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Description

Title of Invention

RECEIVER METHOD, RECEIVER, TRANSMISSION METHOD, TRANSMITTER, AND
TRANSMITTER-RECEIVER SYSTEM

Technical Field
[0001] The present patent proposes for designing receive methods, receive apparatus,

transmitting method, transmitting apparatus, and transmitter-receiver systems.

Background Field

[0002] There are many kinds of techniques about communication systems; These techniques
have also led to technical changes in communication; The inventor has been proposed a
transmitter-receiver system using time-division and frequency-division schemes (e.g., Patent
list[1]-[6] and Non-Patent list[1]-[32]):

Citation List

Patent Literature

[0003]

References

[1]JT2016-189500

[2] W02012/153732 Al

[3] W02014/034664A1

[4] WO2013/183722 Al

[5]JP2016-189501A

[6] JP2016-189502A

[7]1JP2013-251902A

[8] JP2012-170083A

Non-Patent Literature

[0004]

References

[1] D. Gabor, "Theory of Communication", in Proc. Inst. Elect. Engr,, pt. lll, 93, 429-41, 1946
[2] D.Gabor, "Lectures on communication theory", in Technical Report., No., 238. Research
Laboratoty of Electronics, Massachusettes Institute of technology Cambribge, 1-48, 1952.
[3] LW.Couch,ll,Digital and Analog Communication Systems, 8th Ed.," Pearson, 2013.

[4] G.B.Folland,Harmonic Analysis in Phase Space, Annals of Mathematics Studies Princeton

Univ. Press, 1989.



10

15

20

25

30

35

[5] Howe,R. On the role of the Heisenberg groups in harmonic analysis," Bulltein of the
American Mathematical Society, 3-2,821-840(1980)

[6] Rosenberg,l). A selective history of the Stone-von Neumann theorem, Contemporary
Mathematics, 365. American Mathematical Society(2004)

[7] .Daubechies, Time-frequency localization operators: a geometric phase

space approach," IEEE Trans.Information Theory,34- 4,605-612,1988.

[8] I.Daubechies, The wavelet transform, time-frequency localization and signal analysis," IEEE
Trans.Information Theory, 36-5,961-1005,1990.

[9] B.Le.Floch,M.Alard & C.Berrou, "coded OFDM: Coded Orthgonal Frequency Division
Multiplex," Proc.of IEEE,83-6,982-996, 1995.

[10] P.Siohan,C.Sciclet,& N.Lacaille, "OFDM/OQAM: Analysis and Design of OFDM/ OQAM
Systems, based on Filterbank Theory," IEEE,Trans.Sig.50-5,1170-1183,May,2002.

[11] Sciclet,C.,Siohan,P. & Pinchon,D. Perfect reconstruction conditions and design of
oversampled DFT-based transmultiplexers, EURASIP J. on Applied Signal Processing,2006,Article
ID 15756,1-14,2006.

[12] B.F.Boroujeny, "OFDM Versus Filter Bank Multicarrier," IEEE Signal Processing Magazine,
28-3,92-112,2011.

[13] P.PVaidyanathan, "Multirate Systems and Filter Banks," Prentice-Hall, 1993.

[14] J.Ville,"Theorie et application de la notion de signal analytique," Cables et
transmission,no.2,pp.61-74.1948.(J.Ville:"Theory and Applications of the notion of complex
signal", translated from the French by 1.Stein,T-92,8-1- 58,U.S.Air Force Project Rand, 1958)
[15] P.M.Woodward, Probability and Information Theory, with Applications to Radar, Pergamon
Press, New York, 1953.

[16] C.H. Wilcox,"The synthesis problem for radar ambiguity function," MRC Technical Report,
No. 157,pp.1-46.Mathematics Reaearch Center, U.S.Army, Univ. Wisconsin,Madison, 1960.
[17] L.Auslander and R.Tolimieri, "Radar Ambiguity Functions and Group Theory, SIAM
J.Math.Anal., 16-3, 577-601, 1985.

[18] C.W.Helstrom,Elements of Signal Detection and Estimation," PTR Prentice-Hall, 1995.
[19] N.Levanson and E.Mozeson,"Radar Signals," Wiley interscience, 2004

[20] Sakurai,).J.Modern quantum mechanics, S.F. Tuan editor, Rev.ed., Addison-Wesley
Pub.Comp.1994.

[21] J.von Neumann,The Geometry of Operators, vol.ll (Ann.Math.Studies,no.22),1950.

[22] Youla, D.C Generalized image restoration by the method of alternating orthogonal
projections,/EEE Trans. Circuits and Systems, CAS-25-9, 694-702,1978.

[23] Stark,H., Cahana, D.& Webb, H. Restoration of arbitrary finiteenergy optical objects from
limited spatial and spectral information,J.Opt.Soc.Amer., 71-6,635-642, 1981.



10

15

20

25

30

35

[24] Kohda,T., Jitsumatsu,Y.& Aihara,K. Separability of time-frequency synchronization,
Proc.Int.Radar Symp., 964-969,2013.

[25]T.Kohda,Y Jitsumatsu, and K. Aihara, "Gabor division/spread spectrum system is separable
in time and frequency synchronization," Proc. VTC 2013 Fall, 1-5,2013.

[26]Y.Jitsumatsu, T.Kohda, and K.Aihara, "Spread Spectrum-based Cooperative and individual
time-frequency synchronization," Proc. (ISWCS), 1-5 2013.

[27]Jitsumatsu,Y.,Kohada,T. &Aihara,K. Delay-Doppler space division-based multiple-access
solves multiple-target detection, Jonnsson,M.,et al,(eds.) MACOM2013, LNCS8310,Springer,39-
53,2013

[28]T.Kohada, Y.Jitsumatsu ,and K.Aihara, "Recovering noncoherent MPSK signal with unknown
delay and Doppler using its ambiguity function," 4th International workshop on recent
Advanced in Broadband Access NetWork, (RABAN2013), 251-256,2013.

[29] T. Kohda, Y.Jitsumatsu and K.Aihara "Phase-tuned layers with multiple 2D SS codes realize
16PSK communication," 2014 2014 IEEE Wireless Commun. Networking Conference, WCNC
2014,469-474 (2014).

[30] Jitsumatsu,Y.& Kohda,T. Digital phase updating loop and delay-Doppler space division
multiplexing for higher order MPSK, Jonnsson,M.,et al,(eds.)MACOM2014,
LNCS8715,5pringer,1-15,2014.

[31] T. Kohda, Y. Jitsumatsu, and K. Aihara, "Frequency-division spread spectrum makes
frequency synchronisation easy," Proc. IEEE Globecom 2012, 3952-3958, 2012.

[32] T. Kohda, Y. Jitsumatsu, and K. Aihara, "Frequency synchronisation using SS technique,"
Proc. The ninth Int. Sympo. on Wireless Communication Systems, 855-859, 2012.

[33] J.F.Daughman, "Two-dimensional analysis of cortical receptive field profiles," Vision
Research, 20, 846-856, 1980.

[34] J.F.Daughman, "Image analysis by local 2-D spectral signatures," J. Opt. Soc. Amer. (A), 2, p.
P74, 1985.

[35] J.F.Daughman, "Complete Discrete 2-D Gabor Transform by Neural Networks for Image
Analysis and Compression," IEEE Trans. Acoustics, Speech and Signal Processing, 36-7, 1169-
1179, 1988.

[36] Movella, Javier R. "Tutorial on Gabor filters". Archived from on 2009-04-19, Retrieved
2008-05-14.

[37] Hans G. Feichtinger and Thomas Strohmer: Gabor Analysis and Algorithms, Birkhauser,
1998.

[38] Jones, J.P. and Palmer, L.A. "An evaluation of the two-dimensional gabor filter model of

simple receptive fields in cat striate cortex". J. Neurophysiol. 58(6): 1233-1258. 1987



10

15

20

25

30

35

[39] Tai Sing Lee, "Image representation using 2d Gabor wavelets," IEEE Trans. on pattern
analysis and machine intelligence, 18-10, 1-13, 1996.

[40] W.D.Montgomery,"Optical applications of von Neumann's alternating projection
theorem," Optics Letters, 7-1, 1-3, 1982.

[41] W.D.Montgomery"Restoration of images processing a finite Fourier series," Optics Letters,
7-2,54-56, 1982.

[42] AV.Oppenheim and J.S.Lim, "Importance of phase in Signals," 1980, Proc of the IEEE, 96-5,
529-541,1981

Summary of the invention

Problems to be solved by the invention

[0005] The inventor remarked that the time-frequency shift operator(TFSO) representing the
non-commutative property(NCP) of time-frequency shift(TFS)s in the time-frequency
plane(TFP) plays an imortant role in signal detection and estimation and concluded that the
NCP of the TFSO should be noticed.

[0006] To solve the above problem, in accordance with an embodiment of the present
invention, a proposed method mainly depends on this remark and its aim is to give efficient

receive method, receiver, transmission method, transmitter, and transmitter-receiver system.

Solution to Problem

[0007] To solve the above problem, a method, in accordance with an embodiment of the
present invention, for receiving a signal is a method for receiving a signal, comprising an
estimation step for estimating a time shift and a frequency shift that are embedded in a
received signal, wherein the estimation step refers to a non-commutative time-frequency shift
parameter space of co-dimension 2.

[0008] To solve the above problem, a receiver apparatus in accordance with an embodiment of
the present invention is a receiver apparatus for receiving a signal, comprising an estimation
part for estimating a time shift and a frequency shift that are embedded in a received signal,
with reference to a non-commutative shift parameter space of co-dimension 2.

[0009] To solve the above problem, a method, in accordance with an embodiment of the
present invention, for transmitting a signal is a method for transmitting a signal, comprising a
shift step for time-frequency shifting the signal to be transmitted, with reference to a
noncommutative time-frequency shift parameter space of co-dimension 2.

[0010] To solve the above problem, a transmitter apparatus in accordance with an

embodiment of the present invention is a transmitter apparatus for transmitting a signal,
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comprising a time-frequency shift part for time-frequency shifting the signal to be transmitted,
with reference to a non-commutative time-frequency shift parameter space of co-dimension 2.
[0011] To solve the above problem, a method, in accordance with an embodiment of the
present invention, for receiving an image signal is a method for receiving an image signal,
comprising an estimation step for estimating a space shift and a spatial frequency shift that are
embedded in the received image, with reference to a parameter space, wherein each of the
space shift and the spatial frequency shift has dimension > 2.

[0012] To solve the above problem, a method, in accordance with an embodiment of the
present invention, for transmitting an image signal is a method for transmitting an image
signal, comprising a shift step for space-spatial frequency shifting the image signal to be
transmitted, with reference to a parameter space, wherein each of the space shift and the

spatial frequency shift has dimension > 2.

Advantageous Effects of invention
[0013] The present disclosure enables one to realize an efficient receive method, a receiver, a

transmission method, a transmitter, and a transmitter-receiver system.

Figure Description

[0014] [Fig.1] In accordance with an embodiment of the present invention, this

Fig. shows three kinds of divisions of the time-frequency plane(TFP): (a) indicates time division,
(b) frequency division, and (c) Gabor division [1]. The solid lines in (a) show divisions of data of
time duration T; the thin lines subdivisions by Time Domain(TD)-Phase code(PC); The dotted
lines in (b) show divisions of data of bandwidth F; the dashed lines subdivisions by Frequency
Domain(FD)-PC.

[Fig.2] In accordance with an embodiment of the present invention, this Fig. shows an
illustration of the non-commutative property(NCP) of time and frequency shift(TFS)s: The NCP
is manifested in the expression of the product of the shift operators

Teo " Top = €727y, To0: Its LHS corresponds to the triangle in the figure; the RHS to the square;
the Phase Distortion(PD) e 2™ appears; the circle in the figure shows the Symmetrical Time-
Frequency Shift Operator(TFSO)[26]

[mathematical formula(MF)1]

Trw LT - To,u-

[Fig.3] In accordance with an embodiment of the present invention, a) indicates the Gabor
function located on the TFP and its related issues: a0) shows Gaussian chip waveform gmm(t)
located on the TFP and its Fourier Transform(FT) Gmm(f); a1) indicates the real and imaginary

parts of the TD-template, the combination of gmm/(t) weighted by the FD PC X', : a2) indicates
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the real and imaginary parts of the FD-template, the combination of Gmm(f) weighted by the TD
PC Xm; b) shows NN' Cross-Correlation Function(CCF)s, N' column-sums of values of the TD-
CCFs, and N row-sums of values of the FD-CCFs; c) shows the alternative projection, orthogonal
projecting onto the Time-Limited Time Domain(TL-TD) and onto Band-Limited Frequency
Domain(BL-FD), based on the Alternative Projection Theorem(APT), the estimated

[MF2]

ta: o,

and convergent values tg, fo.

[Fig.4] In accordance with an embodiment of the present invention, this Fig. shows the
Synthesis Filter Bank(SFB) that contains TD-,FD-PCs X, X'n and the m'-th TD-template
[MF3]

ulP[k],0 <m' < N' -1,

and generates the TD signature v[k] in (25),(67).

[Fig.5] In accordance with an embodiment of the present invention, this Fig. shows the SFB
that contains TD-,FD-PCs Xm,X'm and the m'-th FD-template

[MF4]

UEP[,0 <m < N — 1.

and generates the FD signature in (25),(67)

[MF5]

Ve

[Fig.6] In accordance with an embodiment of the present invention, this Fig. shows the SFB
with input, the complex-valued data with address p,p'

[MF6]

{dp.p’ }55;1

generating the associated output, TD-Complex Envelope(CE) in (27), (71)

[MF7]

v[k].

[Fig.7] In accordance with an embodiment of the present invention, this Fig. shows the SFB
with input, the complex-valued data

[MF8]

{dp.-p’ }55;1

generating the output, FD-CE in (27),(71)

[MF9]

O[]
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[Fig.8] In accordance with an embodiment of the present invention, this Fig. shows the Analysis
Filter Bank(AFB) that is an array of N' TD-cross-correlation(CCR)s for decoding the complex-
valued data

[MF10]

{dﬁaﬁ’ };‘::1:1 < Pr < P

[Fig.9] In accordance with an embodiment of the present invention, this Fig. shows the AFB
that is an array of N FD-CCRs for decoding the complex-valued data

[MF11]

{dpp }§;1= 1<p< P

[Fig.10] In accordance with an embodiment of the present invention, a) indicates an array of N'
TD-CCRs, c) an array of N FD-CCRs, and b) an illustration that the maximum likelihood
estimate(MLE)s are obtained by these two types of arrays of CCRs and are alternatively
updated one another by the von Neumann'a Alternative Projection Theorem(APT).

[Fig.11] In accordance with an embodiment of the present invention, this Fig. shows an
illustration of the von Neumann's APT, where Time- Limited Time Domain(TL-TD) and Band-
Limited Frequency Domain(BL-FD) indicate two subspaces of the Hilbert space; The subspace
TL-TD is an L At (or T) TL-TD; The subspace BL-FD is an L Af (or Fs) BL-FD; the arrow in the
figure means the orthogonal projecting onto the associated subspace; This results in getting
the MLE and the cardinal numbers of the CCFs.

[Fig.12] In accordance with an embodiment of the present invention, this Fig. shows a block-
diagram of the system consisted of two alternative transmitters, controlled by switches, that
perform efficient and joint estimation of delay and Doppler with high-precision, with(or
without) being equipped with

[MF12]

M

-ary PSK communication and its transmitter(encoder) capable of jointly estimating delay and
Doppler efficiently and precisely.

[Fig.13] In accordance with an embodiment of the present invention, this Fig. shows a block-
diagram of the system consisted of two alternative receivers, controlled by switches, that
perform efficient and joint estimation of delay and Doppler with high-precision, with(or
without) being equipped with

[MF13]

M

-ary PSK communication and its receiver-synchronizer(decoder) capable of jointly estimating

delay and Doppler efficiently and precisely.
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[Fig.14] In accordance with an embodiment of the present invention, this Fig. shows an
example of the distribution of values of the real part of the CCF as a function of the delay T and
Doppler v of the Main Channel(MC).

[Fig.15] In accordance with an embodiment of the present invention, this Fig. shows an
example of the distribution of values of the real part of the CCF on the delay t-Doppler v space
when the Artificial Channel(AC) is added to the main channel(MC).

[Fig.16] In accordance with an embodiment of the present invention, this Fig. shows the
division of symbol’s time-frequency plane(TFP) using a non-commutative AC-shift parameter
space of co-dimension 2. The division of the TFP S of time duration Ts and bandwidth Fs (i.e.,
the Gabor division): (S©,5®,52,S3)) shows a vertical axis perpendicularly attached to it, with a
scale of non-commutative AC shifts

[MF14]

k650, D, €5)), R, 6), kD, 61)

and their associated 2-D PC codes according to the division

[MF15]

x4,

[Fig.17] In accordance with an embodiment of the present invention, this Fig. shows a division
of the TFP using a non-commutative shift parameter space, where each of ACO-TFP, AC1-TFP,
AC2-TFP, and AC3-TFP is shifted by its associated non-commutative shift.

[Fig.18] In accordance with an embodiment of the present invention, this Fig. shows the block-
diagram of transmitter and receiver apparatuses.

[Fig.19] In accordance with an embodiment of the present invention, this Fig. shows the flow-
chart of signal processing in the transmitter and receiver apparatuses.

[Fig.20] In accordance with an embodiment of the present invention, this Fig. shows the block-
diagram of transmitter and receiver apparatuses.

[Fig.21] In accordance with an embodiment of the present invention, this Fig. shows the flow-

chart of signal processing in the transmitter and receiver apparatuses.

Description of the Preferred Embodiment

[0015] [Embodiment1] In one embodiment of the invention, referring to Figures, the inventor
explains the transmitter-receiver system. The inventor starts by expressing the theoretical
issues behind the proposed method and an example of embodiment. Next, the inventor gives a
correspondence between the proposed method and the content of the scope of claims
described below.

[0016] This disclosure cites several references by referring to patent references and non-patent

references and hence the citation is within this disclosure.
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[0017] These references are listed to cite technical terms and to refer the problems to be
solved and the background, relating to this disclosure. Thus the citation does not affect the
patentability of the present disclosure.

<<Summary of theoretical view points: Communication exploiting the NCP of TFSOs—Designs
of a transmitter capable of jointly estimating delay and Doppler and those of its receiver—>>
[0018] It is not easy to perform synchronization of TD- and FD-Division communication
systems, that are designed to convey data symbol of duration T;and bandwidth F; efficiently.
The radar problem of estimating delay tq and Doppler fp from a received echo signal remains
unsolved. These difficulties come from phase distortion(PD)s

[MF16]

2T Fe

and

[MF17]

ed2pita fo

that are generated by TFSOs and are similar as well-known algebraic relations for the position
and momentum operators in quantum mechanics[4].

The basic purpose of a radar is to detect the presence of an object of interest, called target
detection, and provide information concerning the object's location, motion, and other
parameters, referred to as parameter estimation. So, radars are based on the statistical testing
of hypotheses for signal detection and estimation. The determination of delay and Doppler is
an estimation problem from the PDs containing two unknowns. Neither delay nor Doppler is
sucessfullly detected and estimated with high precision from a noisy received signal without
the help of the Weyl-Heisenberg group(WHG) theory. The description of the invention is
summarized as the following 5 items.

[0019] (summaryl) When one designs a transmit signal, one should treat a signal in the TD and
its Fourier transform(FT), i.e., a signal in the FD symmetrically. In addition, the symmetrical
time and frequency shift operator(TFSO) satisfying time-frequency symmetrical property(TFSP)
is proven to be an operator such that the address of a multiplexed signal is manifested by the
non-commutative property(NCP) of TFSs (cf.(39),(44).(51),(56)).

[0020] (summary2) Time-frequency shifted Gaussian pulses, i.e., Gabor functions by 2-D binary
phase-shift-keying(BPSK) modulation by TD- and FD- PCs of periods N,N' are shown to be useful
for maximum likelihood estimate (MLE)s of parameters tq4, fo among N',N hypotheses in FD- and
TD-likelihood functional(LF)s, respectively.

[0021] TD- and FD-PCs are usually called "2-D spread spectrum(SS) codes (the adjective "SS" is
something of a misnomer) to the contrary, the inventor calls it a 2-D PC for BPSK modulation;

Note that BPSK modulation has two functions: merits and demerits. Many researchers have
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not been really aware of the important roles of BPSK modulation. The present disclosure gives
the pros and cons of the BPSK modulation that have not been noticed as follows.

[0022] The TD-and FD-CEs (27), wideband signals, called "signatures", contain PDs due to the
BPSK modulation. The modulation makes a situation that N TD-template CE of type-3 (29) (or
of type-1 (49)) with its support [0,Ts]x [0,LAf] (or [0,LAt] x [0, Fs]) and N' FD-template CE of
type-4 (33) (or of type-2 (54)) with support [0,LAt] x [0, Fs] (or [0, Ts] x [0,LAf]) are
automatically embedded into these TD-and FD-CEs as indications of matching. Hence these PDs
play an important role in hypotheses-testing by the use of CCRs (see (30), Proposition 4 and
(35), Proposition 5).

[0023] (summary3) Phase information of a signal has not been effectively used in ordinay MLEs
to the contrary, the inventor defines 4 kinds of TD- and FD-cross-correlation function(CCF)s
between a received signal and templates: TD- template CE of type 3 (or of type 1) and FD-
template CE of type 4 (or of type 2) as a kind of optimum receivers. These CCFs are proven to
have rigorous expressions in the product form of the ambiguity function(AF) and several
twiddle factors, defined by a discretized signal of time- and frequency- samplings At, Af =
(LAt)™%, when co-operatively using BPSK modulation with TD- and FD- PCs, and denoted as
[MF18]

W=e "

The PDs due to the NCP of TFSs can be evaluated in the powers of the twiddle factors, i.e., the

summation of the PDs over the chip-address can be rigorously represented in the form of DFT
and IDFT; Thus this expression has a product form of three functions (see (41) in Lemma 2, (45)
in Lemma 4, and (52),(57)). In accordance with an embodiment of the present invention, an
efficient computation by DSP can be guaranteed.

[0024] (summary4) Using the Youla's signal reconstruction method[22], the inventor gives a
proof of the APT-based Phase Updating Loop(PUL) algorithm, defined and introduced in the
patent reference, patent[1].

[0025] First, define Ts (or LAt)-time limited(TL) TD space, Es(or E1) and Fs (or LAf)-band
limited(BL) FD space E4(or E;), as subspaces of the Hilbert space.

Secondly, according to the arrays of N' TD-CCFs and N FD-CCFs, define 4 projection
operator(PO)s orthogonal projecting onto Es(or E1) and onto E4(or E), denoted by Ps(or P1) and
P4(or P2), respectively.

[0026] Thirdly, in accordance with an embodiment of the present invention, the inventor
defines the alternative projection theorem operator(APTO) based on the alternative projection
theorem(APT), defined as

[MF19]

PaF APy F (or PyFIPF 1),

10
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where F14 F4 denote the IDFT,DFT. Fourthly, the inventor gives an expression (59) for updating
MLEs of a gain factor Ae™ of the channel as a function of estimates

[MF20]

fa, fo

and two expressions (60), (61) for updating MLE of

[MF21]

Ta, fo-

Using these three expressions for updating MLEs, the inventor concludes that (tq, fp) are
estimated within the convergence region of the APT operator, i.e., the rectangle of chip-pulse
duration LAt and chip bandwidth LAf with chip and data addresses ((p,p'),p~") and proves that
MLEs

[MF22]

ta, Jo

are estimated within LAtxLAf and its computional complexity order is

[MF23]

O(N + N'),

in place of

[MF24]

O(N - N").

[0027] That is, this APT operator singles out some rectangle in the time-frequency plane(TFP)
and filters out other regions. Such an operator is referred to as a phase-space(or time-
frequency) localization operator[7] and thus plays an important role of filters, in place of
conventional sharp filters usually used in DSP.

[0028] A Gaussian function is not employed in most of communication systems primarily
because it does not satisfy the Nyquist condition. However, several favourable properties of
Gaussians in the TFP are shown to be of benefit to our (tg, fo)-estimation problem and hence
Gaussians are shown to be of crucial importance.

[0029] The PUL algorithm is an iteration for searching (tq, fo) with no restriction of the range of
(tg, fo) if the resource of time duration PTs and bandwidth P'F;, for the data-level address
[MF25]

7= (p,p)

can be available. Accordingly, it is shown that the use of a combination of a transmitter of a 2-D
PC modulated signal of TD-,FD-Gaussian functions and a receiver in which the PUL is
implemented in TD-,FD-CCF arrays makes it possible to provide a communication system which

is capable of high-precision and high-speed parameter estimation. In other words, the use of

11
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the above-described configuration presents a paradigm shift in communication systems
utilizing NCP.

[0030] (summary5) the inventor gives an encoding-decoding system for a high

[MF26]

M

-PSK communication in cooperation with establishing synchronization.

[MF27]

M

-PSK communication is available to an automotive radar capable of both estimating delay-
Doppler and communicating to another object with data. It is not easy to transmit an
[MF28]

M

-PSK signal

[MF29]

exrp (-e27rk)1 0<k<M-1)

M

primarily because the idendification of the phase
[MF30]

- 127
TP "

is difficult in the midst of phase errors and phase noise; but is an important modulation for the

sake of efficient use of radio resources (the number

[MF31]

log, M-bit

is transmitted at once). It is, however, known that the realization of this
modulation/demodulation is difficult.

[0031] To solve this problem, as shown in the lower part (the intermediate block between the
Switches 1-1and 1-2)in Fig.12, the transmitter

1) decomposes an integer("information") k given as

[MF32]
k= jMo+j',j=[5-](= the integer part of 3£-)
= {%}(z the fractional part of MLO),

2) divides the delay-Doppler parameter space, called the target space equally into
[MF33]

M-=1

([ J\/I(j

1+1)

12
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sub-parameter spaces and assigns 2-D PC(TD- and FD-PCs) to each sub-space, where
[MF34]

(M > My).

Furthermore, the transmitter 1) 2-D BPSK modulates a chip pulse by the

[MF35]

M-1

(.0 <i <[5

-th 2-D PC; 2) combines it to form a
[MF36]

M-=1

J+1)

-code-multiplexed signal;
3) time-frequency-shifts the resultant signal(called a signature) about by around the center of
the j-th sub-parameter space, i.e., by the time delay

[MF37]
L)

Cd
and by the frequency delay

[MF38]

&

where

[MF39]

shift (k{7 69

is referred to as the shift of the j-th Artificial Channel(AC);

4) Mo-PSK modulates the time-frequency shifted signature by the j'-th
[MF40]

.,’\/[()

-ary symbol

[MF41]

o
exp (z\;’[rj ) (O<j <My—-1)

and transmits the modulated signal. Consequently, the

[MF42]

(k05"

-shifted signature is again distorted by being passed through the Main Channel(MC) with shifts
[MF43]

(ka, Ip).

13



The inventor designs a CCF between an estimated and received template and a received CE as
follows. As shown in the middle block, connected to the Switch2-1 in Fig. 13, The receiver

1') decomposes an estimate of k

[MF44]

3

as

[MF45]

F=iMo+ 7.5 = ()7 = (55 )

2') 2-D BPSK modulates a chip pulse by the
[MF46]

1

iG0<T <]

el
-th 2-D PC;

3') time-frequency-shifts it by the

[MF47]

-th AC's

[MF48]

shifts (k:f), e{f”);

4') and Mo-PSK demodulates the resultant signal by the
[MF49]

-th

[MF50]

Mo

-ary symbol
[MF51]

em)(ﬂﬁf) (LO<J < Mo —1).

My
The resultant signal is an estimated and received template.
[0032] Maximization of the real parts of N' TD-CCFs and N FD-CCFs using their associated LFs, in
array forms, is performed in terms of the cardinal numbers of the CCFs, as a function of the
chip-level address (p',p) and the data-level address
[MF52]
7= (p,p),
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and a pair of estimated decoding integers of k:
[MF53]

(7.4")-

The receiver 1) chooses the

[MF54]

j
-th 2-D PC from
[MF55]

M-1

S ve

I+1)

2-D PCs; 2) cancels-out the phase of the data d,_, with address
[MF56]

7= (p.p')

by the PSK signal

[MF57]

—i 27?}’
exp Mo )

3) maximizes the real parts of the 2 CCFs based the PUL algorithm, as shown in the lower block,

connected to the Switch2-2, in Fig.13, in terms of
[MF58]

(ka, fp)

and

[MF59]

and 4) obtains the MLE of k

[MF60]

k™ =j3"Mo+ 5.

This is realized by constructing a low

[MF61]

J'MU

-ary PSK-modulation-based encoder-decoder system and combining the system, together with
exploiting

[MF62]

M — 11
J'Vfo

([ +1)

ACs with non-commutative time-frequency shifts. This provides a high
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[MF63]
M
-ary PSK modulation communication system. Namely, this system is capable of being used also
for a synchronizer (or radar) for estimating parameters, in cooperation with decoder of k, from
the output signal of one AC chosen, according to k, from
[MF64]

M—1
M 0

(I J+1)

ACs with non-commutative shifts, each of which is connected to the MC with shifts

[MF65]

(ka, D).

Thus, the multiplexed system using non-commutative AC shifts may be a pradigm shift. Note
that the computational complexity of

[MF66]

M

-ary PSK-demodulation is about

[MF67]

M1
[V[T} + 14 ¢
Vo (A +1

times larger than that of synchronizer (or radar), O(N + N'):

<<Detailed Description of Theoretical Issues of the Patent and Examples of Embodiment of
Communication Systems>>

[0033] In accordance with an embodiment of the present invention, the inventor describes
details of theoretical issues of communication systems and specific examples of an
embodiment of the communication systems.

<1. Background of the Invention>

[0034] One of important problems to be solved in communication is to design a wireless
communication system that can accommodate more traffic within a limited amount of radio
spectrum[1]. Orthogonal Frequency Division Multiplex(OFDM) has been the dominant
technology, as a TD- and FD- division multiplexed system to convey data of time T and
bandwidth F (see Fig.1); but, it has shortcomings that the orthogonality is destroyed due to
time and frequency offsets.

[0035] Fig.1 shows three kinds of divisions of the time-frequency plane(TFP): (a) indicates time
division, (b) frequency division, and (c) Gabor division [1]. The solid lines in (a) show divisions

of data of time duration T; the thin lines subdivisions by Time Domain(TD)-Phase code(PC); The
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dotted lines in (b) show divisions of data of bandwidth F; the dashed lines subdivisions by
Frequency Domain(FD)-PC.

[0036] "Synchronisation" is the first procedure for communication through the channel with tgq,
fo. However, phase distortion(PD)s due to time and frequency shift operator(TFSO) needed to
the TD- and FD-division multiplex

[MF68]

el2m Lk

are followed by the PD of the channel

[MF69]

ei2mlajn

Thus it is not easy to establish synchronisation. Moreover, there is no effective solution to the
problem of estimating tq, fo from an echo signal of radars.

[0037] The inventor first modulates TD-signal and its FT, i.e., FD-signal satisfying the time and
frequency symmetrical property(TFSP) in terms of tg, fp (see Fig.2), by TD- and FD-PCs to design
TD- and FD-signatures.

[0038] Fig.2 shows an illustration of the NCP of TFSs (see [0014]), shows an illustration of the
non-commutative property(NCP) of time and frequency shift(TFS)s: The NCP is manifested in
the expression of the product of the shift operators T.o * To,, = € 2" T, T10: Its LHS corresponds
to the triangle in the figure; the RHS to the square; the Phase Distortion(PD) e ™™ appears; the
circle in the figure shows the Symmetrical Time-Frequency Shift Operator(TFSO)[26]

[MF70]

p def P .
Y;,r/ = e 7;.0' E),r/-

[0039] Secondly, the inventor defines arrays of TD- and FD-CCFs(see Fig.3b), in the form of
AFs[15] as optimum receivers for detecting templates based on the fact that PDs are
embedded into signatures as templates,

[0040] As shown in [27]-[32], patent[1]-patent[6], the proposed estimation method firstly
determines tq, fo and the cardinal numbers of TD- and FD-CCFs maximizing the real parts of TD-
and FD-CCFs; with no advance information about tq, fo and secondly updates estimates of tq, fp
alternatively. Furthermore, it is shown that this method becomes a good solution to the radar
problem. Fig.3a indicates the Gabor function located on the TFP and its related issues: Fig.3a0
shows Gaussian chip waveform gmm(t) located on the TFP and its Fourier Transform(FT) Gmm(f);
Fig.3al indicates the real and imaginary parts of the TD-template, the combination of gmm(t)
weighted by the FD PC X'r,: Fig.3a2 indicates the real and imaginary parts of the FD-template,
the combination of Gmm/(f) weighted by the TD PC X.,; Fig.3b shows NN' Cross-Correlation

Function(CCF)s, N' column-sums of values of the TD-CCFs, and N row-sums of values of the FD-
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CCFs; Fig.3c shows the alternative projection, orthogonal projecting onto the Time-Limited
Time Domain(TL-TD) and onto Band-Limited Frequency Domain(BL-FD), based on the
Alternative Projection Theorem(APT), the estimated

[MF71]

ta. fo,

and convergent values tg, fo.
[0041] The problem of estimating tq, fo from an echo signal is equivalent to that of determing
two unknowns from PDs due to the NCP of TFSs. Hence, this belongs to the category of signal
detection and estimation based on the Weyl-Heisenberg Group(WHG) theory. However, except
Auslander & Tolimieri's remark[17], many radar researchers haven't obtained effective
estimation methods with high precision yet because the NCP of TFSs was not taken into care in
their estimation methods. On the contrary, the invention described in this disclosure is based
on the inventor's belief that the NCP of TFSs only serves to strengthen the efficiency of
communication systems including radars. The wavelet transform[8]. using the time and
frequency shifted function, i.e., the Gabor elementary functions
[MF72]
G (1) def g(t — W.LTC)GQWTJL' Fl(t—mT.)
discusses series representations of the form
[MF73]
ft) = Z A €27 V0 g (4 — 7))

gyl
and is primarily concerned with the coefficients amm' . In wireless communication, the 5G, after
5G candidates:OFDM/OQAM, the filter bank multi-carrier(FBMC), and GFDM [9, 10, 12] have
an interest in designing a multiplexed signal f(t) with information amm to be transmitted and
the elementary pulse g(t). Namely, the primary concern is the shape of g(t) that makes
intersymbol interference(ISl) and interchannel interference(ICl) to zero and the orthogonality
of gmm (t).
[0042] In wireless communication, synchronisation that's resistant to time and frequency
offsets is necessary. However, there are a few attempts to estimate tq, fo. Furthermore, most of
communication engineers considers that the PD due to TFSs mto,m'vg
[MF74]
gimmTom’yy
can be negligible. However, the group theoretic property of the WHG tells us that the PD of the
channel
[MF75]
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etrtafp

is followed by the PD due to TFSs

[MF76]

eimmm’uo

and the PD due to the multi-carrier technique

[MF77]

ei?rm’uotd

arises simultaneously. The mechanism of phase errors arising is not simple.

[0043] One must start by solving the following three themes behind the radar problem. Note
that Linear FM Continuous Wave with a chirp signal, a compressed pulse modulated by pulse of
short time, and its multi-carrier version are used as a transmit signal in conventional radars
[19].

[0044] (themel) The radar problem in range and velocity is essentially a problem of two
unknowns tg, fp; most of receivers is based on searching peaks of the magnitude of complex-
valued ambiguity function(AF) of two variables, called the ambiguity surface or using the AF-
characteristic of a chirp signal, It's a natural belief that when solving the problem relating to a
given function of two unknowns, a way of dealing jointly with (independent) some other
functions of the unknowns may be a better solving method.

[0045] (theme2) The radar problem is suffering from the PD

[MF78]

eli2atafo

due to the NCP of the TFSs. Such a similar situation due to the NCP of position and momentum
operators in quantum mechanics is observed. A chirp pulse sequence of time interval T, and
frequency shift Fp generates a PD

[MF79]

pd27 T Fy.

Furthermore, a communication system multiplxed by non-overlapped superposition of a signal
on the TFP to covey data-symbols of time duration Ts and bandwidth F, through the channel
with tg, fp is causing PD

[MF80]

eI2mtafo

followed by PD

[MF81]
ej‘ZﬁT‘SFE .
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[0046] (theme3) Closely relating to the theme?2, it is not easy to understand a mechanism
whereby PD arises. That is, in communication systems and radars, two shift operators are
usually defined as
[MF82]
S(a)f(t) = f(t+a), M(a)f(t) = e®™ f(t),t € R
and give the NCP, represented as M(v)S(u) = e72™™WS(u)M(v) i.e., the NCP is manifested as the PD
e~2™W in other words, the phase term of the product of two shifts comes from the fact that u, v
are exponentiated. This observation is the same as the mathematical basis for the introduction
of the Heisenberg group in quantum mechanics, proposed by Weyl. Hence such PD is an
important clue to solve the radar or synchronisation problem and is purely symbolic one.
Careful consideration should be given to the exponential function, i.e., e?™, This leads to the
symmetrical TFSO (see Fig.2 and (4), (24)) that is main concern in the present invention.
<2. Symmetrical time-frequency shift operators>
[0047] Let s(t) denote a real-valued pulse, and let & (t) denote the Hilbert transform of s(t).
Then one gets a complex signal, referred to as an analytic signal, defined as v (t) = s(t) +
io(t)[1]. A typical echo signal can be represented in the form
[MF83]
re(tita, fo) = ARp(t — tq)e’—tTe, (1)
where y(t) is the Complex Envelope(CE) of a pulse,
[MF84]
A tq, 0, Q- O =27fp
denote its amplitude, time of arrival, carrier frequency, the phase of its carrier, and a change in
its carrier frequency, called the Doppler shift of the reference carrier Q. = 2nf.. For brevity, let
us assume Q, = 0 for a moment. Let
[MF85]
s
denote the Fourier Transform(FT) and
[MF86]
U(f) = Fli(t)]
denote the FT of y(t), then the FT of re(t; tg, fo) is in the form
[MF87]
Ro(f3ta, fo) = ARFIG(L — La) 200106l = ARY(f — fp)e2rftetic,

(2)
A pair of re(t; tg, fo) and Re(f; tq, fo) is not symmetrical in t4 and fp because the product of
unknowns tq and fp appears only in the TD function (1).

[0048] But it can be represented in a slightly modified form[24, 26]
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[MF88]

Flo(t = ta)e™ 0= = (f — fp)e2rta =5, 3)
If a TD function x(t) and its FD function

[MF89]

X(f) = Flz(t)]

are symmetrical in terms of tq and fp, then this property is called the time and frequency
symmetrical property(TFSP) (see Fig.2 ). Thus one can define a symmetrical time-frequency

shift operators(TFSO) satisfying the TFSP, given as

[MF90]
Tea,poxt) = z(t— l‘,d)ei.':'“'fD(f*%’)7 W
T, X)) = X(f- f)eizntalf—"F)

and get a trivial identity between the two operators

(Property 1 of the symmetrical TFSOs):

[MF91]

Tiota = FTear " (5)

Usually, the time shift operator S(—tq4)x(t) = x(t—tq) and the modulation operator
[MF92]

M(fp)z(t) = e?™Pta(t)

are used. On the contrary, the shifts

[MF93]
tc]

2

in a TD signal x(t) and
[MF94]

o
2

in its FD signal X(f) in (4), hereafter called "half shifts", seem to be a few slight modifications to
usual time-frequency representations of signal:

[MF95]

S(—ta) M (fo)x(t) = x(t — ta)e? o0t

or

[MF96]

M(fp)S(—ta)x(t) = z(t — ta)e /0",

But such half shifts are our intention to get effective representations of a radar signal and its

received one so that their phase factors are fully traced in both the TD and FD as shown below.
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[0049] Proposition 1:The TFSO (4) is identical to von Neumann's canonical commutative
relations(usually abbreviated to CCRs) in quantum mechanics [4, 6] as referred to as the Stone-
von Neumann theorem [5, 4, 25], defined as a two-parameter family of unitary operators S(a,
b) = e"¥212b(a)V (b) with its group-theoretic property, where U(a), V (b) are defined below. T,
and T, are referred to as von Neumann's TFSO s hereafter.

The Heisenberg commutation relation, referred to as the Heisenberg's uncertainty principle, is
given as[4, 5]

[MF97]

[Q,P] = QP — PQ = ih. (6)

Proposition 2: Let us assume that Q and P can be exponentiated to one-parameter unitary
groups U(a) = exp(iaQ), V (b) = exp(ibP ), respectively (a, b real) and let us associate Q,P with
TFSOs T+, Toy, respectively, then

[MF98]

0

[7:',0776:V] =-2 Sin(ﬂ- v ‘)ﬁ,u- (?)

-
0
Thus, the classical limit, i.e.,

[MF99]

h—0

limit[20] corresponds to

[MF100]

[T7.0, To.r) =0, PD-free, i.e., 7v € N. (8)
where

[MF101]

B[]

denote the reduced Planck's constant

[MF102]

and the quantum mechanics commutator.
[0050] The composition of TFSOs

[MF103]

Torof Toanp = €™ IR 0T 1 T 0To s
— eim(tifitta fat2t2 fi )7?1,07?2,076,f175,f2

,'ifr(tlfl‘kt“!fz“’zt“!fl*(f1+f2)(.fl+.f2n7;1+tq hitfs

gives

(Property 2 of the symmetrical TFSOs):
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[MF104]

|t fi
—11 t') f.)
ElsflﬁstQ =e - - 7;|+f2,f1+f2! (9)
_al h
f f _ (23
Tu—f'lez,—iZ =€ 7}{‘1+,f247f17t2’

Eq.(7) is an example of the first equation in eq.(9).

[0051] The fact that the product of unknowns tq and fp appear symmetrically in the exponent
of PDs of TD- and FD-functions from their symmetry property is the more important property
of the symmetrical TFSOs. Chip- and data-level addresses of the multiplexed signal appeared in
the the exponent of PDs as well. The product of such exponents enables us to easily estimate
parameters as discussed below. For example, in wireless communication[9, 10] an orthogonal
frequency division multiplex (OFDM) signal

[MF105]

flt) = Z A € 2™l (t — n7p), With g = 1 (10)

is the main subject, where the coefficients am,, take complex values representing an encoded
transmit data, and x(t) is a prototype function. The OFDM signal is rewritten as

[MF106]

£ = 3 tn ™, (1), (11)

mn

[0052] Hence the PD ™™™ does not alter the am, except its sign as far as the condition tovo=
1 holds(cf. (8)). But if there are offsets such as t' = 1o +&; and v' = vp +¢,, then the PD

[MF107]

To + €+ 0
0 vyg+ey

—m

e

— (_1)?’0110efirr(c',,ouc3+5,,'7—0+575,,)

inevitably arises followed by the PD
[MF108]

e—imlalp

through a doubly dispersive channel with t4 and fp. That is, we have to confront a phase-
distorted signal

[MF109]

Tia.rof(t) = Z Ampe Tl t2tamve) gy g et2mmrotio)t - (19)

The conventional non-overlapping superposition of a signal in the TFP [1, 2, 9, 10, 12], defined
as in (10) is causing an accumulation of the PD

[MF110]
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e—m‘ztd mug

because of its group-theoretic property like (12). Hence the PDs directly weaken the output of
the receiver and give a serious deterioration in "synchronisation" needed in digital
communication systems[3]. On the contrary, the main concern is the design of the prototype
function x(t) to reduce inter-symbol interference(ISl) and inter-channel interference(ICl). Such
simple observation provides a starting point for this study.

<3. Likelihood functionals and cross-correlation functions>

[0053] To begin with, we have to study a brief review of Woodward's[15] statistical approach to
the analysis and design of optimum radar systems, and Helstrom's[18] comprehensive study on
theory and practice of signal detection and estimation.

[0054] It is an important observation that these approaches used only Abelian harmonic
analysis as Auslander and Tolimieri's remark on Wilcox's study[16].

[0055] However, the fundamentals of radar theory reside in the following signal detection and
parameter estimation theory.

<3.1 Signal Detection>

[0056] When a radar signal appears in a receiver, its detection is made uncertain by the
simultaneous presence of noise.

[0057] Consider the simplest signal-detection problem, that of deciding whether a signal s(t) of
specified form has arrived at a definite time in the midst of Gaussian noise n(t). An input w(t)
to the receiver is measured during an observation interval

[MF111]

0<t<T.

On the basis of this input an observer must choose one of two hypotheses,Ho, "there is no
signal," i.e., w(t) = n(t), and Hj, "the signal is present,” i.e., w(t) = s(t) + n(t). When wy = w(ty) is
measured at time t = tx during the observation interval, the n samples wy are random variables
having a joint probability density function(p.d.f.) pi(w) under hypotheses H;, i = 0, 1, and the
observer's decision is best made on the basis of the likelihood ratio A(w) = p1(w)/po(W), w =
(W1, ..., Wn).

[0058] For a fixed decision level Ag the observer chooses hypothesis Ho if A (w) < Ag; H1 if A (w)
> Ao.

[0059] A radar signal can be written simply as[15, 18]

[MF112]

s(t) = Rap(t)e™,

where y(t) is its CE and Q = 2xf. the carrier frequency. If the spectrum of the signal s(t)
[MF113]
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S() = Fls(0)] = 5[9(f = 1) + ¥ (=f = £}, 9(f) = FL (o)

exhibits two narrow peaks, one near the frequency f. and the other near —f,, and if the widths
of the bands are much smaller than Q, the signal is termed narrowband(NB) or quasi-
harmonic.

[0060] Assume that the input to the receiver

[MF114]

w(t) = by, (t)e™H

is NB and the CE

[MF115]

N0,

can be measured by a mixer.

[0061] In the presence of stationary NB white Gaussian noise with the auto-covariance
function

[MF116]

(1) = RG(7)e' ™™, o(7) = Nod(7),

an optimum detector of the NB signal
[MF117]

s(t) = Rp(t) H+)

has the logarithm of its LF (LLF)[18, p.106]
[MF118]

2

i ,_,;g T < 1 T 2
In Al (t)] =g — (—, g= o - / ()b (t)dt, d* = —f [(t)|*dt,
2 No Jo No Jo
(13)

in which No is the unilateral spectral density of the white noise, g, being generated by passing
the input y.(t) through a filter[19] matched to the signal y(t) to be detected, and d? are
referred to as the statistic and the signal-to-noise ratio(SNR) of the LF A[ww(t)].

<3.2 Estimation of Signal Parameters>

[0062] The principle in hypothesis testing can be applied to choices among multiple
hypotheses as follows. Suppose that a transmitter is sending a signal using one of M signals.
The receiver is to decide which of these M signals is present during the observation interval
(0,T). Namely, under hypothesis Hy, "a signal sk(t) was sent", an input to the receiver is
[MF119]

w(t)=sk(t) + n(t), sp()=Ryy () Crletter) 1 << M,  (14)

where yi(t) is the NB CE, f the carrier,
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[MF120]

Pk

denotes the phase of sk(t), and n(t) random noise.

[0063] The receiver chooses one of the M hypotheses on the basis of measurements of its
input w(t). Suppose that the receiver makes n measurements wi, . . ., Wy of its input w(t). Let
pk(w) be the joint p.d.f. of these data under hypothesis Hi and let i be the prior probability of
that hypothesis. The likelihood ratio for detecting the k th signal in the presence of n(t) is
defined by A«(w) = p(w)/po(w), where po(w) denotes the p.d.f. under a dummy hypothesis. For
simplicity, assume that x = M™%, under the orthogonality of the signals si(t)

[MF121]

T
f S?(t)b'j(t)dt = Eiﬁij,
0

(Eiis the energy of the i th signal) then the receiver simply decides Hy if Ax(w) > Aj(w),for all k #
j-
[0064] Denote the unknown parameters of the signal by 04, . . ., 6, and represent them by a
vector 0= (04, . .., Om) in an m-dimensional parameter space, designated by ©.

A radar echo can be represented in the form
[MF122]

secho(t; A, kL ty, fD) = A%emw(t - td)eégﬂfc(t_td)a fe=fr + fo, (15)

where Ae'™® denotes the attenuation factor, A its amplitude, tq its time of arrival, f. its carrier
frequency, k the phase of its carrier, and fp the Doppler shift of its reference carrier f..
Unknown parameters in the echo signal (15) are given as 0 = (A, «, tq, o). When

[MF123]

w(t) = Ripy, (t)e27 !

and the noise is white with unilateral spectral density No, the LLF[18, p.251] is

[MF124]

4 —ikpT 412 T

In Alw(t); 8] = ;‘R[" e, P (t— td)e_ﬁﬁf"’“_fd)f,-bw(t)d.'t] - = [1h(t — td)|2dt.
f\'{] 0 2N[) 0

[0065] Using a change of variables such as
[MF125]

Ae™ = u+iv, u = RAe™ v = JAe'™.
Here

[MF126]

ey
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denotes the imaginary part of the complex number following it. Thus one gets the maximum
likelihood estimate (MLE) of A, k containing 0' = (t4, fo), given by[18, p.251].
[MF127]
A ™) =i+ 05 = Foh G=RA)F) 5 = SA@) R,

2(0') = [ (t — ta)e 2Tty (t)dt, d2(8")=1 [ [ (t — ta)[dt.

(16)

The MLEs of the remaining parameters 0' are those that maximize[18, p.251]
[MF128]

|2
max In Afw(t)|u, v, 0] = 22(?(39!) .

Hence one can concentrate one's efforts on estimating the 0'. For one of a closely spaced set of
values of the Doppler shift
[MF129]

Wn Wp

fD € (_T! T)a

the MLE ©' could be obtained by building a bank of parallel filters, each matched to a signal of
the form
[MF130]
Ri(t)e i2m( fr+fu)f
where Wp is the maximum range of the expected Doppler shift. It is, however, not easy to
examine statistics by constructing a bank of NB filters in parallel. This fact leads one to
decompose the 2-unknown-parameter problem into 2 single-unknown-parameter problems.
[0066] Let us rewrite (15) and its FT in the form
[MF131]
Secholt; A, 5. ta, f0) = AR Ty, 1 To g, (D),
Secho(f3 A, k. ta, fo) = AR Tg, 4 T} g¥(f)e', ¥ (f) = Fly (1)),
where
[MF132]
Tea. o
is a von Neumann's TFSO with tq and fp where
[MF133]
¥(t); o
denote the CE to be designed and its phase(its detail is omitted here), and
[MF134]
To.s0(t)

a passband signal shifted from the baseband CE by the reference frequency
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fr.
[0067] Using pulse code techniques with the TD-PC of period N and the FD-PC of period N', one
can want to make clear the exact location of (t4, fp) in a 2-dimensional lattice

[MF135]

T.7Z x F.ZL

in the TFP, where T.=Ts/N, Fc= Fs/N', Ts, and Fs denote a chip-pulse spacing, chip(sub-) carrier-
spacing, signal(or data)-duration, and carrier-spacing, Divide the (tq4, fo)-parameter space @'

into a large number NN' of small rectangular regions A%, v with the data address

[MF136]
7= (g.4"),
defined as
[MF137]
AT = {(ta, fo) € BB|mT. < tq — ¢TIy < (m + DT,
' m'F, < fp —¢'F, < (m' +1)F.},
0<m<N-1,0<m' <N -1 (17)

and denote by Hm m' the proposition "The parameter set 0' lies in region

[MF138]

[0068] However, NN' such hypotheses Hynm' can be decomposed into N' hypotheses for
estimating fp in the TD signal secno(t; A,K, tg, fo) and N hypotheses for estimating tq in the FD
signal Secho(f; A,K, tq, fo) as discussed below.

[0069] Provided that the signals si(t;0') are orthogonal, in hypothesis Hi associated with (14),
for the CE yi(t) and phase

[MF139]

Pk

consider the kth NB echo signal

[MF140]
sp(t;0') = AR (t — tq)e et lo)li—ta)Figw

If the noise is white and Gaussian with unilateral spectral density No, then its TD-LLF [18,
p.129,p.251] is
[MF141]
2 rpt 2 T
In Apfw(t); A, K, 0" =g (8') — 4 (8 ), d; (0" = A /\@-ﬁ‘:k (t —tq)|dt,
2 No Jo
Ae—i(ra+g.-:;\.}/vT

- Pr(t — tq)e BT Urto=le)t=ta)y, (1)dt.(18)
A'U 0

gk(6") =R
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Let k = ko be an integer satisfying
[MF142]

max |'qk(9’)|
1<k<M dy(6")

> T

for a given decision level ro; Then the receiver decides the kth signal has been arrived; If all
statistics gi lie below ro, the receiver decides that no signal was transmitted. This is referred to
as an ML receiver. Hence a construction of orthogonal signals sk(t) is of crucial importance.
Equation (18) suggests two ways of maximizing |g«(0')|: one is maximizing the integrand and the
other is canceling out the phase factors e’ of the carrier and
[MF143]

elvr
of the signal s(t). The phase factor, however, is usually absorbed into

[MF144]

g (1)
by re-definition; moreover not g«(0') but |g«(0')| is simply evaluated. These strategies annihilate
the phase information. Woodward[15] used a two-dimensional CCF, called the ambiguity
function(AF), early defined by Ville[14], that plays a central role in the radar signal design. It is
given by the definition

[MF145]

o0
Ory(T, V) :];B(t + %)y*(t _ %)Bfum’tdt,

o0

Ouxy (v, ~1) 5[ X(7 + )Y = e df, X (1) = FLo0], Y () = FIy(o).

Non-commutative and group-theoretic properties of WHG-based time-frequency-shifted
waveforms are manifested in the cisoidal factors in (9).

In addition, one can get:

Proposition 3 [Property3 of symmetric TFSOs]: For a TD signal z(t) and its FT

[MF146]

Z(f) = Flz(®)],

the inner product(IP)s between the TD and FD time-frequency-shifted signals

can be expressed as

[MF147]
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ty i

ta fo ‘Gz‘z(tz —t, fa= f1),
t

t fo ‘(')Z,Z(fol,tz+t1),

—im

< 7;1,f1z(t):7;2,f22(t) >p=e€

(19)

=

—im

= 7}{!7“ Z(f), ﬂi\*tgz(f) >r=e

where
[MF148]

< (1), 8(t) = [x r(t)s* (t)dt

denotes the TD IP of r(t) and s(t), and the FD IP
[MF149]

<RS0 >= [ T RS (Ndf =< r(t). 5(1) >,

of

[MF150]

R(f) = Flr(t)]

and

[MF151]

S(f) = Fls(t)].

[0070] Equation (19) shows that: i) both the real parts of the TD and FD IPs are maximized
when t; = t; and f; = f;, for which the maxima of the AF are attained; ii) if the left and right
terms of the IP are thought of as the input signal y.(t) and a signal y(t) to be detected,
respectively of the statistic g in LLF (13), then y(t) may cancel-out the input signal's PD to
enhance the statistic g. Proposition 3 emphasizes the importance of "phase" of a modulated
signal like the "phasors" used in analysing alternating currents and voltages in electrical
engineering[18, xv,p.91], and tells us that two quantities t4 and fp always appear in a phase
term.This is a major step toward (tg, fo)-estimations in the TD and FD, based on the WHG
theory, in distinct contrast to the conventional methods using matched filters[18], performed
only in the TD. If one can design a signal so that its phase terms have been endowed with easy-
traceability, one may utilize the both the PDs of y.(t), w(t) of the statistic in the TD-and FD-
LLFs.

[0071] Gabor[1] stressed the importance of analysis in the TFP and the utility of the Gaussian
wave 2%4e™"2 gttaining the lower bound of the uncertainty relation of time and frequency.
[0072] He gave the time-frequency representation of a function f:

[MF152]
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n,mez )
mon(l) = t —nmp)e?™ ot i =1,m,n € 7.
] ?

f(t) - z Gm,an‘n(t);am,n =< .(Jm,n:f >t; m,n € %:}
(20)

It is well known [9, p.985] that the set of Gaussian functions gmn(t) forms a basis of L%(R) having
good properties regarding time and frequency localization but this basis is not orthonormal
and the set of the functions is not even a frame[7]. See [7, 9] for a review on the double series
representation (20). Most of communication engineers does not employ a Gaussian function
primarily because it does not satisfy the Nyquist condition. In our (t4, fp)-estimation problem,
however, several favourable properties of Gaussians in the TFP play an important role.

<4. Signature waveforms and templates in TD and FD>

[0073] TD-PC techniques, i.e., spreading spectrum(SS) techniques[3] can provide the
simultaneous use of a wide frequency band, via code-division multiple access (CDMA)
techniques, in which a signal to be transmitted s(t) is modulated by an independent pulse code
c(t) so that its bandwidth is much greater than that of the message signal m(t), e.g., s(t) =
m(t)c(t) and each user is assigned a pulse code such that the signals are orthogonal.

In order for the CE

[MF153]

P(t)

to satisfy the time and frequency symmetrical property(TFSP), its FT ‘Y'(f) should also be phase
coded.

[0074] In place of continuous-time signals in

[MF154]

L2(R),

consider discrete-time signals in

[MF155]

£a(2)

and assume that a TD signal s(t) is sampled with a sampling interval At, while a discrete-
frequency signal is obtained by the L-point discrete Fourier transform (DFT). Hence the
frequency gap between two adjacent frequency bins in the FD is Af = 1/(LAt).

[0075] Let

[MF156]

t

(the truncation of fraction
[MF157]
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and
[0076] [MF158]

s

(the truncation of fraction
[MF159]

S

Af

be discrete variables of time t and frequency f. For the orthogonality of a chip pulse, let assume
[MF160]

and let
[MF161]
T. = MAt, F. = M'Af.
Thus one can define the L-point twiddle factor
[MF162]
W =e T ,L=MM.
[0077] Define the following 7 different kinds of discrete-time and discrete-frequency signals:
[MF163]
TD, FD pulse waveforms: g[k], G[¢],
TD, FD t(;‘ﬂ’),pl()‘.tl‘i.’i‘:’H-(S,){k; X], U.,(,f) [4;X'],
TD,FD signatures:v[k; X], V[{; A7,
TD, FD transmit signals: s[k; X7, S[¢; X7,
CE of s[k; X], FT of ¢[k; X 1 op[k; X], U[L; X,

TD, FD received signals: r[k; X], R[¢; X,
CE of r[k; X],FT of o, [k; X 1 4p, [k X], Ol X,

where X = (Xo,..., Xn_1) € {=1,1}" is a TD-PC of period N,

X' = (Xp,...,Xni ) € {=1,1}¥" an FD-PC of period N', and X =

(X, X").

[0078] For a continuous chip-pulse g(t) having support [-LAt/2,LAt/2], i.e., duration LAt, one
can obtain its causal discrete-time LAt-time-limited(TL) chip-pulse g[k] with delay[10] (D/2)At,D
= -1, L = (AtAf) 1= MM'

[MF164]

ol = VBIg((k — A, k] < 12 (21)
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[0079] and define its discrete-frequency LAf-band-limited(BL) chip-pulse G[£] having support
[-LAf/2,LAf/2], i.e., bandwidth LAf, by the DFT of g[k]
[MF165]

L—
Gl = Ul = = > glWH, 0< (< L1

[0080] Introduce now a discrete-time TD-signature v[k;x] and an FD-signature V [€;y] defined
as
[MF166]

olk; X] = NZ" o X Tl M,uif?[k X], }
Ir[ ] \/_ Zm7$ XmTf dﬁru’h' [f Xl]

in terms of a TD-template of type-3
[MF167]
ty [k X]

and an FD-template of type-4
[MF168]
U6 X,

respectively defined by

(3)[k. X] \/_Zm o X, e—immm "MM' AtAffrrﬁu Og[k]’ 0< m' < N — 1,
Ly{;,i}[f X'= Zm *'X! Jimmm' MM’ AtAf’];i]‘}U, G[],0<m <N —1,
(23)

\/F

where

[MF169]

7;(.159['%}

and

[MF170]

TGl a, bk, L€ T

denote discrete analogues of von Neumann's TFSOs in the TD and FD in (4), respectively

defined by
[MF171]

Tazk] = z[k—aW "2 g b ke,

f,d (24)
T4zl = Z[e-bwe=2) a bl e L.

[0081] The TD-signature v[k;y] contains N' TD-templates of type-3
[MF172]
“)[k‘ X, 1 <m' < N',

Uit
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while the FD-signature
[MF173]

V[ X

does N FD-templates of type-4
[MF174]

UDIEX ], 1<m < N

so that the CCF between such a signature and its embedded template may have a large value

via the phase coding. Note that the TD-template

[MF175]

u-fj_,)[k; X]

has a rectangular support NMAtxLAf in the TFP, while the FD-template
[MF176]

U 16X

has a support LAtxN'M'Af. Substituting the compositions of TFSOs
[MF177]

%ﬁm' M TnciM.og [k]

(resp.

[MF178]

T vt T 0G4

) into (22) shows that the TD-signature and FD-signature

[MF179]

olks X = s S o Zo Xm X Tyt e arr 1K), } 5)

VIL; X = ﬁ 22,;11)2{::;1) Ko X awfz"djvff,—n;AfG[E]

are perfectly symmetrical. Suppose that a radar TD-signal s[k;y] with its CE
[MF180]

Vlk; X

and the carrier
[MF181]
U

te=l5.a7

and its FT, FD-signal S[€;y] have the form

[MF182]
s[k; X = Rap[k; X)W Lk
St ) = L (W[l — 003 X) + W*[—€ — L X)), B[ X] = FI[p[ks A]. }
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[0082] Writing the CE and its DFT in the form
[MF183]

ks X) == P8 g Tk ag g vl A, } o
Pe; X] :\/% Zi;i?il dg- Tq{»}&M'ﬁqm'fw Ve x],
one can design the radar TD- and FD-signals

[MF184]

s[k; X, S[¢; X].

[0083] This is a 2-dimensional train of PP' non-overlapped signatures
[MF185]

v[k; X

(resp.

[MF186]

Vi, &)

of duration T, = NMAt and carrier-spacing Fs= N'M'Af, where

[MF187]

dyeC

is a data symbol on the lattice

[MF188]

T.7% x F,7

of the TFP, with address

[MF189]

7= (g.4)

Namely, a radar system needs PTs x P'Fs time-duration-bandwidth to

search for targets whose delay tq € (0, PTs) and Doppler shift.

[MF190]

Wp Wp
foel=%"7%

),Wp = P'F,

are not known in advance (simply set dq—, = 1), while a data communication system sends P * P'
[MF191]

Me-ary data

(e.g.,

[MF192]

dp € {e B 1< g < P1<q < P).

Suppose now that such a signal s[k;x] is transmitted through the channel with

[MF193]
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e
0"" = (ka, {p), ka = LA_ltJafD = Li—]} :
Using
[MF194]
modulation 76%0 ,demodulation TD‘L £

one can obtain its received TD signal, being demodulated at a mixer or a homodyne receiver
[MF195]

rlk; X, A, K, 0% = ARe™ . [k] + n[k] + £[k],
BT T T ] R e, @9
where
[MF196]
r[K]
is the signal component CE in the received signal, n[k] interference, and §[k] Gaussian noise.
The FD expression, its DFT
[MF197]
Rl X, Ak, 07 = Fllr[k; X, A, k, 6]
is omitted here. Its PD
[MF198]
W kate
may be absorbed into e by re-definition, but should be canceled-out at the correlation
receiver as discussed below. Such received TD and FD signals provide the data w and its DFT W,
observed in the mixer.
[0084] Independent and identically distributed (i.i.d.) TD- and FD-PCs give independent N' TD-
templates

[MF199]

ufg.}[k X, 1<m' <N

and N FD-templates

[MF200]

U EX),1<m< N

in the M-ary detection. Note that PCs have two functions: to randomise a signal and to
generate several PDs caused by the NCP of TFSs; Fortunately, such a PD itself provides a good
indication for parameter estimation in the sense that the transmitted signal is endowed with
easy-traceability. This indicates the pros and cons of the use of PCs. In fact, the bandwidth of
phase coded systems needs to be much greater than that of a classic radar system; The multi-
carrier technique, i.e., the FD-PC multiples this bandwidth by the number of sub-carriers and

so requires a super-wide-band signal.
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<5. M-ary detection and estimation of TD and FD signals>

[0085] Let us employ the M-ary detection strategy

[0086] using the TD-CE in (27)

[MF201]

Plk; X

(resp. FD-CE

[MF202]

Ut X))

[0087] to detect the radar signal in (26)

[MF203]

s[k; A

(resp.

[MF204]

S[e; X).

Consider a strategy whereby the receiver chooses among the NN' hypotheses Hm n associated
with (17). It suffices to find those values of the parameters 0" for which the LLF(or the real
part of its associated CCF) in the TD (resp. the FD) is maximum. Consider first the problem of
detecting the received TD-template CE

[MF205]

A ik kabeqd (3
Ae™ W n(l.F,,T*)p’

k]

with its address

[MF206]

(0.0, 5= (p.p)

of the lattice in the TFP

[MF207]

T.7 x F.Z,

where

[MF208]

U)S,)ﬁ[k]=f1177;ﬂ\-'ﬁf,p'NfMf76(,1,)' Xy '”',Ej)[k? X],0<p <N'—1, (29)
is the TD-template CE of type 3 (cf.(22),(27)) with p'-th TD-template
[MF209]

X;J, ‘u.fﬁ) [k:X]

[MF210]

~

ll/h’d
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denotes an integer-valued estimate of kg,

[MF211]

o

an integer-valued parameter for estimating

[MF212]

n.

This CE is embedded in the estimated and received CE
[MF213]

AWt TS ylk; ¥]

of

[MF214]

ks X

in (27)(cf. y([k] in (28)), in which the relation
[MF215]

76(.1 T T o = H,r?c\d &fﬁ_d

fe "ka, ka,fp

is used. Equation (29) shows that the CE contains a consequential phase, caused by several PDs

as given below. Such a phase should be canceled-out in a CCF. Denote the CE complementary

to
[MF216]

0 plh]

by
[MF217]

v K0 < p < N1,

defined as
[MF218]

ol i ) Ak = z,,. ,é e U2 T,
'm’ p[k] AM P ‘V’M"El SSVID, ¢ ’ugn (k;X],0<m' < N' —

Equations (22) and (27) indicate that N' TD-templates of type 3

[MF219]

ufﬁ)[k;X},U <p <N -1

are available and the receiver is to use N' TD-template CEs of type 3

[MF220]
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and decide which of the N' TD-LLFs is largest.

[0088] i) Discrete-time signal detection and Doppler-ML estimation problem in the TD:

On the basis of measured values of the Nt random variables w = (w[0],

receiver must choose between two hypotheses,

[MF221]
Hy : Vo (k] = tlk],
o L PLP 1
Hy apy [K]=Aei W kate TEd, T ;(ff}‘?}ry[k] + 1,/)5;?;, KD + UnlK],
ogngT—l,ogp’gN’p—f, (30)
where
[MF222]

".:I)\w' [k]
is the NB CE of the observation data
[MF223]

0

wlk] = Repo [K]W 54, £, = ST f J

attimek,

[MF224]

Pk

the NB CE of white Gaussian noise
[MF225]

nlk] = Repu [K]W —EF,

[MF226]

Nrp = |T/At] > 1

the number of samples during the observation duration (0,T). Note that the signal component

in hypothesis Hj is equal to
[MF227]

AT! % ik ,-'};(]Ec d ae
(V)2 A WHETS il A).

Suppose that N' TD-template CEs of type 3

[MF228]
) Jk,0<m' <N'—1

[
m',p

of equal energies are quasi-orthogonal in the sense that
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[MF229]
Nt—1

Z Lrn [) wm’ 17[k] < l,mfl # TT?..JZ.
k=0

Then one can obtain:

[0089] Proposition 4: ii)Signal detection and Doppler-ML estimation problem in the TD:

On the basis of observed data w = (w[0], . . ., w[Nt—1]) in the presence of white Gaussian noise

with unilateral spectral density No, the logarithm of the

[MF230]

(v, P)

-th TD-LF for detecting and estimating the TD-template CE of type 3
[MF231]

Acrwhaterd ) 1)

*Pp

is given as[21]

[MF232]

lnAp:‘ﬁ[m[k};A,K.,}k\:d;E”} =g, 5(A, Kk kd,Fﬂ) i‘%‘ﬁ-.
Ry PP —INg —

g AdeT W a4 .(3) nucd,p
o (A, s i ) =R Wzomg(’r Y p[k])ﬂ Vulk],
’ _ A2 P—1,P' — I\T 1
=t [Saptt A T ]
(31)

where
[MF233]

. i .
ok : Fa, ) = L (k — =) + b (k — ko).
[0090] Let
[MF234]

p'=poand f, = ()

be integers for a given decision level rq satisfying

[MF235]

(AR s €
maxlqpp( i #‘>T051<p <N’
P’xf,u dp’ﬁ'

1,P"—1 Ntr—1

EIE RS SRR Gl il SOVS Y CTRNC RO
o B AemmNgVPP S SR

where
[MF236]
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g'fg’ ,;‘1’(-47 K, ka; )

is a compensated variant of the statistic in (31)

[MF237]

9pr.5(A, K, ‘}‘\’d? ()

by the MLE in (16)

[MF238]

Ae R

of Ae™. Then the receiver decides the

[MF239]
(', 9)

-th CE has been arrived at the address (p',p~) of the lattice

[MF240]

T.Z x F.Z

in the TFP and if all statistics
[MF241]

lgp 5 ka, A, 75 €)1 /dy 5

lie below ro, the receiver decides that no signal was transmitted. Thus

[MF242]

G

is an ML estimate of

[MF243]

t,

for a given

[MF244]

ka,

in which the use of the operator
[MF245]

d

Tt
needs the phase function
[MF246]

I.T/YQ(""“E(‘ L) .

[0091] Next one moves on the detection and delay-estimation problem in the FD using the DFT

of the measured w,
[MF247]
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Nr—1
1 .
W) = Fllwk]] = Vo E wlk]WH 0 <0< Np— 1.
k=0

Let us consider the problem of detecting the received FD-template CE
[MF248]

T S 4) 1y
Aetmwheterd Wbl

with its address
[MF249]

(p, P)

of the lattice
[MF250]

T. % x F.Z,
where

[MF251]

‘I'Llﬁf[ﬂ = dﬁﬁffﬁ” M',7;;Nh:f75f,£ipMXpUggd)[E-Z X’]-, 0<p<N-1 (33)

is the FD-template CE of type 4(cd.(22),(27)) with p-th FD-template of type 4

[MF252]

XPU;(,‘“[E : X

This CE is embedded in the estimated and received FD-CE
[MF253]

Aeitykate 7;;?7 Y6 A

of the FD-CE, i.e., the DFT in (27)
[MF254]

W A,

where

[MF255]

lo

is an integer-valued estimate of
[MF256]

{p,

ks an integer-valued parameter for estimating kq, and the relation
[MF257]

f.d f.d f.d rhof f.d
i . d _ yprkotets
Ti{C’OﬁD:kaTFC’O ' 7;[)-7"::7
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is used. Denote the CE complementary to
[MF258]
()1,
‘Ilp,fo‘[ﬂ
by
[MF259]
(4) rp -
W, 0,0 p <N -1,

[MF260]

(4) 1N (4) 1p
S omame Y o } (34)
‘ 7 — »C »C anneirs'd N
U A =5 TN —pnar To mm g XU [6X7],0 <m < N — 1.

-
m,p —Im

[0092] Equations (22) and (27) suggest that N FD-templates of type 4

[MF261]

UVEX,0<p<N -1

are available and the receiver is to use N FD-template CEs of type 4

[MF262]

w0, 0<p<N -1

and decide which of the N LLFs is largest (Fig. 3b).

[0093] ii)Signal detection and delay-ML estimation problem in the FD:

On the basis of observed W = (W[0], . .., W[Nr—1]), the receiver must choose between two

hypotheses in the FD,

[MF263]
H| - W€ = N[£],
i Aeinu_fkafc P-1,P'—1
H W] = Wﬁf-kw 3" (st + EN0) + N,
p=0,p'=0
0<l<Np-1,0<p<N-1, (35)
where
[MF264]

W[l] = FA[Rapr [K]W K]

is the DFT of the observed data w[k] with the NB CE
[MF265]

g [K]-

[MF266]

N[f] = FRepu [K]W )

the DFT of the noise n[k] with the NB CE

[MF267]

k]
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[MF268]

Np = |B/Af]

the sample number of the bandwidth B, for simplicity Ns = Nt;
[MF269]

5(4)

0.0

(€] = FURF A, IAW )

the

[MF270]

(p.0)

-th template signal spectrum with its FD-template CE of type 4 in (33)
[MF271]

v,

and

[MF272]
E(41[£] — }-rl [SR}'_lsd ['I'(cl)

r—lek
PP ‘rj,p,ﬁ[g]w H
its complement spectrum with CE in (34)
[MF273]
{4)
lp'nsp-ﬁ[g]-
Note that the signal component in hypothesis H'; is equal to

[MF274]
(N) %Aemwrk,,{:c 7;1(17"? T[e; X).

Suppose that N FD-template CEs of type 4(cf. (22),(27))

[MF275]
o [ 0<m<N-1

m.,p

of equal energies are quasi-orthogonal in the sense that

[MF276]

Np—1
Z q};iz’ﬁ[g]q’;ii,ﬁ[g] < 1, my ;75 mo.
£=0

Then one can obtain:

[0094] Proposition 5: On the basis of data
[MF277]

W = (W[0],....W[Ngp — 1)), W[€] = F[w]k]]

in the presence of white Gaussian noise with unilateral spectral density No, the logarithm of the

[MF278]
(p, D)
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-th FD-LF for detecting and estimating
[MF279]

S0

is given as

[MF280]

-~ D=
ll’lA; p[ﬂ/ [ } 4 K, En,k ] Gpgﬁ(A,K,ED;k‘a.) — ﬂ}

P—1,P' -1 Np—1

N B | 2o A T Syl

p.p'=0

D

P [
'Gi

kot P-1,P'—1

-~ Ae W
Gpp(A iyl ky) = R—————
NoVPP! S5

Np—1 . -
X Af Z (7;;;? 8(4 [q) I/If;'ﬁ(f:fD'k”)IfV[E]: (36)

£=0 ’
where
[MF281]

R 7 R
B o, kg) = ko (£~ ) = ka(l — ).
Let

[MF282]

p=po and k, =k

be integers satisfying

[MF283]

G (A, k, Ip: kK,
maXl ﬂsp( D )|>T6;1§P§N7
ko Dp,ﬁ

G' (AR, lpiky) = g{ﬂ ;BZ( f.d 5(4)[p])* Wﬁ(f:fn,kg)w[p]
p,p L o tDsy g Ale_'mNo\/lD—JP’ yrt ko Pt k
(37)

for a given decision level r'y . Then the receiver decides the (p,p~)-th signal has been arrived at
the address

[MF284]

(p.P)

of the lattice in the TFP

[MF285]

T.Z x F.ZL

and if all statistics

[MF286]

G, ko o, A R) /Dy
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lie below r'o, the receiver decides that no signal was transmitted. Thus

[MF287]

K

is a ML estimate of kq for a given
[MF288]

i,

in which the use of the operator
[MF289]

T,

needs the phase function

[MF290]
1_1;,3({:1?,),}{5)‘
an FD analogue of the

[MF291]

W—a(k:ﬁd,f,‘)?

so one can get (36) and (37).

<6. TD and FD cross-correlations for parameter estimation>
<6.1 TD and FD cross-correlations>

[0095] Suppose that the observed input

[MF292]

w(t) = Repu ()™

is NB and both the real and imaginary parts of the CE
[MF293]

e (t)

can be measured separately[18, 3].

[0096] In order to cancel out the phase factors of

[MF294]

AT ) Tk]
(resp.
[MF295]

ik a7 ko beatd 4
Aetmpyketerid w1

and get a time and frequency symmetrical statistic,
[0097] instead of the statistic in (31)
[MF296]
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35

o~

9y gka, £,,)

having

[MF297]

relkika )

(resp. the statistic in (36)
[MF298]

G ko, lp)

having

[MF299]
[fvﬁ((":k,,fn)):
one can use its associated CCF to be defined below(see Fig.3b):

[0098] Lemma 1: Suppose that in two hypotheses Ho and H; in (30) the CE

[MF300]

n [K]

is Gaussian. Then

[MF301]

<¢11,’£>£?}ﬁ>c1,k<< L,

where < *, * >4 denotes the IP in the space

[MF302]

(1)

of discrete-time TD functions. Thus one can define a CCF, called a type-3 correlator, between
the received CE

[MF303]

TA(:MD Plk; X

(namely, the signal component of the received CE in (28)

[MF304]

Ur[k; A]

with factor

[MF305]

Aeirykate),

instead of the input CE

[MF306]

[k X

to the receiver, and the complex impulse response of a NB filter matched to the estimated
template CE with address

[MF307]
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(', p)
[MF308]

W kale 7}3‘ o wé?,)ﬁ[k.] |d.5‘:1

given as
[MF309]

3 o —
CL,,)‘E(P.;,; Ekq) = Aemiykate

77:1, ks X ( def Td p!\ M,p'N' w75 p'ﬂf"} fﬂ [k Y])
kEZ

in which the TD-template CE of type 3 in (29)
[MF310]

53} 3
Yo .5 [¥]

and the codes X', X are replaced by Y'o.Y.
[0099] One can find after some labor that this CCF of type 3 is given as
[MF311]
CL??ﬁ(€u§ll‘;d)
Ae uiu’(kd L
= 1; z X XYV
JPD Z( "NVN Z

m=0,m'=0,n=0

Yy.'* N—-1,N' —1,N—1

X O (ka — ka) + (p —¢)MN + (n—m)M

, (by —tp) + (p' = ¢ )M'N"+ (p' —m')M']
1 ~ —~

o (katy — Fat + 20 Nawo[t,] — 20 N'g'ro [fa) )

1 ~
= (('mpr —m'n)MM" — (m' + p"YM'rq[ka] + (m +n)Muy [ép])

x W2 (39)

[0100] Unfortunately, the AFs Ogg(t,0) and Oss(v,—T) have many sidelobes in general. A

Gaussian chip-pulse g(t), however, gives a radical solution to the estimation problems because

it has its separable and exponentially decayed AF in terms of of T and v
[MF312]

72 2 . 1
B49(T. ) = Oga(v,—7) = exp —E - exp —9.7 ) with sgsp = 7

s

where
[MF313]

st =Y Kglk], st =Y G
k £

For N,N'>> 1, both the first and second arguments of B¢ [, * ] should be

relatively small, i.e., g”= p~ so that
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[MF314]

%(23) (s ka)

has a large value; All of the terms with

[MF315]

q#p

in (39) can be negligible. This property of Gaussian plays a central role in determining £, for
maximizing

[MF316]

Rel? (£ Fa).

[0101] Evaluating threefold summation of PCs with the cisoidal factor leads us to define a

summation of IDFT-type

[MF317]
—1,d ! R P iz e
F o 3 [X M o (@) e = N 2 X[m/]e™™ 1",
symbolically denoted by a pair of the square bracket
[MF318]
v

and the round bracket (a) with its convenient notation (a)m = W™, and that of DFT-type

[MF319]

N-1
1 !
-Frcai@.N{m[m”m(br)m = \/—ﬁ E J:[m}e_d“ i ,

m=0

symbolically denoted by a pair of convenient notations
[MF320]

Fo nllms (0 =W

Using the notations:

[MF321]

wlly] = £, — {p, To[Ed] = Ed — ka,

one can obtain

Lemma 2: If the receiver of type-3 has its address
[MF322]

P=q

and Y =X,Y' = X', then its CCF becomes

[MF323]
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(3 7
e (0u; Fa)

AG“‘W’_T“

kal,—kat
(Mpro[ﬁ] (N'p + A S’ Tolkal+ ‘“‘2“’)

Xr W

i voll + p.'_rn.' ﬂ[,[!‘z
P‘" o ( Wl 2 0O | [

X €xp (_ (ro[ka] + g:%— m)M)? )]

X a1 Ly @3 o Lo (MTT"““]) stpt) = MLl Py

[0102] Thus one can know necessary conditions for

[MF324]
RS (05 ka)

to have a large value are
[MF325]
wo[f,])] < 3s¢ and |ro[ka]| < 3ss.

Proof. Using the round bracket symbols in summations of IDFT-type and DFT-type, one can
rearrange 5 components among 6 components in the second twiddle factor in (39)

[MF326]

W LnMuy[t erfm "nM M’ W inM(voltu]—m'M") _( 3( m ))n’
W 2mM’I/o[€ ] W Tmp' MM’ - W TmM(vo[lu]+p' M) — 3'7'3(!7 ))
: m?
W= im "M o[kq) — (M
2 7

(42)

and move its residue term W~Y2P'M0lkndl of the 6 components to the
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first twiddle factor in (39). The use of the separability of the AF of the Gaussian proves (41).

Lemma 3: Suppose that in two hypotheses H's and H'; in (35)
[MF327]

N[

is Gaussian. Then the CCF

[MF328]

<N, 8> q< 1,

where the angular brackets < -, * >4 denotes the IP in the space
[MF329]

05(7)

of discrete-frequency FD functions.

[0103] Then one can define a CCF, called a type-4 correlator, between the received FD-CE
[MF330]

Aem mrkdfcfn‘f;;(!]_kd \II[P X],

i.e., the DFT of the signal component of the received CE in (28)
[MF331]

Ur[k]

with factor

[MF332]

Aetrkate

instead of the input CE

[MF333]

T [ X]

to the receiver, and the FD complex impulse response of a NB filter matched to the FD
estimated template CE in (33) with address

[MF334]

(1)

[MF335]

kolegf.d (4)
W Enr_ks‘I'Mg[f}|dﬁ:l,xq»Y'.x‘HY,,,

given as
[MF336]

C(’l?;(ka; ED):AEMLVIH(C

P

£.d ) ko by £.d fd  vrpr(d)rp. Y
XZ‘]}D:*kd‘I’[€7 X](H 7-&)T_,L;U’EJ'N’J'VI',733}\"1‘-{7:],7;)11{1PUf(J e Y’]) (43)
=
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This CCF has the form
[MF337]
e .7
Cp!ﬁ(kc, 1 lp)
1467'1«'1,177r0[kg]6c

VR SR, Y

m=0,m'=0,n"=0

V= N—1,N'—1,N'—1
o

I %
X X0V

m'

xOccl(lp — o)+ (P — ¢ )YM'N" + (n' —m")M'
, —(ke —ka) = (p—g@)MN — (p—m)M]

W% (kdfn — kol + 2M Nquo|fp] — 2M’N’q’ro[k,])
« W

1 -
o ((mn' —m'p)MM' — (m' +n")M'ro[ks] + (m + p) Mg [1?&)(44)

Similarly, for N,N' >> 1, one can set
5 [MF338]
qg=r
so as to make
[MF339]
R (ko )
10  large; All of the terms in (44) with
[MF340]
7 v
can be negligible. Then one can get the sum of the three exponents in the twiddle factor as
above. Evaluating the threefold summation of PCs together with the cisoidal factor, one can
15  have

Lemma 4: If the receiver of type-4 has its address

and Y = X,Y'=X', then its CCF becomes
20 [MF342]
'k, 1p)

p.r

- keabo—kol
Aein Ty —Tolke]te ((Np + g)M wlfp] — M'N ’p’Ta[kaH%)

= VPP
mo[ks] + (p — m)M)?

Xf:;’j\r[Xn],CXp (( 282
“t

X exp ( (vo[fp] + (n' — m")Mﬂ)Q)]

dz X W

—1,d -1 —1.,d 1%
) Forbter [ X Pl [0

2
2s;

. (45)

% (@4 (=)l (a(0))oe 1,y (M”’—[F”]) aa(p) = M Tolko] + p2D)

2 2
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Thus we know necessary conditions for
[MF343]

ROy (ko In)

to have a large value are

[MF344]

\yo[EnH < 3s¢ and |mlks]| < 3st.

Proof. Similarly using the round bracket symbols in summations of IDFT-type and DFT-type, one

can rearrange 5 components among 6 components in the second twiddle factor in (44)
[MF345]

I,Vf%n'fd'ro[kq] i H;%n’m}‘rﬂl{' — I,Vf%ﬂ’]‘-f’(ro[ka]fmz‘tﬂ — (:1;4(_,’,”)) ’
n'?
‘,’*%Tﬂrﬂ‘f"ﬂj[kg] VY r—&m'pMM' _ Hfrf%-rn’M’(Tu[k‘,]+pM) _ ($4 (,0)) ’
m'
Iff/f%m}\'f va[fp) = (ﬂ'{yo [ED]
2 m

(46)

and move its residue term WY2PMYO Dl of the 6 components to the first twiddle factor in (44).

The use of the separability of the AF of the Gaussian proves (45).
Equations (41) and (45) show that correlator of type 3

[MF346]

Cj(,):f’}}-)-(f'”,; E{l)

and the one of type 4
[MF347]

'k, : Ip)

PP

are perfectly symmetrical in terms of

[MF348]

kq and /Ip.

Interchanging the TD-PC and FD-PC in the pair of type 3
[MF349]

C,(;!)ﬁ(f_u; /]zd)

and of type 4
[MF350]

C})i%‘(kn 3 ED):

called a complementary pair(CP)[27] gives other pair of type 1
[MF351]
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) ~

Lﬁ(ﬁmkd)

C

and of type 2
[MF352]

C’,(;"Z)ﬁ(kﬂs ED)a

called an original pair(OP)[24, 30], defined as follows.
[0104] [Original pair(OP) of TD and FD correlators]
Observe another decomposition of v[k;x] and
[MF353]

V[e; X]

given as

[MF354]

(1) '
[ } \F Zm =0~ m mM Oum [k X} } (47)

-1 +- d
vV [F X} W Zm’ =0 A:u’Tn{ 'M',0 m’ [F X]

whose TD-template of type-1
[M F355]

) [ X
and FD-template of type-2
[MF356]
U X
are respectively defined by
[|v| F357]

—Iyr _immm' MM'AtA d
Zm’ Y € fT m’i\f’q[k

m

Wk X =

B
U (3 [E X] \ﬁZm o me—?'rmnl MM’ AtAfo (lmj”G[g]

m'
First let

[MF358]
D Tk]

10?

be the (p,p~)-th estimated and received CE having the TD-template
[MF359]

Xpug Nk, X']

with address

[MF360]

(p. D)
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of the lattice

[MF361]

T.Z x F.Z,

defined by the TD-template CE of type 1
[MF362]

?f)(l)[ k] = dz TNM pr'M"]ﬁf,oXp”g) [k, X'].

Then one can get its associated CCF, called a type-1 correlator

[MF363]

A0, Ta) = < AWt | plk; X, Wit

d e IT AN
X Ty, Yokt kas ullaz=1. %530 x, =, >k

and one can have
[MF364]

(1 T
S0 < Ea)

= Aelkate Z a0 ULF; X]Y*(va Td pNM p’N’M"TM ou( LER 4N

kEZ
Yy,.]\ —1,N'—1,N'—1

:Aejnw(kd—ﬁd)ﬁcz . Z
- \f\/K

m,m',n’
x W2

x W2
x0..[(p— qQ)MN + kg — ka + (p — m)M
, (' = ¢)M'N'+ £, —fp + (n' —m') M.

Let Y = X,Y'= X' and discard all the terms

[MF365]
dz

q

except the term satisfying
[MF366]

7=7p.

Then one can have
[MF367]

55

X X!V

1 N N
- (Kalu — Fato + 2M Npwo[t,] - 2M'N'p'ro[fa) )

1 ((mn —m'p)MM' — (m' + n’)]\-{'Tg[E[ﬂ + (m+ p)ﬂf[yg[ﬁu])

(51)



(0 k)|

PP

((Np + D)Mwolt,] - M [Edw—k"ﬁ“’““g‘))

A ’ih'. /Vf'rg[}b:d]ﬁc 1= 2
(7'0[%1] + (p —m)M)? —1,4d —1,d [tk
X ‘Ffln,N[Xm exp (_ - 28? }-m.’l,N’ [‘Y:H’ ‘Fn.’?i’\” [‘X rrz,"‘

X eXp (_ (wol€,] + (;’S?— m' )M )Z) o (@1 (=m))pr ],..0

]'ufvu[f“[) () = M'(ro[ka] + pM) (52)

<@ o L (1 !

[0105] in which using the round bracket symbols in summations of IDFT-type and DFT-type, one
can rearrange 5 components among 6 components in the second twiddle factor in (51)
[MF368]

I’{,’fén’ﬁf’To[Ed] . I’V%n'mﬁfﬂf’ _ V[J.-f%n’f‘.{’(ro[ﬁd]fmkf) =(

o N z1(—m)),, ,
W—am Mrolkal gy —gm' M'pM _ yy—gm' M’ (rolkal+oM) — (1, (p))

_ ( Mro[ka]
2 bl

m

W ImMry [‘Ed]

and move its residue term W/2PM=0lkdl of the 6 components to the first twiddle factor in (51).
The use of the separability of the AF of the Gaussian gives (52).
[0106] Secondly let

[MF369]

w10

be the (p,p~°) th estimated and received CE having the FD-template
[MF370]

XU, X]

with address

[MF371]

(v, p)

of the lattice

[MF372]

T.7 x F.7Z,

defined by the FD-template CD of type 2

[MF373]
v, 10 = dﬁ‘;r;)r’.ic\l”Ai’.—pA’ﬂJ%I:ileIX;J'U(?) [£, X]. (54)

L P

Then one can get its associated FD correlator, called a type-2 correlator
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[MF374]

O (koilp) = < AemWHleT L0 W X), Whe's

f.,d 2
X Tt é%«]ldﬁzl,m,xm, S (5)

and have
[MF375]

O ks )

7id ! f.d f,d 21y e
= Aeitpy (ka—ks FZ gnrfqu’[g X]} ' (Tur " 7;;\ . fpj\.MTf;;M’ U(,)[E.Y]) )
€L
YI*N 1,N'—1,N—1

N Z X X} Yoo

m,m' ,n=0

xOzz[(p' —q )J\/IN +lp — lp + (n' —m!) M’
7(}9*@)1?”]\[ (ks — ka) — (n —m)M]

(kdéu ko lp + 2M Nquo[lp] — 2M'N'q'ro [kg])

_ 46“’"“ (ka—ko)lc Zd_

x W2
—((mp' —m'm)MM' — (m' + oYM o[k, + (m + n)Muv|f;
i 3 (e = MMM = (m )M T[] + (m + ) Muo[fo] ) 56)
Let Y = X,Y'=X' and discard all the terms
[MF376]
o

7
except the term satisfying
10 [MF377]
7=p.
Then one can have
[MF378]

Ct();zl).]j(koﬁ ED)

. ' kalp—Fk, ¢
(MNpVO[eD} — (N'p' + %)M'm[rfg]JrM)

N %dﬁ%’w i
y J'_,;rlﬁn X' exp (_ (volfp) + (2,0;2— m’),M')z) ]—‘ﬁ?:N 0 X
°f
p— (_ (10[ks] +2('2L€— m)M)Z)L (:ng(—m’)),,,] )
Dl (L) ) = Ml 2220 7

15 in which using the round bracket symbols in summations of IDFT-type and DFT-type, one can
rearrange 5 components among 6 components in the second twiddle factor in (56)
[MF379]
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p anMuollp] |y —gnm MM’y gnM(volfpl—m'M') — (3, (')
I_;[/,%m;\,f;/‘-,[?D] ) I_,Vémﬂ.,fpr M _ H}_v%mn:f(yn[?D]er. My _ (22 (p’)) 7
W tm' M'rolko) — (AJJTO [kcr] )
2 m’

(58)
and move its residue term W-2pM=0lkndl of the 6 components to the first twiddle factor in (56).
The use of the separability of the AF of the Gaussian gives (57).
[0107] <6.2 Phase-Updating Loop and von Neumann's Alternative Projection Theorem>
If one can get precise estimates
[MF380]
75(1 and ?D
that make all
[MF381]
[volu]l; 7o[Ral
in Lemma 2 and
[MF382]
\Vo[?r)ﬂa |70 (ko ]|
in Lemma 4 are within chip-pulse bandwidth and duration, then the two CCFs
[MF383]

cfj,)ﬁ(f s kq) and C'f:‘% (koilp)

will filter out the interference
[MF384]

GRS

(3 3 4
<T;>‘_§L2,,,ﬁ[k]>ﬁ)é,?ﬁ[k}>d,k and <@ o7

UN"N7

respectively contained in
[MF385]

c;ij?ﬁ(fu;g[|) and C’;:‘t%(kg:gp)

and recover

[MF386]

dz,

in place of using conventional sharp filters. This is a radical solution to the digital signal
processing for communication.

The simple way to update estimates

[MF387]

Ed and En

58



10

15

20

25

30

in both pairs of correlators is the following algorithm, called a Phase-Updating Loop(PUL),
different from a conventional "Phase-Locked Loop" for synchronisation in communication
systems:

[0108] [PUL algorithm with updating rule for attenuation factor-MLE]:
Let

[MF388]

(el Fas) b !

and

[MF389]

(O (ko T 1)

be the CP of the type-3 and type-4 correlator arrays, and let

[MF390]

{ehpltu k) 150!

and

[MF391]

{5 ks B, )} D!

be the OP of the type-1 and type-2 correlator arrays. For simplicity set
[MF392]

dy =1

until the PUL algorithm is terminated. Let

[MF393]

A (é\;,d )eim(‘ﬂz‘d)

be the s-th MLE of the attenuation factor
[MF394]

A(ngcl)ez'«.(ﬁ"d)

with the s-th digitized estimate

[MF395]

[9}" = (Ed.s: ?L),erl) or @d.sﬂ ’ ?L),s)

of the parameter 0' = (tg, fp) that is defined in (16), where
[MF396]

D (t — td)efi‘zﬂfn(tffd)?ww(t)

are replaced by

[MF397]

d (3) "
(Tk\fd‘sfn.gwﬂ'vﬁ[k]) ’ %dm?new[k]’
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respectively, given as
[MF398]

Np—1 1
= v,
—~ ,El P Uf,rl k=0 ( d,s {p,s ) t S’E s
A0 R0 = N; 1” bt
T o R

Then one can update an integer pair
[MF399]

(Ed,ﬂr ED,3+1)(resp. (§c1,3+1 ; E\D,b‘))

as €%p,s+1 = €7, if sis even(resp. odd), and k’qs+1 = k¥s, if s is odd(resp. even),

where

[MF400]

VPP (ko)
X! A0 eir )
VPPCY ) (kg )
X, A Yyerm 00

(p', },) = argmax L R
for the CP,

(p*,k;) =argmax, , R

\/ﬁcgljj(ﬁm@d’s)
X, Ay )eim0:®)
\/P—P'Cr(z) (ko T
X-' 4(81'(1) iR fd) ,

*,(;,) =argmax, , R

for the OP,

(p"*, k}) =argmax, ; R

and the initial value
[MF401]

05" = (ka.0,lp1) or (ka1 (p.o)

is chosen arbitrarily, e.g.,
[MF402]

5% = (0,0).

Select

[MF403]
¢, and k,

e

to be candidates of
[MF404]

€D~3+1 a.nd kd’équ .

The (s + 1)-th step estimation procedure is terminated if, for the chip pulse g[k] (or G[l])

duration LAt and bandwidth LAf,
[MF405]

60
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|lk\:ll.s+2 - kd,sl S

bo|

~ ~ L
and |£D,5+2 - ED,s| S 5

Then such estimates are ML estimates and both of the two correlators become ML receivers.

This algorithm can be written in the form of Youla's restoration[22] of a signal as given in
Theorem below.
[0109] The recovery or restoration of a signal that has been distorted is one of the most

important problems in signal processing. Youla[22] gave the answers to the restoration

problems. Adroit use[23] of some of the mathematical machinery, introduced by Youla[22] will

lead us to show that the convergence of the PUL algorithm hinges on how well the von
Neumann's APT[21] does work.

[0110] Consider the Hilbert space

[MF406]

M,

consisting of all £%(Z) space of square-summable continuous and discrete-time(or discrete-
frequency) functions with an IP, defined by

[MF407]

<frg>ax= Y flklg"[K]

k=—o0c

(or

[MF408]

FGa= Y FIOG'E, FIO = FIIHL. Gl = FlglkT)
{=—00

and the norm

[MF409]

I[£]l = /<[, f>ax
or

[MF410]

||FH = \/<F,F>d,e.

Let € be any closed linear manifold(CLM) in the Hilbert space

[MF411]

H.

The projection theorem[22] tells us that if &' and " are orthogonal sub-spaces of
[MF412]

M,
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then every f € € possesses a unique decompositionf=g+h,g € €', h € ", where g, h are
projections of f onto €' and €", respectively, denoted by g = Pf, h = Qf; P denotes the associated

projection operator(PO) projecting onto &', Q = | - P its associated PO projecting onto €", and |
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the identity operator.

[0111] Let &, (resp. &3) be the set of all

[MF413]

fet(Z)

that are LAt-TL (resp. Ts-TL) signals. On the contrary, denote the set of all
[MF414]

fet(Z)

that are LAf-BL signals by &, and that of F.-BL signals by 4. Each of

[MF415]

E,1<i<4

is a CLM[22].

[0112] Let P; be a PO projecting onto

[MF416]

E,1<i<A4.

and Q; = | -P; the PO projecting onto the orthogonal complement of &;, written as
[MF417]

1L &,1<i<A,

each of which is defined below. The CCF plays a role of a PO in the sense that given any two
signals r and s, the signal r € € has a unique decomposition of the form

[MF418]

. < T, 5 >y

1 !
r=————s5+s5,s€&,
IIs]]? ’

where

[MF419]
1

b
is orthogonal to s. The coefficient
[MF420]
<r, 8>t
IElls
is regarded as a PO projecting onto &'
[0113] The CP of type-3, type-4 correlators and the OP of type-1, type-2 correlators provide
also POs written as:

[MF421]
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'l/) P (3) 1“/{{«'(0) =+ 1(9) lJ(,)~E€3, w[?)_w HLBPHZ -
Yor 5 ( ) o <W ¢r4ﬁf;ﬁ? )> for the CP, (62)
0L B (ko ifn)>a,e
U= P (4) q—’q’pﬁ + '1’ ’ P 17 € 54’ P‘l’x;):"q’ N T""Dg‘lj?‘lg
}(l)_ £k d
$=P ol 4+ ylt yl) e g Pyot= ;'%
b Vo5 3 for the OP(63)
(2)L o (2) <Y glhoilo) >a,
U= P u) \Inpp ﬁJr 11’,0'45' ‘I’p",_ﬁ' € &, P\F,Eﬁ),ﬁlp_ H‘Dfaz)ﬁllz )
where
[MF422]
(L @)L ) (4’*
(!) 7 p N altr"p N ,E-[’

are orthogonal complements of
[MF423]

?f}(;;,)) ‘J] J_ (3) q,(“l

PP l*p BT P

[0114] The Alternative Projection Theorem(APT)[21,p.55, theorem 13.7] (Fig.11)
tells us that:

If E and F are projections on CLMs

[MF424]

EF

in a Hilbert space, respectively, then the sequence of operators E,FE,EFE,FEFE, . .. has a limit G,
the sequence F,EF,FEF, ...
[MF425]

EF.

(The condition EF = FE need not hold.)

has the same limit G, and G is a projection on

With use of APT, the following result is obtained:

Theorem:Convergence of Phase Updating Loop(PUL) (see Fig.3c):

Let us consider the 4 POs in the TD and FD that contain (s + 1)-step estimates

[MF426]

(", ) (resp. (p",L3)),

determined by the argmax-operations in terms of (p',8,) (resp. (p,2,) ) with the s-step estimate
[MF427]

as

in (60) (resp. (61)), and (p*,k*s) (resp. (p"*,k*s)), determined by the argmax-operations in terms
of (p,ks) (resp. (p',ks)) with the s-step estimate

[MF428]
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EDS
in (60)(resp. (61)). Write these POs symbolically as
[MF429]

Py=P,s (p' €y kas), Py = Py (p ko Ins) for the CP,
U/pt_ﬁ .7 N (6’—1)
(', ko; fps) for the OP,

Pl = Py.jf]l‘})?(p, 8#; Eds): P2 :P‘I!:‘,Z)I;
and
[MF430]

Qr=1—-P.,1<k<A4.

Then the PUL algorithm converges.

[0115] [Proof]: Consider the recursion formula for the CP only because that for the OP is
exactly the same except an exchange between the TD-PC X and FD-PC X', i.e., between suffixes
(3, 4) and (1, 2). Two different orderings of the time-truncation operator P3 and the band-
limited operator P, provide two different iteration equations;

[0116] First consider an algorithm for the recovery of

[MF431]

’l,f)‘

as follows: If

[MF432]

Y E &y,

then

[MF433]

¢ =F P Fy

and

[MF434]

g1 =Py = B F PN = o — Qe F TP,

Thus

[MF435]

W

satisfies the operator equation

[MF436]

A =g, A =1 — Qs F 4P Fd.

The recursion, defined by

[MF437]

=g+ QsF Py

enables us to have the iterative equation in the TD[22, 23]
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[MF438]

= (I — sz_l’dﬂfd)tb + Qs F 1P Fdapi_q,

or i — = (QuF1UPFY) (o — ), if (o — ) € & O
By the APT,

[MF439]

lim (QsF 4P %) (4 — )

11— 00

becomes the projection of

[MF440]

(tho — 1)

onto a CLM g.=1¢&3 N g4. The & contains only the trivial function[22, p.699],[23, p.637]; i.e.,
[MF441]

115:20 Vi =,

This is one of Youla's[22] main results. Hence the operator

[MF442]

Py hAp Fe

singles out the rectangle of chip-pulse duration LAt and chip bandwidth LAf with chip-level and
data-level addresses

[MF443]

((p.p"). D),

i.e., the intersection of the rectangular support of its associated CE

[MF444]

(3)

Vol

and that of the CE

[MF445]

(1)
LPp.ﬁ’
i.e.,

[MF446]
[((p—1)N +p— Ad )T, (p — 1)N + p+ Ab)T]

x[((p' =1)N"+p' — Aa)F., (p' — 1)N'" + p' + Ab)F,]

of the lattice
[MF447]
T.Z x F.Z
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and filters out the rest in the TFP, where Aa', Ab', Aa, and Ab are integers satisfying Aa'+Ab' =
M'and Aa+Ab = M. Such an operator is referred to as a phase-space(or time-frequency)
localization operator[7]. Thus the CE vy [k] is restored so that the parameters

[MF448]

kg and /p

are estimated within LAt and LAf. It should be noted that unlike usual rectangles of strictly
TL(resp. BL) operator[23], the time-truncation operator P3 (resp. the band-limited operator P,)
is defined by using a template, i.e., a non-overlapped superposition of N coded TD Gaussian
chip-pulses g[k] (resp. N' coded FD Gaussian chip-pulses

[MF449]

Gl

with no guard interval.

[0117] Conversely, in the FD, if y € &3, then

[MF450]

U =rFipFrtiy

and

[MF451]

go = Py = PP F 240 = 0 — QuF P 14,

That is, v satisfies the operator equation[23]

[MF452]

AT =go, Ao =T — QuF ' P11,

This gives the iterative equation

[MF453]

U= (1~ QuF P F L)W 4+ QuFIPF 14w,y

i 66
or lI’i —\I’:(Qz;fd.[);gf_]’d) ('I'U—‘I’) lf('l'(] —'IJ) 653. ( )
By the APT,

[MF454]

lim (Q4F P F 1) (W — W)

i—00

becomes the projection of (yo — ) onto a CLM

[MF455]

& =1 &NEs.

This CLM contains only the trivial function. Thus limise yi = y.
[0118] The FD CE

[MF456]
W[(]
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is restored so that the parameters

[MF457]

kq and fp

are estimated within LAt and LAf. Similarly, the operator
[MF458]

Py FiPF 1,

i.e., another localization operator singles out the rectangle of LAtx LAf with chip-level and
data-level addresses

[MF459]

((p ). )

i.e., the intersection of the rectangular support of the CE
[MF460]

%()SJF

and that of the CE

[MF461]

(1)
\IJMT’

[MF462]
[((p = 1)N +p— Ad) T, ((p — DN + p+ AV)T]
X[((p' =N+ p' = Aa)Fe, ((p —1)N' + p' + Ab)F,]
of the lattice
[MF463]
T.7 x F.7
and filters out the rest in the TFP. [End of proof]
[0119] <7. Twinned Filter Bank Multi-carrier System>
<7.1 Trasmitters for generating signature and radar signal>
Consider a multi-carrier filter bank for generating the TD-signature v[k;x] and FD-signature
[MF464]
Ve X,

defined in (25). Using a repetition of the TD-PC X, of period N to get an infinite code sequence
at the time: -, ..., -T,0, T, ..., o and that of the FD-PC X', of period N' to get an infinite

code sequence at the frequency: -, ..., -F., 0, F, ..., o, one can get: Proposition 6: Write
v[k;x] and

[MF465]

V& X

in (25) respectively as
[MF466]
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1
vlk; X] = ——= X, Z X,,,,fi?n,[k — mM],
VINN' K%’:lo meZ (67)
1 _
VIGEX] = —=> X > X[ fhD [0 —m/M'],
v NN' m=0 m'EeZ
where
[MF467]
TEI,D?n’ ['L"]* rlfllf)m’ [F]

are modulated filters, defined by
[MF468]

D[] = gV = M 25 — g gy = Mk gy, } (68)
. - v m- M SmME r
ler,lf)m.’ [{,] — G[p]“ mM(+75)  _ G[E]H’ m U.’.(_l)mm .

For an input x[k] and output y[n], Vaidyanathan[13, p117] defined the input-output relation in
the TD using three types of multi-rate filters with filter coefficient h[']: M¢ -fold decimation
filter:
[MF469]
yln] = xlk]h[n My — k],

kEZ

Ls -fold interpolation filter:

y[n] = Z x[k]h[n — kL],

keZ

and Mg/Ls -fold decimation filter:

[MF471]
y[n] = Zx[k]h[nﬂff —kLy).
kEZ

[0120] [Proof]: The TD-signature v[k;y] in (25) (resp. the FD-signature

[MF472]

Vi X]

) looks like the expression of a signal obtained at the output of a synthesis filter bank (SFB)[10,
12] with N'(resp. N) sub-bands and with an expansion factor equal to M(resp. M') and being
phase-coded by the FD-PC X'y (resp. the TD-PC Xm) on each sub-band. Indeed, if the
[MF473]

Xpm,m € Z(vesp. X,,.m'€Z)

is the input signal and the

[MF474]

F0 R (resp. fED 1)

is the filter on the (m,m')th sub-band of this SFB, then the output
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[MF475]
ulk; X)(resp. V{6 X))
can be written as (67).[End of proof]
[0121] Together with the symbols Icm[M,N'] = MoN' = MN'g, Icm[M',N] = M's N = M'Ng
[13],[10],[11] using MoN',M's N polyphase component
[MF476]
ES(z) =) gle+kMoN']z"% EF(2) = Gle + (M{N]=="  (69)
keZ (EZL
one can get polyphase filters(Vaidyanathan's[13, p121] Type 1 polyphase)
[MF477]

MoN'—1 MoN'—1
Fope()= ) fame[Kle™" = (-1)™™ 3 EI(zW™),

k=0 e=0

M{N—1 M{N -1 (70)
FED ()= 3 fhbul0=~" = (=)™ 3 ES(zw M),

k=0 e=0

For Im = lcm[M,N'], g4 = gcd[M,N'], there exist N'g ,Mp satisfying I, = MN's = N'Mo. On the other
hand, by the identity In " g¢ =M " N', M = g4 Mo,N' = g4N'o hold.

[0122] Thus one can get the SFBs of 2-D modulated v[k] and V[8] by TD-,FD-PC as shown in
Figs,4,5, respectively.

[0123] Figure 4 shows the SFB with TD-,FD-PCs Xm,X'm for generating TD signature v[k] in
(25),(67), containing m'-th TD template

[MF478]

urPk,0<m' < N'— 1.

[0124] Figure 5 shows the SFB with TD-,FD-PCs X, X'm for generating FD signature
[MF479]

Vid

in (25),(67), containing m-th FD template

[MF480]

UFPI,0 <m < N —1.

[0125] While eq.(27) provides the SFBs for generating

[MF481]

Wlk; A]

and

[MF482]

Tl X

[0126] Proposition 7: The CEs y[k;y] and

[MF483]
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can be written respectively as

[MF484]
ki X] = —& PoLP =g kID [k — qNM
dﬁ[ ] WZ,‘LQ;(‘; . FD[ q ’ } (71)
U[t; X A St g kyR - o' NTM),
where
[MF485]

ki (K], Koy 6]
are modulated filters of their associated SFBs, defined by
[0127] [MF486]

q N :‘rf

TD 2.0 — o[ ]ae r—q' N'M' (k+
kI [k] = v[k; X)W 1 N M :
.‘\ )

EED [0 = Vg XWONMIERESTE =y X aNME(—1)ad NN
[Proof]: Equation (71) indicates that if
[0128] [MF487]

{do Yz

(resp.

[MF488]

{dy.q }5:01)

denotes the input signal, and

[0129] [MF489]

KR

(resp.

[MF490]

kg 1)

is the filter on the (q,q') th sub-band of its associated SFB, then the

[MF491]

TD-CE : ¢[k; X]
(resp.

[MF492]

FD-CE : U[/; X])

= T)[k; X]I?i”_q’!\’ﬂﬂ‘f’k(_l)qq’j\"\]' 7

(72)

is the output of its SFB with PP' sub-bands and with an expansion factor equal to NM (resp.
N'M') on each sub-band. [end of proof]
[0130] Thus one can obtain the SFB for generating a transmit signal, that contains data symbols

as shown in Figs.6,7. Conventional SFBs do not involve the process of generating signature as
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shown in Figs.4,5. In Figs. 6,7, the case where N = N' = 1 corresponds to the usual SFBs. Using

the following modulated filter(MF)s for data transmission, given by
[MF493]
E!(z) = Z vle + kMoN')z"%, EY (2) = Z Ve + {MjN]z7¢, (73)
kEZ LET
one can obtain polyphase filters (Vaidyanathan's[13, p121] Type 1 polyphase)
[MF494]

P/MN-1 P/MN-1
KIP(z)= Y kpR[kle™ = (-0 VNN B N,
Pofi’:fgfl Pg;l;f’\?’fl (74)
KfD(z)= 3" kP[0t = (-0 NN ST BY (e VM,
£=0 e=0

where P'y,Po denote integers satisfying P'oMN = lcm[P',MN], PoMN = Icm[P,MN]. [end of proof]

[0131] Figure 6 shows the SFB for generating TD-complex envelope(CE) in (26)
[MF495]

w[k]

with input, complex-valued data

[MF496]

{d;v‘p’ }5,‘;5’:1 .

[0132] Figure 7 shows the SFB for generating FD-CE in (26)
[MF497]

W[e]

with input, complex-valued data

[MF498]

PP
{dihi”’ }p.p’ZL .

<7.2 AFB:receivers and encoder design>

[0133] Besides the attenuation factors Ae'™, the PD due to non-commutativity of
modulation/demodulation by the carrier |. operations, accompanied by the delay k"4,
[MF499]

T kate

[0134] arises. The received signal in (28)

[MF500]

rlk; X, A, K, 6]

(resp. its FT

[MF501]

R[6; X, A, Kk, 8"),
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(simply denoted by
[MF502]
r(k], R[€])

contains those PDs.

Define a type-3 (resp. type-4) CCF between the received signal r[k](resp. R[I] in (28) and the

estimated TD-template CE of type 3 in (29)
[MF503]

W k'df Tcl ﬂ* [k”dﬁ—l

(resp. FD-CE in (33)
[MF504]

w ke chf . pp[g]ldgfl)

respectively by
[MF505]

ﬁr(f;ukd Z ‘(K] (WL'[“Td TN A N M’%pM’ X, ” [k;X]) ,

kEZ

rholot.d £,d f.d T *
COR (ko ) =3 RIY (W’w“’/}D‘ﬁkagw,M.,,pw%,-ip,.,,)xpog’”[z:X'}),

{EZ

where the phase factor

[0135] [MF506]

Wﬂdfr

(resp.

[MF507]

Pk b

is designed to cancel out the one
[MF508]

Tkl

in the signal component of r[k] in (28),(38) (cf.

[MF509]
R ()
pt g\t fd

(resp. that of
[MF510]

R[f])

(cf.in (28),(43)
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[MF511]
Céi‘);‘(ko'S gﬂ))

[0136] Then one can get a TD (resp. FD) analysis filter bank(AFB)[10, 12]:

[0137] Proposition 8: The CCFs of type-3 and of type-4 can be rewritten, suited to AFB
realizations, respectively as

[MF512]

() D vk + RaW Rt bl =503 [N AL — k4 D), (75)

kEZ
R N T —k ;g [t BN M =ip j
O (k1 bp) > RIE+ )W ke tepy—halt 2 lng’f;[p'N'M'_e},(m)
teZ

whereD=L-1and

[MF513]
(3) (4)
hﬂ' ,ﬁm’ h’ﬁ,ﬁ[g]
are modulated filters of TD and FD AFBs
[MF514]
fp’N’.\;’JrE’U

]7,(4:7[()] =X, U’,g‘”‘* [¢; X'] W (= (pN+p)M—D) ey (pN+p) M

3 Ak (3),% A N +p VM (k— _pNM—ky
hi), ?ﬁ[k] =X/, “,(y [he; X (' N' 0 )M (k= D— EXE=0 ) }
P,

(

77)
(When P x P'

[MF515]

Me-ary symbols

are transmitted,

[0138] one may evaluate the output at the address
[MF516]

7= (p.p)

in the correlator array of p-band, p'-duration to estimate
[MF517]

{ds}yim—s)

[0139] [Proof]: If the phase-modulated received TD signal
[MF518]

PNM—ky

W Ratepytulk ek + ka]

(resp. the FD one
[MF519]

W kate Hﬁka[f*L‘g_gD]R[E + FD])
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denotes the input signal of the
[MF520]

(p',P)-th

(resp.

[MF521]

(p, ) -th)

-sub-band of the AFB with P' (resp. P) sub-bands with a decimation factor equal to NM (resp.

N'M"') on each sub-band, given by (75) (resp. (76)), then two facts:

i) one is the TD symmetry property[10] (cf.(21))

[MF522]

g(=t) = g(t)ie., glk] = g[D — k], ul [k; X] = ul)[D — k; X]

and ii) the other is the property of the FD signal

[MF523]

G- =W PG, UV [-6 X" = wPUih e X7,

that the TD symmetry entails, prove that its associated filter

[0140] [MF524]

K k]

(resp.

[MF525]

npalf)

is defined by (77). [end of proof]

Note that two kinds of filters given in patent[2] contain neither the PD Wk-4¢-¢
nor its canceling-out terms W-¢-c \\k-otc,

[0141] If AFB filter in (77) and P'oMN, PoM'N' polyphase components:
[MF526]

R (z) = Y uiPle+kP{MN]z% 1 <e< PJMN,
U, & FD £ (78)
Ri(2) = DY USPl+tRM'N'z" 1< e < B M'N,
(EZ

then one can obtain N',N polyphase filters (Vaidyanathan's[13] Type 2 polyphase)
[MF527]

PIMN-1 PiMN-1

HED (21 k) Zh k] (-1 Y N OM S s (NN g < <

=0
POIUI\ -1 EP.]]CL{'A —l
HEP (2;00) = S RER [0 (= 1) NNy~ (PN M8 Us (zW—(N+M) 1 < g < N
k=0 e=0

(79)
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Thus one can get the AFBs as shown in Figs.8, 9. (The case where N=N'=1,No=N'9=1
corresponds to the usual AFBs [12, 13].) The two CCFs (75) and (76) are FBMC-realizations of
c® o (;ka),C? 5 ooy (ks; Bo), respectively;

[0142] The output bipolar symbol of the TD-AFB(resp. the FD-AFB) is given as the sign of
[0143] [MF528]

o X e (€ ka)

Aei®
(resp. that of
[MF529]

X, 0 (e ) )

E:lh,

%

R

)

where

[MF530]

A‘Biz

is the MLE of the attenuation factor Ae™ with the MLE

[MF531]

6 = (Ed,a))

(cf.(59)). Such a pair of SFBs and AFBs symmetrical in the TD and FD is referred to as a
"twinned-FBMC".

[0144] Figure 8 shows an AFB equipped with a TD-correlator array for decoding complex-valued

data symbols

[MF532]

{dpp }5:1: 1<p <P

[0145] Figure 9 shows the AFB equipped with an FD-correlator array for decoding complex-
valued data symbols

[MF533]

{dp}y—1: 1< <P,

[0146] In which the TD-correlator
[MF534]

cp (s ka)

and the FD-correlator

[MF535]

CED (ke bn)

in Figs. 8 and 9 correspond respectively to
[MF536]

Pt ka)
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and
[MF537]

Cy i fn).

[0147] Note that if the PUL algorithm is implemented in the interface between the TD- and FD-
AFBs, as shown in Fig.10, then the resultant interface with time-varying or adaptive AFBs
becomes a parameter estimator for a radar, and a synchroniser[3] for communication systems
after the PUL algorithm converges. In addition, it also plays a role of an encoder of the
transmitted

[MF538]

Me-ary symbol dz € C

for data communication on the basis of complex-valued CCFs

[MF539]

X0l (5 ka)
Aeif

and

[MF540]

X, O (kg )
AeiR

All the filters, defined by (68),(72), and (77) in this FBMC can be realized by the polyphase

filters(called Vaidyanathan's type 1 or type 2 polyphase[13]). But such subjects are beyond our
present interest and so are omitted here.

[0148] Figure 10a and 10c show the AFBs with the TD-correlator array and the FD-correlator
array, respectively, and Fig,10b shows an illustration of an alternative updating process
between MLEs of two arrays based on the von Neumann's APT.

<8. Other examples of communication exploiting the non-commutativity of time and frequency
shifts>

[0149] In the radar detection technique as a typical example of communication exploiting the
non-commutative property(NCP) of time and frequency shift(TFS)s, a pair of TFSO of type 3
with tg, fo

[MF541]

Tta. fo

and TFSO of type4

[MF542]

W

with estimated parameters
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[MF543]

?cl: fL)

at the receiver, has shown that a priori half shifts of t4, fo play an important role in the
estimation of those parameters. Other examples of communication systems exploiting the NCP
of TFSs are given as follows.

[0150] Our discussion has been restricted to a single-target problem for simplicity. Of course, a
simple way for detecting multiple targets is to adequately use the decision level rq of the
statistic for estimating Doppler and the r'y of the one for delay, respectively in (32),(37) and to
enumerate several targets as functions of ro.r' .

<8.1 Multiple Target Detection using CDMT>

Consider another approach to multiple target problems. Let {(ka;, €0;) }"**™" -1 be Npatn pairs of
delay and Doppler. Divide the target space ®' = [0,T) x [O,F) into 4 regions:

[MF544]

Ri=[0,T/2) x [0,F/2),Rs = [0,T/2) x [F/2, F),

Ry =[T/2,T)x [0,F/2), Ry = [T/2,T) x [F/2, F)

and assign TD- and FD-PCs:

[MF545]

X ={X, X}, Yy={Y, Y}, Z={Z,Z'},W={W, W'}

to each region. Suppose that the 2-D PCs

[MF546]
XV, ZW
have their chip address sets, defined as
[MF547]
Mip={(m,m")|0<m < ; —1,0<m' < NT’ -1},
My ={(m,m")0<m< X -1, AT’ <m' < N' -1},
"N - " ! N’ (80)
Mag={(m,m")|5 <m <N -1,0<m' < 5 —1},
My= {(m,m')|% <m<N-1, VT’ <m'<N' -1}
and their associated signature waveforms, defined by
[MF548]
v k; X(i)] = Z(m{m')eM} XT(J)X"(;)TQ{AI{Jn'AJ'Z[k]-
X0 = (XA, X0, X0 € {11}, (m,m") € M;,
(81)
where y,x®,5y® @ correspond to
[MF549]
X, YV, 2,0V,

Then the CE of the radar signal has the multiple targets form
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[MF550]

4

Pkl = dg - Tanargne a0 ks X O] (82)

i=1 q
[0151] If this CE is transmitted through Npath doubly dispersive channels with delay, Doppler,
and attenuation factor, respectively denoted by
[MF551]
{(ta,i: fo.is Aiffiﬁ'i)};ipftl‘s
then the signal component of its received signal is given by

[MF552]
Npath

rlk] = Z A TS plk]. (83)
=1

While, the receiver uses the 2-D PC

[MF553]

X (or )

for the TD-template CE of type 3 and FD-template CE of type 4
[MF554]

@ (k] and ¥

byl .
o' PP

in (29), (33) and restricts the range of controlling
[MF555]
13

/, and kg,

respectively of the CCR of type 3 in (38) and of the CCR of type 4 in (43):
[MF556]

3 (f#;’k\:d) and Cﬁ?%(kﬂgfp)

“pl P
[0152] to
[MF557]
M'N’ MN
0<¢,<| J*I,OSkaSLTJfl

2
for R; and to
[MF558]

M'N' MN
[TJ <, <M'N'0<k, < LTJ -1

for Ry, then it gets the MLEs for the target subspaces Ry,R,. Similarly the receiver gets MLEs for

other regions Rs,R4. This technique is based on the philosophy behind the CDMA and so is

referred to as the code-division multiple target (CDMT)s.
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[0153] Numerical simulations with N = N' = 64,Npain = 4, SNR > 5dB showed that 3,4 targets are
successfully detected with probability 80% by using the PUL algorithm.
[0154] <8.2 Multiple Target Detection using Artificial delay-Doppler>
As shown in the proof of the convergence of PUL algorithm, TD-CCF of type 3 and FD-CCF of
type 4
[MF559]
e (i ka) and S (Kqs ),
respectively using the orthogonal projection operators P; onto the Ts-time limited(TL) TD-space
and P4 onto Fs-band limited(BL) FD-space tell us that a pair of TFSOs of type 3 and of type 1:
[0155] [MF560]
(T 0 T2, )

(or that of the frequency dual of TFSO of type 3 and the TFSO of type 2:
[MF561]

(7?;—;(‘17,“:(‘ , 7:[',(1 ))

tp,— ko

is an inherent operator due to the NCP of delay and Doppler, and thus plays an essential role in
radar and multiplexed communication systems because such a pair contains either a pair of
two unknowns

[MF562]

(b, ka)

or that of two control-parameters

[MF563]

(e.u.- ks)

for getting a pair of two MLEs

[MF564]

(Tn, kq).

On the contrary, the modulation and demodulation TFSOs

[MF565]

Towe. Toe.

and the data-level and chip-level TFSOs

[MF566]

7;)(}\-']\4.;:';\" M’ 7;(}\4‘,07 7:55»11 0

with data-level and chip-level addresses

[MF567]

((p.p"), 1)

are independent of (€p,kaq).
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[0156] While, the TD- and FD-CCF pair in (41),(45)
[MF568]

(3 (p .70 (4 -~
A3 (i), O 3k ),

with address parameters

[MF569]

((p, "), 7),

contains the data

[MF570]

dy

together with several PDs.

[0157] This suggests that if the artificial parameters

[MF571]

{kd,is éD,i}iEIMh

(for simplicity setting

[MF572]

Aget = 1)

are embedded in

[MF573]

A,

then such parameters are available for a multiple target problem. For example, consider
communication systems based on the NCP of delay and Doppler using Npath pairs of TD-TFSOs

and TD-CCFs and Ngath pairs of FD-TFSOs and FD-CCFs, defined as

[MF574]
pair of TD-TFSOs : (T, 4, .72 , ), TD-CCF : D (luirkai) 1 <0 < Nparn,
pair of FD-TFSOs : (T4 _, TFfDd . );FD-CCF: C (kg i300,) 1< i < Npan.

(84)
with Npath pairs of parameters
[MF575]
{(kd,neD,ft)}?:"f“’.
Such systems use Npatn pairs of TD-,FD-templates embedded in transmitted TD- and FD-
signatures and PUL algorithm for estimating
[MF576]
(ka,is fp,i),
where the PUL algorithm was called the "active" PUL[25, 30] in the sense that updating is done

at the transmitter; but the adjective active was something of a misnomer because updating is
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applicable to the receiver only. The above MLE is based on identifying Npath pairs of known

shifts
IMF577]
{(kd,a‘.,ﬁu,i)}ﬁfth

from signals with embedded those shifts. Namely, it is relatively different from the single-target

problem. Hence the above PUL is an ordinary PUL.
[0158] The CDMT technique can be applied to
[MF578]

M-ary

phase-shift-keying(PSK) communication with data
[MF579]

dg =W " Wh=e ' kyeZ,0<ky< M- 1
Using Npath 2-D PCs and two twiddle factors
[MF580]

W, Wi, 0< 0,0 < M =1

placed in the front of N' TD-CCF and N FD-CCF arrays
[MF581]

(:L?‘)ﬁ(fﬂ; kq) and C;i%(k(,; ),

called a "phase tuned layer(PTL)" and replacing the
[MF582]

P

operations for MLE in the PUL by

[MF583]

B O 1

by augmenting two PTL variables

[MF584]

g0

one can get a PTL that plays a role of replacing
[MF585]

di

of the pair of CCFs in (41), (45) by

[MF586]

ds- Wi ds- Wi,

with the result that phase errors in the real parts of the CCFs have Gaussian distribution with

mean 0.

[0159] The inventor can get good numerical simulation results with N = N'
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[MF587]
M =816
and SNR 30dB. However, when
[MF588]
M =16,
sidelobes arise the left- and right-hand sides of the main lobe in the distribution, which means
decoding errors may occur. Hence only use of simple PD-cancellation methods limit to setting
[MF589]
M =28
[0160] Thus, in order to try M-ary communication with
[MF590]
M > 32
one can divide the delay-Doppler space ®' and the signal TFP S into
[MF591]
M
8
delay-Doppler sub-spaces and sub-TFPs and assign
[MF592]
(X0 = (XD} A00D, X0, X0 € (1,115,
to each sub-TFP. Moreover, let us suppose that artificial shifts
[MF593]
(kair €n.i)
are around the center of i-th delay-Doppler sub-space and use the PTLs of Wg= exp(-i2nt/8) and
W = exp(-i2nt/M) , placed in the front of TD- and FD-CCFs, namely,
[MF594]

' . 8
Wg\ﬁ W34, for FD-CCF,\; € {0,1,...,7},jr € {0,1,..., 41}
(85)

Wo7 . Wit for TD-CCF, Ay € {0,1,...,7},jr € {0,1,..., 4}, }

This results in the following replacement of the PTL for

[MF595]

di

and arg max operation

[MF596]

dy = dy - W™ - W35, argmax ¢, r.jp, for TD-CCF,

dy=ds- Hf’s)\% . TfI-"j{j, argmax i, Ar_jp for FD-CCF. } (86)

Hence one should require
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[MF597]

%-8-(N+N’)

CCFs in total. Therefore, one can obtain numerical decoding simulation results for 128-PSK,
256-PSK using 16, 32 2-D PCs. This M-ary PSK communication realized a new class of
multiplexing communication, called "delay-Doppler space division muliplex(dD-SDM)"[35, 34].
However, the phase resolution of this system remains within Wy = exp(-i2wt/M). So, it is
consequently unable to realize a high

[MF598]

M

-ary PSK communication. A new technique to realize a high M-ary PSK communication is
proposed as follows.

[0161]

The inventor can give communication systems with modulation and demodulation of high
[MF599]

M

-PSK in cooperating with establishing synchronisation, that are capable of being used also as a
synchroniser for communication and or radar. First of all, one can provide explanations of Figs.
12-17 relating to

[MF600]

M

-ary PSK encoder and decoder as follows.

[0162] Figure 12 illustrates the block-diagram of a transmitter( or an encoder) that is capable of
being used also as an efficient and high-resolution radar equipped with

[MF601]

M

-ary PSK communication.

[0163] There are two different kinds of states: one is synchronizer/radar state(when the data
dq-> is on the upward sides of the switches1-1,1-2) and another is

[MF602]

M

-ary PSK communication state(when the data dq-, is connected to the down-ward of the
switchs 1-1,1-2). Each state is controlled by the switches. When

[MF603]

dg

is
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[MF604]

M

-ary PSK, i.e., the data communication state, the switches are on downward.
[0164] The leftmost part of the transmmitter is the input

[MF605]

dg-

When the transmmitter is in the synchronizer/radar state, it performs four procedures to a chip
waveform:
[MF606]

(m',q) -TD-template . )
((m, 7) -FD-template generation by the 2-D PC x

&(N'/N)-TD-/FD-template multiplexing

&(P'/P)-TD-/FD-signature-, and dz-multiplexing

while when the transmitter is in the data communication state, it performs six procedures to a
chip waveform:

[MF607]

] _ _ .
(((TE?’Z_% _g][))_;f;l;lg]l:zee) generation by the 2-D PCs y'¥

&(N{/N;1)-TD-/FD-template multiplexing

M-1
& ([ Vo 1+ 1) -PC multiplexed signature

J‘ - 1
& ([ \:t’\/fo 1+ 1) -signature multiplexing

&(P'/P)-TD-/FD-signature-, and dz-multiplexing

Next, in the block of the k-encoder, consisted of the j'-th AC chosen from

[MF608]

(5+1)

parallel ACs, where the symbol
[MF609]

denotes the set of the ACs and the dot . simply its one.

[0165] In accordance with an embodiment of the present invention, the encoder-switches 1 -
3, 1 -4 choose the j-th AC in the block of the k-encoder, according to j, and the transmitter
phase-modulates the output of the encoder by the j'-th PSK symbol

[MF610]

Wi,

J
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which is determined by an encoding of k with integers j,j', defined as
[MF611]

k

k
k:-,;‘ .,7.:—"',: M
iMo+3' 5 =[—-1,7 {J\/fo

Mo

[0166] When the switch 1 - 2 is on upward and downward sides, respectively
[MF612]

TD-CE ¢[k] and FD-CE ¥[{]

in (27) and

[MF613]

TD-CE ¢*“[k] and FD-CE WAC[(]

as defined below in (87) respectively, might be passed through the switch. Furthermore, in
accordance with an embodiment of the present invention, the transmitter (or the encoder)
modulates those CEs by a carrier

[MF614]

be,

transmits the resultant passband(PB) signal through the main channel(MC) with shifts
[MF615]

(ka, fn),

and demodulates the noisy PB signal, contaminated by noise, by the carrier

[MF616]

le,

resulting a received signal.

[0167] The explanation of the block-diagram shown in Fig.12 is over.

[0168] If a high

[MF617]

M

-PSK modulated symbol

[MF618]

. (i27rk)
X
PA™M™

is transmitted and is contaminated by both phase noise and additive noise, then a signal

[MF619]

exp ('.'3271')
X
i M

should be resolved. However, its resolution is unrealizable. To solve it, in a k-encoder(the right

block in the lower part of Fig.12), the transmitter encodes k in the form

85



10

15

20

25

[MF620]

iy gk
k=iMo+ii=[3-hi =1

so as to transmit a lower
[MF621]

Mo

-PSK modulated symbol
[MF622]

o (1275
XP .
P,

While to transmit the encoded integer

[MF623]
. k
1= [E 3

the transmitter relies heavily on the joint estimation method of delay and Doppler with high
precision, proposed by this disclosure. Namely, the transmitter firstly divides the (tq, fo)-
parameter space ®' and the signal time-frequency plane(TFP) S equally into

[MF624]

J’Vf -1

( My

I+1)

sub-parameter spaces @) and sub-TFP S; secondly assigns 2-D PC %" to each sub-TFPs;
thirdly 2-DBPSK modulates a chip waveform by
[MF625]

(452

{X(f)}?’=0
2-D PCs; fourthly combines those BPSK-modulated signals by
[MF626]

M-1
e

]+1) — W

-multiplexing; fifthly assumes a situation that the resultant multiplxed signal is transmitted
through the j-th channel, called the j-th artificial channel(AC), chosen from
[MF627]

(=551+1)
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parallel ACs, according to j, so that those multiplexed signal is time-frequency shifted by about
the center of the sub-parameter space ®'; sixthly PSK-modulates the output of the j-th AC by
the j'-th

[MF628]

Mo

-PSK symbol

[MF629]

, 2!
I'L"A‘AJO = exp (EJJ'; )

to get a transmit CE. The transmitter modulates this CE by the carrier
[MF630]
Le

and inputs the resultant PB signal to the MC with shifts

[MF631]

(ka, ).

External noise is added to the output of the MC. The transmitter demodulates the noisy PB
signal by the carrier

[MF632]

b

The resultant BB signal yields a received CE.

[0169] Next, the explanation of the block-diagram as shown in Fig.13 is given.

[0170] Figure 13 shows a block-diagram of a receiver/synchroniser (or a decoder) of a
communication system of capable of being used also as an efficient and high-resolution radar,
equipped with

[MF633]

M

-ary PSK communication.

[0171] When the receiver is in the synchronizer/radar state(i.e., the switch 2-1 is on the
upward side), it performs two procedures to a chip waveform:

[MF634]

', q) -TD-template . .
((EO,O, (g FD. t91n§13te> generation by the 2-D PC y

while when the receiver is in the data communication state(i.e., the switch 2-1 is on the
downward side), it firstly decodes k in the k-decoder, denoted by k* and defined as
[MF635]
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I
- 5
= = g,

~

E=7Mo+

)

b

and secondly performs two procedures a chip waveform:
[MF636]

! ! N
((([; ’g} :F}Eg:::ﬁgg:z) generation by the 2-D PCs y!/)

so as to select the j*-th AC from
[MF637]

parallel ACs, where the symbol
[MF638]

denotes the set of the ACs and the dot . simply its one.

[0172] In accordance with an embodiment of the present invention, when the switch 2 - 1 is on
downward side, the decoder choosses the

[MF639]

—~

J

-th AC in the block of the k-decoder, according to j*, and the receiver phase-modulates the
output of the AC by the j*'-th PSK symbol

[MF640]

to get a template CE. The receiver calculates the CCR between the received CE and this
template CE, in the COR-block of the lower part of the diagram of Fig.13.

[0173] The symbol COR means correlation. The big block in the right-hand-side of the COR
indicates the block of maximum likeklihood estimating

[MF641]

(ka,{n),

and Ae™, recovering

[MF642]
dz,

q>
and decoding k" for the selected chip-level addresses (p',p): When the receiver is in the
synchroniser/radar state(i.e., the switch 2-2 is on the upward side), it performs

[MF643]
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- ~ ILE : (k*, ¢
ﬂjPUL k; — kd\j(f;: —{p C; ( ok

ILE : Aei® )) — dg reconstruction

ar gmaxR[CP. ﬁ(kg, Ip)/(X,Ae™)]
pke

While when the receiver is in the data communication state(i.e., the switch 2-2 is on the
downward side), it performs
[MF644]

argmax R[C
Pt

O (s ka3, ) /(X Ae™)]

PP,

) p

MLE : A
G (k3 T, 4,3") /(X Ae™)]

-~ . - MLE : (k* E*) k  decoding

PPUL Ky = ka™¢, — Ip ( ) -5 Mo +
dlgnlde[C N
pkosjid’ ”

[0174] The explanation of the block-diagram shown in Fig.13 is over.

[0175] Next, consider a situation that a received CE is 2-DBPSK demodulated by a 2-D PC phase

modulated chip waveform. When the receiver is in the the data communication state(i.e., the

switch 2 - 1 is on downward), it 2-D BPSK modulates a chip waveform by the estimated

[MF645]

i

-th 2-D PC

[MF646)

)

and inputs the 2-DBPSK modulated signal to the
[MF647]

J

-th AC, chosen from

[MF648]

([ATIMU ik 1)

parallel ACs and

[MF649]

Mg

-PSK demodulates the output signal of the AC by the symbol
[MF650]
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In the final step in the MLE block, the real parts of TD-CCFs and FD-CCFs, normalized by the PC
and the attenuation factor
[MF651]

Rl (b ka, 3,37 /(X Ae™)], RIC) D, (ki B, 5. )/ (X, Ae™)]

P03, o B

are maximized in terms of 4 variables
[MF652]

(003,35 (05,75 7")
to get MLEs of
[MF653]

(kd,fp).

If the PUL algorithm converges, then the receiver gets convergence

[MF654]

(K3, h).

Thus the convergence is common in two states. When the receiver is in the synchroniser/radar
state(i.e., the switch 2 - 2 is on the upward side), it recovers

[MF655]

dg,

while, when the receiver is in the data communication state (i.e., the switch 2 - 2 is on the
downward side), it decodes k in the form

[MF656]

k= " Mg + 5

by using MLEs for

[MF657]

(i7.3-

Note that even when the receiver is in the usual synchroniser/radar state(i.e., the switch 2 — 2
is on the upward side), it is capable of low

[MF658]

My

-PSK modulating/demodulating to convey data

[MF659]

dy.

€,8.

[MF660]

My =8,
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[0176] Figure 14 shows the distribution of magnitudes of the real parts of the CCFs on the main
channel(MC)'s delay T and Doppler t parameter space. It indicates that the main lobe is
isolated.
[0177] When the transmitter is in the synchroniser/radar state, the main lobe locates at
[MF661]
(ka,tp)
and it is discriminated from side lobes, where the double-wave symbol denotes background
noise.
[0178] Figure 15 shows the distribution of magnitudes of the real parts of the CCFs on the t-v
plane when three parallel ACs are added to the MC.
[0179] Three parallel ACs are connected in series in the front of the MC in order to encode k
using the
[MF662]
M
-PSK modulated signal. The MC still remains at
[MF663]
(ka, fp).
However, when the ACs are added to the MC and the three series channels, MC + ACO,MC +
AC1,MC + AC2 locate at
[MF664]
(ka + k2 b + 69, (ka + B 0+ €5)), (ka + £ p + €5,
respectively.
The time shifts and frequency shifts are simply additive in quantitative terms, However, several
new PDs simultaneously arise and are accompanied by group-theoretical property. In order to
obtain the dstribution as shown in Fig.15, one needs the rigorous estimation of several PDs and
maximization of the real part of the CCFs by using MLE, together with augmenting parameter
variables j,j' to cancel out the PDs, as described in written description of this disclosure. The
augmented variables j,j' may take
[MF665]
M—-1
[ Mg
different values, respectively.
[0180] Figure 16 shows the symbol's fundamental TFP S of [0, Ts)x [0, Fs) and its 4 partitioned

sub-TFPs S, This partitioning is intended to exploit the AC parameter space of co-dimension 2

|+ 1, M.

having the NCP of TFSs, where the term "co-dimension" means the dimension of the

parameter space.
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[0181] In Fig.16, the 4-partition(Gabor's partition) of the signal's TFP of time duration Ts and
bandwidth F, (59, S, S, SB)) and the vertical axis is perpendicularly added to the TFP, where
a scale of 4 pairs of AC shifts

[MF666]

R, 6, R 600, R, 6, R, ),

is attached to it, associated as a third variable of the TFP besides the T and F coordinate axes.
[0182] Figure 17 shows also the 4-partitioned sub-TFPs S' with assigned PC X" that is intended
to exploit the AC parameter space of co-dimension 2 having the NCP of TFSs.

[0183] As shown in Fig.17, each S is time-frequency shifted by (k'’3,8()5),0 <i < 3.The signal's
TFP S can be identified with the target space of the parameter of the MC

[MF667]

(ka, tn)

having its fundamental unit plane

[MF668]

0,72) % [0, ).

That is, if a target exists around the TFP with data-level address

[MF669]

7= (p.p)

i.e., around the neighborhood of sub-TFP [(p—1)Ts.pTs)x [(p'—1)Fs,p'Fs) then the target should
be discriminated within the data-level address

[MF670]

P=p),1<p<P-11<p <P -1

Hence the argmax operation on the two real parts of the CCFs in Fig.13 needs the data-level
address

[MF671]

i

regardless of the use of data communication.

[0184] As discussed above, in the transmitter and receiver, respectively in Figs,12 and 13 the
upward and downward systems are alternatively switched.

[0185] The systems connected to the upward sides of the switches 1-1, 1-2, 2-1, 2-2 in Figs,12
and 13 are those in accordance with an embodiment of the patent[6], while in an embodiment
of the present disclosure, the systems connected to the downward sides of these switches are
multiplexed communication systems based on the encoder/decoder exploiting the NCP of the
TFSs.

[0186] Figures 12 and 13 enables us to discriminate against the synchroniser/radar not

equipped with high M-ary communication and to show originality in this disclosure.
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[0187] In accordance with an embodiment of this disclosure, in the transmitter and receiver

system, in order to transmit
[MF672]

M -ary PSK

modulated symbol

[MF673]

exp (‘t2;k> O<kE<M-1

and to embed efficiently "information" k into its transmit signal, for an integer
[MF674]

Mo, 1 < My <M,

the transmitter prepares

[MF675]

J - 1 de . 4 - 1
([ \j[‘\/[o I( f the integer part of ’\jt\/[o )+ 1)

pairs of 2-DBPSK codes, i.e., pairs of TD-PCs of period N
[MF676]

XU = fxn

and FD-PCs of period N'

[MF677]

X = (X0}

and divides the fundamental unit plane ®'= [0,T:)x[-Fs/2, Fs/2) of the delay and Doppler-
prameter space

[MF678]

Omax = [0, Tmax) X [~ Fimax/2, Fimax/2)

and the signal's TFP S = [0,Ts) x [0,Fs) equally into
[MF679]

(Fg+)

sub-parameter spaces and sub-TFPs, respectively denoted as

[MF680]

M — 1]
J\/!o ’

@)(?’),S(i)’o <i<|

where T; = NMAt, Fs = N'M'Af denote the time duration and band-width of the symbol
[MF681]
dg, @=(q,q"),

93



10

15

20

25

30

Tmax = PTs, Fmax = P'Fs denote the maxima of delay and Doppler to be detected with integers P,
P', and the sampling intervals At, Af.

Next the transmitter decomposes information k given as

[MF682]

k k . »
k= [E]MO + {W} = Mo+

and transmits an integer pair (j, j'), i.e., an integer part

[MF683]
k . de ) k . M-=1
j= [,»’\/IOMIZY the integer part of «-"\/fo)’ 0<7<] \j‘t\/fo ]

and its fraction fraction part

[MF684]

k
4f the fractional part of W), 0<j <Mg—1,
Mo

7= {3
in place of k. To transmit the encoded integer pair (j, j'), the transmitter 1) 2-D BPSK-modulates
a chip waveform of time duration T.= MAt and bandwidth F.= MAf by 2-D PC X%; 2) gets a 2-D
phase-modulated signal, called a TD-signature and its Fourier Transform(FT), called an FD-
signature; 3) time-frequency shifts by data-level shift (Ts, Fs) and combines these time-
frequency shifted signatures in a non-overlapping form to obtain a

[MF685]

M-1 . .
([ v |+ 1) -signature-multiplexed
Mo

signal. Next the transmitter assumes that the multiplexed signal may transmit through an
artificial channel(AC) with delay-Doppler shifts

[MF686]
CANG

located at around the center of the sub-parameter space ®'". To simulate such a situation, the

transmitter makes two TFSOs of type 4
[MF687]

1
T o, THE
Ifc<1J}‘£Er; ’ 'ﬁ(r;}x_'r".liu

act on the multiplexed TD- and FD-signals, respectively. Thirdly, the transmitter PSK-modulates
the resulting time-frequency shifted TD-signal by

[MF688]

My -ary

symbol
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[MF689]
Wi
[MF690]

i —i27
(W, = oxp ( o )),

(i.e., multiplies the PSK-modulated signal by the symbol

[MF691]
dz.

), and combines these (P/P') signals in non-overlapping form on the TFP to generate TD-CE and
its DFT, FD-CE(cf. Fig.12), equipped with

[MF692]

Mo

-ary PSK communication, in place of (27), given by

[MF693]

(2451

LAC L po1,p 1 dp Wi )
q.ﬂ’JA([kQ{X“)},j:a 00" = WZQT:O [M—l]fT (n B)Z fwuq'ivm'?’[k X9,

[ Mu

5zt 1 AW, . .

'IJA( [F {X(I)} MO 1.? J] \/Wz::q l_é) ! [M 1J]M+1 T{J)17 3) Z [\iMw _qu” [E:X( )]a
(87)

where
[MF694]
olk; X0, Ve A9
denote TD- and FD-signatures(cf. (25)). defind by
[MF695]
ol XO)=—e 30 XOX Tl arglK]

N1 N/ m m mM,m . ’

(m,m')elli) . (88)

V[f; X }_ / 1 7’ Z X ?)X'm ﬁr'l.’({’w 7mMG[€]7

N (m,m')ell®)
where
[MF696]

10,0<i <A1

]

Mo
denotes the i-th sub-set of the chip address set {(m,m')}N"2N=1 o 0fS,
associated with the i-th sub-TFP S! as shown in Figs.16 and 17 and
[MF697]
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N N'

Ny = e Nj =
\,n‘ VJV[() ] + 1

e+
The TD- and FD-CEs in (87) are designed to convey the encoded integers (j,j') of k to receivers

through the MC. However, M-ary communication leads us to set the periods of the TD-PCs and

FD-PCs to be nearly
[MF698]

multples of those for synchronization of communication or target detection to keep estimation
precision (a situation that the switches(1-1,1-2,2-1,2-2) are on the downward and upward sides
in Figs.12 and 13 corresponds to with/without the use of data communication).

[0188] Eq.(87) tells us that TD- and FD-signatures

[MF699]

olk; XD, V(6 A0

are firstly 2-D BPSK-modulated by 2-D PC X" and secondly the resultant phase modulated
signatures are combined in non-overlapped form such as a

[MF700]

7 - 1 :
([ \/‘I‘Vl 1+ 1) — AW g& -signature-multiplexed
Mo

signal and thirdly such a doubly-multiplxed signal is PSK-modulated by
[MF701]

My -ary

symbol

[MF702]

Wik

and fourthly the PSK-modulated signal is transmitted through the j-th AC with shifts
[MF703]

(kS 0).

and fifthly is PSK-modulated by

[MF704]

My -ary

data symbol

[MF705]

d- Wi

[0189] The final signal is the TD-CE

[MF706]
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JAC (RG] .
(e R S RN N

and its DFT, i.e., the FD-CE
[MF707]

ACT. i) o
‘I’ [6‘{X }p‘,:(] 1.?7.7 ]
where
[MF708]
y
with data-level address g~ = (g, q') has the value of 1.
[0190] At the receiver, an estimated k, denoted by k*
[MF709]

—~

kO<k<M-1

is decomposed with a decoded pair of integers

[MF710]

~ .k W M1, k -

= 0<j< Gi={—10< i< Mp—1.
J =l b0 ST S Rl = {107 < Mo

The receiver first makes the estimated TD- and FD-TFSOs of type 4
[MF711]

T and Thd

(3) pl3 1 1
dJ):[]lj.'lJ Eg)‘_kiﬂ

representing the j*-th-AC with shifts
[MF712]

(k. 3))

act on such TD- and FD-signatures, respectively and secondly PSK-demodulates those time-
frequency shifted TD- and FD-signatures by

[MF713]

Mg -ary Wﬂo

to cancel out the PSK-modulation phase(cf.Fig.13).

The CCFs of type 3 and of type 4 exploiting AC shifts, with encoded integer pair (j,j') and its
augmented pair for argmax operations

[MF714]

(7.4,

are concretely given by respectively, in place of (38) and (43)
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[MF715]
ik TRa 3 [ 0 A
ACOL (05T, 4, ) = AR ST AT (2O} 50 g

NN

keZ
O
x [ T, . ’\_4107;(21 prﬁ)rﬁf}'\'n'f.p'f\"n-ffpf > Tty Xy D glk]
RE[(J]
(89)
C (4 k P Aes 1y kate ngd GACTp. ¢ p(0) [%;1]
/Pﬁ;;r( o D,JJ) aey Z'{D«*k(l [1{" }:O :JJ}
ez
*®
rkotef,d r— f.d f.d
x| W Tr)(,—k IL-MJD7;(J§ (J)7;) J}V’ﬂri” —;uN'Af\/A,\—,', Z T '\/[’ —pﬂf)( G[E]
L, rerd

(90)
each of which is called a correlator of type-3 with AC shifts and a correlator of type-4 with AC
shifts, respectively. In the transmitter-signal-part (cf. (87)) of the two CCFs above,(i.e., the input
part of statistic g (13)) the TFSO of type 4 (or its frequency dual)

[MF716]

T ((J) or T

ku}

is inserted between the product of chip- and data-level shifting TFSO of type 4 (or its frequency
dual) at the transmitter (cf.v [k;X" ], V [8;X% ]in (88))

[MF717]

7;ﬁ!\fn-f,q' N'M! "Egiw,mf M OT E{ﬁ’M’,—qNM ‘71"(514’.—:::11-1

and TFSO of type 3, representing the MC with shifts

[MF718]

(Ka, fn),

[MF719]

Teouto

While, in the receiver-signal-part of the two CCFs (89),(90)(i.e., the signal-to-be-detected part
of statistic g(13)), for

[MF720]

M

-ary PSK modulation, there are

[MF721]

([ M‘/fo I+ 1)

different pairs of AC shifts
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[MF722]

(kg 63))
Then the associated estimated TFSOs of type 3 representing those ACs
[MF723]

ﬁzﬂ‘ﬁg)

( or their frequency dual ones

[MF724]

-0

are defined. These TFSOs are inserted between the estimated TFSO of type 1

[MF725]

d

(or the estimated TFSO of type 2
[MF726]

ﬁ,d )

n,—keq

for estimating the MC shifts

[MF727]

(ka, fn)

and the product of chip- and data-level shifting TFSOs of type 4 or its frequency dual at the
receiver

[MF728]

d d f.d f.d
ﬁ);V;‘lJ.p’;V’A-f’ '7;1111._0’1'.-1” or 7;)’ N'M'\,—pNM " 'n'M',—pM

[0191] The transmitter/receiver system shown in Figs. 12 and 13 that is capable of being used
also as an efficient and high-resolution radar, equipped with

[MF729]

M

-ary PSK communication is a typical example of multiplexing communication systems utilizing
non-commutative delay and Doppler shifts of the MC and AC parameter spaces of co-
dimension 2, where the fundamental unit plane ®' of the delay and Dopler parameter space of
the MC is exclusively divided, denoted as ®'. So, it is obvious that the term "delay-Doppler
space division multiplexing(dD-SDM)" [30], patent[6] is used to refer such a multiplexed
system.

In this system, in place of transmitting

[MF730]

99



10

15

20

25

30

M
-ary data k, the transmitter sends a signal containing encoded integers
[MF731]

i =l hd = {5

The integer j is recovered by using the PD due to the delay shift
[MF732]

kf)

and Doppler shift

[MF733]

&),

located at around the center of ® 1" (cf. Figs.14,15). To embed (j, j') into a signal, the
transmitter firstly 2-D BPSK-modulates a chip waveform by diffrent 2-D PCs ¢, secondly
combines these modulated signals(signatures) in non-overlapped form by

[MF734]

CRIES

-multiplexing, thirdly inputs it to the
[MF735]

o~

J

-th AC, and fourthly

[MF736]

Mo

-PSK demodulates the output signal of the AC by the symbol
[MF737]

—i27j
Myary ex )
oan p( Mo )

For

[MF738]

(P 1+1)

different values of
[MF739]

7
the transmitter requires
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[MF740]

(1)

parallel ACs and the set of those associated 2-D PCs
[MF741]

(i) [
{X }-i,:(] N

While, at the receiver to detect the template from a fourfold-multiplexed chip waveform, the
receiver selects an estimated
[MF742]

o~

J

-th AC and constructs maximum-liklihood estimates of
[MF743]

(ka, fn).

High

[MF744]

M

-ary PSK communication at the transmitter is realized by
[MF745]

M-
([ JMD

)

-multiplexed low

[MF746]

Mo

-ary PSK modulations based on using non-commutative AC shifts and 2-D PCs.

[0192] Such a multiplexed system, called "delay-Doppler space division multiplexing (dD-SDM)"
is a system by dividing the signal space S = [0,Ts)x[0,Fs) into several sub-TFPs and assigning a 2-
D PC to each sub TFP for 2-D BPSK modulation. The use of 2-D PC results in adding a new axis
perpendicular to the TFP as a third axis(see Figs.16 and 17). Namely, this third axis represents a
shift-axis, being inherited the NCP from AC shifts of co-dimension 2. Therefore, the dD-SDM is
radically different from the conventional division multiple access(DMA): TDMA, FDMA, CDMA,
and Multi-carrier(MC)-CDMA. The spread spectrum(SS) code used in the latter two that makes
DMA easy by the orthogonality of the code-modulated rectangular chip pulse. The PUL
algorithm based on the von Neumann's APT that enables us to jointly estimate delay and
Doppler with high precision, and is capable of being used also for an efficient and high

resolution radar. Such an M-ary PSK modulation is a proposing and primitive technique in
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optical communication because the notion of the AC with non-commutative shifts is applicable
to a "physical" optical fiber. Such a multiplexed system, called "delay-Doppler space division
multiplexing (dD-SDM)" is a system using a non-commutative shift parameter space of co-
dimension 2. This has a three-dimensionalized time-frequency space(TFS), layered by AC shifts
(see Figs.16 and 17), in which the perpendicular co-ordinate axis to the symbol space, time-
frequency plane(TFP) of [0,Ts) x [O,F;), (which is identified with the unit plane of the target
space), is a shift-axis with a scale of non-commutative AC shifts. Thus the dD-SDM is different
from the conventional divisions of signal-TFP: TDMA and FDMA. The PUL algorithm based on
APT that enables us to estimate parameters with high-speed and high-precision is a
fundamental technique. Note that higher M-ary PSK modulation is a promising and primitive
technique which is applicable to optical communication because the AC with non-commutative
shifts may be replaced by several kinds of physical transmission lines.

[0193] The references[30] and patent[6] regarded a multiple targets problem with

[MF747]

{(a,i bpi) } e

as an application of Code-Division Multiple Target(CDMT)s and gave an target-detection
method using Npath 2-D PCs and TFSOs with shifts

[MF748]

{(ka.i, Eu‘i)}i\;’i“h;

together with the phase-cancellations by the product of two twiddle factors

[MF749]

FAd]

o : J —127
WAL xWiAs € {0,1,..., Mo—1},5 € {0,1,...,] \f =1}, Waq = exp ( "'MT) .

However, this method forces us to resolve small phase quantity
[MF750]

o (22)
X[ _,"\/[ .

Thus when

[MF751]
M > 16,

decoding errors arise due to phase noise and phase distortions. Furthermore, in the references
above, without using both the TFSO of type 3

[MF752]

d
Ed,fn

representing MC shifts

102



10

15

20

25

30

[MF753]
(ka,tp)
and its estimated TFSO of type 4

[MF754]
d

R i’

[MF755]

M

-ary communication were done. Moreover, this approach was not suited to multiple targets
problems of a doubly delay-Doppler shifted signal and has no estimation algorithm with
guaranteed proof.

To solve this, in accordance with an embodiment of the present invention, the inventor defines
two new CCFs exploiting the NCP of AC shifts

[MF756]

AC,(3 .. AC,(4 -~ .
S ka3 "), € 5D (ko = I, 5, )

respectively defined by (89), (90), in which several PDs are estimated and canceled out,
precisely and rigorously. It is not easy to recover

[MF757]

A Wi,

embedded in TD-CE in (87)

[MF758]

AM—1

e LR U R

i=0

(or FD-CE
[MF759]

. N
‘I’A(‘[ei {X( )}i:O 2353
by
[MF760]

Mg -ary PSK Wi .

The detail of cumbersome calculations of (89), (90) are omitted here. However, the two CCFs
for high

[MF761]

M

-ary PSK demodulation are required by using
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[MF762]

M-1
(e

+1)

2-D PCs
[MF763]

i i [1\4—1]
{(X(J)’X(J)J}j:-’\ao
and replacing
[MF764]

(ka, bp) = (ka + k5

Doty +69), dy = dsW i

at the transmitter and

[MF765]

(ka, Ip) = (ka + K p + €9)),dg = dsWi, . (N,N') = (N1, N})

at the receiver. This replacement is accompanied by the occurrence of several new PDs. Hence

one should replace 2 variables for MLE operation of 2 variables

15

20

25

30

[MF766]

argmax,,

(or

[MF767]

argmax, ;)

by the one of 4 variables
[MF768]

rgmax ; -+
argmax,, 3 j

(or
[MF769]
Argmax, ;55):
where
[MF770]
e
(or
[MF771]
pE Ig)).
One can obtain generalized versions of (39), (44):

[MF772]
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A(
( ( ,llukdajv )

F’ \Ps .I J
APiEVV{kd77&‘1)5‘“‘1[_“’_?) d [AJ/\‘/I_QI] X(j)gf,* N
_ Mo Z q P’ Z X0 ”X ‘}v’XU):*
PP 7 [MT_UI] = v "

l(m,m’)el( ),nEI_(rJ]
X O5[(ka — ka) + (k) = kYY) + (p— ) M Ny + (n — m)M
(= o) + (B = 1)) + (¢ = ¢)M'N] + (o — m) D)

3 W,— (kdé _ kdED _ Tg[k ](F(J) +E(J ) + (k (4) +k J))VD[E“] kf)egj) + kéj)gfi}))

- (2MN1qv0 [€,,7] — 2M'N!q' ?o[kg,}})

1 . .
e ((mp" — ') MM — (m' + p')M o[k, 3] + (m + n) Mo, j])

(91)
AC() (1 T i
Cp,ij (kﬂ -eDaJv.?)
Aeinuﬂ H/ —7o[ke]be VV J' =31 d- [J\«’/\tA_Oj] Yéﬁ,* ) )
= R - X0 x ) )=
PP Z (A Z N{VN; 2 "o
q Vo (m,m") el n EI(J)
% Ocal(lp — o) + (09 — 69 + (¢ — ¢)M'N! + (n' — m') M’
(kg = ko) = (B = k) = (p = ) MNy = (p = m) ]
1 — . - o~
) 11’5 (kalip — kot — ol (1) + () + wolEp) (K + K§) — kP ) + 1)
(QMquyﬂ[pﬂ, - oM N{g’%o[kf,,}*])
x W2
1 - ~
. ((mn —m'p)MM' — (m' +n') M o[k, 3] + (m + p) M|l j])
xX W .
(92)
where
[MF773]

Folko 3] = ko — ka + K — kS, 50[6,,5) = €4 — b0 + € — €9,

[MF774]

&,y

denote the sets of chip TD- and FD-addresses n,n', associated with the j*-th sub-TFP
[MF775]

S,
and the product of the address sets
[MF776]

1D = 19 % 1@
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The ambiguity function(AF)s :0g[t,0] and Ogs[t,0] respectively in (91) and (92) with Gaussian
functions g,G are separable and decay exponentially in terms of t,0. This well-known property
and the disjoint chip address sets

[MF777]

19, 19, 19

and the fact that

[MF778]

(K, 49

is at around the center of ®U tell us that among the first and second arguments of the AF all of
the terms relating to (p—q)MNgy; (p'—g')M'N:' with p' #q', p # q and

[MF779]

(m,m") e IV n,pe [.g),n’,p' € [g)

with i # j* can be neglected. Thus, the terms with p'=q', p=qg and

[MF780]

i=j

remain and thus only the term equal to

[MF781]

7

is selected from the summation

[MF782]

2

q
and
[MF783]
i=1i
is identified via the functions t7o[k,j"],v "0 [8,,j"] with ks = kq, &, = £p.
This is the reson why the transmitter divides exclusively ®, 2-D BPSK modulates a chip
waveform by 2-D PCs %), and combines these modulated signatures in non-overlapped form to
realize
[MF784]

M-1

([ J'VIO

1+1)

-multiplxing based on
[MF785]

./M -1

v

J+1)

106



10

15

20

25

30

parallel ACs that are intended to introduce non-commutative shifts. While

[MF786]

}“r _ jf

is identified by the PD cancelation term
[MF788]

ij;t(j -F) .

[0194] The two CCFs above use indepndent 2-D PCs
[MF789]

and PDs due to non-commutative AC shifts
[MF790]

(ki 1)

as functions of an estimated integer

[MF791]

L F

J - [_;"\/[(]]

for an encoded integer
[MF792]

) k

J - [.J'M[)]

of an integer k.

The TD- and FD-CCFs provide us with a decoding method using PUL-based MLEs. This method

can guarantee the phase resolution at least
[MF793]

i2
Wty = exp (=50 )

and hence is resistant to phase noise.

[0195] It is natural to precisely estimate delay and Doppler for radar and establish

synchronization of communication systems before encoding and decoding

[MF794]
J'\/I

-ary PSK data. Since one should confront a realistic situation that a transmitted signal through

the MC with shifts
[MF795]
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(ka: fp)

is processed at the receiver, we need two CCFs with AC shifts in (91) and in (92). Such receivers
when the switches are on upward in Figs. 12,13 work as a synchroizer(i.e., acquisition and
tracking) when the switches are on the downward side, combine a synchronizer and a decoder
for

[MF796]

M

-ary PSK communication, and work as a radar equipped with data transmission. This system is
an amplitude-shift-keying(ASK)-free

[MF797]

M

-ary PSK communication and provides a secret wireless communication system whose secret
keys are 2-D PCs

[MF798]

; Y (i) [ 5]

{/y(t) - (X“),X(”")}i:“go

[0196] The main reason that receivers employ ASK-free modulation is twofold: (1) adaptive and
dynamic estimation of the attenuation factor Ae™; (2) a simplification of a decoder. Estimating
and Canceling out PDs enable us to realize high

[MF799]

M

-ary PSK communication as an efficient use of radio resources. Note that the use of

[MF800]

M1

([ My

I+1)

2-DPCs implies
[MF801]

M-—1

(=

[+1)

-user multiplexed communication.

<8.3 Signal Processing Exploiting multi-dimensional Non-Commutative Spatial-Spatial
Frequency Shifts>

[0197] Daughman [33, 34] gave a 2-D version of Gabor elementary functions
[MF802]

Imme (1) def gt — -mTC)c"lgm”fFc’(t*”’TC),t eR
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and pointed out that 2-D Gabor representation(to be defined below) is useful for image
analysis and segmentation. Before discussing Daughman study, one should consult the
Heisenberg group theory reviewed by Howe [5].

For

[MF803]

t,,veR"

define two shift operators

[MF804]

T (1) f(t—7), Muf(t) < ™ f(8). (93)
where v-t denotes the inner product. For

[MF805]

z€eT

introduce the scalar operator

[MF806]

S.x(t) € 2z(b).

Then the set

[MF807]

{M,T,S. :v,7 € R",z € T}

is a group of unitary operators on

[MF808]

L3(RR).

Consider the set

[MF809]

H=R"xR"xT,

called the (reduced) Heisenberg group of degree n and define on it a law of combination
[MF810]

(v1,71,21)(V2, o, 22) = (11 + V2,71 + Tg,e’g”i”?”zlzg). (94)

Define a map p, i.e., a faithful unitary representation of H and an automorphism r of H by the

rule

[MF811]

p:(v,1,2) — M,/T.S., g
r(v,7,2) — (=70, Vz). (95)

Then it is immediate to verify that the FT, denoted as » intertwines the two representations of
H
[MF812]

pand por
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with each other. That is,[5]

[MF813]

"p(h) = p(r(h))". (96)

Daughman[35] pointed out that the model of the 2-D receptive field profiles encountered
experimentally in cortical simple cells, which captures their salient tuning properties of spatial
localization, orientation selectivity, spatial frequency selectivity, and quadrature phase
relationship, is the parameterized family of "2-D Gabor filters". In terms of a space-domain(SD)
impulse response function(or a complex Gabor function) g(x) with SD variables

[MF814]

x = (,9)

and its associated 2-D FT, i.e., spatial frequency-domain(SFD) function

[MF815]

g(u) = F*[g(x)]

with SFD variables

[MF816]

u = (u,v),

the general functional form of 2-D Gabor filter family is specified in [35, 36]

[MF817]

g(x) = K e~ 7@’ (z=z0)7+b(y=w0);] . pi(2m(uoa+voy)+P) } o7)

2 -2

G(u) = %e—”[(u—uo);a 2 (v—v0)? 677 | pil—2m(zo(u—u0)+yolv—r0))+P)

where P denotes the phase of the sinusoid such that the dc component is zero, and
[MF818]
(37 - 'T:U)'I'ﬂ (y - y(])r

stand for a clockwise rotation of the operation by 0 such that

[MF819]
(x — mo)r =(x — ®o) cos b + (y — yo) sin b,
(y —yo)r=—(x — xq) sin® + (y — yo) cosb. } (98)

The SD function g(x), SFD function

[MF820]

(u)

are perfectly symmetrical and have their shifts

[MF821]

X0 = (20,Y0), w0 = (uo, vo)

at which 2-D Gaussian envelope has the peak value. An important property of the family of 2-D

Gabor filters is their achievement of the theoretical lower bound of joint uncertainty in the two
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conjoint domains of x and u. Defining uncertainty in each of the four variables by the
normalized second moments
[MF822]

about the principle axes, a fundamental uncertainty principle exists[35, 36]:
[MF823]

VoIVaL 2 1 am, \ [} /oT 2 1/ (%9)

and the lower bound of the inequality is achieved by the family of 2-D Gabor filters (97). where
[MF824]

ug = (ug,v0),d = (a, )

are modulation, scaling parameters of Gaussian.

[0198] He proposed a simple neural network(NN) architecture for finding optimal coefficient
values in arbitrary 2-D signal transforms which in general might be neither complete nor
orthogonal as follows.

[0199] Consider some discrete 2-D signal I[x], say, an image supported on [256x256] pixcels in
X, which one wants to analyze or compress by representing it as a set of expansion coefficients
{ai} on some set of 2-D elementary functions

[MF825]

{g[x; 6]}, 0; = (X0i, w0i, @), Xo0i = (oi, Yoi), Woi = (uoi, voi), @ = (v, Bi).

The attempt to represent I[x] either exactly or in some optimal sense by projecting it onto a
chosen set of vectors{g[x;07i]} is reduced to finding projection coefficients {a;}such that the
resultant vector H[x]

[MF826]

H[x] = Za-ig[x;fi-] (100)

minimizes the squared norm of the difference-vector E =[|I[x]-H[x] ||. If a given image I[x] is
regarded as a vector in an n-D vector space (e.g. n = 65 536), then the optimal coefficients
[MF827]

{aitiog

is determined by a system of n simultaneous equations in n unknowns; but it is impractical to
solve this huge system. So he proposed NN architectures with connection strength

[MF828]

{glx; 6.1}
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and input image I[x]. 2-D Gabor representations for image analysis and compression, edge
detections, feature detectors etc. have been proposed. [37, 38, 39]

In this disclosure, the inventor points out that the 2-D Gabor expansion (100) can be regarded
as a conjoint 2-D spatial/spatial frequency(S/SF) representation using non-commutative shifts
(Xoi,Ugi) in terms of 2-D Gabor functions

[MF829]

{g[x: 6]}

with shifts (xoi,Uci): According to an important precedent for 1-D signal processings exploiting
the non-commutativity of time-frquency shifts, presented in the previous sections in this
disclosure, it is natural to consider SD representation (100) and its associated SFD
representation, symmetrically. To do it, let 2-D FT of I[x] and H[Xx]

[MF830]

Iu] = FO ), Alu] = 7O H[x]).

Then the conjoint spatial/spatial frequency representation, in place of (100), is defined as
[MF831]

Hix = asglxi ], A = 3 alglu: 6] (101)
=1 i=1

and let g,&' be two subspaces of the Hilbert space. Suppose that

[MF832]

I[x] € &,T[u] € £'.

The squared norms of errors

[MF833]

T[] — H[x]|[?, || I[u] — HTu]||*

are minimized by the use of two orthogonal projection operator(PO)s projecting onto g;,
¢'i(defined below), respectively

[MF834]

LT AR T AY T

The projection theorem [27] tells us that

[MF835]
1x], I[u]
possess their unique decomposition
[MF836]
- ; ; > 9" 0) - 1(x)
I(x)= i I(X)g(x:6;) + g (x;0:), P, .5 1(x) = == a )
o o) st OMIICUAIE
~ n ~ - — - — ~ g* Bl)I(u)
I(w=Y P, - Igé,) +g-(u:6;), P, ~ u:E“g(u’ ~
(u) g s T ) + 58, Py, Tlw) = S22
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where g*(x;07:), g+ (u; 07) are orthogonal complements of g(x; 07:), g" (u; 07), respectively.
Therefore it is important to choose a set of templates

[MF837]

{g(x;05), (w; )}y

For example, let &; be the set of all f € €,(Z) that are (LiAx xL,Ay) space-limited(SL) signals and
let €'ibe that of (LiAu xL,Av) spatial frequency-limited(SFL) signals. Suppose that

[MF838]

g(x:0;) €& and G(u:b;) € &

Then,

[MF839]

P

a(x:8:) Pg(u:m

are POs projecting onto g;,&"; respectively. Apply the von Neumann's APT to the two POs and

we use 2 2x2-D localization operators (LOs) defined by

[MF840]
—1,(2),d 2),d 2),d —1,(2),d
Pg(x:él)]:- @) Pﬁ(u:ﬁi)f( s ’Pﬁ(uzg;)f( & Pg(x;(;.)}- 2)s¢ (103)

then one can get optimized expansion coefficients given as

[MF841]
a; ~ Pg(ngi)l(x), al ~ P@“(u:&})f(u)‘-ai ~ah, 1<i<n. (104)

Such 2-D LOs select a limited 4-D cube

[MF842]

[LiAz x LyAy] x [L]Au x LyAv] C R?

around the peak address (Xo;,Uoi) in the 4-D spatial/spatial frequency plane and filter out the
rest. where

[MF843]

gr(x;0;) €& and GH(w6;) € &

[MF844]

gL, giL.;

are orthgonal complements of

[MF845]

Ei &L

Contrary to Howe's shift operators (93), for the SD- and SFD-signals
[MF846]

2(x),2(u)

the inventor introduces "half-shifts" for the symmetrical property
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[MF847]

TimuoXo [QITX0W0 x = (10, 70), ug = (ug,vp) € R?

€
and uses 2 x 2-D von Neumann's symmetrical spatial-spatial frequency shift operator(SSFSO)s

with those half-shifts, defined by

[MF848]
7;((?;)1102()() = 2(X_X(])'G’i2ﬂuo‘('X7xTO)7 7:5(;2‘)’—[.)(02(“) = E(u_u())'ci’iznxn'(U7%)(105)

for the 2-D Gabor function with peak-address xo = (Xo, Yo), Uo = (Uo, Vo) € R?in 2 x 2-D SD-SFD
space

[MF849]

g(x:6;)

and its FT

[MF850]

G(w; 03) = F[g(x; 0)].

Thus, the inventor can rewrite the Gabor functions as

[MF851]

X = /xoi,u0;
- = 2).f (22232 9. s Ay
g(u; H?) =7:£m),—x05[€ m(u el “+vB77) e 2iwx u] . @™iX0i Ui

.4, (2) —n(z?ai+y?B7) | L2imx-u)] . —wiugi-Xoi
g(x;6;) e € )] -e ’ } (106)

Consider the DFT of the above signals. Let (Ax,Ay) be the sampling intervals of 2-D space
variables
[MF852]
x = (z,y)
with Cartesian lattice dimensions (Li,L). Let
[MF853]
2[k]
be a discrete SD function whose discrete space variable is
[MF854]

- 5 T i
F=(kik) € B2k = | ) ko = LAiy .

Then the sampling interval of 2-D spatial frequencies
[MF855]

u = (u,0)

appropriate to the L, L, spatial lattice are given by
[MF856]

Au=1/(L1Az), Av = 1/(L2Ay)

and its discrete spatial frequency variable is given by
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[MF857]

u v

I=(01,6) €226 = | =]t = | .

Using 2 twiddle factors
[MF858]

2T

Wy =e ' Wy = 'V

and 2-D DFT
[MF859]
F@A[] and 2D IDFT  F~ 1),

one can obtain the relationships between an SFD function

[MF860]

2[4

and an SD function

[MF861]

2[K]

[MF862]

Z[f] = F~H @ [[R]) & \/ﬁh ff .12[1;-']11:’{"‘1“11‘-12’"‘”2, 0< ;< Lyi=1,2,

k1.ka=0

Li—1,Ls—1

AR = FOAzd) & LILL} S zidwy w0 <k < Liyi= 1,2,
2 f1.la=0

(107)

[0200] Thus the SD function
[MF863]
2[#]
(or the SFD function
[MF864]
Z()
has support
[0201] [MF865]
LiAz x LyAy
(or
[MF866]
LiAu x LyAv).
If the spacing of the peak-address xgi(or ue) on the SD space(or SFD space) is

[MF867]

115



10

15

20

25

30

(MyAz, MyAy) or (M,Au, M,Av)
and the normalization condition
[MF868]

M,Az x MyAu = MyAy x M,Av =1
is imposed, then

[MF869]

Ly = M, M,, Ly = M,M,.

If discrete space/spatial frequency shifts of
[MF870]

g(x;0:), G(u; 6;)

are given as

[MF871]

a; = (ai1,ai2), bi = (bi1, bin) € Z%,

Toi Yoi Up; Voi
a; = LA—DZJ,-GQ = LA_OyJ’ by = LA—DUJ,biz = LA—OUJ

then 2x2-D von Neumann's discrete SSFSOs become
[MF872]

T2 11 = 2 — g U g balhe =)
U021 =<l - aw, : s

. S b by
TR 710 = 27 - B D)

These 2x2-D symmetrical SSFSOs contain 2-D half shifts

[MF873]
biay baez _her _baaz
w,r W, W, W, 2

respectively, as phase terms of SD and SFD signals

[MF874]

=[], Z[4].

Thus the SFSOs (108) may be useful for image analysis, feature extraction, and data
compression because

[MF875]

(a;, b;) i.e., (xgi,u0;)

are efficiently extracted through the inner product of the projection coefficients in (102). Note
that image analysis which involves a temporal change is considered to be a subject of a signal
processing exploiting three-dimensional NCP.

<9 Distinguishing characteristics of the invention, and of the manner and process of making

and using it>
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[0202] Embodiments, mathematical formulae and figures, described in a written description of
the invention, and of the manner and process of making and using it are merely just ones of
examples of the process and/or method of the invention. The inventor can honestly say that
some of embodiments are realized examples of communication systems exploiting the NCP of
TFSs, that Gabor prospected deliberately in the 1952 paper.[2]

[0203] The non-overlapping superposition of signals on the TFP necessarily entails PDs due to
the NCP of TFSs. Most of researchers in the field of communication, however, has little or no
understanding of TFSs with the NCP. Under such a situation, communication systems exploiting
the NCP of TFSs are expected to provide a new class of digital multiplexed communication
systems.

[0204] Communication systems exploiting the NCP of TFSs, given in this disclosure, can be
restated from the following five different points of view.

[0205] (Viewpoint 1)

The symmetrical time and frequency shift operator(TFSO), defined and introduced in the
references(patent[1] and [26, 27, 30]) has the properties:(i) its "half shifts", i.e., TD- and FD-PDs
that are embedded into TD- and FD-signatures makes clear shift's important role in parameter
estimation; (ii) the PD due to modulation and demodulation by the carrier |, accompanied by
the delay kg

[MF876]

Tkate

always arises; (iii) the fact that any PDs being embedded into a signal can be compactly
expressed in terms of powers of the twiddle factor

[MF877]

j2m

W =e""T,
makes estimations of several PDs and canceling out the PDs easy.

[0206] (Viewpoint 2)

The TD- and FD-PC modulation, i.e., 2-D binary phase-shift-keying(BPSK)) is a well-known
modulation technique. However if one can regard it as an example that TFSOs are available,
then one can see that TD- and FD-templates are embedded in a wide-band signal modulated
by 2D-PCs.

[0207] (Viewpoint 3)

The non-overlapped superposition of signals on the TFP is a conventional method as an
efficient use of radio resources. However, this superposition needs the use of TFSO that causes

a data-level PD. Fortunately, such a PD plays an important role in parameter estimation.
[0208] (Viewpoint 4)
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Contrary to conventional use of maximum likelihood(ML) TD-functionals only, the ML TD- and
FD-functionals define arrays of TD- and FD-CCFs, respectively for detecting TD- and FD-
templates. TD- and FD-CCFs define orthogonal projection operator(PO)s Ps, P4 (or P4, P2),
respectively projecting onto time-limited(TL) and band-limited(BL) spaces as subspaces of the
Hilbert space. These POs provide a frame on which a deeper understanding of the APT can be
built.

[0209] (Viewpoint 5)

Contrary to popular belief that a non-Nyquist Gaussian is useless,

[0210] the alternative POs representing a conjunction of the two POs

[MF878]

Py F P Fe

(or

[MF879]

PyFIP F0Y)

becomes a localization operator in cooperation with the use of Gaussian having properties:
self-dual of the FT, separable and exponentially decaying Gaussian's AF in terms of delay and
Doppler. This leads the fact that arrays of TD- and FD-CCFs yield excellent receivers.

[0211]

The inventor makes all of the above viewpoints clear after publications in the patents and non-
patent references. This disclosure features its own novelty. All features of novelty are
prescribed as follows

[0212] (Point 1 of novelty)

Multiplexed communication systems exploiting the NCP of the TFSs on the TFP are provided.
Also algorithms for evaluating PDs due to the TFSs and for canceling out their PDs are given
based on symmetrical TFSOs in(4),(24). Furthermore, such an operation pair of embedding-
and canceling-out- PDs is shown to be of crucial importance.

[0213] (Point 2 of novelty)

Doppler- and delay-estimate likelihood TD- and FD-functionals, respectively enable us to get
ML estimators of parameters and realize canceling-out-PDs by their associated MLE correlators.
[0214] (Point 3 of novelty)

It is shown that the classical BPSK modulation is causing PDs due to the NCP of its TFSs, but
fortunately these PDs provide a clue about parameter estimation and signal reconstruction.
[0215] (Point 4 of novelty)

Both the non-overlapped superposition of signals on the TFP and modulation (or

demodulation) for a baseband (or passband) signal, accompanied by a delay, as a conventional
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technique in communication, induce PDs due to the NCP of their TFSs. Fortunately, embedding-
and-canceling-out-PD techniques play an important role in detecting a data-level signal.

[0216] (Point 5 of novelty)

All of the above PDs are canceled out by TD- and FD-CCFs. These CCFs induce TD- and FD-POs
projecting onto the TL- and BL- signal spaces, respectively as subspaces of the Hilbert space.
Applying the von Neumann's alternative projection theorem(APT) to the two subspaces defines
the combined operator of the two POs, called a localization operator(LO) on the TFP.

[0217] (Point 6 of novelty)

Youla's signal restoration method using the APT enables us to prove that the LO guarantees the
convergence of the alternative parameter-updating algorithm, called PUL. This implies that the
LO, as a function of data-and chip-level addresses, becomes a new kind of filters in place of a
conventional sharp filter in the DSP and works well for a radar with no limitation on the
maxima of delay and Doppler.

[0218] (Point 7 of novelty)

A 2-D signal, i.e., image is usually described by conjoint spatial(S)/spectral frequency(SF)
representations, 2-D Gabor representations in particular. However, many researchers using
conventional techniques are unaware that 2-D S and SF shift (SSFS)s, implicitly involved in 2-D
Gabor functions induce unexpectedly PDs due to their NCP like 1-D TFSs. The inventor treats an
S domain(SD) signal and an SF domain(SFD) signals symmetrically and introduces conjoint S/SF
representations of dimension 2x2 in terms of 2-D Gabor functions and their 2-D FTs, defined as
(101), in place of the problem of representing image in terms of 2-D Gabor functions (100).
Such a new symmetrical conjoint problem of representing image (101) can be solved by the SD
and SFD decomposition(102) using orthogonal projection operator(PO)s projecting onto SD-
and SFD-limited spaces as subspaces of the Hilbert space, respectively defined as

[MF880]
Py Pyuidi

2-D Gabor functions are defined using symmetrical space and spatial frequency shift
operator(SSFSO)s (105) (or(108)). Furthermore, the combined 2x2-D localization operator
(LO)s(103) of the two POs that the von Neumann's APT can be applied provide the basics of 2-
D signal processing theory exploiting the NCP of SSFSs for purposes such as image analysis,
feature extraction, and data compression.

<< Example 1 of Embodiments of Transmitter-Receiver system >>

An example as an embodiment of transmitter-receiver systems based on the above-described
theoretical aspects is given together with cited figures.

[0219] According to an embodiment of the present invention, Fig.18 shows a block-diagram

representing the transmitter-receiver system with the number 1 attached to its surrounding
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dotted line. The communication system with the number 1 comprises the transmitter
apparatus 100 and the receiver apparatus 200. This transmitter-receiver system with the
number 1 is used for both a radar and a communication system (e.g., transmitter-receiver
system to convey voice data and or image data).
[0220] (The transmitter apparatus 100)
The transmitter apparatus 100 is an apparatus that executes a program imposed on a
transmitter as described in the above description.
[0221] As shown in Fig.18, the transmitter apparatus 100 comprises an acquisition part of
transmitting data 101, a generator part of a transmitting signal 102, and a transmitter part 103
as an example.
[0222] (The acquisition part of transmitting data 101)
The acquisition part of transmitting data 101 makes acquisition of data to be transmitted; The
transmitting data is, e.g., acoustic data, image data, and may be text data such as any digitized
data.
[0223] If the transmitter-receiver system with the number 1 is used for radar, then the
transmitting data may be a radar pulse wave.
[0224] (The generator part of a transmitting signal 102)
The generator part of a transmitting signal 102 performs signal processing transmitting data
obtained by the acquisition part of transmitting data 101 and generates a transmitting signal.
[0225] The generator part of a transmitting signal 102 comprises SFBs as shown in Figs,4-7 or at
least one of them as an example.
[0226] As above mentioned, an example of processing for generators of a signal to be
transmitted is the modulation by TD- and FD-phase code(PC)s of periods N,N', i.e., 2-D BPSK
modulation.
[0227] Examples of a transmitting signal generated by the generator part of a signal to be
transmitted 102 are e.g., as mentioned above
[MF881]
TD, FD pulse waveforms: g[k], G[{],
TD, FD templates: uf;i,) [k; X], Ui [¢; X",
TD.FD signatures: v[k; X, V[€; X,

TD, FD signals to be transmitted : s[k; X7], S[¢; X1,

CE of s[k; X1, FT of th[k; X] : ob[k; X], U[4; X],
The inventor can enumerate processing, described in the subsection <4. signature waveforms
and templates in TD and FD> as concrete examples of processing in the generator part of a
transmitting signal.
[0228] The generator part of a signal to be transmitted with the number 102 may be an

apparatus that executes a program imposed on a transmitter as decribed in subsection <7.1
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transmitters for generating signature and radar signal>. Or the generator part of a signal to be
transmitted with the number 102 may be an apparatus that executes a program imposed on a
transmitter apparatus as decribed in subsections <8.1 multiple target detection using CDMT>
and <8.2 multiple target detection using artificial delay- Doppler>.
[0229] (transmitter part 103)
The transmitter part 103 transmits a transmitter signal generated by the generator part of a
signal to be transmitted with the number 102.
[0230] (receiver apparatus 200)
The receiver apparatus 200 is an apparatus that executes a program imposed on a receiver as
described in the above description.
[0231] As shown in Fig.18, the receiver apparatus 200 comprises the receiver part 201, the
shift estimation and received-data extraction parts 202, and the received-data decision part
203 as an example.
[0232] (receiver part 201)
The receiver part 201 receives a transmitter signal, transmitted by the transmitter apparatus
100. Examples of a received signal that the receiver part 201 receives are e.g., as mentioned
above
[MF882]

received TD-, FD-signals: r[k; X], R[(; X],
[0233] (shift estimation and received-data extraction parts 202)
The shift estimation and received-data extraction parts 202, (simply called the estimation part)
shifts a received signal by the receiver part 201 by estimated shifts and extract the received
data.
[0234] The shift estimation and received-data extraction parts 202 comprises at least one of
AFBs shown in Figs 8 to 10, as an example. The shift estimation and received-data extraction
parts 202 executes several programs e.g., as described in subsections <5. M-ary detection and
estimation of TD and FD signals> and <6. TD and FD cross-correlations for parameter
estimation>.
[0235] The shift estimation and received-data extraction parts 202 is an apparatus that
executes a program as described in subsection <7.2 AFB; receivers and encoder design>.
Moreover, the generator part of a signal to be transmitted 102 is an apparatus that executes a
program as described in subsection <8.2 High M-PSK communication based on exploiting non-
commutative time-frequency shifts>.
[0236] Thus, the shift estimation and received-data extraction parts 202 is a method for
receiving a signal and executes a program according to the estimation step for estimating a

time shift and a frequency shift from a received signal (cf. Fig.13 and (38),(43) (or (89),(90)),
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corresponding to switches 2-1, 2-2 on the upward(or downward) side by referring to a non-
commutative shift parameter space of co-dimension 2(cf. Fig.17).

[0237] The generator part of a signal to be transmitted 102 executes a program according to
the shift steps for time-frequency shifting the signal to be transmitted (cf. Fig.12 and (25),(27)
(or (87), (88))), corresponding to switches 1-1,1-2 are on the upward(or downward) side by
referring the non-commutative shift parameter space of co-dimension 2 (cf. Fig.17).

[0238] The non-commutative shift parameter space of co-dimension 2 is a 3-dimensionalized
space version of the 2-D time-frequency plane with the time- and frequency-coordinates by
augmenting non-commutative time-frequency shifts as a third coordinate (cf. Fig.17).

[0239] As above metioned, a pair of unknown delay and Doppler

[MF883]

(ka, D)

is itself the pair of non-commutative shifts on the parameter space of co-dimension 2 like the
pair of AC shifts. The parameter space is related to the shift operations acting on a signal on
the time-frequency plane(TFP); Such a "shift plane" should be discriminated against the TFP
(Fig. 16). Namely, to draw a distinction between four fundamental arithmetic operations as
well as differential and integral calculus in terms of variables time t, frequency f and non-
commutative shift operations for calculating phase terms, one should notice that the NCP of
the shift operation is peculiarity of the proposed time-frequency analysis (e.g., the third
coordinate of Fig.17).

[0240] Several comments to the patent[6]-patent[8] are listed as folows.

[0241] a) The phase distortion(PD)

[MF884]

pi2mtale

(or its discretized version

[MF885]

Phate)

that the modulation and demodulation by the carrier f. accompanied by the delay tq (or kq)are
causing was neglected in the above patents. While in this disclosure, this PD and the PD e of
the attenuation factor Ae™ are jointly and co-operatively canceled out. The reason that the co-
operative treatment of PDs is needed is as follows; Firstly, each PD is not independent of each
other; Secondly, the PD is propagated due to its group-theoretic property; Thus it is not an easy
task to cancel out these PDs precisely. Consequently, the procees in updating estimates of time
and frequency shifts should be undertaken in co-operation with the phase cancellations (i.e.,

simultaneous and parallel processing is necessary: e.g., (59)).

122



10

15

20

25

30

35

[0242] b) Time and frequency shifts in this disclosure are referred to as variables of the
parameter space of co-dimension 2, associated with two variables:time and frequency on the
signal's TFP, respectively. The non-commutative shift operations induce the PDs. While, time
and frequency offsets in communication are deviations from the pulse's period and the carrier,
respectively.

[0243] (1) the estimated time and frequency offsets in patents[7, 8] and time and frequency
offsets in OFDM-based communication system in patents[7] are deviations from the period of a
chip pulse and the carrier, respectively and correspond to the time shift t4 and the frequency
shift fp in this disclosure, respectively. Namely, the above both of two patents can be regarded
as conventional acquisition and tracking methods for synchronisation because these are
unaware of the non-commutativity of tq, fp.

[0244] (2) To avoid confusion between the intended shifts and offsets, the inventor uses the
term: not the offsets but "half-shifts of the exponent of the exponential function" (in the sense
that the conventional shifts are halved). One of main features in this disclosure is to design a
transmitting signal so that its phase function always contains half shifts beforehand and to
cancel out the PDs based on the group-theoretic property of the NCP of TFSs.

[0245] c) The patent[8] discussed the preamble of the received signal as a template signal only
in TD but was unaware of signals in FD and gave a conventional channel estimation method,
being unaware of the NCP.

[0246] (1) In order to give a convergence proof of the phase updating loop(PUL) algorithm,
proposed in the reference patent[6], the inventor 1) defines subspaces of the Hilbert space g, 1
<i< 4 to which the template belongs; 2) shows that each of N' TD-CCFs, CCFs of type 3 (or CCFs
of type 1) yields a projection operator Ps (or P1) projecting onto NMAt- (or LAt-)time limited(TL)
Hilbert supspace &s(or &1) and that each of N FD-CCFs, CCFs of type 4 (or CCFs of type 2) gives a
projection operator P4(or P) projecting onto N'M'Af- (or LAf-)band limited(BL) Hilbert supspace
€4(0r €2); 3) proves that the PUL algorithm using the localization operator(LO), i.e., the von
Neumann's alternative projection Theorem(APT) operator PsF1¢P,F? (or P4FePsF~29) for 2-D
template matching on the TFP converges on the intersection of the TL Hilbert subspace and the
BL Hilbert subspace (F*4,F¢ denote IDFT and DFT); furthermore, 4) shows that the interaction
is empty by the Youla's theorem and that the PUL can give estimates of tq, fo with precision
within time duration LAt and bandwidth LAf of a Gaussian chip waveform and with
computational complexity of but O[N +N'] of not O[NxN'], where N,N' denote the numbers of
TD- and FD-CCFs(L = (AtAf)™ = MM").

[0247] (2) The MMSE algorithm for estimating the channel characteristics, proposed by the
patent[8] is based on Bayes's rule and 2-parameter estimation method. Thus this algorithm has

computational complexity of O[NxN']. While this disclosure uses a large number of likelihood
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functional(LF)s that comprises N' TD-LFs for estimating Doppler and N FD-LFs for estimating
delay. Each LF is based on Bayes's rule. One TD-LF among TD-LFs and FD-LF among FD-LFs in TL-
TD and BL-FD Hilbert subspaces, respectively are chosen alternatively and in the sense of
maximum likelihood estimate(MLE). Thus the alternative algorithm with computational
complexity of O[N + N'] is radically different from conventional methods.

[0248] The shift estimation and received-data extraction parts 202 executes a program e.g., a
program according to the estimation step for estimating a time shift and a frequency shift from
a received signal, as described in (84) and its related description. The estimation step uses the
TFSO of type-1 with estimated time shift and frequency shift

[MF886]

—d
ka, i

and the TFSO of type-2 with time shift and estimated frequency shift

[MF887]
f.,d
fu,a.—ka.i

and estimates a time shift and a frequency shift that are embedded in the received signal.
[0249] The estimation step mentioned above uses 4 different types of TFSOs: a TFSO of type-1
with estimated time shift, frequency shift, and a phase term representing a half shift of the
estimated time shift

[MF888]

a TFSO of type-2 with time shift, estimated frequency shift, and a phase term representing a
half shift of the estimated frequency shift

[MF889]

a TFSO of type-3 with an observable time shift to be estimated, an observable frequency shift
to be estimated, and a phase term representing a half shift of the time shift to be estimated
[MF890]

T

(or a frequency dual of the TFSO of type 3

[MF891]

Tioe 1)

and a TFSO of type-4 representing the estimated time shift, the estimated frequency shift, and
the phase term due to the half shift of the estimated time shift

[MF892]

d

ka.fp
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[MF893]

f.d
o)

and estimates a time shift and a frequency shift that are embedded in the received signal.
[0250] The phase function of a TD-signal to be transmitted contains the phase term
representing half shifts of one or more time shift-parameters; The phase function of an FD-
signal to be transmitted contains the phase term representing half shifts of one or more
frequency shift-parameters.

[0251] The receiver apparatus 200 mentioned above can realize a receiving apparatus with
high efficiency. For example, when the receiver 200 is used for a radar receiver, it becomes a
high rate receiving apparatus.

[0252] As described in (84) and its related description, in the estimation step above in the
program that the shift estimation and received-data extraction parts 202 executes, the receiver
uses the CCF of type-1 (C.f., MF309,(38)) that is represented by using the TFSO of type-1
mentioned above

[MF894]

(3) T
Cp;’ﬁ(gp.i: }i-d,i)

and the CCF of type-2 (C.f.,MF336,(43)) that is represented by using the TFSO of type-2
mentioned above

[MF895]

OV (ko i3 0.1),

refers to these CCFs, and estimates a time shift and a frequency shift that are embedded in the
received signal as an example.

[0253] As mentioned above, the above CCF of type-1 can be represented by (c.f., MF309,(38))
[MF896]

CL’,)JT(P'M ’Ed) = A"y kate

d .. abed d d 1 (3)rg . *
XY Teyan ks X (W d 7%‘:‘[’[#7;);\?;&1,1)'N'i\-[’lﬁl,p’ Y [k Y}) ,
kEZ

and the above CCF of type-2 can be represented by (c.f., MF336,(43))
[MF897]

C(4J

PP

(ko bp)=Ae Wkate

f.d . yrkote thd f,d f.d Dy . i *
x ﬂn.fkd'll[ﬁ, "ﬂ(ﬂ' ED,,A,;";'N' ar—pn i 1o = ot YoUp [£:Y ]) :
leZ
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[0254] In the estimation step above in the program, the receiver apparatus 1) uses the CCF of
type-1 with AC shifts that is represented by using the TFSO of type-1, of type-3, and of type-4,
mentioned above, (cf. MF715,(89)).
[MF898]
ix [R5)
A ) (Flfhkd':.? J ) = 49 I1 kd{ ZTd fDq"’A [k {X }.', ’\30 SJ'JJ]

P p.l.'
kEZ
*

N X J)'
rkated 7 ,l d d
x | W °T§d:£””’,\407;(1 Fr“nwwpf\r'm'—\/— Z TnMp'Mf—Xn )g[k']

EI(J)
and the above CCF of type-2 with AC shifts that is represented by using the TFSO of type-2, of
type-3, and of type-4, mentioned above, (cf. MF715,(90)).
[MF899]
0y L iktrrk ,d AC i [M__n‘1 P
CROMY (kg3 ln, jy j)=AeWhale S0 | ACl (XD}, 550, ]

283
LeZ

Vholegtd =7 fd f.d X ()
Iy — Mo J) ! ' —pl 7 n f—pM~“*n! . ’
x| Whe T Wado T35 TN MY —pNM T N7 Voo X GO

(fJJ
werd)

2) refers to these CCFs, and 3) estimates a time shift and a frequency shift that are embedded
in the received signal as an example.
[0255] As described above, the TD-CCF of type-1 with AC shifts (see MF715,(89)) and the FD-
CCF of type-2 with AC shifts (see MF715,(90)) contain the PD due to the NCP of modulation and
demodulation by the carrier f.(or |.), accompanied by the delay t4 (or kq)
[MF900]
eiZWLdf(.
or its discretized version
[MF901]
Ty kate
and the PD due to the phase term e of the attenuation factor Ae'.
[0256] As described in MF400,(cf. (60), (61)) and in its related description, the shift estimation
and received-data extraction parts 202 updates a pair of the estimated delay and estimated
Doppler
[MF902]
(ka5 511
or

[MF903]
(kass1s o)
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by using the recursion formula for the CP (the AC shift version of (60), MF400, but the AC shift
version of the formula for the OP (61) is omitted)
[MF904]

vV PP'CAC:(}}A, (f;tg‘/l;d:j:jr)

- - g sl
(0, 6, 3°,3"") =argmax,, 55 R— L1

Iz o' L dod T a0 iR (00 s
Xp’f((tg(i) Je ~ . ¢for the CP
(0" K277 R PP'C, g kei 023 7)
P Bgyd s 07 ) =argmax, , 55 X, A0 Y)eir (00
(109)

and sets the pair of the MLEs

[MF905]

(€ar by

to the the pair of two estimates

[MF906]

(E(l:S+l ; ?D,s+l)-

[0257] Furthermore, executions in the shift estimation and received-data extraction parts 202
are

[0258] 1) to refer to the TD-CCF of type-1 with AC shifts (cf. MF715,MF898, (89))

[MF907]

AC.(3) 0 By il
Cp ,ﬁ-_,,":f'(l'u, dsJs )

!

whose real part is maximized by varying €, ; 2) to determine the MLE

[MF908]

£

and 3) to setitto

[MF909]

s

[0259] Other executions in the parts 202 are 1) to refer to the FD-CCF of type-2 with AC shifts
(cf. MF715, MF899, (90))

[MF910]

AN (kyi U, 4,3

p:0:3,3"

whose real part is maximized by varying ks ; 2) to determine the MLE
[MF911]

K

and 3) to set it to

[MF912]
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kd,s+1-
Thus the execution in the shift estimation and received-data extraction parts 202 is to
alternatively update estimates of a time shift and a frequency shift.

[0260] The above estimation step in the shift estimation and received-data extraction parts 202
estimates the time shift and the frequency shift that are embedded in the signal, with use of
MLEs of frequency shift for detecting N' TD-templates and MLEs of time shift for detecting N
FD-templates.

[0261] Furthermore, in the above estimation step in the shift estimation and received-data
extraction parts 202, when referring to the TD-CCF of type-1 with AC shifts (cf.
MF715,MF898,(89))

[MF913]

LA i)

and the FD-CCF of type-2 with AC shifts (cf. MF715,MF899,(90))

[MF914]

AC(4) (1 7
Cp‘p::,fﬂ}‘, (ka'-, ED:J:J )-.
the receiver apparatus firstly replaces the rhs of the first equation of (60)

[MF915]

and the rhs of the second equation of (60)

[MF916]

Cop

by the associated CCFs with AC shifts and secondly applies the argmax operation to those CCFs
with AC shifts, and thirdly augments variables of the argmax operation by a pair of two
estimated integers(cf. MF904,(109))

[MF917]

G.3")-

[0262] The receiving apparatus in the above estimation step in the shift estimation and
received-data extraction parts 202 is a receiver part of receiving a signal

[MF918]

TD-CE ¢*“[k]/FD-CE ¥A°[/]

that is the output signal of the j-th AC with delay and Doppler shifts

[MF919]

(k.63
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having an integer j, one of two encoded integers by an encoder of k for

[MF920]

M

-ary communication.

[0263] In accordance with an embodiment of the present invention, as discussed above, the
receiving apparatus that is an apparatus of receiving a signal comprises an estimation part for
estimating a time shift and a frequency shift that are embedded in the signal, with reference to
a non-commutative shift parameter space of co-dimension 2.

[0264] Furthermore, in the MLE, the transmitting TD- and FD-CE signals (87)(or (27)) (according
to the state that the switches 1-1, 1-2 in the transmitter of Fig.12 are on the downward or
upward side, respectively, the degree of multiplexing is varied) are given by multiplexing their
associated TD- and FD-signatures (88) (or (25)).; While the signatures themselves are obtained
by 2-D BPSK modulating a Gaussian function and its FD function by 2-D PCs. As shown in (87),
the transmitting TD- and FD-CE signals for

[MF921]

M

-ary communication are obtained as follows; The TD- and FD-signatures first are multiplexed
using 2-D BPSK modulation by the j-th PC chosen among the set of independent 2-D PCs
[MF922]

(55

{0 = (X3P

according to the encoded integer pair of k

[MF923]

. T

J= [mLJ = UM, b

and secondly, are passed to the AC channel with its associated time and frequency shifts
[MF924]

(ki 63
or equivalently the transmitter makes the associated TFSOs
[MF925]
. £,d
T © T )

act on the multiplexed TD- or FD-signature.
[0265] In accordance with an embodiment of the present invention, as discussed above, the

transmitting method that is a method for transmitting a signal to be transmitted comprises a
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shift step for time-frequency shifting the signal to be transmitted, with reference to a non-

commutative shift parameter space of co-dimension 2.

[0266] Furthermore, in the above MLE step, when using the CCFs in (89), (90) that are cross-

correlations between the received signal

[MF926]

TD-CE ¢*“[k]/FD-CE #4°[],

being passed through the AC channel with its associated time and frequency shifts

[MF927]

(k. 63)),

characterized by the encoder of k for

[MF928]

M

-ary communication and an estimated received template(the first and second terms of the rhss

of (89),(90) indicate a transmitting signal and an estimated received template, respectively),

one should notice the fact that the symbol X in (87)- (90) implies the multiplexing, being

equivalent to the non-overlapped superposition of a signal, and that such multiplexing can be

simulated by using several kinds of TFSOs. In the generation process of a transmitting signal in

Fig.12, several kinds of multiplexing are performed. In (87),(88), TD- and FD-signatures are

obtained by multiplexing 2-D BPSK modulated TD- and FD-chip waveforms by 2-D PCs

[MF929]

A0 = (X0} {x,5)

respectively of periods

[MF930]

M-1
My

M-—1

Ny = N/y/| v

]+ 1, N/ = N'/4/[

]+ 1.

The transmitting TD- and FD-CE are obtained by time-frequency shifting the resultant TD- and
FD-signatures by data level-shifts and mutiplexing those signatures. If the superposition of
signals is simply done without the use of time and frequency shifts, then the detection of
templates is difficult; One should pay the price for the PDs due to shift operations: It is,
however, obvious that fortunately, the PDs are valuable clues in detecting templates and thus
the TFSOs are essential tools for precise evaluations of PDs and canceling out the PDs.
Furthermore, the rhss of (89), (90) contain the PD due to modulation and demodulation by the
carrier &., accompanied by the delay kq

[MF931]

T kate

and the compensation
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[MF932]

Mg -ary WQ;;

for canceling out the PD due to the phase modulation by the encoded integer j' of k
[MF933]

k
J'Vfo }

.t
| B taer AL
Mo-ary Wi, j' = {

[0267] As shown above, the shift step generates the signal to be transmitted by PSK-
modulating a chip pulse wave in the TD by the TD-PC of period N and PSK-modulating the TD-
PSK modulated TD-pulse wave by the FD-PC of period N' to generate a multicarrier version of
the TD-PSK modulated TD-pulse wave that is a transmitting signal.

[0268] In accordance with an embodiment of the present invention, in the transmitting
apparatus in accordance with an embodiment of the present invention, the transmitter, when
the switches 1-1,1-2 are on downward in Fig.12, first PSK modulates a TD-chip waveform by a
TD-PC of period N and secondly PSK modulates the PSK modulated signal by an FD-PC of period
N', thirdly multiplexes the doubly-modulated multi-carrier signal by data symbols, and fourthly
passes the data-multiplxed signal through the AC with shifts

[MF934]

(k5 49)),

having the encoded integer j of k

[MF935]
.k
J = [m}—

The output signal of the AC gives

[MF936]

TD-CE ¢*“[k]/FD-CE ¥4°[].

[0269] In accordance with an embodiment of the present invention, in the receiver apparatus
in accordance with an embodiment of the present invention, the receiver, when the switches
2-1,2-2 switch on downward in Fig.13, the receiver performs maximization of the real parts of
the CCFs (cf. MF715,(89), (90)) in terms of 4 vaiables of the argmax operation

[MF937]

(0, 7,3,3") (or (o', 3,3, 7"))-

If the PUL algorithm for updating MLEs

[MF938]

(k5 00)

converges, then the data symbol

[MF939]
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dg

can be recovered and the decoding of k can be done.

[0270] In accordance with an embodiment of the present invention, the generalization of
several apparatuses with applications to images in subsection 8.3 is a natural 2-D extension of
1-D signal, exploiting the half shifts due to the NCP of the space-spatial frequency shift(SSFS)s
(see (102)-(108)).

[0271] (an extended version of an embodiment for images)

In accordance with an embodiment of the present invention, this disclosure gives a method for
receiving an image that comprises an estimation step for estimating a space shift and a spatial
frequency shift that are embedded in the received image signal, with reference to a parameter
space of co-dimension 2, wherein each of the space shift and the spatial frequency shift has
dimension > 2.

[0272] (an extended version of an embodiment for images)

In accordance with an embodiment of the present invention, the receiver in the above
estimation step refers to the 2x2-D symmetrical SSFS operator(SSFSO)s

[MF940]

and its frequency dual

[MF941]
T(Z),f,d

b;,—a;

and estimates space shifts and spatial frequency shifts.

[0273] (an extended version of an embodiment for images)

In accordance with an embodiment of the present invention, this disclosure gives a method for
transmitting an image signal, comprising a shift step for space-spatial frequency shifting the
image signal to be transmitted, with reference to a parameter space, wherein each of the
space shift and the spatial frequency shift has dimension > 2.

[0274] (an extended version of an embodiment for images)

In accordance with an embodiment of the present invention, the transmitter in the above
estimation step refers to the 2x2-D symmetrical SSFS operator(SSFSO)s

[MF942]

T

and its frequency dual

[MF943]
T(Q)‘f.d

bi,—a;

and space- and spatial frequency-shifts an image.
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[0275] (the received-data output part 203)

The received-data output part 203 outputs the extracted data by the shift estimation and
received-data extraction parts 202

[0276] < The signal flow-chart between a transmitter and a receiver >

Figure 19 shows a flow-chart of transmitter-receiver using the transmitter-receiver system with
the number 1.

[0277] (S101)

In the step S101, the data acquisition part 101 gets data to be transmiited. Concrete
procedures by the part 101 have been described above.

[0278] (S102)

In the step S102, the signal generation part 102 generates a signal to be transmitted. Concrete
procedures by the part 102 have been described above.

[0279] (S103)

In the step S103, the transmitter part 103 transmits the signal to be transmiited. Concrete
procedures by the part 103 have been described above.

[0280] (S201)

In the step, the receive part 201 receives a transmitted signal by the transmitter part S103.
Concrete procedures by the part 201 have been described above.

[0281] (S202)

In the step S202, the shift estimation and received-data extraction parts 202 estimates shifts
and extracts received data, simultaneously. Concrete procedures in the shift estimation and
received-data output part 202 are as described above.

[0282] (S203)

In the step S203, the received-data output parts 203 outputs the received data extracted by
the shift estimation and received-data extraction parts 202. Concrete procedures in the
received-data output part 203 are as described above.

[0283] << Example 2 of Embodiments of Communication systems >>

The example 1 of embodiments of communication systems that is based on the thoretical basis
as explaned above is explained, together with cited figures.

[0284] Figure 20 shows a block-diagram representing the transmitter-receiver system with the
number 1a attached to its surrounding dotted line, according to an embodiment of the present
invention. As shown in Fig.20, the system with the number 1a comprises a transmitter
apparatus 100a and a receiver apparatus 200a. The transmitter-receiver system with the
number 1a, like the transmitter-receiver system with the number 1 in Fig.18 as discussed
above, can be used for both a radar and a communication system (e.g., transmitter-receiver

system to convey voice data and or image data). Other parts are labelled with the same
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number as their associated parts in the transmitter-receiver system with the number 1 and
hence no explanation for them is necessary.

[0285] < transmitter apparatus 100a >

The transmitter apparatus 100a is an apparatus that executes a program imposed on a
transmitter as described in the above description.

[0286] As shown in Fig.20, the transmitter apparatus 100a comprises the acquisition part of
transmitting data 101, the generator part of a transmitting signal 102a, and the transmitter
part 103 as an example.

[0287] (the transmitting signal generation part 102a)

the transmitting signal generation part 102a comprises the generator part of a transmitting
signal 102 relating to the example 1 of embodiments of transmitter-receiver system and the
embedding shift part 110 as well.

[0288] As discussed in (84) just below, the embedding shift part 110 generates a transmitting
signal into which a set of Nyath delay and Doppler parameters

[MF944]

{(ka,is o) foores.

are embedded.

[0289] The generator part of a transmitting signal 102a time-frequency shifts a signal to be
transmitted by using one time shift(or multiple time shifts) and one frequency shift(or mutiple
frequency shifts)

[MF945]

{(ka,i o) Yimr™.

[0290] < receiver apparatus 200a >

The receiver apparatus 200a is an apparatus that executes a program imposed on a receiver as
described in the above description.

[0291] As shown in Fig.20, the receiver apparatus 200a comprises a receiver part 201, a shift
estimation and received-data extraction parts 202a, and a received-data decision part 203 as
an example

[0292] (the shift estimation and received-data extraction parts 202a)

The shift estimation and received-data extraction parts 202a comprises the parts similar as
parts that the shift estimation and received-data extraction parts 202 comprises, relating to the
example 1 of embodiments of transmitter-receiver system as an example.

[0293] <The signal flow-hart between a transmitter and a receiver>

Figure 21 shows a flow-chart of transmitter-receiver using the transmitter-receiver system with
the number 1a. The steps $101, S103,5201, and S203 are same processing as the description

using Fig.19 and hence no explanation for them is necessary.
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[0294] (S102a)

In the step S102a, the generator part of a transmitting signal 102a with the embedding-shift
part 110 generates a transmitting signal. Concrete procedures by the generator part of a
transmitting signal S102a have been described above.

[0295] (S202a)

In the S202a, the shift estimation and received-data extraction parts 202a estimates shifts and
extracts the received data, simultaneously. Concrete procedures in the shift estimation and
received-data extraction parts 202a are as described above.

<< Example 3 of Embodiments of Communication systems >>

The transmitter-receiver system that is explaned by referring to Figs.18-21 may be an
embodiment that executes programs as described in subsection < 8.3 signal processing
exploiting multi-dimensional non-commutative apatial-spatial frequeny shifts> :

[0296] As described in subsection < 8.3 signal processing exploiting multi-dimensional non-
commutative spatial-spatial frequeny shifts >, the received apparatus 200 executes the
estimation step for estimating SSFSs that are embedded in the received images by referring to
the parameter space, i.e., SSFS parameter space of co-dimension > 2 as an example.

[0297] As described in subsection < 8.3 signal processing exploiting multi-dimensional non-
commutative spatial-spatial frequency shifts >, the above estimation step, the receiver refers to
the 2x2-D symmetrical spatial shift and spatial frequency shift(SSFS) operator(SSFSO)s
representing the half-shift-PDs due to the NCP of the SSFSs

[MF946]

!

and its frequency dual

[MF947]

Tol s

and estimates SSFSs.

[0298] Similarly, in accordance with an embodiment of the present invention, the transmitter,
i.e., the method for transmitting an image refers to the SSFS parameter space of co-dimension
> 2 and comprises 2 different SSFSOs that represent spatial-spatial frequency shifting an image
to be transmitted and the PD due to the half-shift of the spatial frequency shift (or the PD due
to the half-shift of the spatial shift).

[0299] In the above shift step, the transmitter refers to the symmetrical SSFSOs

[MF948]

ey

and its frequency dual

[MF949]
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Tl

and estimates SSFSs.

[0300] [ Example of Embodiments using software ]

The control-block in the transmitter apparatuses 100, 100a and the receiver apparatuses
200,200a(in particular, the generator parts of a transmitting signal 102, 102a and the shift
estimation and received-data extraction parts 202,202a) may be realized by logical circuits
implemented by integrated circuit(IC chip)s or by software.

[0301] In the case of the implementation by software, the transmitter apparatuses 100, 100a
and the receiver apparatuses 200,200a are equipped with a computer that executes programs
for each of several functions; e.g., this computer comprises multiple processors and computer-
readable memories. The computer executes the programs that the processors read from the
memories so that it can perform the aim of the present invention. non-transitory memory, e.g,
read-only-memory(ROM), tape, disc, card, IC memory, and programmable logical circuits, etc
are used for the memories. The computer may be equipped with random access
memory(RAM) performing the above programs. The above programs may be installed via any
transmission media(such as communication network, broadcast, radio wave) and supplied by
the above computer. In accordance with an embodiment of the present invention, the above
program that may be embodied in an embedded data signal into a carrier wave by electronic
transmission and may be realized.

[0302] Program products by computer that realize several functions of the transmitter
apparatuses 100, 100a and the receiver apparatuses 200,200a include one of embodiments of
the present invention. The above program product by computer loads programs that are
provided by any transmission media by using at least one computer and makes the computer
to execute at least one program. Thus, at least one processor associated with the computer
executes at least one program. Thus each of functions of the transmitter apparatuses 100,
100a and the receiver apparatuses 200,200 can be realized. The program product by computer
makes at least one of program-installed computers to execute steps in transmitting
process(method of transmission) and receiving process(method of receiving).

[0303] In accordance with an embodiment of the present invention, the above mentioned
embodiments have no limitation. The embodiments are modified within the claims.
Comprising several methods or techniques given in different embodiments leads to an
embodiment of the present patent and includes one of methods of the present patent.
Furthermore, adequate comprising several methods or techniques given in different

embodiments may provide a new technical characteristic feature.

Industrial Application
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[0304] The present patent is ideally suited to wireless transmitter-receiver communication

systems and to radar systems.

[0305] List of symbols for parts of embodiment

1,1a: transmitter-receiver system

100,100a: transmitter apparatus

101: acquisition part of transmitting data

102,102a: transmitting signal generation part

103: transmitter part

110: embedding-shift part

200,200a: receiver apparatus

201: receiver part

202,202a: shift estimation and received-data extraction parts (estimation part)

203: received-data decision part
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1. A method for receiving an image signal, comprising an estimation step for estimating
a space shift and a spatial frequency shift (SSFS) that are embedded in the image signal,
with reference to a noncommutative shift parameter space of co-dimension 2, wherein in
the estimation step, the space shift and the spatial frequency shift that are embedded in
the image signal are estimated with an operator including a half shift that is a shift
symmetrical in space and spatial frequency, and

wherein each of the space shift and the spatial frequency shift has dimension >
2,

wherein the estimation step estimates the SSFSs, with reference to 2-D
symmetrical SSFS operator(SSFSO)s
[MFC9]

T{zjd
a;.b;
or a frequency dual of the 2-D symmetrical SSFSOs

[MFC10]
42y f.d

-I:.'lf s —Hy

2. A method for transmitting an image signal, comprising a shift step for space-spatial
frequency shifting the image signal to be transmitted, with reference to a non-
commutative shift parameter space, wherein in the shift step, a space and a spatial
frequency of the signal to be transmitted are shifted by a half shift that is a shift
symmetrical in space and spatial frequency, and wherein each of the space shift and the
spatial frequency shift has dimension > 2,

wherein the shift step space-spatial frequency shifts the image signal to be
transmitted, with reference to 2-D symmetrical SSFSOs
[MFC9]

T{'ﬂ,ﬂ

El.i'.bi'
and a frequency dual of the 2-D symmetrical SSFSOs
[MEC10]

—(2).0,d

L2 B

3. A receiver apparatus for receiving an image signal, comprising an estimation part for
estimating a space shift and a spatial frequency shift (SSFS) that are embedded in the

image signal, with reference to a noncommutative shift parameter space of co-dimension
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2, wherein in the estimation part, the space shift and the spatial frequency shift that are
embedded in the image signal are estimated with an operator including a half shift that
is a shift symmetrical in space and spatial frequency, and

wherein each of the space shift and the spatial frequency shift has dimension >
2,

wherein the estimation part estimates the SSFSs, with reference to 2-D
symmetrical SSFS operator(SSFSO)s
[MFC9]

T{zjd
a;.b;
or a frequency dual of the 2-D symmetrical SSFSOs

[MFC10]
42y f.d

-I:.'lf s —Hy

4. A transmitter apparatus for transmitting an image signal, comprising a shift part for
space-spatial frequency shifting the image signal to be transmitted, with reference to a
non-commutative shift parameter space, wherein in the shift part, a space and a spatial
frequency of the signal to be transmitted are shifted by a half shift that is a shift
symmetrical in space and spatial frequency, and wherein each of the space shift and the
spatial frequency shift has dimension > 2,

wherein the shift part space-spatial frequency shifts the image signal to be
transmitted, with reference to 2-D symmetrical SSFSOs
[MFC9]

T{'ﬂ,ﬂ

El.i'.bi'
and a frequency dual of the 2-D symmetrical SSFSOs
[MEC10]

—(2).0,d

L2 B

5. A transmitter-receiver system, comprising:

a transmitter apparatus; and

a receiver apparatus,

the transmitter apparatus including a shift part for space-spatial frequency
shifting the image signal to be transmitted, with reference to a non-commutative shift
parameter space, wherein in the shift part, a space and a spatial frequency of the signal

to be transmitted are shifted by a half shift that is a shift symmetrical in space and spatial
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frequency, and wherein each of the space shift and the spatial frequency shift has
dimension = 2,
wherein the shift part space-spatial frequency shifts the image signal to be
transmitted, with reference to 2-D symmetrical SSFSOs
[MFC9]
T{'J’,‘l_.d
a; .y
and a frequency dual of the 2-D symmetrical SSFSOs
[MFC10]
,T{Ej:F,d
bi,a; "
the receiver apparatus including an estimation part for estimating a space shift
and a spatial frequency shift (SSFS) that are embedded in the image signal, with reference
to a noncommutative shift parameter space of co-dimension 2, wherein in the estimation
part, the space shift and the spatial frequency shift that are embedded in the image signal
are estimated with an operator including a half shift that is a shift symmetrical in space
and spatial frequency, and
wherein each of the space shift and the spatial frequency shift has dimension >
2,
wherein the estimation part estimates the SSFSs, with reference
to 2-D symmetrical SSFS operator(SSFSO)s
[MFC9]
,].-{:z.] .
a;.b;
or a frequency dual of the 2-D symmetrical SSFSOs
[MFC10]

42y f.d

l.'lf s —Hy

6. A method for receiving a signal with a high

M
-phase-shift keying (PSK) modulated symbol (signal)

21k :
{d,» = exp (?J\Z ) € (C};ﬁ:l, 0<k<M-1)

on a lattice
T,% x F,Z,

of a time-frequency plane(TFP), with address
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P=@p),0<p<P-10<p <P -1

at a receiver apparatus, that convey a set of coefficients

{ai}?:l

in a space domain(SD) and

{a }i

in a spatial frequency domain (SFD) with a conjoint 2D spatial/spatial frequency(S/SF)

representation
Hx] = aiglx: 0], Hu] = FO[H[X]] =) ajglu; 0]
i=1 i=1

in terms of a set of templates and their Fourier transform(FT)s
{9[x;0:], glw; 0,]}i

with parameters

0; = (XDi; Uo;, 551')=X()i = (Jio@'a yﬂi)a Up; = (uDi: 'Uﬂi): d; = (a, .»"93')-

in place of an original SD-image I(x) with 2D space(S) variable vector
x = (z,y)

and its FT SFD-image

Iu) = FOI[x]]

with 2D spatial frequency(SF) variable vector

u = (u,v)

, of a plurality of bits,

comprising performing

a decoding step at the receiver apparatus for decoding a symbol sequence
dy

into two sets of received SD- and SFD-expansion coefficients, respectively denoted by

(@, {a)n,

and
a reconstructing step at the receiver apparatus, using a 2D elementary function
(template)
g[x: 0;]
and its
FT §lu; 6]
, for reconstructing an associated image and its FT, denoted as

H(x) and H(u)
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H[x] =" aiglx;6:), H[u] = alglu; 6;).
i=1 i=1

, and given as respectively

_ n ~ n

H(u) =) a'glx; 6], H(u) = _ a'glu; 6]
1=1 i=1 )

7. The method recited in claim 6, wherein the 2D elementary function(template)
glx; 0]

and its
FT g[u: 6]

are chosen as

-

glx: 0] = T, 2(x), Glws 6] = Too Ly 2(w), 1 < i <m

0is—X0i ~

by spatial-spatial frequency(S-SF) shifting Gaussian envelope

z(x)

’

respectively its

FT Z(u)

’

by S-SF shifts
Xpi — (-Tna:: ,U[h:): Uy; = (U-[]i, 1-‘[1?:) € Rg,l <i<n

as members of 2D Gabor filter family, using a 2D symmetrical spatial-spatial frequency

shift operator (SSFSO) and its frequency dual of the 2D symmetrical SSFSO

1]

r"::[‘f,]jxorz\(u) =Z(u - uﬂ}f"i_izﬁxn-(u_%): 1 <i<n,

?ii]un:(x) = 2(x— xﬂjfffzwu“-(x_r_'-’u)-. I<i1<mn, }

each of which represents the S-SF shifts and a phase term due to a half shift of the S shift,
respectively SF shift,

e U0 (regp,, e XM 1 < g < .

7’

wherein a conventional 2-D Gabor function
g'(x; 0;)

and its FT

g'(w; 0;) = FOg'(x:0;)]
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with peak-address
(Xo0i, llm)

in 4-D SD-SFD space can be rewritten as

— 2 2 _2 252 P . .
060) = T e 90D e iz,
("('l_l: _;) :7:52] f [(.’. w( u? a; 24w d 2) (_,—217'}: u:l . eiﬂxm-um*

which implies that the 2-D Gabor function and its FT differ from the template and its FT
by additional half shifts

(j—?iTFUm-Xrn' : eiﬁxm:-um_r

respectively, wherein for discrete S and SF variables

k= (kiky) € Z2 by = [AIJ ky = LAUJ

U= (0y,0) €20y = |—| by = |—|
Au Av

if discrete SD and SFD signals

2|k, Z[7]

have discrete S-SF shifts
a; = (a1, ain), bi = (b1, bin) € Z?,

Toi Yoi U, Vog
an = |—|.ap = |=—|, by = | —|. b2 = s
! lArJ " LL\yJ' ! LA'H.J ? LA'{JJ
then their associated shifted signals are given by using 4-D von Neumann's SSFSOs with

two twiddle factors Wi,W,

TGl = o[ = aw S )
e % 1 — s (fa—22
TN 7l = 700 - O D),
each of which contains the S-SF symmetrical half shifts
bjay bgay _bhaoy _ boay
II—]_ 2 . ‘[1"’2 2 , I{"l 2 . II—Q 9

respectively.
8. A method for transmitting a signal with a high

M
-phase-shift-keying (PSK) symbol(signal)

dy = exp (-zi:;k) eC,0<k<M-1)

on a lattice
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of a time-frequency plane (TFP), with address
q=(q,q)

at a transmitter apparatus, that conveys a conjoint two dimensional spatial/spatial

frequency (2D S/SF) image representation as a set of coefficients

‘{ai. :l:I

in a space-domain two dimensional (SD 2D) Gabor representation

n

H[x] = Z a;g[x; f};]

i=1
’

respectively as a set of coefficients,
n
{ai}is

in a spatial frequency-domain two dimensional (SFD 2D) Gabor representation

Hlu] =Y a;gu; 6:]),

i=1

as compressed data, in place of an original space-domain (SD)-image I(x) (respectively, its

Fourier transform(FT), spatial frequency-domain (SFD)-image
I(u) = FO[I[x])),

of a plurality of bits,
comprising performing
a representation step at the transmitter apparatus for representing an original image I(x),

respectively its (Fourier transform (FT) image

—~

I(u)

7

either exactly or by projecting it onto a chosen set of two dimensional space-domain (2D

SD)-templates

{g[x: 67[] ?:1,

respectively their FT SFD-templates
(Gl By,

such that a resultant vector
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T

Hx] =" aglx; 6, (vesp., H[u] = FOH[x]] = 3 a/glu; 6))
i=1 i=1
minimizes squared norms of errors

17[x] = H[x]|[*, (vesp., || TTu] = H[u]||)

and

an encoding step at the transmitter apparatus for encoding two sets of n expansion
coefficients

{ai}iz; and {ai}i,

into an

M

-ary PSK symbol sequence

dg

with data address

7= (g.4)

to be transmitted, and then transmitting a signal with

dg

at the transmitter apparatus via an optional doubly dispersive channel for mobile
communication.

9. The method recited in claim 8, wherein the representation step for projecting an image
I( x), respectively its FT image

I(u)

’

onto a set of 2D templates, respectively their FTs,
g[x; 8] (vesp., §lu; ]), 1 < i < n.
is defined by two orthogonal projection operator(PO)s,

P .z (resp., P.

glx:6;] Gwd) ) 1 <1< n.

7’

wherein projection coefficients
a;, a;
are approximately given as

‘x:0,] - I
a; ~ P . I(X): Exq [X.- i] (X)’ 1 S i S n,

glx;0i] Zx ||g[}5‘ 9';],|\|2

i - 4.1 .
a; ~ Py ( ):Zuy [l,l.f aa]ﬂf(ru)‘ l<i<n
| > u lg[us 0|2
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each of which is derived from an exponentially decaying property of a Gaussian
elementary function (template) and their FTs

glx; 0, §lu; 6],

1<:<n

and a phase term due to the half shift that is a direct result of a_non-commutative
property(NCP) of the S-SF shifts.

10. The method recited in claim 6, wherein the reconstructing step applies von Neumann's
alternating projection theorem(APT) to two two dimensional projection operators (2D

POs)

P

ot Pgugip 1S 051,

acting on the SD and SFD, respectively and defines a concatenation of the two 2D POs,
together with 2D FT

F(2)d

and inverse FT

F-1(2)d

called 4D symmetrical localization operator(LO)s, defined by

—1,(2).d 2).d 2).d —1,(2).d o
Py F PP FO Py g FOP g F PP 1 <<

respectively acting on the reconstructed SD-image
H(x)

and its FT SFD-image

H (u)

’

symmetrically in terms of the SD-SFD images and performs a repetition of the 4D LO which

gives optimized expansion coefficients for reconstruction given as
ai ~ gi(x)H(X), ?I: ~ Pﬁi(u)H(u),&} ~ ?iﬁ 1 <1< 71.,

wherein such two 4D LOs precisely select a limited 4D cube with Cartesian lattice
dimensions (Ly,L2)

and sampling intervals of 2D S variables

(z,y)

, denoted as

(Az, Ay)

and those of 2D SF variables

(u, v)
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, denoted as

(Au, Av) = (1/(L1Az), 1/(L2Ay)),

such that an interaction of a Hilbert space of
(L1 Az, LyAy]

-S limited signals and that of

[L1Au, LyAv|

-SF limited signals

[L1Awx, LyAy] x [LiAu, LyAv] C R
around a peak address

(x0i, 1g;)

in the 2D S/SF plane and filter out a rest, in conjunction with an exponentially decaying

property of a Gaussian-type elementary function (template)

—

g[x; 0], §u; 6]

7

wherein the NCP of two non-commutative S-SF shifts has a beneficial effect on such LO's
properties by precisely selecting a peak

(Xoi, U-Di)

and filtering out a rest to yield precise expansion coefficients.

11. The method recited in claim 9, wherein the representation step applies von
Neumann's alternating projection theorem(APT) to two two dimensional projection

operators (2D POs)

P

ot Pgugip 1S 051,

acting on the SD and SFD, respectively and defines a concatenation of the two 2D POs,
together with 2D FT

F(2)d

and inverse FT

F-1(2)d

called 4D symmetrical localization operator(LO)s, defined by

—1,(2),d . (2),d . (2),d B —1,(2).d (
Py ” Bowan? ™ Py F, F A <i<n

[x:0;] g[x;8i]

respectively acting on the SD-image I(x) and its FT SFD-image

symmetrically in terms of the SD-SFD images and performs a repetition of the 4D LO which

gives optimized expansion coefficients given as
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@i ~ Pq[

I(x), a; ~ P (u),a; ~al, 1 <i<n.

x30] ,

wherein such two 4D LOs precisely select a limited 4D cube with Cartesian lattice
dimensions (Ly,L,)

and sampling intervals of 2D S variables

(z,y)

, denoted as

(Az, Ay)

and those of 2D SF variables

(u,v)

, denoted as

(Au, Av) = (1/(LiAx), 1/(LAy)).

such that an interaction of a Hilbert space of

(L1 Az, LyAy]

-S limited signals and that of

[L1Au, LyAv|

-SF limited signals

[L1Awx, LyAy] x [LiAu, LyAv] C R

around a peak address

(x0i, 1g;)

in the 2D S/SF plane and filter out a rest, in conjunction with an exponentially decaying

property of a Gaussian-type elementary function (template)

—

g[x; 0], §u; 6]

7

wherein the NCP of two non-commutative S-SF shifts has a beneficial effect on such LO's
properties by precisely selecting a peak

(Xm:, U-Di)

and filtering out a rest to yield precise expansion coefficients.

12. The method recited in claim 8, wherein the set of 2D templates and their FTs

{g[x; (;;H?:l {gi(w) }i=y

are chosen as

g[x; 5,] = T2 2(x), glu; Fm = 71 Zu),1<i<n

Xoi,Woi ~ up;,—Xp; ~

by S-SF shifting Gaussian envelope

z(x)

7

respectively its FT
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2(u)
by S-SF shifts

Xoi = (Tois Yoi), Woi = (uos, vo;) € RZ, 1< i< m

with reference to a 2D symmetrical spatial-spatial frequency shift operator (SSFSO) and a

frequency dual of the 2D symmetrical SSFSO

7;(02,)1,02(3{) = z(x— Xg)ei%“”‘(x*’%!), 1<i<n
7;(3,)&03(11) :E(u . uo)e—ﬁ?rxo-(u—%)’ 1< < n,

each of which represents S-SF shifts and a phase term due to a half shift of the S shift,
respectively SF shift,

e ITu0iX0i | (pegp,, TX0IW0) ] < j < .

such that a conventional 2-D Gabor function

g'(x; ;)

and its FT

g(u;0;) = FOg'(x;6)]

with peak-address

(X0i, Uoi)

in 4-D SD-SFD space can be rewritten as

L—

—
1 Xpi s 10i
- —

"(x: 0.) = {2) [8—71'(.}?2(1;-']+y2ﬂ;-)} . eQ‘.i:‘rx-u)] . e—i?ru[;,;-xm.
}J(U.' 93) — ﬁQ}\F x [(_‘ W{?ﬁ3r1:2 : 1,'?.:'3‘;2) .e 2£:rrx-u] . (Ji':rxm-ug,-
? 0i,—Xpi L g g :

=

7

which implies that the 2-D Gabor function and its FT differ from a_2D elementary
function(template) and its FT by additional half shifts

e—'iﬂuns-xu-e . eiﬁxn;-um )
respectively,

wherein, for discrete S and SF variables

— . 1
k= (kl.k"g) = Zz; kl = LQJ.J'-'kZ = L.iij
(= (0, 0) €226, =[], b= | —]

if a discrete SD and SFD signals
2[k], Z[4]

have discrete S-SF shifts
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a; = (a1, ai2),b; = (bi1, bi2) € 77,

Lyi

Yoi Ui Voj
il = | — |, Q0 = L0 = | — |, bf' = B
i LﬂmJ,ﬂ_z LAyJ' : LA?:.J' ? L_\rJ

then their associated shifted signals are given by using 4-D von Neumann's SSFSOs with
two twiddle factors Wi,W,

¢ — —+ —b _9] _—bg "J—iz

raz(f2— b2

Tl = 27— Ty,

each of which contains the S-SF symmetrical half shifts
W e
respectively.
13. A transmitter-receiver system for an original image and its Fourier transform (FT)
image signals via a doubly dispersive channel for mobile communication, comprising:
a transmitter apparatus; and
a receiver apparatus,
the transmitter apparatus including

a representation part for representing an image and its FT image as a set of
expansion coefficients, regarded as compressed data of an image and its FT image by
projecting it onto a set of two dimensional spatial-spatial frequency (2D S-SF) shifted
functions, together with use of a spatial-spatial frequency shift operator (SSFSO)
representing spatial-spatial frequency (S-SF) shifts and a phase term due to a half shift of
a S shift, and a frequency dual of the SSFSO representing S-SF shifts and a phase term due
to a half shift of the SF shift, with reference to a non-commutative shift parameter space
of co-dimension 4 and

an encoding part for encoding a resultant projection coefficient to an
M
-ary symbol sequence to be transmitted, in place of an original SD-image I(x), respectively

its Fourier transform(FT), spatial frequency-domain (SFD)-image

i u]-

’

of a plurality of bits, and while
an optimization part for optimizing expansion coefficients by applying von
Neumann's alternating projection theorem (APT) to a 4D symmetrical localization

operator (LO), which is a concatenation of a space domain-projection operator (SD-PO)
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and a spatial frequency domain-projection operator (SFD-PO), and by a repetition of two
such 4D LOs, with use of a symmetrical SSFSO and its frequency dual, and

a transmitting part at the transmitter apparatus for transmitting the signal with
encoded data sequence.

the receiver apparatus including

a receiving part for receiving a signal with
M
-PSK symbol sequence at a receiver apparatus,
a decoding part at the receiver apparatus for decoding the received
M
-ary symbol sequence to two sets of SD-SFD projection coefficients of an image and its FT
image, and

a reconstruction part at the receiver apparatus for reconstructing image and FT
image using received expansion coefficients of the image and its FT image, in conjunction
with 2D S-SF shifted functions, together with the use of a SSFSO representing S-SF shifts
and a phase term due to a half shift of the S shift, and a frequency dual of the SSFSO
representing S-SF shifts, and a phase term due to a half shift of the SF shift, with reference

to two non-commutative shift parameter spaces of co-dimension 4.

151



