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ALI GNING A LATTICE OF POINTS | N RESPONSE TO FEATURES I N A DI G TASUNNAEE
CROSS- REFERENCE TO RELATED APPLI CATI ONS Not appl i cabl e. BACKGROUND
Field of the invention This invention relates to the analysis of digital
i mges, specifically to the construction of conputational nmeshes from
such inmages. Description of the prior art Digital imges are often

anal yzed to obtain neshes for further conputation. For exanple, seisnmc
i mges are anal yzed to obtain geol ogic neshes used to sinmul ate oi
flowng in subsurface reservoirs. Simlarly, nedical imges of the human
brain are anal yzed to obtain nmeshes used to sinulate blood flow in
arteries. A sonewhat different exanple is image norphing, in which
nmeshes derived fromone i mage may be used to encode efficiently

di fferences in subsequent inmages. In all of these applications, an inmage
is analyzed to construct a nesh. 0 7 JUN 2005 2 |Inmages and neshing
today Specifically, such applications often consist of the follow ng
sequence of steps: (1) Process an inage to enhance features of interest.
(2) Find curves or surfaces in the image that bound regions of interest.
(3) Fill the space defined by those regions with a conputational nesh
(4) Sinmulate some process on the space-filling nesh. For an application
in medical imging, see, Cebral, J.R, and L(err)hner, R, From Medi cal

| mrages to CFD Meshes, Proceedings of the 8th International Meshing
Roundt abl e, p. 321-331, Sandia, 1999. For an application in seismc

i magi ng, see, Garrett, S., G il&dpdchpplication of
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Field of the invention

This invention relates to the analysis of digital images, specifically to the construction of

computational meshes from such images.

Description of the prior art

Digital images are often analyzed to obtain meshes for further computation. For example,
selsmic images are analyzed to cobtain geologic meshes used to simulate oil flowing in
subsurface reservoirs. Similarly, medical images of the human brain are analyzed to
obtain meshes used to simulate blood flow in arteries. A somewhat different example
is image morphing, in which meshes derived from one image may be used to encode
efficiently differences in subsequent images. In all of these applications, an image is

analyzed to construct a mesh.



S., Johnson, D., Jones, D., Lo, M, Or, W, and Sword, C, Earth Model
Synthesis, First Break, v. 15. no. 1, p. 13-20, 1997. For vari 8usJUN 2005
reasons, each step in this sequence is today often taken independently,

with little regard for the requirenents of subsequent steps. For
exanple, it is common in step (2) to produce a bounding curve or surface
W th nore detail than can be represented in the space-filling nmesh used

in step (4). Seismc reflections representing geologic interfaces are
routi nely mapped with higher resolution than can practically be used in
neshes for petroleun1reservoir simulation. This leads to the "scal e up"
or "upscaling” problemcited by Garrett et al. (1997). This discrepancy
inresolution is often acconpanied by a discrepancy in data struc- ture.
For exanple, a two-dinensional (2-D) curve represented by a sinple |inked
list of line segnents in step (2) nmay becone a relatively conpl ex nesh
of tri abegsesaichmesiopeg {®py Such di screpancies today disrupt the anal ysis
sequence, and nmay yield inconsistencies between the inage processed in
step ( 1Jpaaitdaiiyhevdreshlicsads bhest@pis{ 4) theHalovanesdubidide eikteps:t 0 quantify.
The disruptions are costly. In the exanple of seism c imge analysis, one
iterati OQ Oce hi s n%g(:éut%nec%ance ay nay.r %&wtre nont hs of work. This high
cost mak% dr fFictt't rform muit Telteratlons in an attenpt to
estimate uncertalntles |n anaIyS|s results 0 7 JUN 2005 3 One reason
for di sct@piindicewes or suekotsititbnirsesd tHalt bowtdmegivuy of ibieessti n the i npl emen-
tation of the analysis sequence. Hi storically, the four steps listed
above o) \avenbeen. d@fs{ea%fyrmgsebfxg@ﬁao@&ataeco%ﬁ%&m peagrans, devel oped
i ndepend ntIy, and used by 'differ- ent specialists. Today, a single

per son 0{ group may per{orn1al| four steps in this sequence, and
there exi%t Hﬁgﬁ%ﬁﬂnqﬁﬁm?%83§1%§§£?3’ﬁ%ﬂﬁﬁpe integrated . Another reason
for discrepancies is a |ack of nethodol ogy. The sinulation step (4)

of ten rEBEgUinr fﬁ:@litfhﬁmﬁun‘ﬁe‘dl@a[mﬁgiﬂg.}'fsé@ Cebfal PBARL, iaal Idihkée RenFioal Medidalt | ons
(PDES)._1In theéﬁast hgse solutions were feasihle for only structured

meshes, [ageivk S Lhevlentes) Brrspgdings i the Sth hfesnational MeshireeRavidipdle, Fhe
conver sinf san:u 1864 Uk U %gpms%ﬁ!s&l Rr Qg ‘fﬁ@ﬁlne!gﬂlg? he%pGgﬁlett 50 cesldotict ur ed

mesh yi el'ds addltlon i nconsi stencl es bet ween e processéd i mage and
t he mesh, Udedor, . siamas, a.i bo M HOWeVET, and Sgertt, Cadvarhic &8 dehSyntiesisi Eakt

met hods foL S%BVEQngm]B—ZLIQQT

For various reasons, each step in this sequence is today often taken independently, with
little regard for the requirements of subsequent steps. For example, it is common in step
{(2) to pfoduce a bounding curve or surface with more detail than can be represented in
the space-filling mesh used in step.(4). Seismic reflections representing geologic interfaces
are routinely mapped with higher resolution than can practically be used in meshes for
petroleum reservoir simulation. This leads to the “scale up” or “upscaling” problem cited
by Garrett et al. (19597).

This discrepancy in resolution is often accompanied by a discrepancy in data struc-
ture. For example, a two-dimensional (2-D) curve represented by a simple linked list of
line segments in step (2) may become a relatively complex mesh of triangles in step (3).
Such discrepancies today disrupt the analysis sequence, and may yield inconsistencies
between the image processed in step (1) and the mesh used in step (4) that are difficult
to quantify.

The disruptions are costly. In the example of seismic image analysis, one iteration
of this sequence today may require months of work. This high cost males it difficult to

¢ perform multiple iterations in an attempt to estimate uncertainties in analysis results.



PDEs on unstructured nmeshes suggest that this conversion and resulting

i nconsi stencies can be avoided. Meshing with lattices The accurﬁc?yﬂkﬁflﬂ{]ﬁ
nost conput ations perforned on neshes depends on the regularity of nesh
el ements. Sinulations perfornmed on highly regular triangular neshes,
those with nearly equilateral triangles, are nore accurate than those
.performed on irregular neshes wth long thin triangles. This is one
reason that the Delaunay triangulation is popular. Gven a set of points
representing the |locations of nodes for a 2-D nmesh, the Del aunay
triangul ati on of those points, when conpared with all other possible
triangul ations, yields triangles nost nearly equilateral. However,

Del aunay triangul ati on al one does not3 guarantee a regular nmesh. For
that, one nust choose carefully the | ocations of the nmesh nodes. (For a
survey of 2-D and 3-D Del aunay triangul ation applied to the probl em of
mesh- i ngOngeeasBera, diEepataive MEp@Esiugion anp. JatMeghciGenbesaini tha lapdrept i mal

Triangul ation,. in .Conputing i.n Euclidean Geometr D.-Z. and Hwang.,
E " S oh B v fra R Ror . Gt Rt GRSt e G B e

anal ysi gerfokRed Bf & 240 0bmphRe $idiga P tdei@bpdiBaleJeedatly acPid-any dias- been
wel |l studied. One solution to this problemis based on the observa 0 7

JUN 200%:t saedigiises. t¥odey tehengle pemeiuPaehoh solpangepesirnpdi s sdef e by a

sinple crystal_| ice.vields bhi ghly requl ar. .nesh.. (See Mello, UT.,
and Cavsaeﬁ%:{%lﬁ?’i Ejnd%ﬁlﬁe,e% o1 ndgoéglfﬁg%ﬁﬁ( StCrat egy H’%g?at 5h Generation

Usi ng Cryghathek addshnC €8 AScrdRAPkAiLs lacProd eestrlsyofTHehamQbtol Blepr(4)

nati onal Meshi ng Roundtable, p. 253-261, Sandia, 2000.}? However, a

uni  or NYFRTEFEES tot DppitpLstaiPrsdPaviAl B R ghetelRacti e rihe rest,
boundar ses. 0fuiRfll &l Sich &% ERNECcu L EROL & \300E:80] ULLORS Hegl n wi th
an approxi mately uniformlattice, and then uge numerical nodels of .
physi cahdéerlcesithgt weeps. df lonsnoersbulblhe smtiouautcanmatdhcaboiycedon eteprid@s h

nodes (atoms qr hubbles) .to, pore.optimal | ocations. (See Shinada, K.,
Physi cal9 Byst%ﬁgﬁg W@@%ﬁ@%ﬁ%% RUEBITRUE° TP Eh i RPFSH o 8urthce
and Vol yaesesy i@ Bubhh 84+ FaCKERGer, RBeeb), 5 4R88dsSn nlYRESAAMUS 8 doTol RSt d Ut e of
Technol ogy, 1993, and Shimada, K., and Gossard, D.C., Bubble Mesh:

Aut omat 80 ET ph anguhdnreNestshagsugkedidhatvius doolefsiGe-and resulting inconsistencies

can be avoided.

Meshing with Iattices

The accuracy of most computations performed on meshes depends on the regularity of
mesh elements. Simulations performed on highly regular triangular meshes, those with
nearly equilateral triangles, are moere accurate than those performed on irregular meshes
with long thin triangles.

"This is one reason that the Delaunay triangulation is popular. Given a set of points
representing the locations of nodes for a 2-D mesh, the Delaunay triangulation of those
peints, when compared with all other possible triangulations, yvields triangles most nearly
equilateral. However, Delaunay triangulation alone does not guarantee a regular mesh.
For that, one must choose carefully the locations of the mesh nodes.

(For a survey of 2-D and 3-D Delaunay triangulation applied to the problem of mesh-
ing, see Bern, M., and Eppstein, D., Mesh Generation and Optimal Triangulation, in
Computing in Euclidean Geometry, Du, D.-Z. and Hwang., F.K. eds., World Scientific,
1995.)

QOutside the domain of image analysis, the problem of choosing optimal mesh node

locations has been well studied. One soluticn to this problem is based on the cbserva-



onetry by Sphere Packing, in Proceedings of the Third Synposiumon_Solid
Mbdel i ng- and Applications, p. 409-419, 1995. U.S. patent 6, 124, 857 JUta005
Itoh, T., Inoue, K, Ya- mada, A, and Shimada, K., Meshing Method and
Appar atus, 2000, extends this work to quadrilateral nmeshing. See al so
Bossen, F.J., and Heckbert, P.S., A Pliant Method for Anisotropic Mesh
Generation, Proceedings of the 5th International Meshing Roundtable, D
63-74, Sandia, 1996.) In all of these exanples, lattice-based neshing
begins with a geonetric nodel that defines precisely the internal and
external boundaries of objects to be nmeshed. Thus, there exists a need
for a neshing system and net hodol ogy capabl e of addressi ng probl ens
where such boundaries may not be known a-priori. U S. patents cited in
this specification 4,908,781, to Leventhal, C., and Fine, R, Conputing
Device for Calculating Energy and Pairw se Central Forces of Particle

| nt er actticonthat 19901angu586y b4 sett«d pEayodeineS.by d Keg cvbtaHashienytlds aE. |
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references cited in this Specification Bentley, J. L., "and Friedman, J.
H., Dat axaStonsickleshass RonndRablgep S8a1-EhlL, ipndGo il | dfpweSer, weysformolettickl, no.

4, 1979. ,Bern, M, .and Eppstejn, D., . h Generation an i ma

T anguickErES SHh UL Go eI oA COBRearyS! B b AR Hmang.
F. K. -edstherdBfel dorSeis@intibld Baginl 99 an BRS®EMatdly JmifoPRdattiREKRET thenPuse. . A
Pliant Method for Anisotropic Mesh Generation, Proceedi ngs of the 5th

| nt er nattiverralcalMasHelh gt Rbymuit &bkes, bghweed3atzas oSandbles 10 9gGomaBiplly meye H, |

A T R
NAM 03, 1iNged b ienBratibhi Metosidat Thepaldmant Soffadkeal NctahesbAgiBw@el Ny
and Comput er Science, 1996. Cebral, J.R, and L(err)hner, R, From
Medi cal Taekiges Ped-dResivedpeachumtiscagdiiys! Srchpplasy, gioHS. HdePhimmadn il
Meshi ng ﬁ%‘*@&%ﬁ%‘, BOPBuﬁglé"I\ﬁgé% Anandi:a Tﬁgg&lar Meshing of Non-Manifold Ge-
ometry by Sphere Packing, in Proceedings of the Third Symposium cn Solid Modeling
and Applications, p. 409-419, 1995. U.S. patent 6,124,857, to Itoh, T., Inoue, K., Ya-
mada, A., and Shimada, K., Meshing Method and Apparatus, 2000, extends this work
to quadrilateral meshing. See also Bossen, F.J., and Heckbert, P.S., A Pliant Method for
Anisotropic Mesh Generation, Proceedings of the 5th International Meshing Roundtable,
p. 63-74, Sandia, 1996.)
In all of these examples, lattice-based meshing begins with a geometric model that
defines precisely the internal and external boundaries of objects to be meshed. Thus,
there exists a need for a meshing system and methodology capable of addressing problems

where such boundaries may not be known a-priori.
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Garrett, S., Giesbach, S., Johnson, D., Jones, D., Lo, M, Or, W, and
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ACM Press, p. 409-419, 1995. 0 7 JUN 2005 6 SUMMARY OF THE I NVENTION In
accordance with various enbodi ments o6f this invention, a nethod for
generating a lattice of points which respects features in a digital

i mage conprises a process for initial- izing a lattice, and a process for
opt i m ZPHeertiederghcemppnd infthithapedifieatiee with respect to the image
features. The optim zati on process operates by adjusting points of the

| at ti ceBerklay,eXtlr. emd EriedieonPOIil ®afu6ettanesobr Raees fedrtldahy cOangitiat es of
the lattice points. The conposite function may be a weighted conbi nation
of a fiT&teyPufiet oot PHPr- wi se dis- tances between the points, and a
second function derived fromthe inage (e.g., conputed from sanpled

val ues @i tlie hABgRsREeAD. [ DesH abld&EoPAUIOBlimATARSTRY, Recasnaiat ed
fromthe optimzed |lattice. The nesh may be used in any of a variety of
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to replace the i mage anal ysis sequence descri bed above (in the
description of the prior art) with the nore efficient sequence: P¥)JUN 1005

Process an image to enhance features of interest. (2) Fill space with a
conput ati onal nesh aligned with image features. (3) Sinmulate sone
process on the space-filling nesh. Instead of finding boundaries of

regions within inmages and then neshing those regions, one sinply
constructs a nmesh that is aligned with the boundaries. Additional objects
of sone enbodi ments of this invention are the use of this method to
construct: O 7 JUN 2005 7 highly regular neshes, suitable for further
conput ations, such as the solution of partial differential equations;
and graded nmeshes, in which the density of nmesh nodes varies wth inage
conplexity or a user-specified function; and 3-D neshes, where 3-D

i mges are avail able. These and ot her objects and advant ages of various
enbodi ments of the i nveRMNMARN Oladbnd NapBAYIERINT r om consi der ati on of

t he follomjng description and drawi ngs. BRI EF DESCRI PTI ON OF THE
DRAW N(§ %H&%‘LC% WIEIP galgéugvg fodgl?e%% ﬂsg mt\ Qﬁl&lr 1R ‘%ﬁoﬁqugg&%ngﬁhol the

met hod of I's 1nven- tion. gure 2: e palr-w se rce and (h)
pOtentléimtuDﬁpmmmﬁmﬂﬁiﬂgmmBEWEeﬂsﬂiSﬁ@ﬁéﬂﬂmgetmﬁﬁﬂﬂﬁmMHbMﬁsEﬂ@ﬂﬁaLFlgure

3: the caontributions, for nom nal distances (a) 4 a 8, of one atom
to a saHpledthesmid 2gapest [CarPRgiRg theialgpmen: Oféh%lﬁ%%r%}lﬂh PRt APt i ce

of atongyl Qﬁigei}@eﬁ;tllt%ge@llég tﬂﬂ@é&éz&? gx%cess %b&ﬂfe@tbgaaid sftﬁg%oﬁﬁ%?{h%qaﬁ}é@ ic 3-D

| atti-ce of atons. |gure a seismc imge been processed to
enhancetﬁa&hﬁ&me@ugmqm$mmﬁnmhemofﬂmf$abdumbaﬁEMgeoﬂﬁgMamEmgumES7Tha

nomi nal dh stance, functlon, Wl.ch [ epresents f he.deslied yariable gpacing

tances between the points, and a second function derived from the image (e.g., computed -
from sampled values of the image near the lattice points).

A mesh may be generated from the optimized lattice. The mesh may be used in any
of a variety of applications. For example, the mesh may be used to simulate a process
associated with the image. As ancther example, the mesh may be used to compress the
image or subsequent images in an image sequence (e.g. a video stream).

In scme embodiments, the optimized lattice may be used to encode information as-
sociated with the image with or without the generation of an intermediate mesh. Any of

various types of associated information are contemplated.

Objects and advantages

One object of at least some embodiments of this invention is a method that enables one
to replace the image analysis sequence described above (in the description of the prior

art) with the more efficient sequence:
{1) Process an image to enhance features of interest.
(2) Fill space with o computational mesh aligned with image features.
(3) Simulate some process on the space-filling mesh.

Instead of finding boundaries of regions within images and then meshing those regions,
one simply constructs a mesh that is aligned with the boundaries.
E Additional objects of some embodiments of this invention are the use of this method

to construct:



Figure 8 an initial pseudo-regular distribution of atons in a lattice;
each atomis nmarked by a circle with dianeter proportional to t%&~1 1005
nom nal di stance function evaluated at the atomlocation. Figure 9: a
mesh corresponding to a pseudo-regular initial lattice for the seismc
image. 0 7 JUN 7005 8 Figure 10: a nesh corresponding to a pseudo-random
dnitial lattice for the seismc image. Figure 11: a nesh correspondi ng
to the optimzed lattice for the seismc imge. Figure 12: edges in the
mesh that are nost aligned with features in the seismc inmage. Figure
13: a Voronoi nesh corresponding to an optim zed lattice in which atons
are are repelled by features in the seismc inmage. Figure 14: a nagnetic
resonance i nmage (MRl) of a human head. Figure 15: an image of a hunman
head, processed to enhance edge features. Figure 16: a nmesh aligned wth
features in the imge of a human head. Figure 17: edges in the nesh that
are nost almgwedfﬂwahnﬁéaﬁu&e@bkn&mH@ihﬂag@um¢wanmhmwhﬁmHéa@dnﬁp@@fe 18:
a magnetic re a human torso. Figure 19: an inmge of
a human tor@%%&ggﬁgﬁn&%%%Fgé%ﬁhg% e edge features. Figure 20: a nesh
aligned with features in the inmage of a human torso. Figure 21: edges in
t he nesh Uhg@daiemﬁnslﬁmWh@memedmﬁhyﬁéakﬁhe@d&mwmhevmﬁmgeggﬁmaPRNMman
torso. Figure 22: nts of conmput ati onal device used to inplenent
t he met hod %HaFﬁ¥§p&? H?W&W‘ Eﬁgure 23: an enbodi ment of the nethod of
this invention. Wiile the invention is susceptible to various
nmodi f i cat isoh® mnshes| tleradD wveadepprsavailsigeci fi ¢ enbodi ments t hereof are
shown by way of exanple in the drawings and will herein be described in
detail. I|tsho tailed
descrlpt|o%égﬁg#gﬁggaﬂggﬁ%%&?%g@ﬁgggp%ﬁk’F%??i%%e Fﬁ%gﬁ@#%%w%%gnuﬁﬁ
part i cubarufeaipperentfrsnl @sederabiut odbhe hBowioptlesriptiot hed idmvengs. on is to
cover all nodifications, equivalents, and alternatives falling w thin
the spirit and scope of the present invention as defined by the

BRIEF DESCRIPTION OF THE DRAWINGS

Figure 1: the flow of data among the primary components in the method of this inven-

tion.

Figure 2:  the pair-wise (a) force and {b) potential functions of normalized distance

between any two atoms.

Figure 3: the contributions, for nominal distances {a) 4 and (b) 8, of one atom to a

sampled atomic potential field.
Figure 4: a hexagonal 2-D lattice of atoms that has been triangulated.
Figure 5: a face-centered-cubic 3-D lattice of atoms.

Figure 6: a seismic image that has been processed to enhance faults, discontinuities in

subsurface geology.

Figure 7:  a nominal distance function, which represents the desired variable spacing

between atoms in the lattice.

Figure 8: an initial pseudo-regular distribution of atoms in a lattice; each atom is marked
by a circle with diamefer proportional to the nominal distance function evaluated at the

atom location.

Figure 9:  a mesh corresponding to a pseudo-regular initial lattice for the seismic image.



0 7 JUN 2005 O appended clai ms. DETAI LED DESCRI PTI ON OF THE PREFERRED
EMBODI MENTS A net hod for generating a lattice of points which respéctd 2005
features in a digital image is described herein. The nmethod conprises
initializing and then optimzing the lattice of points. In one set of
enbodi nents, the points of the optim zed lattice tend to be aligned on
(coincident with) features in the image. In a second set of enbodi nents,
the points of the optimzed lattice tend to be aligned al ongsi de, but
not on, features in the imge. In other enbodinments, the optim zed

| attice points may tend to be aligned on sone features and not aligned
wth other features in the sane inage. Hereafter, we refer to points in
the lattice as atons. We describe the process of lattice initialization
interms of the atom c structures of &rystals. Likew se, we describe
Iattice optim zation in ternms of nininizing the potential energy of an
atomc lattice. These physical nodels nake our description easier to
under st n8e it ah TEFR FPITRSPCRSE dAt e REEUDFaLdgPS milfh@}elﬁmw@nf% EhGEYRRY a
point. Figure 1 illustrates in nore detail the flow of data anong the
primary conponents of this nethod A data i nput conponent 100 produces
an |nag%?that has bq roc ? 3 E ?i ht.teapures of

i nt er est™ BHEFE § AET FAC ép? (h%V(@ Iﬁ?ﬂ YUER FEd 1F§ ﬂgmlgwﬁ%sult of

t hat processing or | oaded fronla conputer nmenor Alattice initializer
200 cr dAEEs 13n qdape inglhe Ik ith 2¢ TeEoARSIER At isiangestiRghe AR IRGERL ti ce
optim zer 300 noves the atons so that the lattice is aligned with

f eat ur esipuretiBe kragenc: Thehdatraspoutijpytto anonpioriest 1.a40@ icomsivimesorfd fre
optimzed lattice of atons, either passing it to some other process or
storing ¥t gt %ﬁﬂ%%?mﬂgﬁﬁ??nm?ﬁ@g?attice optim zer 300 conprises a
generic functlon mnimzer 310 and a potential energy conputer 320. The
gener i ¢ Higwe iz ey mageetict iescariseeimpgs R hefs: Boramheddni num of a  function
of .many variables. During its search, the mnim zer requires repeated
eval uat iipse 16f é.lﬁﬂnafgur@@hilﬂﬁla&r}@aﬁjﬁro&@{eﬂita|enﬂﬁfcb\é&gé feetuskd h respect to
each variable. Here, the variables are the spatial coordinates of atons
Ina |a@§§- 1653Mﬁﬁﬂ@&%?k&%ﬁﬂpkgﬁ&é§a%ﬂg ol MBGEmant BqpOt enti al ener gy
conput er 320 eval uates | attice potentia energy and its parti al
derivat IEViEure 1t7h reﬁsgselg’ltthteomees 1Ctr1]1a9 ta,roemmgs Oar.lfjglm';]c{jl with features in the image of a

human head.

Figure 18: a magnetic resonance image (MRI) of a human torso.

Figure 19: an image of & human torso, processed to enhance edge features.
Figure 20: a mesh aligned with features in the image of a human torso.

Figure 21: edges in the mesh thaf are most aligned with features in the image of a

human torso.

Figure 22: components of a computational device used to implement the methed of this

invention.

Figure 23: an-embodiment of the method of this invention.

While the invention is susceptible to various modifications and alternative forms,
specific embodiments thereof are shown by way of example in the drawings and will
herein be described in detail. It should be understood, however, that the drawings and
detailed description thereto are not intended to limit the invention to the particular forms
disclosed, but on the contrary, the intention is to cover all modifications, equivalents, and

£ alternatives falling within the spirit and scope of the present invention as defined by the



0 7 JUN 2005 10 Conputing the potential energy An atomin a

t wo- di nensi onal (2-D) space has x and y coordinates, and an atomin a

t hr ee- di mensi onal (3-D) space has x, y, and z coordi nates. The v@8dt i 205
denotes the x and y (or x, y and z) spatial coordinates of a point in
2-D (or 3-D) space. Gven two atons with [ocations xi and x j, (err)x.i
- Xj(err) denotes the distance between them In the preferred

-enbodi nent, the vector normused to conpute this inter-atom c distance
is the Euclidean norm However, any of a variety of other norns nay be
used instead. Pair-w se potential functions For conputational
efficiency, we nodel the interaction anong atons with a sinple pair- w se
force function, so that the total force exerted on an atomby its

nei ghbors is sinply the sumof the forces exerted by each one of them
Even with this sinplification, there exist many reasonabl e choices for
the pair-w Sf11 orce function. To avoid having two or nore atons with the
sane, ofPREYFTY ¥'Hé same, coordinates, the force between them may be
repul sive (positive) if they are too close to each other. Likewi se, to

be-at tr acE oo FRERLPIRRTEy TR, O 3R e BF RGN IR o ™

facilitate nunerical conputations, the force may be bounded. To prevent
every at/omethvd foe ghatdtinges fatoem ofepcettt ivigcharebpictefeomreviarydigitdiemaat Gm t he
force may be zero beyond a cutoff_ distance. Furthernore, the farce
functio eﬁ%@e%ge%ht Tt sEhodscomprisae i baizgie e theRt @t rapigaithe i @nce.
The force; t] 3 i : Lt Thus,
s e i et il A e Rt
bel ow. Hovesirtidentarith)déatarey ax tletiynagé. Thor weorfduse bf anisodboastssthe mbinn ¢th

t hese properties - be enpl.oyed. t d.denote the _nom nal  distan

bet weeh (CRBPHEGHS ML He PR e cate GHPEHT R’ Triore dHa08s 1 HinEser g

repul si vend-@rbehngnd tRagitinged IR pdilis nf9ef {o Reliaen ot Won &lQitBes

| ocated at xi and x may be given by the cubic polynomal: - 8712 + 1Ul' O

< w < fapd)not pligned2vith grhep featigRNN7i0@Same image.

Hereafter, we refer to points in the lattice as atoms. We describe the process of lattice
initialization in terms of the atomic structures of crystals. Likewise, we describe lattice
optimization in terms of minimizing the potential energy of an atomic lattice. These
physical models make our description easier to understand, but an atom in the context
of this invention is merely a point.

Figure 1 illustrates in more detail the flow of data among the primary components of
this method. A data input component 100 produces an image that has been processed
elsewhere to highlight features of interest. Here, the image is either obtained directly as
a result of that processing or loaded from a computer memory. A lattice initializer 200
creates an initial lattice of atoms that spans the image. A laftice optimizer 300 moves

the atoms so that the lattice is aligned with features in the image. The data output

process or storing it in a computer memory.

The lattice optimizer 300 comprises a generic function minimizer 310 and a potential
energy computer 320, The generic minimizer 310 iteratively searches for a minimum of a
function of many variables. During its search, the minimizer requires repeated evaluations
of the function and its partial derivative with respect to each variable. Here, the variables
are the spatial coordinates of atoms in a lattice. Given atom coordinates and an image,
the potential energy computer 320 evaluates the lattice potential energy and its partial

derivative with respect to each atom coordinate.



11 where it is the normalized distance between the two atons defined by
xa - x5 u= d The coefficients of this polynom al function ensure Bbdmmwﬂg
force is bounded and contin- uous, that it equals zero at it =

2, and that it is positive for 0 < u <1 and negative for 1 < |t < 2.
Figure 2a illustrates this force function. Generally, the force on an
atomis a vector. Here, the direction of this vector is inplied by the
sign of f (u), and by the locations xi and x of the two atons. It is nore
convenient to work with a scalar potential than with the nultiple conpo-
nents of a vector force. Therefore, followng a well-know convention, we
define the force to be the negative of the gradient of a scalar
potential: 153 - 9 m(u) - 256 821 + 24u3 - 16204, O< u < 2, 2 <u. The
constant of integration 256 has been i¢hosen so that (u) is continuous at
u=2 Figure 2b illustrates this potential function. As expected, the
potential function (err) { has a m ni mum at normalized distance u = 1,
wher e t Heompugimer thecppemtfal @@prgss zero. Potential energies and potenti al
fields Gven a potential function (err)(u) of normalized distance u, we
defi ne uhEaamoﬁiatwawﬁﬂMEEMalEh@}gmmé@abe:ﬂﬁk@Emmﬁﬁmmmgmﬁhmmakm@aia W se
potentials: 1V - % § ﬁ , . 1 i=1Y- Y- j=1
d(x~) WHEF& %enwlal 3-D) spage has g, @ Wy e&%ﬁaﬁa ed‘FCtiO’c XABRES ithe &

| attice, HX), st G_fli e C

Bt ooyl b Lhe saML Ao LELEL gy ﬁe@* B he o B

but, to senss methalosmshd yangraded + atit dm;eav%e rqumcteebelt‘\hml fembelnstot h.

S eC|f|caI U|re t hat err)dl so.t hat d(xi d( Xxi
Pheel T Prieg ASpRER Tt P8 A8 ) 9wl L et ok ler Sk b, A
the pot qm}aeamuéha% L Q. (eSrélhny bNESaridiher faet 95ml/ r%af@@ﬁ@é@ﬁﬁ&t%éid.

Pair-wise potential functions

For computational efficiency, we model the interaction among atoms with a simple pair-
wise force function, so that the fotal force exerted on an atom by its neighbors is simply
the sum of the forces exerted by each one of them. Even with this simplification, there
exist many reasonable choices for the pair-wise force function.

To avoid having two or more atoms with the same, or nearly the same, coordinates,
the force between them may be repulsive (positive) if they are too close to each other.
Likewise, to prevent large empty spaces with no atoms, the force between two atoms may
be attractive {negative) if they are too far away from each other. To facilitate numerical
computations, the force may be bounded. To prevent every atom in the lattice from
exerting a force on every other atom, the force may be zero beyond a cutoff distance.
Furthermore, the force function may be continuous as a function of the inter-atomic
distance. The force function proposed by Shimada (1993) has these properties. Thus, in
one set of embodiments, we use Shimada’s force function, as described below. However,
any of a variety of force functions consistent with these properties may be employed.

Let d denote the nominal distance between two atoms, the distance at which the
force goes from being repulsive to being attractive. Then, the force f between two atoms

located at x; and x; may be given by the cubic polynomial:

9 _ 19,253
[s g U”+ U,

A
=
EA
30



for the appearance of (err)[l xi -xi |/d(xi)] (err) b[lx] - xil /d(xi)]
twce in the definition of the total potential energy AL 0 7 J{}J]\I_Jg@?ﬁfy
12 W may al so define the atom c potential energy Ain ternms of an atomc
potential field: ~ | a(x)=~~[ix (2) s-r LL d(x7) J so that A = A(xl,
X2, ... , xn) =2 ~a(xi). i=11In other words, the atom c potenti al
~energy is defined to be half the sumof values obtained by eval uating
the atomc potential field at the atom coordi nates. Likew se, we define
an image potential energy n B = B(xi,x2,..., xn) b(xi), (3) i=1 where
b(x) is an imge potential field based on the input inmage. |In many
contexts, an inmage potential field is sinply an i mage (or a snoot hed
version of an image), typically repnesented by a 2-D (or 3-D) array of
nunbers stored in a conputer nenory. Here, we use the term "potenti al
field" to enphasize (and later exploit) the simlarity between the

at om c wdntk L iage potehitdalistiiel dswvechrthoneo setnodefeab g nents, it iIs
assunmed that the inmage has been processed so that the inage potenti al
field attains a mininmumvalue (e.g.|x:b(®) -1) within features of

interest, and a maxi numvalue (€°T., B(x) 0) in uninteresting regions. In
this case, mnimmzing the i mage potential energy B is equivalent to
MOVi NG BHeQi¥BffkiBtR itk FBlynealdl sReBs ieRgirt ehdieat tresis touhMdeniSdontin- t he
image. In a second set on enbodi nents, it is assuned that the image has
been prisgesideditsgusl ratwe stfe = hage updtentil dhatf itds godtivalond 2 uraxi #itm val ue

(e.g., x%%;é%f’ Ll WL B LAl 8%a Ol cliDERLLSLeyaNd @ M nimum value
(e.g., X ) in tini Mt er es ing regions. I'n'thi's case, mnimrnizing
t he | mageGpeat€ht itht fenengyarBaicsn &quivwabenticdq tewirgtiat efshiawaytof iom t he

implied by the sign of f({u), and by the locations x; and x; of the two atoms.
It is more convenient to work with a scalar potential than with the multiple compo-
nents of a vector force. Therefore, following a well-known convention, we define the force

to be the negative of the gradient of a scalar potential:

1—53-—§u+%u3—~v5—u4 0<u <

gb(u)_:_! 256 ;T
L 0
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The constant of integration 228 has been chosen so that ¢(u) is continuous at u = 2.
Figure 2b illustrates this potential function. As expected, the potential function ¢{u)

has a minimum at normalized distance u = 1, where the force function f(u) is zero.

Potential energies and potential fields

Given a potential function ¢(u) of normalized distance u, we define the atomic potential

energy to be the following sum of pair-wise potentials:

A = Al %, X)Zliiqf)[f_m—_qu 0
- bl 1 rryen ) — ]

2 i=17=1 d(xj)
where X1,Xg,...,%, are the coordinates of n atoms in a lattice, and d{x) is the nominal

inter-atomic distance function of position x. The nominal distance function d(x) nesd
not be constant; but, tc ensure a smocthly graded lattice, we require that it be smooth.
Specifically, we require that |Vdf <« 1, sc that d(x;) = d(x;) for |x; — x;|/d less than
the cutoff distance £ of the potential function ¢(u). Then, the factor 1/2 compensates
¢, Tor the appearance of ¢[|x; —x;|/d(x;)] = ¢[|x; —x:[/d(x:)] twice in the definition of the

total potential energy A.



maxi ma corresponding to features of interest in the image. In a third set
of enbodi ments, the image potential field may attain a maX| rru \r;@ Lﬁ[g
(e.g. b(x) 1) along a first subset of the inmge features, 7 AR ve

(e.g. b(x) :; -1) along a second subset of the inmage features, and an
internediate value (e.g. b(x) -- 0) away fromthe image features 0 7 JUN
2005 13 More generally, we nove atons to mnimze the foll ow ng wei ghted
sum of the atomic and image potential energies: P = P(xu, x2, ... , x")

_(1- QA+t@B; (4) which we call the total potential energy. The scale
factor / determnes the relative contributions of A and B to the total
potential energy P. Wen 13 = 0, atons tend toward a perfectly regular
lattice that is not aligned with theld mage. Wien ,0 = 1, atons are
sensitive to only image sanple values; i.e., atons nove only on the basis
of their _attraction to mnima in the inmge and/or their repuI5|on from
mexi ma i n Y@ megeleinThiRs atoe%@eteeeﬁbe%eb%s’cérfarte@%%ef fh SAFEC HOFHE and
vacateﬁ . mexim in the image, yielding a highly irregular lattice.
Typically, we choose Q 2, and obtakn Iag(t ce that is approximtely
regul ar and respects inmage feaxljﬁegqﬁi ﬂrs of the potential fi(2lds
a(x) and b(x), the total potenti als=en j| P=2 (1 - )3)a(x;)

+, 3b(Xidytpkp terms of the total potential field, defined as p(x) (1-
i)a(x) - ib(x), (5 the total potential gnergy is P =2 p(xi)/b(xj) (6)
Li ke the nominal di stanceAfurtti,Bn- d(x)), %E@(@ate factor / in equations
(5) -and (6) may be a snoothly -varying funetion of position x. (As for
d(x), shmoﬂahﬂe@sds rtpt iaeamict hratntthe renval | iv elsfindd, 8( ky ratfethneghi gf bileeg . Thi s

general i zat [ Cﬁ)g bI es the bal ance %g%wg | attice regularity and
sensi t i Yieyet &Y @ ﬁatmga‘i]teraé‘&‘fl}cd??t‘inél CHEpHFSTOR F18M*Fhrage features to

vary spat i glob¥ee, §§H§ﬂﬂe M 1Yo 0TotNBal @lfj,ce to image features may be nore
important in one part of the‘image than in some other part. For

simplicity here, we let Q denote a constant scale factor.
B = B(Xy,X2,...,Xn) = 2 b(x:), (3)
where b(x) is an image potential field based on the input mage.

In many contexts, an image potential ﬁeld is simply an image (or a smoothed version of
an image), typically represented by a 2-D (or 3-D) array of numbers stored in a computer
memory. Here, we use the term “potential fleld” to emphasize (and later exploit) the
similarity between the atomic and image potential fields.

In one set of embodiments, it is assumed that the image has been processed so that
the image potential field attains a minimum value {e.g., b(x) & —1) within features of
interest, and a maximum value (e.g., b(x) = 0) in uninteresting regions. In this case,
minimimizing the image potential energy B is eguivalent to moving atoms into minima
corresponding to features of interest in the image.

Ina secon@ set of embodiments, it is assumed that the image has been processed so
that the image potential fleld attains & maximum value (e.g., b(x) & 1) within features
of interest, and a minimum value {e.g., b(x) =~ 0) in uninteresting regions. In this case,
minimimizing the image potential energy B is equivalent to moving atoms away from the
maxima corresponding to features of interest in the image.

In a third set of embodiments, the image potential field may attain a maximum
value (e.g. b(x) ~ 1) along a first subset of the image features, a minimum value (e.g.
b(x) = —1) along a second subset of the image features, and an intermediate value (e.g.

£ b(x) =~ 0) away from the image features.



The total potential energy F is anon-quadratic lunction of the atC@J g
coordinates x1, x2, .... xn,, with many local mnima. (For exanpl “%Z@
that interchanging the co- ordinates of any two atonms does not change P.)
Therefore any search for a mninum 07 JUN1005 14 usually one close to
the initial lattice coordinates, nust be iterative. In an efficient
itera- tive search, we nust evaluate repeatedly partial derivatives of P
with respect to the atom coordinates. Consider, for exanple, the change
in Pwith respect to the x-coordinate of the i'th atom P=(1 a &A aB
+~3a (7) axil In evaluating the partial derivative aAlaxi of the atomc
potential energy, we recall that the termib[Ixi - xil/d(xl)] nflx] -
xiI'/d(xi)] appears twice in the doubl& sumof equation (1). Therefore,
ad ni xi-x711 1 xi-x] axi s [ d(x7) d(x )Ixi - x,|I (8) (9a(xi) aB =
ab (:) (9) aP = ax(xi). (10) Simlar results may be obt ai ned easily for
partial defMopagineesdiynwive movesisastiotonitkiees Yhe(faleving valgBted suphe thy atomic

coordlnate %L%EaCEFﬁ%P&er%”pUtat'0“ Comput ation of the total potenti al

ener gy FﬁreqU|r ttation of its conmponents A and B. To conpute
the i mage potenti al energy B according to equation (3), me must eval uate
the i mage potential fiel & h@E¥xufor  edehzatlomidcafPon x = xi. Inmadés are
typically sanpled uniformy, and the sinplest and nost efficient

appr oxi nhicBnwd ealbEdd Yotall fotkdrenl ki@, Ofhd BRld rRge Polcentdiads theelkdtiibé x) at
the inmage sanple nearest to the point xi. Mre accurate agproxinations
(i nt'er poteatilions f ¢t peddi by ahe m}ﬁl etepgedenervs Usi Woke £ aneh #tgge tend

Eauats ont LA PposRycERRAT AL B Fh ek TR VAR RS, SRANG IR B
conput i ngeBenﬁtlﬁt‘b) onlwhekeg: sdmple Sathe NUNb®msahcdt @B .on the basis of their
attraction to minima in the image and/or their repulsion from maxima in the image. 'l
Thus, atoms tend to congregate in the minima and vacate the maxima in the image,
yielding a highly irregular lattice. Typically, we choose 8 = %, and obtain a latfice that
is approximately regular and respects image features.
In terms of the potential fields a(x) and b(x), the total potential energy is

P = Z 21 - Balx) + Bb(x.).

z=l

In terms of the total potential field, defined as
p(x) = (1 - Bla(x) + Fh(x), (5)
the total potential energy is

= 5 3= plxs) + BBl (©)

Like the nominal distance function d(x), the scale factor 8 in equations (5) and {6)
may be a smoothly varying function of pesition x. (As for d(x}, smoothness implies
that derivatives of G{x) are negligible.) This generalization enables the balance between
lattice regularity and sensitivity to (e.g., attraction to or repulsion from) image features
to vary spatially. Sensitivity of the lattice to image features may be more important in
cne part of the image than in some other part. For simplicity here, we let 4 denote a
constant scale factor.

The total potential energy P is & non-quadratic function of the atom coordinates
X1, Xg, - - ., Xy, with many local minima. (For example, note that interchanging the co-

ordinates of any two atoms does not change P.) Therefore any search for a minimum,



In contrast, the double sumin equation (1) inplies that the cost of the
nost straight- forward nmethod for conmputing Ais O(n ). In pracb?qgﬁ
applications, it is large enough O 7 JUN 2005 15 that an 0(n2) $
conputing A would be nuch greater than the Q(n) cost of evalu- ating B.
To reduce the cost of conputing A, we may exploit our design of the
potential function O(u), which is zero for normalized di stances u
greater than the cutoff distance 2. Only the atons nearest to an atom

| ocated at position x = xi contribute to the atomc potential field
a(xi) at that position. This observation |leads to the probl em of
determ ni ng whi ch at om nei ghbors are within a distance 2d(xi) of each
atom | ocated at x = xi. Solution of this problemis non-trivial, because
atons nove repeatedly during optim zation of the lattice. For exanple, if
we construct |ists of neighboring atons, one |ist for each atom we nust
updat e t hagdy s @1§86(f@rthatnlﬂl@é@fttm@: hese Rinpdss seest B dtertivet Freyn pBgiant igera-
updati ng % at e nst sity,
the cost %10%!\@ gcﬁs Ie; lljﬂc t é)vra’@ua eaéatgcgglpkﬁ ati él%%%m}%s c{} fpw%ﬁ rgs% c§t t%rﬂle gﬁ%p‘l
structur e@ndlsmaé.nmmsld@h,efbe efﬁnh;ﬂe tthe claarge age mmb@s@ecta;i) th@trglbbﬂ]inzaé ofrs
within the cutoff distance. For variable-density lattices, nore com plex
dat a st rtha{ihedosy e required and the cost becones 0(mm Iog n). (See, for
exanpl e, Bentley, J. L., and?Frj gw%%541+ 8 Data Structures foq Range
Sear chi ng, Conputi ng Surveysaxwol 17T,0zn0." &g, 1979. See al so, g

pat ent 4 908 781, to Levinthal nd Fin utin DeV| for
Cal cul at Phg  BEF S, S HaERE 1r et CRAY PR ofr i calmey PHEPERL e ettt

| nt er act tlQal‘B?e;he ﬂé)&% nOx at -5 ehi@ tHQY¥0dahe Subld kedaf H,
Hashi moto, E., Jb@ Hyé%ﬁp cﬂﬁ%bnpﬁ??ﬁgLﬁgkhod and Apparatus for a
Many - Bod?@F%@Bléhﬂmmﬁéﬂ?x) Cur expression of the atom c potential energy
Ain terns of the atomc potentlal field éx) suggests a si npl er
solution. W interpret eéﬁatj_o £|Xa§ %qr ipé&:ifdr conmputing an ( orri C
potential field a(x) thatzis s ddixi;ke| dlxe) ixmagg| pot enti al fielg b(x).
Specifically, we represent a( mnth a 2-D or 3-D array having the sane
di mrensions as the array used= t Eﬁ{xgpresent the image b(x). W first
initialize a(x) to zero or alhﬂg sanpl ed. Then, for each atom | ocated

at position x = Xx,, nuIaLng sanpl ed potentlal function (e€gy)[jXx
- xjlj d(x )]. This accu atl islimted spatially to sanples inside
the circle (or — (10)

8551 8:1:

Similar results may be obtained easily for partial derivatives with respect to the y {and,

(in 3-D, the z) coordinate of each atom.

Computation

Computation of the total potential energy P requires the computation of its components
A and B. To compute the image potential energy B according to equation (3), we
must evaluate the image potential field 4{x) for cach atom location x = x;. Images are
typically sampled uniformly, and the simplest and most efficient approximation to &(x;)
is the vaiue of the image potential field b(x) at the image sample nearest to the point
x;. More accurate approximations (interpolations) are possible, but we used this simple
and fast nearest-neighbor interpolation in all of the examples shown here. Equation (3)
implies that the cost (the computational complexity) of computing B is O(n), where n
is the number of atoms.

In contrast, the double sum in equation (1) implies that the cost of the most straight-

forward method for computing A is O(n?). In practical applications, n is large enough



sphere) of radius 2d(x;) centered at position x j, where the contribution
of the sanpled potential function is non-zero. Figures 3a and 3bU7JUN2%5
illustrate two such potential functions, for nomnal distances d =4 0

JUN 2005 16 and d = 8, respectively. Gray | evels between bl ack and mhlte
correspond to sanpled func- tion values between -0.05 and 0. 05,
“respectively. The atom c potential field a(x) is sinply the accunul ation
~of many such functions. For conputational efficiency, these sanpled
potential functions nay be pre-conputed and tabul ated for different

nom nal distances d. Then, given d(x) for any location x, the
appropriate values of the potential function may be determ ned
efficiently by table | ookup (or tables ookup and interpolation).
Preferred enbodi mrent Qur anal ysis suggests two quite different algorithns
for conputing the total potential energy and its partial derivatives.

The preﬁéavﬁﬂcwmﬁ@ﬁﬁﬂhﬂmmqﬁmnthwbﬂkbhikmdlgﬁﬂ&xthmuamnbmﬁc@ﬁﬁﬁaﬂﬂu{S) to

conput e the otal potential field , and then_ use qu 0

conput e &Hé "—% 0 %Fedg GO81 BRI 1§51‘11d"’e‘ue-lﬁi‘@ﬁémﬁ @ﬁlﬁ @&Eb;ebt‘%l %&lﬁﬁ

parti al fug&rdn\cfigh i M@sch M@roff@ﬂ Ao@maﬁ&dﬂﬁ&g%s %%‘i'&téx‘ t%h tazge &ﬁé"@&is%%%e ﬁhl s
algorithmin tail. ALGORI T

i nitialiGeyttbt atonpoteerdst &t af a@ind Iqxéise)i at ﬂa’sztb(om)x —1JQZContldIutat¢ tlwt f@tmmc
| ocati ons X 103: for all x such that Ix - xj | <

2d(xj) { iﬁﬁmEéé&m%ﬁféhﬁ(gé)ﬁémp(x) # (1 - /3)0[+x - xi I/d(x )] 105: }

106: -} 107This @béél*aeltloifx@eatd@t:@l';he&@@lﬁéﬁ’ﬂo@-ﬁet@ﬂﬁl&ﬁ% Wwhith SodO&ighhefs b viakom
| ocati ons Xi X1, 109: accunul ate P = P+ , [p(xi) +

X2
3b(xi)] a;]_q}@ban@q)ﬁﬁm e)f agch:atgn(lmateda-atlx =y¥i- Spfution qjEkisiprablenyiis iy qrivigly | -

;O?B l(Jt € anause atc[n% I_ILJ)OVE %Bfat{s&'ly d%l?llo" op%rﬁa]tlon of the IatLZlce) I 11z CormUt € a= =

For example if we construct hsts of neighboring atoms, one list for each atom, we
nust update these lists (or at least check to see whether they require updating) whenever
atoms move. For lattices with near constant density, the cost of constructing and up-
dating such lists using simple data structures is O{mn), where m is the average number
of neighbor atoms within the cutoff distance. For variable-density laftices, more com-
plex data structures are required and the cost bécomes O(mnlogn). (See, for example,
Bentley, J. L., and Friedman, J. H., Data Structures for Range Searching, Computing
Surveys, vol. 11, no. 4, 1979. See, also, U.S. patent 4,808,781, to Levinthal, C., and
Fine, R., Computing Device for Calculating Energy and Pairwise Central Forces of Par-
ticle Interactions, 1990, and U.S. patent 5,596,511, to Toyoda, S., Ikeda, H, Hashimoto,
E., and Miyakawa, N., Computing Method and Apparatus for a Many-Body Problem,
1997.)

Our expression of the atomic potential energy A in terms of the atomic potential fleld
a{x) suggests a simpler solution. We interpret equation (2) as a recipe for computing an
atomic potential field a(x) that is sampled like the image potential field b(x). Specifically,
we represent a(x) with a 2-D or 3-D array having the same dimensicns as the array used
to represent the image b(x). We first initialize a(x) o zero for all x sampled. Then,
for each atom located at position x = x;, we accumulate a sampled potential function
Pl|x — x;]/d(x;)]. This accurnulation is limited spatially to samples inside the circle {or
sphere) of radius 2d(x;) centered at position x;, where the contribution of the sampled
potential function is non-zero.

Figures 3a and 3b illustrate two such potential functions, for nominal distances d =4



113: } Lines 101 through 106 conpute the total potential field p(x),
sanpled like the image potential field b(x). Gven this field, lines 107
t hrough 113 conpute the total potential O 7 JUN 2005 17 energy E gﬁﬂ b@s
partial derivatives aP, ay , and OP. In |ine 109, the val ues of ﬂ J
potential field and the imge potential field at atom |l ocation xi nmay be
approxi mated as nentioned above, by selection of the corresponding field
val ues at the nearest inage sam ple position, or by any desired

i nterpol ation schene. The partial derivatives in lines 110- 112 are
conmputed fromthe total potential field using sinple
centered-finite-difference approxinmations; however, alternative (e.g.,

hi gher-order) nunerical approximtions to derivatives nmay be used
instead. For definiteness, this listifig assunes a 3-D coordi nate space.
For a 2-D space, one sinply ignores the z coordinates and parti al
derivatives aP. Assum ng that atom | ocations are consistent wth the

nomni nal adq'lét:a&ﬁemegmeﬂfr é}taﬁ(@@h beit“ﬁen bl@ﬂlpmdawlilimhle@mﬁ tefsalAblgdrﬂimhm 1is
O(N), whe i t hat

stnpl o CRE EDERT b oteTrar PR FOT e b i IR Faf on b

contri blﬂlﬁ@&cc@n@[&ﬁoh&ﬁhﬂmiﬁ itk @Lﬁilc@l@h@anl&JonfpbABaQ:Idn@lnefﬁblbﬂf@' t:l’ﬂa@é@arhlﬁlecfl gures
3) to those sanples in the total potential field that |lie nearest to the

atom Therafial Buctiens reysbe gfe-coxmguirruiut ta:bglaft%bfoe&dﬁfemrﬁumw Firiameal |
atons | 2, B9 0%1 énod fcgr ag %al@%gqg th g]gpl n}.}?itg alul\% EJP thte %téntleil ﬂmc&- cost

of .t his algori conp e td convent i onal” processi ng,
and ‘it hegumnﬁﬁmﬂﬁiﬁl@ﬁﬁu@bﬂ@eﬁmnﬂoﬂnmqbﬁaﬂﬂéﬁ%kﬁ@aﬂihhapﬁhﬁphp array
that represents the image. Furthernore, the cost is the sane for

non- constant nom nal distance functions d(x) as for constant nom nal

di st ancé@réferrM tebsdtiene enbodi ment An alternative enbodi ment of this

i nvention does not conpute the total potential field. Rather, it uses
equat i ongyy (alﬁlysﬁ %llggeétQQWQfl%uﬁeodﬁQﬂgﬂﬂj&Ionrit.lﬂﬁlst 8t %m?@cfﬂ’?g' tedor rﬁft&ymal and
equations (7), (9) to conpute its partial derivatives.

f ol | owi ngergs eod ai:fc @drélal Ides vativgs. ddSer prbesred mréaOdingmt i afhifmsi mvelgtcmi tses

AL | Tlg(';\[{lla ions igi and S?to con%utel\nlge %)tal potentlalai%/eld B( x(j‘ and then uses equation
(6) to compute the total potential energy, and equation (10} to compute its partial

derivatives. The following pseudc-code listing describes this algorithm in detail.

ALGORITHM 1: COMPUTE P, £E, 8%, anp 22

101:  initialize total potential fleld p(x) = Bb(x)

102:  for all atom locations x; = x1,%32,...,%Xa {

103: for all x such that |x — x| < 2d(x;) {

104 acoumulate p(x) = p(x) + (1 — Bl — x51/d(;)]
105}

106:  }

107 initialize total potential energy P =0

108:  for all atom locations x; = X1, X2, ..., X, {

109: accumulate P = P + [p(x;) + £b(x)]

110: compute 'a?; = Lplz + 1,41, 20) — plzs — 1, 5, 20))

111 compute 3 5—P = 5oz, v+ L&) — plza, v — 1, 2)]
112: compute 7 = p(@s, v = + 1) — play, v, 2 — 1)]
113: }

Lines 101 through 106 compute the total potential field p(x), sampled like the image
potential field b(x). Given this field, lines 107 through 113 compute the total potential



201: initialize total potential energy P = 0 202: for all atom |l ocations
x2 = x1, x2, .... xn { 203: accunmulate P = P+,ub(xi) 0 7 JUN 208§0§h
204: initialize aP = 2p[b(xj + 1, y.,, zj) - b(xi - 1,yti, z;)] 1005
initialize du = 2 /d [b(x;, yj + 1, zi) - b(xti, vy, - 1, z. )] 206:
initialize eP = -"0[b(xry, yti, zi + 1) - b(xi, yj, zti - 1)] 207: for
all atomlocations xj such that Ixi - xjlI < ;d(x;) { 208: accunul ate
P=P+2(1- 3)dIx -xj/d(x.)] 209: conmpute A= (1 -,Q0 [Ixti -xjl/d(x;
)]1/[d(xti) xi -xj1] 210: accunulate aP = as ay, a+ A(xi - xja.- 211:
accunul ate aP = aP av: ay; + A(y - yj) 212: accunulate aP = aP " a,
3T, + A(zti - zr) 213: } 214: } For each atom |ine 203 accunul ates the
i mage potential energy B and line 208-ac- cunulates the atom c potenti al
energy A for each atom neighbor into the total potential energy P.

Li kewi se, lines 204 through 206 and 210 t hrough 212 accunul ate the

contri bUenetgyoﬁSan@ﬁtstﬂaetlaa&rehw@lwe@l%ﬁl V&L knegl ofin tihe 109yage valnes aftiboical
potenti al energles to the parti al 'd&rivaffves of the total potenti al
energy. RGtpeEip7diang theinsdseoi@blabiield gt aipe localion datay $€ rapIRiFetehat

enabl es ALQMBNE ' ?%Oﬁ;ﬁselé}ﬁg‘ﬁ &85l oﬁ&%ﬁ"ﬁ%ﬂ% u%g aflheXiemrdls i da%eggm—

det er m ne qunc ata struct be reconstructe I'n sone
way upda@e@omh@mewayaﬁ?d&ﬁmﬁ@%@paﬁﬁmﬂ&dmmmeIﬂegﬁ@mﬂdkmvmmmsaﬂynﬁuetat|ve
search for atom coordj nates that mnimze the total potential enpergy.

Ther ef or ¥ #¥REOEBE el OeiAttaishiPREFIEIRI Sl dElest gt trreer pray b difference
signifi Céﬂia&m%gfmﬁsh%w@ée& a@&m&ee@t dﬂltgﬂels(;raﬂr? rgﬁﬁx?e%’calt Eﬁpr%ﬁf&ﬂbﬁs hi gher

f or non-constant nom nal dl st ance UnCt I oNns const ant
nom nal dirstiansend. bd adetliiceeadi Ror adefizisdriesn this listing assumes a 3 D coordinate

space. For a 2-D space, one simply ignores the z coordinates and partial derivatives g—i.‘
Assuming that atom locations are consistent with the nominal distance function d(x),
the computational cost of Algorithm 1 is O(N), where N is the number of samples in
the image. Recall that we sample the total potential field like the image, and that each
atom contributes a spatially-limited potential function (like those in Figures 3) to those
samples in the total potential field that lie nearest to the atom. Therefore, the cost of
accumulating the contributions from all atoms is proportional to the number of samples
N in the field.
The cost of this algorithm is comparable to that of conventional image processing,
and it requires data structures no more complex than the simple array that represents the

tmage. Furthermore, the cost is the same for non-constant nominal distance fuactions

d(x) as for constant nominal distance d.

Alternative embodiment

An alternative embodiment of this invention does not compute the total potential field.
Rather, it uses equations (1), (3), and (4) to compute the total potential energy, and
equations (7), (8), and (9) to compute its partial derivatives. The following pseudo-code

listing describes this algorithm in detail.

ALGORITHM 2: COMPUTE P, 82, 28 snp 22
x dy; * Bz

201:  initialize total potential energy P =10
202:  for all atom locations x; = x3,%=2,. .., X {

203: accumuiate P = P+ Fb(3g)



As noted above, the total potential energy P is a non-quadratic function
of the atom coordinates, with many |local mnima. During latticﬁWJNZﬂﬂS
optim zation, we nove atons itera- tively.in search of a mninu IH
practice, we neither seek nor find the global mninmum Rather, we find
an optim zed lattice of atons that is close to an initial lattice.
Therefore, it is desirable that the initial lattice O 7 JUN 20D5 19
mnimze (locally) the atom c potential energy, be highly regular, and
be consistent with the nom nal distance function d(x). Constant nom nal
di stance For constant nom nal distance d, we can easily construct an
initial lattice with these properties. Figure 4 illustrates such a

| attice for a 2-D space. In this ideak lattice, the atons may be
connected to formequilateral triangles. The di stance between any atom
and its six nearest neighbors is sinply the constant nom nal distance d.
At this di2étancenitializhésforo@(mxer t.ed) by(zany.wrre) at om on anot her is
exactly zero, and.. sat_ onl ot ential ...energysis locally mnimzed.
Figure 5 ?F ‘ustrugpgedis}géyﬁr_egtbﬁg?’%f ﬁ?ﬁ"ﬁeb(ﬁip‘ ag’ff} space. This is a

f ace- cent ebied- culsiigiize GEGE), St ti,eet Li-nbwbich -at)bms are arranged in

hori zontal, .l ayers that | ook |ike -D lattice of Figure 4, but with
each | ayerzo'é'hi ftf%lcfﬁlsal%?néﬁ{fcﬁ}ontsgf fsﬁrhltlﬁ?‘t *thé [kf})P%(’s{Séf the | ayers above and

bel ow. Forogl ar i taycuntulad Fur & 455 (1t-h)ofikons;|fdixi f ferent |ayers are

rendered with spheres ,col or N differ shades .of gray. The distance
bet ween a\r%é‘atomcﬁtﬁa‘ﬂ?tﬁss“t(ﬁé%@'“xin”éﬁﬂ}é&‘iﬁz&%ﬂﬁ&r’§J'Bequal s the constant
noni nal diosg:ance agbuntut€ @At @8t A, eqyj | ateral triangles, which can fill

1

a 2-D spage entirely (as,bn Fgu 4), equilateral tetrahedra cannot
fill a 3-BSpace. > N&H Tﬁél:e@s,'ré@bﬁé’j)i n an FCC | attice can be

triangul abed to @@g@u&t@g_pm g@ regul ap;)tet rahedra. Vari abl e nom nal

di stance The initial arrahgerient of atons is nore difficult for a

non- const @kt nomi nal di stance function d(x). The first conplication is
that the fynction d(x) nust be conputed, if not otherw se specified. As
an exanpl e of how one m ght conpute this function, consider the imge

For each atom, line 203 accumulates the image potential energy 5 and line 208 ac-
curnulates the atomic potential energy A for each atom neighbor inte the total potential
energy P. Likewise, lines 204 through 206 and 210 through 212 accumulate the contribu-
tions of the partial derivatives of the image and atomic potential energies to the partial
derivatives of the total potential energy.

Line 207 implies the use of an auxiliary data structure that enables atom neighbors
nearest to an atom located at x = x; to be determined quickly. This data structure must
be reconstructed or in some way updated whenever atoms move. Atoms move repeatedly
in any iterative search for atom coordinates that minimize the total potential energy.
Therefere, the cost of maintaining this data structure may be significant. For the most
efficient data structures, the cost is higher for non-constant nominal distance functions

d(x} than for constant nominal distance d.

Lattice initialization

As noted above, the total potential energy P is a non-guadratic function of the atom
coordinates, with many local minima. During lattice optimization, we move atoms itera-
tively in search of a minimum. In practice, we neither seek nor find the global minimum.
Rather, we find an optimized lattice of atoms that is close to an initial lattice. Therefore,

1t is desirable that the nitial lattice



(i.e., the imge potential | Field b({)) displayed in Figure 6. This
image is a horizontal slice through a 3-D seism c inmage (not shomq? 56“%
was processed to highlight faults, discontinuities in subsurface 1 005
geol ogy. The dark linear features in this inmage represent 0 7 JUN 2005
20 traces of faults that intersect this horizontal slice. The faults are
approxi mately vertical, alnost orthogonal to this horizontal slice.
"Figure 7 shows the result of snobothing the seismc inage to obtain an
estimate of the nom nal distance function d(x). The darkest regions in
this figure correspond to a mninmumdistance of d = 6 sanples, and the
| i ght est regions correspond to a nmaxi mum distance of d = 18 sanpl es.
These m ni num and maxi num di stances were specified explicitly, based on
the level of detail we observed in thé%seismc inmage. Distances are
smaller in the mddle-left portion of the imge, and larger in the
| ower -ri ght pontloR. T@ﬁ average distance is approximtely 9.7 sanples.
In some appl PEEEIZEALCAH R BHMHAPOHISEaEEST unct i on d(x) may be specified
explicitly or constructed interactively using a conmputer program for
pai nting i regebighWikhuliegaid to the present invention, the actual nanner
in which the function d(x) is conputed is not inportant. As stated
above, we reguire only. t this.function be sppoth; i.e., that ~
(err)dl <<'1.e?ﬁ%mggggﬁ%qﬁgﬁﬁpfggﬁﬁgﬁﬂan?ﬁg?ngﬁarranging atons in a
| attice consistent wwth the nom nal distance function d(x). Here, we
desqribeé%ﬁg_%a%%%LHQﬂ%af%r this arrangenent. Preferred enbodi nent The
preferre enpbodinent’ Gt s i nvention uses an al gorithm for generating
pseudo- regular lattices, The follow ng pseudo-code |isting descrjbes
this al g&P1 PHHTATH NaBHR | ISta)qe GORY TRV 55T NTFIALY 28 IRIPSERESOe REGUL
LATTI CE gpoﬂaértie@' Fiald 280 tanges Ll 15&1%%%13% 20h sPORI eANLlAgS 1M, Fef al se
302: construct an enpty list of atons 303: construct an enpty queue of
at om si t e@n80day appendciteolfovatichtebl ofangke Teatletaot betveen nagetdo t he
queue 3gr?d it}sM;zlxhl%artthene%Lfl lélres ils girr?p 3tf tl?enpotngtagt nominal distance d. At this distance,

the force exerted by any one atom on another is exactly zero, and the atomic potential

energy is locally minimized.

Figure 5 illustrates a regular lattice for a 3-D space. This is a face-centered-cubic

{FOQ) lattice, in which atoms are arranged in horizontal layers that lock like the 2-D

lattice of Figure 4, but with each layer shifted slightly to fill in the holes of the layers

above and below. For clarity in Figure 5, the atoms in different layers are rendered with

gray. The distance between any atom and its fwelve

spheres colored in different shades of gras

nearest neighbors equals the constant nominal distance d.
In contrast to equilateral triangles, which can fill & 2-D space entirely (as in Figure 4},
equilateral tetrahedra cannct fill a 3-D space. Nevertheless, atoms in an FCC lattice can

be triangulated to obtain highly regular tetrahedra.

Variable nominal distance

The initial arrangement of atoms is more difficult for a non-constant nominal distance
function d(x).

The first complication is that the function d{x) must be computed, if not ctherwise
specified. As an example of how one might compute this function, consider the image
{i.e., the image potential field b(x)) displayed in Figure 6. This image is a horizontal
slice through a 3-D seismic image (not shown) that was processed to highlight faults,

discontinuities in subsurface geology. The dark linear features in this Image represent



306: get and renove the first site x fromthe queue 307: if xi lies
within the coordinate bounds of the imge { 308: set sphere = sp@grh&a@s
region centered at xi with diameter -yd(xi) 0 JUN 700,5 21 309: "i'f; p
all sanples inside the sphere, W(x) = false { 310: for all sanples
inside the sphere, set iv(x) = true 311: append an atomw th coordi nates
x to the list 312: append ideal sites for atom nei ghbors to the end of
the queue 313: } 314: } 315: } The array w(x) initialized in |ine 301
is a tenporary work array, with dinmensions equal to those of the imge.
Its sole purpose is to mark | ocations of atons in the lattice as they
are generated by the algorithm (The test in line 309 ensures that

| ocations so marked will not be markgd again.) In the preferred

enbodi ment of this invention, this array can be the sane as that used to
store the total potential field p(x) in Algorithm1, so that no

addi t i onahcerefnits bisatriegricttettis Ikrgunte]l Sics NOwsfzaits exaiple@doftelyherdrat,ay
wW(Xx), canputed for the n?ntnal di stance function shown in Figure 7. Each
ci r cul ar®FEgi YHEeAnHE; tg e berip@igleiitered at an atom location, and has a

di ameter pf Fé"?%h&v@aa'chet Qstier Yab b Qf tfhte*'é%sﬁ%x&%le siBtANCE dHRGL on 0'(1 X)

at that ato ocation. The constant of proporticnality 1s the factor

in |ine B3@&oofindl hiisaadegondtidim(xBy Thhdesiergregns if Gdt 6gukaobesdoad so tehan
one, we ger.m’t one ato _4n t he ini iall 1Ia%tice to be c(li(%ser t oget her
than t he“HomPalsaret drfce Pofi %l%?) IEBE FECTS RRGRHAG Ch A EERER at ons

wi Il - begifidnther J avay. . Wedeterdl nediexpeni neataldy dthatet Do faei@g 7 =
0.8 yields pseudo- regular lattices consistent with snmooth nom nal

di st ancesxblifitlyi osed @dpxthe lePpkof dtail wsiobesvidnin thaecign araget Resthweapicons of
at om nei ghhors in t. regul ar lattices shown i.n Figures and 5..(The

G ot ancetongt P8 shReieR e Shon st LieFERn RO Rah g BHES R RER R e o
const ant avdraghlgesidt mdrytialgy a meaar |attice |ike one of these. For
non-constant d(--), it yields a pseudo-regular lattice. In _any case, the

pr ocessi nglbforigiatlicsiionss th wewiaal distepe Hodite dxlsey hnweriged PEECED gr ow
or constructed interactively using a computer program for painting images. With regard
to the present invention, the actual manner in which the function d(x) is computed is
not important. As stated above, we require only that this function be smooth; i.e., that
|Vd| < 1.
The second complication is that of arranging atoms in a lattice consistent with the

nominal distance function d(x). Here, we describe two algorithms for this arrangement.

Preferred embodiment

The preferred embodiment of this invention uses an algorithm for generating pseudo-

regular lattices. The following pseudo-code listing describes this algorithm in detail.

ALGORITHM 3: INITIALIZE A PSEUDO-REGULAR LATTICE

301:  initialize an image-like array of boolean flags w(x) = false
302: consi:ruct an empty list of atoms

303:  construct an empty gueue of atom sites

304:  append the location x; of the center of the image tc the queue

305:  while the gueue is not empty {
306: get and remove the first site x; from the queue
307: if x; lies within the coordinate bounds of the image {

£ 308: set sphere = spherical region centered at x; with diameter ~d ()



outward fromthe first site placed in the queue. Therefore, the first
site acts as a seed fromwhich the lattice is grown. Line 304 of 87 JUN 2005
Al gorithm 3 chooses that first site to be the center of the image.
Alternative seed | ocations may be used. For exanple, if a nesh for
simulation of fluid flowis desired, then the |ocations of one or nore
-fluid sources may be 0 7 JUN 2005 22 used to seed the growmh of a

| attice. As anot her exanple, a center-of-mass of features in the image
may be selected as the seed | ocation. The nesh shown in Figure 9 is the
Del aunay triangul ati on of a pseudo-regular initial lattice created using
Al gorithm 3 and the nom nal distance function shown in Figure 7. Wile
nost of the triangles in this nesh ofjthe initial lattice are highly
regular, the conplete Delaunay triangul ati on shown here yields sone |ong
thin triangles near the convex hull of the lattice points. Such

i rregul ar 3t:i angkfe®r aksamtlhendzshe bpundarkes fahy { sinply be ignored in
subsequent_conputati gns. Alternative enbodj nent An alternative enbodi nent
of this ihy%ntion%ﬁ§@§m§W&€HF@?@Fﬁpﬁ?%fﬁ?%hggé%ﬁ%rithnlfor gen- erating
pseudo-rangem i ni th@hd katidCe8h cdhenhet kow ngiipseudo- code |isting
describes this algorithmin detail. ALGORI THM 4: | N TIALIZE A

PSEUDO- RARBOM L AT HPREEY 1fgisitet(5h 1P et e Rprs dipits forios fhegiet ons 402: for al |
x sanpl edzby thejimage { 403: set d = d(x) 404: if 2-1), set p = 2/Vd2
405. if 3-1), set p = 2/V2-d3 406: generate a pseudo-random nunber r,

uni form y3 ‘stri‘buted in [0:1) 407: if r < p, add atomlocated at x to

| i st 408:3}&Liqe 404 (for 2-D images) or 405 (for 3-D images) of this

al gorithm conputes the nomnal lattice density p, corresponding to a

val ue of the nom nal_ distance function d(x). In a 2-D space, lattice
density i slhinv@rsely) piiopbed iphiaer 36 it RecHPstean veTs Giray eHithetimeacSat oNns;

ina 3- Jeéuaﬁ R&%Eose io% tﬂe%da@g.eftg gdlg lerp%Qé) fsttly Qﬁ'ﬁL léc%tig£§ LANGHs GY teﬁéjlattn%e

const ant
as they are generated by the algorithm. {The test in line 309 ensures that locations so

marked will not be marked again.) In the preferred embodiment of this invention, this
array can be the same as that used to store the total potential fleld p(x) in Algorithm 1,
so that no additioral memory is required. Figure 8 shows an example of the array w(x),
computed for the nominal distance function shown in Figure 7.

Each circular region in Figure 8 is centered at an atom location, and has a diameter
proporticnal to the value of the nominal distance function d(x) at that atom location.
The constant of proportionality is the factor v in line 308 of this algorithm. By choosing
this factor to be less than one, we permit some atoms in the initial Iattice to be closer
together than the nominal distance function d(x) implies, knowing that other atoms will

J be further away. We determined experimentally that the factor v = 0.8 yields pseudo-
regular lattices consistent with smooth nominal distance functions d(x).

The ideal sites in line 312 are the locations of atom neighbors in the regular latiices
shown in Figures 4 and 5. (The distances to these atom neighbors are not scaled by
v.) Therefore, for constant d, Algorithm 3 yields a regular lattice like one of these. For
non-coustant d(x), it yields a pseudo-regular lattice.

In any case, the processing of ideal sites placed in the gueuve causes the lattice tc grow
outward from the first site placed in the queuve. Therefore, the first site acts as a seed

from which the lattice is grown. Line 304 of Algorithm 3 chooses that first site to be the

1

center of the image. Alternative seed locations may be used. For example, if a mesh fo

simulation of fluid flow is desired, then the locations of one or more fluid scurces may be



of proportionality 2/v (line 404) and 2/% (line 405) correspond to the
ideal lattices shown in Figures 4 and 5, respectively. 0 7 JUN 7005 23
Lattice density is the probability that an atom exists at any lﬁgﬁfﬂﬁWﬂNB
sanpled by the imge. Lines 406 and 407 use a pseudo-random nu r
generator to add an atomto the lattice with that probability. This
al gorithm uses commonpl ace conputer software for generating a
pseudo-random nunber uniformy distributed in the interval [0 : 1). This
pseudo-random al gorithmis sinpler and faster than the pseudo-regul ar
Algo- rithm3. It also generates initial lattices that are conpletely
isotropic, with none of the preferred directions or planes of symretry
exhi bited by pseudo-regular lattices. Depend- ing on the application,
this may or may not be an advantage. bmfortunately, a pseudo-random
initial lattice is highly irregular. Atons in such a lattice exhibit no
geonetric pattern, which nakes the otherw se useful term "pseudo- random
| atti ce" uvsal toxymbieroFirqirdattde s howsoienesinto rresipontinag dfdezures in
pseudo-random initi.al {attggg gngﬁat d for the seism c inmage, using
Al gor i t hi 288 CHEUGHERTE 3elhted ‘APEPPsti cal |y consistent with the
nom nal di stianG&nfsUpet PR SRONR hB el BURE trianghlatibs ohb SR Molref@gULBRI W th
many triangles that are Fﬁr fromequilateral. Lattice optimzation wll
make t hi &tpsevdaed afdefenithimad and s heainpbtistapeglunaiion gwwivip|Higyredui re
nore wor k. (.nore iteration t han opti m.zati.o .t he _pseydo-regul ar
ot GO o TRy b D MReh L v BTk Tonmap i o
opti M zekoAP¥RSDALRIE irkngflatifh khatn hatet yi6l8s tOmebdai thianriepliésmhaedhe
lattice. 1In one set of enbodinents, the optimzed |attice 1s both
regul ar &eRYeRBER ohiledreisewcits Juvhdeegudst ieaglet Pran thheshbeyngpriesapey ce.
I n ot her : N Lm attice far away fromi mge
featuresSl %gﬁ%3%%%g§ngﬂg%g§%%?%%gkﬁﬁgn%tructure that respects the
noni nal di stance function, while atons near inage features tend to be
coi nci dent, W th. those features. in another set of embodinents, the
optim ze ﬁattlce i's both regular and nore rarefied along the inage

The lattice.

features . than the initial lattice. tim zer . usy
e Ao abe GMob R e FRT I Hoa: AR A o S P oo
many var baphgSse i ah @ 168 0RE I Z 8he 3NRWILES pdeES c SR HMRE Qb Qibal g ze

the lattice total potential energy,
algorithm in detail

ALGORITHM 4:; INITIALIZE A PSEUDO-RANDOM LATTICE

401: construct an empty list of atoms
402:  for all x sampled by the image {
403: set d = d{x)

404: if 2-D, set p = 2/+/3d*

405: if 3-D), set p = 2//2°

4086: generate a pseudo-random number r, uniformly distributed in [0:1)
407: Hr < p, add atom located at x to list
408:  }

Line 404 (for 2-D images) or 405 (for 3-D images) of this algerithm computes the
nomanal lattice density p, corresponding to a value of the nominal distance function d{x).
In a 2-D space, lattice density is inversely proportional to the distance squared between
atoms; in a 3-D space, it is inversely proportional to distance cubed. The constants
of proportionality 2/+/3 (line 404) and 2/+/2 (line 405) correspond to the ideal lattices

shown in Figures 4 and 5, respectively.



which is a function of atom coordi nates. Various choices for the generic
function mnimzer are possible. In the preferred 07 JUN 2005 24

enbodi mrent, we use the |inmted-nmenory Broyden-Fl et cher- Gol df ar b- Shi AU, 1003
(L-BFGS) mnimzer. (See, for exanple, Byrd, R H., Nocedal, J., and
Schnabel, R B., Represen- tations of Quasi-Newton Matrices and Their Use
in Limted Menory Methods, Technical Report NAM 03, Northwestern

Uni versity, Departnent of Electrical Engineering and Conputer Science,
1996. Note, particularly, the sinple two-loop recursion on page 17.)

Li ke other mnim zers, the L-BFGS nethod iteratively evaluates a function
and its partial derivatives, in its search for a mninmm The L-BFGS

m nim zer requires nore conputer nenory but fewer function evalua- tions
than the nethod of conjugate gradients, another well-known nethod.
However, the additional nmenory required is insignificant when conpared
with the nelmitiye degty isetdietpocbabiipy élssnt dnmi megeat &ur pheiomrepladnsy dest  of

each function.eval uati conput i the lattice total entj al , energy)
T2 5 g Arean AR enE ALt T TR HeOE T e fpe s SAET BB el Dy
the m ni Mgzes withh@hebeiebiltheThs BReSitianisad 28hmbapMed borsplitbeshit@rd firs
invention. Preferred enbodi ment The preferred enbodi nent of this
i nvent i orgcugeEng hesdudbiravdonyrabporitilymnfyotistridutddcie tbpiterved Patlion.
ALGORI THM 51‘ OPTI M ZE THEai_ATTI CE 501:61_g&eltd ﬁahe i, i tiﬂ?@' %Ie%ti ce.argm.

nti

) t
X hig” - T 1 LI -
coor di nat es” XLir°x ,Or.a’l}c.{on} R HE S SRS TGS pote eonreergalf’rco ut er

503: constihtiCl. 1 al¥b RefdrdRE 1504 2G0RPULL ddeohfletdalsotrapi] 8L ohabf the
potential energy P 505: do { 506: set Po = P 507: randomy perturb
x1i x2, .. _pIgi,e]rrecg ctigps ¢r Egs osgppeirgepibited by pseudo-regular latiices. Depend-

ing on the application, this may or may not be an advantage.

Unfortunately, a pseudo-random initial lattice is highly irreqular. Atoms in such a‘
lattice exhibit no geometric pattern, which makes the otherwise useful term “pseudo-
random lattice” an cxymoron.

Figure 10 shows a mesh corresponding to a pseudo-random initial lattice generated for
the seismic image, using Algorithm 4. Although this mesh is statistically consistent with
the nominal distance function shown in Figure 7, it is highly irregular, with many triangles
that are far from equilateral. Lattice optimization will make this pseudo-random initial
lattice more regular, but will require more work (more iterations) than optimization of

the pseudo-regular initial lattice shown in Figure 9.

Lattice optimization

The lattice optimizer moves atoms in an initial lattice to obtain an optimized lattice.
In one set of embodiments, the optimized lattice is both regular and mare aligned with
image features than the initial lattice. In other words, atoms in the optimized lattice
far away from image features tend towards a pseudo-regutar structure that respects the
nominal distance function, while atoms near image features tend to be coincident with
those features. In another set of embodiments, the optimized lattics is both regular and
more rarefied along the image features than the initial lattice. The lattice optimizer uses
commonplace computer software for minimizing an arbitrary function of many variables.
The lattice optimizer applies this software to minimize the lattice total potential energy,
which is a function of atom coordinates.

Various choices for the generic funciion minimizer are possible. In the preferred



510: let mnimzer decrease P by adjusting x1, x2,... ,xn, 511: }while
Pi -P>P~J 0 7 JUN 2005 25 512: } while Po - P > el PO~ This al gorithm
begins at line 501 with an initial lattice of atons, such as t g pgemo-
regular lattice produced by Algorithm 3 or the pseudo-randomlattice
generated by Al- gorithm4. It then (line 502) constructs a potenti al
energy conputer, responsible for conputing the total potential energy P
.and its partial derivatives. It then (line 503) constructs a mnim zer,
which will use the potential energy conputer to mnimze P

(Construction of the potential energy conputer and the m nimzer includes
allocation of nenory and initialization of a nunber of variables and
tables.) It then (line 504) conputes the total potential energy P of the
initial lattice. The remminder of th& al gorithm conprises two nested

| oops. The inner |oop begin- ning at line 508 lets the m nimzer adjust
the atom coor di nates x

X2, .. ., h i al
ener gy PPOrRFERY: avapuseaﬁﬁ lﬁ&ééﬂwqw ?ﬁ%egﬁf?tg%g?ﬁ#at‘ -@éﬁ%&?ﬁé&m' :
signifi ﬁﬁﬂﬁnﬁef’-s(]@@tf@f Ql:cl Q%yor 1he smabdcetr eshol dagabh R Be Rdrkeseh

typical threshold’is e = O. Recall that the total potential energy
is a fuﬂ@mnmnﬂ@mthhanyleuaksmmhﬁharU@hmlimﬂmémkmmnpkbﬂgmh$ﬁmﬁmwaihe

current_ato rdi nates, and_tends t t he nearest to., those
coor ar nareet TSy SR BR U Sk ol B A SRS B Y or o
pot ent i ghmeRRF §¥ich@ 98ds. tihan Mﬁ&ul@[ﬁ  3ROLRSNe FdoBY RS DYr pdfe1 0Nt er
| oop begi nni ng at | i ne 505 enabl es t%e algorithmto nove from one 1 ocal

m ni munbike oo triveimizns thantiAGT methdd slewdielyienaltoral fpotientidiis rréiehy P i s
nlperturbatlons of atom coordinates in |ine 507

i nsi gni
are sna%?“ﬁlmﬁfult?SQWdlﬁﬁ SUYHER 10% of the nominal distance d(xi), for

each at omTheqaBFOoS XdimMér HERirés KOMRARISEEn-RGSUAR-fEaidamtbiteria-
generator to conpute these perturbations. Subsequent iterations of-the

i nner n’il@iisrﬁh’z‘%idﬂ%meﬂh@é@f EYAVaRAY ERpcippis) @1@h@|vgeﬂr1ﬂo&faﬁtleta@férlé@fg@ex A4 ot al
pot ent | Q%dl?&&?ﬁ%o? real ﬁe& ﬂ%ﬁ% %%%n?%é MH%SB{ h%o e%rﬁf 5§14 he

sane tes or conve oops ease in

total pebentitadn Eﬂf@egfu&hbﬂﬁ@ﬂﬁﬂzel dasi Qﬂ'ktafclh @&m’tmn evaluation (computing the
lattice total potential energy) is significantly more costly than the other computations
performed by the minimizer. Therefore, the L-BFGS minimizer is well-suited to this

invention.

Preferred embodiment

The preferred embodiment of this invention uses the following algorithm for lattice opti-

mization.

ALGORITHM 5: OPTIMIZE THE LATTICE

501:  get the initial lattice atom coordinates x1,xg,...,Xx
502: construet a potential energy computer
503: construct a minimizer

504: compute the initial lattice total potential energy P
505: do {
506: set P = P

507: randomly perturb x1, %9, ..., X5
508: do {
509: set P, =P
P 310: let minimizer decrease 2 by adjusting x3,x%2,...,X,

511: } while P; — P > €| B



Al ternative convergence criteria are comonpl ace in nunerica

optim zation, and our choices here are not inportant. For exanﬂ]bjdpﬂﬁﬁ
m ght term nate these | oops when the 0 7 JUN 105 26 naxi num change in
atom coordinates is |l ess than sone threshold. Figure 11 shows the result
of optimzing the initial pseudo-regular lattice for the seisnm.c inage,
~where the i mage has been processed to have val ues near m nus one al ong

i mge features and zero away fromimage features. Recall equation (4),
whi ch states that the total potential energy P is a weighted sum of
atom c and i mage potential energies. In this exanple, we used an inmage
wei ght 0.3. The resulting optim zed lattice is both highly regular
(again, ignoring triangles near the & nvex hull of the lattice points)
and well-aligned with inmage features. For inages with small or narrow
features, it may be useful to performthe first few iterations of
“Algorit hm@%sﬂn@hlhﬁ Bl §ht £/ smoot hed version of the image. These first
iterations enable atons to ane towards features that m ght otherw se be
m ssed, be@fﬁfﬁ‘. ?gontcl %egﬁlg g[ﬁrw @1‘{\@13{ 151{19]%1!’5%%5? %on{sagﬁdhca‘% 3119%9&1&19”5
Atons are attracte |nM|a ytot snoot featurés, in
subsequ e:mgulmt krtiadel pndycetl yhhlgbrthesd Ioutth@psehé@:u ardesn lamtzdzeh@nemtecgbm all-

unsnoot hed. j mge rve a sur face extractlon In a space-filli nesh,
curves (5%1tf2‘“[ﬁ§; gr%ﬁrf %‘ég& (‘?OﬁlStéu“éi aa%‘ﬁ%%i eﬁfﬂgﬁ’c‘iom%‘/lterFé‘FPB&ﬁﬂgﬁ%l e, in

the 2-D qeshtSROW ¢t Fbﬁ%éﬁ él%lgyaPYarﬁioz'% B%%P%eﬁ%%é‘cﬁ RHen! ('1151@%03)‘30'965
of triangles represents a curve. tetrahedral nesh, any union of

cont|guomgﬁﬁm@amgnmuhamrﬁdnéswdfu&eﬂmw@édﬁaﬁmeg@egwnnsw@:ﬁxmﬁnnm@eﬁﬁ
cour se, r. surfaces are n i nteresti.n use they
are not SRrgRRdnh o RSt L GRE SRR 12 RIGRI Tgr S P RuE Bages o
triangl es haabryapRenit diQatemesh kibgn el v dksf Al £a9lesi)N 1 fiRnSEins F0L)-
i mge. The edges shown here were chosen sinply because all |nage sanpl e

val ues benwates hhsshpleetentyed|eaowsa 3 pedicfiiigigl Iobireshol d (-0.2). No attenpt
cdges arc abarart It IR BLoP R R R T e R TR en
faci | it aties snbiiee5081eth olicadnenigivey edjast ﬁurafmeoce&mamﬁdlp@ al.gor td (ﬁmf’ﬁeaset han
the sinple thresholding used in this exanple. As one consequence of this
i nvent i Oql}e total potential energy P. This loop continues until the decrease in P becomes in-
significant, as determined by the small thxeshold € in line 511. A typical threshold is
e = 0.0601.
Recall that the total potential energy is a function with many local minima. The
inner loop begins with the current atem coordinates, and tends toward the minimum
nearest to those coordinates. We have observed that this local minimum may have a
total potential energy larger than that of another minimum nearby.
The outer loop beginning at line 505 enables the algorithm to move from one local
minimum to another one, until the decrease in total potential energy P is insignificant.
The random perturbations of atom coordinates in line 507 are small, typically no more
than 10% of the nominal distance d(x,), for each atom location x;. We use a commonplace
pseude-random number generator to compute these perturbations. Subsequent, iterations
of the inner minimization loop typically yield a significant decrease in total potential
energy P.
The inner and outer loops in Algerithm 5 use the same test for convergence. Both
loops terminate when the decrease in total potential energy P becomes insignificant.

Alternative convergence criteria are commonplace in numerical optimization, and our

¢ choices here are not important. For example, one might terminate these loops when the



we anticipate the devel opnent of new extraction algorithnms. In contrast
to extraction (or segnentation) algorithns commonly used today,‘ijﬁﬁqmﬁ
new al gorithnms will produce O 7 JUN 2005 27 curves or surfaces
guaranteed to be consistent with a space-filling nmesh. Alternative

| atti ces and neshes In the precedi ng exanples, the inmage potential field
was defined so that atons are at- tracted to inmage features. In sone
situations, it is desirable to create a pseudo-regular Jlattice in which
atons are repelled frominage features. Such a |attice may be obtai ned
using the optim zation Algorithm5 with the sane atom c potenti al
function but wwth an image potential field that attains a maxi nrum val ue
(e.g. one) along imge features and &6m ni numvalue (e.g. zero) away from
image features. Figure 13 illustrates the result of such an optim zation
for the seismc inmage. Atons in this optimzed lattice tend to line up
al ongsi HETREE BMYLe Fafen Ceadiees is Fryliee spoiegheshslfy ustrates a Vor onoi
mesh gener@l, fr b M : i GE. . ongil [ $,.t dual
o the. Dol gy I sRgnr aPr o FRicRh B e reRioehal e b e

rat her sthanicatmapdevheer thedesgohaniesh petepedtis haBecdusacat mirsisione khveg
optimzed lattice tend to |line up al ongside jnage, features, .the

boundar PRLESCFENER GRAFoRaSRY cBEHEs ot Ry 1gal FRE (6h HOLE e dir es.
Vor onoi (s TRsRES:thaYe PUBRIOUS, aBRhiAalhONSatodnRChHiNG tRGeRiamelakibon of
fluid "now. ten, Voronoi neshes lead to finite-difference solutions to
parti-al Idithit exenplealve egerheh dmsge weigkr Bas (s3. nphe césalting optimized lattice is

triangular/tetrahedral neshes .|ead to finite-element solutions. Both
types of Sl G S A LeRradry T He LA 17 GOTT PybReer+ S PR r abi e
t 0 have ABSRI-ELemeRth hayndrsies. align with inage features, because those
features often correspond to discontinuities in physical properties.

Mor e generlar|ipagist wiaympl od @gitpafbaues, drpat be asgdleiederriosgubarisstdevi ce of
atons t¢t ttr e 0 _cerntain featur.es i.n i e [l ed
fr om ot Rere PR of AARELCE oL B EPUIALD LESUICRatth BF Wl RIS SPLsL B8
conmuni ¢iatdtons tx-ANSCemy eF Sioldtcararddedtares patt e it whasese Heatigded densisty
corresponds to hggan popul ati.on densit¥. It may al so be desirable for

Tl

those SR YPARRCHIVEY ™1 e lpciederarintar dagisote R igiiet sVatom . g.
tops of sAEuHERi: il a8 naN dy LOhRY Qb 1RLRR%5 0h HigL5EUBS ERBuEEnOthe

canyons or river -valleys). Thus, "an i mage
original unsmoothed image.

Curve and surface extraction

In a space-filling mesh, curves (in 2-D) or surfaces (in 3-D) appear implicitly. For ex-
ample, in the 2-D mesh shown in Figure 11, any contiguous sequence of linear edges of
triangles represents a curve. In a 3-D tetrahedral mesh, any union of contiguous triangu-
lar faces of tetrahedra represents a surface. Of course, most suck curves or surfaces are
not interesting, because they are not aligned with image features.

Figure 12 highlights those edges of triangles that appear to be most aligned with faulis
in the seismic image. The edges shown here were chosen simply because all image sample
values beneath them were below a specified threshold (-0.2). No attempt was made to
force connections among individual edges. Nevertheless, many edges are connected and
do form continuous curves.

A space-filling mesh facilitates more elaborate curve or surface extraction algorithms
than the simple thresholding used in this example. As one consequence of this invention,
we anticipate the development of new extraction algorithms. In contrast to extraction

(or segmentation} algorithms commonly used today, these new algorithms will produce



potential field may include maxima and mnima, as well as internediate
plateaus. 0 7 JUN 2005 28 Additional exanples The method OftUV§UNM%
invention may al so be applied to nedical inages. Figure 14 shows

magneti c resonance image (MRI) of a human head. This digital |nage IS
freely available fromthe National Library of Medicine, as part of the
.Visual Human Project. Figure 15 shows the inmage after processing to
enhance edges, discontinuities in the original M. A sinple and

wel | -known Prew tt edge enhancenent al gorithmwas used. This

edge- enhanced i mage nmay be used as the inmage potential field b(x) in the
nmethod of this invention. Figure 16 shows a nesh optim zed for alignnent
with the image of Figure 15. As for Z#he seism c inmage, a non-constant
nom nal di stance function d(x) was conputed by snoothing the inmage.

Nom nal distance values range froma mnimumof d = 4 to a nmaxi numof d
= 12. Tharvermgeudoad gufraweol to lse @nsis@nd withi agipage-iingingdshi ght s | i ne
segnents in the nesh that are nost aligned with edges in the imge. The
segnents shown were sel ected using the sanme sinple threshol ding al gorithm
t hat wasAlissthifor lathieesendmiesliasage. Figures 18, 19, 20, and 21 provide
anot her exanple from nedi cal imaging. Like the inage of the head, this
i mage Oflnéthblllbli@ﬂ@dﬁlﬁreﬁﬁnblés fiheehyzcayathiablfeld wemisthedNatihanalomsldrbary of
Medi ci ne. e processing and lattice optimzation for this imge is

i denti - feca:ltedt% ipiege feadires e werdsliushiges, leleclepitalln A ciferf harcugPstae

val ues Hg{tﬁe 119%9311 AN & %a%()%na e{f%agélt 0 a maxi mum of d = 15.

Conmput er "systens, nenory “enbodi ment It is noted that
t he nEthOdSﬁﬂlihﬁmpiﬁﬁﬁﬁm(ﬂﬁMﬁﬂihﬁﬁgﬁﬁEog@mehﬁbmDgg@ﬁﬁudbﬂmﬂgﬂﬁ&mme
| attices which respect features in a digital inage may be inplenmented on

any of @'Y RIGUG BRHOCpRer Syt %eswéﬁl% figk’s F@%Eﬁpﬁt%%spﬁltwum
mni Com}mrg \695 KL i Iga%@fe Rt LRE QGRSBRM, v %@E@%Bzerﬁaé[’]ﬁ%!yl Rl ho essors

of various Kk dlstrl conputlng net wor of the
presentfhmMentEmawﬂm&ﬂhenaﬁahheeﬂuknﬁemélmﬂon@m@aﬁoﬁﬁmaﬂesgﬁmgﬂawgaor
ored onto,an

nodul es ich f rie of nory |a such as
CD- RO, G et eoUIAe. DuBh SarenoryP e Cordt o, TRy Le, g, any of
various typgsr0f3 BAMilustrates a Voronoi mesh generated from the optimized lattice. The
Voronot mesh is the dual of the Delaunay triangulation. Thus, atoms le within mesh
elements rather than af the vertices of mesh elements. Because atoms in the optimized
lattice tend fo line up alongside image feafures, the boundaries of Voronoi mesh elements
tend to line up on those features.
Voronoi meshes have numerous applications, including the simulation of fluid fow.
Often, Voronol meshes lead to finite-difference solutions to partial differential equations,
whereas simplicial triangular/tetrahedral meshes lead to finite-element solutions. Both
types of solutions are widely used today. In both types, it is desirable to have mesh
element boundaries align with image features, because those features often correspond
to discontinuities in physical properties.
More generally, it may be desirable to create a pseudo-regular lattice of atoms that are
attracted to certain features in an image, and repelled from other features. For example,
1t may be advantageous to place communication fransceivers in a regular pattern whose
lccal density corresponds to hwman population density. It may also be desirable for
those same transceivers to be located in areas of high elevation {e.g., tops of mountain
ridges) and to avoid areas of low elevation (e.g., canyons or river valleys). Thus, an image

potential fleld may include maxima and minima, as well as intermediate plateaus.

I



0O 7 JUN 2005 29 or ROM. Furthernore, these one or nore software
progranms and/or the results they generate may be transmtted 3ﬁeﬁhﬁ@§ of
a variety of carrier nedia such as optical fiber, netallic w 4

space and/or through any of a variety of networks such as the Internet
and/ or the PSTN (public sw tched tel ephone network). Figure 22
illustrates one enbodi nent 500 of a conputer system operable to perform
.the lattice generation nethod of the present invention. Conputer system
500 may include a processor 502, nenory (e.g. random access nenory 506
and/ or nonvol atile nmenory devices 504), one or nore input devices 508,
one or nore display devices 510, and one or nore interface devices 512.
These conponent subsystens may be interconnected accord- ing to any of a
variety of configurations. Nonvol atil28 menory devi ces 504 may i ncl ude
devi ces such as tape drives, disk drives, sem conductor ROM or EEPROM
etc. Input devices 508 may i ncl ude deV|ces such as a keyboard, nouse,

di gi ti zifipasial exaerbsl |, touch-sensitive pad and/or |ight pen. Display
devi ces 510 may i ncl ude devices such as nonitors, projectors,

head- no Ut edktBo S pll fyssinvettion that gid Be epdiditc esdrhPlintmys Hegaenflisjewused to
acquire digital image data fromone or nore_acquisition devices d/ or

f1 om on@ERFIGRST AR SrBt e @%b@%@ sugan et alfus 3@&%@?@?% trgh2@UARE wor k.

Any of & upfHeatMicahl E‘B?é%'v%fﬁ\&&l%ﬁee‘é's QR JTRYe HRukiSEtntependiing on the type
of object or process being inmaged. The one or nore acqui'sition devices

may_sense %gnyce ab SJAams @hmnnégteraf@r cp)fcoaafmtmw gabnenelygy diengtinadesust the

energy, dis r tress/ n d/ or netic, ener
Coco | plrpPLASETT Sl LS LoERE B N Hhe hon St SR BR as wsth. oner oY

Proc eSSQ‘hm"_’&%eJéE}YarQ@d aRIe b ed 1t ise%@ iRROOF AN HeT U k) Qﬂﬁlearﬂgt/h@& dat a
from RANI 6 and/ or nonvolatile nmenory devices 504, and to store

conput atf gnalovedswl ts into RAM 506 and/or nonvol atile nenory devices

504. The 0 |nstruct|on dir rocessor 02 to operate

i nput |nag% %ﬁ?@éﬂgwsﬁh@e%b Iﬁ%ﬁf%ﬁ %Emgﬁgtﬁgyﬁﬂalgﬁ% PﬁgﬁFalgdégcrlbed
her ei n. fokh@e iseiptlc (i3Bge, ABY.cA8tRE Ovited doatomuien &y siemnadfuted rbsaugh
any of a variety of mechanisns., For exanple, the input |na?e n%%

acqui r eBCPRIREE HeriveEat Nosinemispnsorlugidense AN SoEEIh g die bifzor

more i nteclace (eu eeSrhl fuse AnapROLNeL cxfpl € the input inmge may be

supplie 0 conputer system oug
Figure 17 highlights line segments in the mesh that are most aligned with edges in the

image. The segments shown were selected using the same simple thresholding algorithm
that was used for the seismic image.

Figures 18, 19, 20, and 21 provide another example from medical imaging. Like the
image of the head, this image of a human torso is freely available from the National
Library of Medicine. Image processing and lattice optimization for this image is identi-
cal to that for the head image, except that nominal distance values here range from &

minimum of d = 5 to a maximum of 4 = 15.

. + . [ - H] . L. +
Computer systems, memory media and a method embodiment

It is noted that the method of the present invention for generating pseudo-regular lattices
which respect features in a digital image may be implemented on any of & variety of com-
puter systems such as desktop computers, minicomputers, workstations, multiprocessor
systems, parallel processors of various kinds, distributed computing networks, etc. The
method of the present invention may be realized in one or more software programs or
rnodules which are stored onto any of a variety of memory media such as CD-ROM, mag-

£ netic disk, bubble memory, semiconductor memory (e.g. any of various types of RAM



a nmenory medi um such as disk or tape which is |oaded into/onto one of the
nonvolatile 0 7 JUN 2005 30 nenory devices 504. In this case, {fejUNniiiit
imge wi |l have been previously recorded onto the nenory nedi um by
conput er system 500 or by sone other conputer system It is noted that
the input image may not necessarily be raw sensor data obtained by an
.acqui sition device. For exanple, the input inmage may be the result of one
or nore preprocessing operations on a set of raw sensor data. The one or
nore preprocessing operations nmay be perforned by conputer system 500
and/ or one or nore other com puters. Furthernore, the input inmage nmay be
conpl etely independent of sensor data as in the case of an inage
generated by a designer using a CAD package. Figure 23 illustrates one
enbodi ment 600 of a method for generating a lattice of points that is
pseudo-regul ar and that respects features in a digital inmage. In step
605, aniRQhBePﬁEhgﬁxmmTmﬁmgemahJamﬂﬁWMMWSBNQV@mSpmbbe§b§1ﬂa¥5bbw

acquired in : ccessi such as,.nonvol atile nDry 504
e or kst o Bt SER R s B S B3R SN et
preprocessed #i, 6Rhanece afd /of %M%ﬁ%h f.828 1w @SieQf of RERI @S buchia tﬁmtélme | f
the features of interest are sufficiently clear in the inage as ach|red

in  stepdgesthedtdiy m@llnﬁyfltb]eedoﬁﬁeph@@ Ile(ﬁﬁ@,rkhEntl oned above, the inage as

acquired may_ have..al r.e been s ected t 0..Rr1 gessing
operatlons@ylﬂ% ﬂm?%%@% § USRS ¥ ﬁFaCO%ﬁ ?ﬁ@nl@mﬂﬁﬁ EPgadaslred

pr ocesshd mttle@guﬁemez1 leth@OITHhNEkian nﬁfentﬁc@t: mincm@@f sl et g npiyepsadessi ng
of step 610. For exanple, the image my be subjected to edge detection,
convolu%Pﬁﬁﬁﬁ?ﬂ$¥ﬁﬁ%§KmFéﬁglé@xbﬁhﬁ§ﬁ@ﬂﬁﬁ¥W6ﬁm6ﬁﬁﬁlm1P%@@F¢1QF¥@@ﬂhg,
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field sanp t he |nage € preprocessi ng nmay
oper at enomn intetfecd dmgaes 510, géner @nechhies st[bmysmﬂls tlhs bahﬁeccbmmteldcmccﬂldx) The

pr eprocessin ed or y be esponS| e to_user in For
exanpl €6 & &g%g? Fra}?nﬁtiyg‘it“%lcioﬁ uraliist ﬁ /%?m?@ 1SS 6f Wé?@%% in the
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di stance function d(x) may be intialized in the space spanned by the

i mage. dehied A% mee lntdyddoéemﬂStsmeh py edkeploarhemonss, Mcgisziog pAﬂgmapltualh 3 or
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cheap labdiize ;&U}ébtors, head—mounted displays, etc. Interface devices 512 may be config-
ured to acquire digital image data from one or more acquisition devices and/or from one
or more remote computers or storage devices through a network.

Any of a variety of acquisition devices may be used depending on the type of object
or process being imaged. The one or more acquisition devices may sense any of various
forms of mechanical energy (e.g. acoustic energy, displacement and/or stress/strain)
and/or electromagnetic energy (e.g. light energy, radio wave energy, current and/or
voltage).

Processor 502 may be configured to read program instructions and/or data from RAM
506 and/or nonvolatile memory devices 504, and to store computational results into RAM
506 and/or nonvolatile memory devices 504. The program instructions direct processcr
502 to operate on an input image based on any combination of the method embodiments
described herein. The input image may be provided to computer system 500 through
any of a variety of mechanisms. For example, the input image may be acquired inte
nonvelatile memory 504 and/or RAM 506 using the one or more interface devices 512.
As another example, the input image may be supplied to computer system 500 through

a memory medinm such as disk or tape which is loaded into/onto one of the nonvolatile



as a rectangular lattice or equilateral lattice by executing a nunber of
iterations of the lattice optimzation with scaling paranmeter Of@cqualso
zero. However, to avoid tearing O 7 JUN 2005 31 of the lattice, the

di stance between atonms in the cheap lattice may be set equal to the

m ni mrum of the nom nal distance function. In another alternative

enbodi nent, the initial lattice may be generated froma cheap | attice by
executing a nunber of iterations of the lattice optim zation with a
nonzero val ue for the scaling paraneter 3, and with the distance
function d(x) replacing the image potential field b(x). In step 620, the
initial lattice of points may be optim zed by Algorithm5. The optim zed
| attice of points may be used in any 3f a variety of applications. For
exanple, the lattice may be triangulated to generate a space-filling
mesh, and the nesh ma be wused to execute a nesh-based simulation (such
as a reserpeiTdainnpat i enihis raagdecBarthgnacs | go iy hvEes PEISNS Y Ta19yS5ds

met hod, t ed by
- app! | a8 g BB IR R el YRR okl e e it

Concl usi onjt is antefii that tlerisputantigs eepect hecessaaitpbe savp axddéda aboaned by
denonstrate the utility of t he ne hod of this inve eneratlng a
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conformng to a “spacially-varying |l evel of detail in the inage.

exanpl esofesatenalnsgy Isd]pwfprtnhditbytqon@rmgarlsastemn5(@f arglfohose blamtom:ethmayom eld a
space- fillin sh th aI| ed w f hi ghly
ogul ar BitEReRESTeh e il FhEeT e qobhfebn e PRy oo e &

subsequent;,6 @R akiiQns: geﬁuﬁa@emy b igsigh k@l 1 00ADOfackdgei d flow CQur
conbination of a lattice framework and an i mage may be used as the basis

for, inpr OF@IQB@OI&ES@W drgrerfleatiment €00 @fa@:tm@hOd Aot E@@qhmglﬂ—:lﬁﬁm es

shown above i t.h t hi entlo

a1y e Y S et RO bl STt 25 s T P B BRI dp aBBRETD ane
3-D equadi piszcaRg. a&g@m@%ﬂ‘m%@xb@ﬁﬂ@bgﬁé&p%@@be ﬁbqhhecﬂ intdes wehipt | ons.
The met hod of the present invention naturally eneralizes to

N di mens¥kerraible Reges, sughey woRkppEledngmetidgapd qg%e%lvieﬁ%to hegipEpipsystem

500. In step 610, the image may be preprocessed to enhance or reveal features of interest
in the image. If the features of inferest are sufficiently clear in the image as acquired in
step 605, step 610 may be omitted. (As mentioned above, the image as acquired in step
805 may have already been subjected to preprocessing operations.)

The present invention contemplates the use of any desired processing technique or
combination of techniques for the preprocessing of step 610. For example, the image
may be subjected to edge detection, convolution filtering, Fourier transformation, non-
linear filtering, thresholding, etc. The preprocessing may generate the image potential
field sampled like the digital image. Furthermore, the preprocessing may operate on
the image to generafe the nominal distance function d(x). The preprocessing may be
automated or may be responsive to user inputs. For example, a user may highlight
features and/ or regions of interest in the image.

In step 615, a lattice of points consistent with the nominal distance function d(x) may
be intialized in the space spanned by the image. The lattice may be initialized by the
methods of Algorithm 3 or Algorithm 4. In one alternative embodiment, the initial lattice
consistent with the nomineal distance function may be generated from a cheap lattice such
ag a rectangular lattice or equilateral lattice by executing a number of iterations of the

lattice optimization with scaling parameter J equal to zero. However, to avoid tearing
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Conclusion, ramifications, and scope

The examples provided above demonstrate the utility of the method of this invention
in generating a lattice of points that is both pseudo-regular and responsive to features
in a digital image. The optimized lattice may have variable density, conforming to a
spacially-varying level of detail in the image.

The examples have also shown that triangulation of such a lattice may yield a space-
flling mesh that is well aligned with image features. The highly regular elements in this
mesh make i a suitable framework for subsequent computations, such as the sirmulation
of fluid flow.

Qur combination of a lattice framework and an image may be usad as the basis for
improved algorithms for feature extraction.

Although the examples shown above exhibit 2-D images, the method of this invention
applies equally well to 3-D images. Where necessary, differences between 2-D and 3-D
equations and algorithms have been highlighted in their descriptions. The method of the
present invention naturally generalizes to N-dimensional images, where N is any integer
greater than zero.

The images in the examples were uniformly sampled on a rectangular 2-D grid. How-

ever, various embodiments are contemplafed where the method operates with alternate



i mage; 10 optimzing said lattice by noving said points to extrem ze a
conposite function of spatial coordinates of said points; wher el h JEKilEH
conposite function is a weighted conbination of a first function of
pair-w se di stances between said points, and a second function of
sanpl ed val ues of said i mage near said points; 15 wherein the first
function is a summation of terns, wherein each of said terns corresponds
to exactly one of said pair-w se distances between said points; and
wherein said optimzed lattice of points is usable to generate a nmesh for
sinmul ati on of a process associated wth said image. 20 (2) The nethod of
claim1l1, whereby weights in said weighted conbination are chosen to
bal ance a desired extent of regulari8y of said lattice with a desired
extent of responsivity of said lattice to said features in said inage. 25
(3) The nethod of claim| further conprising generating a space-filling
mesh f r omeettheolpgies ifor cofmpei ne$) el rRyeenmsrtiondl of thel saifare3o! aidesi n t he
nmesh coppri ses N-di nensi I sh Lenents,. the nethod further
Conpr | STRGY GSRT FY bR ar A BRES tounanrraamsros Y0 Gunlit "5t ¢ nesh
el ement ssguRAtBE bEbAnSAOs A ia0RLed cab ouiaar tRSistea D MiBSPOREscd auradtiboundar y
bet ween regions of interest in said image. (5) The nethod of claim1,
wher ei ndefdied oprbe airfase.rrgddhpn slyaned vabs inase deftunse disghived pathadpaepes es,
for eac ot _d i i : r r ' ce fromsaid point e
35 in sgﬁ§9F§1?¥@%&?% O%ﬁ%%mgﬁﬁﬁﬁggFﬁg§%f§%ﬁag%#%£ nearby said point. 0 7
JUN 2005 7134 rf{dhod bethieihbadionfhas bainmprsenwkien eérmssdindninimitzitédn Zohigmt he
| atti ce_of pojnts coqprises: reading a first tentative Iattic? poi nt

froma Huégeobuuhiarisyakicsl e thaetipBBiRGadoe GUdCEh d if pRéfleeft at i ve
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state of the |%tth% Is ‘contained 1n the first neigh
lattice optimization operates by maximizing a composite function comprising a combina-

tion of a first function of inter-atomic distances between points (i.e. atoms) in a lattice
and a second function of positicns of the lattice points.

Although the description above contains many specific details, these should not be
congtrued as limiting the scope of the invention. Rather, they merely provide illustrations
of currently preferred embodiments of this invention. For example, the simple polyno-
mial pair-wise potential function could be replaced with another function having similar
properties. Likewise, a variety of algorithms may be used to initialize a lattice of atoms,
in addition to the two algorithms presented above,

Thus the scope of this invention should be determined by the appended claims and

their legal equivalents, rather than by the examples of embodiments provided above.



if the first nei ghborhood contains none of the lattice points in the
current state of the lattice, executing an update operation cobpriu¥iltly:
adding the first tentative lattice point to the lattice, and 10 appendi ng
new tentative lattice points to the queue, wherein said new tentative
| att'i ce points are assigned coordi nate positions corresponding to an
exactly regular lattice with respects®o the first tentative lattice
poi nt and the distance function. 15 (7) The nmethod of claim®6 further
conprising: storing one or nore seqﬂﬁﬁoints on the queue; and repeatedly
perfom ng said reading, examning a ¥8nditionally executing the update
operation until the subset of said space is filled. 20 (8) The nethod of
claim5, wherein said initializing the lattice of points conprises
random y asidhmglapmddit s to said |lattice at positions sanpled by said
i mge, and wherein a probability of adding a point to said lattice at
one of said sanpled positions is determ ned by the distance function
eval uated at said one sanpled position. 25 9% The pet hod of claim1,
wherei 7 sai d optim 21 ig“PREFE R *aﬂrthoééwféewgla 158 N-UBABITSEEdnput i ng a
val ue of the first fumaitt e respdae feainrs is an B-doempud digigy intapre whead M@ 20f t he
first function conpri Sgse eMalidftdd e Aol Bbhli@Ral form at image sanple
positions in a 30 neighborhood of a lattice point to obtain |ocal
function val ues; addi ng ftidelidigead lafitend taidaniny &l altaiset bspeo kamelspionail ng
sanples in an array reprgsenting an atomc potential field; repeatedly
perform ng said evaluating and said adding for each of the lattice
pointsjo 0 7 JUN 2005 35 opitfgtshith Gutad byah @it Gaid plidib ieddemfzt € k@hpoat ue
correspondi ng to each ofﬁEggnmggﬁhk&ﬁmgghggﬁmmgﬁsed on one or nore
sanples in the array representing the atomc potential field; and

wherein said composite function is a weighted combination of a first

function of pair-wise distances between said points, and a second function

of sampled values of said image near said points;

15 wherein the first function is a summation of terms, wherein each of said
terms corresponds to exactly one of said pair-wise distances between said

points; and

wherein said optimized lattice of points is usable to generate a mesh for

simulation of a process associated with said image.
20

(2) The method of claim 1, whereby weights in said weighted combination are
chosen to balance a desired extent of regularity of said lattice with a desired

extent of responsivity of said lattice to said features in said image.

.25 (3) The method of claim | further comprising generating a space-filling mesh from

the lattice of points.

{4) The method of claim 3, wherein the mesh comprises N-dimensional mesh
elements, the method further comprising identifying a union of boundaries of a
30 subset of said mesh elements, and wherein said union of boundaries

corresponds to a boundary between regions of interest in said image.

(5) The method of claim 1, wherein said initializing employs a distance function
that specifies, for each point in said lattice, a preferred distance from said point

£35 in said lattice to other points in said lattice nearby said point.



adding the atomc potential field value for each the lattice p0|nts to
determ ne the value of the first function, (10) The nethod of cI ¢&2%5
wherein the functional formconprises a function of distance from

| attice point divided by a nom nal distance function evaluated in the

- nei ghbor hood of the lattice point. 10 (11) The nethod of claim1, wherein
said optimzing the lattice of said poinmas further conprises conputing
derivatives of said conposite function with respect to each of said
spatial coordinates of said points, and determ ning an updated set of

val ues for said spatial coordinates of said points based on said
derivatives. 15 (12) Thheeth®biddn Hfvbedidaitinkialiager Givee dfpents ageesat t ai ns a
m nimal value along at |east a subset of said features in said image.
(13) The nethod of clainﬂfﬁm&h@ﬁ§wﬁwﬁH@“ﬂﬁﬁ@@mﬁ%@%ﬁns a ﬁaXIﬁa| val ue
along at 20 |east a subset  of

€Xa 11}115 a 1rst nee%_hgcf‘hood’ aroun(lzl salé 1rst tent%twf gi%ce po%nt t)

A
conput er -i npl enent ed net ho esen an obj ect
for sinulation, the nethd@mﬂwwﬁm%ﬁﬁéﬁ}@56@%@%mﬁwﬁqméﬁmﬂﬁﬁ@éméiwthe
obj ect; initializing a | abidieinafe fROiRESHL; ad Space sanpl ed by the inage;
and adjusting locations of the points in the space one or nore tines to
extreni ze a conposite funthd s ngfhbsiyad fetkintevor diths dattes pafis i He cpyeitnt s;
wherei n the conposite funglkioORe ke @xddRinght el CpdaiMahyhengof a first 30
function of pair-w se distances between the points, and a second
function of sanpled val ues offingtad fifst ieneigelateapintthide piGiendng; wherein the
first. function is a summati on of terms, wherein each of said terns
correspdnds to exactly one @Pendsg pwhsTaveffras PHS g B HEEBEHY sai d
points; and D 7 JUN 2005 3@wwhesiet: Meigaipdin@djeustipmad chodatei psigonone or nore

tinmes produces a final | at{hGem@he B Bl thak s WaRkle: Langpper ate a

mesh for simulation of a
tentative lattice point and the distance function.

15 (7) The method of claim 6 further comprising:
storing one or more seed points on the queue; and

repeatedly perfoming said reading, examining and conditionally executing

the update operation until the subset of said space is filled.

20 {8) The method of claim 3, wherein said initializing the lattice of points comprises
randomly adding points to said lattice at positions sampled by said image, and
wherein a probability of adding a point fo said lattice at one of said sampled
positions is determined by the distance function evaluated at said one sampled

position.
25

(9) The method of claim 1, wherein said optimizing the lattice of said points
comprises computing a value of the first function, wherein said computing

the value of the first function comprises:

evaluating a functional form at image sample positions in a

30 neighborhood of a lattice point to obtain local function values;

adding the local function values to corresponding samples in an array

representing an atomic potential field,

repeatedly performing said evaluating and said adding for each of the

lattice points;



process associated with said object. 5 (15) The nmethod of claim 14,
wherein said object conprises an underground reservoir of one ﬁq-@ﬂr@5
fluids, and wherein the sinulation conprises a sinulation of t g of
said fluids based on said nesh. (16) The nethod of claim 14, wherein one
of said pair-w se distances corresponds 10 to one pair of said lattice
" points, and wherein the pair-w se distance conprises a ratio of (a) a
di stance between the points in the pair 3f lattice points and (b) a

val ue of a nom nal distance function evaluated in the neighborhood of
the pair of lattice pointempiie {nkEmickoeuapgialerlvd coppdspnentte ckengtiikod f or
generating a lattice fronhﬁ@rbﬂﬁgﬁ%d&h@woﬁﬁ&@ﬂﬂm&ﬂﬂﬂﬁhﬁhn&mmhn&t|al|Z|ng
a lattice of points in at_ | east %mpﬁgdzmn of a space sanpled by the

i mge; and 20 adjusting IS%%ﬁm%fo poifts in the lattice of points in

the space one or nore tifgs, hO.LREWGEAS dAWRLIR: 8l BXiHRIWROL a total

potential energy, mherel sai t al ntjal energy conprises a
conbi nation of an atonic 55TEHFV§W”%ngﬁ$m6Pnthe lattice and an image

potential energy of the lattice; wherein the inmage potential energy is
conputed fromthe imge and the 25 |ocations of the lattice points; and
wherein sai d adj ustibngnd ﬂ%ﬁ ioDdE'laSm@,nﬂ]eﬁfn ORdAITRE PrhRddd GGsc@n ff Nal

lattice of p0| nts t hgtsta c omt Fpla ce p91nt V%Qaa?%anm&al gnceofgncgb%%%%at%} ed with

the image. (18) The net erein t e 1 nage potenti al
energy conprises a suﬁV@Gméﬁmﬁﬁﬁ@@“ﬁﬁW%ﬂﬁWaI field values, and wherein
each of, said i mage potential field values corresponds to an eval uation
of an I'mage potential field at' one of the lattice points. (19) The

net hod of cl ai m 18¢y\Whesreindd §gin 1%%&9@&;%@1@@ ﬁq@ﬁélwoesa,dg&mg ffef est, the
35 nethod further co risin ngggegghmw d@:dc oteg%hae et%)d by
processing the inmage $6 that 'the " ote refa at P8 s’ a first
potential val ue al ong e@}yof‘}s@@)%@gcoo@mates of sald pomts, and determining an updated set

of values  for said spatial coordinates of said points based on said derivatives.

J

15

{12) The method of claim 1, wherein the image attains a minimal value along at least

a subset of said features in said image.

(13) The method of claim 1, wherein the image attains a maximal value along at

20 least a subset of said features in said image.

{14) A computer-implemented method for generating a representation of an object

for simulation, the method comprising:
25 obtaining an image of the object;
initializing a lattice of points in a space sampled by the image; and

adjusting locations of the points in the space one or more times to

extremize a composite function of spatial coordinates of the points;

wherein the composite function is a weighted combination of a first
30 function of pair-wise distances between the points, and a second

function of sampled values of said image near the points;

wherein the first function is a summation of terms, wherein each of said
terms corresponds to exactly one of said pair-wise distances between

said points; and



one or nore of said features of interest and a second potenti al 3»@ 2005
away fromfromsaid features of interest. (20) The nethod of claim b
wherein the first potential value is a nmaxi mum 5 potential value. (21)
The met hod of claim 19, wherein the first potential value is a mninmm

" potential value. 10 (22) The nethod of claim 17, wherein the atomc
potential energy conprises a sum of atéfric potentials for pairs of said
| attice points. (23) The nmethod of claim 22, wherein the atom c potenti al
for one of said pairs of wsadidsdidaddiubting lopibritose brsmage firka Gtad@rs ofinahor mal i zed

di stance between the poingg;l & podi dhh€ u&ﬁé ¥o e&&@i MREE &F BmbiRn B Mal i zed
di stance equals the ratio of an unnornal Iéf di stance between the points
b di

inthe pair and a | ocal v&PEHE *FPaE AbHYS stance function. (24) The
met hod of claim 23 further conprising: 20 snoot hing the inage to generate
a snoot hed i nage; and assigning values to the nom nal distance function
based @n val ues of afhen. sawethedn m@-gﬂeren( 2@) oﬂdaecdmﬁdapdq ma‘dergdo@hm 17,

further COFTpI’I Si ng gelnegrv%itrloglgn a rT.eSI’]fh.luys andd)veerel It‘r?eailmulz%on co é)ssl.ege of

poi nts, wherein the nes usapl'e to i nformation associated wth
the i mage. (26) The n’é’f“h‘ﬁﬂﬂ“ fthec’{:[P‘éPfrﬁ“ %‘ildsf’ﬁ?dt"ﬁéﬁ‘d"éféhﬂr‘prl sing performng a
sinmulation of a physical process using the nesh. 30 (27) The nethod of
claim 17, wherein said conbination conprises a |inear conbination

(err)A+(err) B, whefg Mhdieabd& RO CheRALENrA pBRGE glymncéMa%@,JoﬁusB is the

i mage Botentl al ener qy, and %/\,h? ein coef%l cients a anl% ccontrol an

ext ent posi ti onal CSEHREY 05 a?cedil"mgaﬁ’ P RET B BEPRCERET h r espect
to features in the 1854 efdge danete batweexthervintsgf the myof lethjepyntpfnddni d | attice
of points. 0 7 JUN 200%ue38 (28)omllariisfienoeion bvatihiad ind reightbito bt

conprising. the pair of lattice points.

15

{17y A computer-implemented method for generating a laitice from an image, the

method comprising:

initializing a lattice of points in at least a portion of a space sampled by

the image; and

20 adjusting locations of points in the lattice of points in the space one or
more times to converge towards an extremum of a total potential energy,
wherein said total potential energy comprises a combination of an atomic

potential energy of the lattice and an image potential energy of the lattice;

wherein the image potential energy is computed from the image and the

25 locations of the lattice points; and

wherein said adjusting locations one or more titnes produces a final lattice

of points that is usable to encode information associated with the image.

{18) The method of claim 17, wherein the image potential energy comprises a sum
30 of image potential field values, and wherein each of said image potential field
values corresponds fo an evaluation of an image potential field at one of the

lattice points.

(19) The method of claim 18, wherein the image includes features of interest, the
35 method further comprising generating the image potential field by processing

¥ the image so that the image potential field attains a first potential value along



acquiring a series of inmages; and performng said initializing andﬂ?JUNZ%S
adj usting on each of said images in said series 5 to generate a
correspondi ng series of final lattices. (29) The nethod of claim17
further conprising: acquiring subsequent inages; encoding differences in
't he subsequent images using the final lattice of 10 points to generate

i mge codes; and transmtting the i mage ¥odes onto a transm ssion nmedi um
(30) A conputer-inplenmented nmethod for determning a lattice of points
suitable for 15 a si mié atmhoddef tii@fem@tshothteGONPd i SLdAf por@pe Faicd aRgy on an

image to generate an igRgs Rt entlatfigl d, wherein said inage potential
field attains an extremal potential value along features of interest in

said image; initializing the lattice of points in a region of space
corresponding to said 20 inage; and repeatedly adjusting |ocations of
said lattice of poi3h sThe meted of dayilBnviewingie fistt wirieb vauet ip g abaxipoent i al
ener gy, swherein said t@tdlrpiential energy conprises a combination of an
atom c potential energy and an i mage potential energy, 25 wherein the
atom c potential energy conprises a sumof atomc potentials for pairs
of said lattice points, wherein the inmage Eotential energy conprises a
sum of i mage pot entdly e medpdyolspian dinvhismnho frs ety yeltfe® Bor BRI al s
corresponds to an evalpatilonluof the 30 inmage potential field at one of
the lattice points. (31) The nmethod of claim 30, wherein said operating
on the first inmage to generate t he i mage potential field conprises

det ecting edges in and erein said features of
|nteregQ conpri se 5%8 emﬁ 8m??f§?ﬂﬁnmammffﬁmi TEOUE Y ¥32) The

met hod of cl ai m 30, mhéﬂemhmeamﬁf@pe%aﬁwﬁ@meﬁweeld image to generate the

{23) The method of claim 22, wherein the atomic potential for one of said pairs of

said lattice points is a function of normalized distance between the points in

15 the pair, and wherein the normalized distance equals the ratio of an
unnormalized distance between the points in the pair and a local value of a

nominal distance function.

(24) The method of claim 23 further comprising:
20 smoothing the image to generate a smoothed image; and

assigning values to the nominal distance function based on values of the

smoothed image.

(25) The method of claim 17, further comprising generating a mesh from the final
25 lattice of points, wherein the mesh is usable to encode information associated

with the image.

(26) The method of claim 25, further comprising performing a simulation of a

physical process using the mesh.
30

(27} The method of claim 17, wherein said combination comprises a linear
combination ctA+PB, where A is the atomic potential energy, wherein B is the
image potential energy, and wherein coefficients o and B control an extent of
positional sensitivity of said lattice of points with respect to features in the

#35 image and an extent of regularity of said laitice of points.



i mage potential field conprises: identifying features of interest in the
image; 5 assigning a first constant value to the imge potential field at
first spatial |locations corresponding to at | east a subset of sald JUN 2005
features of interest; and assigning a second constant value to the inage
potential field at second spatial |ocations not corresponding to said
"features of interest. 10 (33) The nethod of claim 32, wherein said first
constant value is a maxi mumvalue of saf®d i mage potential field. (34)
The met hod of claim 32, wherein said first constant value is a mninum
value 15 of said inmage potential field. (35) The nethod of claim 32,
wherein said operat] on said inpge to generate the inage potenti al
field further conpﬁ%gg@eﬁﬁ%ﬁfﬁ%ﬁb” eI s on of the | mage potentia
field, generated by S%&ﬁhﬁ?ﬁ&ﬁ££ﬁ9%$$§nfir5t constant value and the 20
second constant value, to obtain a second version of the inage potenti al
field. (36) The net hgedhinCla@iniBadimg MRYuRInD orSAHh SAGHRG:s Mefisian of the

i mge potential field is uUsed to compute.the image potentials for a
first set of repetition% 0 sald répea ed y aJ{usting | ocati ons, and
wherein said first version of the 25 inmage potential function is used to
conpute the atomc inmage potentials for a second set of repetitions of
sai d repeat edl y adj28istThengethod glatainoiTurthér3ahyprifilee net hod of claim 30 further
conprising: randomy displacing the |ocations of said |lattice of points
in said space; and 30 pef R HEURI P e i terations of said randomy
di splacing and said repeatedly. .adjusting, to obtain.a sion of |ocal
extrems of the total  pot GHt R aNSr gy ™ CHE tRE el Rol BF &1'arm 30,
wherei ' said initializi ngrangt sysatameicstdgmd function y 35 that
specifies a preferred disgancg ﬂ am each Epint Ln.sahg | attice to other
points 0 7 JUN7005 40 neXPBYaelidm B8 At mRAG WREFRME Yhi d preferred
di stance is a function of |ocation :

(30) A computer-implemented method for determining a lattice of points suitable for

15 a simulation, the method comprising:

operating on an image 10 generate an image potential field, wherein said

image potential field attains an extremal potential value along features of

interest in said image;

initializing the lattice of points in a region of space corresponding to said
20 image; and

repeatedly adjusting locations of said lattice of points in said region to ex-

tremize a total potential energy,

wherein said total potential energy comprises a combination of an atomic

potential energy and an image potential energy,

25 wherein the atomic potential energy comprises a sum of atomic potentials

for patrs of said lattice points,

wherein the image potential energy comprises a sum of image potentiais,

and

wherein each of said image potentials corresponds to an evaluation of the

30 image potential field at one of the lattice points.

(31) The method of claim 30, wherein said operating on the first-image to generate
the image potential field comprises detecting edges in said first image, and

wherein said features of interest comprise edges in said first image.



in said region. (39) The nethod of claim38, wherein said initi ah zj ﬂ%ﬂﬁ
the lattice of points in the 5 region of space conprises: readi Zj zy
first tentative lattice point froma queue; examning a first

nei ghbor hood around said first tentative lattice point to determne if
“the first neighborhood contains no points of said lattice; and if the
first nei ghborhood contains no points of’said lattice, executing an 10
updat e operation conprising: adding the first tentative lattice point to
the lattice, and appending new tentative |lattice points to the queue,
wherein said newtentative |lattice points are assigned coordinate
positions corresp@hdiltrgrethed Rl2iEndhrpin fEFaTAERS At NEe NEPHG BSpect to
the first 15 tentati wegdatettaieldpaigitesand t he di stance function. (40) The
met hod of claim 39 further conprising: storing one or nore seed points on
t he queue; and repeat edl yidpéiihplintag osakrest m&adieay, exanm ni ng and
conditionally executing 20 the_update ogperation until the subset of said
space i's filled. (41) Th e TRIER b EGPR ST R oS0 RS PR R ST Bpe

nei ghbor hood around sai d lfqations corrgseqptiiag fowrbledsior ubseieof pd fatturpssof geerest;

N-di mensi onal ball wth dianeter proportional to the distance function
evaluated at the first tentative lattice point, wherein Nis 25 the

di mensi on of said space cetgmespeondi xgstinovagaitecthq imaggeotertidl Ald Fhecopet hod of
clai m 30, wherein said i npidialh@hdis bSohdictd $8 ralre@ites, in the region
of space conprises: conmputing a |local probability value at a candi date
positi®on in the region 30 based on a distance function; generating a
random nunber value; determining if the random nunber val ue satisfies an
i nequal i ty conditi®8f THineos dspEct? vheremised frgcepstap rdtsabt P alue; and 0
7 JUN 2005 41 condit bfenailayt paeldizitiglat he candi date position to the lattice
of points if the :

(34) The method of claim 32, wherein said first constant value is a minimum value

15 of said image potential field.

(33) The method of ¢laim 32, wherein said operating on said image to generate the
image potential field further comprises smoothing a first version of the image
potential field, generated by said assigning the first constant value and the

20 second constant value, 10 obtain a second version of the image potential field.

(36) The method of claim 35, wherein said second version of the image potential
field is used to compute the image potentials for a first set of repetitions of
said repeatedly adjusting locations, and wherein said first version of the

25 image potential function is used to compute the atomic image potentials for a

' second set of repetitions of said repeatedly adjusting locations.

{37) The method of claim 30 further comprising:
randomly displacing the locations of said lattice of points in said space; and

30 performing multiple iterations of said randomly displacing and said
repeatedly adjusting to obtain a succession of local extrema of the total

potential energy.

(38) The method of claim 30, wherein said initializing employs a distance function

F35 that specifies a preferred distance from each point in said lattice to other points



random nunber value satisfies the inequality condition with respect to
the | ocal probability value. 5 (43) The nethod of claim 42, wherginjsaum
initializing the lattice of points further conprises: noving the

candi date position through a set of imge positions sanpled by said
‘first image; and perform ng said conputing, generating, determ ning and
conditionally 10 adding for each of saif i nage positions. (44) The

met hod of claim 30, wherein the conbination is of the form(1-(3)A + (13,
wherein A is the atonimgarlpotiépdiitahd enemgyid prBereg disthee is rdgeiopotieatonal
energy, and wherein pgLangler p takes any value in the range from zero
to one inclusive. 15 (45) The nethod of claim30 further conprising
triangulating the lattice of points to generate a mesh fromthe lattice
of points, wherein said nmesh conprises a union of nesh elenents, and
wherein the verti cé¥) dihe mpkodpbdhm f. it spiddpitslizingrbe lpthgetof pdntsppiiat s. 20
(46) The nethod of cl atgBndbpaciteb@ban said triangulating the lattice of
points conprises performng a Delaunay triangulation of the lattice of
points. (47) The nethod G@Mmg%ﬁmﬁamQN?EWWHemﬁ@mnuwwS|ng identifying a
union of 25 boundaries of said nesh_el enents wh BrOX|nates one or
nore of said features of™¥Htwerdst “e‘gﬂ’bfél)“drﬁ}’i‘é‘“drﬁid%“ama B EYFPRCREf ur t her
conprising perform ng a Skinaifibe firsoniglbhrgood neshns nogkiet ef spid taties; gidmul at i on
generates output representing a behavior of a 30 physical system (49)
The method of clai m 48, Whet Ertmeighverhsh yataimspo %Oéﬁﬁl B Pewinegn
under-gtund reservoir conplicspengorzmepreingmore fluids. 1 35 0 7 JUN 2005

42 (50) A conputer systemconfiqgured to determne a lattice of points
nmp y
suitable for a adding the first tentative lattice point 1o the lattice, and

appending new tentative latiice points to the queue, wherein said
new tentative laftice points are assigned coordinate positions
corresponding to an exactly regular lattice with respect to the first

15 tentative lattice point and the distance function.

{40) The method of claim 39 further comprising:
storing one or more seed points on the queue; and

repeatedly perfoming said reading, examining and conditionally executing

20 the update operation until the subset of said space is filled.

(41) The methed of claim 39 wherein the first neighborhood around said first
tentative lattice point is an N-dimensional ball with diameter proportional to
the distance function evaluated at the first tentative lattice point, wherein N is

25 the dimension of said space corresponding to said image.

(42} The method of claim 30, wherein said initializing the lattice of points in the

region of space comprises:

computing a local probability value at a candidate position in the region

30 based on a distance function;
generating a random number value;

determining if the random number value satisfies an inequality condition

with respect to the local probability value; and



sinmul ation, the conmputer system conprising: a processor; a nennhi7cgﬁgégd
to said processor and configured to store program 5 instructio ,J Ban
i nput port for providing an inage to said nenory; wherein said processor
is configured to read and execute the program instructions fromsaid
“menory, wherein, in response to said execution of the program
instructions, the processor is operable“o: 10 operate on the inmage to
generate an image potential field, wherein said imge potential field
attains one or nore extremsiipelendingabe waldiesosital Ong lfeadimss ifofe i nt er est
in saidimge; initialiZzeidenhdd tvhiteea@besRQ igSility RorRitbSPiPRspRe SPace
corresponding to said |§P?e; a%gH15 repeatedly adjust |ocations of said
lattice of points in sai &P P8 Y8%: trenize a total potential energy,
wherein said total potential energy conprises a conbination of an atomc
potential energy and an image potential energy, wherein the atomc
pot entizal energy cEAPIThERGHA oStldih @f, whbrai b inidizipothentitads GoihtOfurtpal rs of
said lattice points, @Qﬁﬁﬁkn the i mage potential energy conprises a sum
of image potentials, a d Wwherein each of said i mage potentials
corresponds to an eval uatdo@Rk @ candidd® pbsiBIBroRAta@ALT idkgelpbslots @bpi@ne of the
lattice points. 25 (51) A c%qaﬁterTrgadable menory medi um configured to

. . Sa1a 1irsy 1mage, an H .
store program instructions, ersin the programinstructions are

executable to inplenent: pefoRiitd @dl Bhfitngd pdndlihk Cte@Hinil@ Ghd bR dilidaig Subset of
space ﬁgnpled by an | mage, . ?0 qpq optim zing said lattice by noving said
poi nts'to extren ze a coRPSEFY & ¢ FHTISAEP ™t he spatial coordinates of
said points; wherein said conposite function is a wei ghted conbi nati on of
a first

{44) The method of claim 30, wherein the combination is of the form (1-f)A + BB,

wherein A is the atomic potential energy, B is the image potential energy, and

wherein parameter [} takes any value in the range from zero to one inclusive.
15

(45) The method of claim 30 further comprising triengulating the lattice of points
to generate a mesh from the lattice of points, wherein said mesh comprises a
union of mesh elements, and wherein the vertices of the mesh elements are

the lattice points.
20

(46} The method of claim 45, wherein said triangulating the lattice of points

comprises performing a Delaunay triangulation of the lattice of points.

(47) The method of claim 45 further comprising identifying a union of
25 boundaries of said mesh elements which approximates one or more of said

features of interest.

(48) The method of claim 45 further compriging performing a simulation on the
mesh, wherein the simulation generates output representing a behavior of a

30 physical system.

(49) The method of claim 48, wherein the physical system comprises an

underground reservoir comprising one or more fluids.



function of pair-w se distances between said points, and a second 35
function of sanpled values of said i mage near said points; 0 7 JOR JHOF6I5
43 wherein the first function is a summation of terms, wherein each of
said termnms corresponds to exactly one of said pair-w se distances
"between said points; and wherein said optimzed lattice of points is
usable to generate a nesh for 5 sinulat#on of a process associated with
said i mge. (52) The nenory medi um of claimb51, wherein the program
instructions are f @0l Rerompexesuhabligutdo genshat dtige sipape sfiiablé fong nmesh
fromthe lattice of pQiftifon, HdohRd) syd¥EcolpiiREY Medi um of cl ai m 52,
wherein the nmesh conprises N-dinensional nesh el enents, wherein the
program instructions areafretestdier executable to identify a union of
boundaries of a subset of said nesh elenents, and wherein said union of
boundari es corresponds tomandsoerieiey ip Pétrinesier pglotimgredio figit 8°8E i n said
i mge. 55 (54) The nenoriyswo@edsisma of cl aim 51, wherein said initializing
enpl oys a distance function that specifies a preferred distance from
each point in said |attiwértigort gtierdingeiintes tosedmpyorsai d poi nt, and
wherein said preferred distance is a function of I[({')cati on in said space.
20 (55) The nenory nedi utiGP B &oRF8a S AHBPE K €487 Pivres bF POPRY t he

| attice of points conpringregionsfeadiihygenrf whedin, ingpipersd v ezid aeduii@et poi nt
froma queue; exanining @ figdstinheliGhRepBoG iagad.sai d first tentative
| attice point to 25 determine if the first neighborhood contains no

poi nt-siof said |attice; andperaicfon hivmafetd gteraten givgororoddietionlicsinnsd No poi nt s

of said lattice, executi ng_mﬁ% HRELAGQ: PRE 3hd QMn&OMREhShodial 3L Ng the
first tentative lattice poin lfo t%}e | atti ce, and appendi ng new tentative

lattice points to the queuB sfBFRT HEH; T auwes
initialize the lattice of points in a region of space corresponding to said

image; and

15 repeatedly adjust locations of said lattice of points in said region to ex-

fremize a total potential energy,

wherein said total potential energy comprises a combination of an

atomic potential energy and an image potential energy,

wherein the atomic potential energy comprises a sum of atomic

20 potentials for pairs of said lattice points,

wherein the image potential energy comprises a sum of image

potentials, and

wherein each of said image potentials corresponds to an evaluation of

the image potential field at one of the latiice points.

25
1
(51y A computer-readable memory medium configured to store program
instructions, wherein the program instructions are executable to implement:
imitializing a lattice of points in a subset of space sampled by an image;
30 and

optimizing said lattice by moving said points t0 extremize a composite

function of the spatial coordinates of said points;

wherein said composite function is a weighted combination of a first
function of pair-wise distances between said points, and a second

33 function of sampled values of said image near said points;



30 tentative lattice points are assigned coordi nate positions
corresponding to an exactly regular lattice with respect to the first
tentative lattice point and the distance function. (56) The nen@ﬁyﬁﬂﬁﬂ&um
of claimb54, wherein said initializing the lattice of points 3
conprises randomy adding points to said lattice at positions sanpled by
'said 07 JUN 2005 44 imge, and wherein a probability of adding a point
to said lattice at one of said sanpled Positions is deternined by the
di stance function evaluated at said one of said sanpled positions. 5
(57) The nenory nedi um of wbirai he Bt funglipe ised mwgiolofgpms. vharéimepclt ¢es2if at ti ce
of said points conprises ifReakResy £RNPME bNGid feirvAleWRa@bs Hefl@enfshid St
function, wherein said coggu%hng the value of the first function
conprises: evaluating a fdnctional form at i mage sanple positions in a

nei ghbor hood of a | atticewRQkintadte@iRl 8l Ir@6iab ishbtbietd QRrN¥Al H&S for 10

addi ng ghe | ocal functloni%%Iues to corrgg&gggé%wn%gnples In an array

. . tion pf aprocess asso . .
representing an atonic pofential e’ fep y“perform ng said
eval uating and said adding for each of the Ilattice points; conputing an
atom c potential field value corresponding to each of the 15 lattice
poi nts, based on oOnNg) Ore fEtf@y SR o€ Saiin A1, Wh@eithe gypraveipstresien e dgihérhe

atomic potential field,.and addi-ng Lhenal oG Rt ML dpftel d val ue for
each the lattice points to determne the value of the'first function. 20

(58) The nmenory nedi um of claimb57, wherein the functional formconprises
a function of distance fromthe lattice point divided by a nom nal
di stanée functi on (Bvalhgatredy nediupaid cipiisg hiherrin o tlesh fonrhiess Natinteheomal poi nt .
mesh elements, wherein the program instructions are further executable to
identify a union of boundaries of a subset of said mesh elements, and wherein

said union of boundaries corresponds to a boundary between regions of interest

in said image.
15

(54) The memory medium of claim 51, wherein said initializing employs a distance
function that specifies a preferred distance from each point in said lattice to
other points nearby said point, and wherein said preferred distance is a function

of location in said space.
20

(55) The memory medium of claim 54, wherein said initializing the latiice of points

comprises:
reading a first tentative lattice point from a queue;

examining a first neighborhood around said first tentative lattice point to

25 determine if the first neighborhood contains no points of said lattice; and
if the first neighborhood contains no points of said lattice, executing an
update operation comprising:

adding the first tentative lattice point to the lattice, and
appending new tentative lattice points to the queue, wherein said new
30 tentative lattice points are assigned coordinate positions

corresponding to an exactly regular lattice with respect to the first

tentative lattice point  and the distance function.

(56) The memory medium of claim 54, wherein said initializing the lattice of points

35 comprises randomly adding points to said lattice at positions sampled by said



10

15

20
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image, and wherein a probability of adding a point to said lattice at one of said
sampled positions is determined by the distance function evaluated at said one

of said sampled positions.

(57) The memory medium of claim 51, wherein said optimizing the lattice of said
points comprises repeatedly computing a value of the first funetion, wherein

said computing the value of the first function comprises:

evaluating a functional form at image sample positions in a

neighborhood of a lattice point to obtain local function values;

adding the local function values to corresponding samples in an array

representing an atomic potential field;

repeatedly performing said evaluating and said adding for each of the

lattice points;

computing an atomic potential field value corresponding to each of the
lattice points, based on one or more samples in the array representing the

atomic potential field; and

adding the atomic potential field value for each the lattice points to

determine the value of the first function.

(58) The memory medium of claim 57, wherein the functional form comprises a
function of distance from the lattice point divided by a nominal distance

function evaluated in the neighborhoed of the lattice point.



