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reaction pathways, phase transitions, and protein folding studies. Researchers in the
biological sciences and the pharmaceutical, polymer, and chemical industries are

20  beginning to use these techniques to understand the nature of chemical processes in
complex molecules and to design new drugs and materials accordingly. Naturally, the
acceptance of these tools is based on several factors, including the accuracy of the
results in representing reality, the size and complexity of the molecular systems that
can be modeled, and the speed by which the solutions are obtained. Accuracy of

25  many computations has been compared to experiment and generally found to be
adequate within specified bounds. However, the use of these tools in the prior art has
required enormous computing power to model molecules or molecular systems of
even modest size to obtain molecular time histories of sufficient length to be useful.

There are two sources of computational complexity for molecular

30  modeling tasks involving time integration:

| 1. The particular molecular model which is used to describe the locations,

velocities and mass properties of the constituent atoms, the inter-atomic forces
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The primary reason molecular simulations are so slow is that current

-

20  numerical methods require very small timesteps, typically between 1 and 10
femtoseconds (10" to 10 seconds). Each timestep taken requires the computation
of a new state (position and motion for each atom) of the particular molecular model,
and then computation of the new set of forces resulting from the new state. For
example, molecular dynamics simulations of the complex behavior of large

25  molecules, such as the folding of a protein, typically need to cover a time span from at
least a microsecond up to several seconds or even minutes. With techniques currently
in common use, this results in the requirement to take 10° to 10" timesteps in the
computer simulation. The per-step computations of the state, and especially the
forces, grow very expensive as the problem size increases. Even with the fastest

30  computers available today, months, years or even centuries of computer time are
required to solve such problems even for systems of modest size.

Heretofore, it has been widely believed by molecular dynamicists that
these small timesteps are an inevitable requirement of the need to maintain accuracy

in the presence of the very high frequencies to be found in vibrations of molecular

2
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implicit and in particular L-stable integrators to take large timesteps, namely, more
accurate methods for computing required components of the implicit integration
methods called “Jacobians”.
But the same problem of high frequency molecular vibration for MD
25  simulations causes problems for the calculation of Jacobians. For example, the
repulsive van der Waal’s forces that are generated as the electron orbitals of two
atoms begin to overlap must be accounted for in a molecule. This quantum
mechanical effect is often approximated by the so-called Lennard-Jones potential
(Rapaport, op. cit.), which models the repulsive force as being proportional to /7,
30 where r is the distance between the centers of the atoms. This is an extreme stiff
interatomic force which is characteristic of molecular dynamics (MD) simulations and
poses particular difficulty for any numerical integration scheme used to advance time

during the simulation. As a result and as mentioned previously, most prior art MD
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| i neari zation. Such linearization is pertorned nunmerically. In contrast,
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15  equation of the desired derivatives.

Linearized models are regularly produced analytically for simple
systems. Such linearization is usually performed around an equilibrium solution. It is
common in such packages as ACSL (Advanced Continuous Simulation Language),
(ACSL Reference Guide, Mitchell Gauthier and Associates, 1996), and SPICE (a

20  circuit simulation package), (R. Kielkowski, Inside SPICE, McGraw-Hill, 1998) to
perform equilibrium analysis followed by linearization. Such linearization is
performed numerically.

In contrast, the Jacobian of the present invention represents
linearization about an instantaneous solution of the differential equations (non-

25  equilibrium) and is generated analytically. It should be noted that another prior art
approach to generating analytic Jacobians is to use automated differentiation tools
such as ADIFOR (Automatic Differentiation of Fortran) (C. Bischof, et. al., ADIFOR
2.0 Users’ Guide, Argonne National Laboratory, 1998) that can symbolically
differentiate arbitrary equations. These tools could be used to implement this

30 invention in practice. However, the structure of the equations must be exploited

properly to minimize the computations, to avoid errors due to round off and term



properly to mnimze the conputations, to avoid errors due to round off and
term 4 WD 02/061662 PCT/ US01/51360 cancellations, and to avoid "equation
swel | " wwolizoewsbrl 1imt the size of problens solved. Ratherysoi/hsepresent
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where g are the generalized coordinates, « are the generalized speeds,
W is a joint map matrix and M is the mass matrix and p, is the dynamic residual of the

20  equations of motion, and z is —~M ™' p,(¢,u,0). The method can also be used for any

physical system which can be modeled by a torsion angle, rigid multibody system.
The present invention also provides for the computer code for

simulating the behavior of a molecule, or any physical system, which can be modeled

by a torsion angle, rigid multibody system. A module in the computer code with an

25  implicit integrator includes the analytic Jacobian as described above.
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the nol ecyh@tibsdpdy8fnat the next time step. The present invention aids the
solution of the 'stage equations. Because the atom c forces vary so rapidly
over short di st ance%,lg-iisunyn@mzes igenarel compyiatignysteps fon BeResidpaliFosor i es
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PCT/ US01/ 51360 Fig. 7 is a plot of digits of accuracy versus perturbation to show the

accuracy of analytic Jacobian over the numerical Jacobian.

DESCRIPTION OF THE SPECIFIC EMBODIMENTS

20 GENERAL DESCRIPTION OF THE PRESENT INVENTION
The numerical method used to advance time in the simulation of a
modeled molecular system is called the integrator, or integration method. The
integration proceeds by discretizing the governing equations of motion of the
molecular system. In the case of an implicit integrator, this step results in a set of
25  coupled nonlinear algebraic equations (the “stage” equations) and the solution of
these equations yields the state vector for the molecular system at the next time step.
The present invention aids the solution of the stage equations. Because
the atomic forces vary so rapidly over short distances, it is difficult to propagate
atomic trajectories accurately. Small errors in the atomic positions lead to gross
30 errors in the satisfaction of the stage equations. Since the Jacobian is used solve the
stage equations iteratively, an inaccurate Jacobian leads to trial solution that are far
from the correct solution. This leads to retraction of trial solutions and hinders the

simulation.



Nunmeri cal Jacobi ans nmay be correct in only half their significant digits.
An anal ytical Jacobian will often be correct in all but the last digit. The
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nore accurate.than nunerical.Jacobi ans he..anal ytigc_Jacobi . SO
Cheaper (1 noguioar PHECSELEH 236 37 szt IR Rk o OGN By

recogni zes las gy b&Sitd. tTHif aietHodds dasokihablcofor biienmdlatR heddisthlith asy can be
conputed by applying a matrix inverse to the Jacobian of 'the conputed
torque net ifd@icePhiniemakepordippteywad ipparticyen Whenaysed 3t prgtein modelhplit er ti ne

and effort it e h I L:
ond o1 1o PR HRGPARE in Sl Se el
t or si orl Sangloerdinatése rAa bkigonthnd forareichgannatlytie dacobsmeor & sydtéie fgendated MBS
literature. The present invenii&n can be used for any torsion _angle MBS
f or mul at i ori™ IHRICBRANEIEH IFXUEPSIY ST RERYisGHt HeWetirste prospRsnpdicles 30
mol ecul ar sjpusl &l iQNssk. i Ncl udi ng, but not necessarily limted to,
mechani cal systens, robotic systens, vehicle systens, or any other system
whi ch coul d be descr i Bedprasnhinvsationofdditssaye- scommety mdraciabledroddines .-
OVERVI EW C]i)ro uSc 1041'(:). h%\l anZtlytic Jacobian for a formulation using internal coordinates, and
20  specifically torsion angles, which is generally thought to be impractical. In addition
to being more accurate than numerical Jacobians, the analytic Jacobians are also
cheaper (in computing power) to produce. The present invention also recognizes a
key result that the Jacobian of the state derivatives can be computed by applying a
matrix inverse to the Jacobian of the computed torque method. This result allows
25  significant savings in computer time and effort to construct the algorithm.
Furthermore, this method of producing analytic Jacobians for
multibody system formulations using torsion angle, internal coordinates has not been
seen in the general MBS literature. The present invention can be used for any torsion
angle MBS formulation, which can be applied to many other disciplines besides
30  molecular simulations, including, but not necessarily limited to, mechanical systems,
robotic systems, vehicle systems, or any other system which could be described as a

set of hinge-connected rigid bodies.

OVERVIEW OF DESCRIPTION



WO 02/ 061662 PCT/ US01/51360 The preferred enbodinment is divided into
several sections. The first set of sections describes the MD sinulation
archi t ectwoa2/06t862 mul ti body system (MBS) definitions, an@CRAsOUsEE0 For m of
the MBS equations for the subsequent descriptions. The next set of
sections discusses the definition of the Jacobian, its role in the inplicit
5 integration method,Thentefthed eabpditmani iodivided ihte semaklddctonkaclififast usi ng

the R dual F Al h d f f
Lhe tnal yt et ofseubaAEscpbe: DRAIR SHENALS TSBETBIras Frdudy seherd D cs
the conput gf. ﬁi@loﬁé a%ﬁ'ﬁeﬁﬁﬁélﬁdmﬁ of JRCIIBI SOy udfi ShsUb S §88Equati @edckibE8hd. ¥

expl oi ting t e rigi ‘contract” the size of the Jacobian
mat ri x, andhexekioiet ofug:chd)res @s;ueﬂes@le(xwﬁnstmuﬁﬁhﬁbcolmﬁn,tltseoms tlqum_ml(:It

ellmnaeu necessar ations. | ve -or di d|ff

equati o %E‘?? %Pcfthﬁ c?)‘?lp‘bt?tl%l? ?ts tﬁﬁﬁ%ytﬂcsjeaﬁa@éﬁgflpg ggsed in
the D rect HogthMAlso §mwrMs thef sup¥riortabcirdbesR perfoRaiitce dlthe analiR Jﬁ@blﬁzhi ons of
motion for a bionolecul ar system can _be cast into this form (and called

t he Direct vEohapumericaldacobiana Funtbercdifipigneied mﬂm sampuptiongfshn anadytice 15

present inventors have used r f
where q \r‘l{ﬁco ey ege léﬁ%sls%ff Sgé%ﬁ ?gr%%tlo F@é (g{f)%e};dl\s/[érg eté’piaég tﬁ/czl Y, so t hat
convent i onalze@Pkhe Taodbidn ﬁ@trfﬁ@hﬁ@d}ﬁ)l@lﬁﬁgﬂ%tﬁl&ﬂbgleﬂ strooie/sffthe MBS tor equires a
matrix inversion of M (representing the mass of the systen) at a cost of

O der (I t slimiepse preprespyonHytatioss.nt operati ons (dependi ng on al gorithm
used, where Nis the ”28%& i gﬁgdlﬁgr%nﬁgl eqaglc]cns%e !rﬁlTsE BPth%?{)ﬁBP , since

the natural form of t e equa Ives rise I ner coupling between
t he deri vathaveﬁsedfeqtuktﬁ)ngemsdedmﬂleﬂlﬁ@dﬁom’f hat y|=s f(y,ln)e(vénpnmtyl mpssare  nost
naturally produced in the formq - W 0, Mt 0, where M the mass

Vi) i o o bt Btirorb ot R b SR %535?59%%%??%30 il i

each time the state 25 derivatives are needed by the integrator in
i nt egr at i ndandealled theet Disens Ferm holnimeleenlarmodsling, allpréorgetiaoaim tpdlee j oi nt map

bl ock di I th | d
Lt e RO, ol SRR i, 7 O AR ™o
I f 30
2O e i kB P55k A L9 B it o0p o, 50,

the cust orBluiof itfhodk ciai Belbsplieg. HodvestRtigs ﬂaqnirmt e idvesiohlof. The
Resi dual Form nmethod has the follow ng steps: ,
M (representing the mass of the system) at a cost of Order( N) to Order( N°) floating

point operations (depending on algorithm used, where N is the number of degrees of
20  freedom in the system), since the natural form of the equations gives rise to inertial
coupling between the derivatives of the generalized speeds. That is, the equations are

most naturally produced in the form ¢~Wu =0, Mi— f =0, where M , the mass
matrix, depends explicitly upon the generalized coordinates g, i.e., M =M (q). This

fact requires forming and effectively factoring the mass matrix each time the state
25  derivatives are needed by the integrator in integrating the equations of motion over

time. The generalized joint map matrix ¥ is block diagonal and, although it is also

dependent on the coordinates W =W (q) , it does not have a significant computational

cost.
In accordance with the present invention, a method for the solution of
30 the equations of a molecular system is expressed in Residual Form to bypass the
customary step of producing the state derivatives directly. The Residual Form method

has the following steps:



WD 02/ 061662 PCT/US01/51360 1) Discretization of the solution variabl es.
The specific formof discretization is dictated by the particular inplicit
i nt egrat iwo m®6tsezl used t o advance the nol ecul ar nodel i ®coriuse/s136plicit
i ntegration foI |l ows fromthe Residual Form Inpl i cit integration,

especi al l'y L bl e.i nt egr.at ors and ather /hi ghl i tab |nte rators, such
as inplicit Fcfefﬂ%t’a‘aﬂ%fﬁsdoﬁtk o Ve Qﬁszl ’Pkbfig Jéﬁ%ts % Dt t a

met hods, and DWMe@'bFIQM‘&[mbm 1@1&1’[@%&% ﬁér@ﬁetHﬂSﬂﬁlB&ﬂﬁ) adabhee the ovi de ot her
advant ages for nol ecul ar nodelin See, for exanple, the_above-cited U S.

Pat ent Appl n. moleculerrmptletlemtm:'E it ineygratimrdBliqws/Esmebe Rendial ECULAR
MODELI NG, " fi l ey I when
used with inpli ePdO I% ‘ﬁ tn?t%%rgﬁ?natefbsecﬁll? &%ﬁg e%r Xto?% im(?n&lhg)@g%

P SCret za ol lows: q
(9" s9,,-,)l sfabld integrz(ttirs; such' a_;tﬂlbhéit EWG@IR%dhnS SD:IRK3I Smamth&)
Substl fution | nto the residual equations: g-Wq "I)
M q) u-f(t, g, u) igp I%WE@IKU(Wm%@qse@@]PAﬁéL%ﬁmeh%Rh% IQB]lS’Ft&Pc equat i ons

()Qq) =0 for neettrlgt[téalsg’pmvtée héfmvﬁt e tﬁofeeétaﬁu%hemh%@%tes an

estlrrated g ge Integrator to e derivatives
conput ed by t hexample, thesabboe- cﬂl@tUrSﬁPatengApﬂrla N20 j oi ntentidéd tMETHODRcul ar
nodel , which |s descrl £ ow of the
residual is p" Fré“%@ M@Wﬁ@mﬁgﬁ ﬁg%dgjgﬁ@e t o which
an estjpmated u g '&éégé}t&ﬁ'ﬁrl Q16 SR AL, Wl RBd wiiRSnpYisk EiMlerBSS matrix M
and the so-calle bi as-free |n e torque' f are both state dependent. The
bi as-free hi ngentegratios, the d@erw'zaicmdsbglfqlllowmynam ¢ 25 residual routine
when the cal culated is vector passeS to.th resld al routine is zero. In
general, the hinge acceler of FdAs—did/ & one}/ applied forces, joint

torques, and notion-jnduced effects (such as Coriolis and centrlfugal
forces.) If theVhsyedeitthet@esed. rest, and subjected only to joint torques,

it would be g 1 gtﬁ)gte The real systemwth its
actual inputs canglgﬁélare O% te%&ég belﬁa% Pree state by conputing 9 WO
02/ 0611(5562 PCT/ US01/ 51360 (Pq] ( g-W(qu )
p.) \M(gyi— £ (t,q.u)
3) Solution of the resulting nonlinear algebraic equations ('0") =0 for g, and

u

u

n*

The kinematic residual o, compares an estimated. ¢ generated from

the implicit integrator to the derivatives computed by the routines for determining the
20  joints of the molecular model, which is described in greater detail below. The second

row of the residual is p, , the dynamic residual, which determines the degree to which

an estimated # satisfies the equations of motion.
The system mass matrix M and the so-called ‘bias-free hinge torque’

f are both state dependent. The bias-free hinge torque is generated by the dynamic

25  residual routine when the calculated # vector passed to the residual routine is zero. In
general, the hinge accelerations are a response to applied forces, joint torques, and
motion-induced effects (such as Coriolis and centrifugal forces.) If the system were at
rest, and subjected only to joint torques, it would be considered in a bias-free state.

The real system with its actual inputs can be reduced to a bias-free state by computing



a set of joint torques equivalent to the biased inputs. Both sets produce
the sane hinge accel erations. The preferred enbodi nent of the Residual Form
i s shown woro2aséeetx der (N) torsion-angle, rigid-body for tRreTTsbes3b@r

nodel. The followi ng sections 5 devel op the nol ecul ar rmdel from basic
definitions and show how t he rmdei‘l s used to_c ute tion of the
nmodel . F| rAset OﬁJH’élt ranes| qquE’@}?BUP %@6’@ inpys; B@&H%Fseprp iee PG| ecul ar
nmodel si mylatian. r?tu cribed. Then an Order(N) torsion-angle, rigid

mul ti body systemis rlved along with notation used, the reference
configuration, the ’Jﬂxefpmﬁetred)ambmdmteh‘eoﬁthc Residivd Faereris showrbbodies,

MR N W R T N P R T
Fi nal |y, td@@ 5185 ﬁie%glgg.illmg@a% bésﬁc AR R INE skow B6RRhARDAMSE Bekdt he

results of the Resi Formis devel oped. MOLECULAR DYNAM CS SI MULATI ON
ARCHI TECT &R&mﬁutﬂﬂee lgetlem af the yisiden Eirsn;,rtht evdralt eomputof cadeqrdbetueerfor and sone

of its cess es, for n_aceo W th t sent

i nvention g ]Iaﬁg’tofi uiaﬁgﬁg‘i 2y é‘ﬁﬁf@%gﬂf&ﬂ Eel ggwe
represent %mﬁuﬁ&d;l éé@fe‘%h R &, er&kfg vﬁfHﬁM@tlcfn%E@ &ﬁaiesereﬁeecwoﬂﬁgm@ﬂomhl ch
passes between t'hé software nodu sof tware system architecture has

a nodel er thodefiniticge ofahebjomthbmecmr’fh@lbedles, @oenabmdl q@oBlinates, pgsi cal nodel
nodul e (54, an dul e 56 nd a visual.iz 8+ .The

det ai ﬁQ i Eﬁﬁ@zeﬁ%ﬁ?@s@ﬂm’&f% Y&&E‘b‘?ﬂ%é‘ﬁ“ Otﬂatu”%ﬁéy% R an@ are
avai | abl e (bgndhes, phdd. cro78he nodel er nodul e 50 provides an int erface for
the user to enter the hysi cal paraneters which define a particular

nol ecul ar syst em TH#nal @ﬁm@rrﬁﬁymbsz@rrwat/@f the gnadpifs tagpbighs wingthei | e i nput
(or both). resu o?{hecl{}%mu% ﬁ’hte%lpﬁ’e#” e 52 translates the nodel er input

for a partrcufar node the nol ecular systemand is divided
into tran 4 £ ar tical nodeling the
nol ecul e(yam@wﬁﬁmomgih@%ﬁﬂﬁé ively of the system
bei ng jgndel ed. Ther err@ns@Y §fstm BRHRdRIre a8 G f HeaohemcapnRfitsmodul es 30
avai |l abl e i ncludi ng, for exanple, Tinker (Jay Ponder, TINKER User's Cuide,

Ver si on. mo®sse®§ombedelmomoleW@hnmgQQ§d‘angﬁ gy the presertinvengonare VD). Wt h

the phys: darnsal Hid SRR Rehub AR E L PAF TG RPRR R e oflPCLl © 52

arrows represents information which passes between the software modules. The

software system architecture has a modeler module 50, a biochem components
20  module 52, a physical model module 54, an analysis module 56 and a visualization
module 58. The details of some of these modules are described below; other modules
are available to the public.
The modeler module 50 provides an interface for the user to enter the
physical parameters which define a particular molecular system. The interface may
25  have a graphical or data file input (or both). The biochem components module 52
translates the modeler input for a particular mathematical model of the molecular
system and is divided into translation submodules 60, 62 and 64 for mathematical
modeling the molecule(s), the force fields and the solvent respectively of the system
being modeled. There are several modeler and biochem components modules
30  available including, for example, Tinker (Jay Ponder, TINKER User’s Guide, Version
3.8, October 2000, Washington University, St. Louis, MO).
With the translated physical parameters from the biochem components

module 52, the physical model module 54 defines the molecular system

10



WO 02/ 061662 PCT/US01/51360 nmathematically. At the core of the nodule 54
is a multibody system subnodule 66. The anal ysis nodul e 56, which

comuni cawemsteh2 t he physi cal nodel nodul e 54 and the vipsxalSorat3s®©n

nodul e 58, provides solutions to the conputational nodels of the nolecular
systens defined by the physical nodel npdule 54. The anal ysis ule 56 5
consi sts crathermgically. i thsfons withg modBle4ds asalithedstsysts a{%‘u{éorﬁ%-

di fferentig, aonakihOnfe SM, Wil il £ ihdBRN0S mbdel TRl ¥ LAt or
subnodul esﬁJgBa glg\gllgnce tehe ’ rrﬂli)@ecu ar g%}?{%% tkhr ougC ti mse andual So provide
for stati chanatalzesonsedulerss, prevelessalimanstth thendommuiatiopalanggels ofithe gur at i on

f th | | t Th i dul 6 its .int
subrmul o3 GBS G HEHe Toateigty FREnEE et chofe car 15¢ ST PRLRCS
i nvent kon 3Rds@bea g&%f’iﬁt@ﬁ‘ﬂ%o‘r Quﬂﬁ(?]cﬁﬂés 68%1%% in-[gﬁat‘éitﬁél@i&’feﬁgiiall)&uﬁﬁ&&ﬂ e 58

receives input information fromthe biochem conponents nodule 52 and the
anal ysi s rmofdhd ghyS®atmogel anaduide 3 eThesistegratersubmotiiee68 divasasthenal gr aphi cal

representati,on,of the | ecul ar system and.the sol utions ,q@btained for the
mol ecul ar TSGR SYREHRY! %ﬁg ezaé’?iaisr? %Hﬁ? fr 3%118 aﬁéﬁé’%eérﬂsfig/mlS avail abl e, an
exanmpl e bejcigmiivky ﬁrﬁ-mi@ﬁhﬁlﬁ,en@ftgy%bnﬁ%tﬂéfﬁd&ﬁhé mofd¢ulesysvansitae 1.5, June

2000, Theoretical Bi ophysics Goup, University of Illinois, U bana,

I 1'1i noi s) .analypie nesigler $hend isontoeste ssbaedylss 68ipordain arnsy ehthe sudiEctper sonal
OB D AR B Re B Pl D el (BB B e oo e sers

manuf oration an ar a, ifornia. This

contrasts with 20 rExyvisiativivh méduds 5§&rdcsivedingatinésrnatioe fiongthehi ch use
superconputers to performcal cul ations. O course, further speed,
i npr ovenerhiechsmrroppopstiamasylon? qndithe mplysiemodids o ftoRrpvidsrtheases Yo ¥ ast er

conput ers. ) . \4 %@%{E ‘it egrat ors
descri bedt e%v%%%@ﬁ@g% %At{?gg:fgt%elﬁﬁ%%l a %ﬁa‘ﬁﬂgggﬁgﬁﬁi ons

whi ch desabidiged foethenholeculafsystom. Mdhregcvikwalizatmemoduied e mpeesefitly  nul ti body
system_(MBS). .,To aid the co tatio f the int at | on .ret.hods scri bed
in detldi | ayelahe, a&ﬁ%@@%e&’_ﬁﬂm M-&b@%»ﬁb@@»M %Slﬁﬂégfi be the
subj ect rr%ﬁgyd) §¥Edretltal Hlofysiel ,(rim\;ehzsi{yfmﬁfn%fsgmrbmﬁymﬂﬁdign- | nter nal

coordi nates (sel écted general rzed coordi nates and speeds) are used to
describe the 30 st dfteslesdrittedsofiwhecotieis rhenkBSvdantional petsonalact i on of t he

atons and effectively rigid.bands that ke t.he nol ecul ar system bein
nodel ed ar?ﬂn}pé‘%e?e IS‘é‘E!%/%So15 (?%Wgﬁﬁﬁﬁ‘ fWP@HEP%{%WnBWQOSSSSOQSt emy t he °
ol ecul e iRarduifng8y by PNEEOSmpoMtibh 088 art9 €438, CAMoin@At THiS Sontrasts with

20  many current efforts in molecular modeling which use supercomputers to perform

calculations. Of course, further speed improvements can be obtained by running the

described software on faster computers.

MOLECULAR MODEL AND MULTIBODY SYSTEM DESCRIPTION
The integrators described below in the submodule 68 operate upon a
25  set of equations which describe the motion of the molecular model in terms of a
multibody system (MBS). To aid the computation of the integration methods
described in detail below, a torsion angle, rigid body model is used to describe the
subject molecule system, in accordance with the present invention. Internal
coordinates (selected generalized coordinates and speeds) are used to describe the
30 states of the molecule.
The MBS is an abstraction of the atoms and effectively rigid bonds that
make up the molecular system being modeled and is selected to simplify the actual

physical system, the molecule in its environment, without losing the features

11



11 WO 02/ 061662 PCT/US01/51360 inportant to the probl em being addressed by
the simulation. Wth respect to the general systemarchitecture

il lustratwoozmefeby. 1, the MBS does not include the el ectrcoatsai/seachar ge
or other energetic interactions between atons nor the nodel of the solvent
in which the nol ecul es imersed. The force f eldlnthe5
subnodul e églpgnantttﬂéhes]ga'é@mbqn}g %(ﬁgesg?fg% 15 ‘gﬁel?lhdﬁlﬁtzl rBf‘pc?ﬁﬂ Tonponent s
nodul e 52. é?rﬁral Systdnh Hehiteth@e ilReratct 86 FiL N Utk WIBS dbed MR iMBRithe @ subj ect
nol ecul e. he basic abstraction of the Sis that of one or nore

col l ecti onselvzq’cromahg eharg@ﬁm@tb@re@ergegp intereetians betreenAtemyneyr thompdelofihe

mat hemat i ca| ! d rticles
maki ng up tsr%)IV f) V%?ﬁﬁ@gl%f%% %2%?’ g or‘?’fssere?B %(O\;!ég{img eaclﬁMetl‘Lh %tﬁ) fl exing
or others r eduafrlodﬁlelmtdndlﬂhd solvnt Bwad subinddulg 64 Bohs 8idchemn clofnpanerﬂﬁt hemat i cal
abstraction that defines the allowable relative notion between two rigid
bodi es. Exdﬁ%@‘é@%f these rigid bodies and hinge connections are descri bed
bel ow. One or nore of I Do 7 ci al
status 15 in that th%%wﬁﬁ%gﬁg tlhg(sfl%grsgg?tglf%zogénce d?eae%%bfé;?%ﬁglegmr%ef erence
poi nt on ngsisztraeﬁb&of;&&ﬂ\éBSgs Eh[ahoﬁ cmetmmore coﬁn’oﬁoi’m oflgigfe- An |rrportant
property of a tre at f he rom an to an od

uni que, i eponn?‘ﬁ%de’@glé ’@érw%n ﬁsngi‘ig? @ mat %ma plsgrap qq:,tgagl}yég:a re nin
nunber 1@ heyd fiﬁwlﬁ diftRe badeel tﬁeﬁb hdv3 iR posiEBn@fetivassi gned a
regul ar Iabel ng, \;\?%l cﬂﬁnle)ans etS at tEﬂg) body abel s n velr 3ecrqlas¢ on any 20
pat h from tdaeh bthse Nodly:xnng oanthet Efédtlvbcn@tlohﬁs a11¢!w¢<haA hiprgycongectinr it hat i s

connected to . onl sl ng| th ul.ar. | abel i an_be .achi eved
by assi gni rigethBeeadaR Ry ol o i atPuh SR ue S95en PwGREREE 0. "at

| east one) bddiestEXasnﬂl@sdafthéserrﬁg@u@aes ddahs @ndE@s atd WostiiRg vep.has n -1
bodies. The label n -1 is then assigned to one of its |eaf bodies 180, and

the process is repeat@ue anpne ﬁﬁhehddeesb@dleébam,c@l@e]&ﬂ, baye| sppaddlestatus This is
al so daone for r.enai syste To _hel p_mai nt t he

rel ati onshi'p }bazg%é ]ﬂn?rH%lCB gretécr‘? Hff’% Ee]ﬁ%rfoe(?ﬂmtgnﬂ%%dalgﬂr ecord the
i nboard bodmlésgrﬁteﬁﬁgbprb@dme@fniob@“tsées’t e irhPértind Bty ofadheeivthaltdeh base
is ground and i, the parent or_ inboard body 182 for body k 184, is '

referred t d)aélsfrpm:awfb@ék}o anycthenbods iy Yuique é e {heumapiNeréding B0 logps. e

tial d
or' gi (0, oo B ke b MV O BERILBY 1. T8 BoRcL bRl
contai ns t hasigasta re(gﬁlat“ haxbeln\rg} winéininsans Thatshe bddy laisels h@zev dedredse fon(anyt he

oint P to point
P 20 p%t from?he base body to any leaf body 176. A leaf body is one that is connected to

only a single other body. A regular labeling can be achieved by assigning the label #
to one of the leaf bodies 178 (there must be at least one). If this body is removed
from the graph, the tree now has » —1bodies. The label # —1is then assigned to one
of its leaf bodies 180, and the process is repeated until all the bodies have been

25 labeled., This is also done for any remaining trees in the system. -

To help maintain the relationship between the bodies, an integer
function is used to record the inboard body for each body of the system. The inboard
body for each base is ground and i, the parent or inboard body 182 for body % 184, is
referred to as i =inb(k). Additionally, the symbol N refers to the inertial, or ground

30 frame 174. A superscript O refers to the ground origin (0,0,0).

The symbol for the vector from one point to another contains the name

of the two points. Thus, 7™ is the vector from the point P to point Q. A vector

representing the velocity of a point in a reference frame contains the name of the point

12



representing the velocity of a point in a reference frane contains the nane
of the point 12 WD 02/061662 PCT/US01/51360 and the reference frame: NvP.
Certai n swoleloeiébn be introduced later relate two referemca/fsoamsso | n
this case, the synbol contains the nane of two franes. Thus, iCk is the

direction cgsine_matrix for, the, orientation of frane infragne i. This
symbol re@g&@qrgfqrﬁg;e Wtﬁ%n%ﬂ%ﬁﬁ?&hs@)@eflmo C'F%/E'it%aﬂa{?ggﬁ inits
parent frap@renge fidkhas. I fis(dake, 'tﬁ%g?ﬁigﬁéoﬁtﬁﬁs Aellddle TORY flanidd. qUEStion. The

| eft and right superscripts do ange W th the body index. This is

al so true ‘Cbis thhairedtidvarcosiieeidx folthasiatdtiol ofifadiedandmnide Thisnspose: H
(k) , for exa%e. A tilde over a vector indicates a 3 by 3 skewsymetric
cross prodhmbohagfars fo thegirection apsing matex Hy atypigal body dnits pyrepeliams. | and 0

i on.af. L. i 0, 1, . by ix. 10 Rigid
Bodi esSof M Roulringirge: BeafChoty i rtiont b BRI sl 150 of o
sampl e "t rn%?gha?l%e Wylﬂﬂechg@c?(liy[ %{%}Ei TRtk A8Srhd @‘f‘ ot sSoMRd1s, APQkdHsOf each

body i s designated as nge point. For exanpfe point (k 186 is the

hi nge poi nidit&es Phedinkpob&4" (A ffox eghngge. Aafldeowirdiveafoe irili&esias3 BB abl i shed
in the inertial frame 198. An arbitrary configuration 15 of the MBS is

chosen as ské®-syRhetedeRseolihauiatik-0tw 290 w WIE li€ar 1oyt hidentito miatgur aid on  the
imge of the inertial coordinate axes is used to establish a set of

body- fi xedy axesero kBct68P6HeRAHY and 0,1t B i bR S&r6Merigonfi guration each hinge

—

point Qis coincident wwth P, a™point of its parent body (or extended

body.) For_.each hody oint Pis called the body's inboard hinge point. So
t he iﬁBoar%gﬁﬁﬁgeﬁﬂfthgwﬂ%ell% for body k 184 is a 20 point fixed inits

parent body i 182. 'ﬁgéﬂﬁ@@é@sm@@a@rea@éwn 1g9fati%ﬁQ_bOlé§_§§a@gl@Y‘uje§’@f point 0
192 fixed in ground. The expanded view that 'shown in Fig. nore clearly

shows t hattheMB&. Mire 186 dre tfdexeallawedscdipoiat aBehchbddy s desighkied 880G #sf i xed i n
parent bqody i 182._ The hi.nge. poj l.ocat i ons def.ine d 194._a const ant
Vect or 1 omERRo FoR SEyTIARGE O 149 40TBB AP PRLE R oL iyl or
body k i s Jrl-¥&dinafl dde @éfa%ﬁ%hé&qg)(?é inertile)lg ﬁ&@@@@sf ARGy ongguiagbnt for

§.
body i to the inboard rln nge point for body k. The vector d(1l) 196 spans
from tlhe iofi¢he MBS isrchgien as ds téferchea enfigastiobd 8. Vhilelin drisl configyeationoi nt

(L0 5 Bkl S Aot e P T S5 il e 1T e
poi nt K. iJBESHFHRE In HRSBRES K @b girEonBASE hingB §ofnt Bik cHMSRlent with P,

a point of its parent body (or extended body.) For each body, point P is called the

body’s inboard hinge point. So the inboard hinge point Py 188 for body &k 184 is a

20  point fixed in its parent body i 182. The inboard hinge point for each base body is a

point O 192 fixed in ground. The expanded view that shown in Fig. 2 more clearly

shows that point Qy 186 is fixed in body & 184 and point Py 188 is fixed in parent

body i 182.

The hinge point locations define d(k) 194, a constant vector for each

25  body, and can also be written #%% . The vector for body % is fixed in its parent body i.
It spans from the hinge point for body i to the inboard hinge point for body 4. The
vector d(1) 196 spans from the inertial origin to the first base body’s inboard hinge

point (also a point fixed in ground), and can be written #%2 .

For abody, m(k) , p(k), and L, (k) define the mass properties of

30 body k for its hinge point Q. These are, respectively, the mass, the first mass

moment, and the inertia matrix of the body for its hinge point in the coordinate frame

13



monment, and the inertia matrix of the body for its hinge point in the
coordinate frane 13 WO 02/061662 PCT/US01/51360 of the body. For a rigid
body nadewop2061682 di stri bution of particles, the nass pr@o#riSoesi3ar e
constants that are conputed by a preprocessing nodule. The details of

t hese conputations can be found in standard references, such as Kane, T.R ,
Dynani cs, oftie tedy, Fonatigidborymeadegppirstisiviionaigpticlesstheimassd, cA 5 Let

M K),'the spatial inert.i J i i i Nen by
the syrmeeriirisisyt Bkt Ok S Syt b bt R P RS TR IR YT 1 Y e
system i s tles compeEtibs @adrEbindindaindardreferdnoat, ambess KanepTR.j oi nt i s

characterized by apn axis fixed in the tw baqdi gsagfo nected by the joint.
10 The padbrewidsr 3 d&da amrral (7§ atenfsd SREergly PP e’ The nunber n, the

i nb fugction, the sysf %ﬂ?gt?en@wa%éﬁisafwmm%m@e%mm@ﬁéigﬁve@ j oi nt

geonetiic data (includ type) constitute the system paraneters.

Joi nts angy,GRNgHAhbERG KPOhMmat es of the Model Figs. 4A-4C | I Tustrate the
joint definitions.of the preferred enbodi nent _15 of the MBS: the slider

joint 100, the pin joint 102, ag&t @3l 1 Blbl nt 104. Each joint allows
translational or rotational did§fhkc % Gk e hinge point k 106 relative
to the inboard hinge point Pk 108. e dﬁ spl-acenments are paraneterized

by q(k) 110, the ge]%%f%irk&htzﬁqhg%fe% ﬁ%?c?‘ibfeﬁ'i)g%ggﬁetlﬁc dath. %?%s!&ﬁlc%i t should

be noted that genera coordinates are exanples of generalize
quant i t i es,pimfvisiis chiractetizeddiyeat dxis fosedtindiie trented2s coondetedoryathe prial

character and transl ational .character., For ipnstance, a.generall.zed force
act i ndOat Thepartinula datfer ajoipt ‘%BF Sémflﬁrt}f%ﬁ'vﬂ??tr&’rmcbfﬁﬁ’ E}%{’Zﬁﬂ‘ﬂg e%r. The
general iz i i t86) Shd jdiftl gHombRt dafa lil€udibp $hing

di spl acenég%tm)%qﬁﬂsg!pp%gl&bg%grggﬁszg@)E:%dcgfrigiéJnallt eéég( k) fora%lheupi %@tjhoi nt 102

is the an lcoftTitk ASEHBRE: fardikéters. The general i zed coordinate q(k) for the
bal | j oi n?%l%4 is the Euler I%araneters 25 (gl 2 ~3, ~4) 116. Each joint may

be a pin, lddas GHerfiBll GoBldihatesf tRe BRI Nati on of these joints. Many
other joint types are possible, including, but not limted to, free joints,
Ujoints, cylindricdligs ditnt€ illesiratetbaidiniglefipitions of theprefamedieraodigent) (x,
y, z), the .| i al asur ers . fr e . pbody
i nboarld hiq{él@e“]%]ﬁ%?het 1 xh]é)lrﬁ 168,“86 pin J8Intt182 8 TPt Joﬁﬁnlbﬁ'. EQ&SJ%HR

allows translational or rotational displacement of the hinge point Qy 106 relative to

the inboard hinge point P, 108. These displacements are parameterized by ¢(k) 110,

the generalized coordinates for body 4. In passing, it should be noted that generalized

coordinates are examples of generalized quantities, which refer to quantities that have

20  both rotational character and translational character. For instance, a generalized force

acting at a point consists of both a force vector and a torque vector. The generalized

coordinate ¢(k) for the slider joint 100 is the sliding displacement x 112. The

generalized coordinate g(k) for the pin joint 102 is the angular displacement & 114.

The generalized coordinate g(k) for the ball joint 104 is the Buler parameters
25 (&,6,8,¢) 116
Each joint may be a pin, slider, or ball joint; or a combination of these
joints. Many other joint types are possible, including, but not limited to, free joints,
U-joints, cylindrical joints, and bearing joints. For instance, g(k) = (x, y,z) , the
inertial measure numbers of the vector from the base body inboard hinge point to the

30 base body hinge point express the base body displacement in ground as three

14



30 base body hinge point express the base body displacenent in ground as
three 14 WO 02/ 061662 PCT/US01/51360 orthogonal slider joints. A free

j oi nt coraDIRMewh2 t hr ee orthogonal slider joints conbi nedCritSay/si13b@l |
joint, and has the full 6 degrees of freedom The collection of generalized
coordinates for all the bodies conprises _the vector t he generalized

coor di nat esthpgenal plédes jaiptsmA Beagoyd soRgHs gtheseart éﬂla&g@eﬂiﬂﬂ& es for a
particul ar_j Qi . atd 1 as. i.0i nt translation vector
and i Ck (I(Cfin?m{%hgngy\ér)te)%rﬁ(%’ %dé@lﬁﬁéherrr@q%e(g%? Oggrgf/\d inits parent are
formed. The transl atTiherollectionrof igPheéRilidek coendpnratsfosalt the bediss oomprigseh t he

i nboard hihge point_ P of body k to the hinge point Q of body k, in the

coor di nat e y§ciared dhe grrerplize ﬁPOMS%%@SgY%&&T t hese conput ations depend

on the_oint type a 10.,can _be..easi | y.. i : N0 1:hi. s

descri pti on, accessr}?lge%thfeﬁgﬁa%e Ogydugag%g%ggﬁaeﬂrﬁg{dgpﬁ IHE[&?? %i‘%}‘g{ﬁ%& (k)
given the g | Z8n GRAbHTRAE$E ) ShAGisdtiBa cositSmiatiix foflbedd, t he
choi ce of_i?ﬁ(gczmgo?ﬂf&?%drs eagh body is gr’bitrar_y. _I—Igyvever, j udi _c%s choi ce
great]ly S'ﬂﬁlifs‘é)'aﬁﬁt RtbShc TR trdnSRtich S6otor B2 @) NexpRisstis $hd Wtortfionge poi nt
shoul d be chosén as a point on the axis of the joint. For this choice

poi nts  15h&indbskd Qingerpuint Foof tuely tketo the ldngepdintv@lofibsdyok, it te joordimatangl e, so
the joint translation is zero. Jf the point Qis c?h*gfen at_.a di sta({me from
the axis, franmeishppaset todio\Retailsaffsqeomputaions dsprhon fppp(tirpesnd

Xr QksiypB- (c%ﬁ%g%%$3§ﬁ%e§.)ﬁ WhRESo T &e%&itﬁhﬁéec@é&'t@ aYihdtioedt@hn O 1S the
joint "angle, "an i'S the vector from 20 any point on the axis to point
Q For pi rpeh@aftt %Y ah@fd* (kPivtss theasytemrenaalizdicoardisatesisabsoaed. chosen as
the hinge point. For these joints the translation vector rPkGk (k) is zero.
For a slider joint, Ahmtrodaced] theichoice efhinge pdkifor ¢4ch haslydg kepkrary. The

direction cosine matrix far a pin.is,25 ° k) =E3c0s0+i .sin0+) *(.1-cos0).
The di rectf_g‘b‘ﬁe"(,ef)s]lq‘ﬂﬁloﬁﬁthlﬁe %?t'l%s@mhﬁﬁ mi%érESFf’r TBRRES TR t%él-ées of the
Model Let HilY%],%t dft shbile HILREEER ds 2§Hbink @A dls Of the Renthi F@ehipehdite pdinfaody K

S

measured in parent i, be paraneterized by u(k) , a set of generalized
speedsl5 THmd Q@emsik (ckjncident/fok @} valuesof th jgird angfe, so the joint translation is

zero. If the point Q is chosen at a distance from the axis, points P and Q move

relative to each other:
#P2 (k) = hx r°% sin @ — (1 - cos 6) (l=i'3 —A ) ro%
where A is the joint axis unit vector, & 1is the joint angle, and %% is the vector from

20  any point on the axis to point Q.

For pin joints and ball joints, a point on the axis is always chosen as

the hinge point. For these joints the translation vector 7% (k) is zero.

For a slider joint, the translation vector 7% (k) is g(k)M.

The direction cosine matrix for a pin is
25 'Ck(k) = E, cos @+ hsing+4h'(1-cosb) .

The direction cosine matrix for a slider is E;.

Generalized Speeds of the Model
Let V*(k), the generalized velocity of the hinge point of body &

measured in its parent i, be parameterized by u(k), a set of generalized speeds. Then:

‘0" (k)

30 VE k) =(l_va )

J = H' (k)u(k)

15



15 WD 02/ 061662 PCT/US01/51360 Here, the matrix H(k) is called the joint
map for this joint. It is a nu(k) by 6 matrix, where nu (k) is the nunber
of degreewook/béreeedom for the joint (1 for a pin or slidercTASoi/BN36@ ball,
6 for a free joint). H(k) can, in general have dependence on coordinates g.
G ven the generalized speeds for the joint, the |oint nerates the
joint |indkre, B laﬁ@lxaﬁgﬁz) trcalled thejjoipt méR&féB@é@lm{ nIttl%"a(?ﬁ) EI Xf r ane.
The followi ng are used for the10|nts f) % E =[0O0
0 2], sli adere py(k)is thy manbesofflegrepig |frqqeiw}l or tﬁe]IOIEé(lofOJF B@@Slléﬁ‘& ' The
col l ection of generalized, spe for .all t conpri ses,.the - vector
u, the gerf"e‘!frafitl’eﬁll (fmb%@F?ﬂ%lg E‘P(?‘Q)Pa?’ﬁﬁgg%i‘ ggp T§eQn coEidinales; o

ot ?Spealoﬁi e AR Bt B 416 e‘é&E{%ﬁtﬁ%@%a%&éé%ﬁ%mﬁ“ﬁw% spectiie
deri vaki vggr | ar ve‘f&ﬁ@r( ﬁéﬂ&géﬁ i 1l éclﬁ pomep}le Bbwrideodtt beRl fgener ates

the time tive o genera Ize coordinates: g = WQq)u 15
where W (dhe jointaa bl ock diagonal matrix that relates 4 and u, with each

bl ock dependi ng upon the joint ty 4=u for pin joint, slider joint 1 4
-32002:134-'\A/Zforlfé(@-][%lQOSOJPZ”14O’>34124andu=

[co, CO2 CO3 ]* where q =[ ]fﬁar &OLO 4 * Oa , &jifiee joint is a combination
of 3 slider joints and one ba “that there 20 are 4 4's

(derivatives of the Euler parfﬁ(ri@tﬁlg) @%sdmi’lat ed with 3 u's for ball
joints. Simlarly, Ak (k) , the jener al i zed accel eration of the hinge
point of body kin its par entH(kl)s_: %ve%k(kj free
The collection of generalized speeds for all the bodies comprises the
vector u, the generalized coordinates for the system. As before, access to a function
10  that can generate the vector 7*(k) given (g,u) and a specific joint type, is assumed.
Access to a function that can compute the derivatives §(k) = ¢(g(k),u(k)) is also

assumed. This routine generates the time derivative of the generalized position

coordinates:

q=W(qu
15  where W(q) is a block diagonal matrix that relates ¢ and u, with each block

depending upon the joint type:

g =u for pin joint, slider joint

) 1 w, | for ball joint
&l 2|{-& & &

* *
whereg=[g & & &) amdu=[0, o, o]

and a free joint is a combination of 3 slider joints and one ball joint. Note that there
20 are4 §’s (derivatives of the Euler parameters) associated with 3 u’s for ball joints.

Similarly, ‘4*(k), the generalized acceleration of the hinge point of

body k in its parent, is given by:
. ot (k) .
A k) =] | =H (k)yu(k
*) [,agk(k) (ki(k)
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"Ak (k) = LaQ k(k) = H*(k)iu(k) (k)) 16 WO 02/061662 PCT/ US01/51360 It
is these generalized coordinates g, and generalized speeds u, the internal
coor di natwe okos16pur poses of this description, of the nol eealrarsosyssem whi ch
are calculated. Rather than working with the typical inertial coordinates

(x , vy, z) and speeds in these inertial coordinate systens, cal cul ations
for the sdidpéese gme@@;lmeg,coo@rgﬂﬁtqeﬁmgg@ef %w.egm%%%@é\ls OF THE

CCLATI ONS 05N O Wb L PR RABIAN . f B T 29K yEELRD angl e o

descri bed, ns of notion cah now be cal culated. I n accordance

with the paleslard. Rathee thanomorkingewittothie dypicd] indrgal MBSrdimdtescrl, &y Zrandel i s

determ ned by the Resi d,u?l 18 Form The @e i.dua For%r}[l?ne% hogﬁi rf uires

cal cul at | 6PRSds 8 these ingriat eoqrdinatesystemsacaleulations far 41 BiRiect BO%CBB ngui sh t hem

fromthe "§s§€rﬁ'&ije"re Logmatic cal cul ations, which are further required by
orm (

t he DirectS Ich is included in this description for purposes of

conpari so i i tI'I f { Mol ecul ar Mobdel 15 In the
first Ki ne@n‘%lf(ﬁcjzig‘glldéﬁgg(??ons,Eg%%se)@?rll\{lgﬁ%ﬁecoordi nat es of the
nmol ecul ar system ( With thd dxempthry higidsysltibodypdomivatangks, modet désstibedi ng

position, velocity and acceleration kin tics are conputed for each rigid
body k of thequatipnsefimeiiongsgdow kg %%%%‘f %,a"??fd%d’i”ghn@& PFSEYY t hat when

the First J4eAROR!E mokidh SHHRNVBRIAEAIAINGI & ackdHmiasiyduaRefianan met hod,

the is is pass In as a guess o the solution which the integration

met hod0t h@arme flha@esidoal Feenmcoethed tequioksicdladatiang teroed the'Sfirst"ikingnzaticet t o
zero when used for the.Dr Farm pethod. .,.;This is shown. clear in the

| ater desEPicBRfigRSto lstm%élﬁﬁelﬂg@ﬁb@g secppd lgﬁﬁrﬁatbco%agmﬁﬂ%%’ Rt 8%1 ¥1¥\eICk (k),
r, Q & (Kt rédtired t94hé Oirect MERK whioh is Mefddekn thi¥désediptiddasor pligposdvak (k) ,

A(k) 25 These cofhputations are done recursively, starting from each base
body and ofcoagpasminhg to the | eaves. NCk (k), the direction cosine matrix
for body kin ground is defined as: NCk (1) = ,Ck (1)

First Kinematic Calculations for the Molecular Model

15 In the first kinematic calculations, given the internal coordinates of the

molecular system, (g,u,1%) and the system parameters, the following position,

velocity and acceleration kinematics are computed for each rigid body & of the
molecular model. (In passing, it should be noted that when the First Kinematic
calculations are done for the Residual Form method, the # is passed in as a guess of
20 the solution which the integration method then refines to the correct solution. In
contrast, # is set to zero when used for the Direct Form method. This is shown
clearly in the later descriptions of the two methods.)
For each body & compute:
NCF (), 192 (), 1% (), ' (),
Yt (k), v (k),V (k)

ol (k), Y a® (), A(k)
25  These computations are done recursively, starting from each base body and

progressing to the leaves.
NC*(k), the direction cosine matrix for body k in ground is defined as:
"Ch W ="CH)
NCY (k) ="C*(@)'C* k), k=2,..n, i=inb(k)
'C* (k) comes from the joint routine described above.
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NO (k) = NCk (i) "Ck (k), k=2, ... n i =inb(k) "'C' (k) comes fromthe
joint routine described above. 17 WO 02/061662 PCT/US01/51360 rQ &k (k) ,
t he positwom2wewtnr from Q , the hinge point of the paremcrafSobsdygo k to K
, the hinge point of body k, expressed in the parent franme, is defined as:
rQk (k) =d(k) + rPkk (k), k =1, ... n rPkCk (k) conmes fromthe joint
routine. 5 rQ (k), adfekpothetpositionaetiorirémph, thechingapaintof the paseniof to Ok |
the hinge point of body k, expressed in the global frame, is defined rCk
(1) = rQ Qody kYo Fkthek)inge paikt qﬁbpdy-kp@g[pre(ssgc}i@t@(pe(rﬁl}t,frqmc—, ipdefined ag; | =
inb(k) 10k (k), the rigid body transformati on operator for body k is
defined i Ck O(k) YQ QL(k)' @R*(K)=a(®B -+ (k).ni=k(ky (k) 10 V(k) , the

spatial velsogi At oS hi int, din the f f
body k. /9" 5dH ﬁgﬁg%ﬁ?ﬁ%eﬁlﬁfdfl)u@e'i VDV 0 TNk = ok (kv (1)

+ "V ks(k), k=2, -r"gk_(@,the)@oéiﬁ&{@ctoﬁ\_(ﬂ@m thetiﬂé‘map&i%'iﬁlb RACOE) B Bin'g@n_ for
body k at its hinge point, expressed in the frame of body ¥, is defined N

k ACL)  aphoik ofbé)«ﬁkk,(e;%resé%@% tielgloddd fdnde, AGlefiled (k) = N k(k) = A + 0 2w
JIVK(K) + TRK (k) ko= B S 2 nb(ky a (k) where A iOk* 0 _ (K))
(K)ACE) + i (k) (1 Nek(1jiyo%MCok (i) x rQil (k)) OO = ick* (k) Nk (i)

g course, the COWDU';@Q;&kgnzsrogka(g+a&ék(%§gig?}€5?u%e;d2’i.-pn’a zs=izr7]1%kk€3 pass if

desi red.
ig* (k) , the rigid body transformation operator for body & is defined

. ICk (k) 7% (k)'CF(k
’¢"(k)=( 0() ! "(c")(k)()} k=1,...n

10 V (k) , the spatial velocity for body & at its hinge point, expressed in
the frame of body £, is defined

A Yo @ _ipk
Vk)& (:vagk (k)j = 'ﬁk*(k)V(l') + iyt k), k=2,...n, i = inb(k)
v (k)

A(k) , the spatial acceleration for body £ at its hinge point, expressed
in the frame of body £, is defined

A(T) 2 ( ‘@ mj =4k (1)

15 "a (0
Al @) _ S (2 & i gk _ .
A(k)—[NaQ"(k)j—A-l-(__Qa 25)) VE(k)+ A" (k), k=2,...n, i=inb(k)
where
= ik . 5
A= ¢ (k)A(l) + {ick*(k)(ka (i) x N (i) 720 (k))

o ="'C" (k)" o* (i)
Of course, the computations can all be computed in a single pass if desired.
« After completing these steps for one incremental time step, the MBS
20  can service kinematics requests to compute the (generalized) position, velocity, or
acceleration information for any point of any body. This is done by computing the
required information for any point in terms of the hinge quantities for its body, using

standard rigid body formulas.

18



After conpleting these steps for one increnental tinme step, the MBS 20 can
service kinematics requests to conpute the (generalized) position,

vel oci t y,woro2/0e6El erati on i nformation for any point of amgThsdys13dhis is
done by conputing the required information for any point in terns of the
hi nge quantities for its body, using standard rigid body fornulas. 18 WO
02/ 061662 RegiindSounpuia®e) Resi dual Conputation Wth the first kinematic

cal cul ati ons descri 0, . esh ' Resi dual
Form nmet hod can be g)gﬁ}é?%Hhrgg?lh%ﬁ%}{ect%?&gﬁ%oasegégégﬁg%ﬁﬂﬁ%’o Qt!%eﬁiedﬁglesi dual Form
and its appmpaationfortthe Rediéedl Farm mxtdeld sag beslefeanimdi A ddiale desariptions| y
cited co-pending U S. Patent Appﬁ_l n, No. , ellﬁti tl 9 sstNET FOR RESI DUAL
FORM | N Mof BreuiResidlugiemm e Hs anplisgiionsto gqqlpeulay gpodeling i OBB‘:’;‘{C}%P%H on fills in
two partitiQf : \V | gpusly. Al Thetikied st partition
is cal?ed$%8mim Hgkgﬁﬁéﬁégﬁ%rggé?éﬁgpﬁﬂgﬁgm?ﬁe second ﬁgﬁtitfon is called

p" , the ¢WMETMHODEGRRESIDURIe FRORM MMOLEECSLARMOBEEONG fdad pf ovant he 10
di fference between a 4, which is passed-in fromthe (inplicit) integration

e RN PR S o) 0, T

nol ecul ar nmodel, i.e., given (q,u,u) and the system’paranmeters, a program
15 routi neryaagel st is SAYd PNITROkine@btié RQidYBSanStheRedcRdtparitionds € 1 eadi | y
avai |l abl e to, r can be created by, practitioners in the conputer nodeling

field. Th%aﬁéﬁ"tﬂénlﬁetd%ﬁﬁic rb18uY ATHERInEMatithesiiQhISE Bbmpatel Yroathepassed in

fromthe integfation subnodules 66 and returns (the state-dependent) T(k)
= F(k)ot heigaphdcastrsoatd gl, whithGE pisted-in Redyh&(imblicittiatepianion spahodul® , and
0-(k), the hinge torque for the Body k. The dynam cs 20 residual, ,o0jk) ,
associ at edopaidihg degvalviezethpafpddgaci({ jojntf or the body k is then conputed by
the following steps: 1. Performthe cal cul ations for the nol ecul ar nodel by
the Residual Formas described abdve W4T Phe passed-in state values (q,

u, u) ; 2. Generate THddynamidd@esida islsd e, Biaeing vitheagiRerbstae of i n t he
model having n 25 bodies: N k(k)(j . (k)N-k(k))
the molecular model, i.e., given (g,u,u) and the systém parameters, a program
15  routine models the ‘environment’ of the MBS. Such routines are readily available to,
or can be created by, practitioners in the computer modeling field. The routine takes
the values (¢,u) determined by and passed in from the integration submodules 66 and
T, (k)

, the applied spatial force for a body k at
Fk) j pp P

returns (the state-dependent) T'(k) = (

its hinge point Q, , and o (k), the hinge torque for the body k. The dynamics
20  residual,p, (k) , associated with generalized speeds u(k) for the body & is then

computed by the following steps:
1. Perform the calculations for the molecular model by the Residual Form as
described above with the passed-in state values(q,u, %) ;
2. Generate T'(k), the spatial load balance for each body & in the model having 7
25 bodies:
. Y& (k) (Lp(k) Y o (k)
Fk) = M (k) A(k) + (f ) ) ~T(k)
Y&t (i) (M " (k) x p(F))

k=1,...n
3. Compute p, (k)
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- T(k) T(k) = MK)A(k) + Nwk (k) (Nwk (k) x p(k)) k =1,...n 3. Conpute pu
(k) 19 WO 02/ 061662 PCT/ US01/51360 fork =n to 2 by -1 pu (k) = H(k)T(k) -
o-(k) i woimog¢iep2 .t (i) += iok (k)T (k) end Pu(l) = H(1)iPcalysoThseiresi dual
Form net hod eval uates the extent to which the system differential
equations are satisfied. Zero residual indicates that the applied forces
are 5 in balance with the ineftkZ #é928¥ ~lHowever, this does not mean the

systemis in static equilibrium 0 nu t he applied forces would
reproduce the given is when ap ﬁlagjd tlg(%?ﬁg)s%(ty%min the state (g, u)

The residual s can be interpreted=¥btlat additional hinge torque needed to
bal ance the applied and inertia .© e literature this nethod is
known as either inverse dynam csf%%%lgé)%%ﬂod of conputed 10 torques. It
governs the case where the is eft® all prescribed. At this point all the
conputations required for the Re quﬂl)@m are conpl ete. The residuals Pq
and ou are used directly by the"1nplicCit’ integrator in the integrator
subrodul e 68. Second Kinenatics Cal cul ations for the Ml ecul ar Mddel To
carry out the DirectThedesiduel Froo, methpd avaduatesibe extendaivhieghthesystaa 15 first

ki nemati cs.cal cul ati ons are r. i red. These ! I . L are
fermed ¢ R GREH e e el T carurerang nfRdes Lfde «fBtGH to R aR°, ) 1
(k), ikk (kbagh@ wislomRUAGHa &sicé0HEWS/er, this Ress st Mdahehesistm tin static f or t he
Mol ecul ar Model by the Residual Formas described above, i,e., the first

ki nemat i csqeilibgumabutaather thet the apylied foroenwogld eprodBele B5ER 4 MSRi a of each
body k, is_ initialized. .P(k)= K= . . | £Gh5 bel ow are
Uhen generaplid o TS5 bR TERhir TRbEripls g bo i f il &
additional hinge torque needed to balance the applied and inertia forces. In the
literature this method is known as either inverse dynamics, or the method of computed
10  torques. It governs the case where the # are all prescribed. At this point all the

computations required for the Residual Form are complete. The residuals p, and p,
are used directly by the implicit integrator in the integrator submodule 68.

Second Kinematics Calculations for the Molecular Model
To carry out the Direct Form method, calculations in addition to the

15  first kinematics calculations are required. These additional calculations are termed
the second kinematics calculations. The values P(k), D(k), ‘w* (k),'K*(k) are

computed as follows:
1. Perform the calculations for the Molecular Model by the Residual

Form as described above, i.e., the first kinematics calculations.

20 2. P(k), the articulated body inertia of each body %, is initialized.
P(ky=M(k), k=1,..,n
3. The objects below are then generated:

20



for k =nto 2 by -1 (k) = Hk)P(k)H (k) G=P(k)H (k)D-' (k) z = E6 -
GH(k) i,k (k) =1i0k (k)z iKk (k) =iok (k)G i =inb(k) P(i) +_ "t/rk

(k) P(k) “wblk2/oétep2 end D(1) = H(1)P(1)H* (1) The functionaicTdspesdence of
]E_hese E_uantlt! es isI on:y upon the generalized coordinate q. Therefore, the
irst kinematics cal cul ations e, pr.ogr d,in anticipation of erformn
the second kinematics cal cul at %ﬁ@g%%p@gfh Dynam cspCaI cul atiolr[:s ]
Finally, is is calculated by swedmikihg=impo®(HHt(kgn out board, of the

mol ecul e:  z(k)=0 , k=l,...n fork,= by- L — K) - HOK)z(k "
= D' (k)s(k) i = inb(k) z(i) +=%,=QD(E‘%2@) o (E;JI(DU)(k) (e)nél(e%I)V(: I)O

E(l))n-iH(l_)zgl(?() \égﬁg = 'kl E&geggf);@(—ﬂfl(:lf()i(l)k 9(1)EH* (1)v(1l) for k =2
=in = i k* d) o+ H Vv i = v(k) - iKk*
(k)S(i) end Wth the First and Sé’c@dﬁki &‘éﬁati(c?s Clal(cajl at;/f)n?s, alnd t he
Forward Dynamics Cal cul ations, tigegBiL SEtr)Eor m net hod is available. 21
i =inb(k)
P(i) += "y (k)P(k) 'y (k)
end

D)= HOPMH" (1)
The functional dependence of these quantities is only upon the generalized coordinate

g. Therefore, the first kinematics calculations are programmed in anticipation of

performing the second kinematics calculations.

5  Forward Dynamics Calculations
Finally, # is calculated by sweeping inboard, then outboard, of the molecule:
z2(k)=0,, k=1..n
fork =nto2by-1
s(k) = p,(k) = H(K)z(k)
o(k) = D™ (k)e(k)
i =inb(k)
2(i) += "y* (kK)z(k) + 'K* (k) p, (k)
end
&(1) = p, () ~ HDz(1)
o) =D (De(1)
u(1) = v(1)
S(V)=H" (Dv(1)
fork=2ton
i =inb(k)
5(k) = "yF (k)o@ + H' (k)u(k)
u(k) = v(k) - 'K (k)5 @)
end

With the First and Second Kinematics Calculations, and the Forward Dynamics

Calculations, the Direct Form method is available.
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WO 02/ 061662 PCT/ USO01/51360 Direct Form Method for the Equations of

Motions The Direct Form nethod takes the current state (g, u) and conputes
the deriwetiewese6tq, u) using the above al gorithns, whichparasobhensused by
the integration nethod to advance tinme. 5 Gven: (qg,u) Conpute: (g, u) 1.

Conmpute cq using. joint _specifig routin above 2. Perform above First
Ki nenati cs %ﬁ?@%oﬁil\gﬁ@(’&j‘?ﬁrﬁﬁ? f:qga%@ns %ﬁ@ﬂ]ésr ate residuals pu as above 10
4. Negate the reshdpaks FimmetBod BikefBE ofBAt 304 (4 1KiaRe dBbeiRs el cul at i ons
6. Conpute u using Forward Dynam cs Cal cul ati ons above The Direct Form

net hod pr odéeBativése(dhinn gsingdeedbevatigoritiniss whith arethponsel tytht heegpion ed
forces acting on the system Fig. 5 summarizes the 15 conputation steps of
t he Resi duameffod o adtanoeltimed t he Direct Form nethod. JACOBIANS IN IMPLICIT
| NTEGRATJ ON The equat i ons whi ch nodel a nol ecule (such as a protein),
are inplenent edgg?nakl?rﬁ:)ti body system (MBS). These equations represent
Newt on's Laws gndle: expsessed as a set of differential equations y = f
(y, t) . The di?? gntiy’ ;0 equations are inplenented using a suite of

Order (N nul tibody dygsfipafe eSOt spdafieebiding as biweequations in tine, in
accordance with the present 1nvention, an inplicit nmethod of nunerical

integration is uzed, PefearibovalFast Kinestatitd Galcwlptionsiwith it @gr at i on et hods,
such as inplicit Euler, Radaub, and SDI RK3. An inportant ingredient of this
integration procdss i ScRgpigdesidHlvEY, @RAPOVES Jacobi an of the differential
equations. This is Loaf ay Since the function f is itself conputed by an
al gori t Hn r at her 4t hanNsgata fredesiflyals 0, ForAul a, the Jacobi an conput ati on

represents a substantjal. anpunt —of. work. he sinplest approach, the
Jacobi an can be for mh?rﬁmng?@gﬂ%nwtm’ﬁfa&”kﬁ’@?ﬁg the 30 derivative
routine. This isga defbahR PRGMBIFPRaTSHIRRCS Dlcllb@ddsiapord the Jacobi an
is a tradeoff between round-off "and truncation errors. Typically half the
wor ki ng 22 The Direct Form method produces the hinge accelerations # in

response to the applied forces acting on the system. Fig. 5 summarizes the

15  computation steps of the Residual Form method and the Direct Form method.

JACOBIANS IN IMPLICIT INTEGRATION
The MD equations which model a molecule (such as a protein), are
implemented as a multibody system (MBS). These equations represent Newton’s

Laws and are expressed as a set of differential equations y = f(y,f). The differential

20  equations are implemented using a suite of Order( N ) multibody dynamics methods.
To advance the equations in time, in accordance with the present invention, an
implicit method of numerical integration is used, in particular, L-stable implicit
integration methods, such as implicit Euler, Radau5, and SDIRK3.

An important ingredient of this integration process is formation of the

25  Jacobian of the differential equations. This is

e

dy
Since the function fis itself computed by an algorithm rather than by an explicit

formula, the Jacobian computation represents a substantial amount of work. In the
simplest approach, the Jacobian can be formed numerically by differencing the
30  derivative routine. This is a delicate operation because the quality of the Jacobianis a

tradeoff between round-off and truncation errors. Typically half the working
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WO 02/ 061662 PCT/ US01/51360 precision in the result is retained by
choosing a good perturbation size in the difference schene. In practice,
t hough, twob2ijos1662 fficult to do. However, the structure ofchEsogsner ni ng
equati ons may be expl oi ted to inprove the Jacobian conmputation. The

exenplary nultibo cs met hods. 5 il | ust tethls The gorithmns

i nvol ved coﬁfﬁﬂséone%é& fea fsygiame YCB%%&%%fP ﬂ&ehods are used
to execute YifréRERbhdS. [ PRCESY, tﬁbﬁ‘gh\’cﬁﬁlpé‘fﬂfﬁélﬂﬁ@ld%re In error by amounts
that depend upon round off and the condi ti oni ng of the nultibod %q%%/stem

under consi deration. Bowener, a}mhmﬁunmﬁtbngo*enr@ngnqwm@awb@%p d on

| evel . 10 I n_general the iterati-on matr %, MSf |nth oop of
the inpli c"PPEORE J’gf@garh%gnmﬁ%uqnm MR aryg‘jl \?ﬂ%ldgn 1’};'?% gdlLdentl ty
matri x and @hisfratelBisS THE apedttats ihvsloEd Qﬂn@fte bt GRSy e evaBodle
previously referenced U. S. Patent Appl ., entitled "METHOD FOR LARGE

TI MESTEPS | RumAipatagtigds prpmer N@xecﬂieltb@f@mub&eﬁhaéﬁlévat%fr objained aiciipt i on of

inmplicit 15 ipf ﬁg&ﬁlyﬁ{émaﬁﬁ'@ﬂ}ﬁﬁﬁpwr 3&1@ Bfiﬁa;nﬁ%%%ld%t ogmggg é&fultﬁﬂ» ?e but

not reformng J I S* nee ran 1s eded at

a new st at esy: sﬁarhiindlﬁeﬁnmdﬁaﬁoﬂ I B@ato @phmimbﬂl(&mmm inhbheﬁaﬂ\ﬁ%quatﬂonop. The
fol | ow | ng is solved: Goy = -r(y" ), t+i y,~=y" +ay where r(y) is the
residual fut€lon for that particular inplicit integration nmethod. 20 As

chown I gyer, 1 has a BPEGIRIL, 6} Y gebiien e fhocin WYIGEIERSodloGhe T 9

means t hat equat| on so can ne at reduce I f the
structure nmpmmhtngta&othafh]m fpual =y E efat hwhe}aoﬁ)bsﬂnm@&mecmstmdmdadonm ty to

sol ve the nonlinear  equations resulti fromdis zatl t he

i ntegrator. %ﬁé‘?mﬁF‘@ lgr dungio é’?fh?etuﬂm :}’%ei@ PeEee 3‘}6 @&&?&Qﬁgﬁeﬁ%ti on of

atrail step Aot qoeductlon of the LRfiRArAEARIOD FBRIARGE TMEHITERS 8P
d_b'y—a_CC"UT—a—y—

shoul d be co rather than failures in the Newton | oop.
Conput at i on MOLBEHIDAR MQREDBYGT fifedbofieven datenfod aldsscalptﬁﬂatl of xmpiiic h

| t t he 30
Governt b cUEATERS CBPes B rIrBharE Or P FIRER g ma an
equi | i bri umpgt@heng 97 isRBEIARMIPWEERIE J8lobinga HYedeB bt £Rew kiatd. Ni7Sis used

in a linear subproblem within a Newton loop. The following is solved:

GhAy =-r(y),

i+1

y n = Y :1 + Ay
where r(y) is the residual function for that particular implicit integration method.

20 As shown later, J has a special structure, which is inherited by G .
This means that equation solving with G can be done at reduced cost, if the structure
is exploited.

The quality of the Jacobian affects the ability to solve the nonlinear
equations resulting from discretization in the integrator. Failure to solve the Newton

25  loop may require retraction of a trail step and reduction of the integration time step.
The timestep should be controlled by accuracy, rather than failures in the Newton
loop.

Computation of Analytic Jacobian
The Jacobian Jis a matrix which represents a linearization of the
30  equations of motion. Normally, the governing equations for a dynamical system are

linearized around an equilibrium state, or perhaps a state of steady motion. In this
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23 WD 02/061662 PCT/ US01/51360 case, the equations are linearized around
an arbitrary state so all possible contributing terns should be devel oped.
It is cuswormnyietn describe Jin terns of its partitions: &gTaso1/58e0 au (Jgq
Jgu J(g, u) au au J"g Juu ag au Structure of Jgg AND Jqu 5 The il
equation is q,.,.= Wi, .where.the natrix, Wh a bl ock-di agonal tructure.
Each bl ock?tfe PRI RTS H’éeafléﬁ?ml]%@ arg?bfgy S SQI%(P@%SIP%T Cr?fl%béll Ve rise to
1 by 1 idegmtddhsuldliRcdeselopeddat is dusloffar@NREHIRY i témikyofItsagifttonkhat
expresses the Euler paraneter derivatives in terns of Euler paraneters and
body angul ar velocity neasure nunfjéigs fgeneral i zed speeds). 10 Fromthe g
equati on above, these two partitio sg_qof"aﬁ e(Jacopi an matrix are formed:
Wq) Jury = u 8q Jqu =W The$e udelat.i ops %£ “t o “03 interpreted for
synbol i ¢ purposes only. In 15 pra %’ic “i{hefe is«no need to generate the
matri x Wexplicitly. The non-zero hlogckdou gdi agonal el enents are filled in as
di scussed in the previous section on the kinematic residual. Structure of
Jug AND Jliiruphwe pE JekNWaf j ves are nore conplicated. Since ii = -M' pu,
a(-M'pu) a(-M'pu) 20 and nust be conputed. (Note that pu is the residual
of the5 agq au dynaniB® ¢ enwiipeisdevdliopetrethelmarix 7V bes eblack-dipgendul t from
the field of Nunerical _Analysis is used to avoid tg derivative of the
matrix i nsEpsare. diasphieckAergnds upen thegoipt typen £fs\gad iewmfseglweaete Ia-
(x)b(x) . ﬂ\%fel AhEEPb15eRE. WShal)OMD geriBfles {8 bY 3lBiS kQhatt ¥ sds i BulgkSt  be
obt ai ned, Have> ax

parameter derivatives in terms of Euler parameters and body angular velocity measure

numbers (generalized speeds).

10 From the § equation above, these two partitions of the Jacobian matrix

are formed:

' oW (q)
S =T

Ju =W
These equations are to be interpreted for symbolic purposes only. In
15  practice, there is no need to generate the matrix # explicitly. The non-zero block

diagonal elements are filled in as discussed in the previous section on the kinematic

residual.
Structure of J,, AND J,,

The 4 derivatives are more complicated. Since it =-M"p,,

gl -l
o(-Mp)  O(-M"p)

20 5 3 must be computed. (Note that p, is the residual of the
q u
dynamics routine developed earlier). Here a key result from the field of Numerical
Analysis is used to avoid the derivative of the matrix inverse.
Suppose A(x)y(x) = b(x), then we can write y(x)= A" (x)b(x). If
y(x,) =z is known, and the value of 5);(]6) w=zo 1USt be obtained, we have
e
Oy 1 0
25 —  =A(x0)—(b(x)—A(x)z
P (x0) r” (b(x) - A(x)z)

x=x0 x=x0

24



25 ay = A" (x0) a (b(x) - A(x)z) ax x=x0 ax x=x0 24 WO 02/061662

PCT/ US01/ 51360 where z = A-lb is held fixed when form ng the right-hand

si de of tWwe ocemembt on. Applied to the described nulti body PcautSoneseo ai ¢ =

(M',ou (g, u 0)) _-M" apu (g, u z) ax ax ax where z AM1 pu (q, u
i

0). This result avgids,t C uting .of the deriyative of M1, 5 which s
a hyper nm‘f’]il@?‘? Z‘ﬁ]éq}’réﬁ P?lg%"ﬁggg@ﬁ f?‘_gm%theu%ﬂ-glm +s1dg g 'ihﬁ(?_cl‘é‘ﬁWe equat i on,
"X" is el t‘gﬁﬁliehhgt% @e'd%ﬁﬂtiﬁ&ﬂ_fﬂ)hﬂ &£ g or t he generalized speed u,

dependi ng t he ian partition that is to be conputed. In summary, to
compute the blocks J,q dad Jud, .three s s arg 0followed: 10 1. Gven (q,
u) conpute z A -M' pu @=U,5&Vu§i@g”’bﬁﬁ= e@@@’ﬁ!\ﬂﬁet hod. This sinply
says to conpute is fromthe current state and save'it as the variable z.

2. Conput ewhdtez &y (& u,9¢ dhiamsat atdids Hy bampeting etheldaivatioubs N, In this
step, the matrix ax pt, (g, u, z) is to be forned. This quantity clearly
depend$ upeltich iss hyperneteiko The neatp intverke i ‘phliled-ohit”. Notlee dbost equmtionuneri cal
val ue of the .residual pu i.n this step is zero for each elenent since we are
conput i ng ?*hés Siheb iesstncnigetcpordiaai g os s gnSEiged e s S9REDIBE PBe

equati ons. a1ﬂ[§e[ J: 1 : uu of the Residual Jacobian are

obt ai ned bjﬁa-(gﬁbs ﬁ%ﬁﬁ%ﬂsq#%gﬁ%ﬂgﬁ?&'for the "x" above. 20 3. Back-sol ve
the result of Step Znwutmarizdocamputerhe bivcitso/gbhdiy, ,three sieps ared bl ock. The
back-sol ve operation is acconplished in the Direct Method routine by

pr ocessi ngoHowedki dual vector into a ii vector. The Second Kinematics Step
only needs to be perforned once, since the back-solves are done at the

nom nd0 val ué- gFivem&q.40 RPNz Facl!, A,k ugdicesing e At Femn msthodne nust
have 25 been call.ed in Step 1 while conputing z, so the variables should
Still be  cacheds FAmliofs o CHEPUS cEITRMEAUTREF SH8 AN HYAVETBEL | ne can be
formed by back-gsplwi.ng the Jacobian of our residual routine. The residual
Jacobian is nuch sinpler to conpute than the derivative Jacobian. Steps 2
and 3 above ar Cateputy @b dnalytiedadobidnoofithedynamics residual routine. In this step,

the matrix 56- p,(q,u,z) is to be formed. This quantity clearly depends upon
X

15 the vector z computed in Step 1. Note that the numerical value of the residual

p, in this step is zero for each element since we are computing the Jacobian

around a consistent solution of the motion equations. The partitions /,, and

J,. of the Residual Jacobian are obtained by substituting “q” and “u” for the

“x” above.

20 3. Back-solve the result of Step 2 with the mass-matrix to obtain the desired
block. The back-solve operation is accomplished in the Direct Method routine
by processing a residual vector into a # vector. The Second Kinematics Step
only needs to be performed once, since the back-solves are done at the
nominal value of the state. In fact, the Second Kinematics routine must have

25 been called in Step 1 while computing z, so the variables should still be
cached.

In words, the Jacobian of our derivative routine can be formed by back-solving the
Jacobian of our residual routine. The residual Jacobian is much simpler to compute
than the derivative Jacobian. Steps 2 and 3 above are derived in the following

30  sections.

25



30 sections. 25 WO 02/061662 PCT/ US01/51360 The Residual Jacobi an The
conputation of the Residual Jacobian is closely related to the Residual
For m met WO okos16ey nam cs, which is sunmarized here: 1. PerCarusoam3out boar d
pass that conputes the kinematic data that depends upon 5 position and
velocity. 2. Make a call to the force routine which generates the atomc
forces and TheRssiliaddeebidthem i nto spatial | oads acting on the bodies. 3.

Per f or m anot her ki ne i ¢ _pass,.thaf  conmput acceleration | evel quantities
(using passed-in ii ;T%Sﬁ@%%%?fhaﬁt@%g%@%ﬁ@%&%s sHyrreedatteal 1 oads
from 10 St ?Bsi_@ual@onﬁ%étﬁc’id‘fo@!&yhzﬂﬁ\ﬁé,dwlﬁéﬁﬁ sularB6MBERL €S the residual at
each joint. This pass recursively conputes the resultant of the (spatial)

inertial and abppPeeforni an cetboartipass that comgaites thf kibedatésdasathaddetnds updre | oi nt
in question. The_re id%‘ﬁdo ils { he projection of the resultant on the
joint's Uegrees BY'FILEUNT OGP ven by the joint 15 nmap data. At a high

I evel the resizlualake@mant@iiedBreedbuthR WIANS bERERE the afbae Rstces@n two ki nds
of forces: "notion forces' and external forces. The npotion forces are

conput ed di r ect | gonsplidaies thamiintospptialyeads aetingen dirbedieal forces are
available to t?ePel%{Ju&%[Po?H k?ye?%aﬁqu é)faésotﬂ]ataco]@{ﬁlg% aggeq%%iéi@r?%eggfcéla?@tgésh at

conput es the vari ous nt era or ces as ele and

sol vents. A sim (@ingyaessdur), asd tahbiaeeertisfertes withulid spatibieada@ahi an. The
mul ti boda/ system bui |l ds the Jacobian of the notion forces, and conbine it
wi th tht0 Jacobi adte8f2-t he external forces. Partitioni ng the Force Field into

Effects There r ?CM%IL@I%& 85s'§ %at g&%{eﬁ?tgs ﬁl%tréé?&a? Qtdélaggggeﬂhlf eﬁ‘Hé §asfs and these

25 forces may be conpu ariou ri NSi ¢ coor rane hat are
most  conveni ent rdcorsiviehatorpputts e kasnltimof ee'(ghdtadtiniertibamdenpligal frces

electrostatic terns npy be_ conputed using nultipole nethods and spherical
coordi nates, covirdhg Tegr pEd ?F%%boaé‘g%%é‘ﬁmilﬁquﬁt’f%l- dthereidyabis thad bond

coor di nat os. - bur Pyt B CERCTENL AR GARPSRS (ool PR ATS Bl foint,
t ransf otired fronmighdata. i ntrinsic coordinate frame to the MBS coordi nates.
The same exchange OCCRt gh&g% 1&ve ué[ residua %%im%ﬂ aﬁo;lr rc]a(?n & (Eci)n\é?dered to depend
upon two kinds of forces: ‘motion forces’ and external forces. The motion forces are
computed directly by the multibody system. The external forces are available to the
multibody system from a force modeling routine that computes the various
20  interatomic forces such as electrostatics and solvents. A similar procedure is followed

when computing the Jacobian. The multibody system builds the Jacobian of the

motion forces, and combine it with the Jacobian of the external forces.

Partitioning the Force Field into Effects
There are many forces that may be acting on the molecule, and these
25  forces may be computed in various intrinsic coordinate frames that are most
convenient for that particular force “effect”. For example, electrostatic terms may be
computed using multipole methods and spherical coordinates, covalent terms may be
computed in terms of torsion and bond angles, and solvent forces may be computed in
global Cartesian coordinates. During the computation of the Residuals, these forces
30  aretransformed from their intrinsic coordinate frame to the MBS coordinates.
The same exchange occurs to compute Jacobians. The native
Jacobians in their intrinsic coordinates are be brought into the MBS coordinates. This

requires the use of the chain-rule to transform between intrinsic and the MBS

26



Jacobians in their intrinsic coordinates are be brought into the MBS
coordinates. This requires the use of the chain-rule to transform between
i ntrinsi cward/ostse2 MBS 26 WO 02/ 061662 PCT/ US01/ 51360 genecaltisaesi36o
coordinates. It is inmportant that each effect co-conputes its function

val ue and Jacobi.an, because many of thg sane }erns are needed for each
conput at i orgenREredsqosdinates K isipoganiEhat cacly ctioct ep-campuisafts Apnctighds

Tefect (k) , \{%ein j: L i afé%lﬁé i ystem The
totality opmt esgJ§?¥%%%Egﬁgkgﬁ@§%8{ﬁgsQ@stzﬁo ?%?ﬁﬁgégfect Jacobi ans
Brought i nteniputaticas iBddiakfda iotamsfordied antbiaght dfepatial 1ddde T g sikilpmheredut | ne
was previously inplenmented from the equation pu =HQ MAT? 10 The

i mpl ement atis dre indesofr ghaefitpodyeintthel sysvdni. c Theatoealityrofithe st effectsabgivetnshd r om t he
equatiog above. hz this equation T is a vector of spatial |oads acting on
the pivets ¥} §&hul ti body system where each el enent is a spatial |oad
(a 6-vector conposed of one force and one torque). It actually represents
al | ef f ect sEffitchéacoblaamBrowesht indo thedtsidoal Japahian hi nge | oads. The termin

par ent heses represents, the | oad bal ance for each bady. 15 The first termis
Phe ot T orce. o ot b IREL cherea A YA Ry Sk Rpedepiet e o
inertia forggedliod typical body. This is built fromthe body mass
properties and the spatial acceleration of the body pivot. The spati al
accel eration is conputed before the, +Bgi(dfibd Moutine is executed by the

por or i Aty IRy RneA Br 800 Thnyih o AR BREGIAE o bllo il oL

the detai | ssqahtidnebovenpithay dq@btiod MPisiaadcldy of fritielloadd Mfinga\ies pivbie of
contribution of aT , the spatial |oad Jacobian (the ax effect Jacobian) to
as the resitBeBnlthodyisyem, whercisach elpmentds e pratiahload (@e-veetppgomposediof aT  ax

ax The ... f ot, i i Pr-To I g or u

for mx +. (RS bl oh Ak o Kon b B B P RO i J 0L B

Jacobi an i pubehinge adpuTkelternhhie paehthest rgneehfselrd lodddalahénfor Badhitwdyesi dual

Jacobingg is the sane . as .the I|:0Ie of the effect in the g}jlti_body equat i ons.
n

Thi s s Fhedirstiteroy i the fprdatores, theaext isdheygpatialdgad. nM (haddanis thespatitlat a

col um of 6}1-"1_6 18 cgrrcle ol%taetflpitcgl bao/d}cf}J Thisl?i’g E&ltéﬁo% the body mass properties and the

spatial acceleration of the body pivot. The spatial acceleration is computed before the
residual routine is executed by the Forward dynamics routine. The operator H¢ is
implemented in a routine that performs an Order( NV ) inward pass.

20 Even without knov}ing anything about the details of the computation

implied by the equation above, the contribution of 66_T , the spatial load Jacobian (the
X

effect Jacobian) to A , the residual Jacobian, can be immediately inferred:
X
%P gl ..
Ox ox

The ... refers to terms not involving the effect Jacobian. Again, g or u for “x”, is

25  substituted, depending upon which partition of the Jacobian is being computed.
The role of an effect Jacobian in the residual Jacobian is the same as

the role of the effect in the multibody equations. This means that T contributes to the
. . or . op
residual p, in the same way that a column of — contributes to —*. Both are

ox Ox

processed by the same operator H¢g . This is a crucial point because it means that no
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ax ax processed by the sanme operator HO. This is a crucial point because
it nmeans that no 27 WD 02/061662 PCT/US01/51360 new nethod is needed for
t hi s partwofoztobswéacobi an conputation. (A different net ho®CTIEINEB60 t O
obtain ~T ) Thus, given the effect Jacobian, its contribution is assenbl ed
into the resid acaohi .0 i n 1t W .1 he {4l nal { dual
routine, trgg irﬁlnegﬁ?c{]lsglgp%%r}gp%ﬁﬁ&?{%b% Cgis;'l(‘él{1 cgﬂpé@%@l{fé&%ﬁ%ﬁ&@&{t@éﬁd& Thi s
is a direct consequenceppf the linearity of the equations. The col ums of
the residuals REE&bPRIAINLEAY- t he sane role in the derivative Jacobian
routine as the residual Vectors play in the Forward Dynam cs routine. The
dynam cs routine perf qhis, gvdnatkefelt Vacobingitdedrriyeiinds assembidehtoehe and 10
doesn't need to know what the data is, just what operation to, performon
it. This apwidueklacebian bycneratingen ifeeth g}&serlgala% yegidual roppgydreatingit ahai n rul e
is used to { on.: Thi = VAN A |

ax o o oo phfS AP ConaBELIBA Pbiord. Thith Saibifbonecento gy 2(HY)
Jacobi an: t bétheregudtiomsf or ces, the spatial forces, and contributions due to

changes in the operatgrs 0 and H. The quantities z. and refer to (MA -
T), and Oz, respecti vgjlhﬁ,coml’ér?fﬁ}eéeﬁg‘ﬂaﬁ?q L@ Rig the S%WS%?}St“? thfa | ast

two terms. EF&?vdﬂHEr?{iéo‘B?én rYRMER 1B rdIIRERy dREBlaR iR tRIHopRE DyiRintiad! e from
the residual conmputation. Another observatioh about the above equation is
that the 20rapmeaiTbe dpnateipermsine pbyfommponbagk-sblve omat date veathersif receiives, tad m

remai ns, constant, while conputing the.partition Juy. Simmlarly,..the spatial
| oad ca?’ngbe il ttneF‘ilimf%h?ot"% ?)tntb? ﬁ?tﬁé%ﬂ‘%?g’ﬁ’?{e%ﬁeg 1o, gﬂ@e{;{?ﬁnﬂﬂ}l(‘}yh ® not P
depend upon applidsio SB AR @BLtindshi s means that know edge of the nultibody
equations can be exploited to optim ze the conputations. Up to now, what to
do with aT once the t &xddingthe bessimsothp ghaid rigds used toshayethe weder i bed, but a
description of howto formthe term has not been nade. These details are
in the foll Swarlil&nSecti ons. Conmputing the Effect Jacobi ans and Conbi ni ng
wi th the Residual Jacobiany$o far wpgh-4-evel rigtd-gn of the Jacobi an
conput ati on has been %£=H¢(?(—gbﬁ)—g—%— +H§g&9+a;ﬂﬁ

X 29 X X X

15 At this level, there are four contributions to the Jacobian: the inertia forces, the spatial

forces, and contributions due to changes in the operators ¢ and H. The quantities z
and y refer to (MA -T ) , and ¢z , respectively, which are held fixed while evaluating

the last two terms. The numerical values of these terms are already available from the
residual computétion. Another observation about the above equation is that the

20  operator ¢ depends only upon ¢, but not ». Thus, this term remains constant while
computing the partition J,,. Similarly, the spatial load can be split into its constituent

effects, some of which do not depend upon u. In general, this means that knowledge

of the multibody equations can be exploited to optimize the computations.

Up to now, what to do with %Z once the term has been computed has
x

25  been described, but a description of how to form the term has not been made. These

details are in the following sections.

Computing the Effect Jacobians and Combining with the Residual Jacobian
So far a high-level description of the Jacobian computation has been
given. It can be seen that the computation has a very algorithmic flavor to it. There

30 are very distinct phases to the task, just as there were also for the Forward Dynamics
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given. It can be seen that the conmputation has a very algorithmc flavor to
it. There 30 are very distinct phases to the task, just as there were al so
for the PoowawdicEynam cs 28 WO 02/ 061662 PCT/ US01/ 51360 PpcaatSongi3edescri bed
previously. There, conputation of atomc forces is clearly the bottleneck
step. Yet t . L n i i.b t] { | J it h forces
is fairly S@ﬁﬁ%’ﬁ%ﬁ%ﬁ?ﬁd{ﬂé@gg@ gl,y'n?héllgl ?quv%g%n{%ddefod?%n %cﬁércg %%cdé&?lgml% ne, and
what occur sbottlasdcl 8teph &y ef tHetdverhend in thy Aailgisbdy\dgeamions forodeting evithtfercdaicobi an,
this aspect is less true. 5 Acall] is still mde to obtain _the Effect

Jacobi an, bistairksmall; In ghat gaseqa calbwarmads i9dhe isertpubas.gird Whabogstre ot

Jacobian ¢ | t I LAl thi L f
doal i ng i (S s L o b A
sectionss and an exanplecatifis stiltmageotoadbtain thed Effeat datohtanchbutitberdes/zloopfd. Al |

other loads follow a siylar devel opnment. 10 El ectrost.atics. as .an Exanple
Ef fect The B@g;@n’gr@ﬁ&gdg]begqreél%%&?c&ggcrggiaescapgelaﬁsgp Wén%ootﬁﬁgeﬁgil%\‘;een t wo
charged parjicehias. The fetaifs &f c%a}iﬁg wit_léi%l%e fR1R t&bﬁ)ﬁ%b&ﬁécobiﬂﬂﬁﬁé%o%}b@ﬁﬁ | aw.

F,, the force acting on particle’ i due to particle 15 j, depends upon the
charge of t the nestrsericdmssind anerapled ifcorposppigsileatiogtatibris glevelppad: iAll es,

repul si ve foti} I'k(? 1ic@ar es. 'lTh synmbol . i, is a unit vector directed from
particle i ? erllﬁﬁst'o P g stmylar §eyCloRMCHf st ance between the particles; ic is
a unit-dependent constanﬁEef regaﬁﬁ cfd to the strength of the forces. O

cour se, 14 heblegirestatics @5 A Fsampierifict e | is equal and opposite to that

acting on the particl eu padiepieRrisedireRRirdstaslietlal AR fOfcePRIWdcRlRS 20
interacting through Coul onb's Law gi ven above, the net force acting on each

particle ischacgaipattidesoy sunmmi ng the pair-wi se forces. For this exanple,
the forces are conputed in global Cartesian coordinates. Wth the atomc
forces in hand, the nultibody forces }@.a_n,(&&ggnerat ed. The system of
forces acting on the particles of eacH bod)ﬁi‘é repl aced by a spatial |oad

25 acting at. the pjvot of each body. The afonic _forces are first expressed
o 5 body- { T bEerStal SiarenarrS v d hlFRAHRS 65 Dty ik bedtRon

coordinates _aof the particular atom to which.the force is. . bound. FUis a
vector . The’ éEIP‘?r‘_\IaéP %&chgﬁr,ge\ﬂ? the Hagécge&: f‘ttrtaﬁmffrfgf Om}t?lyfﬁﬁﬁgﬁ‘égaﬂ?#s’t he
Raf ;[jlr cle liolﬁe‘fo{lﬁwe\(fﬁr RESEtak QRS The siAnbol?s; iER 3t vedibr difectddCiorh Paftict to=

particle j; 7, is the distance between the particles; x is a unit-dependent constant -
related to the strength of the forces. Of course, the force acting on particle ; is equal
and opposite to that acting on the particle i. Hence, given a collection of particles
20  interacting through Coulomb’s Law given above, the net force acting on each particle
is computed by summing the pair-wise forces. For this example, the forces are
computed in global Cartesian coordinates.
With the atomic forces in hand, the multibody forces can be generated.
The system of forces acting on the particles of each body is replaced by a spatial load
25  acting at the pivot of each body. The atomic forces are first expressed in a body-fixed
basis, and then shifted to the pivot using the station coordinates of the particular atom
to which the force is bound.

F,

i small changes

is a vector. The derivative of F; with respect to dr;,
in the particle’s relative positions is D, , a tensor. It is such that dF; = D;edr; . For

30 Coulomb force the tensor is
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30 Coul onb force the tensor is 29 WD 02/061662 PCT/US01/51360 ' 1 . ,

Some observations: 1. The Force Jacobian is a matrix of size narons X nato
ns . Eachwelewmerst2is a 3 by 3 tensor. The (i,j) block giwes/ushesdersi vative
of force on atomi with respect to 5 small changes in the position of atom
J. In general, every force nodel is requyired to support an intrinsic

Jacobi an nethod for anal ytical propess E,2- 37K prage requi rements for the
Force Jacobi an qui ckly becore inpractti cefl =Thi's’/l eads to the notion of
interface " g?&terogg [ QnsWhere the Jacobian of all the forces acting

pai r-wi se between the atons are reduced or "contracted" to 10 acting

pai r-wi se bet weemTht Ferdedadodsan is a nBgdavssizé hg A Cou) gnbEdchretemens isa payB- W se
interaction, each force contributes to two blocks in the overall Jacobian.
Thus, each f or cetdnsompriiedssddocktgivasribe dertvativost foreemm atbmw iovidrmbpecitocobi an

is conputed at a cost, proportional. to.the nunber .of atpns s red, i.e.,
Qder(NZg): Thi s578 £higneg betthﬁgoﬁl e ebAMYa 8‘?’{§Falc‘3’§fy Pof%e ?318&1‘%%. force
itselfl This is gJabie] spped ah estHhiic TROLLRAMMMKIIEr BRAYNEA protageaty. ans. A
numeri cal Jacobian requires a fresh force conputation each tinme an el ement
of the state i3 Ptoregeriegarenintsior deddorenlacobine quicklttecome émprackiepdr T8 ), in

h f th ical [ h | yti [ [ h
cheaper to compulBuas BerpOGtorbiatat abr Grel i oo Al o obi an

4. The conput ati @c@factiig pdidsabd Between 16 BRI L8 EddyicelDRe contrddi@l”sane routine
that conputes the force (co-conputation). However, it typically needs to
be donelOfar | esgctiianair-wisghettrenils kasdiesonput ati on. Therefore, a flag can

be used to trjgger t J i C gl . . pling
fo the D spl ackninras it CAICHE TS HSHRA Y AR B RES psibu S
Jacobian, it is pecBRSRS i theov@aldfesbiahh&higeadl foncd iv ptdvessed Bheamstaat due to
the fact that the nultibody systemis fornulated using relative

coor di nat es. The cesicand thepierald Jaggblap dycamepuded-af anoghRrerggppal to ghanumber 5y j
cal 0 " coun 11,0 0 s R BT g S B 20
15 of the force itself! This is a rather good result for computing analytic
Jacobians. A numerical Jacobian requires a fresh force computation each time
an element of the state is perturbed. This leads to cubic growth, i.e.,
Order( N?), in the cost of the numerical Jacobian. Hence, the analytic
Jacobian is much cheaper to compute as well as more accurate than a
20 numerical Jacobian.
4. The computation of the Jacobian is conveniently done in the same routine that
computes the force (co-computation). However, it typically needs to be done
far less often than the force computation. Therefore, a flag can be used to

trigger the Jacobian calculation only when needed.

25  Coupling to the Displacement Gradient
Having obtained the (intrinsic) Force Jacobian, it is necessary to
process the Jacobian further. This is due to the fact that the multibody system is
formulated using relative coordinates. The chain rule is applied to each atomic force

F(k,i) and is called “coupling to the displacement gradient”. This denotes the global

30  Cartesian force on atom #, which resides on body «.
OF (k,i) " - 0F (k,i) or(p,s)
aqj p=1 sep ar(p!‘g) aqj
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aF(k i) = nbod aF(k i) ar(p,s) agi' | ar p,s) aqi 30 WO 02/ 061662

PCT/ US01/ 51360 where r(p, s) is the position of atom"s" on body "p". The
first terwoin/o6tse2 sum sel ects an el enent of the Force Jacebirarsor/sasseh was

j ust conput ed. The quantity of (p's) is an elenment of the displacenent ag>

gr adi ent i han ‘an atom s position due to a
smal | changg}hx% ;g‘( ‘3’9 géﬁ% t?@e(g}&gor%rgl %a Rote that this termis
strictly a kinemati Ca'rhgﬁ?sﬁ'ftérﬁb’m tﬂé‘éﬂnﬁ'gelét% EHE!GmEHt diQhé"F&ﬂaeth!{t%bfaﬁr Ce
conput ati on. Thus, the For ce Jaco Ian can conmput ed once and t

continually ocessed b chai rLarépfsﬁ)r ea coor

nul ti body Syé{cglmras-m?tsco ﬁ d W@E@ﬂ#g apgTal Hf?(n 8’61{38?0%? ?ﬁsgllaﬁlem%}ttnce ari
is a ags colum vector vvlth nata, ns entri‘es (each a 3 vector), and the_
Jacobi an is d&ﬂf‘aAQyplé'Q t&ﬁ{ Eiv¥s MaRihg 1ffaﬁ§tto9{‘s Bositid@lictoPeihIEdRARNt IS a

3 by 3 tensor. i s possibl@ to inprove this conputation, since nany of
t he entr§ esid mgener%lzchl sqmrémetceINot@ﬁ@bt}nsmnan@mﬁ@mkn@mb‘écaiaﬂmﬂtsrhl s is due

he f h di
atom n ne"&yas BmpS Bt Be RaBEcombualin BRAHE RepRtott BlEE, “ana”

not di sj oi Ngorfip@BA bl dHdEEh dohtiAAS! lePrdcestdd b thel dhginaefor Ehdbbitindthe base
body induces a change in all atons of the system But perturbi ng a torsion

09 e Fer nimbE e Bt SRS B e AR R g 651 ey

be saved by optim zing the corrput ation. This reduction conmes froma

strictly kngyhgraecassd ,apprémé& (cachCr 3 Do), amE tROTHCHEA isOsguret he process
of formng T(k), the spati‘dl’ | oad on body Kk, ‘the 1 oad conmes fromthe

at omi ¢ {@r CamuACH Nox BN atyHEe é4tRleldRIORG 3 By Bashéok. Each force is

transformed from “gl ob&l“’to | ocal coordinates, and then shifted to the body

pivot. A concise st at &iepbssitfle tdlm;ﬁowthfseﬁn’fpatatﬁh ﬁﬁce’liﬁkr)y of t& bntripsink, i)

i ek The operator K, k, i) - [E3 b _(Kk,
pthe dlsplacgment J a)coblan ge know)n to b[e zero. This is due to the (fact that

incrementing a particular hinge does not displace every atom in the system, but only
those outboard of the displaced hinge, and not disjoint from the hinge in question.

15  For instance, rotating the base body induces a change in all atoms of the system. But
perturbing a torsion angle on any terminal body induces a change only to those atoms
resident in the terminal body. Therefore, roughly speaking, about half the work may
be saved by optimizing the computation. This reduction comes from a strictly

knowledge-based approach.

20  Interface Contraction

In the process of forming T'(k), the spatial load on body £, the load comes from the

atomic forces acting on atoms that belong to body &£. Each force is transformed from
global to local coordinates, and then shifted to the body pivot. A concise statement of

this procedure is:
25 ‘ T(k) =) #k, )T (k,i)
ick

The operator ¢#(k,i) is

Ak, i)}[”c" ® 0 }

E, *

=
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0 E3 0 NO (k) 31 WO 02/061662 PCT/ US01/ 51360 where p(k, i) are the fixed
station coordinates of atomi on body k. Note that the new quantity T(Kk,
i) appearwO 0Zhew6r s just the atomc force turned into a spatiehr/bsad at t he
atom ¢ position of atomis T(k,z) O F(k,i) 5 The first elenment of the

atom ¢ spat] g?{e' ,2@9 tﬁgrf%{eg‘?t%ﬁés' ootrE' r%%fato zo‘i’{ ke.)ﬁ%t% Bkt tﬂ%)ﬁte%he

force field™ ates atom c tTorces to body
spatial lo i t tial
atomc forc §p F%?)g e& t {Sa?ﬁ]gép%??sethet#é%ﬁ:?gf? du(ﬂe((l b atSﬁ%n(aqj%dlcah%gﬁﬁ(ék i) +
Ak, i) T(k) atonﬁ@]pognﬁlﬁacutorqu =T, (k) +T2(k) The second term T2(k) , in
this equation is discussed at the end of thi s ection, as it involves the
spatial |oads, but not the | oad derz. t(:jv sO;Thi s neans the term can be
treated generi cally, w thout worryi é“a 0 p@el)spatl al | oads were conputed.
15 Substituting the definition of T (k) into T, (k) : nbod aT(k,i)
ar(p,s) 5T, Tkd fifskelenrentsf{the Sondel spaisl Bad s zePo bedﬂbéﬂihéﬂé(ii(ixo Qe exdited ar (p,
s) aq; where now the synbol aT [3 Ak, i) aT (k, i) is an elenent of the
r ow- r educedby the(fpreedield en mdivpdual ptomsr ce Jacobi an. This Jacobi an rel at es
aifferential (body) SRaL (el oalss SHRRCHEesOpofl HBEmBMal s ©

di spl acenents. Again ers ositron 6f the 20 atom
S on the bogyiativd. BPtth ({ﬁ‘aﬁ‘c}h fé@teé cﬁffteféﬁﬁﬁcﬁt&ﬁlc%fm& flﬁdlﬁ@féﬁtlé‘lts@%él Force
ar(p, s) Jacobian elenent into the destination elenent in the reduced
Jacobi an, - weadst ed by the atons' g5(k, i) matrix. Each el enent of the

rowreduced Jacobian is a 6 at}y
k aT k,i 6 k,i
aq j iek J ) qJ
=T1,(k) + T, (k)
The second term, 7,(k), in this equation is discussed at the end of this section, as it
involves the spatial loads, but not the load derivatives. This means the term can be
treated generically, without worrying how the spatial loads were computed.
15 Substituting the definition of T'(k), into T;(k):
ed BT (ki) Or(p, s
R = gy, Y oD IP)
iek p=1 sep V(p:S) aqj

Bl OT(R) or(p,s)

p=l sep 6r(p,s) aq]

where now the symbol aaT(k) £

Zﬂ ) OT(k:7) | is an element of the row-reduced
DS ) ick (p I )

Force Jacobian. This Jacobian relates differential (body) spatial loads directly to
differential atomic displacements. Again; r(p,s) refers to the global position of the

8T (k)

is formed by summing each atomic Force
or(p,s)

20  atom s on the body p. The term

Jacobian element into the destination element in the reduced Jacobian, weighted by

the atoms’ @(k,i) matrix. Each element of the row-reduced Jacobian is a 6 by 3

matrix. Hence the rows of the Force Jacobian have been contracted. The contraction
is evident in the notation: the numerator has only a body index, while the denominator

25  hasboth a body and an atom index. Depending on the number of atoms per body, the
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matri x. Hence the rows of the Force Jacobi an have been contracted. The
contraction 1is evident in the notation: the nunerator has only a body

i ndex, whwbe2bbwezienom nat or 25 has both a body and an at ®emTiusdex1360
Dependi ng on the nunber of atoms per body, the 32 WO 02/061662

PCT/ US01/ 51360, row reduction can provjde a savings in both storage and
execut i on PViFedugten capprovidechiavings dpbath sioragsmd eReRIEOPEMSGVRRY. Not e t hat

the rowregd ht‘?ﬂs?étﬁﬁ? ldgﬁmgpll)% ggls to be done once before conputing
t he Resi dua acob e over of performing the reductionis 5 nore
than of fset by the rNohamlmiﬂmsw-mﬂuﬁhmdehmronmneadxtwb@dmre gneceduct s whi ch

must be for.nmed. Not hat 1.n for no n 0..save the
el enent s dﬁefqrﬁéoﬁpBWi‘gct %ﬁéﬂuagfcgd ﬁfﬂe& O?Wg‘?m’rlgg E’fgéﬁctiEP%Ffent

aT(k, anl y,heeds, 6f@sepey a&%&&@h ‘éo%&‘hﬁe shtafler ﬁa&& \ﬁ?)ctor(f)ﬁfﬁurctsm‘lh&lpﬁukto aT(k)
is bei ng conputed. So,” nore than one el enent of big ar(p,s) 10 Force
Jacobi an ite foowed-equired at a t| me. The gl obal COOI’dI nates of a typical

atom r(p, s) , are conp & terms of r(p), the global coordinates of
body p's Qildt@fthatﬁflﬂ)rﬁ‘ir% ) tHag: i§ hBticaNto 209 d dMat@ss of tht Bends om 1 (p, S)
=r(p) + Nck(p)p(p's) 1508wp.sifferentiating we find, (with sone results

fromthe kinematics of flnlterotatlons) ar(p, s) = ar(p) (NCk (p)P(p,
s)) . (p) %q%@%b?ba‘ﬂlg MR 1Q%a%1{"él§m€ﬂ‘u (ot W1y lﬁeécﬂ% BQQ{/e{lla@Whlfé%hat' on 2(p

S) A(p) an Ining w, e spa I & pdorivative t he
result is: AP, S) gy(p) W(p,s) &(p, S) _ c(p, S)* ar(p) aq, aq,

oT (k) is being computed. So, more than one element of the big
or(p,s)

contribution to

10 Force Jacobian is not required at a time.

The global coordinates of a typical atom, »(p,s), are computed in
terms of #(p), the global coordinates of body p’s pivot, and p(p,s), the station
coordinates of the atom:

r(p,s)=r(p)+ "C*(p)p(p.s)
15 By differentiating we find, (with some results from the kinematics of finite rotations):

or(p,s) _ or(p)
oq, Oq

j

~("C*(P)B(p.9)) Ap)

Augmenting this equation with the additional equation A(p,s) = A(p) and defining w,

the spatial derivative

A
we| or
oq
20  the result is:
A(p,s) A(p)
w(p,s) =| r(p,s) |=@(p,s)’| r(p)

oq ;

J

oq;

J

The vector A can be interpreted as generating a rate of change of orientation for each
body. It is a field quantity, in the sense that it can potentially vary at each point in

25  space. For rigid bodies undergoing pure rotations (without deformation), it is constant
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The vector 2 can be interpreted as generating a rate of change of
orientation for each body. It is a field quantity, in the sense that it
can pot erwpDaklogieémry at each point in 25 space. For rigi dpPoadisessusa@er goi ng
pure rotations (wthout deformation), it is constant 33 WD 02/061662

PCT/ US01/ 51360 for each_body affected by the rotation. An Order(N)
al gor i t hmfPbeachdapyeffagiedby F}@ée‘?a%lP@-eKV Qr e’iﬁé\gﬁlg%"g&iﬂﬁ ﬁr SONRENg Lsect i on.

Wth th Lcat i - ti to th ti f T, (k) .
he 11 nal PRauEay e BeBiint R AIMSERE ' D0t aT(h ancp) T () -1 awlp) ag

5 P=1 1 aT(k) [.@ Whtlkhe ipplication ofalé §Hove equdtion t6 thefemmhtial fordhtk) of T(k)
the reduced Jacobian, is nowa 6 by 6 matrix. An el enent of the reduced
Jacobi an rtk¢ fitaseduvtios parnidd islrezpiedit t he pivot of a body to a spatial 10

derivative occurring at another pjya }Cn t?e) system (after coupling to the
di spl acenent gradi ent of thp(;g)ig%sﬁ%ljmgw reducti on consolidated all
14

the atonic forces on each body, @wi(py Ohe spatial |oad derivatives
coupl ed to displacenent derivatives (f) all th atons in the system The
col utm reduction consol i dat e87€D)| a at i) ?s@ ement 15 derivati ves,

| eavi ng the spatial |oad derbowgl) vé&g| Coudd(eds)t Spatial pivot derivatives.
Thus, the Force Jacobian is recast into a "native" form Wrking with the
reduced Jacobi an speeds up conputation of the spatial |oad derivatives by
roughly the square of the nunber of atons per body. This speedup can
easily approach a factor of 100 or nore. 20 This section shows, using

el ect 1 oSt 4t %1 ARnRRr EXakb | @i rdRBbd PacBbihh ds Abw % B Grai@Y €An ERReRt JRCODI an.

This Jacobian relatesadipferential atomc forces to differential atomc
di spl acenents. Wth the introduction of the idea of interface contraction,
di f f er ent ith¢ reslpeadi Jacobiamudatey e spatiohload abthepévaioéa bedy 0 $Rafieint i al at omi ¢

the: 28 oSt At SR 4 P BECHTE Ty BT Fa GR e ARy RS ispBPERUEET
rel ates didrhdemnrited piveptial |oads to differential spatial displacenents.
Now, the Force Jacobian ar(p) (k) nust be coupled to the spatial
The row reduction consolidated all the atomic forces on each body,
leaving the spatial load derivatives coupled to displacement derivatives of all the
atoms in the system. The column reduction consolidated all the atomic displacemer:t
15  derivatives, leaving the spatial load derivatives coupled to spatial pivot derivatives.
Thus, the Force Jacobian is recast into a “native” form. Working with the reduced
Jacobian speeds up computation of the spatial load derivatives by roughly the square
of the number of atoms per body. This speedup can easily approach a factor of 100 or
more.
20 ' This section shows, using electrostatics as an example, how to build an
atomic-level Force Jacobian. This Jacobian relates differential atomic forces to
differential atomic displacements. With the introduction of the idea of interface
contraction, differential spatial loads are shown to be related to differential atomic
displacements through a row-reduced Force Jacobian. Another improvement to the
25  computation finally results in a fully contracted Jacobian that relates differential
spatial loads to differential spatial displacements.
oT (k)
o (p)

displacement gradient described above. A matrix vector multiply performs this step,

Now, the Force Jacobian must be coupled to the spatial

and scales with the number of bodies in the system, not the number of atoms.
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di spl acenent gradi ent described above. A matrix vector multiply perforns
this step, and scales with the nunber of bodies in the system not the
nunber ofwatoemsiee84 WO 02/ 061662 PCT/ US01/ 51360 The secomdTEsons13¢® (k)
is given by: T2 (k) a (k' i1)T (k, i) iek gj and involves the original
spatial loads T(k) and derivative of the operator Q(k,i) : Qk, i) = 0 b(
k, i) NCOThe)etw@ tani.kh,[%), 1$g1YPmbYT (k) NdCk (k) b(k, i) NdCk (k) T(k, i)
2 iek 0 NdCk (k) where NICk(k) Nde(Z) "Ck(k)+ NCk(Z) “dCk(k) 10 is
computed recursively fromthe bx 2 r,gi and i1dCk (k) = a C(k) dqg(k)
k =1, ... n where dq(k) is def| nexi section, and a Ck(k) , the

partial derivative of the agk |nterbody dlrectlon c03| ne matrlx is a
function of the joint type connecting the bodies: : :é -E3

si n(gk) + aad cos e theror2gifal spatirl doads Tk) shd demvatlvaof t}mop@m)‘.or ((k,z)q 023
ball and free : aa C (k) =22 -2, -4 a, 34-2, ,-22 Ck (k) = 2

103 a2 -43-22 -23 -64 1|8 B(k)) NE* th)- 23 ®
e

s E o ¢m
5 Thus
Nack(k)  plk,i) dct (k)]
T,(k) = T(k,i
where

NACk (k) = VdC* (i) ‘C* (k) + " C* (i) 'dC* (k)
10  is computed recursively from the base body outward and
k
o' (k)d q(k) k=1,.

oq(k)
d'C* (k)
g,

‘AC (k) =

where dg(k) is defined in the next section, and , the partial derivative of the

interbody direction cosine matrix is a function of the joint type connecting the bodies:
a'C*(k)
oq,
i~k
slider : 9C k) _ 0,
gy -

pin : = —F, sin(g,) + Acos(q,) + A4 sin(g,)

o'C* (k)
&

ball and free :

=2l -2& -&
& & 2

SCH i) [2¢, 5 &

=2 & 0 E.
66'2 1 3

—&, & —2&

. (e, - &
alck(k) 3 4 1

=2| & 28, &
683 4 3 2

8'C* (k)
oe,

=2 & 0 =g
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a3, 20-a-32 a (k) =230-1 a4 -210 35 W 02/061662

PCT/ US01/ 51360 In the next Section the Force Jacobians are conbined with

t he I nertwe oBoswe2 Jacobi ans to finally formthe Jacobi anpafi/tshesBesi dual
Routi ne. The Residual Jacobian The previ ous Section describes the formation
of the Force Jacobian f(p) 5 which nust be coupled to the spati al

di spl acEnamegrSegtiemthe Horcelagehianspre gembingd wildrthe ertiat yee Jacpbiagsiey i al

forces. i i i tion of the spatial displacenent
gr adi en?gggfl%%ﬁféé?ag?%ﬁﬁgk&gfesicﬂgllg%g%i an of the residual routine. The
recursi | gori.thns. for conputing the entire Jacobian are described. The
Jacobi aﬁﬁﬁg@%&laflh?ﬁn‘;?’?nnot actually set up to conpute the Jacobian. As is

typical of automatic 10 differentiation routines, it conputes pfigiymatrix
vector product J" ThelgreviansSeetianpieserbssthaioymptianseldhe Fores aeabias wvect ors
dg and du. In practice, to conpute the Jacobian, the "Jacobi an ine" is
effegti i ! 114 &i8pBetiink §dRint, BRBIRAR MEMUAE SeridtivEBE OF

Wi t?onéfﬂ%m rylbgg?ﬁrﬁgda% tgggyaa]ﬁ 1?)Itﬂﬁcer englrsai es set to zero.) E%ch 1caI I

gener at the sphiial daces SPns skictign dedcuibes the fforntréiod af disi spatial Mispéacemant gadientof t he

steps have_ already been or are i ng.conput.ed for the 15 Residual Form

net hod B?de@ﬁéorﬁ?qt]@EP?aﬁﬁF%%%’gtﬁﬁf%é@ﬁ P®% Dynamics Cal cul ations), but
are reproduced hefge féahrsweadl%éﬂthmé forQoVtifg thelbntiéOTHYGiAN Are debbribadl The, U,
0) using the Direct Formnethod. Also sét 1s = z and reconpute A(k) , then

pu , whiachbiaeelgopithire & Mot @kiually set upde tompute die JagehipmnAs & typieplafeutdipaticu| | y
row- . and. .col um-r educed.Force Jacobi an, 0 M escriped in.section,

" n%%rfg’(f’%r@%ﬂn{%‘?% 15 1t 6O te&%i%ﬁ‘ﬂﬁ%f&@%ﬁ@?ﬁ%ﬁm@ﬁﬁ ﬂ)traﬁgl ow are
g;?? i E iog%lgéc%%nt \?qiléecsélf ﬁgq,n%ggrs éql;\%?chﬁlg In%%gﬁycte,e totch%p%{]eatilgEz!tc%bi]a%?%%"‘?&obian

Routine” is effectively called repeatedly with a series of Boolean vectors (a vector with one

entry set to 1 and all other entries set to zero.) Each call generates the corresponding column
of the Jacobian. Note that some of the steps have already been or are being computed for the

15  Residual Form method or the Direct Form method (the Forward Dynamics Calculations), but
are reproduced here for clarity.

1. Given (¢,u) compute z & —~M" p,(q,u,0) using the Direct Form method. Also set

# =z and recompute A(k), then p,, which recomputes T(k).

2. Perform contraction to compute the fully row- and column-reduced Force Jacobian,

20 M as described in section, “Interface Contraction”:
ow(p)
_6__]: =®d a_T D"
ow or

Steps 3 through 10 below are used to fill the columns of J,

3. Compute the analytic Jacobian partitions of the ¢ terms:

Jqq = %@u
q
25 T =W

using joint routines similar to those needed for the First Kinematics Calculations.

4, Compute g derivatives of position quantities and terms for spatial gradient:

Previously described methods were used to fill in certain joint-specific fields. These
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Jgg = u aq 25 Jgu = Wusing joint routines simlar to those needed for
the First Kinematics Cal culations. 4. Conpute g derivatives of position
guantiti ewoandétéez ns for spatial gradient: Previously de®cmiusedsrsed hods
were used to fill in certain joint-specific fields. These 36 WO 02/061662
PCT/ US01/ 51360 quantities consisted of ICk (k) the interbody direction
cosi ne mat ri opwntitic Qksistell of ‘EH&), thp interbady Jieestion Cﬁsme mmeb,ofd%/g “(kFandheH( k) ,
the joint map for, each body's .inboard_j oint To re t he .deri atl ve of
each of thesePaUHAE Vegteisior gachhody @ mdﬂj(kbt%éﬁm%’ heac (si&?ﬁ‘ﬁélm - ake

it ect  on coslhETTHD Hatertegtst dacheiiets aPBEay» BT bbbl vt i ¢
(and all the ¢ '31 naggi@gq %ﬁ]&f @Rt ddck gg@%g@y dnz%n%me) htb%ng@l@%ﬁwﬁed

coordi nat es o an 1 joint. I's nonzero onl

t he @er'Vat'%ﬂ%hédﬁ&%@ﬂc&&ﬁ@nmﬁﬁpﬁﬁ y.0 any of the coordinates for body K.
To properly "seed’ the recursions b |ng studying, a vector dq is passed in
to the 10 rowdchentefboty dieiinasdsiag Muuia{andallwee fooit-spBefiequattitics depend 0 1,
and all the other entries to 0. Then, the needed prelimnary quantities
are gener at ednibyomthe;gmelahzetd:mprdmatm ahkindividaal J@klt( Thys, dé@’k&f) s menzero. . n
aq) The partlal derivatives of the direction cosine matrices_are generated
anal yti cal | y edawhen S5 depigativeds {aken Sa@rPHRct topRY of thecoordinatesfer Pody - above.

These parti al’JEcﬂ@rob&‘y LUEP tﬂé’rec&él&?lg“oelg sﬁwﬁtﬁrﬁ‘gg%%kﬂ% ;%ésgéﬂ Ao gy umm of

t he Jacobi an berng conpute part| entry of dq to 1,

and 1@l | the r@gfind Ff JE@)‘-’matnrt%nﬁ;uizﬁféh v sePbid éﬂtﬂyai"s k&tdo 1t Bel AP @Gter SUbset of
the seed quantities. arQ Gk (k) the partial derivative of the i nt er body

spanni ng vectesirigsgo §i Viban,ohe neaged oretiminary (uyntities @ke) generateicy a BgicablogpQk (k)
03x4, ball .
d'C* (k) 9C®) k) k=
oq(k)
The partial derivatives of the direction cosine matrices are generated analytically and

ACk (k) =

displayed in the section, “Interface Contraction” above. These partial derivatives do
15 not depend upon the particular column of the Jacobian that is being computed.

Setting a particular entry of dq to 1, and all the rest to 0 has the effect of annihilating

the correct subset of the seed quantities.

or9% (k) . o . . .
————=, the partial derivative of the interbody spanning vector is given by
4
Q0 i
I _ k), stider
g,
(e7 e
oZ® g ., bal
oq, -
107108
________6r (k) =0,, pin
g,
0000100
Or99: (k)
=0 00 0 01 Of, free
oq,
0 00 0O0O01
20 A(k) here refers to the body’s sliding axis which connects it to its parent body.
OH (k)

FYaaE the partial derivative of the joint map is
4k
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agk @@k ar (k) =031 Pill agk 001 (k) 0000 arQ&k =00000 10,
free agk 0 00 000120 2(k) here refers to the body's sliding axis
whi ch corweakmsiss2to its parent body. all(k) , the parti @CTdesoi/y860 ve of
the joint map is agk 37 WD 02/ 061662 PCT/US01/51360 aH(k) _ 0, pin, slider
agk all(k) =r-03 01 ball L agk - 03 -0-3 all(k) _a "C k , free agk
0 agk Wth the above defi n‘?ftIU@nsOof 01519%9 tial derivatives, the
recur5|ons are seeded with @pe fol’l ow ng oop for k =1 to nbod "dCk (k) =
= a k (k) dg(k) gk arQ@ c&@ré er (k) dg(k) agk dH(k)= a I (k)
dq(k) agk end 5 After exe E)d) to, sebhmops all bodies have "dCk (k),
dr"k (k) , and dH(k), their 0g,

[{=)

9

SH(K) _

o'Cr (k) |, free
0q, —93 —(-)—

oq,
With the above definitions of the partial derivatives, the recursions are seeded with
the following loop:
for k=1 to nbod
k
ZED 4y

k

‘ACk (k) =

0.0,
eriQk (k) — ara (k) dq(k)

k

ar (=225 aq i
end

5 After execution of these loops, all bodies have ‘dC*(k), dr®% (k) , and dH (k) , their

interbody derivative quantities available.
One new quantity needed in the spatial displacement gradient computation is

also computed. This is (k) from the section on Interface Contraction, the rotation

axis that generates the rate of change of orientation for each body outboard of a

10 perturbed joint. Here, this variable is given the symbol d&(k), the differential

rotation axis for each body is

for k=1 to nbod

do(k) = ﬂ(k) dq(k), pin
do(k)=0,, slider

d@(k) = not needed for ball, free

end
Since arbitrary perturbations to a set of Euler parameters do not produce a pure

rotation, column contraction cannot be used when computing the corresponding
15 column of the Jacobian. The row-reduced Force Jacobian can still (and must) be
used..

After seeding the recursions, “dC* (k) , dr®% (k), ‘d#*(k), dA(k) are computed:

38



i nterbody derivative quantities available. One new quantity needed in the
spatial displacenent gradient conputation is also conputed. This is .l (k)
from t he wearicersénn | nterface Contraction, the rotation a&cCTSVh&L360
generates the rate of change of orientation for each body outboard of a 10
perturbed joint. Here, this varlable is given the synbol dQ(k), the
differential rot atd(blﬁl)aa(|d§' for each body is for k =1 to nbod d(r) (k) =
2(k) dqg(k), pin Q) Qah slider d(r)(k) = not needed for ball, free
end Since arbltrary p turbatlons to a set of Euler paraneters do not
produce a pure rdddt (@paf, col um contraction cannot be used when conputing
t he correspondi ngs"tl (ICOLZ'é'EiS of the Jacobian. The rowreduced Force Jacobi an
can still (and nmu After seeding the recursions, NdCk (k) ,
drk (k) , "dfk k= Zjﬂa(rt@odare conmputed: 38 WD 02/061662 PCT/ US01/ 51360

NdCk (1) = "dCk i k (1) =0d )(1) =d(r)(!
for k((%<) > Lo o Q%? D(ﬁ%%? §7&H€Cﬂ&"§ RS (i) Z:I(Ck)(k) ((:Ir)q(< %k)
= drQk (i) + NdCk c(rP%(@——er%i«))#”BCR(ZIHQ?*C(W@C"@MQ’Q‘(Ok)ok (k) _ablcd
d2(k) = "Ck* (k)d 2(i) +dB end where dCk (k), b = dFQ &k (k) "“Ck
(k) +rQ &k "dCk (t,jwkk ol dCk(k) 5. Corrpute g derivatives of velocity:
5 A loop that conputes’t e rda e of change of joint velocity due to change

injoint angle .0 ot (B)daG)+dok)

end
where

a ='dC*(k), b = di?% (k)'C* (k) + 792 'dC* (k),
c=0,,d="dC*(k)

5. Compute ¢ derivatives of velocity:

5 A loop that computes the rate of change of joint velocity due to change in joint angle
starts the process:
for k =1 to nbod
vk (k) = dH " (k)u(k)
end
This quantity is the rate of change of joint velocity due to change in joint angle.
Obviously, it is nonzero only for joints whose map contains coordinate dependence.
10 For free joints, the generalized speeds produce relative linear velocity that depends
upon the joint orientation.
After computing ‘dv*(k), dV (k) , the derivative of the spatial velocity of each
body, is ‘computed. This is done by the following loop:
dav (1) = ‘dv* (1)
for k£ = 2 to nbod
dv (k) ="'dg"'v @)+ '¢"av (i) + 'av* (k)
end

15 6. Couple Force Jacobian to spatial displacement gradient to compute T;(k)

for k=1 to nbod

4 T (k) ow(p)
he = ZaW(p) oq;

end
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starts the process: for k =1 to nbod “dvk(k) = dH*(k)u(k) end This
quantity is the rate of change of joint velocity due to change in joint
angle. QWoicoueley2 it is nonzero only for joints whose napCTarsvasI360

coordi nate dependence. 10 For free joints, the generalized speeds produce

relative |ipear velocity that depends. upon [ ol nt orientation. After
conmput i ng ‘gv%(’(t%u"‘? Se&QX‘% feym of theal Qes {%?8&&9975&‘5 Jt‘ﬁ@pgﬁ%f{tloaﬂ% elocity of
each body, is conp d. ;This,is done by the following |loop: dV (1) = "dvk
(1) for k = 2 to nﬁ%@%\}(%”@’édok*v (i) + fk*dV (i) + “dvk (k) end 15 6.
Coupl e Force Jacobian to spati al f%k@,@)ﬂ;g&g@g@d'{@}t to compute T, (k)

for k 1 to nbod nbodiZ(EY k) Takm)> | T (k) - g&&ﬁ(‘) aq |pEE.) end 39 WO
02/ 061662 PCT/ US01/51360 7. Cong te &econd t k3f ‘tihe Force Jacobi an

T2(k) and append to Jq (k) : fork= 1 to nbod NdCk (k) 5(k, i) NdCk (k)
dT(k) =T, (k) + (r) NdCk (k) T (k, i) end 8. Conmpute q derivatives of
accel er at i od- Gdngivdelq terivigived\gbiceeletatioprelaedderstsarts with a | oop t hat
conputes 'dak (k) = dH* (k)u(k). : for k =1 to nbod 5 ' dak(k) = dH (k)u(k)
end This is tAEhsmgeosssties With adean @awt%uéat(g)ﬁd% @?)i:n
coordi nate. Then (k) the derivative of the spatial acceleration of
each body is con'g?f?kg\al.i tb"bog

5 ‘da* (k) = dH" (k)u(k)

end

This is the change in joint acceleration due to a change in coordinate. Then, dA(k),

the derivative of the spatial acceleration of each body is computed.

dA(1) = ‘da* (1)
le(k)—) la)k(k)]’ ,de(k)_)l:'da)k(k)]

v (k) v (k)
ok (k) Ndo* (k)
V(k)—> e (k)} dv (k) - {Ndv o (k)}

where — means the 6 vector is decomposed into two 3 vectors,
for k = 2 to nbod

dtl 2 'dCt (k) (" (@) x (" () x 2% () ) +
(Nda)" (@) x (Yot (i) x %% (k))) +
‘i) (et )yx(Ndat () x o "))+
(Yo @) x (" @* () x dr% (B)))

da 2 'dg" (k) AG) + '8 (k)dAG) + L%’J
0 £ 'C (k)" o (i)
dwj2'dC (k)" w* (i) + 'C¥ (k)" d " (i)
di22dwjx o (k) +wjx do' (k)
di322dwjx Vo (k) + 2w x ‘dv¥% (k)

a2 .
dA(k) = da + + 'da* (k
(k)=da Llﬁ] a" (k)

end

40



dA(l) = “dak (1) iVKk(k) = (k) "dWk(k) "dCok (k) v (k) dv@k(k) NCWk (k)
[ NOwk (k) V(k) , dV(k) N\/ (k) NdvQk (k) where -* neans the 6 vector is

deconposewoimmeies2vo 3 vectors, for k = 2 to nbod dtl ' dekr/usky/sEbw c (i
X ( NCK (i) x rQ@&X (k))) + (Ndwk(i) X ( NCWk (2) xrQ (k))) + 1cCk*
(Ncok (1) X (NdCUk (Z) x rQ QA (k))) + (Nk(j) x ( NCUk (i) x drQQ (Kk))
da A'd f k* fkg Bolylﬂt&&ﬁcddkaeda%ith 2rardl ideafilid bé térfthdratykaridvles b nedded |
de*(k)NV\kf(QQI k) wk (i) dt2Adex ~vk(k)+colx'
rvk (k) dt3 Aa cemppt&wn@@d/i(/w)- + 2coj x 'dvQ (k) dA(k) = da + dt3 []+

dak
o (oo e R SRR RIS R RO RS 1
dACK) - Afterfﬁ‘?g)?,z%%rb%%%lh%eﬁﬁ%llc?ldeﬁ&ﬁ £iebhfinflg | vatives, the

conputation o attal 1 ner rce derivatives, is perforned:
fork=1 to nbod 0075 ,(;;Qixlrk(k) - Ndvx,k dvl Ndwk(k)xll (k) N5
dv2 Ndwk (k) x ( 2 ‘%kl x p(k)) dT(k) =

M k) dA(k) + [dvl] dvlﬁr(vd;a Qﬁek Q(k)CNdﬁptl 6k)a(1@)(k)t joint residual

ggri(\lgati ve for bOd¥v2éNda) (k)x ﬂli%ixp&)%d’c%(}?} (:chial;)((%g T&)@)r H(k)d(k) -

AT (k) = M(k)dA(k)+[d 1} dT (k)

i)

(k)

)
A
d

end

9. Compute d p(k), the joint residual derivative for body k:

for k =nbod to 1
d p(k) = dH (k)T (k) + H (k)dT (k) — do(k)

i =inb(k)
ifi>0
dT@) = dT'G) + 'd " (R)T (k) + '¢° (k)dT (k)
end
end
10
After executing this routine, the values stored in d p(k) are the new column of the
Residual Jacobian ai p.(q,u,z).
q
10. Back-solve the g_p result of previous step with the mass-matrix to obtain the desired
q
dq
15 o _ 9P
Oq 0q

The back-solve operation is accomplished in the Direct Form method routine by
processing a residual vector into a # vector. The Second Kinematics Calculations
only needs to be performed once for the whole Jacobian, since the back-solves are
done at the nominal value of the state. In fact, the Second Kinematics routine must

20 have been called in Step 1 while computing z, so the variables should still be cached.
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i =inb(k) if i >0 dT(i) = dT(i) + "dok (k)T(k) + "0 (k)df (k) end end
10 After executing this routine, the values stored in dp(k) are the new
col um ofwohe/eiResi dual Jacobian aq p (g, u, z) . 10. Baclecyaliseesishe
result of previous step with the mass-matrix to obtain the desired g au
aq 15 _=-M a aq aq The back-sol ve operation is acconplished in the Direct
For m et Bgs 1 Dilirbuph 1B/belpw anassd ngfil theewiwmad ofvggt or into a u vector. The
Second Kinematics Cal culations only needs to be performed once for the
whol e JacoHila@pmpiteaeddrivetibacifvelokitegs are done at the nonminal val ue of the

state. In fact, the Second Kinematics routjne nust, 20 have. called in
Step 1 while &bispertinggakes aqyselanvariPhd aul oM ¢ i((fF=tf‘Z @i‘@‘géh-%heﬂa VO

02/ 061662 PCT/ 1/51360 .Ste 11 thraough 1 a to fill the
col ums of J. d%%l’.tgé%‘ﬁ’flgeBpﬁ]&speféﬁlivg@g’%?tg Vgﬁégﬁ’y}%&ﬁgﬁg%:outi ne takes a
passed-in vector du and conputeg, dvk (éi = H (k)du(k) . Then, dV(k), the
derivative of the spatial velo t(}/) ofdve h body, is conmputed: dV (1) = "dvk
g%) \E;%}‘or_r = 2dto gbgd qV({g) _for‘lf)k="k2 folopa¥(i) + ;dvkh(k) teﬂd 12.t_Cor-rp_ute
e oci ty-induce erivative ; o . ; ere, eroutine is
specializedyfor t he case of no‘qg} E%@@éﬁ%@Qﬁﬁgﬁ& xternal |oads. The
surviving terns are those dueend changes in inertia forces alone. Even if

there were changes in external loads, it would only be requjred to,include
t he contri b3t Compufte thayedpcigsinduced derivative dT(k). As presented here, the routine is

specialized for the case of no velocity dependent external loads. The surviving terms
are those due to changes in inertia forces alone. Even if there were changes in

external loads, it would only be required to include the contribution of dT'(k) as

10 before.

0
dAQl) = [‘3]
0,
for k = 2 to nbod

(Mdat () x (" () x 2% () +

a1 ='C* (k) (ka(i)x(Ndwk(i)Xf'QiQk (k)))

A | k* . QS
da s (k)dA(z)+{dtJ

wj & C (k) ot (i)

dwj & 'CH (k) Vdat (i)
di22dwjx 'o*(k)+wjx 'dao* (k)
dr32 2dwjx Vo (k) + 27 x 'dv® (k)

O
=9T s

end
After computing the spatial acceleration derivatives, dT (k) , the spatial inertia force

derivatives, is computed:
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10 before. dA(1) = [23 03 fork=2tonbod (Ndwk (i) x (NCok (i) x r"l (k)))
+ dtl Cck* (k) (N&k(i) x (Nd wk (i) x rQIQR (k))) -03 da “Ok* (K)dA(i) +
ldt] COWOozis1s6k) Nak (i) devj °Ck*(k)Ndwk(i) dt2 d ceCI/usoissko (k) +

coj x dC&xk (k) dt3 2dCO x "vQ (k)+2CO x "dvQ - (k) dA(k) = da +
[dt2 end After conputing the spatial acceleration derivatives, dT(k), the
spatial inertia ford® kg tovikefves, is conputed: 42 WD 02/ 061662

PCT/ US01/ 51360 f at vV KV K K Nk (K Itk
(k) - Nd_wk dv2 ﬁkrjkaﬁ Iodm%? a ""N‘*’“‘((&’Q")X‘%éo‘ Iyd‘b@k N Ek§ i r

p(k)) dT(k) = Mk) divé!(ékf’dw dablx (k)eqm(k;t)er N@ﬁﬁ@m(évddd‘((k)xp(ld) e joint
r esi dual derlvatlvefor body k f k—nbodtoldp(k) = H(k)dT(k) -

do-(k) i = inb(k) 'JT(k W’QQ"A@_DE@; “fk (k)dT(k) end end 5 After
Sitd

executing this routine dind p(k) are the new col um of
the Resi dual JaCOble%H pu (g, u, 2)

13. Compute d p(k), the joint residual derivative for body &:

for k£ = nbod to 1
d p(k) = H(k)dT (k) - do(k)
i = inb(k)
ifi>0
dT (i) = dT (i) + '¢* (k)dT (k)
end
end

5 - After executing this routine the values stored in d p(k) are the new column of the
Residual Jacobian -g—- £.(q,u,2).
u

14. Back-solve the Z—'O result of previous step with the mass-matrix to obtain the desired

u
ou’

ou ou

10 The back-solve operation is accomplished in the Direct Method routine by processing

o _ o100

a residual vector into a # vector. The Second Kinematics Calculations only need to
be performed once, since the back-solves are done at the nominal value of the state.
In fact, the Second Kinematics routine must have been called in Step 1 while

computing z, so the variables should still be cached.
15 The above steps complete the computation of the analytic Jacobian as long as
the forces only have dependence on ¢. This accommodates the classical situation where all

atomic forces are derivable from a potential function. To accommodate velocity-dependent
forces, such as simple viscous damping, some of the above steps need to be modified as

follows:
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14. Back-solve the a= result of previous step with the mass-matrix to
obtain the desired au au au au -=-Map au au 10 The back-sol ve operation
i s acconpwoDIhedicbn t he Direct Method routine by processi n@CTaS0ESi3dual
vector into a u vector. The Second Kinematics Cal cul ations only need to be
performed once, since the back-solveg are done at the noqinal val.ue of the
state. In fact, HhelCREGEAYE:RY 6eg $0 FIBR YR Eherfipnirafisd ¥elgedn Ao iRy i n
Step 1 \A@Tkg conputing z, so the variables should still be cached. 15 The
above st G oviypdheis dldckelizgonpl ekt adso ef conpmtethal yti ¢ Jacobi an as | ong as

t he forc@ﬁkbnly have dependence on g. This acconmmodates the classical

situation where all . atomc forces are derivable oma tentd al function.
To accommodat e Ve|IB(§t?Py§raT]1%CB’§n@18ﬁPmPPt&ﬁ8%8f Té@?ﬂﬂlg&ﬁg?ﬁﬁle&&;ﬁgl&%ﬁg danpi ng,
some of d to be nodified as follows: 43 WO 02/ 061662
PCT/ USOf})gﬁgcg%ﬂ/(ﬁ%a tegogglgbove, we al so need to conpute the contracted

vel ocity Jacobi an aT(k)foak&K) to,nbatli ch is bl ock di agonal, mnust al so be
conputed. In Step 6 above, thgu i-on of st be augnented with
t he 5contracted vel ocityﬂ@l@w@ﬁﬂé@;Zé&I@Md aT(k) owmp) +
aT(k) ai(k, i) 5 TI(k) aw(p) AP (PEKOg(k, & Prékef) eifd where ar(k, i) = NdCk
(k) [ Nk (k) + Nk (K)gpg P(k, 1)] + aq; NCk (k) [ Ndvk (k) + Nd wk (k)
x p(k, i1)] A step is then added after Step 11, which is called Step 1la.

This new step 10 conputes dT(k)
where

o (k,i) _
J

VCH (i) [ Mav® (k) + Vd o' (k) x plk, 1) ]

"dCH ) MO (k) + Nt (k) x o) |+

A step is then added after Step 11, which is called Step 11a. This new step
10 computes dT(k):
0T (k) oF(k,i)

O = 23y o )
where
OED) _ ek (i) [ Vet (k) + " () x (k)]
Ou;

j
While executing Step 12 above, the last loop for d7°(k) is modified by
15  subtracting the velocity-dependent force derivative dT(k):
for k =1 to nbod
A2 Yda' (F)x I, (k)- "o + Vo' (k) x L, (k)- "do
dv2 2 Vot (k) x (Vo (k) x p(k) ) + "o (k) x (Vd & (k) x p(k) )

dT (k) = M (k)dA(k) + [Zjﬂ —dT'(k)
end
The rest of the Steps remain the same.
Fig. 6 summarizes the operational steps of the Analytic Jacobian method,

which has been described in detail above.
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dT(k) _ 5T(k) ar(k, i) 1iEk ar(k, i) auj where ar(k, i) _ NCk (k) [ Ndvk
(k) + Nd wk (k) x p(k, 1)] aui Wile executing Step 12 above, the | ast

| oop for WO(Rpsies2 nodi fied by 15 subtracting the vel ocitycadpensisse force

derivative dT (k) : fork= 1 to nbod dvl Nd wk (k) x k (k) NCO( + NCWk (k) x

k (k) NdCO(dvz Nd_ evk x%NCOk(k) p(k)). %{}Id Cok (k)

x p(k)) dT(k) W&)HSW)ELPJOW hqacﬁ"l’(a&)(ogﬂ’&nu?’f?élc'f‘ 4¢o ?n ‘ﬁ@ls ®ps remain

t he sa i o] i bi an
et hod”‘%sﬁ%%hﬁ i¢ FE%L ford ShalybARAS R Ofp hEBediboth wiidhe
PCT/ USO Yeiiidaton kiag perTecsllycmEcmd,pthe)ﬂlgufs of hecusery fowmthy gofierslired waomdinates| (¢)

Jacobi an versus e acgc of the an ti.c J cqbi for exe ry NMD
system 3f g?ﬁ"éalb@gtsf’ﬁeé]s“ %]?Wl?wa %P}flﬁ?’t} PstEied s tmse e%’tq{g@gl th ed,

the di g'otr?y 1f fHaf tﬁexnatl%cIabsblgﬁriﬂﬁ@%atea%{i/lﬁeqrs@l nates (qg) and generalized
speeds (u romt nuner | ca Jacobl an, illustrated by line 152, were still

5 onl yﬂbM@m dcC Jacobl an illustrated by Iine 150.

ADDI TI e present i nvention has many enbodi nents besi des
the exanpl es descﬁ}tmqﬂeseﬁbmvmtlo]ihm iriany embbdimdntssbesides theembmglesdascsibadhd
appl i cations: r of Forces in Iuded i,n J ?bl an 10 Any order of the

forces t250¥R Th&ﬁ%géﬂwwsﬂwr\?ﬁ@e ts 30d @PRERALOBYt not linited to Order(N
, Ordery( g?%ro%gﬁ h%h)de %gﬁr(m ). An exanple of an Order(N) force
c

fleld woul e %an ele ros orce field using fast multi-pol e expansion
met hods (see, for Amxamlpﬁ @ﬁth@fc&eamgabemclﬁlamd iR Jdcdbial, uatliden batfnoPtitatetli al
Fields in Particle %m; Massachusetts Institute of Technol 3?

Loy

Di sserté@lQiﬂer(_NQ)B@}quféN BrOmErA A° ¥ and Qrdewé ¥ d o Amraxempiesof ansOrderd
praLyt! agld SRl A iedionGal sod FK'iSie T nfRN SR SgaRiPilbMRls AL, !

D rect
example, Greengaard, The Rapid Evaluation of Potential Fields in Particle Systems,

Massachusetts Institute of Technology Dissertation, 1988) rather than direct method which is
15 Order(N?).

e Analytic Jacobian for Direct Form

When the governing equations are in Direct Form, the so-called “forward

dynamics” form of the equations is obtained. In this form, the equations process a state

vector and applied efforts and generate the acceleration at each of the joints modeled in the -
20  system.

i=M"(f)

The Jacobian then represents the partial derivatives of the accelerations with respect to

elements of the state vector. The preferred embodiment shows several algorithmic methods

for computation of these partial derivatives. The methods are exact and do not utilize
25  numerical approximations to form derivatives.

The Direct Form produces the # partitions of the Jacobian:

Jug = a(M_l (f))
q aq
and
S = 5_ (M_l (f))
ou

30 by using an algorithmic counterpart to the function which computes the # function.
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dynam cs" forin of the equations is obtained. In this form the equations
process a state vector and applied efforts and generate the accel eration
at each owotoeéieer nts nodeled in the 20 system is = M 1PCi/ysohseédacobi an
then represents the partial derivatives of the accelerations with respect
to elenents of the state vector. The preferred enbodi nent shows several

al gorit hni ¢ net hodBhe dosmputasiopf i ghisciccerhplished i Order( Mo floating peist The

met hods are exact and do.not utilize 25 nunerjcal approximtions to form
der i vat i YsEationsdlops) B utilizingihg operisteral inerss i she MasoMats¥ t he Jacobi an:

a(M 1(f ag and a(M1(f "I in Al gorithm c count t
TR P A cf)rrputf‘é’glu'f L B R R S BRIE U bl besecs o P
PCT/ US01/ 5136 e _conputation.of M'. f is acconplijshed i. der (.

[ oat | ng" s AL tsipet mameey e Gpayecrevieraty 3t s SRR bR e Relic CHER s o o
the Nass;WRhEH Hctor %é)'resént[s_lan'opéfﬁg_r it bad be apphelikd avhSkstodid Oi‘(fégﬁ Jg? PoKs.

matrices are defined previously in the Second Kinematics Calc ions, 5

and eaclgih@ch o 7epy @“rt[gﬁmqp rat Pem kiBdhagipmidde applied to an n-vector
in Oder( N flops. ince u = [17- HIK] D' - HUI'K T f, fromthe chain
f

[
rule: Jug _ [ - HTK] 1 3 T T [l -HI'"K])/ag D" [I
-HPKITf + [I -HI' uqa“(ll[;_'fll I[?Fmbfquf% -HLI' K] D' a([l -HTK]T
)/ag f and simlarly for " ig)ysatbe L5 Timyention can be used for
equations of the Direct ngmi#qjl pﬁoduc[?ng g?ﬂotfin%/hrrs t hat conpute each
of the above terns in cl oipd}f aﬁgﬂc);eac} [E-preggny 4 nvention provides
many advantages. Anal ytical Jacobians “are nuch re accurate (with twce

t he nunber of significant [ﬂLgtir\ty;z()].D-C@ jmquTr)_grr@qtyie Resi dual Form
instead of Direct Formis much nore efficient” ‘The "Contraction” of rows
and col wmdsithidasty fonwigber of - atons” to "nunber of bodi es" reduces the size

of the force ) . i ) _
' Thus the present invention can be used for equations of the Direct Form in

10  producing algorithms that compute each of the above terms in closed form.

Hence the present invention provides many advantages. Analytical Jacobians
are much more accurate (with twice the number of significant digits). Computing from the
Residual Form instead of Direct Form is much more efficient. The “Contraction” of rows
and columns from “number of atoms” to “number of bodies” reduces the size of the force

15  Jacobian matrices. Jacobian computations are of the same order as computation of forces,
rather than an extra order higher if each column has to be perturbed. Thus, if the forces are

computed in Order( N*) operations, for example, a numerical Jacobian requires Order( N'*),

whereas an analytic Jacobian requires only Order( N*) operations. By controlling the range
of loop structure in Jacobian calculations, computations can reduced even further (just
20  compute for outboard bodies).
Therefore, while the foregoing is a complete description of the embodiments
of the invention, it should be evident that various modifications, alternatives and equivalents
may be made and used. Accordingly, the above description should not be taken as limiting

the scope of the invention which is defined by the metes and bounds of the appended claims.
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15 Jacobi an matrices. Jacobian conputations are of the sane order as
conputation of forces, rather than an extra order higher if each colum
has to bewpeewersbed. Thus, if the forces are conputed i nPOTASO(/A350
operations, for exanple, a nunmerical Jacobian requires Order( N4), whereas
an anal ytic Jacobi an requir nly, Order (N3) operations. By controlling the
range of |oop st r\N&A}FﬁS CHM&f%n cal cul ati ons, conputations can reduced
even further (just 20 conpute for outboard bodies). Therefore, while the

foregoing is a conpl et e deskdd Gitrhodulink Md¥ensibBest iBBluledforhfigsihgvent i on,
it should be evident that various nodifications, alternatives and

equi val ents rmay brelentiniea tnovsionsegle, rgid ordiibaglyymodeh forsbishmolsede.rsajst model
shoul d not. be t aken as limting the scope of the invention which is

defi ned mtgt?@u%bor“éé’ I04°Bounds of the appended clains. 46 WO 02/ 061662
PCT/ §S01/ 51360 WHAEctisy st-DPER ih@grator; Andret hod of nodel i ng the behavior of
a nmol ecule, conprising selecting a torsion angle, rigid nultibody nodel

for said nol ecul e,gesedatingran enalyticalacabjae farseiddmplieit integrrion to Btegratesdiing an
inplicit_inteqrator. and generati n_anal vii 2 ' f aid inplicit
| eqr atoPGR R llibnta ts B QR R R Ru et PanBEE PR g RionE

cal cul ations 'of said behavior of said nolecule. 2. The nethod of claim1l
wherein said anal y3.i c JHEeohetaod bScldia i1 wedrdin edid analytanIdcybian is)derived fonof t he
Resi dual Form of the equations of notion. 10 3. The nethod of claim?2

wher ei n @analyts daapbiaa of dhaResidual Fegnsf fheequatipns gEmetiody jge jp . and au au
J" q J'u ag au J =ag=a(Wi) and J =a=W 99 ag ag qu au J = au = -M1 apu (q,
u, zh and J u = awy = - Myl GoHod Bf cldim 2 wHRAA sAE analPlc PiobiMhFcomBrisdse t he
generalized coordinates, u are the generalized speeds, Wis a joint map
matrix 15 and Mis the mass matrix and pu is the dynam c residual of the
equations of notion, (agd 2¢s -M1lpu (q, u, 0) 4. The nmethod of claim3

wherein said inpl |5|=t 3qnt 84 2 r sg{!u (.:tl ng step
% a_u Juq Juu
0q Ou

>

J
“ oq oq " ou

J ou M—l a/ou(q’uﬁz) and J =21{=_M—1 apu(q,u,Z)

m[:—:——-

dq og “ du ou

where g are the generalized coordinates, u are the generalized speeds, W is a joint map matrix

15  and M is the mass matrix and p, is the dynamic residual of the equations of motion, and z is

-M~p,(q,u,0).

4. The method of claim 3 wherein said implicit integrator selecting step

comprises an L-stable integrator.

5. A method of simulating the behavior of a physical system, comprising
20 modeling said physical system with a torsion angle, rigid multibody model,

said model having equations of motion; and
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conprises an L-stable integrator. 5. A nethod of sinulating the behavior of
a physical system conprising 20 nodeling said physical systemw th a
torsi on awgloe/oérebyyi d nul ti body nodel, said nodel havi ng equatSVOsS6©f
notion; and 47 WD 02/ 061662 PCT/ US01/ 51360 integrating said equations of
notion with an inplicit integrator; said inplicjt |ntegrator h&viq .an
anal ytic Jacobi anegraligsa eqmpbonsafinpiongyithan wnplicgiyicgrates; saddg \si cal
system L i i Lyt i i rived
Yom  5uar e ey LS R Do A s e R g 5
not i on. syétemhe nmet hod of claim®6 wherein said anal ytic Jacobian J conpri ses
aqg aq J=agq auJ99 J9"and aic ais Juq Ju" aq au J =ag=a(Wi) and J -ag=W -2
ag aq 9u au J "q air _,.-M1 apt, z). and Ju. = au 7.-M1 a u, z)
ug agq aq u au au 10 mhEP%nﬁﬂgﬁéﬂF%@méﬁﬁg?QPﬁ?@&mﬁggf§Wﬁ§F@§§aﬁ1§¥g§gﬁe
geney al hz thAREBEobIMN bEtha RekiduMFoMAR MR dqustiGischivhdtfont he mass matrix and pu
is the dynam c residual of the equations of notion, and z is -M1 pu (q,
u, 0). 8. The nethod of claim7 wherein said inplicit integrator, conprises
an L-stabl e int e§r at ofhe 15tpd afsipiudarheegsaidsanaltipipcobiang corprisehavi or of
a nol ecule, said code conprising a first nodule for a torsion angle, rigid
mul ti body nodel of s géj rg)l ecul e, said nodel having equations of notion;
and a second nodul e & nplicit Jnt egrator to integrate said equations
of 20 notion wit 20_ noanaluy %qu]ae’@lj(_an to obtain calculations of said

]| 0

4

behavi or of said esl &y J _The, %ut er code of claim9 wherein said
anal ytic Jacobian is riye r'bm arf anal yti ¢ Jacobi an of the Residual Form
of the equations of i GH) 48

- a .
=§€I_=M and Ju=§q—=W
“ oq oq ™ ou

0t __419P,(¢,12)

g 29 _y0p0eund)

“ = Bq oq " Bu ou

10 where g are the generalized coordinates, u are the generalized speed, Wis a

joint map matrix and M is the mass matrix and p, is the dynamic residual of the equations of

motion, and z is -M ' p,(q,u,0).

8. The method of claim 7 wherein said implicit integrator comprises an

L-stable integrator.

15 9. Computer code for simulating thé behavior of a molecule, said code
comprising
a first module for a torsion angle, rigid multibody model of said molecule, said
model having equations of motion; and
a second module for an implicit integrator to integrate said equations of

20  motion with an analytic Jacobian to obtain calculations of said behavior of said molecule.

10.  The computer code of claim 9 wherein said analytic Jacobian is

derived from an analytic Jacobian of the Residual Form of the equations of motion.
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WO 02/ 061662 PCT/US01/51360 11. The conputer code of claim 10 wherein said
anal yti c Jacobian J conprises aq aq = aq au Jgq Jeu and au au Jug Juu '
aq au J aweagwsieeand J =aq=W 99 aq aq 9u au 5 J = au = - PCI/&BOUSEE u, z)
and J = au = -M1 aou (g, u, z) u9 ag ag uu au au where g are the
generalized coordinates, u are the generalized speed, Wi s a joint map
matrix and Mis the mass matri x an hednamcr of the
equati ons of mot ildn, akitp compater gp 6%901%1@ lthWh )31n5f§1anp 2’8‘?&%‘1@ code of
claim 11, %ﬁ%g n said inplicit integrator 10 conprises an L-stable

i nt egrator Comput er code for sinulating the behavior of a physical
system said code conprising a first nodule for a torsion angle, rigid
nul tibody nodel of sdidg s@&;; em said nodel having equations of notion; and
15 a second nodul e f ra anas), iyCi tJI tegrator to integrate said equations
of notion wth anJa aI yt| o Q%Cgbl j:-pmebt ain calculations of said

behavi or of said systéth uter code of claim 13 wherein said
anal ytic Jacobian is d}qu @ﬂ:‘ froman anal ytic Jacobi an of the Residual Form
of the equations of notion. 15. The conputer code of claim 14 wherein said
anal ytic Jacobian J 20 conprises 49 WO 02/061662 PCT/US01/51360 ag ag J =
ag au Jgq Jqu and Jau & ﬂ(W&y)Juudzijq al@qJ Waq =a(W1) and J =ag=W 99 ag aq

qu au “ " pg o “ " By
5 P YA C AT R S S VS LA C L))
? 8q oq ou ou

where ¢ are the generalized coordinates, u are the generalized speed, Wis a

joint map matrix and M is the mass matrix and p, is the dynamic residual of the equations of

motion, and z is —M ' g, (g,u,0).

12.  The computer code of claim 11 wherein said implicit integrator

10  comprises an L-stable integrator.

13.  Computer code for simulating the behavior of a physical system, said
code comprising
a first module for a torsion angle, rigid multibody model of said system, said
model having equations of motion; and
15 a second module for an implicit integrator to integrate said equations of

motion with an analytic Jacobian to obtain calculations of said behavior of said system.

14.  The computer code of claim 13 wherein said analytic Jacobian is

derived from an analytic Jacobian of the Residual Form of the equations of motion.

15.  The computer code of claim 14 wherein said analytic Jacobian J

20  comprises
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J=au _ -M" apt, (g, u, z) and Jiu= au = -M1 ap, (g, u, z) ugag- aq iau
au where q are the generalized coordinates, u are the generalized speed, W
is ab jowotozeweratrix and Mis the mass nmatri x and pu i #CrhsSodyrsam c

resi dual of the equations of notion, and z is -M"' p" (q, u, 0). 16. The

conputer code of claim 15 wherein said inplicit integrator conprises an
L-stable integrator. (38 &4

I oq ou (Jqq Jq"j;and

1>

% a_u Juq Juu

Oq Ou

8 _o(u) dJu=a—q=W
“ oq &g “ ou

J a”=_M-1M and J

O _ M 0p,(q,u,z)

uq = aq aq uu au au

where g are the generalized coordinates,  are the generalized speed, Wis a
5  joint map matrix and M is the mass matrix and p, is the dynamic residual of the equations of

motion, and z is —M " p,(q,u,0).

16.  The computer code of claim 15 wherein said implicit integrator

comprises an L-stable integrator.
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