WO 02/ 29611 PCT/ US01/ 42537 METHOD AND APPARATUS FOR EFFECTI VELY PERFORM NG
LI NEAR TRANSFORMATI ONS TECHNI CAL FI ELD The present invention relates to the
fields ofwadbomedeal signal processing. It introduces an inpeDvsa/reithod and
apparatus for performng |inear transformations, wth reduced nunber of
arithmetic operations, sinplified circuitry, and | ow power 5 consunpti on.
BACKGROUND Li near transforrrati ons are commonly used for signal or data
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X11 -1 WD 02/ 2 11 PCT/ US01/ 42537 The |inear transfornmation produce from
the input vector x an output columm vector, y of dinmension r, through the

product of the matrix by the vecBgcmR(’;UN})

Linear transformations are commonly used for signal or data processing. A
linear transformation produce from an n-dimensional vector, considered as “input
vector” an r-dimensional vector, considered as “output vector”. In many applications

10 the input vector consists of digital samples of a given signal that requires processing.
However applications of linear transformations are not restricted to any specific
domain, they are essential to every field of science and technology and their efficient
performance is highly desirable.

A general linear transformation from the set of n-dimensional vectors (real,

15 complex or from any field of scalars) to the set of r-dimensional vectors (over the

same field of scalars), may be represented by a matrix of order rxn given by:

all au . . . . . aln
a21 a22 . . . . . a2n
A=
_arl arn N

A general input n-dimensional column vector is written in the following form:

n



given by following fornula: Yl all a12 . . . . . aln x1 Y2 a2l a22 .
a2" x2 Y Yr arl an, xn allxl + al2x2 + + al"x" a2lx1 + a22x2 + . . . .
+ a2"x'wobz6ar| xI ar2x2 + . . . . . +an,xn A strai ghtf pewase/426371 or mance
of the linear transformation requires, rn products and r.(n-1) additions.
Binary matrix are of special inportance in the devel opnent .and application
of the present invention. Binary-bipolar matrix are those containing only
+1 values in 1ihetlingar trensfoineation Heodiet dranh thaaputwerdta ben catpuedolumimt ri x. A

linear tr r i,on_ represent e a ix will be called, . . .

Ut r ansf orq’grré{o?’c}!r:g{k fh(r%n?q%(’%ar boglé("ﬁ?‘etgé ﬁf%f#{lz’gﬁ% {hei matfigbyythe siecior ahdetbisnat i on
is a U trapsh®yn@dllb@ing faghula( n- 1) additions/subtractions would be required
for its straightforward performance. Another type of binary matrix are
those containing ¢niYy Ofd, val,ues in.their eptlfi.e3. They woul d be called
O-1-matrix. 15 A lji near C}ransformation represgnted by O-1-matrix is called
a 0-1-transformatidal I tHe above ‘presenfatf|da,| r(n-1)/2 additions woul d
be required, on average, -for a straightforwarld. performance of a
0-1-transformafion. |n fthe current text the tigrm{¥binary transformation"
woul d consi st of fhe|two types of transforngt)ions nentioned above:
U-transformations|and O-1- 20 transformations.| To conplete the

term nol ogy-i ntrodycti o[};zrj t woul d be menti enec £ hat the term U-vector woul d
refer to a vector having 1 values in its conponents and |ikew se, a vector
having 0,1 val uespnxifscemponents will beg.calfed a 0-1-vector. -2 WO
02/ 29611 PCT/ US01/42537 The processing of bi"nAty transformations consi st
of addi ng and sub{fattt nf=Eofponents of th&%Aplit vector. They are

i npl enented in hafdware as.an el ectronic Applic¢ation Specific Integrated
Circutt (ASIC),"requiring elenments such as adders and subtractors. The
usage of these copponents i's costly and energy c¢onsum ng and their

| a.X aux,+ . . . . . 4a,x,

A straightforward performance of the linear transformation requires, rn
products and 7-(n-1) additions.
Binary matrix are of special importance in the development and application of
the present invention. Binary-bipolar matrix are those containing only %1 values in
10 their entries. Henceforth they would be called U-matrix. A linear transformation
represented by a U-matrix will be called U-transformation. In the above presentation,
if the given transformation is a U-transformation then r-(n-1) additions/subtractions
would be required for its straightforward performance. Another type of binary matrix
are those containing only 0,1 values in their entries. They would be called 0-1-matrix.
15 A linear transformation represented by 0-1-matrix is called a 0-1-transformation. In
the above presentation, r-(n-1)/2 additions would be required, on average, for a
straightforward performance of a 0-1-transformation.
In the current text the term "binary transformation" would consist of the two
types of transformations mentioned above: U-transformations and 0-1-
20 transformations. To complete the terminology-introduction it would be mentioned
that the term U-vector would refer to a vector having +1 values in its components and

likewise, a vector having 0,1 values in its components will be called a 0-1-vector.



S construction occupies a precious area. A hardware inplenmentation of
binary transformations with a | ow consunption of these resources is of

i ncreasi monrgdgli n nunerous fields of technol ogy. There PeT/@SwW46¥pread
usage of U-transformations in various aspects of digital signal
processing. It includes a variety of comunication technol ogi es such as
image 10 processing and wireless communication. Currently there is a
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t echni que SbHaetets. Jderusaes of fssesermepananty ivensp ond enerey grnsuming andgreir
Tl TR L oddiehin baRBIEOR| el 2k U A0 HARMR DS Ee i 59 fimary " CF

is a U sequence having ran nol Se properti Suc
corr el at i drgnsfoTetiesr ehlliankpvp capantptios of ahas resoanesiis Sif GAcre@digShesdcia t o
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di fferent ‘channering co e by application of U-transfornations

where the spraagiondlyGRdess & rwing ividldinide inkcres i HIFBdtlseHudiBe (DY) g of ten
rows of a Hadamard matrix. This 1s one of the many exanpl es where
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In the CDMA transmission technique a multi-user data is send in a composite
signal and then multiplied before transmission by a Pseudo-random Noise (PN) code,
which is a U-sequence having random noise properties (such as low cross-
correlation). The spreading properties makes transmission resistance to noise,
20 including multi-path noise, jamming or detection. A scrambling code, longer than the
channeling code, is also applied. This transmission fashion of the second generation
(IS-95-B) and third generation (3G) wide band (WB) CDMA standards require the
receiver to perform multi-code detection. This is a task of despreading the combined
channels simultaneously, each of which was previously spread according to a
25 different channeling code. It is done by application of U-transformations where the
spreading codes comprising the transformation matrix are often rows of a Hadamard
matrix. This is one of the many examples where effective U-transformation
techniques are desired for accomplishing the computational tasks with a low
consumption of resources.
30
There are several known mechanisms that improve the performance of specific

types of linear transformations. A few relevant examples chosen from a very wide



and are used as filters in DSP can be done efficiently by the use of the
classical Fast Fourier Transform (FFT) algorithmrequiring Q(nlog2(n))
addi ti onvead229sul ti plication operations, where n is the dpaeusoionsaf the
dormai n space. In 5 conparison the standard, straightforward nethods,
require 0(n2) addition and nmultiplication. For details see: [Janes W
Cool ey and John W Tukey, "An algorithmfor the nmachine cal cul ati on of
conpl ex Faageewilsbe inestionaiittene makaplisz Uansfmrmnpunmvhmh,peﬂ;fanﬁ Whvold@dns301,
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rat(il

the invention dh&gendts by anot her aspect of the invention to an

ef ficient nethod and app for the performance of a |inear

transformation, represented by an rxn matrix Tﬁ%\/ nlg %I atively small nunber
ance

of 30 d|fferentan@m@];rd\,@g,m{é@@ﬂﬁcaw%fgf tipy, s aspect of the
i nvention include

A low complexity and energy preserving algorithm for performing this
15 transformation is the Fast Walsh-Hadamard Transform (FWT), which reduces the
number of additions/subtractions for nxn Hadamard matrix to nelog,(n). This provides
an optimal saving in these operations. The fundamental ideas underlining this method
are similar to those of the FFT
The U-transformation's aspect is modified by another feature of the invention
20 to accommodate for an efficient method and apparatus for the performance of and
toplitz U-transformations. ~ These transformations represents full or partial
convolution with a given U-sequence or a complex U-sequence. Wireless
communication applications of toplitz U-transformations include initial time-
synchronization and the searcher which use convolutions with a real or complex
25 pseudo-random (PN) or gold, U-sequences. A gold sequence is composed by the Z;,
sum of two PN sequences.
The above binary aspects of the invention are generalized by another aspect of
the invention to an efficient method and apparatus for the performance of a linear
transformation, represented by an rxn matrix with a relatively small number of

30 different entries. Applications of this advanced aspect of the invention include



-4 WD 02/ 29611 PCT/ USO01/ 42537 conplex U-transformations and |inear
transformations represented by an matrix with {0,1,-1}-entries. This broad
pref erredwvenbzdinent of the invention would be called thRCT/US01/42537
generalized-elimnation-nethod (GEM. Wde band CDVA and probably ot her
branches of advanced DSP future 5 technol ogies would benefit fromthe

si mul t aneous anal ysis of an incomng signal in different spreading
factors. Tbhmylmmiﬁr/ttangfomam and lmeantransformaitorshapresdntedhby amhlatis withhe
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Anot her aSmgéneﬁaﬁized-hﬁmm{a@isﬁﬁhﬁethd&/(e}ﬂl\ﬂpn is an efficient et hod anq .
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t hat appldiffarehthepreading acjorsre Thisdvdudd givei wasstosa bedE-tbdnshannelgh&halowsow r at e
of additi %S'i,rrﬁ:&di tional nmjor plicati ofn,s of the invention include
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comuni cation and other nobile, conputational” based, systens a'r
i n cur r entthe presemipinventians ssdait effidiént ewethqt end sppargtus Soe slxsattyml of linear

licat i f the i tion.the in th ile ph t echnol ogi es,
orol dhg « naeretpet BeoBRE et vodabd B PrufeSysanuo LR iERtpL oo
time. 20 BESERIRBHLCHoCEssBRAMINGHIiTbRS Provessor ubsy inf@akib e sban theaganirages of

the invention will become nore apparént upon reading the follow ng

det ai | ed d¥sadditions gaquired bpdhe paid di-binew msthodeto disewiepansonfiguatianithais. Fi g.

1 schemati : Lk ’ i.on. of.u ti he.contents of a 25
menory enpag}g{}%%h%y 'Qﬁ’%g‘?g‘g thva\?\ﬁ:ﬁ%%fbs%c? ggr lr%séagﬁael l&gg}r% P %arl&r?f@fqngh usi ng the
0-1- binary tr andditiomshtimaor rpplidaionsaof e im@ntion dngludy evifekds endlfshed@ant of
the invention; Fig. 2 schematically illustrates the operation of updating
the dont erfvgews pgrswaﬁ@nw@@ws&}% %%mﬁ%ba%ilewnaér%pm 3de

transfor n%&rfen I e\ Dnlddf olnobfl AHRAGTR A AR dr no IS CHhRioh Gashd,ef er red

enmbodi nent o e invention;
systems a reduction in current consumption used for linear processing is essential.

Applications of the invention the in the mobile phone technologies can prolong the life

of the battery, reduce circuitry and shorten response time.

20 DESCRIPTION OF DRAWINGS
These and other features and advantages of the invention will become more
apparent upon reading the following detailed description and upon reference to the
accompanying drawings.
Fig. 1 schematically illustrates the operation of updating the contents of a
25 memory employed by an apparatus which performs the transformation using the 0-1-
binary transformation matrix, according to a preferred embodiment of the invention;
Fig. 2 schematically illustrates the operation of updating the contents of a
memory employed by an apparatus which performs the transformation using the U-
transformation matrix, according to a preferred embodiment of the invention;
30 Fig. 3 schematically illustrates the operation of updating the contents of a

memory employed by an apparatus which performs the transformation using the



30 Fig. 3 schematically illustrates the operation of updating the contents
of a nenory enployed by an apparatus which perforns the transformation

usi ng thavoe52940 02/ 29611 PCT/ US01/ 42537 Toplitz transf or@BpUUS@M2R3TL i X,
according to a preferred enbodi ment of the invention; and Fig. 4 is a

bl ock di agram of an exenpl ary apparatus for performng a |inear
transformation with a reduced nunber of additions, according to a preferred

5 enbodi meFupliof tradyéorinatieniiatix, acé@ding tb blpistied eabadinR¥ESPILE idRention;
i npl enentation of a product of an rxn U-matrix A by an n-di nensi onal

vector X &&or di ng to one enbodi nent of the present invention. DETAILED

DESCRI PTI ON 10 gther r Hqﬂﬁ% @! he
descri ption of E}%e ﬁﬁﬁﬁ?ﬁ%@‘@ﬁ%?ﬁ%@%%@éﬁﬁson_ e |grgs$ﬁela}§ t hat of
equi val enttranefotmatson Withoa natucednonbaredbddisiont a¢cdosdis@toea piiefieredi on are cal | ed

equi val ent_i.n the text .that, follows if each one of themis a product of
t he of her.emlbr‘?ldgn‘?%loﬁﬁ’ﬁd’ﬂ}v ®Gpplied to two rows or two colums of a given

matrix. The seqgad figtids n bhahpiefan dmpRAGHALIENBM pRliud@ FAhHULAaRix | S
given matri x. The definition used throughout the present invention is the

non-zero 4 bypbnehmensionsl yener X japeasing o erecembastiment ofthet presesdi d mat ri x.
Thi s defi %‘t}ei en. depends on a predefined col ums i ndex-order which is used
uni formy T Re given matrix. A redefinition of new order results with a
redefinition of new |l ead elenents. For exanple the |lead el enents of a

given matrix may be the bottf) ﬂﬁ Oﬁ]errents or the uppernost
non-zero el ements of each co m i chever order it seened
convapi ent to cleasse &%o he edantthdtare fulddmeislFosBe deddriptiéRE The present
preferred enbodi nent of the invention provides an efficient nethod of

per f or ni ngngthed af the peeseat !}m\f?@ﬁ@n-t TapBrsbisithatios aquirelaeiasiorn Tvo apn-zeme cal | ed
o 20 L1 RSB RN R L R NP B0 0 (e
of them is a product of the other. This term may be applied to two rows or two
columns of a given matrix. The second term is that of a lead element of a column in a
15 given matrix. The definition used throughout the present invention is the non-zero
component of highest index in each column of the said matrix. This definition
depends on a predefined columns index-order which is used uniformly in the given
matrix. A redefinition of new order results with a redefinition of new lead elements.
For example the lead elements of a given matrix may be the bottommost non-zero
20 elements or the uppermost non-zero elements of each column depending on
whichever order it seemed convenient to choose as relevant for that purpose.
0-1-MATRIX
The present preferred embodiment of the invention provides an efficient method of
performing a 0-1-binary linear transformation. Henceforth it will be called also the

25 "0-1-method". The following example is an introduction to the 0-1-method and an

outline of its main ideas.

30



-6 WD 02/ 29611 PCT/ US01/ 42537 Exanple: Gven a 0-1-binary 4x14 matrix A: O
1101100100011 AA10010110001110 00111100
0010 MwWQo220b11 1 1 011010111 1 and an 14-di nepeT/os@al42537put
vector, x1 x2 s X x14 Suppose that it is desired to conpute the

4-di nensional "output" vector: x1 Y1 01101100100011x2 Y21
00101100011 10.YYs001111200001011=A&_Y411
110110 1 (Exaniple: GiveXad-1-Bmagyr dk vy matriadpr ef erred enbodi nent of the
invention the matrix A is first checked for equal lines. Since there are

no two |ines that/Oark éqfall th8 Protelure 20 Yodg to the next step. Next,
t he out put vector 1y (bsoe>qpr@35$e(ﬂ a @ sumof thegdolums wth coefficients
that are the r %Ctd npgt vgcto C(aordl at ?s Hence: 01101100 1
0010110 Y 2°b L3 P +%40 Hld 1 +x7 0 +x8 0+ 1111
0110 100011101011(11(]) 0X91 00+ 1x10 1+1111+x120+x131+
x14 1101111

and an 14-dimensional input vector,

X

X,

X14

Suppose that it is desired to compute the 4-dimensional "output" vector:

X
b2 011011001000 1 1{x,
¥, 1 00101100011 10
y= = = Aex.
Vs 00111100O0O01°O0 11
Y, 111101101011 11
| %14

According to a preferred embodiment of the invention the matrix 4 is first
checked for equal lines. Since there are no two lines that are equal, the procedure
10 goes to the next step. Next, the output vector y is expressed as a sum of the columns

with coefficients that are the respective input vector coordinates. Hence:

0 1 1] 0] 1 1 0 0
=% 1 T x, 0 Fxg 0 g 1 T xs 0 T xg 1 1y 1  xg 0 N

0 0 1 1 1 1 0 0
1 1 1] 1] 0 1 1 0

1 0 0 0] 1] 1

X9 0 +x10 0 +Xx11 ! + X712 . "‘36131 + X1y 0 .
0 0 1 0 1 1
1 0 1 1] 1] 1




-7 WD 02/ 29611 PCT/ US01/ 42537 At this stage, the zero colums, along with
their coefficients would be deleted. The first step done by a preferred
enbodi mrewo 0f246lhe i nvention with respect to the input veR€CDUSI/L5370

coll ect and sum coefficients of any recurring non-zero colum. Thus with
the cost of 6 additions the follow ng reduced vector equation is 5
acconplished: 01 01 10010 Y= (x1+ x7+ x12) 0 + (x2+ x9) 0 + (x3 +
x14) + (X4+ x11A{thik stagepthd zérolcolurfins, dlong &Xﬁxﬂhé@}:oélfh'bﬁn@x;ﬂﬁﬂ@ﬁé ety be
simplified by t he fO||OWI ng definjtion: =x1 + X7+ x12, W= x2+ x9, WB =

x3 + x14, WR§ frststep done by\gppteterradpemb @@n%@me inveation yyifhi wepectrio el 1 0 1

1 Yy2 0 m}{l\Bﬁ Y. 1 10-1
This is egufm OYeétr?g V\gsot%oéolnggl érﬁ\g?cp b Oe%%‘t%é%ttsl(f% %ecr Xignt% & %%r§ber
colums. 'Howewith the cost dhiG atd;zlnmnmfthe efbliotrign sedirced X et eqluatﬂiﬁ get

further gains t]g%%{ector 1s equation will be split to the foll ow ng
equi val ent3°SgFP wo vector equations: [:1=wi[1l + W + WB 1 + W + V& + W6

1 100101 W +W + 0V\A+V\2S Y3 [0] | [1] [1] 4 E£qch of
these two equations w | treated |s parately as inthef rst st of this
1 .
preferred enbodi n}ang_ Thu ]coﬂgf(f2|+0|9) 8;3*13?1?) onze , Ql-';% 1W|II be
1 1 1 1 0
1
1
+(x6+x13)1
1

This expression may be simplified by the following definition:

Wi=x;+ X7+t X12, W2= Xzt X9, W= X3t Xy, We=XghXpp, Ws=Xs, W=

10 X6+X13,
that implies:
W 0 1 1 0 1 1
y= Y2 =Wy ! +w; 0 +ws 0 +wy ! +ws 0 + wg :
Vs 0 0 1 1 1 1
W 1 1 1 1 0 1

This is equivalent to original problem but with a reduced number of columns.
However by now this type of reductions is exhausted. To get further gains the vector

15 equation will be split to the following equivalent set of two vector equations:

(] 0] + 1] + ! +w 0 +w ! +w !
=W w w
] o] o ‘11 ol "1

s w'6_+ 0] N 1 o 1 oy 1 . 1
= w w
B0 R Y Tt Y T Y I Y I 1 ) B

Each of these two equations will be treated separately as in the first step of this
preferred embodiment. Thus coefficients of the same nonzero column will be
20 collected and summed. Hence the method arrives at this stage the following set of

two vector equations with additional cost of 6 additions:



20 col l ected and sutmmed. Hence the nmethod arrives at this stage the
follow ng set of two vector equations with additional cost of 6 additions:
-8 WO 02M964296PCT/ USO01/ 42537 [:1=1+wW4)[1 1 1 +(VR2+WB+WbPCOUSMBI2337
[YSJWW [0 1 + (WB + W + W) + Wb O Now it is apparent that only 4
additional additions are required to conplete the conputation of the

out put vector y. Hence the desired result was acconplished with 5 the
total of 16 ad Jtl"ons It f[odn be readil hec t hat the conventi onal
prior art meth d df (dot e Eﬁs(wcd)n»pdrmf [(?Fww{ Ecess woul d require 28

addi tions. The Br:oceedl n escription t hi referred enbodi nent of the
i nventi on woul d- reveal ovm ng relative f| CI cy of the nethod as the
di mensi ons of tlHe a%u er@ 1-|bi nary aspect of the
invention is angf|fici ent a) rat 9|for the product of a
binary 0-1-matrix A of di rren5|ons rxn b an n- di rren5|onal vector x. The
matrix is gi verNCny it iahppageb® that only 4 ad,dltednal adgiRtiona 28 required to cafpletotier e ay=
0, 1 for all 1 i nput v 0 gi ven
by xi xZomphighioh o the Qe veBtog . Hief st Res YL st ) Btodizhed o mpl ox
or be} ong th@tatalyof 1@hadiQbns. Shadad e LRt cR&kéD tﬁa@&h@zs@mhﬁanal PeRragal is to
conmpute the result of the product of the matrix A by the vector x. This
resul t wi mpethed téndniegl thig: carmpwiianz] Joecess pEUIdSeqyirn2887additions.  The

proceeding description of this preferred embodiment of the invention would reveal a

growing relative efficiency of the method as the dimensions of the matrix grows.
In general the 0-1-binary aspect of the invention is an efficient method and
10 apparatus for the product of a binary 0-1-matrix 4 of dimensions rxn by an »-
dimensional vector x.

The matrix is given by:

a, G - . . . . a,
Ay Gy « « . . Gy,
A=| ° where ay= 0,1 forall 1 <i <r , I
_arl arn_
<j <n
15 and the input vector is given by:
Xy
X,
x =
_x"_

The entries of the input vector may be real or complex or belong to any field of
scalars (such as Z, for example). The goal is to compute the result of the product of

the matrix 4 by the vector x. This result will be denoted by:



Yl all a12 . . . . . al" x1 Y2 az21 a22 . . . . . a2,, x2 Y= _Yr arl a,,,
X" The procedure that wll be described is recursive and the foll ow ng
sequence wob2/sdeeps or part of themw || be repeated at eartTUS&r£sionN.
According to a preferred enbodinment of the invention, the first step is a
check for equal raws. Wien possible 5 this step should be done before any
processi ng of input vectors begins, as a prelimnary preparation. If it is
found that thg i -Téped,s equal, to the, it e then it can be deducted that
yi is equal {tolyjl Therefore one of the|l equal lines would be omtted.
For the sake/’6f| cl%tith the line havi®ag| | % per index woul d al ways be the
omtted one.| Thus, .if j > i then the j-]ine/would be omtted. This initial
operationio i s arended at the final step of the execution of the invention
where yj whilch |is| Known at this stage (si'npe it is equal to vyi) is

n -t
e

_ .bcln_
WO

i nserted back-tlo j t-s appropriate pl ace the vector y. Omtting of equal
l'ines continues Lr;&il there are no tyw |{Rpelin the matrix A that are
equal . In pr%lcrt'i ce this stage i s skippfed-i'r many occasions. It is perforned
whenever ther e Tihe mocedatomhabivill bé Hedctibabih fetirsivauad the fBSwild sdqfielenays
performed _is when log2(r) > n since this condition ensures the existence
of equal [°f §tBs W@aﬁ\i’gi%@%dﬁgé’@%l?@tq(ﬂo@ft&ﬁﬂbﬁ?raﬂ% mseereingdormpreferredesul ti ng

fromthis e 36aRG0HH: Y mY @g&;ﬁg% |ﬁr5ias‘feg> & faech%agﬁr{aag@g%&% ¥heh %sé%ié:gi nal

matri x, and the namnes mensi ons rxn e preserved. In the
next st agé¢hia sepnshvildnbprdopesiefirs anyntpradscieg] dfoinplii wectatsebegingl ascal umms.

This procedyre will reduce the nunb of 20. columms in the dified matri x
with a m RFHHEMRAT RPNy ]&il‘b‘ﬁgﬁ’mﬂeﬁli“%&t,ﬁlet’ © iR tﬁghefvlé%ﬁcn@?n&‘@auct y=AX

i s deconposerdt&ed r’E'l?dtsy,gis uﬁlhf%f.' ColeinRe SR &t BkitRE dvall s wGaAeRt | ve
X- conponents. Hence: - V\g 02/ 29611 PCI/USO1/ 42537 all ail alr: a2l a22

azn y A oxited! FbxZhetsake.of clarity -the line -having. larger indeXRw@ld aBidysabd the

c

omitted one. Thus,if j>i then thej-line would be omitted. This initial operation

10 is amended at the final step of the execution of the invention where yj which is known
at this stage (since it is equal to y;) is inserted back to its appropriate place in the

vector y. Omitting of equal lines continues until there are no two line in the matrix 4
that are equal. In practice this stage is skipped in many occasions. It is performed
whenever there is a reasonable likelihood for equal lines. It is always performed

15 when log,(r) > n since this condition ensures the existence of equal lines.

To avoid cumbersome notation, the modified matrix resulting from this
screening process will have the same name, 4, as the original matrix, and the names
of the dimensions rxn will also be preserved. In the next stage a summation process is
introduced to eliminate equal columns. This procedure will reduce the number of

20 columns in the modified matrix with a minimal cost in additions. First, the matrix by
vector product y=A<x is decomposed to the sum of the 4-columns multiplied by the

respective x-components. Hence:

-10-



Each el ement of this sumconsists of a colum vector of the matrix A
multiplied by the correspondi ng scal ar coefficient of the vector x. This
sum rmay [yeo omedett en nore conpactly as: y=Ax = x|l VI+ x2 vPET/USO42%37 5 xn Vn
all a21 where vj (for every j) is the j colum of A vj_ad According to
a preferred enbodi nent of the invention, zero colums, along wth their
coefficients are omtted at this stage. Next, identical nonzero colums are
grouped together and re ere each distin . ol untm becones a common
10 factor, nmultiplied b f its correspongifig scal ar coefficients.

Hence, the resulting s ti onfednpri ses the subséguence of all distinct
nonzero colums w.....|.,.I... {wnt] extracted fromthe original sequence of
nonzer o col um byFdshe x;gni sdixon of{+.epeat.i.ng..cob .| Each colum wl is
multiplied by a coefficilent] t1 ich is a sumof|the correspondi ng

original coefficients off al|l s that are equal. 15 to this colum. It

is clear that m< n, an n-m is the nu of repetitions in the
original sequence v1, vz 4 LA v,, . cess descri bed above
can be for mul atighbitehbe b0lkiowng &%ﬁé&e@ta CBh eI

N1<j<nxjvj Ell <k<m' such that: vj ¢ =Wk X % %ggf%elrﬂa'tfa% 4,

PCT/ US01/ 42@3ﬁphed1_b3<Mormsporslmgrscalaacoefﬁquem thq: vgam BoWhiosunaidaye k< m

define: tk= AJ such that: = w k Xi The conputational task, so far, is
this cal culvgtltfélrfn@fectoﬂ@aﬁ%f‘%oeffl cients tj....... Y=AXF X1 vt X vak-siins of
the origingl yones xl........... X, . The cost is n-madditions. The product

y AX is t hus gl ven by: y=Ax = *1 <k<m tkwk The nanagenent aspect of this
conput ati on, of determ ning the participants in [dq€e|required sums, may be

done once-per-matrix as a prelimnary preparation ab’e ore
2j

where v; (for every j) is thej column of 4: v=

| % |
According to a preferred embodiment of the invention, zero columns, along

with their coefficients are omitted at this stage. Next, identical nonzero columns are
grouped together and rearranged where each distinct column becomes a common

10 factor, multiplied by the sum of its corresponding scalar coefficients. Hence, the
resulting summation comprises the subsequence of all distinct nonzero columns
Wieeerneann Wy, extracted from the original sequence of nonzero column by the
omission of repeating columns. Each column w; is multiplied by a coefficient #
which is a sum of the corresponding original coefficients of all columns that are equal

15 to this column. It is clear that m < n, and the gap, n-m, is the number of repetitions in
the original sequence vj, Vi, ...ccc.... , V». The process described above can be

formulated by the following mathematical description:

v A= <nmp

- D]ﬁkﬁm[ljsuchthat:vj=wk Xivj.



10 the arrival of input vectors. To summarize, let B be the rxmmatrix
whose colums are respectively w........... w,,, , and let: ti t2 t
tilt thew@ozxwsiBt . Thus the above process reduced t he opChUR@l/42p370bl em of
mul tiplying the rxn matrix A by the n-vector x to the probl em of
multiplying the rxm 15 matrix B by the in-vector t. The gain enabl ed by
this is larger when mis snaller. The next step is a horizontal split of
the matrix B of the former stage—to tvvo( nore sub-matryx, where |ines
ﬁLMe j&Mbe

are kept unbroken. Each sub-nmatri-x{ wid#s chetharegaegd % r of rows and
that will increase the gain of the above colum-collection procedure in
the next iteration. The lines of the matrix B would be denoted by: ul, uZ2,
20 ... u,.. The product under consideration may be then expressed

by: -12 WOIORFRAMII< PEH UBAhé:42537=UL] t .t, U2 y=Btz U ul t where each
line is multiplied in scalar product bi fﬁe VectoF t/ In view of this
expressi o . td = I uivalent to.the conbined task of
comput i ng TreopiEEifr GOCRY A% Hirtal B b SBh LBl g TR 1o 1o (o
a preferred sansosf thendrigifialtdres ivpv.enti.gp titescospid f-H@ddeidgs. bhhe sroaRet i Ng
the matrix b yegton prgducts: BIt and B2t where each of the matrix Bl and
B2 cont ai A543 $UBYLEVER OY'he |ines of the matrix B and these two subsets are
mutual ly disjoint and their union copprise of the set of all lines in B.
Usual | y, except for the firsﬂFT4@fhEFp§k5yh@M%mo sub-matrix woul d have the
sanme or al nost the same 10 nunber of |ines. However depending on the
properties of tlhe nwatagemens aspecs ofthis computation, of determining the participants in

the required sums, may be done once-per-matrix as a preliminary preparation before

10 the arrival of input vectors. To summarize, let B be the rxm matrix whose columns
are respectively wy,......... Wy, and let:
R
t2

4

then y=A4ex= Bet . Thus the above process reduced the original problem of

multiplying the rxn matrix 4 by the n-vector x to the problem of multiplying the rxm
15 matrix B by the m-vector £. The gain enabled by this is larger when m is smaller.

The next step is a horizontal split of the matrix B of the former stage to two or
more sub-matrix, where lines are kept unbroken. Each sub-matrix will have a reduced
number of rows and that will increase the gain of the above column-collection
procedure in the next iteration. The lines of the matrix B would be denoted by: u;, uz,

20 e , 4y. The product under consideration may be then expressed by:

-12-



special cases the split mght be into nore than two matrix. Such is the
case when the matrix A has no special inner order, and its entries may be
consi deradoaz2®mibitrarily chosen. Then a preferred enbodpParusoiof2sithe
invention would usually inply that the first line split that will bring
all the split sub matrix to the state where | og2(nunber of 15 colums) >
nunber of rows. The proceeding iterations would then split the lines to
two al nost equal hal yes.t+ The case where the matrix is considered arbitrary
is essentially a wonst .fFase scenari o. Another step that m ght be inserted
i nstead, or before, t@‘apove mentioned horizontal split is a vertical
split. According to preferred enbodi nent of the 20 invention the above
menti oned sum WP Ridk<nt kWk is split in tw: Y= M<k:~p tkwk +
Ap+l<k<ntku' k -13 02/ P9611 PCT/ US01/ 42537 where p is chosen between 1
and m1. Thus for Bl t-hej matri x whose set of colums is, W........... wp,
and for B2, the matrijy whpse set of colums is wp+l........... w,,, it
holds that: y = Bl-t'- % B2-t" 5 where the corresponding vectors are:
t=(tl..... %’ tp) and t"=(tp+l........... t,,,). Hence by this
preferred enboq] fi: ' N s r. di nensi onal roducts,
Bit' and B2-t" %\Aou?éacglehntgg%hlp ﬁ%@éé%%:ﬁﬁ?%@d@#@p&% A 8pgn3n'?’ H’gv ?fetgltfl ts,

whi ch ar e expression ethé ausk, ofiroenputing d 4R gds feguivaldnp e theri ddatbhingde gk asfyement
of the indexes of the B-colums, wi........... w,,,, hay enhance the

ef f ect i verf@EWUHRE theiTscdprayodudss: i e8rti-cab %Pl it woul d be used | ess

frequently them gl hes re?érﬁ%e&h%&ﬁmg%tt&thérﬁiv@n%%bﬁﬁg?sswgodtﬁ%edo‘ﬁgsb‘if t hat

t he nunber of rows substantially excee the nu ums, situation
| ess commmmoniputiDSkheapptrixdst veote. products: U ofemd .24 whisrawbelc kf tfe mathiksB;step i s

i th d,t . th ts.of t t duct Bl-t' d B2-t" which
consi st o Gfdafl SUIFIF arastost B Titkscdi e Haupt Poia. s Ave2Lbie Bt al | of
in the abgy@udiPy BRfoiAAAY MeiSBlibit corhpkR dffhd J};@oﬁﬁpl{ﬁ‘eshﬁ '3, Z208aRY, SREpit -

dependi ng on the properties of the matrix A the vertical split m'ght be
i nt o nor e fonthe firsd itggatipi,xthe two sub-matrix would have the same or almost the same

10 number of lines. However depending on the properties of the matrix 4 in some
special cases the split might be into more than two matrix. Such is the case when the
matrix 4 has no special inner order, and its entries may be considered as arbitrarily
chosen. Then a preferred embodiment of the invention would usually imply that the
first line split that will bring all the split sub matrix to the state where log,(number of

15 columns) > number of rows. The proceeding iterations would then split the lines to
two almost equal halves. The case where the matrix is considered arbitrary is
essentially a worst case scenario.

Another step that might be inserted instead, or before, the above mentioned
horizontal split is a vertical split. According to a preferred embodiment of the

20 invention the above mentioned sum:
y= Dlikf_m Wk
is split in two:

y= Dlgkgp Tgwg + Dp+1§k§mtkwk

-13-



Finally each of the above steps are applied in repeated iterations, formng
thus a recursive nechanism Next, a bound is presented to the saving

enabl ed woth®eabove net hod. For an 20 rxn O-1-matrix A BOTASeas3T < | og2
(n) the nunber of additions in the worst case, denoted by s *(n, r), is
given by the expression: s *(n, r) =n + s*(r). The followi ng table gives
the bound to the nunber of additions for matrix with a small nunber of
rows. 25 s *(2)whete p i% Chosen Dptween 1-dnd &*1 3Thes r By the ntrixwhbde s& df4) 7
s*(n,4)=n + 13 s*(5) = 22 s*(n, g) =§ + 49 There is the follow ng bound
to the worSmSLs: . " Wo- g * (- Mp» a0 for By, the, matrix whose sl qfpcelpmpssis1

PCT/ USO1/ 4‘2\%_7_____‘]'}]@‘, st andaf@:(prior art) method requires u(A) - r
addi ti ons, ‘wher'e u’(,& is the nunber I'ns in the matrix A On average (by
expectation, when Ais arbitrary) u(A) y=B:2)+B2 Since s *(n, r)/n

approaches 1 as_,n es to infinity and r ,is constant (or r < c'log2 (n)
where’1l > ¢ > d‘jl?ef% ‘i%rteﬂ’é)&din% V&%&?Fﬁpﬁr&i‘ r-r-y/j(-faa1 leﬁ)hﬁ%*d"r“a'n mg
unbounded Hehc®yi th préféieddl dmbsdidRnt ¥ i fmvidBfid ¥hea b TRREEdite8siBRal

assunptions on the dinensions rxn of the matrix A then the nunber of

addi t i ons pPredygtss &drhynd Rett'| wosldt beopomputed sermratelytand iprtbelead the xesulis.bounded
by (1 + ~)RQ.. ] r > N > nd, " 0 e when: Qot h, r
and n, go)‘){hé&f %J%?t%\fo,?%’yeﬁ‘f‘%% 8351(1:rgrsng dttﬂgﬁthe%nAé’ “g?lg%?‘é’ rre%%%l{r% %F?%Blei o]
respect t dnddaesofias Bcatumsd, wihi.ch,wgsudyt enhbfic@thé bffeadivphdss af ihiysted. t he
vertical split: (1 + ~)n'r/log2(r), ere 1 >7” >0, and ™ goes to zero
when 'hot h, aﬂaleﬁ{eﬁg-‘a% BRIt Ww?ﬁ?etwd%s Asgursdlythen o pherseregedgrest fiss
process | oyl i ftnoRag Kadnt Adtbbhs RIRSEBlandJNY bR th et
managenment operations and reduces additions. However 1s additions are a
maj or par tcolwinshsitmtiop lesg icommandn DX applieatitoisi ofhdofpntifreenisledrafbadkeof

this step is in the need to sum up the results of the two products B;*t' and B,*t"" which

consists of an additional set of » scalar additions which has no parallel in the above
15 horizontal split. Like in the above horizontal split, depending on the properties of the
matrix A the vertical split might be into more than two matrix.
Finally each of the above steps are applied in repeated iterations, forming thus
a recursive mechanism.
Next, a bound is presented to the saving enabled by the above method. For an

20 rxn 0-1-matrix 4 such that » < logy (n) the number of additions in the worst case,
denoted by s*(n, r), is given by the expression:
s¥m, r) =n -+ s¥r).
The following table gives the bound to the number of additions for matrix with

a small number of rows.

25 s*¥(2) =-1 s*m,2)=n -1
s*¥(3)= 2 s*m,3)=n+2
s*4)= 7 s*n,4)=n + 13

s¥(5)= 22 s*m,5)=n +49

There is the following bound to the worst case :

30 s¥p) < 2+ 22 *2

-14-



i nvention has a dom nant effect. Moreover, nost of the nmanagenent
operations are done once per matrix before the processing of data vectors
begi ns. Was2tdee1r suggest ed nmet hod substantially saves pomreT/Usamesirpti on
and circuitry. The above 0- 1-binary aspect may be particularly efficient
when the given matrix has sone degree 20 of sparsity. This is often
encountered when the application of this enbodinent is conbined with

di stributed ariEhemstandard (priort 419 mehpliteghirem uid) t readditiodsiovhené u@d)deder al

| t t .d bed th | t of th
| oent Ton o i AR G pifid 880 Dhc Gt (b Friretp B AR PrUEE L U4
al gebr al C €pde§/A sSifice st 5)/#&21 PorokdhBl €hs dg O%tlﬁﬁhﬁ’{‘aal‘g({ r 1s'-:ffohﬁﬁntggf‘;m g
o)

Codi ng Fundanentals and 2 i cations” Prentice-
ai ffs N aylogy 1@B3yherohkere d & Ohéhlprm@tbgcé ls)fasmmomngalhhﬂfodelmudm raand

ZZ-ITB.tI’IX IS rrultlrnglled by a Z2-vector (or Z2n-vector). This is true in
any sPt uatuobAugdedrg optitagl natrix is multiplied by a Z2n- vector Finally, the

above 0-1-bi “arWhS’{’H%“ (e)lalgr%ﬁr SCQ%ﬁéregié)ﬁ&Q{ ﬁ};ngwﬁg el} edél?lEref‘suﬁ"n(’j‘ssI Ly

i nt erchangeabl e 'i'n every Tal'ar's “exce

char act er irgtzio€ th2. mé.tflxelaﬁhhn tlﬁ(}umﬂ)’et bﬁaddaionsae@nﬁebe)yr’mé ﬂlveﬁtidrﬂbeam gigbodi ment
woul d be chsen - 02/ 2961%1 PCT/ US 1/ 42537 U MATRI X A prel | m nary
b i

concept %PF‘@&C? 'r’“ts uﬂ‘é%dcli’x %B@)Wb?rﬁér? Chred: é‘fﬂfle@go@?@odl nent
of the |nvent|?1 g ncefqQrth Calgf@% al so the " rre t hod", th concept of
equi val end& OIheR Wy £ 204 \ip ERJA- BN v %éleﬁgass fha re e ightes hyoul d be

s caljed egifcvabemt chde) @ﬁ%t kwhich REPE Y Bb abﬂ?ca%ﬂ%fthelven{capspﬁ@nt ext of
this embodiment, note that two U-vectors are equivalent if they are equal

or if one of themis (- 1)1 pBderndeg @), wheedt>her> 0,The fol [ owi ng preferred
enbodinent is rather simlar in nost details to the above one. The main
difference is tandtD 'gﬂestth@elfoo\l\’hmhwgrtaé&n,@ionnﬂmy on is done to equival ent

(rows or col urmls() %SH%%ttﬁr %ff{ec‘l’i:%n}aﬁ é)éftstﬂ?ﬁroce§sf %ulci/ B&b t ervedt tthg Rge%{s etds the

elimnation rate |enc

i nt r oducednvdition ghcadas@x angilagemel@ nopshtidisi a@dtﬂ&du@s editﬁﬂom;t [ Hsmdaas.
Exanpl e: ConS|der t he product OL the followng 5x13 U-nmatrix A by a 13-
di meréi onad nwaatar%é%m art -pf dhergpmplexity agd lgir prpluction by the use of the

invention has a dominant effect. Moreover, most of the management operations are
done once per matrix before the processing of data vectors begins.  Thus the
suggested method substantially saves power consumption and circuitry. The above 0-
1-binary aspect may be particularly efficient when the given matrix has some degree
20 of sparsity. This is often encountered when the application of this embodiment is
combined with distributed arithmetic's in the computation of the product of a general

real matrix by a vector as described in the real-matrix aspect of the invention.
In addition this aspect of the invention is applicable in algebraic codes (see:
[Shu Lin, Daniel J. Costello, Jr "Error Control Coding Fundamentals and
25 Applications" Prentice-Hall, Inc., Englewood Cliffs, N.J., 1983]) where in the process
of coding and decoding a Z,-matrix is multiplied by a Z,-vector (or Zys-vector). This
is true in any situation where a Z,-matrix is multiplied by a Zn-vector. Finally, the
above 0-1-binary embodiment and the next U-binary embodiment are easily
interchangeable in every field of scalars except for fields of characteristic 2. In each

30 particular case the more efficient embodiment would be chosen.
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-11-17-211-1211-21-21 1-2-1211-11-1-11-1-11 A-11
-211-1-12-17212-2-2121 15-211-2-21-17112-211212-2 -11-1-1
11 -1 1wWO0ed29511 1 and the input vector is given by: X1PCRPSOX25313 The
result of the product is witten by: Y1 Y2 Y Y3 =A"x Y4 Y5 -16 WO

02/ 29611 PCT/ US01/ 42537 The first step in the process is to check for
equivalent lines. In practice it is a one tine operation done before that
arrival of input vectors. A scan dilsMAVEREXone occurrence of equival ent
lines in the_qgi.ven matrix, |ine ) uival.ent t ine 4, in fact line 4
equal s to -H‘)%ilﬁ?‘@a%c‘f"nf’?ﬂﬁemﬂ!m?‘f jﬁloﬁlﬁggmges?wony@?ztlhﬁzgﬁg?r@f Bieterred not
necessary dmbddifieiiftiee BRbtiotd(RRekRh ARG e "eoppibaty RndfonkdptM | 1 be
omtted. Thus |line 4 is deleted fromthe matrix A The resulting Itiznatrlx A

i s gi ven Wf:equivalence of yectors. -Twa npn-zgroj vectors of the game dimdnsion would bel 1 -1
el o SR e g e bbb Anbobiid ) 1 2
note that two U-vectors are equivalent if they are equal or if one of them is (-1)
product of the other. The following preferred embodiment is rather similar in most
details to the above one. The main difference is that in the following text elimination
is done to equivalent (rows or columns) vectors rather than to equal vector. This
10 speeds the elimination rate and thus enhances the efficiency. This embodiment is
introduced through an example, demonstrating the essence of its ideas:
Example: Consider the product of the following 5x13 U-matrix 4 by a 13-
dimensional input vector x.
The matrix is given by:
(-1 1 -1 -1 1 1 -1 1 1 -1 1 -1 1
1 -1 -1t1 1 -1 1 -1 -1 1 -1 -1 1
15 A={1 1 -1 1 -1 -1 -1 1 -1 -1 1 1 1
-11 1 -1 -11 -1 1 1 -1 1 1 -1
-11 -1-11 1 -1 1 1 -1 1 1 1

and the input vector is given by:

X1

X5

X3

The result of the product is written by:

FJG
Ya
y=|ys | =Ax
Vs
| Vs
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Y2 y'=y3 y5 10 and it holds that: y'= A x. This is the first reduction.
In the next step the product A x is deconposed to a sumof the A -columms
mul ti pli &doby296he respective x-conponents. Therefore: yl PAT/USO1M425387 1 1 Y2
1-1-111-1 x1 +x2 +x3 +x4 +Xs +x6 +X7 y3 1 1-11-1-1 y5-11-1-1
11 -1211-171-211-12-212-1-11 -1 +x8 1 +x9 -1 +x10 -1 +x11 1
+x12 1 +x13 1 -1 11 -11 1 1 15 Next, a normalization of each of the

col um vect or s The firbiestebiamBe prodedsSs etk €6k Qptvaleht!fiflest Natpridige HARES
conponent of each nodified vector is 1. Thus the wvector and its

coef fi ci efbe Alee BRFIAtoR Apns,befare thot puivyl pf inpyk vegipisy Actsap shissaversfonehe
torrem i i s o) erer ¢ of

Ve vect o FeutongEBIENRYaItR LBBCHIHE BivbRthalch B389 6 badiildiBPBE £ARAGEN ©

derived: libZ 4\WuilRt@Q6)AroRERNSAL IedHBWs Wat Iy, & -§, IThbrefore[iti2dt nedessdryl -1 1

) i ) gg( ll) jtrc))( gonJ;pL(tt)é %)oth+y4( ér? yzjﬁgnc?ﬁ?e gomgl%at%?l o]f yili v%’illlbelor%ittegl.x Z[)hus:L li%e }1 Il
is deleted from the matrix 4. The resulting matrix 4'is given by:
-1 -1 -1 1 1 -1 1 1 -1 1 -1
1 -1 -11 1 -1 1 -1 -1 1 -1 -1
A=f1 1 -1 1 -1 -1 -1 1 -1 -1 1 1
-1 -1 -1 1 1 -1 1 1 -1 1 1

el e

The corresponding output vector is given by:

N
P2
y =
Y3
Vs
10 and it holds that: y'=A4'x.

This is the first reduction. In the next step the product 4'sx is decomposed to a

sum of the 4'-columns multiplied by the respective x-components. Therefore:

b2 -1 1 -1 -1 1 1
¥, 1 -1 -1 1 1 -1
=X + X2 + x3 + x4 + x5 + x4 + x7
Vs 1 1 -1 1 -1 -1
Vs -1 1 -1 ~1] 1 1
-1 1 1 ~1 1 -1 1
! +xg ! + X9 - +x10 : txi| |t ! +x13 :
-1 1 -1 -1 1 1
-1 1 1 -1 1 1 1
15 Next, a normalization of each of the column vectors in the above sum is

carried out, such that the upper component of each modified vector is 1. Thus the
vector and its coefficient are both multiplied by (-1) if the upper component of the
vector is (-1). However no modification is done if the upper component of the vector

is 1. The following normalized form of the above sum is derived:
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+ X8 + x9 + (410) + x11 +(- x12) + x13 1 -1 In this normalized sumthe
upper conponent of each vector is 1 and the 5 nunber of different vectors
i s reducedo o¥twsinext step is to collect and sum coeffici ePCEHUSH/L2BE sane
colum. Thus with the cost of 8 additions the followng equation is
obtained: yl 11 Y2 = ((-xlI)+ (x4) + x6 + x9) + (x2+ (x7) + X8+ (x10) +
x11) 11 + Y3 y5 11 X3) +x13) ++x5 + (-.x12) -1 10 New coefficient would

now be defined:[ —(xl) t+(x4) Ilr X6 + ] W2 =y (X7) 197 x8+ [%Ip) + x11,
WB = -. X3 + XIES’ fl = 12 Hen the bP e eq 3&'on y.pe witten
in the follow n 2fe:r 4 -1, 1+W1
W -1+ W -1 ngSmf) 17711 -13 12/2 41 &Jﬁj 1y 42831 The
coefficients: Wé, 2, 1 (WM, |wp |are kn Qe proc is r at tlh s stage.
In the next stagé this ector fegdati on WHl | be split heriizontall'y to the

fol |l ow ng SEtV€ two equation: yl 11 1rj] 1 W +W2 +WB +W +W Y2 -1 -1

11 5.Y3 - + W2 1+ WB 1+ W -1+ w5 --1
-x
9|
1
1 1 1 1 1 1
-1 -1 ~1 -1 1 1
+ + + (- + +(- +
gl | txe) (-x10) L E (-x12) _q] T8l
1 1 1 1 -1 1
In this normalized sum the upper component of each vector is 1 and the
5 number of different vectors is reduced. The next step is to collect and sum

coefficients of the same column. Thus with the cost of 8 additions the following

equation is obtained:

1 1 1
84 -1 -1
y =((-JC])+ (—x4)+x6+x9) ! +(x2+ (-x7)+ xst (—JC]())+JC11) 1 +((—
2 _
Vs | 1 1
1] 1 1
1 1 1
x3) +x13) 1 ++ x5 __1 x|
1] 1 -1
10 New coefficient would now be defined:
WI=(X)+ (g + X5+ X9,  W2= Xyt (x7) + xgt+ (x10) + %15,
w3z=-x3 + X3, We= X5, W5 = ~X]2

Hence the above equation may be written in the following form:

» 1 1 1 1 1
¥, -1 ~1 1 1 1
=Wy +w; Twsl |+ wy +ws
Vs -1 1 1 -1 -1
Vs 1 1 1 1 1



ys 1 1 11 1 Now each of these equation wll be processed separately in the
sanme manner of the first iteration. The upper equation requires no

normal i zavoemsince it inherited the normal state of thePQT/E801012837
equation, and thus normalization is required only for the second equation.
Hence the resulting set is: 11111 10yi =wl - +wW2 - + w3 +W + W
y211111 1111 =(WM) 1 +WM +WB 1 +(W) -1 +(-Wb1 [:] In the next
step the coef f ildicerpesicaénts:hey, siames, wec werarakeown kd Getpdcasst & dysthge. Thus

M 12" 7 e sRE i PR piafieh B sl torogiplly e Bt W e S0l Vect o

y' is foungowytidtioh: "ore additions. To obtain the original output vector y
it is only necessary to recall now that y4 = y2. Thus the total of 18

addi tions was rlegyi red for thj¢ Jorocdd Ooevet at conventional prior
art methods wqul d~requi, & Wh > { ottals |of 60 q ? to conpute the output
vector. 20 The W2 i nary preferred e i ment nvention is an

ef ficient nethod for rf prodyct of rxmeU- tr| by an n-di nmensi onal
i nput svector x.| Mt _%iali ,p@ﬁvg%fiﬁo e 0-1- preferred
enbodi nent and |ha ppI| tiongl The rﬂa r| X given by: -19 WO
02/ 29611 PCT/US01742537 "all ail . . 21 a 2 az2n

Now each of these equation will be processed separately in the same manner
of the first iteration. The upper equation requires no normalization since it inherited
the normal state of the previous equation, and thus normalization is required only for

the second equation. Hence the resulting set is:

10 _y1—=w ! +w ! +w ! +w ! +w !

L V2 | ! -1 ? -1 3 1 ! 1 ’ 1
—ya—__ 1 + 1 + 1 4 1 N 1
), = (-wy) RIEacif At (-wy _1 (~ws) )

In the next step the coefficients of the same vector are collected and summed.

Thus with additional 6 additions the outcome is:

ylT 1 1
= (w;+wy) + (ws twyg +ws)
| V2 -1 1]
—y3- _ 1 1]
15 = (-w; -wy + (w2 +wzt-ws)
| Vs -1 1]

Clearly, the Vect-or ' is found with 4 more additions. To obtain the original
output vector y it is only necessary to recall now that y; = -y,. Thus the total of 18
additions was required for this process. Observe that conventional prior art methods
would require the total of 60 additions to compute the output vector.

20

The U-binary preferred embodiment of the invention is an efficient method for
the product of a rxm U-matrix 4 by an r-dimensional input vector x. It usually
provides more gain than the 0-1- preferred embodiment and has more applications.

The matrix 4 is given by:
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A= where aU= 1 for all 1 5i 5r a,, an, 1< j< n. and the input vector is
witten by: xI x2 x=x" 5 The entries of the input vector may be real or
conpl ex ovObmtwmg to any field of scalars wth characterperiusolasiger then
2. The goal is to conpute the result of the product: y=Ax. The first step
is a nodification of the given matrix by the elimnation of o0 equivalent
lines, a step which may be part of prelimnary preparations. If it is found
that the i-line ig equivalent to the j-tine then it can be deducted that vyi
is equal to vyj. ferétore a préf erreédl |embodi nent of the first step of the
invention determ nés %hat one-of twoLgqui val ent |ines would be onitted.

For the sake of cllarity the policy woulld be that the |ine having |arger

i ndex woul d al wdy$ be the omitted one. Thuwherefa;£5 1 t farallsupgasedrthat j >
i then the j-linelwould be omtted. Thig initial operation is reversed at
the final step of [the process where yj ich is known at this stage is put
back to its place|in the vector y. This|elimnation process continues until
there are no twolfiine in the nodifie@ matrix that are equi val ent. This
stage is p?&{pnﬁﬁd whenever there is a practical probability of equival ent
20 lines. Thisis often the case in nmulti-product (another aspect of the
present i nvend thenpputapebr Gatrittemsbyof t he U-net hod. This stage is al ways
performed when Log2(r) > n since this condition ensures the existence of
equi val ent lijmgg. However there are other -20 WD 02/29611 PCT/ US01/ 42537
conditions that |ensures the existence of equivalent |ines and should be
taken into clorddideration. This for exanple, may be the case in sub-matrix
of the Hadap®frd | matrix. To avoid clunsy notation, the resulting nodified
matrix wilT hiavg the sane

L Xn |
5 The entries of the input vector may be real or complex or belong to any field of
scalars with characteristic larger then 2. The goal is to compute the result of the
product:
y=Aex.
The first step is a modification of the given matrix by the elimination of
10 equivalent lines, a step which may be part of preliminary preparations. If it is found

that the i-line is equivalent to the j-line then it can be deducted that y; is equal to
+y;. Therefore a preferred embodiment of the first step of the invention determines

that one of two equivalent lines would be omitted. For the sake of clarity the policy
would be that the line having larger index would always be the omitted one. Thus, if
15 it is supposed that j > i then the j-line would be omitted. This initial operation is
reversed at the final step of the process where y; which is known at this stage is put
back to its place in the vector y. This elimination process continues until there are no
two line in the modified matrix that are equivalent.
This stage is performed whenever there is a practical probability of equivalent
20 lines. This is often the case in multi-product (another aspect of the present invention)

applications of the U-method. This stage is always performed when log,(r) > n since

this condition ensures the existence of equivalent lines. However there are other
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nane, A, as the original matrix, and the nanmes of the dinmensions rxn wll
al so be 5 preserved. The next step is the elimnation of equival ent
col ums. Wabxz29sitl1 | reduce the horizontal dimension (i.e pOPURMM2637 Of
colums) of the nodified matrix with mninmal cost in additions. Al the
managenent related to this step is nade, as in the O0-1-aspect, one tine
per each matrix usually as prelimnary preparation prior to the 10 arriva
of data veeonditions hat @tnsur@sﬁélep@mtame ?ﬁﬁq&w&lemﬂmeemdcbhasldabe; tekenfintohe A-
col umms nul correspondi componen Let Y for
bl B P60 0, R SRR AR o 182 bagbfid) ¢

every j) 5 The 9% ol 'dith B FAMPY. MAYTRE NS GFF 10 ARO-MAKX () fhg dlagamard + XN
v, Next, trhﬁnuppl&r awi® ORRisy GotAids hth@QEéﬁI'ﬁthﬁﬁﬂi@iléd Phatdif QvillHaté ﬂleASahﬁ:
exanined 15 and normalized to, +1 val ue, if it is not already +1. Hence,
when aj j =REMehdn andhe AEginal maki, 6Aditke names phthevdimeasiony fapjltalsottiven

nor nal |za3;%£ 6% takes place and the corresponding j-columm vector is
multiplie as well as its corresponding coefficient xj. A new

repr esent ati on Tie fidxe s‘&boydm@lrmmatmns of byudvalbitajoheghs. Whey ilt Fﬁﬂlucalﬂ&er ent ry
of each vector bein ual, tg +1. [n this representatlon equi val ent

col ums ar¥® r‘éPWﬁ&/émg%}ﬁ&n (lledél??t fEmper: 9f (FRHENLS) & tﬁénmﬁﬁ’(ﬂﬁﬁe@aﬁfﬁfgé‘ﬂ‘lher as
in the abgygifalls it AIRBE ifAEEAAed Wheas a
comon factor, nﬁ%??%@'gﬁ % e sun1% tsag%}éggigg%?ﬁgﬂgﬁgkar

coeffici er&-k—aspdet;cxm,e ttm@pcrewhmmgxsuamﬁyt asoprebminary pmpaﬂahen psiobsedeence of

all distinct |ze ectors W ........... av. o 25
repet?tlor%r)wag 1“%& ¥8°?rrso 1fﬁtfe ﬁ‘i‘f%y xnlﬁrei’fﬁfeisieg %Isl(ﬁ??‘n tlvté‘g rs by
screeni ng cogﬁﬁngﬁgﬁPhedlgy m@n;aﬁggpz)ﬁglmggldéﬁ{p%nelﬁach di stinct nornalized
colum w is nultiplied by a coefficient tf which is a sumof the

correspondi ng normal i zed coefficients of all -4k WD 02/29611

PCT/ US01/ 42537 normalized colums that are equalaljt D this colum. It is
clear that m< n, and the difference, n-m is th& hunber of repetitions in
the original SeLth Ef%rg\]:er;] rgalhlei columnof4: = ' Then:

L%

Ax=x;vi+x3 votet x, vy

Next, the upper element of each column vector of the matrix 4 is examined
15 and normalized to +1 value, if it is not already +1. Hence, when a;=+1 then no
normalization is required whereas if a;;=-1 then normalization is takes place and the
corresponding j-column vector is multiplied by -1, as well as its corresponding
coefficient x;. A new representation of the above sum in is thus obtained, where the
upper entry of each vector being equal to +1. In this representation equivalent

20 columns are always equal.

Identical columns are then grouped together, as in the above 0-1-embodiment,
and rearranged by taking each column as a common factor, multiplied by the sum of
its corresponding scalar coefficients. Hence, the resulting summation comprises the
subsequence of all distinct normalized column vectors wi,......... Wy (having no

25 repetitions) extracted from the sequence of normalized column vectors by screening
out repeating normalized columns. Each distinct normalized column w; is multiplied

by a coefficient #; which is a sum of the corresponding normalized coefficients of all
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colums: allvl, al2v2 . ............. al nvn. Mathematically the process is:
5 Ax= M1<j<nxfvj 1 <k<nt” jsuch that aljvj = wk (x7 ajl)alw 1 <k<nil
fsuch thavoap/positt =wkaj j xJ)wk For all 1 < k<_ mdefine: P&EUS0OI4283ICh t hat:
vi =m k ajy xj io The main conputational task involved in this part of
the invention is this calculation of the new coefficients tl...........
t,n as suns of the normalized original ones. The cost in additions is n-m
The produgbrmaized dohusngiheeArebygualls this colursnK IKigR1EdeWhatThe <0l shdhet he
colums el i nation process depends on the structure of the original s
matrix A differpaces o i5ithe RYmber of gapetisons Hetheeariginel semenes of aommalived used i n
codi ng and,gegodi i | vectgrs in wireless conmunication, such as
certain t&Bles of su h@tcg%’ oY 1§§”Hadamard or the cyclic PN matrix. It is
subst anti al al dathéeaticallytthepmcesber of lines in the matrix A is snall
relative to the nunber of rows n. In particular when r < log(n), in such
case mn >n - 2 r-' >0. These obselr-x/atlﬂqn .<anr§.3,l argely true also for 20
O-1-matrix. The remai ning part of this preferr enbodi ment of the

i nvention, horizontal ar\[j vertical splitting, iterations, is equivalent to
its 0-1- counterpart. Tolviiew<h ﬁamtﬁlga]?@abhﬁdxﬁyjﬁﬂjy@j use of the
invention note first that additions are the main part of the conplexity.
For a rxn U-matrix A such that r_<DI 0g2 ( the 25 nunber qf additions in
the worst case, denoted by s(n, T)5 /istgi u&ﬁyhatsjyg-fwk)algéx' Yk s(r) where:
-22 WD 02/ 29611 PCT/ US01/ 42537 S(J) -1 s(nn -1s(2) =0s(n, 2) n5 s(3

=3 s(n, 3) _
Forall 1<k<m define: = U J such that: vy = w V1 %
10 The main computational task involved in this part of the invention is this calculation of
the new coefficients 7;,......... Jtn as sums of the normalized original ones. The cost in

additions is #-m. The product Aex is thus given by:
Aox = D]ﬁkﬁm Wk

The gain by the columns elimination process depends on the structure of the original
15 matrix 4. It is significant in some of the matrix that are commonly used in coding and
decoding signal vectors in wireless communication, such as certain types of submatrix
of the Hadamard or the cyclic PN matrix. It is substantial also when 7, the number of

lines in the matrix 4, is small relative to the number of rows n.  In particular when 7

< log(n), in such case m-n>n-2"">(. These observations are largely true also for
20 0-1-matrix.
The remaining part of this preferred embodiment of the invention, horizontal
and vertical splitting, iterations, is equivalent to its 0-1- counterpart.
To view the saving enabled by the use of the invention note first that additions

are the main part of the complexity. For a rxn U-matrix 4 such that » < logy (n) the

25 number of additions in the worst case, denoted by s(n, r), is given by:
s, r)=n+s)

where:
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n+3 s(4) = 8 s(n, 4) n+8 s(5) =19 s(n, 5 10 n + 19 s(6) = 38 s(n, 6)
n+38 s(7) = 75 s(n, 7) n + 75 15 s(8) =144. s(n, 8) _ n + 144 s(9) = 283
s(n, 9) wW002/296283 The followi ng bound is always valid: 2BCEUR)I/R5Pr-1 +
2r/2 + 1 - r The prior art conventional nethod requires (n-1)r additions.
Since s(n, r)/n approaches 1 as n goes to infinity and r is constant this
method is asynptotically optinmal. The nore conplex multi-product

enbodi mentS(8f=the invention that will be described later requled =
preci se bound to the worst case nunber of additions. This 25 wll be
enabl ed by Ehg ol l owi ng regression fornula. For even r: s(r) = %L-l +
2s(r/2) Folodd r - s(r) = 2r-1 + s((r+1)/2) + s((r-1)/2) Wen ¥*#4 &n rxn
U matrix and there are no restrictions on the dinmensions rxn of the matrix
A thenp th%{gng r of additions required by the invention to cof e_the 30
product Ax'1“’n the worst case is always bounded by: (1 + A)nr/lgggin), wher e
1 >A">0,rnadd ~ goes to zero when both, r and n, go to infinity. In the
case thatsmgn=ag tighter bound (with respect to this case) exL$g4 whi ch
results fromthe application of the vertical split: -23 WD 02 29%11

PCT/ US01/ 42537 (1 + ~)nr/iog2(r), where 1 > ~ > 0,

s(5) =19 s(m5) =
10 n+19
s(6) =38 s(n6) =
n+38
s(7) =75 sm7) =
n+75
15 s(8) = 144. s(m8) =
n+ 144
s(9) = 283 sm9) =n
+ 283

The following bound is always valid:
2% sy < Zlv 221,
The prior art conventional method requires (#-I)+r additions. Since s(n, r)/n
approaches 1 as n goes to infinity and 7 is constant this method is asymptotically
optimal. The more complex multi-product embodiment of the invention that will be

described later requires a precise bound to the worst case number of additions. This

25 will be enabled by the following regression formula.
For evenr: s@) = 271+ 25(/2)
For odd r: s() = 27w s(r+1)/2) + s((r-1)/2)

When A is an rxn U-matrix and there are no restrictions on the dimensions rxn
of the matrix 4 then the number of additions required by the invention to compute the

30 product A#x in the worst case is always bounded by: (I + 0)ner/logy(n), where 1 > 0

> 0, and O goes to zero when both, r and n, go to infinity. In the case that ¥>n a
tighter bound (with respect to this case) exist, which results from the application of

the vertical split:
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and » goes to zero when both, r and n, go to infinity. However, if there is
a specific type of structure in the matrix A then the nunber of additions
requi red wg or/kss1pr ef erred enbodi ment of the present invenPCDUSUN25EF conput e
the product Ax may drop drastically. The nost general conditions for it are
beyond the scope of the current text but sonme exanples woul d be nentioned.
However in the cases where A is nxn Hadamard or cyclic pseudo-random (PN)
matrix then only nlog2( ] i+ @pdifldgens, wikdella enmry of n scal ars, would be
required, which is optimal in this respect. This remark holds also for the
0-1-matrix. 10 abXAVEbdsSo b M bRIhAL akPR)l doGAThANY. Ther e are several

technologies that wll, benefit frominpplenentation of the, preferred
enbodi nent of t fiVﬁbeliﬁttﬁ%ﬁ,ls &eW{P’(S’eH’PS vETuche 1 (he, matin dotisgythes i mage

processi Ng s b SR ISHiRE e R p&?&&%%@aiﬁi\éﬂt%btﬂeq&ééeﬁ@ingaﬁidw duct of
COMA, | S-95 an

a Umtrix by a vector. Tn witeless comunication in the
mor e 315 adewmpotedhe pioductgémaenayt drop dwistleallyaitheGmidA gendralrenditions vt ae

processes. whic enpl oy e product o U-matri x, by a vegctor. These

Pt ocesses Mo i quwe of fir PSS “exbyl semRctmibled mous B, theayioh

somet i mes Hyvedvef ML Qkeb wiBrely istAR HsRnREd 6M6clit PyRBd-ratlion] (PNHNBatgi@Nt ext  of
multi-code in the |S-95-B, 8 lines of fromthe Hadamard-64 20 conprise a

U mat ri x Weanconly s-/agp(e) pldibenspgnda pestosy ofym seadars rquldbe rpquirehplidsisof a
signal. Another_ application.is in neighbor detection which done by a

despr eadeptimabihisgespeste rldis emarishelds also fr the rdtpatixconposed of few
Hadamard |ines by a data vector. Another application is the searcher. It

sear ghes ¢ W LOF RIS ARLAY APPRIC]TFONSOY the conputation of their
mut ual scal ar product. The correl ator 25 sequences are extracted from

pseudo random (fRkfe &RMCAGERChIMIOEDs 82 Wil SRASBNESS, impidiferitifin’ oSl ar
products by a data vector is the required_conputation. Initial inquisition

i s one i ndrefamed embadiseeat ehdhe nverfigERAleszEpd FbPKE- NORGNchEFHIploBYeisabove
Fol | ovi ng S osaReat B UFBlce e S BIFL AL e Al oRibcl LR bR 2 e 1o s
scal ar - Z4nmARi0 By 206d1orPCTH WHkEldsd 2bBimunication CDMA, IS-95 and in the more
15 advanced third generation wide band CDMA, there are several processes which
employ the product of a U-matrix by a vector. These processes will be done with less
energy consumption, circuitry and sometimes also running time by the use of the
invention.
In the context of multi-code in the IS-95-B, 8 lines of from the Hadamard-64
20 comprise a U-matrix which is multiplied by a vector whose entries are samples of a
signal. Another application is in neighbor detection which done by a despreader.
Here too there is a product of a matrix composed of few Hadamard lines by a data
vector. Another application is the searcher. It searches for high correlation of
sequences by the computation of their mutual scalar product.  The correlator
25 sequences are extracted from pseudo random (PN) sequences, which are U-sequences,
and their scalar products by a data vector is the required computation.  Initial

inquisition is one instance of a searcher.

GENERALIZED-ELIMINATION-METHOD

The above binary aspects of the invention are characterized by iterations of the

30 following processes: zero lines and equivalent lines (meaning that one is a scalar
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product of the other) are omtted; zero colums are omtted along with the
scal ar conponents of the input vector associated with then equival ent

col ums aveoyewuped and sunmed together and the matrix i BCEPRO142537

hori zontally or vertically after these two features are exhausted.
According to a preferred enbodi nent of the invention this 5 iterative
sequence of steps may be applied to any product of matrix by vector, in any
field of pealuat sf thEhothet)r aademitfede kad rethnamdadi smeitted @lodghwith mwesdalan woul d
be called the generalized-elimnatiop-pethod (GEM. The summati on of

equi val entco’@BPE‘%’ﬁ%Ojirge ARV XREPR %%Pcrcgﬁt%fpwggéhqmsi eaHIvgent plumpg e @RPUR§dpr ocess.
Let vi, v . . ¥’ i mat ri x
10 A and )%gc(lg?mmfg t?gét}-n?r-a:.n.-dfﬂfle- Hl‘atrf}ﬁ)g(S?l(?ﬂbe t %ﬁlﬁ?ﬁtﬁgs’ elst/lggl O%E%@SF ﬁglogoal is
t 0 conput deatures aBuppwmusted.hAccotditptods pedferesd embadipreopof ticenventionahigenment of
t he i ndexes that each of  the columms vk+l ... . . ... vV for sone 2 <

t he col S VK+l .V,
e O SiRralia s At wePniay R SRBLed i an: pidys of migisByveetoh 2 oy

vj =Zj vk. HReDof f8lafs. ATHE B RBRhreRBeH @MbYdintent 8PHRGRMIRYN Wikl bEekRAd
k-di mensi onal vector: 15 x'=(xl, X2 . ............. xk_1 ,x"k) where x k =

X —
xk + xk-+ithezgeneralized-elimination-methadAGEMY the rxn matrix is replaced by the

reduced rxk mat#gix A S . e VL, V2 . . It then
hol ds t hat thaﬁheﬁuﬁmgﬁ)%x& g@%oér% ncé’ 0 Salsp]‘r:uélﬁ %‘P?‘é"%“y gr{ﬁg‘?}}t}?&n‘fﬂé{? t he
i nvent i on fldwing HeeRss , Létighwdi.ng...., v, beekessiamys af theangsfofthationdaxas, 20 is
repeated until ngo two colums are equivalent. Indeed this is process is
simply a Agaubraliizévi-on-of Fhde fhe &yt vestor andrilng 2eal;is o tcar@htepidite in t he

U matrix [ j ' ' l:

cqui val end TERTaae 1 Ll e W EbRRe LR RIBRLNCE @ indclls BICKRR G, |\ age
i s done i theweiluthnbergonsi.der, ed (forfsomst? Ktleran) enactalbhprodhal & fhedeess.
Then t he ma]trix iS.s Iikt hc<)ri_zo[1_tall and in.each split 25 thi%as ve col um
el i mi nat i GRUPL RIS 108 £5° F &dtir ¥ 9% elSRERe S RSIONaHEciqy %R EPLSEE &Y

enbodi Mmentyse refscddS%-distmbiohaldlce@dr-by the U-enbodi ment and by next exanple an
efficient nethod to elimnate equivalent colums is by first dividing each

col urth by the upper xT@st Xtompenentramtdaccor di teye nul t i p¥lyishg Hxhe
correspondi ng coeffi gri ent Ihe 30 sanme uppernost conponent. It results
with having 1 "KtHE uppernde&t” conponent of the each nodified col um.
However, sonetigag@shd AuapptrixCiatreslaceedty theeddehll 4 matrix 4’ whose columns

are Vi, V2, weeeveeevess , Vi It then holds that that: 4"x'=4x.  According to a preferred
embodiment of the invention this process, including, if necessary a change of indexes,

20 is repeated until no two columns are equivalent. Indeed this is process is simply a
generalization of the process of normalization taken place in the U-matrix
embodiment of the invention. In practice all the above equivalent-columns reductions
may be done simultaneously. When this stage is done it would be considered a first
iteration of the whole process. Then the matrix is split horizontally and in each split

25 the above column elimination repeats in a recursive manner as was done in the above
embodiments.

As is demonstrated by the U-embodiment and by next example an efficient
method to eliminate equivalent columns is by first dividing each column by the upper
most component and accordingly multiplying the corresponding coefficient by the

30 same uppermost component. It results with having 1 in the uppermost component of
the each modified column. However, sometimes in applications of the GEM the

uppermost component of a column in the transformation matrix is zero making this



upper nost conponent of a columm in the transformation matrix is zero nmaking
this -25 WD 02/29611 PCT/ US01/ 42537 division inpossible. In such cases

t he sinplveoswbasti on is to divide each nonzero colum by PCHUSEpESITOSt Nnon

zero conponent and accordingly multiply the correspondi ng coefficient by

t he sane uppernost non zero conponent. . The results 1is that thereis 1 in
t he uppernpst non zero conponent of the each nodified colum. 5 This have

t he desi r abvisiogoiestiblec el Bizch eages dhsl simple snleh@qm Vatlsmle eacht tenzewdi f i ed

matr|X|f re T0 aIIude es vvhe hi_s
preferred eggmgrﬂr%ns léé&?%gﬁl H\?'Eﬂ%eggncoé?ﬁ‘?gﬁ% Plyc Psi der a

mat ri x hawongspondingrdoeffisenit hyathé eAraé ujdlszrMOé?cmezefd ébrhl%n‘éﬁ{ Srhé fesully actice
this set S maybe a finite field a finite subg rougtof the mul tiplication

group of I8 ﬂzﬂﬁhw B b Téleﬂipﬁﬁlﬁ@sge%éqro(wmﬁom%p hel esh anagtifiist column.
Itipl K field It
|rmncl Iuge!sc ?]EHJQEaveatﬂg e ch eﬂ%ﬁ éf)l%% s drk %g@lgz %{P §1eti1e 10 iﬁedI N

I nary cases ssed 1) and
ot her verynainxnﬁmdsirﬂwﬁtthmem@mle S {0 ], -1} or S4[],-1, j, j} or

S={0,1,-1,j, ai n decr th ize o Sandthe eneral rule
hol ds that the &%4]%3%8%?3 %%V\%e dalagi) IPSAGOHe Anyeation pikgnces
| ogj sj (n) thé!‘/@ﬁfc?enéy"'_’ danbided ahﬁlaﬂﬁinlii’cﬁf'ingoifts &@Illéér{ﬁ% rhl@tl{f sﬂia 1t¥3r fﬁr mat i on

matri x. When applicable, the GEM should also be co are ICI ency
wi th the quagicesthiase Smapread finderfioldi ar@nteseubgmtlpnf tHe rhalth@hcaimncgqu ofbed. To
illustrate way t.hi.s t hod. wo udbe strat d for a matrix
Wnose%ent g & gs? are % ! %8‘%’ £, Se%eqF dﬁeﬁ@ cllosf undgr nful{j&]“‘)aa(?%’l R ETFREEYY § x .
Such type dgz heraBl§y Wﬁm& anRens? OTRN Itin@h@sthe Binatyo ¥RE dischdseddBévebe
enphasi zed again that the GEMis not limted to any specific tzpe of

matri x. TH@heﬁ@lﬁﬁéQ Lhtora¥iilt-i band johep yerydeaanipgn sitnations ayhere $=} 4rL1or for t he
Fol | ow ng SharS O ot o Ry s ain SRR RIS At & S REDENEN © e
mat rix | s rglevlmhdstihat tREGEM iteducg:s the ﬂﬂmﬂier-ofjaddlﬁons byla factdk of ZogIsj(n)J.where- 1) -1
)1 J L n is ti1e nl!lmbér of columns in tfle glven tr anslforma’:clion ]ﬁla]t'ruz Wh]én_apiahcabie the
GEM should also be compared for efficiency with the complex and general
embodiments that will later be described.

To illustrate the way this method works it would be demonstrated for a matrix
whose entries are from the set: U 1=def={ 1, -1, j, - J} called U;-matrix. Such type of

20 matrix appear often in practice. However, it must be emphasized again that the GEM
is not limited to any specific type of matrix. The number of additions is bounded by
C=n+d" + o4 ) for the product of rxn U;-matrix by a vector.

Example: Consider the product of the following 3x15 U;-matrix 4 by a 15-

dimensional complex input vector x. The matrix is given by:

25 4= [

-26-



-26 WO 02/ 29611 PCT/ USO1/ 42537 and the input vector is given by: x1 x2

x= x15 The result of the product is witten by: Y1
addi ti onawo haeear e done in this exanple are conpl ex
step is a check for equivalent lines. No equival ent
next step the product Ax is deconposed to a sum of
multiplied by the respective x-coinponents. Y1 Y2
x4 j + x5 1 + x@®djtheHinpiyavet®r is7gitenrtbx8 1 + X9 J +x10
+x13 -J +x14 -1 1 -1_-1 - j 1 1j -1 +x15 -j | -1

of each of the colldim vectors in the above sumtakes

mul tiplying each yegtior by the inverse of its upper

Y=Y2 =Ax Y3 5 Al the
addi t PODVES0TT42837 fi r St
lines are found. In the
t he A-col ums
=X1 -1+ x2 ) +X3 -1 +
-J +' x11 -J +x12 -J
Next, a nornalization
place. It is done by
conponent 15 and

accordingly nultiplyijng each coefficient by the (sanme) upper conponent of

the corresponding (vedgtor. Hence the upper conponent

of each nodified vector

is 1. No -27 WO 02/ 29611 PCT/ US01/ 42537 nodification is needed if the

upper conponent off the vector is already 1. The

X35 |

The result of the product is written by:

Bg!
y=\y,| =4=x

Vs

All the additions that are done in this example are complex additions. The
first step is a check for equivalent lines. No equivalent lines are found. In the next

step the product 4+x is decomposed to a sum of the A-columns multiplied by the

respective x-components.

N 1 -7 J -1 1 —J
Vo =x1|=1|+x2 J +x3| =1 +x4] J +xs5 |1 +xs| J | +
Vs J 1 -1 J J J
-1
10 x| 1| +
1
j -1 j -1 1 -j
xs| V| +xo| j| *xeo|=J| Txu|—J| FTxiz|—J| vTxn|—j|t*xu
-1 1 -1 -1 —J 1
1 J
1| +x55 —j
J -1

15

Next, a normalization of each of the column vectors in the above sum takes
place. It is done by multiplying each vector by the inverse of its upper component
and accordingly multiplying each coefficient by the (same) upper component of the

corresponding vector. Hence the upper component of each modified vector is 1. No

27



following normalized formof the above sumis derived: y1 1 11111 Y2
=X1 -1+ (j)'x2-1+1 X3j +(1)x4 -1 +x51+(j)x6-1 Y3JJJJ1l-1
+ (-1)x7waoz29%1l 1 1 1 1 5+ x8 - ) + (-1)X9 - | + jx1PCFUSH/42337x11 1
+X12 -1 + (-j)x13 1 +j -1 1-jj 11-1 x14 -1 +-X151 1 1In this
normal i zed sum the upper conponent of each vector is 1 and the nunber of
different vectors is thus reduced substantially when (in the general
setting) trﬂ[tehﬁwmbﬁrls Medabllﬂﬂ’{eSupper Szoﬁlpf)fld:rﬁlcﬁhtﬂewéc&frg@ difh@f ilve The the

nunber of ws, r (the, require is: 10 n>4r The next step is to

col | ect al‘f@ QYiRe a8ERalize g Lol eﬁleé’e§BWéséﬁFYﬁ% Thus wth the cost of 7
addi tions the fol4+ow educt i ils obined. Vi 11 2 (x| —+ £1)"' x2
+1' x10 + x14 +1%15) 41" +j' x3 | ((1)x x12) -1t 1 1-j 1 1h|11 +

(x5+(-1)x13) 1 ¥, (W64 | (H1H4; -1 *Hﬁc@ 7| D& D KP+ad |t 1 Esdl-1]) -1 1
-1 1 New coeff]i_cilent ld no 2 defimed: is Wi=x{lL + (L)' x2+1'x +x14
+j - X15, W@=j ' x37M8 = Wy +x J wa= %34(1)x13, = ix6+(]%

=1'x8, W=(1)x9 1 = (1) x11 Hence the above equation may be witten in the
following form| - 8 WO 02/ 29611 PCT/US01/42537 Y1 111111
+(-Dx7|-1] +
-1
1 1 1 1 1 1
5 tjxs | —J ¥ CDxo | = j |+ x| =1+ Dxp | j|+xiz|—Jj| + x| 1] +
J -1 J 1 —J J
1 1
x14|=1] +jx50 -1
J J

In this normalized sum the upper component of each vector is 1 and the number of
different vectors is thus reduced substantially when (in the general setting) the number
of columns # is sufficiently large relative to the number of rows r (the requirement is:
10 n>4"1). The next step is to collect and sum coefficients of the same column. Thus

with the cost of 7 additions the following reduction is obtained:

b2 1 1 1
| = (1 + () X2+ Jxi0+x14 Fixig)| =1 Fxs | F|F (CDxtx1m) | =)
Y3 J J —J
1 1 1 1 1
+ Gest()xis) | 1|+ ((@)xet (Dx7 | =1|) Ajxs | —j {+ (-Dxo | —J |+ Dxir | J
j -1 i -1 1
New coefficient would now be defined:
15 wr=x; + (5)x2+ jxiot x14 +jx1s, Wr=jx3
ws= (-Dxs+ xp2, Wy= X5H(7)% 13, Ws = (F)xgt (-1)x7,
W6 = J'Xg, wy=(-1)x9, ws= (-Dxj;

Hence the above equation may be written in the following form:

-28-



Y2 =W -1+Wj| +W-j +WI1+W-1+W-j| +W Y3Jj-jJ-11J
11-j + W j The coefficients: W........ , W8 are known to the processor at
this stageoo02/29b1t 1 Next, this vector equation will be splPCT/NSo/@283Ttal |y to
the follow ng equivalent set of two equation: Y11 11111 5Y2=W -1
+Wj +W-j] +WI1+W-1+W+W 11-J+WBJ L1'3]=W U + Wy +
VWB[J] + WU + WB[-]]+ Wb U+ W[-1 ]+ WB[11l In general both are vectorial

equations. Ho AP in the) presepy mmiature xanpl e sec qd equation is
degenerate to dqal ar | éqpation. |The|rulle nowli tggf 10 eagth of these
|

§
equation will He:protesséd separatersy—in t hersh nnkjr+ a¥s {hé |tinsst
iteration. The |upper efyation nequires o norpmlizatjion since it inherited
the normal state of the Pprevious equation, and thus-im any nén- degenerate
applicatigny hornglj zation is required only for the second vectori al
equati on. |Consequen hg the _resulting reduction for the upper vectorial
equat i on ilsT/ {1 ws| 2| The cogHficients: Wiy +) are kngwyp y@ ihggyropessongg thigstegear) - | +
Wl 1 The gmoupt ofi1 @ nore additions where required for this step. The
conputation 71s comnmpleted nowin a straight forward nanner, consun ng
addi ti onalN&3, thiddietion rgudtion witichehspditjheadizontedly td thesfollotvarhg ejuidderadeli dfi ons
where used by the preferred enbodinent of the invention in this exanple.
Brute for d&¥OCIHH St i on woul d have required 42 20 additions. In a |arger
scal e the savi hs fa jre s ﬁ tanti ah. -29 02/ i 11 PCF/,US01/ 42537
TOPLI TZ MATRI X |F0O |denopstrate thils priefegrred odi t| of t é iinvention an
exanpbe woul d hey, |presentedt wz| j [+ wsi—j| + wyll|+ wsi=1{+ ws —:TJr wy

1 1
—Jj|+wslj

sl=wi 7] +walil+ wsl1+ wajl+ ws[-I1+ we [T+ wol-1]+ ws[/]
In general both are vectorial equations. However in the present miniature
example the second equation is degenerate to a scalar equation. The rule now is that
10 each of these equation will be processed separately in the same manner as the first
iteration. The upper equation requires no normalization since it inherited the normal
state of the previous equation, and thus in any non degenerate application
normalization is required only for the second vectorial equation. Consequently the
resulting reduction for the upper vectorial equation is:

W 1 1 1 1
15 Vo | = wrtws) | =1 + (watwg)| J |+ (ws+ wstwy)|—j |+ wyll

The amount of 4 more additions where required for this step. The computation
is completed now in a straight forward manner, consuming additional 13 additions for
both equations. Thus total of 24 additions where used by the preferred embodiment
of the invention in this example. Brute force computation would have required 42

20 additions. In a larger scale the saving is far more substantial.
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Exanpl e: Suppose that a sequence of length 8 is given: 5 1) and it is
desired to check 3 consecutive hypothesis of the data vector: x=(x |, x2
......... WO 02/29611 . X10) . The purpose m ght be a search forPOBYSOM2537
correlation. The following three suns are needed to be calculated. Yi =
Ix1 + 1- X2 + (-1) X3 + (-1) X4 + 1- x5 + (-1) x6 + 1 X7 + (-1) X8 10 Y2
= 1x2 + 1 X3 + (-1) x4 + (-1) X5 +1 X6 + (-1) X7 +1 X8 + (-1) xg y3 =
1x3 + 1 X4AOPKFIY) MESTRIX-1) X6 + 1 X7 + (-1) x8 + 1 X9 + (-1)- X10 This

can be represented by the followng toplitz matri x product:

x1 Y1 11-1

-11-11 Toldﬁnﬁhmﬁte this pRferred dmUodirhentlofl thelin¥entibnOany 8xdingile Ivduld be-1 1 -1

1 -1 xlo -1 -11-11 =X 0+X21+X31+X4-1+X5-1+X61+
X7 1+0P635Emf 1-11 -100xs1+X9 -1+ x100 -1 1 -1 The next step
is to gather ST NSy s\é%zettcars% uériae%fl %}98 9&4 13, PIAUpqL/ 42537
Y 1010 - Be sk B ¥ g g8 W GARE BRI 43550 1

0-1321 11 arld _nt -ig mlred tBX@hqck+>87 conseewgvel hymothqm ofl the data vector:

x=(x1,x2, ................. ,x10).

The following three sums are needed to be calculated.

The purpose might be a search for maximal correlation.

yi = lexg + lexy + (Dexs +(-1)exy +1oxs + (1) exg +1ox; + (-1)e
Xg
10 y2 = lexg + lexs + (-Dexy +(-Dexs +1oxg + (1) oxy +1oxg + (1)
X9
y3 = lexzg + lexy + (-Dexs +(-1)exs +1oxs + (-1) exg+1exg + (-1)e
X10
This can be represented by the following toplitz matrix product:
o
»1 11 -1-11-11-10 0] |™
15 y»l/=f01 1 -1 -11 -1 1 -1 0
Vs 6001 1 -1 -1 1 -1 1 -1
[ %10
1 1 -1 -1 1 -1 1
= x7|0| + x2f1) T x30 1 |+ Xg{=1|+ x5|-1| +x5| 1 | +x71—-1| +
0 0 1 1 -1 -1 1
~1 0 0
xgf 1 | txo|—1]|+tx10{ O

~1

1

-1

The next step is to gather complementing vectors, thus:
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at this point consider the terminside each of the brackets and nmake use of

the lemma that if x, y are scalars and v, u are vectors then: 5 xv +Yu=
(x+y) (v+WOo 62/296fK-y) (v-u) hence: 22 101010 xI 0O +rROTAR0A263 +x9) (
+-1) +2(xI -x99~0- -1 00101 11=2¢(xlI +xg) -1 + 2 (xi - xQ)
1 -1 simlarly: 101111 X2 1+ x100 =2 (x2 +xio) 1 + 2 (x2 - xlo)
0-1-11 io hence vm'th the cost of 4 additions the outcone is: Y 111
111 Y2 =2 (X 1+xg) (xI xg)l 2 ( lo) +27 Y3 Ir-£-11-1
-11-11-1 -lxlo) +x -1 +x +x7 -THx8 1 ="111-1
-1 1 -1 but nowlhe=alév U—Wf?ndré m(ff dd e l@e LﬁpMebl Thusg| +theTnext
step is a nor 3izatlon(;hat make t|he uppgl conpopgnt of (f ch col um
to be equal to N -31 6 1 PCT/®US01/ 425 yl 1 = 2 (x1
+xg)-1'+2$|- -(X2+ 0)1+2(x2-Y31111111111
xl o) + (x3) (- X4) x5 X6)|#k[f + (x8) 1 -1-1-1111

¥s|=1|+xs) 1 |+x7 —1 + xg 1

-1 -1 1 -1

10

at this point consider the term inside each of the brackets and make use of the lemma

that if x , y are scalars and v, u are vectors then:

xv +yu= %(x +y)v+u + %(x-y)(v—u) hence:

1 0 { 1 0 ! 1 0
x1] 0| +xo| =1 =5(x1+x9)( o+ -1])+ E(xz-x9)( 0o|-|-1])
0 1 0 _1 0 1
1 ! 1 1]
5(X1+x9) 1| + E(xz-xg) 1
1 -1
similarly:
1 0 1 1 i 1
%201 [+ x10| 0O =5(x2+x10) 1| + E(xz-xzo) 1
0 -1 -1 1
hence with the cost of 4 additions the outcome is:
» | 1 1 1 1 1 1
Y, | = §(x1+x9) -1| + —2—(x1-x9) 1 + E(xz"‘xzo) 1+ 5(
B2 — -1
1 —-1 -1 1 -1 1 -1
Xa=-x1)|1| tx3] 1 |+ Xgf 1|+ x5/ =1 Fx6| 1 | TX7| 1| Fx5] 1 |=
1 1 1 -1 |1 1 -1

but now the above U-binary method can be applied. Thus the next step is a

normalization that will make the upper component of each column to be equal to 1.

31~
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The next step is to collect and sumcoefficients of common col ums. Thus
wth the cost of 6 additional additions we arrive to the equality: 5 Y2 =
1 (xI WOP2/B96fK6) + x7 + (x8)) i | + (1 (xI - X9) + 2 (ReTAR%WBRSH 2 2 Y3
111 X4)) +2 (x2-x10) + ((x3)+ x) -1 -1 -1 Thus if we define for
conveni ence: W= 1 (Xl +x9) + (x6) + x7+ (x8) , W= 2 (x1 - x9) + 1 (x2

+x10) + (x4) 2 2 WB =1 (x2-xlo), WA = (x3)+ x5 10 then the equality is
witten by: ylmg3 11 Y2 = 1+V\21+ 1+ W -1¥3 -1 1-11n the
next stage this| vegctoid (eth_at on w1 S I|t hor1| %ontal y to the follow ng
set of two equatizgn: {{1{’“9 1x2fx1@2 ly *\/\@(W) + B
+(W) Col | ecti ngy,i dentlcal C I1u s rn the 1Ist equatlon obtain with two
nore additions: -32 WO 02/2961 PCT/ US01/ 42537 = (va + (W2 + WB)

[11Thede1edo ptvect cal w berfy agdi 1i onal
addi tions L{t th d ¥ the Q n |on reqwre 1Y additions
to do thi 5”0) Pat|idn.t xﬂr u el ira ‘r #|21|additions.
Clearly the gain -1 1

The next step is to collect and sum coefficients of common columns. Thus with the

cost of 6 additional additions we arrive to the equality:

341 1
p y, | = (%(x1+x9)+(-x6)+x7+('X8)) -1] + (%(M - Xg) + %(x2+x10)+ (-
Y3 Ll_

1 1 1
x4)) 1 +%(x2-xzo) 1 +((—x3)+ x5) -1
-1 1 _—IJ

Thus if we define for convenience:

1 1 1
wz=5(x1 +xg) + (-xg) + X7+ (x5) Wr= 5(351 -x9) + E(xZ +xig)+ (xy)

1
w3 = E(xz-xw), wy = (-x3)+ X5

10 then the equality is written by:

b2 1 1 1 1
Vo | =wi| 1] Tw2| 1 | Tws|1| +we-1
Vs 1 -1 1 -1

In the next stage this vector equation will be split horizontally to the following

set of two equation:

Sl ] o] oo

15 ys=wp+ (-wy) +ws +(-wy
Collecting identical columns in the first equation we obtain with two more

additions:



5 obtained by this mniature exanple is not grand but as we shall see the
gain in large scale applications is conparable to the gain of the above
"squar e" waomdgsopl itz) U nethod. Next is a description oPCTHS0gRAsT al
setup of this aspect of the invention. Suppose a U sequence is given: 10
UL, U2 ... . . . un and sequence of data of real or conplex
scal ars: e xn+m 1l The el enents of the data
sequence nay b X or bel g to any field of scalars of
characterlstlci ge@w&h@pﬂg:rswppaa@)Fﬁ it is desired to calculate 15
the foll ow ng 1k 212 XA+ ... + un' xn Y2 =

211x2 + 2120 X3 .+ ..., Xm+ u2' xml +
.............. .3F.h.e (desirpd oytputvecter y can I%@’Z?%)Jf"‘if}ﬁiewltﬁét acid*mnaénaﬁ@ftw&e if m

> 1 0g2(n) Thhbeﬂeanﬁﬂﬂde%ﬁﬁgdﬁﬁgoﬁbnﬁ%nu&{ rb reﬂn\f?nad(ﬁtgoﬁ@nw G lifst by

dividing the set of msuns to Dbl ocks of r consecutive suns where r <

| og2(n). Abllnptltaaoml o’ fogute ferce meethasdwnldarequidge 21 iadditionmy €katihéhergtinod may
be deponstrat ed .on,the.first bl ock. Tefirs [ Sups, can be represented by
2° Brbauc PRI S Rt e gRlE o abl Brnaeihaf wE R 6 R eedp e )

t0p| Itz meédlé %j h@aaommdxal%alble RQIH /0425@5130%1" ar&!B (déth-toplitzy [0

ul u2 u3 . . pp 0 0ul Sq (-08p %]11000
00 . . ompihqé .. . u" and the (n+r-1) _di mansmnal vector: x1

Next is a description of the general setup of this aspect of the invention.
Suppose a U-sequence is given:

10 ULUYviniiieenniiinans sy Uy

x]sz) ................. ,xn-}-;n_]
The elements of the data sequence may be real or complex or belong to any

field of scalars of characteristic larger than 2. Suppose that it is desired to calculate

15 the following sums:
Y1 TUPX;p tuz X2 o, -+ Up® Xn
V2 FUPX2 TUP X3t o T Uy® Xyt
20
ym = Zl]'xm + uz. xnl-l-] + ................. + un. Xn-l-]n-]

If m< logy(n) then let r=m, otherwise, if m > log,(n), then a preferred embodiment
of the invention would start by dividing the set of m sums to blocks of » consecutive
25 sums where » < logy(n). All the blocks are treated in an identical way so the method
may be demonstrated on the first block. The first » sums can be represented by a

product of toplitz matrix by a vector. Consider then the rx(n+r-1) toplitz matrix:
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x2 X X'+r-1 5 Then the first r suns are given by the vector: Y1 Y2 Y Yr
where: y Ax. The underlining idea of this preferred enbodi nent of the

i nventi ow®822®1t eorgani ze the given problem such that thkerT/abavesi’ nmet hod
will be applicable. Let 10 v1,v2........ Vn+r-1 be the colums of the
matrix A according to their order. CObserve that all the follow ng "m ddl e"
colum vectors are U-vectors: -34 WD 02/29611 PCT/US01/ 42537 U U, +1 Un

ur-1 ur un-17,Vr, - VAL o g e ’?f”OJ‘Jl U2 un_r+1
Note al so theé follow ng*sums and subtractidns of " matchihg” pairs of "side"
colum vect ¢i0s Hre¥al ¥ U vectors: UL-0 UL Uk 00.-0-u™ u" @ u'| ur_1 VI +
Vn+l - + V1 { oVn9l uP Wn-r+2 un-r+2 0 Un-r+2 J L up -, u" - u'41l 5 un-r+2
ul 0 ul ul 0 "
0 0 0 u
A=
0 0
. 0
0 0 0 u u, u,

X
Xy
x =
_xn+r—1 a
5 Then the first  sums are given by the vector:
N
Y2
y=
| Vr
where: y=Aex.

The underlining idea of this preferred embodiment of the invention is to reorganize
the given problem such that the above U-method will be applicable. Let
10 V1, V2eeo, Va1 be the columns of the matrix A according to their order. Observe that

all the following "middle" column vectors are U-vectors:
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u2 0 u2 u2 0 U771 u" u* V2 + Vn+2 - + =, V2 Vn+2 0 u"-r+3 un-r+3 0 un-r+3
J LUl WUz un-r+3 -35 WO 02/29611 PCT/US01/ 42537 wur-1 O ur-1 ur-1 O-
U-2 0 uw@owes210 Vr-1 + Vn+r-1 =+ VWr-1 - Vrt+r-1 = -PCT/US01/25371. ULl O
Ou" u" Ou" wur-1ur-2 Ul - u" After working the necessary prelimnary
preparations the nethod may be introduced. 5 Rearranging w th accordance
to the above: Ax =" 1 <) <n+r-1 xJvl M 1 < <r-1 Xxjvj + xn+vn+ + ~r
<j < n xJvJ Ngxj the invgptijon uses the rule thatqif x, y are scalars and
v, u are vectqrs then: KkV74YU= | (x+y)(v+u) [+ F(X-y)(v-u). Thus: 10 Ax = 0
1 < <r-I (Xi|¥aixn+))( MEr# Vn4j) + (X] Xr:H ¥ - Wn+) + 21 < <n 2
2 Xjvj This process cost 2r]-2 additions and [the flormthat was acconplished
is in fact va= |produot+iaf | an |e-x{-n+r-l1)... @, F X by |a n+r-1-vector. This is
so since by the-above all- tlhe vectors: :

ul u2 _un—r+1 _

Note also the following sums and subtractions of "matching" pairs of "side" column

vectors are also U-vectors:

u, 0 U, u, 0
0 Z’ln z'ln 0 un
- . _ U, R . _
Vit Vpy = + = ) Vi =Vt = - =
L 0 u _un~r+2 _ _un—r+2 n | 0 a _un—r+2 _
U
- un
- un—l
5
__ un—r+2 .
U, 0 u, U, 0
u, 0 U, U, 0
. un 2'ln * un
V2 Vpa2 = + = , V2= Vpe2 = = =
L. O n _un—r+3 " _un—r+3 n L O . _un~r+3 _
U
Uy
- un
~ Uy i3
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15 Vr ,Vr+1,.......... ,Vn , V1 + Vvn+l .. ............... Vr-1 + Vn+r-1 , VI

- Vn+l 5., .. L, Vr-1 - Vn+r-1 are U-vectors. Thus the rest of the

conput at ivod omedsibe done by the U-nmethod. Al the aspect sPOT/USHI/ER537

nodi fication to U-form except for the actual -36 WO 02/29611

PCT/ US01/ 42537 summati ons/subtractions: xj Xx,,+j, are done as a "one tine

job" prior to the arrival of the input vectors. The nunber of additions in

the worst case is given by the expression: st(n, r) =s(n+r-l,r) + 2r-2 =

n+3r-3 +s(r) 5 In the general setting, where sunms mare conputed and np

| 0og2(n) the nunber ofu, dddi filhs ijutHe worst case is bpupded [by](1 +

") (n+3l 0og2(n)) m | og2(n),| whe 1> ~[|>0, and ™ goes tp zero W?en both, m

and n, go to infinit fﬂAccoréF1g tlo"&rlot her preferred epfyodj ne of the

i nvention |an t he_apove gethoj conmpanents of the GEM may pe |i ntegrated.

In such cadd s&iE! of | the *sildef col ums 10 reWdi A™tidpr pcessed by the first

stage of coupling side clol urg (0, 1, -[1)-MATRI X. - Toplitz tnix|is part of

a nore general class| i nat:Ri t hpo&e |matri x whose entfi%s aré¥0, 1 or -1.

Such matrix would be| aal|l ed |ip|hereu(Q, 1,-1)-matrix. A pr@adenui$ version

of the ideas related tothe above topllts - method woul d now be’ devel oped.

Suppose t ha is (0,1,-1)-matrix of dinmensions rxn and x is an

n- di mensi ohaf? input vector and it is desired to conpute the product: AX.

Thi s product,ymy be expressed as a sumof the A-colums multiplied by the

correspond| ng x-conponent. Thus, denote by vj (for every j) be the ]

colum of A, then: 20 Ax = xI vl+ x2 v2+...... + X,i vn Sonme or maybe al

the columms of |A contain O-entries. For the sake of notational sinplicity
5

it mght beassuned that indexes are so arranged (nethodically of course,
wi t hout tasgking the processor) that each of the first k-colums vl,
V2. ... .. WTET contains a zero entry and all the remaining n-k

c;)lhg{mls S( I Kﬂ{eﬂouﬁqﬁé gnne?%}ééésss?r\f’lﬁlr%hml?lélg\ﬂ? a};ar thc l'éealgﬁﬂl ? n{aﬁ N ’mt?h&ﬁlgéa vectors

vect o5 s: VRearvahging with accordance to th& abdve: an average of 2 U-vectors. Hence for
each

A=) cpirs %
=i gjcrt % +%mpny + Hrgicn 59
Next the invention uses the rule that if x, y are scalars and v, u are vectors then:

W = S G + @), Ths
-0 1 ! [
o y N P _Z_(xj+x,,+])(vj + Vi) + E(xj-x,,+1)(vj-vn+1) + Hr<jiz<n

5
This process cost 2r-2 additions and the form that was accomplished is in fact a
product of an rx(n+r-1) U-matrix by a n+r-I-vector. This is so since by the above
all the vectors:

15 Vi Vit Jpeeseonea Vs VT Vel sevcnnnviennnnn, Vel T Vadrg o VI= Vit seecrnveeencenn Vg -
Vhtr-1
are U-vectors. Thus the rest of the computation may be done by the U-method. All

the aspects of this modification to U-form, except for the actual



1< j<_k there exists two U-vectors uj, W, such that: vj, _ | (u +w).
A preferred enbodi nent of the invention finds the vectors ul, w

......... WO 02/29611 uk, Wk, as a prelimnary once-per-matri x PCEpasasin.
Therefore by the 30 above: -37 WO 02/29611 PCT/ US01/42537 Ax = xI (U +
"ALT) + 1 x2(u2 + W) 4 L + | xk(uk + V) +

Xkl vk+l oo + 2 2 2 xnv,: However wth the opening of the
bracket s weuthiadoss/subpaesmit gt Qgﬁ,obreadomé@ﬁluc'bncofimapob'fﬁ;ﬁdﬁls)théhrﬁ&élri X by a
(n+k)-vector. According to a preferred enbodi ment of the 5 invention this
task woul d ObEedBHE VEGtothe above U-aspect of the invention. The above
toplitz aspect j SEYeT o WE! l.al: . G: t hi ader aspect.
EXAMPLES OF | NDrIEJHSe'If[Fliilﬁ,%\olfjr g%%ﬁl%ﬁﬂh 1@&@%@?@@%@%@?&ngtlbesé?udgﬁsg E)fr?'epr esent ed by
t he product of a Topl it zsfmtry iFxstyr-dr) d2vrd veeboB. +3hi s is so both in CDVA

and wi_deband .CDVA. 10 REAL TRl X According to another preferred enpodi nent
of the i nviﬁ‘nﬂ?eogﬁnef%éemﬁ’bg CIGF SUMSIHAR 8‘?@%‘1‘?8‘? %‘Sé%?%ﬁ@ t{ﬁeayu}ﬁgerrgfguced
for any realiditibReRthd MaRstAERboaRddby e i bjRnetic's.
In the pr oceeldli ng1 ttext it will be cegl}blye(z tﬁzﬁﬁggéglzwr)r%%{/{o?%n?mqﬁ%%q The

l'inear trams$@ ARt DQdes fo 7LPWASEBbBImNI A, §Bidihknilose entries are real 15
nunbers, not necessarily integers, having a fixed nunber of binary digits.

The mat ri x Acgprdingsle apethsrpeafeded embodimantort the Hyeptiominte heibone Biatady

coefficien . in ' he e, i ntion
wil | beI ap%ﬁ?@é&nﬁgﬁtﬁ$§§%§{e§%§ ilfsn}agrr?gtd h%x%cgl%?egéeor% e{]{@hgo 1{‘%vﬁ°%‘gﬁﬁ§x alrrpl e.
Exanpbe: Co¢maid@npiobessédby thal fivgt stapl o comilinigsideAoldmmw. ng (for the sinplicity

sake of 20 this exanple) integer entries and witten in the decinal basis:
21543045 A-50414712 2731450 3 The input, 8-

di mensi onal vector, is given by: (0,1,-1)-MATRIX.

Toplitz matrix is part of a more general class of matrix: those matrix whose
entries are 0, 1 or -1. Such matrix would be called in here (0,1,-1)-matrix. A broader
15 version of the ideas related to the above toplits - method would now be developed.
Suppose that 4 is (0,1,-1)-matrix of dimensions rx» and x is an n-dimensional input
vector and it is desired to compute the product: 4ex. This product may be expressed
as a sum of the A-columns multiplied by the corresponding x-component. Thus,
denote by v; (for everyj) be the j column of 4, then:
20 Aex =x1 v+ x3 votet x, vy
Some or maybe all the columns of 4 contain 0-entries. For the sake of notational
simplicity it might be assumed that indexes are so arranged (methodically of course,
without tasking the processor) that each of the first k~columns vy, Va,eeoeeevenne. Vi
contains a zero entry and all the remaining »n-k columns (if there are any), vi+i,
25 Vit 2yeeererersseeas ,v, are U-vectors (that is, without 0 entries). It is clear that each of the
"mixed" vectors: vi, Va,..ceceeeenenn Vi, 1s an average of 2 U-vectors. Hence for each

I1<j<Fk there exists two U-vectors u;, w;, such that:
Vi, =%( u; + wj). A preferred embodiment of the invention finds the vectors uy,

Wiserrerrerereees , Ui, Wy, as a preliminary once-per-matrix preparation. Therefore by the

30 above:
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x1 x2 x3 x4 x =x5 x6 x7 x8 -38 WD 02/29611 PCT/USO1/42537 It is
desired to conpute the 3-dinensional output vector: Y1 Y= Y2 =Ax. Y3

Si nce provesyuest nornmal |y work on binary basis the natri xXPETAWSO1/42657
represented in this basis and thus it is given by: 010 001 101 100 011 000
100 101 5 A= 101 000 100 001 100 111 001 010 010 111 011 001 100 101 00O
011 This representati on suggests the possibility of using distributed
arithmetic's to; express the matrix as a sumjof three binary matrix: A= "
Al Q1 + ~ AP =5 X AM2) T Weéeet o) 1. G- 3O ZOXH e LA X0 6010216 0 1 1
101 10 % 0100 dZA[l] —00000%f01 11100001 0011
11 Xn Vn

oo

1

0
However with the opening of the brackets we find a representation of a product of an
rx(n+k) U-matrix by a (n+k)-vector. According to a preferred embodiment of the

5 invention this task would be done by the above U-aspect of the invention. The above
toplitz aspect of the invention is a special case of this broader aspect.

EXAMPLES OF INDUSTRIAL APPLICATIONS
The searcher is usually represented by the product of a Toplitz matrix by a

data vector. This is so both in CDMA and wideband CDMA.

10 REAL MATRIX
According to another preferred embodiment of the invention, the number of
computational operations may be reduced for any real linear transformation by the use
of distributed arithmetic’s. In the proceeding text it will be called the "real-matrix-
method". The linear transformation is represented by a matrix whose entries are real

15 numbers, not necessarily integers, having a fixed number of binary digits. The matrix
will be decomposed to a sum of binary matrix with binary coefficients. In the next
stage the binary embodiments of the invention will be applied. To introduce this
method consider the following example.

Example: Consider the following 3x8 U-matrix, 4, having (for the simplicity sake of
20 this example) integer entries and written in the decimal basis:

21 543045
A=|5 0 41 4 71 2
27 314503

The input, 8- dimensional vector, is given by:
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Al2] =101011200 01001100 Thus the first step taken by this
enbodi nent of the invention is the construction of the binary matrix Al 0],
A[l], Al 2yoowegoni sing the bits of the entries 15 of A acRoT/abeig253y t heir
significance. The preferred enbodi nent under consideration wll be a
consequence of the equality: Ax = AIOx + " "Al1] x "~ T[] -A2] -x The
next step is to conpose the 24x3 binary matrix A* formed by horizontal

chai ni ng of Al Mis deikedXo cAmpihite-tRO3 %&ﬁ%i&l&ﬁ&ﬁpﬁ%bbﬁﬂ/ 42537 A 01101
00110001000 =20010120000001201 011101011
1100001 0OO110011120101100 01001100andalsoto
formthe 24-di ngr j’,on_gi,x.col um vector x * conprised from3 5 replicas of
the vector x edch|"With the corresponding binary wei ght deduced fromthe
above sum This ikVdone before the arrival of input vectors begins. 2x1 20

x8 21x1 x*= 21x8 22 xl Not e t ha rrultlp]y 21 reguires only
i ndex shifti ng?slélﬂ‘f@r ﬂqcﬁﬁgorgﬂ’?@ ]9’ ok ¢y binary Jisise ﬁ@épﬁé a‘é’g]erbﬁ on

that: 10 r¥refNfedAnthis basis and thus it is given by:

010 001 101 100 011 000 100 101
5 A=|101 000 100 001 100 111 001 010
010 111 011 001 100 101 000 011

This representation suggests the possibility of using distributed arithmetic’s to

express the matrix as a sum of three binary matrix:

A= TsAJ0] + O%A[1] + 0%42]

Where:
011 01001
10 Af0] =11 0 0 1 01 1 O
01 1101 01

[
—

Af1]J= 10 0 0 0 0

0 01 100T1°1
A4/2]= 11 01 0 1 1 0 O
01 001100

Thus the first step taken by this embodiment of the invention is the
construction of the binary matrix 4/0], A[I], A[2] comprising the bits of the entries
15 of 4 according to their significance. The preferred embodiment under consideration
will be a consequence of the equality:
Aox = TeAf0]ex + O'A[1] ox + O%eA[2] «x
The next step is to compose the 24x3 binary matrix 4* formed by horizontal
chaining of A4/0], A[1], A[2]



Thus in what follows a conputation of Axx* through the 0-1-nmethod woul d
take place. Hence the next job is to collect and sum coefficients of conmon
nonzero wobumssl creating new coefficients and thereby repdDobng2sdte si ze
of the matrix. Hence it holds that: 1 01010 15 Y=W 0+ W 1 +W 1
+W 0 +W 0+ W1 000111 where: -40 WD 02/29611 PCT/ US01/ 42537
WL=22 -x7+22 xs+21 .x4+21 x5+2 - X5 w2=22 x1-1-21 x6+2 x1+2 -x7 WB= 22 x3
WI=22 . x2+21 x2+21 - X3 5 wh=21 -x5+20 x2+2 .x1+2 x3+2 x8 Wb=22A%x%+21
-X6+2 x1+20 x7 [ s gdopegwi hygricogt jofy 1 ddj tphons. Next, a row
splitting of th ! re\évtijlltl(rjlln ITB.tO:’IX tlakgsoploacg 6Hcebnce yl1w 1 + W0 + W
1+WwWs 1+ W [0 Y204 100111 10|(dhdd 930MmAVE 0 Wb | Now, sumﬂ'ngthe
coefficients of |gonmon qol(ymps g N the fifnsty eguatigny |yields: Y1 = (w2+ W)
O+ (W + W 0+ W1 Y2 1s T step cost 2 additions. The rest IS
done with npre addptigong. 1 otal 20 addition operations where required to
conpute t sformation im this exanple. The use of conventi onal

nmet hods i d gveO rgaL}i r@dO he equi val ent of 29 addition operations,

where by "l@quival ent1 Ve ore@n that additions conprising product operations

are also taken into account. . .
and also to form the 24-dimensional column vector x* comprised from 3

5 replicas of the vector x each with the corresponding binary weight deduced from the

above sum. This is done before the arrival of input vectors begins.

o
27 x,

0
2" xg

1
2'x,

1
2 xg

2% x,

| 2%
Note that multiplying by 2’ requires only index shifting operation. The key to
this embodiment is the assertion that:
10 y=Aex= A*ex*
Thus in what follows a computation of 4*ex* through the 0-1-method would
take place. Hence the next job is to collect and sum coefficients of common nonzero

columns, creating new coefficients and thereby reducing the size of the matrix.

Hence it holds that:
1 0 1 0 1 0
15 y=wi| 0]+ wa | 1|+ws|1|+wy0| +ws{ 0|+ wg|l
0 0 0 1 1 1
where:

-40-



20 Qbviously this is not an exanple of outstanding saving. It is rather an
easy introduction to the idea of this enbodi nent of the invention. However
subst ant ive® 02/2mv¥i ng i s acconpli shed by the invention whenp€Chespanairet ers of
the matrix (dinensions and nunber of digits for each entry) are large. In
general, the preferred enbodi nent of the invention under consideration
relates to an 25 efficient conputation of a real, unrestricted, |inear
transformation. The txm.aatri X presenging the transformation is
witten by: -41”"\7\%0 75@61%84ﬁéT7A5Efs‘t[)?/21’§5“§ "§|| al2 . . . al" a2l a22 . . .
. . a2n A= ant a.p e the entries of the matrix are real nunbers. It is
desired to conptA Agp'\gﬁe'r@'gz i 1%2 i*Hi mensi onal vector of real or

conpl ex scalar entries witten by: x1 x2 x= X' 5 It is assuned that the
entries of the Wt A are witten in bi nary basis with fixed nunbers of
digits before and gfter the point. Two preferred enbodi nents of the

i nvention will W&E2r&3g®k e¥2d oPtional solutions and the choice between

t hen depends on trlle strkuctureoof th trangformation matrix. The first is
cal l el the 0- 1-wsfdcobpbgi tXom2 t KetLeckndt 2 sXeal | ed the U-deconposition. 10
It is presuned that the entries of the matrix A are bounded by 2nzl1l and
have accuracy Of’6=2%QX(dﬂ'@ltx6'H)'§)90Nd+t2ﬁexpoi nt for appropriate positive

integers nl and.n?. This assunptio es.pot restrict the. .scope.qf the
i nvention, sinc %\)’@ls)fl(’?ﬁa‘fvgﬁ agg‘?:s&ﬂ%tﬂér)éédlgﬁ‘%f' a%%?‘{acae&%rsf’ﬁgglgaoﬂ te
nunber of (dhgiiSmbeiasiespideatesée:t he point. Put meril+n2  +1. Distributed
arithnetic's would be applied to break the product Ax into a sumof m is

bi nary productsf gf| the fype treapeéd by fhe ex | e aboMg] First the
i nvention is descriihed |n t‘he‘@§ Tha‘tsfhéwés tOriés Mslt e matrix are
nonnegati ve 2

10 and:

V3= wptws +ws

Now, summing the coefficients of common columns in the first equation

G R e + ol . !
7 (W2t ws) 0 (w2 + wg) 1 w3,

15 This step cost 2 additions. The rest is done with 2 more additions. Total 20 addition

yields:

operations where required to compute the transformation in this example. The use of
conventional methods would have required the equivalent of 29 addition operations,
where by "equivalent" we mean that additions comprising product operations are also
taken into account.

20 Obviously this is not an example of outstanding saving. It is rather an easy
introduction to the idea of this embodiment of the invention. However substantial
saving is accomplished by the invention when the parameters of the matrix
(dimensions and number of digits for each entry) are large.

In general, the preferred embodiment of the invention under consideration relates to an

25 efficient computation of a real, unrestricted, linear transformation. The rxm matrix 4

representing the transformation is written by:
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and the deconposition is 0-1-based. A real nunber t bounded by 2m and
having n2 digits beyond the point may be represented in the foll ow ng way:
t =N -ym20a/h96t1 n11 tk2k -42 WD 02/ 29611 PCT/ US01/ 42537pCWMusee2e3ich tk i s
O or 1. This is the standard binary representation. By a typical
distributed arithnetic's argunment A can be deconposed to a sum of mrxn
0-1-binary- matrix in the follow ng way: A *_nR<k<in, 2kA[k] 5 In this sum
AlmM] is the 0-1-thr|§ of the npst sjgmificant bits (MSB), Al-nR] is the
0-1-matrix of the|l@ast?significant bif$ (LSB). In general, each of the
matri xA[ k] is a 0{%4i-rfeiri-x ‘whose ent%hies are conprised of the
k's-significant-blits of the entries of A, where each bit is placed inits
correspondi ng ehfry. By the distributive rule it follows that: 10 Ax = *

mM < k <m 2kA[k]x. This is the basi$ for the current enbodi nent of the
invention. Next |et. A* be the rx(m) O{1-matrix conmposed by the horizontal
|l ining of the binary matrix of the qpo e sumin the order they appear in
the sum Then, A@—-PA[ m ] ... AlO].............
AN 1] Whelhins b bre Iﬁ%%ar@féﬁl fudrBerd. Oft 1@5%1@& YE QoL la¥% wh&kgre the
arrlval of input vectors begins. In addition [et the di nrensi onal col umm
vect or x* ipan gidireenshynal verteroixed ongomyllex sealarznirie@ mritbenye key observati on
underlining the egbodi mrent under consideration is that: 20 Ax= A *x * The
latter is a prgdugqt of a rx(mm) O-1-matrix by a (mtl)n-di nensi onal vector
which 1is conpgsegd of shifted mreplicas of the original vector. -43

xn

5 It is assumed that the entries of the matrix 4 are written in binary basis with fixed
numbers of digits before and after the point. Two preferred embodiments of the
invention will be presented as optional solutions and the choice between then depends
on the structure of the transformation matrix. The first is called the O0-1-
decomposition, the second is called the U-decomposition.

10 It is presumed that the entries of the matrix 4 are bounded by 2/ and have accuracy of
m, digits beyond the point for appropriate positive integers m; and m,. This
assumption does not restrict the scope of the invention, since every scalar encountered
by a processor has a finite number of digits before and after the point. Put m=mj;+m,
+1. Distributed arithmetic's would be applied to break the product 4«x into a sum of m

15 binary products of the type treated by the example above.

First the invention is described in the case that the entries of the matrix are nonnegative

and the decomposition is 0-1-based. A real number # bounded by 2™ and having m,

digits beyond the point may be represented in the following way:

L= D-in2§k§n11 tk.Zk



WO 02/ 29611 PCT/ US01/ 42537 The conputation of the product A *-x* is done

with the 0-1-binary-enbodi nent of invention. Since each nultiplication by
an i ntegavopopesesil of 2 may be inplenented by shifting thePoTUS)U/42837y |ittle
additional conplexity is added. This enbodi nent of the invention may reduce
significantly the conplexity of the 5 product. Let: 1 = 1log2(m) = |log2(m
+ log2(n) and let C(A) be the nunber of additions required by the invention
t o conput ewherexeach i lis or theBhis-is @2 stamdatd Dinar répresentatidh. Ay ti @Eic@l' y we

op .the

see that in this case the cruder bound: CO < 2mm. Wen we dr _
assunpt i on&ﬁﬁ‘ﬂg’f‘tefl ag%hme,“cistargl‘gpﬁgﬂ‘c e ge desomposed tp aisumy ofpnrn Q/VE&M@IX' > A >

0 and " goggi{xdn 4R BUERiIdFwWARd r goes to infinity. 15 The conventional
(brute force) prior art method of conputing the product Ax requires, on

average, the equivalent of nrnm2 additjang] where a ig' ons conprising the
product operations are taken into accoun@'mlzﬁksijﬁ:eglg‘éi @s, particularly
when r=1, or when r is rather small another variation of the above

nenti éned EriBissumedimng ithe Bel-pratizeef the mosbsignifipans bits (MSB), «awizhds thiot e

that 20 ifgqt . rn=x,t:he: . Ly T to.t f L ar  pr oduct
bet ween t\/\g'lfllg% lgr%g ﬁle‘llﬁ%sg E‘%ﬁlsmé |1§T}ésg)élt]ﬁ%&éﬁ%glmer%°r? é(}gfflr%ﬁ’[agﬁ %[r:ﬁ i %ng ence
and t echnol-agyri-amtobd snigiks iaed eorprigedr dfothedNs8ighiFicait-BICH theeentriBCar dj Ng to

this variatjon a_ matrix A ** is fornmed by the_ chaining the matrix, Al-nR
], Al-np1l Where each bit is placed in its correspongng entry, By the distributivepuigyit follpvgs

vertical sgguence. Thus it is 25 the r(m+l)xn O-1-matrix given by: -44 WO
02/ 29611 PCI/ US01/ 42537 A[-n2 ] -

10 Aox = D_mz <k<m, 2PA[R]x.

This is the basis for the current embodiment of the invention.
Next let A* be the rx(men) 0-1-matrix composed by the horizontal lining of the binary

matrix of the above sum in the order they appear in the sum. Then,

A*=[ Afmy ] A0 oo Afmy ][

15 This would be done, one time for any given matrix, before the arrival of input vectors
begins.

In addition let the men-dimensional column vector x* be given by:

o™y

2-m1 +1 x

— 0
x*=| 2°x

L 2m1 X |
The key observation underlining the embodiment under consideration is that:

20 Aex= AFex*
The latter is a product of a rx(men) 0-1-matrix by a (m+1)*n-dimensional vector which

is composed of shifted m replicas of the original vector.
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A** = AJO] A[m] Next, the conputation of A* *x is done by the preferred
enbodi nent of the invention for O-1-matrix. The product A**x contains all
the prodwe®e229fit nm2JX ............... AlQIX, ............ PCT/US)W423%. Hence,
using shifts for the binary s nmultiplication's the desired result is
achieved by performng the sum Y=/ -n2 < k < ml2k. Al k]x This concl udes
the part of matrix wth nonnegative entries. Wien the matrix Ais real,

havi ng entTheesomputhtid of itign prddnen 4the eddnke Xwith Ql@dlotlebm@ﬁypérﬁ&ﬁﬁﬂeﬁsoia
subtraction of two matrix w th nonnegative entries; - 10

Fol | owi ng ERFHione pHRcesac muliplicatien BY. g stegsr Ppwer erﬁl@ﬁy |b6 ﬁm@k@@m@ bcussi on
carries 0%&195&%1%%&9'11@& di tYch&%pl&ﬂfyin%HM first each of the products
y or

yl Alx and y2="A2-X, " separ ate i ned formby the above met hod.
Then the lenaIenslIodpncm dfhthe ineentiphngayputdust digrafisantiyrthe tdomplesity=of lthe y2.

The above 0-1-bin ion of a preferred enbodi nent of the invention with
respeét to 15 Broﬁﬂgﬁ itrix is particularly efficient when the deconposing

binary matrix: Al M J AL 1ogNasA L= logz(m)+log2(_|) ..............
AAQl, .............. mj] are rather sparse his may a consequence of

the A-ent rﬂI@slebé‘(AJ)gbfbf evambey of edditiensareduined, by theniomentionfto roomputebd Foxdf

bi nary dlqu %gond the point. In such cases the zero padding necessary
for the above rrentl oned uniformdigital format causes a higher |evel of
sparsity. 20 Anot her forr{a[;(g 1he, prrgfgrrefdwtenbo i ment of the invention,
based on U-binary distri { arithmetic's, will be described by the next
t ext .10 Thi sPafrtimﬂde;fwelseathalt\/iﬁm]nlsoasethasruﬂhd)oad&ant age of being nore adaptive
to matri x having entries C?; bog h S|gns and of being based on the faster
U-nethod. In practice it i(¢) "efficient then the above 0-1- -45 WO

02/ 29611 Fﬁémjdﬂﬁ;ﬁ,%;ssw@h%ﬂﬁe,n H hsiaemhs sone uniformty in size and

accuracy of the entries of 'the matirix. The main features of the foll ow ng
method are similar to theC(@)fﬁﬂb*t[ﬂbm'r'We fol | owi ng observation is required

for the pro ing des ptio |nv ntion.. ~A.real nunmber t bounded
by 2nil and” ﬁ ?nggng %E]t%oe%gy%eﬁ%mﬁl ?’)‘b rngoeéé%mtggltys represented as a
U-bi nary sTh® doavédtnhlofbhauvdige)iior art method of computing the product 4ex requires,

on average, the equivalent of nerem/2 additions, where additions comprising the product
operations are taken into account.
In some cases, particularly when =1, or when r is rather small another variation of the
above mentioned embodiment might be preferred, to enable further saving. Note that
20 in the case r=1 the problem is reduced to that of a scalar product between two vectors.
This itself is a rather common computation in science and technology and its efficient
performance is of much use. According to this variation a matrix 4 ** is formed by the
chaining the matrix,

Al-my ], A[-mg]ceniinnn VA[O] .. ,A[m;] in a vertical sequence. Thus it is
25 the

re(m+1)xn 0-1-matrix given by:
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t ="-mM -1 <k<mnm -1sk.2k + Sm(2m - 2-nR2-1). where all sk, for -nR
-l <k<nl -1are 1 and snl=1 when t is non negative and Snl=-1 when t

i s negat iwe02/I%ser efore an rxn real matrix A with entries PETSEIM2SI7ghs can
be deconposed to a sum 10 of U-matrix in the following way: A=~ -n2 -1 <
k < nml -1 2k. Alk] + (2mL - 2-nmR2-1)A[nj] Were each of the matrix Alk] is a
rxn Umatrix. Let A * be the rx((ml)n) Umatrix: 15 A* = [A[--n2 -1J,
Al-n2] ..o F.A[.S_m.].... A ..o A m-1J, Alml] |
This matrix is conposed as & or;le time task per each matrix before the
arrival of incomng data vectors. In addition the (mtl)n-di nensional
colum vector x* is defined by:| 2n2-Ix 2n¥ x x*= 2 x 2m-Ix (2n
-2-m2-1)x 20 It holdg that: AxF A *x * -46 WO 02/ 29611 PCT/ US01/ 42537
This is a product of g rx((mtl){n) U mtrix by a (ml) n-dinensional
vector. Thes* coaput atijon Af0]thijs product is done by application of the

U matri x enbodi nent off the invention. As in the above nethod pertaining to
0-1- binary deconpositlion, "al sof here there is 5 vertical version for r=1
or small r. It is completely analog to the one descri bed above and there
IS no reason to repeat| the detajls. Let 1 = log((ml)n) = log(ml) +
log(n). It holds for I| > r, that the nunber of additions required to
perform the above net hodAl®B bounded by 10 C(A) < (m+l)n + 2r-1 + 2r/2 + 1 -
r

Next, the computation of 4**ex is done by the preferred embodiment of the invention

for 0-1-matrix. The product A4**x contains all the products: Al-
My[o%,..eene. VA[O],.............. JAfmy[ex. Hence, using shifts for the binary
5 multiplication's the desired result is achieved by performing the sum:

J):z []-anjikgiin] 2k.14[k]!x

This concludes the part of matrix with nonnegative entries.
When the matrix 4 is real, having entries of both signs then the matrix 4 can be

expressed as a subtraction of two matrix with nonnegative entries: 4 = 4; - A4,.

10 Following this representation, the aspect of the invention under discussion carries out

the calculation of y=4<x by computing first each of the products y;=4;x and y,= 45°x,

separately or in a combined form by the above method. Then the final step is the
carrying out of the subtraction: y =y; - y..
The above 0-1-binary option of a preferred embodiment of the invention with respect to

15 a real matrix is particularly efficient when the decomposing binary matrix: A/-m, ],
Af-my+I] o JA[0]............. ,Afm;] are rather sparse. @ This may a

consequence of the 4-entries being of various sizes and having non-uniform number of
binary digits beyond the point. In such cases the zero padding necessary for the above
mentioned uniform digital format causes a higher level of sparsity.

20 Another form of the preferred embodiment of the invention, based on U-binary
distributed arithmetic’s, will be described by the next text. This form of the invention
has the advantage of being more adaptive to matrix having entries of both signs and of

being based on the faster U-method. In practice it is more efficient then the above 0-1-
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As in the above text, C(A) is defined to be the nunber of additions

requi red by the above U enbodinent to conpute Ax. In greater generality,
it hol dswhar296Q( A) < (1+11)(mtl)rn/l where 1 >~ > 0 andPCT/GS@HM253 zer o as
(mtl)n and r goes to infinity. 15 EXAMPLES OF | NDUSTRI AL APPLI CATI ONS

Li near transformations are commonly used in every fields of technol ogy and
science. Applications of the real matrix aspect of the invention in
communi cat vession adhm dtemg'ys Somftomifdsrniﬁy Odsize sndoiccuraty Of the entride bé tHeanatfiiuD)

by out puttanpareges 5 Bedhafine e HERRL B R Gkt o the

cal cul ati ortge PiloWaRSsbseHasess requited forl (AP BlosEedRas REBS 1<£erRthe lﬁbérﬁl%hs wher e
Di screte Fourier Transform (DFT) are fully or partially conput

Especi al | yAResl fitnbesr & botindsdr by a2 Dl baving hgs digits teyand tmqbomdachannbw ze
where FFT is not efficient are instances where this feature of the

i nvenfi on TPRreaed as g dinary sup e the fpllawing Wayansf or m DCT |s anot her type of

| i near transfornmati on whose, conput ation may 25 be i nprov y the
invention. This is so eépeaaal Ly<whes) -i 5 ’%+o%y(2t')”él=t2"’é’|2 )y cal cul ated or
when its size is not too Iarge SO that hi gher di nension fast algorithns are
not very ghdrb GilgQtfor Lin, Sp@kd:'ﬁi' L@l a8d gnadndhy 0CESHhN; ﬁ%‘&?&ﬁ@ g such
as processing ci rcwtry which™ errpl oys FIR s, "™orrelation of two relatively
| ong vect wn?ipwh@lg;ﬁlslheghtlv@’le of the 30 vectors may represent taps of a
FIR filter Which operates on a second vector, representing an input that
shoul d be Thdréforesh rnirchlahathig O pathadntrisd of ®os Sihs"@n Ve ddebipaded to 4 kudD

02/ 29611 PCT/ US01/ 42537, convolution is represented by the product of a
Topl i'fs ne@frismaggx i thedpBoWingWay:i s done effi ci ently by the real matrix
aspect of the invention. COr\@LEX MATRI X Exanpl e: ? pose hat it is desired
to conpute the foll owi ng4st -k Zmf JJ+125“>4|[k]++((2m y .2 x% Mdfmg-f). x3 +
(-1+) x4 +(1-])-X5 + (-1 +4j) x6 Y2 : (-1+)"'xI + (1+)" X2 + (1+)" x3 +
(-1j) x4 Wh@réeabﬁofth@matlﬁ)izlﬁ isa¥fh UMBatrix(1 J) ' xl + (-1-f). x2 + (-1-f).
x3 + (I+) x4 + (-1+)" x5 +- (7 X6 where the input scalars xi, x2
................... X6 are conpl ex nunbers.

Let A* be the rx((m+1)sn) U-matrix:

15 A* = [Af-my- 1], Af-m]eeoeeeoeoocc.... Ao Afmy-1], Afm;]]

This matrix is composed as a one time task per each matrix before the arrival of
incoming data vectors.

In addition the (m+1)en-dimensional column vector x* is defined by:

2m -y
27 x

2% x

=
¥
]

2™y
™ -2™) x|

20 It holds that:

Aex=A%ex*
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The conventional prior art approach would require 66 real additions. This
is seen when 10 we take into account that a product of a factor of the
sort (1 WO obgeal conpl ex nunber requires 2 real additi onBCEUM0IONE37addi tion
of two conpl ex nunbers requires two real additions. Two main options of
preferred enbodi nents of the invention for doing this conputation will be
presented. The first preferred enbodi nents of the invention that 15 would

be cal | ed Tiingea pﬁmm Oﬁap)r:d(@n{ﬁM) ﬂ]—&naﬂlﬁ)ebytahﬁn-ﬁgcﬁ dﬁﬁb’l‘l%lonbl(\ﬂettcﬁ' (Bt ) =

1(1+)(1-j) = fl;&%é (-1+17) =] 20 Hence by

mul ti pl i rfgnmuratlpﬁé PEOdUGHES 4996 i?y (amphqaylon aéth r@zﬁrm smbafiment phihse

rotatlon B p\e get coefficients fromthe set {1, -1, j, -j}: 1 (1+)'Vl
= jx1 + 1x2 + z)j x3 + (-1)x4 + 1x5 + (-1) x6 1 (1 +)-Y2 = (-1)9x1 +

X2 + j - xAsrif ﬂ)e abo¥eméthdd peBaining toXB1- Bmady (lécohjlposf(ﬁn aldo hdrettheje) is X2 +
(j)' x Acco di ngwéo r ef erred enmbodi nent of

the i ﬁvent‘JGBt?'Fa% N"eré’é? if)ﬂﬁﬁ_gf’és%ﬁurﬁuﬁéﬂ COmHP fFly e pye dessriped alkowg |

si zes of tajﬁushqumI%agdﬁqog@ﬂegtﬂhgd@@ﬁgl nal in this case conpared to the
conventional way, but it is substantial in |arger dinensions. Wen the

di rensions are small, as in this exanple, other nore conventional rret hods

Final 1yt RaYT boulag Ot D e wioedBr shirieBiae i ey sass 7 Bl pbechiipe ot
mul tipli echdamohardq)nrte@t@ﬁarmrﬂlth@@bdi@mdﬂﬂdi s ®duhded Yot € that nultiplication
by j or (-1) are "organizational" operatlons reqw ring nodest anmount of

ti meand energy. The sea@ydd <optiilm of 2pt ef eff €d! enodi nent is called the
ComP1 % (B Ie BPD) hottR B RS RD B SE nE
;(3Xi ZJ i—g ;%%)Vé; ?%nbodn%é@to co?ﬁ@u’c‘éd £ (ﬂ?‘g%aterYg%nerah }t h't%(@ _tﬁ%(t)l :" )](.ix-:[) ( '_ X)2<)2 :"
&) - x3 - (/x3) + x4 + (/ x4) C(AX5 61"@))(3’)+19°D(6/1+ VX 6)
where 1> 0> 0 and O goes to zero as (m+1)*n and r goes to infinity.
15 EXAMPLES OF INDUSTRIAL APPLICATIONS
Linear transformations are commonly used in every fields of technology and science.
Applications of the real matrix aspect of the invention in communication technology
include products of multi-user detector (MUD) matrix (such as decorrelators or
minimum mean square error (MMSE) matrix) by a output vector of a despreader. It is
20 also applicable in the calculations of least squares. Finite Impulse Response (FIR)
filters where Discrete Fourier Transform (DFT) are fully or partially computed.
Especially FIR filters of partial DFT and those of small and medium size where FFT is
not efficient are instances where this feature of the invention is applicable. Discrete
cosine transform DCT is another type of linear transformation whose computation may
25 be improved by the invention. This is so especially when it is only partially calculated
or when its size is not too large so that higher dimension fast algorithms are not very
efficient.
In some digital signal processing applications, such as processing circuitry which
employs FIR's, correlation of two relatively long vectors is required. One of the
30 vectors may represent taps of a FIR filter which operates on a second vector,

representing an input that should be filtered. Filtering operation consisting of partial
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The rest is done by applying the U-nethod. This requires at nost 30 real
additions by the above table of s(n,r), since s(12 , 3) =12 + 3 = 15,
wher e t hivéopnz246lhe nunber of 10 conpl ex additions. After BeMDRGII42837 ng t he
basic principles by the above exanple it would now be appropriate to give
detail ed description of the general case. To describe the preferred

enbodi nents of the invention with respect to conplex matri x consider the

sets that ownkblutibe 1su&pﬂas@;ﬁed:byi‘ﬂfel mro@it 8f a Boplith ndatrix by alvectakr) TBRAs B { | +
i, 1 -j Ul 15 vector or U -matrix have their entries in

Ul. Li keW| gfgcmtlx,@é%}grre@rmqygx,@me,cm th%t#’é(enti%l r entries in U2. Such matrix
and vectors are commodn in wreless a |ications. In what follows it shoul d
be taken into account that the m MATREX hunber by a conpl ex nunber

r e?ﬂljl res ZEfzaﬁbleadSIml_’ltpo%ﬂla’d\hhd @strb@topdo@@dlt‘dthefolbw% Buber béll'ha f00”p| ex
nurmber. i nvol ves,.a.rel at ano X1 t e first
conpufatl ofal” p(tloglygmit solntid) "i*é %Egﬂc}ofc‘f %\?ﬁﬂz %&p?)i%é ‘hat an rxn
U2OI _mtat ri xvzAs o-giren -lar(dj+,e)nxﬁ +d(h‘lsbrsnéoﬁ?-ll -jonpt €x1- pokyﬁn(hj)pugmveﬁt or X
and i |s lesi rgd. e, r.o as ..which is

i ndeed a cal ar g S%Srchfyﬁl‘}z CF&E #@m%yn’@ﬁ(gg@ 9C%lc-lfléh:]tl) *fhis

conput at i oYfhezp the IBEutp?F@Q@mIeﬁz -Each--woek At eomplesnambeis. when suit abl e. The

sarrf: pr ch’ﬁl&e&)ng&iﬁc{ﬁat it ar@%afc{l@;?ﬁﬂ@& linr@é@re%pﬁ’ddlﬁé}ﬁl thsziﬁgé\éiﬁﬂhd é‘r{'e ]giat a
vector is re irs se r ion plus enbodi nent o
Vhe Dhvent V6 fikecinicapdstii Bt pioghd 608 ek o B ' THLED) R RB 1 o' o
rxn U - matmimbeanequireB)2 rebl additivineant ontuadditiorBuf tvéo complekathnifersseqtines 30
GEM Once gz .S CanRidLs d, the output vector y is found by the product: y=(1

j) z. The garn over conventl onal nethods resulting fromthe initial phase
rotation sT‘é@ mginy feptionsvafngreferret -crbodimenéidiafi thes inventien gl ndeing sthis even

in the Cas@on{ﬂiﬁétloh'\%ﬂl B sénfed, { Mhe 484 HrefBireP ERAbMinRAR Y Ghe invEMEdd @At 021 N
econd preferred enbodi nent of

results fromthe on. o
t he |lﬁventW%IHdbgC%A%S?W@%%ggﬁ:—ﬁéﬁ%‘@ acgthafne first thing is to
represent ﬁ ﬂg Al +] A2 where Al and A2 are U-matrix. Then
consi der tb efauzg A = Alx + JA2x . This equality inplies that Ax can
be -49 W0,02/29611 PCT/ USOl/ 42537

5(1+j)'(1 - =1

)+ (1) =1

1 . . .
SA)Cl-g) =7
20 Hence by multiplying all the above sums by —;—(1 +j), act which is called phase rotation

here, we get coefficients from the set

{L ']-a ja 'j}:

1 . . .

5(1"7)‘)’1 = Jxp t lexy + (G)exs F(Dexs + lexs + ((D)exs

1 . . - .
-2-(1+j)°y2 =Dy +joxz + jexs + (Drxg H(@rxs + 1exs

1 ) \ } )
25 5(147')‘)’3 = lex;+(PNexz+ (Hoxs +  Jexy + (Deoxs + J*xs

According to a preferred embodiment of the invention these sums are computed in by
the GEM. Due to the small sizes of this example the gain is marginal in this case
compared to the conventional way, but it is substantial in larger dimensions. When the
dimensions are small, as in this example, other more conventional methods of
30 computation may also be applied after the phase rotation step. Finally the result of
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conput ed through the product of the rx2n U-matrix A [Al, A2] with the 2n-
conpl ex-di nensi onal colum vector: x*= jx . This is expressed in the

foll owi ngvor2/egunl ity: Ax= A *x *. Now the product A *-x*penukal/42637conput ed
by the U-nethod. There is another alternative within this preferred

enbodi ment of the invention, which is 5 reasonable when r is small: Let
A**—

2 U ix. .T t t t t
the pr oducteeh futis el o7, Tobia Shuaip iy oRBE frstl " pPustbel Bullphicston y and
Y2=A2- x. The (p) ace'ssgdnizationgl!' eperdtiovstrbqitieg modess hinotnt clyf tmw.@/a_ind*en}él%ar. A

t t
'hcl ude_t ogit $SEnd SRR YRR ShBBlinRit Bt SETERRRRLERMROEI R s, 1
setting t h‘gle ﬁ’enlrbwpmpgéh%braclte@ ¢feeaeh Q@iff@cmtﬁtmtb@folm\cmg Wangl y, | et :
U 1=10,1, 51 d 2= 1 3

9 + (]JJ]) }+ %E 6&% x (bxj k i (]U4)J+ x5 é] se 62 v(écfor or

Ulvector S hei r entrlesm
U 2-matri xVZhavél f' Terfe T €8)ih Y k) rxi#v U(lzd)mat'r%x AJ%s)s "‘g?ca/er(ﬁﬁ}j’d an

n- dldrren5| oyt xjc‘,ompjcﬁx Gol-ugm,)i Npyt (BeEt-er, % (Bhe - lg;ga# (,§5)t+oxgo ]thg N
r oduct scal ar s I.ncl ude
5 The. phalhe redt S 0B oy bR ey Epepta BB e At ioet ohEse pRAORGN wi | |

be di scussthd abbve table ofet(n B Sifce§(IN, ang 2=+13 €115) where2th® tshiber nBmber afh r xn

U 1l- nlgtmx(glgg)ﬁ A¥ext the product z=Bx is conputed by application of
the GEM or perhaps, vvhen t he di nensi_on |s | ow, by nore conventlonal 20

met hods. FARel dgmopstieling the begipprinsiples b thatahove example yt weuldonem B8y t he

prod u;:t: éﬁ:ﬁt ria%e #®. gihe ﬁ@tﬁﬂémﬂetzsbﬁp@dipémre g@ﬁ&ﬁlecfa"s@d"[@rﬂég&ﬂféetﬁé Ref/ﬁ?ﬁéaed o
|nven I on, I TS re ent e as a ere
e th, ™ cbadimbnts OF i SRYBAGR FE Pibet toREmPlss itk coptideh e seispalwil]

jA2x , t hequsadlastoeﬁﬁcmﬁty ve=fnniytied} Iand)lﬂgh{nhﬁ, prpduet, 26- Of. e x2n

(0,1,-1)- n@écglrxr {rlhav éewthtl}gﬁ* f&n&&ﬁ dlrr?nsm&a COIH

vect of: x qryor Urmayx havefael eghies in A "B oMpue f¥fe

Topl itz orthbiy enmes in U,. Such matrix and vectors are common in wireless apphcatlons In
what follows it should be taken into account that the product of a U, number by a
complex number requires 2 real additions while the product of a U; number by a
complex number involves a relatively small amount of complexity.

20 The first computational problem to be solved is the following: suppose that an rxn Us-
matrix 4 is given and an n-dimensional complex-column input vector x and it is desired
to compute the product y=Ae<x. The case r=1, which is indeed a scalar product, is
included. Two main approaches to this computation will be presented. Each would be
preferred when suitable. The same processes, with slight modifications, are applicable

25 when the data vector is real
First the phase rotation plus GEM preferred embodiment of the invention is introduced.
Let

B=%(1+j)-A and z=%(1+j)y

then B is an rxn U;-matrix and z=Bex. Next, the product z=Bex is computed of by the

30 GEM. Once z is computed, the output vector y is found by the product: y=(1-j) z. The
gain over conventional methods resulting from the initial phase rotation step is the
saving of 2r+(n-1) additions. This gain exists even in the case that »=1, that is, the case
of scalar product,. Further gain results from the application of the GEM.

The second preferred embodiment of the invention is called the U-complex-method.
35 The first thing is to represent 4 as a sum: 4 = 4; + j4, where 4; and 4, are U-matrix.

Then consider the equality: Aex = A jox + jd,*x . This equality implies that 4*x can be
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the nore general (0,1-1) aspect of the invention. Another (optional)
preferred enbodi nent of the invention, reflecting its non-toplitz

count erpavo p2/ew1efficient when r is small: Let A**= A t hi BCT/AS@M2237xn
(0,1,-1)-matrix. [A21 30 Then apply the (0, 1-1)-aspect of the invention to
conpute the product: A**x. This in -50 WD 02/29611 PCT/US01/ 42537 fact

cal cul ates_the products.yj =,AlX d =, A2x. Finpally, th rocess i s
conpl et ed “XP Hte@h@“%% ﬂ% prodijct Pfﬁg‘i.'x%hey BB eﬁgcﬁfﬁﬂ’eﬂlzﬂaﬁhd%o?\?'be
concluded with a_nmethod for conputi nqkthae product of a general conmplex rxn
matrix A Sempieximensigndl Hlue Pk K i mensTBiAdP expregediarthy follewmedi ng to
one preferred enbodi nent of the inventitdny first represent A as a sum A =
Al + j A2 wehealgy Adexandf* A2 ANoav the phodumt 4 Fox* wded bdyonigueedesyuthk itt-ghethdd. = Alx

+j A2' X it . . 2 f..10e rx2n
real matr |TI?%HA@\Q§01{11%%£ ltdﬁ%]t&?vi%@ﬁ} e Oﬁfegéé(%tgﬁlg)?@%%n{ Qﬁtlhg rlrlsili‘;‘!J \ﬁg(?: ’8}71?1&1(15* = ] XX
, singce A x= XX i Y Lhesprioduct, .A. *x 5 | d._he ut ed by the
r eal gr;nat r iréasﬁg%%%gheﬁﬁﬁiﬁg%if dIF ehtgﬁj{"o a,gAf tktlhel? IS(%lp%rfcrmlfﬂ?mp e?@%{)@ﬂﬁ‘éﬁ}%di ment
of the invention put A **= Al AZ . his is an 2rxn real matrix. Then

appl y t he Y-ewthadsliorqompwia Wedredict ohpin.e Thiseingpeicdhatoulatesoth produtisi 37 =

cal Ci“ at gsq zt'*‘ﬁmﬂ{] oducA gx.y ,The pﬁic&s&iﬂdomﬁletedﬁiiﬂxtheﬁmgiaﬁyn: ]Eyh@yp#gxlg.ess i's
conpleted with the sum = + jy2. Finally a product of .a toplifz matrix
Wi th Up- cdeFPiRti e bdve pkblsm tnfdhis grie? By someanpligttion e inguds W@LEZopI itz
Eechni qu)e n&difiN eeprES$ANRLISO RN dipkISbR KL CIBNRL| GAhIsNGingHhd eRdxT &aﬁlymda X,

0,1; 1)-MATRI X AND L EX- Rl X TE | QUES 1.%-9 2a r.. .The .I,S-95
CONA Sy 51 S PTG AL Y BEAMSS f LM s> J8 APRGRE L B s -1

geogr aphi g, Lpca} i R Urpyésitdior TARSALE v Skeit OiftriGARE 'S eDil@WseT",-v@los@ect rum
for transmtting data to nobi|e receivers. The manner in which the data
from di f f &f eRatipahae theinengein ¥ ar Anra Leymalixg 1sgyengndima-dipessigtanc e
whi ch is usgglextélenheasht tvb@ot £.amaeigbilad t6¢l adaputEde proads® YHBNSThe Saikl a

di fferent phasge. pof the PN sequence. .The.task of the searcher mechanismin
the mobi 1 &2F et iy e tsonRERBRRG jsarliacs
15 The phase rotation plus GEM preferred embodiment of the invention will be discussed
first. Let

B=% (1+/)*4 and z=%(1+j)y

then B is an rxn U'j-matrix and z=Bex. Next the product z=Bex is computed by

application of the GEM, or perhaps, when the dimension is low, by more conventional
20 methods. Finally, once z is computed, the output vector y is found by the product:

y=(1) *z.

According to another preferred embodiment of the invention, 4 is first represented as a

sum: 4 = A; + jA, where 4; and 4, are (0,1,-1)-matrix, possibly Toplitz. Then by the

equality: Aex = Aj*x + j4yx , the product 4ex may be computed through the product
25 of the »x2n (0,1,-1)-matrix A* = [4;, A,] with the 2n-complex-dimensional column

vector: x*={ x :l Lastly, the product 4*ex* would be computed by the Toplitz or by
Jx

the more general (0,1_1.) aspect of the invention.
Another (optional) preferred embodiment of the invention, reflecting its non-toplitz

A
counterpart, is efficient when r is small: Let 4**= [Al} this is an 2rxn (0,1,-1)-matrix.
2

30 Then apply the (0,1-1)-aspect of the invention to compute the product: 4**sx. This in
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different pilot signals transmtted by the surroundi ng bases by aligning
with their PN 25 phase. It is also applied to differentiate between several
nmul ti pat webymeliis (nmeaning echoes) arriving fromthe sanmeChase/42887si m | ar
process is applied in the initial synchronization procedure. A searcher is
required to test a nunmber of hypotheses, by partial correlation of the

recei ved sjgnal, .for _each .hypothesis, with a |locally generated PN sequence.
The 30 se %e?‘?&ceuklltgs fhr?ewogﬁée? t8H fOF~ ea%rf'#qh)yﬁo_t Y@é’?s ﬁl&ﬁﬁy’tﬁhﬁ PESEPe 5t i on
i s performeehplaed withitke mﬂir;bg;r=9)‘+?-j‘)gnal el enents (chips). Normally the

h :

searcher i.s requifed.to sear all .the .h t heses i i ven w. ndow wher e
at each ti% FHBPIEX RhaRIEE W%lﬁg %t B C89CIE¥£dzw@earfBﬁt3?3rfg& CRRPY nt ed
in a DS- Chdsy of @ngedoyrat comiplencoteiz mgptax vt @' 'xbyAa real ot cMAplex/ 28hichsional

PCT/ US01/ 42337 » ISR ONS o 52000 Q58 daitlent hEmaBNVR IR HiLREL SRS fed PN
of ¥ Eifoft et fiflent B8 SRR ORGS0 L0
oy e i e 2t g&éﬁfﬁ@@ﬁéﬁe LA g Nk R Ereceqial @i = 4155 ngl e

chi p peri o ~Airdoncivthat d-xacqr 6 @mipeted tardagh ithemodadt of tie Axoweal maftixt he
above nentioned inventive algorithns for efficient WL@JLnear transfornmations
= ed
.x )

are inpl enpntedy; sO7 It theOh dintnbibRal @G victid: b Cofke gRRSYRREI on of
resources. Nunerous applications of the invention | so be useful in

h i de. :
ML T - Prenne oh BdbP R F R iR Rl bR el bR EEROE L o et ates to
e i, TR RRS e op R Rl o1 B G R aBL & 3%1;;'2 eral

codes with different rates (spreading factors) are tested simul an ously.
St udyi ng tHiisisamui reehmatrex. mbhen anply e agal puitrix methddrig computh gheepraduatady
acconpl i shetkepubbis 2alciRtestRanpRaactofy; e -pr e oys= dsfecKidally tf probss is

i nvention. It wll be introduced by the follow ng exanple which gives first
i dea of t Hiogeledeithithg $iyed Tkt hdd2-wi t hout the abundance of details.

However ndringlkaapprededt sfeasiopibl @atsixzeite all,-cestdieie Bl h teo®r ds et SHyof this

enbodi ment . Thaz. égﬁgetr ﬁ?a% g}ln}so rEferred to the sutmmery of the invention,

items. ExRRBrAoneS s QR RN AB0YS g 5x8 Unatrix: 11 -1 11 -1 -1 -1
EXAMPLES OF INDUSTRIAL APPLICATIONS OF TOPLITS-MATRIX, (0,1,-

1)-MATRIX AND COMPLEX-MATRIX TECHNIQUES
IS-95 Searcher: The IS-95 CDMA system allows a number of different base

stations in a small geographic location to simultaneously use the same segment of

20 spectrum for transmitting data to mobile receivers. The manner in which the data

from different bases can be differentiated is by way of the PN sequence which is used

to spread the transmitted data. Each base transmits at a different phase of the PN

sequence. The task of the searcher mechanism in the mobile receiver is to identify the

different pilot signals transmitted by the surrounding bases by aligning with their PN

25 phase. It is also applied to differentiate between several multipath signals (meaning

echoes) arriving from the same base. A similar process is applied in the initial
synchronization procedure.

A searcher is required to test a number of hypotheses, by partial correlation of

the received signal, for each hypothesis, with a locally generated PN sequence. The

30 sequence is then shifted for each hypothesis, and the correlation is performed for a fix

number of signal elements (chips). Normally the searcher is required to search all the

hypotheses in a given window where at each time the sequence is shifted by 1. A

searcher may be implemented in a DS-CDMA system by constructing a matrix 4,



-11-17-211-121 20A-1-1211-121-121-21-2-11-1 -1-11
1-11-1-1 and an 8-dinensional input vector: x1 x2 x3 x4 x= x5 x6
X7 X8 -3P0WR®2I 29611 PCT/ US01/ 42537 Suppose that it isPemUdot42a37 (Wi thin
the nulti-product term nology) the spreading factor of lines 1 and 2 is 2
and the spreading factor of lines 3 and 4 is 4 and the spreading factor of
line 51is 8 This neans that in the first two |lines every two successive

el enment s awkossuowedye compbeedtdfi thd abodk tfeatidredt shiftdd PN @besdneficdsr Ficcessi ve
el ements 5 arﬁ S%@ﬁEd1§nd inthe fifth the entire line is sunmmed. The
convent i orrSHEHITEFUE aFHBED SHVRR 18 Hhesret o g —FxE PEFIeiXSis foveolps dPrssenHBE thenat i s
the spreadignfaClighalOfarfRe di PondlS cHEIYRk the 1Sprealiang
factor of the 1p evllgoahs I 1'ne. Theips tgerrﬁ ﬁgllb%glg&r\)vi In%&ﬁ)étlgg lEhbél E{reg%?égel y
defined. |embclithengldfabe yventhen tlecabeve hentioned ihwdntiveiatgprishms fehadfitidnte
conputed: .10 x| + x2 . -X3 * x4 , - X6 - - X8 xI + x2 , -x3 - x4 ,
ce s ke tinggr Faggforiptions % imifamentd So 3t o, g veelpr 4 ith gl '
-X5 - X6 “gohsumpibon offbsourced. Nuidrous*fiphicatidnstoftle m¥éntionsBayt BlsEbé terhihere is

a split to four 4x2 U-matrix where the horizontal dinmension reflects the
in the searcher of the suggested standards of the wide band CDMA.

MULTI-PRODUCT
10 Another preferred embodiment of the invention relates to a situation where partial
sums of the U-matrix by vector product are desired. This may occur in CDMA
communication applications when several codes with different rates (spreading
factors) are tested simultaneously. Studying this embodiment is more fruitful for
readers who have already accomplished substantial command of the previous aspects
15 of the invention. It will be introduced by the following example which gives first
idea of this rather involved method without the abundance of details. However no
example of reasonable size can describe all the aspects of this embodiment. The

reader may also referred to the summery of the invention, item 6.
Example: Consider the following 5x8 U-matrix:

1 1. -11 1 -1 -1 -1

20 4 = 1 -1 1.1 1 -1 1 -1

and an 8-dimensional input vector:

=
Il
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| owest spreading factor. Then the U-nmethod is applied, on an extrenely

basic level, to denonstrate how additions are saved by this new aspect.
Thus, appv@omgpethe elim nation of equivalent |ines, onlyrPewos@ddtsizi ons are
required to conpute the all first sunms of each line: 20 XI + x2 -xI + x2
xI - x2 xI +x2 x|l - x2 25 Simlarly only two additions are required for
the second sumof each line: -x3 + x4 -x3 - x4 x3 + x4 -x3 + x4 30 x3 +
x4 -53 WO (Sﬁbﬁ&s&]tﬁatl?ﬁﬁ/shiﬂ&ﬁdtl(%&'ﬁ thanalts-praict teihiaslogy e kpleading® Fackor
additions i d for this part. Four additional  additions are
necessary © hé‘ Ia€ @Fh%aqdetaﬁlsPré igg facteyrofl lingg $ an &“@"aﬁ‘é{i ﬁﬁcwf?@ﬁhﬁgour
addi ti onal i a r ﬂmg%t r i e 5.
Hence t ot alfé)‘%?l Bﬁgﬁitjsdlfsﬁf oﬁlﬁs]ﬁgmeﬁlr%gnstr fe?laﬁl re EHQSE g‘ﬁ"’é‘g% |e§:7 i on asl‘ %)\Jréef erred

enbodi ment etfmenitrear® sunmesd lmﬂnenlmvcbamd the. foRhilmes avery fmmaeafdsslma]ements

brut e- force met hod e UI red 28 ad ons for the nme. t ask.
The ehvi rofffe 38@? F’eﬂf’ ?ﬁ\gﬁﬁg%@ f lipfds f‘}%ﬁ‘? i © F?WF’H%%WBH@M?‘? X t hat
m ght be ghe keafngifiRNSisOth IdRIaSina! tlﬁﬁ’i?shtﬂe' sﬁb?eaﬁiﬂg BEHIP oPlea@fitials is
intervals are required as in_ the above exanpl e. The input vector is real
or conpl ex eqwermeare itk theespragding feetarpidhe prewipubying.i Abis termiseogy will $aier mat r i x
wher ei n ea%g déc.lée ﬁgﬂ dcorrput ed by the nethod used in the above exanple
separately ot epen ently Into this enbodinent a nethod is integrated
that findsliieanplieisty thbbéve thatake follotviigguads shawlidhg coagdielli ons and hence
reduci ng conplexity. The tool for it is an additional processor or

apparét us Basédon dyaahi’® -prosgr &ami g7 - %hi ch anal yze the vari ous

subd|V|S|ons
4b—x2, X3 -X4, X5 txg, -X7+xg

X7 - X +.X'3 +X4 s X5 - Xg +x7 -Xg

x; + xp X3 + Xy, -X5 - Xg +x7 -Xg
X7 - X2 + X3 + X4 -X5 + X6 X7-Xg8
15 First there is a split to four 4x2 U-matrix where the horizontal dimension reflects the

lowest spreading factor. Then the U-method is applied, on an extremely basic level,
to demonstrate how additions are saved by this new aspect. Thus, applying the
elimination of equivalent lines, only two additions are required to compute the all
first sums of each line:
20 xX; + x5
Xp + X
Xp - *2
X; + x
X7 - X3
25 Similarly only two additions are required for the second sum of each line:
-x3 + x4
X3 -X4
x3 t xy4
X3 + x4

30 X3 +t x4
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is the use of the table, bound and regressive fornula of the conplexity,
s(n,r), of the U nethod. Very precise fornulation is required for the
devel opmawo omtosthi s enbodi nent. Several new definitions RCTAUSOIRI2Aeded as
prelimnary material. Let v=(vl, v2, ...... , V7,) be a vector and p a
positive integer that divides n (in short: p |l n). Define v[p] to be the
vector of vectors that is forned by subdividing v to sections of 20 length
p. Thus: v[apfl=so(qn 1Hene, the total o¥/8)additioms 1s reqpiréd for.this. party 2Four additional
....................... ote the
sect ons” by dafiops aigicopssiy 2 plmblete e sqaied sus ot tinés 3 &'Fd agghriiGir 1<
< n/p. 25 THagitionhle@aftions bt rbiAreddb o ut'e@hé:l%hﬁl%éi éﬁ?oﬁﬂ{ee?dH&%eftéiﬁIGF -
Observe that nmulti-vector is” a structure akin to the structure of a

mat ri x. The6nadditipnsemierentgquired du an- q@pb@hﬁm of a prefetred mbcmhm¢ntl ef ghecr 0ss
bet ween ITB.tI’I n u SC roduc

n- di mensi onal gﬁ\?@%? 1%\%21{19/1?(%&\51 .c.gﬂ.é?njuf)n%'})ﬁteg %]Wiis ’u.l('& ﬁ%e. reqyires)  t hen
the p-nul ti28 &iditloas farthesiie @fk.v and w i s defined by: 30

= 1 21'wWp, 21 ... -54
WA[ 8]2/ %Es?if h]P\gFYI%HS]GEM[Q SWeq\gA{%éﬁ’eél phthe; lﬂ‘t’eélﬁlﬁaﬂn%‘ﬂﬁa @clt’«snam{( gﬂayn]eaﬂtw )

vip, 2IW p } he
result of Pﬁlﬂérg%?ho l?g;tonf gvhgren;7t3e%§;1 #Eﬁgillbona vec Qf Hﬁl%(; §Xre{;¥egq§1rrlé$§§nmnat rix
wi t h | i nesth&labave.example. . Tie uqxud vpetfipis, 1al, or. complex pﬂhemqﬁn&imay/be isnb-eger
vector. It wol be. sai d t hat divides . n if f very.l <i<r di vi des n.
This¥s H’é&nﬁiﬁfgﬂﬁﬁﬂ‘?s‘ t0y spegal &gbﬁﬁgl’%wlieﬁh?a% er%/'é 80%1&?“1}? dhifsi onal
vector Xx ami:ﬂsifef 38 thhenePaBdNd Iax%@féug&paﬁt%lg Byd de@ﬁﬁ@élﬁf} byx[ls to be
the vector of vectors: A x[pJ = (AI'x[PI'J, A2'x[p21 ....... ....... Arx[prj)
The cur r enembdadioetingre metladd mhetegmmhﬂlabﬁndm nehr-bqrsp sdmdewsﬂqa mdﬂpuoﬁsavmg of
such prody set u

i 1 - br oddiy gl LR R RaboiRl sPipilretts BREh B M RCRERoeroeargr 5
setting t bpparhtds baﬁéﬂi‘onaﬁfn@rﬁfoﬁ}ffﬁgﬁhﬁmhgavhlﬂh agfy e the variGRckubdiv@sddsibye

i nteger vector P-(pl'P2........ Pr) .such that:
15 the use of the table, bound and regressive formula of the complexity, s(i,r), of the U-
method. Very precise formulation is required for the development of this

embodiment. Several new definitions will be needed as preliminary material.
Let v=(v},v,,......,v,) be a vector and p a positive integer that divides n (in short: pln).

Define v/p] to be the vector of vectors that is formed by subdividing v to sections of

20 length p. Thus:

VPI= ((VEV2e s Vp)s (Vpa L Vpt 2o Vaphhosecssimicnnn, O - p 41V - p o+
Dperaees V).
Denote the sections by:
v[p,k]= (V(k-])p 4 PV ,vkp) for 1 < k<n/p.
25 The integer p in the context is called the spreading factor. Observe that multi-vector is

a structure akin to the structure of a matrix. The next item, multi-scalar-product of
multi-vectors, is a cross between matrix product and the usual scalar product. Take two
n-dimensional vectors v=(v;vj.....,v,) and w=(wpw,,.....,w,), then the p-multi-

scalar-product of v and w is defined by:

30 v-w[p]=(v[p, 1]ow[p, 1], v[p,2]*w[p,2],cccoeevenee.. ,v[p,n/pﬁw[p,n/p])
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Pl I P2, P21 P3, P3J P4 ............... Pr-1 1 Pr and pin. is The
integers pl,p2,....... pr are called the spreading factors of the system
The paravereesipf the MP-systemwi |l be witten in the fpCTOMEsway: P=
(r, np) To these paraneters attach now an rxn U-matrix A and an

n-di mensi onal real vector, x. The goal is to efficiently conpute the
product Ax[p]. The entire MP-systemw Il be 20 witten in the follow ng

way: S= (rwiterg, the Xihteyiu rpradiuctd: hﬁ’p}lptvg@eﬁgs v, Z_P%[p,ZJ ........ .... Pdre, ustaPls@al@l SO
powers of 2 then the systemis cal i nary nmul tl-product system or in
short, BVRrequGts otk reresidt ofdhrs prodyict ’éé’tlﬁp'él%ﬁfnstoﬁél Yestesntion is a

str ai ght -f ﬂfiﬂ‘?z h hod

represente \éﬁgéj ag%a\%kg%ggpeg fl"ﬁ"'f’éa K td? @\Kﬁ%lz """ %?ua‘?‘?sst em%e%%rl ied to
subsyst errsve@foranltwo@u%esm@{hhﬁ diti8ed B3 f&l%tvblgalzéabd,b NdiPided ., il i ||

| at er be described. -55 WD 02/29611 PCT/ US01/ 42537 —G'Ven an NP—system S=

o' sub mat TP PEspenine BT R rcnll | 2atPh ARl Bua ol bl 0,71
nober s or i pradldxBle b ARFR Binotiy SERRA onk R 2401 8 }aea?cfrfi' L\St 2 res
the next pi _col ums doi ng ¢ 1 -@Zeﬁ( r.fgéfiééx?waéﬁnfﬁthgﬂé [ this fashi on
R P e
first Steq)rgaju&gﬁﬁégeﬂ@ttﬁﬁ%lgme%gd}l&glheﬁ@ﬁgﬁﬁ( is to scan out lines that are

a straight io or a negative copy of other lines. Hence, for exanple, if
pl=210then at nost two additions are needed at each section, regardless of

: I h 2 b
o ek R O 2R ST S GRS SR B B L

when Ais th@cdélﬁaﬁéﬂs_s | ?Maﬁlmeth%hﬁﬁt@gﬁﬁ enfto afi®r 8 pbifive PintdpeN- O&pidval ent
lines in each section. Thus another source is |nserted that is contains the

bound on WGWPrBRy--nBAsehihetal ent |ines ni ght appear in each sub-nmatri x.

p]‘PZ: P2 ]P3)P3 |P4: ------------- » Pr-1 lpr and Prl n.
15 The integers pjpy......p, are called the spreading factors of the system. The

parameters of the MP-system will be written in the following way:

P= (rn.p)

To these parameters attach now an rxn U-matrix 4 and an n-dimensional real vector, x.
The goal is to efficiently compute the product Asx/p/. The entire MP-system will be

20 written in the following way:

S= (r,n,p ,A,x) .

When all the integers p;,py......0, .1 are also powers of 2 then the system is called

binary multi-product system, or in short, BMP-system.

The M-1-method This feature of the invention is a straight-forward adaptation of the
25 U-method to an MP-system. It is represented by the above example. In reality it will

usually be applied to subsystems of an MP-system after the near-optimal subdivision

that will later be described.
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It wll be contained in a function denoted by z (stored as a table) which
is a consequence of the type of the matrix at hand. Its paraneters are pi
and r anawvon2/2®11witten by z(pl, r). For exanple when A PeT/Hsgzazes7’d t hen
z(4,6) =4, z(8,5) =5, when A is a general Unmatrix then z(4, 40)=8. It

al ways holds that z(pi,r) < mn{2P1- r} and 20 in the case that Ais
Hadamard: z(pl,r) = mn{pl, r}. The conputation of the conplexity of the

M 1- et h i) o] t ab] he . i f a. of

that appeari sk epAR3REH ST (Pt AHE BRBmshiey i B SR IR utr R sty y
iti [ t .S’ (y)= +y. Recal | that: s’ < 2y- + 2yl 2

203 e HEE Bl by Rl ke BBl e,

the 25 maghikistds o@kvidthe, CONBLEXS by _cbﬂltpm@g HRumf G tid! st pl8al HbRREs Of

additions done by the M1l-nmethod is thus bounded by the'followng term

% n, r, p, z)the véctopi With ther Usqorfipiienty df the nfatrip A. a)lgpi(g/d?ﬁe )sin?)ltax;ec(usb&)l(Sang {/\% 1-
............ - e e e e e e n r - -

02/ 29511 PEFF IS0the SZbipary methad. | It then gogspio theynext, vy CSIE%P‘{OH%( gﬁfp‘izmp 1/p3 +
.......... £ 20 pr)) = (ko S 1) Ipl e {3/ Pl % 1/ 1/p3 +
.......... Process; J‘p"?ﬂ‘ lﬁgtnglil Sﬁ%ﬁfﬁé@élaﬁ%ﬁf 'ﬁléatnalbfr?é iagénF)f}fag St%% iN\e%(tt Etnces of

thi s for mgoas td behfdfitlsd lines vvlztwm_pptvz anfebmhpktdl dlte aimemationeprotdiain h srividihen
r=1, then: 5 C(n,r,p) = n - n/pl The second is the case of uniform
spreadi ng Waistor, that is when pl p2=. . . . . . . . . Pr then:

rD 2 n /i ). Obvi ously. .the M 1-methad is by
o 11 cf ot Taliefsif 3 6 Fempliog R el i P 1 Wphf P nd 3 stigfing ™"
stong, for @ $megdtRe @gmt%ﬂ lindde HeN®) gpeekaplé,tis F,eundrhi ANsost thHy S
stronger method works by horizontally subdividing the matrix and appl yi ng

the M 1- mahods 0. Gacfla ShibadPldclin SSRRRALELY:. 10 hAIG 18 Libed @R oPr

cal cul ati ons a I'VISion structure aring a's er of
addi ti ons lifeswarel cgidesf by the UHswnaryt method! inoevery sdotiod.er Mugesvepnomzf t he

above fornula. So .define: . . . .
app?icatlson mtenderéleby this text is when 4 is Hadamard. In this case there are no more

then p; non-equivalent lines in each section. Thus another source is inserted that

15 contains the bound on how many non-equivalent lines might appear in each sub-matrix.
It will be contained in a function denoted by z (stored as a table) which is a

consequence of the type of the matrix at hand. Its parameters are p; and r and it is

written by z(p;,r). For example when 4 is Hadamard then z(4,6)=4, z(8,5)=5, when A

is a general U-matrix then z(4, 40)=8. It always holds that z(p;r) < min{Zpl'1 , ¥} and
20 in the case that 4 is Hadamard: z(p ) = min{ p;, r}.

The computation of the complexity of the M-1-method will be based on the table and

the regression formula of s(7) that appear at the description of the U-binary method

above. For every positive integer y put s'(y)=s(y)+y. Recall also that: s'(y) < o¥-1

+ 2¥2 *1 and this inequality is rather tight. This gives an intuitive view to the

25 magnitude of the complexity in the next formula. The number of additions done by

the M-1-method is thus bounded by the following term:
Cnrpz) = (Wpylp; + sGppr) + (Wp)psdpr - 1) +  (mp3)pspr - 1)

............ + (/p) (/) -1)
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15 C&(n,r p,z) =1+ s'(z(pl,r)) /pl Subdivision of multi-systens and the
generalized notion of multi-vector. Next, a fornmulation is made to command
t hat subdveobzezsin matrix on horizontal lines. This comaPdTARON42537
represented by a subdividing vector r. The result will be breaking of the
original problemto a few sub-problens of the sane wwdth - n, each is

sol ved by the 20 above M 1-nethod. The subdivision will |ater be attached
to an inventive algorit mze ffigien Take an r-di qensi onal

i nteger vector, p=(pl.,p E"}‘+ %(z(p]r%) - D é{é’r?egdi/ BigHfactort s]};’ d-an rxn
Umtrix: all a|I atn aIt a22 . . . . . a2" A art an and take integers

k, in where 1 < k <sZme Jr+s53§£ M/t L I8 t4 o of ] t.he vey p: 25
p(k,M=(p/Q...... pffr) -57 02?29611] PCTP{JSM 42537 It |}g9)5| nply

t aki ng t havsiespas @mlﬁl Wattdot id3 i%%nﬁn&lﬁnd@s oPeHis nﬁm@uas EQ‘hé Pinst &f whieaEat ri X

A al ak2 . . ., ak+1, 1 ak+12 ak+i,,, A(k, m an,n Likew se,

it neans tlaqﬂlﬁ@afm@llllil%é@tmwﬁemﬁé%@ k tom 5 Next conS| der an integer
vector: r=(r(1)............ é 11% Sﬂ’;ltl yi ng: = r(1) <r(2) <o.........
<r(t) <r(t+l) = mtl, which is a(n stru t to split to sections. First, r

1S, o000 41 GESR G AeUBILY LS Ghluaihf RAFOGLETs Rhe PrLOLS, PLI L e

follow ng manner: I0 p[rJd=((pr(Ll). .~ ... .2 pr{2)-1I), (Pr¢2y< . 00 r(3)-1)
.......... then:- (Pr(t), P2........ pr(t+l)- 1)) The sub vectors are denoted
by, p[r,11 =(hr(1) ............. pr(2)-1) p[r, 21 =(Pr(2)

.............. PI’(3) - 1) C(l’l,}”, ,Z) — I’l'(] +s(z(p],r)) /p])

Obviously, the M-1-method is by no mean efficient when r is large relative to p;. Itis

10 largely a stepping stone for a smarter method will be developed on its foundations.
This stronger method works by horizontally subdividing the matrix and applying the
M-1-method to each sub-matrix separately. = To find with fewer calculations a
subdivision structure bearing a smaller total number of additions it will be useful to
have the following shorter version of the above formula. So define:

15 C*mrpz) = 1+5s'(z(p1) Ip;

Subdivision of multi-systems and the generalized notion of multi-vector. Next, a
formulation is made to command that subdivides a matrix on horizontal lines. This
command will be represented by a subdividing vector r. The result will be breaking of
the original problem to a few sub-problems of the same width - n, each is solved by the
20 above M-1-method. The subdivision will later be attached to an inventive algorithm to

maximize efficiency.  Take an r-dimensional integer vector, p=(ppy......0r ), Of

spreading factors, and an rxn U-matrix:

a; ayy . . . . .4y,
ay ay . . . . . Ay,
A=
_aﬂ am_

and take integers k, m where I <k <m <r. Define first a section of the vector p:

25 plkm)=Dp.......Pp)-
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15 p[r, tJI=(pr(t) .............. Pr(t+l)-1) The rows of the matrix ,4 are
simlarly subdivided with accordance to the subdividing vector r in the
foll owi ngvoramzssnt 20 for all integers 1 < q < t: Alr, qJ=PCBYSO/4263)) < i <
r(q+l), 1 <j < n) The Mnethod for a given subdivision. This section is
the main step in the formation of a nechanismthat finds a | ow conplexity
sub-di vi sion, nechanismthat is central for this enbodi nent. Suppose we
are gi ven laid simphstakisliz thes tarmpaaientsheitividetos a0 tn. pPefis Msedtiche thd datiit hod on
each sub-g%trix separately. The goal would be to estimate the total nunber
of additiofrs so that a subdivision of fewer additions will be found in the
next -58 WD 02/29611 PCT/ US01/42537 stage. Fix an I\/P—system S=(r, n
, p=(pl,p2 ....... p,), A X, z) and?a sufdi vi-si‘on" vector knr-L(r(l) ........... ,
r(t)) where 1< k = r(1) <r(2) iy - Dpgag - -<I(t) <r(t+d),5 mrl <r+l. For 1 <
q <t the Sq MP-sub-systemis diven by: Sq= (r(q+1)-r(q),| n,p[r, q], Alr,
q] X,z) 5 The total nunbgkmpf=(additions of all sub-systegms is: C(n, r,
r,pz) _~1<qg<tdn, r(g+d) - r(q) , plr, ql,z) _ n(* 1 < g<'t

s' (z(pr(q), (r(g+l) - r(q))) /Rr(g) - (LPk + ........... + 1/pm + 10 t)
The next goal wll be to develdp an efficient method that| finds the
subdi vi si on Wnich mni mzes thi$mterm It will be noffes efficient to do the

cal cul ati qf% ‘\ﬁ\fs rlﬁtean%(%ﬂgnt{hfqﬂe tglﬁ ef‘ﬁ% ﬁ)’f’t he repetitive additive 15

sub-term IIpk - TTTUNTS. actor. Thus we define:

C(n, s, rpNéxt,_co’l\513e1<anCiﬁtegeI‘5V66t7é>(rW=((ﬁ()]) (V(QﬁlL)]))-saﬁéigﬁn)g)/ pT(q) + t A near
opti mal subdivision. At this stage we should study the properties of the

subdi VI sion that mnimzes the amoUAcr6Y<addi-t7 g (igillenmpy. t he term
an,r,r.p, Which z?}]?lstr@%‘g g@lt%\é cti%ﬂs aﬁﬁtrra(fst {o%! {Buérgatég shgcgvfgfélﬁbo?r. of
i vi'sion case bound on a g¢i ven

add| t| ons ere m ni nal
subi nt er vaio acfectohef veck@s pAay, in 2k ifmilloﬁirgrmanner.

10 p[r]=( Dr(1)--5Pp(2)-1) @r(2)---sPr(3)-I ) U sPr(tpP 2 Pr(t+1)- ]))
The sub-vectors are denoted by,
PIEL] =@rg)eeeeeeen Pr(2)-1
) JL bl 2% e Pr(3)-1)

15

plr, t]=(pr(t): ............ ,p,,(t+1)_])
The rows of the matrix 4 are similarly subdivided with accordance to the subdividing

vector r in the following manner:

20 for all integers I1<g<t: Alrq]= (al-j ‘v <i<r@@tl), 1 _<_j§n)

The M-method for a given subdivision. This section is the main step in the formation
of a mechanism that finds a low complexity sub-division, mechanism that is central for
this embodiment. Suppose we are given a line-subdivision of the matrix and perform
25 the M-1-method on each sub-matrix separately. The goal would be to estimate the total

number of additions so that a subdivision of fewer additions will be found in the next

~58-



Consi der then an MP-system S=(r, n ,p=(pl,p2,....... pr), A Xx,z) and
integers k, in where 1 <k <in <n. Define: h(k, = mn{C(n, m- k + 1,

r, p(k, mwapzadeor r=(r(1)......... ,r(t+1)) where k=r(1l) RE{/PPOK42537. ..
<r(t) <r(t+1) =mtl1} 25 h*(k,m = mn{C(n, in- k +1, r, p(k,m,z) :for
r=(r(1)......... ,r(t+1)) where k=r(1) <r(2) <...... <r(t) <r(t+l) =m+l}

-59 WD 02/29611 PCT/ USO1/ 42537 It holds that: h(k,m = n(h*(k,m +
1P+ . o i ol | oy jve,forml as hol ds:
h(kom = ssgeoRie MR SHP S pR et Rk ) 5 bR Ser | <
< 5 m} wherg, t) =i, nf i B Ly, = (k0 = mi p{C* (N, mk+1,

p(k, rr)n? }z) ’nﬁe(’tr@*rl](-g-,("gw%ligfﬁ*%%?‘nrﬁ’I?(ﬂréﬁz)él-1~-(-k<?%<’”£mlﬁ}% Sl n(enpty

set) =i nfi ridry. Ji<0g Now tﬁmmp;@gﬁ@g@&g@gi@é@bysed by the follow ng dynam c
code where the SubStructures are the intervals between k and in. To reduce

the conplexity of this CCSj%(Wq.;.\M_L(Pq)’ ,{)gp{,ﬁﬁgﬁﬁmthe route to discover the
e fTna

best substructure. This hds no effeéct on result. To find the
first step in the optimal subdivision we will conpute the g that minimzes
t he expression h(k,qg-1)+h(q,k) for every k and mwhere 1 < k < m<n, 15
whi ch i s tHe tewheumberdadditionszabsubkeysternpiessi on h *(k, g-1) +h *(qg, k).
Thus define: q(k,m = k when h*(k,m= C(n,r,p(k,n,z) and otherw se: q(k,
m = smallest g, where k < g <mand h *(k, m =h *(k, g-1) + h *(q, k)

20 Now t he optinmal subdivjsion code can be(tor med. A dynam c progranm ng

i nventive code that find§®hEPSHT el <gurdi(Vi &(%H) 'TWé:Pfrﬁﬂ]IZzlvﬁ ng codes
receives as data the paraneters of an MP-system P= (r,n ,p,z) and produces

as output the subgdyVi E&%fﬂ%@pﬁi Ghythe rw?ﬁ}gp%_ggﬁjqu”@mqp{t by In

addition it also retur 0 exity o timalm M net hod. "25 To run
it effici eDtIy we need to conmpute and store beforehand a table of s'(r).
This s !
The next goal will be to develop an efficient method that finds the subdivision which
minimizes this term. It will be more efficient to do the calculations without computing

at each stage the repetitive additive sub-term: I/p; +............ + 1/p,, and the n-factor.

Thus we define:

15 C*nrrpa) = U 1 <ger s'(zlwg (@D -r@))iprgy + 1
A near optimal subdivision. At this stage we should study the properties of the
subdivision that minimizes the amount of additions given by the term C(nr,rp,z)
above. First we give an abstract formula to the number of additions where the
subdivision has minimal worst case bound on a given subinterval of the original

20 problem.
Consider then an MP-system S=(r, n,p=@1P2Dp A,x,z) and integers &k, m
where I < k <m < n. Define:
h(k,m) = min{C(n ,m-k+1,r, plkm),z) : for r=r(l),........ JF(+1))
where k=r(1)<r(2)<.....<r())<r(t+1)=m+1}
25 h*(km) = min{C*(n, m-k+1,r, plkm),z) : for r=@(D),........ ()

where k=r(1)<r(2)<.....<r@®)<r(t+1)=m+I }
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done by a fast code that calculates this table using the regression
formula: s'(y) = 2r-1 + s'(r(1)) + s'(r(2)) Optimal Subdivision Tables
(n,r,p,zwWO6029%0 02/ 29611 PCT/ US01/ 42537 for b going froprcOUS@/42537 do for

k going from1 to r-b do m=k+b h*(k,nm <----- C(n, mk+1 , p(lc,r),z)
5q(k,m <------ k for g going fromk+1 to mdo d <----- h*(k,qg-1) +
h*(g,m if d <h* (k,m then h*(k,n <----- d and 10 gq(k, M <------

q
return thdthelds ést:n* and q. What is left nowis to obtain fromthe table
g(km) constructed by this procedure the optinmal subdividing vector. This

I's done by the foll %ﬁg=Cﬁ)((ﬁ*(fk,h@t+@}'/ﬁﬁ-t-gmt__h§+q ’ whi ch contains the
conponents of the optinmal vector r. is Optinmal Subdivision Vector (n,r,p)

Set: R =enpieffoRlSvirdneedtsivd fofhmlas Holddd Vector (km: if q(k,m > k then put
g:=9(k,mM 20 add q to the set R Find Vector (q,m Find Vector (k,Qg-1)

Return the sf?(k_nB:NO%thfs n, tnhﬁ+g,gﬁ(i_/‘c%?! 2SS UBEh RGN + hignf: 9o El khe Mcret hod

will run on thi§ subdivrsion.

5 m}}

where min(empty set)=infinity.

h*(km) = min{C*(n, m-k+1, p(km) ,z) min{h*(k,q-1) + h*(qm): forallk < q <

m}}

where min(empty set)=infinity.

10 Now these expressions are used by the following dynamic code where the substructures
are the intervals between k and m. To reduce the complexity of this code ~* will
replace 4 on the route to discover the best substructure. This has no effect on the final
result. To find the first step in the optimal subdivision we will compute the g that
minimizes the expression h(k,g-1)+h(q,k) for every k and m where I <k < m < n,

15 which is the same q that minimizes the expression 2*(k,q-1)+h*(g, k). Thus define:

qlbkm) =k when h*(k,m)= C¥(n,r,p(km),z)  and otherwise:
q(km) = smallest g, where k<q<m and h*tlm) = h*kq-1) + h*@qhk
20 Now the optimal subdivision code can be formed.

A dynamic programming inventive code that finds the optimal subdivision. The
following codes receives as data the parameters of an MP-system P= (r,n , p,z) and

produces as output the subdivision » on which the M-method performs optimally. In
addition it also returns the complexity of the optimal M-method.
25 To run it efficiently we need to compute and store beforehand a table of s'(r). This is

done by a fast code that calculates this table using the regression formula:

s') = 21+ s'(r(1) + s'(+(2)

Optimal Subdivision Tables (n,r,p,7)
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WO 02/ 29611 PCT/ US01/ 42537 | MPLEMENTATI ONS The fol l owi ng preferred

enbodi nents of the invention provide inventive algorithns which are

det ai | ed wopt/zasent at i ons of the above net hods. They enabl PCHGd42637al
reduction in menory and energy resources required to performthe above

met hods. 5 They have the dual goal of enhancing the above nethods and of
providing the instructions required to build the apparatus. One

under | i ni ngfoadsoingt frexA Ortegdrdd ng these inplenentations is that the
transformation rix is generic_and may be considered as arbitrarily
chosen fromthegg%tg(’&gmrlitﬂrﬁa@ﬂ ng a given set of entries. Another is
that the nunberof, nows is small enough when conpared with the nunmber io
of colums such that the above nentioned fundanental bound numnber

of r ows <l og( nunblet(kmf) cet-ulrig), msktdatplsim)zd. Hence sone of the steps that
are suitable in (%hg)er ci rcunst ances such a check for equivalent lines are
reduntant here.? rﬁb’b'l' gs described in the text that foll ows channelize
the flow of data fragm @nRinglfforh R¢8ké A4 0 the next. Each location is
assigned with a binary address corresponding to a colum of the matrix at
a given iteration. ld<thehflhge)dth(@mitrix a (-1)-conponent of the col um,
corresponds to 1 in the agdr | i kewi se a 1-conponent of the col um,
corresponds to O in the éﬂ%ﬁg%@.{’nﬂqg?nm | ar correspondence is defined for
U - matrix. 20 The inpl emeia) kons ¢ kad woul d be described include a first
step where the incomng xj-signals are added to preset destinations

det effri ned by their corréléljﬁ@ﬁd'ﬁng'“c%l ums, where each xj may be nultiplied
by a sign Q‘gﬂé r * . In the proceeding iterations, whenever a

col um isrsp |@e\}\n&?¥§gc§%? ance to the invention, the assigned address of
each of tWhatwe lsfplnotisisits obas &pnothedaplalg® @) chestadidd dysthaf proteeiugs then
colum. 25 This engbles every jnformpation stored in So | ocation of the
menory to éaéur_sai ARDGTE Voot (HHHS fgﬁet}efff&mfo SFiRg BRoLEL SE@%HE o8t . In
addi tion, gifich borft@héthelddfpoRdfts Of thé BetimaRtectorpal ves of a given column is
zero, the address representing this colum will be wused for the next

i teration.OftimgbSpbdiyisian Becter @apkonpl i shed by a novel construction of

t he data-fJ ow, maps which is.set to mnimze the novenents of data. 30 At
each iteraieg\é%'—ﬁglﬂyns&%m?ﬂ}ﬁﬁémﬂ addr esses renmi n untouched, including all

t hose Find Vector (k,m):
if q(k,m) > k then
put q:=q(k,m)

20 add q to the set R
Find Vector (q,m)
Find Vector (k,q-1)
Return the set R.

Now that the optimal subdivision r is found the M-method will run on this subdivision.

25
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whose present content can be used by the next iterations. -62 WO 02/29611
PCT/ US01/ 42537 The mechani sm of the followi ng inplenmentations is better

under st oodo omasiew of t he
i nventi on.

above descri bed GEM preferred pabodiment7 of the
A finite set of nunbers, S, that includes the nunber 1 is

considered, and in this context a matrix of r lines is ternmed a conplete
Sr-matrix if it consist of all the possible nonzero 5 configurations of

normal i zed r - dINVEPEEM®NTATIONS ect ors whose conponent s
S, where each configuration appear exactly once and the

convent i oThesfollraingt prefeprst teorhodinsdntnafthe rinvamltiengmd)videh ovientiveealgorithfisser ve
t he foll ow,n

exanp ri X:

conpl ete {V@“‘%}l 3 l?lﬁ @n%@%‘grﬁﬁtﬂ%s)?f the a'iovelmf ofg’ gﬁ%?@%gd&én
15 the matkgduetiod in lnelnor% and ellergg res}ourées ]reéuuged ‘dospe@fo?lﬁrmé AbSve-3tHdas." | X;
01010 0011 0 is a conplete

{0, 1} 5 3- ndhey xhave Hbe rdpal |g>@a1 of enhancmg the above methods and of providing the

matri x: 1

10

15

20

25

30

instructions required to build the apparatus. One underlining assumption regarding
these implementations is that the transformation matrix is generic and may be
considered as arbitrarily chosen from the set of matrix having a given set of entries.
Another is that the number of rows is small enough when compared with the number
of columns such that the above mentioned fundamental bound

number of rows<log(number of columns)
is satisfied. Hence some of the steps that are suitable in other circumstances such a
check for equivalent lines are redundant here.
The mappings described in the text that follows channelize the flow of data from one
location to the next. Each location is assigned with a binary address corresponding to
a column of the matrix at a given iteration. In the case of U-matrix a (-1)-component
of the column, corresponds to 1 in the address, and likewise a /-component of the
column, corresponds to 0 in the address. A similar correspondence is defined for U;-
matrix.
The implementations that would be described include a first step where the incoming
x;-signals are added to preset destinations determined by their corresponding columns,
where each x; may be multiplied by a sign and/or power of 2. In the proceeding
iterations, whenever a column is split with accordance to the invention, the assigned
address of each of the two splits is lesser or equal to the address of the given column.
This enables every information stored in some location of the memory to be sent to its
destination before being processed and lost. In addition, if it holds that one of the
split halves of a given column is zero, the address representing this column will be
used for the next iteration. These properties are accomplished by a novel
construction of the data-flow maps which is set to minimize the movements of data.
At each iteration maximal number of addresses remain untouched, including all those

whose present content can be used by the next iterations.
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1-1j) -j 1111 is aconplete {1,-1,j, j}-2-matrix. -63 WO 02/29611
PCT/ US01/ 42537 The inplenmentations that foll ow are based on the assunption
t hat thewanobzssiof rows s small enough with rel ati on toPCh@&Sowurssr of
colums so that | arge proportion of all possible configurations appear in
the columms of the transformation matrix. Hence the first iteration nmade
in all the proceeding inplenentations reduces the conputation 5 to the
product ofThe mesphistneofShe lfeltmﬁin'gxmplaiﬁehtaaomdibéﬁadmdefstwd inGisveequent |y all

the nore adva e ons co ute .the p uct of . a | ower .di nensj onal
conpl ete §% f‘%{lb\ﬁ& (h]‘}&f PLFRE e\‘?‘g’ofjrg’éﬁ %é&yﬁtloﬁhécﬁ‘ﬂ@rﬁ fanner in

whi ch the M&@S BRPRsfudedthe hﬁlﬂmf 7 Hé(cdﬁfs,ld&l%ﬁ %Qﬁ%lﬁ)&ﬂﬁ@deasma{r&f&%ﬁat s

another feature of the address settings of ese | enent ati ons
of an 10 lmsrlesfsnn@i leaseupleie §-7ema1$1|xstfertt cangise ocﬁfalt rthen goadiblagndnizerocol umms

to an_| SM base res es wh ott om conponent of the

vect of anocopﬁgurﬁ %tﬂ%rm 5?)‘1 " gleflﬂﬁﬂajrrﬁﬁf‘ﬁﬂn “YEEUOHT ¢ WPRSe RAPPARELS ¢ he
first itermldognid htﬁé eselt S, viHekdl Wach NEdnBibHRati6® rﬁé;lpeéle k@RS foRETBIGOmeaE I X,
with a uni form (and rat her obvi ous% address- nbering. This uniform
matrix depwnaslizipy cwestlams thatghelbeftnm-orost ianzetei et1¢m¢nttsh@1ﬁé bedmati on

mat ri x. rtbl?s 1,‘% csfotll% e¥1s1l)H lteQ ggt of the process and hence

enabl es the creation o ata oW 8t res t hat are universal and

i ndependenThematrlxe particul ar transfor mation matrix after the first stage.
This is very useful in hardware inplenentations and in the construction of
appar at uses based on the present 20 invdnt®@oh{ which is the main goal of
the dbrrent chapter. Additional and separate aspect of these

i npl ementations is a reduction of the reguire read and wite nenory

al | ocat i oris areémphe fMfhemaaix;addi tions for suitable transformation matrix.
Consequent |y, -the energy required for the performance of the process and
the cost dReMREXapparatus are reduced. It shoul d be observed that the 25
efficiency of each of the follow ng cod i sqmenhanced when it processes the
same initial transformation matrix withe %ral i nput x-vectors.

is a complete U-2-matrix;

15 the matrix:
1 -1 1 -1
1 1 -1 -1
1 1 1 1
is a complete U-3-matrix;
the matrix:
10101 01
0110011
00 01111
20 is a complete {0, [}-3-matrix;
the matrix:

is a complete {1,-1,j,~/}-2-matrix.
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Finally, to have a proper perspective, the follow ng inplenentati ons shoul d
be read wth the understanding that they are a few exanples out of many
possi bl e ved hr/zd6ent i npl enentati ons of the invention. 30 BKEUROIAI2337
0-1-Binary-Matrix The foll ow ng sequence of steps describes an

I mpl enentation of the O-1-matrix aspect of the invention. The data
consists of an rxn O-1-matrix A=(ay : O-i<r, 0 j<n) and an -64 WD 02/29611
PCT/ US01/ 42k 3ihplentyptitionetiat folloooip b@sed\b(ﬁ&h@ﬁssﬁﬁbﬂm that the .number of rows! ) . The
columms of the matrix A are, denoted by vo .................. Vn-1. This

sequence &% St8elbpRotElnpth lationdo fegweber @G?w@ns so that large pipportioy ofallx. At
every giv t L t (0] nunber ,
Gopends ng Posiiol (BhAEhAoRAReLARTHE ANAAR & 52 LaRfoliflon ot OTRLERE NUTDS
2r -1 addtesEssitbatien srdé inail the pooc2eding 1mpl|amsmnbmsngdmdee t}teodampm;atmn

bre phr b g Mhabail SR PR Srhes rtce Moo eriie Conpuurbnt BE < he
i nvention m@@fdd%ﬁdegrlﬁarauoiﬁ; c@ﬁ‘fphféethfe%ro@ddt df- ] lonerJdlmeﬁﬁoﬂa( léom{p)ete‘S' (i -1

(r/2k) 10 2) Define for all hese addresses contain at
t he end ofrnatnvewqbrmmtwmocl@ﬁédn@tms of the out put vector y=(yo,........

yr _1)T where Y t ess 1 he address of yl,

ezt. 3) F?&lelerger\é\@&agng% C(glet |g£el RS %ﬁ’q\éﬁ%tﬂf’ H\ga%f)ﬁ?l%t?l‘?&hgveﬁxaqp ©s

Whl ch Comréﬂl)éct bﬂ&herniﬁwﬁf%ﬂth‘e @ddrés%ts%ttfnr Qﬁfﬂﬁé@lnllﬂ@lﬁéﬂ’[@tﬁbﬂso "Ithlaﬁlsﬂﬂ?éh Fl r st
l@si , m 15 I (k+1,2j), h _Ioik’ +1)-1. Next for each integer v-,0

defl ﬁQe F dt)eﬁsnzg rhapsd on z cmaster!owie mssatmg/ the gobmmsetp anolf}-base) Def i ne

For every, ?&fé&&e@ vVhe%é’ﬁie MSB-is the bottony’ rceiln o hW0of &% afect%p d£h6) Slg%:?{ 2/ VJ

The code. Inirtirallzation: Put zero in every a ress 1 rom

first stagep. for a j going fromO to n-1 do

The fundamental result is that after the first iteration there is a unique uniform
complete transformation matrix, with a uniform (and rather obvious) address-
5 numbering. This uniform matrix depends only on S and » and not on the initial
transformation matrix. This leads to uniformity in the rest of the process and hence
enables the creation of data-flow structures that are universal and independent of the
particular transformation matrix after the first stage. This is very useful in hardware
implementations and in the construction of apparatuses based on the present
20 invention, which is the main goal of the current chapter.
Additional and separate aspect of these implementations is a reduction of the required
read and write memory allocation and the number of additions for suitable
transformation matrix. Consequently, the energy required for the performance of the
process and the cost of the apparatus are reduced. It should be observed that the
25 efficiency of each of the following codes is enhanced when it processes the same
initial transformation matrix with several input x-vectors.
Finally, to have a proper perspective, the following implementations should be read
with the understanding that they are a few examples out of many possible efficient
implementations of the invention.

30 Example 1: 0-1-Binary-Matrix

The following sequence of steps describes an implementation of the 0-/-matrix aspect

of the invention. The data consists of an rxn 0-I-matrix A=(a; : 0-i<r, 0j<n) and an
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if vij4 than add xj to the address v= " (vi) 25 3. main part: for k going
fromO to Tl og(r) 7 - 1 do for j going from1l to 2k do if I (k,j+1)-1 >

| (Icj) tvemoz/twnlrp going from1l to 2r(kJ+1) - |(kJ) -1 doPCBOS@us3” =2 10j)
-p for (source) address v do -65 WD 02/29611 PCT/US01/42537 if FkJ(v)4
and Fkj (v)~v then add the value residing in the (source) address v to the
value in the (destination) address Ckj(v) and also add this value (of

sour ce addmms seal Jortoontplex wetarex+fx,t.he..(Jeshi Mkl RmmAsH 88 Snatfix FKirev) 4.
obtai ning t he uépgut: at this stag%g1i every address YT contains the val ue of
t he out pufieﬁ?fﬁ‘go M-y foPral | S<PCqUEBERpIOE xFIERF. compuiss tBe epROAGEry st ep
in the present 't rngl.ogy; | inng 3 : j f the
menory, call"ed s G'?ge? xén%j(t ggeé?%&%nt H%tgrag&g%ﬁ heiorcg@e{lge t%llﬁgg%%? elroql ocati on
of the nenmplex mahbezddepesding anitbe veotor apThe atlosatdibhmed and write mdmag code

bart i ¢ BNy comeati e Bien fom, & o | 24 Lyepmhiiing g o ESnunber |
depends OphiticHhting id e R6ddss & e@@lmaltaﬁbﬁ.omhé)fo%v&iﬁgl&eﬁmsra?i pét ofBRt the
Cc .

total of : C'ln,r ) n+ Clr 20 elenmentary steps. Chart
0- 1- Bi nar ylesdatptio of the present preferred embodiment of the invention.

Definitions.
1) Define forall k— 0, j—1:  Ikj) =/G-1)-(/2"]
10 2) Define for all 0m<r ¥,= 2". These addresses will contain at the end of the

process the components of the output vector y=(y;,......,y.))7 where ¥y would be the

address of yg, Y; would be the address of y;, ezt.

3) For k— 0 and j —I define as follows the functions Fy; Gy; which control the

movements of data from each location to the next. First put: [ = I(kj), m=
15 I(k+1,2)), h=Illj+])-1 ‘

Next for each integer v—0 define:

Fy,v)=2"[v/2"/ [Eq. 100]
G;(v)=v mod 2" - [Eq. 101]
4) Define For every vector v=(v,........... V) €00, 1)
20 ' O@w)=2 og<r 2v;.

The code.
1. initialization: Put zero in every address from / to 2'-1
2. first stage: for aj going from 0 to n-I do

if v;#0 than add x; to the address v=0(v)

25 3. main part:
for k going from 0 to [log(r) /-1 do
forj going from I to 2 do

if I(kj+1)-1 > I(kyj) then

for p going from 1 to 2™V -14) _1 do

k),

30 putv=2""-p

for (source) address v do
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Fig. 1 schematically illustrates the operation of updating the contents of
a nenory enployed by an apparatus which perforns the main part of the
above codeQ or/egslienenting thus in a preferred fashi on t hePOFUSEI/42837y aspect
of the invention, with a 0-1-binary matrix 25 conprising 4 rows. A columm
of each matrix at each iteration is represented by an address in the
menory, in a binary way. The bottom (0 or 1) conponent (the extrene right
hand conponent in a horizont alf m‘,g@y;mmpmv)gs te MSB and the top (0 or
1) conponent (the extreme |eft hand conponent in a horizontal

pr esent at iadd)the yalugerepidime inTHhe Geence)s sddress, nto ahe Faluexrin. the (destimation)at t he
end of th%d({ﬁr g%%ss_(v he conponents of the 30 output vector y=(y0....... y3) T
where Y wolul @ be e address of yo, Yl would be the address of yl, ect.
The arr owand iatyoi ddd thisezaaret(ommmlqmes@hgt@aﬂt@me iafthoRsatifiogpadapd - 66 WO
02/ 29611 PCT/ US01/ 42537 sending it to be added to the content of another
address. THi® is done with accordance to the order of the iterations and
the (incrgas| . IS t he addresses participating in each iteration,
as indi ca?é?bgﬁh%l%eﬁgggﬁteutbode. Exanple 2: U-Matrix 5 The fol | ow ng
sequence of tls4 stpge,dsyr iabdressal; donpiesnthatvatuearf thd otthet ddnipnentsy;afopatit  of

i nvention. The data consists of an rxn U-matrix A=(ay : Oi<r, g <n) and an

i nput r eal0i7kct or X=(X0 ..o xn_1). The colums of the matrix A
woul d be Rty by Wo . .. wn-1. This sequence of steps
conput es the roé’(xct y=(yo, . . . . . .,¥Yr- 1)T =A-x. At every given

i terationAsadbmbnst steninctha peisas tandnslegy isorcadiogpnexbatifrbergnellocalpendi ng
on the vectar x. The allocated read. and wite nenory.contains 2r-1 + r-1
ar eoses of SiscRemons saled Phtcs, and g i1 8 A BHEbFResH i guole RFAHBHE and

t hose of ttﬁ@meﬂgg,)gicglmeﬂ&gﬁ{g%ﬁ_ are required for the description of the
present preferred enbodinment of the invention. is Definitions. 1) For each

r- di mensi dwakppsrosthased oz(the above .code would uequiye def followingingmihey ofur _|
petwoon { HSHSEUAEE PS5 ot e pft Ot o Mo olpoigh 88 455 51 1 B nary
set B=(0, 1), by:
ctLo 2. o -2
This number depends only on 7.
The entire computation of 4-x thus requires at most the total of :
L. @ n+C,
20 elementary steps.

Chart 1: 0-1-Binary-Matrix

Fig. 1 schematically illustrates the operation of updating the contents of a memory employed
by an apparatus which performs the main part of the above code, implementing thus
in a preferred fashion the 0-1-binary aspect of the invention, with a 0-/-binary matrix

25 comprising 4 rows. A column of each matrix at each iteration is represented by an
address in the memory, in a binary way. The bottom (0 or I) component (the extreme
right hand component in a horizontal presentation) is the MSB and the top (0 or 1)
component (the extreme left hand component in a horizontal presentation) is the LSB.
The addresses ¥,,= 2", 0-m-3, contain at the end of the process the components of the

30 output vector y=(¥g......,ys)] where ¥, would be the address of yy, ¥; would be the

address of y;, ect. The arrows signify the act of taking the content of one address and
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(-1)" =1 1'=0. Accordingly for an r-dinensional U vector, u=(uo
............. ur-1), define: 1L(u) =Eo y<r 2 U,. 25 3) Define Yo= 0, and
for all Wwomwz2e%it Y'1= 2r-1 +m 1. These addresses wi || copPCEURNAL253Tt he end
of the process the components of the output vector y=(yo,....... yr-1)T
where Yo would be the address of yo, Yl would be the address of yl, ezt.
4) For all k--70, j -,1 the maps Fk,j, Cki , Signkj are defined as foll ows.
Let 1= | (skndu)g 1tm¥bé lddsd2p Yhe d@nﬂin(&f :ﬁnbﬂ)erhddﬂé@sl’ Hei\dohe eliekccordditedef i ne:
30 Si gnkk&fm}’ ég mod 2") (i? =2n:,Lv/i2ml| -67 WD

02/ 29611 e ab ﬂera&lo}%an € (fncg?agm Prdpy of theaddgespqs\participating1 -
(vmod2"" ) i Eachl i day Xs rndxjcateéb??l?e é;bgq,gc de. Initialization: Put zero in
every address fromO 't ?lrst stage: for j going fromO to
n-1 do add Sign (w) -x1to thelién:idmle@ i-Matfig) ) 10 3. main part: for

P nane £ Roerpidepdt et Sripsith PR SOPR S URHBEVIPRE) {0 ShZ
value in the, éﬁ%fll nﬁfe'&@é corils%tsaéfia@% vﬁlgﬁ& 24y, 2. E?fo%@%@g a{n]zom 1to

21(Kkj +1) - (K] do put u=210j) p and for Sourte address u
Gkj (u) =u tidyer real vector XZ(X0 v ,%n.1). The columns of the matrix A would be denoted
by Woeeereiieenne ,Wr1. This sequence of steps computes the product y=(;1/o,....:.,y,_

)T=dAx. At every given iteration each location contains one real or complex number,
10 depending on the vector x. The allocated read and write memory contains 2™/ + r-J
addresses labeled from 0 to  2™/+ 7 - 2. The following definitions and those of the
previous example are required for the description of the present preferred embodiment

of the invention.

15 Definitions.
1) For each r-dimensional U-vector, u=(uy,........... ,Uy.;) define:
Sign(u)=u,.;
h(w) = (Uptpgyeeeeaeeaaernn. S Up 1 Up. ).
2) Define a correspondence between the bi-polar binary set, U={1,-1} and the logic-
20 bits binary set B={0,1}, by:
D=1
1'=0.

Accordingly for an r-dimensional U-vector, u=(uy,........... ,Ur.1), define:
=2 og<r 2u

25 3) Define ¥Yp= 0, and forall /- mr-1: Y,= 214+m-1. These addresses will contain at
the end of the process the components of the output vector y=(s......., )T where ¥,
would be the address of yy, ¥; would be the address of y;, ezt.

4) For all k—~ 0, j —I the maps Fy; Gy, , Signy; are defined as follows. Let /=
Ikj), m=l(k+1,2j), h=Il(kj+I)-1. For every integer v—0 define:
30 Signy;(v) = 1 - 2:/(v mod 2")/2""_/
Fi(v)=2"[v2"]

-67-



add the value residing in the source-address u to the value in the
destination address 20 Y1(k+1,2j) else if Fkj(u) =u then add the val ue
resi di ngweozr/tss1( source) address u to the value in the (dPETURGE42637)
address Yl (kj) else if Gk j(u) =0 add the value residing in the (source)
address u nultiplied by (-1) to 25 the value in the (destination) address
YI(k j) and also add this value (of address u) to the value in the address
Fk j(u). else add the valugod #5i ding in the source-addjess g'ffm*(w glied by
Signkj(u) to the value in the destination-address CGkj(u) and also add this
val ue (of laddr ess u) to the value in the address Fkj(u). A obtaining the
output: every agdrgss Yl contains now the value ofyl, for all Oi<r.

Compl exity. -68 02/ 29611 PCT/ US01/ 42537 i) An elenentary step in the
U-setting with the above 2"npl en@ntat2’hn is readi ngf a Stwajyer==£rom one

| ocation of the nenory, called source, multiplying it by a sign whichis 1
or -1°and then adding the result to a number placed in another |ocation of
t he menor phel@ideed destination. 5 ii) The conplexity is fornulated with the
following Terns. For O k [log(r) 7 -1 and for 1 j 2k let: uk/

21 (Kj +1) - 1¢ kjitializagingk | Raf)zet(ijeyery addfess fom @ito &K' +7-2 EI . | .2k For k =
[log(r) 7 apd for 1 .j..2 ke.let: 10 ukj-L2l(kj+1)-2Z(kj)-1J , then: Uk El1 |
2k uk j :Zrﬁrﬁtis?z)geArfogfp%oé?%frﬁ@ thgsnégdgn t he above code would require the
foll ow ng nUWbeéchfign%ﬁf}@@ﬂﬁfaMdr%Eseﬁ(ﬁ(wjﬂ fulfil the conputation of Ax.

10 3. main part:

for k going from 0 to ﬁog(r) /-1 do

for ] going from / to 2 do
if I(kj+1)-1 > I(k;j) then

1) add the value residing in the (source) address ¥z to the value in the (destination)
15 address Yyp+1,2)

2) for p going from I to 2W*D-1ki-1 1 4o

put u=2"®-p and for source address u do

' if Gy (u)=u then

add the value residing in the source-address u to the value in the destination address
20 Yip+1,2)

else if Fyj(u)=u then

add the value residing in the (source) address u to the value in the (destination)

address Yu

else if Gy;(u)=0 add the value residing in the (source) address » multiplied by (-1) to
25 the value in the (destination) address ¥ and also add this value (of address u) to the

value in the address Fy;(u).

else add the value residing in the source-address » multiplied by Signy;(») to the value

in the destination-address Gy;(#) and also add this value (of address u) to the value in

the address Fp;(u).
3. obtaining the output:

every address ¥; contains now the value of y;, for all 0-i<r.

Complexity.
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1s (1) For the first stage n elenmentary steps are required. (2) For all O
k Tl og(r) 7- 12and |l | .2 k 2'ukj - uk+1,2] - uk+1,2j-1 + 1 elenentary
steps aravaon®esin the (k,j) step. (3) Therefore for all OpPCRUS¢lQgT) 7 - 1
the k-iteration of the main part requires the 20 follow ng nunber of
el ementary steps : 2k + 2-uk-ukl (4) The main part of the above conputation
of Ax thus requires the followi ng nunber of elenentary steps: Cur (c)
2uo+ul+ uldyAn elementaryudtb i the U-sittihg witlothergbove ithplendentatidh ikhesding aber

depends only _on . (5) .The entjre conputatjqn of Ax thus requires fhe total
of :  Car t8ibey fipm, ogg locationent: the ymearps .calieégs%eemui@@mgptwws@gmzsw

chart. 2: Ylte Id Kof i0andPhf ARARE ikcAlchuts to 4 HSDA!R3cc R RAREALLAYe
updating the contents of a nenofy enployed by an apparatus i'ch per f or s
t he mai n phe mewbryt, kellabdestingmae, i nplenenting thus in a preferred fashion,

t he U-bi ngry_aspect qof the invention, wth a5 Uhinary matrikx ¢ rising 4
rows. SA cdDu %’F‘Pé%?@w Hsrg‘?rm‘ﬁatﬁgwétggh‘ie ﬂ@?’%ﬁ%%@ﬁ- ory e gge’r@%ﬁ’(f’”)gﬁa bi ngry
addr ess igmﬁl?& npnpry where (-1)-conponent of the colum, corresponds to 1
in the address, amd ‘a 1-conponent of the columm, corresponds to O in the
address. A binary in&‘grzﬁ’f"é’t" 'on is applied, where the bottom conponent
(the extrenme right hand conmponent in a horizontal presentation) is the MSB
and the top 10 conpgpe (H%e e_thém?c Yyefv-dyand conponent in a horizontal
presentation) is the*LSEs2" THe speéi-l” addresses Yo =0, Y1=8, Y2=9, Y3 =10,
contain at the %nd&fx the\fprocess t he conponents of the output vector
y=(yo, ... For.k y2log(eraadyer wduf d2bdett he address of yo, Yi would be the
address of yl, ect l@}h@,ﬂgpy)m signify the act of taking the content of
one dfdress rrul’f’ﬁﬁzyi ng it7by sign which is 1 or -1 and sending the result
to be 15 gggped to the content of another address. One spear arrow signifies
that the signis 1

U= ]:j‘zk Up; = T

iii) An apparatus based on the above code would require the following number of
elementary steps to fulfil the computation of 4-x.
15 (1) For the first stage n elementary steps are required.
(2) Forall 0 -k -/log(r) /-1 and 1 -j - 2*
2Upj - Ups1,27 - Uprr,2i-1 T 1
elementary steps are done in the (%) step.
(3) Therefore for all 0 -k [Tog(r) /-1 the k-iteration of the main part requires the
20 following number of elementary steps :
2+ 2up- up
(4) The main part of the above computation of 4-x thus requires the following

number of elementary steps:

ﬁog(r) 7

" © 2uptust ugte..... +u, +2 -7

log(r) - 1
25 This number depends only on .

(5) The entire computation of 4-x thus requires the total of :
C© n+C,

elementary steps.
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and doubl e spear arrow signify that the signis -1. This is done with
accordance to the order of the iterations and the (increasing) order of
the addrev@em2gsarticipating in each iteration. Exanple 3PCUUSo1/4937 i X 20
The foll ow ng sequence of steps describes an inplenentation of the GEM
method in the case where the entries of the transformation matrix bel ong
to the set U1 (¢){l, -1, j, j}. This one of the subcases of the GEM whi ch
appear often in applications. Th@haﬂat.i/’-Mutﬁksts of an rxn Ul- natrix A= (ay
: 0i <r, nd an in t co | ex vector, X=(XO ............... _i). The
col ums of lg %qtlﬁal Q pRergfEon, of updating the confgnts of am¢r§012’5
sequence SHEO. d ( every
G ven i ter R BECH ‘éhﬁa%ﬁ(%ﬁwfé%ﬁt koM 88, e e B b KAV cof

dependi ng implenenting thusrin x prafheed fdshiooathe d/-bimaxy apebt wf tHecinmentionywithit ai ns 4"

+ r-1 addr sesla eled framQ to 4 Thi s. i h
et i ¢1 orfL DGERY PR EOBPEYNG '<Bstarth 6l of fagh el FEOPOIFIY

definitiongg reg&téaesy AbldaBNSddrdsy iPed ﬁ@m@r;%?ﬁér@ ?’-99-@91%?81?611@ 3P ¢hel dYEhSE
correspondence) between the set U and the set gl ven by: -70

WD 02/ 296 xoriPeppntisn | inpthgaddress, el a d*cempenent of the cohmm corresnon stof) ing* =j

(J ) 3 - 3* _tile agdfa‘(s:ﬁc;% do&r'f%?{r )intfegprrqtgt(ugl} (ilé gﬂlﬁedo(ﬁv Uﬁm %ﬁ‘f 8 rcomgé%ent (the

r- di mensi @St&bm@rrg\hehhmf cortipdréat in a horizontal. presehta’ubn)dlefthélMSB 10d ShegtopU) =U, 1
g(u) = (uo(ur-1)-21 . .. ). .3) .Define Yo= O,
and fior al9OMPORRRt: (thqrr%trml@ feftyhapd. cowpomgléa?ﬂeumt%@r%ﬁ@aﬁe@dﬁ tedexBof t he

conmponent sy lf%fspgagl RS ¥BLCHOY,=8 ¥,=9, ¥; =10, contain at the end of the process
the components of the output vector y=(y,......, y3)T where ¥, would be the address of

vo, Y7 would be the address of y;, ect. The arrows signify the act of taking the content
of one address multiplying it by sign which is 7 or -/ and sending the result to be

15 added to the content of another address. One spear arrow signifies that the sign is /
and double spear arrow signify that the sign is -/. This is done with accordance to the
order of the iterations and the (increasing) order of the addresses participating in each
iteration.

Example 3: U; - Matrix

20 The following sequence of steps describes an implementation of the GEM method in
the case where the entries of the transformation matrix belong to the set U; ©{1, -1, j,
-7} This one of the subcases of the GEM which appear often in applications. The

data consists of an rxn U,-matrix A=(ay; : 0i<r, 0j<n) and an input complex vector

25 sequence of steps computes the product y=(vy,......,Yr-1) T=4x. Atevery given iteration
‘each location contains one real or complex number, depending on the vector x. The
allocated read and write memory contains 4" + -1 addresses labeled from 0 to 4™
’4 y - 2. This example uses the definitions set in the previous examples, as well as the
following definitions:

30 Definitions.

1) Define a correspondence (and inverse correspondence) between the set U; and the

set {0,1,2,3} given by:
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4) For all k-7 0, j -,1 the maps Fk,J, Ck.; are defined as follows. Let 1 =
I (k,j), m= 15 | (k+1,2j), h =l(k,j+1)-1. Take an integer v,0, represented
in the 4vast/s6hby: v=E O-2 4'-vj and define: / Sign k(p¢T/USé1(4268371 ) (L(Vv
nmod 4'n)/4in-1]) * FkJ(v)= 4n:Lv/4n1J 20 Gkl (v) Ei.g ml 4" ((v) *
((vm1l) *) 1) r The code. 25 1. initialization: Put zero in every address
fromO to 4r-1 +r-2. 2. first stage: for j going fromO to n-1 add Sign (w)
Xj to theladdimess M*=gfu)) 3. main part: for k going fromO to [log(r) 7-1
do for j S)Iin froml to 2k do -71 WD 02/29611 PCT/US01/42537 if |(k,j+1)
-1 > I(k,j(‘% th ﬂ) 2dd the val ue residi ng in the address Yl (kj) to the
val ue in }-:he__gddre§s=Y-l(k+1, 2j) 2) for pgoing from1l to 4(kj+1) -

| (kj)-1-1"do put u:4ldj) p and for source address u do: 5 if Gkj(u)=u then
add t he vd#jjlies J,esi dFmyjin the (source) address u to the value in the
(destination) address Yl (k+l,2j) else if Fk j(u) =u then add the val ue
resi di ng in the (source) address u to the value in the (destination) 1o
address YIA(ostl)di@gilﬁoﬂair.%q:r(swnaFQ-moﬂ hﬁ=%'..!4.€...£,%§.}{ddléﬁ!&e! n the (source)
address u nultiplied by Si gnkj(us to the value in the (destination)
address Yl (kj) and also add this vzﬂw&zgof zggl,dress u) to the value in the
address Fk j(u). else add the valu fes d¥fg’ Th the (source) address u
multiplied by Signkj(u) to the 15 value in the (destination) address

&j (u) and also add this value (of address u) to the value in the address

Fkj (u) . 42)8bit @ichirnmehgdomul Thwector, u=(uq,........... ,uy.1) define:
10 Sign(u)=u,.;
20w = (g (Urt) oo Jtrr (1)),

3) Define Yy)= 0, and for all I m<r: Y,= 4 + m -1 These would be the
_addresses of the components of the output vector.

4) For all k—~ 0, j —I the maps Fy; Gy, are defined as follows. Let [ =I(kj), m=
15 I(k+1,2), h=l(kj+1)-1. Take an integer v—0, represented in the 4-basis by: v=2

05" r-2 4/ -v; and define:
Signi(v) = (vm)* = (((v mod 4")/4™ /) *
ij(V)= 4771_Zv/4m_/

20 Gry()= 2 15 m1 () * (o))
The code.
25 1. initialization: Put zero in every address from 0 to 4142,

2. first stage: forj going from 0 to »-I1 add Sign(w;)-x; to the address O(g(w;))
3. main part:
for k going from 0 to /log(r) /-1 do

forj going from J to 2Fdo
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every address Yl contains now the value of yl, for all Oi<r. Conplexity.
20 1) An elenmentary step in the U - setting with the above inplenentation
nmeans r eaxd nz296al conpl ex nunber from one | ocation of the penusyl4263 | ed

source, multiplying it by a conmplex sign which is 1 or -1 or j or -j and
adding the result to a conplex nunber placed in another |ocation of the

menory, called destination. ii) The conplexity is formed by the follow ng
terms. For 0 Kk [Iogf[(k #}lp&dl(kgrtheIQS 1 j 2k let: Wk, j =
41(kj +1)-2Z(kj)-1 | k+1d )-1 WK = 1J 2k 4 For [log(r) 7

1j
and for 1 1)jaddthey @tl’eSl V\IEJnihPla(dl@feW )‘)%Z(‘Rjt?e‘larlu%@lﬁhkﬂdﬁess Zlacwm =r. -72
WO 02/ 296 1(14;4)1) -Ay)-a rat us based on the above code woul d
require t% ff%{;; ovm%r]%%ng% / el eﬁegﬁt ary steps to fulfil the conputation
of A X. (];)utEe#’(’%’)r}ﬁaﬁdlfm‘tsoatcagédmﬂkéasrent ary steps are required. (2) For
all 0 k [I og(r) 7 - g&p% 2 k the total of 5 2'wkj - Wk+1, 2] -
VWk+1,2j-1 + 1 el ementary 5t ”)aluéhed’one inthe (k,j) step. (3) Therefore
for all 0,44 ﬂb%(de) Sidingl i M (oblcB] 3idiod Eft the HRie pﬁ{ s the
fol |l owi ng anurrbler of reele%r%gﬁtlary toepsj r v J\%@ m © (d)%%hs in part
of the abcadéress)lfpuj;@tl on of Ax thus reqw res the foll ovm ng nunmber  of

el enentary c (c) +2wo+wl +V2+. . ... ... +wfiog(r) 7- | +2fg(r) 7 -1
-r. A nur%séirfﬁ'{gf) 33{5 Zhds only on r. (5) The entire conputation of Ax thus

requires tdag thetvalueofesidingl @d (olier) Bddebbs u to the value in the (destination)
10 address Yjx ) |

else if Gp;(u)=0 add the value residing in the (source) address u multiplied by
Sign;;(u) to the value in the (destination) address Y, and also add this value (of
address u) to the value in the address Fi ;(u).

else add the value residing in the (source) address u# multiplied by Signy;u) to the

15 value in the (destination) address Gy;(u) and also add this value (of address u) to the

value in the address Fy;(u).

4. obtaining the output:

every address ¥; contains now the value of y;, for all 0-i<r.
Complexity.

20 i) An elementary step in the U;- setting with the above implementation means reading
a complex number from one location of the memory, called source, multiplying it by a
complex sign which is / or -I or j or -j and adding the result to a complex number
placed in another location of the memory, called destination.

ii) The complexity is formed by the following terms. For 0 -k [flog() ]-1 and for

25 1-j 2 let:

= 41D

= = I+ 1)-lkj)-1
Wg 2']j~2k Wi, Z}:jgk 4

For k=/70g(r)7 and for I -j-2F let:
WkJ=Z D)1 ]
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r elenmentary steps. Exanple 4: Topiltz U-matrix The foll ow ng sequence of
steps describes an inplenentation of the Toplitz matrix aspect of the

i nvent i owowek coeffici ents. The data consists of a U spQn@&Ree2520
to,....... tn_1 and an input real or conplex vector x=(Xxo

............... Xn+r-2). Fromthe U sequence an rx(n+r-1) Toplitz-matrix
A(c) (ayQx,j : Oi<r, Ojn+r-2), is formed, where tk(c)O for all k<O or
k--7n. Thdbe /gt efSraodTbaske ont the apboeldede WolldOrequire the- following Mfmberldf =A - X.
Only the first stage differs fromthat of the U matrix exanple, therefore
it is ne@&%ﬁ%ﬁgpﬁmﬁﬁéd%c%w%a@%(SfAs%-age. All the definitions Iisted
in former PO, 1 i appl i cabl e here. The code. 1.
initiali za('?jl(on: ggﬁ%@%%ﬁF%@b@%&gﬁtﬁrgg@uﬁgm Oto2r-1 +r -2 2. first
stage: 1) (RpFofald Mg- /igegm /O 1t and 7 2; apfdhé td)fn_r +j +1' xj to the address 30
Or(h (tj, ti_ 1 ............. tl, tO, to-1, to-2, ............ , tn-r+j +1))
and afso add - (1/2)tn_r+ +1' xj2Wio -thel2atirezs + 173 wo 02/ 29611

PCT/ US01/ 4233 ' Sh ) eatery - e e tl, t0, -tn-1, -tn-2,
............ ,ez{tmﬂ-glﬁegzjgﬁjie){oh%ht&g]%ﬂ'swai ng fromr-1ton-1 add tj-r+lxj to

t he addr eg3) Thefdigrejfor 4] -01- & -.ﬂog(r).% = 1. the k-iteration &f the hjgin pat réquiire$ tHgoi ng
fromn to n+tr-2 add (1/2)tj-r+lxj to the address 5 9r(h (tj-n, tj-n-1

.......... following nupber efplementerysteps: ... ..., tj -r +1)) and al so
add (1/2)tj-r+ixj to the addregs, }%(khw&l)'n’ tj-n-1.......... ti, -tO0,
-tn-1, -tn-2, ....... , -t] -r +1)) main part: The al gorithm proceeds now

as inothe (%) ¢ main pan@f&heahdvngon@hgﬁoh phidixsthosiequipsrthe fdlavihgeumbérput i s
stored in tfhEe same addresses. io Conplexity. i) An elenentary step in the
above ToplHEFMMALHERY ation is the sane as in the U- inplenentation, that

is, reading a nunberCUfrr(%nl%%J ﬁ,cftvdzgrq..gh%4)220)%@5%%’66"-'16%

A number that depends only on 7.

(5) The entire computation of A-x thus requires the total of :
15 CUI nr© n+ CUIr

elementary steps.

Example 4: Topiltz U-matrix

The following sequence of steps describes an implementation of the Toplitz matrix
aspect of the invention with U-coefficients. The data consists of a U-sequence
20 to,......,tp.; and an input real or complex vector x=(xg,............. JXn+r-2). From the U-
sequence an rx(n+r-1) Toplitz-matrix 4@ (a;©%; : 0-i<r, 0jn+r-2), is formed,
where #,@0 for all k<0 or k—n. These steps computes the product y=(yj,............ Vn-
1)=4-x. Only the first stage differs from that of the U-matrix example, therefore it is
necessary to introduce only this stage. All the definitions listed in former examples of
25 implementations are applicable here.
The code.
1. initialization: Put zero in every address from 0 to 2" Trr-2
2. first stage:
1) for j going from 0 to -2 add (1/2)-t,.,1j41x; to the address
30 V(TErN TR R 1,80, Lo lndyeeereevenn.. Jnrj+)
and also add -(1/2)-t,.,+j+1'%; to the address
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source, multiplying it by a sign which is 1 or -1 and then adding the
result to a nunber placed in another |ocation of the nenory, called

desti nat ivo@02/2%1i 1) An apparatus based on the above code moDWdIwWeLEi re the
foll owi ng nunber of elenentary steps to fulfil the conputation of A -Xx.
(1) For the first stage 2-(r-1) + n - r +1 + 2-(r-1) = n + 3r -3

el ementary steps are required. 20 (2) The main part of the Toplitz

comput atIQz}?Ih(@ftjb ,,,,,, i.S.. mee.tlgytne}n._,!“rj_pj 8EALR tion of the main part of the
U-code with l'ines. Thus i1t (ci]w res e, eI enentary steps. (3) The entire
Toplitz c@brfmtlaomgnfr@ﬂrﬁétxm-hmﬁ bequy redheaddrasstal of : T C nr(c) n + 3r
-3 +Cur ntary steps 5 Chart 3: Toplitz-Matrix Fig. 3 schematically
illustrat ézgﬁ itk oper-ati- sending the inconmng data to appropriate
memory |09§fdr9%§1ng%h91)&69’1+9¥2 A @rHarahiiso Wliaahreper forms the initial part
of the above code, wth a Toplitz mat’ri x’ conprising 4 rows. Except for this
initial pau(h(ge,v,&ny...ot..hefr,toalw&ol d.s.i.demieyl to that of the U-matrix

i npl enent at a par at ys, .gnd the description there is applicable
here. Her @n{lﬁgoﬁ‘i 21879) By rt%% aé?’ﬁ’?ﬁfy that the sign is 1 and doubl e spear
arrow si gnjgy, % na}t_._'p_h@ 90 90 1rS, = 1. 74)WO 02/ 29611 PCT/ US01/ 42537 Exanpl e
5: Topiltz O/ /8t T 1% "The ol 1 6w ng pre erred enbodi nent of the invention is
an i npl emdnt anamn paft tHe alfopihing zprmds moaxs pecm thé Uhmtrmwm]ﬂemntmgt h

U -coefficje .. The da q n5|% S0 t d h ueg"iﬁ% ....... tn-1 and an
i nput comBt&Ex! tna'arm;gas%)gg the output 15 Store ."9( frs addES it he s U - sequence an
rx(ng-1) ]eigymatrlx AO (aj (c)tt_; : Oi<r, O] n+r-2), is forned,
where tk(c)O all k<O or k-7n. The sequence of steps |isted bel ow

conput es than qiﬁer@@nt@w spefy ipothe above Toplitz lmpiﬁamenyam\nxs thergagnet aseinfthe &~ st age
dlffersfr f Ul fo age
needs to b@nl é{skgnat% %hqﬁf r?alqg%d%a%ll Al %<I ons 19 lgf%tg) é}ﬁggglb/%{%(ﬁg é%%ﬁm es are
appl i cabl gof@é,amultiplying it by a sign which is 1 or -1 and then adding the result to a number

placed in another location of the memory, called destination.
15 ii) An apparatus based on the above code would require the following number of
elementary steps to fulfil the computation of 4-x.
(1) For the first stage
22(r-1)+n-r+1+2:@r-1)=n+3r -3
elementary steps are required.

20 (2) The main part of the Toplitz computation of 4-x is done by an implementation of
the main part of the U-code with r lines. Thus it requires Cur elementary steps.
(3) The entire Toplitz computation of 4-x thus requires the total of :
c.e n+3r-3 +C,
elementary steps.

25 Chart 3: Toplitz-Matrix

Fig. 3 schematically illustrates the operation of sending the incoming data to

appropriate memory locations, employed by an apparatus which performs the initial

part of the above code, with a Toplitz matrix comprising 4 rows. Except for this

initial part every other aspect is identical to that of the U-matrix implementation and
30 apparatus, and the description there is applicable here. Here too one spear arrow

signify that the sign is I and double spear arrow signify that the sign is -1.
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10 The code: 1. initialization: Put zero in every address fromO to 4r-1 +
r -2 2. first stage: 1) for j going fromO to r-2 add (1/2)tn_r++1'xj] to
the addres@o02/296fg(tj, ti-1 .............. tl, to, to-1, tPERUSO/42537. ... ... ,
tn-r+j+l)) 15 and also add -(1/2)-tn_r+j+1'xj to the address ™ (g(tj, tj_I
............... ti, tO, -tn-1, -tn_2, ................, -tn_r+j+1)) 2) for
j going fromr-1to n-1 add tj r+1xj to the address " (g(tj,
t) _1........ .. tj_r+1)) 3) fEfahpR®: "ofik®W-mdtgixn+r-2 add (1/2)tj _r+lxj to
the address 20 ™ (g(tj-n, tj-n-I........ . t1,to, to-1, to-2, ....... , b
-r +1)) ankheafodlewigdpreforpad embediment efhtherHaveniignds sninglementation of the
ti-n-1... . . z =1 0=2)rr. o . X S Y A a | so add
(12" ] donti pakiespeed of e lednioh M- oefficients.” The alig {ably 0t By
-tn_l..... sequence t fy,..=.1, 2;+2)and 2 i@putndinpl@avéctorptorerd..as. . HheFdhr fRt ri X
algorithms main part and the data is received in the sane way. -
é‘n%’ﬁflﬁa‘ﬂ,i on is

Conpl éxi t YWI-Ssayenss ap| gifnt-dt Y ophizpmatiixt A© @nGe: Gopn iz é
th in,t | 57 i ' ' di | mb
trom one. 1o A iR, FRLECEO T8 Readc BBt o Srent FREH MBIy SPRRLE a0

conpl ex sigedubiyedy . s.. 1.9, p24ar jOsly thé fiasictddaedifferdttbmathbher RSy}t to a
conpl ex nunber placed in another |ocation of the nenor calle

d
dest i nat | gpatrix pxampleg thepefgreopithisisgs assts Ao bej qesserﬁbedpééﬂ dhqdefiiens on the

above codg; i 0 i nber of elenentary steps to
ful fil thgm‘éég#%%{%v?%ne&g?k%@(.afe(e{f;pﬁ%ﬁ_\dct))lﬁgl%eﬁ% first stage 2(r-1) +n-r+1
+2-(rwl) -Theddode3 5 elenmentary steps are required. (2) The main part of

the Toplitz._ conputation of A-x is done an i | ement ati on of
P 1Z initia matﬁm: But Zero in every adodress ?I%m tonp4’g +r -Za

2. first stage:
1) forj going from 0 to r-2 add (1/2)-t,++j+1%; to the address
NI 1110, badtndyennreenen, )
15 and also add -(1/2)-t,,.,+j+1%; to the address
O(g(tybityeneerneens T R S stnriirl))
2) for j going from -1 to n-1 add #,+;x; to the address
O(gtyti1,-....... ) i)
3) for j going from » to n+r-2 add (1/2)-t;..+1x; to the address
20 O(g(t-ntin-lreemeene- 1L, teltndyenene.. Jtir+1)
and also add (1/2)-t;,+;%; to the address
O (b1 lnetsereeevesb 120, Tty Tndyeernees by r 41)
and also add -(1/2)-tx; to the address
O (&t tintyerveeest 1y H0, b=l Lyevennss by 42))
25 3. main part: proceed as in the U;-matrix algorithm's main part and the data is
received in the same way.
Complexity.
i) An elementary step in the above Toplitz implementation is the same as in the U;-
implementation, that is, reading a complex number from one location of the memory,
30 called source, multiplying it by a complex sign which is I or -] orj or - and then
adding the result to a complex number placed in another location of the memory,

called destination.



the main part of the U-code with r lines. Thus it requires CU r elenentary
steps. (3) The entire Toplitz conputation of A-x thus requires the total of
CTlnrvQomeinl -3 +CUIr io elenentary steps. Exanpl e 6: PREABOIMREIT X,
binary 0-1 representation. The follow ng preferred enbodi nent of the
invention is an inplenentation of the real matrix aspect of the invention
with binary 0-1-representation of the matrix-entries. The data consists of
an rxn redf)- et apparddes bayed :onlihsrabobe kpody) wohldhreqeirn dgafollv@imniihes d5 and an
i nput real —or conplex ve(ﬁg of X=(X0 ......,..ouo.... xl'). The al gorithm
conput es  clemepary steps to fulfil the qompytationof 44 | s assumed that the entries of
the matri i the following 0O-1-binary representation, for all
O4<r, O jﬁ%?FgryﬂiﬁﬁSQ%% <k<nl t>k'2k 20 where: tyk E{0,1} for all -n2 km
Only the first stage:-@iffensriilom?t(hdt =ef+8he30- 1-matri x i npl ementati on,
therefore nlé/ th@ st age .needs to be described. Al the definitions
listed in SRR MeXUAYHESt ement ati on section are applicable here. In
addi tion TRE ndaliLpdrObt MW THliEZ At 1OP8 ddu@ bl anVi I g <n,
ek : %QL = (tlhj?ﬁ, PO Teplitz Ozép‘ﬁ%WMPSM’QU%&H%%%‘?%@%%U on:
Put zero ithe g paresfdhe 55-cbdowith rldesl - Thusat refiifStC Stadgaentad stepk. a counter j
going fromO to n-1 do -76 WD 02/29611 PCT/ US01/ 42537 for k going from -n®
to mM do d8) Thk-ertiretloplitreconziutmionofacdthes eqbir¢she Yot .ofmai n part: It is
proceed as in the (0,11)-matrix i npl engntation algorithms main part for r
rows and the output ¢dns®oreddn ¥t HeCsane addresses at the end of the 5
conput ational process. Conplexity. i) An elenentary step in the above
i npl dfrent LI$BENYY SieRe same as in the 0-1-binary

Example 6: Real Matrix, binary 0-1 representation.

The following preferred embodiment of the invention is an implementation of the real
matrix aspect of the invention with binary 0-I-representation of the matrix-entries.
The data consists of an rxn real-matrix A=(a; : 0i<r, 05<n) with nonnegative entries

15 and an input real or complex vector x=(xg,............. ,%n-1). The algorithm computes

y=(yo, ........... ,yn_1)=A.x.
It is assumed that the entries of the matrix are given by the following 0-I-binary

representation, for all 0-i<r, 0j<n:
@y = D-ngkgm] tye 2%

20 where: t;r €{0,1} forall -mykm;

Only the first stage differs from that of the 0-/-matrix implementation, therefore only
this stage needs to be described. All the definitions listed in the 0-/-matrix

implementation section are applicable here. In addition define the following 7-
25 dimensional {0,1}-vectors for all 0j7<nm, -mzkm;:

Vi = (thk,l‘zjgc, .................... ,trjk)
1. initialization: Put zero in every address from 0to 2'-1

2. first stage:

30 for a counter j going from 0 to n-1 do
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i npl enentation, that is, reading a nunber fromone |ocation of the nenory,
called source, and adding it to a nunber placed in another |ocation of the
menory, oedbzeb6110 destination.. ii) An apparatus based oPCT/W801a2637e code
woul d require the follow ng nunber of elenentary steps to fulfil the
conputation of A-x. (1) For the first stage (mM + n2 + 1)-n is elenentary
steps are required. (2) The nmain part of the of the code is done by the
mai n part of thfor&poing fromipl-epend at pndd- 1- bi nary-code with r |ines. Thus
it requires Co", ele ary steps.., (3) The entire conputation of Ax thus
requires the total &gsr}k%ﬁéﬂ@-vfﬁtem@égreﬁanj(vﬂcﬁﬂﬂ)' n+Co'l, 20 elenentary
steps. Ex sl s : I - M Ak f ol l.ow ng
preferred%gﬁ%gm ﬁ%ﬁ?qg%g\@héée;&nasg%?ﬁ%o’%ﬁlgﬁ&ﬁ 'lenen%%%ﬁaog& g tshﬁew%leal

mat ri x aspedt foofr tdves amds &t dwputwist $totsilniar the Wame prddsasesadti tha enkl ohthe

matri x-entries .Trrll data consists of an rxn real-matrix A=(ay : 0 i<r, O

j<n) and SAMPHHC elé’é"l’ceﬁsr compl ex 25 vector X=(XO0 ............... xn-1).
The al gori(gdjﬁi,ﬁgﬁ%a,ut es y=(Yy,. ... ... y"-1)=A-x. It is assuned that the
entries of the matrix are given by the following U- representation, for all
0-i<r, O j)<An edgmentary sigp injthe akove ipplementptioris the o [as iif e 0-/-tinarg- 1)
where: tjj for.all, -nP- 1 7 / . [ USO 2537 . The
exi st ence "oF e einga{:urO g’p#hgtsgf %atdﬁl N ﬁgmgizrr ferée{l}gy&%elﬁ &?%Or%}ef i %%E%néééégﬁlegat rix
aspect of sotulde, aravaddingoh.to @humbeh@ldced i asbtageloditidnesfsthe mdadrataltl t he
Umtrix inplenmentation, therefore only this stage needs to be descri bed.
Al the déestHtipBas |isted in the U- matrix inpl enentation section are
appl i cabl eyher.e . fi j i i I
P et or s%f)o?‘na Ifﬂa%@ﬁ?és%ﬁ%@ 1ﬂ1§ r%bé?@e b0 HBhlaAMRE iR fondhiRELANG of
elementary steps to fulfil the computation of A-x.

(1) For the first stage

(m; +my+ 1)n

15 elementary steps are required.
(2) The main part of the of the code is done by the main part of the above
implementation 0-1-binary-code with » lines. Thus it requires C*!, elementary steps.
(3) The entire computation of 4-x thus requires the total of :
o (my+my+ Don+
20 elementary steps.

Example 7: Real Matrix, binary U-representation.

The following preferred embodiment of the invention is an implementation of the real

matrix aspect of the invention with binary U-representation of the matrix-entries. The

data consists of an rxn real-matrix A=(ay : 0-i<r, 0j<n) and an input real or complex
25 vector X=(Xp,....c.cern... ,Xn.1). The algorithm computes y=(yy,........... Y1) =Ax.

It is assumed that the entries of the matrix are given by the following U-

representation, for all 0i<r, 0j<n:

- . . -mp-1
ajj -_D-mz -1<k<my-I tijk 2k + tijml (2m1 - 22 )

where: ;3 €U forall -mp-1 kmy

30

~77-



Uk = (tljk, t2j/c . ... . trjd 1. initialization: Put zero
in every address fromO to 2' +r -1 2. first stage: 10 for j going fromO
to n-1 dovéor2961going from-n2-1 to m -1 do add 2kSi gn( up&yxpot4253the
address ir(h(ujk)) for k--m do add (2jnl - 2'nR-1).Sign(ujk)xj] to the
address ,r(h(ujk)) 15 3. main part: It is proceed as in the u-matrix

i npl ementation algorithms main part for r rows and the output is stored

in the saffleadilteass e$ this rdphematorfs diieedy arifoadtih ARSteaPIRAGBSS&pe&adtP| exity.
20 i) An elementary step in the above inplenmentation is the sane as in the

above U fhein¥eRiiana Pl the Heet stage diffenfroig thatithe P-nplsin bRRlemeetationn of the
menmory, CaldGre SAYER stdBd! debd ¥ %gdégEripé’d. AR 0 K Cig{gs?gogst%q ﬂ{ﬁfel (and then

adding the result to a nunber placed in another € menory,
cal | ed destatnraimplementajiofsectiop araspichids dereonint duditminaleine othe fokbawithgr equi r e

the foll ow ng nunber of 25 el nt ar teps to fulfil the conputation of A
x. (D Fof‘dﬂ‘%@‘*‘i’ tUﬁ’Fgﬁ’é‘f@Fﬁleeﬁﬁ@Z)%ﬁ?'k' lerentary steps are required. (2)
The main part of the code is nesby,the main pant of the above

i npl ementation of 30 the Ucer\}i)'XIg(;“ """"""" T‘Rus it requires Ct'r

el ementary steps. (3) The entire conmputation of A x thus requires the total

of : -78 WD.02/ 29611 / USQ1/ 425 C. (c + n22 + 1)n + Cur
el ement ar y* g‘t"é%éz.a W gk%&fqlgeé{e%ﬂ%‘issﬁffaér% (jo’ﬁfF ’"ahlnexerrpl ;ry apparat us for

perform ng, firdtish@dt transformation with a reduced nunber of additions,

according to a preferred
10 for j going from 0 to n-1 do

for k going from -my-I to m;-1 do
add Zk-Sign(ujk)-xj to the address 7(h(u;)
for i=m; do
add (2™ - 27271)-Sign(uy)x; to the address 7i(h(u;))

15
3. main part: It is proceed as in the u-matrix implementation algorithm's main part
for r rows and the output is stored in the same addresses at the end of the
computational process.

Complexity.

20 i) An elementary step in the above implementation is the same as in the above U-
implementation, that is, reading a number from one location of the memory, called
source, multiplying it by a sign which is 1 or -1 and then adding the result to a number
placed in another location of the memory, called destination.

il) An apparatus based on the above code would require the following number of

25 elementary steps to fulfil the computation of 4-x.

(1) For the first stage
(m; +my+2)n
elementary steps are required.

(2) The main part of the code is done by the main part of the above implementation of

30 the U-code with 7 lines. Thus it requires Cur elementary steps.

(3) The entire computation of A-x thus requires the total of :
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enbodi mrent of the invention. The apparatus 500 consists of a multiplier 10
wth two inputs and one output, a multiplexer (MJX) 9 for selecting one of
its inputveovz2dser transferred to its output, an adder 11 RCTASeM2s3TNput s
and one output, followed by a io Dual Port Random Access Menory (DPRAM 13,
having two address bus lines, "add a" and "add b" and two outputs, "data
a" and "data b". The MJX activity is controlled by an address generator
501, which al so enaqy@§ he a Syt nory addresses in the DPRAM 13.
The address generat or ag%i Hfigpétgéﬁ?ggfled by a counter 3. 15 The out put
of the nuklenpntay sttfs.i S connected to one input, "C', of the MJX 9. The

out put of the MJX 9 is connected to one input "A" of the adder 11. The
output of the adder 11 is connected to the input of the DPRAM 13. One

out put, "data-a", of the DPRAM 13 is connected to the input "B" of the
adder 11. The other output, "data b", of the DPRAM 13 is connected to the
i nputs " E" Fud. 4 isubthlpék eliagi@in ofhen cixemplary pappa@fus” for pérfdrindngnal fingdri er 12

is connected to the output "sign" of the.address generator 501. . The out put
of the rrultn‘_tanjP{Iﬁ?tlof’z ngpé‘oﬁ?@ﬁgg umbey pf 5§ P n%ﬁf‘f’r‘{l@' t8f 2 ¢ pf&t 9. The
counter 3enbobRikie OF @t feritid. TRPMiparis $0EcAMRIETS: AtRliat AF wilkwohe
output "H' of the generator 501 i's connected to the "sign" input of the

nul tipl i einps archene evfpyt, 2 wultipdgxer MAUGONR for splecting ong of disnispetedoths t he
trol i " S T t.out. " 501 |
connect ed “PHpmet 1 by bUEuLTAR ader TCw A Bt infits old 8L ofgdiy ISDGFELRL 00 °

out pus "I Duaf PoeRgeduin afw@essSPkmiosy (DRRAME3 | bavile t&e cddtbss ddrpss | nput

"add b" owe”DP ‘Mé\ﬁ%f'” Tge transfor“gati Qn mMatrix r,raf( be stored in an
opt i onal - rOWNd " adghibe And dwe OUEINES, o d@fred satge rfisfaabor SO UK aptivifieisser i es
of codes i J I Xdhi , %%§1 ltiplier
10, with tc lgtr(%é\sﬁtgégh s%dgﬁéf?ig%‘géﬁ?taﬁ??l’D%@C%?‘ésﬁ%aﬁ’%esvﬂe‘gs“S?&?rgi e EéPts;or ed in
anot her optdessss ifRAPERAR] 13. e atidiesegtnetate actiVity jslcorirolldd hyi 4 bowdepl es of
the input ,signal. Alternatively, the storage nmenories | and 2 can be
elimnated if elenments of the input vector and their -79 WD 02/29611

PCT/ YsS01/ 42537 THeQul RO B AElHSl& NG Sohibctddao oha Mfud ! bPithe MUK & ar e
provi des in synchronization into the apparatus 500. For exanple, these

el ement s rHg oboup pbtheddU XS iseanxpiedde oge input)idhebthg eddardfl oFhe gytputiddfe
conmponent ?heoa{dd%P E’?risaéo%%egfgcp to RS ?np% 048 HmylfOne output, “data_a”, of the
DPRAM 13 is connected to the input “B” of the adder 11. The other output, “data b”,
of the DPRAM 13 is connected to the input “E” of a multiplier 12. The other input
20 “F” of the multiplier 12 is éonnected to the output “sign” of the address generator 501.
The output of the multiplier 12 is connected to the other input “D” of the MUX 9. The
counter 3 is connected to two inputs of the address generator 501. The output “H” of
the generator 501 is connected to the “sign” input of the multiplier 12. The output “G”
of the generator 501 is connected to the control input “S” of the MUX 9. The output
25 “J” of the generator 501 is connected to the first address input “add _a” of the
DPRAM 13. The other output “I” of the generator 501 is connected to the second
address input “add_b” of the DPRAM 13. The transformation matrix may be stored in
an optional RAM/ROM 1, which feeds the address generator 501 with the series of
codes (a row of bits in the matrix), Dy, Dy,..., Dy, and the multiplier 10, with the most
30 significant bit Dy. The input vector may be stored in another optional RAM/ROM 2,
which feeds the multiplier 10 with samples of the input signal. Alternatively, the

storage memories | and 2 can be eliminated if elements of the input vector and their
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common cl ock via "clock-in" inputs. 5 Using the sane input set , [X1 X2 .
. . Xn] the sane U matrix, (that conprises n rows) representing the
same di f fve® ene9sendes, Do, D1,..., D, the operation of theCEppawrEsirs is
expl ai ned bel ow. The operati on of the apparatus 500 may be divided into
two stages: the first stage, indicated as "Stage 1", during which the
input data (i.e., the sanmples [XI X2 . . . . Xn] (is received and the

i 0 producterredpoadiely danganante amdsfoftﬁatmrﬂheﬁiﬂ%d !pftg/l@s ensfichednizARn
transforrratlon matri x_is _calculated and stored In the DPRAM 13; and the

second st de the appagatieftyFor e these elg; Hﬁnﬁdn%'i"tﬁ%’ﬂédb@@&%@ ofat a |s
pr ocessedseydhbe Rhoalthnoul Wid Bihpbld ngg@grfaafsomg%sfemo hee @ader 9

The counter 3 ¢o e accunu operati ons an e count
(t he out pebmofontdieckcdafitlecy 1m'smpnﬂ&d to distingui sh bet ween t he |s t wo.
stages. The nunber of operations "Stage 1" is the |ength n of the input
vectof .  Oper atlisong thyesporedinpii sst n[(?l’ﬁibt-)?f62 are. associ at &t the tshme & agerig” .

i referred rrbodl ment of the entio he addr ess _gener at or

Accordi ng &]g a tﬁ @ﬁy
501 conpr bk CAMpEsRs é??ﬁ EPIERFItg the semgdifferegt cpdesy ol of Deh®count er
3. The copnatiah 8f the agaaﬁlg@s S RADERY. qq{eﬁ%%raﬁf)n B{"ﬁe‘aﬁﬂa{i&ﬁﬁ 580 nfQNpar es

it wwth the length n of the input vector rovi des a correspondi ng

si gnal , i hdidieitedintarteotstages:be fwstrséage, mdma&ﬁlasrf‘stgecﬁ dinggg whith the " St age
1" or in "Stage 2". This signal_is used to control the input "S' of the
MUX O, so inpt tqata . e thp semples Pfie ¥nputs " C an?ﬁn]t [s. reppived dadethe

generator i ses synchrono ne ROM ,
oht o st oPELSRRE caPhRrmATAl ded S RSB e apelt b Batselimrdip ur)
for deter mamines @UNASS 8K dtbrell MetHPRIPRANB1 341a8d ttSseb sl taRI BB ERAS s add a”
and "add b", for processing their contents. The Size of the LUT is

(G- n) x( 1+§mge Anduring Wfédhﬂ@ri’@@elwa deprocpised Whiky Hlecking fetheardeputii | ed, a
"Sign” fi % 1?8 n?réearl?estﬂ{ n%de? @ Thra %nqteni E%ouﬁ%ﬁﬂef&&ﬁrﬁ@a&ﬁ r(dn’lber of° ach

cl ock cycle *he Codnt e ere ee correspondi ng

source si gperationgdast ﬂheabmﬂmthwhqﬁs of the @osmter) deuded @b distinggish B&seen theor mat i on
related to each colum of the transformatiop, rrta'éri X .thaf has been split
-80 WD 02/vostegepdhenmben obaperations of defage Lats the langthy ghthedapw 3eF1h r el at ed

to normal iOﬁJefEﬁioﬁg bgﬂﬁldttﬂﬁ nRffbbSar hissoBdted with “Stage 27.

According to a preferred embodiment of the invention, the address generator
501 comprises a comparator 4, which is linked to the output of the counter 3. The
comparator reads the current
20 output of the counter 3, compares it with the length » of the input vector, and
provides a corresponding signal, indicating whether the current operation is carried
out in “Stage 1” or in “Stage 2”. This signal is used to control the input “S” of the
MUX 9, so as to switch between the inputs “’C” and “D”.
The address generator 501 also comprises an asynchronous memory 5 (e.g., a
25 ROM), which stores preprogrammed values, and is used as a Look-Up-Table (LUT),
for determining addresses in the DPRAM 13 via the input addresses “add_a” and
“add_b”, for processing their contents. The Size of the LUT is (C-n)x(1+2r), and its
contents comprises three fields, a “Source” filed, a “Sign” field and a “Destination”
field. For each operation (i.e., each clock cycle, counted by the counter 3), there are
30 three corresponding source sign and destination values. The source field comprises

information related to each column of the transformation matrix that has been split
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specific colum. The source field determ nes the value of the input "add -
b" on the DPRAM 13. The sign field represents the | ower conponent in each
split colwem2/zs611 sub-col unmm. The destination field deternParyseimsizal ue of
the input "add a" on the 5 DPRAM 13, according to which the content of the
correspondi ng address is selected for processing. The address generator

al so conprises a set of s (s =r-1) inverters, 61,62...,657 each of which

conpri ses (d@iRideARUls weIM e Ginefhdicatidm eelsied @ Shodthallling oPkhe two phts of that
respectively. The out prut of each inverter is connected to One input of a

cor r espon@Piséfic golpw. ihheppurcs dicldbeleternpes: thel aluer of thy dnmut “add b” onTihe seri es
o AT D B 708050 L B PARSEABPH SRS 1

MJX from a se exe e ou each MJUX from
the set 73%yb-2olumn? Theslestimitionlflebt détyrntihes thel wibueodf theenpmstadd g fhecant bi t

Do, so as en e the transfer of the s D,..., Ds unchanged, or

i nvert ed RLPE%A.MagaEC?Qr. ingro ,Vyshlﬁbth@ wenﬁeﬂfp%’f ﬁleéaaﬁwggdlag agfresns SOISRIEN 13, The
set DI, .. Bcdsingor D1,..., Ds) is input into one input of a

correspon ?rr%;gr %et ,né81, 82...,8, of s nmultiplexers, with an additi onal

mul ti pl exer 8, Thetaddtess gerfesatorbalsa bamnBs atsheofr s (st bild Jnveders, agéh. a,65,ar ri vi ng
fromthe LUT. The, output of the.conparataqr,4 epables t .selectign of "add
2o arr E9 FonieEhptes of N Rengred i PReERT OITHES Pput Doadd a

(1.e., thesglestveRAtiheMutR Bt bRhSnidiRr fsl dofihedl RUne Bkt a1 @ cofbsgoR@indPRAM 13,
20 whi ch iSng ed i[y:\lto ingﬁ? "B" of the adder 11. TheH?Input " adaj-ob", Ef)aken

fromi¢ he MIFX frome set phemayliplessys, éofe: r dh sThetserieteridnig Lt plks aredsaafed” of t he

mul 1 pi 1 o4 B a0 (et Sk BRiding MU o8 ot Rl Eloxih 70 G-

extract ed The onipgubef tddh MUK fremdise $608;, By o6 confibled hiethe ivaluetof tHe' modt t he
multiplier 12, The "wite" operation in the DPRAM 13 is_25 synchronous,
i.e., thesiEsHi@Rt Bitoho et Wepnablesthg\tegngier af dhe selcBr-di nbs tBCliaRged | Bk rat e

(e.g., V‘h?ﬁ"veﬁ'@ﬁ éPéI?)gEAEI:’ 33!110 'Eﬂesigﬁ)t"‘a@}éshg” 8F @?fDﬂgggﬁI’ 1. A sEERY"

operationin t i's ‘asynchronous, I. out put i's”’cHanged at
t he mpnmentDwoeD the, Dddds ésmutiinoudne mpuhaf gedbrresmgdingl st,581,9he . 8l ofls.

Cper 21 o0 SUSKSE Fin o e ThBrRL %S ol R eal R St
During stageadd #herivids fopnakl ESTIAN output of the comparator 4 enables the
selection of “add a” to arrive from the set 7,,75...,7; or from the LUT. The input
“add_a” (i.e., the destination) controls the first output “data a” of the DPRAM 13,
20 which is fed into input “B” of the adder 11. The input “add_b”, taken from the LUT
(i.e., the source) controls the second output “data_b” of the DPRAM 13, which is fed
into input “E” of the multiplier 12, which multiplies each value of “data b” by a
corresponding “sign” value, extracted from the LUT and feeds the product into the
input “D” of the multiplier 12. The “write” operation in the DPRAM 13 is
25 synchronous, i.e., the contents of each cell is overwritten according to the clock rate
(e.g., when the clock signal rises). On the other hand, the “read” operation in the
DPRAM 13 is asynchronous, i.e., each output is changed at the moment when the
address input is changed, regardless the clock.

Operation at Stage 1:

t

30 At this stage, the counter 3 starts to count the first symbol time (z clock
cycles), during which stage 1 is performed. During stage 1, the MUX 9 enables data
flow from its input “C” to flow to its output and into input “A” of the adder 11, while

-81-



flow fromits input "C'" to flowto its output and into input "A" of the
adder 11, while -81 WO 02/29611 PCT/US01/ 42537 bl ocking input "D'. The
i nput symbob2/g%ht X2 . . . . . . .xn] is provided into onkCT/UpuUt42637 t he
mul tiplier 10. The MSB Do of the code, is provided into the other input of
the nultiplier 10. At this stage, the destination (output” data_a") that is
determ ned by the input "add-a", is extracted from DPRAM 13 and added to
theSConmmﬁ{gsi “2 The 4 ] vof the input t. lit.i pl i ed by
the MSB Do, TheniégﬂuR(é;rhgfnp\?ﬁfyc%b‘i%e@?bégn'cou‘nt'ed' Chetd iy provitedib® |
provi des ane inpudiofethe amltiglicr 16. TtelMSB Mestehatcode, G PR ddontdHthandhdo t he
ROM 5 that the current synbol tinme has been term nated, and the conparator
4 swi t chednnhfijthp mpultipliesctQ. orAbthis stage, Whix destination i(eysput« 'data_&) thiteisot her

[ "D, Simlarl h at. ' 1 1. pl 81,82...,8
Lo sel ect RPN Fitc Bur CRat ads FHIL HOmRRIRAM bR PR Weage 2.
At thi 3 b duri

ohi ch st Sgepge [RTL 7 Bufing evdod B bkl b “HRlsd ime | o

fromits MSRID, Bhe cdbrtdr!0Whidh tak SesdoRtited 3R curRin® syiBM timd pra¥fiddshg adder
11, while blocking input "C'. 15 At this stage, at each clocCk cycle, a

sel ect ed dHeasion torthe pddprrgayetEtor comparaserse dng ite the' RAM B thattthe lsurrepr esent s
t he sourc . ] rom.t second.output "data b". of the
PRt 13 SHPB RSt e Hohidghed. il s PrtRu G SR R gt i3 ot
mul ti pli ethdlylUX O fean igapdadite the' BhegAnput &Dere Singildrlyatie@@nipa@mort@ritddT. Thi s
product is fed into the input "D' of the MJX 9, thereb ?{Ffearing in the
i nput!® " A" Tfltiplggers §uds- - fp toyselechgaty ﬁ@n%téﬁéqraﬁﬁheltﬁf@néhﬂ%é of the current
destination val a LAR.the input "B" of the adder 11. The two val ues
are added by “%E%Mgéghd the result is stored at the sane address in
t he DPRAM 13 ( \wtithis stages ths pomdsr 3 statthtd quatiheusxtdgsiboh sitiep durincawhjch At t he
end of this synmation proacess, the co ondj ng.r transformation_ points
(v."9) ar 88% OB BeHme DHPRARPC46° MoK DeCables geta e Br R 1o gePtaP Tor - 2)
Thi s 25 PEOGESSOlifs &8 t'aﬂH%OQHé;l%?@ﬁ“‘?grﬂbé’addépgﬁ,l whilebiGbERE phppvLdes an
i ndi cation that stage I's termnated (according to a pr termned count)
af tens al | Athlgs stagesdt eachadlockncyety, htaectéd addgsshiave DPRAM &3 dulcaéssed wiad st or ed
in differgn dresses in the DPRAM 13. At that. nt, the current synbol
tine has of %gé?élﬁcl@ R RALdbe S (] SeBiTh fa £ rom the second output

“data_b” of the DPRAM 13 into the input “E” of the multiplier 12, in which it is

multiplied by the corresponding “sign” value, extracted from the LUT. This product is
fed into the input “D” of the MUX 9, thereby appearing in the input “A” of the adder

20 11. At the same time, the content of the current destination value appears in the input
“B” of the adder 11. The two values are added by the adder 11, and the result is stored
at the same address in the DPRAM 13 (which corresponds to the previous destination
vaue). At the end of this summation process, the corresponding r transformation
points (y;'s) are stored in the DPRAM 13 at addresses #0 and #2" to (2"'+r-2). This

25 process is continued consequently, until the clock provides an indication that stage 2
is terminated (according to a predetermined count) after all the transformation points
(¥i*s) have been calculated and stored in different addresses in the DPRAM 13. At that
moment, the current symbol time has also been terminated, and the comparator 4
switches the input selection of the MUX 9 back from input “D” to the other input “C”,

30 and drives multiplexers 8,8...,8; to select data from RAM 1, rather from the LUT,
thereby driving the apparatus 500 back to operate again at stage 1.
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swi tches the input selection of the MJX 9 back frominput "D' to the other
input "C', 30 and drives nultiplexers 81,82 to select data from RAM 1,

rat her fmvoow2/ees1LUT, thereby driving the apparatus 500 beCkus@/4psr at e
again at stage 1. -82 WD 02/29611 PCT/ US01/ 42537 One enbodi nent of the
apparatus used to inplenent the above nethod is seen in Figure 5. Figure 5
illustrates an inplenentation of a product of an rxn U- matrix A by an

n- di mensi onal eet @anbodiméhieof ¢prgpeantatised tofiniphendmmitlid ¥beenhaihod@sor 1
where 0 corresponds fo_1, and 1 corres,poqu to.-1. 51n this exanple the
vector i s S7@an BRHIG,”-biFtEre plllpstics Aneinrlemenalirncefhp srrsyet of #hrymi-

subsequenty AR EMs h-%n&g?qname{cwf 3 h% %g%ﬁﬂég?ﬁ%tﬁé@ﬁ{eriﬁcoﬁ%% or ROV

and the vector X'is stored in el enment matrix and the
vector niywheee §ensespoads forloandhygotrespendsab -dr ext er nal devi ce such as
menory device or ..synchroni zed, source, Like ADC ot sequences
generators, et gl?t}%gﬁa%ﬂ& Yoo 185???%‘:“’&’6‘[8@{%%6%C,a%%ggf%&’smﬂnﬁwi'zes.the
whol e systeihe siaetiletit SoristrudtidioMe nfirik Rats GOats efehmt § (RAMor WG C is
defined as follows: C = n + 2uo+ul + u2+........ +urlogo 7-1 - 1. uk E1 |

. 2k 2h( k1ypndtheryeckqrieX Jy stored;in-clepant 2 ZRAM or R(M).2The mafrix and ths viegtor J) = 1

I n stage i ] | l. r A &2.are inserted into
el ement . 15vfs RORBER ot 307 el BL EREHETEPvls SECHTmSMRRL B Ure Rene 3,
wher e eacbyatesrissl soufue] Ak DIO@ sbivg2equehsds gehgatoré, ernt bits. I n addition,

the counter is used as an address generator of an asynchronous 20 ROM
(el edent 5 ) o tdhecksithad egntiob modules 1.2:3,13 rsynchtppizes, dhg,whole fsyste@. count er

g0 Into  RAGIRIS idh Wik chdt Buf ORI PR, WAL CA0RGnCllys KRG T ent count i's

greater then n. enment enconpasses three I gn, Source,
Destination. The order of theGi=me+M+uﬁeuﬁavl.sﬁm/%(rgl7_per.such t hat the
first operation of stage 2 is induced by the countér after n cycles.

uﬁ:‘ZZIj-Zk ZhOhﬁJﬂhﬂ'

k) =1G-1)-@29]
15 hkj) = [7-(7/2% ] -1
In stage 1 the incoming signals from elements 1 &2 are inserted into element
13 with accordance to addresses that are coming from element 3, where each address
contains the logyn list significant bits.
In addition, the counter is used as an address generator of an asynchronous

20 ROM (element 5 ) of the size of (C-n)x(1 + r + r). All the bits of the counter go into
element 4 which is a comparator that check if the current count is greater then n.
Element 5 encompasses three fields: Sign, Source, Destination. The order of the line
at the ROM should be such that the first operation of stage 2 is induced by the
counter after n cycles.

25 For syntax purpose we will define s =1-1. The data buses go from element 1
bits-D1-Ds into elements 6 _1-6_s (which are inverters) respectively. Elements 71-7s
select between D1-Ds and the output of 61-6s according to the state of DO.

(D0=0=>7_1-7_s=DI1-Ds, D0=1 => 71-7s = 61-6s).
Elements 8 1-8 s selects between 7_1-7_s and the lony(n) LSB's outputs of

30 element 5 (add_a = Destination) according to the state of the output of the comparator
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25 For syntax purpose we will define s =r-1. The data buses go from
element 1 bits-D-Ds into elenents 6 1-6_s (which are inverters)

respecti webdy2296ienents 71-7s sel ect between D1-Ds and t heCDuB@u2535f 61- 6S
according to the state of DO (DO=O => 7-1-7-s = D1-Ds, DO=1 => 71-7s =
61-6s). Elements 8 _1-8 s selects between 7_1-7_s and the lon2(n) LSB' s
outputs of 30 elenent 5 (add -a = Destination) according to the state of

t he out putin eIeniehe4c(mﬂr ah))rStag83 MWO=-025-29614 spcr/aﬂ@(hll 8887 2ni=n e-ement 4
(st agel 2n) ag_ 2n =0 => 8 |-8 s = add -a, Stagel _2n =1 => 8-1-8-s =
71-7 s. H eilr@nﬁ -7 s%l ect between "0" to the r bit (add a MSB) of el ement

5. Stagel _2n 'E@em@(} I@C‘Elq)et\@eewsg)” ot BEr %1‘[2 dik IKES?) %g ele%vapg%e out put

from 5 8-1-8-r use e first address buso e+ema chis a
dual port Seapl din s0ze S)fr (=2radd a+MSB,x$thdloQﬁﬁ§1 =TRi 5= additesaigieffiones data a

bus V\/mchl an out pu 13 an Isothedstl t.ion of the
data ©n b|§s Wa BiFd %tt\enﬁ “éP flement 1%’& whighy is 3,d BHLHUt of

el ement 5 of{dre 4S00 k(’\ﬂl%%&?d)ﬁlnd b8 cﬁﬁﬁw@atadm@ssahwms Qu%u%ut%i&ﬁmnt 13

(Thi s address control bus which is an output fromelenent 13).
Sign is ackimyf é3mintl abit thatdestinativie b thendata 3o hhé eiiakis tanphyutda telement at

el enent (which is a multiplier). The data in bus which is an input with
respect toelenment 13 arrived from 1s elenent 11, which is an adder that

sums toget her gatdab-(¥hashds biipuostt dethedfs ﬁﬂieﬁ@@ﬂ&e fleld)) i eheddtend dudeRes to add
-a desti nat| onina anchronous way, while the read operation of data -a

and data bys pEelgmpnt it oHuuaddressicanirely dptach Bt whishdy anpeimainrom glanent s
initiated g}/ insertion of zeros. Elenent 9 selects between the outputs of
el enent 1(} and el ement 12. Elenent 10 nultiplies 20 the data bus from

el enent 2 with $ige mSBmtgte leit ewpuit frdm ekhteat 1Twdyahl Iﬁﬁltﬂpl'}ederteﬁiﬁtteildmgsnt vect or
is stored 2 g{cgme 3 at_address 0 and addresses 2r"1 to (2r"1 +r-2).
Numer ous ValVAeRdHa "HEPlSYi fi cati ons of the invention WI Il becone readily

2%33?2; ;[ (r)l E)Pﬁzlr% &id lih @dls WhidiDR & fpuGRRTEJAGH ¥ elbRBnt TV &RREEHJRY be
15 element 11, which is an adder that sums together data a and the output of element 9.
The data in goes to add a destination nin a synchronous way, while the read
.operation of data a and data_b is asynchronous.

Prior to the action of element 13 it is initiated by insertion of zeros. Element

9 selects between the outputs of element 10, and element 12. Element 10 multiplies
20 the data bus from element 2 with the LSB of element 1. After C cycles the resulting
vector is stored at element 13 at address 0 and addresses 2" to (2" +r-2).

Numerous variations and modifications of the invention will become readily
apparent to those skilled in the art. Accordingly, the invention may be embodied in other
specific forms without departing from its spirit or essential characteristics. The detailed

25 embodiment is 1o be considered in all respects only as illustrative and not restrictive and
the scope of the invention is, therefore, indicated by the appended claims rather than by
the foregoing description. All changes which come within the meaning and range of

equivalency of the claims are to be embraced within their scope.
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specific forns wi thout departing fromits spirit or essential
characteristics. The detailed 25 enbodinent is to be considered in all
respect s vomby2ms1 i | | ustrative and not restrictive and theCEUS@@26§7 t he
invention is, therefore, indicated by the appended clains rather than by
t he foregoing description. Al changes which come within the neaning and
range of equivalency of the clains are to be enbraced within their scope.
-84 WO 02WHAIMISPCT/AISOEDA8537 WHAT IS CLAIMED IS: 1 1. A nethod for
enhancing the efficiency of the performance of a 2 linear transformation

repfesented by an rxn natA inet@i fot enhB@Shg SR&IfciShdyRIT MO MormARidlof a3 Vect or
above the real or conplex or a finite field conprising:” 4 storing in nmenory

aratio b?ﬁh%%?n%%a@m fehf‘etg%r{ethé\b L &a64R O §Ck onér}-rd(g%@nrg?on%mni)hé ng zero

colums of said matrix an rrespondi ng scal ar one of the

i nput vectqr,; narygmal i zi ng _each cal u said.matri x; 9 generating a
modi fi ed yg%t?%?aoofv £ o g?%?fpcgn’&?exeod&%mtc%e WP MEHe 10 normal i zed matri x;
11 generating a nodified matrix; and_ 12 obtajning the output vector. 1 2.
The? met hod of O ai mSPTNEIR DIEIOTY B FASI0; st wigpnassrh P@i‘tfgf‘é‘ roWend epghssedactdnat i on
matrix into several sub-matrices and obtaining the output vector by 3

uni fyi ng ¢ out put vectors resulting fromthe products of each sub-matri x.
1 3. The nethod of Claim?2, wherein the nodified matrix 2 enconpasses a
subset of rows of sandttingasesf aluwahs cfisaidahatiix.and the coffegpordingadalef Cl ai m 3,
further conprising splitting the input 2 vector into several sub-vectors

such that ceaebnedoMBE iput $&fGresponds to a sub-matrix 3 and wherein the
out put vector is obtainéd by adding the output vectors resulting from 4

t he, products of eac'hoﬁ&i?ﬁﬂﬁ‘é Edc cofufi é@@aﬂ%gtﬁﬁ}l PCT/ USO1/ 42537

9 generating a modified vector from groups of equal columns in the
10 normalized matrix;
11 generating a modified matrix; and
12 obtaining the output vector.

1 2. The method of Claim 1, further comprising splitting the

2 transformation matrix into several sub-matrices and obtaining the output vector by

3 unifying the output vectors resulting from the products of each sub-matrix.

1 3. The method of Claim 2, wherein the modified matrix

2 encompasses a subset of rows of said transformation matrix.

1 4. The method of Claim 3, further comprising splitting the input
2 vector into several sub-vectors such that each sub-vector corresponds to a sub-matrix
3 and wherein the output vector is obtained by adding the output vectors resulting from
4 the products of each sub-matrix.
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1 5 The nethod of Caim1, further conprising splitting a nodified 2
matrix into several sub-matrix, wherein an output vector is obtained by
addi ng t me082/zestput vectors resulting fromthe products oPCrasH/€87-matri X,
by the respective sub- 4 vector. 1 6. The nethod of Caim1l, further
conprising normalizing each 2 colum of said matrix by multiplying the
colum by the inverse of a lead elenent. 1 7. The nethod of Caim1l,
wherein the output Vect orThemethpd ofi0kim 12fi@fhet Senrind spliaiith 4 MBJiFRAUL
vector. 1 8. The nethod of Claim1, further conprising identifying groups

2 of equalmmftk WedSevdtall 1B-AFRBWhEEH aAR K vaRct i8bb@ami B .a@diﬂgit e | ocation
to each 3 identified group. 1 9. An apparatus for performng I near

tragsfor k 18rsGRAREASHRYS ' ond. | ts which receive

i nput dat a 5ﬁgvg?eéet%@%*%gggi%égg?gﬁég %?%%@?%@%ggﬁgﬁxEﬁﬂ%ﬁﬁY?§l' ich acts
on Ehe inQ%HDdata and 6 predeterm ned data; 7 control and address
generation Schuitry, connected to a first nenory, 8 which generates
correspondi ng addresses for accessing cells of said nenory, and for 9
confrolling the sel egti onTRah¥RENoPCHRA 2, AR®E! ¥WnisisRAormba e bl data is
received via 10 said first input, and a data pP§%535|ng %ggﬁgkgﬂlmhich t he

arrival of..i i J 14 - Sad i rsteimput 1s bl ocked: and -86 WO
02/ 50611 K Us%@f?%%%& %’21%318131’% hg ic{)fg;l}ﬁltbr))yﬁ{g t‘#"e%%r?? pdiact eﬁédn?‘ﬁ'e timng of
the operations the 13 apparatus. 1 2 10. The apparatus of claim9, wherein
thertransformation c.rcuiTheymetBodrf €lajh il ewhaaiwthe baspentecad ig hgrodagut dat a
by a corresponding elenent of the 4 transformation data. 1 11. The

appar at us ofthechakifah@ thovptevddtorhe transformation circuitry

1 8. The method of Claim 1, further comprising identifying groups

2 of equal columns in the normalized matrix and attaching a unique location to each

3 identified group.

1 9. An apparatus for performing a linear transformation,

2 comprising:

3 first and second inputs which receive input data and predetermined

4 data;

5 transformation circuitry which acts on the input data and

6 predetermined data;

7 control and address generation circuitry, connected to a first memory,

8 which generates corresponding addresses for accessing cells of said memory, and for

9 controlling the selection between a data receiving mode, in which data is received via
10 said first input, and a data processing mode, in which the arrival of incoming data via
11 said first input is blocked; and
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2 conprises a nenory which stores the result of the nmultiplication. 1 12.
The apparatus of claim9, wherein the transformation circuitry 2 conprises
sumat i owa@nziz@ecunul ation circuitry. 1 13. The appar at usPof/Usd1ai28379,
further conprising a nultiplexer 2 circuitry which selects between the
data receiving node and the data processing 3 node. 1 14. The apparatus of
Claim9, wherein the control and address 2 generation circuitry conpri ses:
3 azsecond menory wtoahtestiosgsy fur@optisilifi@therining o€ #Rvpsatisnckheont rol 4
data and; s a conparator circuitry which switches between the data
reqei vi ng apfarlede and the data processing node. 1 15. The apparatus of

C aim 14, erein the control and address 2 generation circuitry further
conprises: 3 a first set of multiplexers, each of which having at |east one
direct 4 input for receiving transformation data, and another input, into
which said 5 transfarmatign data is.fed via a corres ndin% i nverter, said
firdt set being control | 1eapga;ra%o§§lp§@é&xfhg@p/t EH‘FSE 100 SIUEHIY | ansf er
transformation data or, inverted transformation data, by a predeterm ned 7
val sie pr ovi@tpligseash plemenboisthe npyt daimbya correspondiag elsmentelithef nul ti pl exers,
each of which having at |east one input 9 connected to the output of a

cor ¢ espondiangformatianpdatxer sel ected fromsaid first set of 10 nultipl exers,
and anot her input, connected to said second nenory, said second set ii

bei ng controlled by 19aid wa@mbfﬁbﬁﬁﬂlb,’[\ﬁh’eréiﬂtﬂé@Misﬁﬁnﬁti_fnﬁ eigduigldress to
the first 12 nenory by transferring the output of each multiplexer from

sai g 1171 StomBhisdsQ hBRoRvRIth stoke tRE résﬁl?of’ﬁ%'hﬁﬁﬁﬂ%%i g mul tiplexer fromsaid
second set or, to provide at least a portion 14 of the second address to
the first nmenory by {tyan rrIi r i i econd 15 nory; and
16 & mul ti pl exer, o&gfat?ﬁ%E&RQ%g%%?ggﬁégﬁ&aF%ﬁnégp%mggégwgnggIH%V 17

mul tiplexers i.n said data processin nDd%ﬁlhaving an unconnected i nput and

an }nput comprises summation and accumu ation circul
1 13.  The apparatus of claim 9, further comprising a multiplexer
2 circuitry which selects between the data receiving mode and the data processing
3 mode.
1 14.  The apparatus of Claim 9, wherein the control and address
2 generation circuitry comprises:
3 a second memory which stores pre-programmed processing and control
4 data and;
5 a comparator circuitry which switches between the data receiving
6 mode and the data processing mode.
1 15.  The apparatus of Claim 14, wherein the control and address
2 generation circuitry further comprises:
3 a first set of multiplexers, each of which having at least one direct
4 input for receiving transformation data, and another input, into which said
5 transformation data is fed via a corresponding inverter, said first set being controlled
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18 connected to said second nenory and controlled by said conparator

circuitry,

thereby 19 providing the remaining portion of said second
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16

17

18

19

to transfer transformation data or, inverted transformation data, by a predetermined
value provided by said transformation data;

a second set of multiplexers, each of which having at least one input
connected to the output of a corresponding multiplexer selected from said first set of
multiplexers, and another input, connected to said second memory, said second set
being controlled by said comparator circuitry to provide a first address to the first
memory by transferring the output of each multiplexer from said first set to the output
of its corresponding multiplexer from said second set or, to provide at least a portion
of the second address to the first memory by transferring data étored in said second
memory; and

a multiplexer, operating in combination with said second set of
multiplexers in said data processing mode, having an unconnected input and an input
connected to said second memory and controlled by said comparator circuitry, thereby

providing the remaining portion of said second address.



