
WO 2014/075637 	 PCT/CN2013/087311 

Systems and Methods for Sparse Code Multiple Access 

This application claims the benefit of U.S. Provisional Application 61/727,486, filed on 

November 16, 2012, entitled "Systems and Methods for Sparse Code Multiple Access," and U.S. 

13/730,355, filed on December 28, 2012, entitled "Systems and Methods for Sparse Code 

5 Multiple Access," which are incorporated herein by reference as if reproduced in their entireties. 

TECHNICAL FIELD 

The present invention relates to communications, and, in particular embodiments, to systems and 

methods for sparse code multiple access. 

BACKGROUND 

10 Code division multiple access (CDMA) is a multiple access technique in which the data symbols 

are spread out over orthogonal or near orthogonal code sequences. Traditional CDMA encoding 

is a two step process in which a binary code is mapped to a quadrature amplitude modulation 

(QAM) symbol before a spreading sequence is applied. While traditional CDMA encoding can 

provide relatively high coding rates, new techniques/mechanisms for achieving even higher 

15 coding rates are needed to meet the ever-growing demands of next-generation wireless networks. 

SUMMARY OF THE INVENTION 

Technical advantages are generally achieved, by embodiments of this disclosure which describe 

systems and methods for sparse code multiple access. 

20 In accordance with an embodiment, a method for multiplexing data is provided. In this example, 

the method includes receiving a first binary data associated with a first multiplexed layer, 

encoding the first binary data by selecting a first codeword from a first codebook, and 

multiplexing the first codeword with at least a second codeword from a second codebook to 

obtain multiplexed codewords. The first codebook is assigned exclusively to the first 
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multiplexed layer, and the second codebook is assigned exclusively to a second multiplexed 

layer. The method further includes transmitting the multiplexed codewords over shared 

resources of a network. An apparatus for performing this method is also provided. 

In accordance with another embodiment, a method for receiving data is provided. In this 

5 example, the method includes receiving a signal carrying multiplexed codewords. The 

multiplexed codewords include codewords belonging to multiple codebooks, with each 

codebook being assigned to a different multiplexed layer. The method further includes 

identifying a first codewords within the multiplexed codewords by a receiver associated with a 

first multiplexed layer. The first codeword belongs to a codebook that is assigned exclusively to 

10 the first multiplexed layer. The method further includes decoding the first codeword to obtain a 

first binary. An apparatus for performing this method is also provided. 

In accordance with another embodiment, a method for designing Sparse Code Multiple Access 

(SCMA) code is provided. In this example, the method includes generating a plurality of multi-

dimensional modulation codebooks, and generating a plurality of sparse codebooks from the 

15 plurality of multi-dimensional modulation codebooks. A method for designing low density 

signatures (LDS) is also provided. 

BRIEF DESCRIPTION OF THE DRAWINGS 

For a more complete understanding of this disclosure, and the advantages thereof, reference is 

now made to the following descriptions taken in conjunction with the accompanying drawing, in 

20 which: 

FIG. 1 illustrates a diagram of a conventional CDMA encoder; 

FIG. 2 illustrates a diagram of a conventional CDMA encoding architecture; 

FIG. 3 illustrates a diagram of an embodiment SCMA encoder; 

FIG. 4 illustrates a diagram of an embodiment SCMA encoding architecture; 
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FIG. 5 illustrates a flowchart of an embodiment method for encoding data; 

FIG. 6 illustrates a flowchart of an embodiment method for decoding data; 

FIG. 7 illustrates a diagram of an embodiment methodology for designing a sub-optimal SCMA 

codebook; 

5 FIG. 8 illustrates a diagram of an embodiment methodology for designing LDS signatures; 

FIG. 9 illustrates a graph depicting BLER performance; 

FIG. 10 illustrates a diagram of a factor graph representation of an SCMA code; 

FIG. 11 illustrates a diagram of another factor graph representation of an SCMA code; 

FIG. 12 illustrates a diagram of a graph of phase rotations; 

10 FIG. 13 illustrates a chart depicting an extrinsic information transfer function for resource and 

layer nodes in LDS; 

FIG. 14 illustrates a chart depicting output layer information vs. input extrinsic information to 

resource nodes of LDS; 

FIG. 15 illustrates a chart depicting extrinsic information transfer functions for LDS with 

15 signature S2; 

FIG. 16 illustrates a chart depicting output information for LDS signature S2; 

FIG. 17 illustrates a chart depicting extrinsic information transfer function for four resource 

nodes of an SCMA code without phase/conjugate optimization; 

FIG. 18 illustrates a chart depicting extrinsic information transfer function for four resource 

20 nodes of an SCMA code with phase/conjugate optimization; 

FIG. 19(a) illustrates a chart depicting an impact of dimensional power variation of multi-

dimensional constellation on the performance of an SCMA code; 
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FIG. 19(b) illustrates a chart depicting an impact of dimensional power variation of multi- 

dimensional constellation on the performance of another SCMA code; 

FIG. 20(a) illustrates a chart depicting impact of permutation operator on the performance of an 

SCMA code; 

5 FIG. 20(b) illustrates a chart depicting impact of permutation operator on the performance of 

another SCMA code; 

FIG. 21(a) illustrates a chart depicting impact of phase/conjugate operators on the performance 

of an SCMA code; 

FIG. 21(b) illustrates a chart depicting impact of phase/conjugate operators on the performance 

10 of another SCMA code; 

FIG. 22(a) illustrates a chart depicting comparison of two different optimization criterion for the 

phase/conjugate operators of an SCMA code; 

FIG. 22(b) illustrates a chart depicting comparison of two different optimization criterion for the 

phase/conjugate operators of another SCMA code; 

15 FIG. 23 illustrates a chart depicting impact of operator allocation on the performance of an 

SCMA code; 

FIG. 24(a) illustrates a chart depicting impact of the real domain unitary operator on the 

performance of an SCMA code; 

FIG. 24(b) illustrates a chart depicting impact of the real domain unitary operator on the 

20 performance of another SCMA code; 

FIG. 25 illustrates a chart depicting total goodput of SCMA codes and impact of design 

parameters; 

FIG. 26 illustrates a chart depicting LDS performance with different signature matrices; 
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FIG. 27(a) illustrates a chart depicting performance of a set of LDS signatures; 

FIG. 27(b) illustrates a chart depicting performance of another set of LDS signatures; 

FIG. 28(a) illustrates a chart depicting performance of a set of LDS signatures with pair-wise 

optimization of phase operators; 

5 FIG. 28(b) illustrates a chart depicting performance of another set of LDS signatures with 

different pair-wise optimization of phase operators; 

FIG. 29 illustrates a chart depicting performance of SCMA vs. LDS; 

FIG. 30 is a block diagram illustrating a computing platform; and 

FIG. 31 illustrates a block diagram of an embodiment communications device. 

10 Corresponding numerals and symbols in the different figures generally refer to corresponding parts 

unless otherwise indicated. The figures are drawn to clearly illustrate the relevant aspects of the 

embodiments and are not necessarily drawn to scale. 

DETAILED DESCRIPTION OF ILLUSTRATIVE EMBODIMENTS 

15 The making and using of embodiments disclosed herein are discussed in detail below. It should 

be appreciated, however, that the present disclosure provides many applicable inventive concepts 

that can be embodied in a wide variety of specific contexts. The specific embodiments discussed 

are merely illustrative of specific ways to make and use the invention, and do not limit the scope 

of the invention. 

20 Disclosed herein is a Sparse Code Multiple Access (SCMA) encoding technique that encodes 

binary data streams directly to multi-dimensional codewords. By directly encoding the binary 

data to multi-dimensional codewords, the SCMA encoding techniques described herein 

circumvent QAM symbol mapping, thereby achieving coding gains over conventional CDMA 

encoding. Notably, the SCMA encoding techniques described herein convey binary data using 
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the multi-dimensional codeword, rather than a QAM symbol. Moreover, the SCMA encoding 

techniques of this disclosure provide multiple access through assigning a different codebook for 

each multiplexed layer, as opposed to using a unique spreading sequence (e.g., LDS signature, 

etc.) as is common in conventional CDMA encoding. Further, the SCMA codebooks comprise 

5 sparse codewords such that receivers can use low complexity message passing algorithms 

(MPAs) to detect their respective codewords amongst the multiplexed codewords, which reduces 

baseband processing complexity on the receiver side. While much of this disclosure may be 

discussed in the context of binary data, aspects of this disclosure are equally applicable to other 

kinds of data, such as M-ary data. 

10 FIG. 1 illustrates a traditional CDMA encoder 100 for encoding data. As shown, the CDMA 

encoder 100 maps binary data received from the FEC encoder to QAM symbols, and then applies 

spreading signatures (si, 52, 53, s4) to obtain the encoded data stream (qsi, qs2, qs3, qs4). Notably, 

the spreading signatures (si, 52, s3, s4) are CDMA spreading sequences (e.g., LDS signatures, 

etc.) assigned to different multiplexed layers in order to achieve multiple-access. 

15 

20 

FIG. 2 illustrates an example of conventional CDMA encoding architecture 200 for 

communicating binary data streams 201-204 to a plurality of users 231-234 over a network 260, 

as might be performed by the conventional CDMA encoder 100. As shown, each binary data 

stream 201-204 is mapped to the QAM symbols 211-214 in accordance with a QAM-to-binary 

relationship 270. As an example, the QAM symbol 211 is associated with the binary value '00', 

the QAM symbol 212 is associated with the binary value '01', the QAM symbol 213 is 

associated with the binary value '10', and the QAM symbol 214 is associated with the binary 

value '11'. Accordingly, the QAM symbol 211 is mapped to the binary data stream 201, the 

QAM symbol 212 is mapped to the binary data streams 202 and 204, and the QAM symbol 213 

is mapped to the binary data stream 203. 

25 Following the binary-to-QAM mapping, the QAM symbols 211-214 are multiplexed together in 

accordance with the LDS signatures 221-224. Notably, each of the LDS signatures 221-224 are 
6 
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mapped to different multiplexed layers, which are assigned to different ones of the users 231-234 

5 

to achieve multiple access. Therefore, the LDS signatures 221-224 remain fixed (i.e., do not vary 

based on the binary values in the binary data streams 201-204). Thereafter, the resulting one 

dimensional codewords 241-244 are multiplexed together, to form multiplexed codewords 280, 

which are transmitted over the network 260. Upon reception, the multiplexed codewords 280 are 

de-multiplexed in accordance with the LDS signatures 221-224 to obtain the QAM symbols 211- 

214, which are used to obtain the binary data streams 201-204 in accordance with the QAM-to-

binary relationship 270. 

FIG. 3 illustrates an SCMA encoder 300 for encoding data in accordance with aspects of this 

10 disclosure. As shown, the SCMA encoder 300 maps binary data received from the FEC encoder 

directly to multi-dimensional codewords to obtain the encoded data stream (xi, x2, x3, x4). Multi-

dimensional codewords may belong to different multi-dimensional codebooks, with each 

codebook being associated with a different multiplexed layer. As discussed herein, multiplexed 

layers may include any layer over which multiple data streams may be communicated over 

15 shared resources of a network. For instance, multiplexed layers may comprise multiple-input-

multiple-output (MIMO) spatial layers, Orthogonal Frequency-Division Multiple Access 

(OFDMA) tones, time division multiple access (TDMA) layers, and others. 

FIG. 4 illustrates an example of an SCMA multiplexing scheme 400 for encoding data in 

accordance with aspects of this disclosure. As shown, the SCMA multiplexing scheme 400 may 

20 utilize a plurality of codebooks 410, 420, 430, 440, 450, and 460 each of which being assigned to 

a different multiplexed layer and including a plurality of multi-dimensional codewords. More 

specifically, the codebook 410 includes the codewords 411-414, the codebook 420 includes the 

codewords 421-424, the codebook 430 includes the codewords 431-434, the codebook 440 

includes the codewords 441-444, the codebook 450 includes the codewords 451-454, and the 

25 codebook 460 includes the codewords 461-464. Each codeword of a respective codebook is 

mapped to a different binary value. In this example, the codewords 411, 421, 431, 441, 451, and 
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461 are mapped to the binary value '00', the codewords 412, 422, 432, 442, 452, and 462 are 

mapped to the binary value '01', the codewords 413, 423, 433, 443, 453, and 463 are mapped to 

the binary value '10', and the codewords 414, 424, 434, 444, 454, and 464 are mapped to the 

binary value '11'. Although the codebooks in FIG. 4 are depicted as having four codewords 

5 apiece, SMAC codebooks may have any number of codewords. For instance, SMAC codebooks 

may have 9 codewords (e.g., mapped to binary values '000' ... '111'), 16 codewords (e.g., 

mapped to binary values '0000' ... '1111'), or more. 

As shown, different codewords are selected from the various codebooks 410, 420, 430, 440, 450, 

and 460 depending on the binary data being transmitted over the multiplexed layer. In this 

10 example, the codeword 414 is selected from the codebook 410 because the binary value '11' is 

being transmitted over the first multiplexed layer, the codeword 422 is selected from the 

codebook 420 because the binary value '01' is being transmitted over the second multiplexed 

layer, the codeword 433 is selected from the codebook 430 because the binary value '10' is being 

transmitted over the third multiplexed layer, the codeword 442 is selected from the codebook 440 

15 because the binary value '01' is being transmitted over the fourth multiplexed layer, the 

codeword 452 is selected from the codebook 450 because the binary value '01' is being 

transmitted over the fifth multiplexed layer, and the codeword 464 is selected from the codebook 

460 because the binary value '11' is being transmitted over the sixth multiplexed layer. The 

codewords 414, 422, 433, 442, 452, and 464 are then multiplexed together to form the 

20 multiplexed data stream 480, which is transmitted over shared resources of a network. Notably, 

the codewords 414, 422, 433, 442, 452, and 464 are sparse codewords, and therefore can be 

identified upon reception of the multiplexed data stream 480 using a MPA. 

FIG. 5 illustrates a method 500 for communicating data over a network in accordance with 

aspects of this disclosure, as may be performed by a transmitter. The method 500 begins at step 

25 510, where the transmitter receives input data, including a first binary data and a second binary 

data. Next, the method 500 proceeds to step 520, where the transmitter encodes the first binary 
8 
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data stream by selecting a first codeword from a first codebook assigned to a first multiplexed 

layer. Thereafter, the method 500 proceeds to step 530, where the transmitter encodes the second 

binary data stream by selecting a second codeword from a second codebook assigned to second 

multiplexed layer. Subsequently, the method 500 proceeds to step 540, where the transmitter 

5 multiplexes the first codeword with the second codeword to obtain multiplexed codewords. 

Finally, the method 500 proceeds to step 550, where the transmitter transmits the multiplexed 

codewords over shared resources of the network. 

FIG. 6 illustrates a method 600 for receiving data multiplexed in accordance with aspects of this 

disclosure, as may be performed by a receiver associated with a first multiplexed layer. The 

10 method 600 begins at step 610, where the receiver receives a signal carrying multiplexed 

codewords. Next, the method 600 proceeds to step 620, where the receiver identifies a first 

codeword with the multiplexed codewords. The first codeword is from a first codebook 

associated with the first multiplexed layer, and may be identified by the receiver in accordance 

with a MPA. Thereafter, the method 600 proceeds to step 630, where the receiver decodes the 

15 first codeword in accordance with the first codebook to obtain a first binary data. 

Aspects of this disclosure provide sparse code multiple access (SCMA) having the following 

characteristics: multiple access scheme; coding gain; and sparse codewords. FIG. 7 illustrates a 

methodology 700 for designing a sub-optimal SCMA codebook 760. As shown, the 

methodology 700 includes selecting the parameters 710-755, which include a mapping matrix 

20 710, a real multi-dimensional constellation 720, a real unitary matrix 730, a complex multi-

dimensional constellation 740, a permutation operator 750, and phase and conjugate operators 

755. In some embodiments, multiple mother constellations may be used to design SCMA 

codebooks. Additionally, the methodology 700 may include an additional step of allocating 

phase conjugate operators to incoming branches of the resource node. 	The codebook 760 is 

25 obtained by combining the parameters 710-755 in the manner depicted in FIG. 7. 
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multiplexed layer. Subsequently, the method 500 proceeds to step 540, where the transmitter 

5 multiplexes the first codeword with the second codeword to obtain multiplexed codewords. 

Finally, the method 500 proceeds to step 550, where the transmitter transmits the multiplexed 

codewords over shared resources of the network. 

FIG. 6 illustrates a method 600 for receiving data multiplexed in accordance with aspects of this 

disclosure, as may be performed by a receiver associated with a first multiplexed layer. The 

10 method 600 begins at step 610, where the receiver receives a signal carrying multiplexed 

codewords. Next, the method 600 proceeds to step 620, where the receiver identifies a first 

codeword with the multiplexed codewords. The first codeword is from a first codebook 

associated with the first multiplexed layer, and may be identified by the receiver in accordance 

with a MPA. Thereafter, the method 600 proceeds to step 630, where the receiver decodes the 

15 first codeword in accordance with the first codebook to obtain a first binary data. 

Aspects of this disclosure provide sparse code multiple access (SCMA) having the following 

characteristics: multiple access scheme; coding gain; and sparse codewords. FIG. 7 illustrates a 

methodology 700 for designing a sub-optimal SCMA codebook 760. As shown, the 

methodology 700 includes selecting the parameters 710-755, which include a mapping matrix 

20 710, a real multi-dimensional constellation 720, a real unitary matrix 730, a complex multi­

dimensional constellation 740, a permutation operator 750, and phase and conjugate operators 

755. In some embodiments, multiple mother constellations may be used to design SCMA 

codebooks. Additionally, the methodology 700 may include an additional step of allocating 

phase conjugate operators to incoming branches of the resource node. The codebook 760 is 

25 obtained by combining the parameters 710-755 in the manner depicted in FIG. 7. 
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In an embodiment, LDS may be considered to be a quasi-derivative of SCMA. FIG. 8 illustrates 

5 

10 

15 

a methodology 800 for designing LDS signatures in accordance with aspects of this disclosure. 

In embodiments of this disclosure, the methodology 800 for designing LDS signatures may 

consistent with a simplified version of SCMA design, and may exclude steps related to mother 

multi-dimensional constellation design (which may generally be included in SCMA design). 

instance, the mother constellation may be considered a repetition of one-dimensional QAM 

constellation (e.g., assuming QAM constellation is give such as QPSK). Additionally, the 

operators may be limited to phase operators such that conjugate operators are excluded. 

Moreover, the methodology 800 may include a step of allocating phase operators of a resource 

node to its incoming branches. Aspects of the methodology 800 may be based on a linear 

operation that is specifically designed for LDS signature design. Such a linear matrix operation 

may not be applied when designing SCMA codebooks. 

FIG. 9 illustrates a graph depicting BLER performance, which shows how the SCMA and 

signature sets disclosed herein outperforms conventional LDS signature sets. Table 1 illustrates 

some distinctions between SCMA and LDS. 

Table 1 

be 

For 

matrix 

LDS 

SCMA LDS 

Multiple 
access q Codebook domain q Signature domain 

Sparse q Sparse codewords q Low density signatures 

Coding gain q 
Data carried over multi-
dimensional complex 
codewords 

symbols 
 

x 
Data carried over QAM 

 

Degree of 
freedom 

J codebooks each with M codewords J signatures 

Receiver Codeword-based MPA Symbol-based MPA 
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a methodology 800 for designing LDS signatures in accordance with aspects of this disclosure. 

In embodiments of this disclosure, the methodology 800 for designing LDS signatures may be 

consistent with a simplified version of SCMA design, and may exclude steps related to mother 

5 multi-dimensional constellation design (which may generally be included in SCMA design). For 

instance, the mother constellation may be considered a repetition of one-dimensional QAM 

constellation (e.g., assuming QAM constellation is give such as QPSK). Additionally, the 

operators may be limited to phase operators such that conjugate operators are excluded. 

Moreover, the methodology 800 may include a step of allocating phase operators of a resource 

10 node to its incoming branches. Aspects of the methodology 800 may be based on a linear matrix 

operation that is specifically designed for LDS signature design. Such a linear matrix operation 

may not be applied when designing SCMA codebooks. 

FIG. 9 illustrates a graph depicting BLER performance, which shows how the SCMA and LDS 

signature sets disclosed herein outperforms conventional LDS signature sets. Table 1 illustrates 

15 some distinctions between SCMA and LDS. 

Table 1 

SCMA LDS 

Multiple 
access V Codebook domain V Signature domain 

Sparse V Sparse codewords V Low density signatures 

Coding gain V 
Data carried over multi­
dimensional complex 
codewords 
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Data carried over QAM 
symbols 

Degree of 
freedom J codebooks each with M codewords J signatures 

Receiver Codeword-based MPA Symbol-based MPA 
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Aspects of this disclosure introduce a new class of multiple-access scheme, namely sparse code 

multiple-access (SCMA). Aspects of this disclosure provide a definition of sparse code multiple 

access (SCMA), a sub-optimal multi-stage design methodology for SCMA, a design 

5 methodology for LDS signatures, a symbol-based message passing algorithm for SCMA 

detection. Aspects of this disclosure provide numerous benefits and/or advantages, including an 

EXIT chart evaluation methodology adopted to SCMA and LDS structures, an SCMA is a new 

multiple-access scheme which can be used as a promising waveform/access technology for 5G 

standard, an SCMA has the potential benefit to outperform LDS, and an SCMA that has the 

10 potential to improve throughput of a wireless network or enable grant-less UL, DL, D2D, or 

M2M transmission. Advantages derived from this disclosure may be significant due to the sheer 

amount of base stations and terminals in the network. 

Sparse Code Multiple Access: Sparse code multiple access (SCMA) is the proposed multiple 

access/coding scheme with the following properties: (i) Binary domain data are directly encoded 

15 to multi-dimensional complex domain codewords; (ii) Multiple access is achievable by 

generating multiple codebooks one for each layer; and (iii) Codewords of the codebooks are 

sparse such that the MPA multi-user detection technique is applicable to detect the multiplexed 

codewords with a moderate complexity. 

20 

In this disclosure, the following notations and variables are used. Sets of binary, natural, integer, 

real and complex numbers are denoted by 12, RI, Z, IR and C, respectively. The symbols x, x, and 

X represent scalars, vectors, and matrixes, respectively. The nth element of x is denoted by xn  or 

(x)n, and (X)min  = xnin  is the element of nth row and mth column of matrix X. Also, xin  is mth 

column of X. The transpose of x is XT  and diag(x) is a diagonal matrix where its nth diagonal 

element is (x)n. Similarly, diag(X) is a vector of the diagonal elements of matrix X. The 

25 Hermitian of a matrix is denoted by XH . The variables and functions are listed in Table 2 2. 
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Aspects of this disclosure introduce a new class of multiple-access scheme, namely sparse code 

multiple-access (SCMA). Aspects of this disclosure provide a definition of sparse code multiple 

access (SCMA), a sub-optimal multi-stage design methodology for SCMA, a design 

5 methodology for LDS signatures, a symbol-based message passing algorithm for SCMA 

detection. Aspects of this disclosure provide numerous benefits and/or advantages, including an 

EXIT chart evaluation methodology adopted to SCMA and LDS structures, an SCMA is a new 

multiple-access scheme which can be used as a promising waveform/access technology for 5G 

standard, an SCMA has the potential benefit to outperform LDS, and an SCMA that has the 

10 potential to improve throughput of a wireless network or enable grant-less UL, DL, D2D, or 

M2M transmission. Advantages derived from this disclosure may be significant due to the sheer 

amount of base stations and terminals in the network. 

Sparse Code Multiple Access: Sparse code multiple access (SCMA) is the proposed multiple 

access/coding scheme with the following properties: (i) Binary domain data are directly encoded 

15 to multi-dimensional complex domain codewords; (ii) Multiple access is achievable by 

generating multiple codebooks one for each layer; and (iii) Codewords of the codebooks are 

sparse such that the MPA multi-user detection technique is applicable to detect the multiplexed 

codewords with a moderate complexity. 

In this disclosure, the following notations and variables are used. Sets of binary, natural, integer, 

20 real and complex numbers are denoted by E, N, 7L, M and (C, respectively. The symbols x, x, and 

X represent scalars, vectors, and matrixes, respectively. The nth element of x is denoted by xn or 

(x)n, and 00nm = xnm is the element of nth row and mth column of matrix X. Also, xm is mth 

column of X. The transpose of x is xT and diag(x) is a diagonal matrix where its nth diagonal 

element is (x)n. Similarly, diag(X) is a vector of the diagonal elements of matrix X. The 

25 Hermitian of a matrix is denoted by XH. The variables and functions are listed in Table 2 2. 
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Table 2. List of variables 

No Notation Description Comment 
1 f Function generator of an SCMA 

codebook 
f: 12  log2 (m) _) jc,x = f (b)  

2 M Number of codewords of a 
codebook 

3 12 Set of binary numbers 
4 x Complex codeword of SCMA 
5 b Binary codeword 
6 X Codebook of a layer of an SCMA 

code 
PO = M 

7 K Length of a codeword 
8 N Number of non-zero elements of 

an SCMA codeword 
9 C Constellation set 
10 g Constellation function generator 121°g2 (M) —) C, c = g(b) 
11 V Mapping matrix 
12 IN Identity matrix of size N x N 
13 J Number of SCMA layers 
14 Si  (Vi, gi; Mi, Ni, K) jth SCMA layer 

15 s( [Vi]/_i, [gi]ii.i;j,  M,  SAMC code 

16 y Received signal 
17 h•  Channel of layer j hi  = (hii ,...,k(i )T  

18 n noise n — C.7\r (0, Nol) 
19 No  Noise power 
20 A. Overloading factor A := J/K 
21 f • i Factor graph binary indicator of 

layer j 
fi  = diag(ViVI) 

22 df  Number of layers contributing to 
resource nodes 

df  = (dfi, ... , dfOT  

23 F Factor graph representation 
matrix 

F = (f1, ... , ff ) 

24 Lk  Set of layer nodes connected to 
resource node k 

Lk  = {j I (F) kJ  = 1, Vj} 

25 R • 1 Set of the resource nodes 
connected to layer node j 

Rj  = {kl(F)ki  = 1,Vk} 

26 P(.) Probability function 
27 19(.1.) Conditional probability function 
28 X Vki Stack of all x1's with j E Lk  

29 exp (. ) Exponential function 
30 V Set of mapping matrices V := [Vi]ii-i  

31 9 Set of constellation function 
generators 

r :, [gi]Ji.i  

32 in SCMA design criterion 
33 V' Optimal set of mapping matrices -vo-, go- 

= arg max Trt(S( V, g;J, M,N, 
,g 
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No Notation Description Comment 
1 f Function generator of an SCMA 

codebook 
f.E\og2(M) —> X,x = /(b) 

2 M Number of codewords of a 
codebook 

3 E Set of binary numbers 
4 X Complex codeword of SCMA 
5 b Binary codeword 
6 X Codebook of a layer of an SCMA 

code 
|X| = M 

7 K Length of a codeword 
8 N Number of non-zero elements of 

an SCMA codeword 
9 C Constellation set 
10 9 Constellation function generator Bi°g2(M) _> c, c = g{b) 
11 V Mapping matrix 
12 IN Identity matrix of size N x N 
13 J Number of SCMA layers 
14 SjiVj.gj-.Mj.Nj.K) ;th SCMA layer 
15 S([V;]j=1, [gj]Jj=1'J'M' SAMC code 

16 y Received signal 
17 hj Channel of layer j T 

h/ 
18 n noise n ~ CN(0,Nol) 
19 iVn Noise power 
20 Overloading factor X-.=J/K 
21 fj Factor graph binary indicator of 

layer /' 
fj = diag (V;V/) 

22 df Number of layers contributing to df = (d/i, •••, d/if) 
resource nodes 

df = (d/i, •••, d/if) 

23 F Factor graph representation 
matrix 

F = (fi,...,f/) 

24 Set of layer nodes connected to 
resource node k 

£k = 0'1(F) fey = 1»Y/} 

25 JZj Set of the resource nodes 
connected to layer node j 

Xj={kmkJ = i,vk} 

26 p(-) Probability function 
27 P(. I.) Conditional probability function 
28 XtXk] Stack of all Xy's with j £ Lk 

29 exp (.) Exponential function 
30 V Set of mapping matrices ^ := [Vy]f=1 
31 g Set of constellation function 

generators 
5 •= [9j]Jj=1 

32 •m SCMA design criterion 
33 v°- Optimal set of mapping matrices yo-go-

= argma xwi(S(V,Q) 
V,Q 
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34 9°' Optimal set of constellation 
function generators 

17-,9- 
= arg maxm(S( V,9;J,M,N, 

,g 
35 el 

1 
It is Vi  after removing its all-zero 
TOWS 

36 Ai  constellation operator of layer j 
37 R A real domain constellation 
38 E(.) Average energy of a constellation 

set 
39 U•  Real domain unitary operator for 

layer j 
40 complex(.) Function to transfer a real vector 

to a complex vector with half 
length size 

41 Nu  Number of grid points to optimize 
a unitary matrix operator 

42 N, Number of options to transfer a 
real domain constellation set to a 
complex domain constellation set 

43 4.)-(. ) Dimensional power variation of a 
constellation set 

44 dmin (C) Minimum distance of 
constellation set C 

45 G(C÷/Q) Shaping gain of C +  over Q G(C÷/Q) 

dmin(C 1- ) 	E (Q) 
, 

dmin (Q) 	E (C ÷) 

46 C): a Scaling operator (C): a)z := az 
47 0 Null operator (0)z = z 
48 C): T Complex conjugate operator (C):T)z := 	z 	T = 0 

Z* 	T = 1 
49 0: (/) Phase operator (0: (p)z := eiq' z 

50 C): it Permutation operator (C): Tr)z = nz 
51 n c  + nth dimension of constellation 

C  

me  + 

= tcnin IVcm  E C÷, 	m = 1 
52 p(z) Interfering polynomials I 

p (z) = 1 qi (z) 

1=1  
I 

= 1 V•11n•z 

.1=1  

53 II Set of permutation operators II = [Tri]Jj.i  

54 n(p(z)) Number of monomials of 
polynomial p (z) 

55 4/9(z)) Power variation of an interfering 
polynomial 

pt(p(z)) 

VEnN  =1 dii (E ( me  ÷) — E)
2 

= 
E 
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34 G" Optimal set of constellation 
function generators 

yo-go-
= argma xwi(S(V,Q) 

V,Q 

35 V.[0] 
J 

It is Vj after removing its all-zero 
rows 

36 Ay constellation operator of layer j 
37 R A real domain constellation 
38 £(.) Average energy of a constellation 

set 
39 "j Real domain unitary operator for 

layer j 
40 complex(.) Function to transfer a real vector 

to a complex vector with half 
length size 

41 Ny. Number of grid points to optimize 
a unitary matrix operator 

42 Nc Number of options to transfer a 
real domain constellation set to a 
complex domain constellation set 

43 «-(•) Dimensional power variation of a 
constellation set 

44 d-min (^) Minimum distance of 
constellation set C 

45 G(C+/Q) Shaping gain of C+ over Q G(C+/Q) 

dmin(.C+) U02) 
dminiQ) JB(C+) 

46 (x): a Scaling operator (0: a)z ••= az 
47 0 Null operator (0)z = z 
48 ©: T Complex conjugate operator (®:T)Z:=P, T-° 

t-Z T = 1 
49 ©: <P Phase operator (©: (p)z := el<pz 
50 (x):it Permutation operator (©: it)z = itz 
51 nth dimension of constellation 

e+ 
nc + 

{^-717711^^771 ^ ^ ^ 1 
52 pO) Interfering polynomials J 

PO) = ^ q;(z) 
j=1 

J =Xv^z 
/=1 

53 n Set of permutation operators n = K-];/=l 
54 n(p(z)) Number of monomials of 

polynomial p(z) 
55 li(p(z)) Power variation of an interfering 

polynomial 
M(P (Z)) 55 li(p(z)) Power variation of an interfering 

polynomial 
JzZ-idi(Eee+)-E)2 

55 li(p(z)) Power variation of an interfering 
polynomial 

E 
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5 

10 

V'M  
E( ne+) =

M  
2

., 
 knin 1

2 

m=1 
EnN_, dnE ( me+) 

E 	- = 	„, 
LL1 do 

56 w(z) Interfering polynomial after 
applying operators 

57 Dpair(. ) •) Minimum distance of two 
constellation sets 

58 nr Optimized phase/conjugate 
operators for resource node k 
with given permutation set 

ol+ 
'alc 

	

a t+ 	 at+ 

	

{{
w
,,,klu

i+  1 ki 	1+ 	1-kNi 
— u=i ) "• ) twkNuJ u=i 

59 S Signature matrix of LDS S = [sl j  A j=1  
60 a QAM constellation function 

generator 

: 1210g2 m _, Q c c5  

q = q(b) 

61 Q QAM constellation 
62 Las.ii 

=1 , 	, 
q. j

, 
 M

, 
 N

, 
 K) 

k_ iii   
LDS structure 

63 1N  All-one vector of size N 

64 phase(.) Phase of a complex number phase(ae ie ) = 0, a, 0 E IR 
65 St Pseudo inverse of S 
66 N1  Power of transformation noise for 

MPA of LDS 

Disclosure below include descriptions of the SCMA code structure, techniques and mechanisms 

for MPA detection for SCMA, discussions of optimization problems/issues for SCMA code 

design, and procedures of multi-stage sub-optimal SCMA code design. Additional disclosures 

describe how SCMA codes can be evaluated based on the link-level and EXIT chart evaluation 

methodologies. 

An SCMA encoder may be defined as follows: f . 12 1°g2 (m) —> X, x = f (b) where X c CK  with 

cardinality IX I = M. The K-dimensional complex codeword x is a sparse vector with N < K 

non-zero entries. Let c denote a N-dimensional complex constellation point defined within the 

constellation set C c 0 such that : 1:3 1°g2  04)  —> C, c = g (b). An SCMA encoder can be 

redefined as f E Vg where the binary mapping matrix V E IV' simply maps the N dimensions 

of a constellation point to a K-dimensional SCMA codeword. Note that V contains K — N all-

zero rows. Eliminating the all-zero rows from V, the reset can be represented by identity matrix 

14 
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ff("e+)=ifZk"'"12 

- zsu dnErc+) 
ZNn=l dn 

56 w(z) Interfering polynomial after 
applying operators 

57 Dpair (• > • ) Minimum distance of two 
constellation sets 

58 Optimized phase/conjugate 
operators for resource node k 
with given permutation set 

nlk 

\lMklu)u=1> ->lMkNu)u=1j 

59 s Signature matrix of LDS s= 

60 R QAM constellation function 
generator 

q: Blog2« _> Q c C, 
q = b) 

61 Q QAM constellation 
62 £(lsj]J.=1,q-,J,M,N,l0 LDS structure 

63 1N All-one vector of size N 
64 phase(.) Phase of a complex number phase(aet0) = 6, a, 6 £ M 
65 S+ Pseudo inverse of S 
66 iVi Power of transformation noise for 

MPA of LDS 

Disclosure below include descriptions of the SCMA code structure, techniques and mechanisms 

for MPA detection for SCMA, discussions of optimization problems/issues for SCMA code 

design, and procedures of multi-stage sub-optimal SCMA code design. Additional disclosures 

5 describe how SCMA codes can be evaluated based on the link-level and EXIT chart evaluation 

methodologies. 

An SCMA encoder may be defined as follows: /: IBlog2^M) —> X, x = /(b) where X c CK with 

cardinality |X| = M. The /^-dimensional complex codeword x is a sparse vector with N < K 

non-zero entries. Let c denote a iV-dimensional complex constellation point defined within the 

10 constellation set C c £N such that: Elog2(M) —> C, c = g(b). An SCMA encoder can be 

redefined as / = Vg where the binary mapping matrix V £ MKxN simply maps the N dimensions 

of a constellation point to a ^-dimensional SCMA codeword. Note that V contains K — N all-

zero rows. Eliminating the all-zero rows from V, the reset can be represented by identity matrix 
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IN  meaning that the binary mapper does not permute the dimensions of subspace C during the 

mapping process. 

An SCMA encoder contains J separate layers each defined by Si  (V], g1; M., Ni, K), j = 1, ...,J. 

The constellation function g1  generates the constellation set C./  with M1  alphabets of length Ni. 

5 The mapping matrix Vj  maps the Ni-dimensional constellation points to SCMA codewords to 

form codeword set 2/C1. Without loss of generality, it can be assumed that all layers have the same 

or similar constellation size and length, i.e. M1  = M, Ni  = N, Vj. Summarizing, an SCMA code 

can be represented by S ([1f1]-1i=1,[gi]ii=i;J, M, N, K). SCMA codewords are multiplexed over K 

shared orthogonal (or near orthogonal) resources (e.g. OFDMA tones or MIMO spatial layers). 

10 The received signal after the synchronous layer multiplexing can be expressed as: y = 

T 
Eii.i  diag(h1)xj  + n = Eji..1  diag(hi)Vigi(bi) + n, where xj  = (x11, ..., xKi) 	is the SCMA 

codeword of the layer j, h1  = (h11, ..., /LK])
T 
 is the channel vector of layer j and n — 

C.7\r (0, N0 I) is the background noise. In the case that all the layers are transmitted from the same 

transmit point, all the channels are identical h1  = h, Vj and hence the above equation is reduced 

15 to y = diag(h ) Eji..i xj  + n. By multiplexing J layers over K resources, the overloading factor 

of the code is defined as A1.:= J/K. 

A received signal at the resource k may be represented as yk  =E ji..i hki xki  + nk, k = 1, ..., K. 

As the codewords xj's are sparse, only a few of them collide over the resource k. The set of the 

resources occupied by the layer j depends on the mapping matrix Vi  and the set is determined by 

20 the index of the non-zero elements of the binary indicator vector f1  = diag(ViV7). The total 

T 
number of layers contributing to the resources is determined by df  = (d f1, ..., d fK) 	= Eji..1  fj. 

The whole structure of SCMA code S can be represented by a factor graph matrix defined as 

F = (f1, ..., ft). Layer j and resource k are connected if and only if (F)kJ  = 1. The set of the 

15 
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lN meaning that the binary mapper does not permute the dimensions of subspace C during the 

mapping process. 

An SCMA encoder contains J separate layers each defined by £y (Vy, gf, Mj, Nj, K), j = 1,...,]. 

The constellation function gj generates the constellation set Cj with Mj alphabets of length Nj. 

5 The mapping matrix Vy maps the Nj-dimensional constellation points to SCMA codewords to 

form codeword set Xj. Without loss of generality, it can be assumed that all layers have the same 

or similar constellation size and length, i.e. Mj = M, Nj = N, Vy. Summarizing, an SCMA code 

can be represented by S( [Vy] j=1, [gj] j=1; J, M, N, K). SCMA codewords are multiplexed over K 

shared orthogonal (or near orthogonal) resources (e.g. OFDMA tones or MIMO spatial layers). 

10 The received signal after the synchronous layer multiplexing can be expressed as: y = 

T/j=1 diag(h,-)xy + n = T/j=1 diag(hy) Y/#y (by) + n, where Xy = (x^-,, xKj)T is the SCMA 

codeword of the layer j, hy = (h^,..., hKj) is the channel vector of layer j and n ~ 

CM(0, N01) is the background noise. In the case that all the layers are transmitted from the same 

transmit point, all the channels are identical hy = h, Vy and hence the above equation is reduced 

15 to y = diag(h ) Ej=1 Xy + n. By multiplexing J layers over K resources, the overloading factor 

of the code is defined as 1 :=J/K. 

A received signal at the resource k may be represented as yk = £j=1 hkjXkj + nk, k = 1,..., K. 

As the codewords Xy' s are sparse, only a few of them collide over the resource k. The set of the 

resources occupied by the layer j depends on the mapping matrix Vy and the set is determined by 

20 the index of the non-zero elements of the binary indicator vector fy = diag(V/V/^r). The total 

number of layers contributing to the resources is determined by dy = ,..., dfK)T = Ej=1 fy-

The whole structure of SCMA code S can be represented by a factor graph matrix defined as 

F = (f1;, fy). Layer j and resource k are connected if and only if (F)fey = 1. The set of the 
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layer nodes connected to the resource node k is defined as Lk  = {j1 (F)kJ  = 1, Vj} for Vk. 

Alternatively, the set of the resource nodes connected to the layer node j is .R1  = { k I (F) kJ = 

1, Vk} for Vj. Based on the factor graph definition, the received signal at the resource k can be 

rewritten as follows: yk  = Ei,,k  hkixki  + nk, Vk. Notably, that the factor graph parameters F, 

[V1] j=1, [Lk ] ikc=i , and [R1] ji.=1  may all represent the same information but in the different formats. 

The following described MAP detection as may be performed by the SCMA Receiver, and is 

discussed in Reza Hoshyar, Ferry P. Wathan, Rahim Tafazolli, "Novel Low-Density Signature 

for Synchronous CDMA Systems Over AWGN Channel," IEEE trans. on signal processing, vol. 

56, No. 4, pp. 1616, Apr. 2008, which is incorporated by reference herein as if reproduced in its 

I 
entirety. Given the received signal y and the channel knowledge {h1  j.} 	the joint optimum =i  

MAP detection of layer codewords X = (x1, ..., xj) can be expressed as: 

X = arg maxx, (xj
j=1)xj 

 p (X I y) , where (xii.=1)X1  := X1  x ... x X1. The transmitted codeword of 

layer j can be estimated by maximizing the marginal of the joint probability, which may be given 

by xj  = arg maxacx j  Ex, (xi 
=i),x1 

p(XIy) , 	W. 
, 	j   
x=a .1 

According to Bays' rule, the conditional probability above can be rewritten as (Xiy) = 

13 (Y1X)P(X) 	 P 	nji.=, P 	is 	 information IX) P (X p (y 	(X) , where 	(X) = 	(xi) 	the joint a priori 	 of all the 
P(Y)  

statistically independent layers. Assuming uncorrelated data over layers, p(yIX) can be 

factorized as p (y I X) = Mc = 1 P (y k IX) . Due to sparse codewords, yk  depends only on the layers 

that are connected to the resource node k. Therefore, p (yIX) can be further reduced to p (yIX) = 

TILi 19  (Y kIx[41) where X[Lk]  is the stack of all xi's with j E Lk . If all the layer nodes interfere 

at resource k, or equivalently Lk  = {1, ...,J}, then X[Lki = X. Combining the above formulas and 

considering the fact that layer j depends only on the resource nodes belonging to .R1, the estimate 
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layer nodes connected to the resource node k is defined as Lk = {y | (F)/Cy = 1, V/} for V/c. 

Alternatively, the set of the resource nodes connected to the layer node j is Hj = {k\(F)kJ- = 

1, V/c} for Vy. Based on the factor graph definition, the received signal at the resource k can be 

rewritten as follows: yk = E/exk hkjXkj + nk, V/c. Notably, that the factor graph parameters F, 

5 [Vy]j=1, [£fc]fc=1, and [Jlj] j=1 may all represent the same information but in the different formats. 

The following described MAP detection as may be performed by the SCMA Receiver, and is 

discussed in Reza Hoshyar, Ferry P. Wathan, Rahim Tafazolli, "Novel Low-Density Signature 

for Synchronous CDMA Systems Over AWGN Channel," IEEE trans, on signal processing, vol. 

56, No. 4, pp. 1616, Apr. 2008, which is incorporated by reference herein as if reproduced in its 

10 entirety. Given the received signal y and the channel knowledge the joint optimum 

MAP detection of layer codewords X = (x1;... ,Xj) can be expressed as: 

X = arg maxX£ (XJ p(X|y), where (xj=1)Xy := X1 x ... x X}. The transmitted codeword of 

layer j can be estimated by maximizing the marginal of the joint probability, which may be given 

by xj = arg maxaeX;. £Xe (x/ )JC, p(X|y), Vy. 
xj= a 

15 According to Bays' rule, the conditional probability above can be rewritten as (X|y) = 

P(T(y)(x) a p( yix)p(x) , where P(X) = nj=1 P (xy) is the joint a priori information of all the 

statistically independent layers. Assuming uncorrelated data over layers, p (y |X) can be 

factorized as p(y|X) = T\k=1p(yk |X). Due to sparse codewords, yk depends only on the layers 

that are connected to the resource node k. Therefore, p(y|X) can be further reduced to p(y|X) = 

20 ULiP(yk |X[Xk]) where X'£/f' is the stack of all xf s with j E Lk. If all the layer nodes interfere 

at resource k, or equivalently £k = {1,...,/}, then X'£/f' = X. Combining the above formulas and 

considering the fact that layer j depends only on the resource nodes belonging to Jlj, the estimate 
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of layer j can be described as: ii  = arg maxacx j EXE (x. 
	)XI  - P (X) nkER  . P(YkIx[Lkl) 	Vj, in 
=i 	I 

xl •=a 

EjeLkhkjxkjI2)  
which P(YkIX[Lki)  a exp (—lyk 	 . 

No  

The above equation turns the original joint MAP detection problem to the marginalize product of 

functions problem which is much simpler to resolve. 

5 MPF problem may not have a brute force solution with moderate complexity, but the near 

optimal solution of the problem can be found iteratively by applying the Message Passing 

Algorithm MPA over the underlying factor graph. 

Message update at a resource node: Let pi,k (x 1  = a) denote a message passed from layer node 

j to resource node k about the reliability of layer j taken codeword a E Xi. In general, a branch 

10 that connects layer node j and resource node k carries 1001 = Mj  = M reliability values for every 

possible codeword belonging to Xi. Resource node k updates and returns the reliability values as 

follows: pi,k (xi  = a) = EB[Lk]E  (x,eLk) „ , y, P(Yk IBvkl) nieLk Pi->k(xi = bi), 	Vk,Va E Xi, vj E 

bi =a 	
i#.;  

Lk. 

The complexity of the receiver mainly depends on the number of combinations in the above 

15 equation. The number of the combinations at resource node k is M d f k  which exponentially grows 

with the constellation size and the number of interfering layers. The extrinsic information 

pi,k (x 1  = a) needs to be normalized before being passed from the resource node to the 

Pj lt (x j =a) 
 layer 	 Xi, 	Lk. connected 	node, e.g., pi,k (xi  = a) <— 	yk, Va E 	Vj E 
Ebexj  P.ilt(xj=b) 

Message update at a layer node. Let the a priori information about the codewords of layer j be 

20 represented by api(x1  = a), Va E X. The branch information is updated at layer node j based 
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of layer j can be described as: x, = arg maxaeX;. EXe (XJ x P(X) \[keJljp{yk |X[Xfe]), V/, in 
xj= a 

which p(yk|x^) oc exp (~\yk - Ije£kh^jXkjl | 

The above equation turns the original joint MAP detection problem to the marginalize product of 

functions problem which is much simpler to resolve. 

5 MPF problem may not have a brute-force solution with moderate complexity, but the near 

optimal solution of the problem can be found iteratively by applying the Message Passing 

Algorithm MPA over the underlying factor graph. 

Message update at a resource node: Let pj^k(xj = a) denote a message passed from layer node 

j to resource node k about the reliability of layer j taken codeword a £ Xy. In general, a branch 

10 that connects layer node j and resource node k carries |Xy | = My = M reliability values for every 

possible codeword belonging to Xy. Resource node k updates and returns the reliability values as 

follows: Pj<~k(xj = a) = £B[£k]e (Xfe£ )x.p{yk|B^) Ehex*(X£ = b£), V/c, Va £ Xjt V; £ 
bj=a " ^ 

The complexity of the receiver mainly depends on the number of combinations in the above 

15 equation. The number of the combinations at resource node k is Mdfk which exponentially grows 

with the constellation size and the number of interfering layers. The extrinsic information 

Pj^k (xj = a) needs to be normalized before being passed from the resource node to the 

connected layer node, e.g., p,^fc(xy = a) <— Vj^ki^j a) ^ v/c, Va £ X, V7 £ Lk. 
1 1 libeXj Pj<-k\xj = ") 1 

Message update at a layer node. Let the a priori information about the codewords of layer j be 

20 represented by apj(xj = a), Va £ Xy. The branch information is updated at layer node j based 
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on the following formula. pi,k (x1  = a) = api(xj = a) nuewi  pp-a  (xj = a), Vj, Va E 
u*k 

Pj-,k(xj=a) 
Xi, Vk 	Rj, 	is 	 VI, Va 	Xi, Vk 	Rj. E 	which 	normalized as: pi,k (xi = a) <— 

Ebexj  Pj->kk. 
, 
xj=b) 

.,, 	E 	E 

Output probability of codewords: Messages are passed iteratively between the layer and resource 

nodes and after convergence the extrinsic probabilities of the codewords of each layer is 

5 calculated as follows: p(xj  = a) = nuER j  pp_u  (xi = a), 	Vj, Va E X. This equation can be 

p(xj=a) 
	Vj, Va 	Xi. normalized as p(xj  = a) <— 	 E 

Ebexj p(x j=b)' 

The design problem of an SCMA code with a given structure of S(V,g; J, M, N, K) where 

V := [Vj] ji.=1  and g := [g i] ji.=1  can be given as v- ,g- = 

arg maxv,g  m(S( V,g;J,M,N,K)), where in is a given design criterion. As the solution of this 

0 multi-dimensional problem is not straightforward, a multi-stage optimization approach is 

proposed to achieve a sub-optimal solution for the problem. 

As a general multi-stage design methodology, a sparse codebook is generated by: First 

generating multi-dimensional modulation constellation(s); and then transferring the 

constellation(s) to multiple sparse codebooks. Following the above two major steps, below is 

5 detail description of a design methodology for SCMA: 

As described before, the set of mapping matrices V may determine the number of layers 

interfering at each resource node which in turn it defines the complexity of the MPA detection. 

The sparser the codewords are the less complex is the MPA detection. The mapping matrices 

design rules may be defined as follows: (1) V]  E 12K'N; (2) Vi  # Vi, 	Vi # j; and (3) V101  = IN  

0 where V.1[°1  is V.1  after removing its all-zero rows. 

The unique solution V÷  to the above problem is simply determined by inserting K — N all-zero 

row vectors within the rows of IN. The properties of the solution may be as follows: (1) 1 = (N); 
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on the following formula. Py^fe(xy = a) = apy(xy = a) HueJij Pj^u(xj = a)- Vy', Va e 
u^k 

Xj, V/c £ 32y, which is normalized as: py_»fc(xy = a) <— ^ e ^ e 

Output probability of codewords: Messages are passed iteratively between the layer and resource 

nodes and after convergence the extrinsic probabilities of the codewords of each layer is 

5 calculated as follows: p(xy = a) = Y\ue^j Pj^u(xy = a), Vy, Va £ Xy. This equation can be 

normalized as p(x,- = a) < p(xj a)— V/, Va £ X. 
FV 1 J Sbex;-P(x;=b)' J' J 

The design problem of an SCMA code with a given structure of S( V, Q) J, M, N, K) where 

v '•= [vy]y=i and Q := [gj]Jj=1 can be given as V°',Q0' = 

arg maxVg in(S( V ,Q-,J, M, N, K)), where m is a given design criterion. As the solution of this 

10 multi-dimensional problem is not straightforward, a multi-stage optimization approach is 

proposed to achieve a sub-optimal solution for the problem. 

As a general multi-stage design methodology, a sparse codebook is generated by: First 

generating multi-dimensional modulation constellation(s); and then transferring the 

constellation(s) to multiple sparse codebooks. Following the above two major steps, below is 

15 detail description of a design methodology for SCMA: 

As described before, the set of mapping matrices V may determine the number of layers 

interfering at each resource node which in turn it defines the complexity of the MPA detection. 

The sparser the codewords are the less complex is the MPA detection. The mapping matrices 

design rules may be defined as follows: (1) Vy £ E^xW; (2) V; =£ Vy, Vi =£ j; and (3) vj0' = Iw 

20 where vj0' is Vy after removing its all-zero rows. 

The unique solution V+ to the above problem is simply determined by inserting K — N all-zero 

row vectors within the rows of lN. The properties of the solution may be as follows: (1) J = (^); 
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(2) dr/  = d f  = (Z11-1) = 	Vj; (3) A. = L = N ; and (4) max(0,2N — K) < 1 < N — 1, where I K  

is the number of the overlapping elements of any two distinct f1  vectors. 

As an example, when considering complexity, N should be small enough in comparison with K 

to maintain a reasonable level of sparsity. In particular, if N = 2, two dimensional constellation 

5 points can be mapped over K > 2 resources to construct SCMA codewords with a minimum 

interfering layer nodes. The mapping K\ 	K(K-1) 
follows: 	2; 	( 2)  properties are as 	(1)N = 	J = 	= 

J = 6 for K = 4; (2) dr/  = d f  = (Ki1) K 	d f 	3 for K 	4; 	A 	LK 	IT = 	—1, W. 	= 	= 	(3) 	= 	= 

/1 = 1.5 for K = 4; and (4) 0 < 1 < 1 if K = 4, meaning that the codewords are either totally 

orthogonal with no overlaps or they collide only over one non-zero element. 

10 F = 

1 	1 	0 	0 	01 
1 	0 	0 	1 	1 

1 	0 	1 	0 	1 
0 

[1 

0 
for K = 4 

0 	0 	1 	0 	1 	1 

FIG. 10. Illustrates a factor graph 1000 representing F in relation to constellation points. Having 

the mapping set V÷, the optimization problem of an SCMA code is reduced to 9÷ = 

arg maxg  Tri.,(5( V÷, g; J, M, N, K)) . 

15 One problem may be to define J different N-dimensional constellations each containing M points. 

To simplify the optimization problem, the constellation points of the layers are modeled based on 

a mother constellation and the layer-specific operators, i.e. g1  E (60g, Vj, where Ai  denotes a 

constellation operator. According to the model, the SCMA code optimization turns into 

g+  , [Al] ji..1  = arg max 	j 	rrn, (S( v÷, g = [(60g] ji..i;J, M, N , K)) 
9[°J1J=1 

20 In general, there might be multiple mother constellations instead of one: g(1) , g(2)  , ... , g(L), and 

the constellation of a layer might be built up on one of the available mother constellations, i.e., 

g i  E (60g(mi)  and 1 _< m_j 	L. L. In the following, we assume only one mother constellation 
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10 

(2) dfJ = df = (^_*) = j, Vy; (3) A = ^ and (4) max(0,2iV - K) < I < N - 1, where I 

is the number of the overlapping elements of any two distinct fy vectors. 

As an example, when considering complexity, N should be small enough in comparison with K 

to maintain a reasonable level of sparsity. In particular, if N = 2, two dimensional constellation 

5 points can be mapped over K > 2 resources to construct SCMA codewords with a minimum 

interfering layer nodes. The mapping properties are as follows: (1) N = 2; / = (T) = K(K 1). 

/ = 6 for K = 4; (2) dfj = df = f*"1) = K — 1, Vy. df = 3 for K = 4; (3) 1 = £ = 

2 = 1.5 for K = 4; and (4) 0 < I < 1 if K = 4, meaning that the codewords are either totally 

orthogonal with no overlaps or they collide only over one non-zero element. 

1110 0 0 
10 0 110 
0 10 10 1 
0 0 10 11 

for K = 4 

FIG. 10. Illustrates a factor graph 1000 representing F in relation to constellation points. Having 

the mapping set V+, the optimization problem of an SCMA code is reduced to Q+ = 

arg max5 m(S( V+, Qi J, M, N, K)) . 

15 One problem may be to define / different iV-dimensional constellations each containing M points. 

To simplify the optimization problem, the constellation points of the layers are modeled based on 

a mother constellation and the layer-specific operators, i.e. gj = (Aj)g, Vy, where Ay denotes a 

constellation operator. According to the model, the SCMA code optimization turns into 

g+> [Ajlj=i = ar^maxg,[Aj]j_l/in{S{V+'S = [{Aj)9]j=iJ,M,N,K)y 

20 In general, there might be multiple mother constellations instead of one: g^\ g(2),..., g(L), and 

the constellation of a layer might be built up on one of the available mother constellations, i.e., 

gj = (Ay)g1,711 and 1 < m_j < L. In the following, we assume only one mother constellation 
19 
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exist. It is straightforward to extent the design methodology to the case that multiple mother 

constellations exist. As a suboptimal approach to the above problem, the mother constellation 

and the operators may be determined separately. 

For a mother multi-dimensional constellation, the design of a real domain constellation may be 

5 described as follows. The target may be to design a multi-dimensional compact constellation 

that minimizes the average alphabet energy for a given minimum Euclidian distance between the 

constellation points. We first consider a 2N-dimensional real-valued AWGN channel. With an 

even value of 2N the results can easily be transferred to a N-dimensional complex valued 

AWGN channel. For a given pair (2N, M), the goal is to find the minimum energy constellation 

10 .R = {r1, ..., rm}, with rm  E 112N for  m = 1, ... , M, while keeping the Euclidian distance 

between different points (alphabets) greater or equal to a certain threshold D, (dmin(R) = 

D).The constellation R is a point in the space PC = {(ri, ..., rm) I lirn - rmll
2 	

D2'1 < n < 

m < M}. Following this approach, we are led to define the merit function: 

E: M -) IR 	and 	R = {r1, ... , rm} —) E(R), where E(R) = Emm=iiirm112 . Clearly, E(R) is 

15 
E(R)

m

=E(R). 
 Constructing 	 R proportional to the average symbol energy 	 an optimal codebook 

corresponds to solving the optimization problem R÷  = arg minRem  E(3). 

Arbitrary real values of symbols r1, ..., rm  are allowed. The problem defined above is a non-

convex optimization problem since all the constraints in the set PC are nonconvex. More 

precisely, it belongs to the class of nonconvex quadratically constrained quadratic programming 

20 (QCQP) problems. Nonconvex QCQP is a well known problem in the optimization literature 

with many applications. The non-convex QCQP is NP-hard. Consequently, it is generally 

difficult to solve a QCQP, even for a small number of constraints. 

A suboptimal solution is proposed in Marko Beko and Rui Dinis, "Designing Good Multi- 

Dimensional Constellations," IEEE wireless communications letters, vol. 1, No. 3, pp. 221-224, 

25 	June 2012, which is incorporated herein by reference as if reproduced in its entirety. The 
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exist. It is straightforward to extent the design methodology to the case that multiple mother 

constellations exist. As a suboptimal approach to the above problem, the mother constellation 

and the operators may be determined separately. 

For a mother multi-dimensional constellation, the design of a real domain constellation may be 

5 described as follows. The target may be to design a multi-dimensional compact constellation 

that minimizes the average alphabet energy for a given minimum Euclidian distance between the 

constellation points. We first consider a 2iV-dimensional real-valued AWGN channel. With an 

even value of 2N the results can easily be transferred to a iV-dimensional complex valued 

AWGN channel. For a given pair (2N, M), the goal is to find the minimum energy constellation 

10 "R = {r,,..., rM}, with rm £ R2N for m = 1,..., M, while keeping the Euclidian distance 

between different points (alphabets) greater or equal to a certain threshold D, (dmin(3l) = 

2 
D).Thc constellation Jl is a point in the space M = {(r,,..., rM)| ||rn - rm|| > D2,l < n < 

m < M}. Following this approach, we are led to define the merit function: 

e\ M M and Jl = {r1;..., rM} where e(Jl) = Em=illrmll2- Clearly, e(Jl) is 

15 proportional to the average symbol energy — . Constructing an optimal codebook Jl 

corresponds to solving the optimization problem H+ = argminWe>f e(3l). 

Arbitrary real values of symbols r,,..., r(V? are allowed. The problem defined above is a non-

convex optimization problem since all the constraints in the set M are nonconvex. More 

precisely, it belongs to the class of nonconvex quadratically constrained quadratic programming 

20 (QCQP) problems. Nonconvex QCQP is a well known problem in the optimization literature 

with many applications. The non-convex QCQP is NP-hard. Consequently, it is generally 

difficult to solve a QCQP, even for a small number of constraints. 

A suboptimal solution is proposed in Marko Beko and Rui Dinis, "Designing Good Multi-

Dimensional Constellations," IEEE wireless communications letters, vol. 1, No. 3, pp. 221-224, 

25 June 2012, which is incorporated herein by reference as if reproduced in its entirety. The 
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suboptimal solution proposed by the above mentioned reference is based on the 

reformulation/linearization-based methods also known as the convex-concave procedure (CCP). 

The formulated non-convex optimization problem is tackled by solving a sequence of convex 

optimization problems where it minimizes the convex quadratic objective function subject to a 

5 set of linear inequalities. 

Regarding unitary operations on a real-domain constellation; Once the mother real constellation 

is known, unitary operations can be applied directly on the mother constellation to construct an 

SCMA code. The design problem is expressed as follows: 

[Ulf.=1  = arg max 	j 	Tn., (S( v÷,g = [complex(Uir÷)] )J..1; J, M, N, K)) . where r÷ is the 1 	i 	 [U I  j=i 

10 function generator of R÷, II]  is a 2N x 2N unitary matrix, and complex(.) is a function 

combining every two consecutive real dimensions to form a complex dimension. Each unitary 

matrix has (22) = N (2N — 1) degrees of freedom. The unitary parameters are uniformly 

distributed in [ -7t . 70 interval if a unitary matrix is represented by given rotation matrices. Based 

on the above optimization problem, there are N (2N — 1)1 — 1 independent variables to be 

15 optimized. If every variable is selected from a grid with Nu  points over [ -7t . 70 , an exhaustive 

search approach requires NuN(2N-1)/-1  trials. As a relatively simple example, for N = 2, J = 6, 

and Nu  = 100, the total number of the exhaustive search trials is 1070. Assuming a processor 

can handle 1010  trials per second (a very high end processor), it takes more than 3e52 years to 

check every possible hypothesis and determine the optimal one! The problem is even more 

20 complex when a larger SCMA code is desired. 

The rest of the SCMA code design may be dedicated to a suboptimal approach which is 

practically affordable and at the same time it is not that far from the unknown optimal solution. 

The basic idea of the near-optimal solution is as follows: (1) The real-domain constellation is 

transferred to the complex domain based on a given criterion. The complex domain constellation 
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suboptimal solution proposed by the above mentioned reference is based on the 

reformulation/linearization-based methods also known as the convex-concave procedure (CCP). 

The formulated non-convex optimization problem is tackled by solving a sequence of convex 

optimization problems where it minimizes the convex quadratic objective function subject to a 

5 set of linear inequalities. 

Regarding unitary operations on a real-domain constellation; Once the mother real constellation 

is known, unitary operations can be applied directly on the mother constellation to construct an 

SCMA code. The design problem is expressed as follows: 

= argmax^ j/ -m(s(V+, Q = [complex(Uyr+)] j=1;/, M,N, . where r+ is the 

10 function generator of Jl+, U, is a 2N x 2N unitary matrix, and complex(-) is a function 

combining every two consecutive real dimensions to form a complex dimension. Each unitary 

matrix has (2^) = N(2N — 1) degrees of freedom. The unitary parameters are uniformly 

distributed in [—n. n) interval if a unitary matrix is represented by given rotation matrices. Based 

on the above optimization problem, there are N(2N — 1)/ — 1 independent variables to be 

15 optimized. If every variable is selected from a grid with Nu points over [—n. n), an exhaustive 

search approach requires N^(2N 1 trials. As a relatively simple example, for N = 2, / = 6, 

and Nu = 100, the total number of the exhaustive search trials is 1070. Assuming a processor 

can handle 1010 trials per second (a very high end processor), it takes more than 3e52 years to 

check every possible hypothesis and determine the optimal one! The problem is even more 

20 complex when a larger SCMA code is desired. 

The rest of the SCMA code design may be dedicated to a suboptimal approach which is 

practically affordable and at the same time it is not that far from the unknown optimal solution. 

The basic idea of the near-optimal solution is as follows: (1) The real-domain constellation is 

transferred to the complex domain based on a given criterion. The complex domain constellation 
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is used as a mother constellation; and (2) The constellation of each layer is constructed based on 

some serially concatenated operators applied on the mother constellation. 

Complex domain constellation: Real constellation R÷  can be easily converted to complex 

constellation C÷  by pairing any two real dimensions to form a complex dimension. The 2N real 

5 dimensions can be paired in N c  = n7iN=, (2N - 2n + 1) different ways. Among the available 

pairing options, the one is selected with the maximum power variance across the complex 

dimensions, for instance using: C÷  = arg max 	e is one 	1.Y(C)., where 
of Nc  pairing 

options of 32+ 

v' (C) = EnN=i Emm=1  ( I cnm 12  - 7,1   II can  11 2 ) .The power variation over constellation dimensions 

helps the SIC property of a MPA detector to better remove the power variant interfering signals 

10 arriving from different colliding layers to a resource node. The reasoning behind this 

optimization criterion is further described below. Note that the complex transform from R to C 

does not change the constellation properties, i.e. E (C) = E (30 and dmin  (C) = dmin  (30. 

For example, let N = 2 and M = 4. The real 2N = 4-dimensional solution is determined as 

-0.7586 	+0.2626 	-0.2583 	+0.7543 

follows: R÷  = 

	

-0.1274 	-0.8822 	+0.6244 	+0.3852 

	

-0.1835 	+0.1707 	+0.4121 	-0.3993 ' 
with E (R÷) = 1 and 

+0.6120 	-0.3517 	-0.6113 	+0.3509 

15 dmin  (R÷) = 1.6330. The 4 real dimensions can be combined in 3 different ways. In 4.Y(.) sense, 

the best 2-dimensional complex solution is defined as follows: 

C÷  = 

fr-0.7586 - 0.1274i1 [+0.2626 - 0.8822i1 [-0.2583 + 0.6244i1 [+0.7543 + 0.3852ill 
(L-0.1835 + 0.6120i-1'1-F0.1707 - 0.3517i1' L+0.4121 - 0.6113i1' L-0.3993 + 0.3509i-11' 

with E (C ÷) = cimin
e
c
+

(+
) 
	1.633. The dimensional 1 and power variation is quantified as ,/E( 

20 
 1 

E(C+) 
\I-  

NM  
÷) -= 0.4220. If the constellation alphabets are built upon a QPSK constellation V' (C 

in a traditional CDMA way (Here the CDMA spreading sequence is simply -4(1 	i)T  and the 
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is used as a mother constellation; and (2) The constellation of each layer is constructed based on 

some serially concatenated operators applied on the mother constellation. 

Complex domain constellation: Real constellation H+ can be easily converted to complex 

constellation C+ by pairing any two real dimensions to form a complex dimension. The 2N real 

5 dimensions can be paired in Nc = Iln=i (2/V — 2n + 1) different ways. Among the available 

pairing options, the one is selected with the maximum power variance across the complex 

dimensions, for instance using: C+ = arg max e is one v(C)., where 
of Nc pairing 

options of 3J+ 

(I cnm 12 — ~ 11 cm 112 ) -The power variation over constellation dimensions 

helps the SIC property of a MPA detector to better remove the power variant interfering signals 

10 arriving from different colliding layers to a resource node. The reasoning behind this 

optimization criterion is further described below. Note that the complex transform from JltoC 

does not change the constellation properties, i.e. E(C) = E(Jl) and dmin(C) = dmin(Jl). 

For example, let N = 2 and M = 4. The real 2N = 4-dimensional solution is determined as 

, with E ('£+) = 1 and follows: H 

-0.7586 +0.2626 -0.2583 +0.7543 
-0.1274 -0.8822 +0.6244 +0.3852 
-0.1835 +0.1707 +0.4121 -0.3993 
+0.6120 -0.3517 -0.6113 +0.3509 

15 dmin(Jl+) = 1.6330. The 4 real dimensions can be combined in 3 different ways. In v(-) sense, 

the best 2-dimensional complex solution is defined as follows: 

C+ = 

rr-0.7586 - 0.1274il [+0.2626 - 0.8822il I—0.2583 + 0.6244il [+0.7543 + 0.385211] 
U—0.1835 + 0.6120d ' L+0.1707 - 0.3517d ' I-+0.4121 - 0.6113d' I--0.3993 + 0.3509J)' 

with E (C+) = 1 and — 1-633. The dimensional power variation is quantified as 

20 E(C+) ~ 0.4220. If the constellation alphabets are built upon a QPSK constellation 

V2 in a traditional CDMA way (Here the CDMA spreading sequence is simply — (1 i)T and the 
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QPSK constellation set is {± 
2 

—
2 

± — i}.), one can come up with the following typical example: 

2  = f[+0.5 
(L-0.5 

+ 0.5i1 
+ 0.5i-1' 

[-0.5 + 0.5i1 
1--0.5 — 0.5i-1' 

[-0.5 — 0.5i1 
L+0.5 — 0.5i -P 

[+0.5 — 0.5ill 
L+0.5 + 0.5i 

in which EEO = 1, 

dmtn(Q) 
= 	and 4)-(2) = 0. The gain of the multi -dimensional constellation optimization is 

A/E(Q) 	
A/2, 

defined as G(C÷/2):= dmin(C) 
	E(Q)  is which 	around 
A
l 1.25 dB for this particular example. The 

dmin(Q) 	E(e+) 

5 gain on the minimum Euclidian distance can be potentially translated to the SNR and diversity 

gains for the BLER performance of an SCMA code. At the same time, the dimensional power 

variation of C÷  is an advantage for C. More details on the impact of the dimensional power 

variation are provided below. 

After optimizing the constellation set C ÷, the corresponding constellation function g÷  is defined 

10 to setup the mapping rule between the binary words and the constellation alphabet points. For 

example, following the Gray mapping rule, the binary words of any two closet constellation 

points can have a Hamming distance of 1. As an alternative, after construction of the codebooks 

for all layers, the binary mapping rule of each of the layer codebooks can be set separately. 

Constellation function operators: by having a solution for the mother constellation (C÷  or 

15 equivalently g÷), the original SCMA optimization problem is further reduced to: [Al j 	= 1 	j=i  

arg max
P`i l 

i 	in S (V ÷, 9 = [(01)gl j 	;J,M,N,K) 	. The definition of the operators and 
i=1 

their optimization strategy are described below. 

With respect to constellation operators, let 6 denote an operator applied on z E C. The operation 

is denoted by (Oz. Three typical operators are scaling, complex conjugate and phase rotation. 

20 The scaling operator C): 7t is expressed as (C): a)z := az. A null operator is represented by 

f Z 	T = 0, 
(0)Z = z. The complex conjugate operator is defined as below (C): T)z := 

Z * 	T = 1 
i ' and also 

(  

the phase operator is defined as (0: (p)z := euPz. A scalar operator can be extended to a vector 
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drmn(g) _ ancj v(g) = Q. The gain of the multi-dimensional constellation optimization is •min 

defined as G(C+/Q) •= which is around 1.25 dB for this particular example. The 

gain on the minimum Euclidian distance can be potentially translated to the SNR and diversity 

gains for the BLER performance of an SCMA code. At the same time, the dimensional power 

variation of C+ is an advantage for C +. More details on the impact of the dimensional power 

variation are provided below. 

After optimizing the constellation set C+, the corresponding constellation function g+ is defined 

to setup the mapping rule between the binary words and the constellation alphabet points. For 

example, following the Gray mapping rule, the binary words of any two closet constellation 

points can have a Hamming distance of 1. As an alternative, after construction of the codebooks 

for all layers, the binary mapping rule of each of the layer codebooks can be set separately. 

Constellation function operators: by having a solution for the mother constellation (C+ or 

equivalently g+), the original SCMA optimization problem is further reduced to: M L = 

arg max^ y <m ( V+, Q = [(Ay)#"1"] J, M, N, . The definition of the operators and 

their optimization strategy are described below. 

With respect to constellation operators, let 8 denote an operator applied on z £ (C. The operation 

is denoted by (8)z. Three typical operators are scaling, complex conjugate and phase rotation. 

The scaling operator (x): n is expressed as (®: a)z := az. A null operator is represented by 

{Z T — 0 
T — ar|d also 

the phase operator is defined as (©: <p)z := el<pz. A scalar operator can be extended to a vector 
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operator. Let A = (61, 	6N)T  is applied on z = 	zN)T  E CN. By definition, (A)z = 

O . Similarly, a matrix operator Y = [Ain] can be defined as (Y)z = r, where ((61)Zi, ..., (6N)Z
T 

(r)n = rn  = EA/n=1(Am) Zm, Vn. 

Vector permutation is an example of a matrix operator which can be simply defined as (C) 

5 rnz =m=11V(0.7-mm)zm=m=11Vrinmzm=uz, where II is a permutation matrix. Multiple 

operators can be serially concatenated. For example, (C)ee: Tufa) z = (0: Tr) (C): (p) (e 

:TZ=udiagetiperTZ. 

Operators can be applied on a constellation function generator g: I21°g2 M —) C with c = g (b). 

Function (A)g is defined as (0)g: 121°g2m  —) (A)C with ca  = (A)g(b) where (A)C = {ca  = 

10 (A)cIVc E C}. In the process of an SCMA code design, we need those types of constellation 

operators that do not change the basic properties of the constellation set. It can be easily shown 

that permutation, phase rotation, and conjugate operators hold the original properties of a 

constellation. In other words, p((C)ee: Tryr)e) = p(C) for p E {E, dmin,i.r}. 

As mentioned before, the constellation of the different SCMA layers are constructed based on 

15 the mother constellation g and a layer-specific operator Ai  for layer j A layer-specific operator is 

defined as Ai = 0 0 0 : lti (Pi Ti • 

Regarding optimization of constellation operators, when modeling the constellation operators as 

above, the optimization problem of an SCMA code can be rewritten as follows 

[Tri 	[(Pl 	[Tt1 j  1 	j=i' 	1 	j=1' 	1 	j=i 

= arg 	max 	in (5( -12+,9 
Nril,=1, [(Pil'=1,[Tii'=1 

= [(000: Tr]  y iti)glii..1; J , M, N, K)) . 

Let nC÷  = {cnn, = (cm)n  IVcin  E C÷, m = 1, ..., M}, Vn = 1, ... , N denote the nth dimension 

20 of the mother constellation. Also assume that zn E nC÷. An arbitrary alphabet of the mother 
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..., 8N)T is applied on z = (z1;..., zw)T £ CN. By definition, (A)z = 

T 
((51)zlJ..., (5w)zw) . Similarly, a matrix operator Y = [ynm] can be defined as (Y)z = r, where 

(®0n Sm=l(Vnm) ^m> Vn. 

Vector permutation is an example of a matrix operator which can be simply defined as (® 

5 :nz=/n=lA/(<x):7rnm)zm =m=1 Nmimzm =nz, where u is a permutation matrix. Multiple 

operators can be serially concatenated. For example, (® @©: ir(px)z = (®: ir)(@: <p)(© 

:xz=udiagi?/<p©:xz. 

Operators can be applied on a constellation function generator g\ Elog2 M —> C with c = g (b). 

Function (A)g is defined as (A)g\ IBlog2 M —> (A)C with cA = (A),g(b) where (A)C = {cA = 

10 (A)c|Vc £ C}. In the process of an SCMA code design, we need those types of constellation 

operators that do not change the basic properties of the constellation set. It can be easily shown 

that permutation, phase rotation, and conjugate operators hold the original properties of a 

constellation. In other words, p((®@©: H(pT)C) = p(C) for p £ {E,dmin,v}. 

As mentioned before, the constellation of the different SCMA layers are constructed based on 

15 the mother constellation g and a layer-specific operator Ay for layer j A layer-specific operator is 

defined as Ay =® ® ©: HycpyTy. 

Regarding optimization of constellation operators, when modeling the constellation operators as 

above, the optimization problem of an SCMA code can be rewritten as follows 

Let nC+ = {cnm = (cm)ri|Vcrn £ C+, m = 1, ...,M},Vn = 1, ...,N denote the nth dimension 

20 of the mother constellation. Also assume that zn £ nC+. An arbitrary alphabet of the mother 
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[•Kj}Jj=1.Wj}Jj=1.[*j]Jj=1 

= [(©©©: Uj(pjTj)g+] Jj=1)j, M, N, )) . 

= arg max max 
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codeword can be represented by z = (z, 
 z2 	zN)T ., Let for this moment the constellation 

operator of layer j is limited to the permutation matrix it1. Under these assumptions, the SCMA 

codeword of layer j is expressed as xi  = q1  (z) = V1it1z. Considering AWGN channel, the 

aggregate receive signal is p(z) = E ji..1  qi  (z) = E ji..1  Viniz, where p(z) = (pi  (z), ..., pK (z))T  

5 is a K x 1 vector in which element Pk (z) represents the interfering polynomial of resource node 

k. An interfering polynomial can be modeled as Pk (z) = dkiz + dk2z 2  + — + dkNz N  where 

Vk, n, dkn  E Ikl. As the number of the interfering layers per resource node is d f , one can conclude 

that EnN=  i d kn = df,Vk. As an example, for N = 2 and d f  = 3 the interfering polynomial of 

layer 1 can be pi  (z) = 2z + z2  meaning that the first resource node takes 3 interfering layers 

10 where two of them are from the first dimension of the mother constellation and the third element 

is selected from the second dimension of the mother constellation. In general, for a given 

mapping matrix set V, the pattern of dkn,Vk, n depends on the permutation set II = [Tr1]ii.1. 

There is a one-to-one mapping between p (z) and II but there is a chance that two different 

permutation sets lead to the identical interfering polynomials for any two resource nodes. The 

15 total number of the constellation permutation choices is (N!)' while the total number of the 

distinct interfering polynomials is just limited to (d f +N-1
). df 

20 

By looking at the interfering polynomial p(z) (k is dropped for the sake of simplicity), the 

different dimensions of the mother constellation might interfere at a resource node. The task of 

the MPA detector is to separate the interfering symbols in an iterative fashion. As a basic rule, 

interfering symbols are more easily separated if their power level is more diverse. Intuitively, the 

strongest symbol is first detected (or its corresponding reliability value is converged) and then it 

helps the rest to be detected by removing the next strongest symbols, consecutively. 

Based on this reasoning, the mother constellation must have a diverse average power level over 

the constellation dimensions, i.e. v(C) must be maximized when R÷  dimensions are paired to 
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codeword can be represented by z = (z, z2,..., zN)T. Let for this moment the constellation 

operator of layer j is limited to the permutation matrix ity. Under these assumptions, the SCMA 

codeword of layer j is expressed as Xy = qj(z) = VyityZ. Considering AWGN channel, the 

aggregate receive signal is p(z) = 2/j=1 qy (z) = 2/j=1 VyityZ, where p(z) = (p, (z),..., pK(z))T 

5 is a A' x 1 vector in which element pk (z) represents the interfering polynomial of resource node 

k. An interfering polynomial can be modeled as pk(z) = dklz + dk2z2 + —I- dkNzN where 

V/c, n, dkn £ N. As the number of the interfering layers per resource node is df, one can conclude 

that £n=i dkn = df, V/c. As an example, for N = 2 and df = 3 the interfering polynomial of 

layer 1 can be p^ (z) = 2z + z2 meaning that the first resource node takes 3 interfering layers 

10 where two of them are from the first dimension of the mother constellation and the third element 

is selected from the second dimension of the mother constellation. In general, for a given 

mapping matrix set V, the pattern of dkn, V/c, n depends on the permutation set II = [ity] y=1. 

There is a one-to-one mapping between p(z) and II but there is a chance that two different 

permutation sets lead to the identical interfering polynomials for any two resource nodes. The 

15 total number of the constellation permutation choices is (iVwhile the total number of the 

distinct interfering polynomials is just limited to 1)-

By looking at the interfering polynomial p(z) (k is dropped for the sake of simplicity), the 

different dimensions of the mother constellation might interfere at a resource node. The task of 

the MPA detector is to separate the interfering symbols in an iterative fashion. As a basic rule, 

20 interfering symbols are more easily separated if their power level is more diverse. Intuitively, the 

strongest symbol is first detected (or its corresponding reliability value is converged) and then it 

helps the rest to be detected by removing the next strongest symbols, consecutively. 

Based on this reasoning, the mother constellation must have a diverse average power level over 

the constellation dimensions, i.e. v(C+) must be maximized when H+ dimensions are paired to 
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form the complex domain constellation. This is the rule which is discussed below for designing 

the mother complex constellation. Assuming the dimensional power level of the mother 

constellation is diverse enough, the permutation set must be selected in a way that it captures as 

much as power diversity over the interfering layers. The power variation over the layers of an 

5 interfering polynomial can be quantified and optimized by following one of the two approaches 

described as follows: For a given interfering polynomial p (z), the number of non-zero 

coefficients is a simple indicator of the power variation over the interfering layers. For example, 

if N = 2 and d f  = 3, we prefer p(z) = 2z + z2  or p(z) = z + 2z2  rather than p(z) = 3z or 

p(z) = 3z2 . In the later ones, all three symbols are from the same dimension hence their power 

10 variation is actually zero. Let n(p(z)) denote the number of non-zero coefficients (or 

equivalently the number of monomials) of p (z) . 

The design criterion of the permutation set is defined as follows: 

0+112+, ... I = arg maxn  mink  n(pk (z)). As indicated above, there might be more than one 

solution for the above optimization problem. More precisely, the actual power variation of 

15 p(z) = diz + d 2z 2  + •• • + d N z" can be quantified as follow: p(p(z)) 

\IVI=idn(E( ne+ )-E)2 	 — 	E N_ d Er e+ ) n-i n E( me+) 	 E := 	 , where 	= Ml  Em=i1cnm12, and 	= 	 = 

EE irLidn 

MidnE( ne+ ) 
The design 	is described 	II2+, . 	problem 	as {II', 	} = 

df 

arg maxn  mink  /12  (pk  (z)). Assume II l+  E {II', 112+, ... } is a candidate solution for the 

permutation operator led to p(z) with dj,÷n  coefficients (111+ <=> {d170). If the phase and 

20 conjugate operators are applied on the mother constellation, the interfering polynomial can be 

rewritten as w(z) = E-1.=1  V.Te÷ (C)C): (piti)z. A typical resource interfering polynomial can be 
.1 	1 	i 

d1+ 	 d1+ 	 d1+ 

modeled as: wk  (z) = 
vu

k11( 0,--. 	 k2
1
( 	,--, 

'L!): wkiu)z + Vu'` 0  'W:  Wk2u)Z2 
+ ... + v

u
kN
i
( 00  

: wkNu)zN, Vk, where Vud=1(  ee: cou)zn = (00: coi)zn + ... + (00: co d )zn and co := qn-  is 

a phase/conjugate operator parameter. 
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form the complex domain constellation. This is the rule which is discussed below for designing 

the mother complex constellation. Assuming the dimensional power level of the mother 

constellation is diverse enough, the permutation set must be selected in a way that it captures as 

much as power diversity over the interfering layers. The power variation over the layers of an 

5 interfering polynomial can be quantified and optimized by following one of the two approaches 

described as follows: For a given interfering polynomial p(z), the number of non-zero 

coefficients is a simple indicator of the power variation over the interfering layers. For example, 

if N = 2 and df = 3, we prefer p(z) = 2z + z2 or p(z) = z + 2z2 rather than p(z) = 3z or 

p(z) = 3z2. In the later ones, all three symbols are from the same dimension hence their power 

10 variation is actually zero. Let n(p(z)) denote the number of non-zero coefficients (or 

equivalently the number of monomials) of p(z). 

The design criterion of the permutation set is defined as follows: 

{II1+, II2+,...} = arg maxn minfe n(pfe(z)). As indicated above, there might be more than one 

solution for the above optimization problem. More precisely, the actual power variation of 

15 p(z) = dtz + d2z2 + ••• + dNzN can be quantified as follow: /u(p(z)) 

yiV J 
71=1 The design problem is described as {n1+, U2+,...} = 

df 

argmaxn minfe /U2(pfe(z)). Assume IIi+ £ {n1+, U2+,...} is a candidate solution for the 

permutation operator led to p (z) with dL^n coefficients (IIl+ <=> If the phase and 

20 conjugate operators are applied on the mother constellation, the interfering polynomial can be 

: MkNu)zN > where Vu=i( ® ©: <^u)z71 = (©©: )zn H 1" (©©: u>d)zn and a) •= (pr is 

a phase/conjugate operator parameter. 

Jx%=1c%(E(ne+)-E)2 
where E(nC+) = ^Y.m=i\cnm\2, and E = Iff=1dng(ne+) 

v" ri E 
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The physical interpretation of the above model is that dj,÷7, out of d f  interfering braches of 

resource node k come from dimension n of the mother constellation and each of those dkn  

branches are uniquely transformed corresponding to their phase/conjugate operator coknu. As 

mentioned before, the permutation matrix set 111+  maximizes the power level variation of Pk  (z) 

5 in either n(.) or [1(.) senses. The phase/conjugate operators coknu  do not change the power 

variation measures, i.e. n (Wk  (z)) = n (Pk  (z)) or pt (Wk  (z)) = pt(pk (z)). However, the branch 

operators help to increase the minimum Euclidian distance between the interfering dimensions. 

The distance between any two dimensional sets with any arbitrary operators is defined as: 

Dp2  air ((81)n e+, (82) n2e+) := minm1,m2E{1, ,m}1(81)crElm, — (82)Cn2M2 	Vn1,n2  E {1, ... , N}. Therefore, for a given 
1 2  ' 

10 permutation set 11+  4= {c/L}, the phase/conjugate operators of every resource node k are 

optimized as follows: 

	

a1+ 	 1+ 
ilk —  {1 

(01+ 	1 ki 
1 	

1+ 	}a kN 
k 	kilt) 	) ••• ) 

f 
("
, 
'kN 

	

u= 	u u=iI  

= arg 	max 	 mm 	D2 	: W kniuiri  et (00: Wkn2u2r2C÷) 

	

, 	pcur ( (\ — —PCK) 
operators n1,n2 Etnin=1,...,N, 	and ajc+n>01 

uie{l,...,d ik+ni
} 

u2 E{l,...,d lic+n2
} 

(u1,n1)*(u2,n2) 

The solution to the above problem is found with exhaustive search over all the possible operator 

combinations. iv representing the operator solution of resource node k for a given permutation 

candidate 111+ . The optimal pair-wise minimum distance of iv is indicated by dp2air  (or) The 

15 sparse structure of SCMA code helps to reduce the complexity of the above optimizations since 

the total number of operators is limited to d f . The complexity analysis of the exhaustive search 

optimization is as follows: (i) Number of operators to be optimized: d f  — 1. One operator can be 

null; (ii) Number of dimensional set pairs: (c12f); (iii) Number of distance calculations in Dp2air  (* 

,•): M2; (iv) Number of real add/mul. operations for a distance calculation: 7 adds + 10 muls. If 

20 the cost of a real multiplication is a (> 1) times more than a real addition, the total cost of a 
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The physical interpretation of the above model is that dLkn out of df interfering braches of 

resource node k come from dimension n of the mother constellation and each of those dkn 

branches are uniquely transformed corresponding to their phase/conjugate operator coknu. As 

mentioned before, the permutation matrix set IIl+ maximizes the power level variation of pk(z) 

5 in either n(-) or II(-) senses. The phase/conjugate operators coknu do not change the power 

variation measures, i.e. n(wfe(z)) = n(pk(z)) or fi[wk{z)) = ji{pk{z)). However, the branch 

operators help to increase the minimum Euclidian distance between the interfering dimensions. 

The distance between any two dimensional sets with any arbitrary operators is defined as: 

Dpair ((S1)nic+,(S2)n2c+) :=minmi,m2e{1 M}\i^i)cn1m1 - f, vn1(n2 6 (l Nl Therefore, for a given 

10 permutation set II+ <=> {dkn}, the phase/conjugate operators of every resource node k are 

optimized as follows: 

The solution to the above problem is found with exhaustive search over all the possible operator 

combinations. representing the operator solution of resource node k for a given permutation 

candidate IIl+. The optimal pair-wise minimum distance of is indicated by d2air(Jl'k) The 

15 sparse structure of SCMA code helps to reduce the complexity of the above optimizations since 

the total number of operators is limited to df. The complexity analysis of the exhaustive search 

optimization is as follows: (i) Number of operators to be optimized: df — 1. One operator can be 

null; (ii) Number of dimensional set pairs: (?£)', (iii) Number of distance calculations in D2air{-

,y. M2; (iv) Number of real add/mul. operations for a distance calculation: 7 adds +10 muls. If 

20 the cost of a real multiplication is a (> 1) times more than a real addition, the total cost of a 
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distance calculation is 7 + 10a; (v) Number of options for a phase/conjugate operator: 2N(p , 

where A rq, is number of grid points in the phase interval [—Tr, 70; (vi) Maximum number of 

interfering polynomials: (cif ÷N-1). This the worst case scenario where the candidate permutation 
c 1 f 

set {1-1;', fq, ...} covers up all the possibilities of the interfering polynomials. 

Based on the above parameters, the upper bound on the complexity cost C of the exhaustive 

search optimization is: C < (d f  — 1)(c12f )M2  (7 + 10a)2N(P  (cif N-1). cif  

By way of example, if M = 4, N = 2, d f  = 3, Ng, = 360, and a = 2 = C < 7464960 -= 7.5e6 

which can be computed in a short time in a typical 2 GHz processor. Note that these are all 

offline computations just for an SCMA coding optimization. At this point, the candidate 

permutation set alit 11  2+ 	.. } and their corresponding operators and optimal distances, which 

are given as {{11.1-7}1k(=i, fOrlik(=i, ... } and t{dp2air  (ni÷)} 	fd2 	(o2+)1  
k 	k=i) l''pair l'ak 	) .1 k=i ) ••• } 

(respectively), are available. 

The best permutation set can be easily selected based on the following criterion: Il k, {1-1,- }/kc=i  = 

arg maxni-F etn1+,n2+,... I  mink  dp2air  (nik÷), and if there is more than one solution of Olt {11- }/k(=i) 

for the above problem, among those, the one is selected which has the maximum total minimum 

distance, i.e. Eikc=i  dp2air  (1,) is the largest. 

As an alternative to the pair-wise operator optimization criterion mentioned above, a 

superposition criterion is introduced for operator optimization, as well. The superposition 

al+ 	 al+ 
criterion is defined as below: or = 	 i} = arg maxoperators drain 	(c) 

e:wkii) ici- + ... + (Go: w kidi+)  ic÷ + ... + (00: wkNoNc+ + ... + (Go 

: w 	i+ )Ne 1, in which for any two sets A and B, we define kN ClkN  

28 

WO 2014/075637 PCT/CN2013/087311 

distance calculation is 7 + 10a; (v) Number of options for a phase/conjugate operator: 2 N^, 

where N(p is number of grid points in the phase interval \—n, n); (vi) Maximum number of 

interfering polynomials: 1)- This the worst case scenario where the candidate permutation 

set .} covers up all the possibilities of the interfering polynomials. 

5 Based on the above parameters, the upper bound on the complexity cost C of the exhaustive 

search optimization is: C < (df — l)(d/)M2(7 + 101)-

Byway of example, if M = 4, N = 2, df = 3, = 360, and a = 2 => C < 7464960 — 7.5e6 

which can be computed in a short time in a typical 2 GHz processor. Note that these are all 

offline computations just for an SCMA coding optimization. At this point, the candidate 

10 permutation set {n1+, U2+,...} and their corresponding operators and optimal distances, which 

are given as {{n£+}£=1, {H£+}£=1, •••) and {{dpair (^fe+)}^=1< {dlair(^l+)}Kk=1> ••• } 

(respectively), are available. 

The best permutation set can be easily selected based on the following criterion: II+, {n£}£=1 = 

arg maxni+e^ni+ n2+ j minfe d2air (fllk+ ), and if there is more than one solution of (II+, {D.k}k=1) 

15 for the above problem, among those, the one is selected which has the maximum total minimum 

distance, i.e. £/Li d2air(Jlk~) is the largest. 

As an alternative to the pair-wise operator optimization criterion mentioned above, a 

superposition criterion is introduced for operator optimization, as well. The superposition 

( d^+ d^+ 1 ( 
criterion is defined as below: nlk+ = -' WkNu}^ j = ar§ maxoperators 

20 ©: <Dfell) 1C++ —I- (®@: 1C++—I- (®@: Ct>feWi) NC+ +—I- (@© 

: 6Jfe/vdi+J NC+^ , in which for any two sets <A and B, we define 

28 



WO 2014/075637 	 PCT/CN2013/087311 

A +B := {cic = a + b, Va E A and Vb E B}. The superposition and pair-wise criteria are 

compared below. 

After optimizing the operators and determining the optimal w(z), the immediate question is how 

to allocate the optimal operators to the different interfering layers. As a simple example, the 

5 corresponding operators of interfering polynomial pi  (z) = 2z + z2  is wi(z) = (win  V 

co112 )z + co121z2 . According to pi  (z), two interfering layers are from the first dimension. FIG. 

11 illustrates a factor graph 1100, win  and co112  can be allocated to either of the interfering 

layers. Here the total number of the allocation options is 2. 

As a general rule, for an interfering polynomial of form wk  (z) = 
vu

cik21( 00: wkioz + 

10 vuak 1(00: wk2u)z2 + ... + vuakNi( 0,
'L9: wkNu)z N  , Vk. Notably, the operators can be allocated 

to an SCMA code in nik(=i n,,N=i dk,i! different ways. As shown later, the impact of the operator 

allocation on the performance of the final SCMA code is negligible. The reason is that regardless 

of what operators are allocated to what interfering layers, the combined interference at a given 

recourse node does not change. Based on this observation, the optimized operators can be 

15 randomly (or in a given order) allocated to the interfering layers of each resource node to 

construct the final SCMA code. 

In some instances, LDS as a special case of SCMA. An LDS modulator is defined by its 

r 	I 
signature matrix S = [s11 _land input QAM constellation points q: 12 1°g2 m —) Q c C where 

q = q(b). The whole LDS modulator is represented by L([s.i j=i, 	, q• J, M, N, K) in which K is j    

20 the length and N is the number of non-zero elements of every signature. An LDS modulator can 

be redefined based on the SCMA structure, in accordance with L([s.i j 	q•J,M,N,K) = j j=i, 	, 

S ([V.11j= ' [g 1  •i 	) • J, M, N, K), in which g•  E Aig, g _= q1N, 1N  is an all-one vector of size N, ji  

0•  =0: phase (sJM)' phase (ae je) = 0 for any non-negative a E IR and 0 E [—it, 70, s M is a 
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c/Z +B : = {c\c = a + b, Va £c/? and Vb £ S}. The superposition and pair-wise criteria are 

compared below. 

After optimizing the operators and determining the optimal w(z), the immediate question is how 

to allocate the optimal operators to the different interfering layers. As a simple example, the 

5 corresponding operators of interfering polynomial p^z) = 2z + z2 is (z) = V 

co112)z + co121z2. According to Pi(z), two interfering layers are from the first dimension. FIG. 

11 illustrates a factor graph 1100, co11:L and co112 can be allocated to either of the interfering 

layers. Here the total number of the allocation options is 2. 

As a general rule, for an interfering polynomial of form wfe(z) = ( ©©: ooklu)z + 

10 Vd=\( ©©: tek2u)z2 + —I- Vuk=i( ©©: ^fcivu)2" j V/c. Notably, the operators can be allocated 

to an SCMA code in Y\k=11~In=i dkn\ different ways. As shown later, the impact of the operator 

allocation on the performance of the final SCMA code is negligible. The reason is that regardless 

of what operators are allocated to what interfering layers, the combined interference at a given 

recourse node does not change. Based on this observation, the optimized operators can be 

15 randomly (or in a given order) allocated to the interfering layers of each resource node to 

construct the final SCMA code. 

In some instances, LDS as a special case of SCMA. An LDS modulator is defined by its 

signature matrix S = [sy] and input QAM constellation points q: IBlog2 M —> Q a (C where 

q = q(b). The whole LDS modulator is represented by L (Jsy] , q\ J, M, N, K^j in which K is 

20 the length and N is the number of non-zero elements of every signature. An LDS modulator can 

be redefined based on the SCMA structure, in accordance with L ([ Sj]Jj=1,q-,J,M,N,K) = 

*([< in which gj = Ajg, g = qlN, 1N is an all-one vector of size N, 

Ay =©: phase phase(aet6>) = 9 for any non-negative a £ M and 9 £ [—n, n), sj0^ is a 



WO 2014/075637 
	

PCT/CN2013/087311 

-1 / 
N-dimensional complex vector of the non-zero elements of s1, iyiii=1  is built up on the factor 

graph matrix F, and (F)kJ  = 1 if and only if (S)kJ  # 0. Therefore, an LDS modulator is a special 

SCMA code with a simple multi-dimensional mother constellation constructed by the repetition 

of QAM constellation points and hence me = Q, Vn = 1, ..., N. In addition, a constellation 

5 operator is limited to a phase rotation without any conjugate or permutation operations. The 

permutation has no impact when all the dimensions of the mother constellation are identical. 

Following an SCMA code design procedure, the pair-wise optimization of LDS signatures for a 

I 
given mapping matrix set [1/.1 	is formulized as follows: / j=1  

f(pu÷}ucif_i  = arg maxphases Min1<ui<u2 <clf Dp2air ((0: (pui )Q, (0: (pu2 )Q), in which one operator 

10 is set to null, for example 4 = 0. Also, the superposition criterion for LDS signature 

optimization is expressed as: {(pu}u
d
f 1  = arg maxphases dm in ((a (POQ + (0: (P2).Q + ••• + 

(e:  (Pc/f)Q). 

Similar to SCMA code, the operators of a resource node can be allocated to the interfering layers 

in d f  ! different ways. The phase operators of the SCMA code are equivalent to the phase 

15 rotations of the signatures of the LDS modulator. For the case that Q is a M-PSK constellation, 

is 	 1)-2*7 
+ the solution to the above pair-wise optimization problem 	straightforward: cp: = (u — 

Mcl  f 

eu—m 
27 

, 	Vu = 1, ..., d f, where eu  is any arbitrary member of Z. FIG. 12 illustrates a graph 

showing an example optimal phase rotations, in which N= 2, M = 4, and d f  = 3 the optimal 

phase rotations are {0, 716 ; 713}. 

20 Every resource node has 3! = 6 options to allocate phases to the interfering layers. The total 

number of the options for the whole signature set with 4 resource nodes is 64  = 1296. 
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iV-dimensional complex vector of the non-zero elements of Sj, ML is built up on the factor 

graph matrix F, and (F)fey = 1 if and only if (S) kJ- =£ 0. Therefore, an LDS modulator is a special 

SCMA code with a simple multi-dimensional mother constellation constructed by the repetition 

of QAM constellation points and hence 71C = Q, Vn = 1,, N. In addition, a constellation 

5 operator is limited to a phase rotation without any conjugate or permutation operations. The 

permutation has no impact when all the dimensions of the mother constellation are identical. 

Following an SCMA code design procedure, the pair-wise optimization of LDS signatures for a 

given mapping matrix set M' L is formulized as follows: 

{-<Pufuf=i = argmaxphasesmin 1£Ul<u2sdf D}ai.r ((®:<PuJS'(©: <PU2)Q)M which one operator 

10 is set to null, for example cp* = 0. Also, the superposition criterion for LDS signature 

optimization is expressed as: {(pu^ii = ar§ maxPhases ((©: <Pi)Q + (®: <P2)Q + — + 

(®-<Pdf)Qy 

Similar to SCMA code, the operators of a resource node can be allocated to the interfering layers 

in df! different ways. The phase operators of the SCMA code are equivalent to the phase 

15 rotations of the signatures of the LDS modulator. For the case that Q is a M-PSK constellation, 

2 ̂  ̂  the solution to the above pair-wise optimization problem is straightforward: <jp„ = (u — 1) + 

eu Vu = 1,..., df, where eu is any arbitrary member of 7L. FIG. 12 illustrates a graph 

showing an example optimal phase rotations, in which N= 2, M = 4, and df = 3 the optimal 

phase rotations are {0,-,-}. 
6 3 

20 Every resource node has 3! = 6 options to allocate phases to the interfering layers. The total 

number of the options for the whole signature set with 4 resource nodes is 64 = 1296. 
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An LDS system can be molded as y = diag(h)Su + n. Note that for adjacent resources h is 

almost constant. We replace u = Stx + z where St is the pseudo inverse of the signature matrix 

S and x to represent the core signal transmitted over the resources which results in the lowest 

post processing power for z which is diag(SzzHSH). By selecting x = Su, the projection of the 

5 post processing noise power over the dimensions of S associated with z is diag(SzzHSH) = 0. 

The final SNR for the core signal is a function of the original SNR and the power of u which is 

constant given the constraint of designing the signature matrix. However, the post processing 

power of each layer is a function of the power of z which is given by N1  = diag(E{zzH}) = 

diag((I — St S)2), assuming that the total power of the transmit signal is normalized. One can 

10 notice that trace{(I — StS)} is constant, therefore, in order to minimize the total transformation 

noise and using the Cauchy-Schwarz inequality, all the values in the vector N1  are the same. 

Moreover, different layers differ by diag(StStH). In other words, not considering the non-linear 

diag(StStH) 
MPA, 	final SNR for 	layers is 	by: effect of 	the 	 all 	given 	y = 	. 

Ni  +No 

In the above, No  is the effective post processing noise and division is performed element by 

15 element. One should note that all the above calculations are for insight only and the non-linearity 

of MPA will affect the accuracy of the calculation. As the MPA tries to decode the layers, it is 

actually trying to reduce the impact of the transformation noise N1  on the core transmit signal. In 

order for MPA to converge better, one should try to make the signal powers and noise powers of 

all the layers to be close to each other but not the same. Very different values result in very 

20 different performance for different layers and very close values results in difficulty for MPA to 

converge properly. After convergence of the MPA algorithm, the dominant factor in 

differentiating the performance of different layers is their powers measured by diag(StStH).The 

above calculations show three factors: (1) The core noise enhancement caused by the signature 

should be reduced in order to improve the performance of all layers; (2) The performance of 

25 individual layers is affected by the effective post-processing power denoted by diag(StStH); and 
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An LDS system can be molded as y = diag(h)Su + n. Note that for adjacent resources h is 

almost constant. We replace u = S+x + z where S+ is the pseudo inverse of the signature matrix 

S and x to represent the core signal transmitted over the resources which results in the lowest 

post processing power for z which is diag(SzzHSH). By selecting x = Su, the projection of the 

5 post processing noise power over the dimensions of S associated with z is diag(SzzHSH) = 0. 

The final SNR for the core signal is a function of the original SNR and the power of u which is 

constant given the constraint of designing the signature matrix. However, the post processing 

power of each layer is a function of the power of z which is given by Nt = diag(£"{zzH}) = 

diag((I — S+S)2), assuming that the total power of the transmit signal is normalized. One can 

10 notice that trace{(I — S+S)} is constant, therefore, in order to minimize the total transformation 

noise and using the Cauchy-Schwarz inequality, all the values in the vector Nt are the same. 

Moreover, different layers differ by diagCS^S"^). In other words, not considering the non-linear 

effect of MPA, the final SNR for all layers is given by: y = 

In the above, N0 is the effective post processing noise and division is performed element by 

15 element. One should note that all the above calculations are for insight only and the non-linearity 

of MPA will affect the accuracy of the calculation. As the MPA tries to decode the layers, it is 

actually trying to reduce the impact of the transformation noise Nt on the core transmit signal. In 

order for MPA to converge better, one should try to make the signal powers and noise powers of 

all the layers to be close to each other but not the same. Very different values result in very 

20 different performance for different layers and very close values results in difficulty for MPA to 

converge properly. After convergence of the MPA algorithm, the dominant factor in 

differentiating the performance of different layers is their powers measured by diag(Si"Si"H).The 

above calculations show three factors: (1) The core noise enhancement caused by the signature 

should be reduced in order to improve the performance of all layers; (2) The performance of 

25 individual layers is affected by the effective post-processing power denoted by diag(S+S'i'H); and 
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(3) The overall throughput of the code is obtained when the values of the transformation noise 

vector are close to each other (but not very close) and the effective power per layer is also the 

same. One can apply different FEC code rates to different layers based on their effective signal 

power to maximize total throughput. 

5 With respect to SCMA Performance, performance of an SCMA code can be evaluated through a 

link-level simulation. However, as an alternative approach, EXIT chart technique is adopted for 

the SCMA code evaluation, as well. EXIT chart is also used to confirm the validity of the 

proposed design methodology for SCMA codes. EXIT chart is used as a designing tool and 

relative performance prediction of SCMA codes. 

10 Regarding EXIT Chart Evaluation Methodology. Belief propagation algorithms rely on 

convergence of wisdom among different nodes where optimal decoder is practically impossible. 

LDPC, turbo codes, LDS and SCMA are examples of systems, where belief propagation is the 

only viable solution for decoding. Those systems are described by multiple nodes from same or 

different types that exchange information and at each iteration try to utilize the underlying code 

15 properties. For example, turbo code is modeled by two component codes which exchange a large 

set of information. Information is interleaved/de-interleaved to maintain some level of 

independency among adjacent positions. For LDPC, the code is described by a bipartite graph, 

where check nodes and variable nodes exchange information and the graph is designed such that 

short loops are rare/nonexistent to maintain information independence among edges connected to 

20 the same node. 

EXIT chart is a very interesting and powerful tool to design and predict the performance of such 

codes. For a very long code and with information independence at each node, one can model 

each component as a function in which it combines the information given by the other nodes 

with its intrinsic information and returns the information back to those nodes. Each node can be 

25 described by a transfer function, where the average extrinsic output information is a function of 
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(3) The overall throughput of the code is obtained when the values of the transformation noise 

vector are close to each other (but not very close) and the effective power per layer is also the 

same. One can apply different FEC code rates to different layers based on their effective signal 

power to maximize total throughput. 

5 With respect to SCMA Performance, performance of an SCMA code can be evaluated through a 

link-level simulation. However, as an alternative approach, EXIT chart technique is adopted for 

the SCMA code evaluation, as well. EXIT chart is also used to confirm the validity of the 

proposed design methodology for SCMA codes. EXIT chart is used as a designing tool and 

relative performance prediction of SCMA codes. 

10 Regarding EXIT Chart Evaluation Methodology. Belief propagation algorithms rely on 

convergence of wisdom among different nodes where optimal decoder is practically impossible. 

LDPC, turbo codes, LDS and SCMA are examples of systems, where belief propagation is the 

only viable solution for decoding. Those systems are described by multiple nodes from same or 

different types that exchange information and at each iteration try to utilize the underlying code 

15 properties. For example, turbo code is modeled by two component codes which exchange a large 

set of information. Information is interleaved/de-interleaved to maintain some level of 

independency among adjacent positions. For LDPC, the code is described by a bipartite graph, 

where check nodes and variable nodes exchange information and the graph is designed such that 

short loops are rare/nonexistent to maintain information independence among edges connected to 

20 the same node. 

EXIT chart is a very interesting and powerful tool to design and predict the performance of such 

codes. For a very long code and with information independence at each node, one can model 

each component as a function in which it combines the information given by the other nodes 

with its intrinsic information and returns the information back to those nodes. Each node can be 

25 described by a transfer function, where the average extrinsic output information is a function of 
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its average extrinsic input information. The exit chart then predicts whether the decoder is likely 

to converge after reasonable number of iterations between the two nodes. By depicting the 

transfer function of one node and the mirrored transfer function of the other node with respect to 

5 

Y = X line, the code is likely to converge if the two transfer functions do not collide. Moreover, 

the wider the gap between the two curves for its entirety, the faster and likelier the convergence 

of the decoder. 

SCMA is an example of such codes which can be represented by a bipartite graph where layer 

nodes exchange information with resource nodes. For this code, we study its EXIT chart to 

predict the performance and study the designing criteria. Unfortunately, since the code graph is 

10 very small compared to its LDPC counterparts, EXIT chart is not very accurate in predicting the 

convergence as (i) the information is not totally independent due to short loop sizes, and (ii) the 

code length is small and the law of the big numbers does not apply. However, studying the EXIT 

chart for these codes can lead us on comparing different designs as well as some tool for 

designing such codes. 

15 Regarding EXIT chart for SCMA. SCMA consists of two component nodes, layer node and 

resource nodes. At each layer node, the carried information represents the same constellation 

node and in each resource node, the constellation points associated with multiple layers are 

interfering with each other. A resource node utilizes its intrinsic information which is the 

received complex signal with its extrinsic information on other layers to estimate the output 

20 extrinsic information on each of the layers. In a layer node, the intrinsic information which is the 

a priori information about the layers set by the encoder or from outer loop decoder is combined 

with the extrinsic information to determine the information about the layer as well as the 

extrinsic information back to the resource nodes. In the Appendix, how to model the input and 

output information is described. Such modeling is not unique and a wise selection should mimic 

25 the dynamics of the information exchange in the code. Each link in SCMA can carry up to the 

maximum information in the constellation, which in our study is set to two bits. One may notice 
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its average extrinsic input information. The exit chart then predicts whether the decoder is likely 

to converge after reasonable number of iterations between the two nodes. By depicting the 

transfer function of one node and the mirrored transfer function of the other node with respect to 

Y = X line, the code is likely to converge if the two transfer functions do not collide. Moreover, 

5 the wider the gap between the two curves for its entirety, the faster and likelier the convergence 

of the decoder. 

SCMA is an example of such codes which can be represented by a bipartite graph where layer 

nodes exchange information with resource nodes. For this code, we study its EXIT chart to 

predict the performance and study the designing criteria. Unfortunately, since the code graph is 

10 very small compared to its LDPC counterparts, EXIT chart is not very accurate in predicting the 

convergence as (i) the information is not totally independent due to short loop sizes, and (ii) the 

code length is small and the law of the big numbers does not apply. However, studying the EXIT 

chart for these codes can lead us on comparing different designs as well as some tool for 

designing such codes. 

15 Regarding EXIT chart for SCMA. SCMA consists of two component nodes, layer node and 

resource nodes. At each layer node, the carried information represents the same constellation 

node and in each resource node, the constellation points associated with multiple layers are 

interfering with each other. A resource node utilizes its intrinsic information which is the 

received complex signal with its extrinsic information on other layers to estimate the output 

20 extrinsic information on each of the layers. In a layer node, the intrinsic information which is the 

a priori information about the layers set by the encoder or from outer loop decoder is combined 

with the extrinsic information to determine the information about the layer as well as the 

extrinsic information back to the resource nodes. In the Appendix, how to model the input and 

output information is described. Such modeling is not unique and a wise selection should mimic 

25 the dynamics of the information exchange in the code. Each link in SCMA can carry up to the 

maximum information in the constellation, which in our study is set to two bits. One may notice 
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that unlike LDPC and turbo codes where the role of the code is to make sure all the information 

bits converge, SCMA is neither required nor able to do so. The reason is at each resource node, 

even if there is full 2-bit extrinsic information for all other edges, noise still exists and results in 

less than perfect extrinsic information at the output of the resource nodes. However, this is not an 

5 issue since SCMA decoder is follows by FEC decoder(s) and it requires input information that is 

slightly higher than its code rate. For example with a code rate of 1/2, one requires only 1 bit per 

layer node information at the output to satisfy FEC decoder. 

To achieve this, three components may be used: (i) modeling the EXIT transfer at a layer node, 

(ii) the EXIT transfer at a resource node, and (iii) the output information at each layer. Here, an 

10 algorithm is provided to generate the aforementioned information and predict the performance of 

the code. 

The following relates to Generating an EXIT chart for SCMA. While maintaining the generality 

of the algorithm, we use the example of SCMA with four resources and six layers, where each 

layer is connected to two resource nodes and each resource node is the superposition of four 

15 layers. We assume that the number of points in the constellation is four which means up to two 

bits of information is carried per edge. We use SISO AWGN channel for generating EXIT chart 

for resource nodes. For a given SCMA with a given factor graph, constellation set and operator 

set, the procedure to produce the EXIT chart for resource nodes is as follows: (1) Set the 

resource node noise level (N0) according to the working SNR value. This value is affected by the 

20 code rate of the FEC; (2) At each of the resource nodes (4 in this particular example), set the 

power level for each edge in the factor graph, based on the power setting of the layer node linked 

to that resource node. The details of how to set the power levels are explained in the appendix; (3) 

Set an auxiliary noise level range (N1) to model different levels of input extrinsic information. 

When N1  is very large, no extrinsic information is available. Very small auxiliary noise levels 

25 mean perfect extrinsic information (2-bits in the example) is available at the input of the edge. 

Quantize the range of the auxiliary noise level into a vector. Continue the procedure with the first 
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that unlike LDPC and turbo codes where the role of the code is to make sure all the information 

bits converge, SCMA is neither required nor able to do so. The reason is at each resource node, 

even if there is full 2-bit extrinsic information for all other edges, noise still exists and results in 

less than perfect extrinsic information at the output of the resource nodes. However, this is not an 

issue since SCMA decoder is follows by FEC decoder(s) and it requires input information that is 

slightly higher than its code rate. For example with a code rate of 1/2, one requires only 1 bit per 

layer node information at the output to satisfy FEC decoder. 

To achieve this, three components may be used: (i) modeling the EXIT transfer at a layer node, 

(ii) the EXIT transfer at a resource node, and (iii) the output information at each layer. Here, an 

algorithm is provided to generate the aforementioned information and predict the performance of 

the code. 

The following relates to Generating an EXIT chart for SCMA. While maintaining the generality 

of the algorithm, we use the example of SCMA with four resources and six layers, where each 

layer is connected to two resource nodes and each resource node is the superposition of four 

layers. We assume that the number of points in the constellation is four which means up to two 

bits of information is carried per edge. We use SI SO AWGN channel for generating EXIT chart 

for resource nodes. For a given SCMA with a given factor graph, constellation set and operator 

set, the procedure to produce the EXIT chart for resource nodes is as follows: (1) Set the 

resource node noise level (iV0) according to the working SNR value. This value is affected by the 

code rate of the FEC; (2) At each of the resource nodes (4 in this particular example), set the 

power level for each edge in the factor graph, based on the power setting of the layer node linked 

to that resource node. The details of how to set the power levels are explained in the appendix; (3) 

Set an auxiliary noise level range (N-L) to model different levels of input extrinsic information. 

When Nt is very large, no extrinsic information is available. Very small auxiliary noise levels 

mean perfect extrinsic information (2-bits in the example) is available at the input of the edge. 

Quantize the range of the auxiliary noise level into a vector. Continue the procedure with the first 
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entry in the vector; (4) For each layer, select one of the constellation set according to the 

constellation probability (1/4 for each of the 4-point in the constellation in this example) ; (5) For 

each resource node, generate the received Gaussian noise based on the channel noise level No; (6) 

For each edge at each resource node, using the power settings of step 2 and the selected auxiliary 

5 noise level Ni, generate a 4-tuple set of probabilities as explained in the appendix; (7) Find the 

average input extrinsic information for all edges at the factor graph, then store it as X; (8) 

Perform the 4-touple output extrinsic probability for each of the edges in the factor graph. In this 

example, 12 output extrinsic information values are generated; (9) Find the output extrinsic 

information given by each of the 4-tuple probabilities, then store it as Y1  to YL. L = Kd f  is the 

10 number of edges in the factor graph (12 in the example); (10) Repeat steps 4 to 9 for many times 

(1000 as an example); (11) Average the input information (X) and the output information (Y) 

over all repetitions. Store it into X and f, to fL; (12) For each of the variable nodes, combine the 

output extrinsic information (as explained in the appendix) to find the output extrinsic 

information Z1  to Z1, where J is the number of layers; (13) Repeat steps 4 to 12 for all the values 

15 of the auxiliary noise vector. 

The values of Y with respect to X represent how a resource node can utilize the extrinsic 

information. A higher curve predicts a faster and more reliable convergence of the information. Z 

values predict how different layers behave when the MPA algorithm converges. 

The following procedure can be used to estimate the transfer functions for layer nodes. In the 

20 easy example of layer nodes with two nodes and no a priori information, the transfer function is 

just Y = X line: (1) At each of the layer nodes (6 in this example), set the power level for each 

edge in the factor graph, based on the power setting of the layer node linked to that resource 

node. The details of how to set the power levels are explained in the appendix; (2) Set an 

auxiliary noise level range (N1) to model different levels of input extrinsic information. When 

25 N1  is very large, no extrinsic information is available. Very small auxiliary noise levels mean 
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entry in the vector; (4) For each layer, select one of the constellation set according to the 

constellation probability (1/4 for each of the 4-point in the constellation in this example) ; (5) For 

each resource node, generate the received Gaussian noise based on the channel noise level N0; (6) 

For each edge at each resource node, using the power settings of step 2 and the selected auxiliary 

5 noise level Nt, generate a 4-tuple set of probabilities as explained in the appendix; (7) Find the 

average input extrinsic information for all edges at the factor graph, then store it as X; (8) 

Perform the 4-touple output extrinsic probability for each of the edges in the factor graph. In this 

example, 12 output extrinsic information values are generated; (9) Find the output extrinsic 

information given by each of the 4-tuple probabilities, then store it as Y1 to YL. L = Kdf is the 

10 number of edges in the factor graph (12 in the example); (10) Repeat steps 4 to 9 for many times 

(1000 as an example); (11) Average the input information (X) and the output information (7) 

over all repetitions. Store it into X and Yt to YL; (12) For each of the variable nodes, combine the 

output extrinsic information (as explained in the appendix) to find the output extrinsic 

information Zt to Zj, where / is the number of layers; (13) Repeat steps 4 to 12 for all the values 

15 of the auxiliary noise vector. 

The values of Y with respect to X represent how a resource node can utilize the extrinsic 

information. A higher curve predicts a faster and more reliable convergence of the information. Z 

values predict how different layers behave when the MPA algorithm converges. 

The following procedure can be used to estimate the transfer functions for layer nodes. In the 

20 easy example of layer nodes with two nodes and no a priori information, the transfer function is 

just Y = X line: (1) At each of the layer nodes (6 in this example), set the power level for each 

edge in the factor graph, based on the power setting of the layer node linked to that resource 

node. The details of how to set the power levels are explained in the appendix; (2) Set an 

auxiliary noise level range (N-L) to model different levels of input extrinsic information. When 

25 Nt is very large, no extrinsic information is available. Very small auxiliary noise levels mean 
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perfect extrinsic information (2-bits in the example) is available at the input of the edge. 

Quantize the range of the auxiliary noise level into a vector. Continue the procedure with the first 

entry in the vector; (3) For each layer, select one of the constellation set according to the 

constellation probability (1/4 for each of the 4-point in the constellation in this example) ; (4) For 

5 each edge at each layer node, using the power settings of step 2 and the selected auxiliary noise 

level N1, generate a 4-tuple set of probabilities as explained in the appendix; (5) Find the average 

input extrinsic information for all edges at the factor graph and then store it as X; (6) Perform the 

4-touple output extrinsic probability for each of the edges in the factor graph. In this example, 12 

output extrinsic information values are generated; (7) Find the output extrinsic information given 

10 by each of the 4-tuple probabilities, then store it as Y1  to YL . L = Kdf  is the total number of edges 

in the factor graph (12 in the example); (8) Repeat steps 3 to 7 for many times (1000 as an 

example); (9) Average the input information (X) and the output information (Y) over all 

repetitions. Store it into g and fIi  to fIL ; (10) Repeat steps 3 to 9 for all the values of the auxiliary 

noise vector. 

15 The values of Y with respect to X represent how a layer node exchanges the information among 

the edges in the same layer node. A higher curve predicts a faster and more reliable convergence 

of the information. Since the input extrinsic information for a layer node is the output of a 

resource node and vice versa, usually, the EXIT chart for these nodes is mirrored along the 

Y = X line. 

20 Regarding EXIT chart evaluation and performance prediction. The following description relates 

to the EXIT chart evaluation methodology, and in some instances to EXIT chart evaluation 

methodology for a simple code with an example factor graph. In the following, the channel is 

assumed to be a SISO AWGN with SNR of 8 dB. 
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Regarding EXIT chart for LDS. In LDS, the constellation points are simply taken from the 

0 1 —1 0 i 0 

QPSK points and the signatures are as following: Si  = 1 0 	i 	0 0 —1 
0 —1 0 i 0 1 
i 0 0 —1 1 0 

For code signature 1, the extrinsic transfer functions for the resource nodes of LDS are shown in 

the following curves. As can be seen in the FIG. 13, the output information at all nodes are the 

5 same. This is not surprising as all the edges in LDS experience the same constellation and power 

level. As mentioned before, the transfer function for a layer node with two edges is just 

exchanging the information (i.e. Y = X line). This curve collides with Y = X line at about 1.2 

bits suggesting that with very large LDS, the code will converge to about 1.2 bits of information 

per edge. The convergence of the information is shown by the arrows in the EXIT chart as the 

10 information is exchanged between function and layer nodes. One should note that such 

assumption does not hold for a code consisting of only 4 resources and 6 layers. FIG. 14 shows 

the output information for the same extrinsic information. 

FIG. 14 shows the output information at the output of the layer nodes. For a very large LDS, the 

extrinsic information at the edges would rise up to 1.2 bits, which suggest that the information at 

15 the output would be as high as 1.6 bits for the SNR of 8 dB and therefore a code rate of less than 

0.8 should suffice for decoding. Note that in the SNR of 8 dB the capacity for each link is 1.9132 

bits which is only 20% higher than the predicted rate by the EXIT chart. Again, such assumption 

does not hold here. 
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20 The curves in FIGS. 15-16 express the EXIT charts. We can note that the EXIT chart predicts the 

extrinsic information to grow to around 1.5 bits per edge and the output information to around 

37 

10 

15 

WO 2014/075637 PCT/CN2013/087311 

Regarding EXIT chart for LDS. In LDS, the constellation points are simply taken from the 

QPSK points and the signatures are as following: Sj 
0 1 -1 
1 0 i 
0-10 
i 0 0 

0 
0 

i 

0 -
i 0 1 
-110 

0 1 

For code signature 1, the extrinsic transfer functions for the resource nodes of LDS are shown in 

the following curves. As can be seen in the FIG. 13, the output information at all nodes are the 

same. This is not surprising as all the edges in LDS experience the same constellation and power 

level. As mentioned before, the transfer function for a layer node with two edges is just 

exchanging the information (i.e. Y = X line). This curve collides with Y = X line at about 1.2 

bits suggesting that with very large LDS, the code will converge to about 1.2 bits of information 

per edge. The convergence of the information is shown by the arrows in the EXIT chart as the 

information is exchanged between function and layer nodes. One should note that such 

assumption does not hold for a code consisting of only 4 resources and 6 layers. FIG. 14 shows 

the output information for the same extrinsic information. 

FIG. 14 shows the output information at the output of the layer nodes. For a very large LDS, the 

extrinsic information at the edges would rise up to 1.2 bits, which suggest that the information at 

the output would be as high as 1.6 bits for the SNR of 8 dB and therefore a code rate of less than 

0.8 should suffice for decoding. Note that in the SNR of 8 dB the capacity for each link is 1.9132 

bits which is only 20% higher than the predicted rate by the EXIT chart. Again, such assumption 

does not hold here. 

For LDS with signature 2 as follows:S2 = 

0 1 
jn 

e 3 0 
j2n 

e~ 0 
jn 

e 3 0 1 0 0 
j2n 

e~ 

0 
j2n 

e~ 0 
jn 

e 3 0 1 
j2n 

-e~ 0 0 1 
jn 

e 3 0 

20 The curves in FIGS. 15-16 express the EXIT charts. We can note that the EXIT chart predicts the 

extrinsic information to grow to around 1.5 bits per edge and the output information to around 

37 



WO 2014/075637 
	

PCT/CN2013/087311 

1.8 bits, which is 6% away from capacity. As mentioned before, the assumptions of large code 

and independent streams do not hold here. 

5 

With respect to an EXIT chart for SCMA. There are many parameters affecting the performance 

of SCMA. Those include the complex constellation selection, effect of phase optimization, 

selecting the right permutation, assigning different resource nodes to layer nodes, etc. In the 

following we study the effect of those elements. 

With regards to the effect of phase and conjugate operators. The following uses the optimized 

multi-dimensional constellation to evaluate the EXIT chart. For each resource node with three 

edges, four options are possible: (i) all three edges are selected from the first row in the 

10 constellation matrix, (ii) two edges from the first row and one from the second one, (iii) two 

from the second row and one from the first one, and (iv) all three edges are from the second row. 

Here we represent these resource nodes by types Ti, ..., T4. 

The extrinsic information transfer function for these four types of resource nodes without or with 

phase/conjugate optimizations are shown in FIG. 17 and FIG. 18, respectively. 

15 From these figures, the following conclusions can be drawn: (1) The output extrinsic information 

at the output of resource nodes is higher when the phase/conjugate operators are optimized. This 

is even more observable when there is little extrinsic information available for the other layers 

(i.e. the left part of the curves); (2) This results in a better convergence of the MPA algorithm 

with optimized phase and conjugate; (3) For nodes that all the constellation points are from the 

20 same row (i.e. types Ti  and T4, the difference are higher; (4) The output extrinsic information for 

edges using the first row of constellations is higher than the other ones. This is due to the fact 

that more power is transmitted over those links; (5) At the right hand of the curves, where there 

is perfect information about the interference at the resource node, all that matters is the power 

assigned to that link. 
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constellation matrix, (ii) two edges from the first row and one from the second one, (iii) two 

from the second row and one from the first one, and (iv) all three edges are from the second row. 
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is perfect information about the interference at the resource node, all that matters is the power 

assigned to that link. 
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Regarding link-level evaluation. The link-level simulation results are shown to justify the 

proposed design methodology for SCMA and LDS. In addition, the performance of the designed 

5 

SCMA and LDS codes are compared with the best LDS signatures already exist. Throughout the 

whole simulation results presented below, the basic parameters as set as following: N = 2, 

K = 4,J = 6, d f  = 3. 

Regarding the effect of constellation for SCMA. For a given real domain multidimensional 

constellation, the impact of the dimension power variation of the complex domain constellation 

is shown in FIGS. 19a-b. As shown in FIGS. 19a-b, a higher power variation improves the 

overall performance. 

10 Regarding the effect of permutation operator on SCMA. The impact of the permutation operator 

on the performance of an SCMA code is presented in FIG. 20. These results confirm that the 

interfering polynomials should have as many as possible number of monomials to take advantage 

of the dimensional power variation of the mother constellation by increasing the near-far effect at 

the resource nodes. 

15 Regarding the effect of phase/conjugate operators for SCMA. FIG. 21 illustrates the impact of 

phase/conjugate operators on the performance of an SCMA code. In general, the impact of 

operator optimization is positive, but for this particular case the gain is not very high. 

As explained before there are two approached to optimize the phase/conjugate operators: (i) pair-

wise optimization, and (ii) superposition optimization. FIG. 22 compares these two criteria. 

20 According to this figure, two approaches might tend to different behavior of the designed codes. 

The code which is designed based on the pair-wise criterion shows more uniform performance 

across the different multiplexed users. 

Regarding the Impact of operator allocation for SCMA. Allocation of the optimized operators to 

the interfering layers of a resource node is an issue which cannot be clearly addressed. For the 

25 underlying SCMA code, there are 16 different allocation options. FIG. 23 compares the 
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performance of the 16 options in terms of overall goodput. Fortunately, the operator allocation 

shows a negligible impact on the ultimate performance of SCMA code. As mentioned before, the 

optimized phase/conjugate operators can be randomly or in a manual order allocated to the 

interfering layers. 

5 Regarding the Effect of real domain unitary operation for SCMA. A unitary matrix can be 

applied on the real domain multi-dimensional constellation to change the dimensional properties 

of the points while maintaining the multi-dimensional (such as minimum distance of the 

constellation points) properties of the constellation unchanged. Dimensional power variation is 

an example of dimensional property of the multidimensional constellation. Also, minimum 

10 distance of the points over each dimension set is another dimensional property.. In the example 

shown in FIG. 24 a real unitary matrix is applied to the real domain multi-dimensional 

constellation to maximize the maximum distance of the points in each dimension set while 

maintaining the minimum distance of each dimension set more than 0.1. The unitary matrix is 

optimized by a random search. Clearly, the real domain unitary matrix operator can improve the 

15 overall performance of an SCMA code. 

Regarding the Comparison of SCMA codes in terms of overall goodput. 	The overall sum 

goodput of the SCMA codes and the impact of the different optimization parameters are shown 

in FIG. 25. Comparison of the goodput curves confirms the efficiency of the multi-stage 

optimization approach proposed in this report. 

20 Regarding the Signature optimization for LDS. One example of conventional LDS signatures can 

be found in "Multiple Access with Low-Density Signatures," Huawei Technologies Sweden, 

IEEE GLOBECOM 2009, which is incorporated herein by reference as if reproduced in its 

entirety. 	The goodput performance of the optimized LDS signatures (of this disclosure) and the 

conventional LDS signatures (found in the above mentioned IEEE article) are compared in FIG. 

25 26. As opposed to SCMA, the impact of phase allocation is clearly huge by comparing allocation 
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effect for the pair-wise optimized phases. With a good operator allocation, both superposing and 

pair-wise optimization criteria almost perform identically. 

Table 3. Post-processing noise and signal power of different LDS signatures 
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5 The reason behind the behavior of the signatures can be explained based on their corresponding 

noise/signal processing as listed it Table 3. This table can predict the relative performance of the 

users of a signature matrix. For example, for the first signature set with a bad performance, the 

noise/signal analysis predicts that UE2 and 5 have the best performance with the highest post- 

processing signal power and the lowest noise power. Meanwhile, UE 1 and 6 should have poor 

10 performance due to their lowest post-processing SINR. This predication can be confirmed by the 

link-level simulation results shown in FIG. 27(a). 

According to the table, Branislav signatures have more uniform signal/noise distribution across 

the layers but still UE 3 outperforms the other UEs as also can be seen in FIG. 2 7(b). By 

comparing these two signature sets, one can conclude that a signature set provides better goodput 

15 performance if there is no big differences among the signal/noise power levels of the layers. As a 

general concept of SIC detection, a minor difference between the layers can help to improve the 

performance of a SIC detection but a large difference tends to a performance loss as shown for 

the first signature set. 
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The impact of the phase allocation of the performance of LDS can be seen in Table 3 and FIGS. 

28(a)-(b) for the pair-wise optimized phases. With a good phase operator allocation, the post-

processing signal/noise power levels of the signature set are balanced and hence the overall 

performance is improved. 

5 Regarding the Performance of SCMA vs. LDS. In theory SCMA should outperform LDS due to 

the shaping gain of the multi-dimensional constellation. However, the potential gain is feasible if 

the optimal or near-optimal SCMA code is feasible with a reasonable design approach. FIG. 29 

compares the performance of Branislav LDS as the baseline with our best SCMA and best LDS. 

Our both LDS and SCMA solution outperform the baseline but the gain of SCMA over best LDS 

10 is not noticeable, for this particular example. SCMA as a new multiple-access modulation 

approach is propped which has the advantages of CDMA and LDS as well as some potential gain 

of complex domain coding gain. Even though the structure of the code is well defined, the design 

and optimization of the code is a channeling part. A sub-optimal design methodology is proposed 

here based on a multi-stage optimization approach. In addition, a fast and efficient evaluation 

15 methodology is developed based on EXIT chart technique to design SCMA codes. 

It is shown that LDS is a special simplified case of the SCMA structure. Consequently, the 

developed design methodology of SCMA is reused to design LDS signatures is a systematic 

manner. The simulation results provided illustrate the efficiency of the design approach for both 

SCMA and LDS. 

20 Regarding the EXIT Chart Modeling. Belief propagation algorithm rely on convergence of the 

belief among nodes as the information is passed back and forth between the nodes in a graph 

such as LDPC, turbo code, LDS, etc. extrinsic information transfer (EXIT) chart is introduced by 

Stephen ten Brink (2001) and developed by many others to design, predict the performance and 

compare different codes. In an exit chart, the average belief after each node as a function of the 
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SCMA and LDS. 

20 Regarding the EXIT Chart Modeling. Belief propagation algorithm rely on convergence of the 

belief among nodes as the information is passed back and forth between the nodes in a graph 

such as LDPC, turbo code, LDS, etc. extrinsic information transfer (EXIT) chart is introduced by 

Stephen ten Brink (2001) and developed by many others to design, predict the performance and 

compare different codes. In an exit chart, the average belief after each node as a function of the 
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average belief entered to the same node for given intrinsic information is described and predicts 

whether the iteration results in better understanding of the encoded information. 

Regarding the EXIT chart Modeling, to find the transfer function for any node, one needs to 

model the extrinsic information passed to the node with a reasonable statistical model and then 

5 examine the statistics of the output information at the output of the node. An SCMA decoder 

consists of layer nodes and resource nodes. The resource nodes also receive intrinsic information 

due to the received complex signal passed through the channel. The extrinsic information passed 

to each node for both layer and resource nodes consists of the N-tuples of probabilities (with 

N = 4 for 2-bit nodes). The outputs are also of the same structure and the information carried by 

10 those probabilities (over many N-tuples) is simply the entropy defined by those probabilities. In 

the following the procedure for extracting the EXIT chart for each component is examined. For 

simplicity we focus on SCMA matrix consisting of four resource nodes and six layer nodes. We 

assume that each resource node comprises of three symbols and each layer node connects to two 

resource nodes. We also limit the EXIT chart extraction to AWGN SISO channel. Such 

15 restrictions do not limit the generality of the approach. 

Regarding the Modeling Intrinsic Information at Resource Nodes, the input to the resource node 

as the extrinsic information is the received complex signal which comprises of the superposition 

of the three transmitted signal plus AWGN. To model that, for each input instance, three input 

tuples of size 2 bits are randomly generated. Then the received signal assuming a given SNR is 

20 calculated. The variance of the noise is No  = P/SNR, where P is the total transmit power and 

SNR is the given fixed SNR. 

Regarding the EXIT chart Modeling 4-tuples Extrinsic Probabilities for Resource Nodes, the 

extrinsic information for the resource nodes consists of four probabilities constrained to a 

summation on one and correlated with the actual transmitted point. Here, for each point in the 

25 constellation, we model its probability with the probability out of a BPSK transmission over 
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AWGN model. For this purpose, we assume we have an AWGN channel with transmit power P 

associated with the power the arriving extrinsic information and noise power Ni. One should 

notice that value of N1  has nothing to do with the actual noise power at the channel and is only a 

tool to generate N-tuples of SNR with different levels of information. As for the transmitted 

5 power P, we will discuss it later. A larger noise power in the model results in a lower level of 

information at the input and vice versa. 

For all the N points in the constellation, we generate a binary transmission over an AWGN 

channel. For the actual transmitted point (the one point that is transmitted when modeling the 

intrinsic information), we assume +1 is transmitted and for all other N —1 points, we assume 

10 
ITL)  4y

, is 	 Therefore, 	LLR 	from 	 is —1 	transmitted. 	the 	resulting 	the actual transmitted point 	= 
Ni 

where y is VT3  + n for the actual transmitted point and —V  + n for all other points. This gives 

us a vector of LLRs with size N. Each LLR can then be transformed in to probability as = 

i 
The 	 The i÷e LLR . 	resulting probabilities are then normalized to meet the sum constraint. 	entropy 

represented by these probabilities is described by E —p log2  p. Finally, by repeating this 

15 procedure over many realizations of probabilities, the average extrinsic information at the input 

of the resource nodes is determined. The average extrinsic information is then 

log2  M + EtE p log2  O. Please note that for a resource node connected to three layer node, the 

extrinsic information level are not necessarily the same and one can assign different noise levels 

(N1) to the model described here. However, since the extrinsic information for one link is not a 

20 function of the information arriving from the same link, focusing on one link as the output, we 

need to generate the extrinsic input for the other two only. In other words, the EXIT chart for one 

specific output for a given SNR at the channel is a function with two inputs and one output. 

However, for simplicity of EXIT chart visualization, we use the same noise level at the input and 

use the average information of the inputs as the average input information. 
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of the resource nodes is determined. The average extrinsic information is then 

log2 M + E{Zp log2 p}. Please note that for a resource node connected to three layer node, the 

extrinsic information level are not necessarily the same and one can assign different noise levels 

(N-L) to the model described here. However, since the extrinsic information for one link is not a 

function of the information arriving from the same link, focusing on one link as the output, we 

need to generate the extrinsic input for the other two only. In other words, the EXIT chart for one 

specific output for a given SNR at the channel is a function with two inputs and one output. 

However, for simplicity of EXIT chart visualization, we use the same noise level at the input and 

use the average information of the inputs as the average input information. 



WO 2014/075637 	 PCT/CN2013/087311 

Regarding the EXIT chart Modeling 4-tuples Extrinsic Probabilities for Layer Nodes. Layer 

nodes in SCMA have no intrinsic information unless non-uniform constellation probability 

distribution is used. Other than that the generation of the input information is the same as what 

just described for resource nodes. However, the very structure of the layer nodes makes 

5 prediction of the behavior easier. In a layer node with M links, each link at the output combines 

the information at the input of all other links. For a Gaussian input, it just reduces to MRC which 

means the output SNR at each link is the sum of the input SNR at each link. In other words, one 

can assume that the power at the output of each node is the summation of the input power for all 

other nodes. This phenomenon is used for assigning the power at the input of the model for 

10 resource nodes. 

With this model, we do not need to explicitly describe the EXIT chart of a layer node, and for a 

2-link layer node, the output extrinsic info for each node, is the input extrinsic info for the other 

node and vice versa. 

Regarding the Model for Power Assignment for Resource Node Input. As described earlier, the 

15 complete EXIT chart for each node is a multi-dimensional function. In order to represent it by a 

one-dimensional function one should assume a relationship between different inputs to the node. 

Here, we use power assignment for different links to differentiate between them. For example, if 

different users have different signal powers, this can be reflected in the power assignment for the 

inputs to a resource node. It was mentioned earlier that the input to the resource node is the 

20 output of the layer nodes and the EXIT function to that is the sum of the power for all other 

components in the signature to that user. Therefore, one can assign the transmit power for 

different inputs based on the power allocated for all other constellation points for that stream (not 

including the one in question) and differentiate between the users in the same resource node. 

Regarding the Model for Power Assignment for Layer Node Input. The extrinsic information 

25 coming out of a resource node is a function of many things, but the most important factor is its 
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25 coming out of a resource node is a function of many things, but the most important factor is its 
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power per that layer in that resource. Therefore, the power allocation for the input of a layer node 

is simply proportional to the power of that layer in the corresponding resource. 

Regarding the Probability Combining at Layer Nodes. The outcome of the MPA for SCMA is 

the N-tuple probabilities at the layer nodes. This is done by multiplying all the extrinsic 

5 information probabilities at the layer node and normalizing it to a sum of one. To model this, we 

model the system with parallel binary symmetric channels. For each link to the layer node, the 

extrinsic information is modeled by the information received from M = log2  (N) parallel BSC 

with capacity equal to C1  = I //m  where I is the total information at the output of the lth 

corresponding resource nodes attached to the layer node. When the layer node is connected to 

10 multiple links, we model it by having parallel independent BSC channels. The capacity of this 

channel is given by the following, assuming that there are L parallel links each with error 

probability of 0 < Pi < 1/2  , 1 = 1, ... , L, where Ci  = 1 + Pi loge (Pi) + c///0.92 (c//), and 

ch = 1  — pi 

-1 	 L 

15 

C = —M 

where 

nli, 
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and aim  is the bit in the lth position of L -bit binary representation of m = 

FIG. 30 is a block diagram of a processing system that may be used for implementing the devices 

and methods disclosed herein. Specific devices may utilize all of the components shown, or only 

a subset of the components, and levels of integration may vary from device to device. 

Furthermore, a device may contain multiple instances of a component, such as multiple 

20 processing units, processors, memories, transmitters, receivers, etc. The processing system may 

comprise a processing unit equipped with one or more input/output devices, such as a speaker, 
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power per that layer in that resource. Therefore, the power allocation for the input of a layer node 

is simply proportional to the power of that layer in the corresponding resource. 

Regarding the Probability Combining at Layer Nodes. The outcome of the MPA for SCMA is 

the N-tuple probabilities at the layer nodes. This is done by multiplying all the extrinsic 

5 information probabilities at the layer node and normalizing it to a sum of one. To model this, we 

model the system with parallel binary symmetric channels. For each link to the layer node, the 

extrinsic information is modeled by the information received from M = log2(iV) parallel BSC 

with capacity equal to Ct = ^ where It is the total information at the output of the Ith 

corresponding resource nodes attached to the layer node. When the layer node is connected to 

10 multiple links, we model it by having parallel independent BSC channels. The capacity of this 

channel is given by the following, assuming that there are L parallel links each with error 

probability of 0 <Pi< V2'^ = — where Cx = 1 + Pilog2(p{) + <Jilog2(qi), and 

Vi = 1 - Pi 

f2L—1 L \ c=~M ZXmiog2(^}+Z(l"Ci)) \m=0 1=1 J 

where 

nL r.^~alm ~alm I r~TL rlalm 
_ l=lHi Pi "T 1 li=l Hi Pi 

Am ~ 2 

15 and aLm is the bit in the Zth position of L-bit binary representation of m = 0,... ,2L — 1. 

FIG. 30 is a block diagram of a processing system that may be used for implementing the devices 

and methods disclosed herein. Specific devices may utilize all of the components shown, or only 

a subset of the components, and levels of integration may vary from device to device. 

Furthermore, a device may contain multiple instances of a component, such as multiple 

20 processing units, processors, memories, transmitters, receivers, etc. The processing system may 

comprise a processing unit equipped with one or more input/output devices, such as a speaker, 
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microphone, mouse, touchscreen, keypad, keyboard, printer, display, and the like. The 

processing unit may include a central processing unit (CPU), memory, a mass storage device, a 

video adapter, and an I/O interface connected to a bus. 

The bus may be one or more of any type of several bus architectures including a memory bus or 

5 memory controller, a peripheral bus, video bus, or the like. The CPU may comprise any type of 

electronic data processor. The memory may comprise any type of system memory such as static 

random access memory (SRAM), dynamic random access memory (DRAM), synchronous 

DRAM (SDRAM), read-only memory (ROM), a combination thereof, or the like. In an 

embodiment, the memory may include ROM for use at boot-up, and DRAM for program and 

10 data storage for use while executing programs. 

The mass storage device may comprise any type of storage device configured to store data, 

programs, and other information and to make the data, programs, and other information 

accessible via the bus. The mass storage device may comprise, for example, one or more of a 

solid state drive, hard disk drive, a magnetic disk drive, an optical disk drive, or the like. 

15 The video adapter and the I/O interface provide interfaces to couple external input and output 

devices to the processing unit. As illustrated, examples of input and output devices include the 

display coupled to the video adapter and the mouse/keyboard/printer coupled to the I/O interface. 

Other devices may be coupled to the processing unit, and additional or fewer interface cards may 

be utilized. For example, a serial interface such as Universal Serial Bus (USB) (not shown) may 

20 be used to provide an interface for a printer. 

The processing unit also includes one or more network interfaces, which may comprise wired 

links, such as an Ethernet cable or the like, and/or wireless links to access nodes or different 

networks. The network interface allows the processing unit to communicate with remote units 

via the networks. For example, the network interface may provide wireless communication via 

25 one or more transmitters/transmit antennas and one or more receivers/receive antennas. In an 
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