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QUANTUM INFORMATION PROCESSING WITH AN
ASYMMETRIC ERROR CHANNEL

CROSS REFERENCE TO RELATED APPLICATIONS

[0001] This application claims the benefit under 35 U.S.C. §119(e) of U.S. Provisional Patent
Application No. 62/692,243, filed June 29, 2018, titled “FAULT TOLERANT
MEASUREMENTS AND GATES FOR QUANTUM INFORMATION PROCESSING,” which

is hereby incorporated by reference in its entirety.

STATEMENT REGARDING FEDERALLY-SPONSORED
RESEARCH AND DEVELOPMENT

[0002] This invention was made with government support under 1609326 awarded by National
Science Foundation, support under FA9550-15-0029 awarded by United States Air Force Office
of Scientific Research, support under NO0014-16-2270 awarded by United States Office of
Naval Research and support under W911NF-14-1-0011 and W911NF-16-1-0349 awarded by

United States Army Research Office. The government has certain rights in the invention.

FIELD

[0003] The technology described herein relates generally to quantum information systems.
Specifically, the present application is directed to systems and methods for performing quantum

information processing (QIP) using at least one qubit with an asymmetric error channel.

BACKGROUND

[0004] QIP uses quantum mechanical phenomena, such as energy quantization, superposition,
and entanglement, to encode and process information in a way not utilized by conventional
information processing. For example, it is known that certain computational problems may be
solved more efficiently using quantum computation rather than conventional classical
computation. However, to become a viable computational option, quantum computation
requires the ability to precisely control a large number of quantum bits, known as “qubits,” and

the interactions between these qubits. In particular, qubits should have long coherence times,
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be able to be individually manipulated, be able to interact with one or more other qubits to
implement multi-qubit gates, be able to be initialized and measured efficiently, and be scalable

to large numbers of qubits.

[0005] A qubit may be formed from any physical quantum mechanical system with at least two
orthogonal states. The two states of the system used to encode information are referred to as the
“computational basis.” For example, photon polarization, electron spin, and nuclear spin are
two-level systems that may encode information and may therefore be used as a qubit for QIP.
Different physical implementations of qubits have different advantages and disadvantages. For
example, photon polarization benefits from long coherence times and simple single qubit

manipulation, but suffers from the inability to create simple multi-qubit gates.

[0006] The above examples of qubits are physical two-level systems. However, quantum
information may also be stored in logical qubits, which are formed from multiple physical two-
level systems or quantum systems with more than two states. For example, states of a quantum
mechanical oscillator, of which there are an infinite number of energy eigenstates, may also be
used to form the computational basis for QIP. For example, coherent states of a quantum
mechanical oscillator that are sufficiently displaced from one another in phase space are quasi-
orthogonal states and may be used as a computational basis. Additionally, states that are
superpositions of coherent states, known as “cat states” may be exactly orthogonal to one

another and used to form a computational basis.

[0007] Different types of superconducting qubits using Josephson junctions have been proposed,
including “phase qubits,” where the computational basis is the quantized energy states of Cooper
pairs in a Josephson Junction; “flux qubits,” where the computational basis is the direction of
circulating current flow in a superconducting loop; and “charge qubits,” where the
computational basis is the presence or absence of a Cooper pair on a superconducting island.
Superconducting qubits are an advantageous choice of qubit because the coupling between two
qubits is strong making two-qubit gates relatively simple to implement, and superconducting
qubits are scalable because they are mesoscopic components that may be formed using
conventional electronic circuitry techniques. Additionally, superconducting qubits exhibit
excellent quantum coherence and a strong non-linearity associated with the Josephson effect. All
superconducting qubit designs use at least one Josephson junction as a non-linear non-

dissipative element.
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BRIEF SUMMARY

[0008] According to some aspects, a quantum information processing (QIP) system is provided.
The QIP system includes a data qubit and an ancilla qubit, the ancilla qubit having an

asymmetric error channel. The data qubit is coupled to the ancilla qubit.

[0009] According to some aspects, a method of performing QIP in a system comprising a data
qubit coupled to an ancilla qubit is provided. The method includes driving the ancilla qubit with

a stabilizing microwave field to create an asymmetric error channel.

[0010] The foregoing is a non-limiting summary of the invention, which is defined by the

appended claims.

BRIEF DESCRIPTION OF DRAWINGS

[0011] Various aspects and embodiments are described with reference to the following
drawings. The drawings are not necessarily drawn to scale. For the purposes of clarity, not every

component may be labeled in every drawing. In the drawings:

[0012] FIG. 1 is block diagram of a quantum information processing system, according to some

embodiments.

[0013] FIG. 2 is a diagram of the joint system of the data qubit and the ancilla qubit of FIG. 1,

according to some embodiments.

[0014] FIG. 3 is a diagram of a superconducting circuit element of FIG. 2 that includes a

transmon, according to some embodiments.

[0015] FIG. 4 is a diagram of a superconducting circuit element of FIG. 2 that includes a
superconducting nonlinear asymmetric inductor element (SNAIL), according to some

embodiments.

[0016] FIG. 5 is a block diagram of a quantum information system based on cavity quantum

electrodynamics, according to some embodiments.
[0017] FIG. 6 depicts a Bloch sphere based on cat states, according to some embodiments.

[0018] FIG. 7A depicts an eigenspectrum of a pumped cat oscillator, according to some

embodiments.
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[0019] FIG. 7B depicts the potential of a pumped cat oscillator (PCO) in the limit of large
parametric drive, according to some embodiments.

[0020] FIG. 8 is a quantum circuit diagram of error syndrome detection, according to some
embodiments.

[0021] FIG. 9A is a plot of the dynamics of a PCO and associated qubits during a stabilizer
measurement for a four-qubit toric code, according to some embodiments.

[0022] FIG. 9B is a plot of the dynamics of a PCO and associated qubits during a stabilizer
measurement for a four-qubit toric code, according to some embodiments.

[0023] FIG. 10A is a plot of the dynamics of a PCO and associated qubits during a stabilizer
measurement for a cat code, according to some embodiments.

[0024] FIG.10B is a plot of the dynamics of a PCO and associated qubits during a stabilizer
measurement for a cat code, according to some embodiments.

[0025] FIG. 11A is a quantum circuit diagram for performing adaptive phase estimation,
according to some embodiments.

[0026] FIG. 11B is a quantum circuit diagram for performing adaptive phase estimation,
according to some embodiments.

[0027] FIG. 12 is a diagram illustrating a readout process in terms of a Bloch sphere, according
to some embodiments.

[0028] FIG. 13 is a schematic of a quantum information processing system, according to some
embodiments.

[0029] FIG. 14A is a plot of the amplitude as a function of time of multiple driving fields used
to implement a bias-preserving CNOT gate, according to some embodiments.

[0030] FIG. 14B is a plot of the phases as a function of time of multiple driving fields used to
implement a bias-preserving CNOT gate, according to some embodiments.

[0031] FIG. 15 is a quantum circuit diagram of a technique for detecting errors, according to
some embodiments.

[0032] FIG. 16 is a flowchart of a quantum information processing method, according to some
embodiments.

[0033] FIG. 17 is a flowchart of a readout method, according to some embodiments.
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DETAILED DESCRIPTION

[0034] Conventional QIP schemes encode information in one or more two-level quantum
systems (i.e., “qubits™). The state of a single qubit may be represented by the quantum state [y),
which may be in any arbitrary superposition of the two quantum states, |0) and |1), e.g., [) =
a|0) + b|1), where a and b are complex numbers representing the probability amplitude of the
logical qubit being in state |0) and |1), respectively. Here |0) and |1) is the computational basis,

which may be implemented physically using any physical system with two orthogonal states.

[0035] To perform useful a quantum information process, conventional quantum information
systems initialize a set of qubits, referred to as “data qubits” because they are used to encode the
information being processed, to a particular quantum state, implement a set of quantum gates on
the qubits, and measure the final quantum state of the qubits after performing the quantum gates.
A first type of conventional quantum gate is a single-qubit gate, which transforms the quantum
state of a single qubit from a first quantum state to a second quantum state. Examples of single-
qubit quantum gates include the set of rotations of the qubit on a Bloch sphere. A second type of
conventional quantum gate is a two-qubit gate, which transforms the quantum state of a first
qubit based on the quantum state of a second qubit. Examples of two-qubit gates include the
controlled NOT (CNOT) gate and the controlled phase gate. Conventional single-qubit gates and
two-qubit gates unitarily evolve the quantum state of the qubits from a first quantum state to a

second quantum state.

[0036] For large-scale quantum computation to be viable, the quantum states used in the QIP
must be protected from errors, which result from inevitable and uncontrolled interactions with
the environment. Techniques for mitigating such errors include quantum error correction (QEC)
schemes. In some conventional QEC schemes, quantum information is protected by linking
errors and undesirable interactions with low-weight quantum operators. For example, quantum
information may be encoded in a logical qubit using the non-local degrees of freedom of a high-
dimensional system rather than simply encoding the information in a the two quantum states of a
physical qubit. In such encodings, high-weight operators imply many-body operators arising, for
example, in a system of several qubits or operators involving many quantum states of a single
high-dimensional physical system (e.g., a quantum mechanical oscillator). The high-weight
operators characterizing a codespace of quantum information are referred to as “stabilizers” and

are designed to commute with the logical qubit operators but anti-commute with the errors in the
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system. In the absence of errors, the system lies in the +1 eigenspace of the stabilizer and after
an error occurs the system moves to the -1 eigenspace. Consequently, the location and type of
errors can be determined from the result of measuring the stabilizers, which are also known as
an “error syndrome.” Measurement of these high-weight stabilizers uses highly-engineering,

highly-unnatural, many-body interactions between components of the quantum system.

[0037] The inventors have recognized and appreciated that the above types of QEC techniques
are undesirable for practical implementations of QIP. Instead, the inventors have recognized and
appreciated that it is desirable to synthesize stabilizer measurements via naturally available
couplings between the data qubits of the system and an ancillary system. Coupling the data
qubits of the QIP system exposes the data qubits to a different set of errors that may be just as
challenging to mitigate. For example, if the measurement of the ancillary system is not designed
intelligently, errors from the ancillary system may propagate to the data qubits, damaging the
encoded quantum information beyond repair. Recognizing this, the inventors have developed
techniques for reducing and/or, in some instances, eliminating such catastrophic backaction from

the ancillary system.

[0038] To assist in explaining some aspects of the present application, a stabilizer measurement
technique is described here. To synthesize the stabilizer measurements, a system M,
representing the logical data qubit, encodes the quantum information in N subsystems
implemented using physical qubits. A code is defined by multiple stabilizers but, for simplicity,
a single stabilizer, S, is considered here. A set of low-weight operators, ML-, wherei =1,2,...N,
commute with the stabilizer S and can be used to synthesize S through coupling with an ancilla.
As an example, the four-qubit operator 6,4 6,, 6,3 6,4, where 6;; is the z-Pauli operator acting
on the i-th qubit, is a stabilizer for surface codes, in which M; = 07;. As a second example, the
parity operator P = exp(ird@ta) is a stabilizer for single-mode bosonic cat codes, where @t and
@ are the photon creation and annihilation operators, respectively. The ancillary system may be,

for example, an ancilla qubit which is coupled to the data qubit via an interaction Hamiltonian

where g, is the z-Pauli operator of the ancilla qubit and g; are controllable interaction strengths

between the ancilla and each of the physical qubits used to form the logical data qubit. The
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evolution of the joint system of the data qubit and the ancilla qubit is described by the unitary

operator:

{
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[0039] The coupling strength and duration of the interaction, 7, between the data qubit and the
ancilla qubit may be chosen such that the unitary operator acting on the joint system (up to local
rotations) becomes:
U = 13 + 1 8.
2 2
[0040] The result of the interaction with an interaction time 7, is therefore a phase-flip of the

ancilla qubit conditioned on whether the stabilizer is +1 or —1. This phase-flip in the ancilla

qubit is the error syndrome.

[0041] The inventors have recognized and appreciated that, during the interaction time, the data
qubit and the ancilla qubit are entangled and, to be a successful QEC scheme, it is desirable to
engineer the joint system such that errors in the ancilla qubit do not propagate as uncorrectable
errors to the data qubit, which is known as “fault-tolerance.” To prevent the propagation of
uncorrectable errors to the data qubit and achieve fault-tolerance, all possible errors in the
ancilla qubit should commute with the unitary operator U(t) at all times. In the above example,
the phase flip error 6, satisfies this condition. Therefore, if a phase-flip error occurs at any time
T during the interaction time duration, then at time 7, the state of the system is described by the
unitary operator:

6,(1+9) L1- S

0T -)6,0(v) = 6,U(T) = —— 2

[0042] Based on this unitary operation, it is clear that the phase flip in the ancilla qubit only
introduces an error in the measurement of the syndrome, but does not cause any backaction on
the data qubit. Importantly, however, bit flip errors (represented by the Pauli matrix &, and

amplitude damping errors (represented by the Pauli matrix 6_) in the ancilla qubit do not
7
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commute with the unitary operator U(t). In fact, a bit flip error, 8, on the ancilla qubit

propagates as a high-weight error to the data qubit.

[0043] Conventional approaches to fault-tolerant extraction of error syndromes are based on
using multiple ancillas prepared in complex quantum states, performing multiple bitwise
entangling gates between the data qubits and the ancilla qubits, and then measuring the ancilla
qubits. The inventors have recognized and appreciated that these conventional approaches lead
to rapidly growing overhead of computationally expensive entangling gates and ancilla
hardware, forcing more stringent requirements on error rates and making fault-tolerant quantum
computation impractical, if not impossible, at a large scale. Moreover, the inventors have
recognized and appreciated that an efficient fault-tolerant syndrome extraction scheme would
enable large-scale quantum information processing. Accordingly, some aspects of the present

application are directed to efficient fault-tolerant syndrome extraction.

[0044] The inventors have recognized and appreciated that, in the stabilizer measurement
scheme described above, the unitary operator U(t) would result in no backaction on the data
qubit if the ancilla qubit did not have bit flip 6, errors. Thus, some aspects of the present
application are directed to using an ancilla qubit with an asymmetric error channel where bit flip
errors are suppressed relative to phase flip errors. By suppressing the bit-flip errors, which do
not commute with the unitary operator U(t), it is possible to engineer a physical unitary
operation that nearly commutes with the ancilla’s error channel and will therefore be effectively

transparent to ancilla errors.

[0045] Aspects of the present disclosure include a method for making fault-tolerant
measurements in quantum systems. The techniques described herein may be used in at least
three possible applications. First, the techniques may be used in quantum error correction
schemes by allowing fault-tolerant extraction of error syndromes. Second, the techniques may
be used for new, more efficient error correcting codes and procedures. Third, the techniques may

be used to create bias-preserving gates, such as a controller-NOT (CNOT) gate.

[0046] The inventors have recognized and appreciated that it is possible to perform a fault-
tolerant extraction of an error syndrome using only local operations with an ancilla whose error
channel is strongly biased (i.e., asymmetric). Some embodiments improve upon the overhead
requirements of relative to conventional schemes fault-tolerant syndrome measurements. Some

embodiments include a hardware efficient realization of such a syndrome extraction scheme
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using a two-component cat state in a parametrically driven nonlinear oscillator that exhibits a

highly-biased noise channel.

[0047] The inventors have further recognized and appreciated the flexibility of the above
approach. In some embodiments, different codes may be used. In some embodiments, the
syndrome extraction process is used for a variety of codes such as qubit-based toric codes,
bosonic cat-codes (and in extension, binomial and pair-cat code) and Gottesman-Kitaev-Preskill

(GKP) codes. However, other codes may also be used.

[0048] A challenge for error correction with biased noise is to be able to maintain the bias while
performing elementary gate operations such as a CNOT gate, which is an important ingredient
for many error correction codes and for universal computation. In conventional systems that use
physical qubits as data and/or ancilla qubits, a native bias-preserving CNOT is not possible even
if the underlying noise is biased. The inventors have recognized and appreciated that the
aforementioned techniques developed for fault-tolerant syndrome extraction can be utilized and
extended to realize a bias-preserving CNOT gate between two stabilized cat states. In some
embodiments, a CNOT gate is based on the structure of cat states in phase space. In this case, a
stabilized cat state can be realized in a parametrically driven nonlinear cavity or via dissipation
engineering. Some embodiments that include a bias preserving CNOT gate may achieve gains in

the threshold for topological error correcting codes (e.g. toric and surface codes).

[0049] In some embodiments, when combined with an ZZ(6) gate, it may be possible to reduce
the thresholds for what is known as “magic state preparation” (which is an important but
expensive ingredient, in terms of overhead costs, to achieve universality). In some embodiments,
the ZZ(0) gate inherently preserves bias and may be implemented with stabilized cats. The
inventors have recognized and appreciated that combining bias preserving CNOT gates, ZZ(0)
gates and syndrome measurements provides the basis for a fault-tolerant architecture for large-
scale quantum computation with ultrahigh thresholds and drastically reduced overhead
requirements. Such an architecture, which exploits the bias in the noise channel of stabilized cat

qubits, does not have any equivalent in conventional systems based on physical qubits.

[0050] FIG. 1 illustrates a QIP system according to some embodiments. The QIP system 100
includes at least a data qubit 110 and an ancilla qubit 120. Some embodiments further include a
microwave field source 150 and/or a measurement device 125. The measurement device 125

may include a read-out cavity 130 and a cavity state detector 140. Though not illustrated as
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such, the microwave field source 150 may be considered to be part of the measurement device
125 as microwave fields emitted by the microwave field source 150 play a role in the

measurement.

[0051] The data qubit 110 may be any physical or logical qubit capable of being coupled to the
ancilla qubit 120. In some embodiments, the data qubit 110 may include a superconducting
circuit component. For example, the data qubit 110 may include at least one Josephson junction.
In some embodiments, the data qubit 110 may include a transmon. In some embodiments, the
data qubit 110 may include a superconducting nonlinear asymmetric inductor element (SNAIL),
which is an example of a superconducting circuit component that includes multiple Josephson
Junctions. In other embodiments, the data qubit 110 may include an oscillator. An example of a
linear oscillator that may be used includes the electromagnetic field, e.g., microwave radiation,
supported by a cavity. A cavity may include a three-dimensional (3D) cavity or a planar
transmission line cavity. In some embodiments, the cavity may be driven to include a specific
type of quantum state. For example, as described in more detail below, the cavity may be driven
to include a cat state or a GKP state. In some embodiments, a superconducting circuit

component may be coupled to a cavity to form a Kerr-nonlinear cavity.

[0052] The ancilla qubit 120 may be any physical or logical qubit capable of being coupled to
the data qubit 110. In some embodiments, the ancilla qubit 120 may include a superconducting
circuit component. For example, the ancilla qubit 120 may include at least one Josephson
junction. In some embodiments, the ancilla qubit 120 may include a transmon. In some
embodiments, the ancilla qubit 120 may include a SNAIL. In other embodiments, the ancilla
qubit 120 may include an oscillator. An example of a linear oscillator that may be used includes
the electromagnetic field, e.g., microwave radiation, supported by a cavity. A cavity may include
a three-dimensional cavity or a planar transmission line cavity. In some embodiments, the cavity
may be driven to include a specific type of quantum state. For example, as described in more
detail below, the cavity may be driven to include a cat state or a GKP state. In some
embodiments, a superconducting circuit component may be coupled to a cavity to form a Kerr-

nonlinear cavity.

[0053] The ancilla qubit 120 may be used by the measurement device 125 to measure one or
more properties of the data qubit 110. For example, an interaction between the data qubit 110
and the ancilla qubit 120 may be engineered such that the state of the ancilla qubit 120 is based

on a particular property of the data qubit 110. In some embodiments, the measurement of the
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data qubit 110 is a quantum nondemolition measurement, meaning the state of the data qubit 110
is left unaffected by the measurement process. In some embodiments, the quantum
nondemolition measurement may be performed by using the measurement device 125 to
measure the state of the ancilla qubit 120, after the data qubit 110 and the ancilla qubit 120
interact, to determine a property of the ancilla qubit 120. In some embodiments, the interaction
between the data qubit 110 and the ancilla qubit 120 may be turned on by driving the data qubit
110 and/or the ancilla qubit 120 with one or more microwave fields using the microwave field

source 150.

[0054] The read-out cavity 130 is a cavity coupled to the ancilla qubit 120 and configured to
support multiple clectromagnetic radiation, e.g., microwave radiation, states based on a property
of the ancilla qubit 120. In some embodiments, an interaction between the read-out cavity 130
and the ancilla qubit 120 is engineered such that the state of the read-out cavity 130 is dependent
on a particular property of the ancilla qubit 120, which itself may be based on a property of the
data qubit 110. For example, if a property of the ancilla qubit 120 is a first value, then the
interaction results in the read-out cavity 130 being in a first state; and if the property of the
ancilla qubit 120 is a second value, then the interaction results in the read-out cavity being in a
second state. In some embodiments, the two states of the read-out cavity 130 may be two
different quasi-orthogonal coherent states. In other words, the read-out cavity 130 may be
displaced in different ways depending on the value of the property of the ancilla qubit 120. In
some embodiments, this process may be performed using what is referred to herein as a “Q-
switch,” which uses a frequency conversion technique to conditionally displace the read-out
cavity 130 based on the property of the ancilla qubit 130. In some embodiments, the interaction
between the read-out cavity 130 and the ancilla qubit 120 may be turned on by driving the read-
out cavity 130 and/or the ancilla qubit 120 with one or more microwave fields using the

microwave field source 150.

[0055] The cavity state detector 140 may be, for example a microwave radiation detector
capable of distinguishing between the possible states of the read-out cavity 130 that result from
the interaction between the read-out cavity 130 and the ancilla qubit 120. In some embodiments,
the cavity state detector may be a phase-sensitive detector that is capable of measuring not only
amplitude, but phase of the electromagnetic field of the read-out cavity 130. For example, the
cavity state detector 140 may be a homodyne detector or a heterodyne detector. The result of the

detection, in some embodiments, is directly related to the error syndrome.

11
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[0056] In some embodiments, the ancilla qubit 130 includes a cavity, the state of which may be
measured directly using a homodyne detector. However, if the cavity of the ancilla qubit 130 is a
high-Q cavity, the homodyne detection would be slow. Accordingly, the read-out cavity may be

a low-Q cavity that may be readout quickly.

[0057] FIG. 2 is a diagram of a particular embodiment of a joint system 200 that includes an
example of the data qubit 110 and an example of the ancilla qubit 120, according to some
embodiments. The data qubit 110 includes a data cavity 210 and a data superconducting circuit
212. The ancilla qubit 120 includes an ancilla cavity 220 and an ancilla superconducting circuit
222. The two cavities are coupled together with via an interface 230, which may include, for

example, a microwave waveguide and/or a pin connector.

[0058] The data cavity 210 may be a three-dimensional cavity and includes at least one
microwave port 214 for receiving microwave fields 216 from the microwave field source 150.
The ancilla cavity 220 may be a three-dimensional cavity that includes at least one microwave
port 224 for receiving microwave fields 226 from the microwave field source 150. In some
embodiments, the microwave ports may include pin connectors and/or microwave waveguides.
While FIG. 2 illustrates only a single port for each cavity, each cavity may include more than
one port for receiving and/or transmitting microwave fields. For example, not shown in FIG. 2 is

a port for coupling the ancilla cavity 220 to the read-out cavity 130.

[0059] In some embodiments, the data superconducting circuit element 212 and the ancilla
superconducting circuit element 222 may include a nonlinear circuit element. For example, the
superconducting circuit elements may be a transmon or a SNAIL. FIG. 3 illustrates an example
of a superconducting circuit element 300 that may be used as the data superconducting circuit
element 212 and/or the ancilla superconducting circuit element 222. The superconducting circuit
element 300 includes a transmon 301 that consists of a single Josephson junction and an antenna
that includes a first antenna portion 303 and a second antenna portion 305. The two antenna
portions together form a dipole antenna through which the transmon 301 is coupled to the three-

dimensional cavity in which the superconducting circuit element 300 is located.

[0060] FIG. 4 illustrates an example of a superconducting circuit element 400 that may be used
as the data superconducting circuit element 212 and/or the ancilla superconducting circuit
element 222. The superconducting circuit element 400 includes a SNAIL 401 that consists of a

single Josephson junction and an antenna that includes a first antenna portion 403 and a second

12
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antenna portion 405. The two antenna portions together form a dipole antenna through which the
SNAIL 401 is coupled to the three-dimensional cavity in which the superconducting circuit

element 400 is located.

[0061] The SNAIL 401 is a nonlinear superconducting circuit element that has additional

tenability relative to a transmon. FIG. 5 is a schematic diagram of a SNAIL 500, according to
some embodiments. The SNAIL 500 includes a superconducting ring 501 with two nodes 511
and 512. There are two path along two different portions of the superconducting ring 501 that

connect the first node 511 and the second node 512.

[0062] The first ring portion includes multiple Josephson junctions 505-507 connected in series.
In some embodiments, there are no other circuit elements between one Josephson junction and
the next Josephson junction. For example, a Josephson junction is a dipole circuit element (i.e.,
it has two nodes). A first node of a first Josephson junction 505 is directly connected to the first
node 511 of the SNAIL, which may lead to some other external circuit element (not shown). A
second node of the first Josephson junction 505 is directly connected to a first node of a second
Josephson junction 506. A second node of the second Josephson junction 506 is directly
connected to a first node of a third Josephson junction 507. A second node of the third
Josephson junction 507 is directly connected to a second node 512 of the SNAIL, which may

lead to some other external circuit element (not shown), such as a portion of an antenna.

[0063] While FIG. 5 illustrates the first ring portion including three Josephson junctions, any
suitable number of Josephson junctions greater than one may be used. For example, three, four,
five, six, or seven Josephson junctions may be used. Three Josephson junctions are selected for
the example shown because three Josephson junctions is the lowest number of Josephson
junctions (other than zero or one) that can be formed using a Dolan bridge process of

manufacturing, which may be used in some embodiments.

[0064] In some embodiments, Josephson junctions 505-507 are formed to be identical. For
example, the tunneling energies, the critical current, and the size of the Josephson junctions 505-

507 are all the same.

[0065] The second ring portion of the SNAIL 500 includes a single Josephson junction 508. In
some embodiments, there are no other circuit elements in the second ring portion. A first node of
a single Josephson junction 508 is directly connected to the first node 511 of the SNAIL, which

may lead to some other external circuit element (not shown), such as a portion of an antenna. A

13
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second node of the single Josephson junction 508 is directly connected to the second node 512
of the SNAIL, which may lead to some other external circuit element (not shown), such as a

portion of an antenna.

[0066] The single Josephson junction 508 has a smaller tunneling energy than each of Josephson
junctions 505-507. For this reason, the single Josephson junction 508 may be referred to as a
“small” Josephson junction and Josephson junctions 505-507 may be referred to as “large”
Josephson junctions. The terms “large” and “small” are relative terms that are merely used to
label the relative size of Josephson junction 508 as compared to Josephson junctions 505-507.
The Josephson energy and the Josephson junction size are larger in the large Josephson junction
than in the small Josephson junction. The parameter « is introduced to represent the ratio of the
small Josephson energy to the large Josephson energy. Thus, the Josephson energy of the large

Josephson junctions 505-507 is E; and the Josephson energy of the small Josephson junction 508

is aEy, where 0 > a < 1.

[0067] The right side of FIG. 5 illustrates the circuit element symbol for the SNAIL 500, which
is used in the superconducting circuit element 400 of FIG. 4. The parameters that characterize
the SNAIL 500 are the Josephson energy E; and the superconducting phase difference, ¢ , of the
small Josephson junction 508. Of note is the fact that the SNAIL 500 has only two nodes 511

and 512, which may be connected to respective portions of an antenna.

[0068] While two separate 3D cavities, one for the data qubit 110 and one for the ancilla qubit
120, is illustrated in FIG. 2, other cavity arrangements may be used. In some embodiments, a the
data superconducting circuit element 212 and the ancilla superconducting circuit element 222
may be located within a single, shared 3D cavity. In other embodiments, the data
superconducting circuit element 212 and the ancilla superconducting circuit element 222 may be

coupled to a respective two-dimensional (2D) transmission line cavity.

[0069] In either the embodiments using a transmon, as illustrated in FIG. 3, or a SNAIL, as
illustrated in FIG. 4, the superconducting circuit element coupled to a cavity forms a Kerr-
nonlinear oscillator, which may be used as the data qubit and/or the ancilla qubit. In some
embodiments, a two-photon pump, received from the microwave field generator 150, may be

used to create a two-component cat state:

lcF) = MFUBY £ 1 = BY),
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where J\fﬁ,ir =1/ }2(1 +e2B |2), and f3 is the complex amplitude associated with the coherent

state |} associated with the cat state. The cat state |C’[;r ) and the cat state |C'ﬁ_ ) are degenerate
and orthogonal eigenstates of the Kerr-nonlinear oscillator being pumped by the two-photon
driving field. A Bloch sphere may be formed using these cat states, the orientation of the Bloch
sphere being arbitrary with respect to the cat state basis states. FIG. 6 illustrates the Bloch
sphere 600 used in this application. The basis of the logical qubit formed using these cat states is

such that the +Z and —Z axis of the Bloch sphere 600 corresponds to the superposition states

|C’ E ) + |C’ 5 )\/Z respectively, which closely approximate the coherent states |+f) for large
values of f; the +X and - X axis of the Bloch sphere 600 corresponds to the cat state |C’[;r ) and
the cat state |C§ ), respectively; and the +Y and —Y axis of the Bloch sphere 600 corresponds to

the superposition states |C’E ) + i|C’ﬁ_ )\/z respectively. FIG. 6 also illustrates a simplified phase
space diagram of each of the states associated with the axes of the Bloch sphere 600.

[0070] Cat states of the type described above have the property that natural couplings cause only
rotations around the Z axis of the Bloch sphere 600 because the pump used to create the cat
states creates a large energy barrier that prevents phase rotations (i.e., rotations from the
coherent state |[+f) to |—f) and vice versa). Thus, using the Bloch sphere 600, a noise channel
associated with photon loss corresponds to phase flip errors, which dominate the error channel
for logical qubits in some embodiments, whereas bit flip errors are suppressed to create the
asymmetric error channel, according to some embodiments. The phase-flip errors increase, e.g.,
linearly, with the size of the cat states, as determined by |f|?, or equivalently the strength of the
microwave field used to pump the cat states. On the other hand, the bit-flip errors and the
amplitude damping errors are exponentially suppressed based on the size of the cat state |3]?, or
equivalently the strength of the microwave field used to pump the cat states. Thus, in some
embodiments, when the pumped cat state of the Kerr-nonlinear cavity is used as the physical
implementation of the ancilla qubit, fault-tolerant syndrome measurements may be performed.
[0071] Some embodiments extract an error syndrome based on conditional rotation of a cat state
around the Z axis. This may be accomplished, in some examples, using only low-weight local
interactions. In some embodiments, this fault-tolerant technique may be used with a variety of
error correcting codes, such as stabilizer codes. Examples of stabilizer codes include, but are not
limited to toric codes, bosonic cat codes, and GKP codes. Some embodiments may use non-
stabilizer based error correcting codes, such as non-additive quantum codes. Additionally, some
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embodiments may use the asymmetric error channel of the ancilla qubit to perform fault-tolerant
quantum gates.

[0072] In some embodiments, the interactions between a data qubit and an ancilla qubit are
realized using the inherent nonlinearity of the ancilla qubit implemented using a cat state in a
Kerr-nonlinear cavity. As such, some embodiments require no additional coupling elements.
Thus, by exploiting the techniques described herein, hardware-efficient quantum information
processing schemes can be realized.

[0073] Error Syndrome Detection

[0074] In some embodiments, a Kerr-nonlinear oscillator implemented, for example, using the
hardware described above, may be driven by a two-photon drive with a frequency equal to twice
a resonance frequency of the oscillator. When driven by such a microwave field, the oscillator is
referred to as a pumped-cat oscillator (PCO) and the Hamiltonian in the rotating wave
approximation is:

Hpeo = —Kat?a? + P(a'? + a?),
where @fand @ are the photon creation and annihilation operators of the PCO, K is the strength

of the Kerr nonlinearity, and P is the strength of the two-photon drive field. Rewriting the PCO

g . P .
Hamiltonian in terms of the coherent state amplitude, f = \/;, results in:

Hpco = —K(a'? — p?)(a@* — B + KB*.
[0075] The coherent states |+5) and, equivalently, the cat states |C’ [}t ) are each degenerate
eigenstates of this Hamiltonian with an eigenenergy Kf* = P? /K. For simplicity, it will be
assumed that the drive field strength (P) will be real and positive, resulting in 8 also being real.

The coherent states |+/3) are quasi-orthogonal ({#]—8) = exp(—22)) and the cat states |C'[;*r )
are exactly orthogonal. The cat states |C’ﬁi ) are also the £1 eigenstates of the photon number

parity operator, P = exp(ir@fa). Since the PCO Hamiltonian commutes with photon number
parity operator, the eigenstates of the Hamiltonian are also eigenstates of the parity operator. As
a result, the eigenspace 700 of the PCO Hamiltonian, shown in Fig. 7A, can be divided into the
even parity subspace 701 and odd parity subspace 702 denoted by the superscripts +,
respectively. The cat subspace of the eigenspace 700 is denoted by C and is separated from the

rest of the states of the eigenspace 700 by an energy gap wgqp x 4K B2.
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[0076] In the rotating frame, the PCO Hamiltonian is described by quasi-energy eigenstates
which exhibit negative energies. When a displacement transformation D(+f) = exp(+f at ¥
B@) is applied to the PCO Hamiltonian, the displaced Hamiltonian, ', becomes:

A =D+ HpcoDT(+B) = —4Kp?ata — kat?a? ¥ 2kp(a*?a + h.c.),

P o At A A . .
where, because f = \/;, the terms with a¥, @, at?, and @2 vanish. A constant term E = P2 /K

representing an energy shift is also dropped. The vacuum state |0) is an eigenstate of A’ and
therefore, in the original frame, the coherent states |£f8) or equivalently there superpositions

|C’ ﬁi ) are degenerate eigenstates of the original PCO Hamiltonian. In the limit of large S (i.e.,
large pump values), 82 > f8, resulting in A’ being well approximated by A’ = —4Kp%ata,
which is the Hamiltonian of an inverted harmonic oscillator. The first excited state of H’ is the
Fock state In = 1), with an energy 4K 8 below the vacuum state |0). Therefore, the displaced
Fock states D(+)|n = 1) are the two degenerate excited states in the original undisplaced
frame. Since the eigenstates of the PCO Hamiltonian are also the eigenstates of the parity
operator, it may be convenient to express the excited states as the two orthogonal states |l/)$1) =
Nj: L[D(B) F D(\B)]|n = 1), which are even and odd parity states, respectively, where Nj: ) are
normalization constants. The energy gap between the cat-subspace and |1/);—:1) is therefore

Wgap X 4K B2,

[0077] FIG. 7B illustrates the potential of the PCO in the limit of large parametric drive,
according to some embodiments. When the drive microwave field is large (e.g., large 3, or
equivalently, large P), the PCO behaves like two harmonic oscillators displaced by & 8. The
tunneling between the two harmonic oscillators is suppressed exponentially as a function of 8
because the tunnel splitting can by approximated by the overlap (n|DT(—ﬁ)D(ﬁ) |n) =
f(B2)e 2P, where f(B2) is a polynomial function of 2. Thus, the eigenspectrum of the PCO
Hamiltonian reduces to superpositions of pairs of degenerate displaced Fock states, [D(B) +
D(—=pB)]|n). For a fixed value of B, this approximation becomes less valid for higher values of n
and breaks down near n~f2. When the drive is zero (8 = P = 0), the Hamiltonian becomes that
of an undriven nonlinear oscillator with Fock states [n = 0) and |n = 1) being degenerate and
the next two excited states, |[n = 2) and |n = 3) being non-degenerate. In such a situation, wgqp
becomes equal to the gap between the Fock states [n = 0) and |n = 2), which is equal to 2K.

This eigenspectrum is described in the frame which is rotating at the frequency of the oscillator,
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Wpco, Which implies that the energy gap in the laboratory frame is wWpco — Wyqp- External drives
(e.g., microwave fields) or perturbations at this frequency can therefore cause transition between
|C’[:,—r ) and excited states.

[0078] In some embodiments, the PCO interacts with the data qubit, represented by the system
M, in such a way that the interaction Hamiltonian in the rotating frame is:

H = Y xi(OM;@" + a).
[0079] To understand the effect of this interaction/coupling on the PCO, it is noted that the cat

states undergo bit-flips under the action of the photon annihilation operator, c”l|Cﬁi ) =

ﬁpi1|cﬁ? ). where p = Ng" /Ny . Because N[;—' =1/ /2(1 + e~2l81”), for large B,p — 1. While

the annihilation operator, &, transforms a state within the cat subspace, C, to another state within
C, the photon creation operation, @, may take the PCO out of the cat subspace. But for small
couplings y(t)(M;), these spurious out-of-subspace excitations are suppressed due to the energy
gap between the cat subspace and the other states of the eigenspectrum. In this restricted
subspace, af |Cﬁi ) = pBp*t |C’ﬁ; ) Thus, the interaction Hamiltonian can be approximated as:

B, = 285, % 1/ (OM,,
where x;(t) = x;(O)(p +p™*)/2 ~x;(t) and T; = |Cz {Cz| + |C; ) (C7 | is the Pauli operator
in the cat subspace. Thus, the interaction Hamiltonian is an entangling interaction that is
identical to the interaction Hamiltonian, V7, described above in the example stabilizer
measurement technique and therefore leads to the unitary evolution equivalent to the unitary
operator U(t), above. Thus, the couplings y;(t) and interaction time can be selected such that

the evolution of the system after time t = T is given by:

urm = 1, 1—_5??;
2 2
[0080] Based on the above, the ancilla cat state of the PCO undergoes a bit-flip conditioned on
the stabilizer being § = +1 or § = —1. The error syndrome can be extracted, in some
embodiments, by measuring the state of the PCO at time 7.
[0081] In some embodiments, an alternative coupling of the form ¥; x; (£)(L; @ + Lta"), where

Lt + L; = M;, may be used. For example, such a coupling may be used to extract the error

syndrome when using the GKP code.

18



WO 2020/068237 PCT/US2019/039945

[0082] FIG. 8 is a quantum circuit diagram of error syndrome detection 800, according to some
embodiments. The three horizontal lines represents a read-out cavity 801, an ancilla qubit 802
and a data qubit 803. Time increases from left to right such that operations that occur on the left
of the drawing are performed before operations illustrated on the right of the drawing. The read-
out cavity 801 is initialized in the vacuum state |0}, the ancilla qubit 802 is initialized in the even

number cat state, |C E ), and the data qubit 803 is in whatever state |1p),) the data qubit is in based

on other operations that may be performed on the data qubit 803 prior to the error syndrome
detection 800. In some embodiments, the ancilla qubit 802 includes a PCO, as described above.
[0083] The first act of the error syndrome detection 800 is to map the error syndrome on the
state of the PCO. This is referred to as the syndrome measurement 810. For example, the ancilla

qubit 802 may remain in the cat state |CE ) or be transformed to the cat state |C’ﬁ_ ) based on at

least one property of the data qubit 803. In some embodiments, the syndrome measurement may
be implemented using a control-Z rotation 8§11, where the state of the PCO is conditionally
rotated around the Z-axis of the block sphere based on the state of the data qubit 803. In some
embodiments, the syndrome measurement 810 does not change the state of the data qubit 803.
As such, the syndrome measurement 8§10 may be a quantum non-demolition measurement.
[0084] After performing the syndrome measurement 810, the error syndrome detection 800
includes a readout operation 820. The readout operation 820 determines the state of the ancilla
qubit 802, e.g., by determining the ancilla qubit 802 is in the cat state |C’[§r ) or the cat state |C[§ )
In some embodiments, the read-out of the ancilla qubit 802 may include mapping the state of the
ancilla qubit 802 onto the read-out cavity 801. In some embodiments, the read-out operation 820
may include two separate operations. The first operation may be a rotation operation 821 on the

ancilla qubit 802. For example, the rotation operation 821 may rotate the cat states |C’ E) to the

approximate coherent states |+£). The second operation of the read-out operation 820 includes
the “Q-Switch” operation 823 in which a single-photon exchange coupling between the PCO
and the read-out cavity 801 is turned on by applying appropriate microwave fields from the
microwave field generator 150. The result of the Q-Switch operation 823 is that the read-out
cavity 801 is conditionally displaced based on the state of the PCO. Finally, after the read-out
operation 820 is complete, the read-out cavity 801 is measured using, for example a homodyne

detection scheme, thereby yielding the error syndrome.

[0085] Error Channel Due to Single Photon Loss
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[0086] The error channel (sometimes referred to as the noise channel) of a PCO is dominated by
single-photon loss in the oscillator, which arises from the single-photon exchange coupling with
a bath. As discussed above, if the coupling to the bath is smaller than the energy gap between
the cat state subspace C and the other states of the eigenspectrum, then the dynamics of the PCO
is confined to the cat state subspace. In this restricted subspace, with the assumption that there
are no thermal excitations in the bath, i.e., the PCO can only lose photons but not gain photons,
the single-photon exchange coupling with the bath results in phase-flip errors dominating over
bit-flip errors, which are exponentially small with respect to the strength of the pump field, S.
The bath lifts the two-fold degeneracy of the cat state subspace C by an amount exponentially

small in the size of 2. This is because the number of photons in the odd cat state |(;’ 5 ), given by

(C’E |d1'd|€g{) = B?p?, and the number of photons in the even cat state |C’ﬁ+>, given by
2
(C’/; |d*d|€§ ) = %, differ by an exponentially small amount. It is more likely for a photon to be

lost to the environment from |C n ) than from |C E ) This asymmetry lifts the degeneracy between
the two cat stats. However, since the difference in the photon numbers decreases exponentially
with £, the states cat states |C’ ﬁi) are almost degenerate even for moderately sized pump strength,
such as f~2, for which exp(—2$?) =3.3x 107*

[0087] The preservation of the degenerate cat subspace in some embodiments makes the PCO
an good candidate for a meter for use in syndrome detection because coupling with the bath
commutes with the interaction Hamiltonian and does not cause backaction on the data qubit, M.
Single photon loss to the bath may, however, induce random flips between the two cat states

|C’ ﬁi), which reduces the accuracy of the measurement of the ancilla qubit. Nevertheless, since
the backaction is exponentially suppressed, the accuracy may be recovered by repeating the
measurement multiple times. Thus, in some embodiments, the measurement of the ancilla qubit

is performed multiple times and a majority vote is used to determine the error syndrome.

[0088] Other Noise Sources

[0089] In some embodiments, there are other sources of noise, such as photon gain, pure-
dephasing, two-photon loss. Single-photon gain and pure dephasing may result in leakage out of
the cat state subspace. But leakage can suppressed by ensuring the spectral densities of these
noise sources are narrower than the energy gap between the cat state subspace and the other
states of the eigenspectrum. Accordingly, some embodiments are engineered such that the PCO

has single-photon gain and pure dephasing spectral densities less than the energy gap. In such
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embodiments, irrespective of the underlying cause of noise, the PCO’s error channel is
dominated by phase-flip errors, while bit-flip errors are exponentially suppressed.

[0090] Further, in some embodiments, it is possible that spurious excitations or sudden non-
perturbative effects overcome the energy barrier and cause excitations to the states outside of the
cat state subspace. Remarkably, fault-tolerance of the syndrome measurements is still preserved
under these errors.

[0091] In the example of single-photon gain, the action of @1 on a cat state that is part of the cat
state subspace C causes both leakage out of the cat state subspace and a phase-flip error. As
discussed above, in the limit of large f3, the first excited states |l/)eil> are approximately equal to
the displaced single photon Fock states (see, e.g., FIG. 7B). Under this approximation,

at |C’ ﬁi)~/3’ |C’ﬁ; ) + |1,beil) and a single-photon gain excites the first excited subspace. In the first

excited subspace (&7 + @) = Zﬁ?\;e’l, where ?’;e'l = [pZ Noi| + |wai)Xwis| Because the
two states |1/)ei,1) of the first excited subspace are approximately degenerate, the term (at + @)
can cause transitions between these two states, but cannot cause transitions out of the first
excited subspace. Recall from above that the coupling between the PCO and the data qubit is
proportional to M;(at + &) and, in the cat state subspace, C, (a1 + &) = 285,. Thus, the excited
states form another two-level ancilla with the same coupling to the data qubit as the ancilla in
the cat state subspace. As a result, the data qubit does not gain any information about whether
the PCO was in cat subspace or not (e.g., in the first excited subspace). Equivalently, the data
qubit is transparent to leakage errors in the PCO. If the PCO is experiences n photon-gain
events, then the PCO is excited to |1/)ein> As long as the n** excited subspace is two-fold

degenerate, it will behave as a two-level ancilla with the same coupling to the data qubit

(@t +a) = Z,BEIAVZe'n). This approximation becomes less valid for highly excited states (e.g.,
large n). Thus, it may be beneficial to reduce such excitations by dissipative processes such as
single- or two-photon loss. This is because photon-loss events transfer the population from the

" excited subspace to the (n — 1)" excited subspace. In sum, the backaction due to out-of-

nt
subspace excitations in the PCO depends on the existence of pairs of degenerate eigenstates in
the spectrum of the PCO. Since the difference in the energies of the pair of eigenstates |l/):.—:n)

decreases exponentially with the size of the magnitude of the cat state, 3, the backaction also

decreases in the same manner.
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[0092] In the example of pure-dephasing errors, the jump operator a'@ causes leakage. In the
limit of large f3, (lp;—'|&+ﬁ|6’ﬁi ) ~ [. Using arguments similar to those above described in
connection with single-photon gain, it can be seent hat the data qubit remains transparent to
excitation in the states that are not part of the cat state subspace C and backaction due to leakage

errors is suppressed.

[0093] Example Stabilizer Measurements: Toric Codes

[0094] In some embodiments, an n-qubit &, stabilizer is used in connection with a toric code,
which is an example of a topological quantum error correcting code. In some embodiments,
two-dimensional toric codes may be used. A four-qubit stabilizer, S, = Gy1 072 643 0,4, may be
measured using, e.g., a direct, eigenspace-preserving measurement. The Hilbert space of the
stabilizer S, may be classified into an even eigenspace, £, and an odd eigenspace, O. In some
embodiments, an eight-fold degenerate even (odd) subspace comprises the states which are +1
(—1) cigenstates of S,. The even eigenspace, &, and an odd eigenspace, 0, may be defined as the
code and error subspace, respectively, such that a measurement of S, yields —1 or +1 based on
whether there was an error or not. Thus, the measurement indicates the error syndrome.
[0095] In some embodiments, direct measurement of the stabilizer S , would require a five-body
interaction between the data qubits and an ancilla qubit, which is challenging to realize
experimentally. Instead, some embodiments perform a syndrome measurement using only two-
body interactions. This may be accomplished by replacing M; with 8, ; in the interaction
Hamiltonian described above. The resulting interaction Hamiltonian is:

H = x®S$;@" +a),
where S}, = 0,1 + 0,2 + 6,3 + 6,4, Which has the form of a longitudinal qubit-oscillator
coupling. For simplicity, all the interaction strengths are assumed to be equal, though it is not
required for them to be equal. As long as the interaction strengths are known, the duration of
interaction with each qubit can be adjusted to perform the syndrome measurement. An alternate
approach is to keep the duration of interaction fixed, but use a pair of bit-flip driving field pulses
for each qubit appropriately separated in time.
[0096] Following the analysis of the example stabilizer measurement technique described

above, the unitary operator corresponding to this interaction Hamiltonian is:

U(t) = isin{2B S} ft)(("[)dt}?z + cos{2B S, ft)((r)dr}.
0 0
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[0097] In some embodiments, the error syndrome may be extracted by first initializing the PCO
to the cat state |C’ E ) Then, in embodiments where the interaction strength is the same for all
qubits, the system is evolved for an interaction time T, such that [ OT “x(Ddt = g B. More
generally, for embodiments where the interaction strengths are different for each qubit, then the
interaction time duration for the i-th qubit is T; ,, where fOT ¥ yi(Ddt = % B for each qubit. At

the end of the interaction time duration, the unitary operator reduces to:

_ ins, [(1+ S 1-5,\
o= [(555): ()

[0098] In this expression for the unitary operator after the interaction time duration, the

exponential term at the beginning is a local phase rotation of the qubits. In some embodiments,
the local phase rotation may be kept track of in classical software while performing subsequent
operations on the qubits and accounted for later. In other embodiments, local 6,-gate may be
applied to the qubit during or after syndrome measurement to compensate for these phase

rotations. The state of the PCO after time T,, in some embodiments, is therefore |€ E ) or |C’ l; ) if

the qubits started in the code S, = +1 or the code S, = —1, respectively.

[0099] In some embodiments, a time-dependent qubit-oscillator interaction is implemented by
switching on and then turning off a coupling between the qubit and the oscillator. In some
embodiments, the four qubits are initialized in a maximally entangled state |1, ) in the odd

eigenspace, O0:

1
hbo) = ﬁ Z 6-x,i + Z 6x,ié:x,jﬁx,k |0'0r0'0>'
i

i,k
[00100] In some embodiments, the PCO is initialized to the even number cat state |C’E )
[00101] FIGS. 9A and 9B are plots of the dynamics of the PCO and the qubits during a

stabilizer measurement for the rate of single-photon loss, k = 0 (solid lines) and k = K /200,
(dotted lines), for the values P = 4K (which is equivalent to § = 2), y = g Xo sin(:—zt), Xo =
K/20,and T, = /(8yof). FIG. 9A is a plot 900 illustrating the probability 901 for the PCO to
be in the state |C’ 5 ) and the probability 903 for the qubits to be in the state |, ) as a function of
time when the PCO is initialized in the state |C’ gf ) and the qubits are initialized in the odd parity

state |y, ). After the interaction time duration 7, in the situation with no photon loss (solid
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lines), the probability that the qubits, represented by the density matrix g, are in the maximally
entangled odd parity state is (¥, |94[1,) = 0.9999~1 and the probability that the PCO,
represented by the density matrix Ppco is in the odd cat state is (Cg |Ppco |C’§ ) = 0.9999~1.
When the photon loss is introduced (dotted lines), the probability of the PCO being in the odd
cat state after the interaction time duration Ty, is reduced to (Cg |Ppco |C’§ ) = 0.93 due to loss
loss-induced bit-flips between the even cat state and the odd cat state. The probability of the
qubits being in the odd parity state after the interaction time duration T, is unchanged relative to
without photon loss: (), |fg1,) = 0.9999~1. If the photon loss is increased to k = K /10, the
probability of the PCO being in the odd cat state after the interaction time duration 7, is reduced
to (Cg |Prco |CE ) = 0.52. Thus, the fidelity of mapping the syndrome onto the ancilla qubit is
reduced to 52%, which is approaching the 50% point where majority voting fails, but the
backaction on the data qubits remains suppressed.

[00102] FIG. 9B is a plot 910 illustrating the probability 911 for the PCO to be in the state

|C’E ) and the probability 913 for the qubits to be in the state |, ) as a function of time when the

PCO is initialized in the state |C’ﬁ+ ) and the qubits are initialized in the even parity state [, ),

where:
[Pe) ! Z” Gpit 1+ 8y18,20,38 |0,0,0,0)
el = = Oyx,i Ox,j O0x,1 0x,2 Ox,3 Ox,4 ,U,U,U).
B\ £
[00103] After the interaction time duration T, in the situation with no photon loss (solid

lines), the probability that the qubits, represented by the density matrix p, are in the even parity
state is (Y, | ﬁq [e) = 0.9999~1 and the probability that the PCO, represented by the density
matrix Ppco is in the odd cat state is (CE |Prco |C§') = 0.9999~1. Thus, the data qubits are
transparent to the errors in the PCO. The single-photon loss in the PCO reduces the fidelity of
the syndrome extraction, but this can be recovered by repeating the protocol many times and
taking a majority vote. For example, with k = K /200, the fidelity of the controlled-Z rotation
reduces to 93% (dotted line) but by repeating the procedure 5 times the probability of correctly
mapping the syndrome to the PCO increases to 99.7%. As seen from the dotted line associated
with plot 913. the state of the data qubit after the interaction time duration is unaffected by the

photon loss.
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[00104] In order to highlight the fault-tolerance of the measurements using a PCO, the
case in which the measurement is carried out with a conventional two-level physical qubit with
the same relaxation rate y = K/200. With the conventional physical qubit the probability for

the data qubits to remain in the original state decreases significantly to (¥, |Pq|P.) =.992 (and
when y = K /10, (. |p,19e) = 0.867) and (P, |, 1¥,) =.990 (and when y = K /10,

(1,[},, | Pqlpo) = 0.82 7). In other words, one would have to repeat the measurement with the PCO
over 100 times before the data qubits get corrupted as much as with just a single measurement
with a conventional physical qubit. This clearly demonstrates the exponential suppression of
backaction when the measurement is carried out using the PCO as an ancilla qubit.

[00105] When the photon loss is introduced (dotted lines), the probability of the PCO
being in the odd cat state after the interaction time duration 7, is reduced to (Cz |Ppco |C[,T ) =
0.93 due to loss loss-induced bit-flips between the even cat state and the odd cat state. The
probability of the qubits being in the odd parity state after the interaction time duration T, is
unchanged relative to without photon loss:(, |94 [¥,) = 0.9999~1. If the photon loss is
increased to k = K /10, the probability of the PCO being in the odd cat state after the interaction
time duration T7, is reduced to (Cg |Ppco |C[,T ) = 0.52. Thus, the fidelity of mapping the
syndrome onto the ancilla qubit is reduced to 52%, which is approaching the 50% point where
majority voting fails, but the backaction on the data qubits remains suppressed.

[00106] Example Stabilizer Measurements: Cat Codes

[00107] In some embodiments, a cat code stabilizer, which is a type of bosonic error
correcting code where the information is encoded in superpositions of coherent states, is used.
The stabilizer for the cat code is the photon-number parity operator P = esimisfd}, where d;r and
a, are the photon creation and annihilation operators for a data qubit (sometimes referred to here
as a storage qubit or storage cat or storage oscillator). When measured, the photon-number parity
operator indicates whether a state of the data qubit has an even or an odd number of photons.

[00108] In some embodiments, the two-fold degenerate code subspace is defined by the

cat states with even photon numbers: |C’ E ) and |C' :l-?)’ which are eigenstates of P with eigenvalue
+1. The error subspace is defined by the cat states with odd photon numbers: |C[; ) and |€i_ﬁ),

which are eigenstates of P with eigenvalue —1.
[00109] In some embodiments for performing cat syndrome measurements, a storage

oscillator, which encodes the cat codeword, is dispersively coupled to an ancilla qubit. The
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dispersive coupling between the storage oscillator and the ancilla qubit may be used to map the
parity of the storage cat, which is a property of the data qubit, onto the ancilla qubit. However, a
random relaxation of the ancilla during the measurement induces a random phase rotation of the
cat codeword, making this scheme non-fault tolerant. The inventors have recognized and
appreciated that a fault-tolerant syndrome detection scheme can be engineered by replacing the

operator M in the interaction Hamiltonian, [;, above with the photon number operator A =
d: d,. In some embodiments, the interaction Hamiltonian of the storage oscillator and ancilla
PCO is then given by:

0, = x(vala @t + a).
[00110] This interaction is equivalent to a longitudinal interaction between the storage

oscillator and the ancilla PCO. In some embodiments, this interaction can be created in a tunable

manner.
[00111] The unitary operator corresponding to this interaction Hamiltonian is:
t t
U(t) = isin{2B ala, f x(T)dt} 5, + cos{2p ala, f x(0)dr}.
0 0
[00112] In some embodiments, the error syndrome may be extracted by first initializing

the PCO to the cat state |C' E ) Then, the interaction between the storage oscillator and the ancilla

PCO is turned on for an interaction time duration T, such that f OT Py(t)dr = % B. At the end of

the interaction time duration, Tp the unitary operator reduces to:

_ inalas [(1+ P 1-P\
o= =8 (). ()]

In this expression for the unitary operator after the interaction time duration, the exponential

term at the beginning is a deterministic rotation of the frame of reference of the storage cat. In
some embodiments, the deterministic rotation may be kept track of in classical software while
performing subsequent operations on the qubits and accounted for later. If the storage oscillator
is in the code subspace x|CE ) + y|C’i} ), then the states of the ancilla PCO and the storage
oscillator after the interaction time duration Tp are |C’ E ) and x|(;’ E ) + y|C’ l}), respectively
(ignoring the deterministic frame rotation). On the other hand, if the storage oscillator is in the
error subspace x|C’ﬁ_ ) +y |C’i_ﬁ>, then the PCO evolves to the state |Cﬁ_ ) at time Tp while the
storage cat remains in the state xlé’ﬁ_ ) + ylei;;). Accordingly, the state of the ancilla PCO

indicates the error syndrome, P. In some embodiments, the PCO only measures the parity of the
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storage cat without revealing information about the actual photon statistics as long as y is small
and the dynamics of the PCO can be restricted to the stabilized cat subspace. For finite y /K32,
there is a small probability of excitations out of the C subspace which could cause phase
diffusion in the storage cat. Partial correction of this diffusion is possible in some embodiments
by applying a counter-drive to the PCO to cancel the excitations out of the C subspace on
average such that the correction Hamiltonian A, = —y(afa,)(at + a).

[00113] In some embodiments, a time-dependent qubit-oscillator interaction is
implemented by switching on and then turning off a coupling between the storage cavity and the
ancilla PCO. In some embodiments, the storage cavity is initialized in the odd-parity state

lo) = |Cz) +i|Cig). and the ancilla PCO is initialized in the cat state |CZ ).

[00114] FIGS. 10A and 10B are plots of the dynamics of the PCO and the storage cavity
during a stabilizer measurement for the rate of single-photon loss, k = 0 (solid lines) and k =

K /200, (dotted lines), for the values P = 4K (which is equivalent to f = 2), y = g Xo sin(%),
Xo =K/15,and Tp = /(4xof). FIG. 10A is a plot 1000 illustrating the probability 1001 for
the PCO to be in the state |C 5 ) and the probability 1003 for the storage cavity to be in the state
|Y,) as a function of time when the PCO is initialized in the state |C’[;r ) and the storage cavity is
initialized in the odd parity state |, ). After the interaction time duration Tp, in the situation
with no photon loss (solid lines), the probability that the storage cavity, represented by the
density matrix p, are in the maximally entangled odd-parity state is (1, |fs|iP,) = 0.9999~1
and the probability that the PCO, represented by the density matrix Ppcq is in the odd cat state is
(Cg 1Ppco |C’E ) = (0.9999~1. When the photon loss is introduced (dotted lines), the probability
of the PCO being in the odd cat state after the interaction time duration T, is reduced to

(Cs |Ppco |C'[§ ) = 0.90 due to loss loss-induced bit-flips between the even cat state and the odd

cat state. The probability of the storage cavity being in the odd parity state after the interaction
time duration Tp is unchanged relative to without photon loss: (¥, |9s|,) = 0.9999~1.
[00115] FIG. 10B is a plot 1010 illustrating the probability 1011 for the PCO to be in the

state |CE ) and the probability 1013 for the storage cavity to be in the state |1, ) as a function of
time when the PCO is initialized in the even-parity state [f,) = |C’ E ) + i|C J&’) and the ancilla
PCO is initialized in the cat state |C’ E ) For no photon loss (x = 0), the probability of the

storage cavity at time Tp being in the even-parity state is (P, |9s|e) = 0.9999~1 and the
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probability that the PCO, is in the odd-parity state is (Cg |Ppco |C’ 5 ) = 0.9999~1. When the
photon loss is introduces (k = K /200), the probability of the ancilla PCO being in the odd-
parity state decreases to (Cg |Dpco |C’§ ) = 0.90, but the probability that the storage cavity is in
the even-parity state remains at Y, |fs|p.) = 0.9999~1.

[00116] In order to highlight the fault-tolerance of the measurements using a PCO, the
case in which the measurement is carried out with a conventional two-level physical qubit with
the same relaxation rate y = K/200. With the conventional physical , the backaction on the

storage cavity increases by approximately two-orders of magnitude.

[00117] Example Stabilizer Measurements: Gottesman-Kitaev-Preskill (GKP) Codes

[00118] In some embodiments, a GKP code, which is a type of bosonic error correcting
code designed to correct random displacement errors in phase space, is used. In some
embodiments, the codewords for the GKP code are the simultaneous +1 eigenstates of the
phase-space displacements fq = exp(Zi\/EQ) = D(iV2m) and fp = exp(—Zi\/Eﬁ) = D(V2m)
of the storage cavity, where § and P are the position and momentum operators, respectively,
defined in terms of the photon annihilation and creation operators of the storage cavity as § =
(d;r +a,)/V2 and p = i(ﬁ: — d)/V2, and D(ivV2m) and D(v2r) are displacement operators,
where D(B) = exp(Bal — B*ay).

[00119] Two ideal GKP codewords are uniform superpositions of eigenstates of the
position operator § at even and odd integer multiples of v/, respectively. These GKP states are a
sum of an infinite number of infinitely squeezed states and are unphysical (non-normalizable)
because of their unbounded number of photons. More realistic codewords that may be used in
some embodiments can be realized by replacing the infinitely squeezed state |§ = 0) with a
squeezed Gaussian state and replacing the uniform superposition over these states by an overall
envelope function, such as a Gaussian, a binomial, etc. The GKP code provides protection
against low-rate errors which can be represented as small phase space displacements of the
oscillator given by exp(—iug) and exp(—ivp). The displaced GKP states are also the
eigenstates of the stabilizers §q and fp with eigenvalues exp(i2vmu) and exp(i2vVrv),
respectively. A measurement of the stabilizers yields the eigenvalues and hence uniquely
determines the displacement errors u and v. In some embodiments, this is possible when

|ul, |v| < +/m/2, which is when the displacement error is smaller than half the translational

distance V7, between codewords.
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[00120] In some embodiments, a simple approach to measure the eigenvalues
exp(i2v/mu) and exp(i2vVrv) of fq and §p, respectively, is based on an adaptive phase-
estimation protocol (APE). In such embodiments, displacement operations are repetitively
performed on the storage cavity, the displacement operations being conditioned on the state of
the ancilla qubit. Thus, some embodiments are directed to a fault-tolerant protocol for the APE
of the stabilizers for a GKP code using a stabilized cat in a PCO.
[00121] In some embodiments, to achieve a controlled displacement for use in APE, the
storage cavity is coupled to the PCO via a tunable single photon exchange interaction (also
known as a beam splitter operation), defined by the Hamiltonian:

Hgs = Hpeo + g(Data, + g"(Daal,
where g(t) is a dynamic coupling strength between the storage cavity and the PCO. In some
embodiments, this tunable beam splitter operation may be realized using the three- or four-wave
mixing capability of the PCO and external microwave drives of appropriate frequencies received
from the microwave field generator 150. For small values of |g|, the beam splitter Hamiltonian

can be approximated as

-1

Fgs = Mpco + (p - ) (908 + g" (1) - ip (%) (902 - g"@al)3,

[00122] For large amplitude f3, the second term of the Hamiltonian Hpg becomes
negligibly small and evolution under the Hamiltonian results in a controlled displacement along
the position or momentum quadrature depending on the phase chosen for the coupling g(t). In

this limit, when the phase and amplitude of the coupling g(t) are chosen so that g(t) = g*(t) =
lg(®)| and S [ 0T1| g®)|dt = /2 , the unitary operator corresponding to the beam splitter

interaction Hamiltonian above reduces to:

=0 <_i\/§> Kl 26;>D(i\/ﬁ) + (1 ;?f)]

[00123] The above unitary operator, U, (T;). is the conditional displacement of the storage

cavity for APE of §q, according to some embodiments.

[00124] Similarly, when the phase and amplitude of the coupling g(t) are chosen so that

g@®) =ilg®|, g (t) =ilg(t)|,and B foTzlg(t)ldt = ,/m/2 , the unitary operator

corresponding to the beam splitter interaction Hamiltonian above reduces to:

0ut0 =0 (- [)[(2) 0z + (2]
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[00125] The above unitary operator, U,(T,), is the conditional displacement of the storage
cavity for APE of fp, according to some embodiments.

[00126] FIGS. 11A and 11B show a quantum circuit diagram for performing an APE
protocol, according to some embodiments. FIG. 11A illustrates the protocol 1100 for estimating
S ¢ and FIG. 11B illustrates the APE protocol 1150 for estimating fp. The three horizontal lines
represents a read-out cavity 1101, an ancilla qubit 1102 and a data qubit 1103. Time increases
from left to right such that operations that occur on the left of the drawings are performed before
operations illustrated on the right of the drawings. The read-out cavity 1101 is initialized in the
vacuum state |0), the ancilla qubit 1102 is initialized in the even number cat state, |C'[}r ), and the
data qubit 1103 is in whatever state [py_4) the data qubit is in based on other operations that
may be performed on the data qubit 1103 prior to the APE protocol. In some embodiments, the
ancilla qubit 1102 includes a PCO, as described above.

[00127] The protocol 1100 for estimating S, q includes performing a first joint unitary
operation 1110 on the data qubit 1102 and the ancilla qubit 1103 such that U, (T;) is

implemented. In some embodiments, the first joint unitary operation 1110 includes two separate
actions. First, a displacement operation 1111 that implements the displacement D ( - \E) on the

data qubit 1103 is performed. Then, a conditional displacement operation 1113 that implements
the displacement D(v/27) on the data qubit 1103 based on the state of the ancilla qubit 1102.
[00128] The protocol 1100 for estimating S, ¢ then includes a rotation operation 1120
performed on the ancilla qubit 1102 around the Z-axis by an angle ¢. In some embodiments, the
rotation operation 1120 is performed by driving the ancilla qubit 1102, which may be a PCO,
with a microwave field. . In some embodiments, the value of ¢ may be determined by a
previous iteration of the protocol 1100 for estimating fp.

[00129] The protocol 1100 for estimating §q then includes a read-out operation 1130 for
determining the state of the ancilla qubit 1102. The readout operation 1130 determines the state

of the ancilla qubit 1102, e.g., by determining the ancilla qubit 1102 is in the cat state |C’ E ) or
the cat state |Cl; ) In some embodiments, the read-out of the ancilla qubit 1102 may include

mapping the state of the ancilla qubit 1102 onto the read-out cavity 1101. In some embodiments,

the read-out operation 1130 may include two separate operations. The first operation may be a
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rotation operation 1131 on the ancilla qubit 1102. For example, the rotation operation 1131 may
rotate the cat states |C’ﬁi) to the approximate coherent states |+/3). The second operation of the
read-out operation 1130 includes the “Q-Switch” operation 1133 in which a single-photon
exchange coupling between the PCO 1102 and the read-out cavity 1101 is turned on by applying
appropriate microwave fields from the microwave field generator 150. The result of the Q-
Switch operation 1133 is that the read-out cavity 1101 is conditionally displaced based on the
state of the PCO 1102. Finally, after the read-out operation 1130 is complete, the read-out cavity

1101 is measured using, for example a homodyne detection scheme.

[00130] After the protocol 1100 for estimating fq is performed, the read-out cavity 1101
and the ancilla qubit 1103 may be reset to their respective initialized states (|0) and |C’ E ),
respectively).

[00131] The protocol 1150 for estimating fp includes performing a second joint unitary
operation 1160 on the data qubit 1102 and the ancilla qubit 1103 such that U,(T5) is
implemented. In some embodiments, the second joint unitary operation 1160 includes two

separate actions. First, a displacement operation 1161 that implements the displacement
D (—i \E) on the data qubit 1103 is performed. Then, a conditional displacement operation 1163

that implements the displacement D (iv21) on the data qubit 1103 based on the state of the
ancilla qubit 1102.

[00132] The protocol 1100 for estimating §p then includes a rotation operation 1170
performed on the ancilla qubit 1102 around the Z-axis by an angle ¢. In some embodiments, the
rotation operation 1170 is performed by driving the ancilla qubit 1102, which may be a PCO,

with a microwave field. In some embodiments, the value of ¢ may be determined by a previous
iteration of the protocol 1100 for estimating fp.

[00133] The protocol 1100 for estimating .§p then includes a read-out operation 1180 for
determining the state of the ancilla qubit 1102. The readout operation 1180 determines the state
of the ancilla qubit 1102, e.g., by determining the ancilla qubit 1102 is in the cat state |C’ E ) or
the cat state |Cﬁ_ ) In some embodiments, the read-out of the ancilla qubit 1102 may include

mapping the state of the ancilla qubit 1102 onto the read-out cavity 1101. In some embodiments,
the read-out operation 1180 may include two separate operations. The first operation may be a

rotation operation 1181 on the ancilla qubit 1102. For example, the rotation operation 1181 may
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rotate the cat states |C’ ﬁi) to the approximate coherent states |+£). The second operation of the

read-out operation 1180 includes the “Q-Switch” operation 1183 in which a single-photon
exchange coupling between the PCO 1102 and the read-out cavity 1101 is turned on by applying
appropriate microwave fields from the microwave field generator 150. The result of the Q-
Switch operation 1183 is that the read-out cavity 1101 is conditionally displaced based on the
state of the PCO 1102. Finally, after the read-out operation 1180 is complete, the read-out cavity
1101 is measured using, for example a homodyne detection scheme.

[00134] After the protocol 1100 for estimating §p is performed, the read-out cavity 1101
and the ancilla qubit 1103 may be reset to their respective initialized states (|0) and |C’E ),
respectively).

[00135] As mentioned above, the amount of rotation performed in rotation operations
1120 and 1160 above are ¢ and ¢, respectively, and may be determined based on a previous
iteration of the respective estimation protocol. In this way, measurement results are fed back into
subsequent iterations of the APE protocol. To understand how these feedback phases are

determined, consider the situation where the data qubit 1103 is in an eigenstate of the stabilizer
S ¢ With an eigenvalue exp(Zi\/Eu). After the application of the first joint unitary operation
1110 that implements U; (T;), the state of the ancilla qubit becomes i|C’ 5 ) sin(vmu) +

|cg ) cos(v/w). If the ancilla qubit 1102 is further rotated about the Z-axis by an angle ¢/2 by
the rotation operation 1120, the state of the ancilla qubit 1102 becomes |C'[§ ) sin(Vru + ¢) +
|C’ E ) cos(v/Tu + ¢).Thus, the probability for the ancilla qubit 1102 to remain in the |C E ) state

after a single iteration of phase estimation is Pg(+|u) = cos? (Vmu + ¢/2 ). Consequently, to
accurately predict the value of u, the sensitivity of the probability distribution 0Py (+|u)/0¢
should be maximized. In some embodiments, this is achieved in APE by choosing the feedback
phase ¢ based on whether the ancilla qubit 1102 was measured to be in the |C’§ ) or the |C’E )
state in the previous iteration of the protocol. A similar analysis applies to performing the APE
protocol 1150 for the eigenvalues of fp and the feedback phase ¢.

[00136] Based on the above, in some embodiments, the APE protocols 1100 and 1150

may be iterated to estimate the stabilizer eigenvalues. As the number of iterations of phase

estimation increases, the accuracy of the estimates of u, v also increases and, consequently, the

uncertainty of the eigenvalues exp(Zi\/Eu) and exp(Zi\/Ev) decreases.
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[00137] Ancilla Readout

[00138] In several of the embodiments above (e.g., see FIG. 8 and FIGS. 11A-11B), a
readout operation is performed to measure the ancilla qubit. While the state of the ancilla qubit
may be directly measured by, in the case the ancilla qubit is a PCO, by directly measuring the
state of the cavity using homodyne detection, such a measurement would be slow due to the high
Q of the PCO cavity. Thus, in some embodiments, a read-out cavity with a Q-value smaller than
the Q-value of the ancilla cavity is measured using homodyne detection after mapping the state
of the ancilla qubit onto the state of the read-out cavity. In some embodiments, the readout of the
PCO may be a quantum nondemolition (QND) measurement, though it need not be (e.g., it may
be that the readout introduces bit-flips or other errors in the state of the ancilla qubit). Such non-
QND measurements are possible because the interaction between the ancilla PCO and the data
qubit may be turned off while the PCO is being measured such that ancilla errors do not
propagate to the data qubit. Such direct measurements of the ancilla qubit may be performed
using a superconducting transmon.

[00139] In some embodiments, the readout of the ancilla PCO includes a measurement
along the Z-axis of the Bloch sphere and does not introduce any additional nonlinearities into the
system. As discussed above, the states along the Z-axis of the Bloch sphere are approximately
coherent states and may be measured using homodyne detection of the field at the output of the
PCO. To overcome the slow speed of direct homodyne detection of the PCO cavity, a Q-switch
operation is performed whereby the PCO stats is switched via frequency conversion into a low-
Q read-out cavity. In some embodiments, the Q-switch operation conditionally displaces the
readout cavity based on the state of the PCO along the Z-axis.

[00140] As discussed above, the read-out operation may include a first operation where
the cat states of the PCO are rotated into coherent states. Then, the coherent state of the PCO is
Q-switched into the readout cavity. Finally the readout cavity is measured. FIG. 12 illustrates the
read-out process 1200 in terms of the Bloch sphere.

[00141] In some embodiments, the rotation of the cat states |C’E) of the PCO is performed
using microwave drive fields from the microwave field generator 150. The Bloch sphere 1201 of

the read-out process 1200 shows the cat states |C’ﬁi) of the PCO located along the X-axis of the

Bloch sphere 1201, which is then rotated about the Z-axis of the Bloch sphere 1201. In some
embodiments, the rotation around the Z-axis is performed using a single-photon drive with a

Hamiltonian:
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H =gt +a) — Kkat?a? + p(a*? +a»
[00142] The result of this single-photon drive Hamiltonian is to rotate the cat states
around the Z-axis in time T = &R /8 from |C’E—r> to |C’E> + i|C’ﬁ_>/\/§, which is referred to as a
parityless cat state and correspond to the states along the Y-axis of the Bloch sphere (see Bloch
sphere 1203 of the readout process 1200). To map these parityless cat states onto the coherent
states, the two-photon pump that creates the cat states is turned off (see Bloch sphere 1203) for a
time T = /2K, allowing the states of the PCO to evolve freely under the Kerr-nonlinear
Hamiltonian (—Ka@t?a? —Ka'a). The free evolution under the Kerr-nonlinear Hamiltonian

results in the states |C’ﬁ+ ) + L'|C’ﬁ_ ) /N2 transforming into the near coherent states |C’ﬁ+ ) +

|C’l§ )/\/— ~ |FB), as shown in Bloch sphere 1205 of the readout process 1200. Once the free
evolution of the PCO state is complete, the two-photon cat pump is reapplied so that the cat
subspace is again stabilized against bit-flips. As a result, the PCO remains in the coherent states,
as shown in Bloch sphere 1205 of the read-out process 1200.

[00143] After the PCO is transformed from cat states into coherent states via the above
rotations, the states of the PCO lies along the Z-axis of the Bloch sphere. In some embodiments,
the PCO is then coupled to an off-resonance readout cavity. In the absence of an external
microwave drive field, the coupling between the PCO and the readout cavity is negligible due to
a large detuning between the two. In some embodiments, a single-photon exchange coupling (a
beam splitter coupling) is turned on by applying at least one microwave drive field from the
microwave field generator to compensate for the frequency difference between the PCO and the
readout cavity. A three- or four-wave mixing between the drives, the PCO and the readout cavity
results in an interaction between the PCO and the readout cavity causing a resonant single
photon exchange between the two. This controllable coupling is referred to a Q-switch. The
result of the Q-switch operation is to displace the readout cavity conditions on the state of the
PCO, as shown in phase space diagram 1207 of the read-out process 1200. The Q-switch
Hamiltonian for this process is given by f—iQ = g(d*&r + ﬁ&rT), where c’irT and @, are the
creation and annihilation operators of the readout cavity and g is the tunable coupling strength
between the PCO and the readout cavity. For small values of g, the Q-switch Hamiltonian may

be approximated as:

-1

-1
) (a, + 4,5, — igp <p P )(aT ~ a5

HQ:gﬁ( )
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[00144] In cases of moderately large S, final term becomes negligibly small and the result
is a displacement of the readout oscillator conditioned on the state of the PCO, where the

amplitude of the readout cavity’s field is

(@) = F=2(1—eti2)
KT
where k- is the linewidth of the field.
[00145] After the readout cavity is conditionally displaced, a homodyne detector is used

to determine the state of the readout cavity and, thereby, determine the state of the PCO, which
is equivalent to extracting an error syndrome.

[00146] Bias-Preserving Quantum Gates

[00147] The inventors have recognized and appreciated that the above techniques of using
an asymmetric error channel of an ancilla qubit to detect error syndromes may be extended to
implement a bias-preserving quantum gate. For qubits with biased noise channels (i.e.,
asymmetric error channels), operations that do not commute with the dominant error type can
un-bias, or depolarize, the noise channel of the qubit, thereby reducing the benefits of the biased
noise channel.
[00148] To understand how non-commuting operations can un-bias the noise channel of a
qubit with a biased noise channel, consider a system that preserves the noise bias. For example,
consider the following two-qubit gate:
77(0) = exp[i6Z,2,/2]

where Z; is the Z-Pauli operator for the i-th qubit and 6 is a tunable phase angle. When 6 = 1/
2, the ZZ(0) gate becomes a controlled-phase gate, also referred to as a CZ gate, up to local
Pauli rotations and an overall phase. The ZZ(8) gate may be implemented with an interaction
Hamiltonian of the form H,; = —VZ,Z, with the unitary evolution given by U, (t) =
exp(iVtZ,7,). Under this unitary evolution, the ZZ(6) gate is realized after an interaction time
duration T = 8 /2V. If a phase-flip occurs in either one of the two qubits at a time 7 during the
interaction time, the evolution is modified as follows:

Ue(T) = U(T = 1)Z,/,0(t)=2,,,0(T)
Thus, the erroneous gate operation is equivalent to an error-free gate followed bya phase flip.
Accordingly, the ZZ(8) gate preserves the error bias of the qubit.
[00149] On the other hand, the controlled NOT (CNOT) gate (also referred to as a CX

gate) between two qubits may be implemented using the following CX Hamiltonian:
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with the unitary evolution given by Ugy (t) = exp(iHgxt), where the control qubit and target
qubit of the CNOT gate are labelled by 1 and 2, respectively. Under this evolution, the CNOT

gate is realized after an interaction time duation T = 7 /2V, such that

o AN s AN -
fi+ 20 S S
& J ' &

where an overall phase is ignored. In the case of this CNOT gate, a phase-flip error in the target

qubit at time 7 during the interaction time modifies the unitary evolution as follows:

U1y = U (T — 7Yy © Z,0(7)

S A VT Yy PN K £ e
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Thus, the phase-flip error in the target qubit introduces a phase-flip error in the control qubit,
depending on when the phase error in the target qubit occurs. Importantly, the phase-flip of the
target qubit during the CNOT gate propagates as a combination of a phase-flip error and a bit-
flip error in the same qubit. Consequently, the CNOT gate reduces the bias of the noise channel
by introducing bit-flips in the target qubit. Similarly, coherent errors in the gate operation that
arise from uncertainty in V and 7" also give rise to bit-flip errors in the target qubit. As a
consequence, a native bias-preserving CNOT gate is not possible to implement.

[00150] The inventors have recognized and appreciated that in the absence of a bias-
preserving CNOT gate, alternate circuits are required to extract an error syndrome. These
alternate circuits add complexity and limit the gains in fault-tolerance thresholds for error
correction that result from using qubits with biased noise. The inventors have therefore
developed a novel solution to this problem by engineering a bias-preserving CNOT gate using
the same two-component cat states realized in a parametrically driven nonlinear oscillator
described above.

[00151] As shown in FIG. 6 above, the Bloch sphere is oriented such that the
superposition states are oriented along the Z-axis of the Bloch sphere. Moreover, for the

purposes of the CNOT gate, the Z-axis is selected as the computational basis such that:
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where « is the complex amplitude of the coherent state associated with the cat states.
[00152] The cat states and their superpositions, |0) and |1), are degenerate eigenstates of
a parametrically driven Kerr-nonlinear oscillator. As described above, the PCO exhibits strong
noise bias such that bit-flips are exponentially suppressed. Some embodiments use the PCO to
implement a native CNOT gate while preserving the error bias, overcoming the problem with
the example CNOT gate described above. In some embodiments, the CNOT gate is based on the
topological phase that arises from the rotation of the cat states around the Bloch sphere
generated by changing a phase of the parametric drive. The topological nature of some
embodiments allows the CNOT gate to preserve the error bias in the qubits. The ability to
preserve the noise bias demonstrates just one advantage of using continuous variable physical
systems, such as the PCO, to implement a logical qubit rather than using two-level physical
systems as the basis of a qubit.
[00153] In some embodiments, the time-dependent unitary evolution of the qubits
undergoing a CNOT gate does not contain an explicit X operator (i.e., the X-Pauli operator)
because, as described in the above example of a CNOT gate, the X operator does not maintain
the noise bias of the qubit. In some embodiments, evolution equivalent to the X operator are
engineered using alternative techniques that do preserve the noise bias. To see how this is
accomplished, it is noted that the cat states are eigenstates of the X operator such that X|C} ) =
+|CZ). Also, the orientation of the cat state on the Bloch sphere is defined by a phase ¢ of the
two-photon drive field that creates the cat state in the PCO, where the Hamiltonian of the PCO is
given by:

Holo) = —KaP2a® + P62 4 ¢2e7%9y,

2
<

N T
=K (&'~ &'26"3““') (a? — c,z.-z(:z“‘*",) + w

This Hamiltonian is the same as the previously discussed PCO Hamiltonian, but the drive field
is no longer considered to be real and positive, resulting in the inclusion of the phase ¢. In some
embodiments, this phase of the two-photon pump is varied to implement the CNOT gate. For
example, if the phase is adiabatically changes from O to 7, then the cat states transform from
|cE)to |CE,) = £|CF ). Consequently, rotating the phase of the two-photon pump field by 7 is
equivalent to implementing the X operator.

[00154] In some embodiments, a two-qubit bias-preserving CNOT gate is based on a

conditional phase-space rotation of a target qubit based on the state of the control qubit. To show
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how the conditional rotation results in a CNOT gate, consider two PCOs, each
stabilized/pumped with its own two-photon microwave pump field. The initial state of the two
qubit system is:

[(0)) = {(nkU\Jr(; 1))« \u](, 0) 4+ dyi1y)
{ + Cyi i ) (.Z() + }5(",\%‘ ~+ '\/d(j - (ZU‘C::‘]

where the first and second terms in the tensor product refer to the control and target qubits,
respectively, and the terms c¢; and d; are simply the probability amplitudes for each of the
components of the superposition and can be arbitrarily chosen to be any initial state. If the phase
of the two-photon drive applied to the target PCO is conditioned on the state of the control PCO,

then the state of the system evolves as follows such that any given time ¢, the state is:

-

W)y =iy © Hdy + dDICTY + (dy — dIC]
+ i 1\’ 0 [ (11{) -+ (?71)|C+ iB (e ‘ -+ ((?g - (7; }EL e **’3)’}'

[00155] If the time-varying phase, ¢(t) is such that ¢(0) = 0 and ¢(T) = m, then at time

T, the state becomes:

(1)) =col0) @ {(do + d)ICTY + (do — d)iICTY}
+ 1) ® {(do + dOICT o) + (do — d1)|C im0}
=col0) & {{do + d)ICTY + (do — d1)ICS )}
+ 1|1 @ {{dy + d)ICHY — (do — d)ICH}

x/

=col0) @ (dp]0) + dy|13) + e1]1) ® (dol1) + dq]0)) =Uex|w(0)).

[00156] The above result shows that a CNOT gate is realized by rotating the phase of the
cat in the target PCO by 7 conditioned on the state of the control PCO. The CNOT operation is
realized because, during this rotation, the |C; ) state acquires a T phase relative to the |CJ )
state. This acquired phased difference between the two cat states is a topological phase that
results from the state |C; ) being 27 periodic in the phase of a, whereas the state |CJ) is
periodic in the phase of a. The topological phase does not depend on energy like a dynamic
phase does. Nor is the topological phase dependent on the geometry of the path, as is the case
with a geometric phase. This phase will arise as long as the states | + a) move along a loop in
phase space that doesn't come too close to the origin (e.g., the size of the cat, a, should be large

enough that the geometric phase difference between the two cat states is exponentially small and
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the topology is the only source of the phase difference between the two cat states). If the number
of times that the states |+a) go around the origin to |F¥a) is given by u, then the phase acquired
by |ta) is exp(ium). In other words, u is the winding number.

[00157] It can be shown that, unlike the previously described CNOT gate using the X
operator, the CNOT gate based on topological phase described above preserves the bias in the
noise channel of the qubits. In particular, a phase-flip error occurs in the control PCO during the
CNOT gate evolution is equivalent to a phase-flip occurring on the control qubit after an ideal
CNOT gate is performed. Similarly, a phase-flip error on the target PCO during the CNOT gate
evolution is equivalent to phase-flip errors on the control and target qubits occurring after an
ideal CNOT gate. Therefore, the CNOT gate according to some embodiments, does not un-bias
the noise channel. This result contrasts with the aforementioned CNOT gate implements
between two strictly two-level qubits and shows one advantage of using a larger Hilbert space
(e.g., an oscillator) to perform quantum information processing.

[00158] In some embodiments, a particular Hamiltonian is used to implement the time
evolution of the state |(t)), described above. In general, it is assumed that the amplitude of the
cats in the control PCO, a, and the target PCO, 8, are different. The following is the time
dependent interaction Hamiltoinian that implements a bias-preserving CNOT gate between two

PCOs according to some embodiments:

@ L

g it (28 — Al — de)

[00159] In the Hamiltonian Hy, the first line is the parametrically driven nonlinear
oscillator stabilizing the control cat-qubit. The phase of the drive to this oscillator is fixed at ¢p =
0. To understand the other two lines, recall that cAlI, G.~PZ; £ if exp(—2B%)Y,. Therefore, if
the control qubit is in the state |0) in the computational basis (which is approximately equal to
|B) for large B) and the exponentially small contribution from the ¥, term is ignored, then the
CNOT Hamiltonian is simplifies to:

e == K (6 -5 @2 - )

— K (af? - o) (af - o).
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As a result, when the control qubit is in the state |0), the state of the target oscillator remains
unchanged.

[00160] On the other hand, if the control qubit is in the state |1} in the computational
basis(which is approximately equal to |—f) for large ), then the CNOT Hamiltonian simplifies

to:

B = K {al? - 89 (
- K (rALT' e
\ &

- c)(#rzg .
The second line of the above expression shows that the cat states |C’§e ib m) are the instantaneous
eigenstates of the target PCO. As a result, if the phase ¢(t) is changed adiabatically, respecting
the limitation ¢(t) <« |Awgqpl, then the orientation of the target PCO states follow ¢(¢) and a
evolves in time to ae®®, During the rotation in phase space, the target PCO also acquires a

geometric phase ®F(t) = ¢ () a?r*?  which is proportional to the area under the phase space

path and dependent on the state of the target PCO, where r = % ~1 — e~2¢° The different in

the geometric phases acquired by the two cat states Cbgi (t) reflects the fact that the mean photon
numbers are different for the two cat states and the area of the path followed by |C;ei¢(t)> in
phase space is larger than that followed by |C’;e i¢(t)>- In the limit of large a, the different in the

4p(t)a? e—207

two geometric phases decreases exponentially in a? such that P (1) —dF() = T
—e

Consequently, for large «, the two geometric phases are approximately equal does not result in a
phase difference between the two states. Instead, it is an overall phase shift that results in an
additional Z, (QJ g) rotation. This overall phase shift can be accounted for classically in software,
or by applying an additional rotation Z C(—(D g) to undo the additional rotation. Alternatively,
this extra rotation may be canceled by the operation of the CNOT gate itself using the additional
interaction given by the last term in expression for H, g{)” given above. The projection of this last

term in the cat state bases is given by:

LAY Fo i B 2t y et
@y Ay :(_-:L-’t\!‘» }t,.{ ;LQE,;‘&',‘.&} } "‘Ln(*‘*/
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This term leads to a dynamic phase that exactly cancels out the geometric phase. Thus, the
CNOT Hamiltonian results in a two-qubit evolution that implements a bias-preserving CNOT
gate.

[00161] In some embodiments, the physical realization of the bias-preserving CNOT gate
using three-wave mixing between two oscillators. The natural coupling between two oscillators
is a beam splitter coupling. Thus, in some embodiments, the oscillators are themselves fourth-
order, Kerr nonlinear. As such, the three-wave mixing can be generated by parametrically
driving the target oscillator at a frequency wg = 2wy — w,, where w, and w, are the frequencies
of the target and control oxillators, respectively. Under such a driving field, the fourth order
nonlinearity converts a photon in the drive field and a photon in the control oscillator to two
photons in the target oscillator. Thereby, an effective three-wave mixing is realized between the
control and target oscillators. In some embodiments, the Kerr nonlinearity of the oscillators
themselves is sufficient to realize the CNOT interaction Hamiltonian and no additional coupling
elements are necessary. Moreover, because of the parametric nature of the interaction, the
coupling is controllable.

[00162] FIG. 13 is a schematic of a quantum information processing device 1300
configured to implement a bias-preserving CNOT gate, according to some embodiments. FIG.
13 provides additional detail about the driving fields than are provided in, e.g., the block
diagrams of FIG. 1 and FIG. 2. The schematic of FIG. 13 is a circuit diagram equivalent of the
quantum information processing device 1300. The physical system, in some embodiments, is
implemented as discussed in connection with FIGS. 1-5 above.

[00163] The quantum information processing device 1300 includes a control qubit 1301
and a target qubit 1303. In some embodiments, the qubits 1301 and 1303 are a Kerr nonlinear
cavity. The nonlinearity of the cavity may be controlled using a superconducting circuit element,
such as a transmon or a SNAIL, as described above. In the example shown in FIG. 13, both the
control qubit 1301 and the target qubit 1303 include a SNAIL. The SNAIL of the control qubit
1301 has a resonance frequency of w, and the SNAIL of the target qubit 1303 has a resonance
frequency of w;. In some embodiments, the SNAILs are biased with an external magnetic field
to engineer three- and/or four-wave mixing interactions between the control qubit 1301 and the
target qubit 1303. Using this engineered interaction, a two-photon driven Kerr nonlinear

oscillator results and may be used to create a PCO with a biased noise channel.
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[00164] The control qubit 1301 and the target qubit 1303 are capacitively coupled to one
another, as illustrated by the capacitor 1309. Microwave fields may be coupled to the control
qubit 1301 via an input port 1305 and microwave fields may be coupled to the target qubit 1303
via an input port 1307. Microwave fields may be received from the microwave field generator
150, discussed in connection with FIG. 1. In some embodiments, microwave fields of more than
one frequency may be applied to a given input port at one time.

[00165] To conditionally rotate the state of the target PCO in phase space based on the
state of the control PCO, the CNOT Hamiltonian H.y described above is implemented.
Expanding the terms of the CNOT Hamiltonian can help understand what driving fields are
needed to implement this Hamiltonian. The expanded CNOT Hamiltonian may be written as:

et
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[00166] This expression can be further simplified by transforming the Hamiltonian into a

rotating frame in which the frequencies of the two PCOs are both zero as:
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be parametrically engineered using for-wave mixing based on the Kerr-nonlinearity and driving

) sin? (¢(s))ds In this form, it becomes clear how the Hamiltonian can

where 0(t) :f (

fields. For example, in embodiments where a PCO is realized using a SNAIL, the terms

proportional to d; %and @?, where i = c, t labels the control (c) and target (t) qubits, are realized

using three-wave mixing and the terms proportional to azzac, a1L a, azatac, and @ at a.a. are

realized using four-wave mixing. Terms proportional to @, and &C do not require a nonlinearity
and are realized by simply applying a drive field to the control qubit. Additionally, ¢(t) is a
phase shift that changes over time and adiabatically increases from 0 to 7 in the time 7. Using
all of the above information, the CNOT Hamiltonian can be expressed in terms of microwave

field amplitudes and phases as:
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where the field amplitudes, 4;, are assumed to be positive. The driving microwave fields
corresponding to the amplitudes A, 4,, A3, A4, and A5 are applied at the frequencies

20, 2w¢, 20 — Wg, W, and w,, respectively.

[00167] In some embodiments, a particular sequence of fields are applied to the control
qubit 1301 and/or the target qubit 1303 during an interaction time duration 7' It is during this
interaction time that the execution of the CNOT gate is performed. In some embodiments,
during the times outside of this interaction time duration, the amplitudes and phases take on the
following fixed values: A, = KB%,®; =0, A, = Ka?,®, =0, A=A, =As=P; =d, =
@5 = 0. During the CNOT interaction time, the phases ®;(t) are time-varying and change from
a value of O to . The value of the phases between 0 and 7" may change in any way, as long as
the changes are adiabatic. In some embodiments, the phases change linearly. For example,
®,(t) =nt/T.

[00168] FIG. 14A is a plot of the amplitude as a function of time of the five driving fields
used to implement the CNOT gate, according to some embodiments, and FIG. 14B is a plot of
the time-dependent phases as a function of time for the five driving fields used to implement the
CNOT gate.

[00169] First, a first microwave field is applied to the control cavity at a frequency 2w,
with a fixed amplitude 4, and a time-dependent phase @, (t). This first microwave field provide
the two-photon term to drive the control cavity via three-wave mixing. The fixed amplitude 4,
is illustrated by line 1401 in FIG 14A and the time-dependent phase @ (t) is illustrated by line
1411 in FIG 14B. In the example shown, the phase decreases linearly.

[00170] Next, a second microwave field is applied to the target cavity at a frequency Zw,
with a time-dependent amplitude A, and a time dependent-phase ®,(t). This second microwave
field provide the two-photon term to drive the target cavity via three-wave mixing. The changing
amplitude 4, is illustrated by line 1402 in FIG 14A and the time-dependent phase ®,(t) is
illustrated by line 1412 in FIG 14B. The amplitude changes sinusoidally over time. In the
example shown, the phase is constant at a first phase value during a first portion of the gate time
duration and constant at a second phase value during a second portion of the gate time duration,
wherein the first phase value is less than the second phase value. This is because the amplitudes
are always taken to be positive. When the amplitude A,, which is a sine function, crosses the
zero amplitude point, rather than going negative, the amplitude begins to increase again, and the

phase takes on different value instead.
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[00171] A third microwave field at a frequency 2w, — w, is applied to the target cavity at
with a time-dependent amplitude 43 and a time-dependent phase ®3(t). This third microwave
field realize the coupling terms proportional to ﬁ;r Zflc in the CNOT Hamiltonian. The changing
amplitude A4; is illustrated by line 1403 in FIG 14A and the time-dependent phase ®3(t) is
illustrated by line 1413 in FIG 14B. The amplitude changes as a cosine over time. In the
example shown, the phase increases linearly as a function of time.

[00172] A fourth microwave field at a frequency w, is applied to the control cavity at a
with a time-dependent amplitude A, and a time-dependent phase ®,(t). This fourth microwave
field realizes the single-photon drive of the control cavity. The changing amplitude 4, is
illustrated by line 1404 in FIG 14A and the time-dependent phase ®,(t) is illustrated by line
1414 in FIG 14B. The amplitude changes as a cosine over time. In the example shown, the phase
decreases linearly during the first portion of the gate time duration and decreases linearly during
the second portion of the gate time duration. The linear decrease has the same slope in both
portions of the gate time duration, but there is a jump in the phase half way through the gate
time duration. This is because the amplitudes are always taken to be positive. When the
amplitude 4,, which is a cosine, crosses the zero amplitude point, rather than going negative the
amplitude begins to increase again and the phase jumps to a different value instead.

[00173] Finally, a fifth microwave field is applied to the target cavity at a frequency w,
with a fixed amplitude A5 and a time-dependent phase ®5(¢). This fifth microwave field provide
realizes the final term in the CNOT Hamiltonian. The fixed amplitude As is illustrated by line
1405 in FIG 14A and the time-dependent phase ®3(t) is illustrated by line 1415 in FIG 14B. In

the example shown, the phase decreases linearly.

[00174] Error-Correction Code Tailored to Biased Noise

[00175] The inventors have recognized and appreciated that aspects of the stabilizer
measurement scheme described above may be used to efficiently implement an error-correction
code tailored to the biased noise because the measurement scheme preserves the noise bias.
Above, the preparation of cat states in data qubits and ancilla qubits is described. Quantum gates
such as Z-axis rotations and ZZ(0) gates are also described above. In addition, measurements
along the Z-axis can be performed, for example, using homodyne detection using the techniques
above. Measurements along the X-axis can be performed using additional gates and ancilla. The
inventors have recognized and appreciated that these state preparation techniques, quantum

gates, and detections can be combined with the bias preserving CNOT gate between the two cat-
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qubits to implement universal fault-tolerant quantum computation. Accordingly, some
embodiments use the bias-preserving set of operations {CNOT, Z(@),ZZ(H),T|i), My, MZ} to
implement efficient and compact circuits for fault-tolerant error correction based on
concatenation, where P4y is the preparation of the cat states |C 1), My is a measurement along

the X-axis, and M, is a measurement along the Z-axis.

[00176] In some embodiments, the biased-noise qubits are encoded in a repetition code €,
and corrections are made for the dominant error types (e.g., phase flip errors). A repetition code
with n qubits can correct for (n — 1) /2 phase flip errors. In some embodiments, the codewords
are [0y, = (|4}, + |-))/VZ and [1), = (|4}, — | -))/VZ. where [+), = [C5)ICH)CE) ...
and |=); = [CZ)|CZ)Cg ) ..., where there are n cat states per codeword state. The result of this
first encoding is a more symmetric noise channel with reduced noise strength. In some
embodiments, the repetition code with errors below a threshold may then be concatenated to a

CSS code C, to further reduce errors.

[00177] The n — 1 stabilizer generators for the repetition code are )?1 RX P ®f3 ®f4 .

il ®X P RX 3 ®f4 ..., etc. In some embodiments, the most naive way to detect errors is used, which
is to measure each stabilizer generator using an ancilla. Such a technique is shown by the
quantum circuit diagram 1500 of FIG. 15. The horizontal lines 1501-1503 represent the code
qubits and the horizontal lines 1504-1505 represent the ancilla qubits in an example where n =

3.

[00178] Each ancilla 1504-1505 is initialized in the state |C;), as illustrated by the
triangles 1517 and 1527. Then two CNOT gates 1510 and 1515 are implemented between the
first ancilla qubit 1504 and the first two code qubits 1501 and 1502, and two CNOT gates 1520
and 1525 are implemented between the second ancilla qubit 1505 and the second two code
qubits 1502 and 1503. Finally, the ancilla qubits 1504-1505 are measured along the X axis, as
represented by the triangles 1519 and 1529. Some embodiments, to be fault-tolerant, measure
cach of the stabilizer generator r times and the syndrome bit is determined with a majority vote
on the measurement outcomes. A syndrome bit is incorrect if m > (r + 1) /2 of the

measurements are faulty.

[00179] This decoding scheme is equivalent to constructing an r-bit repetition code for
each of the (n-1) stabilizer generators of the repetition code. Thus, each bit of syndrome from the
inner code is itself encoded in an [r, 1, r] repetition code so that decoding can proceed by first
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decoding the syndrome bits and then decoding the resulting syndrome. This naive way to decode
the syndrome results in a simple analytic expressions for the logical error rates. However, the
inventors have recognized and appreciated that this naive may not be the preferred approach to
decode and, in some embodiments, the two-stage decoder of FIG. 15 can be replaced by a
decoder that directly infers the most likely error on the n-qubit repetition code given s measured
syndrome bits. Accordingly, in some embodiments, the notion of a measurement code is
introduced that exploits the above insights to improve on the naive scheme by constructing a
block code that can directly correct the bit-flip errors on the n data qubits in a single decoding

step.

[00180] In some embodiments, to construct a measurement code the syndrome
measurement procedure measures a total of s elements of the stabilizer group (not necessarily
the specified generators) by coupling to ancilla qubits and corrects any t = (d — 1) /2 phase-flip
errors on the n qubits. Thus, there is a classical code with parameters [n + 2, n, d]. However, not
every classical code with those parameters is admissible, because the classical parity checks
should be compatible with the stabilizers of the original quantum code, in this example the
repetition code. In particular, each parity check in the measurement code should have even
weight when restricted to the data qubits so that it commutes with the logical Z; operator of the
quantum phase-flip code. In some embodiments, consistency with the stabilizer group of the

base quantum code is the only constraint on a measurement code.

[00181] The general form of a measurement code can be specified by the parity check
matrix Hy,. This in turn is specified as a function of the (generally redundant) parity checks

Hj of the quantum repetition code and an additional set of s ancilla bits that label the
measurements. Given Hy, the parity check matrix of the measurement code is the block matrix
Hy = (H; I), where g is the s X s identity matrix. Since there are s ancilla bits for readout,
Hy, is an s X (n + s) matrix. In some embodiments, the rows of the H; have even weight
because the rows come from the stabilizers of a quantum repetition code. The rows are linearly
independent, making the associated code have parameters [n + s, n, d] for some d < n. The
distance is never greater than n since a string of Z operators on the data qubits, corresponding to

1's on exactly the first n bits, is always in the kernel of Hy,;.

[00182] The measurement of the j-th parity check in the measurement code can be done

by a standard choice of circuit. In some embodiments, a CNOT gate is applied to the i-th qubit
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if there is a 1 in the i-th column, and target the ancilla labeled in column n + j. Note that by
construction there is a 1 in position (j; n + j) of Hy,. The effective error rate of this bare-ancilla
measurement gadget depends on the number of CNOT gates used, and hence on the weight of
the stabilizer being measured. Therefore, all other things (such as code distance) being equal,
lower weight rows are preferred when designing a measurement code. The two examples

considered here are generated from the following choices for Hy, displayed here in transpose to

save space:
116
Hi=1101
\E} L
( 1000114001
11000606110
HE=101 1001010
01100011
SRR T A O A O
[00183] These example codes saturate the distance bound, such that d = n for each code

(e.g., d = 3 and d = 5, respectively). In contrast, the measurement code associated with

repeating the measurements of the standard generators r times for n = r = 3, is:

. 111000
=1 11111},
000111,

[00184] Both this choice and the 3 X 3 choice above have distance d = 3 as measurement
codes. However, the 3 X 3 choice above corresponds to a [6, 3, 3] measurement code whereas
the naive repeated generator method yields a [12, 3, 3] measurement code. In general, the naive
scheme yields an [n;—1),, 1, d(n, 7)] code, and for smaller r the distance will not yet saturate to
n. For the case n = 5 case, r must equal 2 before the measurement code has a distance 3, and r =
4 before the distance saturates at d = 5. Thus, the naive scheme yields either an [13, 5, 3] code or
a[21, 5, 5] code, which are inferior in either distance or rate respectively to the [14, 5, 5] code
that results from the choice. These examples also illustrate a counterintuitive feature of
measurement codes, according to some embodiments. Consider again the naive repeated
generator method with n =5 and r = 2 or 4. If the decoder works by first decoding the syndrome

bits individually, then the data are only protected against at most (r — 1) /2 = 0 or 1 arbitrary
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errors respectively. However, a decoder that uses the structure of the associated measurement
code can correct 1 or 2 arbitrary data errors with these respective parameters, which then reduces

the leading order behavior of the code failure probability.

[00185] Both of the two example codes above are small enough that the exact probability
of a decoding failure can be computed via an exhaustive lookup table. To demonstrate the
advantage of the measurement code over naive encoding and decoding, we estimate the
probability of a logical error in the CNOT-gadget using the measurement code in the second
example above for n = 5. The corresponding threshold is ~6 X 1073, On the other hand, to
reach a similar threshold using the naive decoder requires n = 11, r = 5. Thus, in some
embodiments, the decoder requires fewer resources than the naive decoder. In general an
optimal (maximum likelihood) decoder is infeasible to implement because it requires
exponential resources in n and s to compute, so substantially larger codes will need decoding
heuristics such as message passing algorithms to approach peak decoding performance. In some
embodiments, the decoder declares failure whenever the data error is not guessed exactly right,
even though this is not necessary. When repeated rounds of error correction occur, it is sufficient

to define success as reducing the weight of any correctable error.
[00186] Methods of Performing QIP

[00187] Various methods of performing QIP are discussed above in connection with
measuring error syndromes and performing bias-preserving gates. FIG. 16 is a flowchart of a
method 1600 of performing QIP that applies generally to most of the embodiments described
above that use a data qubit coupled to an ancilla qubit. In some embodiments, the physical
realization of the data qubit and the ancilla qubit may be any of the physical systems described

above.

[00188] At act 1602, the method 1600 includes driving an ancilla qubit with a stabilizing
field. In some embodiments, the stabilizing field generates the asymmetry in the error channel of
an ancilla qubit that is exploited to measure error syndromes and perform bias-preserving
quantum gates. The stabilizing field may be applied to the ancilla qubit using the microwave

field generator 160.

[00189] At act 1604, the method 1600 includes creating a Kerr-nonlinearity in the ancilla

qubit using at least one Josephson junction of the ancilla. In some embodiments, coupling a
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superconducting circuit element to a cavity creates the Kerr-nonlinearity. For example, a

transmon or a SNAIL may be located in a 3D cavity to create a Kerr-nonlinear cavity.

[00190] At act 1605, the method 1600 includes applying a plurality of microwave fields
to the ancilla qubit and the data qubit. In some embodiments, these microwave fields may be
applied to create pumped cat states in the Kerr-nonlinear cavity. In some embodiments, the
microwave fields may be applied to perform rotation on the states of the data qubit or the ancilla
qubit. In some embodiments, the microwave fields may be applied to perform conditional gates,
such as conditional rotations, on one qubit based on the state of another qubit. In some
embodiments, the microwave fields may be applied to couple the ancilla qubit to the data qubit
or to couple the ancilla qubit to a readout cavity. Or, as discussed above, any number of
operations may be performed by applying microwave fields to the data qubit and/or the ancilla

qubit.

[00191] At act 1608, the method includes measuring the ancilla qubit. As discussed
above, the ancilla qubit may be measured directly by, e.g., performing homodyne detection of a
cavity of the ancilla qubit. Alternatively, the ancilla qubit may be measured by coupling the
ancilla qubit to a readout cavity, conditionally displacing the state of the readout cavity based on
the state of the ancilla qubit, and then measuring the state of the readout cavity. In some

embodiments, the measurement of the ancilla is a QND measurement.

[00192] FIG. 17 is a flowchart of a method 1700 for performing readout of an ancilla
qubit, according to some embodiments. In some embodiments, the method 1700 may be used to
measure a property of a data qubit that is coupled to the ancilla qubit. In some embodiments, the

method 1700 may implement a QND measurement.

[00193] At act 1702, the method 1700 includes applying at least one rotation microwave
field to the ancilla qubit. In some embodiments, the rotation may be about the Z-axis of a Bloch

sphere associated with the ancilla qubit. In some embodiments, the rotation may rotate cat states

from |€ﬁi) to |C’E) T i|€§)/\/§.

[00194] At act 1704, the method 1700 includes turning off a stabilizing microwave field
for an amount of time. In some embodiments, this allows the ancilla qubit to freely evolve. In
some embodiments, the ancilla qubit may include a Kerr-nonlinear cavity and the state of the

ancilla qubit may freely evolve under the Kerr-nonlinear Hamiltonian. In some embodiments,
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the free evolution of the ancilla qubit results in a rotation of the state of the ancilla qubit that

could not be performed if the stabilizing field was still applied to the ancilla qubit.

[00195] At act 1706, the method 1700 includes re-applying the stabilizing microwave
field to the ancilla qubit. In some embodiments, re-applying the stabilizing microwave field
stops the free evolution of the state of the ancilla. In some embodiments, re-applying the
stabilizing microwave field keeps the state of the ancilla in one of two coherent states. In some
embodiments, re-applying the stabilizing field suppresses a particular type of error such that the
error channel of the ancilla qubit is asymmetric. For example, the stabilizing field may suppress

bit-flip errors.

[00196] At act 1708, the method 1700 includes applying an exchange microwave field to
the ancilla qubit. In some embodiments, the exchange microwave field creates an interaction
between the ancilla qubit and a readout cavity. In some embodiments, applying the exchange
microwave field creates a three- or four-wave mixing interaction. In some embodiments,

applying the exchange microwave field causes a Q-switch operation.

[00197] Other Considerations

[00198] Having thus described several aspects of at least one embodiment of this
invention, it is to be appreciated that various alterations, modifications, and improvements will
readily occur to those skilled in the art. Such alterations, modifications, and improvements are
intended to be part of this disclosure, and are intended to be within the spirit and scope of the
invention. Further, though advantages of the present invention are indicated, it should be
appreciated that not every embodiment of the invention will include every described advantage.
Some embodiments may not implement any features described as advantageous herein and in
some instances. Accordingly, the foregoing description and drawings are by way of example

only.

[00199] Various aspects of the present invention may be used alone, in combination, or in
a variety of arrangements not specifically discussed in the embodiments described in the
foregoing and is therefore not limited in its application to the details and arrangement of
components set forth in the foregoing description or illustrated in the drawings. For example,
aspects described in one embodiment may be combined in any manner with aspects described in

other embodiments.
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[00200] Use of ordinal terms such as “first,” “second,” “third,” etc., in the claims to
modify a claim element does not by itself connote any priority, precedence, or order of one
claim element over another or the temporal order in which acts of a method are performed, but
are used merely as labels to distinguish one claim element having a certain name from another

element having a same name (but for use of the ordinal term) to distinguish the claim elements.

[00201] All definitions, as defined and used herein, should be understood to control over
dictionary definitions, definitions in documents incorporated by reference, and/or ordinary

meanings of the defined terms.

[00202] The indefinite articles “a” and “an,” as used herein in the specification and in the

claims, unless clearly indicated to the contrary, should be understood to mean “at least one.”

[00203] As used herein in the specification and in the claims, the phrase “at least one,” in
reference to a list of one or more elements, should be understood to mean at least one element
selected from any one or more of the elements in the list of elements, but not necessarily
including at least one of each and every element specifically listed within the list of elements
and not excluding any combinations of elements in the list of elements. This definition also
allows that elements may optionally be present other than the elements specifically identified
within the list of elements to which the phrase “at least one” refers, whether related or unrelated

to those elements specifically identified.

[00204] As used herein in the specification and in the claims, the phrase “equal” or “the
same” in reference to two values (e.g., distances, widths, etc.) means that two values are the
same within manufacturing tolerances. Thus, two values being equal, or the same, may mean

that the two values are different from one another by +5%.

[00205] The phrase “and/or,” as used herein in the specification and in the claims, should
be understood to mean “either or both” of the elements so conjoined, i.e., elements that are
conjunctively present in some cases and disjunctively present in other cases. Multiple elements
listed with “and/or” should be construed in the same fashion, i.e., “one or more” of the elements
so conjoined. Other elements may optionally be present other than the elements specifically
identified by the “and/or” clause, whether related or unrelated to those elements specifically
identified. Thus, as a non-limiting example, a reference to “A and/or B”, when used in
conjunction with open-ended language such as “comprising” can refer, in one embodiment, to A

only (optionally including elements other than B); in another embodiment, to B only (optionally
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including elements other than A); in yet another embodiment, to both A and B (optionally

including other elements); etc.

[00206] As used herein in the specification and in the claims, “or”” should be understood
to have the same meaning as “and/or” as defined above. For example, when separating items in a
list, “or” or “‘and/or” shall be interpreted as being inclusive, i.e., the inclusion of at least one, but
also including more than one, of a number or list of elements, and, optionally, additional unlisted
items. Only terms clearly indicated to the contrary, such as “only one of” or “exactly one of,” or,
when used in the claims, “consisting of,” will refer to the inclusion of exactly one element of a
number or list of elements. In general, the term “or” as used herein shall only be interpreted as
indicating exclusive alternatives (i.e. “one or the other but not both”) when preceded by terms of

ERINT

exclusivity, such as “either,” “one of,” “only one of,” or “exactly one of.” “Consisting

essentially of,” when used in the claims, shall have its ordinary meaning as used in the field of

patent law.

[00207] Also, the phraseology and terminology used herein is for the purpose of
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description and should not be regarded as limiting. The use of “including,” “comprising,” or
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“having,” “containing,” “involving,” and variations thereof herein, is meant to encompass the

items listed thereafter and equivalents thereof as well as additional items.
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