} described by the

Kraus operators R, =U, P ,,, where P,

 mod> 18 @ projector to the boson number subspace

k mod 2, that is, to a parity subspace. The recovery processes results in,
R(E(P))= p+O[(xdr)?], that is, correction of the error process to the first order in xdz as

desired.

[00106] In summary, in act 306 the single mode codes described above can protect
against up to L boson loss errors and against no-jump evolution up to order (xdf)" using the
above-described techniques. That is, the codes are approximate quantum error correction
codes protected against £, = {Eo,ﬁl,...,ﬁ , } with the same accuracy. Physically this means
that if observation of boson loss errors up to a maximum of L times does not yield any
information on population and phases between the logical code words |Wg> , then also the
observation of no-jump errors < L times yields no information and has measurement
backaction that does not deform the state. In other words, the codes for

r3 L= {1, a,a’,... ,&L} are protected against the no-jump evolution to the same order than the

codes are protected against boson jump errors.
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[00107] FIG. 4 is a flowchart of a method of correcting one of three classes of errors
that occur within a bosonic system, according to some embodiments. Method 400 is a
particular example of method 300 performed within a system comprising a qubit coupled to

an oscillator (e.g., system 500 discussed below in relation to FIG. 5).

[00108] In act 402 the state of the qubit is encoded in the oscillator using one of the
binomial codes to represent the state of the qubit in the oscillator, illustrative techniques for
which are discussed above. In acts 404, 406 or 408, an error syndrome is detected that may
be a photon gain/loss, dephasing, or a no-jump error, respectively. Illustrative techniques to
detect such errors are discussed above. In acts 405, 407 or 409, respectively,
transformations are applied to the qubit-oscillator system to correct these errors. In some
embodiments, acts 405, 407 and/or 409 may comprise application of electromagnetic pulses
to the qubit and/or to the oscillator to perform unitary operations that perform such
corrections. For example, those unitary operations discussed above in relation to FIG. 3

may be performed via said application of pulses.

[00109] FIG. 5 is a block diagram of a circuit quantum electrodynamics system,
according to some embodiments. System 500 includes a system 501 in addition to
electromagnetic radiation source 530, controller 540 and storage medium 550. In some
embodiments, a library of precomputed drive waveforms may be stored on a computer
readable storage medium and accessed in order to apply said waveforms to a quantum
system. In the example of FIG. 5, controller 540 accesses drive waveforms 552 stored on
storage medium 550 (e.g., in response to user input provided to the controller) and controls

the electromagnetic radiation source 530 to apply drive waveforms &4(t) and g,4(t) to the

qubit and oscillator, respectively.

[00110] System 501 includes a physical qubit 510 and a quantum mechanical oscillator
520. In the example of FIG. 5, the qubit and the oscillator are dispersively coupled — that is,
the qubit-oscillator detuning is much larger (e.g., an order of magnitude larger) than the

coupling strength between the qubit and the oscillator. An electromagnetic signal g, (t) may

be applied to the physical qubit 510 and an electromagnetic signal €,¢.(t) may be applied to
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the quantum mechanical oscillator 520. As used herein, application of such an
electromagnetic signal or pulse may also be referred to as “driving” of the qubit and/or

oscillator.

[00111] According to some embodiments, drive waveforms &4 (t) and £,5,(t) may be
determined via numerical techniques for a particular desired state change of the system 500.
In particular, suitable drive waveforms may be determined that allow £, (t) and £, () to be
applied simultaneously to the physical qubit and the oscillator, respectively. The drive
waveforms £4(t) and €,,.(t) may be applied during the same time period (i.e., may start
and end together) or may simply overlap in time. These drive waveforms may be stored in
the storage medium 550 in library 552, having been previously computed to transition the
system 501 from an initial state to a desired final state. According to some embodiments,
the drive waveforms may include waveforms that, when applied to the qubit 510 and
oscillator 520, transition the oscillator from state that is a superposition of error words into a
superposition of logical codeword states, as described above. For example, the drive
waveforms may include waveforms that, when applied to the qubit and the oscillator,

produce the state transitions given by Eqn. 4.

[00112] FIG. 6 illustrates a two-parameter (N,S) labeling of the binomial codes (Eqn.
11). The largest circle denotes the code (Eqn. 6) protected against a boson loss error L =1,
the large square is the code (Eqn. 7) protected against Ez ={1,4,a4>,n} or E‘z ={1,4,a",A)
, and the large diamond denotes the code (Eqn. 9) protected against 3 "={l,a,n}. The

parameter S = L+G sets the total number of detectable boson loss errors L and gain errors

G . The parameter N sets the maximum order the code is protected against boson loss, gain
and dephasing errors N = maX{L, G,2D}. The codes shown on or between the lines labeled
“S=2N" and “S=N" have protection against boson loss and gain errors set by S =L+G and

in addition they are protected against dephasing up to 7" . The codes to the left of the line
labeled “S=2N" allow in addition heralding of § —2N uncorrectable boson loss or gain

errors. The codes to the right of the line labeled “S=N" are protected against a total of §
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boson loss and gain errors, as well as against up to T dephasing errors. The error words
of a binomial code are also valid logical codewords but with a reduced value for the
parameter N, since a boson loss or gain error decreases N — N —1 and a dephasing error

reduces N > N-2.

[00113] Note that the spacing between the occupied Fock states is § +1 in the
codewords (Eqn. 11). This means that all boson loss and gain errors can be uniquely

distinguished by measuring boson number mod.S +1. Next, the quantum error correction
conditions in Eqn. 5 imply that <W6 l@h'al W6> for all ¢/ <max{L,G} be equal for the

two logical codewords, just as the mean boson number of the logical codewords (Eqn. 6)
was required to be equal. Inclusion of dephasing errors makes the QEC matrix (Eqn. 11)

non-diagonal, but it follows from the binomial coefficients that dephasing errors up to order
[max{L, G}/2] (where the square brackets indicate integer part of) are also corrected by

these codes. The spacing S = L+ G sets the maximum number of detectable and correctable
boson loss and gain errors and L+1 can be seen as the distance of the binomial quantum
codes. The highest degree of dephasing correction can be increased via N without limit.
Note also that since the binomial codes are protected against the error set in (Eqn. 10), they

are also protected against all errors that are superpositions of these, such as displacement

errors D(a) = exp(ad’ —a*d) for small « .

[00114] FIG. 7 illustrates the rate of entanglement infidelity for binomial quantum error
correction codes, according to some embodiments. Ignoring first infidelities in the recovery
process, the performance of a binomial code may be estimated by the rate of uncorrectable

errors. When including several error channels, that is boson loss, boson gain and dephasing
errors with rates K, k. and ¥, the exact expression for the dominant uncorrectable error
depends on the relative ratio of these rates. However, it is physically reasonable to assume
that the boson loss channel is the dominating one, K> K, Y. Then, the rate of uncorrectable

errors is also dominated by the largest uncorrectable boson loss error rate, that is, the error

L+1 L+1

rate P, /dt= <]EA?T E,., >/dt of losing L +1 bosons during dz . This scales as (xdz)*S*™*'
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which implies that for a time step dr there exists an optimal binomial code with finite L, S

and N that minimizes the uncorrectable error rate among different binomial codes.

[00115] FIG. 7 illustrates the rate of entanglement infidelity ﬁe/dt , in units of &,

plotted as a function of the time step d¢, in units of 1/x, for the binomial codes of Eqn. 11
with § =L =1, 2, 3,4 and 5 as labeled in the figure. In the example of FIG. 7, a perfectly
faithful recovery process is assumed for the purposes of illustration. Note the logarithmic

scale of each axis. The dashed line in FIG. 7 indicates the performance of a naive encoding,

‘WT , ¢> = |0/ 1> , whose rate of entanglement infidelity at small d¢ approaches &2
corresponding to the rate of a boson loss with n =1/2. The binomial codes described herein
outperform the naive encoding approach with time step dr0.4x™" and the binomial codes
with L>2 become favorable with time step df0.2x" . Entanglement infidelity may be
caleulated as 7, =1-F, =1-Y " S 1Tr(p.RE)P, where p, =3 |W, )W, |/2. The
entanglement infidelity is in general dependent on the input state. However, here we use the
fully mixed state p, as an input since then the entanglement fidelity is equal to the ¥,
component of the process map. At small dr, the slopes of Ii/dt agree well with the slopes

for the rate of the largest uncorrectable error P, /dt.

[00116] In the example of FIG. 7, we have demonstrated the performance of the
binomial codes for S =L =0,...,5 via the rate of the entanglement infidelity which, in the

absence of infidelities in the recovery process and at small time steps dz, is well

approximated by largest uncorrectable error rate. Physically the observed scaling can be
understood since the mean boson number 7 = %(L +1)(S +1) increases quadratically with

the number of protected boson loss errors L implying faster decay of the code words and
that to achieve the advantage of higher-order protection, the checking times dr may be made
appropriately smaller. Larger codes are preferable for smaller checking times. However, an
experimental infidelity £ related to a single recovery stage increases the error rates by &/dr

favoring low-order binomial codes with longer time steps (see Appendix C). The optimality
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of a code depends also on the detailed structure of the experimental recovery process; some
of the infidelities can be correctable errors suppressed by the next round of the recovery
process. In the presence of known error sources, the confidence of the error detection and
consequently the fidelity of the recovery process can be improved by the means of quantum

state filtering and smoothing, that is, using effectively the measurement record.

[00117] Aside from improving lifetimes of quantum memories and quantum bits,
bosonic mode quantum error correction is also useful for quantum communication which
consists of quantum state transfer and generation of high-fidelity entangled pairs of quantum
bits between two distant locations or nodes in a quantum network. As discussed above, a
photonic or other bosonic system may be used as a communication medium wherein a quibit
(or other quantum system) has its state mapped onto the bosonic system, which transmits or
otherwise transfers the state across physical space, and maps the state onto a second qubit
system. In this manner, the bosonic system acts akin to a fiber optic or other communication

medium utilizing light by transporting information across a physical space.

[00118] We consider here an illustative task, namely the ‘pitch-and-catch’ scenario for
a quantum state, schematized in FIGs. 8A-8B. FIG. 8A is a sketch of a circuit QED
hardware proposal and FIG. 8B is a schematic of a quantum state transfer scenario utilizing
encoding and quantum error correction of the binomial quantum states. In the example of
FIGs. 8A-8B, after encoding the qubit state to the send cavity, by controlling the cavity
decay one can tailor a temporal mode for the flying, traveling oscillator mode that is fully
absorbed by the receiving cavity. The received cavity state may have suffered from photon
loss errors (Eqn. 14), dephasing and photon gain errors that can be recovered by performing

the recovery process before decoding it to the physical qubit.

[00119] The illustrative scenario of FIGs. 8 A-8B comprises initializing the qubit A into

a superposition of the ground and excited state 0(| e)A +f8 | g)A , encoding (a unitary swap

operation) of the qubit state into the logical codewords of the send cavity aW,® + ﬂWf using

one of the binomial codes, letting the cavity state leak in a time-reversal symmtricd manner

(pitch) into a transmission line or to other kind of a flying oscillator oW, + ﬂWf such that
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the inverse process (catch) is most efficient into the receiving cavity aW." + ﬂWiR . The
transfer is finalized by decoding (a unitary swap operation) the received cavity state to the

qubit B resulting in 0(| e)B +f | g)B , corresponding to a transfer of the qubit state between

the qubits. The remote physical qubits can be entangled by replacing the first swap with a
CNOT-gate between the physical qubit A and logical qubit of the cavity.

[00120] The process is vulnerable to various errors and infidelities at the different
stages of the transfer process. The most obvious imperfection is the attenuation of the state
of the flying oscillator by photon loss processes, similar to (Eqns. 12-14), during the
transmission. The local decoding and encoding operations between the cavity and qubit
states can be imperfect as well. An important part of the ‘pitch-and-catch’ process is the
engineering of the temporal mode of the flying oscillator so that the catch by the receiving
cavity is as reflectionless as possible. Reflection can be modeled as an additional photon
loss process. In addition, the cavities can suffer dephasing events through uncontrolled
transitions of the qubits and the cavity states can decay also to unwanted channels not just to

the transmission channel. If one uses naive encoding W, photon loss errors lead to

exponential loss of process fidelity as a function of transmission distance and similarly other
errors lead to unfaithful transmission. When using the binomial codewords or other
quantum codes as the logical codewords in the cavities, the fidelity can be increased by
performing a recovery process on to the received cavity state before decoding it to the
receiving qubit B. This way one can improve the fidelity by the amount that the correctable

errors (Eqn. 10) contribute to the full error process.

[00121] In classical communication we typically use the continuous variables of
amplitude and/or phase of the electro-magnetic field to transmit a signal. One of the popular
coding schemes is the phase-shift keying (PSK), which is a digital modulation scheme that
conveys data by changing/modulating the phase of a reference signal. For example, the
quadrature phase-shift keying uses the 4 equal-spaced points (@, ia, -o, -ia) on a circle with

radius « in the phase space to encode 2 classical bits of information. Generally, we can use d

277 to encode log, d classical bits

AAAAA
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of information. In the presence of signal attenuation, PSK can reliably encode the
information so long as the phase of the reference signal can be reliably extracted. Owing to
its simplicity, PSK is widely used in existing technologies in classical communication, such

as the Bluetooth 2 standard and wireless LAN standard.

[00122] There may be a class of quantum continuous variable codes that is closely
related to classical PSK encoding. The binomial codes can be regarded as a code that can
correct multiple excitation loss errors, which can be used for quantum communication. In
particular, it can be used for correcting photon loss errors in the third generation of quantum
repeaters. In the perspective of secure quantum communication (quantum key distribution,
QKD), the binomial codes defeat eavesdroppers. While an eavesdropper could try to probe
the communicated codewords by removing a small number of photons from the code words
or by acting with another operator that the code is protected against, the eavesdropper would
not acquire any information about the word being sent. This is because those photon losses
do not give any hint as to which code word they came from. Indeed, this is precisely why

the intended receiver can still recover code words despite losses.

[00123] According to some embodiments, the example of FIGs. 8A-8B could be
repeated a number of times to cross a larger distance. In other words, a quantum repeater
could be produced that utilized a number of cavities between an initial send cavity and a
final receive cavity that each receive, then send the state (by leaking the state out of the

cavity).

[00124] According to some embodiments, a quantum communication system may be
formed that links microwave resonators via optical fiber(s) and/or via other suitable means
for propagating electromagnetic signals. For instance, optomechanical transducers can
perform quantum state transfer from a microwave resonator to flying optical photons (and
the reverse down-conversion) via an optomechanical transducer. Such converters could play
a central role in quantum communications. According to some embodiments, such
communication comprises up-conversion from microwave to optical, transmission of the
optical state through a fiber and then down-conversion from optical to microwave at the

remote location. All three steps could involve photon loss, gain or dephasing errors. Thus
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rather than using the 0 and 1 photon number states to hold the quantum information it may

be useful to use binomial codewords |WT>,|W¢> which can be corrected for such errors as

described herein.

[00125] FIG. 9 is a block diagram of a single-qubit, two-cavity system suitable for
implementing two-mode codes. System 900 is another example of a system in which the
two-mode (binomial) codes described above may be implemented. The single-qubit, two-
cavity experimental configuration shown in FIG. 9 is in principle sufficient to realize

universal control of the two modes for the following reasons.

[00126] The Hamiltonian of the dispersive coupling between the qubit and the cavities

2
is of the form H , , = Z Z]_&;& ;6. . where d,is the annihilation operator for the jth mode.
i=1

Additional Hamiltonian terms come from independent drives on the cavities
H,, = a';& +a j[f , and the qubit H o =10, where the &, and 7 are externally controlled.

The existing Hamiltonian terms can generate a more complex effective Hamiltonian using

the approximate identities:
eiAdteiEdteiﬁdteiAdt — e2i(1§+§)dt + 0(8t3) (Eqn. 18)
e—iﬁdte—iédteiﬁdteiédt —e [4, B]dt? + 0(6t3) (Eqn. 19)
These identities can be applied and combined multiple times to produce superpositions of
higher order commutators; [/f [A, B]]

[00127] To establish universal control of the multimode system, it may be sufficient to

show that each mode can be universally controlled, and that it is possible to generate a
beamsplitter interaction X;p; — X;P; (equivivalent to ﬁiﬁ;r + ﬁjﬁ;r) between different modes
i # j. Using the identity (Eqn. 19), the cavity drives along with the dispersive interaction

generate effective, qubit-coupled drives on an individual cavity:

Ty _ N sat 02 ata =~
iHj er = [a]-a]- — q; a;r, 1 o1 Xk aﬂakcz] (Eqgn. 20)
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= 1X]62(a]’ei] + h. C.)
[00128] Choosing a; to be real or imaginary results in effective operators « p;0, or
X;0,. Combining these with pre- and post-rotations of the qubit yields, e.g. X;0y. Applying

(Eqn. 19) again enables the construction of products of the mode operators, for example:

186y, 1%;5,] = iRi%;5y (Eqn. 21)
[iPi8y, i9;6,] = iPiDjox (Eqn. 22)
[i%iBy,1D;8,] = i(RiP; + DjRi)Bx (Eqn. 23)

[00129] Using (Eqn. 18) to sum (Eqn. 21) and (Eqn. 22) with i = j gives a single mode
dispersive interaction, which in combination with external cavity drives is enough to
produce single mode universal control. Superposing (Eqn. 23) with the same term with the
opposite sign and i © j produces the beamsplitter interactions that are sufficient to give

universal control of the multimode system.

Appendix A - Extended binomial codes

[00130] In this section we show that the expectation value of the moment of the photon

number operator 7 is identical for both codewords W, from Eqn. 11. In other words, we

show that
(W, |a'|W,)=ea, for 0<¢<max{L,G} (A1)

and for some real o -independent ¢, . The ¢ =0 case conveniently takes care of

orthonormality between the codewords while the ¢ # 0 conditions guarantee that the words
can be corrected from various errors (up to the relevant order). We then extend the definition

Eqn. 11 to qudits and perform a similar proof for moments of the qudit codewords.
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A.1 Moments of 7 : binomial codes

[00131] To prove the Equation (A1), we show that the difference of the moments of
W, and W,

A, = <WT |ﬁz

W) - (W, |7'|w,.) (A2)
[00132] is zero. Using definition (Eqn. 11), the difference between the even and odd
populated words is

A = (S+1) N”(NHJPZ(_HP.

N
2 P (A3)

N+l
[00133] For £ =0 , the sum is equivalent to a binomial expansion of (I+x) with

x=~1 (which is clearly zero). The nonzero ¢ case is equivalent to taking derivatives of the

binomial expansion and multiplying by x (before substituting x = —1). This is because each

action of the derivative brings down a power of p while multiplication by x bring x” -
back to x”. In total,

¢ l
A, =8+ (X%J (14 x)*

A4
o (A4)

x=—1

N+
(1+297" subtracts one from the power

[00134] Each action of the derivative acting on
N +1. Since £ <max{L,G}, the largest subtracted power is max{L,G}. However, since

N =max{L,G,2D} (where D accounts for dephasing errors and is not relevant here), there
will always be a nonzero power of 1+ x remaining after the action of the derivative.

Therefore, the expression (A4) is a polynomial in x and 1+ x containing only nonzero

powers of 1+ x. Substituting x =—1 into that polynomial yields A, =0.
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A.2 Qubit extension

[00135] To generalize the binomial codes to qudits, we first define a Fourier

transformed qubit basis {|Vi~/ﬂ>} 40, DY taking a normalized sum and difference of the

codewords {|W, )}, _;

7.) JZN—NZ< >\/( j|<5+1>p> (A5)

[00136] The Greek indices ,v are for now evaluated modulo 2. This basis allows for

a similar proof of the moments of 7 being equal as above and reveals a straightforward

extension to the qudit case. We first introduce the extension and then produce the proof.

[00137] We extend the above qubit states to the qudit case using extended binomial
coefficients (see and refs. therein; these are also called polynomial coefficients). Letting

d 21 be the dimension of the logical qudit space, we define extended binomial coefficients

n
recursively, starting from the ordinary binomial coefficients. Defining [ ] =1 and
m
1

n n
[ ] E[ ] for nonnegative integers n and m , the extended binomial coefficients are
2

(ZJ EZLZImIik] (A6)

[00138] These coefficients, first studied by Euler, show up next to powers of x in the
expansion
(d=1)nk n
(4x+..+x7) = ( ] X (A7)
k=0 k d
[00139] Notice that the largest power of x in such an expansion is (d —1)n, which

reduces to n for the well-known binomial case. The last ingredient to generalize to qudits is

the generalization of (14 x)" = 0 used in the proof above. For this, we introduce d th
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roots of unity w =exp(i %7”) and recall that adding all powers of w from zero to d —1 gives

zero. This reveals a set of identities useful in defining and proving the error correction

properties of the qudit states:

(d-1)n
O=(1+w+...+wd_1y= Z(Z] wh (A8)
k=0

d

[00140] This sum is also zero for any nonzero power of w,i.e., w —w for nonzero

integer [. For the zeroth power, the sum gives d”.

[00141] We now generalize the binomial codewords to
N 1 (d-1)(N+1) [N + 1]
W )= w S+Dp (A9)
‘ /‘> / 4N = p dl >

where the Greek indices 1#,ve{0,1....,d —1} are from now on evaluated modulo d

and d > 2. Similar to the qubit case, S=L+G and N = maX{L, G,2D} ( L quantifies the

number of correctable loss errors, G the number of correctable gain errors, and D the
number of correctable dephasing errors). We call these codes extended binomial codes to

distinguish them from quantum polynomial codes.

A.3 Moments of * ; extended binomial codes

[00142] Similar to the qubit case, it should be clear that the spacing S +1 between the

nonzero Fock state populations of |Vi~/ﬂ> guarantees that <V[~/ﬂ |&”€/ |Vi~/v> =0 for all positive

differences £—¢ < S+1. Therefore, to satisfy the error correction criteria, we are once again
left with determining the powers of n which can be used to construct any diagonal (in Fock

space) products of error operators. Here we show that

~

W >: a6, (A10)

u+v

i’y = (W, [’

u

where ¢, are real and g -independent. Using definition (A9), we notice that
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L (d1)(N+H) N+1
@ty =8+ ( j W' (Al1)
d

dN +1 =
and the u -dependence is immediately canceled. We now relate this sum to Equation (A7).

[00143] For /=0, the sum is equivalent to the expansion of (1+x+...+ 2™ with
x=w". Equation (A8) reveals that this sum is zero unless v = 0, proving that {|Wﬂ>}fl:0 are
orthogonal. For the v = 0 case, W’ =1 and Equation (A7) yields d M proving that

{‘Wﬂ>}fl:0 are properly normalized.

[00144] The nonzero /¢ case is equivalent to taking derivatives of the expansion (A7)

and multiplying by x (before substituting x=w"). In total,

£
oo (S+1)( d WA
) = (14 x+...+x) By (A12)
[00145] Similar to the ordinary binomial case, each action of the derivative acting on
(1+x+...+x*™")"! subtracts one from the power N +1,but N is large enough so that

there will always remain a nonzero power of 1+x+...+ x4 remaining after the action of all

derivatives. Therefore, each term in Equation (A12) contains at least one nonzero power of

I+ x+.. . +x Substituting x=w" into each term yields zero unless v = 0 and so

Equation (A10) holds.

[00146] The «, for the first few ¢ can be easily determined from this method:

a, = (S+1)(d—1)(N+1) (A13)
o, =8 ;21)2 (d -V 1 D(d -GN +4)+2]
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[00147] The coefficient ¢, is the mean photon number of the codewords, which we see

scales linearly with the spacing S, the qudit dimension d, and the maximum number of

correctable errors of one type N .

A.4 The Unitary Control of the Binomial Code Recovery Process

[00148] We summarize here the conditional unitary control for the recovery of the
binomial codes under photon loss channel. The binomial codes are tailored such that the
photon loss and gain errors are detected by measuring changes in the generalized photon
number parity that serves as a proxy to number of lost photons in a short time step. With
superconducting circuit QED technology the ability to measure photon number parity stems
from the strong dispersive coupling of an ancillary qubit to the cavity H = x6.a'a. When

the strength of the dispersive coupling jy is stronger than the decay rates of the qubit and the

cavity, one can drive the qubit conditioned on given photon number states of the oscillator.
This can be then used for photon number conditioned qubit operations, such as flipping the

qubit state conditioned on a generalized photon parity

ﬁkmodLJrl = ZZ:kmodL+1|£><£| :

Uimd i = 6)( kmod L+1 +Iq(1_chodL+1)’ (Al4)
[00149] After this operation, the measurement of the qubit state realizes measurement

~

of the generalized photon parity and projection of the cavity state by B, ;. - Error

detection is followed by a correction unitary U . that performs a state transfer between the

logical codewords |WG> and the error words |B§> = B, |W(7 >/\/ <W(7 |1§,f B, |W6> , where the

error operation ék is the approximate of the Kraus operator E . to the L/2:th power in Dt

for £ #0 and for k£ =0 it is to the L:th power. Again the strong dispersive qubit
interaction, individual qubit and cavity drives is enough for implementing any unitary to the

cavity. The generalized photon number parity measurement and the subsequent unitary
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transformation implements the Kraus operator I%k =U kIA’kmod 141 - Repetition for all of the

values of k realizes the full recovery process R = (U kIA’kmod 1t

Appendix B - Derivation of the Kraus operators E,

[00150] Here, we derive the Kraus operator representation
p0y=>p, )= E,pE! (B1)
£=0 £=0

of the time evolution generated by the standard Lindblad master equation

AP K (ynnnt stnn  anin

—=—\2apa"-a'ap-pa‘a) Eqn. 12
VD) (2ap p—pa'a) (Eqn. 12)
[00151] The zero-jump contribution is only by the no-jump evolution under the non-

... . . ~ A QU
Hermitian Hamiltonian V/4 = —1EaTa ,

po()=e 2 p(O)e > (B2)
[00152] The single jump contribution P,(¢) consists of the no-jump evolution
interrupted by a jump and averaged over all possible jump times,
. K(Z—T);l ﬁﬁ —ﬂﬁ _K(I—T);l
P = LKA% 2 ae 2 p(0)e 2 ae 2
=(1—e™k 2"ap0)ate 2", (B3)

where xA7 is the probability for a jump during Az . Similarly the double jump contribution

is
¥ & Kt
A (1_6 KI) 77;’,\,\,\ AT AT *7;’
P, (1) = Te aap0ya'a'e * , (B4)

and the general term for / jumps is
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R i
ﬁm:@e Capoyatye *, (BS)

where we gather the analytic expression for the Kraus operators

E, = ne_gn&”} = wlnek’“f/e_gn. (Eqn. 14)

where 7, = (1—e™™)’//¢! is related to the probability of the process p — E , PE ,. When
considering a small time interval At and expanding E , to the lowest order in xAt , we see
that roughly speaking a photon loss error occurs with a probability proportional to Vi .
[00153] If this is a proper Kraus representation, it obeys the identity relation

Z:1=o A; Ez =1 . From (Eqn. 14) we have

A N SN—e™) i ain

E=DEJE, = Zu(a*)fe a'. (B6)
£=0 £=0 g'

[00154] To see if this is the identity, we apply it to an arbitrary Fock state m and

recognize the resulting binomial expansion yielding

4 -
A m (l—e™ ) le™ !
B = Z (1 e ) (e Y’ m_ |
=0 o (m—=10)!
= Z(l —e™” )Z (e_"’ yH (m] m
£=0 E
= m. (B7)
[00155] Since this is true for every m , the identity relation B =1 is indeed satisfied.

The Kraus operator expansion is not unique. This particular form organizes the errors

according to how many photons are lost. Because of the no-jump evolution in between the

jumps, the error operator for ¢ photon losses is E , and not simply a.
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Appendix C - Analvsis and optimization of the binomial code performance

C.1 Unfaithful recovery process

[00156] Above we showed that the performance of a binomial code (Eqn. 11) protected
against L photon loss errors is well analyzed by the largest rate of the unrecoverable errors,

that is the rate of losing of L+1 photons during a time step At,

Ay
<EL+1EL+1

P

L+l __

At At

> (’ADE LM, (CDh

where we have for simplicity assumed that § = L . The recovery process is practically
always associated with an infidelity related to unfaithful gates and imprecise measurements.
We model this so that performance of the code is characterized by the error rate that is sum
of the largest of the unrecoverable errors and the infidelity £ of the recovery process:

B voant e+ £ (C2)
At At

1
where N is the prefactor of the F,, scaling. The optimal time step is Az, = (§LN)**'/S

which balances between minimizing the rate of unrecoverable errors and the infidelity of the
recovery process itself. With this optimal time step, the best performance of an unfaithfully

recovered binomial code scales as function of £ as

port L 1 L2 1
zt =gl+l [ JL L4 } N L+ (CS)
[00157] The performance benefit of higher order codes is achieved only with small ¢ .

C.2 Optimization of the recovery process

[00158] A simple way of making a sub-leading improvement in the fidelity of the

recovery process of the codes is to add a unitary ‘echo’ operation U _ that performs state

transfer |WT> e ‘W¢> to the recovery operations R’ )= U XI%Z .
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[00159] In general, given the error channels, the most optimal recovery process of a
binomial code can be found by overall minimizing the averaged infidelity that can require
numerical optimization by semi-definite programming. The optimized recovery process
cannot beat the overall accuracy limit set by the binomial code itself but the pre-factors of

the higher-order, uncorrectable terms in the infidelity can be made considerably smaller.

Appendix D - Non-diagonal codes

[00160] An analytic example is the code

|WT>:%(\/7—\/ﬁ|0>+\/\/ﬁ—1|3>) (Dla)

|W¢>:%[\/9—\/ﬁ|1)—\/«/ﬁ—3|4)} (D1b)

that protects against errors &€, = {80 ,81} up to first order in xAr similarly as the binomial

code L =S = N =1 but with remarkably lower P, and n = (\17 =1)/2 =~ 1.56 . Here, the

only way to detect errors is to make projective measurements into the logical word basis
13W = Z(J W, ><WG | followed by the swap unitary performing |W6> < <E i | if the
measurement yields a negative answer, realizable with the current technology.

[00161] This code can be further extended to be protected against also against photon

addition errors resulting in

|WT>:%[\/9—W/E|0)+\/«/E—1|4)} (D2a)

|W¢>:%[Jn—«/ﬁh)—x/«/ﬁ—ﬂs)} (D2b)

with lower 7 = (+/21-1)/2 =1.79 and P, than the corresponding binomial code.
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D.1 The error correction process for non-diagonal codes

[00162] Here we describe in detail the error correction process for non-diagonal codes
with QEC matrix (W, || E[E, I|W,.)= B,6,, , where E,, k=0,1,...,L and S, are entries
of a Hermitian matrix that is not readily in a diagonal form. Based on the hermiticity we can

diagonalize the matrix /S, such that
<W0' | I ﬁ;ﬁfz ||Wo"> = Bk5k15w’ (D3)

where the true errors can be expressed with the help of the diagonalized errors

L
E =YYk, (D4)
m=0
[00163] This physically means that whenever a true physical error E . occurs to a

quantum state |y/ > = 0{|Wl> +f |W2> the quantum state is transformed to a superposition of

the diagonalized error states F |WG> = |F6’"> :

: Ely
) =—T> (DS)
WIELE )
1 L m m
S ) A,
Y AT
m=0
[00164] The error correction process starts by making a measurement that asks in which

of the disjoint diagonalized error subspaces |{FG’" }> the system is in. Explicitly, if the

measurement is executed with an ancillary L +1-level system initially in the ground state,

then one has to first realize an entangling unitary operation

0 = zp ® (0){(m] +|m X0l (D6)
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where I3m are projectors to the m :th diagonalized error subspace:

A~

B, = B, (Fr e |+ F ey ) (D7)

[00165] By using Equation (D3), one sees that is a proper projector I3m13n = I3m5mn .
Alternatively, the measurement of Eqs. (D6)-(D7) can be realized with an ancillary qubit by
sequentially performing entangling operation sequentially for m=0,1...,L

U=P 6, +(1-P)I (D8)

followed by a qubit population measurement. With both ways the measurement gives an

answer M with the following measurement backaction to the protected system:

ﬁ 2
v) —>—f4|f//> — = o| ")+ A ") (DY)
NI A
[00166] Notice that one does not know and does not need to know which of the

physical errors occurred. The error correction is finalized by recovering the original state by

a unitary operation U , that performs state transfer |W6> < |F M > . In the perspective of the

protected quantum system, the error correction process is described by the Kraus operators

~ A

A L NP
Ay =Uy,P,, ZMZOAM,OAM.

Appendix E - Approximate quantum error correction

E.1 Example of the AQEC for a non-trivial code

[00167] Here, we study in a general level the robustness of codes £ =11, a,a’,....a"

under no-jump evolution. Before considering the most general case, we start with an

example of with the optimized code (D1),

W)= 7= (V7 1710} + V17113
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W)= 7=(Yo 17117 -3]4) ) E1)

whose QECC matrix for g'l ={1,a} is diagonal. But for &, = {EO,El} the nondiagonal

elements do not identically vanish,

(W, || E.E,1|W,,)
~ (W, Wa\ta —(x\ry* 4| W, )+ Oy

= (W, |J iy Al W, ) + Ol ()1, (E2a)

due the slight mixing by the no-jump evolution. As there is a non-vanishing term
3

(I(At)E <WT |ﬁa|W¢> in the QECC matrix, one may wonder whether the highest uncorrectable

3

error for €, with the code (D1) is of the order of (x&Af)* or (I(At)E .

[00168] The effect of this is best seen by explicitly going through the error and recovery

processes. Under the no-jump and photon jump errors, the quantum state

A

|y/> = 05|WT>+ ,B|Wi> transforms, respectively, to |l//,;> = E,5|l//>/<l//|EJE[

)2

o) = |w)+ ai(C,a| £2)+ 7,8 £2))
(E2a)

)= 1= 18T w1 pl-tar ] )
+ BT KA W, ) (E2b)

to the first order in AA? , where the coefficients are To =+ (Jﬁ_3)/2 s Yo :% 3\/ﬁ -11,

and y, =2/(3+ V17 ) are independent on @ and . The normalized error words for the no-
jump errors are

48



WO 2017/151200 PCT/US2016/064609

‘E$>:%[\/\/ﬁ—l|0>—\/7—\/ﬁ|3>), (E3a)

1
‘Ef>:%[\/\/ﬁ—3|l>+\/9—\/ﬁ|4>), (E3b)
and respectively for the photon loss errors,
)=2.fe1)= %) )

where one notices that the error words overlap between the two errors |Ei> = |E $> captured

3

by the non-vanishing non-diagonal term (I(At)E <WT |ﬁa|W¢> .

[00169] The recovery process is R = {U o(1- 131 ),U 1131 }, where F is projection to the
subspace of words after a photon loss error {| E! >} , the unitary operation U , performs state
transfer |WG> < |E;> and the unitary operation U , performs the state transfer

|W¢> > |W¢>+ KAt70|Ef> similarly as with the code (Eqn. 6). Thus, the combined error and

recovery processes give

i}[iﬁmﬁzjﬁz -SR( 3ot i + ol

£=0

(po|'//o><l//o|+po|'//1><l//1 RT""O[(KAZ‘) ]

WMH

= YR [a-manlv, Yy |+ andw X [IR] +Olan’]

= p+ 0 [T 1a P |ESYEL|] +Olxan? = p+ O]

where on the first line we have written the effect of the evolution by the Kraus operators

with the help of the probability of process p, and the resulting state |y/i ><l//i | of Equation

(E2a). From this expression we see that many terms that are first order in |y/i> together with
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the corresponding probability actually produce a higher order term. The second term from
the left on the last line comes from the overlap between the two errors causing a

misidentification error in the measurement and subsequent failure in the state transfer
process, that is IA€1EO ﬁf?g I@f # 0. With a probability scaling with (xAr)* the no-jump error is
corrected with the unitary correcting photon loss errors. However, since the resulting
infidelity is of the order of (&Af)* this error can be ignored to the order xAr we are

protecting to.

Appendix F - The multimode codes

[00170] Even in the event of no photons being lost, the Kraus operator

~

E, = exp(—%ﬁKAt) has a non-trivial effect on the code words, and it is desirable that this be

corrected. This can be avoided if the words are superpositions of states with the same
excitation number by combining multiple physical elements. In particular, some multimode
bosonic codes have the same structure as the single mode codes presented here, but

entangled across multiple photon modes, e.g.
Wy) = oa)+lach.  [wi)=]22), )

where nm 1is a state with n photons in one mode and m in the other. This code consists of
two copies of the one mode code, Eqn. 6, with the words entangled between two modes.
These codes could be realized in recently constructed systems of two cavities coupled to a
common transmon qubit, used to perform unitary operations on the combined cavity system.
[00171] Assuming identical photon decay rates x for both modes, the Kraus evolution

operator in the absence of photon losses from either mode is EOO = exp(—(n, +1,)kAt) , so

that E,, |WJ> = exp(—2xkAr)W,_ and the code words are unchanged. The correctable errors are

still single photon losses, which can occur from either of the two modes, giving rise to

different error words:
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W) = |EX)=[30) o |E2)=]03), (F2a)
W)= |E)=[12) or |EX)=|21). (F2b)

where |E ;1> is the error word after a photon loss from mode i. A parity measurement on

each mode can distinguish from which mode the photon was lost, and so be used to

determined whether to correct the error words |E;1> or |E j1> . The unitary operations

required for error correction are swaps |E ;1> < |W6> , that is unitary operations
0, = YN Es)w, [+ w ) ez 1,.e (F3)

where 1 denotes the identity operation that completes U ., to a unitary operation in the

Hilbert space with total number of bosonic excitations < 4. These are similar to the one-
mode corrections, except that they involve creating states that are entangled between the two
modes. This may be realizable using an experimental setup comprising entanglement
between two cavitie. However, such an approach is likely to have lower fidelity than the

equivalent one-mode operations.

[00172] As in the single mode code, the fidelity of the error correction may be
determined by the rate of uncorrectable errors and for small xAr this is dominated by two
photon losses. There are three paths of two photon loss from the states of the two-mode
code, compared to one path for the one mode code, Eqn. 6. Assuming equal &, the rate of
two photon losses via each path is the same, so the rate of uncorrectable errors for the two-
mode code is three times larger than the one-mode code. Which code is preferable will
depend on the fidelity of the no-jump correction for the one-mode code, as the need for this

operation may be eliminated in the two-mode case.

[00173] Having thus described several aspects of at least one embodiment of this
invention, it is to be appreciated that various alterations, modifications, and improvements

will readily occur to those skilled in the art.
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[00174] Such alterations, modifications, and improvements are intended to be part of
this disclosure, and are intended to be within the spirit and scope of the invention. Further,
though advantages of the present invention are indicated, it should be appreciated that not
every embodiment of the technology described herein will include every described
advantage. Some embodiments may not implement any features described as advantageous
herein and in some instances one or more of the described features may be implemented to
achieve further embodiments. Accordingly, the foregoing description and drawings are by

way of example only.

[00175] Also, the invention may be embodied as a method, of which an example has
been provided. The acts performed as part of the method may be ordered in any suitable
way. Accordingly, embodiments may be constructed in which acts are performed in an

order different than illustrated, which may include performing some acts simultaneously,

even though shown as sequential acts in illustrative embodiments.

[00176] Use of ordinal terms such as “first,” “second,” “third,” etc., in the claims to
modify a claim element does not by itself connote any priority, precedence, or order of one
claim element over another or the temporal order in which acts of a method are performed,
but are used merely as labels to distinguish one claim element having a certain name from
another element having a same name (but for use of the ordinal term) to distinguish the

claim elements.

[00177] Also, the phraseology and terminology used herein is for the purpose of

Y LC

description and should not be regarded as limiting. The use of “including,” “comprising,” or

Y LC kAT

“having,” “containing,” “involving,” and variations thereof herein, is meant to encompass

the items listed thereafter and equivalents thereof as well as additional items.
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CLAIMS

1. A method of operating a circuit quantum electrodynamics system that includes a
physical qubit dispersively coupled to a quantum mechanical oscillator, the method
comprising:

measuring a parity of a first state of the quantum mechanical oscillator;

subsequent to measuring the parity of the first state, measuring a parity of a second
state of the quantum mechanical oscillator, the second state being different from the first
state;

applying a first drive waveform to the quantum mechanical oscillator; and

applying a second drive waveform to the physical qubit concurrent with the
application of the first drive waveform,

wherein the first drive waveform and the second drive waveform are selected based
at least in part on a result of comparing the measured parity of the second state to the
measured parity of the first state, and

wherein application of the first drive waveform and the second drive waveform, at
least in part, transition the quantum mechanical oscillator from the second state back to the

first state.

2. The method of claim 1, wherein the first and second states are superpositions of a
same plurality of photon number states, and wherein the first and second states have

different amplitudes.

3. The method of claim 2, wherein the first and second drive waveforms are configured
based on a duration between measuring the parity of the first state and measuring the parity

of the second state.

4. The method of claim 1, wherein measuring the parity of the first and second states

each comprises measuring photon number parity modulo 2.
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5. The method of claim 1, wherein the first state is a superposition of a plurality of

photon number states.

6. The method of claim 5, wherein the first state is a superposition of two states that

have equal mean photon numbers.

7. The method of claim 6, wherein the first state is a superposition of |W,) and |W;)

given by:

- / N+1
W, )=—7 S+1)),
‘ T/L> \/Z_Npe\%/:odd ( p j|p( )>

where N and S are positive integers, and [n) denotes a photon number state with n

photons.

8. The method of claim 6, wherein the first state is a superposition of two states that
each have a first mean photon number, and wherein the second state is a superposition of
two states that each have a second mean photon number, different from the first mean

photon number.

9. The method of claim 7, wherein the first and second drive waveforms are configured

based on the values of |[W,) and |W;).

10. The method of claim 1, wherein the first and second drive waveforms are selected
from a computer readable medium storing a plurality of previously determined drive

waveforms.
1. The method of claim 1, wherein measuring the parity of the first and second states

each comprises measuring the photon number parity modulo N, where N is an integer

greater than 2.
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12. The method of claim 1, wherein said transition of the quantum mechanical oscillator
from the second state back to the first state does not pass through a ground state of the

quantum mechanical oscillator.

13. The method of claim 1, wherein the quantum mechanical oscillator is a microwave

cavity.

14. The method of claim 1, wherein the physical qubit is a transmon qubit.

15. A system, comprising:
a circuit quantum electrodynamics system that includes a physical qubit dispersively
coupled to a quantum mechanical oscillator;
at least one computer readable medium storing a plurality of drive waveforms;
at least one controller configured to:
measure a parity of a first state of the quantum mechanical oscillator;
subsequent to measuring the parity of the first state, measure a parity of a
second state of the quantum mechanical oscillator;
select a first drive waveform and a second drive waveform from amongst the
stored plurality of drive waveforms based at least in part on a result of comparing the
measured parity of the second state to the measured parity of the first state; and
at least one electromagnetic radiation source configured to:
apply the first drive waveform to the quantum mechanical oscillator; and
apply the second drive waveform to the physical qubit concurrent with the

application of the first drive waveform.
16. The system of claim 15, wherein the first and second drive waveforms are

configured based on a duration between measuring the parity of the first state and measuring

the parity of the second state.
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17. The system of claim 15, wherein measuring the parity of the first and second states

each comprises measuring photon number parity modulo 2.

18. The system of claim 15, wherein measuring the parity of the first and second states
each comprises measuring the photon number parity modulo N, where N is an integer

greater than 2.

19. The system of claim 15, wherein application of the first and second drive waveforms
is configured to transition the quantum mechanical oscillator from the second state back to

the first state without passing through a ground state of the quantum mechanical oscillator.

20. The system of claim 15, wherein the quantum mechanical oscillator is a microwave
cavity.
21. The system of claim 15, wherein the physical qubit is a transmon qubit.
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