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Algorithm 1

Procedure Map (p,, b;, ¢, A')

solve x;; for (11)
foreach ke {1,.., K} do
M
210 value = z bi,j,kxi,j
1
emit( , value)
end
Procedure Reduce (k, [value])
220{ | return I value
inifialize  A°
fort «<— 0to T— 1do
# Parallel
foreach i € {1,.., N} do 292
| Map(p;, b, c.,A")
end
# Parallel
foreach ke {1,... K} do <24
Ry =Reduced (&, [value])
250 k

end

end
foreach ke {1,.. K} do < 290

N1z A+ a(Ry-By)
A= max (0, ALY

end
if A" has converged then < 298

| return A!
end

return A"

FIG. 2
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Algorithm 2

0~ e xij forall j=1..M 420
430 sortindices j € {1,..., M} inanon-increasing order of ﬁ,-’j -~
> for S(/) inatopological ordering of the DAG  do
fech the ndces j € () wih x;; =1 < 440
450~ update x;; = 0 if jisnotintop C jsorted indices

end
return x,-,jj =1, M 460

FIG. 4
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Algorithm 3

# Procedure Intersect( f,g) returns a non-negative A,
# atwhich f(A,) == g(A,)2 0 when f and g are not parallel
Procedure  CalculatelntersectionPoints  (p., b,, A k)

Ak =0
foreach j ¢ {1,.., M} do
K
)= (= 3. A biji) = Aibijy
k'=1,k'#k

g(A¢)=0# Thisis the horizontal axis.
Ay = Ay U Intersect (f;, g)
foreach j'e{j+1..M}do
K
=By - ) Aiby ) =Aicb
kK'=1,k'#k
A=Ay U Intersect (£, f;)

end

end
return the set of non-duplicate valuesin A,

FIG. 6
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Algorithm 4

710

720

750

Procedure Map (p,, b;, c,, A")

foreach k e {1,.,K}do

A, = CalculatelntersectionPoints (p(.,b,,/\t,k) 4\71 2
sort A, inadecreasing order 4\71 4

previous_sum =0

foreach A, in A, do

A= (A AL Ay Ay L)

solve x;; with multipliers A using Algorithm 2 4\71 5

M

current_sum = z biikXii

- KAL)

£ 716

if current_sum == previous_sum  then

| continue

end

Vi = Ay

V, = current_sum - previous_sum
value = vy, ]
emit( k, value) 718

previous_sum = current_sum

end
end

Procedure Reduce( k, [v;,v,])
if Zv, < B, then

return 0
else
return minimal threshold v such that z v, < By - 122
V2V
end
intialize A0
for t«—0to T-1 do
# Parallel

foreach | € {1,., N} do < /92
| Map(p(;bjicjiAt)
end

# Parallel
foreach k ¢ {1,..., K} do /754

| A" = Reduce (K [vy,v,)

end

if A" has converged then < 756
return A"
end

end

return A" FIG.7
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Algorithm 5

Procedure Map (p,, b, c;, A")

initialize adjusted_profits as an array of K numbers
foreach k¢ {1,..,K} do

| adjusted_profts [ K=max (p,, k= A} b, , ., 0)
end

Q_th largest = quick_select(adjusted _profits, Q)

Q1 th largest = quick_select(adjusted_profits, Q + 1)
foreach k € {1,..,K} do

if adjusted profits [k] 2 Q th largest then

p = Q1 th largest

else
p = Q_th largest
end
if p, > then
] Pi k- p
bk
V= b kk

value = [V, , V,]
emit( , value)

end

end

FIG. 8
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Algorithm 6

A= (10..,1.0)# Kdefault values
for t«—0 tor—14do .
sample a small set of n random groups G

B = By forall k=1,.K
if =0 then
A=A

end .
compute A"*" by applying Algorithm 4 to G with budgets

Ek and initial multipliers i

end

1 t
return rz A
=1

—

FIG. 9
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1300
r
Assume N =3, k=3,andB 4=28
Each user solves an IP problem according to Map function 710 1 13 1 0
User 1: k, [V1, V2]
A(;) = 9, current_sum=5 3,19, 9]
A(? = 6,curent sum=6 ) emit = 3,[6, 1]
A(g) = 3, current_sum =7 3,[3,1]
User 2: )
A5 = 8, current_sum =10 3,8, 10]
A(? = b, current sum=12 ) emit = 3,[5,2
A%< 2, current sum =13 3121]
User 3: )
N5 = 7, current_sum =9 37,9
9= 4 current sum=10 ) emit = 3,[4,1]
A= 1, current_sum = 11 3,10, 1]
Sorting for k=3 Candidates of A3 Incremental used resources e 1320
9, 5
8, 10
T, 9 sumto 28
6, 1
5, 2
4, 1 <
3, 1
2, 1
v 1, 1
v=4

Furthermore, if B h 285, v=235by interpolating

FIG. 13
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Receive data representing K global constraints and L local constraints of a knapsack problem (KP), wherein K is
smaller than L, each of the K global constraints restricts a respective maximum per-pool cost of the M resources
across two or more users, and each of the L local constraints restricts a per-user selection of the M resources

1-1402a

v

Decompose the KP into N sub-problems using K dual multipliers, each of the N sub-problems corresponding to a
respective one of the N users and subject to the L local constraints w.r.t. the corresponding user, wherein
N'is in an order of billion or larger, wherein each of the K dual multipliers corresponds to a
respective one of the K global constraints;

1-1404a

v

Determine the number of individual solvers for solving the N sub-problems;

1-1406a

v

Distribute the N sub-problems among the number of individual solvers

1-1408a

v

Solve the KP by the distributed computing system by performing two or more iterations

In each iteration

Solve each of the N sub-problems by one of the number of individual solvers

computing an amount of each of the M resources to be allocated
to the corresponding user of the N user

v

A convergence condition is met?

independently, wherein solving each of the N sub-problems comprises ¥ 1 4 1 23

Update the K dual multipliers based on the amount of each of the M 14144
resources to be allocated to the corresponding user of the N user

1-1410a

Yes {,

Solve each of the N sub-problems by one of the number of individual solvers

computing an amount of each of the M resources to be allocated
to the corresponding user of the N user

v

corresponding user of the N user

FIG. 14A

independently, wherein solving each of the N sub-problems comprises s 14 1 83

Allocate the amount of each of the M resources to the 1-1420a \

1400a



15/ 20

Receive data representing L constraints, wherein each of the L constraints corresponds to a subset of M resources and
restricts a respective maximum number C of resources to be selected among the subset of the M resources, wherein any
subset corresponding to a first constraint out of the L constraints has no common resource with any other subset
corresponding to a second constraint out of the L constraints, unless the subset corresponding to the
first constraint is a subset of the other subset corresponding to the second constraint

1-1402b

v

Determine a topological ordering of the L constraints, wherein the topological ordering defines
a traversing order of the L constraints

1-1404b

v

Select all the M resources as an initial selection

1-1406b

v

Obtain data representing M profits, each profit corresponding to one of the M resources respectively

1-1408b

v

Sort the M resources in a non-increasing order according to the M profits corresponding to the M resources

1-1410b

v

Remove one or more resources from the initial selection by traversing each constraint in the
topological ordering of the L constraints

for a constraint /of the L constraints corresponding to a subset S; of the M resources and
restricting a maximum number C of resources to be selected out of the subset S, ,

Determine currently selected resources in the subset S 4 1416b
_»
v
Determine, among the currently selected resources in the subset S;, any " 1 4 1 8 b
resource that is not one of - C; resources that have top C; profits .
among the currently selected resources in the subset

1-1412b

—1414b

™ 1420b

constraints in the topological ordering have -
been traVM

Yes

No, | = 1+1

A4

-1422b

Allocate the selected resources .

FIG. 14B

1400b
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Receive data representing K global constraints and L local constraints of a knapsack problem (KP) wherein each of 1 4 0 2
the K global constraints restricts a respective maximum per-pool cost of the M resources across two or more users, - C
and each of the L local constraints restricts a per-user selection of the M resources

v

Transform the KP into a dual problem using K dual multipliers, each of the K dual multipliers corresponding to a |~ 14030
respective one of the K global constraints I

v

Decompose the dual problem into N sub-problems, each of the N sub-problems corresponding to a respective one of |~ 14040
the N users and subject to the L local constraints with respect to (w.r.t.) the respective one of the N users I

v

1-1406¢c

Determine the number of individual solvers for solving the N sub-problems;

v

1-1408¢c

Distribute the N sub-problems among the number of individual solvers

v

1-1410c

Solve the dual problem by the distributed computing system by performing two or more iterations

Determine initial values of the K dual multipliers e 14 1 1C
v

In each iteration

Solve each of the N sub-problems by one of the number of individual solvers

independently, where solving each of the N sub-problems includes computing M -1412¢

decision variables of each of the N users corresponding to the updated dual multiplier
in solving each of the N sub-problems corresponding to the each of the N users

v

For each dual multiplier corresponding to a global constraint corresponding to a pool
that restricts a maximum per-pool cost of the M resources across two or more users, r 1414¢
determine an updated dual multiplier for the global constraint corresponding

to the pool to be a non-negative threshold

1416¢
A convergence condition is met? //

Yes |,

Solve each of the N sub-problems by one of the number of individual solvers independently, wherein solving each of ,-1418¢
the N sub-problems comprises Computing the M decision variables of each user of the N users N
corresponding to the K dual multipliers

; 1420

Allocate the M resources among the N users according to the M decision variables of each user of the N users

Val

FIG. 14C 1400c
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1500

Interface 1504

Processor

1905

\

S

-

Memory
1507

1503

Application
1508

AP
1912

Service Layer

1913

Power Supply
1514

Computer 1502

Database

1506

Global constraints 1516

Local constraints 1578

FIG. 15
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Receiving module -1607a
Decomposing module - 1602a
First Determining module - 1603a
Distributing module - 1604a
First solving module - 1605a
Second Determining module - 1606a
Second solving module - 1607a
- 1608a

Allocating module

FIG. 16A

1600a
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Receiving module - 1601h
Determining module - 16020
Selecting module - 1603b
1-1604b

Removing module
Determining sub- module 1-1605b
Unselecing sub-module 1-1606b
Allocating module - 1607h

FIG. 16B
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Receiving module -1601c
Transforming module - 1602¢
Decomposing module - 1603c

Solving module - 1604c
Determining module - 1605¢
Computing module - 1606¢

FIG. 16C



