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BACKGROUND ﬁmkﬁﬂﬁ@@mgﬁwm U, Saht dpplcdtioneIthialio.15 The present

i nvention g era 1y relates to a field of distributed- rrermry nmessage-

paS|SI ng #: par éYDRDZGﬂZDM&USio[éS%@))aim Eﬁimkaglgwn@B%OEW estongbre, as
et h
app:1 € %ﬁ%ﬁ‘%ﬁ%’:ﬂ'iﬁ E&%r%ogr @fsggorﬂ?ed F&&‘& ﬂa&ﬁLgﬁdu?&-l\ﬁ)% eBfBputefat hemat i cs,

engi neeri ng e present Invention is
directed t omssm&he«pphmhoﬂﬂchan% QYO&%ZO@MQMUSMII%D\}, fari“énNexel a
mul ti di mens

di stri but ed4 ?I*}ﬂ%}lgllo u(rPIF%rQ Dh ag,zm}ggr pgfétsagsh%f#’gﬁg%h?ﬁe Prior Art

Li near tranW@MQOZ@U&SU@!S(ISM)H&F@MF@McfdmllémaﬁﬂSgrstem"FT"), have wi dely
been 25 used for solving a range of problenms in the fields of science,

mat hematlPcs, engi neering and the like The FT alters a given probleminto
one that may be nore eaBAGKEGROUND OFTHEENYENIIONcd in nmany different
applications. For exanpl e, for a systemof N variables, the FT essentially
represents a change of the N variables fromcoordinate space to nonentum
space, where the new val ue oTechaichl Rieldiofilledn@fitidapends on the val ues of all
the old variables. Such-a systemof N variable is wusually stored on a
conputer as an array of N elenments. The FT is comonly

15 The present invention generally relates to a field of distributed-memory message-

(D

passing parallel multi-node computers and associated system software, as applied

for example to computations in the fields of science, mathematics, engineering and
" the like. More particularly, the present invention is directed to a system and

method for efﬁciel.lt:implementation of a multidimensional Fast Fourier Transform

20 (i.e;, “FFT”)ona disiributed—meinory parallel supercomputer.
Description of the Prior Art

Linear transforms, such as the Fourier Transform (i.e., “FT”), have widely been
25 used for solving a range of problems in the fields of science, mathematics,

engineering and the like. The FT alters a given problem into one that may be more
easily solved, and the FT is used in many different applications. For example, for
a system of N variables, the FT essentially represents a change of the N variables

| from coordinate spac':e to momentum space, where the new value of each variable

30  depends on the values of all the old variables. Such a system of N variable is

usually stored on a computer as an array of N elements. The FT is commonly
computed using the Fast Fourier Transform (i.e., “FFT”). The FFT is described in
many standard texts, such as the Numerical Recipes by Press, et al. (“‘Numerical
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conputed using the Fast Fourier Transform (i.e., "FFT"). The FFT is
described in nmany standard texts, such as the Nunerical Recipes by Press,
et al. ("Numerical -2 WD 02/069097 PCT/ US02/ 05574 Reci pes in Fortran",
pages 490- W H Press, S. A Teukolsky, W A Vi higgs7@nd Brian
P FI annery‘,gggpr@yspdge University Press, 1986, 1992, ISBN:el;é’Ig{IégZ@g4g064X).
Most conput ; ?‘QE e L Q. orar ugcyt i | syt optimze the
FFT for. t_heﬁ?eclpe(%:i{l | c%ré%ggggger{sgﬁg&‘gxgn%fe{é’ g‘téfe’ﬁ%lk@i%iy'uﬂ y 5 optimzed
on the | BM sv&stiapand Brian R ameiy) GambriBggUniversity\Bress) d985,i1892, [SBY:

Subroutine Lj Lib t ire the data (i.e., th
For egoi ng. S-SHEMGHHo e sppPiedr pRYIRTRE A et gt RuIB PSR & momor y
local to a ngfignizd the BFMErithél} §PROTIcRGesTor: TRorxhSIEERE FFUfis Ailly

mul tidimensional array are distributed 10 in a plurality of dinmensions
acr oss nddesoptimizeddinghe IRMisdRS/6RQAprocassar n the EngineeringasdScieatifieit er . Many
appl i cations . e | o] - ral | 14 - node
conput ers sp%‘%’g&% n?é’?ogée}&’f 'rIggsteﬁi(l)J?]ﬁrg:; &@gﬁe@@éﬁg %l‘g‘lf"ltﬁ;r%foéﬁg%% cul ating
the nul ti di nsteraéms)aecdséafy toSienfoem aheBET beatesident fima mehwryllostlrto bubdel- nenor y
parallel multi-node conputers is faster execution, fast -cal culation of the
mul tidi mensional 15 FFT for the distributed array is of critical

i nportance. hhemditienAsGhA FBT, Nitfententsof a miilfidiensibnd] laytay arstdistdbutel] acr oss
the nodes in sone arbitrary fashion partjcuyular to.an appljcatjon. To

cal cul at¥ t Ha apiwalityiofdimensiqns aqf?SF,nOQW@f&rq‘sga"*S?d'@F@ﬁ’é’rfaéadcg 5N

redi Stri but egh 3 ueHp3eA v PRiEAbNS ot BRcE bR isRbuRACHeROYparlBR St S Of 2

conplete row of efenents’i mensi on. A one-di nensional FFT on each
row i n the xm@Bi-nade cemputens spendedatgefadidon ef theieexegetiandimeen calpulatingt he row i s

| ocal to a npde an Sk nc o - di. [ . LiS

| ndependent “%“ﬂ%&j“af‘ﬁé gﬁ: ﬁeé%gggmgwrr@%?ifg{%e d@“%@?@%%@%bleach node
requi res no gahPhodecomputersis fastenenecutiont fust catonthtion ofltheayultidimessiémal med usi ng
abovenentioned librapy.routines,. After.ihe  one.di sional . FFT. the array
el ement star eFE’éfQiiﬂéet‘{‘gltBéHt%‘ija%acYc‘ﬁOf ﬁética};\m&?ﬁﬁmﬁnl‘gfgg ep 3@‘589“% each
node consi St g @fitial RéEadry théndde@inysollicHEUHFArg Tashidngiagtithlag to an a

one-di mensi onal FFT on each row in the y-dinension on_each node is

perforned. amplicationcTegalculete theppaltidimpssignatElid; e arrppef elgrmenty is4en ¢ hen t he

re-di stri but feﬁﬁ&ﬁ)‘ﬁ%@uch%@t’adﬂd?ﬁmbﬂﬁ@&ff oh At néBakias of PEorBfElR Successive
di nension of tThe array - .

row of elements in the x-dimension. A one-dimensional FFT on each row in the x-

20 - dimension on each node is then performed. Since the row is local to a node and
since each one-dimensional FFT on each row is independent of the others, the one-
dimensional FFT performed on each node requires no communication with any
other node and may be performed using abovementioned library routines. After the
one-dimensional FFT, the array eleménts are re-distributed such that a portion of

25  the array on each node consists of a complete row in the y-dimension. Thereafter,
a one-dimensional FFT on each row in the y-dimension on each node is performed.
If there are more than two dimensions for the array, then the re-distribution and a
one-dimensional FFT are repeated for each successive dimension of the array
beyond the x-dimension and the y-dimension. The resulting array may be re- '

30 distributed into some arbitrary fashion particular to the application.

The treatment of the x-dimension and the y-dimension in sequence is not

fundamental to the multidimensional FFT. Instead, the dimensions of the array
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beyond t he x-di mension and the y-dinmension. The resulting array nmay be re
30 distributed into sone arbitrary fashion particular to the application.
The treatment of the x-dinmension and the y-dinension in sequence i s not
fundament al t he mul tidi mensional FFT. Instead, the di f the
array -3 V@W%’P%Pégow PCT/ US02/ 05574 maybe treat ed I n an?/@glr%ger or sone

T T of oncy. Y R HHRRAID AR oS Tar SURsuFaIo: R Ao ReRTRAE” 2, °°™

exanpl e, therdé ina ?&alc@laat'z{dtéyébfmm&éfﬁéxb@cyednﬂabmmvwﬁstbfﬁcmﬂmﬁan which is
in some arbitrary, fashion partjcular to tggl}]%pﬁgl I cation coincide with

5 the di st riotherorlers dis xample rthg injtiad distsibu ¢ Ay acregsth ePﬁdﬁshe
y- di mensi on.yligh fsb.h§om9§x%?:ar§ fas Rechash ﬁﬁtapﬁl@éatl&h%ﬂ%inbmermﬂﬁ onal FFT

to treat the y-dinension tirst, fore treating the x-di nension and any
ot her reduai nhm@}smbn’em;nmarylfm thh ené-diplepstonal FFToin the y-dimeengight Inithifensi onal
FFT descri bed ahove en the
one- di nensi SA%4 q;Ifltiaﬁi be ﬁgtgsﬁ ty thelrg}lﬁdﬁ#é’ngi%&l t?(i)r-e %Wg ﬁl%&m}éﬂﬁﬁ?gl on or
re-distri butbeﬁiiretrbihﬂghﬂeﬁ-ldhnéxﬁmalahdmfydhatréminuin'gdhncmm node of the

di stributed-nenory parallel nmulti-node conputer sends unique data (i.e.,
el enments of the array) to all other nodes utilizing a plurality of packets.
As_ above- nan i ipislemdriation G thilfidifindibnal FPT Bulolibéll 9608 bRMAE- FFT on the
distributed 15 nenory parallel nulti-node conputer, is of critical

i npor t arlfe. distribution afithy mmmemﬂw@eg-drm@wnd%?é is angxp@pleof ap | ar ge
fraction of fCUL i an. t Ak ay across
t he nodes theaﬁgl E{ir:&b u"“;ﬁdgeorlregdm%ﬁ{]&} Iﬁtﬂﬁlfjf_oﬁ% g%%g%&ﬂﬁ Vor e

part i cul arl modaofﬂueglsuﬁbm&-memogfpamﬂebuuﬁhmvdb lcomputer sspdsrnique datahe

"all-to-all" re-distri I on .qQf of. Lhe the nodes the
20 di st ri but@f: FHERERS© Bgﬂﬂ @3 ﬁ,ﬁpﬁerrho “‘&lbﬁ’r‘tﬁﬁ Pra é?’ E}ﬁ)e 8?59 ereis a
need in the @ble-henticHedyfash cakuRatioy of themanidim@istonal KR on thé diswribatetdt y -

i mpl errentl ng the nul ti di nensi onal FFT, or} t.he on the distributed- nenory

par al | el15sugaemenyparaliel mplti-pode computer, is of gtical jraportapeea J0fhe (he art for 25
providing a xﬁiﬁérﬁéﬁ‘taﬁf&ﬂ d@?crnIB&ijcho% t@lédll‘i{'aqattgleﬁabﬁﬂﬂcﬂ'mméiﬁoh Beial | -to-all”

re- distributron on the distributed-nenory parallel superconputer for
ef fici ently spemtb eordistribute therarray acroissithemadesshedistribyted-memory parallel

multi-node computer. More particularly, a large fraction of execution time is spent

S_-

Ui

on the “all-to-all” re-distribution of elements of the array across the nodes the
20 distributed-memory parallel mt_llti-node computer.

'Therefore there is a need in the art for providing a system and method for
efficiently implementing the multidimensional FFT on the on the distributed-
memory parallel supercomputer. In particular, there is a need-in the art for

25 providing a system and method for efficiently implefnenting the “all-to-all” re-
distribution on the distributed-memory para.llél sﬁpercomputer for efficiently

implementing the multidimensional FFT.

SUMMARY OF THE INVENTION

30
It is therefore an object of the present invention to provide a system and method for
efficiently implementing the multidimensional FFT on an array distributed on a

distributed-memory parallel supercomputer.
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SUMVARY OF THE I NVENTION 30 It is therefore an object of the present

I nvention to provide a systemand nethod for efficiently inplenenting the
mul ti di mensional FFT on an array distributed on a distributed-nenory

par al | el uter. -4 WD 02/ 069097 PCT/ US02/ 05574 1, er obj ect
of the.pr&g@ﬁ{/&?g\g\}ention to provide a system and net hod %gjrﬁ}sg?@%@i ently

I npl ementing the nmultidinensional FFT on the array by efficiently

i npl ementing the "all-to-all"™ re-distribution on the distributed-nmenory
parall el 5 1514 RAGHETABIECEHE the bresént iiventfnd ﬁ)ﬁ/id@bjs?ﬁém%dhféﬂloﬂff@‘sent

i nvention to provide a systemand nmethod for efficiently jnplenenting the
"al | -t o- al | "efiicientlydmplementingthe mubtidimprsigrablEr ‘éﬂﬁémﬁfﬁh}ﬁe%ﬂ% Y

mul ti di mensi; «fine gk b = r B 5,3)9% nputer. 10
Accordi ng téﬂl %ﬁgﬁ%@%ﬁ%@ﬁ&&ﬁ%@%?ﬁ?ﬁ&%ﬁ%r.lnﬁlg |sﬁgr ovided a -
met hod for sepércammitdrl y i npl enenting a mul tidi mensi onal Fast Fourier
Transform (FFT) of a nultidinensional array conprising a plurality of
elenents initially distributed in a nulti-node conputer system conprising
a plurality 1pfs yeo@ethet obje@ Mt peeshtivehfiordioiovidewiysrikandtnhethadefoh od
conprising: distributing the _pluralit | enent s ﬁf I he r in a first

di nensi on actiig tkyri@p{ﬁwﬁns%“éi—%@ﬁ’és—%@%ﬂ%nwm ?3&0“%‘9@% r ver the

network to fReinhidafhésonhl Fist orPiRe dliPRRAINAry birdilel REpdrQImpubg. the first
one- dinmensional FFT on the elenments of the array distributed at each node

in the flOrst dinension; re-distributing the one-di nensional
FFT-transforped el nt s, ak. ea s L0 |,: | I a

“al 1t o | AGPuE R BB RRLCH B pa e Sy RS kBRSO B,
conput er sy Sbe¢fficietly infplernetiting & uliidinieptonhDF ast Fanrier Teansforn (FFB-oferensi onal

FFT on el enents . of the_ array re:distribyte t each.npde .i.n .the second
di nensi on, \%@P@‘F"f?’_’%‘ﬂ%"’l AHAY AR ISENE2 Rl‘é‘@ﬁ |°?51? “téfql?@fye‘ﬁfmﬂ‘ftfﬁ%t i on of
the networ kniiSic@0¥orbutérGly Bl smpithe FERtAliRGo fid@ed M IcbmeivaRAgsroNal - FFT. 25

According to anot her enbodi nent of, the present inveptiaon ther? i s provided
a 1 over a network, the method comprising: distributing the plurality of elements of the

. array in a first dimension across the plurality of nodes of the computer system over
the network to facilitate a first one-dimensional FFT; performing the first one- '
dimensional FFT on the elements of the array distributed at each node in the first
dimension; re-distributing the one-dimensional FFT-transformed elements at each

20 node in a second dimension via “all-to-all” distribution in random order across
other nodes of the computer system over the network; and performing a second
one-dimensional FFT on elements of the array re-distributed at each node in the
second dimension, wherein the random order facilitates efficient utilization of the
network thereby efficiently implementing the multidimensional FFT.

25
According to another embodiment of the present invention, there is provided a
system for for efficiently implementing a multidimensional Fast Fourier Transform
(FFT) of a multidimensional array comprising a plurality of elements initially
distributed in a multi-node computer systeth comprising a piurality of nodes in

30  communication over a network, the system comprising: means for distributing the
plurality of elements of the array in a first dimension across the plurality of nodes
of the computer system over the network to facilitate a first one-dimensional FFT;

means for performing the first one-dimensional FFT on the elements of the array
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systemfor for efficiently inplenenting a multidi nmensional Fast Fourier
Transform (FFT) of a multidinensional array conprising a plurality of
elenents initially distributed in a nmulti-node conputer system conprising
a plurality of nodes in 30 comunication over a network, pbhgsy@sAM
corrprisinde'/ g9for d| strlbutlng the pl urallty of elenents of the array

in a first djnmensi rallt of des he uter system
over the ne lk“t? atfea ‘F tB EPSFHV%EPSIE} °ﬁ§‘1" S‘rﬁg'lfbum{hg%%ans f or
perform ng tdgeddi 6nﬁFm&m€§fdf&e§b@ﬂ@htsEFacnaodamaeé@mdmneﬁonwiae array -5 WO
02/ 069097 PCT/ US02/ 05574 distributed at each no% |a}et he first dinmension;
means for ré&abiitenll’ digribhton ineandprLordar 4e598Y Qfhgrno LRTPYERER Y enent s at
each node i [ I oA BFETOR | N random

or der across%vg‘iﬁggl&%c}gsaﬂag@%&ﬁ% eﬁ%ﬂ?@??&/@?é%ﬁe—g@eﬁrﬁtﬂg net wor k; and
nmeans f o5 peldnments crfgheaarsaycre-ddmtydd!t eash sbdmialtheverongrdimersiomBheseing t he

r andom or S'ertﬁééa@ oo oo Qo BB B oo eiBP AT T e
efficientl Y imdp Hﬁ?ﬁelﬁmjﬁmeﬂﬁdﬁm EfFTrensi onal FFT. According to yet

anot her enbodl ment the present invention, there is provided a 10
program st orage devi ce, tangi bly enbodyi ng a program of instructions

execut abl e byodiJIREN JaPylotheP B QAR o i Rbholtivediéd, Gicesisipyovidad enent i ng a

mul ti di nensi‘ona rier Transform (FFT) of a multidi n'en onal array
conpri sildy cprpgramastdrege device dtngihdy embodying aprograns of (RstrBeH®@A SXFFUEOMUI t i - node

conputer sy tem c T%?P%‘&?@}a QQ&%%& §c1%lgtl ﬁm QiTMAintakioam over a

network, th e plurality of elenents
of the arr adesﬂchrfer Trfahsﬁmrm) ofla amitizkmensivnal qniawcaxlnpmgmg)a plusddy of the

conput er system over, rk.to f tate a first i_mensi onal

FFT; per f or neficdpneents WtﬁﬂﬁY Q’SWSD iiﬁb?lg‘f"ﬁh’éqdeﬁ?ﬁqp'btﬁr s[yﬁtgmeqomgﬁpg %f-the array
di stributed @{Haﬁ AAT nB3AESN bbb cdtionDvert #BRGKOthe nfethod icsinprising:i ng the one

di mensi onal FFT-transf or nmed ements at .each ngde jn a second, di mension via

20 "al | -1%- adisttibuiing th md@mﬁebm@w thecreryin & SrshdismegipR ATABAES of t he
conmputer s Mﬁﬁ]@%ﬁ{oﬁ&% tﬁl-.%ié@ﬁ%ér syRfbeh Pk fHRRivek B BERARK fikfendli mensi onal

FFT on ele e array re-distri ed at each node in the second
di mensi on, wieeasiond EETrm@nnmgdlecﬁrst ongalimensionalFEd; gn the elemeptsiof theat | on of
the network gnba%'rcF smibrﬁe({ elltcela odX in the first dimension; re-distributing the one-

dfmens;ona] FFT-transformed elements at each node in a second dimension via

20  “all-to-all” distribution in random order across other nodes of the computer system
over the network; and performing a second .one-dimensional FFT on elements of
the array re-distributed at each node in the second dimension, wherein the random
order facilitates efficient utilization of the network thereby efficiently
implementing the multidimensional FFT.

25 .

According to a further embodiment of the present invention, there is provideda .
method for efficiently re-distributing a multidimensional array comprising a |
plurality of elements initially distributed in a multi-node computer system
comprising a plurality of nodes; in communication over a network, the method

30 comprising re-distributing the elements at each node via “all-to-all” distribution in
random order acress other nodes of the computer system over the network, wherein

the random order facilitates efficient utilization of the network.



I mpl ementing the mul tidi mensional FFT. 25 According to a further enbodi nent
of the present invention, there is provided a nethod for efficiently
re-distributing a nultidinmensional array conprising a plurality of

elements initially distributed in a nulti-node conputer npri sing
. . N PERRE 055
a pluralitWO8¥%%%des i n communi cation over a network, the net Eic/nfggo

conprising re-distributing, the.elenents at each nqode yia."all-to-all"

di stributi orﬁqcﬁd"\gé?léi?frﬁ_ﬁ Pméeﬂl&ﬂgp eWBﬁ’é‘gerg}ont %8”&%?‘&9&défasyst em
over the nelywaen for UpRdi&itly reidnﬁimﬂge HuBiddaénsical z{rtdgéb’oﬁ@ﬁﬁﬁﬁ aci ent
utilization of the network. -6 WO 02/069097 PCT/ US02/ 05574 According to yet

a further embudityeficlements initiglhyatisnhutedip e mulinods (RMBIGTSIRFBYi ded a  system

for efficie Lo~ di | ' AT | ‘ﬁ%{bﬁ-' ! rising a
plurality o%}:éligrel r“’agéﬁ’%{r‘%ﬁ%ﬁ% gllbs.rlT)u.e | ﬁpgﬁlﬁtu“l%tﬂi&’%eo e conputer system
conpri si g aomptising i meansf fonreedistributingdhmelemends ateactonase via fallttoglk, t he system
5 conprising,a.neans for re-distributing,thg,el ene e ode vi a

Yal | - to- al | iSEHUERR fRqesm Ofder peprsSHepaliss obs 8‘2’8@%&8&“&&3@%@1‘ t he

conput er sy SiR¥ore \Werdif the riviiowDérier fudiars efficieat utiiizdtion of thenetverki | i t at es
efficient utilization of the network. According to still a further

enbodi nent of the present invention, there is provided 10 a program

storage devi £l ngisth ¥ ARFRP eibimenRE I HRELA intebA i Bifondacut abl e by

a machine to pe ma mnet or efficiently re-distributing a
mul ti di niénsiapregramistosageaiowios,itangi]y smpodying 4 progrem afliesi@gtionsi nitial |y

Codes i n corfranRbldbA et FRTRM Ehohb3 RS TAGHRY & dihifbuRp T &l 1 0y of
re-di sg ri but%mgdmsim?ﬁy eom;in;mtpflurfiug oi[Elemie:t;ts Trdtiallst c%isteib_lltéd hlliattsth ri bution
in random order. across ot her nodes .o e [ . system e

net wor Kk, mhé?‘épﬁ°§%@m%ﬁéiﬁtwmp'f‘ﬂ’&g?MB’%?FSCIP%F i Cgt:{(gr{z’it ion of the
net wor k. BRI & PkeaehiPhe Nt cbiipribReW. disbdthglthe eleheni ateach aodeur es and

advant ages of the present invention wll becone a arﬁ&% to one skilled in
the art,15 n vis tli-tofalll distribytip in raadame praer acepss ether nedes ghthe SpmpRten,

system over the network, wherein the random order facilitates efficient utilization

bt

of the network.

BRIEF DESCRIPTION OF THE DRAWINGS

20
The objects, features and advantages of the present invention will become apparent
- to one skilled in the art, in view of the following detailed description taken in

combination with the attached drawings, in which:

25  Figure 1 illustrates an exerhplary distributed-memory parallel supercomputer that
includes 9 nodes interconnected via a multidimensional grid utilizing a 2-

dimensional 3x3 Torus network according to the present invention;

Figure 2 illustrates a more detailed representation of an exemplai’y node from the
30 distributed-memory parallel supercomputer of Figure 1 according to the present

invention;



conbination with the attached drawi ngs, in which: 25 Figure 1 illustrates
an exenpl ary distributed-nenory parallel superconputer that includes 9
nodes interconnected via a nmultidinmensional grid utilizing a 2- dinensional
3x3 Torus_network according to the present invention;, FigefBsednkdrhustrates
a nore deRAPP%%Lpresentation of an exenplary node fromthe 30

di stributed-menory, paral | el superconputer of 4 FEi C, i o the
present i nGENS %ﬁl,ugww/eﬁ W&%M‘B&%ﬁvygiﬁﬁé}uﬁ&{ 1‘8%{’ frlat es an
exenpl ary t yfydFReRsHHly BB ahpl8mested Ry tH-raoltidiensiona FFT\wbéarding tetheef f i ci ent |y
be inplemented for the rru?ti di mensi onal FFT according to the present

i nvention; Presenyinventon;| | ystrates an exenplary distribution the

t wo- di nensional array of Figure 3 across the nodes of the superconputer in
Figure 1" according to the present invention; Figure 5 illustrates an '
exenpl ary f Figate 4iimsiitessansixemplaryrdistribitiani{be twoodimensionab Aasefdigwe r ay
distributed_across the nades of the.s . of ki according to
t he present 3iam?éﬁ'?‘f’BH&Sﬁ?%P@%ﬂ’?ﬂ“&%g’?g@%@%@@g&?glr %sgr-l%i stribution of
a resul tant jdyaptigh; "ensi onal array after the first one-dinensional FFT of
Figure 5 according to the present 15 invention; Figure 7 illustrates an
exenpl ary second one-di nensi onal FFT of the re-distributed array of Figure
6 accordi ng PR} fi onesfimEhsSsHaEF BT bf the Bwé-at es an exenpl ary
met hod flowg rr‘%glglel%{rgtéiﬁﬁlg?x%%‘gﬁgnpl enentation of the two-di rre{‘usi onal FFT

i |1 ust r a0 ed dimersiogalraseay disitibated serpshige pedqswéﬂtfr%%ﬁﬂmpqtﬁ% {89%h! Figure 9
illustrates _an_ex .flowhart that depicts the filling of

out put 25 aﬁ@ﬁ@f@ﬁ?hﬁﬁ%ﬁ%ﬂ% é’&‘y node with packets destined for other
nodes on the distributed-nmenory parallel superconputer according to the

present invention; and Figure 10 ill.ysirates. an k od flowchart
that depi ct §13P69vg flhgﬂﬁa_%mxgmpﬁw F%%E?%o?adgsagén?g% %ﬁ@é&pl ary ‘node
are drai ned g4y grirthefist Sf-ditnEtSoralDFF BOf Figheaitestting ts thetprasenton t he Tor us

net wor k '100 actording to the present invention.
"15 invention;

Figure 7 illustrates an exemplary second one-dimensional FFT of the re-distributed

array of Figure 6 according to the present invention;

20 - Figure 8 illustrates an exemplary method flowchart depicting the implementation
of the two-dimensional FFT illustrated in Figures 4-7 according to the present

invention;

Figure 9 illustrates an exemplary method flowchart that depicts the filling of output
25 queueson the exemplary riode with packets destined for other nodes on the

distributéd-memory parallel supercomputer according to the present invention; and

Figure 10 illustrates an exemplary method flowchart that depicts how the packets
i inthe ouiput queues on the exemplary node are drained into injection FIFOs for

30  subsequent insertion on the Torus network 100 according to the present invention.



WO 02/ 069097 PCT/ US02/ 05574 DETAI LED DESCRI PTI ON OF THE PREFERRED
EVMBODI MENT OF THE | NVENTI ON The present invention is directed to a system
and et hod for efficiently 5 inplenenting the multidinensional Fast Fourier

Transform , "FFT") on the distributed-nmenory paral SRRE-GoNput er .
More parti PH?“P?W the present invention inplenents an gﬁ/luél ent
"all-to-all" re- dlstrlbutlonTof elrret ited at nodes of the

di stri but ed-menory paral | & v an efficient.

i npl enent ation of tpgg%mrmﬁwmmﬁbmﬁmmImto the present
i nvention, the FFT enent ed on Lt he di sl uted- nenory parallel
superconputer, as a series of one-dinensional transfornms, which require
one or m)reThabtesemmafchﬁomedde@@dhobuVStUnsnd)me&loﬁlﬁm‘thﬁnl‘?Pélﬁs| onal array

acr oss he, nodes of | (Al & gputer. The '
di stri bufed™ gle W%mu dsmf’nséol%@?aétrf‘enop%?y'rﬁ i geé FIIE)ﬁgrus based net wor k
for the Inmmmaexﬁém@@ }ﬁfallél’lsillpa@dimpmerc Alldre partienlagty mhmdmt of the

super conputer. As be deﬁacrl be ow e ch. gei | enents a hardware
router for @W@WIWSM‘? gjewa EH%IP CEPEents of the array

across the ﬂfo%té&fat Bﬁ&s%&*%@&@%ﬂé&mﬁ&%{a&ﬂmﬁ@&nﬂt& tb Bénidher us- based

networ k. There resent 20 invention couples the inplenentation of
the nultidi mnnﬁiommaimﬂlﬁﬁelasufmQf@lqm@hétmen@ﬂ@lﬁf'ﬁenm onal transforms of the
mul ti-di Hensl onal array with the foregoing hardware routing to obtain the
efficiedf FFT i npl enent ati on according to the present invention. 25 Further
accordi ng t%&&ﬂh@t&ﬂﬁ&edenmmﬂuom memri:*.iimpletmuteédn ﬁmﬂiﬂhyb%al | el

super conput er corrpr | u ty of. n ’('“;I:I ' udes at

| east one M%B%‘ ﬁﬁl?ergﬁ’é?‘g"tre%s A5 9 885?"?%‘5‘8?@“ h }0 ielfs&lar e

i nter CO””eCtr&{&r@%né‘or ﬁ’Eert‘*aﬁltm’Sthcﬂﬁhblﬂfdnﬁioﬂmﬁluttild&uersmﬁm:n'ayastresw| a grid

links. Wtho | osin generality and jn order to th scription of
thi s i nvent ithenasasef eQ@W&ér@%&ﬁ‘P@ SBPESFAE TFEE d‘Ftﬁ‘%’Bﬁﬁg’ art, the

mul ti di ngnsi ST fklfoie descri bed as an
exenpl aﬁ? m%g?%ﬁggﬁg&cﬁi‘p&é@hﬁ%%g andi n%@]%ertl‘)gbf a?:t (tahat only the

2- di mensi ondhtefeonieection off ansl cdmsumicetioh hetweanaodes of the supercomputer. As

will be described below, each node implements a hardware router for efficiently

routing packets that include elements of the array across the nodes of the
supercomputer interconnected via the Torus-based network. Therefore, the present
20 invention couples the implementation of the multidimensional FFT as a series of
_ one-dimensional transforms of the multi-dimensional array with the foregoiﬁg
hardwafe routing to obtain the efficient FFT implementation according to the

present invention.

25  Further according to the present invention, the distnlbufed-memory parallel
: su.percomputer comprises a plurality of nodes, each of which includes at least one
processor that operates on a local memory. The nodes are interconnected as a
multidimensional grid and they communicate via grid links. Without losing
generality and in order to make the description of this invention easily
30  understandable to one skilled in the art, the multidimensional node grid of the
| supercomputer will be described as an exemplary 2-dimensional grid.
Notwithstanding the fact that only the 2-dimensional node grid is described in the
following description, it is contemplated within the scope of the present invention

" that node grids of other dimensions may easily be provided based on the teachings

-0-



foll ow ng description, it is contenplated within the scope of the present
I nvention that node grids of other dinensions nmay easily be provided based
on the teachings -9 WO 02/069097 PCT/ US02/ 05574 of the present invention.

It is noted that the distributed-nenory parallel superc y utilize
a 3-di nenNORAOB? greater Torus-based architecture. Addlloéiiggnog{o?gﬁ wi t hout

| osing generality and in order to ke the description this invention
easily unde@%ﬁ!&%ﬂféﬁY@n%eltht?‘ggatiW ‘Bﬁ@b‘&f’ 'f“e’?'ﬂ@'??ﬁcl{e} di mensi onal array

5 used by tr}gﬁ%&ﬂﬂ&%ﬁﬂ@ﬁ 3 [fihed¥Mdnhl R @redRs ThiubBdsedarchiteqiRp! ary 2

di mensi onal ray.” Notw'thstanding the fact that only the 2-di nensional
array is deskiitidnably,iwithohelosing kenerality ahdde prder toarake the descrintion@fBiat ed wi t hin

the scope of, th resent | .nv Lon t Ty | JeNnsi ons
may easily B%veBﬁB’Q/Fﬁgﬁun%é%@ﬁ@%t? %”?g%‘éﬁ{‘?]‘gé‘i&@?ﬁe %{rlée&s%%%%l ffii!iﬁa\g;gntion. | t
is furthgr ngedcsy hbaiultidinessional FET #ill bodeserihpd nderaxemplry@en t he number of
the array. HiBeanRATISNoBETgAan et he: afp e 2SmR o ofy Ban b
di stribut ed Redkihesid he fINRIAS dkcriptivb s Bicottmplard hewasthekcopbef theuper conput er
for inplenmenting the nmultidinensional FET according t% t he 11%) esent

i nvention. TBesenignyastion thet arraye pEedslitiong! dimensians may sAsiydegraYidsdyut ed- nenory
paral l el su : | : ' he a

ol 11 di rrens PO Oitb actibgt b olfeaR B 5 MG RORIRAF R K10, 0,
accor di ng t aotrespopdasebitweenibahinmber of timensiont indhe Tdras-baské arehitesdure of nodes

Is in exenplary fashion.l.imted.tqg 9 no for brevit larity, and
that the nur?&é%heo‘f“n%ﬂgg‘l%?l%‘}sdﬂ 124t %P’?‘uag?)eeor%}lﬁ{gl’g%%g%g particul ar
ar chi t ect ur ajuck fdtt Eméﬁﬁﬁtﬁéd ﬁdg@ssdtgédoﬂfdxgtafsdbmmhynms af thel f
superconputer. Figure 1 depicts, 9 nodes. | abele . - 3, a pair o
which is i riupereompiien ferimpjeraenting the mﬂkt_imeﬁﬂ?r@f?ff a(%qgilgg Y‘?%% Torus network
100 is int @dnby 18 grid links, where each node is directly

i nter connec%g&?gﬁ?ourn% ot her nodes in the Torus network 100 via a

respectide grid link. It is noted that wunlike a mesh, the exenplary
Q1 e nt a1l ety A fRENRA ARy PRUR suphborpinl €, node
that includes 9 nodes interconnected via a multidimensional grid utilizing a 2- :
dimensional 3x3 Torus network 100, according to the present invention. It is noted
that the number of nodes is in exemplary fashion limited to 9 nodes for brevity and
20 . clarity, and that thé number of nodes may significantly vary depending on a
particular architectural requirements for the distributed-memory pé.rallel
supercomputer. Figure 1 depicts 9 nodes labeled as Q11 — Q33, a pair of which is
interconnected by a grid link. In total, the 9-node Torus network 100 is
interconnected by 18 grid links, where each node is directly interconnected to four
25" other nodes in the Torus network 100 via a respective grid link. It is noted that
unlike a mesh, the exemplary 2-dimensional Torus network 100 includes no edge
nodes. For example, node Q11 is interconnected to node Q31 via grid link 102; to
node Q13 via grid link 104; to node Q21 via grid link 106; and finally to node Q12
via grid link 108. As another example, Node Q22 is interconnected to Node Q12
30  via grid link 110; to node Q21 via grid link 112; to node Q32 via grid link 114 and
finally to Node Q23 via grid link 116. Other nodes are interconnected in a similar

fashion.

-10-



node QL3 via grid link 104; to node @1 via grid link 106; and finally to
node QL2 via grid link 108. As another exanple, Node 22 is interconnected
to Node Ql2 30 via grid link 110; to node @1 via grid link 112; to node

@2 via grj | 114 and finally to Node Q23 via grid O her
nodes are‘*ﬁ?& 6ggsﬁnect ed inasimlar fashion. -10 WD 05?8@86%&5“

PCT/ US02/ 05 Further., Wit ef erence u enents of
the array) g%‘Fﬁhﬁﬁ?”ca{ efﬁfen 2? ﬁ@ataé‘e e?&é‘%so[g})i}etag%&#c{r’fuﬁe ne wor k- in one

or nore pac Mﬁtﬁeeuﬁ@ﬂeﬁlﬁm@bﬂﬁbxﬁ@&ﬁﬂﬁbﬂﬁh bﬁdﬂoﬂlﬁfbm@ﬁdike& Far enypf nodes, a
plurality of packets are r ired.if

g unt %I tato be ni cat ed
exceeds the S¥ekeqmmynication, F?rbﬂpwfmq es;a pigralisy élagﬁ?‘%affé%ﬁ““ﬁ acket
conpri ses au@@%%{l tHg aseto ﬁé%n&mﬁu&?éd%x%amega&xt-s&mpp@ﬁéﬁgthéf he packet

header i ncl udes |n ormation required by the Torus network 0 to transport
the packét fTams aetworkdf. Aopheket comprisss & packel headerend theidatardarried by

di stri but ed- I f t
appl ication, tgegg‘%éét nog gxalzk% ]tl%e ne@ﬁ&@ﬁ'ﬂﬁﬁnaﬁﬁa %E’frg gfgl@ on%?%:% addr ess
and the packmotbeﬁds;rortilﬁbpaokéttﬁdﬁsamuﬁbes:bdmtajdastmddmm §mthehat t he packet

S automatlc‘? tFguted to ode on thetgetworEag el fied. by a

desti nati on. Fti"éﬂ ~memogy parpllel Supgromppisriof the presentp ?‘ft('ﬁlﬂp borbfea exenpl ary
node, e.g., M%n%eﬂetwérk%&ﬁtﬁeﬂ'b?fa%éﬂﬂ@diiréhﬁﬁmme@aﬂ@{h&kleﬁUperCO”pUter
of Figure 1 according to 15 the Evesent i nvention. The nopde del conpri ses

at | eastlOoneinpiudessadsstination addaess so Bgbiha peckeldh aytgatically feptsd 9@EM0dghe node

further conp KAt es, i.e., sends and receives,
packets on tide&%?lftgm le&lggénf@@%gﬂ&s(%aand 108, which connect the node QL1

to its neighboring nodes @1, Q13 @1 and -Ql2, respectively, as

partlcularlylll trated.in, ki rises 20 a
reception b L@ﬁﬁqo&?d%ﬂ*efié r?F ntﬁféoﬁﬁosd%'é%’gm\;ﬂﬁ&ggd?%% rngg er 206,
which are dgm lmﬁﬂﬂlfe@tsniﬂmeedhﬁaﬁbry@mnassaperc&wershExgum:mccprmnmsqr 202

may easi | erlodlcall the re t|on uffer 208 in er to

det er ni Pﬁéﬁs@té‘?"é %%PCE@F@ Q1 % ?aétrPnBt?f‘?"g?S%\%@{?’ﬁten retrieve
the packet S 6th86nqoéwﬁi‘eﬁfo%d204n ﬁh@%odéﬁﬁﬁatcbﬁpnéwfafremem thdlependi ng on a
particul ar application and the packets, the 2 processor 202 nmay

wite the comhteatis..gendsiqad preeixes; Backels gn ﬁb@r@fl}mk@hoz 104 106 and 108,
which connect the node Q11 to its nelghbormg nodes Q31, Q13, Q21 and Q12,

respectively, as particularly illustrated in Figure 1. Yet further, the node comprises
20  areception buffer 208 for buffering packets received by the router 206, which are
destined for the local processor 202. The local processor 202 may easily
. periodically poll the reception buffer 208 in order to determine if there are packets
in the reception buffer and then retrieve the packets that are buffered in the
reception buffer 208. Depending on a particular application and the. packets, the

25  local processor 202 may write the contents of the packets into memory 204.

Further with reference to Figure 2, the node Q11 comprises four injection First-In-

First-Out (i.e., “FIFO") buffers 810, which are particularly labeled X+, X, Y+ and

Y- | S |

30  The processor places outbound packets into one or more output queues 212 of the
local memory 2104, which store packets destined for other nodes until they can be
placed into the injection FIFOs 210. While injection FIFOs are not full, the

processor places outbound packets into the injection FIFOs 21 0 Upon a particular
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Further with reference to Figure 2, the node QL1 conprises four injection
First-In- First-Qut (i.e., "FIFO') buffers 810, which are particularly

| abel ed X+, X-, Y+ and Y 30 The processor places outbound packets into one
or nore output gueues 212 of the local menory 2104, whi GleisasEsshpckets
destined f¥ oy{u%gy nodes until they can be placed into thgﬁ% njiect‘lﬁon Fl FCs

210. Wile injection FILLE rg not - ful t [Q r bound
packets int opJ("ﬁ%“FZ}? ghe a@pé&mﬁt@qn ‘?LJSS’#@’ %&Pfﬁ?‘gﬁgé‘?‘%‘%@ﬁﬁ% 069097
PCT/ US02/ 055i¢decRac KO 21034 Thd@uich 20d1@mchefouten 2061nsetsithepdckBdi2d 8, t he
packet .is renpved fromthe injection Fl FO,Zlg%Py tztple rout.er 2g6 and the
router 206 i &akhrs02:04,406 st 10§ipward a dgstination podeforthe partigdlar BA%ESH 08 t owar d
a destinati . : ' folter 200 aeTby 8 Fl FOs 210
are treat ed%ﬁ@%i%ﬁ?@%?p?ag%o%ﬁ?E%%gﬁgnrﬁlgbgﬁ he 5 har d\/\%re of the
| ocal pr dcesbadwae2f thydacalprocassor 202t h reference to Figure 2, the router 206
conprises several sinultaneous routing characteristics. The routing first
represents virtual cut- .through routing. For exanple, if an incom ng
packet on on¥epfurthétavitirefrencaoFigure Apthe dted @66 coreptiseosevetak | ocal processor
202 of node Ql1, then the router 206 _forward he cket .onto one of the
outgoi ng gri ¥ th‘l@Q“Sl@Et}ngl@&Eathﬂﬁt‘cénaI‘if?\é\‘gn ﬁ@E FB{YIS%SS YRl By f or s t he

forvarding fro&dri]&g. ErhMblROiflah SndoRErY pabk € 68 SROGE 1RO Brid Fifiks ismetit i ng
S S r

further represe t est - pat routégr}’g. For exanpl e, atpackgt sent by
node Q 10 t odesticed o1 the {@akpregegsnr 262 of rasle Q)L thmtherouierd 06 farrerds e grid 1 nk
104 15 reprege : el B | onger.  As
anot her exa ﬁﬂéfongogéalgﬁfgg}%%gg%%{dﬁ%19§?ﬁg,81fo§§§%9%é22 may tFaveI over
grid |inks 1p&formsthelfadvandingivithoutdlid iwedlying therlocpl processend21 Feand 110. This

type of routing i represent n. adapt iy fi | s, there may
be a choice H*‘l%ﬁg%mﬁr ‘%R?scn%ﬁ‘ﬁﬁ?s&'ﬁg BE E?Xlﬁ’%?%lp leea\a/)ggdzlfg ﬁsoe ?a-tsrn transit
for another RedkeQPVBMoldQ13T(Fet Fightestiamd @) that savels okBthe rid tinke 104 evi ous
exanpl e, the packet may | eaye the nodg\ Qlltlé vi@ ”fq?&g%ri link 106 or 108.
Adapt i vel} ourepresenis » sfiestest pathrante.c Any gther Patk wopid by longer. Assng out goi ng
grid link fo W Ga@ boer!dridlinka 3@l on sone
ot her cri ter%’éﬁnﬂaggﬁg&ﬁgé&%&%@ﬁe&)ggqﬁ??%@outi ng igg not _ just perforned
at and 112 or alternatively over grid links 108 and 110. This type of routing is

represents an adaptive type of routing. Thus, there may be a choice of grid links

by which a packet may leave a node in transit for another node over the Torus-

20 based network 100. In the previous example, the packet may leave the node Q11
via the grid link 106 or 108. Adaptive routing allows the router 206 to choose the
less busy outgoing grid link for a packet or to choose the outgoing grid link based
on some other criteria. It is noted that the adaptive routing is not just performed at
the source node of a packet, e.g., node Q11, but is performed at each intermediate

25 node that a packet cuts through on the way to the packét’s destination r_lode over
the Torus-based network 100 of Figure 1. The description below with reference to
Figures 9 and 10 particularly describes how the present invention performs the
foregoing routing of packets across the nodes of the supercomputer over the Torus
network 100. ‘

30 _

Figure 3 is an exemplary two-dimensional 9-row by 9-column array 300 that
includes 81 elements, which may efficiently be implemented for the

multidimensional FFT according to the present invention. It is noted that the
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t he source node of a packet, e.g., node QL1, but is perfornmed at each

I nternmedi ate 25 node that a packet cuts through on the way to the packet's
destinati on node over the Torus-based network 100 of Figure 1. The
description hel ow with reference to Figures 9 and 10 papéipsdRsiN

descri besWRMHME present invention perforns the foregoilg(tr:\g rout%ng of

packets across the nodes of the:s I COMuL r [ : wor k 100.
30 Figure 36*%“?’3??%‘9(%%&’%{?&9“?\&6’?& ?ﬁ@ﬁsﬁagﬁﬁi’&&d ?&é@ qbt@/ggwggwéntﬁldérgfr ay 300
that i ncl ugesysicledifge ifferentiiraber GBovesland cokinink Ye.f010-row Byrehi ed for the
mul tidi nensional FFT according to_ the present '%ent ion. . It i Iggfot ed t hat
the -12 WO g@quﬂmww@gﬁ%mh&%&ﬂ%h?eé mpplawaatingthe FET 2y 300 i s

easily exte .Q0the -l ' Aot sk Bgne di fferent
nunber of rgﬁsﬁgaﬁ%‘@%ﬁﬁ{#ﬁ@%%m%&%h %@fﬁc%?ﬁ(‘:do urtr‘ﬁ%r\%%?gi mensi onal
array), $hi tdvention. e thetartay 200) theofirst ropl afithsarraycotipasesretemants Ahb

nvent i on. 120 retoamrulg s G Rl BEPAN R ATE ARIESEY Do o

All, Al2..9A19, while the first colum of the array conprises elenents
All, A21...A 91. Figure 4 is an exenplary distribution illustration 400 of
how t he two-di nensional 10 array 300 of Figure 3 is-distributed across the

nodes QL1- ﬁ%}ré@is'ﬁn%&&ﬁplky%ﬁﬁ%ﬂ{oﬂmﬁs&aﬁmwmwtmé fivediiesiondlt s noted

that the arr may initiall'y be distributed across the nodes in some
arbi tral fashy 300 offBigure3 laoéstnb@tad agrogsghempdey QI - Q33 iBFigutor ding to

present .inventiagn, . the +di L[l s Qs i on of the
array on ealf® ‘ﬁ’d%‘%“"?%‘&?@é“q‘c%ng‘i‘ig?gééa?’%teﬁ‘g%ﬁ'%&“?%n [ eltustrat ed 15 in
Fi gure 4. Tliskibutedticidss tHembiesin semesarbitiagy fasluon that isgpegisnlabtechnbel ow wi t h
reference to Figures 5 and 6. As.parf.icuylarl | Gt ' di.stribution
illustrati oﬁpm,go%agﬂmr pB‘TSCIIEiLngPéOll’%%ﬁ%Jg'?%@ ﬁg%%ugth{h% %t he
t wo- di mensi gpAlonaf HRYard)Gn edchmodeiQe1.3.Q33Fmpeixathe distribatien istratahpr i ses t he
first row of 'the array 300, j.e., el emsnégé1 Al l, 12...Al19..As apot her
exanpl e 15 nodeFigE ¢ ohit festigribyiiondsHipiar fo tgfscflh%‘{ lﬁéo‘ﬁr“fl elgfmoc (o o
el ement s A2%;0 0825 andA? SAs fattiduParlyWepichel hitthe AdhutidAURRAHGh 400(Bath

node of Figure 1 includes a portion of the two-dimensiongl array 300 of Figure 3.

For example, node Q11 comprises the first row of the array 300, i.e., elements
All, A12...A19. As another example, node Q12 comprises the second row of the
20 array 300, i.e., elements A21, A22...A23. It is noted that other nodes Q13 — Q33
of Figure 1 comprise fespective rows 3 through 9 of array 300, as particularly
depicted in distribution illustration 400 of Figlirc 4. Tn exemplary distribution of
Figure 4, the assignment of a particular node to a particular row of array elements
is not fundamental. Instead, it is noted that any assignment is feaéib_le. For various
25  applications and/or computers, some assignments may take advantage of
efficiencies offered by the applications and/or computers'and thus produce faster
execution than other assighments. For example, it may be that the fastest way to
perform the multidimensional EFT may be to reverse the assignments of nodes
Q11 and Q12 from those illustrated in Figure 4.
30 _ |
Figure 5 is an exemplary illustration 500 that depicts a first one-dimensional FFT
on the two-dimensional array of Figure 4 that was distributed across the nodes Q11
— Q33 over the two-dimensional Torus network 100 of Figﬁre 1. As particularly
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of Figure 1 conprise respective rows 3 through 9 of array 300, as

particularly depicted in distribution illustration 400 of Figure 4. In
exenplary distribution of Figure 4, the assignnent of a particular node to
a particular row of array elements is not fundamental. LpShRafesstd 1S

not ed t hatVQ¥PeYRE; gnrrent Is feasible. For vari ous 25 applications and/or

conputers, sone assi adva e of ef nci es offered by

t he appli c atmobrdaba ¥y @E}a‘&ff‘é%ﬁgﬁﬁ %%@éﬁsf%é?‘eep&“elfecut ion than

ot her assi g'h%gﬁﬁﬁlshgd)ﬁ_)é ﬁéﬁ‘ﬂi?ﬂln%a setied Eﬁ)bn@&luh&ﬁ"ion&ﬂ FETsaghesaccoming o perform
ma

t he nul ti di nensional e to reverse the asmgnrrents of ni&ﬁ; QL1
and QL2 fr orthe prssent inventian ﬁlpeuﬂtnﬁmmngmel BFT efgheipdimensipaal apay 30y o

illustration 5 NS5 0 t he

t wo- di nensi dﬂigﬁ%lﬁlﬁay %?etal‘—ag&é?fgm %ﬁéf sggl str |Sb3tﬁéergf)gcc?8g2 t he nodes Q-
1 - @B350v Qiim‘eiiﬁoﬂaw\BFﬂ nsmrfsnmedain ¢hok roaw nf¢lements disibuted Bt gpgh aode.

particul arl y 02/ 069097. P 2/ 05574, V.

mul ti di nensi (9531‘ § eQnegimensipng  PhFeuR eﬁj[forﬁ\;%ﬂe gﬁ d?s Mgl%dc%tnpl i shed by

perform ng &,,38Q185i.&f el@ndtih MR Brsaod offabrhy 300 thasware distributeag] tb modé¢ he pr esent
i nvention, the nulti-di mensional FFT of the two-dinensi o 300 may

be i npl ement@H. a@nQadWﬂ@%ﬂ 5F Tvare penforgrrs fgnelpmenty d.c. 9% ?nggnﬂéy ne 5
di nensi onal EBT n+§e §es Q@ﬁmﬁ*hé)ﬂsﬁ@igg? régé%,_gf el%gr{{gﬁg,gfdyn@a by Hétfask at each

node. For exanple, -a one-di mension perforned for the elenents
di stri butted afe-dimensiorl FFT.i Mere paticuiashy; ﬂlelrﬂﬁuﬂtmfﬂiq qnerdimengiosal EFT @9 300 t hat

were distributed to n dlmen med for
el ements (i .%CRIqWHkea n%‘}‘%@m Sa“e%c %8%@2“%@38‘% e result is an
array of el MBS, W&Bﬁn@lé@%n&ﬂuﬁéiﬂlohalrm ﬁé}fo@medohtherﬁmtmlatlﬁﬂ'é Mor e

particularly, ‘the result of the one di ne o} each. row at each
node i s a r o bef Figaredsbichspygprises g eB’&P‘islAb]JL} gﬁ&y ‘Arli-BPffé'leSdPé SHEOWE qure 5.

For exanpl.e, bFPIRRES) dhichicdm ﬁ§Js%!th§EHlt h@szBlst Fusiheriiorg)ode QL |
of Figure 4, at\%gggcl%lg nprises eceﬁen? , resul ts i ? a first
2.

row at Hodethgoné- mmenﬂxogﬂr%effvmﬂéwr’&?ﬁb Qg efseaéh e?ﬁsrﬁ wdppendentgi > gig.
s i ndependelit ot SEp R RA KT ERIGAR g i ahyiffcrRbPRCuBePASIE, TBY Der cach node
anot her nodeparfitwdar distribution of data illustrated in Figure 4 enables each node to perform
the one-dimensional FFT on the row of elements distributed at that node, without
communication with any other node on the Torus network 100 of Figure 1.
20  Therefore, since no communication is required between the nodes, these one-
dimensional FFTs are performed fast. Itis noted that at each node, in addition to .
the resulting row in Figure 5, the original row in Figure 4 may continue to exist
and be of interest for a particular application, but the original row is no longer
needed for the second one-dimensional FFT in the series of FFTs required for the
25  mltidimensional FFT according to the present invention, as particularly illustrated

in Figures 6 and 7.

Figure 6 is an exemplary “all-to-all” re-distribution illustration 600 that depi'cts
how each resulting row of elements transformed via the first-dimension FFT of
30 Figﬁre 5 is re-distributed across the nodes Q11 — Q33 for performing the second-
dimension FFT according to the present invention. More particularly, each
~ resulting row of elements that is distributed at each node Q11...Q33 ef Figure 5 is

re-distributed over the Torus network 100 so that each successive node receives a
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particular distribution of data illustrated in Figure 4 enables each node
to perform the one-dinensional FFT on the row of elenents distributed at
that node, without comrunication with any other node on the Torus network
100 of Figure 1. 20 Therefore, since no communication is J-gRithicdioet ween
t he nodes,%vqpl%%ﬁgwane- di nensional FFTs are perforned fast. It Is noted that

at each node, in,addjtio 0. .the resulting row +.n Fi e .Lhe original
row i n Fi guSBeASSHEfO &rﬁi"éﬂ‘?ﬂés @)aag{cuyagxge@gtegfn *I%P‘?r%gﬁusfe?pmaﬁpart i cul ar
appl i cat i on reBidtribufi6n Rith*aNeo-dl0\ve-Uistribatid Mdfich enableslatlefficientt he second

one-di mensional FFT in the series of FFETs required for the 25

mul ti di mensiioplementationefthe anitidimensional Filoanthe distituted-mpmorypapllel i cyl ari y
illustrated | | ; WelV]c 1S SRHYB) RS Hrst Mide g1-2al |
re-distri buts}l%%cﬁpﬁluwg??cé)??lgg%%spf%%%mg’eeg?dcntssﬁqﬁow each r gsul tidng row of
el enent s 5t r aasfves thedirsticaluiineofielensantsyli. evefirst dememtyfrom e3ch ¢fithemades | 5

re-distribut ss t he nodes 1- rf ) ' second-
di mensi on Fléqa'gégﬁdliﬁﬁn erfﬁ%n%gé?g%&?ﬁ%gﬁpfﬁﬁ.sg{eg?gglﬁlgl]??fcul arly, each
resul ting rQn@htsgl.€/seoimd didraénts Sordieadhr ofthe mdlenQl baddB3ndlis QL1. . . B3 of

Figure 5 is re-distributed gver the_ Toruys_.net k 100,so_that each
successi ve ﬁ@fh@“?‘g%ﬂ%@@%’&m—e Ionggrineotang Y PPEEYLE- s uccessi ve .

col urm of e-'cﬁé%ﬁn%ﬁg&ﬁgeﬁ,_ﬁ%goa_%giﬁ{m&ﬁﬁﬂbﬂﬁcﬂﬁrrﬁidﬁlﬂé & pirticul i roweT i Ci ent

re-distribution I's the "'re-distribution, which epables an
efficield iampy elementais moh fisfdamentaln nstead Hiswatedhiiat anypsyignmenbis

di stri but ed- [ r Ly cQrd rhm fgsent

i nventi on. ﬂlg?%{@ ?ﬁ%ﬁg&&{sﬁagplﬁaﬁgg%%%ﬁﬁﬁp@@ %g%e%ggggﬁg e ?frst colum of
el enents, i .advantdgeios tffielenciendffered bytteappliationsmmdfvodewputgs tnd th@g3. As

anot her exanpl e, node 2.receives the seco colu f s, i.e.,
second el enﬁ?‘g‘c? ?aﬁ'i?f @%ﬁu%&ﬂgﬁ%ﬁﬁ‘mﬁﬁ'nﬁqe@m Fgase%‘l‘r’teiglgs{”i bution is
performed f Glerfoa the@MItidifitntiondl FETmEayDe th Foverse tl assignments efirdtles but i on of
Figure 6, the assignnent of a particular no%ﬁ?to a arth row of 10

CHl, cul
array ellémeRY 4nd Qigifram, thosedivstrated inFigure §, The deser ‘i"ﬁg{%any assi gnnent
s Teasibl Gurefdibe iHfiknittioo ARPLD FREGMR RSANAE h6w W frélest infdiiEn assi gnment s

may take advantage of efficiencies offered by the applications and/or
conput er s armrfoimssthe flalbteal® regisstibution of arrdyshernensacsess dre nedes ofibgent s.  For

exanpl e, the fastest MY th8 Torus network 100. The “all-to-all” re-distribution of the

elements at each node Q11...Q33 is fast since it takes advantages of the
.20  communication characteristics of the Torus network 100. In the re-distribution
illustrated in Figure 6, each node from Q11...Q33 nodes sends a single array
clement to every other node. The following description assumes that each element
of the array is a quantity of data larger than the quantity of data carried by a single
packet. Thus, a plurality of packets is needed to transmit each element of the array
25 t§ a destination node over the Torus network 100. This closely resembles the

typical real-world re-distribution, where due to much larger array sizes, each node

sends many array elements to every other node,. typically requiring many packets.

Figure 7 is an exemplary illus&ation 700 that depicts a second one-dimensional

30  FFT on the two-dimensional array of Figure 6 that was redistributed across the
nodes Qi1 - Q33 over the two-dimensional Torus network 100 of Figure 1
according to the present invention. As particularly noted above, the

multidimensional FFT according to the present invention is accomplished by
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performthe multidinmensional FFT may be to reverse the assignnments of nodes
15 QL1 and QL2 fromthose illustrated in Figure 6. The description bel ow
with reference to Figures 9 and 10 particularly descri bes how t he present
i nvention erforms the "all-to-all™ re-distribution of nts
acr oss thé”ﬁBH%@”gdf the superconputer over the Torus ne?mcgﬁéoﬁ%?ﬁeme
"all-to-all" re-djstributi.on Qf the nments at _each n 's..@XB3 is
fast since iHerngR‘é‘gaéﬁ‘Vér?faﬁeé Sl_f’ﬂ@ _ S’c"Q}?ﬁ‘iﬁF‘ES? i%ﬂlcgﬁ%%%%d_ri stics of
the Torus nenatfilerkiidal BET infiBat/seriédiastdriliag td 18 prebdnk itfveiitidne Aherefdregur e 6,
each node from QLl1l... Q@3 nodes sends a single array elenment to every other
node. The f ci ongwlimgnsinasbFR Disipsrfomaed anethe eotpmn efelementethahvereof the array is
a quantity of; b ¥ dat A1 2bhd-8nda¥ioRal S| NYl €
packet . Thus%sg%%éog{agféo%ﬁgg%ﬁgfgH@%édgérto ?r énsnét eaclﬁ el ement of -
the arrag 2%FRIoispeddaaied fattheedements distrihutedabnddeiQld, ixes sleméntdBOI, This cl osely
resenbles the  typjcal real-world,re-distribution, i e e much | arger
array sizes, ?elacﬁBLH%gurggﬁl?ﬁ“f%‘gi‘s'ﬁlp}‘tﬁéa%?@%tﬂflgd?wg&ﬂpﬁﬂ%pﬁgr node,
typically regHind @mgmes. PAalRhAy, Chédi®ndiohs FANs £ @exfbied onlrbwst r ati on 700
t hat depicts a second one-di nensional 30 FFT o | mensi onal array

C . he twq-d
of Figure 5Qbeﬁmeﬂé@s(l-?-e@lF@W%ﬁf’g’psuﬁ?,qs&‘“sc"(h%“ § ea.s Fi &ver the
two- di mensi QA nd@ ¢z DEEAOTHe 8l Of é bt difiedsiordF FET 6h B Owliye present
invention. As particularly noted above, the nultidinmensional FFT according
to the p0esenw dfithesamiedengtisasqacionisiriyshestrateg in Higurg® FFor eeowdes appsy US02/ 05574

perform ng a,.seri.es one-di rensi o FF r | wadepi cts the
second one-%ﬂ%a&ﬁg\r pggopqeﬁ%flﬁl}ﬁﬂ?erp eagﬁ%%’\(lz@ﬁcﬂ?ﬁgéd ?gg’t Igmlgresent

i nvention. Thgipeisey @ements BITG Bl oAl pesalis infaTirbtsowet dader@id of Figure7,col urm  of
el ements that were distributed to_each noge as,iléthstrat. din,Figure 5. For
exanpl e, a oweichirermprseoeisments CiE1C21s. 8} -+ A5 merfionsd atqys WARIREAT 0 i st ri but ed
at node Q Iy it FFTShE BN ditneRsiddal FFB3brforntd bniefichirogidt each rioais ver e
distributed as a row to node QL1 formthe first col um of Fltgure 5.

Addi ti orldl | yindensadent aEthe pesrdimensipaal FiFE neeprend Ay AEHINY atgpotlittanent s

(i.e., distri t@gﬁﬁr@ﬁﬂeﬁl{ﬁ hRF Aata WG ated irHi QB BleRalilés datBHéR ) at

each node QLZ - result of the one-dinmensional FFT on each rowis a
10 row of t hie peeforen thergedimensipaalt FFIUorethe yow of elements distribwtedatghste 7. For

exanple, a °fo e, without communication with any other node on the Torus network 100 of -

Figure 1. Therefore, since no communication is required between the nodes, these

20 one-dimensional FFTs are performed fast.

Figure 8 is an exemplary method flowchart that illustrates the implementation of
the two-dimensional FFT of an array on the distributed distributed-memory
parallel supercomputer of Figure 1 that utilizes a 2-dimensional Torus network 100
25  for communication between nodes Q11...Q33 of the supercomputer. In the
following description, Figure 8 is will be described on the basis of Figures 1-7 for
efficiently performing the two-dimensional FFT. At step 802, the multi-
dimensional FFT of a two-dimensional array illustrated in Figure 3 in the
distributed distributed-memory‘parallel supercomputer of Figure 1 is started. Itis
30 noted that at step 702, the array illush-ated in Figure 3 is distributed across the
nodes in some arbitrary fashion that may be particular to an application. At step
804, elements (i.c., the data) of the array 300 are efficiently re-distributed across
nodes Q11...Q33, as particularly illustrated in Figure 4. At step 806, each node
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di rensi onal FFT performed on the first row at node QL1 of Figure 6, which
conprises elenents B 11, B21...A91, results in a first row at node QL1 of
Figure 7, which conprises elenments Cl1, C21...C91. As nentioned above with
regard to__the first FFT, the one-di nensi onal FFT perforg&ﬂu 0 aﬁh row at
each nodeW@&? li“ﬁ‘”’ldependent of the one-dimensional FFT perforned on any

ot her row at _anot he nod r ﬁq{ illustrated
in Figure 6P ? ﬁ‘é%%%"ﬁ%’am‘ nf"jgﬁf)e ﬁgé%%eﬁg%%gpw&ﬁggénal on the
row of el emarbw odle&txrentsmfefé afrty storedd at thedkede vistilhotrated irFipwe dasriddthewi t h any
ot her node o he Toyus f  Eigure. 1. Therefare i nce no
communi cat i 6??“& {?H élg"SH%tF‘g\)é’eéig‘frﬁg ASE %ng?‘h\%]ér dgﬂg %‘F%\?nsi onal FFTs
are perfor ”%%Ba&ﬂumﬁd S Hn-dfndnSiodl mkﬁmem&mﬁs 4rb exgismbhteihat
illustrates the 1 nplenmentation of the two-dinensional FFT of an array on -

t he di st bi bmcmdsﬂmvde;smledqaaenﬁthysuppmmpu@tutsl@ngrtb@"ﬁmw -basedf Figure 1 that
utilizes a 2- Si n between
nodes QLl.. aﬁg"'&‘% Qr%?%"ﬂ t%ieﬁp%?\é\%§Fégﬁ1%§°hfngﬁf§%ﬁr%gaggggwpt|on Fi gure
8 i fS will b%ﬁdﬂﬁﬁéﬂs{gﬁdlm&w?daﬁswe efturkrh gfls St dnefdifnensiornat FF'g-i ently |
performng the I."ensi gna | mensi onal FFT
of a two-di ﬁ’iﬂ-ﬁ%fo’a?ﬁ.{]l elefpents,| IPTtTaEFélt"}gf éh’ E‘?g@ﬁg’“%glaﬁafﬂ%c’fﬁlf’%?tfbut ed

di stri but ed; 1157?{%&56’6 Policehf! of ShERESHATRAIdRh eridfonki FRTT i€ illusirstedinFiged. 1t is 30
noted that at step 702, the array illustrated in Figure 3 |qud| sérlbuted

across tlfle Tndeteni§i 2bamulti-gimensipyal FELof e twaézmﬂwnﬂ@rram r to an
appl i cationg, gg?éf %§9431§rc‘3h H@P&ﬁlguge‘f is erfd@@ ﬂ%gﬁ'hc dely diBerfdeiay 300 are

efficiently me oss particularly

i1 lustrated abavd:bgmeen the tvb ose-dimeagional EEEhthmdea faiﬁemm#@BS?ﬁQ?

PCT/ US02/ 055 Egrf a fi r@t& ﬁg di mensi onal FFT (out of a series of
one- di nensi & nogesr 0 %I enents of the array stored at that
node, as iIIustrated in Figure 4, and the result particularly illustrated

one. dF mdSs: HERDRYSTORP RIS mCR GHLER CORRLRTS of e RR B Ay ose ¢
one- di Sl Cross e
nodes Q | . .acfd3Sn@es Bhﬁdﬁh‘mﬁfeﬁmﬁaﬂw W&m &?c&@ld&&mﬂﬁs ed

architecture of Figure 1 at st step each node perforns a

second oneredistEhutionoflthegloments acrass dreaodpsase tlb‘ﬁ‘mﬁYe &f th iveplqn.
one- di mensi qag, ﬂ:al':tl cularly, the present invention utilizes efficient hardware routing of the

Torus-based architecture coupled with a series of one-dimensional FFTs to achieve
20 an efficient implementation of the multidimensional FFT on the distributed-
memory parallel supercomputer. As noted above, the teachings according to the

present invention may be utilized for performing efficient multidimensional FFTs

in other number of array dimensions, in other array sizes, and in other number of

Torus network dimensions, e.g., 3-dimensional Torus. Additionally, the fcéachings
25  according to the present invention may be utilized for performing “all-to-all”

communication between nodes of the distributed-memory parallel supercomputer

on a Torus network of arbitrary dimensions.

Figure 9 is an exemplary mcthéd flowchart 900 that depicts the filling of one or
30  more output queues 212 on an exemplar); node Q11 of Figure 2 with packets

destined for other nodes, e.g., nodes Q22 and Q33, on the distl‘ibuted-mempry

parallel supercomputer according to thé present invention. The “all-to-all” re-

distribution illustrated in Figure 6 above is implemented as follows according to
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transforned elenents illustrated of Figure 6 that is distributed as a row
of elenments in Figure 6. The result of the second one-dinensional FFT is
illustrated in Figure 10 7. At step 812, the multi-dinensional FFT of the
two-di nensional array illustrated in Figure 3in the supgpg 844 Of
Figure 1 VO8HYEYW? As particularly described above, between the two

one-di nensi onal FFTs there js a st re-djstributi f S across
the nodes O tiqPpresenggyentien. 'ﬁfémﬁ?)‘%gteé’ﬂ'e(ge@?‘eﬁgg‘a‘w{g 8@‘? %ﬁ%snl% gﬁg |ﬂ#:FT on an
array of el epERhSx-LbsridialeWard x 286 b 9cdordaniesvabie y(ed., ¢ Pl eThngnor y

paral l el superconputer coupled 'w.th redistribytion of e el enents across
the nodes arascondingde thet‘aljdo-gi” serdistribyiiopsjodp Qxy g'en‘ifffr(%{lg BF%d‘sﬁ?/,- t he

P ooy Tect Ly ot 8 Bridie bf 8 Bickbss (R BRI By phSdaTifdor iftossbly Lo hasd

archi t.ecture cou one-di nensi onal FFTs to achi eve 20 an

ef fici ents i nyaleesefia and be.of Q1% Q181021, Q23eQ23:end QBEFIHA3BI8E di st ri but ed-
nmenor ar al |.el erconput.er . LAgsTaccording to
The " br boen AR CEREY Ha noe] pREOTF gSB U sent PAICRIS Iel° oS °

mul ti di WenSiﬁaﬂ@hﬁlﬁEeT&-diéuibmioPas fastasipessitidé, the grid/links ok thei Tomss nekworkt her ar r ay
sizes, and in other npunher .0 rus . networ | NBNSI ONg... €. 0.

3- di mensi onal00mBps} &t c)ﬁr;BYPPB??Qi i;fp,ac OfScAre E%F@E“%b‘gﬁ%a’%@&;aﬁ (%8% o the
present inveg '&i&%ﬁﬂi&%ﬁﬁ&dﬁbﬁ%ﬁﬁbéo&ym bﬁéﬁﬂ Ber Sxahipld, if-etbdy node

conmuni cat i on bet n nodes of e distributed-nmenpry parall el :

super confut eﬁrstmndapﬁpkﬂsgnluemtbemﬂf@‘fe)éfé!f@qhaﬂs)ﬂ‘ﬁ}ME%Q@@P&?e 9 is an
exenpl ary net hod flowchart [ GL St il Wil 06 iefpedBhng® 30 nore
out put queuegegfg‘ée%n%ﬁ%&g%ngggidgéiﬁ%ngg% %(1){! Elhfahyél 5%Wi th “packet s
destined foragfattes positisandathgmpltifield FFTQRN nahtie ipgdemented dsefficiently as

di stri but ed-ne aral | el., superconput er QL. di . pr esent
i nventi on. W@gﬁgﬂyl‘é“t&&dgqgmﬂ?eé’-r gRtdpy uﬂ'{'iﬂb%% 1" '(ésss rélbg {alﬂﬁs Fi gure 6 above
i s inpl enent gfl.a8ef 6f theWeapateRutAd @pilility bT tHATRas- BISEDARWEIRTIO0S0EH 05574 the

present invention, Assune that Xy d tes.a generic.nad . node Ql1)
with an & coﬁmawmh@técwmlﬁnah‘emsmﬁ Beienish a8 BGiEy @'“i%@% betgye. . y=1).

Thus, according to the "all-to-all" re-distribution, node Qxy (e.g., node
QL1l) needs to send a plurality of total packets (i.e. ckets) to every

node Qab f or Thi witloreféreroe to Bigues| S, therecre NxENynedes g}t@‘p?ﬂrétgg 3 @1, @2,
@3; and Q31”[‘01%% %em%?l@()g(i.e., 3 x 3 =9 nodes in Figure 1) that need to exchange
packets, wilich include elements of the two-dimensional array. At step 902, the
20  exemplary method starts. At step 904, at each node Q11...Q33 there is created an

array (i.e., random_map] ] array) that assigns each node on the Torus network 100

a unique number between o, ..,Nx* N'y —2. Since a node does not send packets
to-itself, the total number of nodes that exchange packets are 0 to Nx*Ny-2. Itis
noted that the assignments at step 904 are generated randomly. At this point,

25  assume that the total number of packets that a node requires to send an element of
the array to another node is k packets (e.g., 6 packets). Thereafter, assume that
total k packets = d iterations * b packets, where d is the number of iterations
necessary and transmit b packets per iteration for a total number of k packets.. Itis
noted that b may be chosen as ﬁecessary for efficiency and may likewise be equal

30 tol. For examble, to transmit a total of 6 packets, it can be chosen to transmit 2

" packets per iteration on each of 3 iterations for the total of 6 packets. Therefore, at
step 906, a loop is initiated for id from 1 to d iterations. At step 908, a queue

counter is initialized to zero. It is assumed that there are L output queues 212 (L.
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illustrated in Figure 1; it is noted that QL1 does not send packets to
itself). To performthe re-distribution as fast as possible, the grid

| inks of the Torus network 100 must efficiently utilized. If packets are
not scheduled in an efficient order, then the grid Iink g*}ugwﬂgy ,on may be
very inef YRV For exanple, if every node 10 first sends packets only in

th t X+ di t h t X-
i ect ) on wi IEeRE was Rl o ook (3SRl B30 G g s
fast as posspdekets Sith thit@hd@skdal f,aceétdle&%t% kbpisd)} ardeall p’apkem(eﬂt ed as.

efficiently as possible. According to ent vention, the fast
re-di stri but deseriptarsef thedipgkats) acﬂlvans’ésta’aawfwib?%%% otbealeE ity of the

Tor us- based &ﬁémgb%eloﬁpar ﬁhum&@em&& ofed ReRuhi Aebid srabratisepent ed

efficiently, I cu ted be ow. Thus with reference to
Fi gure 9,5t henewﬂhm nhbtéd\lpops)azfdégurm? eAtgem@L), edodpyis inializgbfon N walpgor k 100

(i. 3 X {. ets, which

i ncI ude el e §1°8? 8??1@#\%5‘%@ ﬁ%%‘%’ﬁg‘% ‘3&?@% aﬂ%f& g%@glﬁ?arpasﬂz

exenpl gry m&r@ﬁt@d&tzs?éﬁ% /N;stgé&fhy%bﬁte]daﬁstepgd)ﬂi’sgﬁﬁex@forapaxﬁﬂﬂathﬁérg i s )
created an array (i e., random array at _ass ch.node on the
Torus net wor ¥alug@ randogrngds I‘Pdﬁmi?@tffﬁé‘éﬁ (‘)")“"dt Nd&%twqa Sgl nce a
node does ”Oﬁ e%@@se%f‘eﬁ% ?ounEl-QoHuTi &%xf Attsbe 919} aloop iraalied f&o;defﬁorﬁ hat
exchange packets are O to Nx*Ny-2 is noted that the %SSI nts at

step 9041Gr el ¢ehpadketsper diterstions. thsequwﬂy,paéﬁws 9 eand U P t ot al
nunber. of pack t array to
anot her nodep?cz(eé (éngé a‘zs&l ?g&sgfr,gﬂéb&%?%&@g%?a%ﬁgéhe%k Egﬁ),é b ra%tsiﬂrr?edata %at t ot al
k packets gqaﬁee«.ddéd torﬂge mkqni;mk@em mmepaekei[node,ud\ebhu%tts@p 938, ercer?t |k ons
necessary. and_transm t acket s roiteratio r at er o
packets. |t all d itgpatians hayg peen "r‘?ﬁ?’leg"g @ﬁ&eg??da@gﬁe@ @%Foefé}%g?l ci ency and
may |ikew segiofrtHa 966) dhﬁngtene'%mermrﬁwaﬁmutae nbwnsceg podesdoa0Df 6
packets, it can be chosen to.transm t packe

B |ter ag%t neach of 3
i terations fennecireQ%b?faﬁlgW%WHh@%@l%“ebﬁﬁﬁbéfB packels % B2 U 1 oop i s
nitiated Toky bimlhtQTe ér&yfheb&n%&?ér'a%éewmﬁ&ﬁmQ@&N;alnﬂalﬁest counter is

initialized to zero. I s"assuned th there are out put . queues 212 (L

-18 WD 02/ 060097t quET?, mmmn i attjlrm@ﬁe&pqch%tﬁtbaf mé’&é%qlat% tePrf)l for
storing. pac kﬁltgfneéggf é%% %aé/)&?t%&g 'f&'talq'foﬁe le(odhﬂg {1@%])3&6 i nbkt@utpdee actual

packet need
queue, and so on until reaching node Modulus (+(Nx*Ny-1), Nx*Ny-1). When
20  the packets b packets have been inserted for a given iteration into the output

queues, this process is repeated until the d iterations have all been completed. The

foregomg re-distribution achieves extremely hlgh grid link utilization on the Torus
network 100 of Figure 1, thereby efficiently implementing the multidimensional
FFT according to the present invention.
25
Figure 10 is an exemplary method flowchart 1000 that depicts how the pgckets in
the one or more output queues 212 on the exemplary node Q11 of Figure 2 are
drained into the injection FIFOs 210 for subsequent msertlon on the Torus network
100 actording to the present mventlon Before describing Flgure 10 in detail, it is
30 noted that the filling of Figure 9 and the draining of Figure 10 may be performed
concurrently with one another. At step 1002, the exemplary method starts. At step
1004 it is determineci whether all L output queues 212 are empty. Atstep 1006 a

loop is initiated for iL, from 1 to L, to iterate over all L output queues from. At step
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descriptors of the packets) for a given destination wll be placed into the
sane output queue. A particular output queue iL is selected in round-robin
order at step 5 912 within nested | oops of Figure 9. At step 910, a | oop is
initialized for iNvalue fromnode 0 to node Nx*Ny-2, a &ﬂ]lﬂ |nto t he
array (i.eWOORMP4¥m array[]) created at step 904. As th? array creat ed in

step 904 is indexed for_a _particular i N value, fandom ngde value is
obt ai ned froWQ%lsr@meﬁm@“WWWB ogg)gtqlgupfll.gstemp@belﬁgwogtpgg ected in -

round-robin gﬁéé,%li L i¥m E{Be&b odeodtﬂa&tb%eﬁyxmaad quéderam foogm 10 1 to b

packets per I terati sequently, as steps 914 and 916, a plurality
of b packet @ﬂ(eewge,atlssteplqu;&IMaladcdafdm&@dﬁWG?WGébmoﬁﬁédefor a given

d d d
oM " S BRSER g R faifer SR H Al herfti R0 lake SHRIRAE £8E | MO,
_rr::*t hoSI_ engls. e:kdi;;ﬂ&lwllﬂviréfbregea‘t'emel taesumerthatmbdmﬂaptacampackbjrdcsignecbne d
lterati on a artl cu r nodade I o, SSOr.
Figure 2) w F nqde Q42 a‘%tPe{’@é)uB’“h@HFéE}L o}heg’éﬁlﬁegf‘?y tq?é{a?ff ‘ﬂﬁéﬂg g%f or
el ement of the eﬁean@%lgrmﬁ:kfm d)eﬁllﬁ‘@&?b*'?d‘dir@&loﬁl'(d\l'erghﬁﬁhwiﬂ(»tw a fl rst

out put queue, t en particul ar | pl ace b(ﬁackets t hat
i ncl ude. dat ardach nede Q22, enﬁmayénavﬂh@ﬂ!&r%—a@lmb@n {ovexeriddinkal ﬁb@&ow%m us

(142, Nx*. Ny X ng node
I\/bdul us (i +(k&‘*}${}£€5‘§e%§nk&‘%§§‘%@ﬂ‘e Md@& 1*@%%48 et s have been

i nsertedi1bor 16, aystepn0l i isanither dbmhmnbmwhetherpalltFIFQ|él(bafF1m¢§ ipthgcess i s
repeated until d iter ons .hav been..c t T goi ng
re-di stribut P?fﬁ‘g ﬂ‘?@\b @&@Fé’ﬁ@ﬁ"g f‘gL @?‘ﬁ? ¢ lfeﬁggﬁ‘? ?g‘:hell%]?%r?nfgﬁ# he Torus
net wor k 100 ofo FhsHlogicdl ditcbtsrees., &f+) insSo€iated yith'ip vehiahrepregentshiieat any

mul tidi mensional FFT accordi ng to th§ reseng nventl g&'u 5’5% Figure 10 is
an exenpl ar y pasketplacedjis fainiestiondibo 248 canagyein ‘h't‘ﬁﬁ?ct‘ﬁ I[S’ ets in the one

or nore outp Iﬁ’f@iﬁ_&k Bidtkinsarér €

drai ned int o%ﬁ&%ﬁggétlon Fladzts 210 o@%ﬁ%ﬁ?&%ﬁﬁ%ﬁrtlon on the Torus
net wor k ISOOfdhﬂmndhmgeﬂlodshesqhnewmoutpmuwd@éﬂmbﬂé%mgﬁong Figure
10 in detail not e f drainin
of Figure 10% quF‘%ﬁgag step N3bod Winbiwkide) 5\‘.%{6% 10T4HE g%cget%'ﬁto{'&le g9

oncurrently one an At step 1002,
t he exenpl ar ﬁ-ofmmabadtpat @res to aélbasﬁﬂwIFﬂ)(mambne of thepassiblerdingctidneforer al | L

out put queues 212 ar 1006 | o r tL from
1to L, to itratpeckel gté? nge%( ﬂ\fﬁ%zlﬂ% E" e(’jffﬂ?]"e? ffo%ﬁ%ﬁpﬂi@hé @Lehéﬁh%%in‘a
robin order for insertion into the injection FIFOs 210 illustrated in Flgure 2. After
‘20 the packet is moved, the method continues at step 1008 for a next available packet
in that output queue. Once all output queues are empty, the method ends at step

1016.

In order to more fully demonstrate Figures 9 and 10, which describe the “all-to-all”

25  routing, assume that the row of elements at node Q11 in Figﬁre 5, i.e., elements
B11, B12...B19, are to be re-distributed across nodes Q12...Q33 as illustrated in
Figure 6 over the Torus network 100. Assume that the random mapping of nodes
has following values in random _map array = {Q32 Q22; Q13; Q21; Q23; Q33;

! Q12; and Q31}. Therefore, the order of the array elements and their destination

30 nodes from node Q11 is as follows: {B12 to Q12; B13 to Q13; B14 to Q21; B15 to
Q22; B16 to Q23; B17 to Q31; B18 to Q32 and B19 to Q33)}. The array elements
are placed into the FIFOs 210 of node Q11 as follows: {B18 to Q32 via X+ or Y-
B15 to Q22 via X+ or Y+; B13 to Q13 via X—; B14 to Q21 via Y+; Bl6 to Q23 via
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-19 WO 02/ 069097 PCT/ US02/ 05574 1008 it is determ ned whether a particul ar
out put queue.iL is enpty. If the output queue iL is enpty, the nethod
continues to the next iL output queue at step 1006. Oherw se, at step
1010, for a acket at the head of the output queue ilL, PPE irections
for rout| Eﬁ cket over the Torus network 100 are ob a;f/h]g&ﬁ)sgg

exanple with reference to Figure assu tha nod ac packet
destined toYHOHS—BY 103 ‘&ﬁg%lﬂ‘%”é Bzifé{ﬁlg Yia A ‘gﬁﬁi@tﬂ}a‘?&? gv from
node Q | 'nTl]i\H‘Tor gm?ler EﬁtFIP@s ﬁﬁ)"cﬁfno%tﬁlhh@hbé% hohamed iRtheY-
direction (over g In reach node 2, or it may travel in the
Y- directi ontable\lehelqyl d link 106) foll owed by the X+ direction (over grid
link 112) to reach node 22. Now back to Figure 10 10, at step 1012 it is
further determ ned whether all FIFGs 210 of Figure 2 in the possible

di recti gnsTable 1:he packet are full. As. described above, each injection FIFO

210 has a W' oA—{-e—g—XHr}-a5S0e a%e“\r%—@—-r-{—,—m—eh—reoresents
p& ket placed bhTFI FO 210 can*mm i

t hat any |7ﬁthe|nject| N “itove in the
associ ated 4o d1 TECE1308 qu< 32 on) . 1B14 keQainj ectiop FIFGs
210 for pa ] gétgiog?rect ions are 5-ful| E{?he et hod gmuhp cutrent
out put quelBlatooQtbnt i nUB1IY Q3Ber at i ngBN)tOQZﬁe next BT p@3lqueue al step
1006. O hekw-ses—at—step—104—the—packet—+s—noved—tronrtheoutput queue
to a least full FIFO 212 in one of the possible directions for that

packet. It iRotwethStendih@theact ket hean@besTinjedioh FIFDOwasdescribeé alspveues in a

round- robin order for insertio |ntothe|nj n ElIF | lustrated
in Figure 2.asgapgl ‘I‘Iﬁlbebﬁéﬂ'@t (eghg({:#éf cﬁt"\“ﬁg Cat step
1008 for a “&'s’étoféﬂﬁ“écﬁ% Fﬁ#@ﬂigﬁfg restribtdd g bt oAk RyhrtiGhlat@id IfARcisodd | out put

queues are enpty, e net S at step . In order to rmre fully
denonstrif e ﬁcl@smtedv@eamumberofmmmwé&@ﬂsmtm@tméhqm!mbﬂwﬁgn 25 routing,

assune t hat [ enent s

B11, B12. B‘ti’g‘s Fote ’{)J“Pg %iuirs"’tlﬁ“bq&%%“%iﬁrggss&h% %ﬁztheﬁthe‘ﬁé

i 11 ustrat ed oﬁ’ablﬁfegnraybGrauﬁtedtbetwmtumeofebmaltpafc@ﬁlarmlulds fomt the random
mappi ng of nodes has fqllow ng val.ues. i om a { @2;

QL3; @1; Qpanothss sxmnaiﬂz% St gemﬁﬂgp@‘#ﬁﬁ%&l HRE‘P‘&%{" ’¥¥h°f Iegg}grray

el ements andpd §Qkral ﬂg’iﬁbrnpmmwﬁa@e iRderstiitedtoadesiIhd sinse mstidutr | ows:  { B12

to 2;: B13 to 3: 14 to 1. Bl15 to
QL% 15° boa i @

Although the implementation of the array re-distribution was described above with
reference to efficient implementation of the multidimensional FFT, the “all-to-all”
re-distribution is also well suited for any type of array re-distributions over the

20  Torus network 100 of Figure 1.

While the invention has been particularly shown and described with regard to
preferred embodiments thereof, it will be understood by those skilled in the art that
the foregoing and other changes in form and details may be made therein without -

25  departing from the spirit and scope of the invention.
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@2; B 16 to @@3; B 17 to B1; B 18 to B2 and B 19 to @B 3) . The array
elenments are placed into the FIFGs 210 of node Q | as follows: {Bl18 to
@B2 via X+ or Y-; B 15 to @2 via X+ or Y+, B13 to Ql3 via X-; Bl4 to
@1 via Y+; BI6 to Q23 via -20 WO 02/069097 PCT/ US02/ 05 X-; B19
to (B3 vi FOEUKEPON_ . B12 to Q2 via X+; and B17 to (B1 v?é#@(%{09§7+hus f or
exanpl e, thmzw on node Q | mght be filled as illustrated in the
table | bel o% ble 1. X+X-'Y+Y- B18t 0Q@B2B13t 0Q13B15t 0(22B14t 01

B12t 0QL2B19t 0(B3B16t o(R3B17t 0(B1 Notwi t hstandi ng the fact that the nunber
of injection FIFOs was descri bed above as _equal to the nunmber of grid
links to a ridavingthugdescubedionpinveniion what we claim as new,iand desitedo 84cuLen j nj ect i on
FI FO that i s, Gsikfsiraleaflist © at least a particular grid link also is 10

wel | -suited en nunber of injection FIFGs is not equal to the nunber of
grid links. For exanple, if there are fewer injection FIFGs than grid

l'i nks, then the use of a buffer . I [ : ne of

sever al I;Jart i cul ar grﬁd Ar@ﬁ@g{l?’qggk@c\{egﬁgPﬂ@?ﬁé@%ﬁ%@lﬁ?iﬁ{@ﬁgﬁi’?ge nor e

L\Ej ection Flfduset Trans f&gﬂ FRT) akismultfd&ﬂ%dsioﬁﬂenﬁylyommwl plu?ISityidﬂ_ §C|t | OE FI FCs
ose use is _restrjct to_at least_ the sanme particul ar , grid link.

Al t hough 3 héﬁ%ﬂﬂﬁﬁ&ﬁsﬁ?"_&ﬂdf? ﬁé‘“&l"{‘%‘%‘? CPRPHELDFBATHIRES descri bed

above wi Mhalqlﬁfaﬁt&%@?\ﬁd&% 8drhinhiestionioPRH aﬁiﬁglrﬁ,tthQHﬁe‘%BdEMpﬁgﬂézl di mensi onal

FFT, the ™ -to-all™ re-distribution is also we suited for any type of
array re-distributi onga)slistributing tixplmelityof lemepss RE thegmay ing fifsk e 1. While the

I nventiorn h ' . ' ] o]
preferre e@%‘g&z@n@g’%%@?@ tsglio'ff H%dggp?@gcun@géﬂss?%gﬁ%%/p?hggghs t|E)I led in
the art thatfacilitate 4 fisegmi-dimensichabFFEr changes in form and details may be
made therein w thout departi romthe spi rliI-IFIaorxlﬂhesglo gnt%fﬁlge

i nventi o WO 02/ 06908 RSEPFTIEE ST fEs! pRe-dimensiona
9 array distributed at each node in the first dimension;

10 (c) re-distributing the one-dimensional FFT-transformed elements at
11  each node in a second dimension via “all-to-all” distribution in random order
12 across other nodes of the computer system over the network; and
13 (d) performing a second one-dimensional FFT on elements of the
14  array re-distributed at each node in the second dimension, wherein the random
15  order facilitates efficient utilization of the network thereby efficiently
16 implementing the multidimensional FFT.

1 2. The method for efficiently implementing a multidimensional

2 FFT according to Claim 1, wherein the method further comprises the step of:

3 re-distributing the elements of the array at each node in a third

4  dimension via the “all-to-all” distribution in random order acrosé other nodes of

5 the computer system over the network;

6 performing a one-dimensional FFT on elements of the array re-

7 distributed at each node in the third dimension; and |

8 | repeating the steps of re-distributing the elements of the array in

9  random order across nodes and ;')erfonning the one-dimensional FFT on the re-
10  distributed elements at each node for subsequent dimensijons:
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CLAI M5: Having thus described our invention, what we claimas new, and
desire to secure by Letters Patent is: 1 1. A nethod for efficiently
i mpl ementing a multidinensional Fast 2 Fourier Transform (FFT) of a
mul ti di nensional array conprising a plurality of 3 elene Lo trally
di stri but 4OPH060%| ti - node conputer system conpri sing a%i/dﬁ%orsgﬂi ty of

nodes in conmuni cation aover a network, the thqod conprising: .5 (a)

di stributing the pl Ureﬁ-iwtﬁﬁm@léhifhﬁlﬁn mm%@&%&@ﬂ}%@mﬁ?@@l 6 di nensi on

across the phpt aldotdingdh CIRALE vierdidBe AR LEHpI%S REMPV Benedtiget Work to 7

facilitate a first one-dinensional FFT; 8 (b)  perforiing the tirst

one- di ner¥i orsaflorrpidepof other noflesforneglishfibuting thedneglimensionakF¥Y-but ed at each

node in the fj X g&%{ﬂ%ﬂ@?ﬁeaﬁn&@ re-distributing the one-di nensi onal
erenents a

FFT-transt or iie each node in a second di nension via
"all-to-all" distribution in random order 12 across ot her nodes of the

conputer system over t net wor K d .13 rformmng a second

one- di mensi onal FFT pﬁb 3@%%@8?%??8“&%5&%}9%% ggrg%llyﬂ@le%q at each

node in the PEFasdrdidRTIAIMS, WH%%i@éd&hbMeE&Mbeél&n&Etﬁﬁ&e—f acilitates

efficient utilization of the network thereby efficientlﬁ 16 i npl ementing
I

the nul tidi ndisibied betean nodes of th eomptes systerd viass plpsalirefitotal paskdsent i ng a
mul tidirnmensional 2 FFT according to Claim1, wherein the nmethod further
conprises the step of: 3 re-distributing the elenments of the array at each
node in athird 4 di nénsihemethal foheffitiantly implenidntingla stuifidimeastonal n r andom

order acrgpss her nodes.,af ., 5.the co ter stem over, t ngtwork; 6

per f or ni aFﬁté@afd-%@ﬁ?JﬂW’ﬂ\‘bfmbfh 8%&(@@ fcqrwsgfghgfrésségﬁ? di.stributed
at each mpde in the tlyroddidp aphaalivyof cunsht fusvepsidacingodépe st eps of
re-distributing the elenents of the array in 9 random qrder, aclross nodes
and perfdtmng the ondicHtingHup thentherpedesin gensrafed r ‘g’nﬂ %Frr‘ﬂ)lﬂfa@ el ement s
at each npdeyfighesspsequent dinensions’ -22 WO 02/ 069097 PCT/ US02/ 05574

6 outpufting- to an output queue for each other node at least one packet

7  of the plurality of total packets during each iteration.

6. The method for efficiently implementing a multidimensional
FFT according to Claim 5, wherein the method further comprises the stéps of:

. providing a plurality of inj ection first-in-first-out (FIFO) buffers,
each FIFO buffer for transmitting packets in at least a particular direction on the
network; .

iterating through the plurality of output queues at a node to identify
a packet at the head of each queue;
obtaining possible routing directions associated with the packet at

O 08 1 O v B W N =

the ﬁead of each queue; and

—
o

moving the packet from the head of each queue to a least full FIFO

—
[ %

buffer in one of the possible routing directions associated with the packet.

7. A system for efficiently implementing 2 multidimensional Fast
Fourier Transform (FFT) of a multidimensional array comprising a plurality of

elements initially distributed in a multi-node computer system comprising a

W N =

plurality of nodes in communication over a network, the system comprising:
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1 3. The nethod for efficiently inplenenting a nultidinmensional 2 FFT
according to Claiml, wherein the nmethod conprises a step of generating a
3 random order of other nodes for re-distributing the one-di nensional FFT 4
transforned el enents at each node. 1 4. The nethod for efPEgﬁJisﬁﬂ(Hs%
i npl ement iKY 046Nt i di nensi onal 2 FFT according to C aim3, wherein each
of the plurality of elenents.is,.r di,stri bute et ween,.nodes .of the
conput er iystem vi a. a@p‘Pﬁﬁnéfqrt%suilTu- 6E§Ip5%§lﬁk'é’?§gmf¥§.°?ﬁ?m%8d f or
efficientdy HrplieEREAbA AGosd thBPlidaHiy FEN6deadethe cdmphitr SRemi Setrghd 0 C ai m 4,
wherein the nethod further conprises the steps of 3 providing a plurality
of out put7 quesiwerkde facilitete adigst onerdimensigpal F§Tt hru t he ot her nodes in
gener at ed, r andom or der, | : ' er : (;tmp laNg. to an

out put qﬂgeue for each (gflﬁgdrngﬁ%diee aﬁu@%g}csetﬁr%ﬁggpac elto(i‘ia of&éﬂ}g plurality of
total packet elements nfthe awiy distabuied areachindgle iTthe fwsttdiroehsiasy, ef ficiently

I npl emeniing a nultidinensional .2 EFL accordin | ein the
met hod fL¢t her conpri s( T ogfg'sgg&f?Pugg.%‘F8§?‘8Pﬂe§g§n§:%%s§%%ai nj ection
first-inifirskments aldatifddelnt bosd dimbnsios via FhlEE-Bllf distriblidon inrrawdom t t i ng
packets in at | east apartic#}gr direction on the 5’3€t rk; 6 iterating
t hrough the Prdgraerest gthstnqdes of Hhe ERMRIS suftem O¥FdRe REWPHeARY fy 7 a packet at

the headjpf each queuqq) BeRl%sH gikHniRL S StBhEor MirieRGiofIFFItdroNS associ at ed
with the packet at 9 the head of each queue; and 10 noving the packet from

t he headléf eamkntgabthe atray w-distributed afiepchmodein the senond dimengiopnwhereint he

possi bl e, fouLin | reetions, assaci at ed. Wt e ficfAndystem for
ef fici enﬁ y M%@%@n?&%&acgﬁt%ﬁf £ 1|eﬁte‘%gﬁzghoéﬁ%@%s?%%k%ﬁﬁye% r at?%f orm (FFT)
of a nul 16 di implemeniak e malydiomagivhad FRY. a plurality of 3 elements initially

distributed in.a nmulti-node conputer systemconprising a 4 plurality of
nodes in comuni cation over a network, the system conprising: -23 WD

02/ 069097 PCT/ US02/ 05%{ 4['_he system for efficiently implementing a multidimensional FFT

2 according to Claim 7, wherein the method further comprises. the step of:

means for re-distributing the elements of the array at each ndde ina
third dimension via the “all-to-all” distribution in random order across other nodes
of the computer system over the network;

means for performing a one-dimensional FFT on elements of the
array re-distributed at each node in the third dimension; and _

means for repeating the steps of re-distributing the elements of the

(=T IS = T T ]

array in random order across nodes and performing the one-dimensional FFT on

10  the re-distributed elements at each node for subsequent dimensions.

9. The system for efficiently implementing a multidimensional FFT
according to Claim 7, wherein the systems comprises a means for generating a

random order of other nodes for re-distributing the one-dimensional FFT-

HOWON e

transformed elements at_each node.

—

10. The system for efficiently implementing a multidimensional
2 FFT according to Claim 9, wherein each of the plurality of elements is re-
distributed between nodes of the computer system via a plurality of total packets.

24-



5 (a) nmeans for distributing the plurality of elenents of the array ina 6
first dinension across the plurality of nodes of the conputer system over
the 7 network to facilitate a first one-dinensional FFT; 8 (b) neans for

performng the first one-di nensional FFT on the 9 elenen array
di stri but eWOMO¥Ah node in the first dinension; 10 (c) n%‘gﬂﬁgq%’sg"

re-distriputing the one-dinensional EET-iransforped 11 elenents at each
node in.alsecond di menks glilile\py cm ?rqugﬁ-rﬁ{ylmpg?@@%ﬂlﬂ‘é‘ﬁfq“ﬁ“ﬁ‘ om' 12
order act pSSEPTBElordiRERTIHm | 0 QworRiTihe iR R BifBisds TR StEfausty ki and 13

(d) neans for perforning a second one-di nensional T on 14 ‘el enents of the
array re-3istributed ameasaor provdding a plunality eEanprtguenasat each ngd@rein 15 t he

random orger facilitat AN bl i r.eby
efficiently 16 inpl eré%atn?fr%%r 1{6#%&%61#{1?% oﬁﬂééﬁg?@eﬁgfx g&%%tg{}ag%éﬁé&gﬂst em for
efficientfy phipdligyeftihéedgaml nul ti di mensi onal FFT 2 according to Claim?7,
wherein the nethod further .conprises the step of. 3 s fqr
re-distri®uting the el@mfgogg’%tﬁf‘?S?tp%fu@%f?rﬁ@fggpw?{“&geﬁ“?ﬁfrd

di mensi ony Vi gnd pueketadf etpurality of Eitslipaélets duliRg eAthrieRalm or der. across ot her
nodes 5 of the conputer system ovér the ne%work; 6 neans for performng a
one-di nensi onal FFT on elenents.of the 7 array re-distributed at each node
in the thjrd di mension; : B,qﬁ]' ; ShERRmehsional
re-distributing the erlezhea[g@s?g%?[ﬁ?%i&gmg@ aytplleﬁ&?gﬁ %m or c'Ienr s‘:';11(():nr 0SS nodes
and per f o2 ni BBT atwrdingtodTlaim§],oviwreirr it nepthod forthereomprisksshe stepstadd el enent s

at each ngpde for subseguent. di nersi ons. 9.. The syste r LGy ently

i mpl enenttng .a nmul ti di‘ﬂ?ﬁé&%ﬁé?“ﬁ‘ﬁ%apg"%}i‘%8§‘&%eﬁ§°‘% ﬁrsH%FIrﬁ?"??tem@ei n the
syst ens conpbuff&s, eachEROTTRF fog eratdnittingpackeds inatbashaqractiulap diredtioar nodes

for re-distributing the one-dinensional FFT- 4 transfornmed el enents at each
node. 1 19. onke gY‘E afor efficiently inplementing a nultidinmensional 2

FFT accorgling to O ai nynéans\Wiatepitig W06 e blagalidy §f tpitYqubliesat £ABM S IS re 3
di stri buted between nodes of the Conmputer systemvia a plurality of total

packets. 724toidewify 8 packsratpicTicadof caph qraue;

8 " means for obtaining possible routing directions associated with the

9 packet at the head of each queue; and

10 means for moving the packet from the head of each queue to a least
11 full FIFO buffer in one of the possible routihg directions associated with the
12 packet.
1 13; A program storage device, tangibly embodying a program of
2  instructions executable by a machine to perférm a method for efficiently
3  implementing a multidimensional Fast Fourier Transform (FFT) of a
4 multidimensional array comprising a plurality of elements initially distributed in a
5 multi-node computer system comprising a plurality of nodes in communication
6 over a network, the method comprising;
7 () distributing the plurality of elements of the array in a first
8  dimension across the plurality of nodes of the computer system over the network to
9 facilitate a first one-dimensional FFT;
10 | (b) performing the first one-dimensional FFT on the elements of the
11  array distributed at each node in the first dimension;
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1 11. The systemfor efficiently inplementing a nultidinensional 2 FFT
according to Cl aim 10, wherein the nethod further conprises the steps of.
3 nmeans for providing a plurality of output gueues at each node; 4 neans

for iterat W@nz@%o‘ht he ot her nodes in generated random or ?&g%%%a{)l urality

of times; and nmeans for outputting to an output queue f er node

at |east  ,7 one packet, of t.he.plurality.of t.ot ckefs during each
iteratioh? 1 12. .The sﬂfgfeé‘?ﬁf‘?‘!%ﬁ“‘égr‘ﬁ?8?%?‘:‘!9?@??@#’5%?{*?#9&’1%&1 A8 hensi onal
2 FFT acedr diesh riode & Séeddrdldimehsiéeiia “Alleo-MEt digebdtiontii emdemoradses the steps
of . 3 neans for £00Vi ding .a plurality of injection first-in-first-out

(FIFO  4%pupsressothergedesiof fy qomppier systam evesthanetworkyandackets in at | east a
particul g direction 5 nm-,gkq ' _mg%.? hrerat ough the
plurality of output qu(ggg?s&@t n%}%fe)&%&to | e%t{a??I;/Tgﬁglgc eggogp{et he head of -
each quel@; 8maprerdistribitebasteachniodg iptesedsind dimensiongwhiéreindhé mndormssoci at ed

wth the,»9 . the . .Of. ueue, .and 10. neans for noving the
packet f}z)m ?@%&ﬁt%sf&g%c %gldga&é"e‘{% gglgqlleeaoé#thei%yfgﬁqw@#o buffer in one
of the pbd&si irhplementingrthe wiltidithensionaledfFoci ated with the 12 packet. 1 13. A
program st orage devi ce, tangi bly enbodying a programof 2 instructions

execut abl e by a machine to performa nethod for efficiently 3 inplenenting

a mul tidipensional Fasgg, mrﬁ%‘a&[{s%ﬁe%%mbé }:&Hqﬁﬂgiié{)ﬁﬂghﬁ&- nsi onal

array cogrising_a plurality elements initia uted in a 5

nul ti-nodé cowpidimensiopst BT acsardingdo aim 13, whatein the piethoddethérn communi cat i on
6 over a fet . od conprising: 7 (a) distributing the plurality
of el emenj'gs g@flﬁseeggx?rsggto?n a first 8. dinmension across the plurality of
nodes of 4 he conput er msydistdimting dhie dléreemedithe krdyoat efchirode id 4 tHid a fir st
one-di mengi opal - EFT: . &B), penf.ormng the first, one-di nensi pnal. FFT on the
el ement s %f 'l%ensfﬁwé‘:’g%ﬁff?' rflﬁh{gélag%fn 120d9m prigragress offer pedesOf 4i nensi on:

-25 6 ‘the computer system over the network;

7 ' performing a one-dimensional FFT on elements of the array re-
8 distributed at each node in the third dimension; and
9 ~ repeating the steps of re-distributing the elements of the array in

10  random order across nodes and performing the one-dimensional FFT on the re-

11 distributed elements at each node for subsequent dimensions.

1 15. The pfogram storage device for efficiently implementing a .
2" multidimensional FFT according to Claim 13, wherein the method comprises a -
3 step of generating a random order of other nodes for re-distributing the one-
4  dimensional FFT-transformed elements at each node.
1 16. The program storage device for efficiently implementing a
_ 2 multidimensional FFT according to Claim 15, wherein each of the plurality of
3 elements is re-distributed between nodes of the computer system via a plurality of
4 total packets. ' ' S
1 : 17. The program storage device for efficiently implementing a

2 multidimensional FFT according to Claim 16, wherein the method further

comprises the steps of:
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WO 02/ 069097 PCT/ US02/ 05574 12 (c) re-distributing the one-di nensi onal
FFT-transforned el enents at 13 each node in a second di nension via
"all-to-all" distribution in random order 14 across other nodes of the

conputer s r the network; and 15 (d) perform ng a second
one- di rrens?“cs)&rlgzl%%‘\ﬁ on el enents of the 16 array re-distrPETUER/EF74each

node in the second di i er.ei . the rando 7. .order facilitates
effici entmuti lizati On”g@ﬁdﬁng%%mﬁlk&t%&ugwug e Py 18 inpl ementing
the nul tifli mensi onal Fiteratig theb thd bfhePhcHas ﬁf@eﬁér@tre&%dgﬁvdr&&a‘éﬂﬁrmfi ciently
i mpl errent%ng fx 2 nul tidinmensional FFT according to Caim 13, rein the
met hod f uft h&FtBey rises the step of: 4 re-distributing the el enents of
the arrayyat each nodegithutdng 1 ' I QD Vi call-to-all”

oltBufind & o ouin SRR Tt ier e ple bR ystem

distribution in random order” acros €s o

over the het @bthe plurali of iotakpackets during didnitesitiomal FFT on el ements of the
array re- 8 distributed at each node in the third dinension; and 9
repeating the steps of re-distributing the elenents of the array in 10
random order across nolfesTheptogran staragerdgvic for effiRicdilyanple@Bating=- 1 on the re-
11 distrijput .enent s each.node f.or subseguent dinpensions. 1 15. The
program s%)orglgg%@fﬁeﬂsboémf@%]‘ ?ﬁcf’ﬁ%bt}getﬂﬁl% lr{-;f"’gf‘ﬁ@ﬂt'ﬁ egog%’ﬂhﬁ!‘ti di mensi onal
FFT accordi ngpnirises thieMepdof: Wherei n the nmethod conprises a 3 step of

generating a random order, of other nodes for re-distributing the one 4
di mensi orfal  FFT- t r ansfRSPYidiag aiplurelity of injectior firshrisuifirst-ant (BIFQ) budfersy ogr am

ccor ding 1o o di Ut bkt IR LARER A e Sl el o 1
re-di strifbutestwbds ween nodes of the conputer system.ia a plurality of 4
total packets. 1 17. T rggram storage device for efficienfly,

i mpl emenﬁ(ng a 2 mul tlﬁgﬁtﬁéﬂg%%‘ﬁeﬁﬁﬁ@%e@"m“ﬁg“%seﬁ%w tgidedlifyr ei n t he
met hod f & t hepacRetcat therheadsf dabieqedueps of @ - 26 ,

9 obtainjng possible routing directic;ns associated with the packet at
10 the head of each queue; and

11 : moving the packet from the head of each queue to a least full FIFO

12 buffer in one of the possible routing directions associated with the packet.

19. A method for efficiently re-distributing a multidimensional
array comprising a plurality of elements initially distributed ina multi-node
computer system comprising a plurality of nodes in communication over a
network, the method comprising re-distributing the elements at each node via “all-
to-all” distribution in random order across other nodes of the computer system over
the network, wherein the random order facilitates efficient utilization of the
network. .

N N W NN e

20. The method for efficiently re-distributing a multidimensional |
2 array according to Claim 19, wherein the method comprises a step of generating a

random order of other nodes for re-distributing the elements at each node.
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WO 02/ 069097 PCT/ US02/ 05574 4 providing a plurality of output queues at
each node; 5 iterating thru the other nodes in generated random order a
plurality 6 of times; and 7 outputting to an output queue for each other
node at le acket 8 of the plurality of total packets during each
iteration. ﬁbﬁ&%‘?ﬁe program st orage device for efficient PETUSASAENt i ng a
2 mul tidi riensi onal FFszQ r di g]g t.0 %a,i rayll?, .Wherein the nethod further 3
conprises the steps of %' pROWPEHCA dorstliciontly re-distruting p mwiltidigensional
first-in-ir siraguboddingd Chis 5 \phereif cRAVR tHelpiRY bf BbmbAl idreansm L L1 ng
packets in at, least a particular direction on the network; 7 iterating
t hrough t Re pﬂ‘%ﬁ‘g?tﬁ betweennodes of theeqnenntersysiem site: plaralityeftitélypacketa packet at
t he head of each queue; 9 obtaining possible routing directions associ ated
with the packet at 10 the head of each queue; and 11 novi ng the packet
fromthe head of each §2elikemethad Forasficiéntlylre-HsfriButidPa muftfdahersibnane of t he

i bl ti i rections. iated with th ket. 1 19. A nmethod f
G111 i ent Py AR PEERRRR T IGnEoF Sihefi e ton oo comerisps Bostspe ofng o

plurality3of el enents, piovidingd pliiratitysdficulit Gsbubdat dadilolib; Node 3 comput er
system conprising a plurality of nodes in communication over a 4 network,

the methof conprising FealRghr the pthsgnades ingenerated sandomeaden aplutalityi 2 "al | - 5
to-all" dsst pFles;qiadi N random order across other nodes of the conputer
systemover 6 the network, wherein the randomorder facilitates efficient
utilizati®n of the 7 newtmetting tolanxmuipul eenetforteach dther neflé atdemnohe/packet
re-distributi 11 di Laonal . 2 arr.ay .according to Caim19, wherein
t he net ho}?j) cg?rg‘reﬁ’é‘ggﬁ‘g°gk°§mEB§¢k%§e4¥8PéF?°ﬁd%§“°% random or der of other nodes
for re-distributing the el enments at each node. WD 02/069097 PCTI US02/ 05574
1 21., The nethod for ficiently_ re-distributing a nultidi mensional 2
array accgrdi ng to C aﬁn %m%f:\‘@i/@i‘ gificically sy distibuting gmpltidimessioaalenent s i s

re 2 ' array according to Claim 22, wherein the method further comprises the steps of:

3 providing a plurality of injection first-in-first-out (FIFO) buffers,
4 each FIFO buffer for transmitting packets in at least a particular direction on the
5 network; - '
6 iterating through the plurality of output queues at a node to identify
7  apacket at the head of each queue;
8 obtaining possible routing directions associated with the packet at
9  the head of each queue; and :
10 . moving the packet from the head of each queue to a least full FIFO

11 buffer in one of the possible routing directions associated with the packet.

. 24. A system for efficiently re-distributing a multidimensional
array comprising a plurality of elements initially distributed in a multi-node
computer system comprising a plurality of nodes in communication over a
network, the system comprising a means for re-distributing the elements at each
node via “all-to-all” distljibution in random or&er across other nodes of the
computer system over the network, wherein the random order facilitates efficient
utilization of the network.

N oy b W N -
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3 distributed between nodes of the conputer systemvia a plurality of total
packets. 1 22. The nethod for efficiently re-distributing a
mul tidi nensional 2 array according to Claim 21, wherein the nethod further

conpri ses of- 3 providing a plurality of output queues at each
node; 4 ité?ét"?’&ég&s'hru -the other nodes in generated rand8&TESeRASSH

plurality; 5 of tines; and,6 outputt] to an, out put queue for each other
node at | dast one packeﬁ' heﬂS%Jﬁ‘tﬁg’fﬁ%?e&Wﬁrgﬁmbﬂ &4 mpliidiveansioael i ng each
iteration2 1 @y attwdingtdORith 04, vﬂfe}éi&ﬂﬁ%&tﬂoc{&hgngﬁ&%ﬁ%k R neratins. |

o]

mul tidinensional = 2 ' argray according to Gaim22, erern the’ ne
further cdnprdiépdom prder pkothergpdes for frdispiibliting the ghémendd dtegchafodenj ect i on
first-in-first-out.(FIFO buffers, 4 each FIFO buffer for transmtting
packets in at |least a particular direction on the 5 network; 6 iterating .
through tHe plurality @6. Gbegutengfoeefficiently ee-disteibuting 4 eliliinfensiofala packet at
the head gf - .. 8~0bt al ni.ng.possi hl.e rouyting directions associ ated
with the gacﬁ’g@é&?‘gﬁ% FeC ’S‘T’hua“a,??_cgﬁgﬁ’é;f’li‘gaﬁyYgelﬁ‘ﬁﬁtﬁtj‘ Tehe packet from
the head 8f elisttibitedsbstween odbssiihe domlputer fsm ik aplr oiffbteﬁ%gcl&fs.t he
possi bl e routing directions associated with the packet. 1 24. A systemfor
efficiently re-distributing a nultidinensional 2 array conprising a
pluralitylof elements b fThédykibmPbosSiebi Ay |t < mput er
system conprising a plural i.?%/yhof nogffeisl #ﬂrf%odrlng%ﬁlllc taitr}(‘)lhl{}%\g’lgflgggaj net wor k,
the systef c@HpY peordingtofdains26, sherein the systanbfirthercotipeiset enent s at each 5
node via 3all-to-all" dj.strd j . I n.,random order across; other nodes of
the 6 conputer system éﬂ\?gés t#ﬁégﬁg{}%&p&?%é’?@ftﬂmt%ueﬁ&gﬁeﬁhﬂﬂﬁsﬁer
facilitatés efficient m2anstfotiteratirigahruahe éther o838 phnerateBraliid ) 3463097
PCT/ US02/ 955%@5 :I%%g The iystem for efficiently re-distributing a
mul ti di mensi ?‘h P‘P&?aﬁ cording to O aim 24, wherein the method
conpri seséa means for @AM dugirirk 1B ah ARAGIGRECRE ofth RIPREARYES: T OF

ach node

re-distriputinégthe el enents at e de.
one€ packet of the plurality of total packets during each iteration.

o
-

| 28. The system for efficiently re-distributing a multidimensional
arfay according to Claim 27, wherein the system further comprises:
means for providing a plurality of injection first-in-first-out (FIF 0)
buffers, each FIFO buffer for transmitting packets in at least a particular direction
on the network;
‘means for itefé.ting through the plurality of output queues at a node
to identify a packet at the head of each queue;

means for obtaining possible routing directions associated with the

O 0 9 bW N -

packet at the head of each queue; and

r—t
o

moving the packet from the head of each queue to a least full FIFO

-t
[y

buffer in one of the possible routing directions associated with the packet.

29. A program storage device, tangibly embodying a program of
instructions executable by a machine to perform a method for efficiently re-
distributing a multidimensional array comprising a plurality of elements initially

distributed in a multi-node computer system comprising a plurality of nodes in

N B W N =

communication over a network, the method comprising re-distributing the

29.



1 26. The systemfor efficiently re-distributing a nultidinmensional 2
array according to C aim25, wherein each of the plurality of elenents is
re 3 distributed between nodes of the conputer systemvia a plurality of
total packets. 1 27. The systemfor efficiently re-distributing a

mul ti di menYQPRIP2 array according to O aim26, wherein FﬁE/U§‘3€‘\5§7H1 further

conprises; 3 _means for. provi.di a.plurality,of output queues at each node;
4 means fQr Wﬁ?iagﬁacpﬁp%?ﬁeﬂgtpﬁgrq Q_KH‘@B S’Eééﬂaq’%ﬁﬁd’g}ﬁrorder a 5

pl urality7 of nédeg®f thedBhpliteNBafefn dver the Hbtkiokk, ivirdiPthe Rardinltderdueue for each
ot her node at ‘| east _7 one_packet of the plurality of total packets during

each it er&t i fsilitatepefficientaitidigation ef thgmewvoark.ci ent |y re-distributing a

mul ti di mensional 2 ‘array according to Claim 27, wherein the systemfurther
conprises: 3 neans for providing a plurality of injection :
first-in-First-out (FIFO)Theprdpndrh stomge devite fok Effictenfly es-dikteibutiigasni tti ng

packets in at st a particulat direction .5 on_ the network; 6 neans for
iterati ngi] t hp&l@ﬁnfr%onﬁfmpﬁ W{°O@P%2£mm§fnﬁh%€mm?est% identify a
packet at3 t hgepepgbnefatit@s Fandor Weder 8f SR HodbOfor fabdiaﬁaamg tROSEIBAS af OUt i NQ
directions associated-wth the 9 packet at the head of each queue; and 10

novi ng t e p&AR@Pd$-rom t he head of each queue to a least full FIFO 11
buffer in one of the possible routing directions associated with the
packet. 1 29. A program storage device, tangibly enbodying a programof 2
i nstructibns execut abl H.kheprogan starage devies fooefficiently readistributing= f i ci ently re

3 distribyti ; I.ci bonal .array oMl sin |l urality of elenents

i tral 1y bt A0 e AR or B el i€ist s i ng

pl ural i ty3 of diswibated betwieen aodes bf tha tomputensgstem viei plurdlity dftetanpdcked. conpri si ng
re-distributing the -29 WO 02/ 069097 PCT/ US02/ 05574 6 el ements at each node
via "all-to-all" distribution in random order across other 7 nodes of the

conputer system over t3e TR Hdm stéhgs 8ivicd Bf efiRRAMMLdidtabuthd ACi | i tat es
efficient_utiljzation of the network.
2  multidimensional array according to Claim 31, wherein the method further
comprises the steps of:
providing a plurality of output queues at each node;
~ iterating thru the other nodes in generated random order a plurality

3

4

S

6 oftimes; and
7 outputting to an outi)ut queue for each other node at least one packet
8

of the plurality of total packets during each iteration.

1 33. The program storage device for. efficiently re-distributing a
2 multidimensional array according to Claim 32, wherein the method further
3 comprises the steps of:
.4 providing a plurality of injection first-in-first-out (FIFO) buffers,
5  each FIFO buffer for transmitting packets in at least a particular direction on the
6 network; |
7 ' iteratidg.througlll the plurality of outbut queues at a node to i;lenﬁfy
8  apacket at the head of each queue;
9 obtaining possible routing directions associated with the packet at
10  the head of each queue; and
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1 30. The program storage device for efficiently re-distributing a 2

mul tidi mensi onal array according to C aim?29, wherein the nmethod conprises
a 3 step of generating a random order of other nodes for re-distributing
the el ements at each node. 1 31. - The program storage de I
efficient] VQ®M% ributing a 2 mul t| di mensi onal array Zéﬁlﬁﬁ(&?oé% each of

t he pIurallty of elenents,is i but ed bet ween nod t he

conput er 1dystemvia a H}OlY}n&lﬂi‘ecR?c’G?tf"PH’c Fi‘ﬁagﬁféﬁ%hq“f“%@al?ﬁégﬁlr%pam st or age
devi ce fQqp el ﬁ%b)éfﬁa% PoisfIg foRthd MeeclonvasiBdidid iR vipat@t. array
according to Claim 31, wherein the nmethod further 3 conprises the steps of:
4 providing a plurality of output gueues at each node; 5 iterating thru the
ot her nodes in generated random order a plurality 6 of tines; and 7
outputting to an output queue for each other node at | east one packet 8 of-
the plurality of total packets during each iteration. 1 33. The program
storage device for efficiently re-distributing a 2 multidinensional array
according to Claim 32, wherein the nmethod further 3 conprises the steps of.
4 providing a plurality of injection first-in-first-out (FIFO buffers, 5
each FIFO buffer for transmtting packets in at |east a particul ar
direction on the 6 network; 7 iteratidg through the plurality of output
gueues at a node to identify 8 a packet at the head of each queue; 9
obt ai ni ng possible routing directions associated with the packet at 10 the
head of each queue; and -30 WO 02/069097 PCT/ US02/ 05574 11 noving the
packet fromthe head of each queue to a least full FIFO 12 buffer in one
of the possible routing directions associated with the packet.
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