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METHOD FOR THE DESIGN OF MULTIFOCAL OPTICAL ELEMENTS

FIELD OF THE INVENTION

The present invention relates to a method for designing multifocal optical

elements.
BACKGROUND OF THE INV!__ENTION

Optical elements are pieces of substantially transpare.nt material having
surfaces that reflect or refract light, such as mirrors, lenses, splitters and
collimators. Optical elements are used in a variety of applications, including
telescopes, microscopes, cameras and spectacles. .

Optical elements can be characterized by their optical properties and their
surface optical properties. Optical properties such as astigmatism, optical power
and prism describe how a wavefront of incident light is deformed as it passes
through the optical element. Surface optical properties such as surface
astigmatism, surface optical power and the gradients of the surface astigmatism
and surface optical power describe geometrical properties of a surface of the
optical element. The optical properties and the surface optical properties are
closely related, but are not identical. -

Multifocal optical elements have more than one optical power. For
example, bifocal lenses have two subregions, each with a different optical power.
Bifocal spectacle lenses can be used, for example, to correct myopia
(short-sightedness) in one subregion, and presbyopia (the loss of the eye’s ability
to change the shape of its lens) in the other subregion. Unfortunately, many

people find it uncomfortable to wear bifocal spectacle lenses, because of the

~ abrupt change in optical power from one subregion to the other. This led to the

development of progressive spectacle lenses, which are multifocal lenses in which
the optical power varies smoothly ffom one point to another on the lens.

The surface optical power at any point on the surface of an optical
element is defined by the mean curvature of the surface. A progressive lens has
varying optical power, so it has variable curvature, and is by definition aspherical.

However, since the surface of the progressive lens, or at least é substantial part of
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it, is by definition aspherical, it has two distinct principal curvatures k¢ and x, at
many points. The surface astigmatism at any point on the surface of an optical
element is defined by the absolute value of the 'diff.erence in the principal

curvatures x, and x, .-
The definitions of the mean curvature H, Gaussian curvature G, and
principal curvatures «, and «, of a surface f: at the point (x,y) are given in

Equations 1A - 1D:

) D)),

H =

RGO

a7

ool ax* \ ay? oxdy ) | (1B)

2 of 2 af 2 .
(“(‘;) (5;”

x,=H + HZZ—G. . (1C)

x,=H-JH*-G. (1D)

Since the early days of designing progressive lenses, the main design
goals have been to achieve: ' '

a) gently varying optical power,

b) minimal astigmatism,

-~ ¢) reduction of a variety of optical aberrations such as skew distortion,

binocular imbalance, etc. — |

Many different methods have been proposed to achieve these goals. US.
Patent 3,687,528 to Maitenaz describes a technique in which a base curve
(meridian) runs from the upper part of the lens to its lower part. The lens surface
is defined along the meridian such that the curvature varies gradually (and hence

the optical power varies). Along the meridian itself, the principal curvatures «,
and x, satisfy «,=x,. The lens surface is extended from the meridian

horizontally in several_ different methods. Explicit formulas are given for the
extensions from the meridian. Maitenaz obtains an area in the upper part of the
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lens, and another area in the lower part of the lens in which there is a rather
stable optical power. 'Furthermore, the astigmatism in the vicinity of the meridian
is relatively small. '

Many designs for progressive lenses explicitly divide the progressive lens
into three zones: an upper zone for far vision, a lower zone for near vision, and an
intermediate zone that bridges the first two zones. The upper and lower zones
provide essentially clear vision. Many designs use spherical surfaces for the
upper and lower zones. A major effort in the desigh process is to determine a
good intermediate zone. _ .

US Patent 4,315,673 to Guilino and US Patent 4,861,153 to Winthrop
describe a method which achieves a smooth transition area through the use of
explicit formula for the intermediate zone. US Patent 4,606,622 to Furter and G.
Furter, “Zeiss Gradal HS — The progressive addition lens with. maximum wearing
comfort”, Zeiss Information 97, 55 — 59, 1986, describe a method in which the
lens designer defines the value of the lens surface in the intermediate zone at a

number of special points. The full surface is then generated by the method of
splines. The designer adjusts the value of the lens surface at the special points in

order to improve the properties of the generated surface.

US Patent 4,838,675 to Barkan et al. describes yet another method. A
progressive lens having an upper zone for far vision, a lower zone for near vision,
and an intermediate zone is described by a base surface function. An improved
progressive lens is calculated by optimizing a function defined over a subregion of
the lens, where the optimized function is to be added to the base surface function.

A different technique is described by J. Loos, G. Greiner and H.P. Seidel,
“A variational approach to progressive lens design”, Computer Aided Design 30,

595 — 602, 1998 and by M. Tazeroualti, “Designing a progressive lens”, in the
book edited by P.J. Laurent et al., Curves and Surfaces in Geometric Design, AK

Peters, 1994, pp. 467 — 474. The lens surface is defined as a combination of
spline functions, and therefore the surface must be considered over a rectangle
which is divided into smaller rectangles. This method is unnatural for those
lenses which need to be defined over a shape other than a rectangle. A cost
function is defined, and the spline coefficients are determ‘lned such that the
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Surfaceminirriizes the cost function. This method does not impose boundary
conditions on the surface, and therefore lenses requiring a specific shape at the
boundary cannot be designed using this method. Using cubic bisplines, this
method provides an accuracy of h*, where h is the ratio of the diagonal of the
smaller rectangle to the diagonal of the iarge rectangle. |

European Patent Application EP744646 to Kaga et al. describes a
method in which the surface of a progressive lens ‘is partitioned into rectangles. -
At the boundaries of the rectangles, the surface must be continuous, differentiably
continuous and twice differentiably continuous. Since optical power is related to
curvature, and the curvatures are determined by the second derivatives of the
surface, it seems natural to impose continuity constraints on the second
derivatives. In fact, many method for designing - progressive lens. include
continuity constraints on the second derivatives of the lens surface.
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"~ SUMMARY OF THE INVENTION

An object of the present invention is to pfovide a novel method for
designing multifocal optical elements. | |

There is therefore pfovided in accordance with a preferred embodiment of
the présent invention a method for designing a surface of a multifocal optical
element. The method includes the'steps of partitioni_ngs a region into triangles,
defining a set of functions, each of which fepresents a portion of the surface over
one of the triangles, and optimizing the f_uhctions; thereby generating the surface.

Moreover, in accordance with a preferréd embodiment of the present
invention, the optical element is a lens. |

Furthermore, in accordance with a preferred embodiment of the present
invention, the lens is a progressive spectacle lens.

In addition, in accordance with a preferred embodiment of the present
invention, the region is a two-dimensional region and the functions are fifth-order
polynomials in the two dimensions. | _

Moreover, in accorddnce with a preferred embodiment of the present
invention, the method also includes the stéps of simulating optical behavior of the
optical element ba_sed upon the generéted surface, and if the generated surface is
unsatisfactory, adjusting parameter values of the ‘functions and repeating the
steps of optimizing and simulating.

Furthermore, in accordance with a preferred embodiment of the present
invention, the step of optimizing further includes the steps of defining a function of
the set of functions and optimizing the function. o

In addition, in accordance with a preferred embodiment of the' present
invention, the the function is a cost function and the stép of dptimizing the function
is the step of minimizing the function.

Moreover, in accordance with a preferred embodiment of the present
invention, the method further includes the Step of choosing 'weights to be included
in the function.

Furthermore, in accordance with a.preferred embddim'ent of the present
invention, the weights véry according to at least one of location on the surface, the
set of functions and first derivatives of the set of functions.

S
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There is also.provided in accordance with a further preferred embodiment
of the present invention a method for designing a surface of a multifocal optical
element. The method includes the steps of partitioning a region into polygons,
and defining a set of functions, each of which represents a portion of the surface
over one of the polygons. Continuity ccnst_raints for values of the functions and
values of the first derivatives of the _functicns are dicfa_ted at boundaries of the |
polygons. Continuity constraints for values of: the second derivatives of the
functions at boundaries of the polygons are not req:u'ired. The functions are
optimized subject to the dictated continuity constraints, thereby 'ge_nerating the
surface. | | _

Moreover, in accordance with a pref_erred embodiment of the present
inventicn the method also includes the step of dictating continuity constraints for
values of the second derivatives of the functlons at vertlces of the polygons.

Furthermore, in accordance with a preferred embodlment of the present
invention, the polygons are triangles.

There is also provided in accordance with another preferred embodiment
of the present invention a method for designing a :eurface of a multifocal optical
element. The rnethod includes the steps.'of partitioning a region into polygons and
defining a set of functions, each of which represents a pcrfic_n of the surface over
one of the polygons. A plurality of curves is determined along a subset of
boundaries of the polygons. Values of at least one of the set comprising the
functions, first de_rivatives of the'functions and second derivatives of the functions,
or any combination t'herefrom, are prescribed at selected vertices of polygons
coincident with the plurality of curves. The functions are optimized subject to the
prescribed values, thereby generating the surface. |

Moreover, in accordance with a preferred embodiment of the present
invention, the polygons are tnangles

Furthermore, in accordance W|th a preferred embodiment of the present
invention, the polygons are rectangles.

There is also provided in accordance with a preferred embodiment of the
present invention, a multifocal cp_tical element having a 'plurality of surfaces,
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where at least one of the surfaces is desigri_ed by one of the methods described

hereinabove.
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BRIEF DESCRIPTION OF THE DRAWINGS

The present invention will be understood and appreciated more fu'lly from
the following detailed description taken in conjunction with the appended drawings
| in which:

5 Fig. 1 is a schematic flowchart illustration of a design process for a
surface of an optical element, in accordance with a preferred embodiment of the
present invention,

Fig. 2 is a schematic flowchart illustration of a portion of the design
process shown in Fig. 1, in accordaﬁce with a preferred embodiment of the
10 present invention;
 Fig. 3 is a schematic illustration of a representation of a lens surface, in
accordance with a preferred embodiment of the present invention; and
Fig. 4 is a schematic illustration of a region partiti'oned into triangles,

helpful in understanding the present invention.
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DETAILED DESCRIPTION OF THE PRESENT INVENTION

The présent invention_'is a novel method for des_igning_' multifocal opticél
elemehts. The method enables the designer to emphésize speciﬁt: areas of a
surface of the optical element where a desired optical behavior is more crucial.
The method a.lso enables the designer to control optical properties along and in
the vicinity of curves on the surface.

In the parti'cular case of desig'ning a progressive lens, the present
invention does not require the division of the lens into three zones: an upper zone
for far vision', a lower zone for near vision, and an intermediate zone that bridges
the first two zones. Rather, the entire lens surface is optimized as a whole.

The method of the present. invention involves a dés’ign process with
feedback. This is shown in Fig. 1, to which reference is now made. The designer
specifies (step 100) the values of various parameters to be used in the design
process. - Then the parameter values are used to.calculate (step. 102) the surface.
In step 104, the designer evaluates the surface resulting from the calculation of
step 102. | The designer chigcks whethér the surface optical properties ére
satisfactory. The surface opticél properties include the éurface optical power,
defined as the mean curvature of the surface, the surface astigmétism, defined as
the absolute value of the difference between the principal curvatures of the
surface, and the gradients of the surface optical power and surface astigmatism.
In addition, the designer uses a simulator to simulate the passage of at least one
wavefront through the optical element, resulting in the determination of optical
properties of the optical element. if the calculated surface is unsatisfactory (step
106), the designer adjusts (step 108) the values of the various parameters. Then
the surface is recalculated (step 102). This process is repeated until the designer
is satisfied with the calculated surface. |
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The specification of parameter values (step 100) and calculation of the
surface (step 102) are shown in greater detail in Fig. 2, to which reference is now

" made, which is a SChe_mat_ic flowchart illustration of a portion of the design

process.
Reference is made additionally to Fig. 3, which is a schematic illustration

of a lens. The lens has a known surface g, and an unknown surface f. The

lens surface f is considered over a region D in the (x,y) plane. The region D

is partitioned (step 200) into a collection of polygons. In a préferred embodime_nt

~ of the present invention, the polygons are triangles z;, i=1,....,N, whefe N is the

total number of triangles. - The number of triangles is not limited, and the triangles
need not be identical to one other, thus providing the flexibility needed to partition
a region D of arbitrary shape. - |

. The surface y is a patch of a plurality of small “lenslets” /;, where each

lenslet /; is defined over one triangle 7;. The height of the surface f above the
point (x,y) in the triangle 7, is given by /,(x, y) as expressé'd in Equatioh 2:

fE»=hEy,  WwHer. 2)
Since the triangles need n_of be identical to one another, small lenslets
may be used for thdse areas of the lens surface where fine detail is required, and
large lenslets may be used for those areas of the lens surface where coarse detail
is sufficient. _ |
The surféce of each lenslet /, is represented (step 202) over its triangle =,

by a fifth order polynomial, namely a polynomial in x and y that includes all
combinations of the form x’/y™ with j+m less than or equal to 5. The height of
the surface of a lenslet /, above the point (x,y) in the triangle r, is given by

1,(x,y) in Equation 3:
Lx,y)=a" +a’x+ay +a’x* +a;'xy +ay’

+a’x® +a?x’y+al’xy* +ay’ +ax*
+a’'x*y+alx’y’ +a’xy’ +atyt + a’x’®

41 4 32.3..2 23.2.3 14__ .4 05,5
cxty+a X’y +ax"y’ +a, ' xy" +a;’y

3)
+a

Equation 3 can be rewritten more compactly as in Equation 4:

10
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" Leyy= Saieiyt (s en, @

J»
j+msS
where a/" are the coefficients of the th lenslet I,. The surface f is therefore
fully determined by the coefficients a/" of the set of local polynomials.
It will be appreciated that if there are, for examplé, 1000 triangles in the
partition of the region D, then the determination of the surface f involves

determining the value of 21,000 coefficients. Without additional constraints, there
are infinitely many possible solutions for the surface f. |

As explained hereinabove, fhe most natural constraint is that the lenslet
surfaces [/, are patched together so that the resulting sﬁrface S is continuous,
differentiably continuous and twice differentiably continuous along the boundaries
of the triangles 7,. Since the secohd derivative of f is the curvature, which is
related to the optical power, and the optical power should vary smoothly, it is
natural to demand that the surface f be twice differentiably continuous along the
boundaries.

An important feature of the present 'inventio'n is that it is sufficient to

require that the lenslet surfaces /, are patched together so that the resulting

~surface f is continuous and differentiably continuous along the boundaries of the

triangles 7,. This is expressed in Equations 5A — 5C:

li(‘x’y)=lj(x’y)' (x,'y)er,.mrl., | (SA) -
al(x,y) _0l;(x,y) o

= xy)er,nt;, (5B)
ol,(x,y) - ol;(x,y) , (n,y)er, nt;, (5C)

oy Oy

where the intersection of the triangles z; and 7, ‘is the boundary common to both

triangles. _
According to an alternative preferred embodiment of the present

invention, the requirement that the lenslet surfacés l, _ai'é patched together so that

the resulting surface f is twice differentiably continuous at the vertices of the

11
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triangles 7z, is added to the continuity constraints of Equations 5A — 5C. This is

expressed in Equations 5D - 5F:

3l (x,) a"lj(x,y) - 9, (x,) C '
b =22, (my)ennT 0T, 5D
ox? &t T () | & kL (5D)
621,(x, ») = _azlj(?"Y) - 621,, (x,y) ... (x,y)er, N, hfk , (5E)
oxdy  Oxdy oxdy . | SR .
2L (x,y) _ OL,(6y) _ 9% (x,y) (ty)er T, r\;,‘ (56)
- » ) ALY ]

oy* oy ay*
where the intersection of the triangles 7; and 7; and 7, IS the vertex common to
the three triangles. It will be appreciated that in certain é&treme cases; where a
vertex is common only to two triangles, the cbntinuity constraints of Equations 5D
— 5F still hold at those vertices. It will be apprecia’fed that the continuity
constraints of Equations 5D — 5F are significantly less restrictive than the prior art
continuity constraints for the second derivative which a'r_é, given along the entire

boundaries.
Since the goal is a progressive lens with varying optical power, it is

_reasonable to constrain the surface f so that its mean curvature matches as

much as possible a predefe_rmined function P(x,y) that specifies (step. 204) the
desired optical power at each point (x,y). Furthermore, since another goal is to

minimize the astigmatism of the progressive lens, it is reasonable to constrain the
surface f so that the difference between its principal curvatures is minimized.

Moreover, as mentioned hereinabove, the designer may wish to emphasize
specific areas of the lens surface. This is aécomp!ished'by choosing (step 204)

weight coefficients w,, and w,, that characterize the relative “strength” of each
lenslet /,, and the relative importance of the astigmatism aﬁd the optical power for
each lenslet /,. The weight coefficients of an emphasized lenslet will be greater
than the weight coefficients of a de-emphasized lenslet. For a particular lenslet /,

in which the optical power is mdre important than the astigmatism, the weight

coefficient w,, will be greater than the weight coefficient w,,. Similarly, for a

12
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&

particular lenslet /; .in which the astigmatism is more important than the optical

power, the weight coefﬁéiént w,, will be greater than the weight coefficient w;, .
Therefore, éubject to the constraints of Equations 5A — 5F, the
coefficients a/" representing the surface f must minimize a cost function E

given in Equation 6:

E =-i _[ Wi, (K (x5, y) — &, (x, _}’))2 + Wi,z(Kl (%,7) -; 0 (%, y).- P(x, y))z dxdy ,(6) .

where x,(x,y) and x,(x,y) are the principal curvatures.of the surface f ét the
point (x,y), and dxdy is a surface area element of the triangle ;. The
predetermined weight coefficients w,, and w,, depend upon x, y, and possibly
upon f and the first derivatives of f. This dependence upon f and the first
derivatives of f can arise from a number of situations. For example, if the

integral is computed not over the triangle z, but over the surface of the lenslet /,,

then the surface area element dxdy is replaced by J1+(or /ax) +(of oy dxdy .

The factor |1+(gr/ax) +(9f/ayf can be absorbed into the weight coefficients,

leaving the surface area element as dxdy. The factor Vi+(@r/exy +(or oy)

effectively increasés the weight of lenslets whose surface area is large relative to
other lenslets, perhaps to account for the fact that more light passes through large

lenslets. Another example of weight coefficients that are dependent upon f and
thé first derivatives of f is when the designer wants to penalize abrupt changes
in the surface f . S |

~ The surface f which minimizes the cost function E will not necessarily
have the optical power P(x, y) at the.point (x, y). Ifthe desjgner wishes to force
the lens to have a particular shape ahd/or optical b’ehé_tVio‘r at certain points, then

the designer determines (step 208) a finite set of curves C

m=1,...,N., where
N. is the total number of curves'_,_ along a subset of the boundaries of the
triangles z;. The designer specifies (step 208) curve conditions, which dictate any

or some of the values of the surface f and its first and second derivatives at the

13
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vertices 7. of the curves C,. This has the effect of controlling the shape and
optical properties at the vertices ¥, and in the vrcmrty of the curves C,. It will be
appreciated that the curves C do not necessarily defi ne an enclosed subregion

on the surface. L
According to a well-known techmque from the art of plate mechanics, the
surface f can be expressed as a patch of fifth-order polynomlals defined over the

triangles 7,, such that the surface f will satisfy the contlnurty constraints of

Equations 5A — 5F. This technique is described in the artrcte “The TUBA  Family
of Plate Elements for the Matrix Displacement Method” by J.H. Argyris, |. Fried

- and D.W. Scharpf, published.in The A_eronéutical Journal, 1968, vol. 72, pp. 701 —

* 709, which is incorporated herein by reference. A number N of fifth-order shape

polynornials S, (x',. y) that satisfy the .continuity constraints of Equations 5A - 5F

are constructed. : According to a preferred embodiment o-f'the. present invention,

the surface f is represented (step 202) as a Imear combmatron of these shape

polynomlals S (x,y), as givenin Equatlon 7.

S = 2d S 7)

where d, are the unknown coefficients in the Ilnear_:com_bination. Then, by
construction, the surface f . of Equation 7 satisfies the. eontinuity constraints of
Equations 5A — 5F. As will be explained hereinbelow;' the curve constraints
prescribed by the designer effectively determine the EVaIue of some of the
unknown coefficients 4, . When the surface f of EquatiOn 7 is substituted into
the cost function' E of Equation 6, the result is an expression (step 206) of the
cost function E in terms pf the coefficients d,, some of which are unknown. The
minimization of the cost function £ can now be_performed without regard for the
continuity constraints of Equa_tions 5A — 5F and the curve constraints, in order to
determine the remaining unknown eoefﬁcients d,. _.

~ As mentioned in the article by Argyris et el., the continuity eonstraints of
Equations 5A — 5F are equivalent fo satisfying continuity c}_f f, its first derivatives

14
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and its second derivatives at the vertices of the triangles 'r, and continuity of the
derivative of f with re%iﬁéct to the normal at the midpoints of the sides of the
triangles 7,. Therefore, for the entire set of triangles 7;, the continuity constraints

of Equations 5A — 5F are equivalent to 6 continuity constraints for each vertex and -
1 continuity constraint for each midpoint. The exact 6 values of f, its first

derivatives and ifs second derivatives at the each vertex and the exact value of
the derivative of f with respect to the normal at each midpoint are free
parameters, known as degrees of freedom.

It will be appreciated that the number of vertices N, in the set of triangles
is less than 3 times the number of triangles N, since many vertices are common
to more than one triangle. It will 'aIso be appreciated that the number of midpoints
N,, in the set of friangles is less than 3 times the number of-'triangles N, since
most midpoints are common to two triangles. The total number of degrees of
freedom for the entire set of triangles z, is given in Equation 8:

- Ny=6N,+N, . . (8)

A shape polynomial S,(x,y) is constructed for each degree of freedom,
as shown in Fig. 4, to which reference is additionally made, which is a schematic
illustration of a region partitioned into triangles. A triangle 7, has three vertices
V1, V2 and V3 and three midpoints M1, M2 and M3. A triangle z, has three
vertices V1, V2 and V4 and three midpoints M1, M4 and M5. Vertex V1'is
common to six triangles, 7, - 7. Midpoinf M1 is common to triangles 7, and 7,,
midpoint M2 is common to t.riangles T, and. 75, and rhidpbint M3 is common to
triangles 7, and 16.. |

One of the N, degrees of freedom is related to the value of the surface

f at the vertex V1. A shape polynomial S,(x,y) is constructed so that its value at

vertex V1 is 1 and at every other vertex in the set of triangles is 0, its first and
second derivatives at every vertex are 0, and its derivative with respect to the
normal at every midpoint is 0. This is accomplished by determining a fifth-order

polynomial in each triangle, and setting S,(x,y) to be the piece-wise collection of

15
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these fifth-order polynomials. The triangle 7, has 21 degrees of freedom

associated with it — the value of 1, its first derivatives and its second derivatives

- at each of the vertices V1, V2 and V3, and the value of the derivative of f with

respect to theé normal at each of the i'nidpdints M1, M2 and M3. Therefore, a
fifth-order polynomial in x and y, having 21-coefﬁcient$-, can be fully determined
for triangle 7, by setting the value at vertex V1 to 1, the value at vertices V2 and
V3 to 0, the first and second derivatives at vertices V1, V2 and V3 to 0, and the
derivative with reépect to the normat at midpoints M1, M2 and M3 to 0. Similarly, -
a fifth-order polynomial in x and y can be fully determined for triangle 7, by
setting the value at vertex V1 to 1, the value at vertices V2 and V4 to 0, the first
and second derivatives at vertices V1, V2 and V4 fo 0, and ihe derivative. with
respect to the normal at midpoints M1, M4 .and M5 tb 0. It will be appreciated that
the fifth-order polynomial for triangle 7z, and the fifth-order polynomial for triangle
7, satisfy the continuity constraints of Equations BA — S5F. Similar fifth-order
polynomials in x and y are fully determined for the remaining triangles in the set,
and the shape polynomial S,(x,y) is defined as the piece-wise collection of these
fifth-order polynomials. _ |

Similarly, a second shape polynomial S,(x,y) is constructed so that its -
value at every vertex is 0, its first derivative at vertex V1 is 1 and at every other
vertex is 0, its second derivatives at every vertex are 0, and its derivative with
respect to the normal at every midpoint is 0.

it will be appreciated that each of the shape polynomials S, (x,y) satisfies

the continuity constraints of Equations 5A — 5F by construction, and therefore the
linear combination given in Equation 7 satisfies them as well.
it will also be appreciated that each of the fifth-order shape polynomials

S, (x,y) is non-zero only in those triangles where a degree of freedom is 1 at a

vertex or midpoint of that triangle.
The curve constraints specified by the designer are prescribed values for

f and possibly some of its first and second derivatives at the vertices V. of the

curves C, . Each of these curve constraints fixes the value for f orone of its first

16
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or second derivatives at a particular vertex in the set of tnangles and therefore

fully determines (step 208) the value of a partlcular d_ appeanng in the linear
combination of Equat:on 7 The number of coefficients d, that remain unknown
is given by the expression N —number of curve constraints .

Other techniques for constructing fifth-order shape polynomials that
satisfy the continuity constraints of Equations 5A — 5F are known from the art of
plate méchanics. For example, such a technique is described in the article “Static
and Dynamic Applications of a High-Precision Triangular Plate Bending Element”
by G.R. Cowper, E. Kosko, G.M. L_indberg and M.D. Olson, published in AIAA
Journal, 1969, vol. 7, no. 10, pp. 1957 — 1965, which is incorporated herein by
reference. ' |

The shape polynomlals according to Argyns provide an accuracy of A°,

while the shape polynomials according to Cowper provide an accuracy of h5
where # is the ratio of one edge of a triangle to one dimension of the region D.

it will be apprec1ated that any fifth-order polynomials satisfying the

continuity constraints of Equatlons 5A — 5F can be used as the basis of a linear

combination for f instead of the shape functions described hereinabove.

It will be appreciated that if polygohs other than trianglés' are used to
partition the region D, the number of degrees of freedom associated with the
polygon will be greater than 21, and therefore the polynomials will have to be
higher than fifth-order in order to account for all the degrees of freedom.
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As mentioned above, the linear combination of Equation 7 is substituted
into the cost function E of _Equetion_G_', and the result is an expression of the cost
function E in terms of the coefficients 4, , some of Which- are unknown. The
minimization of the cost functlon E is now performed (step 210) without regard for
the continuity constraints of Equations 5A — 5F and the. curve constraints, in order -
to determine the remaining. unknown coefficients d, . . lt- is well known from the -
calculus. of variations that the minimization problem i's'“equivalent to solving a
particular equation, known as the Euler-Lagrange equatlon for the unknown
surface f This is explained in the book Calculus of Varlatlons by I.M. Gelfand

and S.V. Fomin, Prentice Hall, 1963.
For the cost function E given in Equation 6, the Euler-Lagrange equation

is nonlinear. Furthermore, the integral over the triangle z, contains a nonlinear
expression in the unknown coefficients ¢, , and therefore is difficult to compute
explicitiy. Therefore, an 'iteratiue ‘method is used tb solve (sfep 210) the
_E'ul_er-Lagrange equatioh for the unknown coefﬁciehts d,. In a preferred
embodirhent of the present invention, the Newten metﬁed is us.ed, but any other
suntable iterative method can be used instead. -

The iterative method conS|sts of producing a sequence of surfaces, fir
fz, ..., such that the sequence converges to the requllred lsolutlon f. There are
many ways to choose the _inﬁitial surface f, for the iteration. For example, a plane .
in x and y can be chosen for the initial surface f. Each surface in the -

sequence solves a system of linear algebraic equations, the system characterized
by a matrix. The construction of the matrices appearing in the iteration method is -
described in the finite elemients literature, for example, in the books by T.J.R. -
Hughes, The Finite Elements Method, Prentice Hall, 1987, and by W.G. Strang
and G. Fix, An_Analysis to the Finite Element Method, Wellesley Cambridge,

1973, which are incorporated herein by reference.

A benefit of using the Finite Elements Method is that the matrices used in
the iteration process have a special structure, in which all elements of the matrix
except for a narrow band near the diagonal are zero. Such matrices are known
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as "band matrices”. ‘This feature greatly reduces the computational complexity of
solving the system of gquations, and therefore enables the use of very many
degrees of freedom wHe_'n” representing the lens suﬁacé. -

“In principle, there are infinitely many steps to the iteration process. -
Therefore, it is necessary to _déterminé_ a criterion for stopping the iteration
process at a particular point, and using the resulting surface as thé solution. One
example of such a criterion is to compare a surface fM to the previous surface
frya- One example of such a comparison is to take the difference of the linear

combination coefficients d, for surface f,, and surface f, . If the sum of -

squares of this difference is less than a predetermined threshold, then the
sequence is said to have converged fo the surface f,, .

The designer may find that the convergence to a solution is too slow, for
example, that the difference between a surface f,, and the previous surface f,,_,
is too big. - According to a preferred embodiment of the ;present invention, the
convergence of the sequence of surfaces can be enhanced by replacing the cost
function E given in Equation any a variant cost function E' for one or more steps
in the iteration, before returning to the .original problem. The variant cost function

E’ is the cost function E of Equation 6 with the principal curvatures «; and x, of

Equations 1C and 1D, respectively, replaced by x; and K, as given in Equations

9C and 9D, respectively:

(1 . ﬂ(g—{)z }(%]— w(%){%}( :;af;J i [l i (%)2 }[ZT{J (9R)

H(B) = | T
[of&) (%))
(1) '
[“ﬂ(a—x) (2] J
xi(8) = H'(B)+YH'(B)' - G'(B) - | (9C)
xy(B) = H'(B)~H'(BY -G'(B) - o (9D)
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It will be appreciated that when 8 has the value 1, Equations 9A — 9D are
identical to Equations 1A — 1D, and hence the variant cost function :E' is identical
to the cost function E givéh_ in Equétion 6. \_N_hen ,Bhas the value 0, the variant
cost function E' is a linearization of the cost function E given in Equation 6. As
mentioned above, the con\)e_rgeh’ce of the sequence oféﬁrféce"s'can be enhanced
by using the variant cost function E' where £ has a value between 0 and 1,
including 0 but excludihg 1, for one or more sfeps in thef ite'ration, before returning
to the original problem. It will also be appreciated that When B has a value other
than 1, ! and « lose their geometric significance:

It will be appreciated that the surface calculation described hereinabove
can be used to calculate a single unknown surface of any optical element, which
might consist of several refracting surfaces. - '

According to a preferred embodiment of the present invention, the
parameters specified in step 100 of Fig. 1, adjusté_cl in step 108, and used in the

calculation of step 102, are the partition of D into triang_les 7;, the desired optical
power function P(x,y), the weight coefficients w,, and w,,, the curves C, and

the curve constraints.
Furthermore, as mentioned hereinabove with respect to step 104 of Fig.
1, once the lens surface f has been calculated, the designer checks surface

properties of the calculated surface and simulates optical prop'erties of the lens as
a whole. The surface properties checked include the surface optical power, the
surface astigmatism, and the gradients of the surface optical power and surface
astigmatism. For example, the surface astigmatism of the calculated surface may
change too rapidly, and cauée discomfort for the wearer of a lens based.upon the
calculated surface. '
According to a preferred embodiment of the present invention, the
simulation simulates the optical properties of the lens as seen from an eye. One
or more wavefronts are propagated towards the lens. In a preferred embodiment
of the present invention, a plurality of spherical wavefronts is propagated towards
the lens. Generally, the wavefronts are deformed as they pass through the lens.
The resulting deformed wavefronts on the other side 6f the lens can be

.20




10

" WO 00/52517 R PCT/IL00/00082

characterized by a- vanety of properties, including astigmatism, optical power,
prism, and the like. .;The calculation of the deformed wavefronts can be
accomphshed by the well-known technique of ray-tracing. The article “Testing and
centering of lenses by means of a Hartmann test with four holes” by D. Malacara
and Z. Malacara, published in Optical Eng'in'eering, 1992, vol. 31 no. 7, pp. 1651 —
1555, describes a te'chni'q'ue to determine the properties of the deformed
wavefronts. ' ' .

it will be 'appreciated by persons skilled in the art that the present
invention is not hmlted by what has been particularly shown and described herein

above. Rather the scope of the invention is defined by the claims that follow:
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CLAIMS

A method for desngmng a surface of a multlfocal optlcal element, the

A .

method compnsxng the steps of:
partitioning a reglon into tnangles
defining a set of functlons each of whlch represents a portion of said
surface over one of said triangles; and
optlmlzmg sald functions, thereby generating: sald surface.
. A method according to claim 1, whereln said optical element isa lens.

w

. A method accordmg to claim 2, whereln said lens is a progressive

spectacle lens.

4. A method according to claim 1, wherein said region is a
two-dimensional region and wherein said funCtio_ns are fifth-order
polynomials in said two dimensions.

5. A method according to claim 1, further comprising the steps of: |

- simulating optical behavior of said optical element based upon said
generated surface; and _
if said generated surface is unsatisfactory, adjusting parameter values
of said functions and repeating said steps of opti'mizing and simulating.

6. A method according to :claim 1, wherein said step of optimizing further

comprises the steps of: -
defining a function of said set of functions; and
optimizing said function.

7. A method according to claim 6, wherein said function is a cost function
and said step of optimizihg said function is the step of minimizing said
function. o

8. A method according to claim 6, further comprising the step of:

choosing weights to be included in said function.

9. A method according to claim 8, wherein said weights vary according to
at least one of location on said surface, said set of functions and first
derivatives of said set of functions. '

10. A method for designing a surface of a multifocal optical element, the

method comprising the steps of:
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partitioning a reglon into polygons; _
defining a set of functions, each of which represents a portion of sald
surface over one of said polygons,
dictating continuity constraints for values of said functions and values
of the first derivatives of said functions at boundaries of said polygons;
not requiring continuity - constraints for values of the second
derivatives of said functions at boundaries of said polygons; and
optimizing said functions. subject to said dictated continuity
cohstraints, thereby generating said surface.
11. A method according to claim 10, wherein said optical element is a
lens. _ _
12. A method according to claim 11, wherein said lens is a progressive
spectacle lens.
13. A method according to claim 10, the method further comprising the |
step of:
dictating continuity constraints for values of the second derivatives of

said functions at vertices of said polygons.

- 14.. A method according to claim 10, wherein said polygons are

triangles.

15. A method according to claim 14, wherein said region is a
two-dimensional region and wherein said functions are fifth-order -
polynomials in said two dimensions.

16. A method according to claim 10, further comprising the steps of:

simulating. optical behavior of said optical element based upon said
generated surface; and

if said generated surface is unsatisfactory, adjusting parameter values
of said functions and repeating said steps of optimizing and simulating.

17. A method according to claim 10, wherein said step of optimizing
further comprises the steps of:

defining a function of said set of functions; and

optimizing said function.

* c L M H *
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18. A method according to claim 17, wherein said function is a cost
function and said step of optimizing said functlon is the step of
minimizing said functlon o _'

19. A method accordmg to claim 17, further compnsmg the step of

choosing weights to be included in said function.

20. ‘A method accordlng to claim 19, wherem satd weights vary
according to at least :one of location on said surface said set of
functions and first derivatives of said set of functlons :

21. A method for designing a surface of a multlfocal optlcal element, the
method comprising the steps of:

partitioning a region into polygons;

defining a set of functions, each of which re_présents a portion -of said
surface over one of said polygons; |
determining a plurality of curves along a subset of boundaries of said
polygons; ' ' :
' preséribing values-of at least one of the set comprising said functions, - ) ;
" first derivatives of said functions and second derivatives of said functions,
* or any combination therefrom, at selected vertices of polygons coincident
with said plurality of curves; and '
optimizing said functions subject to said pi_e_scribed values, thereby -
- generating said surface.
22. A method according'to claim 21, wherein said optical element is a
lens.
23. A method according to claim 22, wherein said Ie'h_'s is a progressive
spectacle lens.
24. A method according to claim 21, wherein said polygons are
friangles. '
25. A method according to claim 21, wherein said polygons are
rectangles. |
26. A method according to claim 24, wherein said region is a
two-dimensional region and wherein said functions are fifth-order

e

A

polynomials in said two. dimensions.
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27. A method according to claim 21, further comprising the steps of:
simulating optical behavior of said optical:element based upon said
generated surfécé; and -
if said generated surface is unsatisfactory, adjusting parameter values
of said functions and repeating said steps of optimizing and simulating.

28. A method according to claim 21, wherein said step of optimizing

further comprises the steps of.
defining a function of said set of functions; and -
optimizing said function. _

29. A method according to claim 28, wherein said function is a cost
function and said step of optimizing said function is the sfep of
minimizing said function.

30. A method according to claim 28, further comprising the step of: |

- choosing weights to be included in said function.

31. A ‘method according to claim 30, wherein said weights vary
according to at least one of location on said .surface, said set of
functions and first derivativés of said set of functions.

32. A multifocal optical element having a plurality of surfaces, wherein at
least one of said surfaces is designed.by the r_neth.od according to claim
1 . . :

33. A multifocal optical element having a plurality of surfaces, wherein at
least one of said surfaces is designed by the method according to claim
10. |

34. A multifocal opﬁcal element having a plurality of surfaces. wherein at
least one of said surfaces is designed by the method according to claim
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