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WD 2004/ 075104 PCT/ US2004/ 004632 1 METHOD AND
PROGRAMVABLE APPARATUS FOR QUANTUM COWPUTI NG 5

WOEROSS7REFERENCE TO RELATED APPLI CATI ON Thi's  PCT/US2004/004632

application clains the benefit of a provisional patent”
application no. 60/447, 566, filed on February 14,
2003. 10 TECHNI CAL FI ELD The present invention is
related to a nethod and programuabl e apparatus for
guantum conputing, and, in particular, a genera
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At the molecular level, quantum effects may provided huge advantages as well
as problems not encountered at larger dimensions. Quantum computing has recently
emerged as a possible approach to developing smaller computing devices that operate
on the atomic level. In general, a traditional computer encodes information in a series
of bits for computation that are manipulated via Boolean logic, which is based on
binary mathematics. For example, a 32-bit digital computer generally manipulates
one or several 32-bit operands during execution of a single instruction. A single
instruction generally produces one or several 32-bit result values, each representing
one of 2** different possible result values. Thus, a single instruction maps one or
several operands to one or several results, each within a range of 2* values. On the
other hand, a typical quantum computer utilizes the +% and -% nuclear spin states for
isotopes such as °C and '°F to represent the Boolean logic one and zero. In addition,

the nuclear spin is also a quantum mechanical object that can exist in a superposition
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ot her hand, a typical quantum conputer utilizes the
+9%2 and -9%2 nucl ear spin states for isotopes such as
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zero. In addition, the nucgear spin is also a quantum
mechani cal object that can &xist in a superposition W
2004/ 075104 PCT/ US2004/ 004632 2 of +9%2 and -9
nycl ear spin states. In theory, a typical .
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polymer nodes. The light radiation emitted by the quantum processor lattice of

polymer nodes is converted by a transducer into an intensity-versus-vibrational-
frequency spectrum. A running average of the intensity-versus-vibrational-frequency
spectrum is maintained in the coherent memory. The average spectrum intensity
values are used as coefficients in a polynomial approximating the encoding function.
The output consists of the original data and program, and the substantiated variables,

Or program output.
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i ntensity-versus-vibrational-frequency spectrumis
mai nt ai ned in the coherent ﬁenory. The aver age
spectrumintensity values are used as coefficients in
' Xinatin encodi ng function. The
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bh&entfiaghidonal architecture” in Figure 2 that
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pr eseHigutertyie acprel-fpivgliageand for sheroutinet ffiictifrabavchiteaream
for t L . J I hitecture." 10 Figures
5A-B Pﬁuﬁeg? IrAaI%] glugéﬁg%bgﬁ}% 31% énpluﬁpll}f tl(fnunct i on.
Fi gur ERuBAGB-B {llustsite tit eppliveticpyiitheoamboding @feqidtidns (3) — (6) to'
codi ' ions (3) - (6) to the sinple exanple
uﬁ%@#@%?d ﬂgﬁ%@kyA is an illustration of
cont i Rigatei Zais anillodtratibre o euntithialigatioangdttheencbdih® function F in
E% Ures 4&1 gia %pe.ste? fﬁnc Bon in equation (8). 15
|é§ure A HOR 1UPCHOP L PRUBHOE)-a hypot het i ca
| Nt er PRLATG af HAGHAER ofa hypotheticdT il '%%E i
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is an i.llustration of a hypothetical geodesic solution
SHGS" BYTATTEHO"23) on the t hr ee- di mensi onal

car r i BiguBisfa@lithstr@tbnFd fQUyRSthdERt Seddbdid! SRS (H) RE equation
I\ét% se potentjal and spectrumfor a hypothetical
( 5 on the three-dimensional carrier manifold.

Figures 10A-C illustrate the Morse potential and spectrum for a hypothetical
diatomic molecule.

Figure 11 is an illustration of a quantum processor having a two-dimensional
array of nodes representing one of many possible embodiments of the present
invention.

Figure 12 shows a simple cubic lattice of equally spaced nodes, reflective
plates, and insulating boundaries representing one of many possible embodiments of
the present invention.

Figure 13 shows realization of the excitation field Hy generated by the
excitation generator.

Figure 14 is a diagram of the two-level automaton for a single node.

Figure 15 illustrates the relationship between the chattering combination in

equation (51) and the semi-open time intervals in equation (52).
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Figure 22 is a control -flow di agram depi cting
determ nation of the transducer read out period that

DTGB BRBESTRIPOIONTIYTHIOBSVINEIONTbodi ment s of the
prese Iesrza\lll {r]ltxfén on re e?tes[%ggérllelfh%% agg%mcglraﬂnhg}le anIZ)arIttTE termed
I NVE

the Quantum Function Evaluator that uses quantum state propagation for
computational processing. Figure 1 shows a control-flow diagram for the highest-
level view of the method of one of many possible embodiments of the present
invention. In step 102, the input consisting of data 104, a program 106, and
uninitialized variables 108, or program output, is provided. The data 104 may be in
the form of a separate file, input by an operator at the keyboard of computer, or
actually incorporated into the text of the program 106. The program 106 may be a
source code written in a high level programming language such as C, C++,
FORTRAN, etc., or a lower level language such as assembler, or high level language
such as scripting languages, shell scripts, or higher level mathematical programming
languages. The uninitialized variables 108 represent program output, and may
include data values transferred to any of many different output devices and types,
including display terminals, electronic communications media, files or database
management system data stored on mass storage devices, and many other types of
output. Edge 110 represents executing one embodiment of the present invention that

in a single iteration converts the input in step 102 into the output in step 112. In step
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The present invention relates to a nmethod and _
progranmabl e apparatus ternmed the Quantum Functi on
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comput at i onal processing. Fggure 1 shows a _
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in in s 102 into the out I Ste In ste
VR PrBbTBL 0 Aensrties somaiHs S0t T dsathsiget difierental
ieqedtiof efforh e eac@ied AudctiblAdedimhindl Oar 6P 206 Hh&ep 210, the
unlnltlaILze? variables 108, however, are now

iVALTtonRl PHOSIPIS, L praplpysd tpicensfick # diagagiay vdwee geadgsic df the

tsbRtion®r AR fiRRerden ﬁﬁﬁea&ég%d%ﬁt Hﬁferé%ﬁlﬁﬁ@dﬁhudﬂ“&&aﬁ ‘in step

Note:-that if the data in step 102 is changed,

2REnInStepAI e the bagrpagion s éﬁnV@ﬂe%m@p?sqm@Haﬁ@mmzl Hamiltonian

t a Y

r&)ﬁﬁqﬁg e Ss’fég V‘Z\gﬁ?}%gl#:aﬁ‘tgm: gaﬂofﬁ%l, gfalrrlgh] ?a @d’eka@& @%h%s]nf&lly

sgmﬂ@tﬁd bbi @rmmsopnamltatmp@nlétdmnbmby r&@pqxesmm sagmécal,
fee ventio
%?e“‘pm“z*“‘oaz AT T, SED 28, TR0 Gy B R0 Rics8iing
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agébr 1c n‘ggl;f Fftg‘BrAhleh Q{)}g)rgglpnatcigne B tﬁe €n oﬁ%\é fgnctlon in step 206.

After the polynomlal approx1mat10n is determined in step 216, steps 206 through 202

are performed in reverse order. In step 204, the polynomial approximation of the
encoding function can be used to determine the computable functions in step 204,
which leads to step 202, where the instantiated variables 114 in Figure 1 are given.
Figure 3 shows a diagram of the apparatus comprising the “functional
architecture” 216 in Figure 2 that represents one of many possible embodiments of the
present invention. Located in the center of Figure 3 is a control and scheduling
system 301 that controls and regulates the execution of a function input 302, an

excitation generator 303, a quantum processor 304, a transducer 305, and a coherent



10

15

20

25

30

10 of the nethod represented by edge 110 in Figure 1.
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and regul ates the execution ction 1 npu
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l%plteg’entmg the control and scheduling system 310, described above in relation to
Figure 3, executes steps 406, 408, 410, and 412. In step 406, the excitation generator
realizes the excitation field Hamiltonian by bringing into physical existence an actual
excitation field. In step 408, the quantum processor is impinged by the excitation
field causing the polymer nodes to emit light radiation. In step 410, the emitted light
radiation is converted into an intensity-versus-light-wave-frequency spectrum and a
running average is maintained. In step 412, if the running average converges, then in

step 414, the spectrum of intensities are used as coefficients of the approximating
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304 realizes the ex0|tat|og field which is used to

i nduce an em ssion of light radiation fromthe

polyner nol ecul e nodes of the quantum processor 304.

eXC|tat on fi.e enerate e e C|tat|on

b 8 e hebiiog hungHER i i 0B Y S B e s A8 ot the
W&Mﬁﬁg avefige Aynod tdiMErgo® At stePatiod; aos, aeo l&ﬁ@dli &e repeated.
generate vi brational excitation of polyner 10
nol ecul es. The transducer 305 converts the emtted
l'ight radiation fromitb@ndiaobsputiggr ocessor 304 into a
coherent spectrum of intensities and correspondi ng
frequencies that are passed to, and stored by, the
Q@h@@anmnaﬁmqhggﬁgﬁmlThe transducer 305 is al so
responsi bl e for clearlng the |ight radi ation detector
af t er 18acAMPakle funcepns grmewmfadt inesiep 1¢4gphove adk distrote valued
fHiiohd Y81 » b e
R iR AR R h e o
average of the intensities and frequenC|es recelved
by the transducer 305. T%e cog}ggl and schedul i ng
system 310 repeatedly exécut q ﬁ% excitation
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determ nes the ex0|tat|dn i"éf'd’Hami | t oni an accordi ng
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where the domain S, xS, is the set of all possible combination of points (xp, x;) such

that xp and x; are respectively elements in the set:
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step 414, the spectrumof intensities are used as
coefficients of the approxi mati ng WO 2004/ 075104
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function in step 206 in Figye 2. In step 412, if the
running average has not converged, then steps 406,
408, 410, and 412 are repeated. 1. Quantum Conputi ng
5 A Input Function and Encodi ng The conputable
functions generated in step 104 above are dlsprete"
val ued functions referrgd_gpLQE "input functions.
The i nput functions nmay be e form 10

fan&, x. . . xSN->D (1) where N is the dinension of the

domai n S, X . X SN, and the sets Si and D are finite
subsets of the natural nunmbers given by: 15
D={0,...,Nd} where M agd_gyl e the largest natura
nunbers in the sets Si and respectively. The 20

function f in equation (1) maps an N-tupl e denoted

. ...XN 1) in the domain S, X x SN, where
&1?;‘8 fangg ofthe 8¥aé‘?‘fg?1€1nf"?‘?ntfﬁ%gl§"é’tby§h? sato a singl e natural
nunber in the range D. The N-tuples (xo, ..., xN1)
are referred to as "points" in the domain S X ..XSN
Figures 5A-B illustrate &=sfriplle exanpl e input
function having the formof 25 equation (1) given by:
f:S, xS2--> D where the domain S, x SZ is the set of

FidurP GASIHME £ A BatinANaE o@cﬂoma G ralféls )Vaﬁlgg of e%(ample

that xQ and x|l are respectively elenmentsin
ctio 4/ Beswselupar QUspmoncobwsa302 gntain the domain elements of

$;%S,, and the range values are located in fcolumn 503. Figure 5B is a three-

dimensional, Cartesian-coordinate depiction of the points (xg, x;, J) given in the table
in Figure 5A. The collection of points (xo, x;, f) are plotted with respect to the xp-axis
505, the x;-axis 506, and the faxis 507. For example, the point 508 in Figure 5B is
the graphical representation of the point in row 504 in F igure 5A.

It should be noted that, although two and three-dimensional illustrations, such
as Figures 5A-B are provided in the following discussion, they are provided only for
illustration purposes. In real-world applications, there may be many thousands,
hundreds of thousands, or millions of variables, leading to extremely high
dimensional problem domains. In general, these problem domains may be considered
to be hyper-dimensional volumes, manifolds, or carrier manifolds. It is not possible
to illustrate such problem domains, but techniques used to address hyper-dimensional
domains may be analogized to three-dimensional illustrations.

The input function may also be a solution of an iterative process of the form:

yn+1,i :f;(yn,l""’yn,k) (2)

where i=1, ..., k, and each
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S, ={0,1,2} and 5 S2= 10, 1, 21 The range of the
exanple function f is given by the set: D= {0,1, 2}

WA QoFiogune£ 5A shows a three colum table of doPeli/mSzNH004632

range val ues of exanple function f. The xo-colum 501
and x| -colum 502 contain the domain elements of S, x
S2, and the range values are located in f-columm 503.
Figure 5B is a three- dlnenS|ona

Cart esi an- coor di nat e deprb?oﬁn%f t he points (xo, xlI,
J) given in the table 15 in Figure 5A. The collection
of points (xo, xj, f) are plotted with respect to the
woheax§ s {0,905, ., Mje x1-axis 506, and the f-axis 507. For
exanp t he,. poi pt 50 n Fi gure t he graphica
repr e?ghtegfcfd OF CoHR™ ﬁ’é‘? fignctions, Qﬁmqunabpwgm 6teg R06 of
IRigus12 vdithelecaraplated wxalg, thedollb@g Murdchen:and

t hree-di nensional illustrations, such as Figures 5A-B
are provided in the follow ng dlSCUSSIOﬂ they are

provided only for ol us t pur oses. In
real -worl d appllcalr%J;”tﬁpmj_%Egl ny thousands(a

hundreds of thousands, or millions of vari abl es,
| eading to extrenely high di mensi onal probl em
ns. In general, these problem domains may be
considered to be hyper-dinensional vol unes,
mani fol ds, or carrier manifolds. It is not possible

toillustrate such probl emidomai,ns, but techniques
used to address hyper-di i*orfal 25 donmi ns may be®)
anal ogi zed to three- di mensi‘Onal illustrations. The

i nput function nmay al so be a solution of an iterative

05 Bl IRl hed Byt | = 1 So0a 678104

PCT/ US2004/ 004632 9 f :Sk--), s where S = {0, 1,
., Ns}. .
p=rr},3x{{]\/'i]z=1,...,N},Nd}+1 ®)

and

E (x) = {f; (xo""’xN—l) if defined
l 0 otherwise

(6)

The encoding functions (3) - (6) map the domain values in S, x+++x S, to a subset of

points of the real numbers such that the values of F coincide with the values of fin the
range of /. Furthermore, the encoding functions (3) — (6) map x to O for any x that
corresponds to an N-tuple not in the domain of f;

Figures 6A-B illustrate application of the encoding in equations (3) — (6) to the

simple example function. The value for the natural number p given by equation (5) is

given by:
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The encoding of conputabl e functions as described
above in step 206 of 5 Figure 2 can be acconplished

waigioag7ithe following function: F : [0,1,..., PNPATAUS2004/004632
[0,1,..., p] (3) where 10 1 X=1 XS PN1-s (4)
s=0 andp is a natural nunber defined by: 15
p=max{IN,~i=1,...,N,Nd}+1 (5 and F (x) =f (xo,...,

xN_1) if defined (6) O otherwi se 20 The encoding
functions (3) - (6) A& gm&%ab F%alues in Si x X
SN to a subset of points of the real nunbers such
that the values of F coincide with the values off in

. - t di ng. f tiqns (3)
1 R SELPLTEY Gond SRS P B S5 (D
N-siibiet 6f thOfeal HinibRR a_@&ﬁ@fh? tothé exppedsiph.gur es 6A-B
illustrate application of the encoding in equations

(3) - (6) to the sinple exanple function. The val ue
for the natural nunberp given by equation (5) is

gi ven by: WD 2004/ 075% RO/ US2094£004632 10 _
p=max{{2, 2}, 2} +1=3 The sencodi ng function in equation
(4) maps the quﬁts (xo, xi) in the domain Sl x S2 to
a subset of the Teal nunbers according to the
expression: 5 x = x, p'-S = x03 + xl

In Figure 6A, the x-column 601 are the x-values calculated according to equation (7),
and F-column 602 are the corresponding encoded function values F. In Figure 6B,
the collection of points (x, ) displayed in Figure 6A are plotted with respect to the x-
axis 603 and the F-axis 604. For example, the point (1, 2, 2) 508 in Figures 5B is
mapped to the point (5, 2) 605 in Figure 6B.

The example input functions given in equations (1) and (2) are functions of a
larger class of discrete-valued functions generated by the compiler program in step
204 in Figure 2. The class of functions generated in step 204 is referred to as the

“Class I’ of computable functions and are given as follows:

(1) Class I contains all the functions F encodable from a finite function fasin
equations (3) — (6).

(i) If
{fl,...,fK |78, %8y, = Sy, K finite, S, ={L..N,|N, ﬁnite}}
is a subset of Class 7, so is the direct sum:
[® @ f 18 %% 8, = 8K

(iii) Class J contains the projection functions:
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s=0 (7) In Figure 6A, the x-colum 601 are the
x-val ues cal cul ated according to equation (7), 10 and

wWo-2@alotdmd 602 are the correspondi ng encoded f UPCT/US2004/004632

values F. In Figure 6B, the1 ol l ection of points (X,

F) displayed in Figure 6A are plotted with respect to
the x- axis 603 and the F-axis 604. For exanple, the
point (1, 2, 2) 508 in Figures 5B is mapped to the
point (5, 2) 605 in Figure 6B. The exanpl e i nput
functions given in equatgensc§l), and (2) are functions
of a 15 larger class of discrete-valued functions
generated by the comgicteep, (BL.097,ami=s8tep 204 in
Figure 2. The class of functions generated in step 204
is referred to as the "Cdass 1" of conputable

fhgd i ons and are given as follows: (i) Class |
contains all the functions F encodable froma finite
function f as in 20 equations (3) - (6). (ii) If { f

, ..., fFKI1 f : Sl x . X SN->S. , Kfinite, Si N

| N, f i{{aﬁat-e}fﬂﬁ DHxi % suhsek fofitey, a:{s...uy,.],sr,oﬁmae}} he
direct sum A Q..$ K SIx...xSN ->SN+1 30 (iii) C ass
I contains the projection functions: WO 2004/ 075104
RGTES40PE{.00A632 11 pl:Six...xSN Si where p
(nl,...,01i,...,nNhn. 5 (iv) If { f , ..., fx | f

Sl x X S. -> SN+1, Kfinite, S N I N, finite}}

is a subset of Cass | and, 10 K
g:éq'{ Sy

N+l 7 Oy

is in Class , so is the composition:

G(Siseres fic )18 %% Sy = Sy,

- (v)Ifforeach ne N,

g:NxS§ x:xS, >N
is in Class I so is the following:
min{n,g(;z,nl,...,nK)=0}
(vi) If
g:NxS, > 8S,

is in Class J, then the family of functions given by:
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: SN#Hl -> SN+l isin Cass |, so is the
gorrposition: 15 g(f,...,JK):SI x...xSN ->SN+l  (v) If

wo cvo4eaM n E N, g: NxSI x. . xSS->N 20 is in CleCSHFUB2090004632

is the followng: mn {n, ga( .., nK) =0} 25

(vi) If g:NxSx ->Sx is in assl thenthefamly of
functions given by: 30 WO 2004/ 075104

PCT/ USfOO4/ 004632 12 {f : NxS, x . XSK _> SK+l 1f (n

+ 1, SIS KK SE9S Oy, | A(nb, ., g@y}(n 7, S ,é(r) Ol ass
l. (V||) Anyfunctlon constructe h ni t
application of (i)-(vi) isin . 5The el enments of

; jare either an encoding or can be transforned
anltﬁgﬁarlsi “encoding function via a finite nunber of

i fuinytion doustiupted by vie.fin@k apjiRstidnl f)i)-(vif is\d 7.ar e
fn?r}ﬁn)( %Jec ) ’ i usglgﬂare co%%t(ract ed by the

cl
conpi I er 616?183 ﬁ?%ﬁﬁ © e‘r‘i}{’iﬁr ARIFHCAdingHRr|cay be tpRsfermaditagn

: 0 t @)l -
Iemmguuggfma:noﬁ\kfiahd’hﬂb ntuhEerCG'g %ﬁe@él Swfé g’g%’dlé &Ees (i) — (iv) are

|
PifEe BGusd fresh Sainste cRpBuHor Geldvenpiler poehotfhd in
tragy [HiglSRA] plﬁgﬁﬂ]hmﬁgl 1£8l® MRMLEhd CHRTALE biifutabio

t artiall
l arg qsdﬁég g&&w«%@%@ segegi%gqi iﬁmqgmzlSTh]ealtgmater ehbodiments the

£11he8 bf 1R pPRBtNAYchiiéh é'ﬁﬁtbg?&dgﬂeqft? ea{hg Yard recr ch{a& of diserete

g@f esent invention is to ve an

riallyspesifiedfupefionganddndicatordimations.  functi ons vi a
quUant e P IRt BEnih® thd'GnSRGPILY gapfpelljrgt%g e 5 present

invention is to find effective and fast means of computing the discrete Class [

functions via quantum approximations to the encoding functions.

B. Continualization

The method of continualization is described in detail in patent application no.
10/693,729 and is incorporated by reference. The example function provided in
Figures 5 and 6 can be continualized using a step function @ defined by:

CI):[O,...,pN“l)—>[O,...,pN'l) ®)

®(y)=F(x) for eachy, ye[xx+1),ye{0,..., p" "}

Figure 7A illustrates continualizing the encoding function F shown in Figures 6A-B
via the step function in equation (8). Continualization increases the size of the

domain by including the real numbers between the discrete domain values x and

assigns to each y a function value CD( y) . Figure 7A shows the graph of step-function
@(y) coincide respect to the x-axis 701 and the d-axis 702. The function values

F(x) equal to @ ¥) where the discrete x values equal the discrete domain y values.

For example, the point (5, 2) 703 in Figure 7A is the point (5, 2) 605 in Figure 6B.



10

15

20

25

B. Continualization The nethod of continualization is
described in detail in patent application no.

wQAd0&E1TLY and is incorporated by reference. HEEUS2004/004632
exanpl e function provided ip_,U Figures 5 and 6 can be
continual i zed using a step nction (D defined by: 20
~0,..., pN1) -*[O0,..., pN-1) (8 C(C(y)=F(x) foreach

Yy, YE[x,Xx+1 O ...,pN-"} Figure 7Aillustrates

cont | ﬁﬁ%l"f"%@’ﬁ’é@%ﬁ Fiesth ﬁg‘kq{ dw%feudoﬁ_? e sfipnfinption given by

feiqgation $4)0 AmBhlterfatevénfbodiienss) 6fherl HMRSHI1AdN Bheid Al B0 used to
Continualization i ncreases the size of the

(8). ;
Gonskust Byfumetiany () theser salhesn coiheids vt wieer) sivh as linear
discrﬁﬁe dopmi n vabues X and ,assgﬁns to each y a

FRIFRPPERSy dt s ehyorth ppigivpletion. sHwgs Pade interpelatim, ctc.
s G Ll . [ AGH .to.the X-axis
TR e s b B ARA! FRRRShl Cipfon B3] where
I Y. FGST l.ues equal, the
D) chneTone bR ke BE0 Y Salhel Brd SRl e it

@bmaid)vail®3x.i n Figure 7A is the point (5, 2) 605 in

Figure 6B. WD 2004/ 075104 PCT/ US2004/ 004632 13 The

cont i nual i Bt iieterpplatioe sknétionn ol ()it @el txprésiel Soe fhyper-

function given by equation (4). In alternate

ditppgiopemenifoldst her paguencpoifaterbrectaiie (Msxcan defineds g the

\tf\ﬁ construct a function t(y) whose val ues coi nci de
fowingsesurgor relagion gvgRAY: i nt er pol at i ons,

Adans- Boshworth i nterpol ati on, splines, Pade

interpolation, etc. 5 Figure 4B is an illustration of

a hypothetical interpol atd, neg xf wagk(gh 0(y), where

(D(y) equals the encoding function F (x) for val ues of

y equal to the discfBte donain values x. The

interpolating function O (y) may be expressed for

hyper - di mensi on mani fol ds as a sequence of real

WEetE Gpch VeRIOT %is a k-typlelinfA-dimgnsignat deeof redl uoibbw\&* piyen by:

recursion relation given by: xn+i = xn + anh (x,, )

(9)

X = (xl,k’ Xokesers ‘xN,k)
and sequence {a,,} is a sequence of real numbers having the properties:

lima, =0

n=>w

and & is function mapping from R* to R*. In other words, a new state-vector value
X+ is computed, in each iteration of a computation, from a current state-vector x,, and
a discrete, vector-valued function % that depends on x,. Figure 8A-F illustrate the
continualization method for a hypothetical sequence in three-dimensions. Figure 8A

shows the vectors xn.2, X1, Xn, and Xy plotted in R® with respect to the x;-axis 802,



15 where each vector x" is a k-tuple in k-di nensi onal
set of real nunbers Rk given by: xk (IKkIX2k, ..., XVk

warpe4mesjoence {an } is a sequence of real nunbRCBHUS2004/004632
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15
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25

havi ng the properties: 20 ljm" =0 n-)wa" _ 25 and
h is function mapping from to Rk. In other words, a
new state-vector value x"+J is conputed, in each
iteration of a conputation, froma current
sharzaxictMomdihe xzaxs 804. Nexcthe sequencedpip), s veandedpproximated
function h that depends on x,,. Figure 8A-F illustrate
thyethe seavence (X, ),z having toras Kt iing theresyision selationativen by:
sequence in three-di mensions. Figure 8A shows the
vectors xi _2, x" |, x, and x"+i plotted in R3 with
respect to the xi-axi g 8Q /| 045104

PCT/ US2004/ 004632 14§%%e%&5¥§§€8936§% and the x3-axis
806. Next, the sequepme (Xx,,),,,. can be approxi nated
by the sequence (X, ,),"O having terns satisfying the
recursion relation given by: X11+1 =Xn +a"h(X")+anbn
SyekO b, WORN Gedior aRarRetieC Furd 8BATRWAT the FleGitnge SRreR Wﬁw
t he sequence given by the ~ approxi mating recursion
reappaingating necetpicat fielatior{ r0dquatidne(18)e qlisnsequoke v staors (&),
v )s,,,0 shown in Figure 8A have been replaced by the
shouencEgot 8dduveobsen(iiaded 2p thersefieger & vetdrs8EX, ) Than Figure
time sequence {tn } can be defined as follows: 11-1 to
B t=o (11) 15 where al = tt+1- ti.

The time sequence {z, } can be defined as follows:

n—=l1

i=0

11)

where a, =¢,,, —¢,.

1

Figure 8C is an illustration of the relationship between the time sequence {z,} and the
real number sequence {a,} given in equations (9) and (10). Note that because each
element a, approaches zero as n approaches infinity, the real number sequence {an} is

the length of the decreasing time intervals (z,,, —tn) on the time axis 808. For

example, real number a; 810 is a longer interval than a, 812.

Next, two time dependent vector functions X°(¢) and g°(t,a,b) are defined

as follows:

X°(z,)=X, forall n>0
12)
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Figure 8Cis an illustration of the relationship
between the tinme sequence {tn } and the real nunber

waeguenaed { an} given in equations (9) and (10)PCTMUBE04/004632

t hat because each el ement g?, approaches zero as n
approaches infinity, the re nunber sequence {an } is
20 the length of the decreasing tine intervals (tn+l
-tn) on the tine axis 808. For exanple, real nunber
a, 810 is a Iongevggﬁhéﬂ&gl+£héggaﬁf& . Next, two
ti me dependent vector dunctioms X"(t) add™d’ (t, a, b)
are defineg_ as follows: 25 X(t")=X" for all n>-0
(12) WO 20 4) 075104 PCT/ US2004/ 004632 15 XO
(t)=tn+l-tX +t-tn Xn+1l if tE(tn,tn+l) an an (13) and
n-& 5 go(tn,a,b)=Ya,b, for all n> 0 =0 (14) go (t,
d%p) - L n-t go(tn, a, b) +t ato go (tn+l, a, b)
if t E(tn, totl) an n (15)..10 Equations (13) and
(15) are linear func(tmsh)w Phab eopatt>t00 time t.
Figure 8Dis an illustration® of the functions defined
by equati on (1%L®and shows that segnent X (t) 814 is
a vector between'the vectors X' and X'+r in R3. A
function X can be defined by the follow ng: 15
g%n@b)=5i—ig°0waj)+taagﬁaﬂpmb)ﬁve(gJHJ

n n

(15)

Equations (13) and (15) are linear functions with respect to time z. Figure 8D is an
illustration of the functions defined by equation (13) and shows that segment X° (1)
814 is a vector between the vectors X, and X+, in R®.

A function X° can be defined by the following;

X°(1)=X, forte (tst01)
(16)

Figure 8E is an illustration of the equation (16) plotted as a function of time 7. The
function values are plotted as a step function to show that X°(¢) 816 is constant on

the time interval (z,,2,,,).

Summing the terms in equation (10) from zero to n — 1 gives the following

expression:

n—-1 n n-1 n~l

-1
DX =2 X+ > h(X)a,+> ab,
=0 i=0

=0 i=0 i

(17)



(t)=Xn for tE(tn,tn+l (16) Figure 8E is an
illustration of the equation (16) plotted as a
wo eovg7sad of time t. The 20 function val ues aPE&T/US2004/004632
plotted as a step function to show that X (t) 816 is
constant on the time intertl (tn , to+l) Sunm ng the
terrrs in equation (10) fromzero to n - 1 gives the
Iovmn pressiqgn: n-1 n-1 n-1 n-1 25 ~X; +1
efﬁ‘(%{e ?’gehrggn appl)(111g75he itiory pithe irgegral from integral calculus,
feationd @ Qe Beddas cdifti e .
tgg defini tiﬁ%ﬁ of the nﬁé]l%segicg{?mfglp gémﬁﬁ%@goﬁg'?ﬂ e?%?%‘ﬁ‘:"n%
equation 17 can be given as continuous, vector-val ued
function of tlmaft as follows: X (t) =X (0) +f h
(X (s))ds + g Xt(r)ax§p)+ (r5\"°(;!; s + ctions
defined as: X"(t)(— X(tgt)n)?l t> (p)i %ﬂ'@’afbbl -tn 10
5 gn(t,a, b)=.,g(t+t,,,a b)-go(t,,,a,b) ift>-tn -go
(tn,a,b) ,Ql -< -tn can be used to rewite equation
(18) in the followng form Xn(t)= X"(0)+

:r&]éixu tn+? %go(t,a,b) ift>-tn 0 X0 ift5-t 15
q(f?g #9@19) can be expressed equivalently as

fol | ows: .

Xn (t)-—_{Xo(t'l'tn) 1ft>_tn

X, ift<—,
10 g”(t,a,b)={g0§t+t"’a b)-2°(t,.a,b) if1>-t,
-g"(t,,a,b) ifr<—,

can be used to rewrite equation (18) in the following form:

t
X" (f) = X"(0)+ [m(X" (¢, +5))ds + g°(t,a,b) ift>—s,
[}
X, ifr<—t
15 (19)

Equation (19) can be expressed equivalently as follows:

t -
X"(¢)= X" (0)+ [u(X" (s)ds +g" (t.a,b)+e" (¢) ift>—,
0
X, i<z,
20
where the sequence of functions e” (t) and g (t, a,b) approach zero as n approaches

infinity uniformly on finite time intervals ( _ tn). The time dependent sequence

{X i (t)} is bounded and equicontinuous on interval (-0, ). Thus by the Arezla-
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t Xn(t)= Xn(o)+ fh(Xn(s))d s+gn(t,a,b)+e"(t) ift>tn
O X0 ift<---t 20 where the sequence of functions e"

w@ ego4andog” (t, a, b) approach zero as to apprPeE/O8R04/004632

infinity uniformly on finite,time intervals (tn+l -
tn) . The time dependent segnence {Xn (t)} is bounded
and equi conti nuous on interval (-o00, 00). Thus by the
Ais%%fﬂ; WO 20194/ 075104 PCT/ U82004/ 004632 17 Ascol i

SRR, TS SD918 15 2 BVERRER nfubssgnenss e iBe sequenepeof functions

o8 1irh s Lhe
%g )I} funct | ignmgl(é %{}?O tiﬁ%?(?orgsg(%(})sﬁl?g%a%ﬁf’érﬂeofPil‘ngrg X
(t) h (X (t)) 5 where k is a shorthand notation for
t he t| me derivative of X. The sequence of functions
{g" (t, a, b)} are al sz(t()u KC(t))nd equi conti nuous on
interval (-o00, 00). Again, applying by the
Arezl a- Ascol i Lemm, there exists a convergent
e whose Iimt is

e&vggl?g% rg%gég&amfggrth%gm “’e s the ori ginal
dl scr ghés a@nd;er&,@%nﬂhéﬁ{% a Nahe.nodel ed
by the flel‘rélst or der, gegbgepeﬁdgeﬂﬁ%ﬁo&%%?%raéﬁge%lflcon%nuous

@f UahvaN(-g w§n %alnX£ﬂplyln'é1 65)'( te) Areﬁl(atﬁas@?lg Lemn gr‘lz O}qere exists a

Figure 8F is an i1l lustration of t
cowatgentnsubQyeras ofl filnati@R nite” (/tﬁﬁ,b)}r whdsd Ut istthe Vé/c?&tfgﬁctlon

sol ution functions x(t) 820. ari ati onal Mbdel

'B(e ayigr i Biuk @radrigimabakcrbts sétﬁ@ﬁtetg@veﬁ%'@dhﬁ;oﬁ (g) can be modeled
%eangl an for the first-order, tinme-depen
by thedirgirorden) timedependent, (Fyential eqtu&mn%l@nlbp Fi gur e 2.

The procedure

() =(x()) - £(1a0)

(20)

Figure 8F is an illustration of the differential equation (20) as a tangent vector 818 to
the vector solution functions x(t) 820.

C. Variational Model
The variational model is used to formulate a Lagrangian for the first-order,
time-dependent, differential equation (20) in step 210 in Figure 2. The procedure

begins with the variational problem formulated in terms of the Lagrangian given by:
L (x, X, t)

First, the Lagrangian is assumed to have to the following properties:

(1) The Lagrangian is homogeneous of degree 1 in x. In other words,

L(x, Ax,t)=AL (x,x,t) for areal valued 4> 0.
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begins with the variational problemfornulated in
terns of the Lagrangian given by: L(x,x,t) 25 First,

w0 b@4aggpeangi an is assunmed to have to the fol | BOU/N§2004/004632

properties: (1) The Lagran?ian i s honbgeneous of
degree 1 in z . In other wo L (x, 2.z, t) AL
(x, z, t) for areal valued. > 0. WO 2004/075104
PCT/USZOO4/OO4632 18 (2) The Lagrangian is positive
deflnlte in k. In other words, 1 a2 (L2 (x,.z,t)) 2

. aR2) Thé LEgaRA4d i §Ssifivk) deﬁﬂi‘fje %1 ddtﬁ)ély ‘Jo? the
deflnltlon of a nmetric ground formds on %e carrier
mani fol d such that ds2 g; (x,x,t dx; 10 (21) A

geodesic is the path that Eepg&é?nts iﬁe shortest path

bet ween any two g g&ﬂg S restricted to
a particular surf@aé godesi & supject to the

metric ground in equation‘(21) Aare the extremum of
t he correspondlng parametric cal culus of variations

probl a curve on the manifold which
m ni mﬁr? 8‘?’4}?%@) and; 283[11’?5\{?111@6 dpfinatienaef a metric ground form ds on
fHe(cafriey mami€dld suchdiat to (22) 20 satisfying the

endpoi nt conditions. The geodesics are solutions to

the Eul er-Lagrange equation given by: d aL (x, .z, t)
aL (x, z, t) dsz:Zg,.j(x,ic,t)dxidxj
m

(21)
A geodesic is the path that represents the shortest path between any two points when
the path is restricted to a particular surface. The geodesics subject to the metric
ground in equation (21) are the extremum of the corresponding parametric calculus of
variations problem which is to find a curve on the manifold which minimizes the

following integral:

::[L (x(2), (1))t

(22)

satisfying the endpoint conditions. The geodesics are solutions to the Euler-Lagrange

equation given by:

d 8L(x,32:,t) oL (x, x,t) _
ds Ox, o, B

(23)

Figure 9 is an illustration of a hypothietical geodesic solution x(f) 904 of equation
(23) on the three-dimensional surface carrier manifold 902. The path followed by the
geodesic solution x(f) 904 is the minimum path between the starting point x(tp) 906
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W@ 2®)/075104 he t hr ee- di nensi onal

ds ax; (23) 25 Figure 9 is an illustration of a
hypot hi eti cal geodesic solution x(t) 904 of equation

902. The path followed by t geodesi c solution x(t)
904 is the m nimum path between the starting point
x(to) 906, WD 2004/075104 PCT/ US2004/ 004632 19 which

represents.the data, 104 rogram 106,, an ) ;
T TP e o s Bicerat i S0k B g vriatiep 08 in step
diod it Rgueridandthp@hdihg Bditd H(z, P08 fepRE@EEHE ath mm,%ﬁéf@am 106,
10@, %ggr(ﬁm .].@6, and instantiated variables 114 in
gregs FnvaER 8?15141?8@\%&%@,F1W%_1ve0t0r function x(t)
def i N@8coad} thél@edr Fnttibhal) NdePdtrdiBN61Y 1Rk hiN dnthReraPwhllin
s of its mnimumand is referred to as the & -op%rl nmal
Ao #p minpmpmeand fsyaferradiions gheasroptimal contral) i s repl aced
by L* GXird Ushe t7) ' i hg ..c i i Ggal. f .the.
ot anrntbe Dashkl A% LD isCABYERS by 190 0 B wiliBis me
tehevsrHientiarof thenlengrasigianddwitlorespest ® wc dfheh en exiptene@dhdopenh. for
* re i opt 1 mal caontr.ol r obl em
e reidted bhudoh S dbpliltPly LOE L3 loBowB I off catfi gorir
dplax hesed ethxed saipion riThelblagnl ®lwiph icambe enéximbted @ obtain

t he ori gi nal ohl em. Fourth, for any pre-specified 6,
PhE LY f(}PEPP%{)%FPBEm&]aIHOIE}%mCO”put ed for the

ori gi martp f&fahﬁﬁae%pshiﬁéao& AR BlopBmARioh &l caft 88 L Sfiput&@fofthe
finite-state, lysi cal ly- realizable, control
Seivah PblenT iad depleglent erentiolal |canrdl sasu e dfitdie-stdte physically-
fLmltes 0 0 X 1S chatterin
o SO Ctror P TP ol SREPIK, et o e e
tabtogaten 2t eletalx iex tchateang tai(tro]. The chblterimbais hmenly ey@dritnhiiohs
gg 0?194 148 ilgﬁeﬁa(otfi} 0,the first-order, tinme-dependent,

! TEr ent 1A £ &

erenti equa t on (20) is assuned to by define a

pat théll desigedae@RARBASHIC s@Miitidr & (rFaor {he' fifB&dEo! tﬁne-hébendent,
other words, there is.a desired Lagrangian L (x, X, t)

differdntial eqhaties (29) iebssumed o balefias hipath seng bhaleddak of the
descri bed in equation_(21) by the evol ution

carrier manifold. In other words, thére iS a desired Lagrangian L(x, Sc,t) which
induces a metric on the carrier manifold as described in equation (21) by the evolution

of a function x(t) satisfying equation (20). The covariant partial derivatives on the

carrier manifold are defined as follows:

There exists a covariant partial derivative with respect to time ¢, however, time is an

invariant, therefore the covariant partial derivative with respect to time ¢ is just:

surface carri erPeEOBI004/004632
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20 of a function x (t) satisfying equation (20). The
covariant partial derivatives on the carrier manifold

wae@4mzfiohed as follows: a and a acx a,.z 25PpdhERI04/004632

exi sts a covariant partial derivative with respect to
time t, however, time is an?linvariant, therefore the
covariant partial derivative with respect totinmet is
just: a~ _a a~t - at WO 2004/075104
ﬂ%‘*ﬁfﬂtﬁ@o@&/mﬁfe%ﬁog dtopn decal gpaadinatpretar pepmdinasesen ithencarrier
frh&iftoldis @lvef BRI di nates to coordinates on the carrier
mani foldis given by: a'; =ax; a,:Xi axi +rl1i 5
where I',, are the Christoffel coefficient arising
fromthe Levi-Civita gpn%%iion associated with the
nmetric in equation (2L3L= '+g§[v§;offel coefficients
may be computed expl Pe¥t |8 viA the fornul a: 10 ' .i:

, =11 gi,kagk, | +a1l gk,i agl,i 2k axi ax,
axk where (gi''") is the inverse of the netric ground
fweterd MR bieXthe OHBtoAYL cockridit (akidink ronf ke £ cidits c3§1)ngcti:on
2 ax;axi 15 For conveni ence, the covariant partra
desociatetl| widls thEheetderin \eqtdtion @EQI The WhribBRFENShet ents may be

derivative with respect totime t of both sides of
8&@8??%%“%&%@VFH£§§€@“?he fol l owi ng expression:

FJ-=—-§ M —g g, ———g,
WL g ( o, 8,1 o, 8, or, gl,;)

where ( g™ ) is the inverse of the metric ground form matrix given by:

(& (x;x)){iw]

2 k%

For convenience, the covariant partial derivatives The derivation begins by taking the

derivative with respect to time # of both sides of equation (20) to give the following

expression;

. 0.
X =
0

x-g(t,a,b)

c

(24)

where x = [x,] and ¥ = [x,] are column vectors and
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20 ah a.z-k(t,a,b) (24) where x = ['xi ] and x =
“'xi ] are colum vectors and 25 ail: - la~hi a~x

W@2004M318004/ 075104 PCT/ US2004/ 004632 21 i s aPKI/KS1004/004632

matri x. The Lagrangian L is_a function mappi ng defi ned
as follows: L:TMKR-+R 5 where TMis the tangent
bundl e and the Lagrangian L (x, .k, t) satisfies the
Eul er- Lagrange equation given by: d a-L _ a~L dt
ac.k acx 10 (25) where d acL and ac-L are colum
NELEQ ) - ' o ivative in
e ol e [ o MR AR BN
8 a--L aL a~xa~ k acxac.k at aCx aCx (26) The
Lagrangian L (x, ac, t);i S d to be three tines
di fferentiable, and théLﬁﬁﬁgg_gggrtial derivatives of
L (x, i , t) are assuned to be continuous so that
rentiation does, not nake an

d f. O diff
gfrhfrf%{e?@rfé égef B‘Ptlgfiﬁt E’B pard fhy) Lagengign 4 (/e8¢ bfsatis)é'l(e% thekBuler-
EL?Q%E ﬁ&&gsﬁ%@g% 3. Thus taking the partia
e

at1've o equgiion (26) with respect to xk of the
ith component gives the follow ng: a3L aZL a3L a h~

d(aL) sl _,
dt\o.%) o,.x

25

where 4oL and 0L 1
7t BCJ'c 6cx are column vectors

Expanding the time derivative in equation (25) gives the following:

0
0,x

o ., &L . a(acLJ oL

X+ = -
0.x0,x 0x%0x ot 0,x

(26)

The Lagrangian L(x, J'c,t) is assumed to be three times differentiable, and the mixed

partial derivatives of L(x, x',t) are assumed to be continuous so that order of
differentiation does not make any difference for mixed partial derivatives of
L(x, J'c,t) of degree 2 or 3. Thus taking the partial derivative of equation (26) with

respect to X, of the ith component gives the following:

o.h, .

> & (t,a,b))

X,
. . J . . . .
7 0.%0.%0 x, 0. x0.% <'0.%0,%0 %,

ciYeMi T

8L 2 3
e c 0L &L (

27)



CxJ +c~ .k. ax xI g; (t,a,b) ac.kkc t ax.ac~ x. ack
Xkac. ki J ac. kkaccxt.a J 25 (27) WO 2004/ 075104
wERIMOEA004/ 004632 22 +~ aL ah aL a ac2L a2L BCDUS2004/004632
acx, .acXi ax aex at a&kacx%zacxkacx, Equati on (27)
can be rewitten as: 5 d a, £+ a2L ah ac2L ac2L dt
a~xkax, acx;ac.xi acxXk aCXkaCX acxkacx= - 0 (28)
Thus, equation (28) can be rewitten in matrix form as
fol lows: 10,8228 + @i 20.L  8¢2L0;L ) ac2fLah dt acxacz
T et = =
acxacz acxack’ag@e. & abX% & %chkgc@,k nm"t anspose
of both sides of equati on (29) and ‘using t’he parti al
differential property given by: 15 ac2L ac2L T

- cxaex. gives the following: 20 dQ 1 (ach T _
ﬁg@@@@gg re“%'tvfnés‘acx where a2l Q acxac. z

d 62 2 2 2
S A OL |,y 8L ok &L 31
dt\ 0,x%.0% ) “0,

50,5 0% | D0k, OB

(28)
Thus, equation (28) can be rewritten in matrix form as follows:

0 df oL |, oL &L _ (2L \oh
dt\0,%0,% ) 0,x0% 0%0x | 0,x0,%)0x

29)

Taking the transpose of both sides of equation (29) and using the partial differential

property given by:
15
oL ) (oL Y
0. %0,% | | 8,%0 x

gives the following:

a0 1(anY . 1 (o
20 —_— = c R c
2354 o-1o(24]

where

0=

8,%0 %

(30)
25
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(30) 25 WD 2004/075104 PCT/ US2004/ 004632 23 Equati on
(30) can be explicitly solved for by integrating al ong

wo b@4patid of the characteristic, second-orderPCT/US2004/004632

partial -differential equation given by: x(t) = acx
x(t)-g(t,a, b) 5 D. Quantizaiion In this section the
devel opnent turns to an alternative statenent of the
structure and fornul ati on known as the "quantum
EMBHTC 0) ceprbel epliFity sofyed donby intggrafing stong nhe @ethc efl the

| dRard ét81sti8 1t drid- R Waktiat-diffelGiti {. the
Ham | t oni anC 10 \fi el agtllaﬁtdlf | egyllseﬁtl%lrog%?\%fl%ﬁ' a franmework
for theoretical extensions in many areas of physics

and provides much of thea Ihanguage wi th which present
day quantum nechanitg=-S—oqnstgset®d. I n the

Lagrangi an formul ati on diefen above, the systemis
characterized by the tinme-dependent, vector-val ued
function x(t) of k independent degrees of freedom 15
dhQ@uistizatigr obl em wi t h k i ndependent vari abl es xk, and

k ti ivatives xk .. The Ham |tonian is
fu ndgrﬁrlegl}qgls%{%oai ‘s? e‘iéé?%{’P‘P?rg R 0 L3ty F‘E‘ﬂﬁ‘}t’é(ﬁ, stHerpenisel the
tstrectidand farmuktion ksovismhb &j@ehtunt) chiinital, Hanlifiéhian operator”
%%rét'ig{r'o =00y di nat ?izx.k nd the associ ated monmenta pk

? assi ca Eh &P 2 2R I8P 13- orthe pispiyiness ef thes Hamijtonian
Agdipsinnh el peyvidup b frlfieRriCor ,theof\&i%l%glfehsioﬂsgiﬁq;lany-g?gas of
Lagr angi.an f or mul aﬁ}luog is transfornmed into a

{51 Bl BIRVEISS meichuPh theo inByage | Wish whikh mepsentedayogmintum
meolanite id doasthierdof the Lagrangian L (x, .z, t) to

get: dL. _aL z + | aL x + aL dt k C-xk k k & k at
(31) ¢ Lagrangian formulation given above, the system is characterized by the

time-dependent, vector-valued function x(t) of k independent degrees of freedom

and is a problem with & independent variables x;, and % time derivatives X,. The

Hamiltonian is fundamentally different from the Lagrangian, because the Hamiltonian

. is formulated in terms of the position coordinates x; and the associated momenta Dr

(Classical Mechanics 2™ Edition, Herbert Goldstein, Addison-Wesley Publishing Co.,

New York, 1980). The Lagrangian formulation is transformed into a Hamiltonian
formulation by first taking the total time derivative of the Lagrangian L(x, x,t) to

get:

dL oL, oL, oL
—=3 Yy &
dr ;axk ¢ ;axkx" or

(1)

Next, the Euler-Lagrangian equation (25) is substituted into equation (31) to give the

following equation:
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Next, the Euler-Lagrangian equation (25) is _
substituted into equation (31) to give the follow ng

weowanran WO 2004/ 075104 PCT/ US2004/ 004632  2ACTIUS20K4/004632

aL -L =aL - x dt k a'xk at _ (32) The quantity in the
brackets is referred to as the "energy function" and
is denoted by: 5 h(x,x,t)=~xk aL -L(x, X, t) k axk
(33) The energy function (33) can be reformulated in
terns of the |inear cah S?auﬂ; % nmgrent a pk which are
associated with the cog qu are determ ned
by the equation: aL P = az (34) 15 The
conversion fromthe (Bgrangi an fornulat!on to the
Hami | tonian fornmulation is treated strictly as a

mat henmati cal probl em by substituting equation (34)

| THe quaityin thabradlkdB)is refdited to 41Re QMEH; ggYchHB‘I‘P i dnﬂns oINS by:
by equation (33) can now be represented as

Ham | t oni an function of the coordlnates xk and
conj ugat e nonent apk gi ven bﬁ: %Q;H(x p, t) pk xk
“L(x,z,t) k (35) h(xx.0) xk——Lxxt)

(33)

The energy function (33) can be reformulated in terms of the linear conjugate
momenta p; which are associated with the coordinates x; and are determined by the

equation:

oL

P %,

(34)

The conversion from the Lagrangian formulation to the Hamiltonian formulation is
treated strictly as a mathematical problem by substituting equation (34) into equation
(33). Thus, the energy function given by equation (33) can now be represented as a

Hamiltonian function of the coordinates x; and conjugate momenta p; given by:

H(x,p,t)= sz "X —L(x,%,t)
%
(35)
Equation (35) is written in this manner to stress the fact that the Hamiltonian is
always considered as a function of the coordinates (x, D t) » Whereas the Lagrangian

is a function of the coordinates( x, X,t).

Using the classical mechanical expression for the Lagrangian given by:



Equation (35) is witten in this manner to stress the
fact that the Hamltonian is always considered as a

wo eoveovamd of t he coordinates (x, p, t) , wher eBST/URM04/004632

10

15

20

25

Lagrangian is a function of the coordinates (x, .Kk,

t) . 25 Using the classical 2frechani cal expression for
t he Lagrangi an given by: W) 2004/ 075104

PCT/ US2004/ 004632 25 L(x, x,t)=IZnkxk-V k where V is a
potential energy function of x or both x and tine t,
equation (35) can be rewnt as a function of the
canoni cal vari abl es (xi;ﬁf“fkféggh&xgﬁg'classical
mechani cal Ham ltonian: 2 H(x,P,t)=Z Pk k +V =E (36)
10 If the potential energy is free of the tine t, the

. ri.h b he. Ham | t oni an i.n. equati.on (36)
RSP BOEE Ercll Diopd s PO s Pation Garybe
irswhttémgs ad dedtivn of othe reandicll vatistlest (g HYy s eMe HBEclassical
Hqg%%%gﬂb%njg%_ressed in equation (36) best
character o amcal 15 systens that behave in a
conti nuous manner. However, the Ham |tonian as
formul ated in equation (36) is not adequate for
characterizing the ¢ _echani,cal,, met hod and
apparatus of the preggg%%gaV 2%92?96£Eause t he
present invention relies on the behavior of atons and
mol ecul es, whi cB6kxists in a certain number of
stationary or quantum states. 20 The Ham | tonian in
eguation_ 36) can be nodified to characterize the
dtitha potential eneagy sriree whfhbitimed, thy syateondesaited ivp itedidngRordiyn in

%Hpaﬁoht(yé) ii@&i& B%eq:lnfnsfeg)’ag%t, lvﬁlch 3 ezeurlsatimect)trnso:ener% _is>beiin%aadded to
or removed from the system.

The Hamiltonian expressed in equation (36) best characterizes dynamical
systems that behave in a continuous manner. However, the Hamiltonian as
formulated in equation (36) is not adequate for characterizing the quantum
mechanical method and apparatus of the present invention, because the present
invention relies on the behavior of atoms and molecules, which exists in a certain
number of stationary or quantum states.

The Hamiltonian in equation (36) can be modified to characterize the quantum

behavior exhibited by atoms and molecules by substituting the differential operators:

E—amjz
Ot
and
0
D>
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at 25 and ha Pk -> 1 axk WO 2004/075104 _
PCT/ US2004/ 004632 26 into equation (36) (Quantuin

wokmhaniies, Al bert ©Messi ah, El sevier Science PCT/US2004/004632

Publ i shers The Net her | ands 1961). The resulting

equation is the quantum cafl Q)nl cal, Hamltonian _

oper at or glven by: 5aah?2a2a HXx,--,-J=Z +V =ih

a . | ax at g 2nk axk at (:37) that characteri zes the

HEREgRasFn gio éQiffH’é‘fﬂ’ Mechrvionaiibers Messjal, Btsewiac$riase Rublishers,

atte MNatherlifak £ A9k B. ﬁ%quduﬁﬁllg( 3datiby kil qltugrqtulp, cpgenical,
perator" because the kinetic energy and ra

é‘ﬁaé?g?fuﬁ‘a‘?}’éfalt%%@@bb’vel y been replaced by the

differential operators given by: a2 and a . axk at The

Ham | tonian in equation (37) is a second-order,

di fferential, h’l@ @1 ion;‘zz2 Eil generzgj t he

solutions to th ia ghyen 4 ion (37)

are conpl ex-val ued vvave funcflbng that epend on

spatial co@fdinates, tine, and integer parameters.

The wave function soI utions of the Ham | tonian are

given by: T,, (x, t) "I'n (t)) 20 (38) where the

ithat elyez[ctqitﬁbﬁmeﬂﬁhavﬁbrlo‘i‘ af @RS Hedhfnidd sydem YA éﬁnﬂtorp or

there are an |nf|n|te nun

g&?‘%ﬂr o r?@“‘l‘“ﬁ%, (n?)t if palled,aaf“gpqraigrthscanse theildestit wnegy embtotal

energy have respectively been replaced by the differential operators given by:

The Hamiltonian in equation (37) is a second-order, differential, wave
equation. In general, the solutions to the Hamiltonian given in equation (37) are
complex-valued, wave functions that depend on spatial coordinates, time, and integer

parameters. The wave function solutions of the Hamiltonian are given by:

¥, (x2)=|¥, (1))
(38)

where the integer parameter 7 is referred to as the “quantum number.” In general,

there are an infinite number of solutions |‘vI—’n (t)> , referred to as “eigenfunctions,”

“eigenstates,” or “states,” that contain all the information that can be determined

about the state of the system such as position, momentum, and energy. The set of

solutions {, v, (t))} given by equation (38) form a basis for a Hilbert space, and

therefore, given any two eigenfunctions I‘Pn (t)) in the Hilbert space {l v, (t))} :
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wW@Rootlozs184/st em such as position,

"eigenstates,"” or "states,” that contain all the
informati on that can be determ ned 25 about the state

The set of solutions {I'P é ))} given by equation

(38) forma basis for a Hlbert space, and therefore,
g‘i ven any two eigenfunctions [T n (t)) in the Hlbert
space 11 Y', (t))} : WD 2004/075104 PCT/ US2004/ 004632

: 7 N X)L IP- L5 LfjLaf =
é?f |( ;j_( t )( !3>-9r) ( EA}WLKFE(QAIEJ @» T 1\¥f h(é(’téﬁﬁn'g’f’ Et{mipggt e of

T, . 5 The Ham|tonian given by equation*(38) can
al so be re@tten as an ei gnevalue problemin the"
form H IT, (t)) =~ [n22)J a2 Z +V 1 Tn (t)) = A

I"n (t)) k 21nk aXk (40) 10 where A, is the energy
ofherh¥, § ysthe poniplex tvajupbeio . P, (t)) and is referred
to as_an "eigenvalue.” Prior to a measurenent of.the
quant dhs HewHioriap givey V¥ equetion (38) eantadsoi beeewiiljentas @n eignevalue
ti2sB14rh R théformt he systemis assumed to be represented

by a linear comnbination of state functions IT,, (t))
as follows: 15 (t)) ci ITt (t)) (41) where 192(t)) is
the state functi on[for the,entyre systemand ci are

i i &1 rement of
PR e Ol B et L A

the systemis nade
(40)

where 4, is the energy of the system in the state I‘Pn (t)) and is referred to as an

“eigenvalue.”  Prior to a measurement of the quantum mechanical system

characterized by the Hamiltonian, the system is assumed to be represented by a linear

combination of state functions |, (¢)) as follows:

[2(9) = e, 0)
(41)

where lQ(t)) is the state function for the entire system and ¢; are complex-valued
coefficients. When a measurement of the system is made, the system is observed in

only one of the eigenstates I‘I’,. (t)) in equation (41), where the probability of

observing the system in the state I‘I’i (t)) is the square of the coefficient, Ic,.l2 .

The potential energy function ¥ in equation (40) characterizes the particular
physics of the system under observation such as the rotational and/or vibrational
motion of a molecule, or the electronic states of an atom or molecule. For example,

substituting a potential ¥ characterizing the vibrational behavior of a diatomic

nonment um  andPENERZYY4/004632
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only one of the eigenstates | "Ft (t)) in equation
(41), where the probability of observing the system

WO pootlozsist ate | Ti (t)) is the square of the PCT/US2004/004632

coefficient, Ic,12 . The potential energy function V

I n equation (40) characteri 2&s the particul ar physics

of the system under observation such as the rotational
25 notion of a nolecule, or the

@8%“ oﬁ?fgﬂgi é?taé Vg m%thaﬁﬁm%?m% leBigt the. vikgtionsk gigpnstates
h t. th
it e e pl R ot R Ao 075104
PCT/ U@?ng%/ 1@@4@ ?’l?ustrgtg tﬂ@lk/l%?sg tpﬁten{rﬁf Sé%fegﬁét?l t%r a }{ypot}’letical

into the Ham I tonian, gives
éﬁ“ﬁ@ﬁ@t Boksule.q' The (vllt)ratlcmm]d potestiad cafoaphatymitgmolecule may be

\QHQJ o280y ¢ ﬁgﬁ%%ggggeg[ea?\éﬁl ues. 1,t. Figures 10A-C

strate’t " and spectrum for a

hypot heti cal diatom c nol ecule. The vibrational

potential of a diatom c nolecule may be 5

approxi mated by the Ntﬁ,bser@Penp(—adr))gl ven by: Wrb =

De (I - exp (-Kr))2 where De is the energy required to

conpl etely di sassociate the diatomc nolecule, X is

Lhetel 19, i€ tHe | | and r

bond | engt \r?ﬁéf Olequ%?dtv\tgg%ﬁgl%%%d&is(?gqf&gﬁg B’écglﬂlﬁWﬂ &ji s

ﬁlegW@ﬂaFGAt thpietenbal seinpoime randal is toad &gy i002s béth€en atoms
100

[ LAagt ons..10
lgééﬁ |a§& an @?I gIﬂust r gt | ngo % heTl?\%%o SepB?tg?ﬂa? aﬂhalﬁl%ﬂn%eﬁ gthe
éieragtion dgtween the atoims 1804 malehogg | evel s. The Ham |t oni an

repre vi or of
hypot ﬁgﬂ{ecg{% d‘P Z‘P om H%Strah'ﬂp e‘gtju hg p@’“ﬁl RALFAY an% Zh%zquamlzed
('llbratllemall reherRy Rivkls.aXke Himitohdan kdpgsermagiind wBfativhie bhafdor ¥f a

rr'%ﬁolﬂ%tlf«ﬁ%la§ot {%)fgle\%llglrlszé{zo al states of the diatomc

Y20 set of corresponding
ei genval ues. The potential energy Verb is plotted as a
function of the intzrz/atom C bond di st ance r 1002 of

atons 1004 and}él%O?_ Firguipé t he energy
is represented h

inter-atonic bond distance” f is represent ed by the
r-axis 1009 in Figure 10B. The |owest vibrational

state ig 12 ' 0) w.th the acconpanyi ng energy
%ﬁa&g%f}ue e&@fl‘ebl“fl’éoqab%tﬁfr WE@ 61%@93@ tweletge,omdd 4, } is the

set of corresponding eigenvalues. The potential energy V,; is plotted as a function of

n

the inter-atomic bond distance r 1002 of atoms 1004 and 1006 in Figure 10A, where

the energy is represented by the vertical axis 1008, and the inter-atomic bond distance
r is represented by the r-axis 1009 in Figure 10B. The lowest vibrational state is | %)
with the accompanying energy eigenvalue A, 1010 is referred to as the “ground
state.”

In Figure 10B, the light sources 1012 and 1014 emit photons with energy
given by:
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25 state." In Figure 10B, the light sources 1012 and
1014 emt photons with energy given by: hvr,i =1i,i

the light frequency, and ié l,j=A-A The

hypot heti cal diatom c nol ec e’ absorbs a photon from
source 1012 having 5 frequency vo 1, and the diatomc
nol ecul.e experiences an increase in vibrational

ener gy 55 Yan 1:hg light fikagency.a8d i ndi cat ed by edge 1016.

The transitjon fromthe ground state to a higher

ener gy state T& Thferred to as "excitation," and the
nolecule is said to exist in an "excited state." The
hypot heti cal di atom ¢ nol ecul e now has an energy

elihg elypathaiical diaordict ineleaflatabsodts & Kool 864! &uitasioin having
gﬁ%ﬂ%ktlgned fﬁpm}%he.ground state 10 I xo) to the .
exar sy ot fhe,digtomicmglecule eapariesces an énsteesedin vibrational
teh bl k@ Bmb t he :.Sit I o-the excited state

| xz ir,esul tll!iﬁr?gn/il ’?’:&gﬁr@ g‘%%grb gteId%enfOolF. éﬁl %%S?Sbthon\/f%t © ground
ftatecu @rtigher viergdd, @ath tstre@mbd s |“bﬂ§ﬁ5ﬁ(§f?“§1{ﬁeth%91$féc§!? B said o

t hi S hypot het.i cal , exanpl e, the excited states
g elfla%e ¢ Xﬂgﬁdrféat‘?'i gHie }M’O@e‘ﬁ’&]f fliatogtieymolaculguemches ahtenergy
shetWatheD Ht @6 stahads BE MPecBRhas %kﬁﬁ&ﬁegsf[og?a a%;gnd state

Xperience excitation to higher quantums

| togbe exsitedftatel|%, )an Bake CO18i shatvs fhisedodd tALHG B8 the siate
nol ecul es al so emt photons to the surroundi ngs as

dhé)ﬁo tireaexsited siate | fy)omesahing Xioht grdorption 6f 4 Bhdtod ANB e uency

energy state. The process of transitioning to a Io&er

Ereteted framelight squadeelO dd In thimbypotheticat @kdrBple, B excited states
1020 s t he rel axation

B e P g o DR b i int o e
Brkreed way wiso kxRficnnaxgiation gehighdrufaddmt Latdshsy a?)bﬁéaﬁoﬁ of

. ergy eigenvalue Al. The transition from
?tﬁhgeleés[e%lézi1 feiglriiz' 2) to the state | x,) results in the

en ssAtomsahd aofdeslkeoalsobri phdtbnsk b FHRRASHndiYel e the?%ﬁsition
ition fromthe state Ix,) to the

sho trans
%ﬂ?fééﬁ xele ts%’cq 'S(e,a,nlj)wg‘rnealergy Bt rihsJrengssotf tepnsitioningtovd Iptver
trieegyfstare)isanfyred @ . “relaxation” or “thermal relaxation.” Edge 1020 shows

the relaxation of the hypothetical diatomic molecule from the excited state ] Zz> with
energy eigenvalue A, to the state l ,zl> with energy eigenvalue A;. The transition from
the state | z,) to the state | z,) results in the emission of a photon with the frequency

vi,2. Edge 1022 shows a transition from the state |z.) to the ground state | %) and

the emission of a photon with the frequency vy,.

The emitted photon can be observed by a detector to generate a spectrum of
the different observed frequencies of light for an ensemble of diatomic molecules.
Figure 10C is an illustration of the ensemble average of the spectrum of gas phase
hypothetical diatomic molecules as described in relation to Figures 10A-B. The
horizontal axis 1024 is the observed quantized vibrational frequencies for the

ensemble and the vertical axis 1026 is the intensity associated with each vibrational
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The em tted photon can be observed by a detector to
generate a spectrumof 25 the different observed

nol ecules. Figure 10C is an illustration of the

ensenbl e average of the spe#rum of gas phase

hypot heti cal diatom c nol ecul es as described in
relation to Figures 10A-B. The horizontal axis 1024

i feqiiéney o e spetiunpueiithe hymbthetital anolemid refeadsqa eapetigsoff di the
t.he .ens le and the vertical axjs.1026 i.s the

S VT Bt MorditRetl Blbeils TTAE P € iSasre of e
28046103648 mRCHo1d5280 @ D PA632ar Itaficrat]stetec VEmiddien line 1028

t f th thetical nol ecyl |, ,
e HTEESEmeny OB oW el INFPRPTIRA, B Shousist Bevgiegial

f(ﬁﬁ&ﬂﬁ%&lgccﬂieéﬂﬂ fhe € I'r%q')t th%réfof% Q@c@ﬁfﬁ{aﬁ?‘cto?efgﬂ{l%?l (41) the state

fraction of diatomc mbtecules fnap

Miftidh dedAbing HRtefsentold Sdifinic ntBechiéd 8an KtaSvdnlts: | ar gest
intensity 8o and can be used to approxi mate the
fraction of hypothetical 5 diatom c nolecules in the

state | x0) . TherefQ@r¢ CGQreh to equation (41)

the state functi onlggé';-‘rcﬂﬁ'?)n—gg\ﬂ%l%gsenbl e of

di atom ¢ nol ecul es can be given by: t where lc,| z

10 E. Realization Realiggé&k®l’£$ the process of
transforming the canonical, quantum Haniltonian
operator in equation (40) into a physical operation of
t%ﬁ%hrr ware to solve for the function ¢ (x) . The
functr o °tD(x) may be expanded in terms of an 15

or t hogemaatifiasiss tixetprodesy - ofalttagdofling sthe nicavnicdn) C Lidfsn,

anning the Hi ] bert.s e, iven by: .BP
oo RRrracpionpiquation Go) g 2 phkses! opératigy af B hpdupes to

5 gkl B0, KA1, AERMS AL e o

orthogonal basis set of p-valued Chrestenton functions spanning the Hilbert space 7,

given by:
B, = {¢k (x)|¢k (x) : I:O,pN'l:I - I:O,pN"I:I,k = O,...,pN"l}

where the general form of a Chrestenton basis function is given by:

¢’ (x)=exp (%?zg Frts -xsj

5=0

with

N-1

x= sz . pN—l—s

s=0

light for an ensenbl e of di at oP€T/US2004/004632
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Ps=0wth 25 N1 x _Y, xs . PN1-S S=0 WO
2004/ 075104 PCT/ US2004/004632 31 and N1 N1-s S=0

witten in ternms of the ortEggonal basis set Bpis
given by: (D (x) k& (x) [O pN’ 10 (42) where
[~ pNO (x) (D (x) dx Nk - NJOp Y'k WA (x) dx 15
(43) The set of coefficients 1,6k) is referred to as
the spectrumof the function in equation (42), where
tah@ nunber of terns in the spectrum{lk } ranges from
about 105 to 1012. If the spectrum{/3k } is known,
then the function (D (X) can be used to 20 deternmine
the encoding function F (x) as described above in
relation to steps 216 afne) 206"1H Figure 2. The
encodi ng function F (x) can then be used to determ ne
t he

Therefore, the interpolating functions CI)(x) , written in terms of the orthogonal basis

set B, is given by:
®(x)= [ZN_I]:ka‘ﬁk (%)
(42)
where
L &, (x dD(x) dx
L &, x) &, (x) dx
(43)

The set of coefficients {f,} is referred to as the spectrum of the function in
equation (42), where theé number of terms in the spectrum { ,Bk} ranges from about 10°
to 102, If the spectrum { $,} is known, then the function ®(x) can be used to
determine the encoding function F (x) as described above in relation to steps 216 and

206 in Figure 2. The encoding function F(x) can then be used to determine the

original function f{x) as described above in relation to steps 204 and 202 in Figure 2.
The objective of the present invention is to determine a spectrum that approximates

the spectrum {4, } .

The hardware of the system is characterized by the hardware Hamiltonian

operator referred to as “Hp” The realization step consists of constructing the

the interpolating functions 1 (XPCT/US2004/004632



10

15

20

25

WO b@4prasent

original function j(x) as described above in relation
to steps 204 and 202 in Figure 2. The objective of

approxi mates the spectrumé 6k } . 25 The hardware of
the systemis characterized 20y t he hardware
Ham | t oni an operator referred to as "HO." The

sts of constructing the WO

reali.zat |
SRl B E PR Ta5 0k PO S8/ 69 1 mdem, when
hﬁtﬁiabtﬁrfgn\hﬁﬂth%xcnﬁ@cfrﬁﬁdl&ﬁ EQisAs thé"f‘ollo cofittiod:

har dwar e, when |nteract|ng with the C|tat|onf|eld
Hf satisfies the following condition: IHo+Hf-H <-e 5
(44) where | | denotes a at norm and e is an a
par aneter chosen to satlgl?r P&I‘le}apfem si on

requi renents for thg4 nput ation. In general, the

ei genval ues of the ﬁposite Ham | tonian Ho + Hf
approximate 10 the spectrum{, (3k } of the function

ven by .e ation@ﬁ(“42) Let {2k | k =1, ..., N} be the
SRk b ASIHS aa e v 2o 0 58 I chiven o sty e
' e nst at e "k o(t Ik =1,
o Sﬁéﬁé’ﬁﬁﬂefa‘ﬂ%&mhﬂ%‘?%ﬁomw?t‘?%) 2k I(J%()(t)) 15 (45;\0
th e n Inl genertal, Iﬂlb@ﬁgenéaila&)s o2 the@bslpdsite FRknikomiar HJ + E}’\approximate
# dx <- 25 where Ok is a Chrestenton basis
ll?rf»e?qt’&lﬁl @:Eeﬂféh Hon igiven hy equatibm (42hgLétU{rglici=dn... oV (b9 the

gﬁven i.n_equation (ﬁg) can be approxi mated as fol I'ows:
seto 94/ B9 sisanvoleps L2 dBa 006 3dth the corresponding eigenstates

{ ¥, (e =1...N} so that if

(Ho+H, )| %, (6)) = 4|, (1))
@3)

then
l/?'k —ﬂkl < %

(46)

and

[ 16 (=) -], (ax< =

(47)

where ¢, is a Chrestenton basis function. Therefore, the interpolating function CI)(x)

given in equation (42) can be approximated as follows:

invention is to determ ne a spectPONUs1084/004632
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33 (D(x)=E Ak A (x) k (48) Thus, a discrete function
can be approxi mated by exciting the hardware 5 system

woiRio4@acsaos di ng to the excitation-field Ham | t orCBDNS104/004632

to obtain the set of coeffigients for equation (48).
The encodi ng function can tten be constructed from
equation (48) which in turn can be used to determ ne
the Aass | functions, as described above in relation
to reversing steps 206 ©(2p2 X qAf¢dre 2. 10 11. The
Functional Architecture for Quantum Conputing A
Function I nput The ngction i nput 302 in Figure 3
synbolically deternmnés the excitation- field
Ham | tonian Hf via the steps 202 - 214 descri bed above
inre ' [ 2 f sypboli cal l
ot cr ek 2 disprle, oo, B Ao AR, B cRffEpne Barcare
SEER ride acerrdisg tihghe exeifotionafi¢ld rHpmittowiss H; tB.obtain the set of
Eat | e excitati on generajor 303
SoAareh 1 CRRERCR, FACuBH b Rk 3R G hergmceed rom
leavAtion dflamwhidh ifrtom tdrebé wset foodetbmping 1R0@1a8Nd functions, as
- olic description.of. 20 into a
SRR ooy SRt TR R 0 Pt e by ¢ ne
guant um processor. The excitation generator addresses
each node Qf .t uant processqr accqording to the
desired stﬁ‘nwﬁe’q' graGtEaure o Quantum Comphiting ( Ho+Hf ) |
LefHunytjon Iaput( 49) where | Y'j (t)) is the state
function_.of .thejth node .in the quantum processor.

C.
Quant (RS BRSHUS Tppt 3B Boliayre Asmbopestly stspamines dapsgitatin-
EiclgUileniltdnias Haiaithd $4isr80 i 914 QbscAbAHAIVE R RI868 85 Rkure 2.

304 in Fi%yre % haV|Q9 a. . o
€ process symbolically determining the excitation-field Hamiltonian Hy is

referred to as the “compilation process.”

" B. Excitation Generator

The excitation generator 303 in Figure 3 receives the symbolic excitation-field
Hamiltonian Hy from the function input 302 and converts the symbolic description of
Hjy into a physical implementation to be carried out by the quantum processor. The

excitation generator addresses each node of the quantum processor according to the

desired state behavior given by:

|, ()= (8, + 1,)| ¥, (1)

(49)
where I‘P ; (t)) is the state function of the jth node in the quantum processor.

C. Quantum Processor
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wabe4nodes 1102 are chemni ca

t wo- di mensi onal array of nodes representing one of
many possi bl e enbodi nents of the present invention.

adj acent nodes in the Iattbﬁe via quantum | atera
bonds 904 and quantum forwa bonds 1106. 5 The

boundaries 1106 and 1108 provide an insul ating barrier
to pr vent he electric field fromleaking out to the

Surro }%‘f% SR OHERian gf » Ayantwy prospssorr$ld i Figure mhaving a

uwomaﬁamronal z&ﬁyaﬂﬁbadasn&p@seﬁﬁﬁ% b d)fox'ﬁaﬁy f)&glbl%%oﬁﬁﬁénts of
| enent.s the excitation-fie Locat ed at

BEosqnt MysAtony: The @odgsa OB s F’éf‘é’@%as‘ drolyapess finkddetot ddjasent
moatssin theliddicand qhldibm 1h18af boal b6‘43£ndt &ﬁnﬁé&fo%%kbr%@nds 1106.

field back onto the |attice of nodes
| e hoppdagies h%ﬁe@@ K108 d’thVIl¢erﬁTt @aulmgt Iparierdo tpirdvientethe electric

TReAfoR 1RGSR tﬁ@gﬁfbundl %ntg' éo %@sﬂ eht" :tqga tum

enbodi nents, the nodes may ran 0 “provi
PEREEsPT ﬁ@ﬁqﬂ{a}m@f expitation ﬁl@sl 1 12 that m)piempetnm thé yxmtatlon-ﬁeld H;

fo u c ve

HLEEL B EndR R A REERb: LOMk B RO Epfit g
i srdloptehr excitatipa fiehblohek omayheﬁmlaer wfamgladl 102. any nunber

of di ﬁ@faﬁ‘[& FHB&% 1911&[& rrlﬁci c8 to lchB: rEcuIllB%aaymaaré ﬁ%ré#%&sént [ gwn

as, for exanple Inple
enuwlgyre thcdn ebermear eedﬂmduhwnts theinoded ey bk aﬁl@ng‘eﬂ%gﬁ@sqde a

% nE d §1§P@£]| nod?se )ég &P gxbpgpelg}g gﬁn qxgngatlhose seu[? %B?e@f TOWS to

Ipmdweczemofe cé@pﬂbddﬂa{g%lg&ﬁﬁgbrﬂbﬁdeﬁnoﬂaﬁzm agt@ﬁlhﬁceiﬂb%&mfrzltgsthe
a oundaari es

%ts %?{86 F’H%‘%ge{’] gb?né(glélmbgr cg”ﬁiét? ent ﬁg mﬁgggl}aﬂ) agtice structures,

euﬁoxchxamplbsthe‘slniﬁhé‘:‘c@ﬁ@ B6dit cehfRMAtubie) nfacez&n@i’&l cubic, primitive

PR P UPRh S STl S b S B R e b et o

@@nﬂ:r 2t hbwh § siptesubRylattibE-610equalB/ é@@&aﬁ%oh& 1292 tl@ﬁ%c‘uve plates
E@%‘%ﬁﬂs m [tonian. Prior to application of

1170 apd msplating\poungagies 1208 and L0 thetbrepresantscongrof mmady
podaibRt dnthddimentsatfehe phédeifintifoflUaNt um processor
receives  the excitation-field HH fromthe excitation

gener HtoHamlpaiagy eatiting oo guantion firecestoh arine tter fez@ding)the

& i .+ 2004/ 075104
S8 IR P 2 s O

H=H,

where Hy is the hardware Hamiltonian. Prior to application of the excitation field, the
lattice nodes are in the ground vibrational state. After the quantum processor receives

the excitation-field H; from the excitation generator, the quantum processor is

characterized by the Hamiltonian given by:

H=H,+H,

pol ynmers | inked tBCT/US2004/004632
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Figure 13 shows a hypotheitical excitation-field Hf
applied to the hypothetical quantum processor shown

WO pookiogian£ 11. The excitation-field Hf origi naP@sU81004/004632

the excitation field 1302 and sweeps across the

quant um processor in the di%ection 1304. The
excitation field wave front 1306 passes over nodes in
their ground state exciting 5 each node to a higher
\Higura 1B ostakvs an diypothetiet taxcitation ickit €, appléeednadés hypottesical

roynd state reld ntlf d cl.es 1308
TR rRes sy o Efbuld L6 ¥ T BRI H] Prigihas gl e
tehﬁtaﬁaﬂl fieldasozx hlﬁstdegﬂ.OacrdEb €her quibmtinGédessou &nthe @irsdtidh €304.

t he nodes .are cessed because _each n de is

SaCeoR e fon LG PESRT Ot PGS Ep R s greiing
E4cti Soda t6l Iaaﬁg}@mfanbhﬁ ahwar bRMEInicAdthte. mwncfd@g irtthe ground
si ngl e node 140 | ower automaton 1404

ﬁra&/%rs sdeniib g i %e@vs;lrslfes tIAES, FOA ARUARISF §t 8- §xsited state are

GagkSd byfle &flid dirBRs § 3100 Siihk k@ikicnBl REhia slAQRS R asta8 fot
transition 1408, and current state 1410. The upper

Aggcsiedberruseepch nedsivaomd i thp latling and earneldisin TR
par adisginA5 1688 aEI e th@m\q@véwutmg‘mﬁ k’d}%tsh%fb 10dP #4023 Ophe

in Figure 3 and consists of pr obabi | state 1414
dendertanonpgrontdfd piovides p apds’s Yl@\ﬁ O.flﬂl! @uanfya prcwpsﬁpr conswtmg of

%ﬁé ﬁ&l{sg'fon sgfégtgf 9. 61%8st£t§ tﬂﬂsﬂlcﬂlt ?JJSaQ&I ngegllc‘ 0 The

carril e e exclitation generat or gure
pperhattomatere |1élz hepresents dhea qudngmn @bmpht@gnwedlgmoazs desetibed

98y ke Al O b 38 W' Aiurc!Nihafih Jl?%gf th ProBbiifsSyare 1414

sihd tlesprabhbdity aambittonel4d 6r The unpst selagtor fultibﬁon 20181is aﬁhnaterface

r Level, Automaton .l n the mato 404 h
afsen. i, 1R Scitaab BEnasE Ao BIRE o e
ditsettidneofsthe abdal 1402 with ehenexditationdfiéld 1¢08)tthe hblghbobmg tstuges

st rob fra onput ed
142) B i naffocats ko BOPAHHS cleh - EEPBtng e
]14@(6 in the | ower automaton 1404 executes the conmands
i ssued by the 25 upper autonmaton 1412. Each node 1402
has a set of pure states given by: S={I Tj,, (t)) k

B. Nes LONReriLevdl iAwkdr@ton (50) 30 where | LF A (t)) are t he
pure states of the nOde‘&)Qf'Ie IS the index of the j
node th then foweg pomRpiaTH L Hide i state, trpnsitiog el %aﬁ’hﬁﬁ’rﬁmms the

IR ShmaB1O disbiRtel SheOHAPSE 1R n¥ Ak 3DLE UM bY he mixing state
probability density transition computed in the upper automaton 1412. The transition

selector 1406 in the lower automaton 1404 executes the commands issued by the

upper automaton 1412. Each node 1402 has a set of pure states given by:

{|‘I’ >|k €N,,N,is ﬁmte}

(50)

where I‘P i (t)> are the pure states of the node, j is the index of the jth node in the

quantum processor, & is the quantum number, and N, is number of available quantum
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inthe lattice begins in the ground state I "Pj (t))

wa@pa4iozsiexcited to a higher states | T j, (t)PCDySi0he004632

excitation-field Hf, as desgéi bed above in relation to
Figure 11. After the node h been excited to a higher
state by the excitation-field Hf, the node
spont aneous| y under goes rel axation to a |ower energy
s¥iaiese Hagh gpde/ip therlatticobagins i the gfound mated ¥t e(t))1 andds dxgitecdh® a
control and scheduling system 301 in Figure 3, the
| taghier catasf LH)dai)ésby:\thae exubapa RN Hy ok de@Xibbd 86bvBYin relation to
anot her excitation-field H generated by excitation
Jéaue 4l oAfig0Be nodsdhas been excitediio @ highetsteby thhexcitation-field H
I dto as the "u atetlrre
ecﬁ% 'nchgeté %Htafléogglg%ng&g g'glgp a{l éo Pll%er ensrfgyt Hbﬁ o After a
dwetied of Himd dctgmmed tayr e cottivdand Ebht:dhﬂﬁg sydt@n BOK inFigure 3, the

I at 10. transifions in

(A B s e Ry PO i o9 o B ot g emeraes

thyaesitbtiongdnetawe €303 0NBhe timgDdiRatinabedFednnthe éib'i%dtﬁﬁ ﬁél&be is
referred to as "chattering.

t ti nd
ot B S Sgatscnned By As The b gk AoR temode is
td@%ﬂﬁhié@toﬂieﬂ&@& thah 1B tﬁ{é& th§m(91tk1¥ﬁﬁl Iéﬁxitﬁh' ﬂ’{gsof aﬁﬁ{ bt té§ }t}ate

?aESIFOINpsnzhetl‘)WCr&Nﬁmeé)l (51) where T k | k1 20 - JK
(t) t Béh ndde it ﬂletla"fge%lrha}(t}a)nsﬁon batlvedidne o ﬁgtg l[anedl%nng

sem -open intervals of "the update tIne Interva
thenypdaigcting 4 end teferredtains ohattdrings” Mt ehjttesipg affect iigiddstrtbed

?g % gct)rlﬁf())lggtfon of E{elﬁul(ezsta)tgs in Ere]l%d %sl gln\%n as %o?fov al Ask (1) is a

e,6) el
I‘sz (r)) rel, (2)
ITJ' (T» =1 E

¥ Jiga (z')> tel, | (t)

P
l

[, (@) rer, ()

(1)

where

(52)

are the semi-open intervals of the update time interval [, ¢ + A) and give the duration

that node j spends in the pure state I‘I’jk (7:)) The time interval A n (t) is a function
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WO 2004/ 075104 PCT/ US2004/ 004632 3-7 of the
characteristic excitation or relaxation tines

wasmaniaded with the state. See Fields and NoPEEUS2004/004632

Field Theory and Dispersion Relations, by K

Ni shijinma, Benjamn, | nc.37 NY, 1969. Fi gure 15
illustrates the relationship between the chattering
combi nation in 5 equation (51) and the sem-open ti
of ribee chaadoteristic egeitipoar (Gpption fimep dpwcidtedwdh te fiae (3f
PLingiﬁt hagldc ek £ 08 ?}%‘8’?} DAl BRpdrDd) RISIAL ﬁg_gﬁ.d Nishijima,
verti'call'y in order o I ncreasi ng energy. The
B(::eﬁj;ﬁ:néﬂe;?ﬁ,hmﬂ?{ggal st I Jk (Ertg) a}geasari ng in the

. Lnati . : I ny ;
(52) THE g? élglfsail/tgsdalge R c%%’l y beeeﬁgt&\fa ? ﬁ%tehg% ?gﬂglgjgt?gsln
élquﬁofhth ()SR iﬂﬂaﬂﬁ ssmivbpempime iinferealy ah efuatiok (62)) The pire states
en _ and represents 10 the anount of tjne th
|13t (e hodre thee pRatiasng ombigatinmr @14 5t arpneep ‘PR“C(“{‘X yo &Hﬁfﬁfnﬁf
t he update tine interval [t, t +A). For exanple, the
1{1«;}rhaslmgd aieﬁg}c ;,I plhes sentiwppiu ieteryelat &, (¢ appeqring) mn% o%hafigsing
e length of tipe A 1504, i he interval 1j.z {t

CoBDURAATR S 13 G PR Do AL Rl betow the
expr.ess fal l,ows: . = 3
%f;fft?’tggf Fﬁ'g @))'e ! Clhcsi\é%lﬁto clétr?éjta é’g&é e gfelfb ?gr?é d%f%??r‘h‘% STk

t) Ak .(t) 54). whi.ch. gl | ows e [ :
i bty o e S R e sEpigs i ey UG B RL) O e O uftfve
2004/ 075104 PCT/ US2004/ 00463 38 .
time interval [z, t +A). For example, the jth node occupies the pure state |‘P s (t))

1502 for the length of time A, 1504 in the interval 1, (t) 1506. The sum of the time

intervals A; can be expressed as follows:

(53)

The chattering coefficients can then be defined as:

a, (-2

A

(54)

which allows equation (53) to be written as:

Zajk (1)=1
(55)
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W@ 001015104 ngs,

A chattering node may spontaneously transition to a
| ower state in S giving off radiation to the

by other nodes in the systgé: causi ng the node to
transition to higher energy Sstates in S. Figure 16 5
illustrates chattering for a single hypothetical node
using three pure states in the chattering conbination
(51) arranged in order of increasing along the
e ner gysr (Elmtt&’mglﬁﬂama{f spchtane ASHUWABsitOE0NAGRRSAL SS élOlng off
é:l t}hﬁé%&d 4W|theneryAk1606 The node
181438 tQ fhgsprrpundings,or theynpde waw atspibredintéan pamiffed by other nodes
tlnmss beNGuifg Hatode WP harsiiidh %o highbr o (ih)
WE th gne*:1 ﬂg 1610 emttin a% egnerélﬁr%, E&es,lh‘s) ﬁlg@rﬁ 10
et § fi%gng for asinglegpathsticabyodey g@n&&@e pBreciatel in the
tch&iteRiag @ omBRaRi&S f; ]
surr ou%dl ngs, as(?23%%&%%&%%&5&%8% alﬁl}ég thedﬁ Jergy-axis
tl68th s Firstomsutba tile rtode bhginsinatte LT (+)2 ] 1604 (i) enb 921 W1k 6.
energy 2jk 164. Third, the nod absor bs energy W th

fThe qiods) Gy thehvejtk, |+ (7)) @0 tshshtdr@bist
and transitions {o t(Th)z st atiéz)&llt Sfpﬁaﬁﬂrdrhgwq{en%%r Fipte

i 2) 11-60K Wlt%%gl’gy asg ' l%clib I%l?ﬁtﬁl‘?g %&ﬂ ?ﬁe 1 6 a) s1t1rroun<rimgs

date tine inteérval fktranS|

2 |11%ﬁ$a@€d gﬁ%@éé 323 V&Rcdhd, %%@d??fs&%neh%g}r URpper ?rotg the

automaton 1412 in Figure 14 I'S CO I 'Seehi

eurtemeiigd, U3l Mdizhted Bt tdki 4L aRf Addel @smsftloﬁ@%gck( E& bhel &ate
EWNp} The Transition Selector 1406 then conputes

}}altﬁloé Mitheenexghrivl;n 464. oithiod, the noeld abdostisemergy with(fighency
according to equation (51). 20 2. The Upper Level

A}, gréitoonthb intiirersenaindingh @n rinsitoat tehesieh Il‘Pnf 0F)Ya6l Oith

to deternine a specific state function t

ehagadf et6Bess infieatbdibyt ¢dge 1620. any of the lattice nodes.

Therefore, the best descri ption of the conmputation is

a pr obateath sdate tites titdril i[O A),ihd BghsHiea REBEBRRI06 receives a

formalism the description is referred to as the

GW’@HH’oﬁPIFlt the ypprsi auiondeanct41ptin diigute Sbewhibh dbedanprised iof an
of Quantum Rel at.ion, V. F Wei sskopf and E.

Wdali?é wplp(y Shitegne copficienti {g (¢)o0Y, WOThe Tusriren Geloctor

PCT/ US2004/ 004632 39

1406 then computes the chattering combination of mixed states I‘P Je (t)> according to

equation (51).

2. The Upper Level Automaton

In general, there is not enough information to determine a specific state
function that characterizes the lattice or any of the lattice nodes. Therefore, the best
description of the computation is a probabilistic description. In the quantum
formalism, the description is referred to as the “probability density description.” See

Probabilistic Model of Quantum Relation, V. F. Weisskopf and E. Wigner, Physik 63,
pp. 54-62, 1930.

or the node may absorb radi ati oOPCEIB100€004632
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Consi der again the set of pure states in the | ower
automat on given by equation (54). Let p j be the

w@e@baliibity that the jth node is in the pure BCHUS2004/004632

T, (t)) . Then the probabilLity density operator is
defined by: 5 p(t)pil ° j(t%%(T](t) (56) and can be
used to deternine the probability of a particular
quant

o B0 B g T s 1 e TN APy cawion

r, (/3 t e
SP?L TR 4O ERRBHE et/ n 3ke B0 BEFLE R B9 () Toen

OPOBLALY Hensﬁggper%ﬁs Resaiiten as [H p]. Thus
equatlon (57) becones: iht -"p=[H p] (58) 20 Equation
(58) characterizes the conputation carried out by the
upper automaton 1412 i p, Figur results
obt ai ned by the upperA%ﬁ _Egpéﬁlijiengnthe
probability of the node bélng in the state | Y'j (r))

G ven the density (&)erator in equation (56) the

ensenbl e average for the 25 lattice can be determ ned
by the trace of the matrix p C and is given by the

emﬁ)rmsbco nised\@ 248stmhé5 H 4 plobabilidp260 4/ Qﬁﬁ@ﬁé’r qﬂercum state.
r}af ag (ep 22.}} (gg %ere C.can be any quant

ﬁfgﬂﬁl ¢ GpEt° SURSIIPE £9U3teR (69)0 Biyes &?aﬂlffe@nﬁal
Kaegatok:oni an characterizing the vibrational notion of
the nodes is substituted for the operator Cto give
the ensenbl e average of the vibration states. The

ensenbl e P
ih5p=H-p—p-H

(7

The operator on the right-hand side of equation (57) is termed the “commutator” and

“can be written as [H, g]. Thus equation (57) becomes:

0
h— =
ih—p [H,p]

(58)

Equation (58) characterizes the computation carried out by the upper automaton 1412

in Figure 14. The results obtained by the upper automaton 1412 is the probability of
the node being in the state I‘I’ ; (r)) :

Given the density operator in equation (56) the ensemble average for the
lattice can be determined by the trace of the matrix p-C and is given by the

expression:
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average cal cul ated for an operator Cis carried out by
the transducer 305 in Figure 3. Notice that the state

woewvgrad | Tj (t)) is given as a chattering PCT/US2004/004632

conmbi nation in equation (5 and can equival ently be
witten as a |inear conbination of the states in S 10
as follows: I T (t)/ - alk (t) I " jk (t)) (60) 15
where the coefficients asg st) are the chattering
coefficients given by equ F’ﬁﬁW9547C) The equi val ence
between the |inear conbiqg&ion i n equation (60) and

the chattering combi nat in equation (51) is
established in the follow ng version of the Chattering
L JuLhs Let, S ={I"j' %%)) k e No, NP is finite} and
IMAeresCgan  hreanyquagiuny, psthanical pperaser. ¢ Bomexsampicorike wibragional
Eﬁhnihomﬁaéhaﬁleﬁﬁkih%’ eneNHBREsR] RRLEH ¥e ndA&NE sishifla for the
state uncti ons CE 9, defined for each tuple given
Bygraﬁqr\l(% s ’glv_e_t_hq gﬁeng)ie gvergge of the \&hratiqgt@tateg.a 1)he2énsemble

avéihigd JaRk1aMO f in Fiotire 3P
e oy R PhReRE ks S P A e i Fighre
{al, . Noticecthiit the statb filifeeiofCHEY (£ Br is Riveh @EWRhARYiSg bhabination in
every chattering conbination of the formof equation
eerion (513 andtan Squizalerily eowitien asla Hseaacombifaion of the states in S
cORRLRation of elements fromsS

ITJ (’)) zzk:“jk (’)|Tjk (t)>

(60)

where the coefficients o, (t) are the chattering coefficients given by equation (54).

The equivalence between the linear combination in equation (60) and the chattering
combination in equation (51) is established in the following version of the Chattering

Lemma:
Let S={|\I’jk (t)>'keNp,Np is ﬁnite} and let § be the set of chattering

combinations of S. Let a real positive number & be given. There exists state

functions |® j> e 8, defined for each tuple given by:

such that
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we@oonerded of the lenmm is al so true.

with an arbitrarily small error. Under strong
continuity assunptions of the state functions, the

boundary conditions in the 1attice appropriately, the
continuity assunption is not limting. 10 Al though the
I i near conbi nation given in equation (60) can be used
to represent the stat unction | Tj (t)) of the jth
node, fornulating the } e, fungt i on i he form of
the chattering conbi&y ﬁf@ayégz%mﬁﬁnaok T€al | ows for
fornul ating the sequente of exCitation s eps. 15 3.
The I nput Sel eqgy Function The Input Sel ector
Function 1418 in Figure 14 utilizes the information
received fromthe current state 1410 of the node, the
pr oba il'f state 1414, nodels the interaction of a
node i?{a{lhg‘l’l"aﬁpi ce with the excitation field 1418 and

with eelectric fields generated. by nejghboring
nodestlJ!ihlf%r £ Bategng i‘ﬁ@?‘gtsgy ﬁ—‘?’atlﬂvﬁlﬁfrc atfeying I?Bﬂ?igln%"l’e‘%fé% fam of
efjudtion (ki)ndsa ek Slcah b c@lipal d Htdaf 86hbiRAmdn JFFelenich® from S
S [ on near est nei ghbor

ke of .sinplicity, .9 .
tho 81&b|1tBaﬁnEy é];ngﬁ SHSN nﬁerﬁt@l}g geontmuity Apgiptions Qf the state
FrRsiony, the)\cemMetsenof haNeAGRORTNEAKEe.Ot BEIchIOES the bound
i nt tactigg?._cwal 1702 identhLesea dfﬁb[e nqnénfﬁm'my
CRrETS IR B ‘YR PrioRgatsly-che epntibuily asnpmption s fmiiting.
W th arneshest MRhIbHRbLADINEYE iﬂjeQQatioQ"@b) F4D%e used to
identifies a tripole nonent interaction created by a
mepdeseit Al st fumtien g¥ | (2))gofhé Jih hude, feinghaking tHRGtRORESH 0N in
1712 and 1714. Oval 1716 identifies a quadrupole
ithet Erm oo i then clipgesingeernzbimdide il Bq@itine (G bdloivs gornfoelaslating the

. and 1726. In order to distinguish
%%éggfﬁggé??%% P&1d fromthe electric fields
generated by other nodes in the lattice, the
[tatiQnifield Ham litonian H can be witten as the

%ﬁgeulﬁ{glg$e{ea r%‘glrc "as follows: WD 2004/ 075104
PCT/ UBR0 0epud (Be6:3r Ridctidn TS+ Fidudd)145utiMes @hd8nfbSnation

the interaction of t 0 with the excitation field,
56581"?-‘? Pglat{%% gurrent state qﬁl(p ofd t?le noctle, the probability state 1414, models

the interaction of a node in the lattice with the excitation field 1418 and with the

electric fields generated by neighboring nodes 1420 to generate Hy. Figure 17 shows
examples of the kinds of lattice node interactions. For the sake of simplicity, only
nearest neighbor interactions are shown in Figure 17, however, the present invention
can accommodate other node interactions. Oval 1702 identifies a dipole moment
interaction resulting from a node 1704 interacting with a nearest neighboring node
1706. Oval 1708 identifies a tripole moment interaction created by a node 1710
interacting with two neighboring nodes 1712 and 1714. Oval 1716 identifies a
quadrupole interaction between a node 1718 neighboring nodes 1720, 1722, 1724, and
1726.

In order to distinguish the excitation field from the electric fields generated by
other nodes in the lattice, the excitation-field Hamilitonian Hy can be written as the

sum of two terms as follows:

By choosi PQT/URE04/004632
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interaction of the node with other nodes in the

|attice. The interaction HamItonian H for a given
woome/0zam be witten as: HII TI(t)>=gv(H ', ...PE§/KS2004/004632

Tj(t)} 10 (64) where for the jth node, H' is the

i nteraction Haniltonian of the node j with

"nei ghboring"” nodes ij, and gp is referred to as the

"nei ghboring function" at the current state of the

node I Tj (t)). Figure 18 illustrates the notation for

a hypothetical 15 interggtign lHamltonian H given

by: gT (H'' , H', , H " /Edgés 1801-1803 identify the

interaction Hamltopgmns H' , H' , and H ' between

20 the node j and the neighboring nodes 1j 1804, 2]

1805, and 3] 1806, respectively. The nei ghborhood

vaﬁfet HONs Yk ﬁr?&%ﬁ%ﬁ NdeSthé I?l%fién %?ﬁsthétéx\'!ﬁéﬁéheﬁéﬁ,t ?]nél H; is the

interaction o e node he lattice at o
duieraetion of thet modp with(ofhey nodeTinethe tattiset FThe ingdradtion Elamdlidanism H;

'?&’Qé%&fﬂoﬂ@cﬂbe%&?s-determ ned by constructing the
Lagr

ngi'an associated with the lattice and applying
t he canoni cal quantization 25 procedure discussed

above in subsection |. The el enent s carryi ng out
this task are melIf&h%%ﬁb5@%?5He~d%?ﬂﬁb§5bepend on the
physi cal characteristics of the lattice. The approach
consi sts of def{® ng potentials to characterize the

| attice node interactions. For exanple, a dipole

i nteraction as shown by oval 1702 in Figure 17 may be
ottereafarethi zgd nbde, aHp otsethe  inleragfiont fanfiltongan WDthe node j with
2004/ 075104 PCT/ US2004/ 004632 43 V(x,y,t)=d

66,

1
1ngightoging” godgadp @ndgyyis refyrrdstogas e g h‘?ﬂﬁmgffﬁf(‘f:ti)oé’h at the
d ' ' ; d ' | F .
a1 DTG S TR RERAET i a R for a@pothetica
fi%ﬁwi%%ﬂle%}tgﬁaﬁﬁg@vgne@ i zation step described above

on T.F, assu

in secti ne“that a finite set of primtive

g (P71

Edges 1801-1803 identify the interaction Hamiltonians H,’, H’, and H,’ between

the node j and the neighboring nodes 1; 1804, 2; 1805, and 3; 1806, respectively. The

neighborhood function gy represents the locus structure of interaction of the node j in

the lattice at the current state |‘I’ ; (t)) )

The structure of interaction Hamiltonian H; can be determined by constructing
the Lagrangian associated with the lattice and applying the canonical quantization
procedure discussed above in subsection I. D. The elements of carrying out this task
are well known but the details depend on the physical characteristics of the lattice.
The approach consists of defining potentials to characterize the lattice node
interactions. For example, a dipole interaction as shown by oval 1702 in Figure 17

may be characterized by a potential of the form:
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excitation Ham ltonians is given by: 10
T={Hi=1,...,Ne} (66) where Ne is the nunber of

excitation Ham | toni ans gi ven in equation (66) can be
reali zed and i npl enented by 435 chatteri ng anong the

el ements in the set T over the update tine A
Chattering anong the elenents of T is given by the
chattering equation: HelT(r)) zE(t) He Illl'(r)~Tr1 E
i (t) HQA!(r))=1 Hee' ILF(r)) rELINel(t) HQAII'(r)~
rEl 1Ne(t) (67) 20 V\heVeéx,t;}mg—slglyﬁt)Hk (t) are defined
by equation (52) above and IT (r))%is a state
function. The {:, Pabl listic resonance chattering
equation (67) central to the inplenentation of the
guant um processor. The idea is to i nduce a probability
distribué on p.on_ the states of the nodes in the

RS e, B 3 HiSlxRiq Tiacion 286 Ty the AiSiRss Lsaweeg noas # and .
satisftjed. WO 20 4 7510 /U82004/ :

Fi gur gg’f PYTPRE HH\/\F HYBBEh &t 1 ﬁgg"dlgﬁ Hﬂ‘ﬁﬁ?ﬂn of the
pedlizesE&Diters aen;mb]ﬁbdwﬁ)ede inDsectidit B, as@iinea{hpr Q)ﬁhﬂ’aﬁétQﬂT prifhitive
t he, funht n 0. Fl ures 19A-Cillustrate a single
HFBERIeR onr""lﬁlﬁls VEUHPE: excitation-field Ham | tonian
Hf used to obtain a hypothetical spectrumfromthe
quantum processor. In Figure 19A all of the nodes of
the quantum 5 processor Il%Hﬁi'egl n,N,ﬂ the ground state
and can be characterized by the hardware Ham |tonian
Ho. The detector 19@4%koverts the incident radiation
into an electrical current which is used to count the
nunber of photons. In Figure 19B, the excitation-

where N, is the number of excited states available to the node j. The primitive

excitation Hamiltonians given in equation (66) can be realized and implemented by
chattering among the elements in the set T’ over the update time A. Chattering among

the elements of T is given by the chattering equation:

(174
1

He
iZ
He

) rel, (1)
)

¥ (7)) . rel (¢

H

e

T(r)) =4

H l‘-I—‘(r)) rel, (1)

lNe

¥()  rel, (2)

iy,
H
L

(67)

The pPCTUB200€004632

where the sets 7, (¢) are defined by equation (52) above and |‘P(r)) is a state

function. The probabilistic resonance chattering equation (67) is central to the
implementation of the quantum processor. The idea is to induce a probability
distribution p on the states of the nodes in the lattice so that the realization criterion is

satisfied.
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field H inpinged upon the quantum processor 1802 via
the excitation generator 303 in Figure. The excited

~Woores7EM t |0 ght radiation in the form of phoPONES2004004632

strike the 10 detector 1904, as indicated by radiating
lines 1906, 1908, and 191044F|gure 19C shows a pl ot

of the frequencies along the horizontal axis 1914 and
the corresponding intensities along the vertical axis
1916 Higures Meangi20ghew apyplai hypothgivalogfuantym processor can be used to

excitation-field ml.to Th

i, otn s i @ ol O g O PR e | M
ﬁ;rpoltheg@g inat d)fgcﬁe efcitatiéh- ﬁﬁﬂﬁlaﬁi}lgﬁimn@wwd( tcastrlain radmyEothslziucal
included in determ ning the ue

FResime fraR t@*‘p@@t"i‘lﬁ‘fﬁ’rf’?ﬂsg’ﬁs@t Elggre{lga& qfof% n‘)% %f&ﬁﬁnq‘f it
’E_ﬂogééﬁcﬁ 1b8ﬁ3be§ﬁ %n &Ieogfr@ﬂldl datt BR sahhw @ntacteEBE vy ﬁﬁﬁqatd’Ware

ure 3. gure 20 shows exanp ‘H etical sp
Hnmﬂton@n dloer Abedaderier: 10fcareris rthe e ?vfgdi‘ EHandgfo %C“bCPl

LGneNhich & ﬁs@@ i do%hpthé'lﬁumﬂg} &f gﬁot&ﬁe qh F?uteﬂ E; Ak citdtion-

spectrum 2002, 2004, and 2006 are used to conpute an
ﬁvlé rfag:@plgs@cmon O OBEUTPIOPSSAr a0 ViR ﬂzfoe%&tm grRerator 403

rk OTﬁeeé:%ftéH 1{6%6§ afit ﬂ%lﬁ ré’tﬁﬁloﬁ Rk fom M@toﬁ@%ﬁﬁsﬁﬂ&‘ﬂie

run akes nanoseconds to conpl ete. Rathe
tétertorst Wheas hidicaiod dlb’rllamafllaﬂ lipegc9Opu )08 and ARl Ghg Flgure 19C

Vo%\j[s%gpqo off tl%ehﬁeqélgﬁ&&sag 1 C o hd'rfazt)ﬁtﬁfﬁ‘iis fA4 %ﬁd {he]correspﬁndmg

erent nenDry |gure
faterhies aﬂm the gertigpd oxis UH clantho elngb@upluqatlgrp@frtbs( ¢m@mﬁf’éd

FRGLARON { Tod dfhe FAHATORT o Tnal6 14,08 4RIl R 00 nis

Ber epit MBRG06f héSshind E%QﬁéﬂdSZQ%ﬂOﬁdﬁ&mdedﬁn Tatermining the
read-out, period, referred to as " S he anount of
intemsity elte fiariB UeHingdRREInieBs igsah gt ROV igigure 19C

radiation emtted from é? IFquan um processor in step
arecptorgdyinthefipherent manpory RO WG cer col | ects si ngl es

f rom pigErePaANEWTER thefi® spe@a ardOhg avdrig%fs@edtﬁmﬁafter
danger of de coherence due_to enissions a(iJ }y

Aduaptheticebrugs of ghe excitation-field Hr. The » spectra m 1cated by spectrum
2002, 2004, and 2006 are used to compute an average spectrum 2008. Approximately
10" runs are used to determine the average spectrum 2008 where each run takes about
.2 nanoseconds to complete. Rather than store the spectrum for each run, a running

average of the intensities, referred to as {Z,ﬁ;,} , is stored in the coherent memory

306 in Figure 3. The average spectrum can be used to approximate the function

@(x) in equation (42) by the following:

. [OZN_l]\/Z ¢ (x)

(68)

D. The Read-Out Period
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5 characterized by the interaction Ham ltonian Hl. For
exanpl e, a conputation carried out in the lattice of

WO b@4qusEm um processor begins with a propagat i PGI/US2004/004632

probabilistic wave train agsdescribed above in
relation to Figure 13. Figure 21 is an illustration of
a forward propagating wave train 2102 and a backvvard
propa t|n wave, t.rai.n the |

04. . Aft
Per B SRl SRR 46 “ o rEnongh gh s thyfgnscucer
fRyaeY @ r@i&%&ﬁ@hgﬂi Qad:l&loﬂ@ﬁﬁ’ttédrf?dnﬁ‘ thé Lfd@ntSMRRRRsBE nsted 410

the lattice of nod re.sonme of the energy stored
ith Higrae dx df thet ﬁr%a%deCPfefqileP@ singles done dhei qipaiumaprapessor for too

%?g Rtd RN BRSK QY de R HRERS: foee%fﬁg’éi%s CQJSE@ by Y&l tuﬁ&ﬂa@cﬂ)n
r% felaxing to | ower energy states by releasing |1 ght

giagtetized by the ipgwtion HamilopientFh: Fonhexamples 2 spupHationtvarried

t
A6 i e ke B oy ol ol HofinE kP Pl PRSI
erave itiaingas descrbédoabpord iairelatidin to Figuass13h é’egur@ dhisamaldistratibn of a

(REEEA piiladelog AU oBRA0Y ol £ AA0RL EREARELL BBt Pt 210
akﬁtmlu:l mitigf emijad:iaoln fielt By iapingesupanhbe hitticerthe ﬁniwhxyi prdipagating
grtra vl\}]il%z swee S at %gl t%? tla’f'%‘cﬁzocff ng)hgsf & eergtsoﬁ:“ler:] of ﬁle energy stored

iim tlmrmacttgtmeﬁa@dm-cbn@qmda vty nedet ekditation dneegyef "Dlteenodlem respond
er to nmount of

I radi ation_emtted
SR el et OV RS calsh Y Foureios REM T o 208,
smruxt:iw:t@ﬁtﬁeycl tslesﬁeb ®acll BhE fo‘itht - the 1SS of FRWERINEN backward
spectrum the readout a‘grl od for the transducer is

CRNREIER OIS HGR 8 2 rhresprevalvo Uil the reine exeitakien fielgr/tr

tHag b@éﬁcécﬁﬁfnhé@lrhnﬁ'c%h%rte& ® ﬁ% Qia AddIHER tAfon! SDlﬂ1ng this
control -fl ow di agram depi c eterm nation of

ttiegh Pefiede radiatien dcoeatmuep etpu %] emﬂit@p pegersilhpf omdab ﬁntmmon
Qﬂ%&t%%g %@lﬁedlh{g?d}hén ﬁfzmhﬁﬁlaﬂ FEJF pltfii’e¥e?1? eﬂepégs% 1}’ 9 0, I\X)ﬂlch
1 ce | at an

uant um processor
|can tdlsairt the mttatsntyw&'smsefrezluams spbaniac t €hdrefort, byortléreto limit the

ep 2204 1 he ogr a .
SR EE R Rl s ot BF mBRE el iR b ing
%[giufaﬂﬁﬂy’ tbaild: #shsipyvirhie- fﬁ%q&d:ﬁcg’;\tsp@:lﬁ'umg eiRataloor pe’ﬁﬁa 4 fBr the
nges upon the quant um processor | at
fﬁ{sla%fés oqridedbly Shrtsp ran e agpougt e fakes fop gxe.easatatwﬁ field

Qbaﬁ§§;§{e the transducer 305 in Figure 3 30 transnits
t he s%ect rumintensities and corresponding frequencies
to t hEigEneT S drcontiglriisny disgrami %pwrlggﬁeéersnn iAn &f e tapgigeer

adt &8 de C};O gé&l li‘eﬂl%ct ?%%Eh@ %ﬁ ﬁgﬁﬁe %%Odlﬁ{%ﬁg 089 tﬁ@tp‘f‘esent

e en aneters set
gp@paorgr In stee 3202, thet @pntum processor lattice is at an 1n1t1a1 probabilistic

state characterized by the hardware Hamiltonian Hy. In step 2204, the programmed
excitation-field Hy determined by the function input 302 and realized by the excitation
generator 303 in Figure 3 impinges upon the quantum processor lattice of nodes. In
step 2206, after a read-out periodd has elapsed, the transducer 305 in Figure 3
transmits the spectrum intensities and corresponding frequencies to the coherent
memory 306 in Figure 3. In step 2208, if the resulting equation (68) does not

approximate the encoding function within parameters set by the operator, then in step
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WD 2004/ 075104 PCT/ US2004/ 004632 46 2210, the
read-out period is extended to a | onger read-out

wWEerowiyd and the conputation is started agaP@T/URII/004632

the initial probabilistic sjate. In step 2208, if the
resulting average spectrumintensities are
satisfactory, then t he conputation is conplete and an

TR erTB- St s Broied b onearoat obleD@ibepan the

aohiptitafisn isystd¥Re APSR fohLhBBhitial RbERbAHslO Qta{éeq{%%{ébsﬁﬁs if the
i nherent in a quantum nechani cal system wi |

gosultingalalveragd nspagivind einteobitese n{“/e,/?ql airel esatltsfactory, then the
denonstrate this, consider the discrete spectrum {E,
Jcomputatien Fascamplete apth af lappINKimativ tgitheegnchding Hienction has been
Qgegﬁq;ﬁ?lliue equation: 10 HOT}] (t)) Ti (t)) (69) where
1111 t)) are the correspondi ng ei genfunctions. Using
equat Toe 1aBPyt périd T5cdnnaindet éxaendpd Oeb‘all&lah]yt bed&%er khérmal
axné%ﬁg)m cbﬁlﬁgr%l%_;ghlﬁlj%at En? ;cﬂ%)e(l [ess O}E‘H{Cﬁleswgnr w*ll egzer?tually
éhc&werdEScoBA‘rencgzl \/IﬁrbrwdL to [iéinomsfidtet thist bodsidet the(disckete specttm
* %gﬁ &Xt)dx (71) 25 where '-PL * (X, t) 15
r@ elohp hardwars Afamdlianéand?o givea by erctigasmalug e({uﬂtIOII) | f
the systemis in the state | LI"1(t)) at tinme t equal
to zero, then the presence of the relaxation
Hami | tonian H given by ef ) auses the
correspondi ng probablllty Qﬁtféﬁﬁ)ﬂgo4/075104
PCT/ US2004/ 004632  4doymat ri x el emrents pll to decay
exponentially with tine. See Fields and Nodes: Field

where I‘I’i (t)) are the corresponding eigenfunctions. Using equation (58), the

transition probability matrix elements p, satisfies the expression:

L 0
zhap,-j (t)=(Ei —Ej)-p,-j +[Hf’p:|ij

(70)

where the matrix elements are given by:

pr=(2,(0)| ] %, (1) = [, *(5.000%  (1.t)

(1]

(71)

where ¥, *(x,t) is the complex conjugate of the function ¥ ; (x,t). If the system is

in the state I‘I’ ; (t)> at time ¢ equal to zero, then the presence of the relaxation

Hamiltonian H; given by equation (54) causes the corresponding probability density
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Theory and Di spersion Relations, K N shijim,
Benjamn, Inc., NY., 1969. For small values of t,
wo b@4@dragonal matrix el enents p. are the | ar geBCT/USINE 004632
in the matrix representatigg of the probability
density operator. Assum ng excitation and using 5
equation (57), the termp3 satisfies the follow ng
equation: ih a atp" =E((H),kPk-Pik (H1),) (72) 10
\iRgHe clepents o9 p to dqepy pxpopgntially pyithy timeg Hepj Field{ 7183 Nodes: Field
t equal to j, The solugion of equations (72) and
( ?’yiq‘ggygpif@ Sy - e?“f‘ﬁ’”"bﬁé ishitima, g‘?‘ﬂi‘m%é?cea N.Y.51969e For
r@laB%atuk®Br 4 tHERIdDAL] ntRPBELHSe (ot hge RYSESRerms in the matrix
characteristics of the 20 quantdm processor lattice.
Tapreseatationndf tho ptdbabilitysdehsiey dpefor/ @Gktiniiag nb @kcitalién MaM&ing
train t chi eve de, coherence, Therefore, the effect
dHaugtoa (§73t @F Itgges estisfiesdhs foffowingsarationi an H is to
random ze the state transitions in each node
corrupting the conputation described above .
Therefore, the read-Quw ped,pd =~ nust be chosen so
that this effect is ’ﬂ%_géxpfg{)(@)ﬁﬁfkc‘)tpméﬂz)/gr ds, the
read-out period is selected so that 25 C' (75) WO
2004/ 075104 PCT{72p2004/ 004632 48 The upper bound ~ is
used in the design specification of the quantum
processor and in the conputability analysis. Al though
tWiergr esent i nventi on has been presented in ternms of a
particular enbodinent, it is not intended that the

i nvention be lint edihat p} B(E, €BYog] DB(H,),

(73)

for i not equal to j. The solution of equations (72) and (73) is given by:

py(1)=e”
(74)

where £ is the relaxation time that depends on the physical characteristics of the
quantum processor lattice. The relaxation time is the time required for the wave train
to achieve de coherence. Therefore, the effect of the inter-node excitation
Hamiltonian H; is to randomize the state transitions in each node corrupting the
computation described above . Therefore, the read-out period ¢ must be chosen so

that this effect is acceptable. In other words, the read-out period is selected so that

¢ <<$
(75)
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5 Modifications within the spirit of the invention
w Il be apparent to those skilled in the art. The

used , specific nonenclatua to provide a thorough
under st andi ng of the inventron. However, it will be
apparent to one skilled in the art that the specific
details are not required in order to 10 practice the
i Hipdmpsrdrundrg is user} Bghs drgisa srseHicptomyHdhaquagiarprpeessor and in
abadipRpity Halgsle  present invention are presented
for purposes of  illustration and description; they are
not i Mépuddthe presenteinkention ihge bean presentediin tetns of a particular
'e%ﬁ%ﬁﬁﬁegﬂ it & h&ein%ﬁé:d it {h%r'ﬂqﬁ"engbf? Gble olﬁf’?ﬁed to s é)nﬁjg'oldy ent.
many nodifications and variations are possible in VW
d¥lodifieatiahowshinttiecdpiritepl g . invEhgorewibios appantst toviirose sitiliesicin the
described in order to best explain the 15
principles of the invention and its practica
appl i dati fonsgoingd deswriptiey, efoy pnpdske «ft beylsnatiski bbedd spadific

the art . to best.utilize the jnyentign.and.various . .
R huterle Biviar 4 Bl i sl FR b e Voo aSeSen digein
thﬁ abpeaert a6 drieCskilR inithe af: GHiat mﬁ’ﬁbﬁtf&ﬂéﬂetalélk ?ﬂesnog ﬂ:h@i&dlﬁlﬂ order to
t hat. the . scope t he i.nventi.on be defi pe .the
g6 R i fORRRTE OB UAS i CBeoH o rmbimeys of he
RicdsedSACMIOR) Q0T Esentt f&slkddoes I iBhstiafions hidi 886kiptin; they Are
nmet hod f@r conputi.ng a VaL%ﬁ conprising: 5 encoding a
prbEEE PG ‘t%'{‘gﬂtssm o tp JiFit the Hyertipnda 4 prpgdse forms disclosed,
CRRUSIAtAY RbdifBRionY Bl &/atiRtide £OPBINE in view of the above
contjnual i zing the encoded program _expressing the

deinidHeRal Theeabodimeatietr o dlsscaiber] Frcadlaarie pest explain the
QRBERle® of lthe'iﬂv?_tnﬁm hid ftsnl%a&ﬁ@l Hpfidgbddab ﬂ%ﬁﬁ)"y 5@? ('?gllers

a phéslca medi um and '10 extracting fromthe”phy

pistied i the g tatbegntilige thereveation imduedriopeembastiwerdewith various
RA&QSEARbnsas oI DGitIE L) i hn |
e e L BF oo Tt BT 1 R B e
scope of the invention be defined by the following claims and their equivalents:

for purposes of expl anetT/U62004/004632
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15 for each point (x0, x1, ..., xN_) in the domain S,
X S2 X x S. of conputable functions a mapping

w@pkawe7dag4 F @ 10, ..., pN1 1 -> 10,1, ..., pPCT/BS2004/004632

where N1 pN-1-s x = xs S=O andp is a natural nunber
defined by: 25 P =nmax~{Ni 149 =1,...,N}, Nd~+1 and WO
2004/ 075104 PCT/ US2004/ 004632 50 f,.(xo0,...,xn,_1) if
defined F WO otherwise 3. The nethod of claim?2
wherei n continualizing t@eABMEoded program further
i ncludes determining an interpolating function c (x)
of the encoded programF (x) . 5 4. The nethod of
wha-ilmﬁmw@y ein continualizing the encoded program
further | udes aranFterlszthe i nterpol ating
]funct‘Af%‘ﬁ 8 FOMPYHNEAFAUL PP B rel ati on xn+l = X"
a" Rncod MBREEf ¥fapuiable fundtions tdaseribeecuneputition @ ithe
vectors. 0 g The nmet hod of claim4 wherein the
Yalusrta bf eAMBEAL = xn + anh (xn) is transforned into a
fi rstcm%glgﬁmn%ﬂhggnd@am ltn differential equation .z
(t) (t)) t, a, V\,heret esolutlon i
vect @Piprﬁsseftg)th%l%tlﬂ‘é’élz%fi s%ftOﬁe ograpgs pidifferentiahoneioy: 15

6. TI] t4TRL Qﬁlfﬁ{eﬂhﬂlo?e%?fned Phytibg nlddived;aad der
time- epen ent differe
extracting from the physical medium a solution for the continualized, encoded

program.

2. The method of claim 1 wherein the encoding a program of computable

functions further includes:
for each point (xy,%,....%y_;) in the domain S, xS, x--xS,, of computable

functions a mapping given by:
F:[0,L,...p"" | >[0.L... p]

where

N-1

N-1-,
r= S g

s=0

and p is a natural number defined by:
) =rri13x{{N,.|i=1,...,N},Nd}+1

and
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equation x(t)=h(x(t)) -gQa,b) is used to fornulate a
Lagrangi an L(x,z,t). 7. The nethod of claim®6 wherein

wo b@4boaggnangi an L (x, .z, t) is converted to tPET/US2004/004632

cl assi cal Ham I tonian given by: 20 H(x, p,t)=y Pk +V=E
k 2nk where V is the potentioal energy function of x or
both x and t, and E is the energy of the system 25 WD
2004/ 075104 PCT/ US2004/ 004632 51 8. The net hod of
claim7 wherein expressinfgthe gconti sged, encoded
function as a diffefﬁhﬁ#%%(g%efg?grl?ﬁ%%%%r i ncl udes
converting the classical \PHaniltoni &1V, p, t) into
a gquantum canonical, Ham |tonian operator given by: h
aazaz +tv=iha 5 Hx' ax' at )=I_ k 2nk axk at a2
wher elle mpgod ofieleim Bevlodn domtnualizingithe ieneoddd fpfagram thurther
operators. . .axk .at 9. .The nmeth of _claim8 wherein
PR i Tilmolenad Buhon ShpkptifePotcLpomym £ ().
physi cal nmedium further includes realizing the

quantum canoni cal, Ham ltonian operator. 10. The

fiet hotheohetbbdiofivl@innA evlerain icoiginaalizirgt thagntdided program further
differential operator in.a _physical, mediumfurther
PR BBt Aol e WewalRting Ainsior Slla)y byiie epursigparclation
met hod of, claim 10 wherein instantiating the

&t T sm'féﬂﬁa%rea{%rw 1§ a spHPagef el eRtQrin f ur t her

i ncludes collecting the light radiation emtted from

t he

5. The method of claim 4 wherein the iteration x,, =x,+a,hk(x,) is

transformed into a  first-order, time-dependent  differential  equation
x(t)= h(x(t)) —£(t,a,b) where the solution vector x(#) defines a path on a carrier

manifold.

6. The method of claim 5 wherein the first-order, time-dependent differential

equation x(f)=h (x(t)) —&(t,a,b) is used to formulate a Lagrangian L (x,%,2).

7. The method of claim 6 wherein the Lagrangian L(x,x,t) is converted to the

classical Hamiltonian given by:

2
H(x, p,t)= P y_g
(x, p,2) ;2mk+V

where V is the potential energy function of x or both x and ¢, and E is the energy of
the system
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guant um processor. 20 12. The nethod of claim 11
wherein collecting the emtted light radiation further

WO p@k0TEs4 converting the emtted |ight radiatiBOT/UR1004/604632

coherent spectrumof intensities versus vibrationa
frequenci es. 13. The met hofl of claim 12 wherein
instantiating the differential operator in a 25

physi cal nmedi um further includes storing a running
qver age wbthbédhefsgsat Tuwhekin exfyessingothal cantineatiged, | ensoded

b 004/ 075104 R / USZO [ 004
Mq%?gd %fa V&:{% AL GReHY; ﬁucgf{ ra ﬁllﬁ%sg ‘ rg‘?)oe%tl %hel clastilf
I@Mlﬁgﬁ%lx I—f@g b Yo a §@Inkinh, QAndnal, HagilEiHnl dibﬁﬁfdr ZBen by:

enco further includes constructing a
polynon1al approxi mation of the function (x) given by:
5 ¢ (x)= ~"kCk X) kE[ ) pN ' % 13. The method of claim
14 wherein extxpg thi_ga‘ 2 si-ca) Omedi um a
solution furthe uww el enm;ﬁfnlng t e encoded
program F (x) fromthe polynon1al appr oxi mati on of
the function (D (X) . 10 16. The nethod of claim 15
wher ej,n extracting fromthe physical nediuma

skt Tonnd Ut tthemhe tdvedibtdesndiihediffbrentid opaatptst abl e
functdtpns ¥ om the encoded programF (x) . 15 17. A
quant um processor conprising: one or nore nodes; one
or nore bonds connecting the nodes to forma lattice;
9ne OrheMéod of lcheh & whtraineimstamtiatng e differentia operator in a
;I)}glss;él!alagl;egl%mb glurtr}]lgragdcﬁl%és rezaglzing the quantum, canonical, Hamiltonian

operator.

10.  The method of claim 9 wherein instantiating the differential operator in a

physical medium further includes impinging a quantum processor.

11.  The method of claim 10 wherein instantiating the differential operator in a
physical medium further includes collecting the light radiation emitted from the

quantum Processor.

12.  The method of claim 11 wherein collecting the emitted light radiation further
includes converting the emitted light radiation into a coherent spectrum of intensities

versus vibrational frequencies.
13.  The method of claim 12 wherein instantiating the differential operator in a

physical medium further includes storing a running average of the spectrum of

vibrational intensities given by:

(7,70
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14.  The method of claim 13 wherein extracting from the physical medium a

solution for the continualized, encoded program further includes constructing a

polynomial approximation of the function @®(x) given by:

o(x)= Y Jh4(x)

ke[O, p" "]

15.  The method of claim 14 wherein extracting from the physical medium a

solution further includes determining the encoded program F (x) from the

polynomial approximation of the function ®(x).

16.  The method of claim 15 wherein extracting from the physical medium a

solution further includes determining computable functions from the encoded

program F(x).

17. A quantum processor comprising:
one or more nodes;
one or more bonds connecting the nodes to form a lattice;
one or more reflector plates; and

one or more insulating boundaries.

PCT/US2004/004632



