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| 57-Abstract

In setting the initial offering price of a financial instrument for purposes of _ .
securities trading, or.in later revaluation as economic factors, such as interest rates, S |
may change, an estimate of the value of the instrument may be represented as a multi- : ’
dimensional integral. For evaluation of the integral, numerical integration is preferred
with the integrand being sampled at deterministic points having a low-discrepancy _
property. The. technique produces approximate values at significant computational l

' savmgs and with greater rehablhty as compared with the Monw-Carlo techmque ( ll)

. (54) Title: ESTIMATION METHOD AND SYSTEM FOR F]NANCIAL SECURITIES TRADING
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~Background of ‘the . lnvention . The inventfo Eg. nanC|a|-" —

securiti eyo 9707478 adi ng such as, e.g., trading in 5t oC %géﬁiﬁ -
financi al -derivative instrunents, i ncI udi ng fut ure;EfDescnan,pt :
uri ’[ Eéo p@ed .......

'coIIaterallzed nor t gage obllgatlons : : - In ? ‘ 5
‘tradi ng, ‘whi ch i ncl udes " the i nlﬁ offe rlfc')re!% I e, "t he' ‘?Fé‘?ﬁle of t@paged D
security may - be estimated, e.g —éi%:%%%%é-exp é?Y""FQﬁﬁ)u'r@gemétif"f kOMhgeq- Y
~15. Such cash flow may depend. on variabl e interest| [} Abstmet pa('féd)[’_“_e)(% aled """"
and these and ot her rel evantixariahl pRciRY 2 ~ﬂgﬁw§g%aq stochastic 98¢ e .
variables. - It is wehbh kigyng : . i¢lg @ financial - —
.security which depends-.on f : 9] R " estimated in

ternms of a nultl-dlnen5|onal |ntegral 3 . The dlnen5|on of such an ,
integral may be.very hlgh BT In, col lateralized nor t.gage obllgatlons

(MO, for - exa instruments or securities variously
tranches, shares, Eﬁ% Paired Statesy governme %rﬁ?sac‘f%r%lnhﬁvéhrzﬁsh f1 ows
which are det eorrthe.é tinvéntlidmn@u&sdzant toilga-ram&wtcmg-sheicaeh &haw of an -

derl ly b :
- ggcg; d?“nggt SOH&CB% 225830 é'f%%%upé’s t’f%}é%ﬁ%e%%%‘ %%{%gé%fya ?fa?\che_
can be est i maFoundatiba, basudstof mmmmmw w.warded by the =
5' U.S. Air Force. _ ' -

. B k b d f Inv n i n _
The invention relates to financial securities

'ftrading such as, e. g.,_trading in stocks, bonds and
:10: ffinanCial derivative instruments, including futures, )
'3'_options and collateralized mortgage obligations. :
| In finanCial securities trading, which includes .
 the initial offer. for sale, the value of a security may .
o be estimated e. g., based on expected future cash flow.,'
"“fls .Such cash flow ‘may depend on variable interest rates,-
for example, and thele and other relevant variables may
‘be viewed as stochastic variables. ' :
It is well known that the value of a finanCial
. _security which depends on stochastic variables can be '_
_20:' estimated in terms of-a multi dimenSional integral
' The dimension of such an integral may be very high. _
In collateralized mortgage obligations (CMD), or
'example, instruments or securities variously called '
.. tranches, shares, participations, classes or contracts
' '25  have cash_flows which are determined by dividing and
distributing the cash flow of an underlying collection
or'pool'of mortgages on a monthly basis according to
pre specified rules. The present value of a tranche
can be- estimated on the basis of the expected monthly
.30 cash flows over the remaining term of the tranche, and
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30 cash flome over the renalnlng t erm of the tranche, and -

129823- PC?NO9WWWW5 - =2-- 7 . an estimate of the pp@&ﬁﬁpgq@kye of a
“tranche can be. represented as-a multi-dinensional integral whose -
~di mension is the nunber of paynent peri o@s of the tranche. - For a

(typical i nstrygeaGthhRed o EHE Dot Vil o e TRALALHAPRUIRLS tﬁis

- dinension is h-di mensi-onal 1ntegral can be
“eval uat ed onl yeppesentes: asya mphnynﬂmms951¢mebrenteeral whosRi s i nvol ves

- the. generatloalﬁtena%at o Rreh%: ﬂﬁi&”&:ﬁ)f yment "H€8188508¢ eual uating or

"sanpllng" the. |ntegran at 10 t. enerated points, and conbining the
resul ting - trﬁﬁF@&tan@°@éﬁué§P¥9§} lqﬂﬁ%ﬂmﬁﬁblﬂbthVEl?ORMSﬁﬁ ks
- nuneri cal 5| Nt QABALHYA HONEAY Iﬁaﬁi‘eﬁﬂé\.dlmssdizhenﬁﬂon is 360.

'3_ Usually, such a hlgh dlmens1onal 1ntegral can be
'evaluated only approxlmately, by numerlcal integration.
- This 1nvolves the generatlon of p01nts in the domain of
_ llntegrat1on, evaluatlng or "sampling" the 1ntegrand at.
_10, ‘the generated poznts, and combznlng the resultrng
ﬁ}:“lntegrand values, e. g., by averaglng.f Well known for
) numerlcal integration in securltles tradlng is the so-
called Monte Carlo method in which p01nts in the domain
of 1ntegrat10n are generated at random._ .

15 . With 1ntegrands arlslng in f1nanc1al securltles
tradlng, ‘the computational work in comblnlng the _
sampled values is negllglble as compared w1th produc1ng

tthe lntegrand values. Thus,,numerlcal 1ntegratlon
S methods in securlties tradlng may be compared based on '
20 ) the number of samples requlred for obtalnlng a o
o sufflclently.accurate approxlmatlon to the.lntegral,_

< :..n £ The Inv e _ | |
A preferred method'for estimating the value of
25 a. flnanclal securlty involves numerlcal 1ntegratlon
| unllke Monte Carlo integration in that an 1ntegrand 1s
sampled at deterministic po:.nts having a low-
dzscrepancy property. As’ compared'with ‘the Monte Carlo _
_ method, 51gn1f1cant advantages are realized with
- 30 respect to speed, _accuracy, and dependablllty.

'_Br Descri Of Th Dra win .
. Fig. 1 is a. schematic of a programmed computer
fsystem 1n accordance w1th a preferred embodlment of the
35 1nventlon.
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f called-anté Carl o net hod indmhich points'in-the domain :  .of integration

-~ financi al- secun?y/lnvolves nuneri ca
:|ntegrat|on|GERIQHCQMP¢¢n©§¢aﬂd S - sanpled at determnistic points-

~having-a gow- "ﬁhf@{@famawaeaeisyanAﬁpgema&edu\Mﬂ w&azd&@u&ﬁarl o .
.met hod, significant advantages are realized with 3 resp@gﬁﬁ 1;gt)i.\_!}:_speed

securities
'sanpled val ues is negllglble as. conpared wgth. prodUC|ng the integrand

‘val ues. ‘Thus, nunegj.cal,inte g1 &, S ng may -:]
‘be caonpar ed based 0"r$‘202 Jf%e n%’ﬁ%éﬁl‘éfrgggg%gggrgga%ﬂ g)gu?oetrzl alr?f%'lng a -
'sufflC|entIy'dananohtazmedomnnecmputen théalnrugsawith an exampksqycx -The

nthe o) r ing L e C, Prent;ce Hall, 1978.

are genenghedofs andom 15 Wth int egrands ari si ng pmmsggmy,;al
%radlng,.the conput at'i onal. work in comhining the

nvent 1o empoqiddbdl ST ERd TRLDAL: GA" 285 LRAAG WAL B Mincd 2

I'ntegrati unl1 ke -Monte Carl o

accuracy, andkEQieHdams|ipyC" source )3pgHAGL.d TESRSHH used in

~setting an éﬂnﬁ%ﬂiﬂ%%bﬁ@l gogntssaﬁawhantbngbeﬁdﬁnn tm a estimte.
can

An estimate e used o1 n_decjdjng et h t old or sell
t he. securlty 9RrTIpEL %&aﬂ%lg PP h SFFEEP % :é% %%¥$ce at .whi ch

10

Fig. 1 shows a stored program computer 11 con- N
_ nected to input means 12, e. g., a keyboard for enter-..”
1ng flnanclal securltles data, and connected to output .
15 means 13 e, g.; a v1sual dlsplay dev1ce, for dlsplaylng '
" an estimated value of the financial security. The .
f*computer 11 includes a worklng memory M, a low- _
o dlscrepancy determ1n1st1c p01nt generator P, an 1nte-
_-grand evaluator E, and an 1ntegrand value comblner C.
200 . Imn estimatlng the value of a. multi- d1mens1ona1 .
' 1ntegral in financial securlties tradlng, a
'mnltlvarlate 1ntegrand is- sampled at points
'ccrresponding to a low-discrepancy determlnlstic _
_ sequence of polnts in the multlvarlate unit cube as
25 deflned below.: If the. multlvariate unit cube 1s also
' the domaln of 1ntegration, the p01nts of the 1ow-
_sdlscrepancy determlnlstlc sequence can be used as
- sample points- dlrectly In the case of a more general-
domaln of integratlon, sample polnts correspond to _
.30 points. of a low-dlscrepancy deterministic sequence 1n
~ the multlvarlate unit cube v1a a sultable
ttransformatlon or mapplng :
‘When a sufflclently large number of sampled values
_ - has been computed -an approxlmatlon of the . 1ntegral is
35 obtained. by suitably comblnlng the computed values,-
' e. g., by averaglng or welghted averaglng.
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_securlty i s belng offered for sale, a "buy" recomrendat i on ‘i-s

.appropri- w 97/074 +29823-PCT = . ' -3- . pcr/BEdstiloz6s
,Descrlptlon 6! ﬁe Dr awi ng L 'Fig. 1 is.a schematic of a programed
_'corrputer R systemin accor dance W|th a,preferred enbodi nent -of the
invention.. .5 =~ Fig. 2.is a graphic r%presentatlon of performance

- data obtained i n CATpheed-dimensionglwidi tarcubeen ary[0,1] % e@bddiwrent of
e et R B R EL AR e o, AR S GBS
accor dance V\poﬂmtselnnmelcambe character:l-'zeﬁ as i foklowsw di agram of -a-
_preferred furtherFor a point t = A in' D, define
5 [0, £) = [0, &) x ... x [0, t), _'
| whe_re o, t;) 'denotes a l_eft-'clo'sed, ‘right-open _
| inter_val_,' and denote with. x,q(-) the characteristic =
. or indicator func_i:ion' ‘of [0, t). ‘For points 1z, cees
_ z, in D, _de__fine.'-' A - S .
0 R,,(t. zl; cee, z,) = (Ek x[o,,,(zk))/n -ttty
" and define the dlscrepancy of Zys eees Zg as ‘the L,-
| -norm of the funct:Lon Ry(.3 Zys eeer Zg)s - I e., s
O ] e N T ST P
_ ‘The: sequence Zy, Zy, ... 18 sa:_L_d t_o be_ a low-
15 _dis‘cref.»ancy 'dete'rmi'ni'stic sequence provided =
| Rt 2z eets z) e = O((20g n)4/n) ..
g Low d:.screpancy determ:.nlstlc sequences are-
descr:Lbed in the publ:.shed llterature, see, e.g., _
_ H. N:Lederre,lter, ‘"Random Number Generation and- Quas:.-
/20 Monte Carlo Methods", CBMS-NSE, 63, SIAM, Ph:.ladelphla,

' 1992 and S. Paskov, "Average Case Complexlty of .
Mult:.var:.ate Integrat:Lon for Smooth Funct:.ons n gggrnal
M, Vol. 9 (1993), pp. 291- 312. Well known

o examples of low- d:Lscrepancy determ:.n:.stlc sequences are -
"'2'5 . the so- called Hammersley po:Lnts, Halton p01nts, Sobol :
e po:l.nts, and hyperbolic- cross points. _

For 111ustrat:.on, 1n the case of Sobol points in a -
' 's:.ngle d:.mens:.on (d=1) > a constructlve ‘definition may
-be g:Lven as follows- Choose a pr:.mltive polynom:l.al '
30 _'P(x) Jc“+a1:\c"'"+.._.+a“x+1__ o _
E (whose coeff:.c:.ents a; are’ either 0 or 1) and define
so- called d:Lrect:Lon numbers v,,'_ i>n by the follow:Lng '
' recurrence formula: '
| | v, = a,vy; © a5V ® '... GB A, Vinti 6 Via @ (Via/2%) ,
| 35 _where D denotes a bit- by blt "exclus1ve or" ‘operation.
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ehbedihent of. the. |hvent|on |nclud|ng the use of . hultiple preeessorSJ
Fig. 5 sy dlpsdiagramof initially selling a 15 conpl e)pcziﬂfggg,rlég‘;;l n
‘accordance: W th a- preferred .. enbodi nent of the invention. -

Fig. 6 is aflowdi agram of buying/ hol di ng/selling - a conpl ex securl ty
“in.accordance . with pr.e d further di ment. of t I nvention. 20
_ Further included |§%§ Rﬁ% | RURReTs V\,OICOTTBI{QD%T""' Y= ??thrﬁa Pec
_source | anguaghosenslmetellyeprofvdﬂed “m; cofpubddgasiabob |aompt6 Andsoiel ton
poi nts. For a, SSCI’I ptign of C, see B.W Kernighan.et al., The

Pr ogr anm ng L&ngu&ge ¢, “Preénfi‘ce-Hal | ;- 1978. 25 ~ Detailed Description”
O Preferred EnbodiUsdmgs the directzlé:g nuimlsenosis w& ssor defprmglr.ammorrputer :

1 - ter- |
.ilngcr(‘)innangi al - sgé'g% {t?lees%glléta an%li&orlarllgc%%o? %@8&{;330 e Rse&?) e. g. ,

avisual. di spbay device, for d| spl aying . ‘an estimted value of the
financial security., Thed’e‘t v1@3|.n_c.l las A vor i r;gorrem)ry 111 (M,
eF

a low .. di- screpancy stl 0| nt - generator 112°(P), _
i nt egr and. eval”’!i&[f@r ¥13 G anllsn na E‘@S%@hﬁ-h@ﬁ 114( C)

of k. _
10 - For higher dimen91ons (d > 1), the _ _
o first 4a primitive polynomials Py, By, ., Py are -
"-_used If {xk }e=r™ denotes the one- dimensional Sjobol'
~ sequence. generated by the: polynomial P” the d—
. . . dimensional Sobol. points are defined as‘ xt- hg )&,.
--"15,'.-..., J) . | | |
o . While this definition can be implemented as a
'-computer algorithm directly, faster techniques are
:_known which produce theSe points. in a “shuffled“ or.
- permuted sequence.i In particular, this applies to the
f20"~ccmputer algorithm given in the Appendix. . _
- For spec1f1c1ty in the follow1ng, a preferred
.embodiment of the 1nvention is described as applied to
a collateralized mortgage obligation known. as CMO FN,
89 23 “This has thirty year maturity and conSists of
25 ‘the following tranches°-' ' - _
| ' PAC tranches 23-a, 23- B, 23-C, 23- D, 23-E
_ supporting tranches 23- G, 23 H 23 J
' residual tranche 23-R
accrual tranche 23-2
.30 The monthly cash flow is divided and distributed
according to pre- specified rules which are 1ncluded 1n
a formal prospectus_ Some of the ba81c rules may be
.stated as follows: - |
_ First from the monthly cash flow, the coupon is
35"-paid to the tranches. The remaining amount called

\
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In estlmatlng the vaI ue of a mul ti -di rren5|onal : |ntegral in flnanC|aI

securiti %? ? 29823- PCT . PCT/U$95/10363
multivariate In egrand i's sanpl ed:at . .points . correspondlng to a
. l'owdi serepancy det.erministic ' sequeace ‘of points in the nmultivariate"

- uni t. cube ‘as he tlvarl t t also 5
- the domain ofPFh?ﬁbpﬁi‘ @ﬁgfﬁgufib ém&u S%de éﬂ}él s%é%%’i of '
det er i ni st i cthequeineipah.bePuiod &9 a flmaézq)almtt&ejlfmtq. In the .

case of a ol engeReAbipa) AHBIAENLE 1 HeQIAd e Ul erl, 218y cegr espond )

~to . points of a I'SCrepancy determ nistic se
mubti varl ate metteaaghwaza Gw Babﬁe 23-0. tﬂ%sﬁ:‘b‘rzmt iAFEF . HRbi ng.:

5 date, the Pr:an:Lpal Distr:.but:.on Amount w:.ll be _
B allocated sequentlally to the tranches 23- A, 23-B, 23-
' - C, 23-D and 23-E accord:.ng to a planned schedule. Any
. '_ excess amount of the Pr:mc:.pal D1stributlon Amount ‘over
_ _the planned schedule w:.ll be allocated sequent_lally to -
10 the tranches 23-G, 23-H, 23-J and 23-Z. A distribution
S of pr:.nc:.pal of the tranche 23- R will be made: only
) after all other. tranches have been ret:Lred.
. In deriv:.ng an estlmate for the present value of
the secur:.ty at the. t:.me of . :Lssue, the follow1ng
15 _notatlon is used below:
c - the monthly payment on the underly:.ng
o mortgage ‘pool;
i - the pro:.ected 1nterest rate 1n month k,
. T k=1,72, ..., 360; - |
2'0__ L Wy - the percentage of mortgages prepay:.ng in
: month k; S o |
_a;,“-.;ﬂ.-' - the rema:.ning annu:.ty after month k.
"A remain:Lng annuity ak can be expressed as3 to
, a8 = 1 + Vo + ... + VF 'k_=1 2, ..., 360, :
25 with v, = 1/(1+.1°) - where' io is the current monthly' .
' 1nterest rate. Thus, after k months, - the rema:.n:.ng
" '-a.mount of. pr:an:Lpal borrowed 1s C-a;.
It 1s assumed that the 1nterest rate :l.k can be
_ -expressed as . o >
30 .- , D i, é- Ko exp'(Sk);i.t-ll'
o -'whe_re exp(.) denotes exponentiation and where
& Ez, Ceees Eam are -independent; normally "distribut'ed
' -random varlables with mean 0 and variance a, and K0 is
_ a glven constant. For the present exa.mple, 0 = 0.0004
35 is chosen. - . | ~

- This Sheet Has Been Rep
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' V\hen a-suffici entIy | ar ge number of sarrpl ed vaI ues has been corrput ed,
an appr oxi matron of ‘the integral- ' -obtai-ned by suita ng the

-conput ed Wa9auTs 15 e, g., by averagl ng or wei ght ed averag?lﬁgﬂggma'% '
1h the d-dinensional unit cube "D =[0,1] [79rr] a |l ow. di screpancy

detefm.nistic sequenc - points .in D C '
char acterized as f3t|&ﬁsa[ssunled £ 456'7 té‘adbr rf’(k @8 l‘fF% fa’tk[err]], '
i'n D, deflnecaﬁbe[egmbhted&st[err ) X ... x [0, t[err]) 'vvhere[O
t{err]) denotes a left-closed, E(I ght op %nterv )- and denote with
Xerr]) -(.) the characterrs"f‘rc K anskiadh: et ih én of [0, t). For~
_points z[erryhere K;Z[ Ky, Ksi nKDamkefgmrQEconstanﬁerr] (t; Z[err] '

iy g hPe) ob Rl %ﬁ%rer%?as‘m‘&w{%ﬂ @%# Fhar, 18 bbaeh f 57

the function R era} (2, [.err] 3[6@rn.]s[err]) . R[err](

S Zferr], o Z[ er rr = e err [ [err]
‘The ‘sequence Z[err(fl%[eﬁz sldRE ) (Zl "égi' : dT §x) epancy
det erni ni stic sequence provi ded*+ Wt(fu iee .Ek aasoﬁﬁ)err] ( Z[err], ,
Z[err])’ [e”]wheQe( (log n)[err]/n). . Lowdi screpancy _ .
determ. n| st I C sequences are descri bed in trle publ i shed |iterature;
see, -e.gl0 - Wi(ENi ederddi re + R AGRUAURKe &R b itonr -arfa) Felsi - 35

_'_I\/bnte Carl 0 Met hodehs sCRMEINSLoW s ﬁﬂ‘ﬂrﬂﬁté&%@@bﬁdlng to.the
| : . rules of ‘FN, 89-23. Then, the cash flow for each . of
the tranches is multipl:.ed by the d:l.scount factor
_ o v (E). ..vk(ii,...,fk), with
15 v-(s,,-..-.,s,) =1/(1 + Ko’J.oexp(El+.. +£)), j=1,2,...,360,
‘to f:.nd the present value for month k. Summ:.ng of the
' .present values for every month glves the present value
_Pv.,, for each tranche T o
o The expected or- estlmated value, _' _'
20 E(PVT) = E(Pv-,(s.,...,em)). .
o .upon a. change of variables is represented by

. - E(PV) = In PVT(Yl(xl)I{"'YSGO(xSﬁO))dxl --dxsso:
-where

X = (21ra) i PR exp( t’/(ZU))dt.. e : _

25 ‘I‘hus, for each tranche T, a 360- var:.ate 1ntegrand -
has to be 1ntegrated over the 360 d1mens1onal un:r.t
cube, . ' ' '

After generat:r.ng a po:r.nt -
(%, Xp7 oecy xsso) :
30 ~of a low- d:.screpancy determ:.n:l.stlc sequence in the un:.t
' cube, the point o _
' (Yll Y2 -_;w Yaso) .
is computed by f:Lnd:Lng the value of the 1nverse normal
cumulatlve dlstr:.but:l.on funct:Lon at each xk Then, for

35 -_each tranche T, the funct:.on value ' : _/ .

—_—
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1992 and S. Paskov, "Average Case Conplexity of  Miltivariate .
JInt egr at 'ﬁ"ﬁ dfdhgrsoot h Functi-ons”, Journal o - 2982 pd1ais95/10363-
“- b ? Conpl-exity, . Vol-. 9 (1993), - pp. 291-312. Wl | - known

exanples of IOMFdlscrepancy deternlnlstlcssequences are - the so- called
Hamrer sl ey p0|nts “Hal t on p0|nt§n,§obol : poép , - and hyperbol i c-cross
- points. 5 - . For illustrati'@d Y15 Yihe "cdsd*®  Sobol points in a
singl e dlnenSLanomputeda cWheseuarevtheeﬁumduinnrngdues usedgimen as.

follows: Chooggs ?rgéaglahﬁggggm%gﬁnlal S o p(x) =x[err] + [err] +

. t+aferr] [err 6s& coefficients a[err] are either 0 or 1)
and define 10 - . soFégk| 8dsbowecresnlsgnifaon uqxal]run5>fmr by the :

- fol | owi ngs CMD FN, 89-23 with a preferred method using Sobol
| L points. generated by the correspondlng computer
algorithm glven in- the Appendlx, as- compared with Monte
.,Carlo ;ntegration, _Two_Mbnte Carlo computations were

f-'carried out, With"different'“seeds“ or starting values

liOr of a congruent1al pseudo random number generator known

. as RAN2; see W. Press et al., My erical Reci s in C,
3'_Cambridge Un1vers1ty Press, 1992' It is*apparent'that
‘the preferred method reaches a steady value more
- rapidly. In this" and other trial runs, w1th ‘typical

'15;,'requ1rements of preclslon and confldence, a speed up. by
a ‘factor of 3 to 5 was reallzed as compared with Mbnte
_Carlo 1ntegratlon Much greater speed-up can be
'expected when hlgher prec1s1on or/and hlgher levels of

L confldence are sought. : .
.20 . In a further trial run with CMO FN, 89-23,

R 1nstead of Sobol po1nts,.Halton p01nts were used as. .
generated by the correspondlng computer algorithm ngen“h~
in the Appendix. it is felt that Sobol points may be

- preferred over Halton p01nts for 1ntegrals of high

25 d1mens1on. However, ‘this preference may not apply 1n_.
the case of lower- dlmenslonal 1ntegra1s, e.g.; w1th '
d1mens1on up to 5 or so.

A computation as descrlbed may be termanated after

_ a predetermlned number of functlon evaluatlons. .

'3Q._ Alternatlvely, e.g., after every function: evaluatlon or

' '-after a. predetermlned 1ncremental number of functlon

'evaluatlons, a current approxlmatlon may be compared
w1th one .or several precedlng approxlmatlons, for
termlnatlon once a sultable condition. dependlng on the

35. _d1fference between approxzmatlons is met. Such ter-

' mlnatlon cr1ter1a may ‘be called automatlc. 'Automatic"
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~recurrence formula: - _ vierr] = a[err] [err] a[err}[err] ... [err] =
[err} [erwbohdslerr] [err] [err] [err] ([err]i-n/2[err]pcI/usosmeses e
‘[err] denotes a b|t-by bit "exclusive. or" operation. . The |n|t|a
“numbers v[err] merr]/l2, ..., v[err]-nperr]/Z[err] can 15 be chosen

f | d o=
reely prov @gm%%é%n 1002 0tudrt Al a O idde o geffiinbes 1 2
define the onofdappnoxonatlsosoBegoéaamdpwqeﬁmqothQXﬂr]seeq e.g., by 200 - .
S xk = b[err]v,tnfrékrbeptz er?rrb E%&Ebs ondfﬂé]téﬂéﬁﬁ&lﬂﬁ%iﬁts_k [err] 0.

wher e err Is.the |nar resent ation
- For " hi gher dlnen3|6ﬁ¥a 3939P51Vhén CQmH“Q%ﬂg n?ﬁ%?ﬁtY%%“ﬁ%byﬁon1als

Plerr], Pgerrtiluster Bkehekwor® 3% nni-litq(ble Cffara[l?i@I rﬂﬂ'dfcéééérsdeﬂm es the
-one- di mensi onal ' ence gener:

th L P the
T honSPEReES5100e (RRnbE Beetior TP 4By PFyQEes (R ohdpreb pE - |

.{err]k[err] host procesﬁberpkov;ﬁﬂmgrpomnts of a loWVdiscrépandgflnltlon

- can be inple o F <l t echni ques :Hr

care. _.knoa§g§§g8§3p?8dgéév§ ‘%§§H%?1%163 é&ﬁ'f é% fﬁﬁé&§5n pernuted .
sequence. In paiuesuraturnadsbxppheeshavarprocessqxﬂqnmbm angorlthn1g|ven g
in‘the. Aﬂﬁendaﬁproxlmate va1Ge £3RCrld Giritedshl e 1Rk OVERE. camBhef or Fed

tatlon can be speeded up in proportlon to the number of -

-,processors used.
- Advantageous further, in comblnatlon with .
_ numerical 1ntegration as descrlbed above, is the use of
. ‘15 error reductlon technlques analogous to varlance reduc-
' f-tlon in Mbnte Carlo 1ntegratlon as descrlbed e.g., by
M. Kalos. et al., Monte Carlo Mg;hods, John Wiley &
'Sons, 1986.‘ This may 1nvolve a change of variables
,or/and varlatlon reduction, for example

is Sheet Has Been Replaced
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'35 enbodlnent of the: |nvent|on is. descrlbed as applied to " a

col | ateral i zed .nort gage obligation known as CMO FN, - - - pCTnnﬁaﬂE&aPCT
-6- .- WO97/034153 Thi's has thirty-year maturity and consists of - t he -
fol1ow ng tranches: PAC tranches 23-A; 23-B, 23-C, 23-D, 23-E

~supporting-tranches 23- G 23-H 23-3-5 . re5|dual tranche 23-R-
accrual tranche 23-Z

-The nDntth cash flomlls di vi ded and dlstrlbuted

~.according to pre- speC|f|ed rut'es which are.incltuded in a fornal
prospectus.

Sone of the basic rules nay be 10 stated as folloms

void sobol {int n)

e v e e e e e e e e B e e e e e e o e e

WERERDPF TR AT D

'rh:l.s is the funcl::.on sobol for generating Sobol pomcs. It returns the
n-th d-dimensional Sobel peint. (The point (0,0, ..., 0) is skipped.)
The -point is implicitly returned through the array x. The funct::.og
sobseq from Numerical Recipes, 1992 was used as a baeis, but
changed :ignificancly to accomodate the parallel distributed approach.
The function scbol can generate Scbol points skipping an. initial
-part -of the sequence. The constant MAXDIM, scee Numerical Recipes, .

is extended to 360 which required adding more initialising data to

the axrays ip' (the imitive polynomials), .

mdeg (their degrees), and iv (the initial direction numbers). The’

o polynomial x is used to. generate the first coordinate of Sobol . points

*"'iﬁﬁt'i*.t't.t“'*'i"."it*i"*'*.’.ttt"f.i...'iti..*'.'.’tt*it’*/ -

#include *nyutil e
#define MAXBIT 30

#define MAXDIM 360

© extexn int &; /* actual dimensi.on of tha points */

5,5,5,5,5,5, _ o
6.6,6,6,6,6, . _
7:7:7:7.7,7,7:7,7:7:7:7,7.7,7.7. 7.7,
- [w16%/ _ - 8,8,8,8,8,8,8,8,8,8,8,8,6,8,8,8,
_ 9,9,9,9,9,9,9,9,9,9,9,9,9,9,9,9,
9.9,9,9,9,9,9,9,9,9,9,9,9,9,9.9,
' o 9,9,9.9,9,9,9,9,9,9,9,9.9,9,9,9,
/r20%/ 10,10, 1o 10,10,10,10,10,10,10,10,10,10,10,10,10,10,10,10,10,.

excern double *x;

a{roia'-obouine a)

int j,k,1;

/* This returns- :i.mpl:i.cil:ly the n- -th Scbol point: :Ln x */

unsigned long i,im, :lpp,

static double fac;

static unsigned long’ ih,ix(mm+1] *mmnnul H .
scatz.c unsigned long mdaguwmmq-u.{o MAXBIT,1,2,3,3.4 4, ]

10,10,10,10,10,10,10,10,10,10,10,10,10,10,10,10,10,10,10, 10,
10,10,10,10,10,10,20,10,10,10,10,10,10,10,10,10,10,10,10,10,
1,13,11,11,11,11,23,21,11,12,11,12,11,11,11,11,11,11,113,12,
31,11,11,13,11,11,11,13,11,11,11,11,11,11,11,12,12,11,11,11,

.. 31,11,12,11,12,13,313,21,12,22,31,11,11,11,12,21,11,11,11,11, .
_11.11,11.11,11.11.11,11)11,11,11,11.11,11.11,11.11;11.11.11,
11,11,11,13,11,12,21,11,11,11,32,11,112,11,11,11,11,11,12,11,
'11,11,11,122,22,11,11,1212,122,122,11,12),1,12,13,22,122,21,11,1),
‘11,31,11,13,11,11,31,23,121,11,13,311,11,12,121,13,11,11,11,11,
11,11,11,11,11,11,11,11,11,13,11,12,11,11,11,11,11,11,21, 1,
11,11,11,11,11,11,11,31,11,11,11,11,11,11,11,11, " .
'12,12,12,12,12, 12 12,12,12, 12,12,12,12,12, 12, 12 12,12, 12 12,
12 12,12

. /* The fi:st ceo:dinate is set to mxsrr, but it is never used */

) stat.ic uns:.gned long ip[w\xnmul.{o MAXBIT,O,1, 1,2,1,4,
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'35 A Temaini ng annwty a[err] can be expressed as- . ak =1+

v 4. o+ v[err], k=1, 2, ..., 360, =T CT/US95/18365 N
S vlerr] _—WP/W@-?%[Serr]) where i[err] is the current m)nthlt}) - interest’
~rate. Thus, after k nmonths, the r'emai ni ng - anount - of princi pal
‘borrowed is (err]. R It is. assurred that t he |nterest rate i[err]:
can be 5 ' -expressed as. - ciTerr] Klerr] exp(
[err])[err]t-[err] . “wher e’ exp( ) denot es’ exponenti ati on. and wher e _
~[err] [err] .. . [err] are lndependent negmal 1y distributed - random
~vari abl es O.and, 0J.e [ ar i
canstant s,ttpw e TR atgggﬁs %JE& AN KA A%, 59,8, 8480 5,

1 15,11,5,3,1,7,9, 13 11, 1 3,7,9,5,13, 13 11 3,15, 5 3 15,7,9, 13 9 1, 11 7,5.,15,1, 15 11 5,3,1, 7
'1 15 11, 5 3,1,7,9,13,11,1,3,7,9, 5 13 13 11, 3, 15 5,3, 15 7 9,13, 2,1,11,7,5,15,1, 15 11,5,3,1, 7,
B : 15,11,5, 3 1,7,9,13, 11 ,3,3,7, 9 5,13,13, 11 3,15, S 3 15,7, 9, 13 $,1,11,7,5,15,1,15,11,5,3,1,7,
-i is,11, 5 3,1, 7 9,13,11,1,3,7,9,5, 13 13 11 3,15,5.3, 15,7.9, 13 9 1,11, 7 5,15,1, 15 11,8,3, 1,7,
i is,11,5,3,1,7,9,13, 11 1,3,7,9,5,13,13,11,3,18%,5, 3, 15 7.9, 13 9 1,11,7,5,15,1, 15 11,5,3,1,7,
. i 15 11,5, 3 1,7, 9 13,11, 1 3,7,9, 5 13,13,11,3, 15 5,3, 15 7, 9 13 9,1,11,7,5,15,1, 15 11,8,3,1,7,

S, /eemd & %/
1:17,13,7,15,9,31,9,3, 27,15,29,21,23,19,11,35, 1 13,17,1,25,29, 3,31,11,5,23,27,19,21,5,1,17,1
i:l'fg'?5?i§?§ 31,9,3,27,15,29,21,23,19,11,25,7,13, 17,1,25,29,3,31,11,5,23,27,18,21,5,1,17,1
i:;lf§§?5fié?§ 31,9,3,27,15,39,23, 23 19,11,25,7, 13,17,1,35, ,29,3,31,11,5,23,27,19,21,5,1,17, 1 
z;;:;§§25;$%?? 31,9,3,27,15,29,21,33,19,11,35,7,13, 17,1,25,29,3,31,11, 5,23,27, 19,21,5,1,17,1
1,17,13,7,15,3,31,9,3,27,15,29,21,33,19,11,25,7,13,17,1,25,29,3,31,11,5,23,27,19,21,5,1,17,1
zz;:;g%z%;;%ZQ,sx $,3,27,15,29,21,23,19,11, 25,7,13,17,1,25,29,3,31,11,5,23,27,19,21,5,1,17,1
1,17,13,7,15,9,31,9,3,27,15,29,21,23,19,11,25,7,13,17,1,25,29,3,31,11,5,23,27,18,21,5,1,17,1
.225:12%2?2;%2? 31,9,3,27,15,29,21,23, 19,11,25,7,13,17,1,25,29,3,31,11,5,23,27,19,21,5,1;,17,1
1.17,13,7,15,9,31,9,3,27,15, 38, 21,23, 19,11,25,7,13,17, 1,25,23, 3 31,11,5,23,27,19,21,5,1,17,1
3,7,15,9,31,5,  /%end 5'%/ , .

i :g;.:i.i; gg :; g;'ss 53, ,i9,51,61,37,33, '7,5,11,39,63,27,17,15,23,29,3, 21,13,31, 28, 9.49,3

.61,43,51,59,47,57,35,53,19,51,61,37,33,7,5,11,39,63,27,17, 15,23, ,29,3,21,13, 31,25,9,49,3

1
9
1
9,29,11,19.27,15,25,

1,61,43,51,59,47,57, 35,53, 19, 51 61,37,33,7,5,11,39,63, 27,17, 15 23, :s 3,21,13,31,25,9,49,3
9,29,11,19,27,15,28, :
1,61,43,51,59,47,57,35,53,19, 51.51 37,33,7,5,11,39,63,27,17, 15 23, 29 3, 21,13,31,25,9,49,3
9,29,11,19,27,15,25, '
1,61,43,51,59,47,57,35,53,19,51,61,37,33,7,5,11,39, sa 27,17, 15 23,29,3,21,13,31,25,9,49, 3
9,29,11,18,27,15,25, _

51,61,43,51,59,47,57,35,53,19,51, 61, 37,33,7,5.11,39,63,27, 17,15,23,29,3,21,13, 31,25,9,49, 3
19,29, 11 19,27,15, 25c

.51,61,43,51,59,47,57,35; 53,19,51, 61,37,33, 7,5,11,39, €3,27,17,15,23,29,3,21,13, 31 2s, 9,49,3
(19,29,11,19,27,15,25,

,51,61,43,51,59,47,57,35, 53 19,51,61, 37,33,7,5,11,39,63,27, 17, 15 23,29,3,21,13, 31,25,9, 45,3
19,29,11,19,27,15,25, "

$1,61,43,51,59,47,57,35,53,19,51,61,37,33,7,5,11, 39,63, 27,17 15,23,29, 3 21,13,31, 25 9, 49,3
'19,29,11,19,27, 15 25, /*end /

S8 e e sewN e

N w .

85,67,49, 125 25,109,43,89,69,113,47,55,97, 3 37,83, 103 27,13,33,115, 41 79, 17 29 119,75,73,1
59,65,21,3,113, 61 89 45 107, '

T,

5,67,49, 125 25 109,43,89, 69 113, ‘7 55,97,3,37,83,103,27,13,33, 115 41 79 17,29, 119 75,73,1-
7,59,65,21,3 113 61 89 45 107,

S5,67,49, 125 25 109 43,89, 69 113,47,55, 91 3,37,83,103,27, 13,33,115, 41 79,17,29, 119 75 72,1
; +59,65,21,3 113 61 89 (5 107.
7.
5,
7,

‘e N ;-

67,49, 125 25 109, 43 89 €9, 113'47 88, 97 3,37,83, 103 27 13,33,115,41,79,17,29,119,75, 73,1
59,65,21, 3 113, 61 89 45 107, :

67,49,125, 25 109 43, 39 69 113,47,55,97,3, 37 83, 103 27 13,33,115,41,79, 17 29,119,75,73, 1
89, 55 21, 3 113 81 89 45 107,-

ONOHNOHOKHON w#wuhuuwwpuuuﬁwnwﬂ
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-0—.' 0004 is chosen. . L It s assurred further t hat, - w[err] as a

' f._unct_.i-o_n dlafhfsl . can be corrput ed-as” - - . perusesnddesTr] =
Kerr] + err(l]g arctan (K3ik +.K4), where Klerr], Klerr], Krerr],
‘Klerr] are given constants. - Under. these" assurrptrons t he cash
flow:in- rmnthk, k=1, 2, ... 360 is - . C(1:-Werr]
[err])). ; (1 - Werr] ([er_r] ... lerr]l ) -Werr] ( [err] |

L ferr] : ' Werr]([err], . . . [err]) S
aferr]- [err]) 20 -~ where . V\[’err] ([ed].. .lerr]. = Klerr] + Kerr]

~arctan( K[ Qrislés[ﬁrfz]slgg Eigélaeﬁ)ﬂ gfzri'l 85, 97"‘5 Q':l ra]s)fbKE?"zﬁ,]ﬂ 115 41 79 17 29 119 ;3“7351

X 05.3.591 65131} Hax3esl . srcSrodi N :
EPREE #1010 ot R A LT B T R R

factor 251:85.67,49,125,25,109,43,89, 63, 413476 §5, o 43 )83, 103, 271435 ]1H g;,f;a 117,29,119, 2573, 1

.. L ferr ]123; §3v€3t 1532?20:14393;55:0113 a V67,3, aé[sehro},,zv 13, 33.,15.33“ ]7F.1'i./2£ Y19%7s,73,1
' K[ err] [er®

AXPB(§Settr 123, 61442%e45p 197 ) J+end 7 +] /j=1,2, , 360, - to find the
present valase, 76,087, mndshyh, 438uzsmmgmfs.$7hev +101,28S, gxr,esstuwahuems i'x)l'l 88010y

mont h gi vg%e gﬁg”‘@f‘éﬁéﬁr sgdgﬁé-'ﬁﬁs 97’p‘§r5%?fs]7<}oi Qbs, 8AER dsT ABGHS 13-5 17,47,169,109 '

. The expect-w 1L 212985.2%8 130, 1904 uega ,47,7,23, 38/

R g e e e

E(ID\fT) [1§ispi7g)1 E 3% 5‘ (?, §1Fgg7rq9;97 (97 101,2s55,29,203,65,195, 177 105,17,47,169,109

£9,7 _

Y[ err] (X[1E!sE 5)}1 173.4 35[}%" .97,19,97,197,101,255,29,203, 65, 195,177,105, 17,47, 169,109

13,135,253,191,155,175,63,47,7,23,39, :

1, zss 79,147,141,89,173,43,9,25,115,97,19, 97, 197, 101,255, 29,203, 65, 195,177, 105,17,47,169,109 .
,149,15,213,135,253,191 155,175 . 63,47, 7, 23,39,

1,255,79,147,141,89,173.43,9,25,115,97,19, 57,197, 201, 255,29, 203,65, 15,177,105,17, 47,169,109
,149,15,213,135,253,191,155, 175 63,47, 7, 23,39,

. 1,255,79,147,1¢1,89,173,43,9, 25,115,97,19, 97,197, 101, 255,29, 203,65, 195,177,108,17,47,163,109

,149,15,213,135,253,191,155,175, 63, 47,7, 23,39, .
1,255,79,147,141,89,173.43, 9,25,115,97,19,97, 197, 101, 255 29,203, 65,195, 177,105,17,47, , 169,109
,149,1s,213,135, zss 191, 155 175,63,47,7,23, 39. "Jvend 8'+/" :

1 257,465,439, 177 321 151 225,238, 103 411 233 59,353, 329 463,385, 111 475 451,263,19, 249 275,
359 393 167 333 473,469, 101 21 451, 229 247 297 403 497 61, 351
. 257 465 439 177 321 181 325 235 103 411 233 59 353 329 463,385, 111 475 451, 263 19, 249 27s, .
) 369 393 167 333 473,469, 101 21 451, 229 247 297 403 497,51 351,
1, 257 465 439 177 321 181 225 235 103,411, 233 59 353,329,463,385, 111 478, 451 253 19, 249 27s,
'369 393 167 333 473 469,101, 21 451, 229 247 297 403,497, 51 361,
1, 257 465, 439 177 321 181 225 235 103, 411 233 59 353 329, 463 385,111,478, 451, 263 19 249,275,
359 393 157 333 473 489 101 21 451 229 247 297 403, 497 51 351
. 1,287, 465 439,177, 321 181 225 235 103, 411 233 59 353 329,463, 385 111, 475 451, 253 19 249 275,
: 359 393 157 333 473 469 101 21 451, 229 247 297 403 497 51 351, :
1, 257 465 439 177 321 131 225 235 103 411 233 59 353 329 453 385, 111 478, 451 253 19 249 278,
_389 393 167 333 473, 459 101 21 451 229 247 397 403,491 61,361, .
1, 257 465 439, 177 321 181 225 235, 103 411,233 59 353,329, 453 385 111 475 451,263, 19 249,275,
369 393,167, 333 473, 459 101 21,451, 229 247,297,403, 497 61 351,
i, 257 455 439 177 321 181 225 235 103 411 233 59 353 329 463 385,111, 47s, 451 263,19,249 275,
. 369 393, 157 333 473 459 101 21 451, 229 247 291 403, 497 61 361,
1, 257 465 439 177 321 181 225 235 103 (11 233 59 353 329 463 385,111,475, 451 263, 19 249, 275,

369 393 167 333 473 469 101, 21 451 229 247 297 403, 497 51 351,
/*end g *f

: . 1,1n,721, 1013 759,835,949, 113 929 515 157 39 761, 159 983 657, 547 581, $05, 833, 139 147, 203 81
- .337 829 989 375 365 131 215 733 451 447, 171 57 471,979,197,251,
. 1,71, 721 1013 759, 835 949 113 929 515 157 39 751 159 983 557 547 581, 505 833 139 147,203, 81
+337, 829 989, 375 365,131, 215 733, 451 447, 177 57 471,979,197,251, .
1,77, 721 1013 759 835 949 113 929 615 157 39 761 169 983 557 547 581, 505 833,139,147, 203 81
',337 829 989 375 365 131 215 733, 451 447 177 57 471 979, 197 251,
. o1,Mm, 721 1013 759 835 949 113, 929 615 157 39 761 159 983 657 841 581,505,833, 139, 147,203,81
- +337, 829 989 375 365 131 215 733, 451 447, 177 57 471 979, 197 1251, R
1,771, 721 1013 759 835 949,113, 929 515 157 39 751 169 983, 557 647, 581 505,833,139,147,203, 81
,337 829 989 375 365, 131 215,733,451,447, 177 57 471, 979 197, 251
1, 771 721 1013 759 835 949 113, 929 515 157 39 761 159 983 557 647 581,505,833, 139,147,203,82
,337 829 989 375 365, 131 215 733 451, 447 177 57 471 979,197, 251,
‘1,771, 721 1013 759 835 949,113, 929 615 157 39 761 169 983 557 647,561, 505 !33 139,147, 203,81
: ,337 829 989 3a7s, 355 131 215 733 451 447 177 57 471 979 197 251,
1,7, 721 1013 759 335 949 113 929 615 157 39 751 159 983 557 647,581,508, 833 139,147,203,81 -
,337 829 989 37s, 365 i3, 215 733 451, 447 177 57.471, 979 197 251,
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35 "\/\herej-' ; X[err] = (2no0) - [err] exp( t[err]/(20))dt o l_8_

" Thus, for @gg)g bganche T, a 360-variate integrand has g,@Thggs,m:,ggrat ed
-_-over the"g | mensi onaI unit .. .cube. - After generating a p0| nt .
5 (x[err] x[err] ..., Xerr]) . of a-
| ow dr screpancy determ ni stic sequence in:the unit - cube, the point
'(Y[err] Y[ err] L Y{err])y - |s corrputed by finding the value of
the. inverse normal. 10  cumul ative di'stri bution function at each x[err]
Then, for. .. each tranche T the functron value

o 14

1, 171 721,1013,759, 535 949, 113 929,615, 157 39 761 169, 983 657, 647 581, 505 833, 139 147,203, 81'
_,337 829,989, 375 365 131 215 733,451, 447 177, 57 471 979 197 251,
/*end 10 */

1, 1285 823 727,267,833, 471 1601,1341, 913 1725,2021,1905, 375 893 1599,415, 605, 819,975,915,171
. 5,1223, 1367 653 629 528, 469 981,1667, 1587 1251 451,481, 721 483, 1209 1457,415,1435,
1,1285,823, 727 257 833 471 1501 1341,913,1725, 2021 1905 375 893 1599 415,605,819, 975 915 i7n
5,1223, 1357 663 629, 525 469 981,1667, 1587 1251 451,481, 121 483, 1209 1457,415, 1135. :
1,1285,823,727, 257 833,471, 1501 1341,913, 1725 2021 190S, 375 893,1599,415, 605,819,975, 815,171
5,1223,1367, 563 629 525 469 981,1667, 1587 1251 451,481,721,483, 1209 1457,415, 1435 :
1,1285,823, 727 267 833 471 1501 1341,913, 1735 3021 1905 375 093 1599 415,605,819, 975 915,171
5,1223, 1357 563 529 525 469,981,1667, 1587 1251 451,481, 721 483 1209 1457 415, 1435, .
1,1285,823,727, 267 833 471 1601 1341,913, 1725 2021, 1905 375 893, 1599 415,605,819,975,915,171
$,1223,1367, 653 529 525 469 981,1667, 1587 1251 451,481,721, 433 1209 1457 415,143S,
‘3,1285,823, 727 267, 833 471 1501 1341,913, 1725 2021, 1905 375 893 1599 415,605,819, 975 915 171
§,1223, 1357 563 529 525, 459 981,1667, 1587 1251 451,481,721, 483 1209 1457,41S, 1435.
-1,12885,823,727,267, 833 471,1601,1341,913, 1735 2021,1905, 375 893 1599 415,605,819, 975,915 171
5,1223, 1367 563 629 525 459 981,1667,1587, 1251 451,481,721, 483 1209, 1457 ,415,1435,
1,3285,823, 727 267 833 471 1501 1341,913, 1735 2021 1905 375 893 1599.415 605,819, 975 215,111
5,1223, 1367 853 629 525 469 981,1667, 1587 1251 451,481,721,483,1209,1457,415,1435, ’
.1285 823,727,267, 833 471 1501 1341,913,1725, 2021 1905 375 893 1599 415,605,819,975, 915 171
7.1::?11357 . 663, 529 525 469 981,1667, 1587 1251 451,481,721, 483 1209 1457 415,143sS,
a .

1, 3855 4091,987,1839, 4033 2515 579, 3863 977, 3463 2909 3379,1349,3739, 347 387 2881,2821, 1873,
;:33 »1929,2389,3251, 1149,243 3608, 1131 1701 143, 1339 3497,2499,1571, 983 4021 1625,3217,1163,
1, 3855 4091, 987 1839, 4033 2515 579, 3863 977 3463,2909,3379,1349, 3739 347 387 2881 2821, 1873,
;:gg ,1929, 2389 3251 1149,243, 3609 1131 1701 143, 1339 3497 2499 1571 933 4021 1525 3217,1163,
. L
- 1,3855,4091,987,1839,4033,2515,579, 3863 977,3463,2909,3379,1349, 3739 347 387,2881,2821,1873,
;;33 1929 2389 3251 1149 243 3609 1131 1701 143 1339 3497 2499 1571 933 4021 1625,3217, 1163,
. ) :
1,3855,4091,987,1839,4033, 2515 579,3863, 977 3463 2909,3379,1349,3739, 347 387,2881,2821,1873,
;;33 (1929, 2389 3251 1149 2(3 3609 1131 1101 143, 1339 3497 2499 isn, 983 4021 1625 3217,1163,
Co ’ .
" 1,3855,4091, 9&7 1839, 4033 2515 579 3863 977 3453 2909, 3379 1349 3739, 347 387, 2881 2821,1873,
. g:g; 1929 2389, 3251 1149 243 3509 1131 1701.143 1339 3497 2499 1571 983 4021 162s,3217, 1163,
o, 3855 4091,987,1839, 4033 2515,579,3863, 977 3463,2909,3379,1349, 3739 347 387, 2881 2821 1873[
. %ggg 1929 2339 3251 1149, 243 3609,1131, 1701 143, 1339 3497, 2499 1571 883, (021 1625,3217,1163,
1,3855,4091, 987 1839,4033,2515, 579, 3863 9877, 3463 2909, 3379 1349 3739, 347 387,2881,2821,1873,
;;33 .1929, 2389 3251 1149, 243 3509 1131 1701 143,1339,3497, 2499 1571 983 4021 1625 3217, 1153,'
<0 !
o 1,3855,4091,987,1839,4033,2515,579, 3863, 977 3463,2909, 3379 1349 3739,347,387,2881, 2821 1873,
o - ;;33 1929 2389 3251 1149 243 3509 1131 1701 143, 1339 3497 2499 1571 983 4021 1625,3217,1163,
4
. 1,3855,4091,987, '1839,4033,2515,579,3863,977,3463,2909, 3379 1349,3739, 347 387,2881,2821, 1873,

1959,1929, 2389 3251 1149 243, 3609 1131 1701 143,1 7,
3937 . /. - ] 3,1339, 349 2499 1571 983, 4021 1525 3217,1163,

}i
i.! (n<0){

!er(jslz j<-MhZBIT j++) iv[1+j*HAXDINU=1, /* Inihialila all di:ection
numbers for the first .
coordinate to 1 */

for (j=1, J=0; :J <=MAXBIT;j++, k+=MAXDIM) iu[:l] = &ivik]:;

for (k=13k<-HAZDIH;k++) .

for (j=1;jcamdegik] ;j++) i.u[:il (k] <<= (mxsrr-j).
- for (j=mdegik]l+l; j<-mrr,j++
ipp=ip [k) ;
i-;u[: mdeg [k}] [k}1;
i %= (i »> mdeg [k] )
o go: (l=mdeg k] - 1>=1 1--) {
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PV[err](Y[err] , Ylerr], ..., Yerr]) -~ s corrputed These are the -
function. ya gfasedin - numerical integration. 15 - PCT,‘I;‘ggg,m%shows '
.reésults fromtrial- runs for CMO FN, 89-23 with a preferred nethod
“using Sobol ~ points generated by the correspondi-ng conputer "

‘al gorithm given in the Appendi x, as corrpared with Mnte Carlo"

i ntegration. Two Monte Car:lo corrput ations were 20. carried out, with
.different "seeds" or starting values .. of a congruential pseudo-random
nunber generator known - .as RAN2; see W Press et al., Numerical Recipes
in C, - . Canbridge University Press, 1992.4slt is apparent t hat . the
~preferred metnog ghes Quti Fﬁgy value nore 25 “rapidly. In this and
other trial ru;as,,.w; ‘requirenments of precision and : _
.confidence, aﬁ&g}d up by a factor of 3 to 5 was realized.as corrpared
with Monte rlo int egratlon Miuch greater speed-up can be -

~ expected V\heré,gulgj)eﬁ Qrgeidsj on or/and higher levels of 30 " confi dence are,

" sought . ine0; |n a.further trial run with GMO FN, 89-23, _instead
of . Sobol pm,nttes Hal ton p0| nts vvere used as _ gener at ed by the .

. correspondl not ¢o t aI iven e fRRend is felt _
that Sobol pr?\E%igrﬁi%m : {ze r’};é&/gﬁn\fé?teilaf%gsn poi.nts )%ior i nt egral s of
h' gh- if(intan-1) { . '
: unsigried long gray;

~/* Set ix to 0 */
for (k=1;k<=IMIN(4, mm} k++) ix[k] =0; -

insn- ~1; ;

graysin* (in»s1); /* Pind gray code of tn */

for (j=l;j<=MAXBIT;j++) . .
if (gray&l) (. /* Only digit:s ‘which are 1 are used */ -

- im=(j-1) *MAXDIM; .
for (ka:l. k<smu(d mm) ik++) ix(kl = iv(im+kl, C

)
- gray>s>=l;

)

imain; ' ' S Calculate the. next vect:o: in the uequence */
- for (j=1; j<-m1'1‘ j++) { /* Pind the rightmost zero bit. */ :
] g (!{im & 1)) break; _ ]

>>u 1;

if (1 > MAXBIT) nren:'or( wmxr too smn in sohleq') i
ims(3-1) *MAXDIN; : '
for (kel;k<=IMIN(dQ,MAXDIM); k++) {

ix[k] “= lv(iﬂikl b

x(k-l] =ix [k] *tac,

n+e;

" . $undef MAXBIT
$undef MAXDIM
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di mensi on. However, this preference may not apply in . S 9-

“the” casevp(gg;,%g d| nmensi onal- integrals, e.g., with dlp@msggmg@ to 5
or-so. . . A conput ati on. as descri bed nay be term nated after a
predet er ni ned nunber of function evaluations. 5 Alternatively, e.g., after
every function evaluation or - after a predeterm ned i ncremnent al nunber
of function . evaluations, a current appr oxi mati on may, be conpared

with one or. s’everal precedi ng approxi nations, for . - term nation once a
.suitable condition dependi ng on the 10 . difference between approxi mations.

is nmet. Such tef- m nation criteria be called autonatic. Autonmatic :

term nati cm--l-s--paf-tmeunl-a-r-{-y--r-e-l-r-ab-l-e-mhef-e-va-eequene-e"-"--
- ! void halten(int n)

‘Thie is the function halten for ganeraf.:mg I-la.lton po:.nts
It returns the n-th d-dimensicnal Halton point. The point is implicitly
_ returned through the array x.. The last two digits of n-1 in base plj]
are kept in ql([j] and q2(j]. When both digits become p(jl-1, the -
- radical inverse functicn is computed again. That way the accumulation
of round-off error is avoided. 1In praccice, the:e are not any upper bounds
onthevaluesofdandn- . .

t't..it"'ﬁttti."t*'**ﬁ'it.*t’t'ﬁ'.t"*’*"""t.-t'.ﬁ*'.*t'.*'.*'fiiit/

‘éxtern int d; /* actual dimension of the pe:.nes ./ .
‘extern ‘int *q1, *q2; /* q1lj] is the last digit of n-1 in base p[Jl- qzlj] is
S - the digit before the last one */ - .
extern double *x; = /* This will contain the Halton po:.nt w/
. extern int *p; /* the first d prime numbers */
eéxtern int *p_1; /* first d prime numbers minus 1 */
‘extern double *inerl,*iner2; /* ineri(jl is 1/p[j] and 1/ (p[jl*plj]) >/
' double find_fi(int p, int n). /* -Ses below */
1{!61:1 halton(int n) '
" double: a; - ) )
int j,mm; S B
static int ins_ _n; /* The default value of ins n is 0*/
(' Check if the (n-1)-th nuzber was genera:ed in the pmi.ous ca:l.l
to halton. 'If not, update qi, qz, and x */ - ) .
if{ins_ni=n-1)

ing _nan-1;
for (3=0; jed; j++)

it T AT LN &é 1
x[j]-find fi(p[jl ins n); -
.ins_n++;
for(:_=p,j<d,j++)
| T it@nle 1y
R /* 1t is easy to. update vhen the last digu: is less than plil 1/

q1 3] ++;
. x[j] -x[:] +incr1 [j] H

else i£(q21[3]<p_ 1 [j]IJ
/* This is the case when the last digiu is p[j] -1 and the digi.t:
hefore the last one is less l:han plil-1 */
. qltjlsol .
- q2[I1ee;
) x(j]-xtj]+1ncr:.[j]+inc:2[j] 1 0;

else
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of approxi nmati ons settles down snoot hly; see,’ e. 9., . the curve in F|g 2

- correspon Sobol_points. 5. - Advantageously in. %Qﬁﬁ%%k
function g} %@27?75 cluster or network of nultiple paralle p.r}(ggseﬁgso_r,s

-of. ~ workstations can be used. This may involve a-master or -~ host
“processor providing points of a | ow-di screpancy - 'sequence to- sl ave
'.processors and conbining function 20 val ues returned by the slave .
processors-into an approxi-mate value for the integral. Thus, the corrpu-'
tation can be speeded up .in-proportion.to the nunber of " processors

used. . Advant ageous. further, in conbinati-on.- with 25 nuneri cal
. ilntegrati on @s ‘descri bed above, i's the use ©f error reduction :
t echni ques anal ogous to variance red ﬁ,ioloin er%)rlte Carl o int egratl on
‘as -descri bed, /% Tﬂ' s [l Sase vRf2 gk 6;’,#{915)?”” nte %® Met hods, John W I ey
& Sons, 1986. -Thi-s may |nvoI ve a .change. of vari abl es 30 . or/and : o

_ varl ation- redgﬁl 8);1, for exarrpl e.
: nn-n/(plil*ptjl).

a=nn¥pljl;

‘nnsnn/p j

if (nn) x[jl-(a+£ind |£1(p[3) nn))*:l.nc:z[:il*inc::l.[j]. '

else x{jl=a*incr2 ()] *incn [j] :

} . . .

/t.ttttt.ttt.t'ti.tiit..tttit*tt*t.tttttti.tti.itttti'it'*ttﬁttt'i.ttt.t*tt#

find f£i(int p, int.n) -

This returns the radical inverse funeeion fi {p.n) at n for t:he ptime p.
- ) iit'*t*"**iiit."&tt*tﬁt'.t..'QQQ'..*..i.'*.*..*ittfit*'.t...‘t!'ﬁ.ﬁ**t'.ﬁ?/
'_;?ouble.find;fitinc p. int n)
- églibg:’:?éi,incr, .
' '.in'c:-:l..ol'p;. .

P2=p*p;
nnun/pZ:

£ix0.0; -
- ssiner;
-while (nn > 0)

- Ei+m (Nnp) *s; .
nn=nn/p;
s*-inc:; _

“/* The two largent compmnts of £i are added’ :I.at:er to avoid poss:i.hle
loss of precision */ .

fi={(n/ptp)+ £i}/ p2; :

fi+=(n¥p)/ (double) p;

return £i;

—
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_-10- E p - - _'ThTs i s the fUncfion sobOI for generatlng So?ol
'p0|nts I thea n-th -d- dlnen3|onal Sobol point ?ﬁ“ 0, 0,

Wdls ski pped.). The paint is inplicitly returnedl]- ro 6@5@ :
-array X The_functlon . sobseq- fron1Nuner|caI1EEC|pes 1992 was used_as ‘a
_basls but - o L o ;l i : :

1 1. A computer method in financial securities trading,
20 1for producing an approximate value for an estimated
3 value of a financial security,_compriSing~- . _
4 | prov1ding the computer with finanCial security

5 -_data, _ _ ' _ -
j]s' producing the approximate value by numerically
l7i 'integrating a multivariate integrand whose multi-

.af_ dimenSional integral over a domain of integration
9. ,_represents the estimated value, wherein numerical

‘10 integration comprises: '
--11h evaluating the integrand at pOints in the

12 'domain of integration corresponding to pOints of a
13 _low discrepancy deterministic sequence, and

14 ' combining the integrand values to produce the -
15. 'approximate value; and .

16 producing the ‘approximate value as an output

17

for inspection or/and further processing.

_.i_'ZL.__The computer method of claim 1, wherein combining
2 _'_'the integrand values comprises averaging

1 3. 'The computer method of claim 1, wherein the number -
2 _of integrand values is predetermined. ' -

1 4. “The computer method of claim 1, wherein the number"
'.2'1 - of integrand values is determined automatically.

"1 5. ‘The computer method of claim 1, further compriSing-
-2 ' allocating integrand evaluations among a plurality
3 ~ of processors.

1 6;__ The computer method of claim 1, further comprising l
.2 -1'application of an- error reduction technique.

HIIIIII A llll E—
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“~-changed significantly to acconpdate the paraIIeI dlstrlbuted approach S
The functw&r} Iﬁ%l ‘can generate Sobol. p0| nts skipping an’ |rpéry[§g95,m§ggrt of -

t he seque constant MADIM see Nuneri cal Recipes,  1s extended to

-360_whi-ch required addi ng nore |n|t|aI|Z|ng1§ata to- ‘the arrays ip (the -

imtive pon on1a I f apd al dlrectlon _
nunber s) . | b&%h&ﬁ%ﬂé§%4: éiﬁ? r%%%té tkﬁe%%ggtégg%?dlnate of .

- Sobol . p0|mts #mmduﬂhionncnmpriSesnﬁﬁ¢hmn®QXBfTV361#§éﬁBne MAXDI M 360

extern int d; /* . actual - dirmensi on of .the points */ extern double *x; .

/* This returns inplicitly the n-th Sobol point in x*/ yoid sobol (int. n)

int j,k,11 8unsi Jhed dammputier suethed oftaiaimifupWBEFSAN eIIOL: | C unsi gned

| MAXDI MH
ﬁggg[ :VR'XE# 1] Oﬂﬁ&@%@ﬂua &éﬁaelaﬁsraaaétliom

5,5, 5, 55,5, - .
B 1 9. -The computer method of clazm 1, whereln the low--
2 dlscrepancy determ;nlstlc sequence ccmprlses Sobol-
3 points. '
1 10. .The'oomputer method of claim 1, wherein the low-
"2 . | _dlscrepancy determlnlstlc sequence comprlses Halton
3 points. '

"*ql 11, -The computer method of claim 1, -whereln the low- =~
2- adlscrepancy determlnlstio sequence comprises
3 Hammersley p01nts.ﬁc"'

1i-12.-lThe computer ‘method of claim 1, whereln the 1ow~
L2 o ,d1screpancy determznlst1c sequence comprlses
3 ]hyperbolic cross points. .

1 13, ‘The computer method of claim 1, whereln financial
2 : securltles data comprlse derlvatlve 1nstrument data.

1 14, The'computer method of claim 1, further-compriSing
2 S 'us1ng the approxlmate value in offering the securlty
3. for sale. ' ' '

1 15. The computer method of claim.l further compr;s;ng '
2 - using the approxlmate value in dec;dlng whether to
-3 _ buy, sell or hold the security.

1 16. 'A'computer system for financial securities trading, -
7 for producing an approximate value for an estlmated
3 ' -_va;ue of a f1nanc1a1 securlty, compr1s1ng-
_ —_— :
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11, 11,11 141, 11,11, 11, 1 1

11,11, 11, %1 11 11, 1}“‘%’1% f% é%"ﬁcﬂ‘glf%%fg’gf’f% value by -
11,11, 11711,11, 11numerically integratingla multivamiate integmandil, 11,

12,12,12, 32,12, 12, JRode hait2-d2méasiondd: inckyrkd I&/d® a domain of -
12,12, 12 - Irst coordindte, is set to MAXBIT, but It

i s never Ssed- */ 1n§F3FPElﬁﬁsF§HEGSF8ﬁ§|Hﬂ§w®ﬂﬁﬁﬁﬁﬁﬁd value,
0, MBI T10, 1,1, 2, lodmprising:. | A

11 o . means for evaluatlng the 1ntegrand at polnts in

_O"

12 o the domain of 1ntegratlon correspondlng to points of '
-13 a low- dlscrepancy deterministic sequence, and

14 . _' “means for comb1n1ng the 1ntegrand values to
15 produce the approximate value; and : |

u16_ - means for produc1ng the approxlmate value as an |
17 -_'output for 1nspection or/and further processing

117, The'computer SYStsm-of claim 16, wherein the means .
2 - for comblnlng the 1ntegrand values comprlses
3 averaging means,_

1. 18. The. computer system of ¢laim 16, whereln the number
2 - of 1ntegrand values 1s predeterm;ned."

1 19, The computer system of claim 16 further comprlsing
2 - means for automatlcally determinlng the nnmber of
3 _'1ntegrand values._ o

1 20. The computer system of clalm 16, further comprising
.2 . means for allocatlng 1ntegrand evaluations among a

3 . 'plurallty of . processors._.

R 21."_TheIComputer.sYstem_of'claim'16, further comprising
2 means for applying an error reduction technique.

1 22. The computer system of claim 21, wherein the means .

2 . for applylng an error reductlon technique comprises
O N_means for a change of varlables. ~_~~__n““___%_____;
—_— T .
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23.

24,

25.

26.

27.

The computer system of claim 21, whereln the means

for applying an error reduction technique comprises
.means for variation reduction.

The computer system of.claim 16, wherein the means
for producing a low-discrepancy deterministic

 sequence comprises means for producing Sobol points.

' The computer system of claim 16, wherein the means

for producing a low~dis¢repancy'deterministic
sequence comprises means for producing Halton
points. ' '

Theé computer system of claim 16, wherein the means
for producing a low-discrepancy dete:miniStic
sequence,cqmprises means for producing Hammersley
points. '

The computer system of claim 16, wherezn the means
for producing a low-discrepancy deterministic
sequence comprises means_for produc1ng_hyperbolic4'
cross points. | '
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3, 3, 75 57, 7, 133, 75, 1, 15 3, 31,7,5
5 1, 3,3 1 15,11,5,3, 1, 7,9,13, 11,1, 3, 7,9
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15, 1,15, 11,5,3, 1,7, 9, : DescpupRropCT
-12- ' '
Estimation Method And System For
Complex Securities Using Low-Discrepancy
Deterministic Sequences
The United States Government has certain rights
to this invention pursuant to grants CCR-91-14042 and
IRI-92-12597 awarded by the National Science
Foundation, and to grant AFOSR-91-0347 awarded by the
5 U.S. Air Force.

Background of the Invention

The invention relates to financial securities

trading such as, e.g., trading in stocks, bonds and
10 financial derivative instruments, including futures,
options and collateralized mortgage obligations.

In financial securities trading, which includes
the initial offer for sale, the value of a security may
be estimated, e.g., based on expected future cash flow.

15 Such cash flow may depend on variable interest rates,
for example, and these and other relevant wvariables may
™ be viewed as stochastic wvariables.

It is well known that the value of a financial
security which depends on stochastic variables can be

20 estimated in terms of a multi-dimensional integral.
The dimension of such an integral may be very high.

In collateralized mortgage obligations (CMO), for
example, instruments or securities variously called
tranches, shares, participations, classes or contracts

25 have cash flows which are determined by dividing and
distributing the cash flow of an underlying collection
or pool of mortgages on a monthly basis according to
pre-specified rules. The present value of a tranche
can be estimated on the basis of the expected monthly

30 cash flows over the remaining term of the tranche, and
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15,11,5,3,1,7, 9, 1,15,11,5,3,1,7,9,13,11,1, 3,
7,9,5,13,13, 11, 3, 15,5, 3, 15, 7,9, 13,9, 1, 11, 7,5, 15,1, 15,11,5,3,1,7, 9,
1,15,11,5,3,1,7,9,13,11,1.3.7,9,5, 13, 13,11, 3, 15,5, 3, 15, 7,9, 13,9, 1, 11, 7, 5,
15,1, 15.11.5,3.1,7, 9, 1,15,11,5,3, 1,7,9,13, 11,1, 3,

7,9,5,13, 13, 1an edtimatze 1 tle @repenti vaiug of altrgnghescgnibe 9 1,

15, 11,5, 3, 1rg%1;9e§§mééd laéa:a?:n%;l%i%n&s&brﬁ:ljén@e%r&i wh8sé3, 9, 1, 11,75
,5,15,1,15, 11,5,3,1,7,.9,. .1, 15, 11b§§,3, 1, 7,9, 1 ’11’%’3h7’9’5’
13,13, 11, 3, 1595MeNg50% 48 (e numper; of PRyments pprigds eiythy /*end 4
*/ tranche. For a typical instrument with a 30-year term

117,13, 7615, Sl 0e Ao 2% Ahdibel9 chha? i hehdibh 1623689 3 3L 11,5, 23,

1,17, 13, 7, 15, 9, 31, 9swably 1 55ych g highrglimensjopaisinpegrad ggnzbgy 11 5 23,
27,19, 21,5, 1, évaludt d 15nDy 3pProximately, by numerical integration.

1,17,13,7,15,9,31,9 7,15,.29, 9 A 14, 5 3111, 5, 23,
117,13, 7,15 830 9o Rfed0hd St b Bolnkd 1 1rd5abfadnbe
integration, evaluating or "sampling" the integrand at

10 the generated points, and combining the resulting
integrand values, e.g., by averaging. Well known for
numerical integration in securities trading is the so-
called Monte Carlo method in which points in the domain
of integration are generated at random.

15 With integrands arising in financial securities
trading, the computational work in combining the
sampled values is negligible as compared with producing
the integrand values. Thus, numerical integration
methods in securities trading may be compared based on

20 the number of samples required for obtaining a
sufficiently accurate approximation to the integral.

Summary Of The Invention
""" 3 A preferred method for estimating the value of
25 a financial security involves numerical integration
unlike Monte Carlo integration in that an integrand is
sampled at deterministic points having a low-
discrepancy property. As compared with the Monte Carlo
method, significant advantages are realized with
30 respect to speed, accuracy, and dependability.
A computed estimate can be used in setting an
(~ offering price, e.g., somewhat higher than the
estimate. An estimate can be used also in deciding
whether to buy, hold or sell the security. For
35 example, if the estimate exceeds the price at which the
security is being offered for sale, a “buy”
recommendation is appropriate.
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27 19 21, 5 1, 3 15,9, 31,9, poaz
1,17,13, 7, 15, %35139P§T27 15, 29, 21, 23, 19 11 25,7,13,17, 1, ,%’,%]5&,8,@7

27,19,21,5,1,17,1 3,7,15,9, 31, 9,
1,17,13,7,15,9,31,9,3,27,15,29,21,23,19,11,25,7,13,17,1,25,29,3,31,11,5,23,
27,19,21,5,1,17,1 3,7,15,9, 31, 9,

1,17,13,7,15,9, 31 9,3, 27,15, 29, 21 23,19,11,25,7,13,17, 1, 25, 29, 3, 31, 11, 5, 23,
27,19, 21,5, 1, £ D s 1 t3engOf The Drawin

LA S0 B o et S ppmtad gy o 11 0,2
11,.7.13,17,1° ?%eﬂ‘glil §Ecﬁé§n§§ with zgr’%?éfg’ief}l%@”dfﬁ%?% 3’% 31“ ] *end

5 */ 1nvent10n
1 51, 61, 4%, 51, 59, 4%,1 7,35483al8r é%hﬁé BdpBSsdntatiiom DB PedFokhabze?3, 29, 3, 2
1, 13, 31, 25, 9, 49, 9,29,11, 1
1,51, 61, 43, 51! a47’b§?1§§d53n1§°§2u%§r ‘?r%%l 7F4RS Widdl @ exemplarys s o9 3 2
1, 13, 31, 25, , 4embodien29pflrhe, 2dyvébt26n as compared with two Monte
1,51, 61, 43, 51 7 .51, 61,37,33,7,5, 11, 39, 63, 27, 17, 15, 23, 29, 3, 2
1,13, 31, 25, 9, ﬁ%%’}% %‘p’}g ﬁ % " 27, 15, 25,
1,51 61. 43,51, 59, 4Figz 35is321§19% @iagramof a prefeyrysd embpdiments 29 3 2
1,13,31, 2% 9, 4% 2 ﬁei&oa9lhla&9023aﬁ5e251th the invention. -
1,51, 61, 43,51, 59, 4 5. , 3.7,5, 5,23,29,3,2
1,13, 31, 25, 9, 49, ? %9 % 13‘17'%“"%&‘%"17 2 F}geée%.lﬁe% Turthel
, 51, 61, 43, 51, Wlﬂrﬁngsogsthzg, tnvent 3gng3inchudingdlsy yse ©f 15, 23, 29, 3, 21
, 13,31, 25,9, 4%wdtiple processors.

Fig. 5 is a flow diagram of initially selling a

15 complex security in accordance with a preferred
embodiment of the invention.

Fig. 6 is a flow diagram of buying/holding/selling
a complex security in accordance with a preferred
further embodiment of the invention.

20 Further included is an Appendix with two computer
algorithms in "C" source language, respectively for
computing Sobol points and Halton points. For a
description of C, see B.W. Kernighan et al., The

'JMF Programming Language C, Prentice-Hall, 1978.
25
Detai ription Preferred Embodimen

Fig. 1 shows a stored-program computer 11 con-
nected to input means 12, e.g., a keyboard, for enter-
ing financial securities data, and connected to output

30 means 13, e.g., a visual display device, for displaying
an estimated value of the financial security. The
computer 11 includes a working memory 111 (M), a low-
discrepancy deterministic point generator 112 (P), an
integrand evaluator 113 (E), and an integrand-value

35 combiner 114 (C).

~In estimating the value of a multi-dimensional
integral in financial securities trading, a
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1,51, 61,43,5%253%2 47%&{ 35, 53, 19, 51, 61, 37, 33, 7, 5, 11, 3% %59 ?
21,23, 31, 25, 3 BCh9 29 11,19, 27,1575, 1, 51 .61, 4 1 P 1397

53,19,51,61,37, 33, 7,11, 39, 63,27,17 , 15,23, 29 3,21 , 13 31,25,9,49,3
3, 19 ,29,11, 19, 27, 15 ,25, 1,51 , 61,43,51, 59,47, 57, 35, 53,19 ,51 ,

61 7,33 ,7,5,11,39,63, 27,17, 15, 23,29, 3, 21, 13, 25,9, 49, 3

3,19, 29,11, 19, 27,15,25, /*end 6 */ 1,85 67,49

125, 25, 109, 4%@§B@nﬂ_&ﬂﬁrﬁﬁimr@ 3B &R3mpded2At1®9038LE15, 41, 79, 17,29 119,

75 73 1 05, 7eopfes a3 1%%%%%& B5erfind8ci425, 25, 109,
43, 89, 69, 113,47, ,ﬂ37 83" 103 115 41, 79 17,29, 119,
75,73,1 05,7, %@qu%%c?za BOINtE gy theym l_’t’@?flafe ggit’ cube

67,49, 125, 109déﬁq.ﬂéd@9e]]d38 47If55;hé7mﬂt,13rhxﬂ.&,tla0&n127pub3 38, 215041, 79, 17,

s a0 108, 43t Be Canlif g S tE G Bty 18T euk $-0T 10 o
119, 75, 73, 1 o@mcrggan% datemnimiptic segyiengs cap7belusgs 8%, 49, 125, 25,

109, 43, 89, 69gangBe Pdindd, dfrecti3. 83:111(t?he 2Zbsel 333, mbie, géherdd, 17, 29,

119, 75, 73, A.93in"of 5191‘1te695rat2ildn,3 samp ‘e pdln8c% %%rrgspond to

points of a low-discrepancy deterministic sequence in

10 the multivariate unit cube via a suitable
transformation or mapping.

When a sufficiently large number of sampled values
has been computed, an approximation of the integral is
obtained by suitably combining the computed values,

15 e.g., by averaging or weighted averaging.

In the d-dimensional unit cube D = [0,1]¢9, a low-
discrepancy deterministic sequence 2z,, 2Z,, ... of
points in D can be characterized as follows:

For a peint t = [t;, ..., t4] in D, define

20 [0, £) = [0, t;) x ... x [0, tg),
where [0, t;) denotes a left-closed, right-open
interval, and denote with X, {(.) the characteristic
or indicator function of [0, t). For points 1z, ...,
- Zz, in D, define
25 Rolt; 2z, +vny 2Zp) = (Taa® Xio, 0 (20))/n - tit,. . .tg,
and define the discrepancy of 2z,, ..., 2, as the IL.-

norm of the function R,(.; 2, ..., 2,), 1i.e.,
IRn.i 21, «+..:s Zn)lle = SUPwp|Ralt; 23, ..., 2Zi)].
The sequence z,, z,, ... 1is said to be a low-

30 discrepancy deterministic sequence provided
IRo(.7 24, .., 2Zu)]e = O((log n)9/n).
Low-discrepancy deterministic sequences are
described in the published literature; see, e.g.,
H. Niederreiter, "Random Number Generation and Quasi-
35 Monte Carlo Methods", CBMS-NSF, 63, SIAM, Philadelphia,
1992 and S. Paskov, "Average Case Complexity of
Multivariate Integration for Smooth Functions", Journal
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1. 85 67, 49, 125, 25 t1)1_?(38_%43,89, 69, 113, 47, 55, 97, 3, 37, 83, 1qazavnsd, B3; &1 AYYP.

17, 29, 119, 75,27%8,%.3 , 99, 65, 21, 3, 113, 617 89, 45, 107,

1,85, 67, 49, 125, 25, 109, 43, 89, 69, 113, 47, 55, 97, 3, 37,

83,103, 27, 13, 33, 115, 41, 79, 17, 29, 119, 75,73, 1

05,7, 59, 65, 21, 3, 113, 61, 89, 45, 107, 1,

85, 67, 49, 125, 25, 109, 43, 89, 69, 113, 47, 55, 97, 3, 37, 83, 103, 27, 13, 33, 115, 41, 79, 17
, 29, 119, 75, 730 Oomgl&Rifip, Mo, 193(1319389, 4p,.1221-3135, 6Wedd-kA6wA5, 109, 43,

05,7, 50, 65, 213 4elg 6F Fot Whrebhnty sebptinidell Sdghlicdd diel
1, 255, 79, 147, 4a¢, 80-9Fkled Hammenslew poiqte; Heltem PeiBtse 89RoBs 195, 177,

105, 17, 47, 169398t s 1 48nd ShyderHAh, a0l polidft sl 75, 63, 47, 7, 23, 39,

5 For illustration, in the case of Sobol points in a
single dimension (d=1), a constructive definition may
be given as follows: Choose a primitive polynomial

P(X) = X" + a,X"! + ... + @ X + 1
(whose coefficients a; are either 0 or 1) and define

10 gso-called direction numbers v;, i > n by the following
recurrence formula:

Vi= aVig © 8,V @ ... © @8y Viga ® Vig ® (vi,/27%),
where & denotes a bit-by-bit "exclusive or" operation.
The initial numbers v, = m/2, ..., V,=m,/2® can

15 be chosen freely provided m; is odd and 0 < m; < 2%
for i =1, 2, ..., n.

Using the direction numbers v; so defined, now
define the one-dimensional Sobol sequence Xx,, X,

by
20 X = byv, ® byv; @ ... & byv,, k20
where k = Y, 99%b,2¢ is the binary representation
of k.
For higher dimensions (d > 1), the
K; first d primitive polynomials P,, P,, ..., Py are

25 used. If ({x},,° denotes the one-dimensional Sobol
sequence generated by the polynomial P;, the d- .
dimensional Sobol points are defined as x, = (x?, x2,

oo x8).
While this definition can be implemented as a

30 computer algorithm directly, faster techniques are
known which produce these points in a "shuffled" or
permuted sequence. In particular, this applies to the
computer algorithm given in the Appendix.

For specificity in the following, a preferred

35 embodiment of the invention is described as applied to

a collateralized mortgage obligation known as CMO FN,
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1,255,79,147,141,89,173,43,9,25,115,97,19,97,197,101,§5§%294 _751¥3§3i;
105, 17, 47, 169 %gg §&§8’15’213’135’253’19 4155,175,63,4§§é§§§, ,
l,255,79,147,% ’39°973. 43, 9, 25, 115, 97, 19, 97, 197, 101, 25K ,5&3E§%ﬂ9
177,105, 17, 47, 169, 109 , 149, 15, 213, 135, 253, 191, 155, 175, 63, 47, 7, 23, 39,

1, 255, 79, 147, 141, 89, 173, 43, 9, 25, 115, 97, 19, 97, 197, 101, 255, 29, 203, 65, 195, 177,
105, 17, 47, 169, 109 , 149, 15, 213, 135, 253, 191, 155, 175, 63, 47, 7, 23, 39,

1, 255, 79, 147, 141, 89, 173, 43, 9, 25, 115, 97, 19, 97, 197, 101, 255, 29, 203, 65, 195, 177,
105, 17, 47, 16982623, 14this, R4S, 85 tA53ekd] MEBBIritY, 68d47ons283L890f

1,255, 79, 147, 141, B 143143 r2deld®, 97, 19, 97, 197, 101, 255, 29, 208, 65, 195, 177,
105, 17, 47, 160°100" 149 150 213, 135, 253, 191, 155, 17563, 47, 7,23, 30,

1, 255, 79, 147, 141, 897G 78ranches 23, &3 -Fy &7 f97 280P 288-%9 203 65, 195, 177,
105, 17, 47, 169, 109 sigfSo#bird 3t Aadcraas, 249106 ,193 -H/5,283,547, 7, 23, 39,

1,255,79,%47,141,8?i%ggqéfé%§%%§é%g§%ﬁi19,97,197,101,255,29,203,65,195,177,

105, 17, 47°169. 109 R91 155, 175, 63. 47, 7, 23, 39,
1. 255 79 147, 141, 88ceysakistvanche 123 ¢4 19 97, 197, 101, 255, 29, 203. 65, 195, 177
}?51 17, 47, 169TA89moR#R1 5c24B, 85w 2033, dBdi derb .ahtb BB t44b(te3. 39, /*end 8
1,257, 465, 4392F99¥931918% BBe-specified mules, whichy are, gnpludedoing ) 475 45

1, 263, 19, 249, 275prmal prospectus. Some of the basic rules may be

369, 393, 167, 338addd. 489 dPlowd, 451, 229, 247, 297, 403, 497, 61, 361,

1, 257, 465, 439, 177, 321, 18], 225, 235,103,411 %%g, 9, 353, 329, 463, 385, 111, 475, 45
1,263, 19, 249, 275, B&858o5TIR7tAs ol Lagy £low, Ahe, souppn 18

297, 403, 497, 6pa38lto the tranches. The remaining amount, called

P

}ggg ‘1‘8?1223,9 %éﬁc%ﬁéi 181s€2PpatPert Odndtine 2 3% 2betP Foi2 TetdIndR: LEL. 475, 45

369, 393, 167, 38824P31R68Pads, 2RT48Y oA Jyixedy dafss Ao Ehe) fygyre,
1, 257, 4635439+t hé7/pa2hcipal 2&hoa3s, WB] 4d , AIhdEt etb BedpiemtG313§5 bl 1, 475, 45
1’263’19’249’%Kg’tranches 23-G, 23-H, 23-J and 23-Z2. After that

date, the Principal Distribution Amount will be

allocated sequentially to the tranches 23-A, 23-B, 23-

C, 23-D and 23-E according to a planned schedule. Any

20 excesg amount of the Principal Distribution Amount over
the planned schedule will be allocated sequentially to
the tranches 23-G, 23-H, 23-J and 23-Z. A distribution
of principal of the tranche 23-R will be made only

'f} after all other tranches have been retired.

25 In deriving an estimate for the present value of
the security at the time of issue, the following
notation is used below:

C - the monthly payment on the underlying
mortgage pool;

30 i, - the projected interest rate in month k,
k=1, 2, ..., 360;

wy, - the percentage of mortgages prepaying in
month k;
Ai60-x+1 — the remaining annuity after month k.

35 A remaining annuity a, can be expressed as

ay =1+ vy + ... + VvV k=1, 2, ..., 360,
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369, 393, 167, 333, 473, 469, 101, 21, 451, 229, 247, 297, 403, 45%7{@;,3@ﬂ5 19363
1, 257, 465, 439 181, 225 235. 103, 411, 233, 59, 353, 3 5 1~=1 Q45
1 263, 19, 24%&5%%356T SE %?%yﬁﬂis % SRpE
369, 393, 167, 333, 473, 469, 101, 21, 451, 229, 247, 297, 403, 497, 61, 361,
1, 257, 465, 439, 177, 321, 181, 225, 235. 103, 411, 233, 59, 353, 329, 463,
385, 111, 475, 451, 263, 19, 249, 275, 369, 393, 167, 333, 473, 469,
101, 21, 451, 229, 247, 297, 403, 497, 61, 361,
1, 257, 465, 439with B2 E Ag11245) 235vhexse 411, 238, 5be358r8ent 488nthly
385, 111, 475, 4pde b8t 18a2d9, 2fitus, after k months, the remaining
369, 393, 167, 333, 473, 469, 101, 21, 43} 229 247,297, 403, 497 61, 361,
1, 257, 465, 439aT99n§23 1RGPS, wedh 1833 G353 329, 463, 385, 111, 475, 45
1, 263,19, 249, 275,It is assumed that the interest rate i, can be
369,393,1§7,3§§ 423.489,101, 21, 451, 229, 247, 297, 403, 497, 61, 361,
1, 257, 465439 197 321 181, 225, 235 103, 411, 233, 59, 353, 329, 463, 385,
111, 475, 451, 263, 19, 249, 275, 369,893, K6 72XmEExd 181469
101, 21, 451, 22@nh24<&, @90 { 4D 3d &, ndﬂﬁﬂuiﬁ%n.bnd where
1,771, 721, 1013, 759, 835, 94 8 D2 B0 3G, S650057,04% 551, 505, 8
, 337, 829, 989, sasdeﬁquaakzlgs 783 geag 0 Fﬂﬁ YRT4RNCe7 92,1 FhD5K,
1,771, 721010185759 g89En 94Enddan 929, kS . thie! p3asthl, ekBfp12834: 657, 647, 581,
505 , 833 139, 1§§ 4203 g% 337, 829, 989, 375, 365, 131, 215, 73é 451, 447,177, 57,
471, 979, 197°-98% 779%21- 1013 759, 835, 949 113, 929, 615, 157, 39, 761, 169,
983, 657, 647,581, Isos$ 83umddFunthe’dhatslw, as a function of iy
, 337, 829, 989, 315, B865cdndurdd. 433, 451, 447, 177, 57, 471, 979, 197, 251,
1,771, 721, 1013. 759 835, 949 113 929 615,57, 39. 761, 169 983, 657, 647,
581, 505, 833, 139, 147, 20% g1 K + K arctan (Kiix + K,),
, 337, 8291989, 8HET868,,13XL, 2k5, K33ablgiMdn 1ddnsar7d. 979, 197, 251,

ép},?135214%058372%@%79%%% S S a8 (B8 ot naken B o

979, 197, 251, ]f 77& 72 i, 101'3 @5 949, 113, 929, 615, 157, 39, 761, 16, 983, 657
647, 581, 505, 833 (1-38,(&14V7,. .2Ql3-wk§](§1, e oo s 1)) (L-w (&9, ..., &)
+ Wi (€1, ..o &) Ragooker) +

20 where
Wi (€1, ...,8) = Ky + K, arctan(K;K*i,exp (§.+...+&,) +K,) .
This cash flow is distributed according to the
rules of FN, 89-23. Then, the cash flow for each of
the tranches is multiplied by the discount factor
25 vi(&€1) ooy (Ey, ..., &), with
V; (5.1, c--085) = 1/{1 + KJigexp(&:+...+E&5)),
j=1,2,...,360,
to find the present value for month k. Summing of the
present values for every month gives the present value
30 PV;, for each tranche T.
The expected or estimated wvalue,
E(PVy) = E(PV (&, .. -1 8&360) ),
upon a change of variables is represented by
E(PVy) = fn PVr(y1(X1) s - -« s ¥a60 (Xs60) ) OX; . . . AXagp,
35 where
x; = (2mo) %[ ¥ exp(-t2/(20))dt.
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337,829,989, 375, 365, 131, 215, 733, 451, 447, 177, 57, 471, PR 198 %5 /}70 3
1,771, 721, 1013, 759, 835, 949, 113, 929, 615, 57, 39, 761 16% 6
505 , 833, 13F8PA B3 81 337, 29,989 575, 365, 131, 45T SR 1231
57,471,979, 197, 251,

1,771, 721, 1013, 759, 835, 949, 113, 929, 615, 157, 39, 761, 169, 983, 657, 647, 581
505, 833, 139, 147, 203, 81

1337, 829, 989, 375, 365, 131, 215, 733, 451, 447, 177, 57, 471, 979, 197, 251,

29823- PCT Thus, for each tranche- T4- a 360-variate integrand

has to be integrated over the 360-dimensional unit
cube.

After generating a point

5 (%,, X3, ..., Xsgo)
of a low-discrepancy deterministic sequence in the unit
cube, the point
(Yir Y2: -+++ Yieo)
is computed by finding the value of the inverse normal
10 cumulative distribution function at each xy;. Then, for
each tranche T, the function value
PVe(¥Y1: Y2r ---:+ Yieo)
is computed. These are the function values used in
numerical integration.
15 Fig. 2 shows results from trial runs for
CMO FN, 89-23 with a preferred method using Sobol
points generated by the corresponding computer
algorithm given in the Appendix, as compared with Monte
Carlo integration. Two Monte Carlo computations were
20 carried out, with different "seeds" or starting values
of a congruential pseudo-random number generator known
as RAN2; see W. Press et al., Numeri i in C,
Cambridge University Press, 1992. It is apparent that
the preferred method reaches a steady value more
25  rapidly. 1In this and other trial runs, with typical
requirements of precision and confidence, a speed-up by
a factor of 3 to 5 was realized as compared with Monte
Carlo integration. Much greater speed-up can be
expected when higher precision or/and higher levels of
30 confidence are socught.

In a further trial run with CMO FN, 89-23,
instead of Sobol points, Halton points were used as
generated by the corresponding computer algorithm given
in the Appendix. It is felt that Sobol points may be

35 preferred over Halton points for integrals of high
dimension. However, this preference may not apply in
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§é71%§7ill,7lgég, gig, 535, 949, 113, 929, 615, 157, 39, 761, 16%?@‘/, lzﬁgglz}a
37,829, 01 190 3EP
, 251,
*/ :

, 337, 829, 989,28A2 3388 131, 215, 733, 451, 447,177, 57, 471, MG

1, 1285, 823, 727, 267, 833, 471, 1601, 1341, 913, 1725, 2021, 1905, 375, 893, 1599, 415, 60
5,819, 975, 915, 171 5, 1223, 1367, 663, 629, 525, 469, 981, 1667

1587, 1251, 451, 481, 721, 483, 1209, 1457, 415, 1435,

1, 1285, 823, 74he R A3 DM IbwkaOHitdaki6ha117258081s1965g375w8E8, 1599, 415, 60

5,819, 975, 915, .
5,1223, 1367, 6%‘]3"?%?91,‘?&%‘,946’;5, g8 £71687, 1587, 1251, 451, 481, 721, 483, 1209, 1457, 41

5, 1435, A computation as described may be terminated after

é1éié5b§§3bZ§¥1 ﬁg&éﬂg%mﬁﬁbduﬂﬁhbﬁi4bi9I&n&EZ5n2@%&l&9950355,893,1599,415,60
5 1223, 1357, CoL SRP B g9 oS 18T 5§75 FuRs 1981 °Y31u3k300 588 1457, 41
5, 1435, ~after a predetermined incremental number of function

1, 1285, 823, 727, 267 83d7 b 1aRkek¥ hbkdxi#381302Hha}pOBE. 335p803a1599, 415, 60
5,819, 975, 915, 171 . .

5. 1223, 1367, 66BN 2 AR REEFefi®s PPRTOXATaRa?S215983 1200 1457, 41
5, 1435, termination once a suitable condition depending on the

L. 1285, 823, 723; 261, 8300 Adeudilt Aitnhe 1B 202hel 056326, £93. 1599, 415, 60
5. 1223, 1367, GBBNBPLOD 2or ey s Maps de LdiefbsuteBmatisy 73ytematisng 1457, 41

5, 1435, termination is particularly reliable where a sequence

171285, 823, 720 260, 833 411 3601 diVhk i ScRiRdy} 00863/ 5e83, 1599, 415, 60

5,819, 975, 915> e , .
5, 1223, 1367, 66l3¢ 628r 6251 uci®8 12 1BHEEERPRALIg] tes 8okgl poinggs, 1209, 1457, 41

5, 1435, 15 Advantageously in computing function values,

a
11285 823, 727, 267,855, 473 1607 340 913.1775,2041, 15080 200£9%64599. 415, 60

5, 1223, 1367, 6868rk28atienA6sade 1664 .15Thipsayl13nvedye7a1magBer209, 1457, 41
5, 1435, host 7processo:r providinf goints of a low-discrepancy
1, 1285, 823, 727, 267, 833, 471, 1601, 134T, 13,17% ,2%%1,1905 375,893, 1599, 415, 60
5 819 975 9155§gyence to slave processors and combining function

5, 1223, 1367, 663168, bturitdr] 384 , the6 §1E5&/ pk2oes4bts480t 3280483, 1209, 1457, 41

> T80 823, 72PBETHY TP L T P 752 502 T 1665 5955888 1599, 415, 60

5 819, 975, 9151,:a_tqi_}_on can be speeded up in proportion to the number of

5, 1223, 1367, 6p306@9:S5r> , b 981, 1667, 1587, 1251, 451, 481, 721, 483, 1209, 1457, 41

5".‘??435’ Advantageous further, in combination with

25 numerical integration as described above, is the use of
error reduction techniques analogous to variance reduc-
tion in Monte Carlo integration as described, e.g., by
M. Kalos et al., Monte Carlo Methods, John Wiley &

Sons, 1986. This may involve a change of variables
30 or/and variation reduction, for example.
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/*end 11 */ 5110363
1, 3855, 4091, 987, 48893 4988, 2515, 579, 3863, 97713463, 2909 ol 7 SEP48SP

7, 2881, 2821, 1873,
1959, 1929, 2389, 3251, 1149, 243, 3609, 1131, 1701, 143, 1339, 3497, 2499, 1571, 983, 402
1, 1625, 3217, 1163, 2977,
1, 3855, 4091, 987, 1839, 4033, 2515, 579, 3863, 977, 3463, 2909, 3379, 1349, 3739, 347, 38
7 2881, 2821, 1873,
1959, 1929, 2389, 3251, 1149, 243, 3609, 1131, 1701, 143, 1339, 3497, 2499, 1571, 983, 402
1 1625, 3217, 1163, 2977,
1, 3855, 4091, 987, 1839, 4033, 2515, 579, 3863, 977, 3463, 2909, 3379, 1349, 3739, 347, 38
7, 2881, 2821, 1873
}952 A é9§g 1§3?.?_.%3.2}23%...1.1&94.2.‘}.34.§QQQﬁ.lJ&J.,.J.ZQl..l43..1339..34&2..2499 1571, 983, 402
1, 3855, 4091, o®¥ 1@ading (@83 2515, 579, 3863, 977, 3463, 2909, 3379, 1349, 3739, 347, 38
7, 2881, 2821, 1&33 is the function scbol for generating Sobol pcu.nt.s It returns r.he
1959, 1929, 238%; &mw‘zﬁtﬁ‘%&&éﬁ&ﬂ‘i 13;%9‘;#2523 ©'499, 1571, 983, 402
1, 1625, 3217, 11%«; m:;u Recipes, 1992 ':g§ 1:;;2;;1 :c:::::' gp
1, 3855, 4091, 9@2 im &g& mm m 8!19 1349 3739, 347
387 288 1 2821 9167 thgztoquanco The constant MAXDIM, -oe Nuncrica Rcc:

ig to 360 vhich required adding more initializing data to
1959, 1929, 238%ha abbval b Gpeiksriso00yEaBIng 701 143 1339, 3497 2499, 1571, 983, 402
1, 1625 3217 1% SZ? :gr::::l'to ge;:n:e the firet cou:d:.na:e of SObol points.
%8§8523§8‘1103é2919818%.g?:Qi.ﬂs.g.%%.z.%}l5‘.52.9..323.63.,.9.27..345.3..2&0.9.3319..1,349 3739, 347
1929, 2389, 3 1;35%;2%3“ 3609, 1131, 1701, 143, 1339, 3497, 2499, 1571, 983, 4021, 162
5, 3217, 1163, sadsinSiwop6d , 987, 1839, 4033, 2515, 579, 3863, 977
3463, 2909, 3379, 1349, 3739, 347387, 2881 , 2821, 1873 2977, 2389, 3251

1149, 243, 3606kxda 3ax 4:701/*1 ot 571 983,4021.1625
1, 3855, 4091, 3‘5‘7“%@5 2033, g 3‘5 3553 ‘8@??3463 2000 %3%"79 1340, 3739, 347, 38
7 2881 2821 sc*"‘““‘t u)

1959, 1929, 23 Qnt3:|?,5.lé 1149 %43 3609, 1131, 1701, 143, 1339, 3497, 2499, 1571, 983, 402

1 1625 3217 1iheT® fac;

static unsigned long in, ix {MAXDIM+1],*iu{MAXBIT+1];
static unsigned long mgtmxuu]-{o MAXBIT,1,2,3,3,4,4,

6,6,6,6,6,6,
7.7,7,7.7,7.7.7,7,7,7,7,7,7,7.7,1,7,
/*16%/ 8,8,8,8,8,8,8,8,8,6,8,8,8,8,8,8,

LT $,9,9,9,9,9,9,9,9,9,9,9,9,9,9.9,
’lsl’lsislsislsls'slsistslsislsi
9,9,9,9,9,9,9,9,9,9,9,9,9,9,9,9,

/*20*/ 10,10,10,10,10,20,10,10,10,10,10,10,10,20,10,10,10,10,10,10,

10,10,10,10,10,10,10,10,10,10,10,10,10,10,10,130,10,10,10,10,
10,10.10,10.10.10,10,10,10,10,10,10,10,10,10,10.10.10,10.10,
11,131,22,21,11,11,11,21,12,21,31,12,12,12,11,11,11,13,11,11,
11,12,11,11,22,11,12,22,22,11,11,11,12,11,113,13,131,12,11,11,
11,11,21,11,11,11,21,22,13,112,113,11,11,11,12,11,122,13,11,11,
11,31,11,11,121,11,12,11,22,22,11,22,11,11,121,21,113,21,21,11,
11,11,11,11,11,11,11,121,12,21,13,1212,13,121,11,12,113,131,11,11,
11,11,11,11,11,12,21,11,12,21,11,212,1),12,22,11,122,1),11,11,
131,33,13,11,11,1),131,12),122,121,1%,122,13)3,122,122,123,13,23,13,11,
11,11,11,11,21,12,12,121,11,11,11,11,11,121,11,11,11,11,11,11,
11,11,131,11,11,11,121,21,12,21,11,11,11,11,13,11,

lg .12,12,12,12,12,12,12,12,12,12,12,12,12, 12 12,12,12,12,12,
12,12,12

/* The first coordinate is get to MAXBIT, but it is never used */
static unsigned long ip [(MAXDIM+1]={0,MAXBIT,0,1,1,2,1,4,
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for (j=1,k

k<

446,454,457,472,493,505,508,
/*degli*/ 2,11,21,22,35,49,50,56,61,70,74,79,84,88,103,104,112,115,117,122,134

146,148,157,158,162,164,168,173,185,186,191,193,199,213, 214,220,227
236,242,251,256,259,265,266,276,292,304,310,316,319,322,326,334,339,341
345,346,362,367,372,375,376,381,385,388,392,409,415,416,421,428,431,434
439,446,451,453,457,458,471,475,478,484,493,494,499,502,517,518,524,527
555,560,565,569,578,580,587,589,590,601,607,611,614,617,618,625,628,635
641,647,654,659,662,672,675,682,684,689,695,696,713,719,724,733,734, 740,
747,749,752,755,762,770,782,784,787,789,793,796,803,805,810,815,824, 829,
830,832,841,847,849,861,871,878,689,892,901,908,920,923,942,549,950,954,

961,968,971,973,979,982,986,998,1001,1010,1012,
/*degi2*/ 41,52,61,62,76,104,117,131,143,145,157,167,171,176,181,194,217,236,

137,
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static unsigned long iv{MAXDIM*MAXBIT+1]={
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..... “ e aa

LU

*" e e meaewa

LIRSS

LI L L K]

1,15,12,5,3,1,7,9,13,11,1,3,7,9,5,13,13,11,3,15,5,3,15,7,9,13,9,1,11,7,S,15,1,15,11,5,3,1, 7

14

1,15,11,5,3,1,7,9,13,11,1,3,7,9,5,13,13,11, 3,15,5,3,15,7,9,13,9,3,11, 7,5,15,1,15,11,5,3,1, 7,

RGENDED SHEET



i f (ipp [err]1) i@ "*=iu[j-1][M; ipp [err] 1,

fac=10 (LL [ er rJod8xRBICT) ; I N=0, el sel2-
nunber was generated in the previous call to sobol .
and ix */

1,15,11,5,3,1,7,9,13,11,13,3,7,9,5,13,13,11,3,15,5,3,15,7,9,13,9,1,11,7,5,15,1,15,11,§,3,1, 7,
9,
1,1s,11,5,3,1,7,9,13,11,1,3,7,9,5,13,13,11,3,15,5,3,15,7,9,13,9,1,1:,7,5,15,1,15,11,5, 3,1, 7,

9,
1,15,11,5,3,1,7,9,13,11,1,3,7,9,5,13,13,11,3,15,5,3,15,7,9,13,5%,1,11,7,5,15,%,15,11,5,3,1,7,
9,
1,15,11,5,3,1,7,9,13,11,1,3,7,9,5,23,13,11,3,15,5,3,15,7,9,13,9,1,11,7,5,15,1,15,11,5,3,1, 7,
9,
1,1%,11,5,3,1,7,9,13,11,1,3,7,9,5,13,13,11,3,15,5,3,15,7,9,13,9,1,11,7,5,15,1,15,11,5,3.,1,7,

9,
1,15,11,5,3,1,7,9,13,11,1.,3,7,9,5,13,13,11,3,15,5,3,15,7,9,13,9,2,11,7,5,15,1,15,11,5,3,1,7,
94
1,1%,11,5,3,1,7,9,13,11,1,3,7,58,5,13,13,11,3,15,5,3,15,7,9,13,9,1,11,%7,5,15,1,15,11,5,3,1,7,
9, /*end 4 */

1,17,13,7,15,9,31,5,3,27,15,29,21,23,19,12,25,7,13,17,1,25,29,3,31,11,5,23,27,19,22,5,1,17,1
3,7,15,9,31,9,

1,15,13.7,15.9,31,9,3,27,15,29,21,23,19,11,25,7,13,17,1,25,29,3,31,11,5.23,27,19,21,5,1,17,1
3:711519131'9'
9,31,9,3,27,15,29,21,23,19,11,25,7,13,17,1,25,29,3,31,11,5,23,27,19,21,5,1,17,1

1,9,3,27,15,29,21,23,18,11,25,7,13,17,1, 25,29, 3, 32,11, 5, 23, 27,19, 21,5,1,17,1

’

9,3

r

9,31,9,3,27,15,29,21,23,19,11,25,7,13,17,1,25,29,3,31,11,5,23,27,19,21,5,1,17,1

2

9,31,9,3,27,15,29,21,23,19,11,25,7,13,17,1,25,29,3,31,11,5,23,27,19,21,5,1,17,1
3

L S

1,9.3,27,15,29,21,23,19,13,25,7,13,17,1,25,29,3,31,11, 5,23, 27,19, 21,5,1,17,1
/*end 5 */

1,61,43,51,59,47,57,35,53,19,51,61,37,33,7,5,11,39,63,27,17,15,23,29,3,22,13,31,25,9,49,3
2,29,11,19,27,15,2S,
1,61,43,51,59,47,57,35,53,19,51,61,37,33,7,5,11,39,63,27,17,15,23,29,3,21,13,31,25,9,49,3
9,29,11,19,27,15,25,
;:g;:;i:ig:;g::;:ggj35'53'19'51"1'37'33'7'5'11'39"3'27'11'15'23'2"3'21'13'31'25""9'3
i;::;:;i:i:zgz::;:g;:Bs,SJ.IQ,SI,61,37,33,7,5,11,39,53.27,17,15,23,29,3.21,13,31,25.9,‘9.3
il-‘1o43a51.59:47.57'35.53.19.51.51.37.33.7,5.11.39,63.27,17,15,23.29.3,21.13,31.25,9.49,3
5

7
1
7
1
7
1
7
1
?
S
1
5
1
S
1
S
1

9,29,11,19,27,15,25,
;:2;:12:23:23::;:3;:35.53.19,51,61.37.33)7,5.11.39.63.27.17.15.23.29.3,21.13,31.25.9.49,3

1
51,61,43,51,59,47,57,35,53,19,51, 61,37,33,7,5,11,39,63,27,17, 15,23, 29,3, 21, 13,31,
19,29.11,19,27,15,25, FTheTme e +23.29,3,21,13,31,25,9.49,3
51,61,43,51,59,47,57,35,53.19,51,61,37,33,7,5,11,39,63,27,17,15,23,29,3,21,13,31,25,9,49,3
8

F

LI e

9,29,11,19,27,15,25, /*end € v/

5.67,49,125,25,109,43,89,69,113,47,55,97,3,137,83,103,27,13,33
:59:65:21,5.1i3,Gi,3§,4§,167. +47,55,97,3,37,83, ’ »33,115,41,79,17,29,119,75,73,1

OHOHM WHWHWHWHWHWHRBRWRWE WHWHWR W W

SZ:23:iifsfia%?iifisfiéfia%?’""5"”"'”'""°3"""""“5""”""”"""5""‘
‘3:23:%i?s?iii?zifisfiéfia%?’""”"""”'""°"”""”"""*"""""“"’5""‘
;::::;gfsfii;?:ifiéfzéf:6;?3.47.ss.97,3,37,33,103.27,13,33.115.41,79.17.29,119.75,73,1
3:22:iifsfiiéfiifisfigfia%?""'5"”"'3"""°"”'"""“5""”""”'“"’5""‘

OHOMOKR
s

N~ -
uaniawnm

ROSENDED SHEET



if(inl-n-1) { unsi gned | ong gray; /* Set ix to 0_*/[5. , ”(k'_-,I[(:‘S(;‘_~
K[err]=I'M N(d, MAXBRA}PRT*) ix[k]=O, in-ml:  gray=i n[&AMUSI &5 DEF/199;
Find gray code of in */ for (j=I;jc=MAXBIT,|++) { if(gray&)

/* Only digits which are 1 are used */ im(j-1) *MAXDI M for
(k=l; kc=I M N(d, MAXDI M ; k++) ix[k] ~=iv[imk]; gray[err]=l;

I mei n; /* Cal cul ate the next vector in the sequence * /

for (j=I;j=MAXBIT;j[err]) { /* Find the rightnost zero bit */ if (imé&
| ) break; im[err] 1; if (j [err] MAXBIT) nrerror("MAXBIT too small
i n sobseq"); ime (j-1)* MAXDI M for (k=l;kc=IMN d,I\/AXDII\vlg;lk++)

{

o

i x[ K]

/%gfgts gzg' ] ,ii;?gi?ﬁgﬁgéﬁgl#%?9*['RT"?'319?'33'103'27'13'33'115"1'79'1 .29,119,75

1,85,‘7,49,125.25,1ﬂ9,43,39,59,113,47.55,97;3,37,‘3.103.27,13,33,115,41.79,17,29,119.75.73,1
05,7.59.65.21,3,113,61,89, 45,107
1,85.67,49,125,25,109,43, 89, 69,113,47,55,97,3,37, 83,103,27,13,33,115,41,79,17,29,119,75,73,1
05,7.59,65.21,3,113, 61,89,45,107
1,85.67.49,125,25,109,43, 83, 69,113, 47,55,97,3,37,83,103,27,13,33,115,41,79,17,29,118,75,73,1
05,7.59.65.21,3,113, 61, 89,45, 107, /%end 7 %/

1,255,79,147,141,89,173,43,9,25,115,97,135935197,101,255,29,203,55.195,177,105,17,47,169,109
149,15,213,135,253,191,155,175,63,47,7,23,39,
i,25§,79,1(7,141,89,173,43,9,25,115,97,1;59;é197,101.255.29,203,55,195.177,105,17,47,159,109
,149,15,213,135,283,191,155,175,63,47,7,23,38,
1,25&,7;,1‘7.1(1,89,173,43,9,25,115,97.19,97,197,101,255,29,203,65,195,177,105,17,47,169,109
,149,15,213,135,253,191,155,175,63,47,7,23,39,
1,255,79,147,141,89,173,43,9,25,115,97,19,97,197,101, 255,29, 203, 65,195,177,105,17,47,169,109
,149,15,213,135,253,191,155,175,63,47,7,23,39,
1,255,79,147,141,689,173,43,9,25,115,97,19,97,197,101, 255,29, 203, 65,195,177,105,17,47,169,108
,149,15,213,135,253,191,155,175,63,47,7,23,39, .
1,255,79,147,141,89,173,43,5,25,115,97,19,97,197,101,255,29,203,65,195,177,105,17,47,169,109
,149,15,213,135,253,191,155,175,63,47,7,23,39,
1,255,79,147,141,89,173,43,9,25,115,97,19,97,197,101, 255,29, 203,65,195,177,105,17,47,169,109
+149,15,213,135,253,191,155,175,63,47,7,23,39,
1,255,79,147,141,89,173,43,9, 25,115,97,19,97,197, 101, 255, 29,203, 65,195,177,105,17,47,169,109
,149,15,213,135,253,191,155,175,63,47,7,23,39,
1,255,79,147,141,89,173,43,9,25,115,97,19,97,197,101,255,29,203,65,195,177,105,17,47,169,10%
»149,15,213,135,253,191,155,175,63,47,7,23,39, /*end 8 */

1,257,465,439,177,321,181,225,235,103,411,233,59,353,329,463,385,111,475,451,263,19,249,275,
369,393,167,333,473,469,101,21,451,229,247,297,403,497,61,361, :
1,257,465,439,177,321,181,225,235,103,412,233,59,353,329,463,385,111,475,451,263,19,249,275,
369,393,167,333,473,469,101,21,451,229,247,297,403,497,61,361,
1,257,465,439,177,321,181,225, 235,103, 411,233,59,353,329,463,385,111,475,451,263,19, 249,275,
369,393,167,333,473,469,101,21,451,229,247,297,403,497, 61,361,
1,257,465,439,177,321,181,225,235,103,411,233,59,353,329,463,385,111,475,451, 263,19, 249,275,
369,393,167,333,473,469,101,21,451,229,247,297,403,497,61, 361,
1,257,465,439,177,321,181,225,235,103,411,233,59,353,329,463,385,111,475,451,263,19,249,275,
369,393,167,333,473,469,101,21,451,229,247,297,403,497,61,361,
1,257,465,439,177,321,181,225,235,103,411,233,59,353,329,463,385,111,475, 451,263, 19,249,275,
369,393,167,333,473,469,101,21,451,229,247,297,403,497,61,361,
1,257,465,439,177,321,181, 225, 235,103,411, 233,59,353,329,463,385,111,475,451, 263,19, 249,275,
369,393,167,333,473,469,101,21,451,229,247,297,403,497,61,361,
1,257,455,439,177,321,101,225,235.103.‘11,333,59,353.329,!‘3,385,111,475,451,2‘3,19,249,275,
369,393,167,333,473,469,101,21,451,229,247,297,403,497,61, 361,
1,257,465,439,177,321,181,225,235.103,411,233.59,353,329.453,385.111,475,451,263,19,249,275.
;695:9;,1;7,333,473,469,101,21,451,229.247,297,403,497.61,351,

@ »

1,771,721,1013.759.835,949,113,929.515,157,39,761.169.983,657,647,581.505,833,139,147,203.81
»337,829,989,375,365,131,215,733,451,447,177,57,471,979,197, 251,
1,771,121.1013,759,835.949,113,929,615,157,39,7‘1,159.933,557.641.581,505,833,139,147,203,81
,337,829,989,375.365,131,215,733,451.4{7,177,57,471,979,197,251,

1,771,721,1013,759,835,949.113,929,615,157,39,751,169.983,657,641.581.505.833.139,147,203,81_

»337,829,989,375,365,131,215,733,451,447,177,57,471,979,197,251,
1,771,721,1013,759.835,949,113.929.515.157,39,751.159.933,557,547,5!1.505,833,139,1(7,203,01
+337,829,989,375,365,131,215,733,451,447,177,57,471,979,197,251,

'1,171.721.1013.759,!35,9!9,113.929.615,157.39.761,169,983,657,647,581,505,833.139,147,203.81

,337,829,909.375.365,131,215,133,451,447,177,57,671,979,197,351,
1,771,721,1013,759.835,949,113.929,615,157,39.761,169.903.657,647.581,505,333,139,147.203.81
.337,829,909,375,355,131,215,733,451,447,177.57,471.979,197,251,
1,771,721,1013.759.535,949,113,929,615.157,39,751.159.983,657.641.501,505.033,139.147,203,ll
,337,82’,989.375.355,131,215,733,451,447,177.57,471.979,197,251,
1,771.721,1013,759,835,949,113,929,815,157.39,751,159,983,557.647,581.505.333,139,147.203.81
,337,829.909.375,365,131,215,733,451,447,177,57,471,979,197,251,

RVENDED SHEET



i n++;

A~

#undef MAXBI T #undef MAXDI M e
29823-PCT ~14- a,ﬁ fg!‘:} _] ;—'} SEF ‘I;

1,771,721,1013,759,835,949,113,929,615,157,39,761,169,983,657,647,581,505,833,139,147,203,81
,337,829,989,375,365,131,215,733,451,447,177,57,471,979,197,281,
/*end 10 */

1,1285,823,727,267,833,471,1601,1341,913,1725,2022,1905,375,893,1599,415,605,819,975,915,171
5,1223,1367,663,629,525,469,981,1667,1587,1251,451,481,721,483,1209,1457,415,1435,
1,1285,823,727,267,833,471,1601,1341,913,1725,2021,1905,375,893,1599,415,605,819,975,915,171
5,1223,1367,663,629,525,469,981,1667,1587,1251,451,481,721,483,1209,1457,415, 1435,
1,1285,823,727,267,0833,471,1601,1341,913,1725,2021,1905,375,893,1599,415, 605, 819,975,915,171
5,1223,1367,663,629,525,469,981,1667,1587,1251,451,481,721,483,1209,1457,415,1435,
1,1285,823,727,267,833,471,1601,1341,913,1725,2021,1905,375,893,1599, 415, 605,819,975,915,171
5,1223,1367,663,629,525,469,981,1667,1587,1251,451,481,721,483,1209,1457,415,1435,
1,1285,823,727,267,833,471,1601,1341,913,1725,2021,1905,375,893,1599,415,605,819,975,915,171
5,1223,1367,663,629,525,469,981,1667,1587,1251,451,481,721,483,1209,1457,415, 1435,
1,1285,823,727,267,833,471,1601,1341,913,1725,2021,1905,375,893,1599,415,605,819,975,915,171
5,1223,1367,663,629,525,463,981,1667,1587,1251,451,481,721,483,1209,1457,415, 1435,
1,1285,823,727,267,833,471,1601,1341,913,1725,2021,1905, 375,893, 1599, 415, 605, 819,975,915,171
5.1223,1367,663,629,525,469,981,1667,1587,1251,451,481,721,483,1209,1457,415, 1435,
1,1285,823,727,267,833,471,1601,1341,913,1725,2021,1905,375, 893,1599,415, 605, 819,975,915,171
5,1223,1367,663,629,525,469,981,1667,1567,1251,451,481,721,483,1209,1457, 415, 1435,
1,1285,823,727,267,833,471,1601,1341,913,1725,2021,1905,375,893,1599,415,605,819,975,915,171
3;12§3i§3f},653,529,525,469,981,1567,1587,1251,451,481,721,483,1209,1457,415.1435,
en

1,3855,4091,937.1839.lD33.2515,579,3853.977,3463.2909,3379,1349,3739,347,387,2881,2821.1873,
;;33:1929,2339,3251.1149,243,3609,1131.1701,143,1339,3497,2499,1571.983,4021,1625,3217,1153,
igggfi;§§?§sisfa:§i?ii23?52§?§a3§?ii?i?i?ll:i::?iiigfsiizfatS;?iéli?séz74321:i::é:iiié:1523:
Zggg?isigfisig75igi?i123?5233§é33?i§§§fi?ZZ:ii§?i§§3f5333?5i33?i§33?§3§?i§§1:§§§§:§§§3:1233:
ggggfiszsfisZi?sézi?i:ES?sii?ie%l?iigffiizlzi::?iiigfsi33?5233?i§3§?5337;321:i::é:::i%:ii:i:
§§§§f§;:3?§s§375izi?iifé?aiifiaﬁlfii?i?iiZZ:i:§?i§§3?5333?513;?i§33?;3§74321:i::é:iiié:1223:
§§§§§i§:2325:S?aiéi?iifi?éiifi&%l?iisffiizl:i:S?i338?523Z?aii??&ili?si??aézl:i::é:i:i%:i:li:
3355?35;3?352375:22?iiﬂ??éi??i&ﬁl?ii?i?i?ll:i:§?i§§3?52333513;?i§32?;§$74321:i::é:§§§3:1223:
3355?3538?253375222?ai23?52§?§e§3?ii§§?i331:i:ﬁ?i§§8?5333?523;?i§33?;3372321:i::é:%:i%:iili:
ggggffssgfisiz?s3532552525§§?23333ii?ifi?ZZ:i:§?i§§335233351§;?i§32352§7;SSI:i:%é:i:i%:iiZi:

}i
if (n < 0) {
for(j=12;3<=MRXBIT;j++) iv{1+j*MAXDIM)=1; /* Initialize all direction
numbers for the first
for (j=1,ka0;j<=MAXBIT;j kmcoo:&i)nzte:ol o
ul,ka0;jcsl 13++, ke = &i :
for (k?;;m;mm.-k“)’ Ul = &ivikl;
or (j=1;j<amdegik];j++) iul(j) (k] <<= (MAXBIT-§);
. for (jemdeglk) +1;j<=MAXBIT;3j++) ?
:pp-xg(kl;
ixiufj-mdeg(k]] (k] ;
i *= (i >> mdeglk));
for (lamdeg(k]-1;15>=1;1--) {

ARAENDED SHEET



voi d halton(int n) This is the function halton for ge{ne‘rr&&mg Da/tLrO}b}
poi nt s. It re®88R3-PRE n-th d-di nensi onad5Hal ton point. %;

inmplicitly returned through the array x. The last two digi SSEP 1997
base p[j] are kept in gl [j] and qg[err] (j). Wien both digits becone p

[j] -1, the radi cal inverse function is conputed again. That way the
accunul ati on of round-off error is avoided. In practice, there are not

any upper bounds on the values of d and n. extern int d; /* actual

di mension of the points */ extern int *ql,*q2; /* ql[j] is the last digit
of n-1in base p[j], q2[j] is the digit before the | ast one */
extern doubl e *x; / This will contain the Halton point */ extern int
*p; /* the fl#st*?ld‘phlnelﬁlin’dé’r’s */ externint *p 1; /* first d prine
nunbers mi nusy T ¥7 extern doubl e *incrl, *incr2; [* incrl[j] is 1/p[j] and

1/ (p[i]l*p [”‘“"”P‘"‘double find fi(int p, int n) /* See bel ow */ void
hal ton(int n) )do 9!

fac«1.0/(1L << 'MAXBIT) ;

in=0;

elge

/* Check if the (n-1)-th number was generated in the previous call
to sobol. If not, update in and ix */

if (int=n-1) {
unsigned long gray;

/* Set ix to 0 */

for (kel;k<=IMIN(d,MAXDIM) ;k++) ix[k]=0;

inan-1;

grays=in®{in>>1) ; /* Find gray code of in */

for (jml;j<=MAXBIT;j++) {

if (gray&l) ( /* Only @igits which are 1 are used */

ims({j-1) *MAXDIM;
for (k=l;k<=IMIN(d,MAXDIM) ;k++) ix(k] “e iv{im+k];

grays>>=l;

}
imein; /* Calculate the next vector in the sequence */
for Ij-l Je=MAXBIT; j++) { /* Pind the rightmost zerc bit +*/

if (i{im & 1)) break;

im »>= 1;

if {j > MAXBIT) nrerror ("MAXBIT too small in sobseq");
ims(j-1) *MAXDIM;
for {ksl;k<=IMIN(d, MAXDIM) ;k++) {

ix[k] “= :.v(un-bk] ;

x[k-1)=ix[k}*fac;

ines;

#undef MAXBIT
#undef MAXDIM

FSSENDED SHEET



int j,nn; static int ins-n; /* The default value of i

if the (n-1) -tR9ABABEBCTwas generated in ¥ previous

(=0 jlerr]d; j++) qlfjl=ins_ n[err]p[j]; q2[j]=(ins_
% [j]; X [j]=find_fi (p[j], ins_n); i NS n++; for(]
jlerr]d;j++) it (ql [j][err]p- | [j] ) [* It is easy to
when the last digit is less than p[j]-I */ gl [j]++;

-

/"."i"I"t't".".".."".".*'..'."'t""....'.""'."."'."..'

void

halton(int n)

This is the function halton <for generating Halton points.
It returns the n-th d-dimengsional Halton point. The point is implicitly
returned through the array x. The last two digits of n-1 in base plj}

are

kept in qi1(j] and g2({j}. When both digits become p[jl-1, the

radical inverse function is computed again. That way the accumulation
of round-off error is avoided. 1In practice, there are not any upper bounds
on the values of d and n.

.""'.f.'.""."'t'..f'.'..'t'."..."'t"...’.""ﬁ'f'."'..'.'..*.'/

extern
extexn

extern
extern
axtern
extern

double

int 4; /* actual dimension of the points */

‘int *q1,*qg2; /* ql(j) is the last digit of n-1 in base pljl, g2(j] is
the digit before the last one */

dorble *x; /* This will contain the Halton point */

int *p; /* the first @ prime numbers */

int *p_1; /* first & prime numbers minus 1 */

double *inerl,*incr2; /+ inmerifj] is 1/plj] and 1/(p[il*pijl) +*/

2ind fi(int p, int n); /* See below */

void halton(int n)
double a;
int j,nn;
static int ins n; /* The default value of ins_n is 0 */

/* Chack if the (n-1)-th number was gena:'at:ad in the previous call
to halton. If not, update g1, g2, and x */ -

i:{(inl_n!-n-l)

ins_nsn-1;

for (j=0; j<d; j++)
ql{j)=ins_ntp(j];
q2{jl=(ins_n/pljl)¥plil;
x{jl=find £i(pi3},ins_n);

ins_n++;

for(j=0;j<d;j++)
if(q1lilep_113))

/>

It is easy to update when the last digit is less than plil-1 +/

ql (31 ++;
x{j)=x[j) +incri {j];

else if(g2[j}<p_1(3])

/'Mliu:hemevhuthelaitdiitil [3]1-1 and

before the last cne is less than gljl-l ’:/:"l the digic
ql{jl=0;
qg2{j) ++;

x[j)=x(j)+inerl () +incr2[§)-1.0;

else

FEREHOED SHEET
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k[j] =x[j] +incrl [j]; else if (g2 [j] [err]p_l
t he case when t2gB8dxm|CTigit is p[j]-1 ard7the digit

one is less than p[j]-I */ gl [j] O; g2 [j] ++;
incri[j]+ incr2 [j]-1 .O; el se -17-
{
/* This is the case when the last digit is plj]-1 and the digit
before the last one is also pljl-1 */

qlljl=0;

q2[3])=0;

nn=n/{pli)*p{il);

a=nntp [j] ;

nn-nn/ []

if (nn) xl)]-(u-fmd £i(pl;],nn)) *incr2(j] *incrit]) ;
else x{j)=a*incr2(j]*incri [Jl F

)
}
}

/.'.'it.."'.ﬁ.'."'.'..'....'".".'."'.""'.."'..".'..it.'.’.*..t"."'

find_£i (int p, int n)
This returns the radical inverse function fi(p,n) at n for the prime p.

- PTI I I I T2 22 222ty e Y2 il et l2 el il il ettt el il edlys)) /

c(louhle find_f£i(int p, int n)

int p2,nn;
double s,fi,incr;

incr=1.0/p;
P2=p*p;
nn=n/p2;

£i=0.0;
s=iner;
while (nn > 0)

fi+= (an¥p)*s;
nn=nn/p;
s*=iner;

/* The two largest components of fi are addsd later to avoid possible
loss of precision */
fi=((n/ptp)+ £i)/ p2;
fi+=(ntp)/ (double) p;
gy return £i;

et
—~—



e

/* This is the case when the |ast digit Is p[j]-1 and tfe ]

before the IaEB one .S also p[j]- qI[J]— - ﬁ&;ﬁt”“ L %2
(pLil*plil); =°° gngﬁ%@ [il: nn nnﬂﬁ if (nrif —*@aEﬂLhd

fi (p[j] ,nn)) *incr2 [j]* i ncr| [j] else x[j]=a*incr2[j]*incrl[j];
/**************************************************************************
** find_fi(int p, int n) This returns the radical inverse function fi(p,n)
at n for the prinme p.

Claims

1. A method for one of buying, holding and selling
a complex security, comprising:

(i) deriving a multivariate integrand which, when
integrated over a domain of integration, represents an
estimated value of the security;

(ii) calculating, by computer, integrand values at
points in the domain of integration which are obtained
from a low-discrepancy deterministic sequence;

(iii) combining the integrand values, by computer,
to approximate the estimated value; and

{(iv) effecting, based on the estimated value, one
of buying, holding and selling the security.

2. The method of claim 1, wherein combining the
integrand values comprises averaging.

3. The method of claim 1, wherein the number of
integrand values is predetermined.

4, The method of claim 1, wherein the number of
. integrand values is determined automatically.
5. The method of claim 1, further comprising
allocating integrand evaluations among a plurality of
processors.

6. The method of claim 1, wherein the low-
discrepancy deterministic sequence comprises Sobol

points.

7. The method of claim 1, wherein the low-
discrepancy deterministic sequence comprises Halton
points.

* C L M S *
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d-oublefindfi(int p. int n) int p2, nn; doubl e s_,}‘ ?ﬁclr 1 0
.0/ p; p2=p* n /p2; fi =0 0; =i ncr; whi
fi+= (nn%p) * u; 29823~ Bcﬁ =nn/ p; S* =i nc1 /* The 193E
conponents of fi are added later to avoid possible Ioss of precision */

fi=((n/p%)+ fi)/ p2; fi+=(n%)/ (double) p;

8. The method of claim 1, wherein the low-
discrepancy deterministic sequence comprises Hammersley
points.

9. . The method of claim 1, wherein the low-
discrepancy sequence comprises hyperbolic-cross points.

10. The method of claim 1, wherein the security is
a derivative instrument.

11. The method of claim 1, wherein the security is
ey a financial security.

12. A method for selling a complex security,
comprising:

(1) deriving a multivariate integrand which, when
integrated over a domain of integration, represents an
estimated value of the security;

(ii) calculating, by computer, integrand values at
points in the domain of integration which are obtained
from a low-discrepancy deterministic sequence;

(iii) combining the integrand values, by computer,
to approximate the estimated value; and
,%) (iv) selling the security at an offering price which

) is not less than the estimated value.

13. The method of claim 12, wherein combining the
integrand values comprises averaging.

14. The method of claim 12, wherein the number of
integrand values is predetermined.

15. The method of claim 12, wherein the number of
integrand values is determined automatically.

O O ) A
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return fi; 29823- PCT . —18-h » PC_| _5/10}|b}
d ai ns A_net hod for one o uyi ng, hol di ng an | ¥Te!
security, conﬁPﬁgﬁnSCT (1) deriviﬁdxﬁ'nultivariate [ 1&5&%%? ﬂ997

when integrated over a domain of integration, represents an estimted val ue
of the security; (ii) calculating, by conputer, integrand val ues at
points in the domain of integration which are obtained froma

| ow di screpancy determ nistic seguence; (iii) conmbining the |ntegrand
val ues, by conputeng. The method of claim 12, further comprising

allocating integrand evaluations among a plurality of
processors.

17. The method of claim 12, wherein the low-
discrepancy deterministic sequence comprises Sobol
points.

18. The method of claim 12, wherein the low-
discrepancy deterministic sequence comprises Halton
points.

19. The method of claim 12, wherein the low-
discrepancy deterministic sequence comprises Hammersley

points.

20. The method of claim 12, wherein the low-
discrepancy sequence comprises hyperbolic-cross points.

21. The method of claim 12, wherein the security is
a derivative instrument.

22. The method of claim 12, wherein the security is

“Rest

a financial security.

A A
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to approxi mate the estimted val ue; and (iv) ef RETin® Qaasfdldﬁa ba}
esti mated val ue, one of buying, holding and selling thmw 19‘9?
The nmethod of claim1, wherein conbining the integrand JOEﬂSEﬂ%
aver agi ng. 3. The nethod of claim1, wherein the nunber of

i nt egrand val ues i s predeterm ned. 4. The nethod of claima1,
wherein the nunber of integrand values is determ ned automatically.

5. The nethod of claim1, further conprising allocating integrand

eval uations anong a plurality of processors. 6. The nethod of claim
1, wherein the | ow discrepancy determ nistic sequence conpri ses Sobol

1 12
- P /1 1
M E
c .

o [ 13

FIG. 1
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The net hod
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9.

Si9
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wherein th

det erni ni stic sequence conprises Hammersley points.

The nmethod of claim1l, wherein themN-,

The net hod of claim1,

8.

7.

determ ni stic sequence conprises Halton points.
wherein the | ow

of claim1l,

p'oi nts.
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di screpancy sequence conprises hyperbolic-cross point 80 11'063 63
met hod of claim1, wherein the security is a derivati o

11. The method of claim1, wherein the security is a fi sEPy1997
12. A nethod for selling a conpl ex security, conprising: (1) deriving
a nmultivariate integrand whi nt egrat ed over a domai n of

I ntegration, represents anetl te al ue of the security; (i)

cal cul ating, by conputer, in _eéga

i ntegrati on which are obtainée
sequence; (iii1) conmbining t ,
approxi mate the estinated val ue; (iv) selling the security
offering price whiclf is not 1'ess than the estimted val ue.

OBTAIN THE K-TH POINT
0F The LOW -DISCREPAACY
DeTERMINISTTC. SEQUERICE

afd/val ues at points in the domain of
rom a | ow di screpancy determnistic

EVALUATE THE INT EGAUD »
AT THE POLNT

ENOUGH
EVALUATIONS 2

(OMBINE THE NTEGRAND
VALUES

F:/y. 3
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13. The method of claim 12, wherein conbining the intefPfan@¥@adues/ ~ 7 3£ 2
conprises averaging. - 14. The nethod of claim 12, A --nge;' ' GEJ
of integrand val ues is predeterm ned. 15. The ne ct di ,'uu--z
wherein the nunber of integrand values is determ ned automatically.

29823- PCT - 20- 16. The method of claim 12, further
conpri sing l K=</

THER
A SLAVE PR
AVATLABLE ¢

A
NO — +
A

q——

Whve THE Seaye PRIESSOR
O0BTAIN THE K-TH POINT (Me K+
OF THE LOn/-DISCREPANCY )
DETERMINISTIC SEQUEME
AND EVALUATE THE

INTEGRARD AT THE PANT

T

LOMBENE THE TNTESQA7D |
V/ALUES

FIG. ¢
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AMENDED SHEET



al | ocat i ng integrand eval uations among a plurality ofpgro : 0 3
17. The method of claim 12, wherein the | ow discrep R e 1 (g
sequence conprises Sobol points. 18. The neth n ein

the | ow discrepancy determ nistic sequence conprises Halton points.

19. The nethod of claim12, wherein the | ow discrepancy determnistic
sequence conpri ses Hamrer sl ey points. 20. The nethod of claim 12,
wherein the | ow discrepancy sequence conprises hyperbolic-cross points.
21. The nethod of claim 12, wherein the security is

ADOPT THE (OME I D
INTEGRA7TIL [/IHUES
& AS Aty ESTIMATE OF
THE yAHUE O0F THE
S&Cuiry

{

e 7HE SECURTY
AT A PRITE NI LESS
THAN THE ESTTMATE

FIc. 5
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- R i : :
a derivative instrunent. 22. The net hod.of cl 2 q\ﬁfere] Hth
security is a financial security. mﬁi@ )/*Iﬂ/bi
REPLACENENT SHEET 21 23._A method for one o!pml 5SEPnIB%h

selling a conplex security +s1 ng: derivling a nultivariate
I nt egrand whi ch, when i/M/egTZ?Zg( o] a domain of integration
having at |east 50 orﬁ&g esents an estinmated value of the

security; (ii) cal cuLati ng, .by conputer, i n'egrand val ues at points in
t he dommi n of integrat i‘anwhi\a:mt‘a%e froma | ow
\

ADOPT THE COMBINED INTEGRAILD
YAHLUES AS AN ESTIMATE OF
THE YALUE PF THE SECt12LTY @ |/

———
P

OBTAIN THE MARKET PRIE OF
| THe sewwrry: M
/

compure D=-M
v

BASED on/ THE VALUE 0F D,
DECIDE WHETHER TO BUY,

HoLD OF Serc The Secu@rty

d

Buy HOLD 0 g SELL THE SECURITY
ACCOROIME TO THE DeczsSION

&, 6
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di scr epancy dk?@?ﬁﬁh&%‘£géggﬁue1ce' (iii) conbi ni

; n l ,
~dy conputer, approiijate the estinated \/&éﬁﬁpﬁwm? SHEEST
ef fecting, ba ed grgtmmggg ted val ue, one of buying, hol di ng and
selling the secyrity. et hod of claim 23, wherein conbining the
I nt egrand val pes conprlses averagin . 25. The nethod of claim 23, wherein
conbi ning the}integrand val ues #deternmined. 26. The nethod of claim
23, wherei n copbi ni the integr val ues. i detern1ned tomati cal |
37 The methodhopekPdRnEes °FE?P%egu¥6FEr| BPIGLRE 605 Rd gt and
evaJL@QmﬁkﬁxaﬁﬁﬁgratwhuF&NPF}SQPGprocessors 28. The nethod of claim 23,
wher ei n t héil ow desiveépgney medgisace atenpintegyraddboeihipdi,ntwhen 29. The
et hothoégehted dTerwicHemainhefl durdgratdpa tavEeenca xprycses Hal ton
POl Nt§imensions, represents an estimated value of the security;
(ii) calculating, by computer, integrand values at points
in the domain of integration which are obtained from a low-
discrepancy deterministic sequence;
(iii) combining the integrand values, by computer, to
approxXimate the estimated value; and

(iv) effecting, based on the estimated value, one of buying,
holding and selling the security.

_ 29 The method of claim 28 , wherein cbmbining the integrand
= valuea comprises averaging.

30. The method of claim 28, wherein the number of integrand
s values is predetermined.

31. The method of claim 28 , wherein the number of integrand
values is determined automatically.

32. The method of claim 28, further comprising allocating
integrand evaluations among a plurality of processors.

33. ' The method of claim 28, wherein the low-discrepancy
sequence comprises Sobol points.

34. The method of claim 28, wherein the low-discrepancy
._, Segquence comprises Halton points.

35. The method of claim 28, wherein the low-discrepancy
. Sequence comprises Hammersley points.

36. The method of claim 28, wherein the low-discrepancy
sequence comprises hyperbolic-ecross points.

37. The method of claim 28

. wherein the security is a
derivative instrument. '

38. The method of claim 28

., wWherein the security is a
financial security.
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§6i The met hod of cl &i.m,2 wherein the | owdiscr \ BEFes
~~Hammrer sl ey points. 8 3} ; cl aim 23, m%cmmq-dwggncy

sequence conprises hy ﬂ' points. 32. The method of claim 23,

wherein the security i [ [ i$§trunent. 33. The nethod of claim

23, wherein the security is a financiaf~security. 34. A nethod for selling

ani oy e i AgisPEQEPELE BeLibhy 2 cEfpLE B | AR e

' t at | t
50 Uhl nenSPBRYingep BUAREYSTISES IATART VS WIS b Rhcur i ty: (i1)
c&<uﬁ%ﬂ?$ﬁﬁtg§ e¥RpuBeAOMAATe §fa AR EEITGEL O NAF NG &t Least 50 ¢ pe” domai n

of i rdigeRsionswhreprasensist annestiimemed adue of the diaruwifincy
det er mi ni s{i¢) seqadecdat(ng,) byc aurputer t NmbdayregrdndaMadaiest fyigoaput er,
to  in thaPREAYiFRLE LR REFdUTRIFEIMIH &rédKhtained from a low-
discrepancy deterministic sequence;
(iii) combining the integrand values, by computer, to
approximate the estimated value; and

(iv) selling the security at an offering price which is not
less than the estimated value.

40. The method of claim 39, wherein combining the integrand
values comprises averaging. '

~ 41. The method of claim39 , wherein the number of integrand
values is predetermined. :

S 42. The method of claim 39, wherein the number of integrand
values is determined automatically.

43. The method of claim 39, further comprising allocating
integrand evaluations among a plurality of processors.

44. The method of claim 39, wherein the low-discrepancy
deterministic sequence comprises Sobecl points.

45. The method of claim 39, wherein the low-discrepancy
deterministic sequence comprises Halton points.

s\ 46. The method of claim39 , wherein the low-discrepancy
deterministic sequence comprises Hammersley points.

" 47. The method of claim 39, wherein the low-discrepancy
sequence conprises hyperbolic-cross points.

48. The method of claim 39, wherein the security is a
derivative instrument.

49. The mechod of claim 39, wherein the security is a
financial security.
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REPLACEMENT SHEET [ THIS SHEET Ha BEEN | - | REPLACEMENEZSHEET( V) W Ckit%s2
the security at an offefin I TIr b ngw h.nthe’P&S
estimated val ue. 35. The~uel BED ¢ ai 34, erein conbi niing t he

i ntegrand val ues conprises averaging. 36. THe |met boAPRf208% aijmf34, wherein
t he nunber of integrand values is predet22m 37. The netthad of claim
34, wherein the nunber of integrand values is] determ ned auto '
38. The nethod of claim 34, further conpri si | j
eval uat i ong3andmpethod @pal ény off bpybeesdwigling and selling a complex
gecurity, comprising:
(i) deriving a multivariate integrand which, when integrated
over a domain of integration having at least 50
dimensions, represents an estimated value of the security;
(ii) calculating, by computer, integrand values at points in
the domain of integration which are obtained from a low-
discrepancy deterministic sequence;

(iii) combining the integrand values, by computer, to
approximate the estimated value; and
{(iv) effecting, based on the estimated value, one of buying,

holding and selling the security.

24. The method of claim 23, wherein combining the integrand values
comprises averaging.

25. The method of claim 23, wherein combining the integraqd values
is predetermined.

26. The method of claim 23, wherein combining the integrand values
is determined automatically.

27. The method of claim 23, further comprising allocating
integrand evaluations among a plurality of processors.

28. The method of claim 23, wherein the low-discrepancy seguence
comprises Sobol points.

29. The method of claim 23, wherein the low-discrepancy sequence
comprises Halton points.

30. The method of claim 23, wherein the low-discrepancy segquence
comprises Hammersley points.

31. The method of claim 23, wherein the low-discrepancy sequence
comprises hyperbolic-cross points.

32. The method of claim 23, wherein the security is a derivative
instrument.

33. The method of claim 23, wherein the security is a financial
security.

34. A method for selling a complex security, comprising:

(i) deriving a multivariate integrand which, when integrated
over a domain of integration having at least 50
dimensions, represents an estimated value of the security;

(ii) calculating, by computer, integrand values at points in
the domain of integration which are obtained from a low-
discrepancy deterministic sequence;

(iii) combining the integrand values, by computer, to
approximate the estimated value; and
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39. fﬁe met hod of cl ai hTBdS SMEET-& 0 T ' ter
sequence conprises Sobgl poi RERACEAg, 'BEEH]B t ARERERY SHEET

| .
| ow-di screpancy det er mitai e—segHence—conpl i fes Halton
method of claim 34, wherein the | ow discrepdndy ‘dbtkﬁRriZﬂ&st
conprises Hammersley points. 42. The nmethod ¢f claim 34,
| ow- di screpancy sequence conpri ses--hyperbol}i c-Cross points.

met hod of claim 34, wherein the security isla derivative insiy

b .

M ni stic

wherein the
41. The
seqguence
ein the
43. The
unent. 44.

- The met hod (6¥) cl aisel3dngwhbe eserurlisysat 1an tof fesing fpriaec iwhiich et rnaw .

less than the estimated value.

35. The method of claim 34, wherein combining the integrand values

comprises averaging.

36. The method of claim 34, wherein the number of integrand values

is predetermined.

37. The method of claim 34, wherein the number of integrand values

ig determined automatically.

38. The method of claim 34, further comprising allocating

integrand evaluations among a plurality of processors.

39. The method of claim 34, wherein the low-discrepancy
deterministic sequence comprises Sobol points.

40. The method of claim 34, wherein the low-discrepancy
deterministic sequence comprises Halton points.

41. The method of claim 34, wherein the low-discrepancy
deterministic sequence comprises Hammersley points.

42. The method of claim 34, wherein the low-discrepancy sequence

comprises hyperbolic-cross points.

43. The method of claim 34, wherein the security is a derivative

instrument.

44. The method of claim 34, wherein the security is a financial

gecurity.
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23. A method for one of buying, holding and sélling a complex

security, comprising:

(i) deriving a multivariate integrand which, when integrated

over a domain of integration having at least 50

dimensions, represents an estimated value of the security;
(ii) calculating, by computer, integrand values at points in

P

the domain of integration which are obtained from a iow-

discrepancy deterministic sequence;

(iii) combining the integrand values, by computer, to

approximate the estimated value; and .
(iv) effecting, based on the estimated value, one of
holding and selling the security.

buying,

‘24. The method of claim 23, wherein combining the integrand values

comprises averaging.

25. The method of claim 23, wherein combining the integrand values

is predetermined.

26. The method of claim 23, wherein combining the integrand values

is determined automatically.

27. The method of claim 23, further comprising allocating

integrand evaluations among a plurality of processors.

28. The method of claim 23, wherein the low-discrepancy
comprises Sobol points.

29. The method of claim 23, wherein the low-discrepancy
comprises Halton points.

30. The method of claim 23, wherein the low-discrepancy
comprises Hammersley points.

31. The method of claim 23, wherein the low-discrepancy
comprises hyperbolic-cross points.

sequence
sequence
sequence

seguence

32. The method of claim 23, wherein the security is a derivative

instrument.

33. The method of claim 23, wherein the security is a financial

security.

34. A method for selling a complex security, comprising:

(i) deriving a multivariate integrand which, when integrated

over a domain of integration having at least 50

dimensions, represents an estimated value of the security;
(ii) calculating, by computer, integrand values at points in
the domain of integration which are obtained from a low-

discrepancy deterministic sequence;

{(iii) combining the integrand values, by computer, to-.

approximate the estimated value; and
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(iv) selling the security at an offering price which is now
less than the estimated value.

35. The method of claim 34, wherein combining the integrand values
comprises averaging.

36. The method of claim 34, wherein the number of integrand values
is predetermined.

37. The method of claim 34, wherein the number of integrand values
is determined automatically.

38. The method of claim 34, further comprising allocating
integrand evaluations among a plurality of processors.

39. The method of claim 34, wherein the low-discrepancy
deterministic sequence comprises Sobol points.

40. The method of claim 34, wherein the low-discrepancy
deterministic sequence comprises Halton points.

41. The method of claim 34, wherein the low-discrepancy
deterministic sequence comprises Hammersley points.

42. The method of claim 34, wherein the low-discrepancy sequence

comprises--hyperbolic-cross points.

43. The method of claim 34, wherein the security is a derivative
instrument.

44. The method of claim 34, wherein the security is a financial
security.
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