2 7 DEC 1005 PORTFOLI O STRUCTURI NG USI NG LOW DI SCREPANCY DETERM NI STI C
SEQUENCES . The United States Governnment has certain rights to this

i nvention pursuant to grants CCR-91-14042 and | Rl -92-12597 awarded by the
Nati onal Science Foundation, and to grant AFOSR-91-0347 awarded by the U. S.
Air Force. 5 This appllcatlon is a continuation-in-part of pendlgg
application No. 08/902,921 which was fllFed July 30, 1997 as ﬂﬁ&dgplon
appl i cation of now- abandoned application No. 08/285,902 filed August 4,
1994. 10 Background of the Invention The invention relates to portfolio
structuring and, nore particularly, to structuring of a portfolio including
assets/liabilities such as real estate, stocks, bonds, futures, options,
collateralized nortgage obligations, 15 single-preniun1deferred annuities

and i nsurance contracts. Portfolio structuri i ncl udes transacti ons such
as buying, holding and séf9RTRPIO JERHGTUR SIS, as well the

adoption, continuati &g@%? éﬁﬁ ransaction
strategi es. Typical I@h %@@gmw¢§% ]}Iéﬁ‘é and strategies
are based on the evaluation of one or several conplicated functions of a
| arge nunber of variables such as a nulti-dinmensional integral or the

inverse of a dirser UhitednsStaheti Govetomeaxahpkecernafinngighals secthiilsi es
transactions, which includes 25 the initial sale, the value of a security
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t hese and 0 evant varra e viewe arlables
It is wel ArbprRWO1t bat 7t ARarabdaenpf taef Ungnchal seedkity 5 which depends on
stochastic variables can be estinmated in

S This application is a continuation-in-part of pending

application No. 08/902,921 which was filed July 30, 1997 as
a continuation application of now-abandoned application No.

08/285,902 filed August 4, 13994,

10 Background of the Invention
The invention relates to portfolio structuring and,
more particularly, to structuring of a portfolio including
assets/liabilities such as real estate, stocks, bonds,
futures, options, collateralized mortgage obligations,
15 single-premium deferred annuities and insurance contracts.
Portfolio structuring includes transactions such as
buying, holding and selling of assets/liabilities, as well
the adoption, continuation, modification or termination of
transaction strategies. Typically, decisions concerning
20 transactions and strategies are based on the evaluation of
one or several complicated functions of a large number of
variables such as a multi-dimensional integral or the
inverse of a distribution function, for example.
In financial securities transactions, which includes
25 the initial sale, the value of a security may be estimated,

e.g., based on expected future cash flow. Such cash flow



terns of a multi-dinensional integral. The dinension of such an integral
may be very high. In collateralized nortgage obligations (CM), for

exanpl e, instruments or securities variously called 10 tranchesid§@g{ﬁ@%
partici pations, classes or contracts have cash flows which are“de ed
by dividing and distributing the cash flow of an underlying collection or
pool of nortgages on a nonthly basis-dccording to pre-specified rules. The
present value of a tranche can be estinmated on 15 the basis of the expected
nonthly cash flows over the remining termof the tranche, and an estimate
of the present value of a tranche can be represented as a'nmulti-

di nensi onal integral whose dinension is the nunber of paynent periods of
the tranche. For a typical instrument 20 with a 30-year termand with

nont hly paynents, this dinension is 360. Usually, such a high-di nmensional

i nt egral wan deperd duaredisply tppeoxshatates, bfonuesamphé, | mhégrati on.
Thi s involves the geqﬁratio eg%ﬁgoints in the domain of 25 integration,

eval uat i i oFe "FHPTEE gf3PRRes HerY Jedierig¥ed @F nts, and
conbimlu%ggﬁhggg&gt&ggaég&ggrand val ues, e.g., by averaging. Well known
a

for nunmeric Integration in securities valuation is the so-called Mnte 2

7 DEC 2005 3 Gy |is nedlodchownhiitdt piatvalve the dofphanefal néeaiaiépn are
generated at random Wth integrands arising in financial securities

val udt i orwhidie depgdsitemrisiowRrst iq tonibiey) car bamsteihattedalmes i s
negligi bl e as compare

" eor at ISR Cod T SeE U SO e (PR S oy D R StPBAREd on the.
nunber ofg,, AN et KAH T Gfhy We GRIA} MiKh a sufficiently accurate
approximation to the integral. 10 Sanpling techni ques are useful also as
applied to In collateralized mortgage obligations (CMO), for
example, instruments or securities wvariously called
10 tranches, shares, participations, classes or contracts have
cash flows which are determined by dividing and distributing
the cash flow of an underlying collection or pool of
mortgages on a monthly basis according to pre-specified
rules. The present value of a tranche can be estimated on
15 the basis of the expected monthly cash flows over the
remaining term of the tranche, and an estimate of the
present value of a tranche can be represented as a multi-
dimensional integral whose dimension ig the number of
payment periods of the tranche. For a typical instrument
20 with a 30-year term and with monthly payments, thisg
dimension is 360.
Usually, such a high-dimensional integral can be
evaluated only approximately, by numerical integration.
This involves the generation of points in the domain of
25 integration, evaluating or "sampling" the integrand at the
generated points, and combining the resulting integrand

values, e.g., by averaging. Well known for numerical

integration in securities valuation is the so-called Monte



formul ati ons which need not be in ternms of an integral. In particular, in
portfolio structuring, this applies to a quantity known as value at risk
(VAR) which may be defined as the worst potential |oss of value of a
portfolio over a 15 period of tinme under normal market conditions, at a
specified confidence |evel. Wiile value at risk can be express€9 gi'@ﬁ
definite limt in a one-sided indefinite integral (see Philipp J&rit ,

Val ue at Risk, Irwin Professional Pubt#shing, 1997, p. 88), a nore practical
20 fornmulation is in ternms of the inverse of a cunulative distribution
function. Summary O The Invention A preferred nmethod for estimating the
val ue of 25 a financial security involves nunerical integration unlike
Monte Carlo integration in that an integrand is sanpled at determnistic
poi nts having a | ow di screpancy property. As conpared with the Monte Carlo
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estimate 5 can be used also in deciding whether to buy, hold or sell the

security. For Wekdnplrgsegfande asisimgeirxfirascihe spcucétaeswhi ch the
security i s beLE%toftered for sale, a "buy" reconmendation is agpropriate.
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15 Brief Description & The Drawing Fig. 1 is a schematic of a programred

conputersgyygéﬁﬁes valuation may be compared based on the number of
samples required for obtaining a sufficiently accurate
approximation to the integral.

10 Sampling technigques are useful also as applied to
formulations which need not be in terms of an integral. 1In
particular, in portfolioc structuring, this applies to a
guantity known as value at risk (VAR) which may be defined
as the worst potential loss of value of a portfolioc over a

15 period of time under normal market conditions, at a
specified confidence level. While value at risk can be
expressed as a definite limit in a one-sided indefinite
integral (see Philippe Jorion, ¥ at Risk, Irwin
Professional Publishing, 1997, p. 88}, a more practical

20 formulation is in terms of the inverse of a cumulative

distribution function.

Su rv Inv
A preferred method for estimating the wvalue of
25 a financial security involves numerical integration unlike
Monte Carlo integration in that an integrand is sampled at
deterministic points having a low-discrepancy property. As

compared with the Monte Carlec method, significant advantages



in accordance with a preferred enbodi nent of the invention. Fig. 2is a
graphic representation of performance data 20 obtained in conputer trial
runs with an exenpl ary enbodi nent of the invention as conpared with two
Monte Carlo conputations. Fig. 3 is a flow diagramof a preferred

enbodi nent of a nethod in accordance wth the invention. 25 Fiﬂ70% i@ a
flow diagramof a preferred further ehbodi nent of the invention iRg 8ding
the use of multiple processors. 52 7 0 EC 7005 Fig. 5is a flow diagram
of initially selling a conplex security in accordance with a preferred
enbodi nent of the invention. Fig. 6 is a flow di agram of

buyi ng/ hol ding/selling a 5 conplex security in accordance with a preferred
further enbodinent of the invention. Fig. 7 is a flow diagram of

det er m nj k for ol | cturing in accordance
with a %?gf%??ggzgﬁbg%?ﬁeﬁégég%Fhgoi%gé%%foéecﬁ%ggyg.aggis a flow di agram
of an exaapkfdabipetyfolio structuring in accordance with a preferred
enbodi ment of the invention. Further included is an Appendix with two
conputer al gdrcompeted estiwatieceahabguaged imspettingl wnf of fieximgnputi ng
Sobol points and Halton pojnts.  For a description, of C, see B.W Kernighan
et al., Bh&C®r ofrdmni ﬁﬁmgﬂhEFuﬁhgberdfha’Pr% i 8L LRS- 1048, epEigritgd

ct al., M m AgEHAEF Ut e 8. at
compit er (1T ROnAGered 18 rnRr aeane 1o hel o B 8 e g

financi atheseetutrites deba, erAEpTONNLEt €let @sOUhAtE aRABEAE3tHR. J., a
-visual display device, for displaying an estimted value of the financial
securitypripe abnphieh the| perudetyaiswrking offered for sale, a

“buy” recommendation is appropriate.
A computed estimate can represent the value of other
i0 complex securities, e.g. a debt or insurance instrument.
Further to estimating the value of a complex security,
sampling at points of a low-discrepancy deterministic
sequence can be used in estimating value at risk in |
portfolio structuring.
15
Brief Degcription Of The Drawing
Fig. 1 is a schematic of a programmed computer system
in accordance with a preferred embodiment of the invention.
Fig. 2 i1s a graphic representation of performance data
290 obtained in computer trial runs with an exemplary embodiment
of the invention as compared with two Monte Carlo
computations.
Fig. 3 is a flow diagram of a preferred embodiment of a
method in accordance with the invention.
25 Fig. 4 1s a flow diagram of a preferred further
embodiment of the invention, including the use of multiple

processors.



25 menory |11l (M, a |lowdiscrepancy determnistic point generator 112 (P)
an integrand evaluator 113 (E), and an integrand-value conbiner 114 (C). In
estimating the value of a multi-dinensional integral in financial
securities valuation, a nultivariate integrand 6 2 7 DEC 2005 is sanpl ed at
poi nts corresponding to a | owdi screpancy determnistic sequenﬁ% ﬁélﬂﬁints
inthe multivariate unit cube as defiped below I|f the nultivatifa t
cube is also the domain of integratioh, the points of the |low 5 di screpancy
determ ni stic sequence can be used as sanple points directly. In the case
of a nore general domain of integration, sanple points correspond to points
of a low discrepancy determ nistic sequence in the nmultivariate unit cube
via a suitable transformati on or mappi ng. 10 Wien a sufficiently large
nunber of sanpled val ues has been conputed, an approxi mation of the
integral is BbBai hels dyfbovtdbegraondfningtiadlyospliédgval gesplexg., by

' . wei ght ed ing.,.In_th - di [ A Pt be D=1[0,1]d,
2 Tow 1890FEL T Epcs CoT PRTH B PR @ HEEREEFan Spgodingnbi ofoPhEs i n D can

be char gﬁﬁggg_as follows: For a point t = [ti, ... , td] in D define

10, t) _ , t1) x ... X [0, td) , where [0, ti) denotes a |eft-cl osed,

ri ght-open irpigrvaélis 20f bowl diagtamvef hbuyidd/holliengfieealingi &tic or

i ndi cator function of [0, t) . For points z1, . z" in D, define R' (t;

21 5 . comple¥n§ecuyify|in x@feor@angekyith/a prejepred further and define
Lhe o SLUBPIRRELof e 1nvesfdf (e Loporm ol the funciion R(,i 21
Zn) The sequepcer zds Z2flow.diSgs@thlot 0ddEeAmifYhg value at risk

(VAR) for portfolio structuring in accordance with a

preferred embodiment of the invention.

10 Fig. 8 is a flow diagrém of an ekample of portfolio
structuring in accordance with a preferred embodiment of the
invention.

Further included is an Appendix with two computef
algorithms in "C" source language, respectively for

15 computing Scbol points and Halton points. For a description
of C, see B.W. Kernighan et al., The Programming Language C,
Prentice-Hall, 1978.

: {1ed I intion Of Preferred Embodi
20 Fig. 1 shows a stored-program computer 11 connected to

input means 12, e.g., a keyboard, for entering financial

securities data, and connected to output means 13, e.g., a

visual display device, for displaying an estimated value of

the financial security. The computer 11 includes a working
25 memory 111 (M), a low-discrepancy deterministic point

generator 112 (P), an integrand evaluator 113 (E), and an

integrand-value combiner 114 (C).

In estimating the value of a multi-dimensional integral

in financial securities valuation, a multivariate integrand



di screpancy determ nistic sequence provided IIRn ( ; zl, . . . , zn) IIm=20

( (log n) d/n)

2 7 DEC 2005 -7 Lowdiscrepancy determ nistic sequences are

described in the published literature; see, e.g., H N ederreiter, "Random
Number Generation and Quasi-Mnte Carlo Methods”, CHMS -NSF, 63, SIAM
Phi | adel phia, 1992 and S. Paskov, 5 "Average Case Conplexity of %@PEg§g§iate

I ntegration for

Smoot h Functions", Journal of Compl exity, Vol.

pp. 291-312. Wl l-known exanpl es of | owdiscrepancy determnistic
sequences are the so-called Hamrersley points, Halton points, Sobol points,

and hyperbolic-cross points. 10 For illustration, in the case of Sobol
points in a single dinension (d=1), a constructive definition may be given
as follows: Choose a primtive polynomal P (x) = xn + alxn-I + ... + an-Ix

i retose GaRkhed SU Bolned BcSig il th AN AT ARaR 02 ) o1

direction nu

omnn recurr ence Vi =

alvi-1 (BbtégmlnasQlc sequ%n@&-bflp6tht% Vh‘&h% Ml tRAZD1 st eRBYi& € denot es
a bit-by-bit "exclusive or" operation. The initial nunbers vi=nm/2, ... ,

Vn = nn/ZmbeaﬁdeefZQEdhbgéWWfreéﬁytbﬁovmd@dVﬁrlﬁ$eo@@uﬂuiube:Nﬂ < 2i for i

direction numbers vi, so defined, now define the

oot el Ses R BR Loe Ate DL SPr Ation. | Lhep poiREe Gty (TR Bty e | g
oW, 5. K o3 ofrepatlih Seel‘.g‘frﬁn)lggl(&g gegg%lc '%a&lh%ebh@,%ray geragagiat]on of k.

For hi gher

t he prlnltlve ynonla s P1, P21

, Pdpaiatgseédreict 1iyxkl k. khedeaskesf hhmo&EEQdMEﬁﬁﬂlﬂﬁﬁaﬁﬁﬂaﬂ sequence

Qénerated by the 2 7 DEC 2005 s polynom al Pi, the d-dinensional Sobol
poi nts af8tgerrfd@nassample points correspond to points of a low-

discrepancy deterministic seguence in the multivariate unit

cube via a suitable transformation or mapping.

10 When a sufficiently large number of sampled values has

been computed, an approximation of the integral is obtained

by suitably combining the computed values, e.g., by

averaging or weighted averaging.

In the d-dimensional unit cube D = [0,1]1¢, a low-

15 discrepancy deterministic sequence z;, z,, ... of points

in D can be characterized as follows:

For a point t = [t,, ..., tg] in D, define

[o, t) = [0, ;) x ... x [0, ta),

where [0, t;) denotes a left-closed, right-open interval,

20 and denote with X, ,(.) the characteristic or indicator

function of [0, t}. For peints =z,, ..., z, in D, define
Ro(t: Zi, +--y Zo) = (Lea™ Xpo, o (ZW)) /0 - tit,. ..ty
and define the discrepancy of =z,, ..., 2z, as the L.-norm of
the function R, {.; 2Z,, ..., 2.}, 1.e.,
25 IRa(.; 23, «-2r Zp)le = BUDweo|Ralt;: 21, .., Z4)].
The sequence 2z,, 2, ... 1is said to be a low-

discrepancy deterministic sequence provided

IRp(.; 210 +++s Zo)le = O{(log n)d/n).



Xk = (Xkl, xk2, . . . , Xkd) . Wiile this definition can be inplenented as a
conputer algorithmdirectly, faster techniques are known which 5 produce
these points in a "shuffled" or permuted sequence. In particular, this
applies to the conmputer algorithmgiven in the Appendix. For sp2iltLdiy in
the followng, a preferred enbodinent_ of the invention is described as
applied to a 10 collateralized nnrpgé@e obligation known as CMO FN, 89-23.
This has thirty-year maturity and consists of the followi ng tranches: PAC
tranches 23-A, 23-B, 23-C, 23-D, 23-E supporting tranches 23-G 23-H, 23-J
15 residual tranche 23-R accrual tranche 23-Z The nonthly cash flowis

di vided and distributed according to pre-specified rules which are included
in a formal prospectus. Sone of the basic rules nay be stated as 20

e, Pl A R S AN B

tranches. The remaini ng<ano st nt, is

used for jpepavneablaisHee 1atieRcitRde; Bekor olg.a ki xed Lrhgdit rhe future,
the Principal Anount 25 will be allocated sequentially to the tranches 23-G
23-H, 23Randot RBmberAfGecergltabndand, QuheiPMontiep&larlics Meitiaidsdn Anpunt

wi |l be allocated sequentialé%ﬂto t he_tranches 23-A  23-B, 23-C, 23-D and
23-E accoRN¥EsYSEe &3pl £1A¥d ¢@4drdPhiany L8Ree @8 fouMesdOVtrhe Pri nci pal

D el PO et LG 20000l LgE T seniile W) b2
di stri busmestafl Fupkitiengal, goutheltl bENchep23xRew,| vohe madasenly aiter all
ot her tranches have been retired. 5 In deriving an estimate for the present
val ue of 28Re312. Well-known examples of low-discrepancy
deterministic sequences are the so-called Hammersley points,
Halton points, Scbol peints, and hyperbolic-cross points.

10 For illustration, in the case of Sobol points in a
single dimension (d=1), a constructive definition may be
given as follows: Choose a primitive polynomial

P(x) = X + a;x"* + ... + a,.x + 1
{whose coefficients a; are either 0 or 1) and define so-

15 called direction numbers v;, i > n by the following
recurrence formula:

Vi o= @ Vi, ® @,V @ ... @ 8, Vi © Vi, 8 (vy./2%),
where © denotes a bit-by-bit "exclusive or" operation.
The initial numbers v, = m; /2, ..., vp,= m /2" can be

20 chosen freely provided m; is odd and 0 < m < 2 for 1 =
i, 2, ..., 1.

Using the direction numbers v; so defined, now define
the one-dimensional Sobel segquence x,, X%X,, ... by
X, = byv; & byv, @ ... & by, k=0
25 where k = Y, 9¥%p 2! is the binary representation of k.
For higher dimensions (d > 1), the first d primitive
polynomials P,, P,, ..., Py are used. If {xi},,” denotes

the one-dimensional Sobol sequence generated by the



security at the time of issue, the following notation is used below. C -
the nonthly paynment on the underlying nortgage pool; 10 ik - the projected
interest rate in nmonth k, k =1, 2, 360; W - the percentage of nortgages
prepaying in nonth k; a360-k.l - the remaining annuity after nnni? g [ﬁ
remai ning annuity ak can be expressed as 15 ak =1 + vo + . . . @ Elpﬁ Kk
-- 1, 2, .., 360, withvo =1/ (1+i0B- where io is the current nonthly
interest rate. Thus, after k nonths, the remai ni ng anount of principal
borrowed is Cak. it is assuned that the interest rate ik can be 20
expressed as ik = KO exp (Wt-1, Fwhere exp(.) denotes exponentiation and
where f , E2. .... ~36D are independent, normally distributed random

vari ables with nean 0 and variance v, and Ko is a given 25 constant. For the

pr esent .9 3 0. 4.1 8. n. ~lt_{s-a d further..that wk as a
function%%?'iCﬁggﬁ Fae gg%pﬁt§ﬁ$§§g§3nglK?°§8k2§§#8 gnaERSEEfinR%)aswhere
K1, K2, Kgl-K4xgrexgf,ven . copstiants. -10 2 7 DEC 2005 Under these
assunptions. the cash flowin nonth k, k 1, 2, ..., 360 is C(1-wl (El) )
(1-wk- 1(c¥hile thigkdpfipitionkcah be implenenteadk gyl computdw

Tok) SKAPLoOHHHY GaeciYy FSRen HARRSAAR G TP DRB G os of | PN,
89-2% TheRadd GR%R DeaWeloneach e d " YIS rhited sequence.

In particular, this applies to the computer algorithm given

in the Appendix.

For specificity in the following, a preferred
embodiment of the invention is described as applied to a

10 collateralized mortgage obligation known as CMO FN, 89-23.
This has thirty-year maturity and consists of the following
tranches:

PAC tranches 23-A, 23-B, 23-C, 23-D, 23-E

supporting tranches 23-G, 23—H, 23-J

15 residual tranche 23-R

accrual tranche 23-2
The monthly cash flow is divided and distributed according
to pre-specified rules which are included in a formal
prospectus. Some of the basic rules may be stated as

20 follows:

First from the monthly cash flow, the coupon is paid to
the tranches. The remaining amount, called Princibal
Distribution Amount, is used for repayment of the principal.
Prior to a fixed date in the future, the Principal Amount

25 will be allocated seguentially to the tranches 23-G, 23-H,
23-J and 23-Z. After that date, the Principal Distribution
Amount will be allocated sequentially to the tranches 23-A,
23-B, 23-C, 23-D and 23-E according to a planned schedule.

Any excess amount of the Principal Distribution Amount over



mul tiplied by the discount factor 10 V1 (cl) ...vk(~1.... - W, with vj (1f
- .., ~) =1/(1 + Kojioexp (~1+...+~)) , j=1,2,...,360, to find the
present value for nonth k. Sunmi ng of the present val ues for eviﬁy ﬁpﬂh?

gi ves the present value PVT, for each tranche T. 15 The expecte P
estimated val ue, E(PVT) = E(PVT(~1, ...,360) wupon a change of variables is
represented by E (PVT) f D PVT (Yl“le) . ., Y360 (x360) ) dx1 . .
dX360, where f 20 xi (2no)'IJ- Y exp(- t2/(2a))dt Thus, for each tranche
T, a 360-variate integrand has to be integrated over the 360-di nensi onal
unit cube, After generating a point (X, x2, , X360) 25 of a | owdiscrepancy
determ nistic sequence in the unit cube, the point (Y1l Y2+ ... , Y360) -11
2 7 DEC 2005 is conputed by finding the value of the inverse nornal

Funct | ort GaltR BRIV T e PR ed Wb AP e B e

functi ortrealdmass wsed,i 23 1T CRlanditEgral | a0 .afdtaei Pusionscf esul ts from
trial runs for CMO FN 89-23 with a preferred nmethod using Sobol points

gener at éxr inciped Q;fortrl’&rtd’rﬂﬂcﬂ'g"- cohputverl lalbpomaden arilerafrex el Wppendi x, as
10 conpar dW|th nt e Carl mtgzgeratlo({n Two Monte Carlo conputations were
carri ed Gdtt* WS ?%é?%ﬁi 'starting val ues of a congruenti al

pseudo- r andomp1Ehar, i sIENET Al AV RS JRANG; e%f‘e%é/\/v S£t

Nunerical Recipes |n1%f Canbri dge Universit Press é? Tt tﬁg
security at the time of issue, the following notatlon is
used below:

C =~ the monthly payment on the underlying mortgage

pool;
10 i, - the projected interest rate in month k, k = 1, 2,
., 360;
wy, - the percentage of mortgages prepaving in month k;
@i60-x.1 ~ the remaining annuity after month k. |

A remaining annuity a, can be expressed as
15 ay = 1 + Vg + ... + VY, k=1, 2, ..., 360,
with v, = 1/(1+i,), where i, is the current monthly
interest rate. Thus, after k months, the remaining amount
of principal borrowed is Ca;.
It is assumed that the interest rate i, can be
20 expressed as
i, = K, exp (&) iy,
where exp(.) denotes exponentiation and where
£, &2, ..., L35 are independent, normally distributed random
variables with mean 0 and variance o2, and K, is a given
25 constant. For the present example, 0 = 0.0004 is chosen.
It is assumed further that w, as a function of i, can
be computed as
w, = K, + K, arctan (K,i, + K,),

where K,, K,, X;, K, are given constants.



15 apparent that the preferred nethod reaches a steady value nore rapidly.
In this and other trial runs, with typical requirenents of precision and
confidence, a speed-up by a factor of 3 to 5 was realized as conpared with
Monte Carlo integration” Much greater speed-up can be expected when 20

hi gher precision or/and higher. | evel s of confidence are sought. 2BEL 2005
further trial run with CMO FN, 89-23, -istead of Sobol points, Halton

poi nts were used as generated by the correspondi ng conputer al gorithm given
in the Appendix. It 25 is felt that Sobol points nay be preferred over
Halton points for integrals of high dinension. However, this preference
may not apply in the case of |ower-dinensional integrals, e.g., wth

di mension up to 5 or so. -12 2 7 DEC 2005 A conputation as descri bed nay be
termnated af bflady HAUPLALIMAGMIDAROTIUNCEIOR LYAUALHORS X -
Alternatively, 'e.g., after every function evaluation of after a

predet erni,ned i ncrersad als nunber of function 5 eval uations, a current
approxi mati on nmay be conpared with one or several precedi ng approxi mations,
for terninationCdmde (&:shi t abt Bheofdi t i onEdepehdirng(&in t-he &l f f er ence

bet ween approxi mations is et . Such ter 'Fation criteria my be called
automatic. Automatic term nati 8h ‘$'10'gg ?F&ﬂﬂ&rly reliable where a
sequece @fe@pproxi mati ons settles down snoothly; see, e.g., the curve in
Fig. 2 corresponding to Sobol points. Advantageously in conputing function
val ues, a cl ugt&, . or, et wokKk of Kmartatpine KaE*dl,éxb (processh) Ky .

wor kstations 15 can he used. Thjs may involve a master or. host_processor

provi di ng pdlﬁﬁ$§ﬁ0%§h M & REVF A PhecEelef sohind
i i e A T RS AT N
in propomuldigldddi®y the discount factor
10 vil8) oo vil8yse oo &), with
Vi€ en -y 8y) = 1/{1 + Kdigexp (§,+...485)), j=1,2,...,360,
to find the present value for month k. Summing of the
present values for every month gives the present vaiué PV.,

for each tranche T.

15 The expected or estimated value,
E(PVy) = E(PVe(&y, .., &30 ) s
upon a change of variables is represented by
E(PVy) = [p PVo(y, (X) s .o v s Vaeo (Xago) ) A%y« . O30,
where
20 x; = (2no) %[ ¥ exp(-t?/(20))dt.

Thus, for each tranche T, a 360-variate integrand has
to be integrated over the 360-dimensional unit cube,
After generating a point
(Xy, Xp, «v., Xygo)
25 of a low-discrepancy deterministic sequence in the unit
cube, the point

(er YZI LY Yaso)



20 nunber of processors used. Advantageous further, in conbination with
nunmerical integration as described above, is the use of error reduction

t echni ques anal ogous to variance reduction in Mnte Carlo integration as
described, e.g., by M Kalos et 25 al., Monte Carlo Methods, John Wley &
Sons, 1986. This may involve a change of variables or/and varig@at PNl
reduction, for exanple. The specificlémbodi nent described above, 1 nvolving
valuation of a collateralized nortgage obligation, can be - 13 2 7 DEC 2005
interpreted as follows: The definite integral represents the expected val ue
of the sumof a series of paynments on the obligation, nanely the regular
paynments of nortgage principal and interest, plus any nortgage prepaynents.
The 5 likelihood of prepaynment depends in part on the prevailing |evel of

QU I S S e R

IS welg erest rat S up to the

time of theupayswsatdigbusbutenexafpteont Be ageUNk, Of et 1P, pogibhs
paynent will be val ued based on the probability of = all possible interest

rates |ikekpche Brethel fusgtiapnvhlueand the inpact of each of those
possibilities on the |ikelihgod of prepaynent of principal. For the nonth
after, valuation takes i nt oF¥eEBuntY2t he- i nt ¥reeSt rate scenarios of is both

nont Bs, thej bi | &f o} r . _an ct_of interest rates
on p?epa%%e%?WBnggddi?%%%étgiﬁeggg %@ﬁ?Elgﬁvgﬁ%ggfoﬁ%ggh%nnnnth-after

est i mat enwinkkikcat! ideegpatfdditi onal term corresponding to the nonth-after
payment, represented by an integral over the possibilities of the 20

t wo- mont h pr oEégs. 2rgheter resnl ke yipagnenial ruas £airr dCMOf BNt B9eR3seq.
are repr W.th each itiongl inte

represengﬁﬁgt§dg%§§%g?§§5%¥thﬁﬂs%ﬁéﬂﬁI%8B%gyﬁgﬁp ﬁn%ﬁHF?g§%8t§§g%h§|| -val ue

of the QYort8sponding computer algorithm given in the Appendix, as
10 compared with Monte Carlo integration. Two Monte Carlo
computations were carried out, with different "seeds" or
starting values of a congruential pseudo-random number
generator known as RAN2; see W. Press et al., Numerical
Recipes in ¢, Cambridge University Press, 19%2. It is
15 apparent that the preferred method reaches a steady value
more rapidly. In this and other trial runs, with typical
requirements of precision and confidence, a speed-up by a
factor of 3 to 5 was realized as compared with Monte Carlo
integration. Much greater speed-up can be expected when
20 higher precision or/and higher levels of confidence are
sought.
In a further trial run with <CMO FN, 89-23, instead of
Sobol points, Halton points were used as generated by the
corresponding computer algorithm given in the Appendix. It
25 is felt that Sobol points may be preferred over Halton
points for integrals of high dimension. However, this
preference may not apply in the case of lower-dimensional

integralg, e.g., with dimension up to 5 or so.



represented by the sumof the terns. 25 The val ue of the CMO can be
deconposed further, e.g., by valuing the interest paynent and the princi pal
paynent separately in each period to represent an "interest-only tranche"
and a "principal -only tranche". Thus, the value of the CMO can be
represented by the sumof a yet-greater -14 2 7 D C C 7005 ”“”??TE?WU
integrals. Conveniently, the value of ldach of the i ndividual ntegrgps in
the sum can be estinated as described above, using a | ow discrepancy .
determnistic sequence of sanple points. 5 A sum of paynment integrals can
al so be used to represent the value of a portfolio of two or nore CMOs,
giving the sane result as a single integral over the sumof the paynents.
The range of possibilities over which the integration is effected is the

same in both cases. 10 A CMO portfolin can be augnmented in_other ways, e.g.,
by the inclusi "bcfm%%%%:’ro%e%%ré?s_ ﬁﬂ%g BRY Ral E%Wbﬂat_:%ﬁr%%%’é,aa

i gh- grade, Rond dd il AGRRA SMHLALIG) PLepayIBAL Wil take prace fof
the entire 1ssue or not at all. Again, valuation depends on the fluctuation
of 15 int eXlasdrnattvsel ¥ ake ng. | ndbrac coudty afknPobsh béealwitien bAterest rate

scenarios. This applies whether there is one paynent (froma single CM)),
several p@Aikan R @FeARRRIREd BMEINeRiabaywerRs ¢F oFMBCEDABI nati on of

CMOs d bovnas.aqhnesf tatla %t and rbonds a con$l X securit¥ portt:fol io 20
may i el ude’ BRI Fes BUTH 287 s PRE P AT TR 8% PR COMRATFYi ¥4t sPDA) . An

SPDA i's a GantdaGientsl Byrédedi s WEANESx CRIPASYs | Of &P BOAHI Laptohnvestor.
Under the contract, the insurance conpany takes noney fromthe 1Investor,

i nvest s t hirscameneyuitmial @oraridd t bonfdepending 25 | thesdhifesenaad credits a
portion of the investnment proceeds to the investor's account, The SPDA is
an asset CIETHARD (FRRIGFCPICHRRRNS MHer e FECRIESANIRAT L1PBVEEE RRREA DY

may be called automatic. Automatic termination is

10 particularly reliable where a sequence of approximations
settles down smoothly; see, e.g., the curve in Fig. 2
corresponding to Sobol points.

Advantageously in computing function values, a cluster
or network of multiple parallel processors or workstations

15 can be used. This may involve a master or host processor
providing points of a low-discrepancy seguence to slave
processors and combining function values returned by the
slave processors into an approximate value for the integral.
Thus, the computation can be speeded up in proportion to the

20 number of processors used.

Advantageous further, in combination with numerical
integration as described above, is the use of error
reduction techniques analogous to variance reduction in
Monte Carlo integration as described, e.g., by M. Kalos et

25 al., Monte Carlo Methods, John Wiley & Sons, 1986. This may
involve a change of variables or/and variation reduction,
for example.

The specific embodiment described above, involwving

valuation of a collateralized mortgage obligation, can be



the conpany in the cost of producing the contract. There is a predictable
return for the conpany on the investnent -15 2 7 0 C C 2005 portfolio, of
interest and principal paynments by the various borrowers |ess the
contractual crediting to the annuitant's account. The unpredictable factor
in the valuation of the portfolio is again random novenents ome?%ﬁggmﬁ
rates, as 5 these influence prepayment 18f- i nvest ment assets as I
unexpected w thdrawal s and cash demands by the annuitant. The sane

met hodol ogy of valuation can be used after inclusion of the SPDA asset in

t he conpl ex security. valuation, by the insurance conpany, of a portfolio 10
i ncl udi ng an SPDA contract involves estinmating the value of the contract
itself. In pricing a new contract, its value is estinmated in advance of

i ssue by j i abou t he kinds qof assets that will be in the
portfol%og%gﬁﬁ%éﬁfﬁgpkhgqgﬁﬁA. %W@ EEHG S R TSEDA T i Ssue and i ts
15 val ualieOoR@dc@led SSURAIE Qe LRIERE O sféﬁecaalcfflg?éyxﬁahtsorcﬁéemeed above
for a CMO. A life insurance policy, or any other kin f 1 nsurance contract
di f f er s ddldmattheomboemely tthat reguladdpeymente dfe mortagmast rate vari abl e,

there is an additi onal, stochastic 20 variable representing health ri sk,
mor t al | BF TSPy afcy dNLETSEE /f Bl usx ARY) EOTHIRIE RRERAANE - t (Fhe vari abl e,

th j [ d tion. M
o ngr " ypde areca BT, BRoERRRERETERARNE, 39D SRR A on and

esti mat ilerelWREr d neatkcpefoed m®rtpagepeetfuy@ipay.ment is val ued dependi ng
upon all previous values of a stochastic variable. For exanple, in the case
of an int er e§orr gachopayeRnty héhet yahast o ie Foymeant iig evedgghtregt e and t he

paynenth&ﬁtkgep%% % i?gt% g%nglllgnie%gs La é:§g¥§grios up to the

time of the payment. Thus, for example, the amount of next

10 month's payment will be valued based on the probability of
all possible interest rates likely to prevail next month,
and the impact of each of those possibilities on the
likelihood of prepayment of principal. Fdr the month after,
valuation takes into account the interest rate scenarios of

15 both months, their probabilities of occurrence, and the
effect of interest rates on prepayment. In addition to next
month’s valuation, the month-after estimate will include an
additional term corresponding to the month-after payment,
represented by an integral over the possibilities of the

20 two-month process. Further monthly payments, i.e. third,
fourth et seg., are represented analogously. With each
additional integral term representing a scheduled or
unscheduled payment amount, the over-all value of the CMO is
represented by the sum of the terms.

25 The value of the CMC can be decomposed further, e.g.,
by valuing the interest payment and the principal payment
separately in each period to represent an “interest-only
tranche” and a “principal-only tranche”. Thus, the value of

the CMO can be represented by the sum of a yet-greater



t he case

of a stock option, the variable is the price of the stock.

case of a currency option, the variable is the relative value of two

currenci es.

ot her than an integrand, the follow ng concerns value at risk (VAR).

In the

As an exanple of an application of sanpling of a 5 function

If h

h( 1, a) denotes the potential |oss of a portfolio whose value @epHmdgion d
mar ket factors represented by stochastid- 10 variables ~1, ., ~a, and if
Fh denotes the cumul ative distribution function of h, i.e. Fh(x) = Prob {h <

x), then,

The val ue of p represents a | evel

for a specified percentile or quantile p, VAR = xP = Fh-i (p) 15

certainty. For practical purposes, a choice of p=0.98 is typical,

indicating that the | oss may exceed VAR with a probability of 2%.

of confidence, with p=1 "representing

In

accordance with a preferrgﬁ enbodi ment of _the _ 20 i nvention, VAR can be

est i mat e P ¥ hiF

potenti al
sequence.

S- i |$oRYFRI®RACHY - FFRe valysi r§ samrpl PAgtBE the

i idﬁé{“&ﬁ%@#fglénﬁgségéss€$a %%0¥%3é§95ﬁ8938y determnistic

e potential Toss h eval u eac pomfas of the

sequence,déestibed lbdve, |bhsindla low-dbscrepdhey28epumhenigtipoi nts, can be

pre-set,

e.g. at m=1000. The li1st is sorted, and the cunul ative

di stri butseomgnertebhreamplel@eimisied. The cunul ative distribution fucntion

is a_nonotonically increasi function whose fo in xé i ncl udes
the' I®val ues dhd®Whd3 EFEa)ﬂb%’_’n‘?F‘rﬂu‘&ﬁs}lr?Qsiﬁa?h% ?‘g?f_é?v Fefy b - 17 2 7 DEC
2005 0 t%ellcré%@aﬁ&é ethasd i JRtL Qb VARILS éiz?t@&v\ﬁ] 9edna5et babg, val ue

for which

(x) =p . (It 1s understood that,

cannot beyienlg zetk i sumaledalt s a siagle imtégbel appesxthat edmobf
i nt erpol at ed.)

10

15

20

25

the payments. The range of possibilities over which the
integration is effected is the same in both cases.

A CMO portfolio can be augmented in other ways, e.g.,
by the inclusion of one or several bonds. For valuation
purpoées, a high-grade bond differs from a CMO in that
prepayment will take place for the entire issue or not at
all. Again, valuation depends on the fluctuation of
interest rates, taking into account all possible future
interest rate scenarics. This applies whether there is one
payment (from a single CMO}, several payments (from several
CMOs), or payments from a combination of CMOs and bonds.

Other than CMOs and bonds, a complex security portfolio
may include securities such as single-premium deferred
annuities (SPDA). An SPDA is a contract sold by an
insurance company to an annuitant investor. Under the
contract, the insurance company takes money from the
investor, invests this money in a portfolio of wvarious
investments, and credits a portion of the investment
proceeds to the investor’s account. The SPDA is an asset of
the insurance company. There is an initial investment by
the company in the cost of producing the contract. There is

a predictable return for the company on the investment

of x

erever exact équality



5 An inplenentation of the technique was applied to a 34- di nensi onal
problem nanely a portfolio of 34 at-the-noney currency and equity options
having maturity of one year, wth $10,000 allocated to each of the options,
yiefding a total portfolio of $340,000. Volatility and correlation 10 data
were taken fromJ.P. Morgan/ Reuters Ri skMetrics data sets. The tﬁ?m@quﬁ was
applied further to a 360-dinensional - 1probl em nanely the CMO po i
consisting of ten tranches as described above, with $100, 000 allocated to
each tranche, 15 yielding a total portfolio or $1,000,000. For the options
portfolio, 1,000 points of the | ow discrepancy determ nistic generalized
Faure sequence resulted in VAR being determned to within 1% of a reference
determ nati on using 100,000 points. For the CMO portfolio, 20 a

det erm nat.i f. VAR uSI 20 int.s Qf the sane sequence also was
within 1%%5?%5836?ngn§éQ%§%ﬁg,%%%ngﬁgﬁl oM¥E %ﬁbi S VHESF resul ts
are cont pagtedewist N eshl kb 20htMaRtenGache R ald ¥ke V&}ﬁﬁﬁtafgﬂ{; d he sane
nunbers of sanples (1,000 and 1,500, respectively), VAR 25 coul e

est i mat edcopluptt.o AWhehunptedict afie fespect iive theefverlartd omlafesthd . e. with

10-fold error as conpared with = the | ow di screpancy determ nistic sequence
det er ni NBPFEAS 11PN 1BhEIREN AP A EOHERERFe @ dORANERY Fridiesof fasrt i s

gr eatest .| % i t ' nd <t ti be -1.8 2 7 0 EC
2005Eacc5h§5§tgh$§P§%% iggﬁp??ﬁﬁﬁﬂuanéﬁﬁﬁggﬁ%kg Sggﬁgggg's“ﬁ’ﬁ aRal vat i on

in a fasbhherpagakag@ishtieabhls 4nd Rabhi SerbaglRi @R, t&iel-arduit@r¥ ocessors
are avail able, a 10-fold increase can be achieved in the conputational

speed i nThesaapki mgtbbdphegvoos deluenpancdan ble assichglfitepr ocessor. As

illustrated_by.Fig. .8 .a uted val.ue of VAR can be caonpared with a
target vaPfd PEhOFstESnggggréﬁseﬁc&QpF 1 ECTPH SFARSRBTIS -he target |evel,

the portfolioyajuation, by the insurance company, of a portfolio

10 including an SPDA contract involves estimating the value of
the contract itself. 1In pricing a new contract, its value
is estimated in advance of issue by making assumptions about
the kinds of assets that will be in the portfolio albng with
the SPDA. The pricing of the SPDA before issue and its

15 valuation after issue are equivalent to the calculation
presented above for a CMO.

A life insurance policy, or any other kind of insurance
contract differs from the above in that, in addition to the
interest rate variable, there is an additional stochastic

20 variable representing health risk, mortality risk or fire
risk, for example. Under inclusion of this variable, the
same technigues as described above can be used for
valuation.

Many other types of securities are amenable to

25 corresponding valuation and estimation, where each period's
prospective payment is valued depending upon all previous
values of a stochastic variable. For example, in the case
of an interest rate option, the stochastic variable is

interest rate and the payment is the wvalue of a bond. 1In



may remai n unchanged; if VAR is considerably |less than the 10 target |evel,
the portfolio nay be restructured for assunption of greater risk and
potentially increased return; if VAR exceeds the target |evel,
restructuring for reduced risk is indicated. Restructuring may be perforned
i rmedi ately or over tinme, e.g. by chan?ing i nvestment 15 policie§7qhk%ﬁ$ing
future transactions. 27 0 E C 2005 -19I@a-P P E N D1 X voi d soboF(i

This is the function sobol for generating Sobol points. It returns the n-th
d- di nrensi onal Sobol point. (The point (0,0, ..., 0) is skipped.) The point
is inmplicitly returned through the array x. The function $obseq from

Nurmeri cal Recipes, 1992 was used as a basis, but changed significantly to
accomodat e the parallel distributed approach. The function sobol can
generate Sobol poinis skipping an initial part_ of the sequence. The

const ant %ﬁ9¢f es%é %M%@ggﬁdﬁp¢%%?pe%?ei%a¥%§¥%ﬂeﬂst%hQGBr%ﬁ?c%frébﬁired
addi ng np Lpitialiazl 0. YS.J t rim.ti polynom al s),
mleg (1 het o Hegr ond) ATy Wt e Tr TRkl otk Er e

pol ynom ath« +&1atseek tvapenesfittewd heufidmdieoor di nate of Sobol points.
r*tevw\’c,r*rr,rr**.t*t"r******e***********i ,**M*rryr*,tv\’ct***_i_r*_:tv\’cv\’c_i_r.**
*WEr* [ #incl udks "ait LlBXaAMhe ofcdn RpABMTIQD ofdedimbl MAXEE M 360 extern int

d; /* actual dinmensi,on of, the points */ extern le *x; /* This returns
i ol i t 15 He W P ISTh ORI . 1A SERARY sﬁb%l‘?? ORI nEORCKERE ynsi gned
long i,imMipp asStatde | e fpe; static unsigned | ong

in,ix[ MAXDI Mt ], *iu[ MAXBI T+1] ; static unsigned | ong

ndeg[ MAXDI M+1] =[ O, MAXBI T, 1, 1 3 4.4, ..5,5%5) 5, 5, 5,
denotes the potential loss of a portfolio whose value
depends on d market factors represented by stochastic

10 variables §,, ..., &4, and if F, denotes the cumulative
distribution function of h, i.e.

Fn(x) = Prob {h < x},
then, for a specified percentile or guantile p,
VAR = x, = F," (p) .

15 The value of p represents a level of confidence, with p=1
representing certainty. For practical purposes, a choice of
p=0.98 is typical, indicating that the loss may exceed VAR
with a probability of 2%.

In accordance with a preferred embodiment of the

20 invention, VAR can be estimated by a technique as
illustrated by Fig. 7, using sampling of the potential loss
function at m peoints of a low-discrepancy deterministic
sequence. The potential loss hy is evaluated for each point
of the sequence, resulting in a list h,, ..., h,. The

25 number of points, can be pre-set, e.g. at m=1000. The list
ig gorted, and the cumulative distribution function is
determined. The cumulative distribution fucntion is a
monotonically increasing function whose domain {x} includes

the h-values and whose range {F,(x)} is in the interval from



9,9,9,9,9,9,9,9,9,9,9,9,9,9,9,9, 9,9,9,9,9,9,9,9,9,9,9,9,9,9,9,9, /*20*/
10, 10, 10, 10, 10, 10, 10, 10, 10, 10, 10, 10, 10, 10, 10, 7.0, 10, 10, 10, 10,
10, 10, 10, 10, 10, 10, 10. 10, 10, 10, 10, 10, 10, 10, 10, 10, 10, 10, 10, 10,
10, 10, 10, 10, 10, 10, 10, 10, 10, 10, 10, 10, 10, 10, 10, 10, 10, 10, 10, 10,
11,11, 11,11, 11, 11, 11, 11, 11, 11, 11, 11, 11, 11, 11, 11, 11, 11, 11, 11,
11,11, 11,11, 11, 11, 11, 11, 11, 11, 11, 11,11, 11, 11, 11, 11, 11, 11, 11, 27 BEC 7005
11,11,11,11,11,11,11,11,11,11,11,121127r1,11,11,11,11,11,11,
11,11, 11,11, 11, 11, 11, 11, 11,11, 11, 11,11, 112, 11, 11, 11, 11, 11, 11,
11,11, 11, 11, 11, 11, 11, 11, 21, 11, 21, 11, 11, 11, 11, 11, 11, 11, 11, 11,
11,11, 11,11,11,11,12,121,11,12,12132,11, 11,112,121, 11,112,113, 11, 11,
11,11, 11, 11, 11, 11, 11, 11, 11, 11, 11, 11, 11, 11, 11, 11, 11, 11, 11, 11,
11,11, 11, 11, 11, 13 11 11,11, 11,11, 11, 11, 11, 11, 11 11,11, 11, 11,

11,11,11,11,1 1 11 11,11

12, 12, 1291%°15; % % éi%iTitizb%zv%% 1% fetpsmipefbas thafs 15 3 ; 2
7 DEC 2 Opf *x Thef cpordinate s MAXEL gt is never
used s?g%%%guﬁglgngﬁr %ﬁgé?g[Kgg-&ﬁ (%)ﬁé&%ﬁ% 1, %629%54 [ *deg 5*/

2,13, 7, l¥hddeder éxdeg €30alidp, ¢8nﬁﬁt15¢253aﬂﬁde@'tﬂ calculatlon, a

1,32, 4,8,7,56, 14, 28, 19, 50, 21, 42, 31, 62, 37, 41, 55,59, /*deg 8*/

14, 56, 21vabuagwiyl 4oe sppBposymebedsoy7inggrredated. ) *deg 9%/ 8,13 , 16 , 22
, 25,44 47 52 ,55 .59 .62 4..81, .82 .87 91 94

103 504’ 100, 153 1301 93506451 8 of andosedinidle Yos Phplisd 1o o 4-

191, 194, &9ﬂe§§§®§39 %33b28§;2§9m83% 33%0%4%0346 &¥334 e hldMoney

4,13, 19, 22, 50, 55, 64,69, 98, 107, 115, 121, 127, 134, 140, 145, 152,

158, 161, ddtrafdy 194d 16Qu208, 0B 007, haginGl maklri6y, 266 c2id4 y288:,289, 295,

30L, 316, 319, 324, 346, 352, 361, 367, 382, 395, 398, 400, 412, 419, 422, 426, 428, 433,
446, 454, wk7h4530 4980 spblepated fgppeh of the options, yielding a

137, 146, S953150onb0o 68, 164714 §98°1aE0hs Mol Y 33 B R 518 00 b7,

236842, ada266r250aR6R, 266m2T6P203r304/REQLILE, RESKBRZ 328 34339, 341,
sets.

The technique was applied further to a 360-dimensional
problem, namely the CMO portfolio consisting of ten tranches
as described above, with $100,000 allocated to each tranche,

15 yielding a total portfolio or $1,000,000.

For the options portfolio, 1,000 points of the low-
discrepancy deterministic generalized Faure sequence
resulted in VAR being determined to within 1% of a reference
determination using 100,000 points. For the CMO pertfolio,

20 a determination of VAR using 1,500 points of the same
sequence also was within 1% of a reference value, obtained
from 150,000 points. These results are contrasted with
prior-art Monte-Carlo computations where, for the same
numbers of samples (1,000 and 1,500, respectively), VAR

25 could be estimated only to within 10% of the respective
reference values, i.e. with 10-fold error as compared with
+he low-discrepancy deterministic sequence determinations.

In the technigque as described, computational effort is

greatest in evaluating the h,'s, and the computation can be



345, 346, 362, 367, 372, 375, 376, 381, 385, 388, 392, 409, 415, 416, 421, 428, 431, 434,
439, 446, 451, 453, 457, 458, 471, 475, 478, 484, 493, 494, 499, 502, 517, 518, 524, 527,
555, 560, 565, 569, 578, 580, 587, 589, 590, 601, 607, 611, 614, 617, 618, 625, 628, 635,
641, 647, 654, 659, 662, 672, 675, 682, 684, 689, 695, 696, 713, 719, 724, 733, 734, 740,
747,749, 752, 755, 762, 770, 782, 784, 787, 789, 793, 796, 803, 805, 810, 815, 824, 829,
830, 832, 841, 847, 849, 861, 871, 878, 889, 892, 901, 908, 920, 923, 942, 949, 9%9,0$94005
961, 968, 971, 973, 979, 982, 986, 998, 1001,1086, 1012, [ *degl 2*/

41,52, 61, 62, 76, 104, 117, 131, 143, 145, 157, 167, 171, 176, 181, 194, 217, 236,

239, 262, 283, 286, 307); static unsigned |long iv[ MAXDI M*MAXHI T+11 { O, /* 40
elenents in arow/*end 1 */ '
1,3,1,3,1,3,1,3,3,1,3,1,3,1,3,1,1,3,1,3,1,3,1,3,3,1,3,1,3,1,3,1,1,3,1, 3,1, 3,

13 dedelelated Sibntricdntidy Byludibegdmbadidal Prbodebobel el® 1.3 13
1.3, &vB1ka843nldd & Zabh3oh dnd1dgdud Bolrded. 4.3, Edchid 1,1,3,1,3,1,3,

. 1,3, £a8hie8,3e193, 1£310, Broces3ptsl3ate3ava3laple3, ® 305318 1, 3,1, 3, 1, 3,
1, 3, ingreagescpngbe aghjeyed ingthegcemputagignplyspeediim 1 1 3 1, 3,1, 3
%, 3, §2AP115950F §hg Jogs;ag gogppred with 2 gipgle propesspr 5 4 54 g
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1,85, 67 49,125,25,109, 43,89,69,113,47,55,97,3,37,83,103,27,13,33,115,41,79,17,29,11%,75, 73,105
,7,59,65,21,3,113,61,89,45,107,
1,85,67,49,125.25,109,43,89,69,113,47,55,97,3.37,93,103,27,13.33,115,41,79,17,29,119,75,73,105
,7,59,65,21,3,113,61,89,45,107,
1,85,67,49,125,25,109,43,89,69,113,47,55,97,3,37,83,103,27,13,33,115,41,79,17,29,119,75,73,105
,7,59,65,21,3,113,61,89,45,107,

. 9,
391
#2, 451

r

9
2,
+ 8,

1,7,
1,7
11.4
1,7,
1,7,
1,7
g

1
’
L



1,771, 721, 1013, 759, 835, 949, 113, 929, 615, 157, 39, 761, 169, 983, 657, 647, 581, 505, 83
3,139, 147, 203, 81, 3

37,829, 989, 375, 365, 131, 215, 733, 451, 447, 177, 57, 471, 979, 197, 251,

1,771,721, 1013, 759, 835, 949, 113, 929, 615, 157, 39, 761, 169, 983, 657, 647,581, 505, 83
3,139, 147, 203, 81, 3 17

37, 829, 989, 375, 365, 131, 215, 733, 451, 4472477, 57, 471, 979, 197, 251, 2 7 DEC 7005
- 23

1,771, 721, 1013, 759, 835, 949, 113, 929, 615, 157, 39, 761, 169, 983, 657, 647, 581, 505, 83

3, 139, 14645,2935835,3s5,105,43,89,69,113,47,55,97,3,37,83,103,27,13,33,115,41,79,17,29,119, 75,73 , 105
37,829,989#535%365?33@22§5@733j4515447,177,57,471,979,197,251,

1, 771, 7280 00l 3 1593 8 3h . BB 011130828, 615, A6 Y 39, 76T 164.° 08376572 %47, B8, 565, B3
3, 139, 1,34.F7.20.325.84,189.43,89,69,113,47,55,97,3,37,83,103,27,13,33,115,41,7%,17,29,119,75,72, 105
37, 829, 9a¥ B8 3683 13 £ 215073 8' A8 T Y47, 177, 57, 471, 979, 197, 251, /*end 10 */
1, 1285, 823, 7R747267,68333 47 15, 1601, 49344 991F, 161255 .28223.290%;, 37751823, 4 539,144,5, 605

819 97 ' 13;41?1 £3,191,155,175,63,47,7,23,39,

) ) 72 R - f.l.,BS.173,43,9,25,115,9‘7,19,97.197,101,255,29,203,65,195 177,105,17,47,169,109,1
1223, 13671663, B22s5525 , 4801988, #6673.5587, 12571, 451" 481, 721, 483, 1209, 1457,'415, 1
435 1,255,79,147,141,89,173,43,9,25,115,97,19,97,197,101,255,29,203,65,1%85,177,105,17,47,16%,109,1
’ 49,15,213,135,253,191,155,175,63,47,7,23,39%

1, 1285, 828, 72747261,8 337 A7 15, 45 0, 97348 57, 9413101 725,22.024, 54,9851 3755 3937 115993415, 60

S5, 819, 9?5:?35’111’17; 3&3915;'?:5?;55:3'1:;';5?25325,197,101 255,29,203, 65,195,177, 105,17,47,169, 109, 1
1223, 136715663, 52855251, 460,054, (6643 49587, 1951 451, 481, 721 483 1900148 415,
1435, :éz:sl-g,;iili;glg;éBzéi'?ié;Bigézgilig,3753.9537,197.101.255,29.203,65,195,177,105,1?,47.169,109,1
1, 1285, 828, 72147267, 68333 A7 1, 260k, 93761 9018, b7 255,20213, 4905, 37750893, 21599,144,5, 605
' 819’ 975&@%32113 236;91%;5251355235.:;,;&2153::’ 197,101,255,29,203,65,1985,177,105,17,47,169,109
1223, 13601560, B2Osh 26, 4601084, 6613 4687, 1251 451 481 721, 4831209 1457 415, 1
435, iézii‘;iéligélgééag§i7ié;3igézgilig’?}?iéaig'?‘197"*13;':55}29'203'55'195'177‘105'17‘47'169'109'1
1,1285,823f727;267f833,471,1601f1341f91é,1725,2021,1905,375,893,1599,415,605
819, OTSIUBIAIG L ok St o, e o0 T st a6 . 208
1223, 1308725663, 6297025, 469229 hs 166 €111 58 /551835 b2ibds, 481117415 48325200243 457,3415, 1
435 9,393,167,333,473,469,101,21,451,229,247,297,403,497,61,351,

! 1,257,465,439,177,321,181,225,235,103,411,233,59,353,329,463,385,111,475,451,263,19,249,275,36
1, 1285, 838 v /232673, 88014 740, 456 (bbs 237 29043, 672D,22021, 1905, 375, 893, 1599, 415, 605
819, 0T L o ity o SR e T e 2 B s e
1223, 1367663, 6297020, 160220 3hs 1667111 58 5513529 5d3, 481117 2315.483360 209248 457,24 15, 1
435 9,393,167,333,473,469,101,21,451,229,247,297,403,497,61,361, 7

1 1,257,465,43%,177,321,181,225,235,103,411,233,59,353,329,463,385,111,475,451,263,19,249,275,36
1, 1285, 838, v 7132673, 880364 740, 456 0bbs 2374 250403, (b725,32021, 1905, 375,893, 1599, 415, 605

819 97§2g1$ﬂg§:§?7,321,181,225,235,103,411,233,59,353,329,463.385,111,475,451,263,19,249,275,36

' ' 3 : 473,469,101,21,451,225,247,297,403,457,61, 361,
1223, 1308757663, 6297025, 169229335, 166 711158 55125529 bés, 68 1117315.483268 20043457, 3415, 1
435 9,393,167,333,473,469,101,21,451,229,247,2597,403,4597,61,361,

! 1,257,465,439,177,321,181,225,235,103,411,233,59,353,329,463,385,11],475,451,263,19,249,275,3

1,1285,82&ﬂﬁ279257L863;ﬂ7ﬁw&ﬁﬂ&p&3ﬂi$@ﬁﬁpﬁ?35¢2021,1905,375,893,1599,41%,605
. 819, 9758 *1715,
1223, 136771663, $20 752654469, 19829 667152 38 s LAGd sb5ds7 481, 572395483, 152097, 2eb581, 415, 1

435 37,829,989,375,365,131,215,733,451,447,177,57,471,979,197,251,
1 1,771,721,1013,759,835,5949,113,929,615,157,39,761,169,983,657,647,581,505,833,139,147,203,81,3
1, 1285, Bgas /a7, :26 755853, A b2 1600 44301, S8 5780972821 1905, 375, 893, 1599, 415, 605
7 1! 7 9fB r 4 ’ I [ 1 r r ¥ ’ r ’ r r r r + ’ [ r
! 819’ 97?7’ %gsgfgi?ass 131,215,733,451,447,177,57,471,979,1597,251, )
1223, 136%7 623,16?:975253,54563,,1§B,b;916ﬁ7:,515877,512591s#Sés,vA@i,s?ﬁiq%&B,ﬂQ.O@?,.iebeﬁ.ﬁlS, 1
435 37,829,989,375,365,131,215,733,451,447,177,57,471,979%,1587,251,
1 1,771,721,1913,759,835,949,113,925,615,157,39,761,169,983,657,647,581,505,833,139,147,203,82,3
L, 1265, Bebhdiams el A vl sl sl 10y arobuat, 1903, 510,895,499, 49, 605
7 21 759, ’ 4 r ] I ' t 1] ’ ’ v r * r ¥ 1] s ’ L r
' 819’ 971?1’ %59&;3—;1;3365 131,215,733,451,447,177,57,471,979,197,251,
y 7 1 ;7 S L] ;9 Jrs 16 19 517 15 q 11 e . )
1223, 136771663, $20 75285469, 198 b9 667151 58 7761264l swb5ds7 AB1. 572395483, 162097, 2657, 415, 1

435, /3¢7eh’¢’d,9fi, 337,365,131,215,733,451,447,177,57,4?1, 975,157,251,

1, 3855, 4091, 987, 1839, 4033, 2515, 579, 3863, 977, 3463, 2909, 3379, 1349, 3739, 347, 387
, 2881, 2821, 1873, 19

59, 1929, 2389, 3251, 1149, 243, 3609, 1131, 1701, 143, 1339, 3497, 2499, 1571, 983, 4021, 1
625, 3217, 1163, 2977

1, 3855, 4091, 987, 1839, 4033, 2515, 579, 3863, 977, 3463, 2909, 3379, 1349, 3739, 347, 387
, 2881, 2821, 1873, 19

59, 1929, 2389, 3251, 1149, 243, 3609, 1131, 1701, 143, 1339, 3497, 2499, 1571, 983, 4021, 1
625, 3217, 1163, 2977

1, 3855, 4091, 987, 1839, 4033, 2515, 579, 3863, 977, 3463, 2909, 3379, 1349, 3739, 347, 387
, 2881, 2821, 1873, 19



59, 1929, 2389, 3251, 1149, 243, 3609, 1131, 1701, 143, 1339, 3497, 2499, 1571, 983, 4021, 1
625, 3217, 1163, 2977

1, 3855, 4091, 987, 1839, 4033, 2515, 579, 3863, 977, 3463, 2909, 3379, 1349, 3739, 347, 387
, 2881, 2821, 1873, 19 7 BEL 9
59,1929,2389,3251,1149,243,3609,1131,1701,143,1339,3497,2499,157&,5%&,%%21,1
625, 3217, 1163, 2977 -23 -

1, 3855, 4091, 987, 1839, 4033, 2515, 579, 3863, 977, 3463, 2909, 3379, 1349, 3739, 347, 387
, 2681, 2821, 1873, 19

59, 1929, 2389, 3251, 1149, 243, 3609, 1131, 1701, 143, 1339, 3497, 2499, 1571, 983, 4021, 1
625, 3217, 1163, 2977 .

1, 3855 AU 00T AIORAID e S1000000TE o] 29001 3P011340,19729, 847, 357

, 2881, 131369, 835,949,113, 929,615,157,39,761,169, 983,657, 647,581,505, 833,139, 147,203, 81,3

59, 1929},:;2%8%?@2’51?5?1’49;225#3?336-‘0-9?41EI.131r,51:7‘®11-,919489,71%§39, 3497, 2499, 1571, 983, 4021, 1
’ 1 '

625, 3217 3, 2977
1, S555 UL s TP ODL 93 040787807047, 567
, 2881, 2 isj (9371567, 833,471,1601, 1341, 913, 1725, 2021, 1905, 375, 853, 1599, 415, 605, 819, 975, 515, 1715

59, 1929223897.595 $29] J240462 £31,3647915P1,3351 1460 k81,48, 1@399845?5.‘@49@351571, 983 4b21, 1
12i§g§ ,éig 7,833,4 1,1601.1341,913,1i25,2021,1905,375;393.1599,4 5,505,&19,975,915.1#15,
525, 324323 ,6€3) 649,525,469, 981, 16567, 1587, 1251, 451,461,721, 483, 1209, 1457, 415, 1435 ,

1, 3855,14193, 88 7271 B3 P43 198 1B L7, BR6.30D. /15034632 200599.385 995184788802 B4./, 387
13£é£7é§,i§2,sis,4es,981,1657,1537,1251,451,431,521,483,1209,1457,415.1435,

, 2881, 21%235. ,®274+#7,833,471,1601, 1341, 913,2725,2021,1905,375,893,1599,415, 605, 819,975, 915,1715,

59, 1929223897 395 §29] 4249462 £B1.I6915871.3251 14F0,. B8 148, 463383084457, 42483951 571, 983, 4021, 1

lziiﬁg%f'éig §§7,333,471,1601,1341,913.1?25,2021,1905,375,593,1599,4is.605,519,975,915,1#15,

625, 32]1223 ,6€3) £49,525, 469, 981,1667,1587, 1251, 451,481, 721,483, 1209, 1457, 415, 1435,

1, 3855,4003, 208727183 P3403B 1931834578, BREIVD (P0B4BI8R2099.35/ N5 184373 F891B4./, 387
13£g.fg,ﬁ&?,52’5.459,951,1667,1537,’1251.451,431.‘721,453,1209,1457,415,1435,

' 28811 Z}ézls, , $P37,+367,833,471,1601,1341,913,1725,2021,1905,375,893,159%,415,605,81%,575,915,1715,

59, 1929,2%3897-326129%5.8%94,?{9{:136@9%51%31,5’,1%439%91];435‘9.5333;9984‘997 425!599351571’ 1983_,, 4021, 1

625, 3257, 1082075 st b dds e 1ehy bl 8 aailésfﬁ;siﬁaziﬁwéi'ﬁ'!H*?'

i v[ 1+ MRXBrM/=1; /* Initialize all direction numbers for the first

coor di Naels,lu6b1losy /103, 033 (ki8] sH676], 57 MBI Jos], 5% Ko MAKDLEM), 3d7 Wb, 2821 Sis¥d, K

for (k=bk;leze MEXDBRN, k1+9n)24$.9¢°9(11131:}]Oétrlnﬂegﬂ[sm?].myf145@[,1_9!]3[. 4@]214@_5.2(2WBI37I§$]?7) ;2

7 DEC 20085 3034587 {103, 0433 b =NEROsK], ¥17;, d 453 MEWEBI3Ts hdub) b DB, il Kdei1, 2021, 2873,10

| -1 uf ] -sAorep; k3p}. 3psd) 124p. 244, 3509 ragdeig L10) - 1y 3. 133 o o7 esaie Bfl RY3- G021, 2625, 3222, 1168, 3377 { | pp

& 1) i 1, 385éWbd1-dsl,16%0), 1038 PP15>s79 586d, 947, Jas] b5l 3379, 1345,3739, 347, 387, 2881, 2821, 1873, 19
55,1529,2389,3251, 1149, 243, 3609, 1131, 1701, 143, 1339, 3457,2499, 1571, 963,4021,1625, 3217, 1163,2977

1,3855,4091,987,1839,4033,2515,579,3863,977,3463,2909,3379,1349,3739,347,387,2881,2821,1873,19
59,1929,238%9,3251,1149,243,3605,1131,1701,143,1339,3497,2499,1571,983,4021,1625,3217,1163,2977

r
1,38B55,4091,987,1839,4033,2515,579,3863,977,3463,2909,3379,1349,3739,347,387,2881,2821,1873,19
59,1929,2389,3251,1149,243,3609,1131,1701,143,1339,3497,2499,1571,983,4021,1625,3217,1163,29877

1,3855,4091,987,1839,4033,2515,579,3863,5977,3463,2908,3379,1349,3739,347,387,2881,282]1,1873,19
59,1929,2389,3251,1145,243,3609,1131,1701,143,1339,3457,245959,1571,583,4021,1625,3217,1163,2977

1,3855,4091,987,1839,4033,2515,579,3863,977,3463,2909,3379,1349,373%,347,387,2881,2821,1873,15
55,1929,2389,3251,1149,243,3609,1131,1701,143,1339,3497,2499,1571,983,4021,1625,3217,1163,2977

1,3855,4091,987,1839,4033,2515,579,3863,977,3463,2509,3379,1349,3739,347,387,2881,2821,1873,18
59,1929,2389,3251,1145,243,3609,1131,1701,143,1339,3497,2459,1571,983,4021,1625,3217,1163,2977

"1,3855,4091, 987,1839%,4033,2515,579,3863,977,3463,2909,3379,1349,3739,347,387,2881,2821,1873,19
§59,1929,2389,3251,1149,243,3609,1131,1701,143,1339,3497,2499,1571,983,4021,1625,3217,1163,2577
/*end 12 */

if {(n < 0)
for(j=12;§<=MAXBIT;j++) iv[l+j*MAXDIM]=1; /* Initialize all direction
numbera for the first
coordinate to 1 */
tor {j=1,k=0;j<=MAXBIT;j++,k+=MAXDIM) iu(j]) = &iv{k];
for (k=1;ke=MAXDIM;k++) {
for (j=1;j<=mdegik];j++)} iulj) [k] <<= (MAXBIT-j);



} } fac=1.0/(1L < MAXBIT); in-0; } else { /* Check if the (n-1)-th nunber
was generated in the previous call to sobol. if not, update in and ix */ if
(inl-n-1) { wunsigned long gray; /* Set ix to 0 */ for (k-1I;

k<-1M N(d, MAXDI M ; k++) i x[k]-0; in-n-1; gray-in"(in"1); /* Find 278l étbe
of in*/ for (j-1;j<-MAXBIT,;j++) { if(gray&l) { /*. Only digits which are 1
are used inme(J-1)*MAXDIM for (k=1; k<eEFM N (d, MAXDIM ; k++) ix [K] ,.-
iv [imKk] ; } } gray>> 1; imin; /* Calculate the next vector in the
sequence for (j=I;j<=MAXBIT;j++) ( /* Find the rightnost zero bit */ if
(1(im& 1)) break; in>> 1; } if (j > MAXBIT) nrerror("MAXBIT too snal |

in sobseq"); im(-1)* Dl r. (kz1; ke-IMN(d, MAXDIM ; k++) { ix [k) '-
v Tk seplina? '“é‘?’&‘%*%]“g%“é’lc‘?"}*g’#&ndef MAXBI T #undef MAXDIM 2 7 DEC
L
for (l=mdeglk}-1;1s>=1;1--) {
if {ipp & 1) i *= iulj-1)(k]:
ipp »>= 1;

iulj) [k]=1i;

fac=1.0/{1L << MAXBIT);
in-O;
}

else

/* Check if the (n-1)-th number was generated in the previous call
to sobol. If not, update in and ix */

if (inlen-1) {
unsigned long gray;

/* Set ix to 0 */
for (k=1;k<=IMIN(d,MAXDIM) ;k++} ix[k]=0;
inen-1;
gray=in® (in>>1); /* Find gray code of in */
for (jel;j<=MAXBIT;j++) {
if (gray&l) | /* Only digite which are 1 are used */
im= (§-1) *MAXDIM;
for (k=1;k<=IMIN(d,MAXDIM) ;k++) ix([k] = iv[im+k];

gray»>e>=1;

}

imein; /* Calculate the next vector in the seguence ¥/
for (j=1;j<=MAXBIT;j++) { /* Find the rightmost zero bit */

if {1{im & 1}) break:

im »>= 1;

if {j > MAXBIT) nrerror ("MAXBIT too small in scbseq");
im=(j-1) *MAXDIM;
for (kal;k<=IMIN(d, MAXDIM) ;k++) {

ixk] *= iviim+k);

xfk-1]l=ix k] *fac;

in++;

$undef MAXBIT
fundef MAXDIM



-25 void halton(int n) This is the function halton for generating Hal ton
points. It returns the n-th d-dinensional Halton point. The point is
inplicitly returned through the array x. The last two digits of n-1 in base
p(j) are kept in qgl[j] and g2[j]. Wien both digits becone p[j] -1 DEHE0S

radi cal inverse function is conputed again. That way the accurrul ation of
round-of f error is avoided. In practireé,” there are not any upper bounds on
the values of d and n. extern int d; /* actual dinension of the poi nts */
extern int *ql,*q2; /* ql(j) is the last digit of n-1in base p(j], q2[j] is
the digit before the | ast one */ extern double *x; /* This will contain the
HaI ton poi nt /7*EXrernsifar e p et e eS T aT P T e T ramher st ext ern i nt

*p_ 1 ; /* firsicidupbd@ndngyrbers mnus 1 extern double *incrl ,*iner2; [*
incrl[j] is llpi d ] rl])doublefln igint p, i nt n); /* see
bel ow */ void é@’ anﬁq‘ eﬁ“"i(ifi%‘l dagéﬁsmﬁ“ diieod B ?nf tn'?me (Es nalils Cimpiibsch S~ N; /* The
default val ue oPfturerg Ypreugh @by ar eekTheflatShe ﬂ-?fnngxd esse \ndis generat ed in

the previous Cahlical Gubibelifor:dd 141 Qinpucdd dMin ‘&Emt”?; fotdesdaf (1 NS NP -n-1)
ins n-n-1; crfalout(r;of@ errgQis }vwld)edql 4 d=afmise. nPp(y jre; not GEY jubpef bpgpds

n/p[i]) %l R[PTVHRUF A B[], ins.n) ins n++; } for(j-0:jcd:]j++)

t****t*t‘ti’*t*i‘*'t*******i‘t***!ti*t**********t***t***********’***it***/

extern int 4; /* actual dimension of the points */
extern int *qgl,*g2; /* qgl[j) is the last digit of n-1 in base p[)], g2{j] is
the digit before the last one */
extern double *x; /* This will contain the Halton point */
extern int *p; /* the first d prime numbers */
extern int *p_1,; /* first d prime numbers minus 1 */
extern double *incrl,*incr2; /* inerll[j) ie 1/plj] and 1/ (p[jl*p(i]l) */
double find_ fi{int p, int n); /* See below */
void halton(int n)
double z;
int j,nun; .
static int ins_n; /* The default value of ins n is 0 */

/* Check if the (n-1)-th number was generated in the previous call
to halton. If not, update gl, g2, and x */

if(ins_n!=n-1)

ins_n=n-1;
for (j=0; jedi j++)

gifjl=ins_nspijl;
g2ljl={ins_n/pljl)%pli):
x[jl=find_£i(p[j),ins_n};
} ins_n++;
for (j=0;j<d;j++)
if (qlijl<p_1131)
/* It is easy to update when the last digit is less than p[jl-1 */

gl(j]++;
x[jlex[jl+incrl(j}:

else if(g2(jl<p_11[31)
/* This is the case when the last digit is p[jl-1 and the digit
before the last one is less than plil-1 */

glljl=0;
q2{j1++;



{ { { if(gi[j]l<p_1[j]) /* It is easy to update when the last digit is |less
than p[j]-1 ql[j]++ Xx[j]=x[j]+incri(jl else if(g2[jlcp_I[j]) /* This is
the case when the last digit is p[j]-1 and the digit before the |last one is
less than p[j]-1*/ qi(j)-0; a2 [j]++ -26} { } } x[j]=x[jl+incrl
[j]+incr2 [j] -1.0; else /* This is the case when the |ast digitz'@E Gonp- 1
and the digit before the |ast one i s28lso p[j]1-21 */ qi[j] O ?j ? -0;
nn-n/ (p [j I *p[j 1) a=9pl[j]l; nn=nn/p [ j ] ; if (nn) x[j]-(a+find
fi(p[j]l,.nn))*incr2[jl*incrl[j]; else xj]-a*incr2(jl*incri[j]; } find fi(int
p, int n) 27 a E C 2005 This returns the radical inverse function fi(p,n)

at n for the prinme p. double find fi(int p, int n) int p2, nn; double
s, fi,incr; x[§1=x[jl+ineri[jl +incr2ijl-1.0;

else

/* This is the case when the last digit is p[j}-1 and the digit
before the last one is also p[jl-1 */

gll[jl=0;

q2[jl=0;

nnsn/ (p{jl1*p{il):

a=nn¥p (i) ;

nn=nn/pljl;

if(nn) x[j)l=(a+find_£i{p(j).nn))*incrz{jj*ineri{jl;
else xfjl=a*incr2[j]*incri[j];

/**iii*********ii*******i****t**ﬁi**Ii!'*tii*******fi***i****t*****t****t***
find_fi(int p, int mn)

This returns the radical inverse function fi{p,n} at n for the prime p.

*t********t*tt*iﬂ******i**i**tttQ*****************t***t************t*****!t*/
double find fi(int p, int n)

int p2,nn;
double s, fi,incr;

incr=1.0/p:
p2=p*p;
nn=n/p2;

fi:o.o;
s=jincr;
while (nn » 0)

fi+= (nn%p)*s;
nn=nn/p;
s*=incr;

/* The two largest components of fi are added later teo avoid possible
loss of precigion */

fi=((n/p¥p)}+ £i)/ p2;

fi+=(n¥p}/ (double) p;

return fi;



incr=1.0/p; p2-p*p; nn-n/p2; fi-0.0; s-incr; while (nn > 0) { fi+.
(nn%) *s; nn-nn/p; s*.incr; } [* The two |argest conponents of fi are
added later to avoid possible loss of precision */ fi-((n/ptp)+ fi)/l p2;
fi+ (n%)/ (double) p; return fi; } -27 W CLAIM 2 7 DEC 2005 1 1. A
met hod for structuring a portfolio, conprising: 2 (i ) calcul atihyDEDY05
conputer, a nunber of potential- 3 |0ss function values at points in a
dormai n of stochastic 4 market factors, the points being obtained froma |ow
5 di screpancy determ nistic sequence; 6 (ii) determning a cunulative
distribution function 7 of the function values; 8 (iii) déternining val ue
at risk as one of the function 9 values corresponding to a specified |evel
of confidence; and 10 (iv) structuring the portfolio depending on a 11

conpar i sop0 hg.value at risk with a specified target 12 value. 1 2. The
met hod ac to claim1l, wherein 2 determ ning the cunulative

distribution function conprises 3 sorting the function val ues.
1 1. A method for structuring a portfolio, comprising:
(i) calculating, by computer, a number of potential-
loss function values at points in a domain of stochastic

market factors, the points being obtained from a low-

2

3

4

5 discrepancy deterministic sequence;

6 (ii} determining a cumulative distribution function

7 of the function values;

8 (iii) determining value at risk as one of the function
9 values corresponding to a specified level of confidence; and
10 (iv} structuring the portfolio depending on a
11 comparison of the value at risk with a specified target

12 value.

1 2. The method according to claim 1, wherein
2 determining the cumulative distribution function comprises

3 sorting the function values.

1 3. The method according to claim 1, wherein the

2 number of function values is predetermined.

1 4. The method according to claim 1, wherein the

2 number of function values is determined automatically.

1 5. The method according to claim 1, wherein
2 calculating comprises allocating function evaluations among

3 a plurality of processors.

1 6. The method according to c¢laim 1, wherein the low-

2 discrepancy deterministic sequence is selected from the



1 3. The nethod according to claim1l, wherein the 2 nunber of function
values is predetermned. 1 4. The nmethod according to claim1, wherein the
2 nunber of function values is determ ned automatically. 1 5. The met hod
according to claim1, wherein 2 calculating conprises allocating functi

eval uations anong 3 a plurality of processors. 1 6. The nethod ab%@ﬁ&ﬂﬁg to
claim1, wherein the low 2 discrepancid deterninistic sequence is sel ected
fromthe 2 7 UE 7005 - 28 - 3group consisting of Sobol point sequence,
Hal t on poi nt 4sequence, Hammersl ey point sequence, hyperbolic-cross point
sequence and generalized Faure sequence. 17.A systemfor structuring a
portfolio, conprising: 2(i)nmeans for calculating a nunber of potential-Ioss
3function values at points in a donmain of stochastic market 4factors, the

ints bei bt ai ned f. I [ . 5det ] ni sti ! ;
(1 1) feand F5P GEPELATIHG 8 CONG aBa i SEPIBS o THGHE BT or ¢ he

functigon wakuesices( HammeFearsy orinteleichiced WaIHa-HRi1 iid e g 9t he
function val ues correspondin%,to a specified | evel of 10confidence; and

11(i v) neafeduencs: pngt Gemed aAeesoFelge FegRigasdi-ng on 12a conpari son of the
value at risk with a specified target 13value. 1S. The system according to
claim?7, wherein the 2neans for determ ning the cunul ative distribution
functilon 3conprii.ses Aregres efrorf caorsttirng: thure rigu rec tricart Al e . cditb el iy st em

according to claim7, wherein the 2nunher of function values js
prede@ernined.(in.ngﬁw%ﬁgﬁié?@ﬁW&Qquﬂ)%ﬂﬁﬂmh%F‘%%éﬁﬁqPQ%ﬁ;éhﬁﬁﬁs f or

cal cubat i #gneeARh $83ulRaR% Loindet ehmanidRehalihe o3NWHRhAft fdinediut val ues.
4 factors, the points being obtained from a low-discrepancy
deterministic segquence;

(ii) means for determining a cumulative distribution

5
)
7 function of the function values;
8 (iii) means for determining value at risk as one of
9 the function values corresponding to a specified level of
0 confidence; and

11 (iv) means for structuring the portfolio depending on
12 a comparison of the value at risk with a specified target

13 value.

1 8. The system according to claim 7, wherein the
2 means for determining the cumulative distribution function

3 comprises means for sorting the function values.

1 9. The system according to claim 7, wherein the

2 number of function values is predetermined.

1 10. The system according to claim 7, wherein the
2 means for calculating comprises means for determining the

3 number of function wvalues.



2 7 DEC 2005 - 29 1 11. The systemaccording to claim7, wherein the 2
means for cal cul ati ng conprises neans for allocating 3 function eval uations
anong a plurality of processors. 1 12. The system according to claim7,
wherein the | ow 2 discrepancy determnistic sequence is sel ected frﬁqh he 3
group consi sting of Sobol point sequence, Halton point 4 sequenczrﬂnE 0
Hamrer sl ey poi nt sequence, hyperbolic-2ess point 5 sequence and
general i zed Faure sequence. 1 13. A systemfor structuring a portfolio,
conprising 2 a processor which includes instruction nodules: 3 (i)

cal cul ating potential -l1oss function values at 4 points in & domain of
stochastic market factors, the points 5 being obtained froma

| ow di screpancy determnistic 6 sequence; 7 (ii) determning a cumul ative

di stribution fyActi ghe §y§ftehh§cf':6&@t1h§”t‘éab§§§m 9, (ivhiek-ed&l @@ ni ng val ue
at risk as one of the fuhction 10 valles corresponding to a specified |evel
of coaf|dmﬁaes and calcplaylggrgemprnﬁQStmaaperibalaélaependgng on a 12

¢ h f I h
Cyatom acebrarhot S0R IR o5 "dnEbd A o EREEL B eFnPRPRg o RE Seuml ai 1ve |

distributlon functlon the 3 processor is instructed for sorting the
function values. 1 15. The system according to claim 13, wherein the 2
nunbet of funclPon TRPUBYSEETHREASTELRENER. cladm 71 wheTed& &)t d@Waccor di ng
to Cl@'”‘&§s?¥gﬁ5ﬁ59 HQEerﬁlﬁiQE?ésgéghéanSEEugé?QCE@B QQBﬁrEhQ'ng the
nunber of unct1 on val ues system according to clarm 13,
wher eBn, @ooup2cenbtatangngf SthbrpoeBSOSeqsennstrHaﬂEdnfpplatlocatlng 3
function eval uation anong, a plgra itg of sub- R OCEeSSoL S

4 sequerice, Hammersley point seguence, Nyperbolic-cross point

5 sequence and generalized Faure sequence.

1 13. A system for structuring a portfolio, comprising

2 a processor which includes instruction modules:

3 (1) calculating potential-loss function values at

4 points in a domain of stochastic market factors, the points

5 being obtained from a low-discrepancy deterministic

6 seguence;

7 (ii) determining a cumulative distribution function

8 of the function values;

S (iii) determining value at risk as one of the function
10 values corresponding to a specified level of confidence; and
11 (iv) structuring the portfolic depending on a
12 comparison of the value at risk with a specified target
13 value.

1 14. The system according to claim 13, wherein, in

2 determining the cumulative distribution function, the

3 processor is instructed for sorting the function values.

1 15. The system according to claim 13, wherein the

2 number of function values is predetermined.



2 7 DEC 2005 1 18. The system according to claim 13, wherein the 2

| ow- di screpancy determ nistic sequence is selected fromthe 3 group
consi sting of Sobol point sequence, Halton point 4 sequence, Hamrersley
poi nt sequence, hyperbolic-cross point 5 sequence and generalized Faure

sequence. |
430 27 0tC 2005

1 16. The system according to claim 13, wherein the
2 processor is instructed for determining the number of

3 function values.

1 17. The system according to claim 13, wherein, for
2 calculating, the processor is instructed for allocating

3 function evaluations among a plurality of sub-processors.

18. The system according to claim 13, wherein the
low-discrepancy deterministic sequence is selected from the
group consisting of Sobol point sequence, Halton point

sequence, Hammersley point sequence, hyperbolic-cross point

m s W N

sequence and generalized Faure sequence.



